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0. Introduction

After the papers of Conner and Floyd [7], Nowikow [13] and others
it became clear that the unitary cobordism theory U*( ) plays a very
important role in algebraic topology.

It turned out that

(i) the theory U*( ) has interesting relations with some other
cohomology theories,

(ii) the algebra of the cohomology operations sy has a fairly simple
structure.

The purpose of this paper is to determine the structure of the algebras
of the cohomology operations in some cohomology theories.

The main tool in the study of these algebras is their connection with
the algebra /.

In Section 3 we deal with the theory BP*( , Z,), i.e. with the coho-
mology theory represented by the Brown—Peterson spectrum and with
Z,-coefficients. We establish several properties of the spectrum BP,,
which represents this theory. Here the main result is Proposition 3.9,
which characterizes the spectrum BP, in terms of %-invariants.

Moreover, 'we consider the stlueture of the algebra ofgp ) . This
algebra is certainly quite similar to that of the theory BP(,,( ) a.nd full
information concerning its structure can be derived from [14] and Pro-
position 2.11. There are, however, some differences:

(i) there is an additive base of &/gp z,) OVer 4, which in some
sense comes from the Steenrod algebra «,,

(ii) the coefficient ring ./11, is a left normal suba;lgel;ra of gp Zp)
and '

< pp( Z) 1Ay =Z, )0l @ U,

where %, is the algebra of reduced powers.

In Section 4 we consider the algebra of cohomology operations in
cohomology theory SU*( ). Here our results are far from complete.
We have proved that there is a homomorphism

’;: MSU+dU
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such that the kernel of # is the torsion part Tor /g, and that this torsion
part consists of elements of order 2. Moreover, if the set of operations
in &gy has the property that its image generates im » as a I module,
then this set generates /gy as a I-module. We have been able to get
more information concerning the algebra /gy after localization at the
odd primes.

The results of Section 2, which is-devoted to the comparison of the
algebras of operations in the cohomology theories 2*( ) and &*( s L),
were estabilished also by Uchida [16]. Our approach is very similar and
wo have included this section because some €details are needed in Section 3.

Although all the proofs in this paper are fairly simple, they are based
on more difficult results which we either recall very briefly or do mnot
recall at. all. To fill this gap we are careful to give a reference every time
it may be needed. '

T am greatly indebted to V. M, Buh§taber, A. S. Mif¢enko and P. S.
Novikov for the helpful conversations I had with them during the pre-
paration of this paper.

1, Preliminaries

In the sequel we shall consider some cohomology theories on the
category # of finite CW complexes. All the cohomology theories we shall
deal with are represented by ring-like spectra which belong to the homotopy
category of spectra. A convenient catiegory of spectra & was defined in [3].
Here we recall some basic definitions.and propertles of the category &;
the numbers in parentheses refer to the comespondmg statements of
the mimeographed notes cited above.

One gets the category & from & by a,pplymg three constructions:

— -stabilization Fr>F, (C.2),

— completq,on F—~F o (B.3),
- homotapy Fu>F iy =& (0-9)'

The second point needs some comment. The objects of the completed
category are directed diagrams of finite spectra (objects of &) in which
all arrows are just embeddings of sub-spectra. ‘The set of morphigms is
defined as a limit in an appropriate sense.

F is a topological category (with a compact open topology in thie
set--of morphisms) and ‘the operations of stabilization and completion
lead from & topological categoryito 4 topological one. Theréfore &
is a topological category and the rotion of homotopy is tlear.

Note that the category & is different from that defined earlier by
E. Spanier and J. H. 0. Whitehead.

3IU
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The set of morphisms in & is equipped with the natural structure
of an abelian group and is denoted by {X, ¥Y}. We have some operations
n &

— suspension S (C.13),
— cone C (D.11),
— smash product A (D.1),

— ddentification to & point | (G.1).

The suspension functor § is an automorphism of the category &.
We convert & into a graded category &* as follows: let

X, ¥}, = {X, ¥}™" = {§"X, ¥}, (B.1)
the elements of {X, ¥}, being called maps of degree n. Then
{X’ Y}* = @{X: Y}n (E.2)

is the set of morphisms in the graded category.
If 4 < X is an inclusion of spectra, we have a sequence of maps

A-+>X—>X]Ad-+A, (J.2)

where the last map is of degree —1, which we call a standard exact triangle.
For an arbitrary spectrum Y the sequences

oo {Y, AV (Y, XY {Y, XAV - {Y, A}'— ... (J.14)
and
S{A, TP {X/A, TP {X, YV {4, TP~ .. *  (J15)

are exact.
The triangle

A->B->(—A (J.4)

is called exact if it is isomorphic to some standard exact triangle.
The basic fact concerning exact triangles is that, given a map

AL B,
we can include it into exact triangles:

A—f>B—>O—>A, (3.11)

DAL BD.

Sometimes we shall call a spectrum an object which in the termi-
nology of [3] is called a pre-spectrum (H.17). This, in view of (H.19) and
(H.20), is quite admissible,
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Let 1*( ) be a cohomology theory. The algebra of the stable cohomo-
logy operations in the theory 2*( ) on the category # will be denoted
by ;.

Let H be the spectrum which represents 2*( ) and let {H,} be the
filtration of H by finite spectra. It is not difficult to see that

&y, = ]im{Hm H}*i
3
which in general is not equal to

{H, HY

It turns out, however, that in all cases considered in this paper the

equality _
Ay, = {H ’ H} )
holds.
Let A be the coefficient ring of the theory 4*( ). There i a homo-
morphism
A—of 3,

since each element A of A can be considered as a stable operation: multi-
plication on A. Recall that the algebra «; has the following structures:

(i) multiplication — a composition of operations,

(ii) the left A-module structure — composition with multiplication
on. the elements .of 4 on the left,

(iii) *; right A-module structure — composition with multipli-
cation on“the elements of 4 on the right,

(iv) if &3 is a flat left A-module, then there is a diagonal map

dhéd],‘@liﬂh

which is a left /-module homomorphism; here ®, is a tensor product
of the left A-modules.

2. Generalized cohomology theories with a coefficient
group Z,

Let {h") ,,} be the generalized cohomology theory on the category .
We shall briefly recall the definition and properties of the cohomology
groups A*( ,Z,), the groups #"( ) with the cocfficient Z,. For details
we refer the reader to [2].

Let M, be the co-Moore space, M, = S'U,D’. The generalized
cohomology theory {A"( ,Z,), o,} is defined as follows.
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For a space X we put
WX, Zy) = "X ADN).
The suspension homomorphism ¢, is a composition
WX, Zy) = WX ALY 22 503 (§(X A M)~ WS (SX A M)
= W"Y(8X, Z,)

and, for a map f: XY—»Y, we define f*: 2"(Y, Z,)—>h"(X, Z,) to be the
composition

WY, Z,) = BT A M) YR it (X A M) = WM(X, Z,).
Let
85, 5 80
be the cofibre sequence, where ¢ is the canonical inclusion and v is the

collapsing map.
The cohomology operation

B: 1" (X, Z,)~1"" (X, Z,)
is defined as the composition

WX, Zp) = WX A M,) 0% 2 (X A 8Y)S RPH(X A 82
G8AD: 3t X A DE,) = WYX, Z,).

Assume that 2* is a multiplicative cohomology theory with commu-
tative and associative multiplication and with unit 1e4’. The question
of the existence of compatible multiplication in 2*( , Z,) was discussed
in detail in [2]. We assume in the sequel that, for a fixed prime p, the
cohomology theory %* satisfies the conditions of Theorems 10.6 and 10.7
of [2].

AgsunerioN 1. 1. There is admissible commutative and associalive
multiplication in h*( , Zp).

2. k*(pt, Z,) is & Z,-module.

The coefficient ring h(pt, Z,) will be denoted by 4,.

Remark. We shall deal mainly with the unitary cobordism theory-
In this case there does not exist an admissible commutative and associa-
tive multiplication in U*( , Z,). This can be seen from what follows:
let ne{8°M,, 8%} Dbe the generator congidered in [2], Proposition 6.3.
The necessary condition for the existence of a “good” multiplication
in U*(, Z,) is that *: U*(8%)— U*(§*M,) be a zero map. If that was true
it should also be true for the complex K-theory by [7], Theorem 10.1,
But it was shown in [2] that for the complex K-theory #* is not zero.
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Therefore we shall exclude the cage of p =2 from our considera-
tions.

ASSUMPTION 2. p is an odd prime.

Under this assumption we can simplify our discussion observing
that in this case the unique admissible commutative and associative
multiplication in 2*( , Z,) is the composition

WX, Z,) QW (Y, Z,) = WX A M) @1/ (X A M)
BB X A My A Y A Mp)5 WY (XA YA M, A M)
(ARG petids (X A T A 821,) s (X A T A M) = WH(X A Y, Z,),
where u is the multiplication in A* and
a: SPM,—~>M, A M,
is a properly chosen stable map such that the diagram
M,AM,

Iday a

Moa S =~ M, A8

iy stubly homotopy commutative. The details can be found in [2].

We want to describe the relation between the algebras of cohomology
operations on theories A* and A*( , Z,). This result was obtained inde-
pendently by Uchida [16] but, since we need some extra information,
wo shall sketch the proofs here,

We need the following result:

Leyara 2.1. Let
U: XANY>2X

be a duality map. Then u induces @ map
% {d A ¥, B}>{4,B A X}

which is natural in all variables and is an isomorphism if A, B are arbitrary
and X, Y are finile spectra.

This is K.13 of [3]; the direct proof is given in [16].

Let X, be the Moore complex K'(Z,,2) = & U, D},

uw: Ky A M,~8*
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the duality map and
$E K5

the standard cofibre sequence which is 4-dual to that of A,

As the immediate corollary of the above lemma we get the following
proposition:

PROPOSITION 2.2, If the cohomology theory h* is represented by the
specirum H, then the cohomology theory 1* ( , Z,) is represented by the spectrum
STHAE,.

Let
a': Ky AK,—K,A S
be the stable map 8-dual to a. It follows from the known properties of
duality that the diagram

K,AK

P

1day’ a’

K, A8 = K A8

is stably homotopy commutative.

Let u: H A H-H be the multiplication in the spectrum H which
induces the multiplication in the cohomology theory %*. From the natu-
rality of the map x, easily follows:

LeMMA 2.3. The multiplication in h*( , Z,) is induced by the composition
STEHAE,ASTPHAE,—~ S *HASTZHAK,AK,
B S H AK, A~ ST H A K,
Recall that an algebra of all stable cohomology operations in the

cohomology theory %* on the category &, is denoted by .
For fe o, define

D(0): W , 2,0, 4,)
by the formula
?(0)x = BXAJJI
Tt is clear that @(0) is a stable cohomology operation in A*( , Z,); there-
fore we got a map
@ oAyl Z)
We have the following proposition:



12 Algebras of the cohumalogy operations

PROPOSITION 2.4. The map P is a degree preserving homomorphism.
Operations belonging to im @ commaute with the operation ﬂedh( Zp)

Proof. It is clear that @ is homomorphism. In order to prove that
&(0) commutes with § consider the diagram

(idrg)*

WX, Z,) = WPE A ML) s (X A Y
2(6) 0 0 I
WX, Z,) = B (X A I,) S, gk (XA 8
SR (X ASY S s (X A ML) = WYX, Z,)
8 0 ®(0)
(IdAp)*

> s (X g0 L i A D) = WTRR(X, Z,).

All the squares commute except I, which commutes up to the sign (—1)%
It follows that

D(0)f = (~1)*P(6),

where k is a degree_of &(6).

The following lemma gives the structure of 1*(K,, Z,) as the A,
module.

Levoia 2.5. B*(K,, Z,) is a free A,-module on generators a<h*(X,, Z,)
and beh®(K,, Z,).

Proof. The cofibration

85 K,% 8
leads to an exact triangle
S, 2,) —" (s, Z
h(K,, Z,)

where § is the suspension homomorphism followed by multiplication

on p. It follows from Assumption 1 that 6 = 0 and we get a short exact
sequence

0—>h*(8%) Z,) 1" (K, Z,)—>h* (8% Z,)—~0

of A,modules. Now 1*(§%,Z,) is a free A,-module on one generator
a;eht (S‘, Z,) and the lemma follows.
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ASSUMPTION 3. A4 4s of finite type.
LeMMA 2.6. For any spectrum X we have an isomorphism

WK, A X, Z,) =1 (K,,Z,) ®,,ph*(X, Z,).

Proof. Let X, be the filtration of X by finite spectra. It follows from
Agsumption 3 that A*(X,,Z,) are finite in each dimension. Therefore
from [3] H.4 we have

(X, Z,) =limh*(X,,Z
<

2)
and "

WK, A X,Z,) = 13317»*(1{1, A X, Z,)

n

because in both cases the Rlim term is zero.
Applying Lemma 2.5 we get

W (Ep A Xy Zp) = W (K, Zp) @ 4, 1" (X, Zy),

and the lemma follows by passing to the inverse limit, which in this case
commutes with ® , .

It will be convenient to consider the complex K, as the spectrum.
With this understood, we have the equivalence of the spectra

8K, n H—(872K,) n H.
Let us denote by 2 a composed map
V8K, Z,) ®4ph* (H,Z,)~h" (8K, » H, Z,)
~h* (8~ (K, A H), Z,) - h*(ST2(H A K,), Zy)
-—)Hmh* (S_z (.'Hn A Kp), Zp) = d’,( , zp).
It is not difficult to see, by using the Rlim argument and the associativity
and commutativity of the multiplication in »*( , Z,), that the following
proposition holds.
ProrosITION 2.7. The map
Q: WN8 K, Zy) ® 4, W (H, Zp)—> oy , 7,

18 a A,-module homomorphism and an isomorphism.

We have an element geh’(H, Z,), the reduction modp operation,
represented by the map

iday:HAS~>HAK,
Levma 2.8. The following relations hold:
Q(c %a,0) =1, (d7%b,0) =§.
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Proof. The elements ¢~ %a, c7*b are represented by the maps

jala

2 AK,—>HAhAK,,
I A K, 0% 5 A 2 5 A 8K, MG H A 8K, +8H A K,
where
jr X—-H
is the unit map.
Therefore the element Q(o™%a, o) is represented by the composition

HASPE,~HA S AZANE,~ Y HAR, A HAK,
SHAHAK, » K,~22% H A 8K,
Since u(id A j) =id and a'(y’ A id) = id, we geb
Q(c%a, o) =id.
Similarly, the element 2(o~%b, o) is represented by the composition
HASK,~H A8 AZ A K, 2NN g A K, A HASK,
~HAHA K, A SE, 2255 H A 8 K,—~8H A 8K,

and Sa’'(8y'¢’ A y') = 8y'p’ A id. Hence this composition is just
8%(id A Sy'¢’) and this map represents g.
From' the cofibre sequence of spectra

SSH—-H AKp—>SaH
we get an exact sequence
0—>h*(H) ®%,~> h*(H, Z,)> Tor (1" (H), Z,)~0.
LeMwa 2.9, The relation

m(id®1,) = ¢
holds.
ASSUMPTION 4. 1. The map
h*(_H)—>'dh

18 an isomorphism.
2. Tor(h*(H), ZI,) =0.
Let ns define the maps
D, 'dh_"'ﬂh(,zﬁ)’
!{,'t: dh—>h* (SFZKP, Zp) ®Aph*(II) le)
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for ¢ = 0,1 by the formulas
P, = 9, P,(0) = po(6),
P(0) =0 'a@m(0®1,), Wi(b) =cb@m(6@1L,).
Leyva 2,10, The diagrams

(872K, Z,) @4, b"(H, Z)) Hn( ,zy)

T |

E 4
are commutaiive for 4 = 0, 1.

Proof. The proof is quite similar to that of Lemma 2.8 but somewhat
longer.

Let Z,]18[ be the exterior algebra on one generator £ in dimension 1
and let

Ar Z )[R (8K, Z,)
be a map such that
A1) =07%a, A(p) =0 %.
Let
Z,1B[ @ o,
be the tensor product of algebras and define a map

Q42 Z, )l @Ay~ Ly 2,

as the composition
i®n

Zp]ﬁ[ ®dn’_)' h* (S_zKp, Zp) ®Ap(‘2¢h ®Zp)
ZE (B2 Ky Zy) @ 4 1 (H, Zp) > oy, z,)-
With the material discussed in this section at hand, it i3 easy to
show the following proposition:
ProPoSITION 2.11. The map
Q42 Z,)B[ @ Ay~ 2,

18 am isomorphism of algebras.

3. Cohomology theory BP*( ,Z,)

Let U*( ) be the unitary cobordism theory represented by the spect-
rum MU. Recall that

A =T%pt) = Z[Xy, ..., ¥;,...], dim ¥; = —2i.
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The algebra of cohomology operations in U*( ) was determined by Novikov
[13]. Additively
&f U= 11@5" ’

where & is a subalgebra of & and is a free Z-module generated by the
operations S,.

More information about the algebra 7 the reader may find in [13]
and [11].

We shall denote by U}"p)( ) the unitary cobordism theory localized
at a prime p. Recall that

Ui (X) = UY(X) ®Z,,

where Z, denotes the integers localized at the prime ideal (p). This theory
is represented by some spectrum M U, , the spectrum MU localized at
the prime p. For details we refer the reader to [1].

The structure of the algebra & Uiy RS determined in [1]. We have

and the map
MU_>MU(2,)7

which is defined in an obvious way, is
= 6®1

under the identification above.
We may introduce the cocfficient group Z, into Ug,( ) but we get
nothing new. In fact the following lemma holds.

LEMMA 3.1. There is a natural isomorphism
Tp+ U*( !Zp)_}U(p)( )Zgl)
of cohomology theories.
Proof. We have a natural transformation
i U*( )Tl ) = U )®Zy,
defined by
7(a) = a®1.

Transformation ¢ induces a transformation 7,

U(X, Z,) —= Uiy (X, Zy)

U (X A M) —— Ul (X a My)
id@1

UNXAM,)®%y,
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Since U*(X A M,) is a Z,module, the homomorphism id®1 is an iso-
morphism. Therefore z, is an isomorphism.

It follows from the above lemma and the results of Section 2 that
there is a commutative diagram of the algebra homomorphisms

A

Ay ,z,

dU(p)

LemmA 3.2, If the operation 0 is multiplicative, then the operations
D(0), D'(6) are multiplicative, too.

Proof. This is an easy consequence of the fact that in the case under
consideration the multiplication in U*( ,Z,) is induced by the multi-
plication in U*( ) and a map

a: S*M,—~DM, A M,.

It was shown by Quillen, [14], that there exists a multiplicative
idempotent
fe Ay,

which splits the theory U(p,( ) into the sum of cohomology theories
isomorphie to BP(p), where B.P(p ( ) is a cohomology theory represented
by the Brown-Peterson spectrum BP localized at the prime p.

For the definition and properties of the spectrum BP we refer the
reader to [4].

There is an analogous splitting of the theory U*( ,Z,).

ProposrTioN 3.3. The cohomology operation

P'(&)e &’%r( vZp)
18 a multiplicative idempotent which splits U*( , Z,) into the sum of cohomo-

logy theories isomorphic to BP*( ,Z

Proof. We know from Lemma 3.2 that &'(¢') is a multiplicative
idempotent and it is a standard fact that im &' (&) is a cohomology theory.

Let A = BPyy(pt) = Zip)[Yyy -y ¥yy 0], A Y, = —2(p*—1).
A’ is a subring of A®Z .

Quillen’s vesult is stated as follows. There is a natural isomorphism

Ay @ BP()(X) 5 Tl (X)

and BP,(X) c- U,y (X) is the image of &y.
Applying this to X A M, we get

UMNZX, Z,) = Uty (X & M,) = Ay @4 BP(X A M),

2 — Dissertationes Mathematicae CX
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where
(,,) (XAM ) e U(],) (X AD,)

is the image of £X A M,. It is easy to see that under the identification
Uty (XA M,) = U*(X, Z,) we have

im®'(£)y = iméEX A M, = BPj,(XAIL,).
In order to complete the proof we have to show that
BP},, (XA M,) ~BP*(X, Z,)
with a shift of indices. To do this observe that the map
BPAK,—~BP, AK,

is a homotopy equivalence of spectra because it induces an isomorphism
of homotopy groups. This, together with Proposition 2.2, completes the
proof.

We shall denote the spectrum §~*BP A K,, which represents BP*( , Z,)
by BP, and similarly for 8 MUA E,,.

Reca]l Quillen’s result on the stlucture of the algelna. -4 RP, 08
stated in [17]. There is a coalgebra £ freely generated over Z by the ope-
rations r; and

MBP (?) = AI@'% ‘

This result allows us to apply Proposition 2.11 in the case of the
BP,( ) theory, and we get the following proposition.
ProPoSITION 3.4. There is an tisomorphism of algebras

dBP( ozp) = p]ﬂ[ ® ‘dBP(p) .

Since the multiplicative structure of the algebra o BP () is known, the
above proposition describes &/pp, 7, completely. Howevel, we shall
give simpler description of this algebra later.

Let «f, be the Steenrod algebra, that is the algebra of operations
in ordinary cohomology theory with Z, coefficients. The structure of
this algebra is known, [12], and we assume that the reader is familiar
with that paper.

Recall, [4], that H*(BP,Z,) is an &, module with one generator
1¢H°(BP, Z,) and is isomorphic to

A [(Qo)-

Let & < o, be the two-sided ideal generated by @Q;, > 1. The following
lemma gives the structure of the cohomology of BP,.
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LemMa 3.5. (i) H*(BP,, Z,), as an £, module, is {somorphic to
AL

with generator 1eH°(BP,, Z,).
(iiy H*(BP,, Z,) = 0 for ¢ prime to p.
Proof.

Z, generated by u for ¢ = 2,
H'(K,,Z,) =1Z, generated by » for i =3,
0 ford¢+23

with Q,# = v and all other operations acting trivially. We have an iso-
morphism

H*(BP,, Z,) ~H*(BP, Z,)@H"(K,, Z,)

with a shift of dimensions. Let 1<H°(BP,, Z,) be an element which goes
to 1 @u under this isomorphism, and define a map

oA ,—H" (BP,, Z,)

by 6—0(1).

It is clear that this map is an epimorphism and that the ideal &
lies in the kernel. To see that &% is equal to the kernel it is sufficient to
observe that the elements #%(1), #7Q, (1) are independent in H*(BP,, Z,).
This completes the proof, for the second part is clear.

Brown and Peterson, [4], provided us with some homotopy decompo-
sition of the spectrum BP. Making use of their result, we are able to con-
struct an analogous filtration of the spectrum BP,.

Let £ be the set of finite sequences B = (r;), ;= 0, and let

dimR = 221'4@*—1), I(R) = Zri.
7 i
Let W, be a Z,-vector space with base {E;l(R) = s}.
ProPOSITION 3.6. There exists a homotopy decomposition
{¥,, bpeH*(X,, Z,); UR) = s +1}

of the spectrum BP, such that:
i) ¥, = K(Wo):
(ii) the fibre of Y, —~Y,_, is K(W,),
(iii) the k-invariants satisfy the relations

Zij‘gR—Af =0 for I(R) =s+2,
J
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(iv) if i: K(Wy)—> Y, is the fibre of m,: Y, —Y,_,, then
ik = ;‘Qjﬁﬂ_d,.,

where fpeH (K(WS), ZJ,) s the part of the fundamental class corresponding
to the generator T of W,.

Proof. Let {X,, 7733} be the homotopy decomposition of the spectrum
BP given in [4]. We shall multiply this decomposition on X,. But in
order to show (iii) and (iv) we have to write down some details.

Let V, be a free abelian group generated by the set {R; I(R) = s}.
There is a homotopy equivalence of spectra

@: STEE (V) AK,—~K(W,)
such that
‘P:ﬂn = 0p®Uu,

where ap, is a part of the reduction modp of the fundamental class corres-
ponding to the generator .

We are going to define inductively the sequence of spaces ¥, and
k-invariants %% such that conditions (i)-(iv) are satisfied, and, moreover,
to define a sequence of homotopy equivalences of spectra

vt 8P X, AK,—> ¥,
which commutes with the projections and is such that
Yok = B ®u;

here k% is a reduction modp of the integral class &%.
For ¢ =0 we put

170 = K(Wu):
Yo = Po: S_zx(vo)AKp—’*K(Wo))
k’gj = QfﬂO'

We have
"P:kodj = ‘I’:Qjﬂo = Qi(a, @) = Qe Qu
= (QocP%ay— cPQy0,) QU = Qe P 0, @u = l?:f,,@u.
Condition (iii) in this case is
Q:Q; +0;€; =0, @7=0
and this relations hold in «,.
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Assume now that Y, ,, k%', y,_;, etc. arve defined and satisfy

all the conditions. Let

foo1t Yo y—>SK (W)
be a map such that

feaofn = k5

and

Js—1¢ Xa—1_>SK(Vs)
a map such that

* ~ 78—1
gs-100p = kg .

The square
lc—l
Y, —— SE(W,)
Y \
Og—1 A ld
83X, ,nK, S~'K(V,)AK,

is homotopy commutative.

The spectrum X, is by definition the kernel of the map g,_,; there-
fore 872X, AK, is the kernel of g, ;Aid. It follows that the diagram
above can be completed by the dotted arrows to the diagram

Ty

Y,- --=-->7T,, ~ SK(W,)

! Vs I“’s ~1 ]‘3’3
! J3—1Ald

872X, A K,~22% §72X, | A K, > §TUK(V,) A K,

where Y, is the kernel of f,_,. The map v, is a homotopy equivalence
by the “five lemma?.
Now choose clements &% such that

1/’8 == ]“'R ® .
We have

Ys (ZQJI"R— ) = QJ Ye ]"aﬁ a4; = ZQ;; kR—Aj®’“’ (ZQ, by dj) ®u
= (2 (Qoe? — cPQ,) kge-dj) u = ( 2, & cgadij—Aj) u
i ]

= (@ D) #UBy_, ) @u = (QF3) @ = 0,
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Moreover,
@i kg = "y kY = i (A Qu) = (") Qu

= Z(Qnogadfan_dj) ®u = ZQj(&R—dj®u) =ZQI‘P:ﬂR—Aj'
7 J 4

= (D) 0br_s)-

Here we have used some relations between classes k%, see [4], p. 152
Because y,, @, are isomorphisms, this completes the proof.

We want to know to what extent conditions (i)—(iv) of Proposition 3.6
defermine the spectrum BP,. In this connection we have the following
result.

ProrosiTioN 3.7. Hach spectrum Y which has a homotopy decompo=
sition satisfying conditions (i)—(iv) of Proposition 3.6 has a cohomology
satisfying (1) and (ii) of Lemma 3.5.

Proof. As in the proof of Proposition 3.6, we shall follow the argu-
ments of [4].

Let 2 be a subalgebra of &/, generated by @;, ¢ >1. We have a
#-free resolution of Z,:

d
~BRW,~> BRW,_,— ... BRW,—>Z,~0,
where

B(1OR) = D @;@(R—4;).
)

Tensoring this resolution over # by «,, which is a free #-module, we get
a resolution

a
>N, = N,y —... —-Ny— o, [¥—0,

‘where
Ny = o,@W, = H'(K(W,), Z,)
and d, is an «/, homomorphism defined by the formula
GL(1®R) = D' Q;®(R-4,).
Define a map j
Tyt Nop>HY (Y, Z,,)
by the formula
T (1O R) = k.
We are going to show inductively that
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(a) coker 7,,, =~ &,/&,
(b) the scquenece

d T
Ngys R Ny o H(Y,, Z,)
is exact.
For s = 0 we have
Y, = K(W,)
and
Te41 = dy;

therefore (a) and (b) are satisfied.
Suppose that (a) and (b) are true for s —1 and consider the diagram

da-l-z
Nopz = Not1 4y,

l's+1 Na—LH‘(Y—I!Zm)
BT, I == B0 Z))
with the exact rows. The triangle is commutative because
* 7 (LOR) = i* k% = ;'Q,ﬂR_Aj = ;’ng(R—A,);
the last equation holds under the identification

A, @W, = H*(E(W.,), Z,).

Moreover, 7.,y de.n = 0 Dbecause

Tor1dasa(1OR) = 7401 D Q@(B—4)) = D) @51 (1QR—4))
J J
= ,jZQ;- gy, = 0.

From these observations and the inductive assumption it easily
follows that the sequence

dgia Tg41
T aTe T
-A 842 > -l\ 841

» H'(Y,, Zy)
is exact and that ker¢* is mapped isomorphically onto coker 7,4,. Therefore
AP ~ima* = keri* ~ coker ;.

Thus we have proved condition (i) and this finishes the proof, for
(ii) is clear.
Let Yged, =Z,[¥,,..., ¥;,...] denote the element

Y., YE
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Note that dim ¥, = — dim R. Let 4”7 be the Z, vector space with base
{Yg; dimR = —(p +9¢), [(R) = p}. We have

A, = @ AP

»ma

and it is clear that /A, has become a bigraded ring.
Proposition 3.6 has the following corollary.
CorOLLARY 3.8. There is a speciral sequence
(B2, 4} = BP*(X, 7,)
such that
E¥ = @ AYQHY(X,Z,)

i+j=t

and the differential d, on the homogeneous elements is given by the formula:
4W(Tp®2) = D) Vs OQo.
7

Proof. Filtration of Proposition 3.6 defines an exact couple such that

BY = {87CH X, R(W,)},
D3 = {8~ X, 7.}
Each element of E?* can be uniquely written in the form
3

o= D a
RIR)=2

‘where
Tp eH‘l‘M*""""(_X y Zy).
Let a map
u: %' @ A @HY(X, Z,)

tj=t

be defined by
R

It is clear that 4 is an isomorphism. Let

dy: ® AMQHUX,Z)~ @ AYeHYX,Z,)

i-rj=t Thje=t

be defined on the homogeneous elements by the formula

L(Yr®3) = )] Yr,a,80;a.
i
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We shall show that
dip = pdy.

A homogeneous element zeB* is of the form

z=f*8, f'Bs=0 for 8 #R,
where
f: S~ X LK (W)

and = D) ﬁR is a fundamental class.
UR)=
Let (dlm),_,-, I(T) = s 41, be the 7 component of d,x in ES+Y!, We have

(da@)p = f*P*F* Bp = 1* D) QiBr-, = D, Qr_s,
But Tr_g,= 0 for I'—A; # R and we get

0 for T—4; #R,
(dy @)y =
QJG'J' for T—AJ =R.

Therefore

ula = D' ¥py s @€ = d(¥z®2) = d1p(2),
F]

and it follows that the first differential is as stated.
The following proposition gives the characterization of the spectrum
BP,, in terms of the k-invariants.

ProposITION 3.9. Let Y be the spectrum which has a homotopy decom-
position satisfying (i)—(iv) of Proposition 3.6 and, moreover,
(v) Y is a ring-like spectrum.
Then the spectra ¥ and BP, are homotopy equivalent,
Proof. Let
fo: B.P—)'K(Zﬂ) = 170
be a map such that
foBo =1e¢H(BP,Z,).

Since H°Y(BP, Z,) = 0, the map f, can be lifted to ¥, for all k% are odd-
dimensional.
We get a map

ft BP—=Y
such that
f"'l =1e¢H"(BP, Z,).
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The cofibre sequence
BP% BP->BP,->BP
leads to the exact sequence
(BP, Y}'—~{BP,, Y}*{BP, Y}*3 {BP, T}*.

It follows from (v) that {X, Y}* consists of elements of order p for
cach finite spectrum X. Therefore, the application of Theorem 1 of [10]
shows that

{(BP, Y}*

consists of elements of order p.
We see that the map

f: BP->Y
can be lifted so as to give a map

f: BP,—»Y
such that the diagram

JBpp%A
e

F'l =1e¢H(BP,, Z,).
Now, Lemma 3.6 and Proposition 3.7 show that

F* 1 HY(Y,Z,)~H"(BP,, Z,)

is commutative.
Hence

is an isomorphism.

The application of the Bockstein spectral sequence shows that there
arve no elements of order p® in H*(¥Y, %) and H*(BP,, Z). Moreover, (ii)
of Lemma 3.5 shows that there are no elements of finite order prime to p
or of infinite order in these groups.

Therefore

f*: H*(Y, Z)—~H"(BP,, %)

is an isomorphism and the general coefficient theorem shows that
fer Hy(BP,, Z)~>H, (Y, Z)

is an isomorphism. Here the reader has to note that

H*(BP,, %) = H®(Y, Z) = 0.
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Since the spectra BP, and Y are connected, the map f is a homotopy
equivalence.

This conclydes the proof.

We complete our study of the properties of the spectrum BP, with
the following proposition.

ProrositioN 3.10. The Hurewicz lomomorphism
e (BP,)—>H, (BP,)

8 @& zero map, except in the dimension zero.
Proof. We have a commutative diagram

H(BPyy, Z) > H(BPy, Z)— H(BP,, 7)
X1 |22
TTx (.B.P(ﬂ)) —> Tlx (B.Pp)—)'O

with exact rows.
It is known that the polynomial generators of

/1, - Z(p)[...’ Y,“ -..]
can be so chosen that all their Chern numbers are divisible on p. Therefore
imy, cimp

and we get y, = 0.
Now we are going to relate the algebras /gy Zp) and &y 2

LeMMA 3.11. There exisis a homomorphism of the algebras
v Hpp( 2y vz,
which is a monomorphism and commutes with diagonal maps.
Proof. There exist multiplicative natural transformations

£

. e o I/
BP( ,Z,) - U( ,%,) > BP( ,Z,)
such that
8181 = id.-

For fe o yp z,) We define
2(0) = &, 0e,.
To see that ¢ is & monomorphisi observe that it has an inverse. Now
1(0,0,) = &,6; 0,8, = £,0,858, 0,8, = 0(0,)%(0,)
and
1(0)(2y) = (e10)(wy) = £,08,(2y)
= 8, 0(g,2)(2y) = 2(31 6;24) (&1 65 €0y
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for each z, y; here
p(0) = D) 6;®0]

ig & diagonal map in & pp Zp) Because the operations in &/ ) ¢an be
distinguished by their values on cohomology classes, we get

wi(6) = i ®iy(0).

There is a remarkable relation between the algebras <, and
A 5p( ,2,) due to Landweber [11].

Recall that for each multiplicative cohomology theory %*( ) such
that h(pt) =0 for 4 >0 there exists a multiplicative transformation
2 BO)=HY( 1o (),

called the Hopf homomorphism.
Let
Op: U*( :Zp)—’H*( 1Z1:)

be the Hopf homomorphism for T*( s Zp); it is & reduction mod p of the
Hopf homomorphism

o: U*( )>H*( , 2).
We can, in view of Proposition 2.11, restate Lanweber’s result as

follows.
LEMMA 3.12, There exists a map

P dﬂ _>MU( "ZTl)
such that

(i) v is an algebra homomorphism and commutes with diagonal maps,
(ii) keryp = 2,
(i) e,%(0) = foy,
(iv) p(Qo) = 8.

Proof. Landweber showed that there exists a homomorphism of
the Hopf algebras

defined as follows.
The map

1®0:Z,@dy—~2Z,H*(MU)
maps the subalgebra Z, ®% isomorphically onto
Z,@H"(MU) = H*(MU, Z,)
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and wo put
I'(6) = (1®e)7'6(1).

Now it follows from Proposition 2.11 that Z,) contains a subal-
gebra Z, ][ ®%, and it is easy to see that g, maps this subalgebra isomor-
phically onto H*(MU,, Z,); the diagram

Z,8% «— Z, 1Bl @F

J1®e Yep
HY(MU,Z,) < H"(MU,, Z,)

is commutative and, moreover,

ep(B) = v = Qu(1).

Therefore all the statements of the lemnma follow from the correspond-
ing statements of Theorem 8.1 of [11].
Let

E*BP*( :Zp)_)H*( y Zp)

be the Hopf homomorphism in the BP*( , Z,) theory. It is not hard to
see that ,

0, = @, g8 = e.
ProrosIiTION 3.13. There exists a map
E: dp'_>dBP( 'zp)
such that
(i) v commutes with diagonal maps,
(ii) kery = %,
(ili) e () = e,
(iv) p(Q) = B, B
(V) dBP( 'Zp) ~ A_; ®im1,u .
Proof. Let
VHE: 4 U( .zz,)—hd BP( .Zp)
be the left inverse of the map ¢ defined in Lemma 3.11. We have
j(a) = 82 081 .

The map j is not the algebra homomorphism but commutes with diagonal
maps and

J(B) =B

We define a map » as the composition

¥ = jy.
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It follows that

@(Qo) = .3
and let
TRE MBP( ’zp)
be »(ZF).
Consider the commutative diagram
A p
N
o pp( Zp) 1 Ay Zp)
zl l’f*
H*(BP,, 2,) ~—— H"(MU,, Zy)
Since
oW (PF) = PR(1),  p9(Qa) = Qo(1)
and
£(1) = 1eH*(BP,, Z,),
we see that

0P(@Y),  e9(Q), ¥
is a Z,base ef H*(BP,, Z,).
Therefore the standard spectral sequence argument shows that the
set of the operations
.TR, ﬁTR

is a A,-base of pp z,)+ This shows (i) and (v). The other statements
are clear.

Let us denote by < the coalgebra

P /(@)
CorOLLARY 3.14. Additively

A pp( ,z,) = A, BRT

This result is analogous to Proposition 3.4, the difference being that
the coalgebra J comes from «/,. I do not know how to compute the
multiplicative structure of the algebra o/gp 7 in terms of the operations
T®, The methods used by Adams and Quillen do not apply. We have
the following result, which shows that the situation is somewhat differ-
ent from that for U*( ) and BPf,( ):
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PROPOSITION 3.1B. Aj,1s a left normal subalgebra of ofgp 2, ond the
map

Y1y~ pp( V2y)
induoes the isomorphism
v: Z, 18l Uy~ A pp( .Z,,)//A,'-p'
Proof. We must show that, the right ideal
Ap ot
is a left ideal as well. It clearly consists of elements of the from
D' igTR+ 8 Y 4 TS
R 5
with dim A5, dim Ay < 0, and it is sufficient to show that
Vis))
belongs to A,.e for arbitrary S and dimA < 0. But

A= D TSI
S=8)+8y

and T51 = 0 provided |S]> dim4 > 0. Therefore

1 = X TSU T2 e Ay oo
S=Sl+52,|sll< dim A

The skeletal filtration of the spectrum BP, induces the filtration
dBP( .Zp) = FO =2 F_l o Y

and it follows from the triviality of the Atiyah—Hirzebrueh spectral
sequence that the map

E: dBP( ,Zp)—>H* (B.Pp, Zp)

is an epimorphism with kernel F~'. Moreover, the standard argument
shows that

F'=Ad,o.
Hence in order to show that the composite map
oAy > A gp( 2~ ¥ Br( ,zp)///l;s
.8 8 homomorphism we have to show that

1
5(5(01 92)) = 5(6(01)';(02)) .
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To this end note that:
(l) for ae .SfU( )
p(a) = eyaey,
(ii) for ae &/pp ,zp{é(a) = a*, where we consider o as a map
a: BP,—~BP,,
(iii) if @ = p(0)e Hy( g, then a*l =01eH*(MU,,%,).
Now let p(0,) = a;, p(8s) = ay. Then

5@(61).’7’(02)) = (52a15182a251)*1 = 8'1' aE‘SZ'sT-a’fl = 3: 0;3: Bf 6,1

= Gl(s’fa;'siei"l) = 0;(s7031) = 61(ey 651) = 6,0,e71 = 6,06,1

and

ofp(0,0,)) = (ef ayape])l = el ayaieyl = el ayajl = &lay 0,1

=& 0ayl =&l0,0,1 = 6,0,1.

Moreover, the composition above is epimorphic and its kernel is #.
It follows that y induces the desired isomorphism. The proof of Propo-
sition 3.15 is concluded.

4. Cohomology theories SU*( ) and W*( )

The aim of this section is to compare the algebras &g and .
We shall need some cohomology theory W*( ), which lies between SU*( )
and U*( ).

Recall, [13], that there are operations

d,p,0¢ Ay
which satisfy the following relations:
i) 4y =1,
(@ o =0,

(i) 48 =0, dp = 0.

Let n = [y, 4] = wyd— 4y = p4—1. This operation is an idem-
potent element of /. We denote by W*( ) a generalized cohomology
theory imasr.

Let W be the spectrum defined as follows:

Wz.n = MSU('R;‘_I) A C.P(?l), W‘.Z'n-.'—l = SW2n

and eyyy,7 S*Wy—>Wypyyy is a composition

8T, = S2MST (n—1) A OP(2) 2%, y8T () A CP(2) = Winyy-
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The space W,, can be identified with the space

M, @®n),

where &,_, is the classifying bundle over BSU(n—1) and % is a Hopt
bundle over 82 = CP(1).
Therefore there is a map

phan: Woq—>IL U (n)

induced by the map which classifies the bundle &, _, ® n over SU(n—1)x
X CP(1).
Clearly the diagrams

52
S2W,, 2, 20T ()
Sn+1 Z2n+1

Y 3 A

Watna) =D, MU (n+1)

are commutative and we get a map of spectra
uW->MU,

PROPOSITION 4.1. The cohomology theory W*( ) is represented by
the spectrum W defined above,

Proof. Let us denote, for a moment, the cohomology theory repre-
sented by the spectrum W by H*( , W).
The map u:W->MU induces the transformation

pi H(, W)= T*( ).

We have to show first that u maps H*( , W*) into W*( ). It is sufficient
to show that

dp =0

as the cohomology operation from H*( , W) to U*( ). The spectrum W
has no torsion in homology and M U has no torsion in homotopy. There-
fore it is sufficient to show that Adu acts trivially on the spheres, [10].
But this was done in [6], Theorem 17.1.

It follows that x induces a natural transformation

pr Y, W)W )
and it was shown in [6], Section 15 and Theorem 17.1 that
u H(pt, W)>W*(pt)

is an isomorphism. Hence the proof of the proposition is completed.
PropPoSITION 4.2. There. exists a multiplicative monomorphism

'I:: ..dnr-)du’.

3 — Dissertationes Mathematicae CX
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The operation § is in the image of 7; therefore there is a unique ope-
ration 0e¢ &y with the property 02 = 0 which maps to de .
We shell need later some information about the homology groups

H.(W*(X), 0).

The groups H.(W*(pt), ) were completely determined in [6]. In spite
of W*( ) not being multiplicative, H,(W"(pt), 0) turned out to be a Z,-
algebra.

LevmA 4.3. If the connected specirum X has no torsion in cohomology,
then

H,(W*(X), 0)
is an H,(W*(pt), 0)}-module and the multiplication is generated by that in
U*( ).
Proof. Recall that there is a transformation
chy: UM X)—~H* (X, Q) 04,

which commutes with the action of «/y if we make &, acting on
H(X,Q)® by 6(z®4) =2® 02
For a complex without torsion in cohomology ¢hy; is a monomorphism.
We know from [6] that if a, bed and da = 4b = 0, then

9(ab) = a0db +dab — [CP(1)]0adb
and if, moreover, da = 0 then
4(ad) = 0.

We shall show that if for ze U (X), aesd, 42 = da = 0, then
(i) if da = 0, then d(az) = adz and A(az) = 0,

(ii) if 0z = 0, then d(ax) = dax and 4(aw) = 0.

Let t;eH* (X, Q) be a @ base of H*(X, Q) and let

chy® =Zti®a“ a;e A Q0.
If Az = 0, then
chy Az =Zt¢®Aa¢ =0

and we get da, = 0; similarly if 9z = 0 we have da; = 0.
Now in case (i)

chy A(ax) = 4 (Zti®ai) = 2Z¢®A(aai) =0,
chy (0(az) — adz) = 62 L, @as;—a (Zt‘ ® 6a,;)
= Zt,-@(a(aai)—aaa,i) =0.
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Case. (ii) is similiar.

It easily follows from (i), (ii) that multiplying in U*( ) elements
which represents homology classes we get a well defined H.(W*(pt), 0)-
module structure in H,(W*(X), d).

In the sequel let &, denote the classifying U (k)-bundle and &, the
classifying S U (k)-bundle. Let

%,: BSU (n)—BU (n)
be a map which induces the classifying SU({n)-bundle and put
%, = M(%,): MSU(n)—~MT (n).
The sequence {x,} is a map of spectra
% MSU—-MTU.

We shall denote by the same letter a transformation of the cohomology
theories
w: U )= TU*()
induced by x.
Let the coefficient ring STU*(pt) be denoted by I'. The structure of I’
was completely determined in [6]. We are going to apply the results of
the paper cited above to give some information about the algebra «/gy.

LeMMA 4.4. There exists an operation
9,: U )=»8U*()
of degree 2 such that
xal = a.
Proof. Let  be a line bundle over BU (n) such that

e(m) = —ey.
The bundle £,®7 has a unique SU(n+1)-bundle structure; therefore
there is a bundle map

En @-ﬁ _d_> £u+1

|

¥
BU(n)-%¥— BSU(n+1).

Let i: &,~>&,@7 be the standard inclusion and define
0, = M(di): MU (n)—=MS8U(n +1).
These maps clearly commute with ¢,, ¢, and therefore define a map
of spectra
0,: MU->MSU
of degree 2.
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We want to show that xd, = 0. It is sufficient to prove that this
equality holds on 4. Hence we have to show that the operations »d, and 9
act in the same way on the Chern numbers.

The formula which relates the Chern numbers of M*" and dM*,
[6], when rewritten in the terms of the dual Chern numbers, becomes

g, ... 5, (01" = —5,Dy ... D, (M),

where

—

Using the multiplicativity of the Thom classes in cohomology, it
is not difficult to see that

oa M (di)pg(6;, ... ¢) = —eDy ... Dy
here ¢; are the universal Chern classes,
D; =e¢;—cei0

and @y are the Thom homomorphisms in the bundles &, and £,,, respec-
tively.

Now the standard argument shows that the dual Chern numbers
of xd,M™ and OM*™ are equal.

TEMMA 4.5. There are no elements of infinite filtration in U*(MSU)
and SU*(MAET).

Proof. Consider the commutative diagram

SU*(MSU) <~—2— U*MSU) <~—X— UYMD)
chsr chyy ehyr

H(MSTU,Q) @I+~ =2 H(MSU,Q)®A~—"— H(MU, Q)4

It follows from [6] that the homomorphism id ® d in the bottom row
is an epimorphism, and x* in the bottom row is also an epimorphism.

We know that U*(MU) does not contain elements of infinite filtra-
tion. Therefore the lemma follows by applying Theorem 1 of [10] twice.

Consider the maps

MSU (n) &=L Q2 M8T (n—1) 2% W8T (n—1) A CP(2),
‘where
i1 82> CP(2)

is a standard inclusion.
They induce the maps of spectra

MU <~ MSU2>W
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and the map ¢ is an equivalence. Therefore we can define a map of degree 0
o =& MSU-W,
and we shall denote by p the transformation

e: 8U*( )=W*( )

induced by this map.
LEMMA 4.6, The diagram

MSU(E—1) A CP (2)—21s U (k)

idAat e

MSUk—1) A 82 —Z=1 s MU (k)

18 commutative.

Proof. The lemma follows immediately from the definitions of the
maps u and x because the Hopf bundle over (P(1), when considered over
a point, is a trivial line bundle.

OoroLrARY 4.7, The diagram

SU*()
W) —— U*()
18 commutative.
Let us define a map
0 Asy—~A

as follows.
Given fe¢ &gy, let g(0) be a map unique up to homotopy and such
that the diagram

fAfd

MBU A CP(2)—— MSU A CP(2)
im lm
woo W
is commutative.
PROPOSITION 4.8, The map
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i8 & homomorphism of algebras and the diagrams
SU*( ) ——8T*()

K :

! . :
W) —2—— W)

are commautative.

Proof. The first statement is clear. In order to prove the second
one, consider the diagram

SPMSU 2ad - SMSU

X II /

MU ———— MST
1dad I ﬂl lﬂ 1 idai
o0
W - W
y 111 Y
' anid v
MSUACP(2) = MS8UACP(2).
In this diagram the squares I, ITI, and IIT are commutative.
Hence

and, since ¢ is an equivalence of spectra, we get

2l = ef.
Let & map
x: ol gy—>A

be defined as the composition

dSUL‘dT‘T"i*'ﬂU'
The map # is clearly a homomorphism of a algebras.
LEMMA 4.9. The diagrams
SU*( )—2— 8U*()
UT() —2— T()
are commutative.

Proof. This is an immediate consequence of Propositions 4.2, 4.9
and Corollary 4.8.
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LEMvMA 4.10. The diagram

W*(MSU) MB8U)
/ *

et \ »

Ay -y

18 commutative.
LEvMA 4.11. There is an exvact sequence

08U (MST)2> SUT(MSTU) S W (MST)

L ST (MSTU)> ST MST)—>0,
where
(i) the homomorphism 0 of degree —1 is a multiplication on yel' ™},
(ii) degf = 2.
Proof. The cofibre sequence

Sz COP(2)—> 8
leads to the cofibre sequence of spectra
uSTS W uMsUL M8,

It follows from Lemma 4.5 and Theorem 1 of [10] that U°Y(MSU)= 0.
Therefore W°d(MSU) = 0 and the long exact sequence induced by the
cofibre sequence above splits. (i) was proved in [6], Theorem 16.6, and
(ii) is clear.

Let us denote by I" the image of I'"in 4.

ProrosirioN 4.12, The homomorphism

w: Asy—+Ly
has the following properties:
(1) kerx = Tor &gy,
(ii) Tor &g does mot contain elements of an odd order or of order 4,
(iil) 4f {T',} 1s a set of operations in o gy suech that operations x T', generate
im# as a I"'-module, then {T.} generate gy as a I'module.

Proot. The exact sequence of Lemma 4.12 gives, by using Lemma 4.5,
an exact sequence

028 % % LW (MST) DS oSy = 3850,
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Now it follows from Lemma 4.5 that U*(MSU) does not contain elements
of finite order. Therefore We'(MSU) does not contain elements of finite
order. Hence

Tor £}, < im (#2835 £%5).
Since 6 is the multiplication on the element y eI™"?, which ig of order 2,
Tor #g; = imé

consists of elements of order 2.
On the other hand, the map

0 odd
A5u—> A sv
is an epimorphism, and thus
Tor #338 = &3

consists of elements of order 2.
It follows from Lemma 4.10 that

kerx = kerp

for u is a monomorphism. Since &, does not contain elements of finite
order,

ker;: = Tor d,gv.

Therefore
kerx = Tor &gy .

Now, let T, be a set of elements such that each element of im# can
be written in the form

Dlyan(TL),

where y,eI"”. Applyiig Lemma 4.10 again, we see that each element of
A3y is of the form

D 3T +0(x),

where #¢ &3y . The clement » can be written in the form

w = 03 e+ 0 ()

and we get

D 7ulat0(@) = D5 T+ YV T,
for 6% = 0.
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Similar arguments show that the elements in &3¢ can be written
in the form

PRA

This concludes the proof.

It is known that the study of SU*( ) becomes much simpler after
localization at the odd primes. We shall follow this line to get some more
information about the algebra /g .

Let I be the set consisting of odd primes and let U;( ) be the unitary’
cobordism theory localized at I and similarly for STU*( ).

LEMMA 4.13. The map
x: I'— 4,
8 @ monomorphism.
Proof. We know that kerx consists of elements of order 2; therefore

kerx®@; = 0 and the lemma follows.
Recall that there exists an operation

xe dy
of degree —2 such that
[x, 01 =2.
LEMMA 4.14. The operation
30y U

s an tdempotent element and
im(3dy) ~SU( ).
Proof. We. have
(30%)(307) = 10(2 +0x)x = 10x;

therefore 30y is an idempotent.

We know from Lemma 4.4 that

im3dyeima,
if 2eims
0yw = (2 +y0)e =2

because dx = 0.
Hence

imx = im0y

and the lemma follows because x; is a monomorphism,
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Let the transformation
7 U7 ()8T[ ()
be defined as the composition
7 = ;' §0y.
Clearly z is the transformation of the cohomology theories and
Ty = id.
Now define a map

;: dr]l - dSUl
by the formula

7(0) = 10%,.

PROPOSITION 4.15. The map 7: Ay~ gy, is @ right inverse of the
'm-ﬂ:p ;él: d’gUl’—‘}dUlo

5. Final remarks

We are going to list in this section some questions related to the
material discussed in Sections 3 and 4 which we left unsolved.

5.1, Let .mf",,, be the subset of o, consisting of the operations which

are /-homomorphisms. &, is clearly a subalgebra of «f,,.
Tn the case of the U*( ) theory we have

.u[U = /.
This can be seen as follows. If fe .in, then for ded
02 = 6(11) = A6(1).

Since the operations in o/, are determined by their action on 4,
we get

0 = 6(1)ed.

Question. What is JU( 'Zn)?

It can be shown fairly easily that the Riemann-Roch transfor-
mation

et U )=E*( )
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can be reduced modp to give a transformation
p: U*( :Zp)*’K*( )
and that the map
B U (3 Zy) @4, 2y (8, t7' 1> K( , Z,)

is an isomorphism (here K* is Z-graded).
The map x induces a map

b Ay z,)y > ,2,)

Question. Is the map 2z an epimorphism?

Note that Up) determines K(p) together with the action of the ope-
rations ¥, (k, p) = 1, but in a certain not “natural” way. The map

I .glU(p)—>dK(m
is not epimorphic.
5.2. In Section 3 we gave a method of determining the action of

the algebra oy z) 0L the coefficient ring .1,. That method, however,
is not satisfactory. “Therefore we have the followmg question.

Question. Does there exist a more effective way of determining
the action of the operations 7% on some properly chosen set of polynomial
generators of the ring .1,?

9.3. It follows from Proposition 3.4 that there are operations 7y
reduced modp in the algebra «/pp Zp) They can be written in

the form
. my
Tp = 2, aps1,

where ap ¢ belong to A,,.
Question. Is it true that

1 for R=28,

Qps = .
0 otherwise ?

5.4. Sullivan in [15] gave the geometric interpretation of the homo-
logy theory U.( , Z,) dual in the sense of Whitehead to the theory U*( , Z,)
considered in Section 3. U.(X,Z,) is the set of the bordism classes of
the singular p-manifolds in X.

Question. Does there exist a class of p-manifolds such that BPy( , Z,)
is the set of bordism classes of the p-manifolds belonging to this
class ?



44 Algebras of the cohomology operations

The fact that one can choose as the polynomial generators of the
ring A in dimensions 2(p*—1) manifolds which admit Z,-action with
a trivial normal hundle to the fixed point set suggests that the class we
interested in consists of p-manifolds with some sort of Z,-action.

5.5, We showed at the end of Section 4 that there exists an idempo-
tent element of &y, such that its image is isomorphie to § U; ().

Question. Is that idempotent a multiplicative operation? If not,
does there exist a multiplicative idempotent such that its image is iso-
morphic to ST;( )?
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