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Dedicated to Professor
Andrzej Mostowski

Introduction

It is well known that, besides the usual reduction procedure for
second order arithmetic G'LC, there exists in some specific cases
elementary normalization procedures (elementary in the sense of being
provably normalizing procedures in some system of elementary arith-
metic), for instance, if ¥, stands for VaVX (z e X—>2 ¢ X), then such a
procedure exists for every formula F,—~A (see for instance [8]). Further-
more, recent investigations ([1]) have shown that similar procedures
exist for more general classes of formulas.

In this paper, we answer the following questions:

(Q;) What simple syntactic conditions on the formula A do ensure
elementary normalization for proofs of A (and more generally, for proofs of
sequents I'F.4)?

(Q;) What simple semantic conditions on the formula A do ensure

elementary normalization for proofs of 4 (and, more generally for proofs
of sequents I'F4)?

In order to answer (Q,) and (Q,), we essentially need a good descrip-
tion of “elementary” normalizing procedures. This is done by means of
a formal system M!LC which has the two following features:

(i) Cut-free provability in G*LC canonically corresponds to cut-free
provability in M*LC; moreover, the reduction procedure in M*LC can
be shown to terminate by means of IT3-induction.

(ii) In M*LC, one can express by means of ordinary sequents the usual
metamathematical properties of formulas of G'LC.

The formulas of M1LC are the:

%4, where A is a formula of G1LC. The intended meaning of ¥4 is:
“A is cut-free provable”. _

!4, where A is a formula of G*LC. The intended meaning of !4 is:
“for all B, whenever 4 + B is cut-free provable, then B is cut-free provable”.
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The rules of M1 L(C are set up in such a way that they clearly preserve
at each step this intended meaning; more precisely, define a sequent
I'+ A to be regular iff (i) ' 4 =14,,...,14,+ ?B,, ..., ¥B,,, and the
sequent is cut-free provable (those sequents canonically correspond to
cut-free provable sequents of G'LC, but not to provability in G*LC,
since from I'+ A,!4 and I',2A + A, one cannot infer I' + A). (ii) A sequent
I''%AF 4 or I't+ A,!B must necessarily appear in some cut

I'r4,%4 TIL,¥A+r A 'ra'B TI''B+ A

I,IF A4, 4 or I, I'Fa, 4

and regularity is defined in order to ensure that the conclusion is cut-free
provable, provided the auxiliary premises I+ A4',%4 or I",!BF A4’ are
already cut-free provable. The deduction rules of M'LC are chosen to
preserve regularity of the sequents. Regularity (in a slightly different
form) is studied in part B; the proof that every provable sequent is regular
can be carried out in the system A A of II? induction.

System M'LC (and its intuitionistic formulation M!LI) is enough
to answer question (Q,). Two essential concepts can be defined in M L(':
(a) a tormula is said to be absorbing iff !4 + |F, is provable, (b) a formula
is said to be poor iff ?(F,—A4)F 24 is provable in MLC. Roughly
speaking, A4 is absorbing iff A behaves like F,; if A is poor, then we have
an elementary reduction procedure (in the sense of 44) for all sequents
I'F A. The answer to (Q,) is a list of simple syntactic proverty conditions.
These conditions are quite general (for analytical statements only), they
are given in C3.

Moreover, M'LC can be used to solve other problems:

(a) From the provability of %3z (N(z)AA(x))t *qxA(z), one has
a very simple proof of Z{-reflection for cut-free provability, first proved
in [1]. '

In fact, X} formulas play an essential role in cut-free analysis: these
formulas enjoy the property of being equivalent with their own poverty;

the full Takeuti conjecture reduces to its particular case for X7 formulas
(see C4).

(b) The relation 4 = B (recorded as =, in [1]) and defined by
%4+ B, 1A+ !B, * B+ 2?4, !B+ !4 provable in M?LC, is stronger than
provable equivalence.

This relation is the good one which permits to transfer the cut-free
properties of A to B, and conversely. The Prawitz translations of the
intuitionistic connectives [3] and quantifiers are then shown to be inad-
equate for cut-free provability, since a formula is not necessarily congruent
to its Prawitz translation. = behaves in some respect like a synonymity
relation. But, it is only an approximation to this notion, since, whenever
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A and B are provably equivalent, then F,A(F,—>A4) is congruent to
FoA(F,—>B) (see C2).

The semantics of the modal systems M*LC and M'LI is given by
means of so-called “three-valued” models, which are, in the intuitionistic
case, generalizations of the topological models introduced by Mostowski.

Standard properties s.t. completeness are easily proved for these
systems. This is done in A. Classically, a closed formula is absorbing if
the only models in which it is necessary are binary models, while 4 is
poor iff it is possible in every proper (non-binary) model; two formulas
are congruent iff they take the same value in every model.

It is quite surprising to discover that the 3-valued semantics for
M'LC are nothing more than the “partial valuations” introduced by
Schitte [8].

In B4, we show how to “complete” such three valued models. The
proof involves the “thinness theorem” of part A. This proof is deeply
connected with the proofs of Tait, Takahashi and Prawitz. These old
proofs of cut-eliminations are restated in the appendix in our terminology.

The most interesting fact arises in the classical case: if we start
from a proper (non-binary) model, then we actually construct a principal
model. But a closed analytical formula is valid in a principal model iff
it is true (in the standard model). This fact is indeed formalizable in 44,
and, using completeness, we get the poverty theorems of C5.: if A is a closed
analytical formula which is 1-consistent w.r.t. AA (resp. Gt LC), then all
equivalents of 4 in A4 (resp. G*LC) are poor, that is we can prove cut-
elimination for proofs of these formulas in AA. This answers question
(Q,); As a corollary, every Godel sentence for G LC is poor, since it is true.

The poverty theorem may be stated as following:

Let A be a closed analytical formula; then
(1) either there is a false closed X} sentence B , such that G*LC + A—E 4,

(ii) or for every B such that G*LC + A~ B, CF("B") is a theorem of
AA (OF("B") is the local form of Takeuti’s conjecture for the formula B).

It follows from the answer to question (Q,) and (Q.) that it is very
doubtful that Takeuti’s conjecture for G LC might be of some interest in
order to prove independence results. (Most of set-theoretical independence
proofs involve constructions that leave the integers unchanged; so these
proofs are indeed proofs of relative 1-consistency at least; but for ana-
lytical statements which are one-consistent, the concepts of provability
and cut-free provability are practically the same; that is we do not know
much more from the assumption of cut-free provability than from the
assumption of mere provability.)

One can argue that the restriction to analytical formulas is criticizable;
however, we must say that: 1° Our results extend to formulas which are
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equivalents of analytical formulas; 2° One does not know any alternative
definition of “analytical” that would not enjoy similar “poverty” proper-
ties; 3° If we restrict to »-models, that is if we are in w-logic, then,
no analyticity conditions are necessary in order to prove the corresponding
form of the poverty theorem (but poverty is then /7}).

Let us conclude with a description of the way we can obtain an el-
ementary cut-elimination procedure for 4, given a proof of poverty of 4:
suppose we have a proof in M'LC of %(F,—~A) + %4; given any proof
of 4 in G* LC, there is a canonical way of finding a cut-free proof of ¥, —A4 ;
from a cut-free proof of F,—>A4, one gets immediately a (cut-free) proof
of 9(F,—A). Using a cut, one obtains a proof of ?4 in M!LC. Now, we
have an elementary normalization procedure in M*LC, so we get a cut-free
proof of ?A. Now, if we drop all ? and ! in the proof, we get a cut-free
proof of A. Similarly for M*LI and G*LI.

Aknowledgements. This paper owes much to Professor Kreisel.
System M LC was first introduced in order to answer questions of Kreisel
concerning the possibility of giving alternative proofs of results already
shown to hold in former versions of [1]; also, Kreisel suggested the existence
of some relations between M'LC and partial valuations.

I discussed some points in parts B and C with Professor Feferman.
The fact that the poverty theorem can be carried out in such a weak
system as AA was discovered in a discussion with him.

Professor Schiitte asked me a question concerning the possibility
of extending partial valuations for simple type theory (that is 3-valued
models) into Henkin general models. I was wrong in answering him this
was possible. -

However, if we consider the problem of cut-elimination with extensio-
nality axioms, then the corresponding 3-valued models can be “completed”
by an extensional one. In the proper 3-valued cases, then this model is
principal (see appendix)(?).

A. The three-valued predicate calculus

In the sequel, L is to be a first order language, with a distinguished
0-ary predicate letter | for absurdity.

A 1. Three-valued structures; classical case

Three-valued structures are defined in such a way that every closed
formula of L takes one of the “truth values” F,U,T (false, undeterminated,
true). In the general definition of structures, we identify #,U,T with the
integers 0,1, 2. So 3 = {0, 1, 2} is the set of the truth values.

(1) Added in print: recent improvements have been found by P. Pippinghaus.
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A three-valued structure M for L consists of:

1° A non-void set M = |M/|, the domain of M.

2° For every n-ary function letter f, a function M(f): M- M.
3° For every n-ary predicate letter p, a funection M(p): M"—3.
Moreover, we require that

4° M(|) =0 =F.

A.l.1l. DEFINITION. M is said to be binary if for every n-ary predi-
cate letter p and ¢, ...,¢, in M, M(p) (¢;,...¢,) #*1 (1 = U).

So, what we call binary structures, binary models, ... are exactly
structures, models, ... in the standard meaning.

L(M), the language of M, is obtained as usual by adding for every
¢ in M a new constant (0-ary function letter) ¢ to L.

A.1.2, Interpretation of L(M) in M:
— interpretation of closed terms:

M(c) = e,
M(ft, ... 8,) = M(f){M(ty), ..., M(t,)),

— interpretation of closed formmulas:

M(pt, ... 1,) = M(p) (M(t,), ..., M(t,)),
M(A—B) = sup(2 —-M(4), M(B)),

M(VzA) = inf (M(4,[&])),
ceM

M()4) =2 —M(A) (= M(A~ 1)),
M(A v B) = sup (M(4), M(B)) (= M("14-B)),
M(AAB) =inf(M(A), M(B))  (=M(7(T14v TIB))),

M(Az4) = 21118 (M(4,[e])) (= M(T\Vz14)).

A.1.3. Modal languages. If L is a first-order language, the modal
language ML associated with L is defined as following:

—the terms of M1 are exactly the terms of L;

— the formulas of ML are the formulas !4 and %4, where 4 is a
Sformula of L. (That is a formula of ML is to begin with ! or % and no other
occurrence of these modalities is to be found inside the formula). ! and
? will be called respectively necessary and possible.
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Interpretation of ML(M) in M:

ML(M) is the modal language associated with L(M). The interpret-
ation of the closed terms of ML(M) is defined as in A.1.2.; for closed
formulas, we define:

Me'A  iff M(A) =T,
Mt %4 iff  M(A) #F.

So !4 is valid in M iff A is true in M, while ?4 is valid in M iff A is
not false in M, that is iff A is true or undeterminated in M.

A.1.4. Sequents. A sequent is an expression I'+ 4, where I" and A are
finite sequences of modal formulas, that is of formulas of M L; A is always
to be non-empty. An instanciation of a sequent I't 4 is a sequent I 4’
obtained by substituting some terms ¢,,...,%, for every occurrence of
the variables «,,...,2, in any formula occurring in the sequent. We
suppose that all the trouble with free and bound variables is solved with
the help of some technical trick, and so we can speak freely about instancia-
tions. A sequent is closed iff every formula occurring in it is closed. Modal
formulas are identified with sequents I'F 4 such that I' =0 and
card(4) = 1. We shall not distinguish between I" + 4 and I+ A" if I
(resp. A’) arises from I" (resp. 4) by a permutation.

A closed sequent I'+ 4 of ML(M) is valid in M iff whenever every
formula of I' is valid in M, then one of the formulas of 4 is valid in M.

A (not necessarily closed) sequent I'F 4 of ML(M) is valid in M iff
every closed instanciation I'” + A4’ of this sequent in M L (M) is valid in M.

A 2. Three-valued structures: intuitionistic case

A.2.1. Notations. From now on, we shall use the Greek letters &, , =, ...
with indices if necessary as syntactical variables for the symbols ? and !,
and we define

and so on.
Now, we define three-valued topological structures.
Let H be a non-empty topological space, let H be the algebra

H=H, v, n, =, U, A),

where H' is the set of open subsets of H, and the operations u, N, = are
defined as follows: for any a, B<H’, aUB, anp are the set-theoretical union
and intersection, a = 8 = Int(faup), where Int is the interior, and [ is
the complementary. |_) and A act on arbitrary families of open sets (a;);r:

U (e;) is just the set-theoretical union of the family, and A (a;)
iel iel
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= Int(()(q;)) is the interior of the set-theoretical intersection of the
iel
family (a;);cz-
A.2.2, DEFINITION. Let H be a non-empty topological space. We
define H'' to be the set of couples of open sets (a, f) such that a = g.

A.2.3. DEFINITION. A (3-valued) topological structure M for L con-
sists of:
(i) a non-void topological space H,
(ii) a non-void set M = |[M],
(iii) for every m-ary function letter f of L, a functlon M(f): M" -M,

(iv) for every m-ary predicate letter p of L, a function M(p): M"—>H",
where H'' has been defined in A.2.2. We require M(_| ) to be (9, 9).

A.2.4. DEFINITION. The topological structure M is said to be binary
iff M(p) maps M" into the set of couples (a, a), ae H'.

Given a binary (3-valued) topological structure M, one can define
an (usual) topological structure M’ for L, by putting M’ (p) (¢1y ..., ¢,)=a
ifft M(p)(¢yy...,¢,) = (a,a). For the definitions and properties of
topological structures, see [7], Chapter X.

We define L(M), ML, ML(M) exactly as we did in Al.

A.2.5. Interpretation of M L(M) in M. Every closed term of ML (M)
is interpreted in M by a member of M, as in Al. Every closed formula
of L(M) is interpreted in M by a pair (a, ) of open subsets of H, such
that a = 8. If M(A) = (a, B), then we put

M(!4d) =a and M(%4) = 8.

For greater readibility, we define only the interpretation of the closed
(modal) formulas of ML(M).

I M(p)(M(t,), ..., M(t,)) = (a, §), then
M(ipt,...t,) =a and M(2pt...1,) =8,
M(s(AvB)) = M(EA)UM(EB),
M(£(AAB)) = M(£4)nM(£B),
M(&(A—->B)) = M(E4) > M(£B), .
M(&71A) = interior of §|M(EA)) = M(£(A—~ 1)),
M(&VzA) = \ M(£4,[3),

ce M

M(£324) = U M(§4.[3)).

ceM

An intuitionistic sequent is a séquent I't A such that card (4)= 1.
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The validity in M of a closed (not necessarily intuitionistic) sequent
is defined as follows: I'l4 is valid in M iff M M(&4) <« \U M(yB).

fdell nBeA4
A sequent is valid in M iff every closed instanciation in ML (M) of

this sequent is valid in M.

Classical structures are particular topological structures: suppose
H is a one-point topological space; then H'' has exactly three members:
(0,0), (9,H) and (H, H), which can be identified respectively with
F,U and T. It is trivial to verify that, modulo this identification, the
definitions of validity given in Al and A2 coincide in that case.

Remarks. 1° In order to formalize the use of topological structuress
one may think of a topological space as being given by a fundamental
system of open sets, and this system will be denumerable in general;
interiors are definable arithmetically in this fundamental system.

2° Other usual classical semantics for intuitionism such that Kripke
structures can be reformulated in the 3-valued case, with essentially the
same properties as topological structures. We have chosen the topological
interpretation because it is simpler to handle, but in an earlier abstract,
we have used 3-valued Kripke structures.

A 3. Theories; models

The definitions we are giving now are those of classical and intuitionis-
tic theories and models. We give a common definition for the classical
and intuitionistic cases; these definitions are to be read as follows:

— classically : structures are defined as in Al, and the sequents are
arbitrary ones,

— intuilionistically: structures are topological structures, and the
sequents are intuitionistic.
A.3.1. DEFINITION. A theory T, with underlying language ML is a set

of sequents of ML closed under instanciation. These sequents are the
proper axtoms of T,

A.3.2, DEFINITION. Let T be a theory, ML its underlying language-

A model of T is a structure M for ML such that every proper axiom of
T is valid in M.

A.3.3. DeFINITION. Let T be a theory, ML its underlying language.
A sequent of ML is valid in T iff it is valid in any model of T.

A.3.4. DrFiNITION. If T is a theory with a void set of axioms, then T
is called a modal predicate calculus. Modal predicate calculi are denoted
by MLI in the intuitionistic version, and MLC in the classical one.
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Now, we shall set up a deduction system for the sequents which are
valid in theories. The hardcore of this system is the deduction system
of MLI (or classically MLC). The description we give apply to both sys-
tems, classical and intuitionistic. However, the rules are to be read dif-
ferently, according we are in the classical or in the intuitionistic case:
we use I', A as syntactical variables ranging over finite sequences of
formulas; since we are not interested in the ordering of these sequences,
these sequences are just finite sets of formulas, with possibly repetitions.
A is supposed to be non-empty. In the intuitionistic case, card(4) = 1.
We define 4~ to be 4 in the classical case, and to be @ in the intuitionis-
tic case.

If ¢4 is a modal formula, I', £4 is the “union” of I" and {£4}, for
instance, if I' = {4, !B}, then I', £4 is {¢4, ¢4, |B}.

Similarly, £4, 4~ is the “union” of {4} and 47 ; in the intuitionistic
case £4, A7 is equal to {£4}.

Axioms

I'ra (if I'F 4 i3 a proper axiom of T),
EAFEA

1PL3P  for P atomic (1),
?1+EP  for P atomie.

Logical rules

Introductions Eliminations

I'vEA,, A~ , Ty EA;bA T, EA.rA
Treawa,), 4= =12 T, E(A,v Ay A
THEA,, A= TFEA,, A~ T, EA A ,

THE(AnAy), A= T e dpndgia  C =12

I'yEAVEB, A~ T'tEA, 4~ T, EBrA
I't§(A—>B), 4=’ T, §(A—>B)}ta '’
I'red, 4~ I, tA [t} 4
T eVzA, 4~ ® T, EVoAr4 '’
THEATE), A T, EArA
TFENzA, 4~ ° T, 3pAtA (-

(1) Variant: !AF! A for any A. This is equivalent.
(%) Restriction on variables: x not free in I', 4 (resp. I', 4-).
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Structural rules

Weakening
o 4 (classical only)
T, EArA’  THEA, A y)-
Contraction
I, EA, EAFA THEA, EA, A .
I, gAr4 ' TrEA, 4 (classical).
? b)
Cut

THEA, A~ T, EAFA
T'r4 ‘

Remarks. (i) The terminology used here (introductions, eliminations,
cut...) is familiar from the literature. See for instance Kleene’s Introduc-
tion to metamathematics (North Holland 1952).

(ii) If one drops all modalities in the above system, one get sequential
axioms and rules for intuitionistic (or classical) predicate calculus. There
are only minor differences between the (binary) system obtained and the
usual ones. One checks easily that the well-known “cut-elimination the-

orem” still works for this particular formulation of the usual sequent
calculus.

(iii) In usual (binary) systems there is no need to take as axioms
sequents, because every sequent can be replaced by a formula (namely,
replace A,,..., A }B,, ..., B, by (4iA ... AAd,)—>(BiA ... AB,). Now,
when considered as an axiom, every formula can be replaced by its universal
closure (the same holds for modal systems; if £4 is considered as an
axiom, then it can be replaced by & (univ.Clos(4))). In 3-valued systems,
a sequent cannot be replaced by a formula. More precisely, the best we

can do is to assume that all axioms are of the form £AFEB (see Lemma 1
of A.4.1). _

(iv) In the above formal system, the rules for absurdity are not
given, since ~]4 is to be an abbreviation for (4— ).

A.3.5. DEFINITION. A sequent is provable (or derivable) in T iff it
can be obtained by use of the above axioms and rules.

A.3.6. ProPOSITION. If a sequent is provable in T, then it is valid in T.
(Proof. Trivial induction on the length of derivations.)

A 4. The completeness theorem

A4.l. THEOREM. A sequent is valid in T iff it is provable in T.
Theorem A.4.1 is a theorem of elementary analysis. We shall reduce
it to the usual completeness theorem for (binary) predicate caleculi. On
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the other hand, observe that the definition of validity coincides with the
usual one in the case of binary models, and also that these models are
exactly models of the sequents ?P+!P for every atomic P; so A.4.1 implies
the (usual) completeness theorem.

Proof of A.4.1. Clearly, every provable sequent is valid.

Conversely, given a modal language ML, define J to be the (usual)
language with the same set of terms as ML, a,nd, for each n-ary predicate
letter p of ML, two n-ary predicate letters p* and p'.

A formula 4 of J is said to be positive (resp. negative) if all posmlve
occurrences of a predicate letter are occurrences of predicates p' (resp.p'),
and all negative occurrences of a predicate letter are occurrences of some
p' (resp. p').

Now, we give the inductive definition of the J-translation of a formula
of ML, which is to be a formula of J:

(Ept,...t,) =Pt ... 1, (g(A/;B)J) = (£4) A(EB)’;
(E(AvB)) = (E4)v(EB); (£QuA) =Qu(EA)Y (@ =V, 3);
(6(A—>B) = (84)'(£B)’.

Olearly, (£4)” is positive (resp. negative) if £ = ? (resp. & = !) and
conversely, every positive (resp. negative) formula of J is the J-translation
of some %4 (resp. !4).

We choose | ' to denote the absurdity in J.

If M is a structure for ML, then one can define a structure M’ for
J by putting |M’| = |M|, M’(t) = M(t) for t closed term, and

(1) M (pft,...t1,) = M(&pt, ... ¢8,).

(Of course, M and M’ take their values into the same space.) Observe
that MY satifies all sequents

(2) Pty ..t ptt 2,
and
(3) 1pft .8,

Conversely, every (ordinary) structure for J satisfying (2) and (3)
induces a structure for ML, with the help of (1).

For A = (&4,,..., E,4,) define 47 to be ((&,4.)7,...,(&4,))
Clearly, Mk I\ A iff MY satisfies IVI4".

One may suppose that all proper axioms of T are of the form fAFEB;
this is a trivial consequence of the following
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LeMMA 1. Let T'+A be a sequent of ML; then there are two formulas
EA and EB (with the same modality &) such that:

(i) I'tA is provable from EAFEB im MLI (or MLC if card(4) > 1),
(ii) EAFEB is provable from I't4d in MLI (or MLC if card(4) > 1),
(iit) the two sequents have the same class of models.

Proof of the lemma. (iii) is a trivial consequence of (i) and (ii).

(i) and (ii): let I't4 be !43,...,14}, ?4%,..., 142+!B], ..., 1B},
B, ..., 1B:.

Classical case: replace this sequent by !4, 242+!B!, 2B2, with

A* = conjunction of the A} (if there are no A}, take A' = | — |),

B* = disjunction of the B} (if there are no B}, take B = ).

Define A = A'A 7|B%, B = A?—-B'. The sequent !A}!B satisfies
(i) and (ii).

Intuitionistic case: the right-hand side is of the form 4= C; define
the A¥s as above, and let A be A'if £ = !, A2 otherwise, and B be 42—C
if & =1, 4'—-C otherwise; then the sequent £AFEB satisfies (i) and (ii).

If all axioms of T are of the form £AFEB, define T7 to be the theory
(with underlying language J), and proper axioms the axioms (&;4,)”—
(&;B;)’ for & A, B, proper axiom of T, together with the axioms
(%(P—P))’ for P atomic; we may assume that this set of axioms is closed
under substitution. | ' stands for the absurdity of 7.

LeMMmA 2. If IV} A7 is provable in T, then I'F A is provable in T.

Proof of the lemma. If I+ 47 is provable in T7, then there are for-
mulas C,, ..., C, such that C,,...,C,, IVFA”7 is provable in the logical
sequent calculus, and each C; is obtained from a proper axiom of 77 by
applying a finite number of universal quantifications (let us call such C;’s
universalisations of axioms).

1st case. No C, is a universalisation of an axiom (!P)’->(?%P)’ for
P atomic. Then the C,’s are neither positive nor negative. Consider a
cut-free proof of C,, ..., C,, I''FA7; since all subformulas of positive or
negative formulas are positive or negative, and all strict subformulas of
proper axioms of 7Y are positive or negative, and since every positive
or negative formula is the J-translation of some formula of ML, it is
clear that all sequents occurring in the proof are of the form D,, ..., D,,
ATHIF, where AFIT is a sequent of ML, and the D,’s are universalisations
of axioms of 7Y, distinct from the (!PF?P).

Now, we prove by induction over the length of a cut-free derivation
of Dy, ..., D,, A’HIT’ that A is provable in 7.

The proof splits into two cases:

(i) the new formula occurring in the conclusion of the last rule of
the proof is one of the D,’s, for instance D, . Except for the case of a weak-
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ening (which is trivial) the last rule must have the form

D,,...,D,, A'FIT’
V@D, ..., D,, AT’

(a)
or

By, Dyy ooy Dy, 7MY DY, .., D, AH(IT)T, 4,

(b) A,~By, D,, ..., D,, A7FIF

with, in case (a) D, = VaD;, in case (b), D, = 4,—B,.

In case (a), since AFIT is already provable by induction hypothesis,
there is nothing to prove. In case (b) let A, = (£4)’, B, = (£B’); then
EALEB is a proper axiom of 7; by induction hypothesis £B, AFIT and
IT-(A)~, EA are provable in T'; applying the cut twice, one gets that
AFIT is provable in T.

(ii) otherwise the last rule applies as well to the subsequents of the
sequents involved in the rule obtained by dropping everything which is
not a J-translation of a formula of ML; for instance, if the last rule is
of the form

Dy, ...y D, (AYHUTY
Dy, ...,D,, A'HIT7 ’

then by induction hypothesis, A'FII’ is provable in T'; now, by looking
to all the possible cases, one checks that

A'HIT
ARIT

is a rule of the modal predicate calculus. Similarly for two or zero prem-
ises.

2nd case. Some O,’s are universalisations of proper axioms (!P)’—
—(%P)7 of T7, with P atomic. Such O,’s are positive; we can apply the
first case of the proof to the sequent C;, ..., C,,, (I"")’+ 47, where O, ..., C
are those C,’s which are not umversahsa.blons of (!P)7—>(?P)’, and (I")J is
the sum of IV and of the other C,’s. Then we get that I"FA4 is provable
in T. Now observe that every formula occurring in I and not in I" is of
the form %Vx,... Vz,(P—P); since !P+?P is an axiom of T, I'F4 is pro-
vable in T.

Now, take any I'FA valid in, T; then IYFA” is valid in TY; using
the completeness theorem: “if A is valid in all models of T’, then A 1is
provable in T’” (for a proof in the intuitionistic case, with topological
models, see [7], pp. 422-423), it follows that IVFA” is provable in T7.
Now, by Lemma 2 I'tA4 is provable in Q.E.D.

2 — Dissertatlones Mathematicae 136
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A 5. The thinness theorem

Roughly speaking, the thinness theorem states that if we start with
a given 3-valued model, M, and form a new model M’ by giving some
determinated values to atomic statements which are not determinated
in M, then, the value of a formula computed in M’ does not contradict
its value computed in M. We state the theorem only for topological struc-
tures, since classical structures are a particular case.

Let H be a non-void topological space, and let H'' be as in A2. We
define the binary relation < on H" by (a, ) < (a’, ') iff a = '’ and g’ < 8.
This relation is an order relation, and can be read as “is coarser than?”,
while the opposite relation can be read as “is thinner than”.

Let M, M’ be structures for ML with the same topological space H.
A Dbinary relation < between |[M| and |M’| is called a thinness relation
iff

i) e<d; (e;e|M|, d;e|M')) (¢ =1,...,n) implies

M(fe,...c,) < M'(fd,...d,) for every function letter f,
and

M(pe,...¢,)< M'(pd,...d,) for every predicate letter p.

(i) For every ¢ in |M]|, there is a d in |M’| such that ¢ < d
and
for every d in |M’|, there is a ¢ in |M]| such that ¢ < d

A.5.1. THEOREM. Let M, M’ be structures for ML, and let < be a thin-
ness relation between M and M'; let A (®,, ...,%,) be a formula of ML;
then, for any ¢; in M and d@; in M’ such that ;< d; (¢ =1, ...,n),

M(-A-(EI’ AR | En)) < M’(A(ah RS Jn))’
that is

M(!A(,, ..., &) = M'(14(d,, ..., d,))
and
M (Y44, ..., d,)) =« M(24(G, ..., d,))-
Proof. By induction over the complexity of A: let us note ¢, d, the
sequences (c;), (d;).
(1) A is atomic; the result follows by (i).
(2) A is a conjunction or a disjunction; trivial.
(3) A is B—~C; by induction hypothesis, we know that:
M(!B(¢)) « M'(1B(d)) and M'(%B(d)) = M(%B(¢)),
.80 .
CM(1B(d)) = CM(!B(¢)) and M(?B(c)) = M'(?B(d)),
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and also that

M(!C(e)) = M'({C(d)) and M'(%C(d)) = M(¥C(c)).
So
(Baa( 3B o) M(t00)) < (2B @ UMl
and
(6™ (!B(@) LM (@) = (6M(!B(c)juM(IC(0))).

Similar inclusions hold for the interiors, so, recalling the interpret-
ation of implication, we get th? result for A = B—C.

(4) A is VaB; suppose ec|M|, fe|M’'|, e < f; then
M(!B(e, 8)) « M'(\B(&,f)) and M(%B(4,[)) < M(?B(c, ?)).
Now, by property (ii), similar inequalities hold for the intersections

() M(B(c, &) and ﬂ M'( (d, f)), and also for the interiors.

eeM

So the result is true for A = VzB.
(5) A is d#B; symmetrical to (4).

B. Three-valued analysis and cut elimination

B 1. The syntax

B.1.1. The syntax of second order arithmetic. The language L' of
second order arithmetic is built up from the symbols

— first order variables #, ¥, 2

— function and predicate letters f,g,...,p, q,... which represent
primitive recursive functions and predicates. We suppose that the absurdity,
equality, the zero, successor, sum, product, ... are among those functions
and predicates which are called PR functlons and pred1ca.tes,

— second order variables X, Y, Z,

— the binary predicate e.

The first order terms and the formulas are given by the followmg
inductive definition:

— a first order variable is a first order term,

— whenever t,, ..., t, are first order terms, so is ft, ..., ¢, (fis n-ary),

— whenever p is a n-ary PR predicate letter and t,, ..., 1, are first
order terms, then pt,, ..., %, is a formula, called a PR-formula,

— if ¢ is a term and X is a second order variable, then {e X is a formula,

— if A and B are formulas, so are AAB, AvB, A—B,
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— if A is a formula, # (resp. X) a first (resp. second) order variable,
then Vod, dzd, VXA, 3XA are formulas.

B.1.2. Abstraction terms. We define the abstraciion terms of L' to
be the expressions AzA (), where A is a formula of L', and x is a first
order vaiiable. A second order term is either a seconl order variable or
an abstiaction tezm. If 4 is a formula of L!, T is an abstraction term,
then the result of substituting every occurrence of some second order
variable X by an occurrence of T is not in general a formula of L, but
if we 1eplace every atomic part teT' of the expression obtained by the
formula B(t) ‘T = AzB(x), then we get a formula of L. This formula is
denoted by A(T). (Recall that 7 cannot occur in 4(T).)

If U is any second order term, and A (X) any formula, then A (U) is
to be:

— A(T) as defined above, if U is an abstraction term T,

— A(Y), defined as usual if U is the second order variable Y.

B.1.3. The modal calculi M'LC and M'LI. Define a logic-free
calculus of intuitionistic sequents ¢, as follows: the sequents are of the
form P,,...,P,rR, for P,,..., P,, R PR-formulas.

. AxioMs oF @. The axioms of @ are all the instanciations of the
following:

PrP  for P PR-formula,

— defining equations for PR functions ft, ...t = u,
- . . oy, ..., @,) =0Fpz, ...
— defining equations for PR predicates { Tt n
€ ¢ P p@y ... ®, = OFi(2y, ..., 2,)
=0,
— equality and successor axioms

te =2, o=y, P(a)LP(y),
Sz =O0+P, 8o =A8yts =y (P PR-formula) _|FSz =0.

RurLes oF Q. The rules of @ are the following:

— contraction, cut,

— left weakening on a PR-formula.

The modal langnage MIL!' associated with L' is defined as in A.
(That is the formulas of ML* are the !4 and the %4, for A formula of L'.)

Now, we give the definitions of systems M'LC and M'LI. M'LC
is the classical version of M!LI (“I” for intuitionistic). The symbols

I'y A, A~ are used in the same sense that in part A3. £ < » will stand for
(E = ? or n = !),

() AzA stands for “the set of z such that A (z)”.
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Structural rules. The same that in A3, but for formulas of ML The

right weakenings and contractions are permitted only in the classical
system M'LC.

Axioms.
(AX 1) EAFEA
(AX 2) EPyy ..., £, P, kR

for any P,, ..., P,, R which are PR formulas such that Py, ..., P, FR is
provable in @, and any &, ..., &, 7.

(AX 3) EPyy .y P, E(te X)Fn(ueX)

whenever Py, ..., P,, are PR-formulas such that P,, ..., P, tt=uis provable
in @, §,,..., &, are arbitrary, and » < &.

(AX 4) 511)17 e 5nPnH7(t€X)

where the PR-formulas P,, ..., P, are such that P,, ..., Pt _| is provable
in @, and §&,, ..., ¢§,, are any modalities.

(AX 5) teX)F?(teX) (particular case of (AX 3)).

Logical rules. The logical rules of M'LC (or M!LI) are exactly the
rules of A3 for v, A,—. The logical rules for 1st order quantification are
exactly those of A3 (if the variable x of those rules is nnderstood as being
a first order wvariable). We write out the logical rules for 2nd oxder
quantifications.

Introduction Elimination
I'ré4(X), A~ . I, EA(T)FA B
T'HEVXA(X), A~ ), I &NXA (X4 7

THEA(T), A= I, EA(X)+A
THEAXA(X), A~ ® I, E3XA(X)+4

Remark. In axioms (AX 2,3,4), the allowed choice of any modalities
for PR-formulas indicates that for purely 1st order formulas, we make
no difference between !and ?; that is the 1st order part of M*LC or M* LI
is binary.

The binary logical calculi @' LC and G*LI are obtained from M!LC
and M*LI by dropping all ? and !in the rules and axioms of these theories.
Or equivalently, since a three-valued theory is binary when %4 = !4

(*).

(1) Restriction on variables; X not free in (I, A~ or I, A).
(3) T is a second order term ; see the definition of 4 (T) in B.1.2.
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for all A, by adding the axioms ?(teX)-!(t¢X), which ensure ?4+!4
for any A (recall that !4+ %4 is provable for all 4 in modal systems).

Remark. The set of sequents 4,, ..., A,+B, where §,4,, ..., §, A, B
is provable in M'LI for some §&,,..., &, (one can always take & = I,
n = ?) is included in the set of theorems of G1LI; the reverse inclusion

is by no means elementary, as we shall see; similar remark for M'LC
and G*LC.

B 2. The semantics

We speak only about the intuitionistic semantiecs, since the classical
one is a particular case.

B.2.1. Structures. A structure M for @' LI consists of

— a non-void topological space H,

— a binary structure M, (with values into H) for the PR functions
and predicate letters; let M, = |M,|,

— a non-empty set M, for the interpretation of second order wvari-
ables,

— a function e, with domain M, x M,, such that, for every ce M,
Ce M,, €¢(c, C) = (a, B), where a and 8 are open subsets of H, and a = f.

Clearly, if e(¢, 0)= (a, B), then M(? ceC)= a, while M(! c<C)= 8.
Every rule of /' LI is valid in a structure except possibly

(i) the axioms (AX 2) and (AX 3),

(ii) the second order rules of V-elim and 3-introd.

B.2.2. Models. A model of G'LI is a structure satisfying

(i) the axioms (AX 2) and (AX 3),

(ii) for every closed formula VzA4 (x) of L!(M), there exists Cin M,,
such that for every ce M,, and modality & M(£A(¢)) = M(&ceC).

(Clearly, if AzA is a closed abstraction term of L'(M), we may choose

a particular C satisfying (ii), in order to extend the interpretation to
this term.)

B.2.3. Completeness theorem.
THEOREM B.2.3.

(i) The sequent I't A is provable in M*LI (resp. M*LC) iff it is valid
in every topological model (resp. classical model) of M'*LI (resp. M*LC).

(i) I'+ A {s provable in G*LI (resp. G LC) iff it is valid in every binary
topological model (resp. binary classical model) of G*LI (resp. G'LC).

Proof. (ii) is trivially deducible from (i), since binary models are
models of ?(teX)F!(teX), or equivalently of VaVX (reX>zeX).
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(i) follows from the completeness theorem of A.4.1, or better of its
straightforward adaptation to many-sorted theories. Now we show how
to eliminate the abstraction terms in order to reduce the problem to many-
sorted completeness. The abstraction terms can be represented as functions
letters of a certain kind: if AzA is an abstraction term with free variables
Yiy ooy Yny Y1y .0y X,, introduce the (n, m)-ary function letter #,, ,, with
values in type 1 objects together with the axioms

E(tf F‘ZA.tl e tnTl cv e Tm)I-EA(tl e t"Tl LI Tm’t)
and
AR ...t Ty ... T, t))&(teFy by ... 1, Ty ... Ty)

(here the terms T, ... T, are not abstraction terms, but are built with
the help of variables and the new function letters).

Every model of M'LI can be extended to the language containing
the new function letters (property (ii) of models), and satisfying the as-
sociated axioms. Now, from a proof containing the ¥, ,, one can get
a proof using abstraction terms by a straightforward argument. Similarly
for M*LC. Q.E.D.

B.2.4. Classical case. Let us describe briefly classical models and
structures.

M = (M,, M,, €) is a (classical) structure for M*LC iff:

(i) M, is a classical binary structure for the PR predicates and
funetions,

(ii) M, is a non-void set,
(iii) € is a mapping from M, x M, into 3 ={0,1, 2},
M is said to be a model if M is a structure and the following hold:

(iv) M is a model for the axioms (AX 2) and (AX 3). (So we may
take the interpretation of = to be the identity.) .

(v) for any closed VzA (x)eL!(M), there is ¢ in M, such that for
all ¢ in M, and & MkE(ceC) iff MEEA (T).

Remark. Essentially, a classical 3-valued model for G*LC does not
differ from a partial valuation in Schiitte’s sense ([8]).

B 3. Cut-free provability

A sequent of M*LC, M'LI, G LC, G* LI is said to be cut-free provable
iff there is a derivation D of this sequent in the system which does r.ot
use the cut rule.

B.3.1. DEFINITION. If I'FA4 is a sequent of G*LC, let I'*FA* be the
sequent of M'LCO defined by I = {{4; Ael'}, A% = {%4; Ae ).
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B.3.2. THEOREM. I'tA is provable cut-free in G*LC (resp. G*LI) iff
I'*rA* is provable cut-free in M LC (resp. M*LI).

Proof. Trivial induction on cut-free proofs.

The next theorem is the main result of this section.

B.3.3. THEOREM. I'tA is cut-free provable in G*LC (resp. G'LI) iff
I'*FA* is provable in M'LC (resp. M*LI).

COROLLARY. A s cut-free provable in G*LC (resp. GILI ) iff %4 s
valid in any classical (resp. topological) model.

(Compare with [8]: “A s cuit-free provable in GILO iff A is mever
false in any partial valuation”.)

The corollary follows from B.2.3 and B.3.3.

B.3.3 is consequence of the following theorem and of B.3.1.

B.3.4. TumorEM. If I'tA is provablg in M'LC (resp. M'LI), then
I'tA is cut-free provable in M*LC (resp. M'LI).

Theorem B.3.4 will be proved in 1st order arithmetic, with induction
restricted to 77 formulas.

The following lemmas are stated without proof:

LEMMA 1. For all A, !A+%A4 is cut-free provable.

LeMMA 2. If Py, ..., Pt = u is provable in Q@ (P, ..., P, PR-formulas)
and if L)FA(t) is cul-free provable, then, for any &, ...y &
I'(u), &Py, ..., E,P,FA(u) is cut-free provable.

LEMMA 3. Every instanciation of a cut-free provable sequent is cui-free
provable.

(The non-trivial contents of Lemma 3 concern 2nd order instanciation;
it suffices to prove that every instanciation of an axiom is cut-free provable;
this is easy from Lemmas 1 and 2.)

B.3.5. DEFINITION. The principal formula of a logical rule (and also
of weakenings and contractions) is that occurence of a formula which
is written explicitely in the conclusion of the rule (as the rules are written
in A3 and B1). The principal formula of a # -introd. or # -elim is always
to begin with ! or %" (A =aA,v, >, V,3).

B.3.6. DrFINITION. Let ?4 be a formula; a %A-test is a sequent
I't A such that I't 4=, ?A4 is cut-free provable. A weak ?A-testis a sequent
I'tA such that there is a cut-free proof D of I'tA~, %4, and either D is
obtained by weakenings from an axiom, or the last rule of D is an introd.
with %4 as principal formula.

Every weak ?A-test is an 94-test; if ?A eI, then I'tA is a weak
74 -test.

B.3.7. DrFINITION. Let !4 be a formula; a !A-test is a sequent I'F4
such that I', !4+ A4 is cut-free provable. A weak !A-test is a sequent I'tA
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such that there is a cut-free proof D of I', !AFA and either D is obtained
from an axiom by weakenings, or the last rule of D is an elim. with prin-
cipal formula !A4.

Every weak !A-test is an !A4-test; if !4 ed, then I'l4 is a weak
14 -test.

B.3.8. DEFINITION. Let A be a finite set of formulas (with repetitions);
we define £4 to be £A = {§4; EAdeA}.

B.3.9. DEFINITION. Let I't4 be a sequent. A sequent AFI7is said to
be a test (resp. weak test) for I't 4 iff !I' = A, 9?4 < II, and for every %4
in I, AFIT is an ?A-test (resp. a weak %?A4-test) and for every !4 in 4, AFIT
is an !A-test (resp. a weak !A-test).

Every weak test for I't4 is a test for I'tA. If I' < A, A < II, then
AHIT is a weak test for I'+A..

B.3.10. DeFiNITION. The sequent I'tA is said to be regular (resp.
weakly regular) itf for any test (resp. weak test) ArI[ for I'HA4,
then AFII is cut-free provable.

B.3.11. PROPOSITION,

(1) Every weakly reqular sequent is cut-free provable.

(ii) Every weakly reqular sequent is reqular (and conversely).

Proof. (i) Trivial, since a sequent is a weak test for himself.

(ii) Let I't 4 be a weakly regular sequent, and let AF/ be a test for
I'td. Let = {%4,, ..., %4,}, '4 = {!B,,..., !B, } (intuitionistic case:

=0 or 1) Let D,,..., D, (resp. E,,..., E,) be cut-free proofs of

AT, %A4; (resp. of A, !B;HII). Let us assume that the D’s and E;’s
have the following properties:

(a) the only rules before a weakening are weakenings or axioms:

(b) the immediate rule before a contraction of principal formula
£A is a logical rule with principal formula 4.

Clearly, given any cut-free proof of a sequent, one can get another
cut-free proof of it satisfying (a) and (b).

Fori=1,...,nm,j =1,...,m, define functions I; and I; from proofs
satisfying (a) and (b) and cut-free into N:

— if the last rule of D is an axiom, a weakening, or an introd.
with principal formula ?4; (resp. an elim. with principal formula !B;),
then 1;(D) = 0 (resp. (D) = 0);

— otherwise, if D arises from D’ by a rule, then ;(D) = [;(D")+1
(resp. (D) = ;(D')+1). Similarly, if D a.rises from D’ and D’, then
1,(D) = (sup(L,(D’), 1,(D")))+1 (resp. U;(D —(sup l;(D’ ), (D)) +1).

Now, we prove by induction over 2(1 —[—Zl ) that AHIT is
cut-free provable.



26 B. Three-valued analysis

Basis: [;(D;) = 0, I,(E;) = 0 for all i, j; then AFIT is a weak test for
I'tA; then AvIT is cut-free provable.

Induction step: 1,(D,) # 0 (the case I;(E,;) # 0 is symmetrical).

1° The last rule of D, is a contraction with principal formula %4,.
By property (b), this contraction follows an introd. (R) with principal
formula ?4,. Let A'HII’, %A, and A"'+II", ?4, be the premises of this
introd. (in the general case of a rule with two premises), D; and D, the
subderivations of D, ending with these sequents. I,(D;), [,(D;) <1,(D,). By
using appropriate weakenings, one can.find proofs D; and D; of A, A’}
I, %A, and A, A”FIT, 11", %A,, with the same I,’s as D, (i # 1), and simi-
larly for E;. Applying the induction hypothesis, one gets cut-free proofs
of A, A'HIT, II' and A, A"V, IT”. Applying introduction (R), one gets
a cut-free proof of A, A+II, IT, ?A,. Using appropriate contractions, one
gets a cut-free proof D;” of A+II, ?4,, and 1,(D;’) = 0. Applying once
more the induction hypothesis to D", D,,...,D,, E,,...,E,, one
concludes that AFIT is cut-free provable. -

2° Otherwise, AFIT—, %4, follows from A'F(II')~, 24, and A”F(II")",
?4, by the rule (R).

As in case 1° one can construct D;, E;, and D;, E;, and apply the
induction hypothesis to conclude that A, A'FII, (II')~ and A, A”}1I,
(IT"")~ are cut-free provable. (The only difference with case (1) is that
we have to take care of the intuitionistic case.)

Applying (R) to these sequents, one gets a cut-free proof of A,
AR IT, IT-. Appropriate contractions give a cut-free proof of Ak 71.

B.3.12. PROPOSITION.

(1) Regular sequents are closed under cut, weakening, and contraction.

(i) Regular sequents are closed under the logical rules for v, A and —.

Proof. (i) The only non-trivial case is that of a cut; let I't4 be
obtained from '+ A=, £4 and I', £AFA. We treat the case where § = %, the
other case being symmetrical. So, suppose I'+4~, 24 and I, 24+ 4 regular,
and let AT be a test for I'FA. We claim that AT is a test for I', 2AFA:
since A is already a test for I'M4, it suffices to show that ArIT~, %24
is cut-free provable; but ArII~, ?4 is clearly a test for I'tA~, %4, and.
since this sequent is regular, AFII~, %24 is cut-free provable and the claim
is proved. Now, if AFIT is a test for I'tA~, ?A, AFIT must be cut-free
provable.

(ii) The proof splits into two cases:

(a) !introd or ?-elim. We treat the case of a !>-introd. ( ?—elim
is symmetrical, and the other cases are simpler). Suppose I', A+!B, 4~
is regular, and let AFIT be a weak test for I'-!(A—B), A~. Let D be a cut-
free proof of I, !(A—-B)FA, as in Definition B.3.7. Then:
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— cither D ecomes by weakenings from an axiom, and we may assume
that !(4—B) is not the principal formula of any of the left weakenings
involved, since in this case AF// is already cut-free provable. Then the
axiom involved in D must be !(4—->B)F!{(A—B), so II =1II', !(A—-B).
On cheecks easily that A, ?A+!B, IT' is a test for I', 2A+!B, A~

So, A, ?AF!B, II’ (and hence A+!{(A->B), IT' = ArII) is cut-free
provable,

— otherwise the last rule of D is !—>-elim. So AFII~, 724 and A, !BHII
are cut-free provable. So AFIT is a test for I, 2A+!B, A , and since this
sequent is regular, ArIT is provable.

So I't!(A->B), 4~ is weakly regular, hence regular by B.3.11 (ii).

(b) %introd or !-elim. Let us treat the case of !—-elim. Suppose
't %4, A~ and T, !BF A4 are regular, et let AFII be a test for I, |(A—B)FA.

- One checks easily that AFII~, %24 is a test for I'F 24, A~ ; similarly,
A, 'BHIT is a test for I', !BFA. So AF%A4,II” and A4, !B are cut-free
provable. It follows that A, (4 —B)HT is cut-free provable. Now observe
that, since A+II is a test for I', (A —B)r 4, (A—B)eA. By contraction,
get a cut-free proof of ArIL.

B.3.13. DEFINITION. The sequent I'F A is said to be completely regular
iff every instanciation of this sequent is regular.

B.3.14. PrROPOSITION.
(1) Every axiom is completely regular.

(i) Completely reqular sequents are closed under the logical rules for

V and 3.

Proof. (ii) is proved similarly to B.3.12 (ii).

(1) Let us prove that (AX 3) is completely regular. (Other axioms
are simpler to handle). It amounts to show that whenever the PR formulas
p,,..., P, are such that P, ..., P}t = u is provable in @, then & P,, ...,
E.P,, EA(H)Fnd(u) is regular, for & = ! or 5 = ?. Let AFII be a weak
test for this sequent. We claim that I, AFIT is cut-free provable, with
Ir=¢§pP,.., P,

1° £ = %; then 5y = %, and IT = IT', T4 (u); also AF(II)~, 1A (1) is
cut-free provable and, by Lemma 2, I', A+ (IT)~, %4 (u) is cut-free provable;

2° 7 =, hence & = !, and A = A’, !4A(?); observe that A,!A(w)FIT
is cut-free plovable, so, by Lemma 2, A,!4(t)FT is cut-free pmvable'

3° & ="1!and n= ?; then !A(f)ed and %4 (u)ell; since I',14 (t)F A (%)
is cut-free provable (Lemmas 1 and 2), I, AFIT is cut-free provable.

Now, if & P;¢/, then & = 2, and A+ ?P;, IT~ is cut-free proved from
axioms 9,0Q,, ..., 7,Q,+F ?P;. For each such axiom we can apply the above
proof to I =&, Py,..., & 1 P; 1, 1@,y .- "7pr; EiriPir1y s &, P,; then we
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conclude that I, AFI] is cut-free provable; from this we get a cut-free
proof of I'¥, A, AF II, then of I'*, AFII, with I = A —{%4,}.

So, by induction on the number of £’s equal to ?, one shows that
II', AHIT is cut-free provable, and so is AFII, since !I'c A.

B.3.15. THEOREM. Every provable sequent is completely regular.

Proof. Straightforward induction on the length of proofs, using
B.3.12 and B.3.14.

Theorem B.3.4 is an immediate corollary of B.3.15, since every
completely regular sequent is regular, and regular sequents are cut-free
provable. ‘ _

COROLLARY. The consistency of modal theories M'LC and M'LI is
a theorem of elementary arithmetic.

Proof. Consistency means that some sequent is not provable. Clearly
F? | is provable iff it is cut-free provable, and this sequent is cut-free
provable iff F | is a theorem of the consistent calculus Q.

Remark. Consistency of M'LC does not mean that for no A either
94 or 27 A is not provable; in fact if A is provable formula of G'LC
which is absorbing (see part C), then we have a proot of 2?4 in M'LC,
while the non-derivability of ? 714 implies the consistency of G'LC.

B 4. Takeuti’s conjecture

Takeuti’s conjecture for G'LC and G' LI is the question: “Is every
provable sequent cut-free provable?”

B.4.1. TueoREM. Takeuti’s conjecture holds for G'LC and G'LI.

Proof. Let M = (M,, M,, €, H) be a three-valued topological model
for G'LI. Let M’ = (M,, M,, ¢, H) be the binary topological model
defined as follows: Let H' be the algebra of the open sets of H; then
e is a function from M, x M, into H’ x H'. If SeM,, then define two func-
tions !§ and %S from M, = |M,| into H’: !S(a) = n,(e(a, 8)) and
?8(a) = m,(e(a, 8)), where =, and =, are the first and second projections.

Define M, to consist of those functions € from M, into H’ such that:

(i) for all a,b in M,, M(% =b) < (C(a) = C(b)),

(ii) there is an S in M, s.t. for all @ in M,, !S(a) = C(a) = %8(a).

€ is just the application function: €' (a, 8) = S(a).

Now, define a thinness relation < between M and M’:

— for first order objects, a < b iff a is identical to b;

— for second order objects, S < C iff for all a in M,, !S(a) = C(a)
< %8(a).

In order to make sure that <{ is a thinness relation, we have to verify
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(1) a<< b and S < C implies M(aeS8) << M'(beC). Trivial;

(2) for all € in M, there is an § in M, s.t. § < C; this is jusi (ii);

(3) for all § in M, there is a C in M, s.t. 8 < C; take U == 8.

By the thinness theorem we get the following property:

(TH) Let ay,...,a, =a in M,, Cy,...,C,, =C in M}, 8,,..., 8,
=8 in M, be such that 8; < C; (i =1, ..., m), and let A(@y, ..., By,
Xy .oy X,) be a formula with no free variables other than those listed,
then

M(!4(a,8)) = M'(4(a,C)) and M'(A(a,0)) = M(24(a, 8)),

M’ is clearly a structure for G' LI satisfying the PR awmioms and equality
azioms. It remains only to show that M' satisfies comprehension.

Let A(a, C, #) be a formula of L'(M’), and let 8 be such that § < C;
then, by (TH), for all b in M,, M(A(a, 8, b)) < M'(4(a,C,b)).

Let C, be the function defined by Co(b) = M’'(A(a, C, b)). We claim
that O, belongs to M;:

(i) is fulfilled, since M’ satisfies the equality axioms,

(ii) holds, because, since M is a model, there is an 8, such that M(beS,)
= M(A(a, C, b)) for all b in M,; clearly 8, < C,.

Now, Theorem B.4.1 follows easily:

Intuitionistic case. Suppose A is provable in @' LI, where A is a closed
formula, and let M be a three-valued topological mcdel. Since M’ is a
binary model, 4 is true in M’, and, by (TH), possible in M. So we have
proved that A4 is possible in every 3-valued topological model, and, by
completeness, ?A4 is provable in M'LI.

Classical case. If A is provable in G* LC, then if M is a 3-valued classical
model (that is Card (H) = 1), A4 is true in M’, since M’ is a classical model
and, by (TH), A is possible in M. Applying completeness, we have shown
that 2?4 is provable in M'LC.

So we have proved Takeuti’s conjecture for sequents consisting of
one closed formula. For the general case it suffices to remark that, in
binary logie, I'tA4 is provable without cut iff the universal closure of
A=V A4 is cut-free provable. Q.E.D.

Remarks. 1° Everything in this proof (except the fact that M’ is
a model for the full comprehension) can be formalized in quite weak
subsystems of analysis.

2° This proof is not essentially different from the proofs of Takahashi
and Prawitz, provided we translate these proofs in a 3-valued model
theoretic language; this is discussed in the appendix. The proof of Tait
is essentially different from these proofs. A simplified version of Tait’s
proof, which is of independant interest will be given in C5.
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C. Applications to the metamathematics of cut-free analysis

In the sequel, we shall let D vary over C and I, when we do not want
to specify if we are in the classical or in the intuitionistic case.
Besides the already defined M'LD, G' LD, D-models, we shall define
a lot of D-concepts, which will become C- or I-concepts when necessary.
In C5, C6, only classical notions are needed, and the “C” will be dropped
everywhere it is possible.
C.0.1. DEFINITION.
(i) UAD is short for G*LD. .
(ii) CFAD is the cut-free part of UAD (= G'LD).
C.0.2. DEFINITION.
(i) We define the predicate N(w) (“x is an integer”) by
N(@):Ve(0eXAVy(yeX>8ye X)>neX).
(ii) Numerical quantifiers Vn, In (Vm, Im, ...) are defined by
Vnd (n) : V2 (N(2)—>A (2)),
dnd(n) : Ju(N(2)A A ().
(iii) The formula A4 is said to be analytical if all its 1st order quanti-

fiers are numerical.
(iv) Numerical abstraction An (Am,...) is defined by

inA(n): Ao(N(z)A A ().

(v) X3 (resp. IT9) formulas are formulas of the kind @,n,... @,n, A’
where A is quantifier-free, the @,’s are numerical, @; # @;,,, and @, = 3
(resp. @, = V). Z% and IT) formulas are analytical.

Induction is not provable in UAD. However, one can prove Vn(A (0)A
AV'm (A (m)—>A(8m)) —>A(n)), where Vn and Vm are numerical. It follows
that the induection schema is conservative w.r.t. closed analytical formulas,

C.0.3. DerFiNIiTION. AY (resp. A3) will denote the universal (resp.
existential) closure of the formula A.

For the next definition, remark that is always possible to choose
the set of PR functions and predicates of UAD (with their defining
equations) in such a way that any given in advance finite set of recursive
primitive predicates (depending possibly on the language and axioms of
UAD) is represented in UAD by PR formulas.

C.0.4. DEFINITION. Suppose we have a standard assignment A—"A4"
of Godel numbers for formulas (and also for terms, proofs...). Then
Provy 4p(®, ¥) (resp. Provgg,p(@, 9)) is short for a PR formula of langnage
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L! which expresses that # is the Godel number of a proof of the formula
with Godel number ¥ in UAD (resp. CFAD). UAD+ A" will be short
for the X° statement InProvy p(n, "A7). Similarly for CFAD.

C.0.5. DEFINITION. We define CFD by:
CFD("A™) : (UAD+"A"—~CFADV A"y (CFD(%) is 43).

(CFD is the local form of Takeuti’s conjecture for the formula A, when
formalized.)

€.0.6. DEFINITION.

(i) F, will be short for the formula VaVX (zeX »2eX);
(ii) A model of M'LC is proper iff it is not binary.

C.0.7. DErIiNITION. In the sequel we shall denote by 4.4 the subsystem
of UAC obtained by restricting V,-elim. and 3,-introd. to the case where
the term 7T is of the form AnAd, where A is either atomic, or I7] without
free second order variables.

(Roughly speaking, AA is Peano arithmetic with induction restricted
to II? formulas); notice that

— cut-elimination for M'LD is provable in AA,

— one can develop elementary model theory in AA, and prove (2 or
3-ary) completeness for M'LC and G'LC. More precisely:

Define a sequence (M") of models of M'LC, with the property that
they all have the same domains, definable in A4 by a PR formula, and
a A2 predicate VAL(n, a) which asserts that the modal formula with
Gédel number a in ML'(M") is valid in M™

Trivially, in 44, one cannot prove that VAL(n) is equivalent with
satisfaction in M". However, one can manage in order to have:

— for every closed &4 in ML', there is a proof in AA of

Vn(VAL(n, "EA™) oM, EAY),

— Vm(M*LCtm—Vn(VAL(n, m))) is provable in AA.

The second statement is a form of the completeness theorem.

From these remarks, it will be clear that many model theoretic
arguments are formalizable in AA4.

C 1. Poor and absorbing formulas
C.1.1. DEFINITION. The formula 4 is said to be D-absorbing iff every
model of M'LD which is a model of !4? is binary.
EXAMPLES.
1° If A is refutable in UAD, then A is D-absorbing (see B4).

2° Binary structures for M LD are exactly models of !F,. In particular
F, is D-absorbing.
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So, A is D-absorbing iff every model of M'LD which is a model of
142 is a model of !F,; using completeness, A is D-absorbing iff 143+!F,
is provable in M'LD. Using the rules for existence, one can give a new
XY definition of being absorbing:

C.1.2. DEFINITION. A is D-absorbing iff !4F!F, is provable in M'LD.

ABSORBTION LEMMA (provable in AA). Suppose A is absorbing; then
for any formula B, UAD+B—CFADtA —B.

‘Proof. 1° semantic proof (in 44): if A->B is not cut-free provable,
then one must find a 3-valued D-model of M'LD which is a model of
143, and which is not a model of ?BY. But this model is to be binary,
and B is not provable.

2° syntactic proof (in AA): G'LD is obtained from M'LD by adding
the sequents ?eXFlteX . Since !F,, HeXF!teX is provable in M'LD,
UADFB—->M'LDF(!F+%B), and, applying cut, MLDF(!AF?B). So
A—B is cut-free provable.

COROLLARY (provable in AA). UADtB iff CFADVF,—B.

Proof. If CFADFFy,—~B, then UADFF,—B, and, since UADFF,,
UADFB.

The formula N(¢) is D-absorbing: suppose !N(t); then !(FOA Vy(Fo—
—Fg)->Iy), and, since %(F,AVy(Fy—F,)), we get !F,.

C.1.3. DEFINTITION. A is D-poor iff ¢(F,—~A)F %4 is provable in M'LD.

E XAMPLES.

1° If A is provable in UAD, then A is D-poor (see B4).

2° Classically, ?(F,—A)F%4 is provable iff ?( 1F,vA)r? 4 is pro-
vable, and this sequent is provable iff 271 F,+ %4 is provable; so A is
C-poor iff A is possible in every proper three-valued C-model of UAC.
Equivalently, A is C-poor iff 714 is C-absorbing.

PoVERTY LEMMA (provable in AA). If A is D-poor, then CFD(A)
holds.

Proof. Suppose A is provable in UAD, and A is D-poor; then
?(F,—~A) is provable in M'LD, and, applying cut, %4 is provable in
M'LD, hence A is cut-free provable in UA D, that is A is provable in CFAD.

C 2. A candidate for synonymity

C.2.1. DEFINITION.

(i) The relation A =,B is defined by: A =,B iff %4+%B and
!BF!A are provable in M'LD.

(i) A =, B is defined by: 4 =,B iff A =,B and B =p4.
A and B are said to be D-congruent iff A =, B.
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LEMMA (provable in AA4).

(i) Let A =pB, and let F' be obtained from F by replacing some
occurrences of imstanciations of A by the corresponding occurrences of the
corresponding instanciations of B. (For instance, F = CvVzA(Sx) and
F' = OvVazB(8z).) Then F =,F".

(ii) If A =>pB, then A—B is a theorem of CFAD.

(ili) If A =5, B, and A is D-poor (resp. D-absorbing), then B is D-poor
(resp. D-absorbing).

Proof. Trivial.

D-congruence is a way of expressing that two formulas have the same
“meaning” from the viewpoint of cut-elimination, since congruent formulas
must have the same value in all 3-valued models.

Clearly, D-congruence is strictly stronger than provable equivalence
in UAD or CFAD.

Now we have in mind a vague notion of synonymity, roughly speaking,
two formulas are synonymous iff they literally express the same property.
Clearly, if synonymity makes sense, then this relation must be strictly
stronger than provable equivalence. On the other hand, it is reasonable
to assume that synonymous formulas have the same behaviour with
respect to cut-elimination (from a very elementary viewpoint), that is
that synonymous formulas are I-congruent.

In fact, there are many reasons, for instance:

— undecidability of =,

— the fact that classical cut-elimination is provable in A A for “most”
of the formulas (see C6) to be convinced that D-congruence is only an
approximation to synonymity. (See also [1].)

PROPERTIES OF =, (in 44).

1° =, is an equivalence relation stronger than provable equivalence
in UAD or CFAD.

2° If F and F' are built up from A and B in the same manner as in
the lemma above, then A =, B—F =, F'.

30
(i) AA(BvC) =;(AAB)v(AAQ),
(ii) Av(BAC) =;(AvB)A(AvO),
(iii) (AAB)—>C =; A—>(B-0),
(iv) (Av B)—>C =; (A->C)A(B—~0),
(v) AAA =;AvA =, A,
(vi) A~>(BAC) =;(A—>B)A(4—0),
(vii) A>VaB =,Vz(4d->B); A->VXB =,VX(A-B),
(viii) 3wd—>B =,Vz(4->B); 3IXA->B =,VX(A->B),

3 — Dissertationes Mathematicae 136
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(ix) VoAAB =;Vz(AAB); VXAAB =;VX(AAB),
(x) AAB =;BAA; AvB =;BAA, _

(xi) Vod-B =,32(4—B); VXA->B =,3X(4—>B),
(xii) 7114 =44, -
(xiii) (AAB)—>C=;(4A—->C)v(B—~>0),

(xiv) A—>(BvC)=,(4—+B)v(4—->0),

(xv) T1(AAB) =, T14v 7B,

(xvi) A—>B =q; 14V B,

(xvii) A—~JzB =;,3x(4>B); A—>IXB =,3X(A-B),
and so on; remark that (xii)—(xvii) are intuitionistic congruences if one
takes the double negations.

In particular, every usual step leading from a formula to its prenex
form preserves classical congruence. But it is important to remark that this
is not true for prenex analytical transformations, for instance, one may
give a counterexample to Va (4 (n)A B) =, VnAd(n)aB, taking A = | — |
and B = | : the left-hand side is poor, while the right-hand side is false
in every 3-valued model for M'LC.

4°TIf 't A and I''+ A’ are sequents of M' LD, such that I’ A’ is obtained

from I't 4 by replacing some occurrences of instanciations of A by occur-
rences of the corresponding instanciations of B, then

A =p, B>(M'LD(I'+ 4) o M'LD(I"+4')).

In particular, if F and F’ are as in 1° then A =, B—>(CFADWF
—-+CFADVF").

The properties of =, are quite similar; this is a preorder with associated
equivalence =, . The main property of =, is that, whenever A =, B,
and F and F' are as in 1°, then CFAD+F-—>CFADFF’,

Application to translations of connectives and quantifiers.

1° Classically, any of the usual translations preserves congruence;
so it is really correct to work on a fragment of the calculus, since every
property of a formula from the view point of cut-elimination can be obta-
ined by means of the similar property of the translation of the formula.

2° One may ask a similar question for the translations of A, v, 3
given essentially by Prawitz in the intuitionistic case. The answer is
negative, that is these translations do not preserve congruence: for instance,
let (Av B)’ be VXVw((A—meX)-—>((B—>weX)—>meX)); then clearly (4v B)’
is I-absorbing, while 4v B is not necessarily absorbing. However, Av B=-
=7 (Av B)’ and similarly for the other Prawitz translations; so, in 44,
we can prove cut-elimination for the Prawitz translation A’ of A, under
the hypothesis of cut-elimination for 4; but we cannot prove the con-
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verse (and it is only the converse property which would be interesting): for
instance consider the Prawitz translation B of 71d#( | — 1 ); the formula
B is poor, s0 we can prove cut-elimination for B in 4 4. But cut-elimination
for T1dw( | —_1) is not provable in UAC, since it implies consistency.
In other words, the “separation principle” does not hold elementarily
for Prawitz translations. Prawitz translations do not preserve classical
congruence, and we cannot use them for cut-elimination, even in the
classical case.

C 3. Syntactic conditions for poverty

Since poverty implies an elementary cut-elifnina;tion theorem, it
is interesting to list simple syntactic conditions which ensure that a
formula is poor. We consider only .D-poverty; we get C-poverty by drop-
ping the ~]™’s.
(i) If A is D-absorbing, then A—B is D-poor.
(ii) If A is D-poor, V24 and VXA are D-poor.

(iii) VnA (n) is D-poor (proof: by (i) N(x)—>A is poor, so, by (ii)
VnA(n) is D-poor).

(iv) If 4 is D-poor, then —1713wd, 71 1dnd, 71713X4, T171(AVvB)
are D-poor.

Proof (for 71713nd, T171(4Av B)). Suppose }(F,—~>A)F2%4 is provable
in M'LD; then ?7)Fy %4 (0) is also provable, as well as F2N(0), so, by
A and J-introd., 271, ¥3nd (n) is provable. Then 27171 T1F,v Ind (n))
F271713nd (n) is provable. Now, ~17}("JAvB) is D-congruent to
11(A4—->"171B), and ¥(Fy—>"1713nA(n))F2T171dnA(n) is provable.

Similarly, if A is D-poor, then ?7]F,?4 is provable in M'LD;
so, ¥(71F,v(AvB))-%(AvB) is provable; from this, we get a proof of
Y (Fo—>"1"1(AvB))F27171(AV B).

(v) If A and B are D-poor, then AA B is D-poor.

The most surprising fact about these conditions is certainly (iv):
in the classical system, if 4 is poor, then 3n4 and Av B are poor; how-
ever, in the intuitionistic system, the poverty of A does not imply the
poverty of Ind and Av B, since every provably recursive function of
analysis can be computed from cut-free proofs of existential formulas
dnd (n, P), and we can manage to choose 4 poor (by adding an unneccessary
universal numerical quantifier), and, clearly no cut-elimination procedure
for such a formula can be carried out in 4 4, unless the function is provably

recursive in A 4. Similarly for the disjunction, using provably recursive
predicates.
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C 4. Takeuti’s conjecture and Y-reflection
Let A(z) = AnP(n, ) be a universal X? formula. We define
Refl,(#) =g UADFA(Z)—>A(z) and
Refly (2) =4 CFADFTA(Z) A (%),
2?-Refl;, is the formula VnRefl,(n), while TCD is Takeuti conjecture
(TCD =40 ¥nCFD(n)).
THEOREM.
(i) AAFVnReflg(n);

(ii) There exists a PR function f (which is supposed to be among the
PR functions represented in UAD by a function letter) such that

A AV (Refly(fn) —>CFD(n));

(iii) AAFZ'Refl,, > TOD;
(iv) AAFTCD - VYnCFD ("A(fa)").
(i) states that Zl-reflection for cut-free provability is a theorem
of AA.
(ii) states that every particular case of Takeuti’s conjecture can be
obtained in 44 from a specific case of X?'-reflection.

(iii) states that Takeuti’s conjecture is equivalent in A4 with Z?-ref-
lection (recall that Z{-reflection is exactly 1-consistency of UAD).

(iv) states that the whole Takeuti conjecture is equivalent with the
part of this conjecture which is concerned only with X?-formulas.

Proof. (i) Suppose A (%) is cut free provable in UAD; then there
is a proof of ¥y (N(y)AP(y, %)) in M'LD. The sequent ?3y(AAB)+?3yB
is clearly provable in M* LD, so, applying cut, we get a proof of ?JyP(y, %)
in M'LD, and also a cut-free proof of 3yP(y, =) in UAD; such a proof
must be purely first order, and by II;-induction, we conclude that 3mP(m, n)
is true.

(ii) let B be a formula with Gédel number #; if B is provable in UAD,
then B is provable in a finitely axiomatizable subsystem UADY). Now,
Theorem B.4.1 can be proved in UAD for the subsystem UAD®. Sum-
ming up these facts, we get Vn (UADin—UADF CFADn)). Let f be such
that CFADtn— A(fn). Then Refl,(A(fn))->CFADn. So, Vn(Reflp(fn)
~CFD(n)).

(iii) by (ii) Z{-Refl,—~TCDj; on the other hand, TCD->Vn(UADF A(7)"
—~CFADrA(R)"), so, TOD—Vn (Reﬂg(n)aReﬂD(n)), and, by (i) ICD
—X)-Refl;,.

(iv) as in (iii), we see that VnCFD("A(fz)")~>VnRefly(fn), and we
apply (ii).
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Remarks. (i) was first proved by Kreisel and Takeuti [1]. The
essential step is to pass from a cut-free proof of AnQ(n) to a cut-free
proof of IxQ(w), and, if we use usual methods, this may be quite long in
the classical case. The use of modal sequents makes this step completely
trivial.

Kreisel and Takeuti have shown also (ii), (iii) and (iv), with 7CD’
instead of 7CD, where TCD' is Takeuti’s conjecture for prenex analytical
statements.

The results of C5 will give a new proof of (ii), (iii) and (iv), provided
we restriet TCD to TCOD", where TCD" is Takeuti’s conjecture for formulas
which are equivalent to an analytical formula.

C 5. Cut-elimination in the classical case

From now on, we speak only about classical systems; so we allow
the C in the end of CFC, CFAC, UAC to be dropped.

First, let us restate the proof of Theorem B.4.1 in the classical case:
We start from a given 3-valued model (M,, M,, €), where M, is binary.
For any 8§ in M,, define two subsets !§ and %8 of M,, -as follows:

ES = {we My: MEEzeS}.

Now, the binary model M’ is defined as follows: M’ = (M,, M,, ),
where e is the standard e-relation, and M, is the subset of 2 (M,) consisting
of those subsets € of M, which satisfy !S =« C = %8 for some § in M,.
Now, we can prove that Mkr!A—-M'FA and M'FA—-Mk?A for every
closed A, and also verify, using full comprehension that M’ is a model
for UA.

Let us look again to M’; in fact two cases ocecur:

(i) M is already binary; then there is nothing to prove,

(ii) Mis a proper model; in that case, we claim that M’ is the principal

model with first order part My: let Ty be AxF'y; then !Ty =) while ¥Ty = M,;
looking’ ‘back to the definition of M, 1, We see that M, = 2(M,).

Let us call M; the principal model with first order part M,. Then,
we have proved that, whenever A is true in M, , then A is possible in
every proper three-valued model M with first order part M,. Moreover,
if 4 is analytical, 4 is true in M, iff 4 is true (in the standard model).
So, for closed analytical statements, we have a proof of 4 ‘A is possible
in every proper three-valued model”, that is A +‘A4 is poor”.

Now, we formalize this informal proof in A4.

C.5.1. TEHROREM. Let A be closed analytical statement; then

(i) AAFVM (M is a proper model— (A—Mt"34%)),
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(ii) AAFA—>Poor("A™) (where Poor is a Zi-formula which is an arithme-
tization of (classical) poverty).

Proof. (ii) follows from (i) by completeness (locally provable in AA4).

(i) Let M be a proper 3-valued model; define S <5y X (for § in M,,
X second order variable) by Vn((Mk!meS—>neX)A(neX—>Mkel)).
If 8, X are the sequences S,,...,8;, X,,...,X,, then 8<, X stands

i<q

Now, for every analytical A(w,,...,z,, X), with no other free
variable, one gives a proof in A4 of (TH,) = VMVn, ... n,VSVX (M is
a proper model AS <pX—>(Mk!A(my, ..., 7, 8)>A(ny, ..., 0y, X))A
AA(ny, ..., 0y, X)>MESA(ny, ..., 1y, §)))

1° 4 is atomic: P, ... t,; one can prove Vna,...n,dk; (t;(ny, ..., n,)
= k;); and also Mk %Pk, ... k,—Pk, ...k, for all numerical %, ... k,, that
is by induction over %, ... k,. Now, TH , follows trivially.

2° 4 is atomic: te X;: similarly to 1° using the fact that S, <,; X;.

3° 4 is BAC; then THzaTH,—~TH ,.

4° A is T\B; then THz—TH,, since if Mr!C—>C—>Mk:20C, then
ME!T1C—>"1C—->ME27]C.

5° A is VnB(n); let us drop the auxiliary variables in A. First remark
that A4 is poor, so 4 is possible in M (since M is not binary). On the other
hand, suppose ME!VaB(n), that is ME!Va(N(x)—>B(x)); remark that
Vn(MEIN(m)) is a theorem of AA, and conclude that Va!MEB(7);
it follows by TH, that VaB(n).

6° 4 is VXB(X); we drop the auxiliary variables; first, if ME!VXB(X),
then ME!B(S,), where S, is an interpretation of AzF,; since M is proper,
VX (8, < pX), and, by THy, one concludes that VXB(X); on the other
hand, suppose that VXB(X) holds, and let Se M,; define X = {n; N(n)A
AMr(meS)}; the existence of X is provable in 44, and clearly S <, X;
s0,by THg, B(X)—>ME 2B(8S). Conclude now that VXB(X)—+ME?VXB(X).

7° other connectives are unnecessary, since one may first prove
the theorem for translations, and use the fact that translations preserve
congruence.

Theorem C.5.1 may be obtained from a more general result applying
to arbitrary formulas. If M is a three-valued model, and 4 is a formula
with parameters in M,, containing no free 1st order variable, define
AM a5 follows: (Pt ... t,)™ = MEPt, ... t,; (teX)™ = M(1)eX;(AAB)M
= AMABM; (1AM = 14M; (VzA)M = Va(a,e Moe(A(a))M); (VxA(xO™
= VXA(X)™. Then AM depends only on M,.

C.5.2. LEmMMA. If A is a closed analytical formula, then AMe—A is
provable in AA.

The proof is trivial; A™ says that A is true in the principal model M; .
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C.5.3. THEOREM.
(i) If A is a closed formula, then A AN M (M is proper—~(A™ —-~Mkr4) .

(ii)) Suppose UA+A—B, B is analytical and A 1is closed; then
UAFA—>Poor("4").

Proof. (i) is proved in the same way as Theorem C.5.1, using an
appropriate induction hypothesis.

(ii) one may suppose that B is closed and analytical. By (i), if M is
proper, then A™—>Mk %4 ; now, rewnark that UAFC—UAFC™ (by induction
over proofs of C). So AM—BM is provable in UA. But, since B is a closed
analytical statement, BM— B, so AM«~B is provable, and since A« B
is a theorem, we have a proof in UA of AM— A. So A—-~Mk?4 for every
proper M, and we conclude that A->Poor("4").

C 6. The poverty theorem

PovERTY THEOREM (1st form). There exists a PR function which

associates to every closed analytical formula A a closed X formula E , such that
(i) AAFE  —CF("A").

(ii) AArA—E .

(iii) If A is a closed X2} formula, then AAFE A,

Proof. Take E, = Poor("A"). (i) and (ii) follow respectively from
the poverty lemma (C1) and C.5.1.

(iii) If A is closed and X?, then we can prove A—~CFAF A", which
is the arithmetization of the fact that every true X} formula is provable
in elementary arithmetic, hence provable in CFA. Now, CFAL"A"
—~M'LCF%4, so CFAlF"A"—->Poor("A"). Conversely suppose A is poor;
then we have a proof of 2 |F %4 in M'LC. Then one can show that
A is provable in UA: either we use Lob’s theorem [2] since poverty of
A implies reflection for A, or we interprete M'LC into a binary language
L' whose second order domain is the set of pairs (X', X%), with X' « X*
and two erelations ' and ', defined by te&(X', X') = te X% as we did
for the completeness theorem (A4).

L’ is interpretable in UA, and, from a proof of ?T1F %4, we get
a proof of TVX'VX!(X'c X’—»X’»X’ )k 32 (N’ (w)A B(z)), where B(w)
is the quantifier-free part of 4, and N'(z) = VX'VX' (X’ c X'>(0eX'A
Avy(yex'—>3yex')->mex’))

Since the premise of this sequent is provable in UA,3z(N’(z)A B(x))
is provable in UA. Now observe that N’(z)—~N(z), and conclude thatl
UAFA.

Since A is provable in UA and A is poor, then -4 is provable in CFA.
By ZX)-reflection for cut-free provability, A is true. So Poor("4")—A.
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Let 8 be a system for analysis; call a formula A 1-consistent with
respect to S iff the following is true: for any closed X} formula B, if
A—B is provable in 8, then B is true. If 8 is 1-consistent, then 4 is
1-consistent with respect to S iff Su{d} is 1-consistent.

PovErTY THEOREM (2nd form) (under the assumption of 1-consist-
ency of UA).

(i) If A is a closed analytical formula which is 1-consistent with respect
to AA, then A is poor. In particular, Takeuti’s conjecture for A is provable
in AA.

(ii) If A is a closed formula which is provably equivalent in UA to an
analytical formula, and if A is 1-consistent with respect to UA, then A is
poor, and Takeuti’s conjecture for A is provable in AA.

Proof. (i) Since A is 1l-consistent with respect to 44, from
A->Poor("4A"), we conclude that Poor("A™) is a theorem of PA. Using
metamathematical Z}-reflection, one concludes that A is poor. Now,
if A is poor, then this fact is provable in elementary arithmetic, hence
in AA. Now apply the poverty lemma.

(ii) is proved similarly.

Remark. If A is a true analytical statement, then A has no false
Z) consequence in AA or even in UA. So we have a proof of CF("4")
in AA. For instance take A to be any instance of the axiom of choice,
dependant choice (if we assume that these axioms are true; but this does
not matter, since we know that they are 1-consistent) then we have an
elementary proof of Takeuti’s conjecture for A. Since most of relative
consistency proofs are indeed 1-consistency proofs, it seems doubtful
that Takeuti’s conjecture may have some interest in order to make
such proofs.

Now, there are plenty of 1-inconsistent statements which are poor,
for instance every false II)-formula. However, one can state the

PovERTY THEOREM (3rd form).

(i) If A is a closed analytical formula, then A is 1-consistent with respect
to AA iff every closed analytical B (resp. every closed B) such that AA+A«— B
18 poor. \

(i) Similarly with UA instead of AA.

Proof. (i) let A be 1-consistent with respect to AA. If B is any equiv-
alent of A in 44, then B is also 1-consistent, and one may apply one
of the preceding theorems, or a slight modification of it. Conversely if
every analytical equivalent of 4 is poor, let A’ be a XY consequence of
A in AA. Then A is provably equivalent to (AAA"); so (4A4') is poor,
that is § 1F,+ 2(4AA 4’) is provable in M1 LC; as a consequence ? T[F,F 14’
is also provable. Now, (Poverty Theorem, 1st form, (iii)) A’ is poor iff A’
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is true. We conclude that A’ is provable in AA4. (ii) is proved in the
same way.

COROLLARY.
(i) Gidel sentences for UA and CFA are poor.

(ii) every Godel sentence of UA is a Godel sentence of CFA and
conversely.

Proof. For the definition of Godel sentences for a formal system F,
see [1].

(i) A Godel sentence for UA or CFA is necessarily true. So, such
a sentence is poor, since a Godel sentence is provably equivalent to
a II? formula. (ii) As a consequence, for these Goédel sentences, they
are provable iff they are cut-free provable, and this can be shown in A A4,
hence in UA. So, (UAF"A") is provably equivalent to (CFAFA™).

Remark. The corollary appears in [1] in the course of the study of
Godel sentences. Although the authors make an essential use of the
poverty theorem (recorded as II.2.1 in [1]), they had previously proved
this corollary in the case of 17} Godel sentences.

The poverty theorems give a very simple proof of Takeuti’s conjecture
for formulas which are provably equivalent to a closed analytical formula,
from X}-reflection: let A be such a formula; then UAF(A—>Poor("A™)), and
also UAt ( UAF (4 —>Poor("A"))‘). Now, we conclude that UAFUAFA"
—~UAt+Poor("A7)7). 8o, UAF (Z7-Refln UAF"A™ »Poor("4")), since poverty
is Z). Now, Poor("A" ) AUAF"A"->CFAF"A" is a theorem of U4, so
UARZ)-Refl >CF("AM).

Appendix

Here, we discuss briefly the proofs of Tait, Takahashi and Prawitz.
We consider also what happens for type theory and w-logic.

1. Tait’s proof [9]

(Evidently, we discuss the proofs in our terminology.)

Most of the proof is contained in the last half-page (p. 983). He starts
with a proper 3-valued model M = (M,, M,, ¢), and considers the binary
model M’ = (M,, M;, ), where ¢ is the standard e-relation, and M; is
an arbitrary subset of 2(M,) closed under comprehension, and containing
the set M?, defined by M?= {!8; S M,} (recall that IS = {ce Mo/ Mk!(ceS)}.
‘But he does not use anything like a thinness relation between M and M’,
that is he proves that, if § = 8y, ..., 8, and 8 =18,, ..., !8, (so S,¢ M,
'8;¢ M), then Mkr!A(S)>~MFA(!S)>Mt24(8), by induction on A.
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But, since the relation !§ = C is not a thinness relation, the induction
hypothesis breaks down for A = VXB(X), that is he cannot infer directly
MeWVXB(X)->M':EVXB(X), from MEk!B(S)—>M'EB(!8), since there are
presumably some C in M, which are not of the form !S. What he does
in p. 981-982 is to replace the formula B(X) by a formula of no greater
complexity BX.¥Y which does not depend on X; the properties of BX:Y are
the following:

(*) G' LCH(BXY I B(X)),
(**) M'LCH(?T\F,, VXB(X)F!BXY),

and the induction step for VXB(X) follows trivially from (*) and (**).

The use of BX:Y is of course unnecessary if we take a good induction
hypothesis; however, the existence of such a formula is of independant
interest, and we explain the construction; in fact it is simpler to define
also a formula BX-3, with the two properties:

(*) G'LCH(B(X)FB%3),
(%%)’ M'LCH(% 1 F,, ¥BX?+11XB(X)).

If A is atomic and distinct from e X, then 4%? = A, (1e X)XY = | ;
(teX)X2 = (0 = 0), (AAB)TQ = (ATQA(BXQ); (T14)¥Q = T|(4%2);

(Q'zAYS? =Q'z(A%9) and (Q'YAYX? = Q' Y (A%?) (Y distinet of X, Q’
arbitrary quantifier). Then (**) and (*#*)’ are easily obtained from proofs of

M'LOH(371F,, !B(AnFo)F!BXY) and M'LCH(?7\F,, IB*3+ IB(iwF,)).

Roughly speaking, the existence of BX*Y says that if a formula VXB(X)
is necessary in a proper model, then the occurrences of X are not useful
in the computation of the formula, and we can remove them, and still
have a necessary formula.

2. Prawitz’s first proof ([4])

The idea of Prawitz is to start with MY (as defined above), and define
second order domains M, by transfinite induction:

(%) M3 — Def(M7),
(%) M=\ M; for limit 1,
a<i

where Def(M7]) is the set of subsets C of M, s.t. there is a closed term
AzA (with parameters in M, = (M,, M{, ¢)) such that C = {ce M,;
M_.A(c)}.

Obviously, for some B,, the construction must be stationary; so
M’ is defined to be MB,, and clearly M’ is a model of G' LC.
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Since Prawitz does not use thinness conditions explicitely, he gives
pames for the objects of M’ in M, without changing M significatively,
but this amounts exactly to give thinness conditions. Then he shows by
induction on a that M and M, satisfy the thinness theorem, and this also
show that for each level a the elements of Def(M,) are “between” some
1S and %8, for an § in M,, and this is essentially what we need in order
to have a thinness relation between M and M,,,.

We think that this proof is less informative than Tait’s, essentially
because the binary model constructed here depends on M?, while in Tait’s
proof, the binary model can be taken principal.

3. Prawitz’ third proof ([6])

This is a proof of Hauptsatz for G* LI. The proof involves essentially
what we would call a three-valued Kripke model. (K is a 3-valued Kripke
model iff K is set of classical 3-valued structures indexed by an ordered
set, and satisfying monotonicity conditions for domains, necessity and
possibility of atomic formulas.)

4. The w-rule

The w-rule obtained by considering only formulas with no free 1st
order variables, and, for instance in M'LC, the V-introd rule

.THEA(R), A ...
't &Nz A (), A

(n < )

while the V-elim rule is restricted to closed first order terms.

Now, deducibility in w-systems o-G'LC, w-M'LC is II}, as well
as poverty.

The models are the same as in part B, except that M, is now the
standard structure 3 for the integers. Cut-elimination for w-M'LC is
a theorem of w-G'LC, as well as completeness for w-M'LC. Now, if we
complete a model for w-M'LC, then we get the standard model. Since
this proof is easily carried out in w-G'LC, we conclude that

w-G‘LGI-A—>(w~Poor(’A")) for every closed formula A.

(Trivially, one may replace w-G'LC by an essentially weaker system.)
Now, if A has no false II;-consequence, then w-Poor("4") is true, hence
provable in w-G'LC, and the statement «-CF("A") is also provable in
this system (indeed in a quite weak system of w-logic).
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5. The simple theory of types

Prawitz ([5]) and Takahashi ([10]) gave proofs of cut elimination
for the simple theory of types. These proof essentially use

(i) Schiitte’s theorem about valuations,

(ii) the construction of a binary model of type theory, together with
a thinness relation defined at each type. However, the model they construct
can be non-extensional (the reason is that for instance there may be an
object C*® of type 2 in the model s.t. [(ArxF,)eC? while for a certain C'
!73(C*eC?). So, they have to introduce new sets at each level, and also
keep the information “from which element in the 3-valued model is this

set introduced”. The relativization of this proof to @' LC yields essentially
the proof we have given in B.4.1.

But, if we consider the problem of cut-elimination in extensional
simple type theory, we have to consider the rules
I (X eTHYE X UHY, A T, U X e UYHE U X T, 4
I, (T e Y ) (U e Y2, A
which are completely regular, (X* not free in I', 4, T, U).

Now, if we start with a model of these rules, then, we get an extensional
model: for each i, define & and 8 C* by !18° = 8% 8°<C° = (8° = (")
ESHH = {0%; 38° in M, 8° < C° and MEFE(S8e ST},

S O = VEVCOH (8 < CF>M(8'e 8§47 < (CPe CHY)).

Then < is a thinness relation, if we define the ith domain of M’ to consist
of those Cf such that 8° < € for &% in the ith domain of M. The only
non-trivial point is to show that for all 8 there is C¢ such that 8¢ < C*
(this is this point which fails in the non-extensional case): indeed, choose
= 18%. Suppose i=j+1, and let Mt!(87¢8%); then if §7<< (7, (V! 8.

If M'E(C7e8%), that is (7e8?, there is a T7 such that ME!(T78Y)
and T < ¢/, Let 87 < ¢7; then Mk %(T/= §%) (where = is the extensional
equality). So, by the extensionality rule, Mk 2(8%¢S?%).

Now, if we start with a proper model, we construct a principal model,
that is level 7 4-1 is the power set of level . Now if we consider analytical
statements (in the sense that quantifiers of type ¢ are restricted to
9( ... (2(N)) ) (¢ times), a closed analytical statement which is true
is poor (and this extends to formulas which contain abstraction terms,
provided these terms are restricted to some iterated power set of N),
and this result is indeed provable in extensional simple type theory,
that is, with obvious notations;

E—-G°LC+A—-(E—M°LC)-Poor("A") for any closed A

whose quantifiers and abstraction terms are hereditarily restricted to N.
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