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1. Introduction. As is known, the classical one-dimensional integral trans-
forms on the half-axis R are of the form

(1.1) g9(x) = [ H(z,y)f(y)dy,
R4

where H(x,y) is some given function (the kernel of the transform), f(y) is an
original in a certain space of functions and g(x) is the image of the function
f(y). All classical integral transforms may be divided into two classes: the Mellin
convolution type transforms (or the Fourier type transforms) [13]

(1.2) g(@) = [ k(zy)f(y)dy,
Ry

with the kernel H(x,y) = k(xy), which is the function of the variable z = zy,
and transforms whose kernel, generally speaking, is essentially a function of two
variables. We shall call the last class of integral transforms the index transforms,
since in some known examples of such transforms the kernel H(z,y) is a special
function [1] and the variable x is its index (a parameter). We note the most
important Mellin transform [8]

(1.3) M{f(y)at = [ y* ' fy)dy,
Ry
the Kontorovich-Lebedev transform [3]

(14) o) = [ Kuuly)f()dy
0
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with the Macdonald function K;,(y) [2] of imaginary index; the Mehler—Fock
transform ([2], [9])

(1.5) 9(z) = f P_y1)34iz(cosh(y)) f(y) dy
0

with the spherical Legendre function of the first kind P_; /51, (cosh(y)) [1], and
the most general transform pair with the Meijer G-function as kernel [8], which
contains the formulae (1.4), (1.5); it was first given by J. Wimp in [7] and then
simplified by the author in [8] as follows:

o v+iz,l —v—iz,(ap)
(16) f Gp+2,—22< ‘/Bq) P >f(y) dya

(1.7) f(l‘)
dempnga [ |V iT v =i, —(ap ), —(an)
f A C M

where m,n,p,qg € N, 0 <n < p, 0<m < q, v, (ap) = (a1,...,0p), (Bg) =
(ﬁl,...,ﬁq) —(« ”‘H) = (—ang1,.-.,—0p), —(B7) = (=Bmt1,...,—0q) are

the parameters of G-functions.

>T sinh(2n7)g(7) dr,

Hence, from the formulas (1.6)—(1.7) in accordance with the table of particular
cases for G-functions [11], a set of index transforms was obtained, including some
well-known transforms such as the Olevskii transform with the Gauss hyper-
geometric function as kernel [10], the modified Mehler-Fock transform [8] with
the modified spherical Legendre function P*, J2+ir (@) [1], the Lebedev transform

with the function K2 (z) [4] and others ([14], [18], [19]).

The main aim of this paper is to investigate the mapping properties of in-
dex transforms, both known and new ones, in the Hilbert space La(w(x);R4)
with weight w(z) by means of their factorization into a composition of general
Fourier and Watson transforms [15]. Moreover, we shall introduce a general index
transform and establish the Plancherel theorems by the universal composition
method.

2. General Fourier and Watson transforms. In accordance with [3] the
transform

N

(2.1) K f)(@) = g(z) =1im. Of k(xy) f(y) dy
is called a general Fourier transform, where f € Lo(Ry); k is called a Fourier

kernel and the integral (2.1) converges in the Lo-sense. The operator (2.1) is



INDEX TRANSFORMS 323

bounded in Ly(Ry) and its inversion in general case has the form

(2.2) [Kgl(z) = f(z) = Lim. [ k(zy)g(y)dy,

N—oo

where E(:U) is the conjugate Fourier kernel and we have the following equality for
the Mellin transforms k*(s) = M{k(y); s} and k*(s) = M{k(y); s}:

(2.3) k*(s)k*(1—s)=1, Re(s)=1/2.
For the K-transform and K-transform we have the Parseval type relation
(2.4) [ IKA@IK fl(u)du= [ f*(y)dy
with : ’
(2.5) J AP <e [ 170 iy
0
(2.6) j? K f](w))? du < @ jo y)|*dy, ¢, = const,
0 0

where the integrals are understood as improper.
In particular, if k(z) = k(z) and |k*(s)| = 1, then the operator (2.1) is unitary
in L2 (R+>, i.e

(2.7) f K £](w)|? du = f | (y)” dy
and the inversion formula has the symmetrlc form

N
(2.8) [Kgl(z) = f(z) = Lim. [ k(zy)g(y) dy.

N —o0

Many examples of such kernels can be found in [3]. Note the pairs of symmetric
cos- and sin-Fourier transforms

(2.9) [Fef](x \/2/77711m f cos(zy) f(y) dy,

(2.10) [Fs f](z \/2/7r11m f sin(xy) f(y) dy

and the Hankel transform
N

(2.11) [ fl(z) = g(z) = }\.{i.ﬁn;é f Veyd,(zy) f(y) dy, v >—1,
0

with the Bessel function as kernel.
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Now we can introduce the transform (2.1) in terms of Watson kernels. A
function kq(x) is called a Watson kernel if

(2.12) = [ k(y — lim.
0

where k*(s) is defined by (2.3). For example, the functions y/2/7 sin(z), \/2/m(1—
cos(z)), (1/m)In|HZ|, (1/7)In|1 — 22| are Watson kernels. If ki(z) is a dif-
ferentiable function on the half-axis (0,00) then it is not difficult to see that
K\ (z) = k(z), where k(z) is a Fourier kernel. A function K (x) is called a conju-
gate Watson kernel if

- 1/2+1Nk*( )
(2.13) ki(z) = 5 }\’/’1'—{1;0. f T ds
1/2—iN

and the equality (2.3) holds. Since the functions k*(s), E*(s) are bounded on the
line Re(s) = 1/2, the integrals (2.12)—(2.13) exist in the Ls-sense and by the

theory of the Mellin transform, ki (z)/z, ky (z)/z belong to La(R4).
Hence by the Mellin—Parseval equality

1 1/24i00 oo
(2.14) — [ eeu-sds= [ el dy,
1/2—ico 0

where ¢, ¥ € Ly(Ry) and ¢*(s), ¥*(s) are their Mellin transforms in Lo(R),
we can evaluate the next improper integral (so-called Watson’s condition) for all
z,y > 0:

(2.15) j? k1 (azu)?ﬁ\l (yu)

du = mi
0 du = win(z, ),

0
which provides the boundedness in Lo(R;) of the corresponding pair of Watson
transforms

d oo
(216 K £](2) = o —;f e
(2.17) [Kg(x) = f ki(xy)g
Moreover, as is shown in [3] the Watson Condltlon (2.15) is necessary for the

existence of the pair of dual transforms (2.16), (2.17).

3. The Plancherel type Lo-theorems for the Kontorovich—Lebedev
and Mehler—Fock transforms. In this section we shall demonstrate the Plan-
cherel theorems for the Kontorovich-Lebedev and Mehler—Fock index transforms
by the composition method. Earlier such theorems were considered in [5], [6].
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We shall base on the following integral representations for the Macdonald
function K, (x) [1]:

(3.1) K, (x) cos(vm/2) = f cos(z sinh(u)) cosh(vu) du, x>0, —1 < Re(v) <1,
0

(3.2) K,(x)sin(vm/2) = f sin(x sinh(u)) sinh(vu) du, = >0, —1 < Re(v) < 1.
0

Let f(z) be a C*-function with compact support on (0,00) and consider the

following composition of sin-Fourier transforms (2.10):

(33)  g(7r) = [E[Ff(y)/v/y)(7)(sinh(t))(7)

N M

2 d
= — Lim. sin(7u) du ]lwlm f sin(y sinh(u)) f (y) i
0

o

The inner integral is absolutely and uniformly convergent with respect to u €
(0, N), therefore we can pass to the limit and after changing the order of integra-
tion in (3.3) and using the representation (3.2) we obtain

(3.4) g(1) = 2 Lim. i sin(7u) du j? sin(y sinh(u))f(y)@
TNz g 0 VY

[e5¢) N
_2 lim ff(y)d— f sin(7u) sin(y sinh(u)) du

2 T dy
= —sinh(n7/2) | Kir(y)f(y)——=.
L snbrr/2) [ Kirl) )L
The last equality follows from the Lebesgue theorem and the estimate (use inte-
gration by parts)

N

N

| | . 1 7 cosh(u) + sinh(u)
< - 4=

‘ 6[ sin(7u) sin(y sinh(u)) du’ ycosh -l- ” E]f

cosh2 u)
Since [Fyf(y)/\/y](sinh(z)) € La(Ry) if [be(y)/\/y](x) € Ly(Ry), from (3.3) it

follows that g(7) € La(Ry).
Further, consider the factorization

(3.5) h(r) = TFe[Fe f(y)/V/yl(sinh(2))](T)
1.7 w , d
= }\}l.j& 7 cos(Tu) du Of cos(y smh(u))f(y)\/yg.

du.

After integration by parts we have

2 N oo

- . . d . dy
(3.6) h(t) = ——lim. f sm(Tu)du% (“)f cos(ysmh(u))f(y)ﬁ.

T N—oo
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Moreover, it is not difficult to show that terms outside the integral vanish as
N — o0 in (3.6). On the other hand, applying the representation (3.1) we obtain
analogously
(37) hr) = 2rcosh(nr/2) [ Kin(y)fln) 2L

. T ) T \/@
On the other hand, since
(£, £(5)/VAl(sinb(1) = /2 [ cos(ysinh(t)) £ () 2L
5 e W)/ VT < NG

- Vo) [ sintysinh ) L 15(0)/ Vil dy
0

- 2/”8111;1@); J sntysinh )5 )Vl dy

2/ coth(t) f myczj[f(y)/\/ﬁ]dy
0

2ot (1) J Sl ),

from the Mellin—Parseval equality (2.14) and the estimate

N LT
0

M = t.
ysinh(t) cons

sinh(t)’

for yd%[f(y)/\/@] € Ly(Ry) if f € C§° with compact support on (0,00) and
for the Watson kernel /2/ sin(z), we conclude that “L[F. f(y)/,/y](sinh(z)) €
Lsy(a,00), a > 0. But

d oo

G 1F )/ V)(sinh(1)) = — /2] cosh(t) [ sin(y sinh(1))(u)/5 dy

0

and thus “L[F. f(y)/\/y](sinh(t)) € L2(0,a). Therefore L [F, f(y)/./y)(sinh(t)) €
Ly(Ry). From (3.6) it follows that h € La(R4).

Hence applying the Parseval relation for the sin-Fourier transform we derive

(3.8) j‘o h(t)g(T)dr = —
0

|

[Fef(y)/Vyl(sinh(w))[Fs f (y)//y(sinh(w)) du

CLFf () VOB () /Vy)()

7 [Fcf@)/m(t)%m@/m(t) i
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= [ IF 1) [Fev/yf ()] (t) dt

Continuing the chain of equalities (3.8) with application of the Parseval equal-
ity for the cos-Fourier transform we finally obtain the Parseval relation for the
Kontorovich-Lebedev transform (3.4) in the space of C§°-functions with compact
support on (0, 00) as follows:

(3.9) f h(r)g(r) dr = f 1 ()I? dy,
or since h(7) = 7 coth(w7/2)g(7),

(3.10) [ reoth(rr/2)lg(r)dr = [ |f(y)]* dy.

Now let f(x) be an arbitrary function from Lo(R4 ). The set of C§°-functions
with compact support on (0, 00) is dense in Ly(R4), i.e. f(z) = lim., e fu(x),
where f,, € C5°(0,00). Therefore the equalities (3.9)—(3.10) hold for all func-
tions from Lo(R, ) and we conclude that g(z) € Lo(z coth(rz/2); R4). Moreover,
putting fn(z) = f(x), 1I/N <x <N, fn(z) =0, z & [1/N, N], we obtain

(3.11) 9(7) = [Kir f] = fslnh<m/2 ) Lim. f Kir () f(y)
1/N

SH

The Parseval equality (3.10) for two different functions f(y), f(y) and their
Kontorovich-Lebedev transforms (3.11) ¢g(7), g(7) can be written as follows:

(3.12) J reoth(mr/2g(nGr dr = [ Fy) () dy
0 0

Supposing f(y) =1,0<y<zand f(y) =0, y > x we shall have
Tf(y _2 j? cosh(m7/2)g j K (y dy d
0 o 0

or

(3.13) @)= 21im, [ teosh(nr/2) K@ ) dr

' T N—oo 0 \/E g ’

THEOREM 3.1. The Kontorovich-Lebedev transform (3.11) maps the space
Ly(Ry) onto Lo(xcoth(wz/2);Ry) and the Parseval equality (3.10) holds, to-
gether with the inversion formula (3.13).
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In order to establish the Plancherel type theorem for the Mehler—Fock trans-
form (1.5) we need the following integral representation (see [11], Vol. 2, formula
2.16.21.1):

2 oo
(3.14)  tanh(w7/2)P_1 /2447 /2(22° + 1) = = sinh(77/2) f Jo(zu) Kir (u) du.
T
0
So in accordance with the definition of the Hankel transform (2.11), for any
f € La(Ry) we consider the composition

(3.15)  g(7) = [Kir[Jo S]]

2 N I
:;51nh(7r7/2) }\.}1._)12(.} J‘Kw(y)\/@ ]l\/ll_rgo 0 Vyudo(yu) f(u) dudy.

Since the integral (3.14) is absolutely and uniformly convergent we have
M

(3.16) 9(7) = tanh(r7/2) Lim, [ Povjorirja(2u® + 1)Vuf(u) du.
0

Thus applying the Parseval equality (3.10) and the unitarity of the Hankel trans-
form (2.11) we have the Parseval equality for the Mehler—Fock transform (3.16):

[ reoth(xr/2)g()Pdr = [ [P dy= [ £ dy.
0 0

0

THEOREM 3.2. The Mehler—Fock index transform (3.16) maps the space
Lo(Ry) onto Lo(x coth(mz/2);Ry) and the dual inversion formula

N
(3.17) fz) = Valim. [ TP_1j2rirj2(22° + 1)g(r) dr
0
holds.
4. Plancherel type Li-theorems for the Lebedev—Skalskaya and some

other index transforms. In [7] the following Lebedev—Skalskaya transform pairs
with the Macdonald functions [8] were introduced:

Re f](7) = %cosh(7w/2) [ Re Ky japir (u) () du,
0

(4.1) N
Fa) =2 [ ReKijorin(0) 2T Re (7).
0
[t f](r) = 2 cosh(r7/2) [ T Ky jogir () (1) s
4.2 2 7 O cosh(77)
flz) = p f ImK1/2+iT($)W[Imf](T)dT,

0
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where Re K /24, (x), Im K /51 ;- () are defined as follows:
Re Kijoyir(7) £ Kijo_ir ()
43 Ky i () = .
(4.3) {Im} 1/24ir (@) 2{1)
For the transform pairs (4.1)—(4.2) it is not difficult to get the corresponding
integral representations from (3.1)—(3.2). Setting v = 1/2 + it, we have

(4.4)  cosh(m7/2)Re Ky 94 (x)

= 12 f cos(z sinh(u)) cosh(u/2) 4 sin(z sinh(w)) sinh(u/2)] cos(tu) du, x >0,
(4.5)  sinh(77/2) Re K94 ()
= 12 f sin(z sinh(u)) cosh(u/2) — cos(x sinh(u)) sinh(u/2)]sin(ru) du, x > 0,

0
(4.6)  cosh(m7/2)Im Ky /54 (2)

1 [e.e]
= % f [cos(z sinh(w)) sinh(u/2)+sin(z sinh(u)) cosh(u/2)] sin(7u) du, x > 0,
(4. 7) sinh(77/2) Im K /o44-(2)
\f f sin(x sinh(u)) sinh(u/2) — cos(z sinh(u)) cosh(u/2)] cos(Tu) du, x > 0.
In accordance with formulae (4.4)-(4.5) for the Re-transform (4.1) we consider

the following compositions of cos- and sin-Fourier transforms for C§°-functions
with compact support on (0, c0):

1 .
(4.8) [Re f](1) = ﬁ[[Fc cosh(u/2)[Fe f](sinh(u))](7)
+ [Fe sinh(u/2)[Fs f](sinh(u))](1)],
(4.9) tanh(7w7/2)[Re f](1) = L [Fs cosh(u/2)[Fs f](sinh(u))](7)

7
— [Fysinh(u/2)[Fe f](sinh(w))](7)].

Applying the Parseval relation for cos- and sin-Fourier transforms to equalities
(4.8), (4.9) and adding them we derive

cosh(77)

mHRef](T)’QdT

(4.10) f
0

N
OHS

cosh(u)[|F. f](sinh(u))]|* + |[Fof)(sinh(u)] P du = [ |f(y)I* dy.
0

For the Im-transform (4.2) acting analogously from representations (4.6)—(4.7)
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we shall have the corresponding compositions and the Parseval relation in the form

(4.11) [mmﬂ:—%wwmwmammmmm
1 [Fa cosh(u/2) [Faf)(sinh (u)))(7)]

1 . .

5 [P sinh(u/2) (s )] (7)

= [F. cosh(u/2)[F. f)(sinh(u))] ()],

(4.12)  tanh(w7/2)[Im f](7) =

(413) [T i) ar = [ 15w d
' o cosh?(w7/2) o v
The Parseval equalities (4.10), (4.13) can be extended to any function f(z) from
Ly(Ry) as in Section 3.
In the similar manner we can establish the dual formulae for Lebedev—Skalska-
ya transform pairs. From the Parseval relations (4.10), (4.13) we obtain almost
everywhere for z > 0 the corresponding dual formulae

410) @) =2 [ SR 1) [ Re Ko ) ddr,
0 0

@15) g =200 [T ) [ K ) dydr
0 0

and the final

THEOREM 4.1. The Lebedev-Skalskaya transform pairs (4.1)—(4.2), where the
integrals are understood as square-summable, map the space La(Ri) onto
Ly(cosh(w7)/ cosh?(w7/2); R.). Moreover, the Perseval relations (4.10), (4.13)
are true and almost everywhere the dual formulas (4.14)—(4.15) hold or their Lo-
equivalents, namely

4.16 ~ 20 { _cosh(r7) Re K R d

(4.16) f(x)—;]\.[l._}rgé Ofcosh(7rr/2) € 1/2+ir(90)[ e fl(r)dr,
N

@17)  f(2) = 2lim. i cosh(r) Tm Ky o447 () [Im f](7) dr.

T N—oo cosh(77/2)

We note that this Plancherel type theorem is new. Only some sufficient con-
ditions for the existence and inverting of these transform pairs were known (see,
for instance [7], [12]).

Consider now the following compositions of the Fourier and Hankel transforms
(2.10)—(2.11):

(418)  g(r) = [Fuy/smb(@) [ fO)Snb@)](r), v > 172
(419)  G(r) = ﬂ‘iiﬁzﬂhfmemWD(ﬂ, v —1/2,
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First, using the integral representations 2.12.26.1-2 from [11], Vol. 2, we can
obtain the following integrals with Bessel functions:

(4.20) Vz f Jy(x sinh(u)) sinh(u) sin(7u) du = \éi Im[I(,_1_ir)/2(x/2)

0

XK (yy1iry2(®/2) + Lpy1vin 2(@/2) K 1-ir 2(2/2)], v > -1,
(4.21) z f Jy (2 sinh(u)) cosh(u) sin(ru) du = \éi Im[ly,_1—ir)/2(2/2)

0

XK 1+ir)2(@/2) = Lpy1tin) 2(®/2) K—1-ir) 2(/2)], v > -1

THEOREM 4.2. Let the Hankel transform (2.11) be such that [J,f](z) €
Ls(1/x;(0,1)) for v > —1/2. Then the index transform
1

g(7) = \/7?

N 2
xLim. flm [ > I(V+(fl)m(l+i’r))/2(y/2)K(V7(71)m(1+i7))/2(y/2):| Vy£f(y)dy
0 m=1

(4.22)

satisfies the following estimate for Lo(Ry) norms:
allfll <lglf <eallfll, ¢ =const, i=1,2.

The inversion formula

NS
4.23 T) = ——
42)  fla) ==

N 2
X}\-fij&éf Im [ Z_l(_l)ml(u(1)"1(1+i7))/2(x/2)K(1/+(l)m(l+i7))/2($/2) g(r)dr
and the Parseval equality
(4.24) [ 9mamydr = [ |f()dy
0 0

also hold.

Proof. Indeed, according to the representations (4.20)—(4.21) in the space of
smooth functions with compact support we can get the transform (4.22) from the
composition (4.18). Applying the unitarity of transforms (2.10)—(2.11), for every
f € La(R) which satisfies the assumption of the theorem we show that g(7), g(7)
belong to Lo (R4) (using the properties of the Fourier and Hankel transforms) and
we find that the Parseval equality (4.24), the estimate of the norms and the dual
formulas (4.22)-(4.23) hold. The additional condition on the Hankel transform is
required because we need that the inner function in the composition (4.19) is in
LQ(R+) for all f S LQ(]R+)
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A particular case of this new index transform is interesting. If v = 0, then the
pair of the index transforms (4.22)—(4.23) reduces to

N
42) o)== ime [ il sl
+ Latiry 2(y/2)) K1yiry 2(y/2) VY f (y) dy,
(4.26) flz) = V2e Lim. cosh(77/2) Im K(21+i7_)/2(m/2)g(7') dr.

Wﬁ N—o0 0

In the case ¥ = 1 we immediately get the index transform pair

V2 (e 2 i, [ Kon a2 RelKraon a(a/ D)V () dy
Wﬁ N oo J i/ it/ )

(4.27) g(1) =

T N—oo

[2.. ¢
(4.28) f(x) =14/—1lim. TK,-T/Q(x/2) Re[IiT/z(a?/2)]g(T) dr,
0
which are easily found to be Lebedev’s transforms from [4].

5. Some general compositions. We can use this technique to consider
general compositions and to obtain some general index transforms with Watson
kernels. It is known [8], [20] that particular cases of index transforms and Ls-
theorems for them can also be obtained from the pair (1.6)—-(1.7). Now we shall
investigate more general compositions with arbitrary functions f, f € La(Ry),
namely

(5.1) g(x) = [K(p' (£)*[H fl(u(t))](2),

(5.2) glz) = [K (W' () [Hfl(p®))(z), 0<a<1/2,

where the functions k(x), h(z) are arbitrary Fourier kernels and [K f](z), [H f](x)
and their conjugate ones are the corresponding general Fourier transforms defined
by (2.1)—(2.2). Let also p(z) be an increasing positive differentiable function on
Ry, with p(0) = 0, ¢/(0) # 0. We suppose that (¢/(t)/u(t)) = O(1), t — oo
and for any function f € Lo(Ry), [H f](x) belongs to the weighted Ls-space
Lo(z'72%R,), 0 < a < 1/2. Then it is not difficult to conclude that for any

~ ~

functions f, f € Ly(Ry;) we have (4/(2))*[Hf](u(2)), (1 (2))' (B f)(u(x)) €
Ly(R4) and we have the next Parseval equality

(5.3) [ 9(ngm)ydr= [ f)fy)dy
0 0
together with the inequalities

(5.4) [lgPdu<er [ 170y dy,
0 0
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(5.5) f G(u)|*du <€ ¢1,¢ = const.
0

Using the properties of Fourier kernels (see Section 2) and the representations
(2.16)—(2.17), integrating by parts, we can treat the composition (5.1) as follows:

(5.0 o) = o [ KL ) S
0
where
(5.7 K5 = o [ om0

0

and setting p(t) = v and using the properties of Watson kernels it is not difficult to
show that for any x>0, K};"(x,y) € L2(Ry). So we understand the integral (5.6)

as an improper one. If we suppose that for any y > 0, ha (yt)/tY/ 2t € Ly(Ry),

~

then taking f(y) =1, 0 <y <z, f(y) =0, y > =, from the composition (5.2)
and the equality (5.3) we get the dual formula

69 f@) = 2o [ R () du
where
(5.9) f(g,:f"(u,x):;t | kl(:t)ﬁl(u(t)x)%ldt.

0

THEOREM 5.1. Let the function p(zx) satisfy the conditions mentioned above
and (¢ (z)/p(x)) = O(1), & — oo. Let the kernel hy(z) be such that for anyy > 0,
ﬁl(yt)/tl/”“ € Ly(Ry), 0 < a < 1/2. Then for any function f € Lo(Ry) its
index transform (5.6) belongs to Lo(Ry) with the corresponding estimate (5.4).
Moreover, we have the Parseval equality (5.3), where fe Ly(Ry) and g(x) is
defined by (5.2) and it belongs to La(Ry) if [ﬁ[f](x) € Ly(Ry;2t729), 0 < a <
1/2. Finally, almost everywhere on Ry the dual inverse formula (5.8) holds.

We note that according to the Parseval equality (2.4) from the definitions
(5.7), (5.9) of the kernels K,;“(z,y), Kg}ill_a(u, z) and the Watson condition
(2.15) we obtain the Watson condition for the general index transform, namely

o
>, >u,l—a .
(5.10) f K (u, 2) K22 (u, y) du = min(z, y).
0
More exact and simple Plancherel type theorems are obtained for o = 1/2,
because some conditions of Theorem 5.1 are immediate for such kernels. Moreover,
we have new examples of index transforms. Indeed, if u(t) = e' — 1 and (a)

h(y) = h(y) = /2/7sin(y) or (b) h(y) = h(y) = \/2/7 cos(y), then the general
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pair (5.6), (5.8) reduces to the integral transforms with the Lommel functions
Su.v(2) [1], namely in the case (a),

(1]

[10]
[11]

[12]

[13]

N
o) = 2 im [ {Ph S0 do
2. T (Re i
)= 2y, [k a8, 20t do
0
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