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Introduction

In the present paper we deal with the functional inequalities

(0.1) v[f(@)] < glz, yp(=)]
and
(0.2) y[f(@)] = glz, p(2)],

where f and g are given functions and y is an unknown function. We shall
assume throughout this paper that there exists a solution of the functional
equation

(0.3) plf(2)] = gl=, p(#)],

where ¢ is an unknown function. Thus, the two inequalities (0.1) and (0.2)
always have a solution, because the solution of equation (0.3) satisfies (0.1)
as well as (0.2).

The greater part of this paper will concern a comparison between
solutions of an inequality and solutions of an equation. The approach
to the problem of functional inequalities presented in this paper has been
based on that of the theory of differential inequalities in Szarski’s mono-
graph [7].

A special case of functional inequalities (0.1) and (0.2) has been
considered by Rumak [6]. Some theorems concerning a system of differ-
ence inequalities have been proved. In a special case of one difference
inequality, the results given in [6] turn out to be special cases of the the-
orems which will be proved in Section 2 of this paper. So far we have
not met any other results, except T. Rumak’s paper, concerning functional
inequalities in a single variable of first order.

In the present paper we shall deal, in general, with the continuous
solutions of inequalities (0.1) and (0.2). It is only in Scction 2 that the
solutions will be considered without any assumptions about their con-
tinuity.

1. Preliminaries

The given functions f and ¢ will be subjected to certain conditions.
HyrorHESIS H,. The function f is defined and strictly increasing im
an interval I = [£,b) and fulfils the condition

(L.1) (&) =& fl@y<a for wze(f,d).
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HyproTHESIS H,. The function f is continuous in I.

Remark 1. The number &, as well as b, may be infinite. We say
that a funetion yp is continuous af infinity if there exists a finite limit
lim y(2). This limit will be considered as the value of function p at in-

¢

finity. If § = — oo, then I = (— o0, b).

Remark 2. Hypotheses H, and H, imply that & is an attractive
fixed point of the function fin I, i.e.,

(1.2) limf*(z) = & for zel

n—o00

(see [4]). Here f™(x) denotes the n-th iterate of the function f, i.e., f°(#) = =,
f**Y(=z) = f[f"(«)] for » = 0,1,... Hypotheses H, and H, also imply
that £ is the only fixed point of fin I.

Remark 3. The results obtained in this paper can also be applied
to the case where the fixed point £ is the right endpoint of the interval I,
after a slight modification. Namely, in hypothesis H, we have to assume
that it is the inequality f(x) > = holds in I instead of the inequality occur-
ring in condition (1.1). In particular, this is a, case where one deals with
the difference inequalities.

HyrorHEsIs H,. The function g is a real-valued function defined in
a set Q < I x E and taking values in E, where E is a subset of the real line.
Moreover, for every x € I, the function g is strictly increasing with respect
to the second variable and, for every x € I, the following condition is fulfilled:

Iy e Q5,
where
(L.3) | Q={y:2,ye .
and I, is the set of values of the function g for y € 2.

Since, as has been mentioned in the introduction, we require that
a solution ¢ of equation (0.3) should exist in I, the value %, of ¢ at the
point £ has to satisfy the condition

(1.4) ) Mo = g(&5 70)
(see [4]).

When we consider continuous solutions of inequalities (0.1) and (0.2),
we have to assume the following

HypoTHESIS H,.
(i) The function g is continuous in L.

(ii) For every = € I, the x-section of R, defined by formula (1.3), is
an open interval.

(ili) I'y, = Ly for every = e 1.
(iv) (&, no) € 2, where 7, satisfies equality (1.4).
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We shall consider the solutions y of inequalities (0.1) and (0.2) and
solutions ¢ of equation (0.3) such that their graphs lie in £, i.e.,

(1.5) : p(@), px)e 2, for zel.

2. Non-linear inequalities

In this section we are going to prove some general properties of
solutions of functional inequalities (0.1) and (0.2).

THEOREM 2.1. Let hypotheses H, and H; be fulfilled, let y be a solu-
tion of inequality (0.1) ¢n I and let ¢ be a solution of equation (0.3) in I.

(i) If =, e(&,b) and

(2.1) p(@,) < @ (),

then

(2.2) @) <elf*(@)]  for n=0,1,...
(i) If wye I and

(2.3) p(m) < @ (2y),

then

(2.4) pf" @) <elf*®)] for =n=0,1,..

. Proof. Since the proofs of both parts of the theorem are very similar,
we are going to prove only the first part by induction. By virtue of (0.1),
(2.1), hypothesis H, and (0.3), we obtain

[ f(#,)] < g2, p()] < g%, p(2)] = @[f(w)],

thus inequality (2.2) holds for n = 1.

Let us suppose that inequality (2.2) holds for a positive integer k.
Then, putting f*(x,) in place of z, in (2.1), we find in a similar way that
inequality (2.2) holds for » =k -+ 1, which completes the inductive proof.

An immediate consequence of Theorem 2.1 and (1.2) is the following

CoROLLARY 2.1. Let hypotheses H,—H, be fulfilled, let ¢ be a solution
of inequality (0.1) in I and let ¢ be a solution of equation (0.3) in I. More-
over, let the functions v and ¢ be continuous at the point &. If there exisis
such a point x, € (&, b) that inequality (2.3) holds, then y(&) < @(&).

Another consequence of Theorem 2.1 is the following

COROLLARY 2.2. Let hypotheses H, and H; be fulfilled, let v be a solu-
tion of inequality (0.1) in I and let p be a solution of equation (0.3) in I.

(i) If #,e(&,b) and

(2.5) (@) > (%),
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then

(2.6) YL (@)1 > ¢ 1f " (20)]
for every positive integer n satisfying the co‘n;lition
(2.7) f ™) el.

() If wy el and yp(x,) = @(x,), then
L7 (@0)] = olf " (2))]

for every positive integer n satisfying condition (2.7).

Proof. Since both parts of the corollary can be proved in the same
way, we are going to prove the first part only.

Let inequality (2.5) hold and let us suppose that there exists such
a positive integer n satisfying condition (2.7) that

v (@) ] < e [f 7™ ()]

Putting
(2.8) f (@) =t

we have y (1) < ¢(t), whence, by virtue of (2.8) and Theorem 2.1, we obtain

v(®) = [ O] < @[f*(1)] = o(x0),

contrary to (2.5). Thus inequality (2.6) is proved.
Let x, be an inner point of the interval I. Putting

I, = [f*' (@), (@)}  for % =0, £1, +2,...,
we have

K+2

(&, %] = QOIM [f(wo); b) = LlJo I-—nU[f—(KH)(a’o)’ b)’

where K is the greatest non-negative integer such that f~&+V (x,) e I.

If such an integer K does not exist, then b has to be repulsive fixed point
of the function f. If this is the case, we put K = oo (see [4]). As an imme-
diate consequence of Theorem 2.1 and Corollary 2.2, we obtain the fol-
lowing

COROLLARY 2.3. Let hypotheses H,—H be fulfilled, let y be a solution of
inequality (0.1) in I and let ¢ be a solution of equation (0.3) in I. Moreover,
let z, € (&, D).

(i) If
(@) <@@) for xelf(m), 5],
then
piv)<e@) for wme(f, ]
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(i) If
p(@) <@ for xelf(m),n],
then
y(@) <g@) for we(é,n)].
(iii) If
p(®) > @) for =e[f(®), 2],
then
p(@) > (@) for me|f(x),b).
(iv) If
p(@) =@ for @e[f(@), ],
then

y@) =@ for welf(m),d).

Similar results can be obtained in a similar way for the funectional
inequality (0.2). They arc put together in the following

THEOREM 2.2. Let hypotheses H, and H, be fulfilled, let y be a solution
of inequality (0.2) in I and let ¢ be a solution of equation (0.3) in I. Moreover,
let z, be an inner point of the interval 1.

(1) If p(my) > @(x,), then
" (@)] > o[f"(m)] for n=0,1,...
(i) If (@) = @(@,), then
v[f* @)1= olf*(%)] for = =0,1,...
(iii) If p(®o) < @(x,), then
\ (@)l < @[f 7" ()]
for every positive integer n satisfying condition (2.7).
(iv) If (@) < @(2), then
P (@0)] < 9 [F " (@0)]
for every positive integer n satisfying condition (2.7).
(v) If hypothesis H, is fulfilled and

v(®) > (@) for ®el[f(®), 2],
then

y(@) > @(@®) for xe(é,D).
(vi) If hypothesis H, is fulfilled and

v(@) = (@) for mel[f(x), 2],
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then
p(@) =@ for »e(§,n).
(vii) If hypothesis H, is fulfilled and

v(@) <e@@) for xelf(m),s],
then

p@) <g@) for @elf(a),d).
(viii) If hypothesis H, is fulfilled and

p(@) <g®) for @el[f(z),],
then

(@) <@ for me[f(m),Db).
It is also very easy to prove an analogue of Corollary 2.1:
COROLLARY 2.4. Let hypotheses H,~H, be fulfilled, let v be a solution
of inequality (0.2) in I and let ¢ be a solution of equation (0.3) in I. Moreover,
let the functions y and ¢ be continuous at the point &. If there exists such
a point x, € (&, b) that p(xy) = p(x,), then
v(&) = ¢(£).

Let the functions y, and y, be defined in the interval I. In the sequel
we are going to denote

(2.9) YV y:(®) = max[y,(2), p(x)] for zel,

(2.10) p10y,(¥) = minfy,(®), yo(¥)] for vel.

THEOREM 2.3. Let hypotheses H, and Hj be fulfilled.

(i) If v, and y, satisfy inequality (0.1) in I, then p,Vy, and p,Nyp,
also satisfy (0.1) in I,

(ii) If y, and y, satisfy inequality (0.2) in I, then w,Uyp, and y,Nyp,
also satisfy (0.2) in I.

(iii) If ¢, and @, satisfy equation (0.3) in I, then @,Ve, and ¢,Np,
also satisfy (0.3) in I,

Proof. Let us assume that y, and v, satisfy inequality (0.1) in I
and let xel. If

(2.11) @) <y(w) and  p[f(@)]<y.lf(@)],
then, by virtue of (2.9), we have
MU (@) = ya(@) and  yp,Up[f(@)] = p.[f(@)],

whence y, Uy, satisfies inequality (0.1) at @, because y, satisfies inequality
(0.1) at =. Inequalities (2.11) imply, by virtue of (2.10), that

Y10y, (@) = (@) and 0w [f(@)] = v, [f(2)],
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whence y, Ny, satisfies inequality (0.1) at x, because y, satisfies inequality
(0.1) at . '
If, instead of inequalities (2.11), the opposite inequalities hold, then
the proof is identical. :
Let us assume that

(2.12) vi(2) < v ()
and
(2.13) v [f(@)] = v.[f(@)],

It follows from (2.9), (2.12) and (2.13) that

Ve [f(@)] = v, [f(®)] and ¢, Uy, (2) = v (2).
Hence, by virtue of (2.9) and (0.1),

Y1YY, [f(a;)] =y [f(@)] < glz, p.(@)] < g2, v2(2)] = g[@, v1VUy:(2)],
because the function g is strictly increasing with respect to the second

variable by virtue of hypothesis H;. Thus the function y, Uy, satisfies

inequality (0.1). It also follows from (2.10), (2.12), (2.13) and hy pothesis H,
that

vy [f(@)] = v.[f(#)] and Ny () = pi(2).
Hence, by virtue of (2.10) and (0.1),

10y [f(2)] = v [f(@)] < p: [f(#)] < g[2; 91 (@)] = g, p.Nya(@)],

thus the function y, Ny, also satisfies inequality (0.1). If we replace ine-
qualities (2.12) and (2.13) by the opposite inequalities the proof is similar.
The first part of the theorem is proved. The proof of the second part is
quite similar.

Now, we are going to prove the last part of the theorem. Let ¢, and ¢,
satisfy equation (0.3) in I and let = € I. Let us also assume that the ine-
quality
(2.14) @1(2) < @2(2)

holds. Since ¢, satisfies equation (0.3), it also satisfies inequality (0.1).
Thus we may apply Theorem 2.1, which implies that

o1 [f(2)] < . [f(2)],
because g, is a solution of equation (0.3) in I. Hence, by virtue of (2.9), (0.3)
and (2.14), we obtain
¢ [f(#)] = @a[f(@)] = gL, p2(2)] = gl@, 91V, (2)].

The last equalities prove that the function ¢, Ug, satisfies equation (0.3)
at . The proof for ¢,Ng, is similar,
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It is well known that every family of functions defined in an common
set is a distributive lattice with respect to the operations U and N (see [8]).
Thus, as an immediate consequence of Theorem 2.3, we obtain the following

THEOREM 2.4. Let hypotheses H, and H, be fulfilled. Then each of the
families of functions defined im I, namely:

the family of all solutions of inequality (0.1) in I,

the family of all solutions of inequality (0.2) in I, and

the family of all solutions of equation (0.3) in I,
18 a distributive lattice with respect to the operations U and N.

Since in next sections of this paper we shall deal with the continuous

solutions of inequalities (0.1) and (0.2), it will be useful to adopt the fol-
lowing

DEFINITION 2.1. Let hypotheses H,—-H, be fulfilled. We denote by L
the family of all continuous solutions of inequality (0.1) in I, by L’ the
family of all continuous solutions of inequality (0.2) in I and by L, the
family of all continuous solutions of equation (0.3) in I.

Since the operations U and N preserve the continuity of functions,
we obtain, as an immediate consequence of Theorem 2.4, the following

THEOREM 2.5. If hypotheses H,—H, are fulfilled, then each of the families
L, L' and L, is a distributive lattice with respect to the operations U and N.

3. Continuous solutions of homogeneous inequalities

In this section we shall deal with the homogeneous inequalitics

(3.1) v[f(®)] < g(@)yp (@),
(3.2) p{f(®)] > g(@)p(x),

where f and g are given functions and v is an unknown function. The
function f will be subjected to the same conditions as in preceding sections.
As regards the function g we shall assume the following

HyproTHESIS H;. The function g is defined and continuous in I and
g(@) > 0 for z e I. ‘

Under hypothesis H; we are allowed to use all the results of the pre-
ceding sections by virtue of the following

LevMMA 3.1. If hypothesis H; is fulfilled, then the function g(z,y)
= g(x)y fulfils hypotheses Hy and H, in Q = I xR. '

This lemma is very easy to verify.

Inequalities (3.1) and (3.2) are related to the homogeneous functional
equation :

(3.3) plf(@)] = g9(2)9(=),
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where @ is an unknown function. The results concerning the continuous
solutions of the homogeneous inequalities, as well as the solutions of the
homogeneous equation, depend on the behaviour of the following sequence

(3.4) Go) = [[9lf' @], wel,n=1,2,..

It is easy to verify the following formula
(3.9) G..1(2) = g(@)G,[f(x)], @el,n=1,2,...

In the sequel, we shall consider the homogeneous inequalities in
the following three cases:
(i) The limit

(3.6) 6 (z) = lim@, (z)

N—=>00

exists in I and G is continuous in I. Moreover, G(z) # 0 in I.

(ii) lim@,(z) = o for zel.
(iii) There exists an interval J < I such that
(3.7 lim@,(z) =0

uniformly in J.

We shall discuss the problem of homogeneous inequalities on the
basis of the theory of the homogeneous equation (3.3). The results of this
theory one can be found in [4]. Since we shall use those results many times
in the present paper, it will be useful to quote them here as the following

LEMMA 3.2. Let hypotheses H,, H, and H; be fulfilled.

In case (1) equation (3.3) has a one-parameter family of comtinuous
solutions in I: for every real number ¢ there exists exactly one continuous
Sfunction ¢ satisfying (3.3) in I and fulfilling the condition

(3.8) p(&) =o.
This solution is given by

¢
(3.9) pz) = @) for wel.
In case (ii) the fumction @(z) =0 for x €I is the only continuous
solution of equation (3.3) in I. ,
In case (iii) equation (3.3) has in I a continuous solution depending
on an arbitrary function. In this case every continuous solution ¢ of
equation (3.3) in I fulfils the condition

(3.10) o(6) = 0.
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There is a posibility that none of three cases (i), (ii), (iii), occurs.
Then the function which is identically equal to zero in I is still the only
continuous solution of equation (3.3) in I. We are not going to deal with
such a case in this paper.

Let us notice that hypothesis H; implies that the function @, given
by (3.6), has to be positive in I, as well as the functions @,, given by (3.4).
This enables us to prove the following

LeMMA 3.3. Let hypotheses H,, H, and H; be fulfilled. If the funclion y
satisfies imequality (3.1) in I, then

(3.11) p[M(x)]< @, (@) px) for zel,n=1,2,...
If the function  satisfies inequality (3.2) in I, then

(3.12) P (@)]> G (@)p(@) for wel,m=1,2,..
If the function ¢ satisfies equation (3.3) in I, then

(3.13) el (2)] = Q. (x)p(x) for xzel,n=1,2,...

We omit the simple inductive proof of Lemma 3.3.

THEOREM 3.1. Let hypotheses H,, H, and H; be fulfilled and let case (i)
occur. If p is a continuous solution of inequality (3.1) én I, then

(3.14) (@) = @(w) for wel,

where @, 18 the continuous solution of equation (3.3) in I given by the formula

_ v
(3.15) %o(@) oo for wel.

The solution ¢, satisfies the following conditions:

(3.16) Po(§) = (&)

and if ¢ is such a solution of equation (3.3) continuous in I thdt
(3.17) @ (o) > @o (o)

Jor an @z € I, then

(3.18) P(&) > p().

Proof. Condition (3.16) follows from Lemma 3.2. Now we are going
to prove inequality (3.14). Let ¢ be a continuous solution of inequality (3.1)
in I, It follows from Lemma 3.3 that

w[f”(fv)lgw(w) £

or xel n=1,2,...
Gﬂ(w) ? b ? ?
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whence, by virtue of (1.2) and (3.6), we obtain

_’fﬂg p(#) for wel,

G (x)

because of the continuity of y. Thus inequality (3.14) has been proved.

Let us assume that ¢ is such a continuous solution of equation (3.3)
that there exists such an x, € I that the inequality holds. Since the family
of all continuous solutions of equation (3.3) is a one-parameter family
in case (i) by virtue of Lemma 3.2, then inequality (3.17) implies the
inequality @ () > ¢,(2) for # € I. The last inequality together with condi-
tion (3.16), which has already been proved, implies (3.18), which completes
the proof of the theorem.

By virtue of Theorem 3.1, ¢, is the greatest continuous solution of
equation (3.3), which satisfies inequality (3.14) for a given p.

Theorem 3.1 given an analogue of the comparison theorems of the
theory of differential inequalities. Namely, as an obvious consequence of
Theorem 3.1, we obtain the following

THEOREM 3.2. Let hypotheses H,, H, and H; be fulfilled and let case (i)
occur. Moreover, let y be a continuous solution of inequality (3.1) in I and
let ¢ be a continuous solution of equation (3.3) in I. If w(&) = @(&), then
y(®) = p(x) for vel.

In a similar way one can obtain analogous results for the functional
inequality (3.2). We give them here without prdof:

THEOREM 3.3. Let hypotheses H,, H, and H be fulfilled and let case (i)
occur. If y is a continuous solution of imequality (3.2) in I, then

(3.19) (@) <pz) for wzel,

where @, is the continuous solution of equation (3.3) in I given by formula (3.15)
and satisfying (3.16). Moreover, if ¢ is such a continuous solution of equation
(3.3) that @(m,) < @o(w,) for an x, € I, then ¢ (&) < p(§&).

Similary to Theorem 3.1, Theorem 3.3 means that ¢, is the least
continuous solution of equation (3.3) in I which satisfies inequality (3.19)
for a given y.

THEOREM 3.4. Let hypotheses H,, H, and H be fulfilled and let case (i)
occur. Moreover, let y be a continuous solution of inequality (3.2) in I and
let ¢ be a continuous solution of equation (3.3) in I. If p(&) < @(&), then
p(@) < @(x) for x e 1.

Since equation (3.3) has, in case (i), @ one-parameter family of contin-
uous solutions in I (see Lemma 3.2), then for every point (2, ¥) € 2, there

exists exactly one confinuous solution of (3.3) passing through that point.
This justifies the following
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DEFINITION 3.1. Let a function y be defined in I. If # € I, we denote
by #n(«) the value at & of continuous solution ¢ of equation (3.3), which
patisfies the condition

(3.20) o(z) = y(z).
It is obvious that

7()
G (x)

by virtue of Lemma 3.2. Formula (3.21) and Lemma 3.2 immediately
imply the following

LEMMA 3.4. If hypotheses H,, H, and H; are fulfilled and case (i) occurs,
then the function y is conttnuous in I, if and only if the function 7 is con-
tinuous in I.

Here we give the definition of {f}-monotonic (see [4]), which will
be needed in the sequel:

DEFINITION 3.2. The function % defined in I will be called {f}-in-
creasing in I if the inequality

(3.21) p(@) = for zel,

(3.22) n[f(@)]=n(e) for wel

holds.

The function 7 defined in I will be called {f}-decreasing in I if the
inequality
(3.23) nlf(2)] < n(ar) for wxel

holds.

We are going to show that there is a one- to -one correspondence be-
tween the family of {f}-decreasing functions continuous in I and the family
of continuous solutions of functional inequality (3.1), as well as between
the family of {f}-increasing functions continuous in I and the family of
continuous solutions of functional inequality (3.2) in I. Namely, we are
going to prove the following

THEOREM 3.5. Let hypotheses H,, H, and H; be fulfilled and let case (i)
oceur. If y i8 a function defined and conténuous in I, then

1° the necessary and sufficient condition for y to be a continuous solu-
tion of imequality (3.1) in I is that the function n, defined by Definition 3.1,
be an {f}-decreasing continuous function in I;

2° the mecessary and sufficient condition for vy to be a continuous solu-
tion of inequality (3.2) in I is that the function 7, defined by Definition 3.1,
be an {f}-increasing contmuous Junction in I.

Proof. We are going to" ‘prove the first part of the theorem. The.
proof of the second part is similar.
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Let y be a continuous solution of inequality (3.1) in I. It follows from
(3.21) and (3.1) that

n[f(#)] 7 (%) n(w)
el @)]<g@)yle) =9(@) — =9@) — 7=
Gifn  U@ISIEv@ =@ 6o =90 et
for x € I, by virtue of (3.5), (3.6) and because the function @ is positive
in I. Hence inequality (3.23) follows.
J Conversely, let us assume that (3.23) holds. It follows from (3.21),
(3.23), (3.5) and (3.6) that

nLf()] ()
yif(@)] = GLf@)] < a1 @] g()
whence inequality (3.1) follows. Since the function y is continuous if and
only if the function 7 is continuous, by virtue of (3.21) and the continuity
of the function @, the proof is completed.

Since the function # defined by Definition 3.1, is determined uniquely
by formula (3.21), we obtain from Theorem 3.5 the one-to-one correspond-
ence between the family of continuous solutions of inequality (3.1) in I
and the family of all continuous {f}-decreasing functions. More precisely,
Theorem 3.5 immediately implies the following

COROLLARY 3.1. Let hypotheses H,, H, and H; be fulfilled and let
case (i) occur. The one-to-one correspondence between the family of continu-
ous solutions y of inmequality (3.1) in I taking values in E (the family of
continuous solutions of inequality (3.2) in I taking values in E) and the fam-
ily of continuous functions n, {f}-decreasing in I ({f}-increasing in I)
and taking values in K, is given by the formula

(3.24) n(z) = G(x)yp(®) for zel.

- =g(x)y(®) for =zel,

Let us notice that if y is a.continuous solution of inequality (3.1)
in I, then Theorem 3.1 implies that if

(3.25) v(§) >0,
then
(3.26) \ p(x)>0 for zel.

Thus, if % is an {f}-decreasing ({f}-increasing) function in I and (3.25)

holds, then the function

_ @)
v(§)

s also an {f}-decreasing ({f}-increasing) funcgien-in I. It is very easy to
see, in view of (3.25), that :

BU )
(3.28) 7(é) = 1. kW/
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for xzel

(3.27) 7 ()
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~ Similary, Theorem 3.3 implies that if  is a continuous solution of
inequality (3.2) in I satisfying the condition

(3.29) . o w() <0,
then '
(3.30) - : p(@) <0 for wmel.

Thus Corollary 3.1 implies immediately the following «

COROLLARY 3.2. Let hypotheses H,, H, and Hj be fulfilled and let case (i)
occur. The one-to-one correspondence between the family of continuous sol-
utions y of inequality (3.1) in I, satisfying condition (3.25) (the family of con-
tinuous solutions of inequality (3.2), satisfying condition (3.29)) and taking
values in E, and the family of continuous functions %, {f}-decreasing
in 1, satisfying condition (3.28) and taking values in E, is given by the for-
mula

(3.31) o T](;B) -~ G(z) for wel.

The one-to-one correspondence between the family of continuous
solutions y of inequality (3.1) in I, satisfying condition (3.30) (the family
of continuous solutions of inequality (3.2) in I, satisfying condition (3.26))
taking values in E, and the family of continuous functions 7, {f}-increas-
ing in I, satisfying condition (3.28) taking values in E, is given by for-
mula (3.31). ‘ ‘

Since inequality (3.23) is a special case of inequality (3.1), then The-
orem 3.2 implies that if % (&) > 0, then 5 (%) > 0 for # € I. It follows from
condition (3.21) that (&) = 0, if and only if y(&) = 0. Thus Theorem 3.5
and Corollaries 3.1 and 3.2 enables us to reduce the investigation of solu-
tions of inequality (3.1) to a special case of inequality (3.23) in the general
case. In case where we restrict ourselves to the investigation of positive
solutions of (3.1) only, this investigation can be reduced to the investi-
gation of solutions of (3.23) such that either %(£) = 0, or 5(£) = 1. In
case of negative solutions of inequality (3.1) we can restrict ourselves to
the investigation of solutions of inequalities (3.22) and (3.23) satisfying
condition (3.28).

Inequalities (3.22) and (3.23) are related to the functional equation

(3.32) elf@)] =9(@), wel.

It is easy to see that this equation has a coefficient g(z) equal to 1 iden-
tically in I, thus case (i) occurs. It follows from Lemma 3.2 that equation
(3.32) has a one-parameter family of continuous solutions. This is the
family of constant functions in I. Thus, by virtue of Theorem 3.2, we obtain

(3.33) . n@)=>n(¢) for wzel.
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Thus Theorem 3.1, Corollary 3.1, and (3.33) imply the following

COROLLARY 3.3. Let hypotheses H,, H, and H be fulfilled and let
case (i) occur. Moreover, let us assume that y is a continuous solution of
inequality (3.1) in I and

(3.34) ) im_L = e,

where G is defined by formula (3.6).
If y satisfies condition (3.25), then

limy(x) = oo.
z—b

If y is @ positive function bounded from above in I, then y(&) = 0.
COROLLARY 3.4. Let hypotheses H,, H, and H; be fulfilled and let case (i)
occur. Moreover, let b be & repulsive fixzed point of the function f in I and let
(3.34) hold. If y is a continuous solution of inequality in I, satisfying (3.25)
and bounded from above in I, then y(x) = 0 for x € I.
. Proof. Let us suppose that ¢ is a continuous solution of (3.1) in I,
satisfying (3.25). Let x, be such an inner point of the interval I that

(3.35) w(@,) > 0.

Moreover, let ¢ be a continuous solution of equation (3.3) in I, passing
through the point (z,, y(a,)), ie.,

(3.36) P (@) = ().

Since equation (3.3) has the one-parameter family of continuous solutions
in I on account of Lemma 3.2, then (3.35) implies that ¢ (&) > 0, whence
(3.37) limg(z) = oo,

. z—>b
by virtue of Lemma 3.2 and (3.34). It follows from Lemma 3.1, (3.36),
Lemma 2.2 and (3.37) that
limy[f~"(%)] = oo,

n—>00

because for every positive integer n, f~"(z,) € I and the sequence f~"(x,)
converges to b for every x, € I, 2, # £ (see [4]). The last condition implies
that if (3.35) holds, then the function y has to be unbounded from above
in I. Therefore any solution y bounded from above has to satisfy the
condition '

pl@)<0 for xel..

Hence, on account of (3.25) and Theorem 3.2, y(2) = 0 in I, which com-
pletes the proof.
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In a similar way one can obtain results for inequality (3.2) analogous
to the last two corollaries. These results are presented here as the following

COROLLARY 3.5. Let hypotheses H,, H, and H; be fulfilled and let
case (i) occur. Moreover, let yp be a continuous solution of imequalily (3.2)
tn I and let (3.34) hold.

If vy satisfies (3.29), then lim y(xr) = — oo.

z—>b

If y is megative function bounded from below in I, then (3.32) holds.

If v is bounded from below in I and satisfies (3.29) and if b i3 a repul-
sive fized point of the function f in I, then yp(x) = 0 for x € 1.

We are going to illustrate the foregoing results by examples.

ExAwpLE 3.1. The inequality

(3.38) v(@/2) < e Pyx) for xe[0,b),

where b is an arbitrary positive number, is related to the equation
(3.39) (x/2) = e p(x) for e[0,D).
The cont';inuous solutions of (3.39) are given by

p(z) =ce® for xe[0,Dd),

by virtue of Lemma 3.2, because in this case we have from (3.4) and (3.6)

n—1
lim@,(z) = lim ne‘m" =¢* for wxe[0,D),
n—>00 n—»oon=o

thus case (i) occurs. In this example, the continuous solutions of (3.38)
are given by ' '

y(@) = n(@)e® for =e€[0,D),

where 7 is an arbitrary continuous function {f}-decreasing in I, on account
of Corollary 3.1. The continuous solutions of inequality in [0, b) satisfying
condition (3.25), can be written in the form

y(@) = o(z)6® for woe[0,d),

where 7% is an arbitrary continuous function {f}-decreasing in [0, b) satis-
fying condition (3.28), and ¢ is an arbitrary real number diffrent from
zero (see Corollary 3.2). In the special case where b = oo the assumptions
of Corollaries 3.3 and 3.4 are fulfilled. Therefore, the only positive solu-
tion of (3.38) in [0, oo) continuous and bounded from above is the function
(@) = 0 for @ € [0, o).

ExampLE 3.2. The inequality

3.40) y(}o) < cosyey(w) for =2e[0, )



3. Continuous solutions of homogeneous inequalities 21

is ralated with the equation

(3.41) p(iw) = cospzy(x) for we[0,n).
This is also case (i), because the function

sine

for =ze(0,n),

1 for » =0,

n—1
is a continuous limit different from zero of the sequence [] cosxz /2’ (see [3]).
=0

It follows from Lemma 3.2 that the continuous solutions of (3.41) in [0, =)
are given by the formula ¢(») = ¢@(z), where

by

f
() — | sina or =z€(0,mn),

1 for =2 =0,

and ¢ is an arbitrary constant. .

The continuous solutions of (3.40) are given by w(z) = n(®)p(®)
for x € [0, =) and, if they satisfy condition (3.25), also by the formula
y(@) = 7(z)p(x) for x € [0, =), where 7 is given by formula (3.31). The
assumptions of Corollary 3.3 are fulfilled, but the assumptions of Corollary
3.4 are not. Thus every positive continuous solutions of (3.40) bounded
in [0, =) has to be equal to zero at the point zero, but, since = is not a fixed
point of the function #/2 in [0, =), there exist positive continuous solutions
of (3.40) bounded form above which are not identically equal to zero
in [0, =). Such a solution is, for instance, the function

0 for ze€[0,=/2),
x—3n for w®e([n/2,x).

In case (ii) we can prove the following

THEOREM 3.6. Let hypotheses H,, H, and H; be fulfilled and let case (ii)
occur. If p is a continuous solution of inequality (3.1) in I, then

(3.42) (@) =0 for xel.

Proof. Let y be a continuous solution of (3.1) in I. It follows from
Lemma 3.3 that inequality (3.11) holds. Hence

3.4 > v[™(2)]
(3.43) v(z) = @) for wel,
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because G, (x) > 0 for x e I, by virtue of (3.4) and hypothesis H;. Since
case (ii) oceurs, it follows from (1.2), the continuity of y and (3.43) that
(3.42) holds.

Since the function ¢(x) = 0 for @ € I is the only continuous solution
of equation (3.3) in I, by virtue of Lemma 3.2, Theorem 3.6 is, in case (ii),
an analogue of Theorem 3.1. In a similar way one can obtain theorem
analogous to Theorem 3.3:

THEOREM 3.7. Let hypotheses H,, H, and H, be fulfilled and let case (ii)
occur. If y 18 a continuous solutions of inequality (3.2) in I, then '

(3.44) p@)<0 for wel.

Lack of continuous solutions of equation (3.3), other than the triv-
ial one, makes it impossible to obtain any results analogous to Corol-
laries 3.1-3.4. However, inequality (3.1) may have quite a large family
of continuous solutions in I. Let us consider the following

ExampLE 3.3. The inequality
(3.45) p(@/2)<2y(x) for xe€[0, oo0)

is an example of such an inequality where case (ii) occurs. We do not know
all the continuous solutions of this incquality, but we are going to give
several examples: the functions

¢
1442’

1 =20, @¥) =cw, g@5(@)= @4 (@) = ox®

are continuous solutions of (3.45) in [0, o) for an arbitrary positive
constant ¢, as well as their sums. One can verify this fact by a simple
substitution. o

In the sequel, we are going to consider the homogeneous functional
inequality when case (iii) occurs. In this case the problem is much more
complicated and we are able to obtain some results in a narrower class
of solutions than the continuous ones. At the beginning, we are going to
prove some lemmas.

LeEmMA 3.5. Let hypothesis X, be fulfilled and let g be & function defined
in I and satisfying the condition

(3.46) gz >0 for wel.
If v satisfies inequality (3.1) in I, then the sequence
(3.47) o) = YL@ e,

G, (@)
is decreasing in I.
If y satisfies inequality (3.2) in I, then sequence (3.47) is tncreasing in 1.

Proof. Since the proofs of both parts of the lemma are similar, we
are going to prove only the first part.
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Let p be a solution of inequality (3.1) in I. It follows from (3.47),
(3.1) and (3.4) that : '

_pIMM @] _ g @) _vl@]
Pl =g ) S gF@ite | Gm

for # e I, thus the sequence y, is decreasing in I.

LEMMA 3.6. Let hypotheses Hy, H, and H, be fulfilled and let case (iii)

occur. If vy is a solution of inequality (3.1) in I, continuous at the point &
then '

(3.48) () <0. .
If y is a solution of inequality (3.2) in I continuous at the point &, then
(3.49) (€)= 0.

Proof. We are going to prove (3.48). The proof of (3.49) is similar.
Let v be a solution of inequality (3.1) in I, at &. If case (iii) occurs, then
the sequence @, satisfies (3.7). Let # € J. Since the function y is con-
tinuous at &, from (1.2), Lemma 3.3 and (3.7) we obtain condition (3.48).

DEFINITION 3.3. We denote by P, the class of all continuous solu-
tions of inequality (3.1) in I, satisfying the condition

and such that there exists, foreach y € ¥,, such a solution ¢, of equation
(3.3) in I that

(3.51) v(@) =@ (x) for wxel.

We denote by ¥, the class of all continuous solutions y of inequality
(8.2) satisfying condition (3.50) and such that there exists, for each v € ¥,,
such a solution ¢, of equation (3.3) in I that

pa) <gyx) for zel

LEMMA 3.7. Let hypotheses H,, H, and H be fulfilled and let case (iii)
occur. If ye P, then the limit '

(3.52) wm»=ggﬂ%§?-

exists in I and g, is a solution of equation (3.3), continuous from above in I,
continuous at the point &:
If y € ©,, then the limit (3.52) ewists in I and @,

(3.53) v(®) = @y(w) for wmel.

If y € ¥,, then the limit (3.52) ewists in I and @, is a solution of equation
(3.3), continuous from below in I, continuous ai the point & and

p(@)<gx) for mel.
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Proof. Similarly to the precedings lemmas, we are going to prove
the first part, because the proofs of both parts are similar. Let y € ¥,.
First, we are going to prove that the sequence y, given by (3.47), is bounded
from below at every x € I. Indeed, since for every z e I, the condition
M=x)el for n =1,2,... is fulfilled on account of hypothesis H,, and
there exists a solution ¢, of (3.3) in I satisfying (3.51) on account of defi-
nition 3.3, we from (3.51) and (3.47) that

e (@)]
v (@) = e

because ¢, satisfies (3.3)and (3.13). Therefore the sequence y, is a decreas-
ing sequence bounded from below of continuous functions, where the
limit (3.52) has to exist and is a function continuous from below as a limit
of a decreasing sequence of continuous functions y, . It follows from (3.52)
and (3.47) that

o1(w) for wel,

p[If" @] v (@)

@o(T) =:i’:'/’n(m) Z,}Eg G.@] :,}52 —m— g(z)

for # € I, by virtue of (3.5). Therefore ¢, satisfies equation (3.3) in I.
Condition (3.53) follows immediately from (3.1), from Lemma 3.3 and
from (3.52). Since (3.52) and (3.51) imply that
(@) = lim y[f*(#)] lim o1 Lf" (2)]
qjo B n—>o0 Gn (3'/') = n—>00 Gn (m)

because ¢, satisfies (3.3) in I, we obtain

=¢, (@) for wxel

0 = ¢,(§) < liminfgy(v) < limsup g, () < go(&) = 0,

z—§ z—>& ’

on account of continuity of ¢, at £ Lemma 3.2, continuity from above
of @, and (3.50). It proves the continuity of ¢, at & and, at the same time,
completes the proof of the lemma.

LEMMA 3.8. Let the assumptions of Lemma 3.7 be fulfilled and let ¢
be a solution of equation (3.3) in I. If v € ¥, and x, is such an inner point
of the interval I that :

(3.54) Po(@o) < @(a,),
then there exists such a positive integer k that
(3.55) P (@)1 < @ [f* ()]

If o € P, and x, is such an inner point of the interval I that

Po(y) > (@),
then there exists such a positive integer k that

p[f* (@)1 > o Lf*(a0)].
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Proof. Let inequality (3.54) hold for an =, € (£, b) and let us suppose
that inequality (3.55) does not hold for any positive integer k. This means
that

(3.56) elf*(@)] < p[f*(m)] for =n=1,2,...

Since the function g is positive in I, by virtue of hypothesis H; and ¢
satisfies equation (3.3) in I, we infer from (3.56) and (3.4) that

el (@)
pio) = Gome) ~ Go(m)

for n=1,2,..

Hence, ¢(3,) < @o(®,), by virtue of (3.52). The last inequality contradicts
inequality (3.54), which compietes the proof of the first part of the lemma.
The proof of the second part is similar.

If inequality (3.54) holds not only for one point x,, but also in the
whole interval [f(,), %], then for every x belonging to this interval
there exists such a positive integer k that inequality (3.55) holds. However, &
depends on x, and thus we cannot assert that there exists such a & that (3.55)
holds in the whole interval [f(z,), #,]. Such an assertion requires some
additional assumptions. Namely, we are going to prove the following

THEOREM 3.8. Let hypotheses H,, H, and H; be fulfilled and let case (iii)
occur. If y € ¥, and ¢ is a continuous solution of equation (3.3) in I satisfying
the inequality

(3.57) p(x) > (@) for e [f(2), %],

where x, is an inner point of I and g, is given by formula (3.52), then there
exists such a positive integer k that

(3.58) plf*(@)] > p[ff(@)] for e [fm),z].

If v € O, and ¢ is a continuous solution of equation (3.3) in I satisfying

the inequality
p(x) < (@) for e [f(m), 2],
where x, 18 an inner point of I and ¢, is given by formula (3.52), then there
extists such a positive integer k that
plf @] < plff@)] for welfi@), ]

Proof. Let us assume that the theorem is false. It means that there
exist functions ¢ and ¢ such that y € ¥, and ¢ is a continuous solution
of (3.3) in I, and there exists such an z, e (£, b) that (3.57) holds, but for
every positive integer » there exists such a point z, € [f(2,), @] that
(3.59) e[f* (@)1 < v [ (2,)].

Let us suppose that for a positive integer k the inequality

pLf* (@)1 > ¢ [f*(2,)]
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holds. Then it follows from hypothesis H, and Theorem 2.1 that

o™ (@a)]1> w[f*(@,)],
in spite of (3.59). Thus for every k the inequality
(3.60) oLf*(@,)] < w[f" (@)

holds. Since the interval [f(z,), #,] is compact, there exists a subse-
quence of the sequence z, converging to a point z e [ f(x,), z,]. It follows
from the continuity of function ¢ and (3.60) that

plf* @< y[f*@] for k=1,2,..

The last inequality contradicts Lemma 3.8, which completes the proof
of the first part of the theorem. The proof of the second part is similar.
Let us notice that if v € ¥, (y € ¥,) and if the function ¢, is contin-
uous in I, then ¢, is the greatest (the smallest) continuous solution of
equation (3.3) in I satisfying inequality (3.53) (the inequality opposite
to (3.53)), in view of Theorem 3.8.
In the sequel we shall consider narrower classes of functions:

DEFINITION 3.4. We denote by @ the family of all continuous solu-
tions of equation (3.3) in I satisfying the condition

(3.61) p@)>0 for (&b).

We denote by ¥, the family of all continuous solutions of inequality
(3.1) in I satisfying condition (3.42).

We denote by ¥, the family of all continuous functions y € ¥, for
which ¢, € @ (see Definition 3.3), satisfying condition (3.42).

Let us notice that if y € ¥,, then condition (3.42) implies condition
(3.50), on account of Lemma 3.6. Thus, ¥, = ¥, with ¢,(¢) = 0forz el
(see Definition 3.3). But condition (3.42) implies neither (3.50) nor y e ¥,
for any continuous solution v of inequality (3.2) in I. Since we want to
deal with the positive continuous solutions of (3.2), we have to make an
additional assumption that ¥, = ¥,. Here we have to renounce the duality
which one could observe so far between (3.1) and (3.2).

It is necessary for further considerations in this section to have the
condition @ -+ @ fulfilled. For this reason we shall assume the following

HypoTHESIS H. There 6xists such an imner point z, of the interval I
that lLim G,(z) = 0 uniformly in the interval [f(x,), xz,], where the se-

quence @, is given by formula (3.4). ’

It is easy to see that hypothesis H, implies that case (iii) occurs, but
in case (iii) hypothesis H; does not have to be fulfilled (see [1]). The condi-
tion @ @ is fulfilled if and only if hypothesis Hy is fulfilled (see [9]).
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THEOREM 3.9. Let hypotheses H,, H,, H,, and H, be fulfilled and
let y be a continuous solution of inequality (3.1) in I. If ¢y € @, where @,
is given by formula (3.52), and then satisfies inequality y(z) > 0 for x € (£, b)
and

L p(@)
3.62 lim =1
( ) z—¢ (Po($)

Proof. It follows immediately from (3.53) and (3.61) that yp(z) > 0
for # € (£, b) on aeccount of Lemma 3.7 and definition 3.4. Let ¢ be an
arbitrary positive number. Put

(3.63) ¢ =1+te.

The function ¢, (2) is a continuous function in I, by virtue of definition 3.4
and satisfies equation (3.3) in I by virtue of Lemma 3.7 and Since ¢ > 0,
it follows from (3.63) and (3.61) that

(3.64) (@) = cpy(w) = po(x) for wel.

Let z, be an inner point of the interval I. Condition (3.64) implies that
inequality (3.57) holds; thus there exists such a positive integer % that (3.58)
holds on account of Theorem 3.8. Let us denote d = f*~'(x,). Inequal-
ity (3.58) implies, in view of Corollary 2.3, that

(3.65) p(@)<ep@) for wze(fd).
Inequalities (3.53) and (3.65) imply that

y (@)
Po (@)
by virtue of (3.63) and (3.64). The last condition proves (3.62), which
completes the proof.
One can prove in a similar way the following
THEOREM 3.10. Let hypotheses H,, H,, H; and H, be fulleled and let
pe W, be a function satisfying the condition y(x) %0 for xe(&,b). If
@o € D, where @, is given by formula (3.52), then condition (3.62) is fulfilled.
In case (iii) one can obtain theorems similar to Theorems 3.2 and 3.4
but in a narrower class of functions than the class of continuous functions.
Let us define this class.
DEFINITION 3.5. Let p € @. We denote by @(p) the family of all
functions ¢ € @ such that the limit

1<

<e=1+4+¢ for =ze(4d),

(3.66) lim £ 2,

& @ (-CU)
exists.
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We denote by @, (P,) the family of all functions y € ¥, (p € ¥,)
such that the limit

(3.67) A

z~¢ P(®)

exists for a function § e @.
We are going to prove some properties of the families of functions
defined above.

LEMMA 3.9. If p € @ and ¢ € D(p), then

(3.68) tim 2
¢ @(-’U)

# 0

Proof. Let p € @ and ¢ € @(p). Then the functions ¢ and ¢ satisfy
equation (3.3) on account of Definitions 3.4 and 3.5. It follows from (3.3)
and (3.61) that the function

(@)

— for w®e(&,0),
R P (w)
(3.69) p(r) =
. (@)
lim — for z=¢,
at P(@)
satisfies the functional equation
(3.70) ?lf@)] = @) for wzel

and ¢ is continuous in I.
It follows from Lemma 3.2 that equation (3.70) has a one-parameter
family of continuous solutions in I given by the formula

(3.71) px) =¢ for wmel,

where ¢ is an arbitrary real number. It follows from (3.71), (3.69) and (3.66)
that @ = ¢, whence a # 0, because the condition a = 0 implies p(z) = 0
for @ € I by virtue of (3.71) and (3.69), in spite of the assumption that
@ € D(p), Definition 3.5 and (3.61). Thus condition (3.68) has been proved.

LEMMA 3.10. If € @ and @, @, € D(F), then the limit
(3.72) 1im 222,
a~t ¢1(®)
exists and it is different from zero.
Proof. Let us denote

. @u(®) . Pa(®)
a, = lim —— a, = lim .
et 9@ e p(@)
It follows from Lemma 3.9 that a@,a; # 0, whence the limit (3.72) exists
and it is equal to asf/a; # 0.
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LemmMA 3.11. If g € @, then the family @(g) is a one-paraneter family
of functions

(3.73) p(®) = ag(x) for wzel,

where a s given by formula (3.66).

Proof. Let € @ and ¢ € @ (). It follows from Definitions 3.4 and 3.5
that @ and ¢ are continuous solutions of (3.3) in I, whence the function ¢
given by (3.69) satisfies (3.70) in I. This implies on account of (3.69) and
(3.10) that (3.73) holds.

THEOREM 3.11. Let hypotheses H,, H,, H; and H, be fulfilled. If
pe D, (v €D,) and @ € D is such a function that (3.67) holds, then

(3.74)  y@)=dpl@) for wel (p@)<dpl) for wel),

where ¢ is defined by formula (3.67). _

Proof. We are going to prove the theorem in the case where y € @,,
because the proof in the other case is similar. Since y satisfies inequality (3.1)
in view of Definition 3.5, then the function

?(w) for wxe(&,D),
¥(x)

(3.75) n(w) =
lim, y(@) for o=2¢,
& (75((0)

is a continuous solution of inequality (3.23) in I by virtue of (3.75).
Therefore inequality (3.74) follows from Lemma 3.2 and from
Theorem 3.1 on account of (3.73), (3.67) and (3.61).

COROLLARY 3.6. Let the assumptions of Theorem 3.11 be fulfilled..
If the limst (3.67) is different from zero, then there ewists, for every ¢ € D (),

a timit lim 29
z~¢ (@)
Proof. If ¢ € (@), then Lemma 3.11 implies that
timy 20 _ jiy 22
| P(2)  zee aP(2)
by virtue of (3.73) and (3.67).
As an immediate consequence of the above corollary and Lemma 3.9,
we obtain the following
COROLLARY 3.7. Let the assumptions of Theorem 3.11 be fulfilled.
If p € D\ D (p) and the limit ¢ = Lim 1'02:)
>t @
THEOREM 3.12. Let hypotheses H,, H,, H; and H, be fulfilled. If
v € D, (y € D,) and limit (3.67) is different from zero, then there exists a unt-

exists, then ¢ = 0.
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quely determined function 7, continuous and {f}-decreasing ({f}-increasing)
in I and such that

(3.76) p(®) = go(x)n(®w) for wmel
and .
(3.77) n(§) =1,

where the function qa;, 18 given by formula (3.52) and ¢, € D.
Proof. Let y € @, and let € @ be such a function that there exists

a limit (3.67) different from zero. It follows from Corollary 3.6 and from
Lemma 3.11 that there exists such a ¢ € @(§) that

lim viz) _ 1
z—+& ‘P(m)

The function ¢ is given by (3.73), where ¢ = d and d is given by for-
mula (3.67). Let us denote

(3.78)

y ()
(3.79) n(z) = | @)
1 for x=E¢.

Since the functions y and ¢ are continuous in I, (3.79) and (3.78) imply
the continuous of » in I and (3.77) holds in view of (3.79). Since y satis-
fies (3.1)'and ¢ satisfies (3.3) by virtue of Definitions 3.5 and 3.4 and ¢ () > 0
in I, (¢, b) in view of Definition 3.4, we infer that » satisfies inequality (3.23).
Hence

(3.80) y(@) =p@)n(z) for zel.
Therefore

yU™(@)] = o [f* (@) 1n[f"(2)] = G, (2)p(@)n[f"(2)]

for 2el,n=12,...,

for =ze(&,0b),

where the sequence @, is given by formula (3.4). Thus we obtain

p[f"(#)]
G, (2)n[f"(2)]

whence ¢(x) = @y(x) for = € I, by virtue of (3.77) and (3.52). Therefore
formula (3.76) has been proved.

Since ¢ € P, we have y(x) > 0 in I, on account of Theorem 3.11 and
(3.61). Therefore we infer from (3.76) that ¢,(x) > 0 for » € (&, b), because
n(z) > 0 for # € I by virtue of (3.23), (3.77) and Theorem 3.1. The contin-
uity of ¢, follows from the continuity of y and 7, in view of (3.76) proved
earlier. Hence ¢, € @, which completes the proof.

It is easy to verify the following

p(x) =

for 2elI,n=1,2,..,
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Lemya 3.12. If ¢ is a positive solution of equation (3.3) in I and 7
18 a function {f}-decreasing ({f}-increasing) in 1, then the function p given by
formula (3.80) satisfies inequality (3.1) (inequality (3.2)) in I.

We obtain from Theorem 3.12 and from Lemma 3.12 the following

THEOREM 3.13. Let hypotheses H,, H,, H,, and Hy be fulfilled. The
following conditions are equivalent:

1°pe® (yed,),

2° @, € D, where @, is given by formula (3.52),

3° the function n given by formula (3.79) with @(x) = @y(x) € @ for
x €I is a continuous {f}-decreasing ({f-increasing) function in I satisfying
condition (3.77).

Since @ « &, NP, on account of Definitions 3.4 and ¢.5, we infer
that for every ¢ € @ the function ¢, given by (3.52), equals ¢ («) and ¢, € D.
Thus Theorems 3.12 and 3.13 give the general solution of inequality (3.1)
in I in the class @,. These two theorems give, as an immediate con-
sequence, the following

CoroLLARY 3.8. If hypotheses H,, H,, H; and Hy are fulfilled, then
for every y e @, (y € D,) there exists exactly one function ¢, e ® and exactly
one continuous function 3 {f}-decreasing ({f}-increasing) in I satisfying
condition (3.77) and such that (3.76) holds.

Let us notice that if ¢, € @, then p € @,, but if ¢, is a continuous
solution of (3.3) in I satisfying the inequality ¢,(#) > 0 in I, then v does
not have to belong to ®,. We are going to give a sufficient condition for ¢,
to be a trivial solution of (3.3) in I.

THEOREM 3.14. Let hypotheses H,, H,, H; and Hg be fulfilled and
let y be a continuous solution of inequality (3.1) in I, satisfying the condition

(3.81) w(@)>0 for me(E,D).

Moreover, let there exist limit

(3.82) g = lim Y@
) z—+§ tp(m)
If g < g(&), then
(3.83) 2@ =0 for wel,

where @, is given by formula (3.52).
Proof. Since the function y is continuous in I, then the function

—;‘Zi—)ﬂ%‘)— for @ e(E,b),
(3.84) g@) =
-2 for 2 =¢,

g9(8)
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is a continuous function in I and §(z) > 0 for # € I. In view of the as-
sumption that q < g(§), we have §(§) < 1, whence
i+1 n
lim [ [gf'(@) =1lim [] ‘:’[f (“’3] —lim I ®
n—w iy nso g (@)Y (@)]  noeo Gu(@)y (@)
uniformly in [, ,), where x, i8 an arbitrary inner point of I (see [4]).
Hence we obtain (3.83) by virtue of (3.52).

n—1 n—1

It is easy to see that if ¢ € @, then lim f’%(a;)]_ = g(&), because
z—-§ @@

¢ satisfies (3.3) in I. Further, if  is a continuous function, {f} de-
creasing in I and satisfying (3.77), then 7 is positive in I, on account of
(3.22) and Theorem 3.1. Therefore we obtain, as an immediate consequence
of Theorem 3.12, the following

COROLLARY 3.9. Let hypotheses H,, H,, H, and Hg be fulfilled. If
p e @,, and inequality (3.81) holds, then limit (3.82) ewists and q = g(&).

4. Continuous solutions of non-linear inequalities

In this section we shall deal with continuous solutions of inequal-
ities (0.1) and (0.2). We shall assume the following

HyproTHESIS H,. There exists such a neighbourhood
U: [§,¢+c) X (ne—@ayne+d), ¢>0,d>0, U c Q,

where 7, is a solution of equation (1.4), and such a positive function y, con-
tinuous in the interval [&, £+ ¢), that

(4.1) 1g(@, 1) — (92, yo)| = p(@) [y~ vl for  (z,9)), (@, ¥) Q.
Let us denote

(4.2) G, (z) = ﬁy[f‘(:v)] for wel& é+¢c),n=1,2,...

In this section sequence (4.2) will be subjected to the following

HyYrPoTHESIS H,y. The sequence G, converges to a limit satisfying one
of the following conditions:

(4.3) -1° limG,(z) =G(x) for w®el[§ E+e),
where @ i8 & continuous function diffrent from zero in [&, £+ ¢),
(4.4) 2°  1lim@,(a) = oo for wel[& E+o).

It follows from hypothesis H,, (4.2) and condition 1° of hypothesis Hy
that

(4.5) Gxz)>0 for wel[&, &to).
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Let us notice that hypotheses H,-H,, H, and H; imply that there
exists at most one continuous solution of equation (0.3) in I satisfying
the condition ¢(&) = 5, (see [2]).

THEOREM 4.1. Let hypotheses H\—-H,, H, and Hy be fulfilled, let v be
a continuous solution of inequality (0.1) in I and let ¢ be a continuous solu-
tion of equation (0.3) in I satisfying condition

(4.6) @(&) € (no—d, mo+d).

If

(4.7) o = () = @(§),

then

(4.8) p(@) = @@ for wmel.

Proof. First, let us assume that y is a continuous solution of inequal-
ity (0.1) in I satisfying the condition

(4.9) (&) = ¢(§).

Thus, there exists such a positive number ¢, < ¢ that (=, @(m)) e U for
we (&, £+¢) and (@, p(w)) € U for z € [£, £+¢,). Let us write

(4.10) p(2) = min[y(x), p(@)] for @elé, £+a).

Tt follows from Theorem 2.3 that the function % is a continuous solution
of (0.1) in [£, £+ ¢,). The function

(4.11) vo(@) = p(@)—p(@) for welf, E+0)
is, in view of (4.10), a continuous function satisfying the inequality
(4.12) Y(®) =0 for wme[& E+¢).

Thus we infer from (4.11), (4.12), (0.1) and (0.3) and also hypothesis H,,
(1.1) and (4.1) that
vl f(@)] = plf(@)]~3[f(2)]> g2, p(2)] g Lo, p(e)]
= lglz, p(@)]—g[2, p(@)] = 7(2) lp(@) — (@) = y(@)y(2).

Hence the function y, is a continuous solution of inequality (3.2) in-[£,£ +¢,)
and satisfies condition

(4.13) Po(#) = 0,

by virtue of (4.9), (4.10), (4.11) and (4.12). Therefore hypothesis H,,
Theorem 3.4, 3.7 and Lemma 3.2 imply, in view of (4.13) and (4.12),
that ' ‘

w(@®) =0 for wel, E+a),

3 — Dissertationes Math, 160
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whence
y(@) =g¢@) for zel&, Ete),

by virtue of (4.11). Thus, on account of (4.10), inequality (4.8) holds in
the interval [&, £+¢,). Now we are going to show that inequality (4.8)
holds in the interval I. Indeed, if there exists such a point z, e I that

(4.14) v (@) < ¢(@0),

then there exists such a positive integer n that f™(x,) e [£, &+ ¢,) by virtue
of (1.2), and y[f"(®y)] < @[f"(w)] by virtue of (4.14) and Theorem 2.1.
The last inequality contradicts the fact that inequality (4.8) holds in the
interval [&, £+ ¢,), which has already been proved.

If (&) > @(£), then the assumption of the existence of such a point
x, € I that inequality (4.14) holds leads to contradiction in the same way.
Thus the proof of Theorem 4.1 is complete.

In a similar way one can prove the following

THEOREM 4.2. Let hypotheses H,—-H,, H, and H, be fulfilled, let v be
a continuous solution of inequality (0.2) in I and let ¢ be a continuous solu-
tion of equation (0.3) in I satisfying condition (4.6).
If
n = p(§) < @(§),
then

p(@) <@ for wzel.

Theorems 4.1 and 4.2 together with Theorem 2.5 enables us to obtain
some results concerning the families L, I’ and L, (see Definition 2.1)
in terms of lattice theory:

COROLLARY 4.1. Let hypotheses H,—H,, H, and H, be fulfilled. The
necessary condition for ¢ € LUL’ to belong to L, is each of the following two
conditions:

1° The principal filter of element ¢ € L in the lattice L is a prime filter,
i.6., p 18 an element of L irreducible for union (*).

2° The principali deal of element p € L' in the lattice L' is a prime
ideal, i.6., ¢ is an element of L' érreducible for intesection (1).

-

() The set L? = {y e L: y > ¢} is called the principal filter of element ¢ in L.
The filter is prime in L if for any v,, y, € L, the condition y,Uy, € L? implies either
vy € L® or y, € L°.

An element ¢ € L called irreducible for union in L if L? is a prime filter.

The set L, {!p eL': y < ¢} is called the principal ideal of element ¢ in L'.
The ideal Ly is pnme in I’ if for any y,, y, € L’ the condition 'hf\ , € Ly implies either
vye L’ or y; € Ly,

An element @ is called irreducible for intersection in I/ 1f L, is a prime ideal.
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Proof. We are going to prove the first part of the corollary. The
proof of the second part is similar.

Let y,, v, e L and p e L,. If ¢ < 9,Vyp, = p, where < is defined as
an ordering relation in the lattice, then u (&) > ¢(&) whence either y,(§)
= @(&) or y,(&) = (£), by virtue of (2.9). Therefore either y, or y, satis-
fies the conditions required in Theorem 4.1 and, consequently, at least
one of these two functions satisfies inequality (4.8), which completes the
proof of the corollary.

Conditions 1° and 2° of Corollary 4.1 are also sufficient for ¢ to belong
to L, under the additional

HyrotHESIS H,. For every point (x,y) € 2, there ewisls exactly one
continuous solution of equation (0.3) in I passing through that point.

First, we are going to prove some lemmas.

LemMmA 4.1. Let hypotheses H, and Hj be fulfilled and let y, and vy,
be solutions of imequality (0.1) in I such that

(4.15) p(@) S ye(@)  for awel.

Moreover, let x, be an inner point of I. If v, is an arbitrary function defined
in the interval [f(x,), %,] satisfying the conditions

(4.16) (@) < po(@) S yp(@)  Sfor @ € [f(@), %],

(4.17) Vilf(@)] = wolf(@)],  wa(@) = (@),
then the function

A (@) for @ elé, f(x)],

(4.18) (@) = {wo(®) for = e[f(@), 2],
vo(®) for @ e[m,,d),

8 a solution of inequality (0.1) in I.
Proof. Let « € I. There are four cases possible:
1° @, f(x) € [§, f(m0)].

Since (@) = y,(¢) and p[f(®)] = p,[f(#)] and v, satisfies (0.1)
we infer that y satisfies (0.1).

2° z € [f(@0)y @]
In this case f(x) € [&, f(x,)] by virtue of hypothesis H,, and then
yf(@)] = wnlf@)]<gle, p@)]< gz, p@)] = gl(, p@)] .

by virtue of (4.18), (0.1), hypothesis Hy, (4.16) and (4.17).
3° f(@) € [f(wo), %]
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In this case z e [%,, b) by virtuc of hypothesis H,, and then

y[f(@)] = wf@]<p.[f@]< g2, p2(2)] = g[2, p(2)]
in view of (4.18), (4.16), (0.1) and (4.17). :
4° =z, f(2) € [y, D).
Sinee yp, satisfies (0.1) in I, we can prove that y satisfies (0.1) in the
same way as in case 1°.

LeMmA 4.2. Let hypotheses H,—H, and H, be fulfilled and let y be a con-
tinuous solution of tnequality (0.1) in I. If there exists such an inner point of I
that

(4.19) LS ()] < 9 [%0, v(0)],
then
(4.20) @o(2) < @1 (2) < @a(®) for zel,

where @1, po, and @, are the continuous solutions of equation (0.3) in I deter-
mined by the conditions

(421)  @o(8) = v(&), @ lf@)] = v[f@)], (@) = p(a0).

Moreover, there exvists such an interval (a, By < [f(z,), ®,] that

(4.22) Po(®) < p(a) < yy() for xe(a,f).

Proof. Let p be a continuous solution of (0.1) in I and let x, be an
inner point of I such that (4.19) holds. It follows from hypotheses H,-H,,
H, and H, that the functions ¢, and ¢, are determined uniquely by (4.21),
thus the continuity of these functions implies that two cases are possible:
either

(4.23) 1) < pp(®) for =zel
or
(4.24) @1(®) = (@) for =zel.

The last inequality cannot hold. Indeed, if it did, then ¢,(z,) = @,(%,).
Therefore it follows from (4.21), (0.3), hypothesis H,, (4.20) and (4.23)
that

v[f(@)] = @ [f(@)] = g[@0; p1(20)] = g, ()],
which contradicts (4.19). Since (4.21) implies that

po(§) = v(&) < @u(£),

in view of Corollary 2.4, then y(#) < ¢,(@) for 2 € I, which can be prove
in the same way as (4.23). The last inequality and inequalities (4.22)
being proved, we also have proved (4.20).
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It follows from (4.21) that
(4.25) p(@) = @o(x) for wel,

by virtue of Theorem 4.1. The continuity of v, (4.19), (4.21), (4.20) and
(4.25) imply that there exists such an interval (a, f) = [f(®), %]
that (4.22) holds. This ends the proof of the lemma.

LemMMA 4.3. Under the hypotheses of Lemma 4.2, there exists such an
2y € [f(@y), @] that () < @g(®) for x e [&, f(w,)], where @, ts the conlin-
uous function satisfying (0.3) in I determined by the condition

(4.26) P3(@;) = p(2,).

Proof. Let #, be an arbitrary point of the interval (a, §) (see the
preceding lemma) and let ¢, be the continuous solution of (0.3) determined
by (4.26). Thus conditions (4.26) and (4.21) imply, in view of Lemma 4.2,
that
?o(§) = v (&) < @a(&) < a($),

whence

(4.27) 0o (®) < @a(®) < %('m) for =zel.

The point x, can be chose so close to the point g that ¢,(z) = p(z) for
vel, f(x)], in view of continuity of functions ¢, ¢, and y, which
completes the proof.

THEOREM 4.3. Let hypotheses H,—H, and H,~H, be fulfilled. The nec-
essary and sufficient condition for a function ¢ € L to belong to L, (for a func-
tion @ € L') to belong to L, is that the principal filter (the principal ideal)
of @ in the lattice L (in the lattice L') be a prime filter (a prime ideal).

Proof. We are going to prove the theorem for L. The proof for L’
is similar. The necessity of the condition follows directly from Corollary 4.1.
To prove its sufficiency, let us assume that there exists such a continuous
solution y of (0.1) in I that y does not satisfy (0.3) in I, i.e., p € L\ L,
If this is the case, the there exists a point 2, e I such that inequality (4.19)
holds. It follows from hypothesis H, that =, # £ Let z, be the point
defined in Lemma 4.3. We define a function ¢, in the following way:
let ¢ be an arbitrary function defined and continuous in the interval
[f(w,), #,] and satisfying the condition

(4.28) [Pf(@)] = @o[f(2)], (=) = (=),
where ¢, is defined by (4.21), and

(4.29)  Pp@<yp(®) for xelf(m),2.].
Let us put

(4.30) va(@) = p(®) for e [f(z), 2],

(4.31) ve(@) = p(z) for @€ (2,,a).
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The continuity of i, follows from the continuity of  and ¢ fromn (4.28),
(4.30) and (4.31). ‘

Let p be an arbitrary function defined and continuous in the interval
[z,, #,] and satisfying the conditions

(4.32) ¥ (@) = v(®0),

(4.33) O p(m) < wlmy) for  wme [y, m,
Whére &y is an arbitrary inner point of the interval [®1, Zo],
(4.34) 2s(2) < P(@) < @o(w)  for @ e [@y, 3],

where @, is defined by (4.26) and ¢, is defined by (4.21).
Let us define the function y, in the following way:

(4.35) (@) = max[p(a), ps(@)] for @ e[f(@), 7],
(4.36) v(@) =3(@) for welz,m).

The continuity of y, follows from the continuity of g3, v and y and
from (4.32). . .
Now, we can define the following solutions of (0.1) in I:

po(®)  for @ e[£, fz)],

(4.37) pi(®) ={ws(w) for we (f(mo)7 mo]a
y(@) for e (m,bd),
v(®) for =ze [£7f($0)) y
(4.38) P2 (@) ={ ¥4 (®) for e [f(w), @),

max [y (@), g.(¥)] for @ e [x,Dd).

The continuity of ¢, follows from (4.37), from the continuity of the func-
tions ¢,, p; and p and from (4.28), (4.30) and (4.31). The continuity of ¢,
follows from (4.38), from the continuity of the functions v, y,, ¢; an ¢,
and Lemma 4.3 and (4.34). The functions yp, satisfies inequality (0.1)
by virtue of (4.25) and Lemma 4.1. The function y, satisfies inequality (0.1),
by virtue of (4.27) and Lemma 4.1. We are going to show that

(4.39) V(@) =>y(@ for wel.

Inequality (4.39) holds in the interval [£, f(w,)], by virtue of (4.29), (4.37),
(4.38) and (4.27). It follows from (4.37), (4.38), (4.35), (4.27), (4.31) and
(4.25), then (4.39) also holds in the interval [f(x,), #,]. In the interval
[z,, b), the inequality follows from (4.37), (4.38) and (4.25).

However, it follows from (4.30), Lemma 4.2 and (4.37) that the
‘nequality v,(#) > y(x) does not hold in the whole interval I. It also
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follows from (4.34), (4.36), Lemma 4.2 and (4.38) that the inequality
py(2) = v(x) does not hold in the whole interval I. Since the funection
¥, Uy, belongs to L, in view of Theorem 3.3 and Definition 2.1. The exist-
ence of such funections y, and y, means that the principal filter of y is
not a prime one in L, which contradicts the assumptions of the theorem.
In this way the proof of Theorem 4.3 is complete.

Theorem 4.3 shows that the conditions of 1rreduc1b111ty for union
characterizes the family I, within the family L, and the condition of
irreducibility for intersection characterizes L, within the family L'.

We are going to study the relations between L and L', and the fami-
lies of {f}-decreasing functions continuous in I and {f}-increasing functions
continuous in I, respectively. :

DErFINITION 4.1. If hypotheses H;, H, and H, are fulfilled, we define
the function R: Q2 — 2., where 2, is defined by (1.3), by the formula

(4.40) R(z,y) =9(§) for (2,9)e8,
where ¢ is a solution of equation (0.3) in I determined by the condition
(4.41) p(@) =9.

As an immediate consequence of the above definition we obtain the
following

COROLLARY 4.2. If hypotheses H,—H, and H, are fulfilled, then the
function R is imvertible with respect to the second variable.

LevMMA 4.4. If hypotheses H,—H, and H, are fulfilled, then the fu'n,ctwfn ¥
18 continuous in L.

Proof. Let

P(w,y), P,(0,,9,) €L for n=1,2,...
and

(4.42) limP, = P.

n—>o00

Let us denote by ¢, the continuous solution of equation (0.3) in I satis-
fying the condition

(4.43) @u(®,) =y, for n=1,2,...

Further, let us denote by ¢ the continuous solution of equation (0.3) in I
satisfying condition (4.41). Hypothesis H, ensures that the functions ¢,
and ¢ are determined uniquely. It follows from (4.43), (4.41) and (4.42)
and from hypothesis H, that

(4.44) limg, (2) = ¢(2)

uniformly in I (see [10]), whence lim ¢,(&) = ¢(£). Therefore the func-
N->Q
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tion R is continuous at the point P. Since P is an arbitrary point of £,
the continuity of E has been proved.

DEFINITION 4.2. Let y be a function defined in I and let its graph
lie in 2. We denote

(4.45) n@) = ¢(§) = Blo, p()] for wzel,
where ¢ satisfies (4.41) with ¥y = y(@).

LeEMMA 4.5. Let hypotheses H,—H, and H, be fulfilled, let y be & function
defined im I with its graph in 2 and let n be defined by formula (4.45).
The mecessary and sufficient condition for n to be continuous in I is the
conttnuity of yin 1.

Proof. Since the function R is continuous in 2, by virtue of Lemma 4.4
then the continuity of ¢ in I implies the continuity of » in I. Thus the

condition is sufficient. In order to prove the necessity, let us take such
z,x,e€l forn =1,2,... that '

(4.46) lim o, = .

n—>o0o

Definition 4.1 and the continuity of # in I imply that

limg, (§) = limy(z,) = n(®) = ¢(£),
n—00 n—>00 -

where ¢ is determined by condition (4.43) with ¥y = ¢ (%) = y»(x) and ¢,

is determined by

(4.47) Pulen) = pla,)  for m=1,2,..

Since the sequence ¢, converges to ¢, uniformly in I (see [5]), we have

limy(w,) = lime,(s,) = ¢(#) = y(z),
n—>o0 n—>00 )

by virtue of (4.47) and (4.46). This proves the continuity of p at x and then

the continuity of  in the whole interval I, because z is an inner point of I.

Remark 4.1. Let us notice that the function R is a prime integral
of equation (0.3) in I, i.e., R is constant on every solution of (0.3).

In the sequel we will be able to prove that there exists a one-to-one
correspondence between the family of {f}-decreasing ({f}-increasing)
functions continuous in I and the family of continuous solutions of ine-
quality (0.1) (of inequality (0.2)) in I, i.e., we are going to prove the following

THEOREM 4.4. Let hypothesis H,—H, and H, be fulfilled. The one-to-one
correspondence between the family L (the family L') and the family of con-
tinwous functions n, {f}-decreasing in I ({f}-increasing in I) is given by
Jormula (4.45), where y e L (y € L).
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Proof. Let w e L and ¢ € I. We denote by ¢, the continuous solution
of equation (0.1) in I satisfying the condition

(4.48) p[f(1)] = w[f(?)]

and by ¢, the continuous solution of equation (0.3) in I satisfying the
condition

(4.49) P2(t) = y(8).

Hypothesis H, ensures that such solutions of (0.3) exist and are deter-
mined uniquely. It follows from (4.48), (0.1), (4.49) and (0.3) that

e [f(1)] = w[fMI< g[t, v()] = g[t, ()] = @l f(D)].

Since the family of continuous solutions of equation (0.3) in I is a one-
parameter one by virtue of hypothesis H,, the last inequality has to
hold in the whole interval I, i.e.,

(@) < @o(w) for wel.

Thus ¢, (&) < @,(£), whence

(4.50) f(0)] = 1(8) < @2(§) = n(t) = R[t, p(1)]

for any t € I, in view of (4.45). It follows from (4.50) that # is an {f}-
decreasing function in I (see Definition 3.2) and it is a continuous function
in I, by virtue of (4.50) and (4.45) (see Lemma 4.5). ’

Conversely, let us assume that y is a function defined in I and 7,
defined by formula (4.45), is an {f}-decreasing in function continuous in I.
Therefore it follows from (4.45) that

R[f(@), y(f(@)] = n[f(@)]1<n(@) = Rz, p(«)]

and
(4.51) 91(8) = nf(@)] < n(x) = @a($),

where ¢, and ¢, are defined by conditions (4.48) and (4.49), respectively.
Consequently, conditions (4.48), (4.51), (0.3) and (4.49) imply that

v[f(@)] = o1 [f(@)] < 9 [f(#)] = g[2, 2 ()] = g[z, p(®)] for wzel.

Therefore y satisfies inequality (0.1) in I and is a continuous function in I,
which completes the proof of the theorem.

Let us denote by K the family of all {f}-decreasing functions contin-
uous in I, by K' the family of all {f}-increasing functions continuous in I
and by K, the family of all functions constant in I. In each of these three
cases the functions take values in the set E. Moreover, let us denote by T
the map T: LUL' - KUK', defined by (4.45).
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THEOREM 4.5. Let hypotheses H —H, and H, be fulfilled. Then the map T
is an iseomorphism between

1° Land K,

2° L' and K/,

3° L, and K,.

Proof. We are going to prove point 1° of the theorem. The proofs
of the other points are similar. It follows from Theorem 4.4 that T is an
invertible map of L onto K. We are going to prove the continuity of 7.
Let y, be a sequence of elements of L converging to an element y e L.

Therefore, by virtue of (4.45) and the continuity of function R, ensured by
Lemma 4.4, we obtain .

T(ya)(®) = vu(®) = R, p,(#)] > B[z, p(@)] for =zel,

where 7, is defined by formula (4.45) (with ¢, instead of ). Thus T is
a continuous map.

Now, let , be a sequence of elements of K converging to an element
n € K. Since T is an invertible map, we can denote by y, the sequence
defined by

P (@) =T ' (y,)(®) for zel,n=1,2,...,
where T~! is an inverse map to T. It follows from Definition 4.2 that
(4.52) n. () = Rlw, y,(x)] for wxel,n =1,2,...
and for every x e I, there exists such a sequence ¢, € L, (depending on i)
that
N, (®) =@,(§) for n=1,2,...,

where
(4.53) Ou(®) =y, (@) for n=1,2,...
Since '
(4.54) limy,(z) =n(@®) for wxel,
then T

limg,(§) = ¢(£),

n—>00
whence

limg,(2) = ¢(2)

Nn—>00

uniformly in I (see [5]), where ¢ is an element of L, satisfying the condi-
tion @(&) = n(»). Thus there exists a limit

p(®) = lim y,(®) = limg,(») =¢(2) for a2¢el,
N>R ™
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by virtue of (4.53) and (4.54). It follows from (4.52) and (4.54) that (4.45)
holds, because R is continuous in 2 in view of Lemma 4.4. Thus p e L
by virtue of Theorem 4.4. This way we have proved that the map T is
a homeomorphism. Now, we are going to show that T is a lattice isomor-
phism between the lattice L and the lattice K (K is a lattice in view of
Theorem 2.5).

Let y,, v, € L and let, for an # € I, ¢; and ¢, be such elements of L,
that

(4.55) p1(x) = (@), (@) = pa(2).
Further, let us denote by #,, 5, € K the functions defined by

7, = T(y,), Ny = T'(4,).
Tt follows from (4.45) that

n(@) = Blz, ()], n.(x) = Bz, p,(x)]
and

(4.56) 1(®) = @1(8),  72(2) = gu(&),

by virtue of (4.30). Let us assume that for an arbitrary fixed x, € I the
inequality ' '

(4.57) p1(%,) < 92 (@)
holds. Then v, Ny, (x,) = vy, (), by virtue of (2.10). Hence

R [%g, w102 (%)] = R[@5, 91(20)] = 11(®g) = 7,N02(20),

because 7,(®,) < 7,(x,), in view of (4.57), (4.55), hypothesis H,, (4.58)
and (2.10). In the case where, instead of (4.57), the inequality v,(2,) >
= v, (x,) holds, the proof is similar. Therefore we have proved that T (y,N
Nyy) = T(p,)NT(y,). In a similar way one can prove that T'(y,Uy,)
= T(p,)UT (y,). One can prove, in a similar way, the equality T (y,Uyp,)
= T(y,)UT(y,). Thus T is an isomorphism between the lattices L and K.
The proof of the first part of the theorem is completed. The other two
parts can be proved in a similar way. '
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