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Introduction

This paper deals with order relations in the set of probability distri-
bution functions (p.d.f.’s) or equivalently in the set of random variables
(r.v.’s) and their applications in queueing theory. Some desired proper-
ties of order relations in the set of p.d.f.’s are defined and families of re-
lations <, , and <, , are investigated. The relations <, ,, <, , are defined
for a non-negative integer n; for n > 1 they are weaker then the stochastic
ordering relation and for » =1 they are equivalent to the stochastic
ordering relation. For a given n there exist extremal p.d.f.’s with respect
to the relation <, , in the set of p.d.f.’s having the first » moments in
common. '

The first chapter is technical nature. Some families of functions

. (n-monotonic functions) are defined and their connections with the theory
of T-systems [17] are investigated.

In the second chapter order relations in the set of p.d.f.’s are consid-
ered and families of relations <, ,, <, , are defined. There are given some
sufficient conditions for <, , or <, ,. Specially interesting cases forn = 0
or n = 1 are analysed in more detail and conditions for ¥ <, ; M, where
M denotes the negative exponential p.d.f., are given. Next, isotonic op-
erators with respect to the relations <, , and <, , are considered.

The third chapter deals with theorems about order relationships
of GIV|Q[1, GI®|MW (1, M®|G¥[1 queues.

The fourth chapter deals with bounds for the mean waiting time or
the mean queue size for some particular cases of GI®) /@" /1 queues. Some
other applications. of the considerations of chapter 2 in queueing theory
are considered.

Finally, in the appendix, there is given an elementary proof of the
well-known theorem (see [17]) about extremal p.d.f.’s of the functional

JpdF when the p.d.f.’s run over the set of all p.d.f’s (or the set of all lattice
0

p.d.f.’s defined on non-negative integer numbers) with common first
or with common first and second moments, respectively.

In the references a large bibliography is given.

For convenience we shall use the .following notation:

My, — the m-th moment of a p.d.f. F,



(i Introduction

mp — the first moment of a p.d.f. F,

of  — the variance of a p.d.f. F,

%4(w) — the indicator functions of a set A,
As«B — convolution of p.d.f.’s A and B,
A*™ — m-fold convolution of a p.d.f. A4,

0, ov<a,
60(‘”) =
1, a2>a.
If a p.d.f. F is of the form
F(m)=21’i64(w)v 2:;=20, 1=0,1,.., 2?4=11
i=0 1=0

then we put

= ] (= <]
[ B*2aF () = 3 p,B*,
0 1=0
where B*® = 4§,.
The sequence of p.d.f.’s F,, is said to be weakly convergent to a p.d.f.
F if p.d.f.’s F, are pointwise convergent to the p.d.f. F for all points of

continuity of the p.d.f. F (we denote it by F,~>F or w—limF, = F).

The author wishes to express his gratitude to J. Lukaszewicz for his
stimulation and encouragement. The author is also grateful to D. Stoyan
for helpful discussion while the work was in progress. The idea of the proof
of theorem A.2 was suggested to me by B. Kopocinski.

1. n-Monotonic functions on (o, «)

Let #; (#;) denote the set of all strictly increasing, differentiable
funetions G satisfying '

(L.1) Jlola (@) < o0, @(—o0) =0

(_f 2"dG(2) < 00,G(0) = a5 < o),

where 7 is a non-negative integer number.
Condition (1.1) is equivalent to the condition

] C”v & T
[ f f@(m,)am,...dm,,<oo

G I

Zn

(ag — G (@) dw,...do, < o0).

oc
2

z



1. m-Monotonic functions - 7.

Further, let us define for a positive integer » the following families
of functions:

12) &5 ={o(-): o(@) = f " sz(m,)dml.'..dmn, Gt}

&z ={o(): plo) = fw f f(aG—G(ml))dml...dw,,,Ge.l(,*,‘}).

For n = 0 we put
Fi = M (S5 = {p(-): ¢(3) = ag—G(z), Ge A{}).
Notice that {#,},50 ({£7}am0) i8 & decreasing family of sets. In the

set £t (¥,) we define the sequence of functions ¢, as being convergent

to the function ¢ in =>(=»>) topology if the corresponding functions @, from,
(1.2) are wea.kly convergent to some function G and -

(1.3)  lim f 2| dG, (2 f 17|"dG (2) < oo

k-

(lim f o"d@, (1) = j 2" dG (@) < o).

k—»ooo
DEFINITION 1.1. A function ¢ is said to be an n-increasing function
(n-decreasing function) if it belongs to the closure of the set & (%, ) in

*»(=>) topology. We denote the set of all n-increasing functions by ¥}
and the set of all n-decreasing functions by X7 .

LEMMA 1.1. (i) For every ge X" we have

(1.4) ¢(z) = f fﬂ ng(m,)dml...dw,,=% f(w—t)’idG(t),

where $, = [max (0, z)]".
(ii) For every pe X, we have

@ () =f f...f(aa—(}(ml))dw,...dw,;=% f(t—w)'},dG(t).
z z, @ Zoo

Proof. (i) Integrating by parts from A to @, we obtain

z

f( — )V IG(t)de.

1o i
7n/_!_‘:!"(a;—t.)_;_dG(t) = G(t)(z—1)" ( —1)

Hence, using condition (1.1), we obtam

@«

1
— f (o — b dG(t) =

—0Q

—t)2 G (8) dt.




8 Set of probability distribution functions

Further, integrating (n —1) times, we get (1.4).
(ii) The proof is analogous to that of (i)

ExampLE 1.1. For every teR, ¢(2) = (t — o)} X, and y(@) = (3-1)}
eX}t.

Proof. The sequence

Pe(@) = f (6—2)tdD(k(£—1)), where ¢(ay)=§17—r f o224

is convergent to ¢ in .

Remark. The n-increasing function ¢ belongs to C*~'(R), ¢?> 0,
t =1,...,n—1 and ¢"™ is an increasing function. The n-decreasing func-
tion y belongs to C*'(R), (—1)%™>0,i=1,...,n—1 and (—1)"¢p
is an inecreasing function.

Remark. As a consequence of lemma 1.1 we note that gp( Ye Xt
if and only if @(—-)e X, .

LeMma 1.2. (i) If

0
w-lim@, =G and lim fa,-'*ae,,(z) [a"d6(z) > ~ o0,
k—c —00

k—00 —c0

then for every e R:

- <]

(1.5) li:n [ @—0)1a6,¢) = f(m—t):;de(t).
(i) If

o—lim@, =G¢ ond lim [ o"dG,(2) = [ a"d6 () < o,
k k o 0
then for every ®meR:
(1.6) hm f(t—.fo)”de(t f(t— )2 dG(t).

Pr‘o.bf. (i) We note that

] . n—1 oo
@ [ @—034Gu0) = Y (7)o [ (="t w360+
—e0 j=0 —00

n—1 0 -]
+ 2 (7@ [ (-0 t0a 080 +5" [ 2 wm(d6D),
j=0 -0 .—c0 '

where we put g . () = —Z(,q(t) for 2<0.
Let z be a continuity point of the function @. The convergence of
the respective integrals in (1.7) follows from the properties of weak con-
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vergence and theorem 4.5.2 from [8]. Thus we obtain lim f (@ —1)% a6, (t)
k ~oo

j (@ —1)% dG (t) for every continuity point of G. From there follows the

f.mal statement since the set of continuity points is dense in B and f (2 —

—t)% dG(t) is a continuous function of @ (see theorem VII. 6.1, [37])
(ii) The proof is analogous to that of (i).

The following theorem is to a certain extent a modification of the-
orem 1 from Karlin and Novikoff’s paper [16]. However, the statement
holds for the class X} only and we need not assume that

fw"dFl(m) = fm"sz(w), k=0,...,n.

THEOREM 1.1. Let ¥, F, be non-decreasing, right continuous functions
such that

0
[le"dF (z) < 00, Fy(—o0) =0; i=1,2

([ a"dFi(@) < 00, i=1,2).

If, for every yeR,
[@—yrdFi(a)< [ (@—y)}dFy(a)

00

(for every weR: [ (z—y)1dF (y) < [(z—y)2dF,(y)), then for every
~o0 —
pe AT (H,) we have

fomar, < [ ply)aFy(y).

Proof. Since pe #', lemma 1.1 and lemma 1.2 imply that ¢(=x)

= f (a;'—y)’;dG(y), where G is non-decreasing, right continuous and such

0
that [ |#]*dG(¢) < oo. Hence, using Fubini’s theorem, we have

[o@aF,@) = [ [ (a— )3d6 (y)aF (a)
= [ [ (@—ytaF,(0)d6()

< [ [l-yldF@y = ofo ¢(a)dFy(a).

-0 —9
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Now let us quote a fragment of T-system theory (see [17]).

DeFINITION 1.2. Let %,, ..., %, denote continuous real-valued function
on [0, oo). These functions form a T-system if

Ug(To) Uo(ty) ... uo(T,)
0,1,...,n Uy (To) ul,(tl) oo Uy(2,)
(1.8) U( ) T e
Loy ey eoey ity . ) '
Uy (ty) Un(ty) oo u,(8,) |

are stricly positive whenever 0 < {, < ... <, << oo,

We note that the sequence of functions {¢'}_, forms a T-system on
[0, oo) since in this case the determinant (1.8) is the familiar Vandermonde

determinant.
ExamprE 1.2. If ge &) (pe &), then (1,...,1"%¢(t) (1,...,1",
(—1)**"' g(t)) forms a T-system. Moreover,
0,1,...,m
H ’ b )) > 0
oy tay -ees ty

v - o

for every system of real number —0 <<, < ... <1, < oo,
Proof. Since the (n +-1)-th derivative of y(t) = Y'a,t'+p(t) is greater
i=0

than zero, the polynomial y(¢) has at most »+1 roots. Hence we obtain
U # 0. To prove that the determinant U is positive let us expand it by
its (n +1)-th column. Then we have

n
D) Ailtay s eyt Aoy -y E)9(tas)

i=0

A, Mgy - eey by
=An+!(tm---,tn)t:u{(wf-"“) nllo, t')))+

n+1 An+l(t01 very tn
-1
ppen S Al te)
"L Apa(ly ey te)
Since pe &}, we have
z 2o Z2 .
viy= [ [ .. [G@)dn,..do,, GeH;
-0 —o -0

and

lim i:"ﬂ = G(o0).

a1 nil
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Plltti.ng to = to, tl = to+h’ ...’t.n = to+'":h, we h&VG

1i An(tey ...y tg+nh)
m —
h—0 A"+l(t0, verey to+nh)
_ 1im A% 2 ()

—— 3 = ‘P(n)(to) = G () < G(o0),

where 4,9 (1)) = @(to+ k) —¢(t,) and 4 = A,A"~". Hence we can choose
h so small and ¢, so large that

p(t, 1) A, (tgy ...y to+nh)
tas1 4n+1(toa cory to+ )

>0,

n-—1 .A

which completes the proof because for large ¢, ., ;7 Z —2— ¢ .1 is small.

i=0 n+1

Now let us consider the following problem. For at measure p the
o0

functional fqa(m)dy(m) attains its extremal values when g runs over the
0 .
following set of measures on [0, oo) with bounded variation (B.V.):

oo

Vie) = Vicgy ooy €a) = {,u:f w,dp =c¢;,,i =0, ...,fn}

and {u;}i_o {%0, ..., %y, p} form T-systems.
The solution of this problem results from the following theorem
(see theorem 5.1 [17]).

THEOREM 1.2. If {uj}i., and {uy, ..., u,, @} form a T-system and
= (Cyy orvy Cy)eint{c: fu;du = c¢;, u i of B.V. on [0, o0)}, then
0 E)

o

(1.9) Iy, = min [ p(@)dp(@) = [ ¢(a

ueV(c) g 0
18 uniquely attained for the atomic measure u having (n+1)/2 atoms in
(0, o) whenever n i8 odd or n/2 atoms (0, oo) and at 0 whenever n 18 even.

The upper bound of the integral in (1.9) need not be attained and
fact it may even be infinite. However, in the case w;(t) = ¢,4 =1,...,n

‘P()

= 0, then there exists a finite value

{—o00

Iy, = sup f pap = f pdu,

ue¥(e) p
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where 4 = w—1lim g, and g, is the atomic measure having (n —-1)/2 atoms

T—00

in the interval (0, t) and at points 0, ¢ whenever # is odd or n /2 atoms in
the interval (0, t) and at ¢ whenever 7 is even.

An elementary exposition of this problem in the special case where
u(t) =t,i=0,...,m,n =1 or 2 is given in the appendix.

2. Order relations in the set of probability distribution functions

2.1. Preliminary concepts. In this chapter we shall investigate some
quasi-ordering relations in the set of p.d.f.’s or r.v.’s. A relation is said
to be a quasi-ordering relation if it is reflexive and transitive. Some re-
sults of this chapter were given in [26] and [27].

Let us consider the set of all p.d.f.’s on { — oo, oo} with a given quasi-
ordering relation 3 (we denote them by (#, 3)). We shall require that
the set ({J,}sr, <) which is isomorphic to (R, <) be isomorphically
embedded in the set (#, -3). Such a property of the relation 3 we call
(R), i.e.,

(R) a<b, a,beR if and only if 4, 3J,.
Some other properties may also be required. For example:
(C) F, 3F,, G, 3G, implies F,«G, 3F,;»Q,,
(A) F 3G, ae¢R implies F(- +a) 3G+ a),
(M) F 3G, ¢>0 implies F (-c—) 3@ (_c_)’
(T) F, 36, FI-F, @56 impliess F 3@

(> denotes convergence in a suitable topology).

Lemyma 2.1. Let (¥, 3) be given and let the relation have properties
(M), (R), (C), (T) with property (T) defined for a topology T 8uch that if
FEI>F, then .Fk—aF

v If for F,Ge#, flmldF(w)< o, | |9|dG(z)< o,
—00 —00
(2.1) P (k) > 8ppapsyy O F (k) ™> 8y pa000)

and if F 3G, then f 2dF (o) < f 2dG ().

Proof. From properties (M), (C) we infer that, for every non-nega-
tive integer k, F* (kz) 3 G* (kv), and hence by property (T) and the law
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of large numbers we obtain & .45, -3 8124y 30d by property (R) we get

}omdF(m) < deG (o).

) Now w; introduce an important class of ordering relations in the
set of p.d.f’s #:

DEFINITION 2.1. A relation -3 in the set # is said to be defined by
a family of functions {f,}..4 if F'; -3 F, is equivalent to [ f,dF, < [ f,d¥,
o0 -0 —00
for every a such that [If,|dF;< oo, i =1,2, and
—o0

{f:f =a,aeR} S {f: [IfuldF, < o,i =1,2}.

Notice that the relation defined by a family {f,}. has property (A)
if the cone generated by {f.}, is invariant under translations, and has prop-
erty (M) if the cone generated by {f.}. is invariant under delatations.
The second conditions means that for any f(-)e{f,}. and a positive ¢ > 0
we have f(c-)e{f,}.. Property (R) easily follows if all functions of the
defining family are non-decreasing.

ExAmMPLE 2.1. The cones X}, {f: —feX 7}, n =0,..., of non-de-
creasing functions are invariant under translations and of delatations.

LEMMA 2.2. Let the cone generated by a family of functions {f,}, bein-
variant under translations. If F; 3G, and F, 3 G,, then F »F, 3 G,+G,.

Proof. Using the invariant assumption, we have

] f f.dF s Fy = f (_z fuly +2)3F, (y)) A, (2)
< f _ffa<y+z>aai<.;nm(z)
- f (_z fuy+2)dFy(2)) 6, (y)
< _z _ffa(y + 2) 4G, (2) 4G4 ()

= f f.8@,*G, for every a.
-
2.2. Relations <, ,, <;...
0
DeFINITION 2.2. (i) For p.d.f’s F,@ such that [[o|"dF(s)< oo,

where # is & non-negative integer number, we define

F <106
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. . - ]
if, for every function fe 7, such that [ fdF < oo, we have

@ o0

[ faF> | faa.
—00 —c0
(ii) For p.d.f.’s F, @ such that [2"d@(z) < oo, where n is a non-nega-
0
tive integer number, we define
F<,.G

o0
if, for every fynction fe 2} such that [ fdd < oo, we have
—00

[ far< .ffdG.

The basic. concepts of the relations <,,, <, , have been studied
in [26], [27]. ’

LEMMA 2.3. F<,,G if and only if 1—G(—2—) <z, 1 —F(~2—).

The proof follows easily from definition 2.2.

Some equivalent forms of <, , or <,, are given in the following
theorem.

THEOREM 2.1. (i) The follqwing are equivalent condilions:
(i1) F<,,.6,
(1.2) for every meR:

o> [ (@a—tidF (@)= [ (1)} dG(),

(1.3) for every meR:

z z, zg - . .z 2y ) )
oo>—_£ _{ _£ F(ml)dml...dmn»z'_l _;[ _£ G (,)da,...d,.

(ii) The following are equivalent conditions:
(1) F<,.6,
(ii.2) for every meR:

[ e-adFO< [ (t-0)3dG() < oo,

“(ii.3) for every meR:

fo fw f(l—li'(ml))dml...dw,,_g f [ f(1'-a(m,))aé,...da=,,< co.
& T, Ty LT Ty, Z2
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The proof follows immediately from the considerations of chapter 1.
L] (-] .

CorROLLARY 1. If F < .0 (F<;,4), [|o"dF(s) < oo ([ a"dG ()
—-00 0

< oo0) and n < m, then 17’\l G (F <o n@).
COROLLARY 2. If F< <.q G G(0—) = 0, then for every $>0

fm e dF (1) > j’o e~ *dG(t).

Some fur therproperties of the relations <in (<z,) are given in
the following

THEOREM 2.2. (i) The relation <on (<1,) has properties (R), (A),
T,
(M) and (C). If we assume that T, is the following topology: ¥, ">F if F,.2>F,

0o 0 0
[ & aFy (@)~ [araF(@) ( [ lo]"aFy (@)~ [ |a"aF(a)),

then property (T) iz valid.
(i) If II(L‘]dF({D)<'°0, flw'dG(w)< 00,

(2.2) fw':j"dp(m) < oo, fm"+“da(w)< o, &3>0,
0

then

(28) F<,,6 (F<,,6) implies [ adF(a)< [ 2dG(a)

—0o0

Proof. (i) Since the set ¥} (—2;) is invariant under translations
and delatations and contains increasing functions only, we get properties
(R), (A), (M) and by lemma 2.2 we get property (C). Property (T) follows
immediately from lemma 1.2.

(i) To prove (2.3) we use lemma 2.1. First we have to show that for
the topology T, conditions (2.1) hold, i.e.,

(2.4) F** (ko) => 8,5pp (@),  G*(Kk2) 2> 8 100 (@),
] 2" dF" (ko) - max (_o, gl t"dli’(t)),
0 ) —oa

(2.5) _ .
f, g:“dG"‘(km) — max (0, f t"dG(t)).
0} ‘ " —00
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By the law of large numbers we infer that (2.4) is fulfilled. Since the

function #7%*° is convex, we obtain

0o k 0o o
1
+98 .k n+d n+9
-i o AF (kw)s—k ,_E,' _£ 2" HaF (o) = :[ o dF (z)

and hence by the assumption (2.2) we get for all k: fm’jr”"dF"‘(kw) <e< o,
which implies (2.5). The proof of the second p:rot of (2.5) is the same.
Remark. In [26], [27] it was proved that for p.d.f.’s ¥, @ such that
}Dlw]“dF(m)< oo and lel”d@(m)< oo, n>'1, and if
Zeo =
®

F <16 (F <y, then f 2dF(z) < [ 2d6(z).

The following theorem gives us the sufficient conditions for ¥ <, , @
(F <;.08) (see [16]).

THEOREM 2.3. Lét F,G be p.d.f.’s such that [a'dF (o) = [2'dG (),
j =0,...,n. If the function F —@G (( —1)*(F — @)) changes ils sign evaily
n-times and in some interval after the last change of the sign the fumction
(2.6) F—-G@ (—1)"(F-&)
i8 greater than zero for n even and is less than zero for n odd, then F <, ,G
(F <z.nG)-

Proof. Let # be a fixed non-negative real number. We show that

[ (@—t)} d(F(t) —G(t)) > 0. First we note that

[ @—t3d(FW—6@®) =n [ @—0%" (F() —G(t)ds.

. Let t, <?3<...<1t, be consecutive points at which the function
F —@ changes its sign. Since ¢,(t) = (#—1)% is the limit of functions from
X, (see example 1.1) and the determinant is a continuous function of
its arguments, by example 1.2 we have

1t ... (=1)p(8)

18 ... (1) (2
2.7) (—1)‘W(t)= . ‘1 1. ( )9’(1)

14, ... 887 (=1t
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whenever t, <t <ty,, tp = —o0, ., = 00, ¢ =0,1,...,n. Expanding
the determinant (2.7) by its first row, we obtain

n—1
(2.8) W(t) = Adop(t)+ D Ad*  and  4,>0

f=0

Since for every t: W (t) (F(t) —G(t)) > 0, by (2.6), (2 8) we obtain

(Ao%,(t) + Z‘A,r) (F()—-Gm)dt = 4, [ o, (t)(F(t)—G(t)dt=>0
=0 —00
whlch proves the theorem. .
The following example is related to theorem A.1 and to its proof.

ExaMPLE 2.2. Let {Gi}o<icm, be & family of step p.d.f.’s with first
jump at ¢, 0 <t <m,, having exactly two jumps. All p.d.f.’s G; have the
first and the second moments equal to m, and m,, respectively. If 0 < ¢,
<ty <my, then G < 12 Gy,

Proof. The proof follows from theorem 2.3 and from the following
representation of the family {@}yc;cm,:

0, r <t
2
my — My my, —m;i
<< —
(2.9)  G2) = { my+1*—2m,t’ = m,—t
1 My =t <
L ! ml‘—t =

2.3. Extremal probability distribution functions. Let m,, ..., m, be
a non-degenerate sequence of moments and

Fmem) = (F: F is p.df, F(0—) =0, [ o'dF(z) = m,
0

i=1,...,n}.

Let Fp,,...m,F ™™ be the p.d.f. of the measure u defined in

theorem 1.2. In order to find p.d.f. F,, ., wehave to solve the following
system of equations:

Zr;]h:l_’ »

t=1

Zplmf my,

¢==1

.....

prw? =m, P;=0;1,...

i=1

2 — Dissertationes Mathematlcae 132
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where
n+1 for n even, -

r =
(n+1)/2  for » odd.

In the above system of equations p, denotes the jump of F,,,....m, st the
point #;,7 =1,...,r. Forn =1 we have

0, m<m1,

A}

-y (@) =

1, z>=m,.

For n = 2 we have

0, r<o0,
mi by
7 1 ——-, I<er < —,
my, My (m) = mz ml
my
1’ - <$
L m, '

In [12] there is given an explicit form p.d.f. Fo, mym,- Write

Frny,...om for n odd,
.H— = _;‘1,“"”‘” — F n f .
MY,eies my_j or ’n.even,
and
H+ = H+ m, — {le’".’mTl—l for n Odd’
ml...., n
: Fp,.m, forn even.

We note that Hy, ¢ F ™1™ for n even
and Hf, ., eF™ " for n odd.

THEOREM 2.4, If FeF™r-mn) then
H+<l.n F<1.n H™

and the inequalities are sharp. (For n = 0 we put H™ = §,.)
Proof. Since for ge &, the function 1, s,...,s", (—1)"¢(s) form
a T-system, by theorem 1.2 we have

f«de"gfqangf«de“'
0 0

0
and after simple limit consideration we have H* <,, F<,, H™.

2.4. Relations <,,, <,;,. Now we give more information about
relations <y, <,,. The relation <,, or the equivalent relation <,
is sometimes called the stochastic ordering relation (see [19], [20]). We
restrict its here to one-dimensional p.d.f.’s. For the multidimensional case
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see for example papers [19], [41]. Let us recall the definition of the rela-
tion <, 4, quoting an equivalent form of it (see theorem 2.1 (ii.3)).

DErINITION 2.3. For p.d.f.’s F, G we define F <, , G (¥ is stochastic
less then @) if for all real # we have F (z) > G(z).

The relation <,, has the following representation in the set of
r.v.’s.

THEOREM 2.5. Let {X, }in0) {Yitrso be two sequences of identically
distributed r.v.’s with a common p.d.f. equal to Fx and Fy , respectively. In
each sequence the r.v.’s are independent. If Fx <,, Fyo, then there emists
a probability space (', B’, P') and two sequences of 7.9.°8 {X 1 }iz0r { X itimo O
it, being in each sequence independent, identically distributed with a common

p.d.f. equal to Fx , Fy respectively, and such that for all weQ' and for
every mon-negative integer number k:

Xy (0) < Yi(w).
The proof is given in [14].
Further properties of the relation <,, will be given together with
information about the relation <,,. Although the relation <,, does not
‘have as intuitive an interpretation as the relation <,,, the relation <,,

contains the relation <;, and it has also many useful properties. Some
of them will be given further. Let us recall

DEFINTION 2.4. For all p.d.f.’s F, &, we define F <,, @ if f 2dG (o)
0

< oo and, for all real x, f L-Fe)at< [ (1-6()d.

T

The relation <,, has been used in some papers, for example in [6],
[7], [30], [31], [32], [33].
ExameiE 2.3. If {X,,, #,}, is a submartingale, then X, <,; X, <,;...

Proof. Since each function g e X7 is increasing and X, < E(X,,, |#,),
we have ¢(X,) < p(B(X,,, [f,,)) with pr. 1 and by Jensen’s inequality

we get ¢(X,) < Blp(X,4,) If,,) Hence we get, for every e X, Ep(X,)
< Egp(X,,,), and the proof is complete.

Now let us consider the following interesting special case. Let

0, <0,
Mml(w) = z

1—e ™, 2>0
(in the sequel the negative exponential p.d.f. with the first moment equal

to m; will be denoted by M, (z)).If Fis p.d.f.such that F(0 —) = 0, [ xdF (z)
0
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= m,, then F <,, M, (¥F<,, M,,) if and only if
1 1 r —zfm.
(2.10) VoeR': ;‘-f (L—F(&)dE < (>)em,
1 z

If F is a non-lattice p.d.f., then (2.10) means that the equilibrium
p.d.f. of F is stochastically less than M, (the equilibrium p.d.f. of F

is equal to —f (1 —F(t )dt where®m, -fa:dli’ (z) — see e.g. [3]).
In rehabxhty theory some families of p. d 1.’s are defined.

,IFR {F: F(0) =0, F(#) =1—¢~ ~¥(® 4 is convex and increasing};
DFR = {F: F(0—) =0, F(z) = l—e“’(", @ is concave and increasing
to inﬁnity};

IFR, = |F: F(a) = Y pd(a), o <L
i=0 an 2 Pn
n=4i n=i+l
for all integer number ¢ such that Z P. 01
n=i
DFR, = {F: F(o) = Zpiai(a», 2i > S
=0 2 Py Z;HPn

©0
for all integer numbers ¢ such that 2 P, 7013

ne={
NBU = |F: F(0) = 0, 1 —F(z+y —) < (1—F(z—)){1 —F(y —))
for all z,y > 0};

fl F(m+t —)

d
1—Fa—) 0

NBUE ={F: F(0) =0, f

for all ¢ such that () < 1}.

If the inequalities in the defining relations of families NBU (NBUE)
are reversed, then we obtain families NWU (NWUE).

Notice for example that for p.d.f.’s from NBUE we have the following
interpretation. If ¥ is interpreted as a life p.d.f., then the expected life
length. of a new unit is greater than the expected remaining life of a used
but unfailed unit. There are also similar interpretations for the remaining
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sets of p.d.f.’s. In [23] the following chains of inclusions was given:
(2.11) IFR « NBU =« NBUE,

DFRA|F: fmdF(m) < o} c NWUN {7: fmd_li’(w) < o} = NWUE.

For a detailed study of the above-mentioned sets see for example

papers [1], [2], [3], [22].
Now we state the following:

THEOREM 2.6. If Fe NBUE (NWUE) and m, is the mean of F, then

1 o0 1 - -]
. p—ZTIMm . _ —zim . _
v > 0: e ™ > ml,f(l F(t))dt(e 1< mlzf(l F(t))dt).

Proof. The proof is given in [23].

Lo <]

COROLLARY. If Fe NBUE (NWUE) and f odF (o) < my ([ »dF ()
>m,), then 0

F<21Mm1 (MmlgalF)'

TrEOREM 2.7. If FeIFR; (DFR;), then Fe<NBU (NWU) and
F <o, My, (M, <3, F).
Proof. First we show that Fe IFR,, if and only if the sequence a;

=—ln(‘2kp,-), p; = F(i)—F(i—), is a convex sequence, i.e., for all non-

negative integer numbers ¥ we have

(2.12) O < §(@_ + ag). -

Transforming (2.12), we get () p,)* > ( Z pd( > p;), which is
oy 1=k

i=k—1

equivalent to 0 >p,‘_,2p,—pk_1p,,—pk2‘p{ and hence
i=k i=k

fk > P:—l '
tgkp‘. t-%’llpi

Now we show that a,+a; < a,,,;. Since the sequence {a,} is convex
and a, = 0, we have

G = Bmrn)k+0+ e+ n)0)S BI(E+T)ay |
and hence a,+ a; < a.,,+, for all non- negative integer k&, I. Using the formula
for a,, we obtain Z P < Z‘p,Z P, which means that FeNBU. Hence

=kl
by using theorem 2.6 the a.ssertlon is proved.
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The following theorem gives a necessary 'condition for F <,, M:
THEOREM 2.8. If F <;,M,, and m, = [a"dF (o), then
’ 0
: 1
(2.13) ?m,,gm}‘, n=1,...
Proof. Since 2 e X}, n =1,..., by theorem 2.1

[+ +]
1
m, = f o dF (@) < f a"——e~Imido = nim].
0 0 1

Some equivalent forms of definitions 2.3 and 2.4 in the case where
p.d.f.’s are lattices are given in the following

THEOREM 2.9. For lattice p.d.f.’s with a common set of increase points
{a 4+ kb};, we have F <, G (F <;,Q) if and only if for all integer numbers k

ZPi Zﬂf(Z@PkH 1 —ZZP; Z’,:g]]i =§:iﬂk+t-&)y

i=k =1
where p; = F(a+bj)—F(a+bj—), II; =G@(a+bj)—G(a+bj—).
Proof We prove the non-trivial case of F<,,Gq bemg equivalent

to 2 2 P < Z Z‘H Since F, G are lattice 2 d.f.’s, we can write F'(z)
=k f=1 - J=k t=]

2 Dy a+u>(“’), G(z) = 2 I, 8, 1p(x). Now we put a; =0,b =1.

ku—oo k=—00

Then for all real o

oo

f(l Peae = D' dp+a—{a) ) o
i=[z)+2 J=1 i=[z]+1 _
Z D+ (1—{a}) )’ I, = f(l—G(t))dt,
t-[z]+2 J=t j=[:|:]+l x

where [z] denotes the integer part of # and {z} = z— [w] The above
mequahty follows from the fact that the functions f (1—F(t)at,
(1 G(t))dt are convex and linear in [2,¢+1),? = 0,1,

To prove the geperal case it is enough to note that aX +b <,,aY +
+b,a>0, is equivalent to X <,,7Y.

Remark. In this section we do not consider the relation <, but
similar theorem to that can be given.

2.5. Isotonic operators. A special interesting problem in this theory
are isotonic operators with respect to relations <,,, <;;. Such oper-
ators were among those introduced and investigated in [9], [33].
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4

DEFINITION 2.5. An operator §: #—»># is said to be isolonic with
respect to the relation <,, (<,,) if F,Ge#F, F <,,G (F <,,6G) implies
F(F) <2.08(F) (F(F) <0aF(@). |

DEFINITION 2.6. A multilinear operator §: #F X...xF—+F, where
x denotes the Cartesian product, is isotonic with respect to <,, (<;,)
if F; gz.oFa’z' (Fi <. FY), + =1,...,n, implies

F(EFry ooy Foy ooy Fo) <208 (Fyyovny Fey ooy Fy)
(F(Fry ooy Fry ooy Fp) oa&(Fry ooy Feyoony Fp))
THEOREM 2.10. Multilinear operators
C: Fx...xFo(Fy,..., F.)>F%.. 4 F e F,
m{:f)(...)(fl?(ﬁ'l,. ’F)_>F1'.I'F Ef

S: Fx.. xfa( —>20Fe3’" ¢; =0, 20,—1

f=] fe=1

are isotonic with respect to the relation <, or <,,.

The proof is a formal checking of definition 2.6.

Some applications of isotonic multilinear operators w1th respect to
<,, in the reliability theory were given in [22].

Now let us consider the following class of linear operators:

(2.14) F(@)(y f F(z,y)dG (),

where F'(z, -) are p.d.f.’s for all real z and F(-, y) is a measurable function
for all real y.

THEOREM 2.11 (Stoyan [35]). An operator §§ of form (2.14). 18 tsotonic

with respect to the relation <,,(<,,) if and only if ff(y)d F(z,y)e X§
() for all fe X Jt"*')

If &(G) (o) =fF1(w,y)dG(w), B2(@)(2) = [Fy(o, y)dG(y) are iso-
tonic with respect to the relation <,, or (<,,) and Fi(z, ) <, F,(», )
(Fy(z, ') <5, F,(m,*)) for all real m, then G <, H (G <,;H) implies

B1(G) <eoT(H) (F1(0) <51 FulH
The proof is given in [35].

Remark. For the relation <, , this theorem was glven by Daley [9].

Remark. It is possible that a family {F (=, y)}, is numbered by some
subset A of real numbers. Such a family generates an operator from the
set of p.d.f.’s with the set of increase points equal to A in the set of p.d.f.’s

Z. Then [f(y)dyF(-,y) ought to be interpreted as a continuous function
—00
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oo
having values [f(y)d,F(@,y) for @eA which is linear in 4°.

ExaMPLE 2.4. An operator F(@)(y) =fx(_m,y](g(w))d6(m), where

g(=) is a convex increasing function, is isotonic with respect to <, or <,,.
Proof. The proof follows from the identity

J 194 %o (9(@) = flg(@))-
ExaMpLE 2.5. An operator

[ K@—y)dPly), o>0,
Sy (o) = | L E@NIFY), o

0, z <0,

where K is p.d.f., is isotonic with respect to <,, or <,,.
Proof. The proof follows from theorem 2.9 and example 2.4 with
g(z) = Ty

ExaMpLE 2.6. Let & be a lattice p.d.f. with non-negative integer
increase points with p; = G(¢) —G(7—) and let F be a fixed p.d.f. such
that F(0) = 0. Then the operator §(@)(z) = > p,F**(x) is isotonic with

n=0

respect to <,; (<pqy <;,)-
Proof. From theorem 2.11 it follows that we must check the convex-

ity of the sequence a, = f f(m)dF“ for all fex'y. Let p(y) = f flz+

+y)dF"'"(a;) Notlce that ¢ ;. Further, for all convex functions ¢ and

for all #,y >0 we have ¢(¢+¥)—¢ (o) —p(y)+¢(0) > 0. This follows
from the inequalities '

()—q)(——( z+y)+ <—<P( +y)+——*(tp)0

w+y ) o4y

"7;'(3)) = fr( -

Hence we get

oo

[ #(@+y)aF (y)aF (2) -2 f ¢(2)dF () +9(0) >

which implies that

.an—l +a’n+1
n - 2
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Hence and from the remark after theorem 2.11 it follows that [f(y)a,F**(y)

e X, and the proof of the example is complete.

Remark. From example 2.6 it follows that if F, <, ,F, (F, <;,F,),
G, <0G, (G, <1 F,), where G, G, are lattice p.d.f.’s with jumps at an
integer point k equal to p,, IT, respectively, then

Zpi 1 \202”5 Fy (ZP:F1 \k12HiF;i)’ k=1,2.
i=0 i=0 i=0 i=0

This remark has been proved in [7] but our proof is different.
ExAMPLE 2.7. Let

[v) (aa))k
F,(yle) = 2 e, a>0.
1=0
If o, <a and G, <,,60, (G, <,G, G,(0) =G,(0) =0,i =1,2,j=0,1)
then

[ Fo\(y12)d6,(a) <y, [ ¥, (y]2)dG, ()

0o

([ F.(y12)86,(2) <;; [ Fo,(y|2)dGy(@), i=1,2,j=0,1).
0

Proof. By theorem 2.11 it suffices to verify that for all fe #7; we have

. (aw)"
(2.15) gu(@) = Y € flkye o
and
, [} i {] i
Zc—alx (al.m) <2 026_‘12:’ (0‘2.:”) .
L i! ’ L 3!

The last inequality results from the following:

n i . n
ize-m (@) e (a@) o

Oa i! n!
=0

To prqve (2.15) we note that

—aZr

(f(ke+1)—f(k)) > 0

a )
5 J(%) = ae

k=0
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and

2

e O (D)
5o 9a(@) = e kZ  (F(k+2) ~2f (k+1)+1 (k)] > 0.

2.6. Remarks about quasi-ordering relations im the set of random
variables. In applications of order relations in queuing theory, reliability
theory, etc., sometimes it is more convenient to operate with r.v.’s than
with their p.d.f.’s. For example many queueing characteristics are given
as simple recurrent relations of some r.v.’s.

Let (#, -3) be given. One defines respective quasi-ordering relations
in the set of r.v.’s & in the following way:

DEFINITION 2.7. For r.v.’s X, Y we define X 3Y if Fiy 3F,.

Let us note that all previous theorems and properties can be stated
in terms of relations in the set of r.v.’s. For example property (C) can be
written as:

(C) If X,, Y, are independent r.v.’s and X,, Y, are independent r.v.’s,
and if X, 3X,,Y, 3%,, then X, +Y, 3X,+7%,.

Other families of order relations.in the set of r.v.’s can be defined.
For example one can find some of them in [5], [42] but we do not consider
them. '

3. Order relationship between queueing systems

3.1. Preliminary concepts, GI®/GY /1 queues. The general bulk
queue is described as follows: Groups of customers arrive at the queueing
system and get served in batches. The size of the arriving groups and those
of the batches for service are random variables having independent distri-
butions. The time intervals between successive group arrivals are indepen-
dent and identically distributed r.v.’s; so are also the service times of the
different batches. Following Bhat [4] we use the notation GI®/GV/1
to represent the general single server bulk queue, the exponent » and y
denoting the sizes of the arriving groups and the service capacity, respec-
tively. We shall suppress these exponents when they are equal to .one.
Further, we shall assume that the queue discipline is first-come-first-serv-
ed and that when the arrivals are in groups, the units will be ordered for
the purpose of service. Three special cases of general GI®/G¥/1 bulk
queues will be interesting for us: GI®/@/1, M®|G¥) 1 (Poisson arrivals
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and arbitrary service), GI®/ MW 1 (arbitrary inter-arrival time distribu-
tion and negative exponential service time). .

The following notation will be used: v,,n > 1, 7, = 0 — the instant
of the n-th arrival; X, = 1,,,—7, — the n-th inter-arrival time; X,,
n > 1 — the batch size the of n-th group; Y,,n > 1 — the service time
of the n-th group, Y,, n >> 1 — the batch size for service of the n-th group,
W,,n>1 — the waiting time for the service of the first customer from
the n-th group, W — equilibrium waiting time for the service of the first
customer from a group.

Next let us denote by A(s) — the d.f. of the inter-arrival times,
A(x) — the d.f. of size of the arriving group, B(z) — the p.d.f. of the
service time, B(x) —the p.d.f. of the batch sizes for service, W, (z) —
the p.d.f. of the waiting time of the first customer from the n-th group,
W(x) — the p.d.f. of the waiting time of the first customer in a group.

Now let us recall some results from random walk theory (see [7],
[28]). Let {£{;};~, be a sequence of independent, identically distributed
(iid.) r.v.’s. If E£) < 0, then the limiting p.d.f. F, of the sequence of
p.d.L’s F, , where

(31) L/ nla’x(O’ Np1+ En—l)

exists independently of 7,, Elny < oco. If we assume P(n, = 0) =1,
then 7, <;.,71 <z---
The limiting p.d.f. F', has a finite n-th moment when | a1 dF, (x) <oo.
0

For the case & =Y;—X;,i>0, where 0< X,;,,71>0, are iid.
r.v.’s, 0< Y;,4>> 0, are iid. r.v.’s and the sequences {X,};, {¥,}; are
00
independent, we have [#2*dF, (z) < oo if and only if
0

(-]

f p*dFy () < oo, fmdFyo(m)< oo (see [28]).
0

0

In the sequel the following lemma will be useful.

Lemma 3.1. If X,,n>1, are ii.d. rv.’s and N 1§ a non-negative
integer-valued r.v. independent of {X,},-,, then

N

2 2 2
E( 2 -Xi) = MrnyMrx, s +mFN.szxl —MrnMFx -
i=1 .

The easy proof is omitted.
3.2. GIV|G/1 queues. It was shown in [7] that for GI®/@/1 qneues
W, = max(0, Wn—1+Sn—1_Xn—1)7
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where

- Xﬂ
(3.2) S, = Y ¥Yn1_
. v g ; 21 X;+i
whenever P(W, = 0) = 1.
In the following theorem -3 denotes either the relation <(;, or <,,.

THEOREM 3.1 (Borovkov [7]). Let us consider two GI®|G[1 queueing
systems: X' and X' If ¥, 37Y,, —X, 3 -X,, X, 3X,,, n>1, W,
= W, = 0 with pr. 1, then

(3.3) W, 3W,, n>1.
If the queueing system X" is stable (E 8; < E X)) and f #dd” (@)
< oo, fa)”dB"(a;) < oo, then
w 3w
Proof. The r.v.’s §,, n>1, defined in (3.2) are i.i.d. Hence if
we show that 8, -3 87, then §, 3 S,, for all » > 1. But the r.v. §; has the

p.d.f. equal to [ B**dA(x) and hence 8; 3 8, follows from the remark
0

after example 2.6. Since the operator § equal to
0, z <0,

(@) (2) = | =
5(@) [ Fs x@—view), o3>0,

is isotonic with respect to <,, or <,,, then using the result of example
2.5 and the principle of induction we obtain (3.3).

It is known (see [29]) that the necessary and sufficient conditions
for EW < oo are

EX,< o0, ES8} < co.

By lemma 3.1 and the hypothesis of the theorem we have ES,? < oo.
Since ES; < EX,, we have w—th' (¢) = W'(x) and since P(W,
= 0) =1 we obtain

Wl <20 “;V; gzo
(see section 3.1), which implies

f 2dW, (9) < f od W’ (o).
] 0
Hence we get
lim f 2dW, (#) = f odW' (2).

ﬂ/—’w‘)
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The assumptions of the theorem imply

ES, < EX;, fw”dz'(w) < oo,
0

[#dB' (@) <o and lim [ 0dW,(o) = [ 2dW'(2)
0 n—00 g 0

and hence by (3.3) and lemma 1.2 we get W -3 W”, which proves the
theorem.

Remark. In the case of GI/@/1 systems this theorem has been given
by Stoyan and Stoyan [31].

COROLLARY. Let us consider a GI®|@/1 stable (mymg < m,) queueing
system.
(i) If the p.d.f. A i3 fived, then
inf EW
I"(mz-)
Bc’lmB)

i¢ reached for B =39, , 4 = (1—{mz})6mz+{mz} Bim 11+
(ii) If the p.d.f.'s B and A are fized with Tm’dB(m) < oo, [ 2*dA(2)
< 0o, then 0 0
inf EW
Aeg™)
i8 reached for A =96, .

(iii) If the p.d.f.)s A and A are fived with [ 2*dA (x) < oo, then
(1]

inf EW
‘BeF (mp)

8 reached for B =6, .
Proof. (i) Using theorem AT (or equivalently theorem 1.2) and

theorem A.2 (see Appendix), we have for fe o, and for all de g,“"z)_’

[1aB > [ fas,,
JFaA > [fa(L—{m}) iy + {3}t y1)
and hence, using the remark after example 2.6, we get
[ B*(1)aA (@) 24, [ 5 () a((1— {m 1 dtm—y + (M3} Simy )
0 o -

and the assertion follows at once.
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Remark. Theorem 3.1 and the corollary were given in [7].

3.3. Order relationship between GI®9/M®/1 and M©®/Q"/1 queues.
The following additional assumption about the queueing discipline is
made. The service channel is such that when there is a vacancy in the
group being served, the arriving customers will join the group immediately,
“until its capacity is reached. The rest of the group of arrivals will wait
for the next service. In [4] and [7] were given the following recurrence
relations for the queue size @, , immediately before the arrival of the =n-th
group in the case of GI'”/ M™/1 and the queue size @, immediately after
the departure of the n-th group in the case of M@ /G¥/1 queues:

(34) @, =max(0,Q, ,+X,,~F, —..-Y .. ),

where ¢, denotes the number of the group which will be served immedia-
tely after the instant 7, and N, is the size of the group which were
taken for service during the time X,

Qr =max(0, Q4 +%, +-..tX, s, ,—Tn)

where b, denotes the number of the group which come into the system
after the n-th departure and M, is the number of the group which arrive

at the system during the time Y,. One can see that
=1\ __ -1
P(N, =k|X, = u) =(""Lk:‘)_e "‘Bu’

and
(m 'u,)" e—mzlu

P(M, = k¥, =u) = —7

The queue GI®/MW™/L is stable if m_ —my'm mz < 0 holds.
The queue M@/G/[1 iz stable if mz—my'mgm > 0 holds.
THEOREM 3.2. (i) Let us consider two GI®| MW |1 queueing systems
2 X" and let Z” be stable with jeo s?dd” (z) < oo.
If -0
(3.5) X <oaXy (X <0uX)),
Y,/ <a.1T; (Y; \_a.o?_l ):
X <X (X <X,
My Mg,
then _
Q@ <@ (@ <)
(ii) Let us oconsider two M®|GW[1 queuing systems X', X' and lot
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Z" be stable with [2°dB(z) < oo, [2*dA(3)< oo
0 (1}

If
Xl 2. IX” (Xl =2. QX”)
—Y, <pu Y, (_Yl <20—7Y1),
Y <Yy (¥ <z0Y7),
My = Mgy

then
@ <0.Q" (@ <209
Proof. (i) From (3.4) we have

Q‘ = max(O, Qn-l +Xu—1 +Zn—l)7

where Z,, 5’ Y,), Z, are independent r.v.’s and {Z,}, are independent
‘i==1

of {X,},. By example 2.7 we have N, <,,N,, and hence, by the remark
after example 2.6, we get

(3.6) 7, <, 7.

From the asumptlon that X" is stable and from (3.5) it follows that
2’ is stable since X, +Z1 <gu X, +Z implies that E(X,+2Z;) < 0.
Hence we obtain Q,—@ and Q,—@" independently of @;, @, and we may
assume that P(Q, = 0) =1 and P(Q, = 0) = 1. From this if follows
that @, <,,Q" and @, <,,Q" (see section 3.1) and from the finiteness
(by Wald’s identity and the assumptions of the theorem) of EQ and
EQ"” we have

j 2dQ. (z)— f 2dQ’ (),

0
[ @dQ; (@)~ f 2dQ" (2)

Since the operator

FFy , Fz .z) = fan+Zn(“’_?/)dFo,,(?l); x>0,
Q) - Xpt+Z,) — }0

o, z<0,

is isotonic with respect to the relation <,, (see example 2.5) we have
by the principle of mathematical induction for all »:

Qn <3.9n
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and hence from lemma 1.2 we have

Q <29
Mo
(ii) It is enough to prove that EU} < oo, where U, = Y X,.Therest
of the proof is similar to that of (i). i=0

Since E X% < oo, by lemma 3.1 we only have to show that EMZ < oo.
Let

i
The second derivative of E g.(u) is equal to 2a? and hence

oo

(BT f Ekz M) 2 ) < .

0 k=0

This completes the proof of the theorem.

As an example of utilization of theorem 3.2 we have the following
corollary. Similar corollaries to that can easily be given by changing the
fixed p.d.f.’s.

COROLLARY. Let us consider an M® |GV |1 stable queueing system.
If 4, is a fized p.d.f. with [x*dA,(z) < oo, then
0

(] inf EW
B(.?(mB)’EG"(ME)

i8 reached for B = 6’"3’
B = (1— {mg}) dimp1 + {mz5} Spmp+11.

The proof of this corollary is similar to that of the corollary after
theorem 3.1.

4. Bounds for GI®”GY/1 queues

4.1. Introduction. Now we show some applications of the results
of the preceding chapters. We give some bounds for EW (EQ) in case of
various types of GI®/G¥ /1 queues. Similar problems have been considered
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for example in papers [18], [24], [29], etc. In [18], [24] can be found

Var &1
) . En <
(4.) 1< me

where .F', is the limiting _p.d.f. of the random walk 7, defined in (3.1).
Stoyan [34] has shown that this bound in some cases can be improved

but even this new bound is not sharp in many cases. It seems to be inte-
resting to find for GI®|G¥ /1 queues -

W= sup EW,
é"l’B_‘f2 -
Aﬁfs,Bl’4
where #,, ..., #, are some families of p.d.f.’s.

Some special cases of this problem will be considered in the next sec-
tion. In section 4.3 an application of bound (4.1) to GI¥| MW /1, M@ |gW 1
queues will be given and in the last section various applications of the re-
lations <., <z, in the queueing theory will be considered.

4.2. Bounds for GI'® |G¥) /1 queues. In Takacs’ book [38] it is proved
that the size @ of the queuneing system at the moment immediately before
the arrival of a customer to a GI/M /1 system under stationary condi-
tions has the geometrical distribution

PQ =k =(1—v)¥, Ek=0,...
The parametr v, fulfils the equation
(4.2) vy = Pylu(l—vy),

where @, denotes the Laplace transform of the distribution function

A of the inter-arrival time and 1/x is the mean of the service. It is as-

sumed here that 7 = m ,-u > 1. Now we shall prove the following (see [26]).
THEOREM 4.1. We have

(4.3) inf v, =1,
AeF(Mmpmg)
2
m
4.4 max », =» =14+—2(1-1)
( ) AeF(mymg) 4 le-"‘z + m, ( )’

where 1 is the root of the equation

(4.5) = exp(—r-+rl).

Proof. Notice that the function ¢, (z) = & A(p(l—m))jm is convex
and ' ‘
(4.6) 94(0) >0, ¢,(1)=0.

3 — Dissertationes Mathematicae 132
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From theorem A.2 (or theorem 1.2) it follows that
(4.7) D, (,u(l —2)) —z < PFm,, ,,,2(,u(1 w))

where ¥, ., is defined in section 2.3.

First we show that max », =y ‘
A(’(mb"'z) I M2
Let us assume, to the contrary, that there exists an A’ef('"l""ﬁ’

such that »,. > YFommg" Formula (4.7) implies 0 < 9""1"1."':(”4) Convexity
and (4.6) implies «;vapmz(v 4) = 0. Hence ‘Ple»mz(y 4} = 0, which is impds-
sible because VP mg is the only root of this equation (see [38]).

From the above considerations it follows that the greatest root we
search for is the root of the equation

z = p+qexp[(z—1)r/q],
where p = 1 —mi/m,, ¢ = m?/m,.
Let | be the root of equation (4.5), i.e., I = exp[(l—1)r]. Hence
1 =exp[(lg—q)r/q].
By a suitable transformation of this equality we achieve

md
B Bl 2]
m, m, m, m, ‘

Hence we can see that

2
14+ 1)
m.

is the root of the equation ¥r,, ,, (u(1—2)) = o.
The lower bound (4.3) can be proved in a similar way.

A
{

10
08
06}
04
0.2

Fig. 1

Eqdétion (4.5) has a unique solation for any r > 1. Values of the root
1 for some values of 7 are given in Table 1. In Flg 1 there is shown the de-
pendence of ! on 7.
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Table 1

T 1.01 1.02 1.06 1.10 150 260 3.50 4.50 5.00
4 0802 .9610 .9063 .8239 .4172 .1074 .0340 .0117 .0069

OOROLLARY 1. For the queueing system GI /M1, if
A e Fmm)

and 1/u is the mean time of service, then

1’F""l""z
< EW L

w(1=1) S oe—vm, )]
VF,
b omg< Tmem
1-1 1—vp
m),my

Proof. The proof follows easily from theorem 4.1 since for a GI/M /1
queuze we have

V4 V4
EW = ———— EQ = .
premry Lt pry

COROLLARY 2. (i) Let X be a QI |G/1 queueing system. If

4 ‘y(ml’m”)’ B <2.1M1/m 4 <pa(1—p) 21"‘-15{5

i=1
1 1
and if 7——— <m,, then
2 2
(1—-p)t— 2L Ty
EW<L i
= pm ’
1-1)

where 1 is given in (4.5) with r = (1 —p)um,.
i (i) Let Z be a GI/G[1 queueing system. If AeF™e™, B<,, My,,
m:  md
1——2 4+ 21
My My
pm;

EW <

1-7

2
where VZ i8 given in (4.5).
- Proof. By hypothesis and theorems 3.1, 3.2 (i) we have
EW < EW’,
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where W’ is the equilibrium waiting time in GI®/M /1 queuemg system
in which

A'(g) = A(z), B'@) = My,(a), 4'(@)=1—-p) ) 4).

{=1

The input stream is eqﬁiva;lenf to the remewal process with the p.d.f.
A% (@) = pdy(2)+(1—p) 4 ().

Now we can apply the result of the previous corollary to the system
QI/M/[1, putting A = A*, and hence

m? m?
L—pr T My
R e
EwW' < e .
. (L-=10)
2

(ii) The proof is similar to that of (i). The queueing system GI/G/1
is a special case of G®/@/1 with p = 0.

4.3. Bounds for GI?/MW|1, M®|G¥ |1 queues. Now we give some
bounds for EQ, EQ* in GI®/ MW /1, M?|G¥/1 queues respectively. From
the considerations of chapter 3.3 we can see that @, and @, form random
walks and hence we can use inequality (4.1).

Let us consider a stable M®/G¥/1 queueing system (mp—
— mz'mgmz > 0) with

(4.8) fw’dZ(w) < oo, fmde(a:) < oo.

The expected value of U, = Z X, is equal, by Wald’s identity, to
t=1
EU, =mz-EM, and '

‘(1)".
EM, = f Zke""’"‘é %_dB(u) = mgling.
0 nwo *
The variance of U, is equal to
Var U,
U )"
= [ D[ ] @t toade).. ad(a) e ima- X241 4B(u)—
0 n=90 0 0 '\"
- = (mZ'mpmz)} = mz ,mpmy '+ mp,mimz’ — B"‘E’”—

2 -2 — -1
apmimy’ +mg amemy’.
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Hence, using Kingman’s inequality (4.1), we obtain
THEOREM 4.2. For M®|GY /1 stable queueing systems with p.d.f.'s
A4, B fulfilling (4.8) we have

- -2,.2 .2
. _ mz'mz mp+myimich+o}
EQ < —1 . -
—my4 Mmpmz+mgp

Also for GI®| M¥/[1 stable queueing systems with

(4.9) .mz'g < oo,
we have

THEOREM 4.3. For GI®|MW/1 stable queueing (mg mz'm  —mg > 0)
systems with p.d.f.’s fulfilling (4.9) we have

mB m_BzmA‘!'mB 02 +02
Q<

—mz+mg'm mg
The proof is similar to that of theorem 4.2.

4.4. Application of the relations <,,,<,, in queues. The n-th
semi-invariant §,, of the equilibrum waiting time in GI/G/1 queues with
the p.d.f. K of the difference between the service and inter-arrival times
are given by

d Ol f
8, = (—i)* — InEe*|,_, = 2—-] AEY (@), n=1,2,...
di 9
j=1 Y 0
THEOREM 4.4, Let 27, 2" be stable GI|G[1 queueing systems with the
p.d.f. of the difference between the service and the inter-arrival times equal
to K' and K", respectively. If K' <, K", then for the corresponding n-th
semi-invariants 8, 8y , k > n, we have
8, <8y
Proof. The proof follows easily since o ¢ #°} and the relation <,
has property (O). .

Remark. Bergman [5] has proved a similar theorem using more
complicated ordering relations. In this form theorem 4.4 has been given
in [27].

[26] contains the following:

THEOREM 4.5. Let A’y A'" be the p.d.f.’s of the inter-arrival times in

two systems X'y Z'' of type GI[M |1 and 1/u the common mean service time.
If A" <, .4, then

(4.10) Fy.(2) > (), 0
© (4.11) Fo (@) > 0
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Proof. The p.d.f. of the waiting time is given by

1—vsexp(—(1—v))us, @3>0,

W =
(=) |0, z<0,

where v, = &,(u(1—v,)) (see Takacs [38]). Since 4’ <, , 4’, we have

f exp( —sp)dA’ (z) <

exp( —sxv)dd”’ (@), 8> 0.

Hence Y, < ‘vArr and Bince
W,(v) =1—vexp(—(1—v)ua)

is & monotonous function of », we obtain (4.10). The proof of (4.11) is
omitted.

Some other characteristics of GI/M /N, 1 < N < oo, queues are mono-
tonous functionals of the p.d.f. 4 with respect of the relation <, ,. For
example the equilibrum mean time of the distance between consecutive
lost calls § in the system GI/M /N, 1 < N < oo, with losses, is equal to

(see Takacs [38])
N i .
Z(N) D ,(tp)
P L\l 170G
- 1 1 1—-9,(iu)
and the equilibrium n-th binomial moment of numbers of units in a
GI/M | queueing system is equal to

D (i)

"B, = —_—.
-1 1—9 (i)

Appendix

" Here will be given‘ an‘elementary proof of a theorem about extremal
p.d.f.’s of a functional [@dF when the p.d.f.'s run over the sets

Fm)(gmmdy {F: F(0) =0, [ #'dF(@) =my, i =1(i = 1,2)},
0

Fod (Fax™) = [F: Pa) = Y p,8,,ula), [ *dF(a) = m,,
0

1=0

i=1(=1,2)}.
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For the particular case where ¢, (2) = ¢7°%,8 > 0, a similar proot
to that of theorem A.1 has been given by Vasylev and Kozlov [39]. A uti-
lization of such results has been given for example in [17]. In [40] an
application of the result of theorem A.1 is given

THEOREM A.l. (i) For every bounded, convex (and hence decreasing
function) we have

o0

(A.1) min [ gdF = p(m,),
Fc.”(ml)o

(A.2) sup [ gdF = g(0).
F‘ef(ml)o

(ii) For every fumction @ of form ¢(z)= f y(t)dt, where y i8 conven
and decreasing, we have

a0

2
(A.3) max f odF = (1 _ ﬁ)¢(0)+ ™ (m’)
Fcf(ml'mz)o , My m,
" (A4) inf [ gdF = p(m,).
Feg™1m2)0

Proof. (i) (A.1) follows from Jensen’s inequality (see [8]). In order
to prove (A.2) we note that [gdF < ¢(0). To complete the proof it is
0

enough to consider the family of step p.d.f.’s from F™) with jumps equal
to p, 1 —p at points 0, m, /(1 — p) respectively. For this family the supre-
mum in (A.2) is attained.

(ii) The proof of (A.3) is divided into 2 steps. First we show, as in
Hoeffding’s paper (see [13]), that it is enough to restrict considerations
to the set FU"1™d of step p.d.f.’s from F™1™) having a finite number
of jumps, i.e., we show that FU"1™) iz dense in F™1™ in the weak tope-
logy. Let Fe #™™) be given. For any 6 > 0let 0 = o< a;<... < @y,
< @, = oo be such that p, = F(a,,,)—F(e)<d, r=0,...,m If
p, %0 let ‘ ‘ '

0, r<a,
F (r) = p;l[F(m) —F(a,)], @< &< Gy,

1, a,,, <.

It is obvious that there exists a p.d.f. F; which is a step function
with & finite number of jumps such that -
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odfy(@) = [ -o'dF,(a), i=1,2.

[6p18p 47) [0y.Gp+1)
Let
0 <0
F‘(a’) = { ! . < ’0
‘F(ar)+err(w)7 ar<w<a'r+1’ 1'=0,...,'m,

where p,F*(z) = 0 if p, = 0. .
It is easy to verify that [ &'dF(#) =m;, ¢ = 1, 2. Since 8 is an arbi-

0
trary number, the set #{"'™2? is dense in #™'™2), Hence it follows that
we can restrict ourselves only to the set #*1'™2 because the function ¢ is
bounded and continuous.
. In order to show the second step of the proof let us consider the set
of p.d.f.’s having jumps at two pomts Such p.d.f.’s have the following
representatlon

My —me My —my
ks SRR ki A
(A.5) Gi(z) =( m,+12—2m,t my—t
t
1, n mtl <

Further we show that the function A(f) = [ ¢(x)dG,(x) is decreasing
0

in [0, m,). This follows from an elementary property of the convex func-
tion

b
1 h(b) +k(a)
T afh(t)dt<———2, :

which implies

mz—mlt
‘dA(t) m, — —1) my—t
—u(t) —
dt m,+t’ 2ml (m,+'ml—2mlt f y(@)do —y (i)
i
v Mg —m,1
-
'P( my—t ))\0
in [0, m,).

Now we suppose that the p.df. F =F gy B D1uD2ye P e Fm1mg)
has jumps pl""’pﬂ at pOints a’ly . ’wn, n>3 smce Fef('nl"”!) wo



have
y 2 y 2 )
+ =1
1—-p3—...—p, 1—p;—...—p, ‘ '
n
m, — H /)
(A.6) D1, + P2 D, — ! ‘;;P-: ‘
1—py—...—p, 1—py—...—p, 1—py—...—p,’
m, — Vs
Pla’% + Pia’g _ ¢ ig';p‘ ‘
1-py—ee.—pp  1-py—...—p, 1—p3—...—p,

Having fixed @, ..., @y, P3, ..., P, and basing ourselves on the fact
that 4(0) > A(t), 0 <t < m,, we have

pip(@) pate)__), §
1—py—...—p,
( bs p)('l-Pa—...—pn + 1_p3__.."_pn +‘-Zap‘q’(wi)

< Pi9(0)+pip(@) + D pip(@)

{=3
and

e Fruma)

(zl'ao,zé,...,zn,pf. Pgse-sPg)

Now we fix @, =0, @,,...,8,, PiyPsy----y P, a0nd Wwe obtain in
a similar way

Pig(0) +pip(a) + P9 () + D) P (@)

=4

n
< Pi9(0) +p;9(0) +pi9(@) + D pip(a)
{4
and

e Fmma)

(@[ =0,25=0,3,..., Tp, D1, 9203 - »Pp)

Finally we obtain

D) pig(a) < p*o(0)+(1—p*)p(a*)
i=1

and
F(z-o.z‘,th_p-) € .?"(ml-"‘z) .
Hence by (A.5) we get p* = mj/m,, @* = m,/m, and the proof is
complete. ‘

Now we formulate and prove a modification of theorem A.1l in which
we additionally assume that p.d.f.’s belong to %, (F{*™)). The esti-
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mations given in theorem A.2 have been used for example in [7], [21].
The general theory of such preblems has been given in [17]. The proof
- of theorem A.2 is based on the simplex method (see [15]).

THEOREM A.2. (i) For every bounded conved function we have

(A7) sup [ gdF = ¢(0),
F..r‘()'.':l)o
(A.8) min [ @dF = (1—{m,})p(my])+ {m}o(Im,]1+1),

Fcf'(,’.’:l) 0

where [2] denotes the integer part of © and {0} = = — [z].
(i) For every function ¢ of form ¢(z) = f y(t)dt, where y 18 conve

. T
and decreasing, we have

o«

(A.9) inf [ gdF = (1— {my))g([my])+ {m:}p([m,] +1),
pgfg"';l-"'z)o

(A.10) max f pdF
0

my, 7
E(f{'ol 2)

m m
= Po®(0) + Pmyim,) ([7:]) + D(tmyimy1+1) P ([7:] +1):

where

Po = 1 —Pimyimy) — P(imgimy) +1)1

=[] 12]
=m0 [2])

Remark. We note that for the genera.i case FMY (FM™)) we can
find bounds by a simple change of scale and translation.
Proof of theorem A.2. First we note that it is enough to consider

the p.d.f.’s from #F (#F71"™2) having a finite number of jumps. We show
it for the set Fim1™2,

Let F(z) = Y pdi(z)e# (2™ and N be such that ) p;< ¢ Then

f=0 i=N
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we have -

N-1 00
D Pat D) Pa =1

il naN
N_—jl o
D mpat+ D np, = my,
n=1 n=N
N-1 -
D nip,+ Y nrp, =m,
n=1 n=N

One can show that there exist non-negative integers »,, »,, »; and
ﬁ’l, ﬁ72’ 5'3 ; 0 such that!

fu=l
) = 1’
2 Pa
n=N
]
L] n
' m, S
o0 - ml’
2 P D Pn
n=N n=N
3 2= o0
p'1 'nzpn ’
= = mz.
) )
=1 Y p, a=N D D,
n=N n=N

This results from the following geometrical considerations. The point
(my, m,) e R? belongs to the closure of the convex hull of the set

((s,0:5 = [ ad8,(0),t = [w10,(0)i = 0,1,...) = ((G,i%:§ = 0,1, ..}

More precisely, it is contained in the triangle with vertices in (0, 0), ([m,],
[m,]%), (k, k%), &> m,, k> m, (ie., k> max(m,, m,)) and it is known
that each point of a triangle can be represented as & convex combination
of the vertices.

In the sequel we show only the supports of the extremal measures.
The probabilities can be computed by using the conditions that the ex-
tremal measures belong to #i™ or F{Mr™2):

Now let us prove formulae (A. 7)-(A 8). The proof of (A. 7) is analogous
to that of (A.2). To prove (A.8) let us consider the following program:

min Zpitp(i) (n > [m,]+1 fixed)

{0
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subject to

n n
\ 2P1=15 Zipt=mu Piy -y Pp=0.

Put P, =(1,k)7%, Kk =0,...,n, where PT denotes the transposi-
tion of vector P. Let the vectors P, ,, P, ., form & basis and let 4,
=(0,...,1—{m}, {m,}, 0,...,0) be an extreme point. Then, according
to the simplex method, 4, is optimal if z;,—¢;< 0 for 4 =0, ..., n, but
by the convexity assumption we obtain

%—¢ = ([m]+1 —j)g(Im e (i~ [mDe(Im)+1) —(j) < 0.
To prove (1.10) Let us consider the following program:
x . ™. | .
max Zp‘zp(c) (n > [?1] 41 fixed)

{=1

subject to

n n n
21’(=1’ Z’ip¢=‘m1, 2i’p;=m,, P1ye9y Pa=0.
ta=l

im
Put 7, = (1,%,k)%, k =0,...,n, and assume that the vectors
Iy, I iy Higmyim, 41y form a basis. Then

xo = (po’ 07 L | 0’p[m2lm1]’p[m2lml+l]1 sy 0)
is an extreme point.
According to the simplex method x, is optimal if 2,—c¢;> 0 for

i=0,...,n. To check this, let us suppose that ¢(z) = [ y(t)dt and v

2
is striotly convex and decreasing. Then an arbitrary polynomial )’ a0’ +
{=0
+bp(x) has at most two roots (the second derivate is strictly positive)
and hence

1 @ @} ()
1 @, @7 @(%,)
1 o, o7 ()
1 2, 7} ¢(a,)
whenever 0 < 7, < ... < 1, < oo (see example 1.2).

Putting #, =0, 2, =j, #, = a, #, = a+1 and expanding (A.11)
by the last column, we obtain, we obtain after simple transformations

1 1, 1 . e+l ., 1. -
(1—(; + atl )H— a(a+1)9’¢(0)+(—;—J——‘;J’)cp(aH

1 a
L (i) > 0,
+(a+11 a+13)¢(a+1) ¢(j) >

(AJ1) <0,
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whenever 0<j<a<a+4l or 0<a<a+l<j.

For a = [m,[m,] the left-hand side of the above mequahty is equal
to 2;—c; and hence we get 2,—0,> 0,7 =0, ...,n.

If @ is such that ¢ is not stricly convex, then there exists a sequence
v, of strictly convex functions such that ¢,—>¢ and the proof of (A.10)
is completed.

To prove (A.9) we note that from (A.8) we have

o0

inf [@dFf> inof f PdF = (1—{m,})p([m,]) + {m:}([m,]+1).
FeF{mrma) o R0 ~

Now let us consider a p.d.f. Fye#F{*™) having jumps p’, p"’, py
at [m,], [m;]+1, N, where [a—] = lim [a—¢]. If N is sufficiently large

0<8->0

such a p.d.f. exists. If N—o0, then py—0 and

0, 2 < [my],
Fy@) = {1—{m—}, [m]<o<[m]+1,
0, @ > [m,]+1,

which completes the proof.

Let us note that one can prove theorem A.2. from theorem A.l be-

cause the set of p.d.f.’s (JFMpr™ is dense in Fmr™2,
a,b
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