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1. Introduction, review of the results, examples

Congider a locally convex space (X, t) provided with a Borel proba-
bility measure u. Let (U, p) denote a locally convex space, where U is
a linear Borel subset in (X, ) and the topology g is finer than 7. Denote
by U’ the adjoint of (U, ).

The purpose of this paper is to describe and classify (U, g) such that
every u'e U’ extends uniquely to a linear measurable funectional over
a measure one linear Borel subget in (X, 7) in such a way that the con-
vergence of a {u,} = U’, which is uniform over every convex compact
subset in (U, p), implies the stochastic convergence of the extensioms.

The spaces (U, o) together with the cylinder measures » obtained
by restricting x are in Section 5 called pre-representations of the measure.
Already in Section 4, the spaces U are introduced as pre-supports of u.
Though pre-supports can be of the measnre zero, it follows from Theorem
4.5 that the pre-representations which they induce determine the measure
uniquely up to a certain natural equivalence relation. The spaces U’
corresponding to the so-called proper standard pre-supports U can be
identified with linear subspaces of the space A(u) of so-called linear Lusin
measurable functionals. It follows from Theorem 4.2 that they constitute
the family of these Fréchet subspaces of the space A(p) which carry
topologies finer than that of stochastic convergence and are simultaneously
stochastically dense in the space A(u).

The examples which will come now are only meant to enrich the
intuition and illustrate the coming theory. Corollaries 4.1, 4.2 and 5.3
are only providing hints for applications which will be published sepa-
rately.

Suppose that we are given a completely regular topological space T,
the space C(T') of all continuous real valued functions over T and the Borel
field #(T) of T.

In the sequel, let 4 be a Radon probability measure on #(T),
i.e. let the measure of every Be Z(T) be equal to the supremum of
measures of compacts contained in B.

Assume that there exists a sequence of funetions {f,} = 0(T) which
separate points in compacts 0, = T, with (), = C,,,, and limu(0,) = 1.

n

Put W = U C,.
1



6 Pre-supports of linear probability measures

We can inject W into the infinite product of real lines E™ by use of
the mapping

(*) Wt {f,t}e R™.

Denote by W" the image of W in E* and by #(R™) the Borel field in R*,
Olearly, we can move the measure x over #(E*) by means of the mapping
(*) and obtain a measure x” on #(R™) such that x" (W) = 1.

It ig intuitively clear that looking on x~ over #(R®), we really look
on the initial measure u, only the domain of its action hag been enormously
extended by adding many new zero measure sets, but getting in exchange
the linearity of the domain.

Given any probability measure over R>, we shall consider only the
so-called linear Lusin measurable functionals over R*. A funectional is
said to be linegr Lusin measurable if it is defined on a measure one linear
subset of R* and continuous on compact convex subsets of meagure arbi-
trarily cloge to one. In the considered case, each such functional restricted
to W~ yields a Lusin measurable function .on W.

Suppose now that linear combinations of f, approximates uniformly
continuous functions on compacts of measure arbitrarily close to one.
To concentrate on a concrete example, let us take the interval [0, 1] as T
and the Lebesgue measure as x. Then the functions f,f = " fulfil all the
requirements.

Any continuoug linear functional ¢ over R™ ig given by a sequence of
numbers ¢ = (#;,...,1,,...), almost all of which are equal to zero, and
then i acts on # = {z,}¢ B according to the formula

0o
= 2 by
1

Then, given any Lusin measurable function on. W", we can approx-
imate it by linear functionals uniformly on compacts of the measure
arbitrarily close to one and thus uniformly on their closed convex envelo-
pes which are then compact. The limit presents a linear Lusin measurable
functional which extends the given function.

This way we have not only made the domain of the measure linear

but we have simultaneously reduced considering Lusin measurable functions
to linear Lusin measurable functionals.

- - L] n
Notice, that if we shall additionally require that u({te T: 3 s,f;t = 0})
. . 1
=1 implies 8, =... =g, =0, which is the case in our example with
f,he ].:;ebesg“ue measure, then ¢ vanishing almost everywhere vanishes
identically. We shall refer to this situation as “proper”,
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It remains to point out the advantages of looking over a measure
in its “linear” dressing and for linear Lusin measurable functionals instead
of Lugin measurable functions.

For the future convenience, we shall introduce the following notation.
Given two linear topological spaces (X, 7) and (Y, g), we write

(X, 7)< (X, 0

if Y is a linear subspace of X and the identical injection of ¥ into X is
continuous.

Congsider a probability measure x on #(R*). Let A(u) denote the
space of classes of linear Lusin measurable functionals, where we identify
functionals equal almost everywhere. We provide A(u) with the pseudo-
norni

s[f1= [IfI(L+1f)"du.

Denote by Ry’ the subspace of R consisting of all sequences with
almost all elements equal to zero. As was mentioned earlier, Ry° can be
identified with the space of all continuous linear functional on R*™.

Assume properness of x on R, i.e. assume that if a functional te¢ R
vanishes almost everywhere, it vanishes identically. Then every e Ry
belongs to exactly one class in A(u), and in this sense we can identify
Ry with a linear subset of A(u).

Let # denote the family of all Fréchet spaces (€@, #) such that Ry
constitutes a dense linear subset of (@, ) and that

(@, ) = (A(u),s[*])-

In the sequel, let # denotes the family of linear subspaces of B* which
are unions of countably many compact convex subsets of R™. Given
UeZ, we denote by U’, the space of linear functionals over U which are
continuous in the topology of R* over every convex compact contained
in .U. Provide U’ with the Mackey topology z(U’, U).

As already mentioned, it is shown in Section 4 of this paper that
to every (@, 9)eF there corresponds exactly one UeZ such that every
u'e U' extends uniquely to a linear Lusin measurable functional, the
class of which we shall denote by «* in such a way that the mapping

Usw >u'e®

is a one-to-ome bicontinuous linear transformation of (U, z(TU", U)) onto
(@, ), ie. an isomorphism of (U, (U, U)) and (8, )

In the third section of this paper it is shown that spaces of inte-
grable and square integrable linear Lusin measurable functionals with
the standard norms both belong to &,
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Therefore, it is easy to see that representing measures in E* and
considering Lusin measurable functionals instead of measurable functions,
we gain the possibility of evaluating functionals from certain subspaces
of A(u) in such a way that the uniform convergence on convex compact
subsets induces almost everywhere convergence. In view of the example
with the Lebesgue measure, the spaces on which we evaluate shall in
general have the measure zero. Also, the Lebesgue measure example
shows that in general we cannot find any subspace of B* on which we
could evaluate all functionals from A (u) having the evaluation continuous
in (A(g),sI-])-

However, there is a quite wide class of measures in R%, where
the whole 4(x) can be evaluated.

Ag in the previous case, we shall confine ourselves to one concrete
example, i.e. to the product of Gaussian measures exp (—=t?)d?, which
will also include the cage of the Wiener measure.

Denote by y the product of exp( —mnt2)dt. Then the following condi-
tions are true (ef. [12]).

Write I, = {t = {t,}¢ B*: }'{s < oo} Then
1

a) For every t = {t,} 1, the series

v = Stnmn
1

converges y-almost everywhere on R™.

b) Given a linear Lusin measurable funetional fe A(y), there exists
exactly one iel, such that fr = tx y-almost everywhere.

¢) The space I, = {te R®: {t,/n}el,} i3 of measure one.

d) The space I, is of measure zero.

From Conditions a) and b) we can see that all f from 4 (y) are square

integrable, and they can be evaluated on I, in such a way that the usual

norm convergence in I, is equivalent to the stochastic convergence with
respect to .

Now, denote by I,[0, n] the space of Lebesgue square integrable
functions over [0,n] and let I, [0, n] = {feL,[0,=]: [f(t)dt = 0}.
Inject L, [0, =] onto I, by way of the mapping

l:; 3 {'"’w-n} Hf‘ L, [OJ 7‘])
where

F) = (=2)7" Y @, cosnt, te[0, w).
1
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Then the classical Wiener measure w is obtained by transferring y from I,
to L, [0, =] by use of the above defined isomorphism. The role of I, will
be played then by the space LZ[0, =] of all functions from L,[0, =],
derivatives of which exist in the distribution sense and are in L,[0, =].
We provide L with the Hilbertian norm of the derivatives in L,[0, =].
Analogically to the previous case w(L£[0,x]) = 0, the integral

(*) [a@dz(t) = [a@)e ()dt,

where a(-)e L,[0, =], exists w-almost everywhere for »(-) from L, [0, =],
and given fe A(w), there exists exactly one a(-)e L,[0, =] such that
fo(-) = [a(t)dn(t) almost everywhere on L, [0, =]. This is the Paley-
Wiener—Zygmund stochastic integral [9].

The notion of linear Lusin measurable functionals leads to a general
definition of certain stochastic integrals and, through results of Section 4,
provides grounds for their existence in the form of Corollary 4.2.

By a real valued random function we shall understand a triplet
(RT, RT, 8), where T' is an arbitrary set, R” is the linear space of all real
valued functions on T, RY is the subset of R” consisting of all functions
assuming value zero gave a finite number of points, elements of which
act as linear functionals over RT by way of the evaluation

a()y() = D at)y(b),
teT
and, finally, a tight cylinder probability measure 4, i.e. a finite additive
set function defined over the field # generated by all gets of the form
{x(-)e RT: x(t) < r}, where ¢ is an arbitrary fixed point from 7' and r
is an arbitrary real number, fulfilling the following condition:

(4+) To every £ >0 there corresponds a positive valued function f(-)
defined on T such that if Ce¥ is disjoint with {z(‘)eR: |z ()| <f(#)}
for all te 7, then 6(0) < e.

It is well known that condition (+4) guarantees the existence
of the extension of é over the weak Borel field #(RT, RT) to a Radon
probability measure. In this paper, we shall be concerned mainly with
such random functions for which the space R provided with the metric of
the stochastic convergence is separable. Notice, that producing (R, Rf, 6),
we actually produce & joint distribution of a stochastic process in the
sense of [b], pp. 497—498.

At the end of Section 4, we distinguish certain linear probability
measures which we call stochastic processes. Theorem 2.1 of this paper
shows that every stochastic process admits a so-called primitive repre-
sentation, which is something like the joint distribution (R, R, §) men-
tioned before.
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The notion of pre-support introduced in Section 4 leads to the so-called
A,-pre-supports which for p = 2 generalize spaces I, and L%[0, =] pro-
duced above for the Gaussian and Wiener measures respectively. It is left
to the reader to follow the obvious connections with the results of Gross [3].

The meaning of pre-support for measures on convex compact sets is
discussed in Corollary 5.3.

2, Linear probability measures and their representations

By a dual pair we shall understand here any pair (X, X’) consisting of
a linear space X over the reals and a linear space X’ of linear functionals
over X separating in X, i.e. such that (X yo(X, X ’)) is a Hausdorff space.

Congider a dual pair (X, X') and a linear subspace § of X. A linear
mapping to a linear topological space (Y, 7) with a domain containing §
is said to be (X, X')-almost uniformly continuous on S if it is o(X, X")
to v continuous over each convex o (X, X')-compact subset of 8. A sequence
of linear functionals with domaing containing § is said to be (X, X')-
almost uniformly convergent on § if it is uniformly convergent over every
convex o{X,X')-compact contained in S§.

‘We shall define the (X, X')-adjoint 8’ of § assigning to §’ all linear
functionals defined on and (X, X')-almost uniformly continuous on §.
It is easy to see that a sequence from 8’ is convergent in (S', (8, 8))
iff it is (X, X')-almost uniformly convergent on S. In particular, we
denote by sX’ the saturation of X', i.e. the space of all (X, X’)-almost
uniformly continuous functipnals on X. Clearly, the topologies o (X, X')
and ¢(X, sX’) have the same convex compact sets. If sX’ = X', then we
call (X, X') saturated. Notice, that (sX', 7(sX’, X)) is the completion
of (X', z(X', X)).

A gubspace § of X is said to be (X, X')-standard if it is a union of
countably many convex o(X, X')-compact subsets or, equivalently, if
(8, 7(8, 8)), where & is the (X, X’)-adjoint of 8, is a Fréchet space.

We shall often drop (X, X') -, writing briefly almost uniformly conti-
nuous on §, almost uniformly convergent on §, adjoint to 8 and standard
in X.

Denote by #(X, X') the Borel field of (X, o(X, X')) and let & be
3 probability measure on %#(X, X') which is regular, i.e. such that for
every Ae #(X,X’) we have

p(4) = sup{u(0): C < 4, C is o(X, X')-closed},

and concentrated on a standard subspace, i.e. such that there exists an
(X, X’)-standard subspace of measure one.
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Triplets (X, X', u) shall here be called representations of linear proba-
bility measures.

Two representations (X, X', u) and (Y, ¥, %) shall be considered
equivalent if there exists a set § which is at the same time an (X, X')-
standard subspace of X and an (Y, Y’')-standard subspace of Y such
that the (X, X')-adjoint of § coincide with the (Y, ¥')-adjoint of S,
u(8) = u(8) =1, and measures x and x coincide on #(S8, 8). This is
clearly an equivalence relation, and we shall say that S carries the equiva-
lence. Clearly, there are many different sets carrying the same equivalence.

Denote by LPM the class of representations of linear probability
measures factorized by the above defined equivalence relation. An ele-
ment of LPM represented by (X, X', u) we shall denote by (u).

Given a representation (X, X', u) of a (u)e LPM we produce its
completion (X, X', u™) as follows. First we define X~ as the completion.
of (X, z(X, X')}; then for X' we put the extensions of functionals from X’
to X~. Since o(X, X')-compact subsets of X are ¢(X~, X~')-compact
subsets of X~ as well, we can provide u~ so that (X, X’, u) and (X~, X, u™)
are equivalent.

A representation is said to be complete if it coincides with its com-
pletion.

Notice that given a representation (X, X', 4), we can always “satu-
rate” it to the equivalent representation (X, sX’, u). Representations
identical with their saturations we shall simply call saturated.

A representation (X, X', u) of (u)e LPM is said to be finer than
a representation (¥, Y', u) of the same (u) or, equivalently, (Y, Y’, u)
is said to be coarser than (X, X', u), which we write

(Y, Y,p< (X, X'y p),

if X is a subspace of ¥ and if the identieal injection of X into (¥, ¢'(¥, ¥’))
is (X, X')-almost uniformly confinuous.

ProposITION 2.1. If a representation (X, X', u) of a (u)e LPM is finer
than o vepresentation (¥, X', u) of the same (u), then the restrictions of
functionals from Y' to X form a dense subset of (sX’, T(sX', X)).

Proof. Clearly, every such restriction belongs to sX'. Now, take
2'c8X': Given a o(X, sX’)-compact convex €, we find that it is also
o(Y, Y')-compact and that «' is ¢(¥, ¥’)-continuous on C, so -that by
Corollary I.1.5 of [1] we can approximate #' on ¢ uniformly by functionals
from Y’, and this concludes the proof.

Consider a representation (X, X', ) of a (u)e LPM. Every measure
one (X, X’)-standard subspace of X sliall be called here a siandard support
of ‘uin (X, X', u). A subspace Z of X shall be called a support of u in
(X, X', u) it Z contains a standard support of x in (X, X', ). A support Z
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of uin (X, X', p) is said to be proper if every 2’ from the (X, X’)-adjoint
Z' of Z, which vanishes almost everywhere, vanishes identically.
PROPOSITION 2.2. If U is a proper support of u in a represeniation
(X, X', u) of a (u)e LPM, then every support V of u in (X, X', u) contained
in U is dense in (U, v(U, U")), where U’ denotes the (X, X')-adjoint of U.
Proof. If some ue U was not in the closure of T, then there would
exist a '« U’ with ' = 1 vanishing on V, and thus almost everywhere
as well, which contradicts the properness of U. This concludes the proof.

Given a representation (X, X', u) of a (u)e LPM and a support Z
of ¢ in (X, X', u), we can produce an equivalent finer representation
(Z,%', u,), where Z' is the (X, X')-adjoint of Z. Take the measure u,
identical with x on #(8, 8’), where S is a standard support in Z and §’
iyits (X, X')-adjoint, and put p,(Z — 8) = 0. Therepresentation (Z, Z’, u,)
shall be called the reduction of (X, X', u) to Z.

ProrosrrioN 2.3. Consider a representation (X, X', u) of a (u)e LPM
and a standard support Z of win (X, X', u). Then there exists a proper sup-
port 8 closed in (Z, ©(Z, Z’)), where Z' denotes the (X, X')-adjoint of Z. More-
over, for any proper support V of uin (X, X', u), if V < Z, thew V < 8.

Proof. Take the reduction (7, Z’, u,) of (X, X', u) to Z. The inter-.
section § of all supports closed in (Z, 7(Z, Z')) is again a support closed
in (Z,v(Z,2")). If &', taken from §' vanishes almost everywhere, then the
set {seS: s's = 0} is both closed and of measure one; so it must be
identical with §. Hence § is proper. If V is another proper support
contained in Z, §+4V is also a proper support in (Z, Z', u,), and by
Proposition 2.2 8 is dense in S+ ¥, and being closed is identical with
8-V, which concludes the proof.

Representations (X, X', u), with X being proper, are called proper
representations.

COROLLARY 2.1. Every representation (X, X', u) admits a reduction
to a proper representation (Z,Z', u).

Proof. This is a frivial consequence of Proposition 2.3.

PROPOSITION 2.4. Given a representation (X,X',p) of @ (u)e LPM and
a sequence {S,} of standard supports of u in (X, X', u), the intersection

00

() 8, is a support of p in (X, X', u), i.6. it contains o standard support.
1

=1}
Proof. It is sufficient to notice that () &, contains convex o (X, X')-
1

compact subsets of the measure arbitrarily close to one, and this is trivial.

A representation (X, X', u) of a (u)e LPM iz said to be standard
if it is proper and if (X', v(X’, X)) is a Fréchet space. From the Krein-
—Smulian theorem it follows: that the minimal closed standard support
is always proper.
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PropPOSITION 2.5. To every sequence of represeniations of the same
(u)e LPM there corresponds o standard vepresentation of (u) finer tham all
the representations from the sequence.

Proof. Let {(X,, X,, u)} be a sequence of representations of () and
let 8, be standard supports of x in (X, X;, u) carrying the equivalences
with (X,,, X,, u) respectively. The reduction of (X,, X;, z) to a proper

standard support contained in (M 8, provides the desired representation.
1

A representation (X, X', u) of a (u)e LPM is said to be separable
if the space (X', 7(X’, X)) admits a dense countable subset. A (u)e LPM
is said to be separable if it admits at least one separable representation.

A representation (X, X', u) of a (u)e LPM is said to be primitive
if it iy proper and if (X, o(X, X')) is complete, which amounts to the
fact that every linear functional F on X’ is an evaluation functional, i.e.
Fz' = 2’'x for some ze X and every x'e¢ X'. This simply mesns that the
dual pair (X, X') is isomorphic to a pair (RT, RT), where T is a certain
set and R” denotes the set of all functions from 7' fo the real line B while
RT consists of those functions from RY which vanish on all save
a finite number of elements of T. Then fe B acts on ge BT producing

the value D) f(2)g(%).
T

Separable primitive representations (X, X', x) will thus consist of X’
with the countable Hamel basis and of X which by evaluation gives all
possible functionals on X', so that (X,o(X,X’) and (X,+(X,X")
coincide and constitute a metrizable space.

From Proposition 2.1 it follows that the primitive representations
of the same (u)e LPM are either uncomparable with respect to the coarser -
finer relation or just identical.

THEOREM 2.1. Given a proper representation (X, X', u) of a (u)e LPM
and a linear subspace U’ of X' which is dense in (X', z(X', X )y there exists
a primitive representation (Z,Z', u) of (u) coarser than (X, X', u) and such
that Z' consists of extensions of all functionals from U’ over the space Z,

Proof. Denote by V the completion of (X , 0(X, U’)) and by V'
the extensions of funetionals from U’ over V. Every (X, X')-compact
get contained in X is o(V, V’)- compact, and hence we can define x over
#(V, V') in such a way that (X, X’, ») and (V, V', i) are equivalent.
Take now a proper support Z of u in (V, V', u) which is closed in
(V, o(V, ¥’)). Denote by Z' the restrictions of functionals from ¥V’ to Z.
Cleaxly, (Z, o(Z, Z’)) is complete. Hence the reduction of (X, X', u) to Z
provides the desired primitive representation, and the Theorem follows,

A representation (H,H',u) of a (u)e LPM is said to be Hilbertean
if it is proper and i (H', <(H', H )) is isomorphic to a Hilbert space.
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A support H of p in a representation (X, X', u) of (u)e LPM is said
to be Hilbertian if the space (H',v(H', H)), where H' is the (X, X')-
adjoint of H, is isomorphic to a Hilbert space. Of course, the reduction
to a proper Hilbertian support provides a Hilbertian representation.

THEOREM 2.2. Consider a separable primz’tz’ve 1"epa'esemation (Z,Z', u)
and a fmer standard representation (U, U’y u) of a (u)e LPM, Given a se-
quence {u,,} < U, there exists a separable Hilbertian repfresentatzon (H, H', u)
finer than (Z,Z', u) and coarser than (U, U', u), ‘such that all {u,} are
©(H, H')-continuous.

Proof. Adding some functionals, if necessary, assume that {u,}
containg a restriction to U of functionals from Z’ spanning Z’. Take a de-
composition {C,} of U into an ascending sequence of convex o(U, U')-
compact sets. Put

Oz = SUP {|tty i ue Oy}

and take a, >0 such that for every m, 2 (@, ) < 00. Define

mal
for ze U

00 1
loll = () (@n1032?)
1

(=]

Om < {"5E U: "w” < (Z (an“m,u)z)llz}'

n=1

We have

Completing (U, || ||) and extending the injection U =.Z over the comple-
tion, we take the image B of this completion in Z which thus constitutes
a Hilbertian support of x in (Z, Z', 4), containing U as a 7(E, E')- dense
subspace and such that all {u,} are z(E, B')-continuous. Taking a proper
Hilbertian support H closed in (E, (¥, E')) and reducing (Z, 2, u) to H,
we obtain the desired representation (H, H', u). This concludes the proof
of the Theorem.

PROPOSITION 2.6. If (X, X', u) is a complete representation of o
e LPM such that ©(X, X" ad'rmts a countable basis of Hilbertian seminor ms,
then there exists a proper Hilbertiam support of pin (X, X', u).
Proof. Let {||-||,} denote the pseudonorms introducing the topology
7(X, X'). Choose a, ., >0 so that for every m and n we have

p{{ze X: 2%a, ,flo)} < 1}) >1—27""™,
Then

pl{we X: sup2ia, , o} < 1)) >1-2-m,
n
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and thus

plfwe X: D lanplloll <1) >1-27m,

n=1
Selecting a, >0 in such a way that limsupa,/a, , < oo for each m, and
n

setting HE {we X: |l < oo}, where

df - /
1/2
o= (D) anliol2)”,

n=1

we obtain

H> {me X: j‘an,mumn:g 1}

fne=l

for every m so that u(H) = 1. Since (H, ||-||) is complete and finer than
(X, z(X, X')), H constitutes a standard support of x in (X, X', x) and
the proper standard support closed in (H, (H, H ’)) provides the desired
Hilbertian support, and the Proposition holds.

We have the following

COROLLARY 2.2. Qiven a represeniation (X, X', pn) of a (u)e LPM
and a sequence {H,} of Hilbertiam supports of u in (X, X', u), there enists
a proper Hilbertion support H of u in (X, X', u) contained in the inter-

section () H,.
1

o0
‘Proof. The reduction of (X, X', u) to Z = (") H,, fulfils the require-
1

ments of Proposition 2.6 so that we can produce the desired proper Hil-
bertian support, and the Corollary follows.

ProposITION 2.7. Given o Hilbertiam represemtation (H,H',pu) of
a (u)e LPM, and a Hilbertian norm |||, defined and almost uniformly
continuous on a proper standard support 8 of w in (H, H', u), there exists
a finer Hilbertian representation (I, E', n) of (u) such that S i3 contained
and dense in (B, v(E, B')) and |||, is ©(H, E')- continuous.

Proof. Put [lz] = ([lzl} -+ 2|?)"* for e §, where ||-|| is a Hilbertian

norm induecing the topology 7(H, H'). The identity on 8 extends to a con-
tinuous mapping of the completion (87, ||l,) of (8, |-|,) into (H,|-]).
Denote by E, = S the image of S~ in H. Clearly, ¥, is a Hilbertian support
of y in (H, H', u) and it contains a proper Hilbertian support ¥ > §.
It is clear that the reduction of (H, H', u) to E provides the desired repre-
sentation (¥, E', u), and the Proposition holds.
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PROPOSITION 2.8. Qiven a separable Hilbertian representation (H, H', u)
of a () e LPM, there exists a finer separable Hilbertian representation (B, B', u)
of () such that the identical injection of (B, (B, I')) into (H,~(H, H")
18 compact.

Proof. Let us notice at first that given a double sequence of non-

negative numbers {u,.}, such that for every m we have D Qg < 09,
k=1

o0
We can find 1 <t,—> oo such that > t.a,, < oo for all m. By taking

kel
{2 ayi} for {a,.}, we can always reduce it to the case of {a,}, non-

decreasmg with respect to m. Then choosing an increasing {%,} such that
S, <272 and putting , = 2" for k, <k < k,yq, we find that {1}

constitutes a sequence as desired. Take now an orthonormal basis {¢,}
in H' with respect to some Hilbertian norm || ||" inducing the topology

(H', v(H', H)). Then ||* = ) (e;&)® < oo for every ze¢H, and thus
getting =

G = [ (€12) A (@)
. [oe]
for K,, = {re H: |z|| < m}, we have 2 Orm < oo for every m, and hence

for some 1 <t,—> co we have 2 by O < 00 for every m. Setting ||z,
lc—l

(Zt (er2)")'*, we obtain f lzlidu(z) < oo for every m, and since

s Ep) =1, we got P‘(Ho) =1, where H, = {s¢ H: |afl, < oo}.
1

It is casy to see that H, is a Hilbertian support of x in (H, H', u),
and the reduction of (H, H', ) to & proper Hilbertian support contained
in H, fulfils the requirements of the proposition. The proof is then complete.

3. Linear Lusin measurable functionals

Consider a representation (X, X', u) of (u)e LPM. A pair (u', D)
consisting of a support D, of w in (X, X', u) and o linear functional u
defined and almost uniformly continuous on D,., i.e. u'e (D,), i8 said
to be a representation in (X, X', u) of a linear Lusin measurable functional.

We say that pairs (v, D,) and (v’, D) represent the same linear
Lusin meagurable funetional in (X, X', u) if

(e) p({ee DynDy: u'z = v'2}) =
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The series a) and the integral (*) from Section 1 provide examples
of linear Lusin meagurable. functionals.

ProrosiTION 3.1. Two pairs (w', D) and (v', D) represent the same
linear Lusin measurable functional iff there ewists a third representation
(w'y Dy) with (X, X')-standard D,, such that D, NDy > Dy and such
that w'z = u'z = v’z for ze D,,.

Proof. Clearly D,.nD,. contains a standard support which decom-
poses into an a.scendmg sequence {C,} of convex o(X, X')- compacts,
On each On, and thus as well on each 1{,,—, the o(X, X’)-closure of
C,n{z: w'z=w'z}, both %' and »' are equal and ¢(X, X’)-continuous.

Setting D, = U K,, and w'z = 4’2 = v’z for 2z¢ D, we obtain the de-
1

gsired representation (w’, D), and the proposition follows.

Equality (e) provides an equivalence relation between the repre-
sentations (u’,.D,) and classes of equivalence with respect to this relation
shall be called linear Lusin measurable functionals. The linear Lusin meas-
urable functional represented by (', D,) we shall denote by u*. The
get of all linear Lusin measurable functionals we shall denote by 4(u).
It is easy to see that linear Lusin measurable functionals defined in two
equivalent representations can be naturally identified so that A(u) does
not depend on the choice of the representation of a given (x) depending
only on () itself. It i clear that 4 (u) is a linear space, the addition A = f+
+g with » baving a representation (%’'+ ', D,N.D,) for representations
(w'y D) and (v', D) of f and g respectively. The pseudonorm sf -],

s[f1 = [|fal/(1+ ifal) du(w),

where fe A(u), makes a linear metric topological space (4(u),s[-]) out
of A(u).
Consider the mapping
Xoa' —>ae Au).
If (X, X', u) is proper, the mapping constitutes a one-to-ome injection
of X’ into A(u). The image of X’ in /A () by this injection shall be denoted

by X* and the topology z(X’, X) of X’ moved by the injection over X*
shall be denoted by 7%. We have then

(X 7%) > (A(w), s[-])-

PRrOPOSITION 3.2. Consider a (u)e LPM. If a sequence {f,} < A(u)
converges almost everywhere, then there exists a standard represemiation
(X, X', u) of (u) such that {f,} = X*, and that it converges in (X%, vx).

Proof. Take any representation (Z, Z’, u) of (u) and representations
(¥, D, ) of f, in (Z,Z’, p). Substitutings it necessary, (Z,Z’, u) by its

2 — Dissertationes Mathematicae XCIV
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o0
reduction to () D ., we can have {z;} = Z'. Given ¢ >0, by the Jegorov
n=1 5

n ’

Theorem we find We #(Z, Z’) with u(W) > 1— ¢ such that {z,} converges
uniformly on W. Taking a convex ¢(Z, Z’)-compact ¢ with p(0) >1—g,
we have the sequence {2} uniformly convergent on the ¢(.X, X')-closure K
of the convex hull of WNC and u(K)>1—e Take a proper standard
support X of u in (Z, Z’, u) on which {;} is almost uniformly convergent.
The reduction of (Z, Z’, u) to X provides the desired representation.

COROLLARY 3.1. Comsider o (u)e LPM and a Cauchy sequence {f,}
in (A(u),8[-]). Then there exists a stamdard representation (X, X', ut
of (u) such that {f,} = X*, and there ewists a subsequence of {f,} convergen)
in {X*, v%).

Proof. It is sufficient to apply Riesz Theorem to extract an almost
everywhere convergent subsequence of {f,} and then apply Proposition 3.2.

COROLLARY 3.2. The space (A(u),s[-]) is always complete.

Proof. This is a direct consequence of Corollary 3.1.

PROPOSITION 3.3. For every represeniation (X, X', u) of @ (u)e LPM,
the space X* is dense in (A(u), s[-]).

Proof. Given fe A(u), we take (Z,Z', p) finer than (X, X', u) and
such that fe Z*. By Proposition 2.1, the restrictions to Z of elements of X’
form a dengse subspace of (Z', r(Z’,Z)), and thus X* must be dense in
(2% s[']) as well.

PROPORITION 3.4. Consider & (u)e LPM. If (A(u),s[:]) is separable,
then every primitive representation of (u) must be separable.

Proof. Up to an isomorphism we can write a primitive representation
of (u) in the form (R”, RT, u), where fe R acts as a functional on R¥
assigning to ge RT the number fg =;Z f(t)g(?). From the separability

e’

agsumption we conclude that there exists a sequence {f,} = R{ of func-
tionals such that every other functional is the almost everywhere limit of
a subsequence of {f,}. Let T'; be a countable subset of T guch that all
fug vanish for ge RT with the support disjoint with 7,. Take any fy,e RT
vanishing on T — {t,} and equal to 1 on {e T'—T,. For every b and ¢ >0
it is
{9 B": (fa—Ffogl < e} = {ge BT: |g(to)| < &}
Hence, if {f, } approximates f, almost everywhere, it must be

#{{ge BT gl < &) > ul{ge BT: \(fm, —fo) g < 6}),

and since the right-hand side tends to 1 with respect to n, we have

ulige B gt < ) =1
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for every &> 0 so that u({geBT: g(t)) = 0}) =1, and thus the fune-
tional f, vanishes almost everywhere. Hence, since the representation
(RT, RT, u) is proper, f, vanishes identically, which leads to a contra-
diction. Hence T' = T';, and the considered representation is separable.
This concludes the proof of Proposition 3.4.

COROLLARY 3.3. 4 (u)e LPM is separable if and only if (A(p),s[-])
18 separable.

Proof. This is an immediate consequence of Theorem 2.1, Propo-
sition 3.3 and Proposition 3.4.

COROLLARY 3.4. Proper represemtaiion of a separable (u)e LPM 1is
always separable.

Prooi. It follows directly from Theorem 2.1 and Propositions 2.1
and 3.4.

THEOREM 3.1. Given a Hilbertian represeniation (H,H', u) of o (u)
¢ LPM and a sequence {f,} = H* tending to zero in (A(u), s[- ), there exists
a fiher Hilbertian representation (B, E', u) of (u) suoch that {f,} c EY,
and a subsequence of {f,} tending to zero in (B, 7).

To prove this Theorem we shall need a lemma from the general theory
of measure.

LemMmA 3.1. If a sequence {f,} = A(u) fulfils the Cauchy ocondition in
(A(u), 8[-)), then there exists a subsequence {g,} of {fn} suoh that

pllwe Xz D) 9™ g, 0 —guofP < cof) =1.

N=l

Proof. The Cauchy condition assures that to every n and ¢ there
corresponds a k such that u({ze X: |fiz—fiz| < 27*}) >1—-27""7for
1,j > k. Hence, for every ¢ we can find an increasing sequence {kZ: n
=1,2,...} such that

u{re X: Ifkq r— kqwl <2™") >1-—-2""¢
nt n

1

for every p. Moreover, we can choose it so that {¥%*': n =1,2,...}
is a subsequence of {kZ: n =1,2,...}. Put %k, gkﬁ, n=1,2,... Then.
for every g, {k,: n > q} is a subsequence of {kZ2: » = 1,2, ...} and there

exists an m,, depending on g, n < m,, < Mm,,,,such that k, = k3, forn = g.
Fix an arbitrary ¢, take n>¢ and put 7,; X - Define algo g, = f

forn =1,2,... We have
My 1My,

1@ —guzl =15, o @—Fr @—Fro @< 3 fy, @—f, . al.

"1=1
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Since
Mp-1— My _
D Mt <2,
i=1
we have
Myt 1— My, i
‘Bﬂ- = Ql {wE.X: Iffn'iw —frn,i—lwl < 2 mn }
c{weX: |gh@—gno <277}
and
My 1= Mg
p(B)>1— ) 27mwTiTin1_gmne
Fem]
go that

p{we X: [gpy®—grol <277} >1 -7

for n > q. We have

@« o0
4,8 {oeX: Y oy, o—g,al’ < oo} 2 ) e Xt |gnpat—gat] <27
fe=g nw=g
so that
u(dg) >1—-277 for every g.

However, u(4,) = u(4,) for ¢ =1,2,..., and the lemma follows.

Proof of Theorem 3.1. Applying Lemma 3.1, we find a subse-
quence {g,} of {f,} with the representations {z,} < H’ fulfilling the con-
dition

[.&({.’DGH: jZ"lz,',_,_lm—-z;wP < oo}) =1.

w=1

Define

el = (Joli+ 23" sy~ ),

n=1
where ||| is a Hilbertian norm inducing the topology 7(H, H') and put
= {we H: |jally < oo}.

Clearly, (H,, [‘]lo) is complete, i.e. it is a Hilbert space, Hye #(H, H')
and u(H,) = 1. Ta,ke a proper Hllbertla.n support H closed in (Hg, |- |lo)
and denote by v, the restrictions of z, to E. The rednction (H,E’, u)
of (H, H', u) to E fulfily the requirements of the theorem, which concludes
the proof,
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Consider a (u)e LPM. As usual, we shall say that a sequence {f,}
is bounded in (A(y.), 8 [~]) if for every sequence of numbersy tending to
zero {i,}, we have lims[?,f,] = 0.

n

THEOREM 3.2. A sequence {f,} = A(u) 18 bounded almost everywhere
if and only if there exists a standard representation (X, X', u) of (u) such
that {f,} is bounded in (X%, t%).

Proof. Consider a standard representation (X, X', u) of (u). If a se-
quence {w,} = X' is bounded in (X', 7(X’, X)), then {r;} is certainly
bounded almost everywhere which verifies the sufficiericy. Suppose now
that {f,} is a sequence bounded almost everywhere. Then it follows that

o« L=

(U N {x: |f;ol < m}) =1. Take a standard representation (Z,2’, u)
Mmel f=]

with {f,} = Z*. Then for the representations z,¢Z’ of f, we have

[ o] o0
p(U NizeZ: |zal <m)) =1.
m=1 i=1
Therefore, we can find o(Z,Z’)-compact convex sets U of the measure
arbitrarily close to one such that on every such C all z, are bounded by
the same number. Hence, we can also select a proper standard support X
of u in (Z,Z’, u) such that on every o(Z, Z')-compact convex subset
of X, all 2, are bounded by the same number. Taking the reduction
(X, X', u) of (Z,Z', u), we find that {f,} is bounded in (X*, 7%), and the
theorem follows.
Given (u)e LPM and p, 1 < p < oo, we write for fe A(u)

$,[11 = ([ | fal” du(@))"®
and

Ap(p) S {fe A(w): 8,[f1< oo},
Clearly, (A,(x),8,[+]) is a Banach space, and

(Ap(l"); sp[']) »>"(A(.“): s ])

Hence, from the closed graph theorem it follows that for every standard
repreisentation (T, U, u) of (u), if U* < Ay(u), then (T, 7p) = (4, (p),
S+ ])

LevmA 3.2. Consider a primitive representation (Z,Z', u) and a finer
standard representation (U, U', u) of a separable (u)e LPM., Let Z* < A, (p)
for a fived 1< p<2. Given {u} = U with {up} < Ay(p), there ewists
a Hilbertian representation (H, H', u) of (u) which is finer than (Z,Z', p)
and coarser tham (U, U’y u) such that {un} = H* < A,(u)-



22 Pre-supports of linear probability measures

Proof. By Theorem 2.2 there exists a Hilbertian representation
(E,E’,u) tiner than (Z,Z', u) and coarser than (U, U’, u) such that u, are
all 7(E, ') - continuous. Since Z* is contained in 4,(u) and the restriction
to U of elements from Z' constitute a dense subset of (U, 2(T", U)), we
can alwa,ys add some elements to {u,} 80 tham it spans a dense subsPace
of (U', z(U" y U)). Then the extensions v, of u, span a dense subspace of
'(E’ (E, L')) Let {e,} denote the Gram-Schmidt orthonormalization of
{v,} with respect to a Hilbertian norm inducing the topology z(Z’, E).
Put

ad 1/2
lally = () (anene)?)”
1

H, = {we B: |l < oo}

and

Choosing @, > 0 tending sufficiently fast to zero, we can have u(H,) =1
and since (H,,| |,) is complete, H, constitutes a Hilbertian support

of uin (E, B, u). To every a'< H, there corresponds a {t,}, > & < oo,
1
such that for every ve H,

o'y = Ztnane;m,

1

and then
j@'al < M () 1a,e,2P) ",

1

where
sup(t,| for »p =1,
n
M = (=] ]_lp
( 2 ltnlq) y1/p+1/g =1, otherwise.
1

Hence, we have

(=]
[ Wl ap@) < w2 X a2 [ |6 du(a),
1

and adjusting the convergence of {a,} to zero to have the right-hand side
finite, we arrive to H] < 4,(u). Taking as H the proper Hilbertian support
closed in (H,, ||:|,), we fmd that the reduction of (&, E', u) to H fulfils
the requirements of the lemma.
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TaBOREM 3.3. Consider a separable (u)e LPM and a proper represen-
tation (X, X', u) of (u). If for given p, 1< p <2, we have X* < Ay(u),
then X* is dense in (A,(p), 8,[-]).

Proof. By Theorem 2.1 it is sufficient to prove it for primitive
(X, X', ). By virtue of Lemma 3.2 to given fe 4,(u), we can assign
a Hilbertian representation (H, H', u) of (u) such that feH" = A,(u)
and such that X* < H*. But X* is dense in (H* %), and the theorem
follows.

4. Pre-supports and a modification of the definition
of the linear probability measure

Consider a representation (X, X', u) of a (u)e LPM and a linear
subset U < X. We say that U is a pre-support of u in (X, X', x) if the
following condition holds:

(i) To every & >0 there corresponds a convex (X, X'}-compact
C <= U such that for every «' from the polar C° of ¢ in (X, X) we have
p{re X: 2’0/ <1}) >1—-

It is easy to see that (i) is equivalent to the following condition:

(i') There exists an (X, X')-standard subspace § < U such that
if {x;} = X' converges to zero almost uniformly on 8, then {z)} converges
to zero in (A(u), s[+]). A pre-support § of x in (X, X', p) is said to be
proper if the following condition holds:

(ii) Given {,} tending (X, X')-almost uniformly on U to some u’,
If {z,} tends almost everywhere to zero, then %' vanishes identically on U,

It is easy to see that for standard U condition (ii) is equivalent
to the following one:

(ii’) Consider %' from the (X, X')-adjoint U’ of U. If there exists
a representation (y', D, ) in (X, X', u) of a linear Lusin measurable fune-
tional equivalent to zero, i.e. with y’ almost everywhere zero such that
U < D, and such that the restriction of ¥’ to U coincides with «', then '
ig identically zero on U. _

The equivalence easily follows from Proposition 3.2 and from Corollary
L1.6 of [1].

PROPOSITION 4.1. Consider « representation (X, X', u) of a (u)e LPM
and let U = X be a standard pre-support of p in (X, X', u). Then

1) (U, =(U', U)) is a Fréchet space,

2) to every u' from the (X, X')-adjoint U’ of U there corresponds exactly
one u* e A(u) which admits a representation (y', Dy) in (X, X',) with U < D,
and y' identical with w' on U,
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3) the restriction to U of &'« X' constitutes a continuous injection of
(X', «(X", X ) onto a dense subspace of (U, =(U', U)),

4) if {@,} c X' approximates almost uniformly on U some u'e U,
then there exists a standard support of u in (X, X', u) on which {x,} converges
almost uniformly to some extension ¥’ of ',

B) if U is proper, and some V < U s another pre-support of u, then V is
dense in (U, z(U, U)).

Proof., We notice first that 2) implies eagily b5). Indeed, if V is not
dense in (U, =(U, U” )), then there is a u'e U’ which vamshes on V and
does not vanish on U so that its extension to some u"e A(u) is different
from zero. But this is also an extension of u’ considered on V, and thus
if V is a pre-support of V, such an extension being unique must be iden-
tically zero which contradicts #* = 0. This shows that 2) implies 5).
Given any decompogsition of U into an increasing sequence of ¢(X, X')-
compact symmmetric convex subsets, any other convex o(X, X’)-compact
subset must be absorbed by at least one of the subsets from the decompo-
gition. It follows easily from completness of normed spaces spanned by
o(X, X’)-compact convex symmetric subsets and the Baire categories.
Then the Mackey theorem about dual pairg yields métrizability of
(T, (U, U)). The completness is obvious. This concludes the proof
of 1) to prove 2) we use Corollary I1.1.56 of [1] to approximate #’¢ U’ by
a sequence {z,} c X’ converging almost uniformly on U. Due to (i), we
have {z,} converging in measure to some Lusin measurable functional.
Pagsing if necessary to a subsequence, we can have by Proposition 3.2 the
almost uniform convergence of {z,} on a standard support 8 of u in
(X, X', u), and since the convergence shall be still almost uniform on
.8+ U, we can at once assume that § . U, and thus 4) follows. The limit
of {x,} provides the desired extension «* of u'. If (y’, D) is a representa.-
tion of & linear Lusin measurable functional with D, > U and y’ vanishing
on U, we can approximate y' almost uniformly on D, by a sequence
{@,} = X’, and then, due to (i), {x,} tends stochastically 1:0 zero and y* = 0,
which verlﬁes the uniqueness of the extension in A(u) and concludes the
proof of 2). The continuity of the injection X’ — U’ is obvious, and if
for we U we have 2’u = 0 for all o'« X', then % = 0 and 3) follows. This
concludes the proof of the proposition.

PROPOSITION 4.2. Consider a proper representation (X, X', u) of a (u)
¢ LPM and a Fréchet space (@, 9) suoh that (X*, v%) = (0, 9) > (A(u), s[*])
and such that X* is dense in (@, 9). Then there ewists a standard proper
pre-support U of uin (X, X', u) sfueh that the extensions of u'e U’ to func-
tionals from A(u) constitutes an isomorphism of (U, =(U', U)) onto (O,9).

I’*roof Let © be the adjoint of (@,#). Every Fe@' is also continuous
in (X*, 7%) so that there exists wpe X such that Fa" = o'zp for every
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x*e X*. Since X* is dense in (0, #), Fz* = 0 for all #*e X* implies F = 0,
and thus the mapping
O>F > I(F) =zpeX

constitutes a one-to-one continuous imbedding of the space (6", 4(@", 8))
into (X, o(X, X')). Indeed, for a3, ..., 2} X',

I{we X: |ma| <1, i=1,.0,k}) = {Fe@': [Fa}| <1, i=1,...,k).
Hence, it is as well bicontinuous, and ¢(@’, ©)-compact sets in @' corres-
pond by I to 7(X, X')-compact convex sets in the image of U of @' by I.
Thus, in particular, U is (X, X')-standard. Moreover, if {z,} < X’ tends
almost uniformly to zero on U, then {«)} tends to zero almost uniformly
on (@', ¢(©’, ©)) which means exactly that {z)} tends to zero in (@, 9) and
consequently in (A(u), s[-]) which proves (i), i.e. that U is a pre-support
of u. Suppose now that {w,} tends to some u’ almost uniformly on U and
that s[«,] tends to zero. Then ag above we have {2} converging to some f
in (@, 9) and thus in (4(u), s[-]) as well. But in the latter space it tends
to zero so that f = 0'and {#}} tends to zero in (@, ). Then for 4 = Xpe U
we have %' = lima, 4 = limFx, = 0 and «' vanishes identically, which
proves (ii) and at the same time verifies that the pre-support U is proper.
According to Proposition 4.1, extensions of 4’ ¢ U’ are limits of sequences
of elements of X’ converging almost uniformly on U. Since such sequences
converge also in (@, ), the extensions are in ©. To prove the converse,
take any fe® and approximate it by {z;} = X* in (0, §). Then {2} con-
verges almost uniformly on U, and by 4) of Proposition 4.1 also almost
uniformly on some standard § > U with x#(8) = 1, and hence to an exten-
gion of some u'e U’. Clearly, the Lusin measurable linear funetional
represented by this extension must be equal to f. Hence the extensions
of functionals from U’ to representations of Lusin measurable functionals
map U’ onto ©. This mapping is certainly one-to-one and constitutes
an isomorphism of (U’, z(U’, U)) and (@, #), which concludes the proof.

Congider a proper representation (X, X', u) of a (u)e LPM. By
F(X,X', u) we shall denote the family of all Fréchet spaces (@, 4#) such
that _

(A(g), 801 < (0, 8) < (X* %)

and such that X* is dense in (@,®). Furthermore, we shall denote by
F(X, X’y u) the family of all standard pre-supports of x in (X, X', u)
and by #(X, X', u) the subfamily of all proper standard pre- supports of u
in (X, X', u). For any Ue% (X, X', u) we shall denote by U” the space
of all w*e A(u) admitting a representation (', D,) in (X, X', u) such
that U < D,. Then, by the definition of the representations, we have
y’' automatically (X, X')-almost uniformly continuous on U, and then
its restriction to U belongs to the (X, X')-adjoint U’ of U.
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THEOREM 4.1. Consider Ue % (X, X', p). Then every u' from the adjoint
U of U can be extended to some u*e U*. Such an exlension is unique in
A{u), and for UeP(X, X', u) the mapping

Usy —ure U

. . . %
constitutes an isomorphism of U' and U-.

Proof. It follows directly from (ii) and Proposition 4.1.
Let us provide U* with the topology 7, the shift of 7(U’; U) by the
mapping %’ — «*. Then from (i) it follows that

(U*7 leff) = (A(,”)’ 3[']))

and Lemma 4.1 guarantees that (U*, 15)e# (X, X', u). Hence we have
produced a mapping

PE, Xy p)> U (U* 75)eF (X, X', ).

THEOREM 4.2. The mapping * restricted to P (X, X', u) constitutes
a monotone isomorphism of P(X, X', u) and F(X, X', u). The monoto-
nicily means that for W, Ve (X, X', u),

W < V is equivalent to (W*, o}) < (V¥ 75).

Proof. From Proposition 4.2 it follows that * is onto. We shall now
prove that it is a monomorphism. Since for ¥V, We #(X, X', u) we trivially
have V+We2(X, X', u), it is sufficient to consider V = W with (V*,'7})
= (W*, 7}). Given v'¢ V’; by Corollary 1.1.5 of [1] we can find {z,} < X’
approximating »" almost uniformly on V and thus converging in (V*, 73)
= (W*, 73) and hence as well in (W', (W', W)) to some w’. Thus every
v'e V' is the restriction of some w’'e W’ while the restriction of every
w'e W' belongs to V'. This means that ¥V is closed in (W, =(W, W),
and if it were V £ W, some w'e W’ different from zero would vanish
identically on ¥, and this contradicts the uniqueness of extensions to
Lusin measurable functionals. Hence, * is an isomorphism onto. It remains
to prove that it is monotone. If for W, Ve#(X, X', u) we have V o W,
then of course (V', 7(V’, V) = (W', (W', W), and consequently (V*, z%)
> (W7, 7). Conversely, assume the latter. Since W+ Ve & (X, X', u), We
have (W+V)" = V* Take an arbitrary +*¢ V* and let {z)} = X’ approx-
imate almost uniformly on V, the v V' corresponding to »*. Since {x;}
converges in (V*,}), it also converges in (W*, +ly) and thus in (W,
(W', W)) which means that the limit of it belongs to (W+ V)’ after res-
tricting to W+V. But its restriction to V belongs to V' and thus V*

= (W+7V)". Hence V = WV, and the monotonicity follows. This way
the proof of Theorem 4.2 is concluded.
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Take two Fréchet spaces (¥*, g%), (2", 6*) > (A(p), s[-]). We define
the inductive limit

(Y*: Q*)A(Z*’ 6*) = (Y*+Z*! Q*A 6*)1

setting for o*A §* the finest locally convex topology of ¥*+ Z* which is
coarser than ¢* and 6* on ¥* and Z* respectively. Since (¥*, o*)A(Z*, 6%
identifies with the factor space [(¥*, o*) x (2%, 6")1/{(y", 2*): y*4-2* = 0},
we have

(X, 0", (2", 8") 5 (X, X', ) implies (X*, g*)a(Z", 6")eF (X, X', ).

Thus, we have the following

THEOREM 4.3. The family #(X, X', u) with the inclusion ordering
form a lattice.

Proof. We know that for W, Ve (X, X', u) the space W4V
> W, V constitutes the least upper bound. Now, since (W*, 7jp)A (7, 73
e# (X, X', p), there exists a U such that (T, 7) = (W*, 7jp)A (VF, 73)
= the greatest lower bound of (W*, v}) and (V*, v%). Hence, by mono-
tonicity of * we find that U is the greatest lower bound of W and V in
Z(X, X', u) which concludes the proof.

Notice, that in general, the greatest lower bound of V and W in
Z{X, X', u)is only contained and not equal to WV, COlearly, WNV always
belongs to & (X, X', u).

THEOREM 4.4. To every YeS (X, X', u) there corresponds a U
e P (X, X', u) contained and closed in (I’,r(Y, Y')). Moreover, such U
18 maximal, i.6. if V¥ and VeP (X, X', u), then V< U.

Proof. Take (Y*, 7%) and by Theorem 4.2 produce Ue #(X, X', u)
such that (T*, 75) = (¥*, v%). Take y'« Y’ and let {z,} = X’ approximate
it almost uniformly on Y. Then {z;} must approximate y* in (¥* %)
= (U*, 1), and thus {z,} converges almost uniformly on U so that its
limit gives an extension of %' to a functional in (U + Y)'. Therefore Y is
closed in (U+ Y, z(U+ X, (U+ 17)')). Analogically, we can show that U
is closed in this space. Now, suppose that U is not contained in ¥. Then
there exists a functional 2’¢ (U4 Y)' which vanishes on ¥ and is not
identically zero on U. Its extension to 2* must be almost everywhere
vanishing since it vanishes on the pre - support Y. This, however, contradicts
(ii). If V is another proper presupport of x contained in Y, then V4 U
is also proper and contained in ¥ so that U must be dense in V4 U.
Since U is closed, it is V+ U = U, and the theorem follows.

Two representations (X, X', u) and (¥, ¥’, p) of linear probability
measures are said to be pre- equivalent-if there exists a linear space § such
that
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a) § is at the same time a linear subspace of X and a linear subspace
of ¥,
b) 8§ is a standard pre-support for both of the representations,

¢) S admits the same convex compact sets in the topologies o(X, X')
and o(¥, Y'), and these topologies coincide on the compacts,

d) for any si,...,s,¢ 8 and any Borel set B in R" we have

p({z: (U1, ...y Up@)e BY) = ﬁ({y: (012 .y W;nw)EB})v

where uy, ..., 4, and v,, ..., v, are extensions of s,, ..., 8, to linear Lusin
measurable functionalsin (X, X', u) and (¥, ¥, u) respectively. § satis-
fying a), b), c) and d) shall be said to carry the pre-equivalence. Notice,
that by virtue of Theorem 4.4, § can always be chosen proper. Clearly,
the relation is symmetric, reflexive and transitive, and thus it is an equi-
valence relation.

THEOREM 4.5. If two separable representations (X, X', u) and (X, X', i)
are pre-equivalent and S 18 a pre-support whioh carries the pre-equivalendce,
then there ewist linear subspaces Uc X and V< ¥, u(U) = u(V) =1,
(X,X')- and (Y, X')-standard, and containing S a8 o(X, X')- and
o(XY, Y')-dense subset respectively, suoh that the identity on 8 extends to
an almost uniformly continuous isomorphism J of U onto V transforming
the measure u inlo the measure u, i.e. such that u = pJ and u = ud™*
over the Borel fields of U and V respectively.

Therefore, if we identify U and V by means of J, the representations
(X, X'y u) and (¥, X', u) become equivalent in the originally introduced
sense.

Proof. Let us first notice that it is sufficient to verify the case where
the representations (X, X', u) and (¥, X', u) are primitive. It is clear
that if (X, X', u) and (¥, Y’, i) are pre-equivalent, then their reductions
are also pre-equivalent. Hence we can assume the congidered pre-equi-
valent representations to be proper. Then denote by (X;, X;, u) and
(Y,, Y1, ) primitive representations respectively coarser than (X, X', u)
and (Y, X', u). Clearly, these primitive representations are pre-equivalent
provided the original ones are, while as a set carrying the pre-equivalence
of the primitive representations we can take any proper 8 which carries
the pre-equivalence of the original representations. Now, if the Theorem
i8 valid in the primitive case, we can find U; < X; and V, ¢ ¥; both
containing § and fulfilling the requirements of the theorem. Denote
by J,; the extension of the identity from S. Let U be a proper standard
support of u in (X, X', u) contained in J7*(¥NV,) and containing S.
Then put V = J, U and let J be the restriction of J, to U. Since J, is
almost uniformly continuous, V is standard, and both J and J ' are almost
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uniformly continuous between (U, o(U, U')) and (V,o(V, V')). Since
u(U) =1, we have u(V) =1, y = uJ and p = uJ'. Hence also V is
a standard support in (¥, ¥’, ), Since both U and V are standard support,
S must be dense as required, and thus U, V and J fulfils the requirements
of the theorem. To conclude the proof it remains to verify the theorem
under the assumption that (X, X', u) and (¥, ¥, u) are primitive. Then
both X’ and Y’ are countably generated, and thus using for instance the
part'4 of Proposition 4.1, we can find proper supports @ and R in (X, X', u)
and (¥, ¥', u) respectively, such that 8§ < @ and § = B and such that
every 4’ ¢ Y' restricted to 8 extends to some v €@’ and every «'¢ X’ res-
tricted to S extends to some %'e¢ R’. Now, denote by Z’ the subspace
of all §'« 8’ which extend simultaneously to some functional from @’
and to some functional from R’'. Hence,-Z' can be simultaneously identi-
fied with Z% < A(u) and with Z% < A(x) belonging to #(X, X', u) and
F (X, X', u) respectively. Applying Theorem 4.2, we find U and V from
P(X, X', u) and #(¥, Y', i) respectively such that U* = Z% <= @* and
V* = Z% < R*. Due to the monotonicity of * we have § «cQ = U and
S =« R < V, so that both U and V are proper supports. Hence S is dense
in (U, «(U, U")) and (V, ©(V, V")). Defining the mapping J' of ¥’ onto
U’, which assigns to v’ the extension of U of its restriction to S, we obtain
an isomorphism of (V',«(V’, V)) and (U, «(U’, U)), the adjoint J of
which provides us with the desired isomorphism of U onto V. This concludes
the proof of Theorem 4.5.

It is easy to see that every two representations, which are equivalent,
are pre-equivalent as well. Then, by virtue of Theorem 4.5, we obtain
equivalence of two pre-equivalent representations if we make certain
natural identifications. Hence, the difference between classes of equiva-
lence and classes of pre-equivalence of representations of separable linear
probability measures is based only on the manner in which we establish
elements of linear spaces to beidentical not influencing the space (A(u),s[-]).

Hence, from now on we shall consider separable linear probability
measures as classes of pre-equivalence, and then in the next chapter we
ghall place distinction between pre-equivalence and equivalence intro-
ducing so-called pre-representations of linear probability measures.

The following corollary generalizes the example of series a) from
Section 1 to arbitrary linear probability measures.

CoroLLARY 4.1. Consider a primitive representation (R*, By, u) of
a (u)e LPM, o pre-support L < R* of u in (R™, Ry, p) and an element
t = {i,} e B®. If the series

[=~]
v lm=Dta, o={}ER",
' 1

converges uniformly on every compaclt convex set contained in L, then it
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comverges im (A(u),8[-]) to the unique extension of tw, ze L, to a linear
Lusin measurable functional.

Proof. It follows directly from Proposition 4.1.

Let T be a fixed set and § a fixed linear space. A. representation
of a linear probability measure (P) of the form (F(T), ¥, P), where F(T)
is a linear space of §-valued functions defined on 7' (called paths), F' is
a linear space of linear functionals over F(T), and P is a Radon proba-
bility measure over the weak Borel field of F(T), is called a representation
of a stochastic process with the time set T and the state space S.

A (P) ¢ LPM is said to be a stochastic process with the time set T and the
stale space 8 it (P) admits a representation (F(T), F", P) as described
above (cf. [6]). ‘

Given a stochastic process (P)e LPM, the elements of A (P) are called
Wiener stochastic integrals. The case of Ito stochastic integral (cf. [2], [7])
ghall be discussed in another paper.

COROLLARY 4.2. Consider a stochastio prooess (P) with the time set T
and the state space S. Let (F(T), F, P) be the representation of (P) and let
Fo be a pre-support of P in (F(T), F', P). Denote by Fy the (F(T), F')-
adjoint of F,.

Every linear functional I < Fy ewtends uniquely to a stochastic integral I.
Moreover, if {I,} = Ty converges (F(T), F')-almost uniformly om F, to
I F,, then the stochastic integrals I, converge stochastically to the stochastic
integral 1.

Proof. It follows directly from Proposition 4.1.

Formula (*) of Section 1 gives the general form of the stochastic
integral in the case of the Wiener process.

5. Pre-representations of linear probability measures

Consider a dual pair (U, U’). Any set of the form
{uwe T: (uyw, ..., u,u)e B},

where u,, ..., u, is an arbitrary finite sequence of functionals from U’
and B is a Borel set in R", shall be called a cylinder subset of U; the family
of all eylinder subsets of U form a field which we shall denote by (U, U’).

Consider a non-negative finite additive set function » defined on
%(U, U’). For arbitrary u,,...,u,¢ U’ write

vu'l.....u;,(B) =v({uwe U: (wu, ..., u,u)e B}).

The function » is said to be a probability pre-measure over € (U, U')

if »(U) =1 and if the following conditions hold:
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(j) To every ¢ >0 there corresponds a convex o(U, U’)-compact
C < U such that for every «' from the polar C° of € in (U, U’), we have
v({ue U: |u'u|<1}) >1—-=

(k) For every finite sequence u, ..., 4, ¢ U’', the function » . 1B
-ui,..., ;t

a measure over the Borel field in R™.

The property expressed in (j) is often referred to as the scalar con-
centration of v on convex weak compact sets. (Cf. [10], [11].)

A ftriplet (U, U’, ») consiting of a dual pair (U, U’) and a probability
pre-measure on ¥(U, U’) shall be called a pre-representation of a linear
probability measure.

Due to (k), integrals with respect to v of functions of a finite number
of ' are well defined. Put

s[w]= [ o'l (L+ |w ul) " dv(w).

A pre-representation (U, U’,») of a linear probability measure is
said to be proper if for every '« U’ we have s[u'] = 0 implies %' = 0;
(U, U, ») is said to be standard if it is proper and if (", ©(U’, U)) is a Fré-
chet space.

A pre-representation (U, U', »)is said to be separable it (U’, =(U", 0))
admits a countable dense subset.

Consider a representation (X, X', u) of a (u)e LPM, With arbitrarily
given pre-support U of u in (X, X', u), we associate a pre-representation
(U, U’, °u) defining U’ as the (X, X')-adjoint of U and then setting

(*)  ul{ueU: (uyu, ..., uu)e B}) = p({weS: (wz,..., u,z)e B},

where u;, ..., 4, denote the extensions of u, ..., u,e¢ U’ to some standard
support 8, Uc 8 < X.

LeMMA 5.1, Definition (*) provides a probability pre-measure over
€(U, U').

Proof. To verify ¢-additivity of ",uw ., for arbitrarily chosen
1oty
Uyy eny Upe U, it i3 sufficient to show that
T = {xe¢8: wyzr = u for some ue U and 4+ =1,2, ..., n}

has the outer measure one. We shall show that it has the inner measure
one. First of all, we can always take (S, 8, u) instead of (X, X', u), and
hence we at once assume that X = §. We do not loose generality assuming
uy linearly independent. Take an arbitrary & > 0. Then there exists a con-
vex o(X, X')-compact C < U such that

pl{ze X: 0’2 <1}) >1—en  for o'cC°
and

{(uytty ooy tp): ueC} o {(t1y ..yt e R*: max |t < 1}.
1si<n
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Hence
Aii—-t{meX: max || <1} < T.
1<ig<n
The set T remains unchanged if we substitute u; with tu,; for ¢ s 0 so that
we can always make u,, ..., U, O° preserving the inclugion 4 < 7. Hence
u(d) >1—e¢, and the additivity follows. Condition (j) amounts to
condition (i) for the pre-support, and the lemma holds.

Notice, that producing the reduction (U, U’,°u) of a representation
(X, X', u) to a pre-representation, we cannot anymore consider €(U, U’)
a8 a subfield of #(X, X’) and °x as the restriction of . Indeed, in many
cases, U shall be of measure zero in X and °u shall be by no means the
restriction of u to €(U, U').

THEOREM 5.1. Consider two representations (X, X', u) and (¥, X', i)
of some linear probability measures, and let S be a linear space which is
simultaneously o standard pre-support of u in (X, X', u) and of u in
(X, ¥/, ).

If the reduotion of (X, X', u) to 8 coincide with the reduction of (¥, Y', j)
to 8, then (X, X', u) and (Y, X', u) are preequivalent.

Proof. It follows immediately from the fact that S itself carries the
pre-equivalence between (X, X', u) and (Y, ¥', u).

THEOREM b5.2. Every separable pre-representation 8 a reduction of
a separable representation.

Proof. Let (U, U’,») be a separable pre-representation, and let
{un} = U’ generate a dense subspace V' of (U’, v(U’, U)). The topologies
(U, V') and o(U, V') are identical and metrizable. Denote by X the
completion of (U, z(U, V')) and by X' the extensions to X of the func-
tionals from V’. We define a pre-measure » on % (X, X’) setting for
Oe? (X, X'y

70 Ey(0nT).

Since (X, (X', X)) is isomorphic with the countable product of real
lines, we can apply the Kolmogorov theorem and extend » to a measure u
over #(X, X'). Consider now the representation (X, X', u) of the (u)
e LPM. For Ce¥(X,X’') we have u(0) =v(0nU) so that condition
(*) is fulfilled. Condition (i) for (U, U’,») guarantees that U is a pre-
support of u un (X, X', u). Therefore (U, U’,») is the reduction of
(X, X', p) to a pre-support U, that is (U, U',») = (U, U’, “4), and the
theorem. holds.

From Theorem 5.1 we lmow that only pre-equivalent elements of
LPM admit the same reductions, and on the other hand we know from
Theorem 5.2 that every pre-representation is a reduction of a representa-
tion. Thus we can now say that (U, U’, “u) is a pre-representation of
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a (u)e LPM if (U, U’,%:) is the reduction of a representation of (u). Pre-
representations of the same (x) shall be called pre-equivalent. We define
the relation “<, coarser-finer” in the same way as it was done for
representations.

It is easy to see that Proposition 2.1 and 2.2 are valid for pre-repre-
sentations, the latter being an immediate consequence of 5 of Proposi-
tion 4.1.

A standard pre-representation (U, U’, °u) of a (u)e LPM is said to
be a /,-pre-representation, 1 < p < oo, if U’>u’' —u'e U* provides an
isomorphism of (T, ©(T’, U)) and (4,(p) II-HLP).

THEOREM 5.3. A separable (u)e LPM admils a A,-pre-representation
if and only if it admits a represemtation (X, X', u) with X* < A,(p).

Proof. This is an immediate consequence of Theorems 3.3 and 4.2.

It is easy to see that if we have two versions (U, U’, ») and (V, V', »)
of A,-pre-representations of a (u)e« LPM, then the identity from a stan-
dard pre-support of u contained simultaneously in U and V exfends to
an isomorphism of (U, ©(U, U')) and (V, v(V, ¥')). In this sense, we have
the uniqueness of /1,-pre-representation (U, U’, °x) of (), and we call U
a A,-pre-support of (u)

We say that a pre-representation (U, U’,°u) of a (u)¢ LPM is a repre-
sentation of (u) if °u extends to a probabiity measure y on Z(U, U’) 8o
that (U, U’, u) becomes a representation of (u).

A pre-representation (U, U’,°u) of a (u)e LPM is said to be nuclear
it (U', =(U’, U)) is a nuclear space.

THEOREM 5.4. (Cf. [4], [8].) Ewvery nuclear pre-representation 18
a representation as well.

This theorem follows easily from the well-known Minlos theorem.
However, for the sake of selfconsistency, we shall derive it from a certain
measure theoretical lemma essentially due to Ito (Leetures given in
Aarhus).

LEMMA 5.2. Consider a locally convex space (@,9) = (A(u), 8[]) with
the topology induced by countably many Hilbertian semimorms ||-|,. Let
tn what follows {e,} and {fy .} be double sequences of elements of @ such that

[==] oo
Dlleall < 00, D llfuallt =0
n=1

n=1
for k. =1,2,... Put

=1 =]
Then

3 — Dissertationes Mathematicae XCIV
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Proof. Take an arbitrary ¢ > 0. For f¢ &, put

= {w: |fx] >1}.
‘We have

1-2 [ ¢®iau(@)< [ 11— du (o)

<2E)+ [ |foldp () < 2u(K,)+s[f].

X—Kf

Since. s[f] > flfw| (1+|f2)) " du(2) = tu(K,), we have 1—2 [ 6™ dy(z)
< 48[f], and thus we can find k¥ and 5 > 0 such that for fe @

Iflx <# implies 1 —% f e du(z) < e.

(We can always make {||*|;} pointwise non-decreasing.)
Since £ [ ¢™du(z) > —1, we have for fe 0,

. 2 .
ﬂfe‘(’”’d,u(w) > 1—-8“-”- (If ll)* s

and thus setting for arbitrary #y,...,%,, f = )} t,fp, We obtain
p=1

(I) Qlfexp(ijtp(fpm))dy(w) =1 _3"'— Zt Lo folfdn

P;!l-l

where (:|'), denotes thé scalar product corresponding to ||-||;. Since

(2mh)=3 [ exp(Zts %th”)dtl.. t,,_exp(—%hzn‘s;),
1

integrating both sides of (I) with respect to the Gauss measure
1 & ,
up(—ﬁZt;)dtl...dtn, we obtain

f exp (—%h Zﬂ (f m)’) du(z) >1—e— %h i‘ (1 foll) s

and consequently,

@ [ exp(—th 2 o)) u(o) > 16~ = 2?] (TARR
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Substituting f, = ¢, in (II) and passing to zero with h, we obtain

alfos 3 oyt < ool) 51,
p=1

and substituting f, = f; , in (II) and passing to infinity with %, we obtain

,u,({m: 2‘3.':'(]‘,‘:4,%)2 = 0})2 1—e¢

so that u(Z,) > 1—2¢ and the lemma follows.

Proof of Theorem 5.4. Suppose (X, X', u) is a primitive represen-
tation of (u) coarser than the given nuclear pre-representation (U, U’, °u).
We notice at first that (U’, v(U’, U)) can be made a separable (F)-space
by taking a finer nuclear representation. Indeed, it is sufficient’to select
a sequence {V,} of convex symmetric neighbourhoods in (U, (U, U))
which induce seminorms |||, on U in such a way that the identical injec-
tions (U, ||+ [loy1) to (U, ||-|l.) are nuclear and that (j) can be fulfilled by
using only the polars of V,. As is well-known, we can take |||, to be
Hilbertian and the identical injections to be Hilbert-Schmidt. Then,
taking a linearly dense sequence in (X’, (X', X )), we can orthogonalize
it by the Gram-Schmidt method with respect to every ||-||, separately
getting sequences {m},,n} and {yy,,} such that setting fy , = @4, , and g,
= Yi+1,» and regarding the pseudonorms || ||, transferred to @ = U* we
find, applying Lemma 5.2, that the space

U= O {we X: f:(a;;mm)z < 00, X (Ypon®)* = 0]

k=1 =1 n=1

has measure one, and the Theorem follows.

In view of Theorem 5.4 we can always say nuclear representations
instead of nuclear pre-representations assuming, however, that only (j)
and (k) should be satisfied and having as a consequence that the pre-
measure is actually a measure. Proving Theorem 5.4, we have addition-
ally verified the following

PropPoSITION 5.1. Every nuclear representation admiie a finer separable
stamdard nuclear representation.

Separable primitive representations are of course always nuclear,
and thus as a consequence of the above proposition and Theorem 2.1,
we obtain the following

COROLLARY 5.1. Given o separable (u)e LPM and {f,} = A(u), there
ewists a standard nuclear represemtation (X, X', u) such that {f,} = X".

A pre-representation (U, U, °u) is said to be o-Hilbertian if it is
standard and if the topology v(U’, U) can be introduced by Hilbertian
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gemi-norms. We shall now provide a functor which shall assign to every
standard representation a finer o-Hilbertian pre-representation. Notice,
that it is not always possible to assign a finer - Hilbertian representation
to a standard repregentation.

To every standard representation (X, X', u) of a (u)e LPM we assign
the space AX™?(X, X', u) of functionals from A(u) which are p-inte-
grable on every ¢(X,X')-compact convex subset ¢ = X. Writing for

such C and fe A(u)

Ifl0 = J P au)”,

we have
_,lgomp(x, X'y u) = {fe A(u): |Ifllpe < oo Ce},

where £ denotes the family of convex o(X, X')-compact subsets of X.
Since # contains a cofinal ascending sequence, the space Ay™" (X, X', u)
provided with the seminorms || ||, o constitutes an (F)-space. If, addi-
tionally, (X, X', p) is separable and 1< p <2, then using Theorem 3.3
one can easily prove that this space belongs to # (X, X', u). Hence, we
have the following

PROPOSITION 5.2, Jonsider a proper separable representation (X, X', u)
of a (u)e LEPM. For every p, 1 < p < 2, there uniquely corresponds a standard
pre-representation (U, U’, °u) of (u) finer than (X, X', u) such that U*
=A™ (X, X', ). |

Proof. It is a direct application of Theorem 4.2 and reduction of
(X, X', u) to a proper standard pre-support.

In case of p =2, the pre-representation (U, U’,%) is o-Hilbertian,
arid thus we have the following

CoROLLARY 5.2. To every representation of a separable (u)e LPM one
can assign a finer o-Hilbertian pre-representation.

Congider a -triplet (C, 4(0), ) consisting of a symmetric convex
set O, a linear space of affine functions over ¢ containing all constant
functions and separating in 0, and a probability measure u over the Borel
field of 0 provided with the weak topology out of 4(C). Assume addi-
ﬁonauy that ¢ provided with this weak topology is compact.

Such triplets we shall call compact convex representations of probability
Measures.

Every compact convex representation (¢, 4(0), ) of a probability
measure uniguely induces a representation (Lgy, Ly, ) of a linear proba-
bility measure by setting Ly for the linear span of O and for L the linear

??((73;3 of all linear functionals on Ly with restrictions to ¢ belonging to
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A convex, compact representation (C, A(C),u) of a probability
measure is said to be proper if elements of A4(C) vanishing almost every-
where vanish ideniteally. It is easy to see that given any compact convex
representation (0 , A(0), ,u), we can find a compact convex O, = C such
that 4(C—C,) = 0 and such that the reduced representation (C,, A(C,), p)
is already proper.

An affine function defined on a convex subset of ¢ is said to be
a representation of an affine Lusin measurable function if it is affine con-
tinuous on compact convex subsets of ¢ with measure arbitrarily close
to one. This means that such a function is a translation of the restriction
of a representation in (Ly, Ly, ) of a linear Lusin measurable functional.
Classes of equivalence of representations of affine Lusin measurable
functions identical on measure one subsets shall be called affine Lusin
measurable functions.

Denote by AL,(C, u) the linear space of all affine Lusin measurable
funections f such that

fllz, = J 1P au)™

A compact convex representation (O, A(C),pu) of a probability meas-
ure is said to be separable if A(C) contains a countable subset dense with
respect to the stochastic convergence.

COROLLARY B5.3. Consider a separable convexr representation (C, A(0), M)
of a probability measure. Fiz p, 1 < p < 2. There exists a compact convew
K < C such that the following conditions are fulfilled.

Denote by A(K) the set of all continuous affine functions on K. Then

a) To every a'e A(K) there corresponds uniquely an a*e AL,(C, p)
such that o' extends to a representation of a* in (C, A(C), u),

b) The mapping
A(K)> @' —a*e« AL,(C, u)

s an isomorphism of A(K) and AL,(C, p), t.e. it i3 one-to-one and maps
A (K) onto AL,(C, u).
¢) There exists a positive number k such that

la*)z,, = ksup{la'al: ze K}

for every a'e A(K).
The set K is uniquely determined by the conditions a), b), ¢) and the
number k,
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Proof. Let us first identify linear functionals part of AL, (C, u)
with A,{w), where (u) is a linear probability measure with representation
(Lgy Lg, u). Now we can apply Theorem 5.3 and find the /,,-pre-representa-
tion (U, U, %) of (u) finer than (Lg, Ly, u). Hence, there exists a > ¢
such that for the polar K, = U of the umit ball in U’, provided by the
norm ||z, shifted from 4,(x) over U’, we have tK, — 0, and this vaeri-
fies ¢) for K = tK,. Both a) and b) follows from Theorem 4.1. The uni-
queness of K follows from uniqueness of the /,-representation. This
concludes the proof of Corollary 5.3.
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