DIFFERENT ASPECTS OF DIFFERENTIABILITY
DISSERTATIONES MATHEMATICAE 340 (1995)

ON COMPOSITION OF FUNCTIONS AND MEASURES

RYSZARD RUDNICKI

Institute of Mathematics, Polish Academy of Sciences
Staromiejska 8/6, 40-013 Katowice, Poland

Institute of Mathematics, Silesian University
Bankowa 14, 40-007 Katowice, Poland

Abstract. Let p be a vector measure with values in R* and f: RF — R. A measure v is
called the composition of f and p if for every d-sequence (05 ) the sequence f(u * dn) is weakly
convergent to v. We give sufficient conditions for the existence of the composition and examples
of geometric applications.

Introduction. The classical formula for the arc length of a curve

b
(1) l:f V1+ f2(z)dz

can only be applied for curves given by smooth functions. We can generalize this
formula to non-smooth functions if we replace the function f by the sequence of
convolutions of f with a d-sequence (d,,). Then the length of the curve is the limit

b
(2) l:nllrgo f V14 (f %6,)2(x) da.
This formula follows from the fact that (f*4d,,) is a sequence of smooth functions
converging uniformly to f.

If f is a function of bounded variation then we can introduce a measure p
given by u([a,z)) = f(x) — f(a) and replace (f % d,,)" in (2) by the convolution
u*0,. This leads to the following problem. Let i be a vector Borel measure on the
space X = RP with the values in the space Y = R* and let f be a real function
defined on the space Y. Find conditions on f and p so that for any J-sequence
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and ¢ € Cy(X) the limit

3) Jim [ 7Gx Gn()) () d
X

exists. If there exists a vector measure v on X such that the last limit equals
[x ¢(x) v(dx), then the measure v can be called the composition of f and p. In
this paper we give sufficient conditions for the existence of this composition.

The question of the existence of the composition of a function and a measure
is a part of a more general problem: Let f and g be two distributions, f,, = f*d,
and g, = g * 0,, where (d,,) is a d-sequence of smooth functions. When is the
sequence of compositions f, o g, distributionally convergent? The limit of this
sequence is called the composition of f and g. In [2] it is proved that if g is a
smooth function with non-vanishing derivative, then f o g exists and coincides
with earlier definitions of composition (see [1]). However, we cannot expect that
the composition of two distributions exists for a large class of distributions. For
example, in [2] it was shown that if f(x) = |z|, then the composition f o g exists
if and only if g is a measure. This is the reason why we restrict our investigation
to the composition of a function and a measure.

In this paper we do not assume that the functions in a §-sequence are smooth.
There are two reasons for this. Firstly, smoothness does not play any role in
proofs. The more important reason is that our theorems can easily be generalized
to measures on spaces without any linear structure, e.g. topological groups or
even topological spaces. In the second case we need to replace the convolutions
1% 0, by a sequence of integrable functions g,, converging weakly to u. We resign
from this general approach to avoid unnecessary technical difficulties.

The paper is divided into three sections. The main results are formulated in
Section 1. Section 2 contains some remarks and examples concerning our the-
orems. In this section we also give two geometrical applications of our results.
Section 3 contains some auxiliary lemmas and proofs.

1. Main results. Before formulating our theorems we introduce some pre-
liminary notions.

Let X =RP, Y =R* and let B(X) be the family of Borel subsets of X. Denote
by m the Lebesgue measure on X. By a J-sequence we understand a sequence
dn : X — R of Borel functions integrable with respect to m such that

(a) o, >0,
(b) [ ondm =1,
(c) suppd, C K(0,1),
where K (0,r) is the closed ball in X with radius r.
Let B(X) be the family of Borel subsets of X and let p = (p1,..., %) : B—=Y

be a vector Borel measure on X. Let y; = p” — p;, where pu and u; are the
positive and negative variations of ;. If A is any Borel subset of X, then by
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|li£][(A) we denote the total variation of the measure p on A, i.e.

k
Il (A) = ZMT(A) + 1y (A).

If A= X, then we will write ||u|| instead of ||u||(X). A vector Borel measure
w: B —Y is called finite if ||u]| < oo and locally finite if ||u||(A) < oo for every
bounded Borel set A. Let u be a vector Borel measure on X. We say that u is
concentrated on a Borel set A if ||u|[(X \ A) = 0. Two measures p; and ps are
called mutually singular if there exists disjoint Borel subsets A and B of X such
that p1 is concentrated on A and s is concentrated on B. A vector Borel measure
pon X is called singular if the measures 1 and m are mutually singular. For any
vector Borel measure p on X, we denote by u, and ps the regular and singular
parts of u, i.e. pr = (f1ry .-y fher), s = (H1s,-- -, prs) and for each 1 < i < k,
i = ir + pis is the Lebesgue decomposition of u; relative to m.

Denote by || - || the norm in Y given by ||z = |z1|+ ...+ |zk|. Let g: Y — R
be a continuous function. The function g is called homogeneous if satisfies the
condition g(tx) = tg(z) for every x € Y and t > 0. Let f,g : ¥ — R be
continuous functions and let g be a homogeneous function. We will say that f is
asymptotically homogeneous if

" f(@) - 9(a)

lim
lel—o0 ||l

=0.

Let p be a locally finite vector measure on X. If the functions 4, satisfy
conditions (a)—(c), then from Fubini’s theorem it follows that

s 0u(x) = [ Gulx —1) puldt)
is a locally integrable function with respect to m. If u is a finite vector measure,
then p * 6, is an integrable function with respect to m.
Let f : Y — R be a continuous function and let 1 be a locally finite vector

measure on X. Assume that there exists a locally finite vector measure v on X
such that

(5) Tim [ f (o ba(2))p(a) m(de) = [ (@) v(da)

for every d-sequence (9,) and ¢ € Cy(X). Then we say that the composition of f
and p exists and the measure v is called the composition of f and p.

The following theorems show when the composition of a function and a mea-
sure exists.

THEOREM 1. Let f,g:Y — R be continuous functions and let g be a homo-
geneous function. Assume that f and g satisfy (4). Let v be a finite non-negative
Borel measure on X. Assume that the measure v is singular. Let hi,hy : X — Y
be Borel functions with bounded supports such that ||h1]|| is integrable with respect
to the Lebesgue measure m and ||hs|| is integrable with respect to the measure v.
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Let p be a vector measure on X such that du = hydm + hodv. Then
(6) Tim [ (o 6,) = f(h) = (9(ha)v) + 6] dm = 0
for every d-sequence (dy,).

THEOREM 2. Let f : Y — R be an asymptotically homogeneous continuous
function. If i is a locally finite vector measure on X, then the composition of f
and | exists.

Remark 1. It is easy to observe that if f is a Lipschitz function and for every
z € Y the limit lim;_, %f(:zt) = g(x) exists, then the functions f and g satisfy
the assumptions of Theorems 1 and 2.

Remark 2. If fis a homogeneous function then the composition of f and
p was introduced in [3; Part 5.5.9] in a different way. Namely, let v be a positive
measure and h : X — Y be a function such that dy = hdv. Then the composition
of f and v is defined by f(u) = f(h)v. It is easy to check that this definition
does not depend on the choice of the measure v. According to Theorem 1, if f is
a homogeneous function then our definition coincides with that of Bourbaki.

2. Remarks and examples. The following example shows that in Theorem 1
we cannot omit the assumption that p is concentrated on a bounded set.

EXAMPLE 1. Let p = > .2, i%&{i}, where dg;, denotes the Dirac measure at
the point ¢. Then u is a finite measure on R. Let f(x) = /|x|. Then

=1
5) =Y —6n(z—1)Y2
Fntn) =3 Gl =)
This implies that
1
)l dm =Y "= [ dn(x—i)'/*dm = cc.
f\f(u* )| dm izlif (x —1) m = oo

Remark 3. From Theorem 1 it follows that if f(0) = 0, lim ;o f(2)/]2]]
= 0 and p is a finite and singular vector mesure concentrated on a bounded
set, then f(p*d,) — 0 in L'(X). The following example shows that the above
conditions do not imply that f(u * d,) — 0 almost everywhere.

EXAMPLE 2. Let i be a singular measure on R concentrated on a bounded set
A given by
A={z;, =1/2" :neN, 1 <i<2"—1, iis an odd number }.
Assume that pu({x;,}) =n"227". Then
1
u(R) = Z — < 00.

2n?
n=1
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Since i is a finite singular measure concentrated on a bounded set, (p%8,)'/2 — 0
in L'(X) for any d-sequence. Let {d,} be a d-sequence defined by the formula
5n = n(n + 1)1[1/(n+1)71/n}. If x € (0, 1) \A, then

Wk 0p () = f Sz —t)p(dt) = n(n+ )p([z — L,z — n%rl])
Let =) .2, %, where x; €{0,1}. Then there exists an integer ig > 0 such that

i=1 20
2i,=1. Let j>ip and let y; =>"7 | Z. Then u({y;})>;j"22779. If n; = [ﬁyj],
then y; € [z — nij,x — nj1+1]‘ Consequently,

p% O, (2) > m5j72277 > 27572

Thus p * 6y, (z) — 00 as j — oo.
If Y = R, we can formulate Theorems 1 and 2 in a slightly simpler way.

Namely, let 1 be a Borel measure on X and let h = fl’jr:.

COROLLARY 1. Let f : R — R be a continuous function such that

lim @ =a lim /(@)

y —_— = 0.

r——o00 I r—oo I

(7)
If 1 is a finite measure concentrated on a bounded set, then
(8) lim f |f(p*6n) — f(h) —bud %6, +apy * 0, dm =0

for every §-sequence (8,,). If p is a locally finite measure on X, then the compo-
sition of f and u exists and

(9) df (n) = f(R)dm + bdp — adpy .
Corollary 1 is a generalization of an earlier result obtained by Antosik [2], who

considered the case X =Y = R. We can apply Corollary 1 to compute the area
of a surface of revolution.

ExaMpPLE 3. Let S be the area of a surface obtained by rotating a curve
y=y(z), a< x<b (y(x) > 0) about the x-axis. Assume that y(z) is a continuous
function of bounded variation. Let u([a,x)) = y(x) — y(a), h = dy/dz and let s
be the singular part of the measure p and || = pf +p; . From Fubini’s theorem
it easily follows that the function y*d,, is a.e. differentiable and (y*d,)" = p*dy,.
Let ¢ be a continuous function with compact support such that ¢(x) = y(x) for
x € [a,b]. Since (y * d,) is a sequence of a.e. differentiable functions converging
uniformly to y, we can assume that

b
S = nh—>Hc;lo 27 f y(x) /14 (1 0, (2))2 da

= lim 27 f o(2)\/1+ (% 0, (z))2 dex.

n—0o0

In our case f(z) = 2mv/1+ 2. This implies that
df (p) = 2w/ 1+ h? dm + 27 d|ps).
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Consequently,

_27ngo W1+ h?(z d:v+27rf x) |ps|(dx)
:27rf )1+ h?(zx dx+27rfy ) s |(dx).

In a similar way we can apply Theorems 1 and 2 to compute line integrals when
curves are defined by functions of bounded variation. Now we give an application
of our results in case X = R?. Namely, we show when a surface z = g(z,y) has
a finite area.

EXAMPLE 4. Let g : [a,b] X [¢,d] — R be a continuous function. For each
x € [a,b] and y € [¢,d] denote by Vg and V¢ the total variations of the function
y +— g(z,y) in [c,d] and the function  — g(x,y) in [a,b], respectively. Assume
that

b d
(10) f Vegdr < oo and f Vygdy < oo.

Define two interval functions by

B1
pl[ar, Bi] x [az, B2]) = f (9(z, B2) — g(z, a2)) d,
a1
B2
V([OZl?ﬁl] X [a27/82}) = f ( (ﬁh ) (0617 )) dy7
az
where a < a3 < 1 <band ¢ < as < B < d. It is easy to check that p and
v are additive interval functions of bounded variation. From [4, Theorems 7.2.1
and 7.5.5] it follows that p and v are finite measures. From Fubini’s theorem it

f;OHOW; that the derivatives %(g * 0p,) and 8%(g % 0p,) exist a.e. for any J-function
n an

aax(g*én)_y*dru ;y(g*én)—,u*én.

Since the sequence (g *d,,) converges uniformly to g, we can assume that the area
of the surface z = g(z,y), a < x <b, ¢ <y <d, is given by

S = lim ff V14 (1% 8,)2(x,y) + (1 * 6,)2(x, y) de dy.

n—oo

From Theorem 2 it follows that the last limit exists and does not depend on the
sequence (0,,). This implies that if the function g satisfies condition (10), then the
surface defined by this function has a finite area. Moreover, we can estimate S by

b d
S<(d—c)b—a)+ [ Vagdz+ [ V,gdy.
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3. Proofs. We split the proofs of Theorems 1 and 2 into a sequence of lemmas.
Throughout the proofs d denotes the distance in X. The distance between a point
and a set and the distance between two sets are defined, respectively, by

d(e, A) = inf d(z,y),  d(A,B) = inf d(y. A).

LEMMA 1. Let f : Y — R be a Lipschitz function, f(0) =0 and let p and v
be finite vector measures on B(X). If the measures u and v are mutually singular
then

(11) nli_)n;O f |f(ps6n+v%d,)— f(uxdy) — f(vxd,)|dm =0.

Proof. Let A and B be disjoint Borel sets such that ||u||(X \ A) = 0 and
lv|[(X\B)=0. Let € be a positive constant. Denote by F' and H compact subsets
of X such that FF C A, H C B and

Il (XN F) <& [IV[(X\ H) <e.
Let p = d(F,H) and
Fo={zeX:dxz F)<p/3}, H,={zeX:dz,H)<p/3}.

Denote by L the Lipschitz constant corresponding to f. Let ng be an integer such
that supp d,, C K(0, p/3) for n > ny. Then

J 1 Gus b v %80) = fpx ) = fv # 6,)| dm
< [ 1f (o b+ v 6) = F(ux 6n) = F(v 5 6,)| dm

Fy

+ [ f 0+ v6,) = f(ix6) = f(v % 8,)| dm

H,

+2L [ (bl Iy Gl dm
X\(FPUHP)

IN

[ 2L« bl dm+ [ 2L|u 6, dm

F, H

P P

+2L [ [l Ol + |y Gl dm
X\(FPUHP)

=20( [ Ivssalldm+ [ lluxon]ldm) <4Le
X\H, X\F,
which completes the proof.

LEMMA 2. Let f: Y — R be a Lipschitz function such that f(0) =0 and
@,

lel—oo |||

(12)
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Assume that p is a finite singular vector measure on B(X). Then
(13) lim [ (1% 6,)] dm = 0.

Proof. Let ¢ be a positive constant. Since the measure p is singular, there
exists a compact set F' C X such that

(14) II(X\F)<e and m(F)=0.

Let pq1 and pe be vector measures on B(X) given by the formulas

(15) (A= m(ANF), ()= u(AN(X\F)) for A€ B(X).
From (12) it follows that there exists a constant M. such that

(16) [f(2)] < M: +el|z].

Let F, = {z € X : d(z,F) < 1}. Then supp pu1 * 8, C F,,. From (16) it follows

that

(17) [ 1fGur 5 6) dm < [ Mo + el 5 6]l dm < Mom(Fr) + el |
Fy,

Since f satisfies the Lipschitz condition, we have

(18) [ £ (2 %80 dm < L [ Nz 8]l dm < Lljpss]] < Le,
where L is the Lipschitz constant. From (17), (18) and Lemma 1 it follows that
(19) J 1w 8a)l dm < Mem(F,) + el | + Le.

Since m(F,) — 0 as n — oo, we obtain
limsup [ [f(p#8a)| dm < (L + [|pual)),

which completes the proof.

LEMMA 3. Let f: Y — R be a continuous function such that

x
@,
leli—oo [|]]
Assume that p is a finite vector measure on B(X) concentrated on a bounded set.

Let p,. be the reqular part of  and h = ‘fl’“g. Then

(20) Tim [ [f(ux8a) = f(B)| dm = 0.

Proof. Without loss of generality we can assume that f(0) = 0. Let ¢
be a positive constant. Then there exists M. > 0 such that |f(z)| < e||z| for
lz|| > M.. Let 0 : [0,00) — [0, 1] be a continuous function such that 6(¢) = 1 for
t €[0,1] and 6(t) = 0 for ¢t > 2. Let f1 and fo be functions given by

]

nw =o( 1)@ ad fle) = 10 - o)
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Then |fa(z)| < e||z|| for every € Y. This implies that

[ 1f2(ux6a) dm < e [ |l bnl dm < e|ul,
[ 1f2(h) dm < e]lur]| < ellpl].

Since f7 is a continuous function with bounded support, there exists a Lipschitz
function f. such that f.(0) =0 and

(21)

|fi(x) — fe(z)| <e forevery z €Y.
For some R the measure p is concentrated on K (0, R). Consequently, supp p*d,, C
K(0,R+1). From this it follows that
[ 1A n) = fe(uron)ldm < [ edm <e(2R+2)"
K(0,R+1)

and

[ 1f1(h) = fo(h)| dm < e(2R)",
From these inequalities and from (21) it follows that
(22) [ [f(u*dn) = f(R)|dm

< [ fepn6n) = fe(R)| dm + 26(2R + 2)P + 2¢ | ]|

Let pus = p— pr. Then pyg is a singular measure. From Lemmas 1 and 2 it follows
that

(23) nlLH;o f |fe (o % 0n) — fe(pr % 6n)| dm = 0.
From (22) and (23) it follows that
limsup [ [f(p*8a) = f(h)| dm <limsup [ |fz(ur+60) = fo(h)] dm

n—o0 n—o0

+2e(2R + 2)P 4 2¢||p|.
Since f. is a Lipschitz function, we have
| fe(por % 6n) — fe(R)| < Le||h % 6, — |

and, consequently,

limsup [ [f(u*0n) — f(h)| dm

n—oo

< lim [ Leflh* 8, — hfdm + 25((2R +2) + |lul)

— 2¢((2R +2)" + ||ul)-

Since ¢ is any positive number, the last inequality implies (20), which completes
the proof.
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Proof of Theorem 1. Let p(z) = f(x) — g(z). Then from Lemma 3 it
follows that

(24) lim [ [p(p* 6,) — p(ha)| dm = 0.
n—oo
Let € be a positive constant and let S be a unit sphere in Y. Since g is a continuous
function, there exists a Lipschitz function g. : S — R such that |g.(z) —g(z)| < e
for x € S. Setting g-(z) = ||z||ge(z/||z]|) for 2 # 0 and g.(0) = 0 we obtain a
Lipschitz homogeneous function such that
(25) 19:(2) — (2] < el
Let 1 and ps be vector measures such that du; = h; dm and dus = he dv. Then
the measures p; and ps are mutually singular and from Lemma 1 it follows that
Tim [ 1ge(x0) = ge (1 % 8) — g (piz % 8,)| dm = 0.
Since g. is a Lipschitz function,
nh_{go f |ga(M1 * 571) - gs(hl)‘ dm = 0.
Consequently,
(26) dim [ [ge (% 60) = ge(h1) = ge(ua * )| dm = 0.
From (24), (25) and (26) it follows that
limsup [ |f(ux0n) = £(h1) = (g(h2)v) * 6| dm

< limsup [ |ge(p2 % 6n) — (ge(ho)v) * 6| dm

n—oo

+e [l Sull + [1hall + ([[ha]|v) * 6, dm
< limsup f |9e (12 % 6) = (g=(h2)v) * 05| dm + 2e]| |-
Since the last inequalities hold for any € > 0, it remains to prove that for every

Lipschitz homogeneous function g we have

(27) limsup [ [g(ua % 5n) — (G(ha)v) * 6| dm = 0.

n—oo

In order to do this, we first assume that ho = ¢l 4, where ¢ € Y and A is a Borel
subset of X. Then

G2 * 6,) = gle(Lav) * 6,) = g(c)((Lav) * 6,)
= (g(c)1av) * 6, = (G(h2)v) * 6y,.

If hy is any function satisfying the assumptions of Theorem 1, then for every
e > 0, there exists disjoint compact sets Fi,..., Fy and cq,...,¢4 € Y such that

(28) J lIhe =)y <,
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where h? = c11p, + ...+ ¢cqlF,. Let p = min;»; d(F;, Fy). Then p > 0. Since
supp 0, C K(0, p/3) for sufficiently large n (say n > ng), we have

(29) g((h7) % 8) = Y _G((¢;Lrv) % 6n)

<
Il
—

(9(¢j1r,)v) * 6n = (G(h")v) * 6.

Il
M=

<.
I
—

Since g is a Lipschitz function, we have

19 (2 # 00 (x)) = G((hT) % 6n(2))] < Lllp 00 (x) — (A1) + 0n(2)
< L([ha — h9)Jv) % 6, (2).
The last inequality and (28) imply

(30) [ 132 % 6n) = G((hw) % 6,)| dm < Le.
Analogously,
(31) [ 1@(h2)v) * 65 — (G(h*)v) * 6| dm < Le.

From (29), (30) and (31) it follows that

f 9(p2 * 6) — (g(h2)v) * 6n|dm < 2Le
for sufficiently large n. This implies (27) and completes the proof.

Proof of Theorem 2. L%t wur and ps be the regular and singular parts
of the measure y and let v = 7 (us)F + (us); - If hy = %= and hy = e
then dy = hydm + hodv. Since ¢ has bounded support, we can assume that
supp C K(0,r), where r is a positive constant. Let i be the vector measure

given by

a(A) = w(ANK(QO,r+1)) for Ae B(X).
Then fi * 0p(x) = p* 6,(x) for z € K(0,7). Let ¥ = 1g(gr41)- Then dp =
¥hy dm + ¥hs dv. From Theorem 1 it follows that
(32) Tim [ f(x6a) = f($h) = (9($ho)v) * 6] dm = 0.
This implies that
lim [ fExd)edm= [ fWh)edm+ lim [ (g(ho)v)6updm

= [ f@h)edm+ [ gvhy)pdv.

Since %0y, (x) = p*dy,(z) and P (x) = 1 for « € supp ¢, the last condition implies
that

lim [ fluxda)pdm= [ f(h)edm+ [ g(h)pdv.

Consequently, the composition of f and p exists and this composition is the
measure [ satisfying the condition di = f(h1) dm + g(hg) dv.
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