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1. Introduction

All spaces in this paper are separable metric with totally bounded metric.
A space is said to be rational iff it has a basis of open sets with countable
boundaries. Necessarily, rational spaces are one-dimensional, A space is said to
be scattered iff every nonempty subset has an isolated point. Scattered spaces
are classified according to their topological type by the countable ordinals.
Necessarily, scattered spaces are zero-dimensional. Rational spaces which have
a basis with scattered boundaries are called rim-scattered spaces and are
classified according to their rim-type by the countable ordinals. (See Section 2.1
for the definitions of topological type and rim-type.) Rim-scattered spaces
which have a basis with finite boundaries are said to be rim-finite spaces.

A space X is said to be universal for a class € of spaces iff both of the
following conditions are satisfied: (1) X €%, and (2) for each Ye &, there
is an embedding e: Y — X. If only condition (2) is satisfied, we say that X is
a containing space for class %.

In this paper we study containing spaces for compact rim-scattered spaces
and universal spaces for {possibly non-compact) rational and rim-scattered
spaces. In a subsequent paper we will consider the similar spaces that arise
when we restrict our attention to subsets of the plane.

1.1. History. The classification of rational compacta by their rim-type
forms part of classical topology [K], II, p. 290. Our present study of
rim-scattered and rational spaces was motivated by conversations held
among the co-authors and Professor S. D. lliadis at the University of
Saskatchewan over a period of several weeks in the Fall and Winter of 1983.
Many of the questions we address in this paper were raised at that time by
Professor Iliadis. Our current investigations have benefited from these discus-
sions.

Subsequent to these conversations, the co-authors and Professor Iliadis
have investigated rational spaces independently, utilizing somewhat different
methods. Our methods grew out of an earlier interest in the Menger Universal
One-Dimensional Curve [M-O-T].

Research of both authors supported in part by NSERC Grant number A5616.
Research of the first author supported in part by a grant from the Uriversity of
Saskatchewan President’s Fund.



6 Universal rational spaces

Investigation of containing and universal spaces for rim-scattered spaces
begins with the classical result of N&beling [N] that there is no universal
element in the class of rim-finite compacta (that is, compacta of rim type 1).
Iliadis [1-3] proved that for each countable ordinal « >0, the class of
compacta (continua) of rim-type < & contains no universal element. In [1-2]
Iliadis showed that there is a- rim-finite T;-space (nonmetric) which contains
every rim-finite space. For rational spaces, it is well known [K] that the class of
rational compacta (continua) contains no universal ¢lement.

One is led by the above results to consider three general sorts of questions
regarding universal spaces and “minimal” or “best possible” containing spaces:

(1) Are there metric containing compacta of minimal rim-type for com-
pacta of a given rim-type?

(2) In general, is there a (necessarily noncompact) universal space for
spaces of a given rim-type (or for rational spaces)?

(3) What can be said in a similar vein about subsets of the plane?

In what follows, we address the first two of the above questions. We
reference, where appropriate, specific questions that have since appeared in
Professor Iliadis’ papers [I-2], [I-3], and [I4], and which may have been
raised in one form or another in our aforementioned conversations.

Let 2 be one of the following classes of spaces:

(1) Spaces of rim-type < a.

(2) Rational spaces.

(3) One-dimensional spaces.

For each of the above classes, we will define later a P-defining sequence of
partitions. The definition of a #-defining sequence is inspired by Anderson’s
characterization theorem for the Menger curve in [A-1]. Techniques for
handling partitions similar to those used herein are developed rather com-
pletely in [M-O-T]. The readers of the present paper may find it helpful to
read the derivation of the properties of the Menger curve in [M-O-T].

The following theorem includes the well-known theorem that the Menger
curve is a containing space (in fact, a universal space) for one-dimensional
spaces:

1.2. THEOREM. If X is a complete space with a P-defining sequence of
partitions, then X is a containing space for class 2.

A space with a 2-defining sequence of partitions need not itself be in class
2. Hence, Theorem 1.2 does not, in general, give a universal space for class 2.

We construct geometrically in E* spaces M, and M in the class & (for’
2 the class (1) or (2) above, respectively) which admit 2-defining sequences. In
the metric inherited from E3, M, and M are not complete. Though M, is
topologically complete, M is not. However, the proof that each is universal for
its respective class is an easy modification of the proof of Theorem 1.2. Our
specific universal and containing space theorems are the following:
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1.3. RIM-TYPE £ o UNIVERSAL SPACE THEOREM. For each countable ordinal
a > 0, there is a universal element M, in the class of spaces of rim-type < w.
Moreover, M, is topologically complete.

1.4. UNIVERSAL RATIONAL SPACE THEOREM. There is a universal element
M in the class of rational spaces.

L.5. RIM-FINITE CONTAINING SPACE THEOREM. There is a Peano continuum
C, of rim-type 2 which is a containing space for all rim-finite spaces.

1.6. RIM-TYPE < a CONTAINING SPACE THEOREM. For each countable
ordinal a > 0, there is a Peano continuum C, of rim-type a which is a containing
space for all compacta of rim-type < .

In [T], Tymchatyn has shown that the spaces which admit rational
compactifications are exactly the rim-scattered spaces. Extending this result, it
is the main theorem of Iliadis and Tymchatyn in [I-T] that a space of rim-type
< a+n, for a a limit ordinal (possibly 0) and n a nonnegative integer, has
a compactification of rim-type < a+2n+min{a, 1}, and that this is the best
result possible. Thus the hypothesis of compactness cannot be removed from
Theorem 1.6.

In Section 2, we introduce the concepts of topological type, rim-type,
decompositions and partitions of a given rim-type, prove certain embedding
theorems for spaces of a given topological type, and prove the Rim Decom-
position Theorem 2.5.2. In Section 3, we define defining sequence of a-par-
titions, and we develop partition-matching techniques for constructing em-
beddings. These techniques are largely combinatorial in nature. In Section 4,
we apply these techniques to prove first Theorem 4.2, which is a special case of
Theorem 1.2. Theorem 4.2 is not used. anywhere in this paper, but its proof is
the model for all subsequent proofs in the paper. In Section 5, we construct the
required universal and containing spaces to prove Theorems 1.3 through 1.6.
The reader may find it helpful to read the construction of the universal space of
rim-type < a in Section 5 before attempting the details of the proofs
in Sections 3 and 4.

At about the same time that we obtained the results in this paper, Iliadis
announced the existence for each a of a universal space of rim-type < «, and
the existence of a universal rational space. His methods involve decomposition
spaces of subsets of the Cantor set. We wish to thank Professor Iliadis for
introducing us to the study of rim-scattered spaces with the object of
discovering containing and universal spaces. We also wish to thank him for
pointing out an error in an earlier version of this paper.

All spaces in this paper are separable metric spaces with totally bounded
metric. A compactum is a compact metric space; a continuum is a connected
compactum; a Peano continuum is a locally connected continuum. A space



8 Universal rational spaces

has Property S iff for every & > 0, it can be represented as the union of finitely
many connected sets of diameter < . A space is uniformly locally connected iff
for every & > 0, there is a 4 > 0, such that if two points are within é of each
other, then there is a connected open set of diameter < ¢ containing them.

2. Rim-type and decompositions

The proofs of Theorems 1.3-1.6 in Section 4 involve first, constructing
a containing (or universal) space for the given class of spaces, and second,
showing how to embed any member of the given class in the space constructed.
In this section, we construct universal spaces of type a and obtain some
elementary properties of spaces of rim-typea.

2.1. Type and rim-type. Let 4 be a nonempty subset of a metric space
(X, d). For ¢ >0, we let S(4, ¢§) = {xe X| d(x, A) < ¢}. By Bd(4) and Cl(4)
we denote the boundary and closure of A, respectively. By Int(4) we denote
the interior of 4, namely 4 —Bd(A4). By card(4) we denote the cardinality
of A. If {4;}{2 is a sequence of subsets of X and limdiam(4,) = 0, we say
that, {4}2, is a null sequence. A basis # of X is a null basis iff %
is a null sequence.

2.1.1. Topological type. Let A be a subset of X. Let A® = 4, let A" be the
set of limit points of 4, and for each countable ordinal « = 0, define
At = (4@ If ¢ is a limit ordinal, let A® = [{4A®| B < a}. We call 4@
the derivative of A of order a or the a-derivative of A.

If A is scattered, then for some countable ordinal « >0, A® = @.
If A® =@, we say that A is of type <a, and write type(d) <a. If a
is the least such ordinal, we say that A is of type a, and we write type (4) = a.
If B < A, then type(B) < type(4). If A and B are clased sets of type < a,
then AUB is of type <a. A compactum is scattered iff it is countable.
A scattered compactum has type o for some isolated ordinal a. There exist
compacta of type o for every isolated countable ordinal a. A compactum has
type 1 iff it is finite and nonempty. (See [K, II] for proofs of some of the
statements above.)

2.1.2. Rim-type. A space X is said to be of rim-type < a iff X has a basis of
open sets whose boundaries each have type < a, and we write rim-type (X)
< o. If o is the least such ordinal, then we say that X is of rim-type a, and we
write rim-type(X) = a. If B = A, then rim-type(B) < rim-type(4). A space has
rim-type O iff it is zero-dimensional. A space has rim-type 1 iff it has a basis of
open sets with discrete boundaries. A compactum has rim-type 1 iff it has
a basis of open sets with finite boundaries. Hence, a compactum of
rim-type < 1 is said to be rim-finite. There exist continua of rim-type o for each
countable ordinal « > 0.
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2.2. Decompositions. Let X be a space. Let % be a finite collection of
closed subsets of X such that

(1) % covers X,

(2) for each Ue%, Int(U) is dense in U and dim(Bd(U)) < 0, and

(3) for all U # Ve%, Int(U)nInt(V) = 2.

Then we say that % is a decomposition of X. We say that % is of order < n
iff the intersection of any n+1 distinct elements of % is empty. For the
remainder of this paper we shall assume that all decompositions are of order
<2

2.2.1. Decreasing sequences of decompositions. A decomposition % is said
to refine a decomposition ¥  iff every element of % is contained in some
element of ¥ For any decomposition #,, we define

mesh(#") = max{diam(W)| We #'}.

A sequence {%,}{2, of decompositions is said to be a decreasing sequence of
decompositions iff, for all i > 0, %, refines %,, and mesh(#,) approaches 0 as
i approaches co.

2.2.2. Notation. Let % refining ¥~ be decompositions with Y = { ) " and
W < %. We adopt the following notational conveniences:

() #(Y)={Ue¥| Uc Y}

(2 %Y ={UnY| Ue#]}.

(B) oW = U{W,nW,| W, # W,e#}.

(4) The star of Y in W is

Star(Y, #') = {We#'| WnY # 0}.
(5) The boundary of Y in W 1is
Bound(Y, #) = {We# (Y)| for some Ve# —#(Y), VAW #0}.
(6) The core of Y in # is

Core(Y, #°) = # (Y)—Bound(Y, #).

2.2.3. Strongly decreasing sequences of decompositions. A decomposition
% is said to strongly refine a decomposition ¥” iff % refines ¥~ and, for all
U,,U,, V,, V,e¥ such that U;# V, (i=1,2) and {U,, |} # {U,, V,},
Star(U, 0V, %) nStar(U,nV,, %) = 2.
A decreasing sequence {%;}{Z, is said to be a strongly decreasing sequence iff
;. strongly refines %;, for each i.

2.2.4. Isomorphisms of decompositions. Let ¥, and %, be decompositions
of a space X with @,: ¥, —%, a one-to-one, onto function such that for all
U, Vev],

UnV£0 if ¢,U)ne (V)0
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Then we say that @, is an isomorphism. Suppose futher that ¥ and %, are
decompositions of order <2 refining ¥, and %,, respectively. Let ¢,:
¥, %, be an isomorphism such that for all V,e7,, for all Vievy,

VeV, il @V = ¢,(V)-

We then say ¢, is an isomorphism with respect (0 @;.
The following theorem is a generalized version of a well-known theorem
for inducing homeomorphisms by matching covers of compacta.

2.2.5. DECOMPOSITION MATCHING THEOREM. Let X and Y be spaces with
(@)}, and {V'}2, decreasing sequences of decompositions of X and Y,
respectively. Suppose that for all i > 0.

(1) @;: ¥:—%, is an isomorphism,

(2) @i+, is an isomorphism with respect to ¢;, and

@3) for all yeY, | oi(Star(y, ¥7) # @.

Then there is an embedding ¢: Y— X such that for all yeY,

aa

o) = () Uo(Star(y, V).

i=1

2.3. Containing and universal spaces for rim-scattered and rational spaces.
In order to show the existence of a containing (universal) space of a given
rim-type, it is first necessary to show the existence of a containing (universal)
space of a given type. These spaces will form the boundary sets or “rims” of the
decomposition elements used subsequently to construct containing (or univer-
sal) spaces for rim-scattered and rational spaces.

The following theorem is well-known and easy to prove:

2.3.1. UNIVERSAL COUNTABLE SPACE THEOREM. The space Q of rational
numbers is a universal space for all countable spaces. Moreover, if pe Q, and U is
neighborhood of p, then any countable space embeds in U.

2.3.2. UNIVERSAL SPACE THEOREM FOR SPACES OF TYPE < a. For each
countable ordinal o = 0, there exists a universal space D, of type o.

Proof. The containing space D, constructed below has been constructed
previously in [I-T]. The empty set is the universal space D, of type 0. The set
of positive integers is a universal space of type 1, since a space of type 1 is
discrete.

Suppose for each ordinal number f < a,, there exists a universal space D,
of type B as in the theorem.

If &y > 1 is a limit ordinal, let 2 = (1) < «(2) < ... be an infinite sequence
of ordinals coveringing to «,. We prove that the free union

«
Dao = U D.z(n)
n=1
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is a universal space of type a,. It is clear from the definition of type that for
< &p»
D) = U{D2! v < aln) < a}.

So, D& = @ and D,, is of type a,.

Let 4 be a space of type a, and let U, = 4. We may write 4 = {x,, x,, ...},
where x,€ 4 —A“™, for each n. Let U, be an open and closed set in A4 such
that

ACD e U« A—{x}.
If U, is defined to be an open a‘nd closed set in A such that
_ A e U, c (A—{x,NnU,_q,
let U,+; be an open and closed set in 4 such that
ACED e Uy {1}

By induction, {U,};% is defined and ()32, U, = @. Then A4 embeds in D,, so
that U,—U,+1 < Dy, for each n >0 and Uy—U, = D,,.

Now suppose that a, > 1 is an isolated ordinal. Let {x,, x,, ...} be an
infinite discrete space. Let

Dy = {Xg, X4, ... JU

i,

T
0

T8

be the disjoint union of spaces where each T;; is homemorphic to D,,-,. Let
D,, be topologized so that U is open in D,, iff

(1) UNnT;; is open in T;; for each (i, j), and

(2) if x;eU, then T;; c U for all but finitely many values of j.

Let A be a space of type «,. Then A ™1 is a discrete space. We may
suppose that 4@~V = {y,, y,,...}. Let {U;}{%, be a null sequence of pairwise
disjoint, open and closed sets in A such that y,eU,.

Let

x
Up=A—J U,
i=1

Then U, is closed in A. If xe U, then there is a neighborhood U of x such that
diam(U) < $d(A™ ™Y, x). Since {U,}2 is a null sequence, each member of
which meets 4~ 1), at most finitely many of the closed sets {U,}72, meet U.
Hence, U—| J%, U, is a neighborhood of x. Thus, U, is also open in A.

For each positive integer i, let {U,;}/<, be a null sequence of open and
closed neighborhoods of y, such that U, = U; and U;;., < U; ;. For each
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(i,j) with i >0, let h; U;;—U,; ;41— T;; be an embedding, and let hy:
Uy— To,o be an embedding. Define h: A—D,, by

hy(x), if xe Uy,
h(X) = hi'j(X), if xe U‘,j— Ul.j+ 1,
X;, if x=y;.

Then h is an embedding of X into D,,. It is shown in [I-T] that if
@ =y+n, y a limit ordinal (possibly 0) and n > 0, then the compactification
K of least type of D, is of type y+2n+min{y, 1}. m

2.3.3. Doubling decompositions of type a. The definition below is motivated
by the following elementary observation about the Cantor set C and the
rationals Q: there is a decomposition of C (respectively, Q) into at least two
mutually disjoint closed sets, each of which is homeomorphic to C (respect-
ively, Q). It is possible to decompose the universal space D, in a similar fashion.

If « is a countable limit ordinal and D ={J{D,u}2: where af(i)
< a(i+1) < a is a universal space of type a (as constructed in Section 2.3.2),
then for some j, let 2 be a decomposition containing the elements

i=1

@ @
DaU’)s U Da(j+21), U Da(j+2i+1)'
i=1

If « is a countable isolated ordinal and

D={x;,%,...Ju |J T,
i,j=1
is a universal space of type o (as constructed in Section 2.3.2), where each T; ; is
a copy of D,_,, then for some k, let 2 be a decomposition containing the
elements

{xk}U U1 T;.js {xk+2i}i°i1u Ul T+ 2ijs {xk+2t+1}.'m=1U U Tyvais1,
i= L= Li=1

If « is a countable isolated ordinal and D = {x}u | )2, T;, where each T; is
a copy of D, 1, for i # j, Tn(T;u{x}) = @, and lim T, = {x}, then for some j,
let 2 be a decomposition containing the elements T; and {x}u(JZ;+, T

In each of the above cases we call the decomposition 2 a doubling
decomposition of D. If D is as in one of the above cases and {2,}{Z is a decreas-
ing sequence of decompositions of D such that 2, = {D} and for each
Be2,, 9;+,(B) is a doubling decomposition of B, then {2,};2, is said to be
a sequence of doubling decompositions of D.

2.3.4. Strongly-refining embedding. Let {¥"}2, and {% }32, be decreasing
sequences of decompositions of Y and X, respectively. Let 4 — Y, and let
h: A— X be an embedding. We say that h is strongly refining with respect to
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{¥;}i, and {%;}, iff for all i > 1, for all ¥, V’ €Y with VnV’' = @, there
exists j = 1 such that

Star(h(AN V), %) Star(h(An V'), U)=0,
and if i=1, then j=1.

2.3.5. EMBEDDING THEOREM FOR SPACES OF TYPE «. Let o be a countable
ordinal, D, a universal space of type « (as constructed in Section 2.3.2), and
{2,}7= 1 a sequence of doubling decompositions of D,. Let X be a space of type
< o, and let {#;}}2 be a decreasing sequence of order 1 decompositions of X.
Then there exists an integer j, and an embedding h: X — D, which is strongly
refining with respect to {W;}2, and {2} ;,.

Proof. We prove the theorem by induction on . Suppose & = 1. Then D,
is a countably infinite discrete space and X is countable and discrete. Thus,
Y,={Ui1, ..., Upps V115 ..., Vi.m} Where U, ; is a singleton for each i and
V1.1 is not a singleton for each i. Using a sequence of doubling decompositions
of D,, choose j(1) > 1 such that 2;,, has at least k singleton elements and at
least m infinite elements. Then there is a-function ¢@,: #] - 9y, such that
@,(U,,) is a singleton element of 9, for each i, ¢,(V},) is an infinite element
of 9y, for each i, and ¢, is an isomorphism onto its image.

Slmnlarly, there exists j(2) > j(1) and @,: # ,— Dy, such that ¢, is an
isomorphism with respect to ¢, onto its image. Inductively, there exist
j@} > j(i—1) and ¢;: "/V*»@U, such that ¢, is an isomorphism with respect to
@;- onto its image. Let j, = j(1). Since every point xeX is in a singleton
element of some #}, {¢;};, induces an embedding h: X — D,, by Theorem
2.2.5, which is strongly refining with respect to {#;}iZ, and {2} .

As inductive hypothesis, assume the theorem is true for all ordinals a, < «,
where a is a countable ordinal.

First suppose that « > 1 is an isolated ordinal. Then

o
D, = {x1, x5, ..}u "U1 T.;
l.J=
where T;; is a universal space D,_; of type a—1, and X is of type B for some
B < a. If B < «, then by the induction hypothesis, there exists an integer j, and
an embedding h: X »D,_; = Ty,; = D, which is strongly refining with respect
to {#}}2, and {9 }2,.. So we may assume type(X) = a.
Then X©® 1V is a nonempty countable discrete space, possibly infinite,
and thus
W-1 = {Ul.ly vy Ul.ki Vl.ls RRRE] Vl.ms le.l) tees Wl.u}

where type (U, ) <a for each i, (V;,)*™" is a singleton for each i, and
card((W; )™ ") > 1 for each i. Choose j(1) > j, such that the decomposition
D1, of D, has at least k elements of type a— 1, at least m elements M such that
M©@=1Y is a singleton, and at least n elements M such that M“~" is infinite.
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Let ¢,: #, — %, be an isomorphism onto its image such that ¢, (U, ) has
type «— 1 for each i, (¢, (V;.))* " is a singleton for each i, and (¢, (W, ;)"
is infinite for each i.

Similarly, choose j(2) > j(1) and define ¢@,: #;— P, an isomorphism
with respect to ¢, onto its image such that if V;, < Vi ,e#7, then

(@) V@ iff  (B)V %0

The ¢'s for i > 2 are constructed inductively as above. Since each point
xeX©® 1 is the unique point in W®~ 1 for some W in some #/, the induced
embedding h: X — D, is well-defined on X~ 1, and, hence, on X. Moreover, for
jo =j(1), h is strongly-refining with respect to {#;}iZ; and {2} ;..

Now suppose that o > 0 is a limit ordinal. Then D, = UE‘&ID,,(,-) where
{#}2, is a sequence of ordinals increasing to o, and for each i, D, is
a universal space of type a(i). If type(X) < a, then there are integers i, and j,
and an embedding of X in D,;,, which is strongly refining with respect to
{#}2, and {9}, by the induction hypothesis. So we may assume
type(X) = o.

Then #, = {Us 1, ..., Uiy, Viuty ---» Vi,m} where type(U, ;) < a for each
i and type(V; ;) = « for each i. Choose j, = j(1) = j, such that the decom-
position 2y, of D, contains k elements M, such that type(M;) > type(U,,) and
at least m other elements of type a. Let ¢,: #| — 9;,, be an isomorphism onto
its image such that ¢, (U, ;) = M, for each i, and ¢,(V; ;) is an element of type
o for each i.

We continue as before to define the ¢.'s inductively, and obtain an
induced embedding h: X — D, which is strongly refining with respect to
{#:}i2, and {2} ,. For each xe X, there is an i such that x¢ X“*® (which
set is closed in X). Hence, there is some #) such that xe We#; and
type(W) < a(iy. Therefore, h is well defined on W by induction. m

2.3.6. CONTAINING SPACE THEOREM FOR CoMPACTA OF TYPE a. Each
compactum B, ., of type a+1 is a containing space for compacta of type < a.
Moreover, if B < a, pe(B,+1)?, U is a neighborhood of p, and A is a compactum
of type < P, then there is an embedding e: A — U such that e(A)N(Bes )P = 0.

Proof. Note that compacta of type a+ 1 exist. The type of a scattered
compactum and the cardinality of its highest nonempty derivative together
characterize it, by a theorem of Mazurkiewicz and Sierpinski [M-S]. The
theorem is an easy corollary to this. m

2.4. Decompositions and partitions. Let X be a connected, locally con-
nected space and % a decomposition of X such that for all Ue#, Int(U) is
connected and has Property S. Then we say that % is a partition of X. If it is
also the case that for all U, Ve#, Int (Uu V) is uniformly locally connected,
then we say that % is a brick partition of X.
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An order 2 decomposition (respectively, partition, brick partition) % is
said to be rational iff for all Ue%, Bd(U) is countable. An order 2 decom-
position (respectively, partition, brick partition) % is said to be an a-decom-
position (respectively, a-partition, brick a-partition), for a countable ordinal
a >0, iff for all Ue%, (Bd(U))® = @. We call a 1-decomposition whose
elements all have finite boundaries a rim-finite decomposition.

A decomposition ¥~ is said to be an amalgam of a decomposition % iff
each element of ¥” is the union of a subcollection of % and (¥ = | J#. We
usually denote an amalgam of % by %. Note that an amalgam of a decom-
position is again a decomposition. A subcollection % of an amalgam % of
a decomposition % is said to be a partial amalgam of %.

24.1. THEOREM. Let X be a rim-scattered space. Then the following are
equivalent:

(1) X is of rim-type < a.

(2) Every pair of disjoint closed subsets of X can be separated by a closed
set of type <.

(3) For each ¢>0 and each o-decomposition % of X, there is an
a-decomposition ¥~ of X such that ¥ strongly refines % and mesh(¥") < e.

(4) X has a strongly decreasing sequence of a-decompositions.

Proor. That (1) implies (2) is proved in Theorem 6 of [I-T]. To see that
(2) implies (3), let % be an a-decomposition of X and let ¢ > 0. Fix Ue% and
let Uy, ..., U, be the elements of % — {U} which meet U. Inductively, for each
i=1,...,n let V; be a regular closed set in U such that U,nU < Int, (V) and
Bd(V) has type <o. Let ¥V, =Cl(U—-{J{V,,.... V,}). Let #"(U)={V,,...
, Vo, Vy}, and let %7 = { J{#"(U)| Ue%}. Using (2), by standard decom-
position arguments as in [M-O-T], one can find an «-decomposition ¥~ of
X refining # such that mesh(¥) <e Then ¥" is the required strong
refinement of %. That (3) implies (4) and that (4) implies (1) is clear. m

2.4.2, THEOREM. Let X be a space. Then the following are equivalent:

(1) X is rational.

(2) Every pair of disjoint closed subsets of X can be separated by
a countable set.

(3) For each ¢ >0 and each rational decomposition % of X, there is
a rational decomposition v~ of X such that ¥ strongly refines % and
mesh(77) < &.

(4) X has a strongly decreasing sequence of rational decompositions.

Proof The proof is as in Theorem 2.4.1, except that we use Theorem 5
of [I-T]. =

2.4.3. Chains, coherent collections, and core refinement. A subcollection
{Uy, ..., U,} of a decomposition % is called a chain provided that U,n U, # &
f li—jl <1, and it is called a circular chain provided that U;,nU; # @ iff
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i-jl<1 or {i,j}={1,n}. A subcollection ¥~ of a decomposition #
is said to be coherent iff for any pair of elements U, Ve?¥, there is
a chain in ¥ with U as the first element and V' as the last element.
A subcollection ¥ of % is called a graph-chain provided that ¥~ is coherent,
and it is called a tree-chain provided that in addition ¥ contains no circular
chain.

If v is a graph-chain, we call the elements of ¥" links, and we
call those elements of ¥" which meet at most one other element of ¥~
endlinks.

Let % refining ¥~ be partitions. We say that % core refines ¥ iff
for every Ve ¥, Core(V, %) is a coherent nonempty subcollection of %(V)
such that for every UeBound(V, %), Un(| ) Core(V, %)) # 2.

2.4.4. ExaMpLE. We give an example to show that Theorem 2.4.1 cannot
be improved to obtain a decreasing sequence of wa-partitions even when
X is a Peano continuum. It is a special case of Bing’s Partitioning Theorems
[B] that every one-dimensional Peano continuum has a decreasing sequence
of core-refining brick partitions. Though a rim-finite Peano continuum
has arbitrarily small brick partitions by Bing’s theorem, and has arbitrarily
small rim-finite decompositions by Theorem 2.4.1, it cannot be expected
that arbitrarily small, rim-finite brick partitions exist. For example, if we
attach to each vertex of each triangle of the Sierpinski Triangular Curve [K, II,
page 276], a null sequence of arcs, then the resulting rim-finite Peano
continuum has no rim-finite brick partitions of small mesh.

2.4.5. THEOREM. [I-1, Theorem 3]. Each compactum of rim-type < a can
be embedded in a Peano continuum of rim-type £ o.

Proof. Using a decreasing sequence of a-decompositions obtained
via Theorem 24.1, and then carefully adding a null sequence of arcs
between elements of the decompositions, one can show that each compactum
of rim-type < o embeds in a Peano continuum of rim-type < o. In fact, the
construction can be carried out in such a way that the resulting Peano
continuum does have a decreasing sequence of brick o-partitions. m

2.5. Incidence matrices and decompositions. In the proofs of Theorem
1.2~-1.6 we will need to obtain, for an arbitrary space of rim-type < a or
a rational space, a nice decomposition which matches a given decomposition of
another space.

2.5.1. Incidence matrices. An nxn matrix A = (a;;),x, Whose entries are
zeroes and ones is said to be an incidence matrix iff a;; = 1 and a;; = ay,,
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and it is said to be a coherent incidence matrix iff for each i+ j, there exists
a set {i=1i(0),i(1),...,im =j}<{1,...,n} such that for ke{l,..., m},
Q-1 = 1. An incidence matrix A = (a;j),x, is said to be the incidence
matrix of the decomposition % = {U, ..., U,} provided that U;n U, # 0 iff
a;;= 1.

2.5.2. RiM DECOMPOSITION THEOREM. Let X be a space of rim-type < o
(respectively, rational space). Let {#;}2 be a strongly decreasing sequence of
a-decompositions (respectively, rational decompositions) of X. Let # = {B,, ...
..., B,} be a collection of pairwise disjoint closed subsets of X such that for i # j,
there exists k such that Star(B;, #,)nStar(B;, W) = 0. Let A= (a;j)ux. be
a coherent incidence matrix. Then there is an o-decomposition (respectively,
rational decomposition) U = {U,, ..., U,} of X such that

(M oun(|) %) =2,

2) B;c U;,

3 ir U,.r)Uj # 0, then a;;=1,

@) % =W,, for some i.

Proof. In the statement and proof of the theorem, note the following:
some of the B;’s - may be empty; since we may have simultaneously a;; = 1 and
U;nU,; # @, A need not be the incidence matrix of %; the hypothesis that 4 is
coherent cannot be omitted.

The proof is by induction on n. There are three cases: n=1, n = 2, and
n > 2. The first case is the base case, the second case is needed as a lemma for
the third, inductive, case.

If n=1, then 4 =(1), and we take % = {X}. Hence 0% = @, and the
theorem follows trivially.

If n=2, then B={B,,B,} and 4=({{). Choose i such that
Star(B,, #")nStar(B,, #;) = @. Without loss of generality, if B, # &, let
U, =|JStar(B,, #)) and U, = ( J(#;—Star(B,, #7)). If B, = @ = B,, then
let U, be any link of #; and let U, = (J(#;—{U,}).

Suppose that n > 2 and that the theorem holds for n—1. Since A4 is
coherent, we may assume without loss of generality that a, , = 1. Define the
coherent incidence matrix B = (b;})u—1)xw-1) bY

Aitv1,j+15 if i,j 22,
bi.j= min{l, al'j+1+a2,j+l}’ if i= 1’
min{l, qi+1,1 +ai+1.2}’ If ] = 1'

In a sense, B “amalgamates” two rows (respectively, columns) of 4 into
a single row (respectively, column). B U

2 — Dissertationes Mathematicae CCXCIIL
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Forje{2,...,n—1},let Bj= Bj.;, let By = B{UB,, and let #' = {B, ...
.., B4_,}. By induction, there is an a-decomposition (respectively, rational
decomposition) %' = {U}, ..., U,—1} of X such that

0 ou'n(#)=2,

(i) for all je{l,...,n—1}, Bj< Uj,

(i) for all i #je{l,...,n—1}UinU; # @ implies b;; =1,

(iv) %' = W for some i.

Define D, and D, to be disjoint closed sets in Uj such that

(v) D, =B, u(J{UinUj| j>1 and a, ;41 =1}),

(Vl) D2 = Bzu(U{U'thjl ] >1 and ajj+1 = 0})

Note that if b, ;=1 (j > 1) and a, j+; = 0, then a, ;+; = 1. Note that for
some i, Star(D,, #)nStar(D,, #°)=@. We apply the case n=2 with

i replacing X and {D,, D,} replacing #. We obtain a decomposition

{U,, U,} of Uj satisfying conditions (1)-(4).

For je{3,...,n}, let U;j=Uj_,, and let % = {U,,U,,U;,..., U}
Then % is a decomposition of X satisfying the theorem. m

Vam 8; 8, o, \ 8,26,

B, =0, i
O
: %
r Uz AU”
Uy R
110
' 11 -(H)
u Ao ) T\

Fig. 2.1. Illustrates the rim-finite case for n =3

3. Defining sequences and isomorphisms

We will define our containing (universal) spaces in terms of decreasing
sequences of brick partitions of subsets of E* satisfying certain combinatorial
properties. Chief among these are the properties of a-connectedness, a-inter-
lacing, and a-splitting. The later two notions are closely related to similar
notions used by Anderson in [A-1,2].

3.1. DeFINITIONS. Let % refining ¥~ be brick a-partitions of a space. Let
W denote a subcollection of %.

3.1.1. a-Connected collections. We say that # is a-connected iff #~ is
cohergnt and for all U # Ve #, if UnV# @, then Un V contains a universal
space of type «. If #  is a chain (respectively, circular chain, graph-chain, or
tree-chain) which is a-connected, then we say that #  is an a-chain (respect-
ively, a-circular-chain, a-graph-chain, or wo-tree-chain).
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3.1.2. o~Interlacing. We say that % is a-interlaced in ¥ iff for every Ve ¥,
(V) contains two a-tree-chains %, and %, such that the elements of %, "%,
= Bound(V, %) are endlinks of both %, and %,, and (%, V%,)-Bound(V, %)
is a-connected.

3.1.3. a-Splitting. We say that % a-splits ¥ iff for all U # Ve,

(1) Z|UnV is a doubling decomposition of UnV,

(2) for each W, e%(U) such that W, nV # @, there is a unique W, e (V)
such that Wi nV =W,nU = W,nW,.

3.2. a-Defining sequences of partitions. Let X be a space. We say that
a strongly decreasing sequence {#;}{2, of decompositions of X is a defining
sequence of a-partitions iff for all i > 0,

(1) %, is a brick o-partition,

(2) %+, core refines %, _

(3) for all Ue,, for all ¥ # WeBound(U, %;+,), VAW =49,

(4) %, is a-connected,

(5) for all Ue%;, %;+,(U) is a-connected,

(6) %;+, o-splits %,,

(7) %;+, is o-interlaced in %;.

Conditions (1)—(7) above are not entirely independent. Any decreasing
sequence of brick a-partitions of a space wherein one partition is «-interlaced in
its predecessor has a subsequence which very nearly satisfies the conditions of
Definition 3.2. However, making the conditions explicit somewhat simplifies
the constructions to follow.

The reader should note that in this paper a defining sequence is a much
more restrictive notion than a decreasing sequence. The notion of a defining
sequence of a-partitions gives rise to a universal space of rim-type «, while the
notion of a decreasing sequence of a-decompositions gives rise merely to
a space of rim-type < .

3.3. a-Amalgams. Let % be a partial amalgam of a brick a-partition
. We say that # is an a-amalgam of % iff for all U e %, % (U) is a-connected.

34. o-INTERLACING LEMMA. Let X be a space with {%}{2; a defining
sequence of a-partitions of X. Then for all i > 0, for all j > i, %, is a-interlaced in
..

Proof. We prove the lemma by induction on j—i. Since %;, is
a-interlaced in %;, we have the base case. So assume that %; is a-interlaced in %;
for | €j—i < n, and suppose that j—i = n. The various parts of Figure 3.1
illustrate rather completely the argument which follows.
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Fix Ue%,. Since %;, is a-interlaced in %;, there are a-tree-Chains ¥/
and %, in %;_(U) such that the elements of

W, W, = Bound(U, %;-,)

are endlinks of each of %, and #5,, and (¥;uU%,)-Bound(U, %,_,) is
a-connected. See Figure 3.1(a).

boundary ___ .
links of

W)

Fig. 3.1(a). a-Tree-chains #; and #; in #,_,(U)

We will construct a-tree-chains ¥ and ¥, in %,((() #)u(lJ #3) by
working on one link of #}, for ke{1, 2}, at a time. Let Be Bound(U, %;_,).
Since %, is a-interlaced in %, ,, there are a-tree-chains %}, and # , in % ;(B)
such that

Wy, Wy, = Bound(B, %)
is in the set of endlinks of each of #5, and #;,. See Figure 3.1(b)

8.1

A
Fig. 3.1(b). Magnified view of boundary link BeBound(U, o)
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For ke {1, 2}, let ¥, be an a-tree-chain in #7 , minimal with respect to
containing Bound(U, #))n%(B) and covering BN K for each Ke#,—{B}
such that BN K #@,. Thus, ¥} reaches out to the boundary of U and in to
the link of #,—{B} which meets B. Since %;_; is order two,

Ba(Uo# - BN (U, —{BY) = 0.

It follows that
¥5.1N V3,2 = Bound(U, %)n%;(B) = Bound(U, %;).

Since (¥,u¥,)—Bound(U, %,-,) is a-connected, there are links
GeW,—Bound(U, %;-,) and HeW¥,—Bound(U, %;_,) such that GnH
contains a universal space of type «. Since %, is a-interlaced in %,_,, there is an
a-tree-chain ¥, < %,(G) minimal with respect to covering GNH and with
respect to covering GNK for each Ke#,—{G} such that GAK # @.
Similarly, ther is an a-tree-chain ¥, 1,1 © %;(H) minimal with respect to
covering HN G dnd with respect to covering H K for each K e %, —{H} such
that HnK # 0.

Let Ve#,—(Bound(U, %;-,)u{G}). There is an o-tree-chain ¥,
< %,(V) minimal with respect to covering VnK for each Ke# | —{V} such
that VnK # @. Similarly, for Ve %, —(Bound(U, %;_,)u{H}), there is an
a-tree-chain ¥} , « (V) minimal with respect to covering VnK for each
KeWw,—{V} such that VnK # @. See Figure 3.1(c).

Fig. 3.1(c). Magnified view of link Ve ¥}

Within each link V of #,, (k = 1, 2) we now have an «a-tree chain. Moreover,
by construction, ¥, =|J{¥v.l Ve#,} and ¥, =){#v.l VeWs}
are graph-chains. For ke {1, 2}, although 7", need not be an a-graph-chain
¥, contains an a-tree-chain ¥, minimal with respect to containing
Bound(U, %)) and covering a universal space of type « in Gn H. This follows
because %, a-splits %;_,. Then ¥ and ¥, are the desired a-tree-chains in
u,(\ ) #,) (respectively, %,(| ) #,)) which show that %; is a-interlaced in %;. See
Figure 3.1(d). m
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links of

Fig. 3.1(d). a-Tree-chains ¥}, and ¥#; each containing all boundary links of %,(U)

3.4.1. COROLLARY. Let X be a space with {4}2, a defining sequence
of a-partitions of X. For all i >0, for all partial amalgams %; of %;, for all
Ue%, such that %,U) is a-connected, for all j> i, there is an a-tree-chain
¥ in %(U) such that ¥ contains the elements of Bound(U, %) as
endlinks.

3.5, Matching decompositions by isomorphisms. The construction, in
subsequent sections, of the embedding of a member of a given class of spaces
into one of our containing or universal spaces involves constructing two
sequences of matched decompositions, one a sequence of decompositions
of an arbitrary member of the given class, and the other a sequence
of a-amalgams of a subsequence of a defining sequence of a-partitions of the
containing or universal space under consideration. We have previously defined
isomorphisms of decompositions and stated the Decomposition Matching
Theorem 2.2.5.

3.5.1. Boundary embeddings. Let ¥ and %, be decompositions with ¢,:
¥, —%, an isomorphism. Suppose that d¢,: 0¥ — 0%, is an embedding such
that for all Vev,,

9¢,(Bd(V)) = Bd(e, (V)),
and for all V # Wev¥,.
00, (VW) = o (V)N oy (W)

Then we say that d¢, is a boundary embedding corresponding to ¢,.
Together, the following lemma and the Rim Decomposition Theorem 2.5.2
are used inductively in the proofs of Theorems 1.2 to 1.6 in Sections 4 and 5 to
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establish the existence of the sequences of matched decompositions required
to induce an embedding.

3.6. BRICK PULVERIZING LEMMA. Let a be a countable ordinal. Let
Y be a space of rim-type < a and {¥}}{>; a strongly decreasing sequence of
a-decompositions of Y. Let ¥, = {V,, V,} be an a-decomposition of V =V,
UV, ¢ Y. Let X be a space with {%;} %, a defining sequence of a-partitions of X.
Let %, be an a-amalgam of U, , and let U €4 ,. Suppose that h: Bd(V)—Bd(U)
is an embedding which is strongly refining with repect to {"Vi}i'ix and {U)7 ;.
Then there exists an integer i> 1, an a-decomposition ¥, (V) refining ¥,,
an integer jo > 1, an a-amalgam U (U) of %;,(U) refining %,(U), and an
isoAmorphism Q. "/ﬁ(V)—»”?ZjD (U) with a corresponding boundary embedding d¢:
0¥, (V) 04 ,(U) such that

(1) @(W)nBd(U) = h(BA(V)nW), for all We ¥;(V),

(2) dpuh: o¥ (V)UBA(V)— 0%;,(U)yuBd(U) is an embedding which is
strongly refining with repect to {¥}}iL, and {U}};,.

Proof. For ke{l, 2}, let
@, = Star(h(BA(V)" V), %,(U)) = Bound (U, %,).

Let #=2,0%,. Now V,nV,nBd(V)=¢, and {¥}};2, is strongly de-
creasing, so we have

Star(Bd(V)nV,, ¥3)nStar(Bd(V)nV,, ¥,) = 0.

Since h is strongly refining with respect to {¥7};2, and {#;} £, we may assume
without loss of generality that #, "%, = @. Since %, is an a-amalgam, %, (U)
is a-connected. By Corollary 3.4.1 we may assume that %, (U) is 2 nonempty
a-tree-chain whose set of endlinks is 4.

Let G, be any link in #,(U)—4. For k=1, 2, let %, be the minimal
a-tree-chain in %, (U) that contains #,U{G,}. Then %, and ¥4, have at least
one element, namely G,, in common. (However, they may have more than one
element in common.)

For ke{l1, 2}, let 4, = {Gy1, -.., Gxapy}» Where Gy 1 = G,. Note that an
element of #,(U) may now have two names. We now apply the Rim
Decomposition Theorem 2.5.2 twice, independently to 4, and 4,. Since ¥, has
a coherent incidence matrix, and

(R 1(h(BAW)NG,,)| r=2,3, ..., n(R)} u{VinV,}

satisfies the hypotheses of the Rim Decomposition Theorem, we can pull back
the partition %, to an a-decomposition %, = {Wi.1, ..., Wi.a} of V; such that
(a) #, = ¥:(V,), for some i> 1,
(b) for all W,, and W, in #;, W, nW,, # @ implies G,,nG,; # O,
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(©) for all re{l,..., n(k)}, k-1 (R(BA(V))Gy,) = Wi,

d) ViV, e W,,.

For ke{l,2}, define the one-to-one, onto function ¢,: #,—~%, by
0, (Wiy) = Gy, for re{l, ..., n(k)}. Note that ¢, ¢, is a function, but not
one-to-one. See Figure 3.2(a). It remains to modify the Gy, allowing us to
replace ¢, LU ¢, by a one-to-one function ¢.

8nV,

Fig. 3.2(a). Boundaries are shown as [inite for simplicity

Since type (3%,00%,) < a, we apply o-splitting and the Embedding
Theorem 2.3.5 to obtain an embedding g: %, ud¥,— 0%, w0%, such
that

€) g(Wn W) c o (W)no (W), for all W £ W' ew,.
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Because {#%;}j%, is strongly decreasing, there exists an integer j, > 1
such that g is strongly refining with respect to {¥;}2, and {%}Z,.
Moreover, we may assume that

Star(g(3, L W)), %) Star(h(BA(V)), ;) = 2.

Thus, we have

(f) hug is strongly refining with respect to {¥7}i2;, and {%}}2;,.

For ke{l,2} and re{l,..., n(k)}, define the closed set D,, of type
<o by

@) Dy, = g(0¥,(Ws,)) U h(BA(V)NGy,).

By (f), let A4}, be a minimal nonempty o-tree-chain in %,(G,,) that
contains Star(Dy,,, %, (Gy,,)) = Bound(G,,, %, ), as guaranteed by the a-Inter-
lacing Lemma 3.4, subject to the following additional conditions:

(h) if D,, = @, then 4,, is a single nonboundary link of %;(G,,),

() (U A#1.1)n(J A2.1) is a universal space of type «,

() (U A1.1)n(J A2.1) is contained in a single link of each of .4}, and
My (recall #0045, < Gy =Gy, =Gy,

& (U A1) (U A2s) =0, if {r, s} # {1},

Since type(V; nV,) < a, it follows from (i), a-splitting, and the Embedding
Theorem-2.3.5 that there is an embedding

fr ViaVe= (U A1) (U #42.40)

@®

such that hugu f is strongly refining with respect to {77}{2;, and {#;}}%;,, as
in (f) above.
For ke{1,2} and re{l, ..., n(k)}, let U,, =) A4,, and let

G(U) = {U,,| ke{l,2} and re{l, ..., n(k)}}.

It follows from (g) and the definition of the embedding f that

(m) g(8%; (W) < Dy, < Bd(Uy),

(n) f(Vlsz) cUp1nUy,.

Clearly, %,(U) is an a-amalgam of %,(U) refining %, (U). See Figure 3.2(b).
Let ¥,(V) = #,u¥,. Then ¥(V) refines 7.

Define an isomorphism ¢: ¥;(V)—4%,(U) by @(Wi,) = Uy,. By (k), the
ranges of ¢|#, and ¢|#,, have no common elements. Condition (1) of the
lemma is satisfied because of (g).

Define the corresponding boundary embedding de: 617,.(V)—>6077](U)
by d¢ = guf. Then d¢ is well defined and an embedding, because g and f
have pairwise disjoint domains and ranges. Thus, condition (2) of the lemma
is satisfied. The boundary embedding d¢ corresponds of ¢ because of (e),
(m), and (n). =
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Fig. 3.2(b)

4. Embedding theorem

We first prove Theorem 4.2: that a complete space with a defining sequence
of a-partitions is a universal space for all spaces of rim-type < a. The statement
of Theorem 4.2 is not used anywhere else in this paper. We include it because
the structure of its proof makes transparent all of the proofs that follow it. We
then indicate how to modify the above definitions so as to define 2-defining
sequences of partitions for & one of the classes: spaces of rim-type <,
rational spaces, one-dimensional spaces. We conclude the section by indicating
how to prove Theorem 1.2 in its full generality.
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4.1. LEMMA. Let {¥7}{2, be a strongly decreasing sequence of a-decom-
positions of a space Y. Let {#;}}=, be a defining sequence of a-partitions of
a space X. Suppose that @,: ¥, —%, is an isomorphism with a corresponding
boundary embedding d¢,: 8¥, - 0%, which is strongly refining with respect to
{7}, and {U;}2 . Then there exist iy, jo > 1 such that ¥;, refines ¥, %,
reﬁnes %, and U"?Zjo < \J%,; moreover, there exists an tsomorphlsm @,

¥; —4,, with respect to ¢, with a corresponding boundary embedding 0¢,:
6'/40—>607 which is strongly refining with respect to {¥7}2;, and {¥;}}%;,, and
such that 8¢p,|0¥, = 09,.

Idea of proof. Consider the following diagrams:

- ql -— -~ 0¢1 —
h—— g 0T a7, Legend
onto
_—
one-to-one
f !/n DI — ai/u —

We are given the top row with d¢, corresponding to ¢,; we must find
the bottom row so that both diagrams commute and d¢, corresponds to ¢,.
At the same time, the meshes of the amalgams of decompositions of Y and
X must decrease.

Proof. We define "V by working on one element of ¥, at a time, Let
Ve¥,, and let U = (pl(V)e97Z We induct on the number of elements
of ¥,(V). By passing, if necessary, to finer covers in the sequences {¥;}i2,
and {%j}}';l, we may assume that card(¥(V)) = 2. There are two cases to
consider.

Case 1. Suppose that ¥ (V) = {V,, V,}. We apply the Brick Pulverizing
Lemma 3.6 to ¥V and U with d¢,|Bd(V) as h. We obtain an integer i(V) > 1,
a decomposition ¥;y,(V) refining ¥;(V), an integer j(V) > 1, an z-amalgam

%iw\(U) refining #,(U), and an 1somorphlsm ov: Vi (V)= Xjp,(U) with
a corresponding boundary embedding d¢,: 37, (V) 0% jw){(U) so that the
following conditions are satisfied:

(1) @y (W)nBd(U) = 8¢, (WnBd(V)), for all We ¥y, (V).

(2) 89y, L(B9,|BA(V)): 8% iwy(V)UBA(V)— 0%, (UyuBd(U) is strongly
refining with respect to {¥7}{2,p, and {%}5 ).

Case 2. Suppose ¥ (V) = {V,, V,, ..., V,}, for n > 2. We prove case 2 by
induction on n. Let ¥ V) = {V,uV,, V,, ..., V,} which has n—1 elements. We
suppose that we can find an integer i'(V)> 1, a decomposition ¥; (V)
refining #7(V), an integer j/(V) > 1, and a-amalgam % (V) refining %, (U),
and an isomorphism ¢ ﬁf(y,(V)——M/? 7)(U) with a corresponding boundary
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embedding 8¢y: ¥4 (V)= 8%;p(U) so that the following conditions
are satisfied: )

(3) @\ (W)nBd(U) o d¢,(WnBd(V)), for all We¥iw\(V).

(4) 9y (D9, IBd(V)): 0V (VYU BA(V) - 0%}, (U)uBd(U) is strongly
refining with respect to {¥7}i2Z:w) and {%} ).

We would be done if "f”,u(y)(V) refined ¥ (V) instead of ¥”'(V). However,
we need only modify 17,.(,,,(V) on “/7,-.(,,,(V1 u V). This will necessitate modifying
the a-amalgam %;,(U) and the isomorphism ¢}, and we will have to extend
the embedding d¢} in correspondence with our modifications.

Since there are only finitely many elements in ¥;.4,(V, U¥,), we do our
modifications of ¥y, (V) on one element of ¥, (V, U ¥,) at a time. We do not
alter 8%;,(V), nor do we change d¢y; rather, we obtain a finer decomposition
and extend the boundary embedding to the added boundary points. The
difficult part of what follows is keeping track of the notation, because there are
several steps, and at each step we may need to go to finer decompositions in the
decreasing sequences. '

Suppose We ¥y, (VyuV,). It is possible that W< ¥V, or that W c V.
Ifeither W < V, or W c V,, let i'(W) = i'(V), ¥ian(W) = {W} J (W) =j(V),
ow = (PVW/} (W)(W)a and %; (W)(COV(W)) {‘P (W)}. Since 12 wy(W) is a sing-
leton, 37 (W) =0, and therefore, dpy is the empty map. Since W c V,
eV (V) or WcV,ev,(V), ¥ or)(W) refines ¥ (V), and conditions (5) and
(6), stated below, are trivially satisfied.

Suppose that W ¢V, and W ¢ V,. Note that {WnV,, WnV,} is an
amalgam of ¥}.,(W). We apply the Brick Pulverizing Lemma 3.6 to W and
oy(W)=U'€¥ ;3 (U) with (dppyude )|BA(W) as h. We obtain an
i"(W) > i(V), a decomposition ¥ «owy)(W) refining {WmVl, WnV,}, which
itself refines ¥7(V), an integer ]”(W) >j "(V), an a-amalgam %, «wy(U") refining

Uwy(U"), and an isomorphism @%: ¥ uw)(W) —»”?2, «w)(U’) with a correspond-
ing boundary embedding d¢}: 87, (W,(W)—n?%j ar(U’) satisfying the fol-
lowing conditions:

(5) ew(G)NBA(U") = (8¢} udp,)(GNBA(W)), for all Ge ¥ g (W).

(6) doiw U((Opyude,)|Bd(W)) is strongly refining with respect to
{(Vid=iw) and{Z}7 ).

One should note that conditions (5) and (6) take account of the fact that
W may meet Bd(V) because either ¥, or ¥, may do so, and the fact that d¢, is
already defined on any points of WA Bd(V).

We carry out the procedure in the above paragraphs for each
We ViV, uVa). Let

i(V) = max{i"(W)] We¥ipn (V0V} = i(V)> 1.
jVy=max{j"(W)| We¥pu,(V,uV,)} = (V) > 1,

Vin(V)= "Vi'(V)(Vg V...v Vn)U(U {'Vi"(W)(WN We 7;:"(V)(V1 Y Vz)})-
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Note that ¥y, (V) differs from ¥;.,(V) only on V,UV,, and that ¥;y,(V)
refines ¥ (V).

It follows from Corollary 3.4.1 to the a-interlacing Lemma that if
1 < b < c are integers, then we can replace each element W, of an a«-amalgam
4,(U) by a subset W, which is an element of an ¢-amalgam %,(U), and so that
for all W, €%, (U) and corresponding element W, e % (U), W,n W, = W.a W,
and W,nBd(U) = W,nBd4(U).

There is, therefore, an a-amalgam %y, (U) of %,(U) constructed in
accordance with the above paragraph, and an isomorphism @y: ¥y (V)
—%;4,(U) which has the following properties:

(7) For each We ‘f,(y,(V:,u .U¥), @,(W) is that element of %y, (U) by
which we replaced ¢ (W) in the above paragraph, with b = j'(V) and ¢ = j(V).

(8) For each Ge ¥y, (V,uV,) with G Weﬁm(Vlqu), y(G) is that
element of %y (U) by which we replaced ¢ (G).

We define do, as the extension of d¢y by the equality

09y = 004 U(U((00k| WeFio\(V,0V,)})

Then d¢,, is well defined and is an embedding because the domains and ranges
of the constituent decomposition-respecting embeddings are pairwise disjoint.
It follows from conditions (1)«8) that d¢,, is a boundary embedding correspond-
ing to ¢, which is strongly refining with respect to {¥7}/Zp) and {%}}iZ ).
Thus, conditions (1) and (2) (as stated in case 1, above) are satisfied. This
concludes the proof of case 2.

We now return to the main induction. Via either case 1 or case 2, for each
Vev,, we define ¢, on ¥; in(V) refining ¥,(V), and we define dp, on
37i(V) so that ¢, and d¢, U(dp,|Bd(V)) satlsfy conditions (1) and (2). We
also obtain for each such ¥V, an a-amalgam %y,(¢(V)) as the image of ¢, and
a collection of boundary points in 0%;y,(¢,(V)) as the image of the correspond-
ing boundary embedding d¢,., respectively.

Let iy = max{i(V)| Ve“//'} >1, j,=max{j(V)] Ve¥,}>1, and

U{"//,(y,(V)l Ve¥,}. As in the proof of case 2, above, there is an

a- amalgam U, = {U{%Jo(qol(V))l Ve¥,}, and there is an isomorphism ¢,:

¥i—%,, with respect to ¢,. It follows from conditions (1) and (2) that

6% = d¢,u(|J{9¢y| Ve7})is a boundary embedding corresponding to ¢,
which is strongly refining with respect to {¥}i2;, and {#}%2;,. =

4.2. TueoreM. If X is a complete space with a defining sequence of
o-partitions, then X is universal for spaces of rim-type < a.

Proof. Let Y be a space of rim-type < a, and let {#;}}2, be a strongly
decreasing sequence of a-decompositions of Y. Let {%;}f, be a defining
sequence of a-partitions of X. We construct inductively a decreasing sequence
{#iw)}=1 of amalgams of a subsequence of the given decompositions of ¥,
a decreasing sequence {#%u}i=, of a-amalgams of a subsequence of the given
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defining sequence of a-partitions of X. Further, we construct isomorphisms ¢, :
¥do =%, and boundary embeddings d¢,: 874y — 0%, which are strongly
refining with respect to {#7}i2 ) and {%,}% ju, such that ¢, respects ¢, and
d¢, corresponds to ¢,, so as to satisfy the conditions of the Decomposition
Matching Theorem 2.2.5. )

To begin the induction, let i(1) = j(1) = 1, %y, = {X}, and ¥, = {Y};
let @,: ¥i,~%y, be the obvious isomorphism, and let d¢, be the
empty map.

Suppose that for all k with 1 <k <m, we have obtained integers
i(k) > itk—1) and j(k) > j(k—1), 2 decomposition ¥y of Y refining Yik~1), A0
a-amalgam %y, of U4, such that %y, refines Xy - 1) with | %y = U %ju-1),
and an isomorphism ¢,: "/fi(k, — %, With respect to ¢, _; with a corresponding
boundary embedding 8¢, : 0¥y, — 0%; iy Which is strongly refining with respect
to {¥}}{2i and {%}{jw, and such that 0¢,|07 -1y = 0@u—y.

By Lemma 4.1, there is an i(m) > i(m—1), a decomposition ¥, of
Y refining ¥iym-1), an integer j(m) > j(m—1), an a-amalgam %,(,,,, refining
Ujom-1y With % jm = )% jm—1)» and an isomorphism ¢,: Pim— Hjm
with respect to ¢,-,; with a corresponding boundary embedding dg,:
0F m = 0%y which is strongly refining with respect to {¥;}{lim and
{%} 3% jmy» and such that 8¢, |07 im—1) = 0@m_1. .

By induction, {Yig}i=1, {Zwbs, {0 Vi~ Ziw}r, and {9g,:
0¥y~ 8% jp0 )=, are defined. Since ¥y, refines ¥y, and %, refines
Ui~ 1, mesh(“/fl(,,,)—»O and mesh(Z;q,) - 0.

Since X is complete, the conditions of the Decomposition Matching
Theorem 2.2.5 are satisfied. Hence, there exists an embedding ¢: Y — X such
that for all ye Y; () = (\{U @x(Star(y, #iw))}, and if yed¥,, for some k,
then ¢(y) = 0p,(y). =

4.3. Containing spaces for spaces of rim-type < a. Let X be a space, and let
# ={U,,...,U,} be a brick partition of X. Let A,;c U,nU; for
i#je{l, n} be a set of type < « such that 4 ; is homeomorphlc to one of
the three sets defined in Section 2.3.3 (elements of a doubling decomposition of
some D,), and such that 4;; = 4;;. Note that A4;; may be empty. We call the
pair (%, {A;,}7,=1) an a-collection. We say the a-collection (%, {4;;}}j=1)
refines the a-collection (¥, {B,}is=,) iff % refines ¥ and

U|(Br,, = {4;|U;e%(V,), U;e¥(V), and V, # V,eV'}.

Let the a-collection (%, {A;;}i;=,) refine the a-collection (¥, {B, }t =1)-
Let the a-collection (W, {C,,}55-1) be a subcollection of (%, {4;;}7,=1).

4.3.1. a-Connected collections. We say that (#, {C,,}55=1) is a-connected
iff #" is coherent and for all W, # W,e # with W,nW, # 0, C,, is a universal
space of type a. If #" is a chain (respectively, circular chain, graph-chain,
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or tree-chain) such that (¥, {C,,}54=1) IS a-connected, then we say that
(W, {Caplap=1) is an a-chain (respectively, a-circular-chain, o-graph-chain, or
o-tree-chain).

43.2. a-Interlacing. We say that (%, {A; ;}!;=1) is a-interlaced in (¥; {B, o}\ <= 1)
iff for every V,e¥, %(V,) contains two a-tree-chains (%,, {4, ;,}7%;,=1) and
(Uy, {Air.ja}72j,=1) such that the elements of %, "%, = Bound(V, %) are the
endlinks of both %; and %,, and there exist U,e%, —Bound(V, #) and
U,e%,—Bound(V, %) such that type(4;;) = a.

4.3.3. «-Splitting. We say that (%, {A; ;}}=1) a-splits (¥", {B, ;}! s=,) iff for
all V. # V.ev,

(1) % |B,, is a doubling decomposition of B, of type(B,,),

(2) for each U;e%(V,) with U;nV, # O, there is a unique U;e#%(V,) such
that U;nV, =U;nV, =U;nU,.

4.3.4. P-Defining sequences of partitions. Let X be a space. Let & be the
class of spaces of rim-type < «. We say that a sequence {(%,, {4; . }ix=1}21
of a-collections is a 2-defining sequence for X iff for all i > 0, the following
seven conditions hold:

(1) {#;}i% is a strongly decreasing sequence of brick partitions of X.

(2)—(7) are the corresponding conditions of Definition 3.2 (2)—(7) with only
the obvious modifications,

The notion of a-amalgam is extended to a-collections in the obvious way.
The appropriate versions of Lemmas 3.4, 3.6, 4.1, and Theorem 4.2 hold for
a-collections. Hence, we have the case of Theorem 1.2 for £ the class of spaces
of rim-type < o

4.4 Containing spaces for rational spaces. By Theorem 2.3.1, the set Q
of rational numbers is the universal space for all countable spaces. Any
decomposition of Q into disjoint, nonempty, closed sets can be taken as
a doubling decomposition of Q. We can modify the definitions in Section 4.3 in
the obvious way to obtain the definition, for £ the class of rational spaces, of
a #P-defining sequence for a space X, and a proof of Theorem 1.2 for £ the class
of rational spaces.

4.5. Containing spaces for one-dimensional spaces. The Cantor ternary set
C is a universal space for all zero-dimensional spaces. For a doubling
decomposition of C take any decomposition of C into disjoint, nonempty,
closed sets. Each element of such a decomposition is a copy of C. We can
modify the definitions in Section 4.3 in the obvious way to obtain, for £ the
class of one-dimensional spaces, the definition of a %-defining sequence for
a space X, and a proof of Theorem 1.2 for 2 the class of one-dimensional
spaces. This, of course, is one direction of the Anderson Characterization
Theorem in terms of covers for the Menger Curve in [A-1].
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5. Construction of universal and containing spaces

In this section we construct our universal and containing spaces and
prove Theorem 1.3, that for each countable ordinal o > 0, there is a universal
space M, of rim-type o and Theorem 1.4, that there is a universal rational
space M.

We first construct in E® the claimed universal space M, of rim-type < a.
Theorem 1.3 follows immediately from the Construction (5.1) and a slight
modification (5.2) of the proof of Theorem 4.2 (required because in our
construction M, is not complete). We then indicate the necessary further
modifications needed to obtain a universal rational space M, thus proving
Theorem 1.4. We then indicate how to obtain a compactum of rim-type o
which contains each compactum of rim type < &, proving Theorems 1.5
and 1.6.

5.1. Rim-type < « universal space. A sticky-3-ball is a subset U of E® such
that C1(U) in E? is a closed 3-ball with a 2-sphere boundary, Int(U) is an open
3-ball, and U —Int(U) is a countable set with countable closure in E3. One can
take U —Int(U) to be any scattered set desired because a scattered set has
a countable compactification [I~T].

We will construct a decreasing sequence {%;}{Z, of collections of sticky
3-balls in E® so that for all U # Ve%,, type(UnV)<a It will follow
from the construction that M, = ()2, )%, is a space of rim-type a with
{{UnM,| UeU}}2, a defining sequence of a-partitions of M,. We will
use the notation defined in Sections 2 and 3. The various parts of Figure 5.1
illustrate the construction for the case « = 1.

Let D, be the universal space of type a constructed in the proof of
Theorem 23.2. Let %, = {U,, U,} be two sticky-3-balls in E* of diameter
<2 'such that U, nU, < Bd(U,)nBd(U,) is the homeomorphic image of D,
with a countable closure. See Figure 5.1(a).

U, Uy

Fig. 5.1(a). %, ={U,, U,} illusirated

We may assume that Cl(U,)nCl(U,) = CI(U, N U,). We identify U, U,
with D,. We call an embedding of D, satisfying these conditions a standard
copy of D,.
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We will construct
Uy ={Ul i=1,2and j=1,2,...,n} =J//2(U YO, (U )
as a collection of sticky-3-balls such that | J#,(U;) = U; and
(U2, (U )nBd(U,) = (%, U )an(U )=U;nU,,

Fori=1,2, let U;,,..., U,~_,,, be disjoint sticky-3-balls in U, such that
{Ui,1nBd(U)), ..., U;,nnBd(U))} is a doubling decomposition of U, nU,. We
may suppose that diam(U;;) <272 for i=1,2 and j=1,..., m. We may
assume that

CI(U;)nBd(U) = CUU ) nCI(U,),
and for j#k,
Cl(U ) A Cl(U) & CU ) ACIU,) —(U; A U,).

We may also assume that U, nU,;=U,nU, ;.

Let Bound(U,;, %,) = {U;, ..., U; n}, fori = 1, 2. See Figure 5.1(b). Note
that in general some two elements of Bound(U,, #,) will not have disjoint

Sound (U, #,)

Fig. 5.1(b)

closures when {U;;nBd(U)), ..., U;,nBd(U,)} is a doubling decomposition
of U nU,.

We now construct those sticky-3-balls of #, which will become
Core(U,, #,), for i = 1, 2. Let ¥, and V,, be two sticky-3-balls inside U; of
diameter < 272 at a positive distance from | ) Bound(U;, %#,)uBd(U)),
and such that V, n V5 is a standard copy of D,. See Figure 5.1(c).

Lisuitationes Mathematicae CONCHIT



34 Universal rational spaces

Fig. 5.1(c). Chain .1, , from V;, to U, ,eBound(U,, %,} illustrated

For each i,je{l,2} and ke{l,...,m}, let .#;;, be a chain of sticky
3-balls inside U; from V,; to Uy, such that mesh(47,,) < 272, For
fixed i,j, k, we require that {Cl(W)| We i} be a chain, that any
two different elements of .#;;, which meet do so in a standard copy of D,,
that one endlink of 47, meets V;; and that the other endlink meets U, , each
in a standard copy of D,, and that for each (i, j, k), () #4: 4 is at a positive
distance from each of the following:

(1) Bd(U,

(2) Ui, for p#k,

(3) W, for g #j,

(4) () Nip.q for either p#j or g # k.

Then, for i =1, 2, we let

Core(U,, #,) = Vi1, Viabu(U{A%ul je{1, 2} and ke{l, ..., m}),
and we let

#,{U)) = Bound(U,;, %,)w Core(U;, %,).

We have now defined #,. See Figure 5.1(d). It is clear from the
construction that %, is x-connected, %, is a-interlaced in %, and a-splits #,,
and that for each Ue#,, #%,(U) is a-connected.

If #, is constructed, we construct %;,, inductively to be a collection of
sticky-3-balls of diameter < 2~“*!' refining %, by working within one link of
#; at u time, exactly as we did above in constructing that part of %, that lay in
each element of #,. Let M, = (}~,|J#;. Note that {JUnM,| Ue¥}}, is
a defining sequence of z-partitions of M_.
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Fig. 5.1(d). #, refining #, illustrated

5.1.1. Remark. Observe that M, has the property that for all p # ge M,,
there are infinitely many independent arcs from p to q in M,. However, there is
not a Cantor set of independent arcs between any pair of points in M,.

5.2. Proof that M_ is topologically complete and universal. To see that M,
is topologically complete, note that

M, < () ).

i=1
Moreover, by construction we have that for each j
Cl(U Uiy ) < (U U)o ClOU,).

Since %; is finite and each two elements of %; which meet do so in a scattered
set with countable closure, we have Cl(0%) is a countable set. It follows that

CliM,) = M, u | Cl(d#)).
i=1
Since CI(M,) is the union of M, and a countable set, M, is a G, in E>.
Consequently, M, is topologically complete [K], 1. p. 430.

Let Y be a space of rim-type < «. To prove that Y embeds in M, we may
follow the proof of Theorem 4.2 with M, in place of X up to the point where
the completeness of the space X with a defining sequence of a-partitions is used
to show that the embedding ¢: Y — X, induced by the decomposition-matching
isomorphisms @,: ¥;x — ¥ju, is well defined. Since M, is not complete in the
metric inherited from E3, we must provide an alternative proof that ¢: Y - M,
is well defined.
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Let ye Y. By definition of M, it is clear that

ﬁ (U <pk(Star(y, 1l;;'(k)))) < M:z'
=1

k

By the Decomposition Matching Theorem 2.2.5, it suffices to prove that

N (U oulStar(y, 7)) # 2.
k=1

suppose that ye ¥y, for some n. Note that 875y 2 0%y > 8% iu-1, for
all & > 1. Hence,

-

o
&= U i,
k=1 :

i=1

Since the d¢,’s are corresponding boundary embeddings, it follows that
e, (y) = o, (y) for all m> n, and that

ﬁ (U ¢(Star(y, "f;‘(k))» = 0¢,(y).
k=1

Now suppose that ye Y—{ )i, 8. By construction of the amalgams of
the ¥7;'s, for each r, there is an s> r such that

Cl(| Star(y, ¥i))N¥ i = 0.

Hence, by construction of ¢,, ¢,, and %, we have

Cl(U o,(Star(y, Fi)) NCHOYy =) = O.

Thus, we have

(%) Cl( ¢,(Star(y, ¥iw)) < U 9r-1(Star(y, Fip-1))).
It follows from () that

x$L

(%) ﬂ (U @u(Star(y, VA'“,‘,))) = () CUU eu(Star(y, *iw))-
k=1

k=1

The intersection on the right in (x#) is nonempty because it is the intersection of
a tower of nonempty compact sets. Since the conditions (in particular,
condition (3)) of the Decomposition Matching Theorem 2.2.5 is thereby
satisfied, there exists an embedding ¢: Y > M,.

5.2.1. Question. Is the space M, unique among absolute G,-spaces which
are universal for the class of spaces of rim-type < ¢ and have a defining
sequence of a-partitions?
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5.3. Universal rational space. Iliadis has recently proved the existence of
a universal rational space using techniques different from ours. Our construc-
tion in Section 5.1 is easily modified to yield a space M, universal for all
rational spaces.

We construct a decreasing sequence {#,}{2, of sticky-3-balls for M as in
Section 5.1, except that each stricky-3-ball in %; is an open 3-ball plus a copy of
Q which has zero-dimensional closure in E? in its boundary. (Note that Q can
be embedded densely in the Cantor ternary set C.) A doubling decomposition of
Q is any decomposition of Q into nonempty disjoint closed subsets. Each
element of such a decomposition is a copy of Q. Then M = (|2, {J %, is the
required universal rational space, and {{UnM| Ue%}}2, is a rational
defining sequence of partitions of M.

The proof of the universality of M, in Section 5.2 can now be easily
adapted to this situation to show that M is a universal rational space.

5.3.1. Remark. The space M above is not complete because it is not
closed as a subset of E*. Furthermore, no universal rational space can be
topologically complete. To see this, let Y =1[0,1]xQ, a rational space.
Assume that X is a universal rational space and that ye Y = X. Let U be
a neighborhood of y in X such that Bd(U) is countable and Bd(U)NnY is
homeomorphic to Q. Let Z = CI(Bd(U)nY) < Bd(U). Observe that Z is
a countable closed subset of X and that Bd(U)nY is a G,-subset of Z. Hence,
Bd(U)nY is a G,-subset of X. If X were topologically complete, then
Bd(U)n Y would be topologically complete as well. But this is a contradiction,
since Bd(U)n Y is homeomorphic to Q. (We are indebted to the referee for this
remark.)

5.4. Containing spaces for compacta of rim-type < o. We now prove
Theorem 1.6: for each countable ordinal «, there is a Peano continuum C, of
rim-type o« which is a containing space for all compacta of rim-type < o, Theorem
1.5, a special case of 1.6, follows immediately.

54.1. Proof of Theorem 1.6. First suppose a is a countable isolated
ordinal. If 4 is a compactum of type a, then A®~ ! is a non-empty finite set. We
consider 4 to be embedded in the Cantor ternary set C. A doubling
decomposition of A is the restriction to A of any decomposition of C into
nonempty disjoint closed sets. If B and D are compacta of type < «, then B and
D embed disjointly in A—A®" Y by Theorem 2.3.6.

We indicate how to modify the construction of Section 5.1 to construct
a Peano continuum C, of rim-type« such that C, is a containing space for all
compacta of rim-type < o. Let 4 be a compactum of type a with 4“~1
a singleton. We construct a decreasing sequence {%,}72, of 3-balls in E® as in
Section 5.1, except that each link of %; is taken to be a closed 3-ball
instead of a sticky-3-ball, and if two elements U and V of %; meet, then
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UnV = Bd(U)nBd(V) is homeomorphic to a member of a doubling decom-
position of A. Let C, = ﬂ{'°=1 J%;. Then C, is a Peano continuum of
rim-type o, and {{U "\ C,] Ue}}2, is an o-defining sequence of partitions
of C,.

If K is a compactum of rim-type < «, then, by the proof of Theorem 4.2
and the first paragraph of this section, there exists an embedding

h: K-C,— ) 0~ Y =N,_,.

i=1

Hence, N,_, is a (non-compact) space of rim-type & —1 which contains every
compactum of rim-type < o, and N,_,; has a compactification, namely C,, of
rim-type o.

Now suppose « is a countable limit ordinal. Let {§,}{<, be a monotone
sequence of isolated ordinals converging up to o. For each i, let C,, be the
Peano continuum constructed above. Let pe E*. We may suppose that for each
i, Cg, < E3, Cy,nCy, = {p} for all i # j, and lim Cy, = {p}. Then C, = ()2, C,,
is a Peano continuum of rim-type « which is a containing space for all
compacta of rim-type < a. For suppose K is a compactum of rim-type < a.
Then for some i, « < f,. Hence, K embeds in C;, = C,. This concludes the
proof of Theorem 1.6.

54.2. Remark. In fact, for « a limit ordinal, the space C, constructed
above is a containing space for all spaces (not just compacta) of rim-type < a.
For if Y is a space of rim-type y+n < «, where y is a limit ordinal and n > 0 is
an integer, then by Theorem 8 of [I-T] Y has a compactification K of
rim-type < y+2n+min{y, 1}. Choose i such that y+2n+min{y, 1} < §,.
Then K, and hence Y, embeds in Cp, < C,.

5.4.3. Proof of Theorem 1.5. It is a theorem of Ngbeling [N] that each
rim-finite space has a rim-finite compactification. Hence, Theorem 1.5 follows
from Theorem 1.6 with a = 2.
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