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The construction of the variety of complete plane cubics is described by
a sequence of five blow-ups. A coordinate description is given of each of the
varieties obtained by the blow-ups. Homology bases and homology relations in
codimension 1 for these varieties are given.

1. Introduction

In the enumerative geometry of conics problems concerning contact conditions
were the occasion of a completion of point conics to the variety M of complete
conics or point-line conics [9, 11]. A point conic in the plane P, is given by
Y p*x;x, = 0 with symmetric coefflicients p*, i, k = 1, 2, 3, and (p™) is regar-
ded as a point in Pg. The minors L, of the symmetric matrix ((p*)) determine
the equation ) L, w'w* =0 (in coordinates (w') of a line in P,) of the set of
tangents of a reduced conic (p*), so we have in P, the condition (P4|B,) of
simple contact for conics.
The regular projective transformations

(1) X, = 15%, w=Y1w
of P, induce the group T(P;) of transformations by
2) Pr =Yt T ™

For codim B, = | a variety A in P, 1s a degeneration with respect to B, or with
respect to simple contact if A < ¢(B,) for all te T(P,) [5], that is, if all minors
L;, vanish on A. In P, the Veronese surface V, is a degeneration with respect to
simple contact, and ¢: M. — P, is a blow-up of P, with center V,. A generic
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point of M4 is (p, Iy = (p*, 1 ) withl = p-L,, [11], and the transformations
of T(M,) are given by (2) and [, =Y e}l

On M there is no degeneration with respect to simple contact, that is with
respect to the proper transform (M |B,) of (Ps|B,); M 5 is complete with respect
to simple contact.

A cubic in P, over the complex numbers with equation ) p%*x; x;x, = O is
regarded as a point (p"*) in Py, and the condition (P,|By) of simple contact is
given by Y. Lijima (p) W' W w* w' w" w" = 0. The L(p) are forms of degree 4 in p'X,
explicitly, given in [8], I, p. 50. By (1) the trnasformations of the group T(P,) are

ijk i J -k gzl
3) p* =Y it ™,
and, moreover, we have

5 —
Lijklmn = Z tci. t? ZZ tl t;:n tﬁf Laﬂ‘/dew'

The degeneration on P, with respect to simple contact is the variety (Py|D,) of
nonreduced cubics; (Py|D,) = t(Pgy|Bg) for all te T(Py). On (P4|D,) all the
forms L(p) vanish.

Analogously to conics we can regard the variety of point-line cubics, given
by the generic point (p, I}, (I) = ¢-(L(p)} [8], I, [13], but this variety is not
smooth, on (P4|D,) the variety (P4|A4,) of triple lines is singular.

2. The sequence of five blow-ups

In [8], II, we constructed, by means of five blow-ups
4 Py Mg« Ng— Ry« Sy« 0y,

a smooth variety which is complete, that is, without degenerations with respect
to simple contact; we will describe this construction now.

If V49 is a variety in (4), then a degeneration on V{§" is a variety which is in
t(V§)|By) for all te T(V4P), where T(V4P) is induced by (1) and (V4| By) is the
proper transform of (P4|Bg). We choose a nonsingular center W for the next
blow-up ¢,, : V§*Y — V{’ among the degenerations on V", and we write
down forms which define W; this gives the coordinates for V{'* 1, In [8], I1, it is
demonstrated that the local parameters for the blow-up are found among these
forms. The same blow-ups were obtained by P. Aluffi [ 1] from a different point
of view.

We choose the variety (PylA4,) of triple lines for the center of the first
blow-up ¢,: My — P4. The variety (Py|A4,) is defined by the forms Bj;, where

iJs
Bii = 3 (p" p™ —2p" p +p™ p*),
(5) B:-j — _%(prik psjk _ prik pskk +prjk psik _prkk psij)’
for i,j,k=1,2,3;i#tj#k#i,r,s=1,2,3.
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The B are the coefficients of the first covariant and contravariant form
Y BE x, x,w'w’ [2, 4], which describes for the cubic (p) and for a point (x) the
tangents (w) to the polar conic from (x) with respect to (p) [12].

M, is given in Py x P, by the generic point (p%, bs), (bfs) = o (Bfs). Let
(My]| Ag) be the exceptional divisor, and let (M4|D,) and (M4|Byg) be the proper
transforms of (P,[D,) and (P,|Bg) respectively.

From (1) we get the transformations (3) and b, = Y t; t; t,, 4 by in T(M,).
Analogously we can get the transformations for the varieties described below.

The forms L;jm,(p) of degree 4 in p"* vanishing on (P4|D,), can be
written using (5) as forms L., of degree 2 in by} given (in [8], I1, p. 124). These
forms in b} can also be got as follows. For given (x) or (w) the two pairs (x, w),
described by

Y bixx;whw! =0, Y wix =0,

coincide on (My|D,). This coincidence occurs for some (w) if
Y Lijitma W' W w*ww™w" = 0 with the forms L;jn, of degree 2 in by, and it
occurs for some (x) il ) L™ x, x; x; X, x,, x, = 0 and the L™ are of degree
2 in by too (see [8], 11, p. 125). Therefore on (M,|D,) we have L;jym, = 0 and
Ll’jklmn — 0

There are two degenerations on M, with respect to simple contact, that is,
with respect to (Mg|Bg), namely the variety (Mg|D,) and a variety
(Mg4|C,) = (MglAg) of dimension 4 too, such that on (M4|C,) we have
p ik blim = pim bk We choose the variety (My|C,) for the center of the second
blow-up ¢,: Ng = M,. (M| C,) is defined by the forms G = pik plm_ pilm pik
and the L;jm,, or in homogeneous form by

(LYAqijkim gy ijklm | puv
M rs at G rs bd’t’
(2) afy _ . paby
Mijklmn br = Lijklmn P b

The variety N, is given by the generic point (p, b, m), (m) = ("'m, ¥'m)
=0 ("M, PM) = g-(M). Let (Ngy|Cq) be the exceptional divisor, (N4|D,),
(Ng|Ag), (Ng|Bg) be the proper transforms of (My|D,), (Mg|Ag), (My|By)
respectively. Now there are two degenerations on Ny with respect to (N,|By),
the variety (Ny|D,) and the 7-dimensional variety (Ng|E,) = (Ng|Ag)
A (N|Cy).

We choose the variety (N4|E,) for the center of the third blow-up ¢,:
Ry —> Ny. (Ng|E;) is defined by the forms G and Pmy,,,*", or in
homogeneous form by

(1) Uklmabrde uv o __ ijkim  (1),.abcde pv
N foor — GJ m fgare

(2) a atab _ (2) a at,
Nijklmn Ak cd mlﬂd pv. p“ bcd »

and R, is given by the generic point (p, b, m, n) with (Vn, ®n) = g-(V'N, @N).
Let (Ry| Eg) be the exceptional divisor, and (Rq|D,), (Rg|Cg), (Rg|Ag), (Rg|Byg)
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the proper transforms of (N4|D,), (Ng]Cy), (Ng|Ay), (Ng|Bg) respectively. We
find one degeneration on R, with respect to simple contact, the variety (Rqy|D,).
which will be the center of the fourth blow-up ¢,: S, = R4 and which is defined
by the forms ®n; """ *** % and by the forms L™ of degree 2 in b}, or in
homogeneous form by

(1) pafiydep ijkim abcde uv __ yafyeo . (1),ijkimabcde uv
R, rs fgot =L s fg ot

(2) affy netabef qr __ (2) afiy uotab _ Lef . Lar
Rijklmn g od g[ $= Rijkimn cd bg£ b .

The variety S, Is given by the generic point (p, b, m, n,r) with
(Yr, @) = o-(*Y'R, ®R), and we have the exceptional divisor (S,|D,) and
proper transforms (Sg|Eg), (So|Cy), (So|45), (So|Bjg).

Finally, there is one degeneration on §, with respect to simple contact, the
variety (SqlZ,) = (S9/Dg), which will be the center of the fifth blow-up ¢g:

Qg — S,. This variety is defined by the ?r, which we will be denoted by

afly uotabef gr
Sijklmn cd gh st *

0, is given by the generic point (p, b, m, n, r, ), (s) = ¢-(S), and we have
the exceptional divisor (Q,|Z;) and proper transforms (Qg|Dg), (Qo|Es),
(0ol Cg), (OolAg) (ol Bg). There are no degenerations on (J, with respect to
(Qs|By), that is, Q, is complete with respect to simple contact.

0, is biregularly equivalent to the smooth variety Q, with the generic
point (p, b, m, n, r, s, 1), () = ¢ (Lijumn): Qo 15 complete with respect to simple
contact too, and we call Q, the variety of complete cubics.

3. Relations for simple conditions

The relations

(6) (MsIL) ~ 2(M | P)— (M| V)
and
(7 (Ms1B(c, 1)) ~ 2(M4|P)+2(M,|L)

for complete conics are among the first relations of numerical equivalence in
enumerative geometry [3, 6, 7]. (M|V,) is the exceptional divisor on Mg;
(M|P) is the condition to contain a point, in other words (M;|P) is the
subvariety given by one linear equation in the coordinates p'*; (M4|L) is the
condition to contact a line, that is, (M 4| L) is the subvariety given by one linear
equation in the coordinates I,; and (M|B(c, 1)) is the condition to contact
a given conic.

Following van der Waerden [10], for the condition (Q,| Ys) = (Q4|L) and
for (Qs1Yy) = (Qs|Blc, 1)) we will exhibit on @, a homology relation

t (Qol Yg) ~ o, (Qol X))+ ... +22,(Qo| XE")

in codimension 1 with (Q4] X)) basic elements and «; integers. According to
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Schubert {7] the integers «; are called the characteristic numbers of the simple
condition (Q4]Y;). We compute them by intersecting (8) with suitable
one-dimensional subvarieties. Analogously we can get relations on the other
varieties VY in (4) (see [8], I, p. 171).

Let (Py|P), (My|B), (Ng|M), (Rg|N), (So|R), (Q,!S) be the §8-dimensional
varieties given by one linear equation in the coordinates p'*; b3; (V"m. ®'m; !'n
@p; Wy, @ and s, respectively. If we already have (V| Yy), then (V§* V) Y) is
the proper transform on V§*! in (4). Also we get (Qq|Y,) from (Q,]Y), and
(Qo|L) 1s the variety on Qg given by one linear equation in the coordinates
lijklmn on Q.

Starting with the homology group H,, (P,), we compute in [8], ITI, step by
step the homology groups H,o(Mo), H,q(No) Ho(Ro), H,c(So),
H, . (Q5) = H,,(Qy) to be free abelian groups of rank 2, 3, 4, 5 and
6 respectively.

Basic elements on M, (that is, elements whose classes form a basis of
H, (Mg)) are (My|P), (MylAg) or (Mg|P), (M,|B), and there is a relation
(M| B) ~ 2(M,] P)— (M| 4y).

Basic elements on Ny are (Ng|P), (Ng|B), (Ng|M) or (N4|P), (No|Ay),
(Ng|Cg), and there is a relation (Ng|M) ~ (Ng|P)+2(Ngy|B)—(Ng4|Cy).

On R, we have basic elements (Rg|P), (Rg|B), (Ry| M), (Rg|N) or (R,|P),
(Rl Ag), (RoICy), (Rg|Eq), and (RgIN) ~ (R, |P)+(R | B)+(Ro| M)~ (R, | Ey).

On S, we have basic elements (Sq|P), (Sg|B), (Sg| M), (SgIN). (S¢|R), or
(SoIP), (Selds) (SelCs). (SslEg). (SolDg) and (S|R) ~ 2(Ss|B)+(Ss|N)
~(So1Dg).

Finally, basic elements on Qg are (Q4|P), (Qo|B), (Q5| M), (Q4|N), (Q|R),
(QglL) or (Qy| P), (QolAg), (Qo|Cy), (ol Eg). (Qg|Dy), (| Z4), and we have the
relations (Qo|5) ~ (Qo|R)—(QolZg), (Qs]L) ~ (Q1S)—3(Qs!B)—2(Qs| P) and

(9) (QsL) ~ 4(Qo|P)—2(Qs| Ag) = 3(Q4| Cy)
—6(Q51Eg)—(Qo1Dg)—2(Qg1Z).

(9) corresponds to {6) and differs from Zeuthen’s relation [13] (see (8], IV, p.
102). In [8], IV, we have shown that the relation

(QolB(c, 1)) ~ 2(Qq| P)+2(Qs| L),

corresponding to (7) for complete conics, is valid for complete cubics too.
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