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INTRODUCTION

One of the most remarkable theorems of topology is the Lefschetz
Fixed-Point Theorem. In its most elementary form it may be formulated
as follows: Let X denote a finite polyhedron and let f: X—X be a con-
tinuous, single-valued map. Then, by the use of the field of rationals @
as coefficients, f induces linear maps f, : H,(X)—>H,(X). The number
AMf) = X (—1)*Trace(f, ) is called the Lefschetz number of f. Then

n

a sufficient condition for f to have at least one fized point is that A(f) # 0.
This theorem was first proved by S. Lefschetz for manifolds, and by
H. Hopf for polyhedra, and generalized by 8. Lefschetz to all compact
metric ANR-spaces. In 1967, A. Granas [41], using the generalized trace
theory given by J. Leray [64], showed that the Lefschetz Fixed-Point
Theorem remains true for compact (single-valued) self maps of arbitrary
metric ANR-s. In some cases the theory of fixed points for ANR-s implies
fixed-point theorems for some special classes of spaces which are not
ANR-s, but which are intimately related to them: see [10], [23], [42],
[61], [63], [85].

In 1946, S. Eilenberg and D. Montgomery [21] made the important
observation that, by using the Vietoris Mapping Theorem [89] as a tool,
the Lefschetz Fixed-Point Theorem could be carried over to the case
of multi-valued acyclic maps of compact metric ANR-s, i.e., maps for
which the image of every point is an acyclic compact set. Later, similar
generalizations of the Lefschetz Fixed-Point Theorem and of the other
topological theorems for acyclic maps were given by E. G. Begle [3],
D. G. Bourgin [8], [9]. L. Gérniewicz [29], [31]-[34], [38], A. Granas
[38], [47], B. Halpern [49], C. Himmelberg [62], J. W. Jaworowski
[64], [656], B. O’Neill [72], M. Powers [73]-[75], C. J. Rhee [76],
H. Schirmer [78], W. L. Strother [82], [83], and S. A. Williams [91].
An important type of acyclic maps are those which are convex-valued.
Various fixed-point theorems for compact operators were extended to
this special type of maps: see [39], [40], [67]. As in the single-valued case,
fixed-point theorems for multi-valued maps are very useful in many
branches of mathematics; they have been applied, for instance, in the
theory of games and more recently also in ordinary differential equations
and optimal control theory.
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In this paper we consider a new class of multi-valued maps which
we have called admissible maps. The class of admissible maps contains
‘acyclic maps and it is essentialy larger. The class of admissible maps
and its properties are studied in Chapter III. The Lefschetz Fixed-Point
Theorem for admissible maps and its consequences are studied in Chapters
V and VI. In Chapter VII we consider some geometrical properties of
admissible maps. Chapter I, II, IV are of auxiliary character and are
devoted to homology theory, theory of trace and theory of ANR-spaces,
respectively. The principal results of the paper are the following:

1. a modern proof of the Eilenberg-Montgomery Theorem,

2. the Lefschetz Fixed-Point Theorem for admissible maps of AANR-s,
particularly, metric ANR-s,

3. the Lefschetz Fixed-Point Theorem for admissible maps of compact
w-AANR-s,

4. the neighbourhood fixed-point property of compact acyclic gsubsets
of w-AANR-s within the class of admissible maps,

5. the fixed-point property of the Tychonoff cube within the class
of admissible maps,

6. Theorem on Antipodes for admissible maps in the Euclidean
space R",

7. Theorem on Invariance of Domain for strongly admlsmble maps
in the Euclidean space R".

All definitions, propositions, theorems and formal 'remarks are num-
bered consequtlvely by chapter and section. Thus Theorem III.2.7, for
example, refers to item 7 in Chapter III, Section 2. The chapter number
will be omitted for items in the same chapter.

I am very much indebted to Professor A. Granas for having
inspired my interest in these problems.

I wish to express my gratitude to Dr. C. Bowszyc for valuable remarks
concerning this paper.



I. HOMOLOGY

In this section we consider the Cech homology functor H with compact
carriers and those of its properties which are of importance in the fixed-
point theory of multi-valued maps. Therefore all facts concerning H are
formulated only in the form necessary in the material which follows.
The Cech homology and cohomology are of auxiliary importance.

1. Preliminaries. By a pair of spaces (X, X,) we understand a pair
consisting of a Hausdorff topological space X and of one its subsets
X,. A pair of the form (X, @) will be identified with the space X. Let
(X, X,), (Y, Y¥,) be two pairs; if X =« ¥ and X, c ¥,, then we say that
(X, X,) is a subpair of (Y, Y,) and indicate this by writing (X, X,)
< (Y, Y,). A pair (X, X,) is called compact if X is a compact space and
X, 18 closed subset of X. By a map f: (X, X,)>(¥, ¥,) we understand
a continuous (single-valued) map f: X—Y satisfying the condition
f(X,) « ¥,. The category of all pairs and maps will be denoted by C.
By C will be denoted the subcategory of C consisting of all compact
pairs and maps of such pairs. Two maps f,g: (X, X¢)—>(Y, Y,) are
said to be homotopic (written f ~ g) provided that there is a map
h: (X x<0,1>, Xy%x{0,1))>(Y, Y,) such that h(z, 0) = f(x) and h(z, 1)
= g(@) for.each xve¢ X. We observe that if (X, X,) is a pair in é’, then
(X x (0,1, Xox (0, 1) is also in C.

By H, (H*) we denote the Cech homology (cohomology) functor with
the coefficients in the field of rational numbers @ from the category c
to the category &/ of graded vector spaces over @ and linear maps of
degree zero. Thus, for a pair (X, X,),

Hy (X, X,) = {H(X, X,)}, (H%X,X,) ={H(X, X)}),

is a graded vector space and, for a map f: (X, X,)(Y, ¥,), He(f)
(H*(f)) is the induced linear map

fu = {fu}: HuoX, X)~Ho(¥, T,)
(f' = {f'q}- H.(Y’ Yo)“*H*(X, X)),
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where
f‘q: Hq(xy Xo)_’Hq(Y’ Yo)v (f‘q: HG(Y’ yo)—>H¢(I, Xo))°

We assume a8 known that the functor H, (H*) satisfies all of the Eilen-
berg-Steenrod axioms for homology (cohomology). Recall ([22], Chap-
“ter IX) that a Cech homology (cohomology) theory can be defined on
the category C. Then the Cech cohomology satisfies all of the Eilenberg—
Steenrod axioms; however, the Cech homology satisfies all of the Eilenberg—
Steenrod axioms except that of exactness.

By Homg: o/~ we denote the contravariant functor which to a gra-
ded vector space £ = {E,} assigns the conjugate graded space Hom,(E)
= {Hom(E,, @)} and to a linear map I: E,—~FE, between graded spaces
assigns the conjugate map Homg(l): Homy(E,)—~>Homy(E,) given by
the formula

Homg(!)(u4) = uol for every ue Homg(E,).

We now formulate the Duality Theorem between the Cech homology
and cohomology.

(1.1) TEEOREM (8ee [34] or [B1]). On the category C the Sfunctors H,
and Homgo H* are naturally isomorphic; in other words, for every f: (X, X,)
(¥, Y,) in C we have the commutative diagram

Ho(X, X,)——=———>Homg(H*(X, X,))

Jo Homg(s*)

. ¥
H,(Y, Y, **Homa(ﬂ‘(yy Yn))

A graded vector space £ = {F,} in & is said to be of finite type pro-
vided: (i) dim ¥, < oo for all ¢ and (ii) B, = 0 for almost all ¢.

The following fact is well known:

(1.2) If E is a graded vector space of a finite type, then the graded vector
space Homy (E) is isomorphic to H; in particular, Homy(E) is also of a finite
type.

A pair (X, X,) in Cis said to be of finite type with respect to H, (H)
provided the graded vector space H,(X, X,) (H*(X, X,)) is of finite
type. :

From (1.1) and (1.2) we instantly obtain:

(1.3) 4 pair (X, X,) in C is of finite type with respect to H, if and
only if (X, X,) is of a finile type with respect to H*.

For pairs (X, X,), (Y, ¥,) in C we define the Cartesian product
a8 the pair given by (X,X)x(Y,Y,)=(XxY,XxY,uX,xY),
where in X x Y the Cartesian product topology is given.
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Given maps f: (X, X,)>(¥Y, Y, and g: (X', Xo)—~(X', X,), we
can define the product map fx g: (X, X,) x (X', Xo)—>(Y Y)x(Y, XY
by letting

(f xg)(=z, ') = (f(®), g(«’)) for every ze X and o' X'.
(1.4) Kﬁ?INETH THEOREM ([81], p. 405). For every lwo pairs (X, X,),
(X', X,) in C, there is a linear isomorphism
2: H*((X, X,) x (X', X,))~H* (X, X, )@ H* (X', X,)
such that if
f1 (X, X)>(Y, ¥, .and g: (X', X)~(Y', ¥}) in C,

then the following diagram commutes:
H*((X, Xo) X (X', X)) «— "5 — B*((Y, To) x (Y, Ty))

&£ 2

B*(X, X)QH*(X', X,)«—L%"_ __H"(Y, Y)@H"(Y', Y,).

From (1.1), (1.4) and the commutativity of functors ® and Hom,
for graded vector spaces of finite type we have:
_ (1.8) THEOREM. For every two pairs of finite type (X, X,), (X', X,) in
C, there i8 a linear isomorphism

Z: Hu((X, Xo) x (X', X)) >Ho(X, T)QHo( X', X;)
such that if f: (X, X,)>(¥, Y,) and g: (X', X,)-»(Y’, Y,) are two maps
of pairs of finite type, then the following diagram commutes:
Ho((X, Xo) x (X', X)) — &2 B,((Y, ¥o) x (¥, X))

z Zz

Hy(X, X)QH. (X', Xo) — 220 > H (Y, Y)QH (Y, Ty).
2. Maps in spaces of finite type. In this section we prove the following
theorem:

(2.1) THEOREM. Let (X, d) be a compact metric space of finite type
with respect to H*. Then there exists an & > 0 suoh that for every lwo maps
fry9: Y>X, where Y is a compact space, the condition

a(f(y),g(y) <& for each ye Y,
implies f* = ¢*.
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First we prove the following lemma:

(2.2) LEMMA. Let X be a normal topological space and a = {U,, ..., U,}
a finite covering of X by open sets. Then there exisis a covering 8 = {V,, ...

V.} of X by open sets, such that for eachi = 1, ...,n, V, = U, (V; denotes
the closure of V; in X).

Proof Consider the following two closed subsets of X: F = X\ U,,

F = X\U U;, where ¢ =1,...,n is an arbitrary but fixed number.
4=1
ini

Since FNF’' = @, by the normality of X we find open subsets U and V,
n
of X such that: (i) F U, (ii) F  V,and (iii) UnV, = . Since X\J T,

Jmm1
js
c V,, we infer that the family {U,, ..., U;_,, Vi, U;yy, ..., U,} is a cover-
ing of X by open subsets and V, c U;,.
Applying the above construction successively for each ¢ =1,...,n,
we obtain a covering g = {V,, ..., V,,} of X by open sets such that ¥, < U,
for each ¢+ = 1,...,n, and the proof of (2.2) is completed.
In the proof of (2.1) we will establish the following conventions.
By a covering of X we understand a finite covering of X by open sets.
If a, B are two coverings of X, then the symbol a > B means that a refines
B. If a is a covering of X, then N (a) will stand for the finite simplicial
complex which is the nerve of @ and H*(N (a)) is the simplicial cohomology
of N (a) with coefficientes in Q. If a, § are two coverings of X and a > 8,
then by ¢,: N(e)>N(B) we denote a simplicial map given by a vertex
transformation from N (a) to N (B) taking a set V in a to a set U in f such
that V< U. It is well known that iy,: H*(N (8))—~H*(N (a)) is independent
of the choice of vertex transformations used to define i,. Finally, for
a map f: Y—»X and a covering a = {U,,..., U,} of X, we denote by
f(a) the covering of Y of the form

fHa) = {f7(T1), ..., (U,)}

and by f,: N(f*(a))>N(a) a simplicial map given by the following
vertex transformation:

fLlf(U)) = U, for each i =1,...,n.

Proof of (2.1). Let [u, ],. .y [4q,] be a basis of H®(X), where
Uq e H* (N (a,)) for each i = 1 , k. We choose a covering a = {Uy, ..
U,} of X such that a> a; £or all ¢ =1, ..., k. Consider snmpllclal
taa;: N (a)—>N(a) for each ¢ =1,..., k. Theh

v

maps
= za,,i(u,‘)e [u,i] for each <.

Applying Lemma (2.2) to the covering a, we obtain a covering f
= {Vy,..., Vp} such that V;c U; for each ¢ =1,...,n. Let iz: N(f)
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->N(a) be a simplicial map given by the vertex transforma,tlon tpa( V)
= U, for each i. Then

wh = dp,(v)e [u for each ¢ =1,..., k.

]
d"
Let ¢ = mindist(V;, X\ U,). We may assume without loss of generality

i
that U; # X for each i. Since V;n X\ U; = @ and V,, X\ U, are com-
pact, non-empty sets, we deduce that ¢ is a positive real number.
Let Y be a compact space and let f, g: ¥ —>X be two maps such that
d(f(y), g(y)) < & for each ye ¥. We assert that f* = g*. Consider the
coverings y = f~!(e) and 8 = ¢g~(B). It is easy to see that

g V)< f(U) foreachi=1,...,n and 6> y.

Let 2,,: N (6)—>N (¥) be a simplicial map given by the vertex transform-
ation 4,,(¢”"(Vy) =f"*(U;) for each ¢ =1,...,n. We have the fol-
lowing commutatwe diagram:

N(y)—=—>N(a)

N(8)—"——>N(B)

This implies that z,,,f (v = gﬁ(w,,) for each 2 =1,..., % and hence we
obtain [f3(v5)] = [gp(cvs)]. Since g*([u,]) = [yp(‘wp)] and f" ([%q,])
= Lf'(va)], we find that the ma.ps f*, g* are equal on a.basis of H*(X). F1-
nally, from this we deduce that f* = g* and the proof of (2.1) is completed.

Using (1.1) we deduce that (2.1) is equivalent to the following:

(2.3) THEOREM. Let (X, d) be a compact meiric space of finite type
with respect to H,. Then there exists an ¢ > 0 such that for every two maps
f,9: Y—>X, where Y is a compact space, the condition:

| a(f(y), 9(y))<e for each ye ¥,
implies fu = gu.
Remark. Note that Theorem (2.1) remains true in the case where
Y is an arbitrary Hausdorff space.

3. The Cech homology functor with compact carriers. Let (X, X,)
be an arbitrary pair in C. We shall denote by # = {(4,, 4,,)} the directed
set of all compact pairs such that (4., 4,,) = (X, X,) for each a, with
the natural quasi-order relation < defined by the condition

(Aay Ago) < (44, Agy) if and only if (4,, Ay,) = (4, Aoﬂ)-

If (4., 4,,) < (44, Ay), then we shall denote by i, (A, Aga)>(Asy Agp)
the inclusion map. For each pair (4,, 4,) consider the graded vector
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space H,(4,, 4,,), together with the linear map %, given for (4,, 4,,)
< (Apy Ags). Then the family {H.(A4,, o), tope} i8 a direct system in -
the category </ over .#. We define a graded vector space

H(I, Xo) = l-im{H* (A,,, Al)a)! iaﬂt}'

It is easy to see that s
HZX, X,) = {Hq(X’ XO)}’
where
H,(X, X)) =lim{H,(A,, Aos), tape}, for each g.
-_—

Let f: (X, X,)>(Y,Y,) be a map. Consider the directed sets .#
= {(4qy 440)} and & = {(B,, B,,)} for (X, X,) and (Y, Y,) respectively.
We define F': #—->A4 by the formula

F((Aay Aga)) = (f(4a)s f(Aoa)) for each (A, A< A.
We observe that if (4,, 4,,) < (44, 4g) then
1_'1 ((Aa’ A‘Oa)) < F((Am Aop)) .

For each a, by f,: (4., de)—>(f(4.), f(4e)) We denote a map given
by fa(®) = f(2) for each e A. Then the map F and the family {f..} is
a map of directed systems {H,.(A4,, Ay,), e} and {H(B,, By,), tsye}.
We define the induced linear map for f, H(f), by putting

H(f) =f« = h_lll{f*a}

Then we have f,, = lim {f,.,} for every g.
—

From the functoriality of lim we deduce that H: C—« is a covariant

functor. The functor H is sa,i(—fl) to be the Cech homology functor with
compact carriers.

We note that if (X, X,) is a compaet pair, then the family consisting
of the single pair (X, X,) is a cofinal subset of # = {(4,, 4,,)} for
(X, X,), and hence we obtain H,(X, X,) = H(X, X,). Similarly, if
i (X, Xo)(Y, Y,) is a map of compact pairs, then H,(f) = H(f).

The following properties of H clearly follow from the Eilenberg-
Steenrod axioms for H, and the simple properties of liil.

(3.1) If f, g: (X, X,)>(¥Y, Y,) are homotopic maps, then the induced
linear maps are equal, that is, fo = gu.

(3.2) Let (X, X,) be a pair in C and let i: X,—X, j: X>(X, X,)
be inclusions. Then there exists a linear map

0p: Hy(X, Xo)>H,_,(X,) for each g,
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8o that .
i, i
S H (XS H(X) 2 >H (X, Xo)—2>H,_ (Xo)— ..

18 exact.
The linear map 9, has the additional property of being natural in
the following sense:

(3.3) Given a map f: (X, X,)—>(Y, Y,) in C, the diagram

8 1
Hy(X, X,) ———>H,_,(X,) ~
Toa (/Xg)eg—1
) |
HAY, Y)———>H, ,(Y,)

commutes for all g, where fx : Xo—>Y, is given by the formula fx (2) = f(=)
for each we X,.

A pair (X, X,) of finite type with respect to H is called simply of
finite type.

We prove the following

(3.4) THEOREM. Let (X, d) e a compact metric space of finite type.
Then there exists an € > 0 such that, for every two maps f, g: Y—>X, where
Y is a Hausdorff space, the condition

a(f),9(y) < e for each ye Y
implies fo = gs.

Proof. Let ¢ be as in (2.3). Consider two maps f, ¢ from a Hausdorff
space Y to X. Let 4 be a compact subset of Y and let f,,g9,: A—X be
given by f,(y) = f(¥), 94(y) = g(y) for each ye A. We observe that f,,
g4 satisfies the assumptions of (2.3). So- we have (f.)e« = (g4)s. Since
fo = 11113.{(f4).} and g, = li_r:l{(gA).}, we infer that f, = g« and the

4 4
proof of (3.4) is completed. -

4. Vietoris maps. A space X is aoyoléio provided: (i) X is non-empty,
(i) Hy(X) =0 for all ¢>1 and (ili) Hy(X) ~Q. A map f: (X, X,)
—~(X, Y,) is proper provided for any compact B the counter image f~'(B)
is also compact. A map f: (X, X,)~(¥Y, ¥,) is said to be a thona map
provided the following conditions are satisfied:

(i) f is proper,

(i) f~1(X,) = X,

(iii) the set f~!(y) is acyclic for every ye Y.

The following evident remark is of importance:
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(41) If f: (X, Xo)>(Y, X,) is a Vieloris map and (B, By)) = (¥, ¥,),
then the map f: (f~(B), f~}(B,)) (B, B,) is also a Vietoris map, where
f(@) = f(a) for each zef~(B).

We shall require the following classical result:

(4.2) VIETORIS-BEGLE MAPPING THEOREM. Let X, Y be compact spaces.
If f: XY 18 a Vietoris map, then the induced map fu: Hy(X)—>H,(Y)
18 a linear isomorphism.

The Vietoris-Begle Mapping Theorem and the five lemma gives:

(4.3) THEOREM. Let (X, Xy), (X, Y,) be compact pairs. If f: (X, X,)
—(Y, Y,) i8¢ a Vietoris map, then fo: Ho(X, Xo)>Ho (Y, Y,) i3 a linear
isomorphism.

Now, from (4.3) we deduce the following theorem for non-compact
pairs.

(4.4) TEEOREM. If f: (X, X)>(Y, Y,) 8 a Vietoris map, then the
induced map f.: H(X, X,)>H(Y, Y,) 18 a linear isomorphism.

Proof. Consider # = {(4,, 4,,)} and A4 = {(B,, B,,)} for (X, X,)
and (Y, ¥,), respectively. Let .#,={(f~'(B,),f " (By,)); (B,, By,)e 4}
Since f is a proper map, we have #, c #. It is easy to see that .#, is

a cofinal subset of .#. Therefore we may assume without loss of generality
that

H(X, X,) = li_n:{Ho(Aa’ Asd)) 'iaﬁ*}'

acH

Then for each ye.# the map

fy: (f-l(By) ’ f_l(BOV))"’(Bw Boy)
is a Vietoris map of compact pairs. Using (4.3) we infer that

fw: Ha(f(B,), f}(By,))>He(B,, By,)

is a linear isomorphism. Consequently, the linear map f. = lim{f,.} is
an isomorphism. The proof of (4.4) is completed. yek

5. Homology of open subsets of Euclidean spaces. Consider the sub-
category C, = C consisting of all pairs (U, V) such that U and V are
open subsets in the Euclidean space R" for some n, or U is a finite poly-
hedron and V is an open subset of U, and all maps of such pairs.

Since the family of all pairs of finite polyhedra {(KX, K,)} is cofinal
in the family of all compact pairs {(4, 4,)} contained in (U, V), we obtain
the following:

(5.1) On the oategory C, the funoctors H and H are naturally isomorphio
(H denotes the singular homology functor with coefficients in Q).

/
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Let Ac Uc R", where A is compaect and U is open in R". We identify
the nth sphere 8" = {ze¢ R"*!, |z| = 1} and R"u{occ}. Then from the
excision axiom for singular homology and (5.1) we deduce:

(5.2) The inclusion j: (U, UNA)—>(8", S"\A) induces an isomorphism
je: H(U, UNA)—-H(8", 8"\ 4).
Let K be a finite polyhedron and U an open subset of R® where

K < U. Consider a Vietoris map p: YU and a map ¢q: Y—-K from
a Hausdorff space Y to K. We prove the following:

(5.3) There are isomorphisms a,, a,, a; such that the following diagram
commules :

H(U, UNE)QH(Uy=2~H(U, UNE)Q H(Y) 22> H(U, UNK)Q H(E)

alf flag S|y

H((U, UNE) x U)«%2-_g((U, U\K) x ¥) £ > g((U, U\NK) x K)
Proof. It is easy to see that the families
(M, My x L}, {(M,M)xp~"(L)}, {(M,M,)xEK},

where M, M,, L are finite polyhedra, are cofinal in families of all compact
_pairs contained in (U, UNK)x U, (U, UNK)x Y and (U, U\NK) x K,
respectively. We observe that for every L the space p~*(L) is of finite

type (p is a Vietoris map), so we may apply (1.5) and have the commuta-
tive diagram ’

1de(pr) 1@, -1.7),
He(M, M)®H, (L)« H,(M, M)®H,(p~ (L)) H,(M, M,)8H,(K)
F I J
(1dxppr)e (18%a,_1 7).

H.((Mv M,) XL)‘——' H.((M, M) XP—!(L)) ‘_“—’H-((My M) X-K)-

From the commutativity of the above diagram and the commutativity
of lim and ® we simply deduce (5.3).
—_
Consider the diagram
U«2 Y2 K,

where p and ¢ are as in (5.3). With the above diagram we associate the
following:

(U, UNE)«—2— (¥, T\p~}(K)) —2— (B*, E"\{0}),
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where P(y) = p(y) and G(y) = p(y)—q(y) for each ye Y. We observe
that 7 is a Vietoris map. Let 4: (U, UNK)—»(U, UNK) x U be a map
given by A4(z) = (z,x) and let d: (U, UNK)x K—(R", R*\{0}) be
given by d(z,2’) = z—o’, for each z¢ U and s'¢ K.

(b.4) LeMMA. The following diagram commutes

148¢,p; *

H(U, UNK)——H(U, UNK)@ H(U)

H(U, UNK)® H(K)

H(R", B*\{0})
Proof. Consider the diagram
(U, UONE) x U<22*2 (7, U\K) x Y222 (U, UNK)x K

4 b 4 d

(U, UNE) «—2— (¥, T\p~(K)) —%— (R", B*\ {0}),

where the map f is given by f(y) = (p(y), y) for each ye ¥. From the
commutativity of the above diagram and (5.3) we obtain (5.4).

Let us fix for each n an orientation 1¢ H,(S") ~ @ of the nth sphere
8" = R"u{oc}. Consider the diagram

88", S™\4) - (U, U\4)

in which A is a compact subset of U and U is open in R"; ¢, j are inclusions.
From (5.2) we infer that j, is an isomorphism. We define the fundamental
class O, of the pair (U, A) by the equality

" ’ 0,= j:nli‘n(l)'

(6.6) Let Ac A<= Ve Uc R where A, A, are compact, V, U
are open subsets of R™ and let k: (V, VNA)—>(U, UN\A) be the inclusion
map. Then we have: ky,(04) = Oy.

Proof. Oonsider the commutative diagram

P (8", "N 4) — (U, U4

Ky k

]
(8", 8"\4,) « - (V, V\4,),
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in which j,, i,, k, are inclusion maps. Applying H, to the above diagram,
we obtain (5.5).

Finally, we formulate Dold’s Lemma in terms of Cech homology
with compact carriers. Let K = U < R® where K is a finite polyhedron
and U an open subset of R". We define the following maps:

t: UxK—->KxU, ¢te,2')=(a,a) for each z¢ U and 2'¢ K, .
0%: H(E)~>H(U,UNK)®H(K), OX(u)=O0g®u for each ueH(K),
X: QRH(U)->H(U), X(qQu) = q-'u for each wue H(U), qeQ.
(5.6) LEMMA. The composite

X

1 = UK, U): H(E)—*— H(U, UNE)@ H(E) 222, H(U, UNK)®
®H(U)®H (K)-1> H(U, UNK)Q H(K)® H(U)-%2259g
QH(U) 2> H(U)
coincides with the linear map
in: H(E)->H(T).

Remark. Dold’s Lemma was given in terms of singular homology
in [20] (comp. also [14], p. 163). Lemma (5.6), in view of (5.1), clearly
follows from the original statement of Dold’s Lemma.
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II. THE LEFSCHETZ NUMBER

In what follows all the vector spaces are taken over .
- . . \

1. The (ordinary) Lefschetz number. Let f: E—FE be an endomorphism
of a finite-dimensional vector space ‘E. If v,, ..., v, is a basis for ¥, then
we can write

n
f(vy) = 2“‘1”5’ for all ¢ =1,...,n.
f=1
The matrix [a,] is called the matrix of f (with respect to the basis vy, ...
«vey0,). Let A = [a;] be an (n X n)-matrix; then the trace of A is defined
n

as Y ay. If f: E—E is an endomorphism of a finite-dimensional vector
{=1 .

space E, then the trace of f, written tr(f), is the trace of the matrix of f
with i‘e_spect to some basis for E. If ¥ is a trivial vector space then, by
definition, tr(f) = 0. It is a standard result that the definition of the
trace of an endomorphism is independent of the choice of the basis for E.

We recall the following two basic properties of the trace:

(1.1) Assume that in the ocategory of finite-dimensional veclor spaces
the following diagram commutes

J

P - i > B
f’ g !u
E ! »E"

Then tr(f’) = tr(f"'); in other words tr(gf) = tr(f9).

(1.2) QGiven a commutative diagram of finite-dimensional vector spaces
with exvaol rows

0 > F — F —E” >0
lr. lf l"’
0 > E’ - E > E" >0

we have tr(f) = tr(f') - tr ().
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Let E = {E,} be a graded vector space in « of finite type. If f = {f,}
is an endomorphism of degree zero of such a graded vector space, then
the (ordinary) Lefschetz number A(f) of f is defined by

Af) = D (—1)%x(f,).

Let E be a finite-dimensional vector space and v,, ..., v, a basis for E.
We define a basis 9, ..., " for Homgy(F) by putting
. 1 for =3
v (vy) = . ].’
0 for 4 #]j.
The basis v, ..., " is called the conjugate basis to v,, ..., v,. For a vector
space F and any integer ¢, define a linear map

0,: Homy(E)®@ E->Hom(E, E)
by letting

O (u®v)(v') = (—1)%u(v')-v, for wueHomgy(E), »,vekE,
and extend &, to all Homy(E)Q E.

(1.3) LEMMA. If the vector space E is finite-dimensional, then O, is an
isomorphism. '

Proof. Let »y,..., 'bn be a basis for ¥ and ¢, ..., " the conjugate
basis to vy, ..., v,. Then every element a in Homy,(¥)® H has the foll'owing
form:

If O,(a) = 0, then
Og(@)(ve) = (—1)7 ) @y v (v)-v; = (—1)° ) ayy-v; = 0

i=1 j=1
80 a; = 0 for all %, j, which implies that ¢ = 0. To prove 6, is onto, let
« Hom (%, E). Then we can write

f(v) = a0+ ... +a,9, for j=1,...,n.
n
Let ¢ = (—1)? ) @,,v"®v,. For each j=1,...,n we see that
m =1

n
Og(a)(v)) = (=17 D) ag v, = f(vy).
k=1
So f and 6,(a) agree on a basis for E, which implies that @, is onto. The
proof of (1.3) is completed. -
Define ¢: Homy(E)® E—~Q as the evaluation map

e(u®v) = u(v) for wueHomgy(E), vekE.
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77 (1.3) LEMMA. If E is a finite-dimensional vector space and f: E—~E
i3 a: linear map, then
e(07(f)) = (—1)%e(f).

Proof. Take a basis 7y, ..., v, for ¥ and write

f('vj) = Zajkva fOI‘ j = 1’ ceey n.

k=1
From the proof of (1.3) we know that

n

67 (f) = (-1 D) am(v"®w),

m, k=1

(07 () = (=10 D @ v™(%y) = (—1) Y 4y, = (—1)%r(f)
k

km=1

and the proof of (1.4) is completed.
Let B = {E,} be a graded vector space of finite type. Define the
following graded vector spaces:
(1) B* = {E}}, where E; = Homy(E_)),
(2) Hom(E, B) = {(Hom(E B)).}, where
(Hom (Z, E))k = @ -Hom(E, E),
. —g+i=k
(3) B*®E = {(E*®E),}, where (E*QF), = @ E'QF,.
: ' g+i=k
Define 6: (E‘@E),,—»(Hom(E_, E)), by letting
O(u,®@v;) = 6,(u,®7,), for uge Homg(H,), v By, q =1
and extend @, to all (E*® E),; and ¢: (E*®H),~>Q by letting
e(U®v;) = ug(v), for w,e Homgy(E,), v, By, q =i

and extend e to.all (E*®E),.
It is immediate from Lemma (1.4) that

(1.5) TeeoREM. If f: E—E 13 a linear map of degree zero on a graded
vector space of finite type E, then e(@“( ) = A(f).

2, The generalized Lefschetz number. Let f: E—~E be an endomor-
phism of an arbitrary vector space E. Denote by f®™: E—~FE the ath
iterate of f and observe that the kernels

Kerf « Kerf? < ... c Kerf™c ...

form an increasing sequence of subspaces of E. Let us now put

N(f) = U Kerf® and F = E/N(f).
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Olearly, f maps N(f) into itself and therefore induces the endomorphism
f: B~E
on the factor space B = EIN(f). b
(2 1) We have f~YN(f)) = N (f); consequently, the kernel of the induced
map f E-E is trivial, i.e., f i8 a monomorphism.

Proof. If ve f~YN(f)), then f(v)e N(f). This implies that for some
n we have f®)f(v)) = 0 = f**V(v) and ve N(f). Conversely, if ve N(f),
then f™(v) =0 for some n; then f™(f(v)) =0 and hence f(v)e N(f),
ie., ”‘f—l(N(f))

Let f: E—~E be an endomorphism of a vector space E. Assume
that dimE < +o0; in this case we define the generalized trace Tr(f)

of f by putting Tr(f) = tr(f)
(2.2) Let f: E—~E be an endomorphism. If dimF < + oo, then Tr(f)
= tr(f).

Proof. We have the commutative diagram with exact rows

0———N(f) >F >»E|N(f)———0
00— N(f) ~F —E|N(f)———0

in which f is induced by f.
Applying (1.2), to the above diagram, we obtain
(1) tr(f) = te(f)+tr(f), where tr(f) = Tr(f).
We prove that tr(f) = 0. Since dimE < 4 oo, we may assume that N(f)
= Kerf™ for some n > 1. Now consider the commutative diagram
Ker(f)— Ker(f®) —... —Ker(f"*~")— . Ker(f™)

- ! - - b/ L~
0=1) ! 2 In—1 > In=t

Ker(f)——Ker(f®) ——...— > Ker(f"V)——»Ker(f")

where the maps f, f;, ¢ =1,...,n, are given by f (observe that if
ve Ker(f), then f(v)e Ker(f¥7), for every i > 1).
Then, from (1.1) we infer
tr(f) = tr(four) = ... = tr(fy) =tr(f) = 0.

Finally, from (1) we obtain Tr( f ) = tr(f) = tr(f) and the proof is com-
pleted.
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Let f = {f,} be an endomorphism of degree zero of a graded vector
space ¥ = {E,}. We say that f is a Leray endomorphism provided the
graded vector space f! = {E} is of finite type. For such an f we define
the (generalized) Lefschetz number A(f) of f by putting

= D (—1)1'Tr(f,).
q

It is immediate from (2.2) that

} .‘ (2.3) Let f: E—E be an endomorphism of degree zero. If E is a graded
vector space of finite type, then A(f) = A(f).
The following property of the Leray endomorphism is of importance:
(2.4) Assume that in the category of the following diagram commutes:
!

El ‘;Ell
s o b4
El ! > Ell

Then if either f' or f'' is a Leray endomorphism, then 8o is the other Leray
endomorphism, and in that case A(f') = A(f").

Proof. By assumption we have, for each ¢, the following commutative
diagram in the category of vector spaces:

fa
) _
E, B
’ yq T e
fa !0
Iq
’ N ’
E- v E‘q .

For the proof it is sufficient to show that if either Tr(f,) or Tr(f,) is defi-
ned, then so is the other trace, and in that case Tr(f,) = Tr(f,). We observe
that the commutativity of the above dlagra.m implies that the following
diagram commutes:

B[N (fg) — EqIN(f;)

fq % i

BN (fp) — E; [N (f7)
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Since fq and §, are monomorphisms, the commutativity of the
above diagram implies that dim(E,/N(f))< +oo if and only if
dim (E;/N(f;))< +oo, and hence we conclude that Tr(f;) is defined
if and only if Tr(f,) is defined. Moreover, from (1.1) we deduce that
Tr(f,) = Tr(f;),if Tr(f;) or Tr(f,) is defined. The proof of (2.4) is com-
pleted. :
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III. MULTI-VALUED MAPS

This chapter is devoted to the definitions and basic properties of
multi-valued maps. The notion of admissible and s-admissible maps and
their properties establish the main result of this chapter. By a space
we shall always understand a Hausdorff topological space.

1. Upper semi-continuous and compact multi-valued maps. Let -X
and Y be two spaces and assume that for every point z¢ X a non-empty
subset ¢(x) of ¥ is given; in this case, we say that ¢ is a multi-valued map
from X to Y and we write ¢: X—Y. In what follows the symbols ¢, v, %
will be reserved for multi-valued maps; single-valued maps will be denoted

by f, 9, »y ¢, -
Let ¢: X —->Y be a multi-valued. map. We associate with ¢ the diagram

of continuous maps
X<y
in which
T, ={(z,9)eXx ¥;yeg(a))

§s the graph of ¢ and the natural projections p, and g, are given by

Do(@,y) =2 and g,(2,9) =Y.

The image of a subset A =« X undergpis¢p(4) = U @ (). The counter-image

of a subset Bc Y under ¢ is ¢ 1(B) {ze X,«p(:v) < B}.

A multi-valued map ¢: XY is called upper semi-continuous (u.s.c. )
provided (i) () is compact for each z< X and (ii) for each openset V< ¥
the counter-image ¢~!(V) is an open subset of X.

(1.1) ProrosITION. If ¢: XY i8 a u.s.c. mulli-valued map, then the
graph I', of ¢ i8 a closed subset of X x Y.

“Proof. We prove that X x ¥\TI, is an open subset of X x ¥. Let
(@, y)e X X Y\T, i.e., y¢@(o). Since Y is a Hausdorff space and ¢(z)
is compact, we may choose an open neighbourhood V, of yin Y and Vg,
of ¢(#) in Y such that V,nV,, = @. By assumption, we infer that U,
= ¢! (Vyy) i8 an open neighbourhood of z in X. Consequently, the set
U, x V, is an open neighbourhood of (x, ) in X x ¥. We observe that if
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(@',y)e Uy x V,, then ¢(a')e V). This implies that U, x V, « X x I\ T,
and the proof of (1.1) is completed.

(1.2) PrOPOSITION. If ¢: X—>Y 18 a u.3.c. map and A a compaot subset
of X, then the image ¢(A) of A under ¢ iz compact. '

Proof. Let {V,} be an open covering of ¢(A). Since ¢(z) is compact,
we infer that for each we X there exist a finite number of sets V, such
that ¢(z) = W,, where W, is the union of the sets V,. This implies that
the family {W,},., is open covering of ¢(4). Let U,= ¢~(W,) for each
ze A. From the u.s.c. of ¢ we infer that {U_},., is an open covering of A.
Since A is compact, there exist a finite number of sets U, ,..., U, in
U, such that {U,,..., U;} is a covering of A. Then the family
{Wsy..., W} is a covering of ¢(4) and, since for each i =1,...,n
the set W, is the union of a finite number of sets ¥y, we deduce that there
exist a finite number of sets in {V,} which is a covering of ¢(4). The
proof of (1.2) is completed. '

Let : X—Y be a multi-valued map, A a subset of X and B a subset
of Y. If (A) c B, then the contraction of ¢ to the pair (4, B) is a multi-
valued map ¢’: 4—B defined by ¢'(a) = ¢(a)for each ac A. A contraction
of ¢ to the pair (4, Y) is simply a restriction ¢|4 of ¢ to 4. Let ¢: XY
and y: Y—>Z be two multi-valued maps. Then the composition of ¢ and y
. i8 & map pogp: X—>Z defined by yop(z) = yp(p(2)) for each ze X.

The following fact simply results from (1.2): )

(1.3) PropoSITION. If ¢: X—>Y and y: Y—>Z are two u.s.c. maps,
then the composition yop of ¢ and y is u.s.c.

A multi-valued map ¢: XY is called compact provided the image
¢(X) of X under ¢ is contained in a compact subset of Y.

From (1.2) and (1.3) we obtain

(1.4) PropPOSITION, Let ¢: X—>Y and yp: Y—>Z be two wu.s.c. maps.
If ¢ or y i3 a compact map, then the composition yop of ¢ and v is compact,
%.8.C. :

For a multi-valued map ¢: X—X by ¢™, m > 1, we denote the mth
iteration of ¢ (i.e., ¢™ = pogo ... 0p).
N———_ e

mth
(1.5) PrROPOSITION. Let ¢: X—>X be & u.3.c. map. If ¢ is a compact
map, then the set C, = (o™ (X) i8 compact and non-empty.

mz1
Proof. By assumption the set X, = ¢(X) is compact and non-empty.
Applying (1.2) and (1.3), we infer that ¢™(X,) is compa¢t and non-empty
for each m > 1. Since X, c X, we infer that ¢™(X,) < ¢™(X) for each
m > 1. Since ¢(X) =« X,, we have ¢""!(X) c ¢™(X,) for each m > 1. So
O = Ne™(X) = N¢"(X,)
m>1

mal
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and, as a decreasing family of compact non-empty sets, it is compact
and non-empty. The proof of (1.5) is completed.

Let ¢: X—+>X be a multi-valued map and A a subset of X. A point
ze X is called a fixed point for ¢ whenever ze ¢(z); moreover, if ze A
in this case, we say that ¢ has a fixed point in A. Let ¢, p: X—>Y be
two multi-valued maps. If ¢ (2) = y(z) for each ze¢ X, then we say that ¢
is a selector of y and indicate this by ¢ < p.

Let p: X—>Y be a single-valued map from the space X onto Y.
We associate with such a p the multi-valued map ¢,: Y—-X given by

¢p(y) =p~'(y) for each ye Y.

(1.6) LeMMA. If p: X—Y i3 a closed map from X onto Y, then for
every open subset U of X the counter-image of U under ¢, is an open subset
of Y.

Proof. Let U be an open subset of X. We prove that the set ¥ \¢,'(U)
is closed. We have

Y\g;{(U) = {ye ¥; 9,(y) "(X\T) # 0}
= {ye ¥; p~L(9)N(X\T) # B} = p(X\T).

Since X\ U is a closed subset of X and p is a closed map, the above equality
implies (1.6).

(1.7) LEMMA. Let p: X—Y be a proper (single-valued) map from X
onto the metric space Y. Then p i a closed map.

Proof. Let A be a closed subset of X. We prove that p(4) is closed
subset of Y. Consider a sequence {y,} of points in p(A) and assume that
liﬁny,, = y. For the proof it is sufficient to show that ye p(A4). The set

B = {y,} U{y} is a compact subset of Y. By assumption, the set 4, = p~'(B)
is compact and hence the set 4 N4, is compact. The continuity of p implies
that the set p (A NA,) is compact. We observe that, for each n, ¥, ¢ p(ANA,)
< p(4). Finally, the condition lil’Py,, = y implies that ye p(ANA4,) = p(4)

.and the proof of (1.7) is completed.

Remark. For an arbitrary Hausdorff space ¥ Lemma (1.7) is not
true (comp. [6], p.. 156 and 164).

It is immediate from (1.6) and (1.7) that ‘

(1.8) PROPOBSITION. Let p: X—>Y be a proper map from X onio the
metric space Y. Then the map ¢,: Y—>X is w.s.c.

2. Admissible maps. A u.s.c. map ¢: XY is said to be acyclic
provided the set ¢(z) is acyelic for every point z¢ X.
Proposition (1.2) implies
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(21) If ¢: XY is an acyclic map, then the natural projection
Pyt I'y—>X i8 a Vietoris map.

Using Theorem I1.4.4 for an acyclic map ¢: XY, we define the
linear map ' '
¢,: H(X)>H(Y)

by putting
P = (qca).o[(pw).]_l°

®, is said to be induced by the multi-valued map ¢. It is easy to see that
if ¢ = f (i.e., ¢ is a single-valued continuous map), then ¢, = f,.

Let ¢: X—Y be a multi-valued map. A pair (p, q) of single-valued,
continuous maps of the form X<¥-Z-2->Y is called a selected pair of ¢ (written
(p, @) < ¢) if the following two conditions are satisfied:

(i) p is. a Vietoris map,

(ii) g(p~' (%)) < @(x) for each ze X.

(2.2) Remark. We observe that if ¢ is a compact map and (p, q) < ¢,
then ¢ is a compact map.

(2.3) ProrosriTION. If ¢: X—>Y 8 an acyclic map and (p, q) < ¢,
then q,p." = @,-

Proof. Let (p, ) be a selected pair of ¢ of the form X<2Z-2>Y. Con-
sider the commutative diagram

in which f(2) = (p(2), q(2)) for every ze¢Z.

The condition ¢(p~*(2)) = ¢(«) implies that (p(z), g(z))e I',. Applying
to the above diagram the functor H, we obtain q,p;‘ = (qy) .o[(p,-,)...]",
and the proof is completed. o

From (1.8) and (2.3) we simply deduce i

(2.4) ProprosITION. If p: Z—>X i a Vietoris map from Z onto the
melric space X, then the map p,: X—Z i8 acyclic and (9,), = p,;".

(2.5) DEFINITION. A multi-valued map ¢: XY is called admissible
provided there exists a selected pair (p, q) of ¢.

We observe that if ¢ has an acyclic selector or, in particular, a con-
tinuous single-valued selector, then ¢ is an admissible map.

(2.6) DEFINITION. An admissible map ¢: X—Y is called strongly
admissible (s-admissible) provided there exisis a selected pair (p, ¢q) of ¢
such that (p, ¢) = ¢, ie.,, ¢(p~"(2)) = ¢(a) for each ze X.
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BExamprLEs. 1. Every acyclic map is not only admissible but also
s-admissible. For example, the pair (p,, g,) is a selected pair of acyclic
map ¢ such that (p,, ¢,) = ¢.

2. We observe that if ¢: XY is an s-admissible map, then ¢(x)
is a connected set for each z¢ X. The map ¢: [0,1]—{0, 1] given by

for ¢ #0,

A {0,1} for t=0

is an admissible map but ¢ is not an s-admissible map.

(2.7) THEOREM. Let ¢: XX, and y: X,—»X, be two admissible
maps. Then the composition yog: X—X, i3 an admissible map, and for
every selected pair (py, q,) = @ and (p,, q;) < y there ezists a selected pair
(P, q) of yoop such that .

20O (Paw) 7’0 1a0 (P1e) ™' = quo s,

Proof. Let (p,, ¢;) = ¢ and (P,, gs) = . Consider the commutative
diagram

P : a P2 q

.X:: , Z,l- _J"Xi“ - Zy—— » X,

in which
Z = {(#1y23)€ Zy X Zy; €:1(21) = Pa(2a); B(%1, 22) = Pa(2)},
q(2152s) = @a(23)y  [1(21y23) = 21, [fal#1y 22) = 20y, 9(21) %) = Q1(2))
o r each (21, 22) € Z.
Since f;(2,) is homeomorphic to p;*(¢,(2,)) and p, is a Vietoris map,
we deduce that f, is a. Vietoris map. Hence p, as the composite pof;,

is a Vietoris map. Moreover, we have g(p~'(#)) = y(¢(2)) for each ze X.
Applying to the above diagram the functor H, we obtain

Qn(?z;)-loq“ (P)™! = qups"

and the proof of (2.7) is completed.

(2.8) THEOREM. If ¢: X—>X, and y: X,—>X, are two 8-admissible
maps, then the composition yop: X—>X, i3 an s-admissible map and for
every (py, q1) = ¢ and (pqy q;) = y there exists a (p, q) = yop such tha

- Q2o (Pae) 10 Qe (D10) ™ = g
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The proof of (2.8) is analogous to the proof of (2.7).
Theorem (2.8) implies that the composition of two acyclic maps is
an s-admissible map.

3. Homotopy and selectors. Let ¢: X—>Y be an admissible map.
Define the set {p}s of linear maps from H(X) to H(Y) by putting

{o}» = {qeps; (P, @) < ¢};

{p}« is said to be an induced set of linear maps by the map ¢. From (2.3)
we infer that if ¢ is an aecyclic map then {p}« = {ps}.

(3.1) THEOREM. Let ¢, y: X—>Y be two admissible maps. If ¢ < v,
_then {p}e < {y}s.

For the proof of (3.1) we observe that if (p, ¢} < ¢, then (p, q) = ».

From (3.1) and (2.3) we obtain

(3.2) CorOLLARY. Let p: XY be an acyclic map and ¢: X—>Y an
admissible map. If ¢ = y, then {p}e = {ye}.

(3.3) ExaMPLE. Let 8" denote the unit n-sphere in the Euclidean
space R"*!. Define the map ¢: §"—>8" by ¢(x) = 8" for each z¢ 8". It
is easy to see that ¢ is an admissible map and hence every continuous
(single-valued) map f: 8"—>8" is a selector of ¢. Therefore Theorem (3.1)
implies that {p}. is an infinite set. Moreover, we assert that ¢ is an s-ad-
missible map and in this case, if the dimension of 8™ is even, there exist
two selected pairs, (p, q)= ¢ and (p’, ¢') = @, such that gups’ # ga(ps)".
In order to show this, we define the maps y,, yy: 8"—>8" by

v1(@)={ye 8% ]lm—yllgg} and y,(2)= y,(—x) for each zeS".
We have
9(®) = p1(91(2)) = palpa(2)) for each ze S

and (2.8) implies that ¢ is an s-admissible map. Since Idgn = p, and
(—Idgn) = y,, from (3.2) we infer that y,. = Idgen and (—Idgn)s = pss.
Applying Theorem (2.8) again, we deduce that there exist two selected
pairs, (P, §) = ¢ and (p’, ¢') = ¢, such that gups’ = y140p,e and ga(ps)™’
= P40 Pa. Finally, this implies that g.ps' # qa(ps)”? for ¢: §*8%,

(3.4) DEFINITION. Two admissible maps ¢, y: X—»Y are ealled
homotopic (written ¢ ~ y) provided there exists an admissible map x:
XxI-»Y, where I = [0, 1], such that

x(®,0) c () and yx(»,1)c y(®) for each zeX.

(3.6) TExoREM., Let ¢, y: XY be two admissible maps. Then p~y
implies that there exist selected pairs (p,q) = ¢ and (P, q) = v such th
‘qeO D’ = GoOTi . ' '
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Proof. Let (p, q) = x. Consider the commutative diagram

X« - P (5o(X))
‘.l I
XxI- ’ %
tll h
Xe— 2 - (i (X))

in which iy(z) = (2, 0), i,(2) = (2, 1) for each ze X, j,, j, are inclusions -
and p, P are given as the first coordinates of p(2) for every ze p ' (iy(X))
and ze p~'(i,(X)), respectively. Then p, P are Vietoris maps and we have
(pyq) = 9, (P, q) = y. We observe that i, = i;s is a linear isomorphism.
This and the commutativity of the above diagram imply ¢,0ps' = Gu0Ps .
This proves Theorem (3.5).

(3.6) COROLLARY. Let ¢, p: X—>Y be two admissible maps. Then
¢ ~y implies {p}sO{y}s +9.

(3.7) CoroLLARY. Let ¢, y: X—>Y be two acyclic maps. Then ¢ ~ vy
implies @y = Y.

ExAMPLE. Let ¢, y,: 8"—>8" be as in (3.3). Define the map y: 8" x I
—8" by x(@,t) = yi(®). Then y is a homotopy joining ¢ with , but {y;}«
= {y;»} i8 a set consisting of one element; however, {¢p}, is8 an infinite

.8et.

4. Lefschetz maps. An admissible map ¢: X—X is called a Lefschetz
map provided for each selected pair (p, g) < ¢ the linear map g.p;': H(X)
—H(X) is a Leray endomorphism.

For every Lefschetz map ¢: X—>X we may define the Lefschetz
set . ‘

A(p) = {A(qep3?); (P, Q) < ¢}

The following facts are simple consequences of (3.1), (3.6) and (3.7),
respectively : ’

(4.1) PrOPOSITION. Let ¢, y: X—X be two Lefschetz maps. Then ¢ c
implies A(p) = A(yp). ‘

(4.2) PrOPOSITION. Let ¢, y: X—>X be two Lefschelz maps. Then
@ ~ p implies A(p)NA(y) # D.

(4.3) ProPOSITION, Let ¢, yw: X—>X be two acyclic maps. If p c o
or ¢ ~ y, then ¢ i8 a-Lefschetz map if and only if v is & Lefschetz map and
in this case A(p) = A(y). '
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ExaMpLE. Let X be a space which is not of finite type. Define the
maps f, ¢: X—>X by ¢(2) = X, f(@) = x, for each ve X. Then ¢ is an
admissible map. We have f = ¢ and Idy = ¢ but f, is a Leray endomor-
phism and Idgx, is not a Leray endomorphism.
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IV. ANR-s, AANR-s and w-AANR-s

In this chapter we recall the notions and basic properties which
are essential in the fixed-point theory of multi-valued maps, of ANR-s,
AANR-s and w-AANR-s.

1. ANR-s. A single-valued continuous map f: X—»Y is said te be
an r-map if there is a continuous single-valued map g: ¥ —»X which is
a right inverse of f, that is such that the composition fog: ¥ —X is the
identity map Idy. If there exists an r-map f: X—Y, then the space ¥
is called an r-image of the space X. The maps called retractions are a spe-
cial kind of r-maps. Suppose that Y is a subset of X. Then map f: X >Y
is said to be a retraction if the inclusion ¢: ¥ —>X is a right inverse of f,
i.e., f(z) = x for all points e X. A subset X, of a space X is said to be
a retract of X if there is a retraction of X onto X,. A closed subset X,
of a space X is said to be a neighbourhood retract in the space X provided
X, is the retract of an open subset of X which contains X,.

We denote by ANR the class of metrizable absolute neighbourhood
retracts. A metrizable space X belongs to ANR provided, for each homeo-
morphism & mapping X onto a closed subset h(X) of a metrizable space
Y, the set h(X) is a neighbourhood retract in Y.

In what follows we shall make use of the following facts from general
topology:

(1.1) (Kuratowski Theorem). Every melrizable space is embeddable
into a Banach space; in particular, any topologically complete meirizable
space can be embedded as a closed subset of a Banach space.

(1.2) (Arens-Eells Theorem). Every metrizable space can be embedded
as a closed subset of a normed space.

(1.3) (Aleksandrov Theorem). Every open subset of a topologwally
complete metrizable spaoe oan be topologically complete metrizable.

We prove the following

(1.4) THEOREM. In order that X ¢« ANR it is mecessary and sufficient
that X be an r-image of an open subset of a mormed space.

Proof. Let X¢ ANR. By Theorem (1.2) there exists an embedding
h: X—F of X into a normed space E such that A(X) is closed in E. Then
there is a retraction r: U—h(X) of an open subset U of E which contains
h(X). Then h~'or: U—X is clearly an r-map. Now suppose that X is



1V. ANR.s, AANR-s and w-AANR=s 33

an r-image of a set U which is open in a normed space E. Let f: U->X
be an r-map and g: X—U a right inverse for f. Consider a homeomorphism
k mapping X onto a closed subset of a metric space Y. Then g, = goh™*
maps h(X) into U < E and 80, by the generalized theorem of Tietze,
there is a continuous extension g, of g, mapping Y into E. Let U’ be the
counter-image of U under g,. Then U’ is a neighbourhood of A(X) in Y.
Setting r(y) = hofog,(y) for ye U’, we obtain a retraction map r and
the proof is completed.

By applying (1.1), (1.3), instead of (1.2), we obtain analogously

(1.5) THEOREM. A meirizable space is a topologically complete ANR
if and only if it is an r-image of an open set in a Banach space.

From (1.4) clearly follows

(1.6) Every open subset of an ANR 13 ANR.

Similarly, (1.3) and (1.5) implies

(1.7) Every open subset of a topologically complete ANR is a topologically
complete ANR.

The following facts are well known:

(1.8) (a) Every (finite) polyhedron 18 a compact ANR;

(b) Every compact ANR i3 a space of finite type;

(c) Every convex subset of a normed space is an ANR;

(d) Suppose that the metrizable space X 18 the union of two closed subsets
X, and X, and that X, = X,nX,. If X,, X,, X;¢ ANR, then X e ANR.

Now we prove the following geometrical fact:

(1.9) LeEMMA. If U is open in a Banach space E and X < U is compaot,
then there exists a compact Ce ANR such that X « C <= U.

Proof. Cover X by 2 finite number of closed balls W,,..., W, < U
and denote by C; the convex closure of the compact set X NW, for each
i =1, ..., n. By the Mazur Lemma, every C; is compact. From the inclu-
sions C; =« W, < U we conclude that X is contained in the compact set

n
G = U G‘ U.

i=1

Now we show by induction on » that the union of n compact, convex
sets is an ANR. The statement is true if n = 1 (comp. (1.8) (c)). Assume

n—1

that the result is true for any integer less than n. By hypothesis ¥ = | 0,

n-1 n—1 =1
and C, are ANR-s. Further, YnC, = (U 0;)nC, = U(C;n0,), which

f=1 f=1 .
by the induction hypothesis is an ANR., Thus ¢ = Yu(, is the union
of two ANR-s whose intersection is an ANR and (1.8) (d) implies that C
is an ANR. This completes the induction and shows (1.9).

2. Approximation Theorem. In this section all maps are continuous
and single-valued. We recall that a map f: X—Y is compact if it ‘maps
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X into a compact subset of Y. By homotopy we understand ordinary
single-valued homotopy.

(2.1) APPROXIMATION THEOREM. Let U be an open subsel of a normed
space E and let f: X —~U be a compact map. Then for every ¢ > 0 there exist
a (finite) polyhedron K, = U and a map f,: XU, called an e-approvima-
tion of f, such that

(i) f(®)—f(@)<e for all me X,

(ii) f,(X) = K,,

(iii) f, s homotopio to f.

Proof. Given £ > 0 (which we may assume to be sufficiently small),
f(X) is contained in the union of a finite number of open balls V(y,, ¢)
with V(y;,2¢) = U, i =1, ..., k. Putting for v¢ X

k
2 Ai(2) Yy
f=1

k

2 (@)
i=1
where 1;(x) = max{0, ¢e—|f(»)—v,ll}, we obtain the map f, satisfying
(i) and (ii). Clearly, the values of f, are in a polyhedron K, = U with
vertices ¥,, ..., ;. To prove assertion (iii), note that for each we X the
points f(z) and f,(z) belong to some ball V < U. Therefore the family g,
defined by the formula

gi(@) = t-f(@)+(1 —)f (), for (,8)e X x<0,1)

has values in U. Thus g;: X—U is a homotopy joining f with f, and the
proof is complete.

3. AANR-s. The class of AANR-8 was first studied by H. Noguchi.

(3.1) DEFINITION. Let (X, A) be a pair of metric spaces and let ¢
be a positive real number. A continuous (single-valued) map r,: X4
is called an e-retraction provided d(r,(a), a) < e for all ae 4.

A subspace A of a metric space X is said to be an approzimative
rétraot of X provided for each ¢ > 0 there exists an e-retraction »,: X—A4.

(3.2) DEFINITION. A metrizable space X is said to be an approzimative
ANR (AANR) provided for each homeomorphism » mapping X onto
a closed subset & (X) of a metric space Y, the set h(X) is an approximative
retract of some open set U in Y.

Although not necessarily locally connected, the AANR-s enjoy

many familiar properties of ANR spaces. In particular:

(3.3) Every compact AANR X is of finite type.

(3.4) DEFINITION. An AANR X is said to be admissible provided
there exist a ho meomorphism 2 mapping X onto a closed subset h(JX)

f(a) =

’
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of a normed space ¥ and an open neighbourhood U of k(X) in K such that
the following two conditions. are satisfied:

(i) h(X) is an approximative retract of U,

(ii) the inclusion ¢: h(X)~>U induces a monomorphism i,: H{h(X))
—H(U).

(3.5) PROPOSITION. Every ANR in an admissible AANR.

Proof. Let Xe¢ ANR. Using the Arens—Fells embedding theorem,
we obtain a homeomorphism % mapping X into a normed space E such
that (i) 2(X) is closed of E, (ii) there exists a retraction r: U-—h(X),
where U is an open neighbourhood of #(X) in E. Then the inclusion 4: A(X)
—U is the right inverse of r and we have ri = Id,x). Hence we infer
that r4is = Idp(yx) and this implies that ¢, is a monomorphism.

(3.6) PROPOSITION. Every compact AANR is an admissible AANR.

Proof. Using the Arens—Eells embedding theorem (or the Kuratowski
embedding theorem), we may assume without loss of generality that X
i8 an approximative retract of some open neighbourhood U of X in a normed
space E. Since X is of finite type, from Theorem 1.3.4 we deduce that
there exists an ¢, > 0 such that for every two maps f,g: X—X, the
condition |f(z) —g(2)| < &, implies fo = g4.

Choose an ¢ > 0 such that ¢ < ¢, and consider the two maps Id,
r,0t: X—>X, where r: U—X is an e-retraction and i: X—U is an inclusion
map. By Theorem 1.3.4 we infer that Idg) = (7,)s %, and this implies
that 7,: H(X)—>H(U) is a monomorphism. -

(3.7) ProproSITION. Every acyclic AANR is an admissible AANR.

For the proof of (3.7) observe that if X is an acyclic space and
X < Y, then the inclusion 4: X—Y induces a monomorphism i,: H(X)
—-H(Y). ‘

The following lemma is of importance:

(3.8) LEMMA. Let X be an AANR. Assume that X is an approximative
retract of an open subset U in a normed space E and i: X—U induces a
monomorphism ty: H(X)>H(U). Then for every compact subset K c X
there exists a positive real number ¢(K) such that for every ¢ < ¢(K) and for
every e-retraction r,: U—~>X we have

(T)eteje =ju, where j: K—X is the inclusion map.

Proof. Let e(K) >0 be a number smaller than the distance
dist (K, dU) from the compact set K to the boundary dU of U in E. From
the definition of ¢(K) we infer that for each z¢ X and ¢ < ¢(K) the interval
t-ir,3j (w)+ (1 —1t)-7j (), where 0<?< 1, is entirely contained in U. This
implies that ir,ij and ¢j are homotopic for every ¢ < &(HK). Since i, is a
monomorphism, we get (7,)eisje = js« for each &< e(K) and the proof
is completed.
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4. w-AANR-s. A closed subspace X of a metric space Y is called a
weak approximative neighbourhood retract in' ¥ provided for every &> 0
there exist an open neighbourhood U, of X in Y and an e-retraction
r,: U ~>X.

(4.1) DEFINITION. A metrizable space X is said to be weakly AANR
(w-AANR) provided for each emedding h: X—Y¥, Y being a metric
space and h(X) being closed in Y, the space h(X) is a weak approximative
neighbourhood retfract in Y.

" It is easy to see that there exists a compact w-AANR which is not
of finite type.

We prove the following simple geometrical fact:

(4.2) LEMMA. Let X be a weak approzimative nmeighbourhood retract
in a normed space E and let K be a compact subset of X. Then for each open
neighbourhood W of K in X there exists a positive real number (W) such

that K c r;* (W) for each 0 < e < (W), where r, denotes any e-retraction
related to X.

Proof. Let W be an open neighbourhood of XK in X and let (W)
denote the boundary of W in X, Then Knd(W) = . We define f(x)

= inf |z —y]. Since (W) as a closed subset of X is closed in E, then
y«(W)
Knd(W) = 0 implies f(z) > 0 for every ¢ K and thus f: K—(0, + o).

Since K is compact, we deduce that (W) = mf {f(m)} is a positive real

number. Then for every 0 < e< (W) we have K < r;}(W) and the
proof is completed.
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V. THE LEFSCHETZ FIXED-POINT THEOREM

We shall now propose the application of the Cech homology with
compact carriers and the theory of Lefschetz number by establishing
a general fixed-point theorem for admissible maps, which contains the
classical Lefschetz Fixed-Point Theorem (for single-valued maps) and
the well-known Eilenberg-Montgomery Fixed-Point Theorem for acyclic
maps. The prihcipal results of this chapter are Theorems (3.2) and (5.1).
Moreover, Sections 1 and 2 contain a modern proof of the Eilenberg—Mont-
gomery Theorem, and Sections 4 and 6 present some applications of those
results to the fixed-point theory of admissible maps.

1. The index of coincidence. Let p,q: Y—>X be two single-valued
maps. A coincidence of the pair (p, ¢) is a point ye ¥ with p(y) = q(y).
' (1.1) LeEMMA. Lel p,q: Y—>U be two single-valued, conlinuous maps

from a space Y to an open subset U of the Euclidean space R". 4dssume that
P 18 a Vietoris map and q is a compact map. Then the set

#pq = {2 U; e q(p™(2)))

i8 compact.

Proof. Consider the multi-valued map y = gog,: U—U (comp.
Section 1 in IIT). Then, in view of II1.1.8 we deduce that y is a compact
u.s.c. map. Let

%, = {we U; we p(x)}.

Then x,= %,, and hence from IIL.1.1 we deduce that x,, is a compact
set. The proof of (1.1) is completed.
Consider the diagram

U2 Y-2.,7,

in which U, Y, p, q are as in (1.1). _
With the above diagram we associate diagram

1) (U, U\ ) <2 (¥, T\p7 (%, ) ——> (R", B*™\{0}),

where p(y) = p(y) and g(y) = p(y) —q(y) for each ye Y.
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We define the index of coincidence I(p, q) of the pair (p, ¢) by put-
ting (comp. Section I.5)

I(p, @) = Ga(Fe) (O, ) Ho(B", B™\(0}) ~ Q.
(1.2) ProrosrITION. If I(p,q) # 0, then the pair (p, q) has a coinci-
dence.

Proof. Indeed, if p(y) # q(y) for each ye Y, then x,, = . Then
we have

I(p,q) = §¢(§o)_l(oup.¢) = GuPs(0) = 0.

From L.5.5 clearly follows

(1.3) ProPOSITION. If A i3 a compact set such that x,,< A < U,
then 1(p,q) = qu(Ps)*(0L), where D, q are given by the same formula
a8 P, ¢ in (1).

(1.4) PROPOSITION. Let K be a finite polyhedron such that ¢(Y) « K;
then there exists an element ae (H(K))*® H(K) such that I(p, q) = e(a).

Proof. Oonsider the diagram

. Td®a,ps!

Ho(U, UNK) —=— (H(U, UNK)® H(U)), ———— (H (U, UNK)QH(K),

de dold
11

Q ~ H,(R", B"\{0}) (H (X)) @ H(K),,
in which q,: Y—»K is the contraction of g to the pair (¥, K) and d:
H(U, UNK)->(H(K))® is a linear map of degree ( —n) given by

d(u)(v) = do (u®?) for weH(U,U\K) and ve H(EK).

The subdiagram I commutes (see 1.5.4). The commutativity of II
follows by easy computation. We define a = (d®Id)o (Id® g1« ps") 44(0x).
From the commutativity of the above diagram and (1.3) we deduce
I(p,q) = e(a) and the proof of (1.4) is completed.

(1.5) COINCIDENCE THEOREM. Let p,q: YU be two continuous
(single-valued) maps from a space Y to an open subset U c R". If p is a Vie-
loris map and q 8 a compact map, then g,p,* i3 a Leray endomorphism,
and if A(qeps') # 0, then the pair (p, q) has a coincidence.
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Proof. Since ¢ is a compact map, there exists a finite polyhedron K
such that ¢(Y) « K « U. We have the commutative diagram

fe

H(K) — — H(U)
.W d1e ?
a, de
H(p™'(K) —=—— H(Y) » H(Y)
‘T 4
(p'.)—! = !
H(K) b »H(U),

in which 4., j« are induced linear maps by the inclusions ¢: K—~U and
j: p~'(K)—Y, respectively, and ¢, ¢,u, Pw are induced linear maps by
the contractions of ¢ and p, respectively. ¢

The commutativity of the above diagram and II.2.3 imply

A(gups?) = A{ds(p4)7Y),

and hence ¢.ps is a Leray endomorphism,
Assume that A(q.pi’) # 0. For the proof it is sufficient to show
that

(1) Algu(pa)™) =1(p, @

(comp. also Section 5 in I).
Consider the following diagram:

1

1d0f, 4,814

H(U, U\E)QH(U)®H(K)——> H(U, UNE)Q H(K)QH(U)——— QR H(U) ~ H(U)

dogipylond doldeqprt a3t

1del. e31d

(H(K))'®H(K)®H(K) (H(K)*®@H(K)®H(K) —— QQH(K) ~ H(K).

The commutativity of the above diagram is obtained by simple calcula-
tion.
Let

a = (d®1d)(1d® g1 25 ") 44(0x) « Homg (H (K))@ H(K).

Since e(a) = I(p, q) (see (1.4)), for the proof of (1) it is sufficient to show
that

(2) O(a) = gu(ps)™
(comp. Section 1 in II),
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If we follow A4,(0x)Que H(U, UNK)QH(U)QH(K) along | ——,
we get (6(a))(u). If we follow it along ——>, by Dold’s Lemma (I.5.6)
we get 74(u). Therefore, for the proof of (2) it is sufficient to show that.

(3) G1ePs%e = €a(pa)™".
Consider the following commutative diagram:

r '§]

U « Y — K
L )

q'
K +——— p~Y(K)

Applying to the above diagram the functor H, we obtain (3) and the proof
of the Coincidence Theorem is completed. '

2. The Lefschetz Fixed-Point Theorem for open subsets in R". The
Ooincidence Theorem implies the following Lefschetz Fixed-Point
Theorem:

(2.1) TEEOREM. Let U be an open subset in R" and ¢: U—U an admis-
sible compact map. Then (i) ¢ i8 a Lefschelz map, and (i) A(p) # {0} implies
that ¢ has a fized point.

Proof. Let (p, q) be a selected pair of ¢. Since ¢ is compact, the pair
(p, q). satisfies all the assumptions of the Coincidence Theorem. Then
(1.5) implies that ¢ is & Lefschetz map. If A(p) # {0}, then there exists
a (p, q) = ¢ such that A(q.ps') # 0 and by (1.5) we obtain a point ye ¥
such that p(y) = q(y). Let yep~'(w); then xe g(p~'(v)) = p(x) and the
proof of (2.1) is completed.

(2.2) TEEOREM. Let X be a retract of an open '8ubset Uc R* and
¢: X—>X an admissible compact map. Then (i) ¢ is & Lefschelz map, and
(ii) if A(p) # {0}, then ¢ has a fized point.

Proof. Let r: U—-X be a retraction map, 2: X—>U the inclusion
map and yp: U—U a multi-valued map given by v = igr. From IIIL.2.7
we deduce that y is an admissible map. The compactness of y is evident.
Let (p, q) be a selected pair of ¢. Since r, 4, as single-valued maps, are
acyclic, then for every selected pair (p,, ;) = r and (p,, ¢;) < i, by 111.2.3
we have

QuPis =7s and  Gupn' =i,
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Applying again II1.2.7, we deduce that there exists a selected pau' (7, 9)
< y such that

(1) ) GuDr' = taqeDs'Ts.
Consider the following diagram:

H(X) i > H(U)

@] 'r, .
‘l.ﬂ.ﬂ. r.

H(X) & — H(U)

Since r4is = Idgy), this diagram commutes. Using (1), (1.5) and II.2.4,
we infer that q.p,' is a Leray endomorphlsm

To prove (ii) assume that 4(p) # {0}. Then there exists a (p, q) < ¢
such that A(q.ps") # 0 and, as in the proof of the first part of this theorem,
we obtain (7, ) = y such that

A(GaPr') = A(geps®) #0.

From Theorem (2.1) we obtain a point  such that ze y(z). We have
xeipr(z) c X and, since r is a retraction map, we deduce that r(z) = =.
Finally, we obtain ze¢ ¢ (z) and the proof is completed.

Theorem (2.2) and IV.1.8(a) give

(2.3) COROLLARY. Let K be a finite polyhedron and p: K—~K an admis-
sible map. Then A(p) #* {0} implies that ¢ kas a fized poini.

3. The Lefschetz Fixed-Point Theorem for AANR-s. Before stating
the main result of this section in full generality, we shall first consider
the following special case:

(3.1) THEOREM. Let U be an open subset in a normed space E and let
¢: U—-U be an admissible compact map. Then (a) ¢ i3 a Lefsohetz map,
and (b) A(p) # {0} implies that ¢ has a fized point.

Proof. Let p,q: Y—>U be a pair of maps such that (p,q) = ¢.
By applying to ¢ the Approximation Theorem (see IV.2.1), we get a se-
quence {K,} of finite polyhedra K, < U and a sequence of maps g¢,:
YU such that the following conditions are satisfied:

(1) lga(¥) — gl < 1/n for all ye ¥ and for every =,

(ii) ¢,(Y) = K, for each =,

(iii) g, is homotopic to ¢ for each n.

Let ¢q,: Y, =p '(K,)>K,, ¢,.: Y-K,, p,: Y,—~K, be contractions
of ¢, and p, respectively, and let ¢,: K,—U, j,: Y,—Y be inclusions.
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Now, for every n, we consider the following commutative diagram:
‘u

. X
a': o }"”
Pn \ lﬂ
sz', _— T
Oonsequently its image under H also commutes and the diagram
H(K,) L »H(U)
R
H(K,) e SH(T)

commutes. Since every K, is of finite type, ¢,+p+ is 2 Leray endomorph-
ism. Then, by I1.2.4, ¢,.ps'is also a Leray endomorphism and A(q«p;+)
= A(q,eps’). Finally, condition (iii) implies that g.ps;’ is a Leray endo-
morphism, and moreover we have

(iv) A(gnePrs) = A(2aeds?) = A(gep3?).

To prove (b) assume that 4(p) # {0}. Then there exists a (p, q) < ¢
such that A(q.ps"') # 0. As in the first part of this proof, we obtain a se-
quence {K,} of polyhedra and sequences of {g,}, {¢.}, {P.}, associated
with ¢ and p, respectively, such that the conditions (i)—(iv) are satisfied.
Consider, for each n, the map v,: K,—>K, given by y,= ¢,0¢, . Then
¥, is an admissible map and hence (p,, ¢,) = v, for each x.

Using (2.3) and (iv), we obtain a sequence {z,} of points in U such .
that @, ¢ y,(2,) for each n. For each n we denote by ¥, a point in p, 1(a:,,)
such that ¢, (y,) = ,. Then we have

By = Da(Yn) = €u(¥s) = P(¥,) = ¢,(y,) for each .

We put ¢(y,) = 7, for each n. Since ¢ is 2 compact map, we may assume
that there exists a subsequence {Z, } of {z,} such that limZ, = «. Then
t k

from (i) we deduce that lim#, = z and hence we liave
: K

(v) inkt qp_l (wnk) ) {Enk} —>T a’nd {wn]‘} —>T.

Since the map y = gog, is u.s.c. (comp. II1.1.8), then, in view of (v) and

IIL.1.1, we have zey(z)= ¢(p~'(®))  p(x), and the proof of (3.1) is
completed.
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Now we are able to state the principal result of this paper.

(3.2) THEOREM. Let X be an admissible AANR and let ¢9: X—>X be
an admissible compact map. Then: (a) ¢ 18 a Lefschetz map, and (b) A(p)
# {0} implies that ¢ has a fized point.

Proof. Since X is an admissible AANR, we may assume that there
exists an open subset of a normed space F such that the following two
conditions are satisfied:

(i) X is an approximative retract of U,
_ (ii) the inclusion ¢: X—U induces a monomorphism ¢,: H(X)—>H(U).

Let r,: U—>X be a (1/n)-retraction. We have

(iii) |r,(x) — 2| < 1/n for each z< X and for every =.

Let p, g: Y—>X be a pair of maps such that (p, g¢) = ¢. Consider for
each n an admissible compact map y,: U—U given by y,= txGe@sp”s-
Using IT1.2.7 and IIL.2.3, we choose a selected pair (p,, ¢,) = v, such that

(iV) GuaDPre = xqsDa Ty, for each n.

Since ¢ is a compact map, we infer that the set 4 = ¢(Y) is compact.

Consider for each » the diagram

Tne

H(U) » H(X)
14947, l"nt q.p‘—l
H(U) ~H(X)

where ¢': Y—A is given by ¢'(y) = g(y) for each ye ¥ and j: A>X
is an inclusion. From Lemmag IV.3.8 we obtain 7,,isjs = j» for all n > n,.
Sinece jugs = (joq')e = ¢s, we deduce that the above diagram commutes
for each n > n,. Consequently, from II.2.4, (iv) and (3.1) we conclude
that ¢.py' is a Leray endomorphism. Thus the assertion (a) is proved. .

To prove (b) assume that A(p) # {0}. Then there exists a selected
pair (p, q) = ¢ such that A(qups!) #0. Let (p,, ¢,) < ¥, Where p,, ¢,

and y, are obtained as in first part of the proof. Then, from II1.2.4 and
(iv) we have

A(GnePrs) = A(inqeps’r,,) = A(geps') #0, for each n > n,.

‘This, in view of Theorem (3.1), implies that y, has a fixed point for each
n > n,. We find a sequence {#,} in the compact set 4 such that:
(v) @,ey,(x,) for each n > n,.
Let {x, } be a subsequence of {x,} such that
(vi) limz,, = a.
k

Then from (iii) we obtain
(wii) limr, (2,) = =.
k
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Conditions (v), (vi), (vii) give

(Vili) {rn,(00,)} >0, By, < P57, (0,,) a0 {,,} 3.

- Finally, the u.s.c. of w = gog@, (IIL.1.8), in view of (viii) and IIL.1.1,
implies ze y(2) = g og,(2) = ¢p~'(») = p(x) and the proof of Theorem
(3.2) is completed.

We now draw a few immediate consequences of Theorem (3.2).

(3.3) COROLLARY. Let X be an ANR or a compaot AANR and let ¢:
XX be an admissible compact map. Then (i) ¢ is a Lefsohetz map, and
(ii) A(p) 7 {0} tmplies that ¢ has a fized point.

For acyclic maps we obtain the following

(3.4) ComroLLARY. Let X be an admissible AANR or, in particular,
either of the following:

(a) an ANR,

(b) a compact AANR.,

If 9: XX i8 a compact acyclic map, then (i) ¢ is a Lefschetz map, and
(if) A(@) # O implies that ¢ has a fized point.
From (3.4) and IIL.4.3 we deduce

(3.5) COROLLARY. Let X be an admissible AANR and let ¢, y: XX
be two compact acyclic maps which satisfy one of the following conditions:

(i) @ i8 a selector of v,

(i) ¢ i8 homotopio to .
Then both ¢ and y are Lefschetz maps, A(p) = A(tp), and A(y) # 0 implies
that ¢ has a fized point.

(3.6) CorOLLARY. Let X be an admissible AANR and p: X>X an
admissible compact map. Assume further that p(X) is contained in an acyolio
subset X, of X. Then A(gp) = {1} and ¢ has a fized point.

.. Proof. Let p,q: Y->X be a pair of maps such that (p,q) < ¢.
Write the diagram

Xo *rx
1 4[
'} ) a1 a
PN X)) — Y — 7
] \ »
‘y ‘ L 4
x, 3

in which p, g, ¢, are contractions of p and ¢, respectively and ¢, j are inclu-
sions. Then its image under H also commutes. Since A(gsps’) = 1 from
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I1.2.4, we have A(q.ps!) =1 for every (p, q} ¢, and from Theorem
(3.2) we obtain (3.6).

A space X has the fixed-point property within the class of admissible
compact maps provided any admissible compact map ¢: X—X has
a fixed point.

(3.7) COoROLLARY. Let X be an acyclic AANR or, in particular, either
of the following:

(i) an acyclic ANR,

(ii) a contractible open set in a normed space.

Then X has the fixzed-point property within the class of admissible compact
maps.

This simply follows from (3.6) and IV.3.7. Similarly, from (3.6)
and IV.1.8(c), we have

(3.8) COoROLLARY (The Schauder Fixed-Point Theorem). Let X be
a convex subset of a mormed space. Then X has the fived-point property
within the class of admissible compact maps.

Finally, we prove the following proposition, well-known for single-
valued maps:

(3.9) PROPOSITION. Assume that a space X has the fiwed-point property
. within the class of admissible, compact maps. Then every retract of X has the
fized-point property within the class of admissible compact maps.

Proof. Assume that X has the fixed-point property within the class
of admissible compact maps. Let A = X be a retract of X and let r: X—A4
be the corresponding retraction. Let ¢: 4—>A4 be an admissible compaet
map. Define the map y: X—-X by putting y = ipr, where i: A->X is
the inclusion map. From II1.2.7 we deduce that ¢ is an admissible com-
pact map. By assumption, there exists a point « such that ze p(x), but
y(X) c A, and therefore z¢ A. Since 7 is a retraction map, we haver(z) = @
and hence ze p(x). This completes the proof.

4. Neighbourhood fixed-point property. It was shown by K. Borsuk
that there exist in the Euclidean space R® acyclic continua without the
fixed-point property within the class of single-valued maps. This shows
that the Lefschetz Fixed-Point Theorem cannot be extended to arbitrary
compacta. ‘ '

Let A be an acyclic compact subset of the Euclidean space R™. Then
the Lefschetz Fixed-Point Theorem implies that for every open neigh-
bourhood U of A in R™ and for every admissible map ¢: U—>A there
exists a fixed point of ¢. This allows us to introduce the following notion:

We say that a compact acyclic subset 4 of a space X has the neigh-
bourhood fixed-point property in X if for every open neighbourhood U
of A in X and for every admissible map ¢: U—>A there exists a fixed
point of ¢.
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(4.1) THEOREM. If X 18 an w-AANR, then every compact acyolio subset
of X has the neighbourhood fized-point property in X.

Proof. Let A be a compact acyclic subset of X, U an open neighbour-
hood of 4 in X and ¢: U—A an admissible map. We prove that ¢ has
a fixed point. By the Arens-Eells Theorem we may assume without
loss of generality that X is a weak approximative neighbourhood retract
of a normed space E. For each n =1,2,..., let r,: V,»X be the cor-
responding (1/n)-retraction of some neighbourhood V, of X in E. Applying
IV.4.2 to the pair (U, A), we infer that for n > ny = n,(U) the set 4
is contained in r;'(U). Let (p, ¢) bé a selected pair of ¢ and let yp: U4
be a ma,p given by y = ¢qog,. For each n > n, define the map y,: W,
= r;'(U)—~W, by putting y, = i,yr,, where i,: A—>W, is the inclusion
map. Then p, is an admissible map such that v.(W,) i8 contained in
a compact acyeclic space 4. Since W,, as an open subset of ¥, is ANR
space from (3.6), we deduce that v, has a fixed point for each n > n,.
Then, as in the proof of (3.2) (see p. 43), we obtain a fixed point of ¢.
This proves (4.1).

Since each compact metric space may be regarded as a compact
subset of the Hilbert cube, we infer in particular from (4.1), that every
compact acyclic and metric space has the neighbourhood fixed-point
property in the Hilbert cube.

5. The Lefschetz Fixed-Point Theorem for w-AANR-s. In this section
we prove the following

(6.1) THEOREM. Let X be a compact w-AANR of finile type and let
¢: X—>X be an admissible map. Then A(p) # {0} implies that ¢ has a fixed
point.

Proof. We may assume without loss of generality that X is a weak
approximative neighbourhood retract in a Banach space E. For each
n=1,2,..letr,: U,—X be a (1/n)-retraction from an open neighbour-
hood of X in F to X. We have

(1) lo—r, (2)| < 1/n, for all ze X.

For each n let i,: X—U, be the inclusion map. By assumption we infer
that there exists a selected pair (p, q) < ¢ such that A(geps') # 0. Let
y: X—>X be a map given by v = g-¢,. Then p is an admissible map
and hence (p, ¢) = y. Define for each » a map y,: U,—U, by putting

Y = @.an'

From II1.2,7 and II1.2.3 we deduce that for each »n there exists a selected
pair (p,, ¢,) = ¥, such that

(2) gmp;tl = imﬂltp:lrm-
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Consider for each n the diagram

H(X) " -H(U,)

-1 .
QePs l\ GePs Tne fnedeDe I’na

ine
H(X) - —H(U,)
Since X is a compact space of finite type, we deduce from 1.3.4 that
Tnelne = ldgxyy for all m > n,.

This implies that for each n > n, the above diagram commutes and hence
(2) and I1.2.4 gives

AMgeps') = A(Guupre) =0  for all n> n,.

Thus Theorem (3.1) implies that i, has a fixed point for each =n > m,.
Using the procedure followed in the proof of (3.2) (see p. 43), we obtain a
fixed point of ¢, and the proof is completed.

(5.2) COROLLARY. If X is8 an acyclic compact w-AANR, then X has
the fized-point property within the class of admissible maps.

In particular, for acyclic maps Theorem (5.1) and III1.4.3 give

(5.3) COROLLARY. Let X be a compact w-AANR and let ¢, p: XX
be two acyolic maps which satisfy one of the following conditions:

(i) ¢ i3 a selector of w, '

(ii) ¢ 48 homotopic to .
Then A(p) = A(y) and A(y) # 0 implies that ¢ has a fized point.

6. Two consequences of the Lefschetz Fixed-Point Theorem. Let A
be a non-empty subset of a space X and let i: A—X be the inclusion
map; call 4 a homologically trivial subset of X provided (i) dimImi,, = 1,
and (ii) 74, = 0 for all & > 1.

We note the following evident facts:

(6.1) (a) If Ac X c Y and A i3 a homologiocally trivial subset of X,
then A is a homologically trivial subset of Y.

(b) If Ayc A = X and A i3 a homologically trivial subset of X, then
A, is a homologically trivial subset of X.

(e) If A = X and A or X 48 an acyolic space, then A i8 a homologically
trivial subset of X.

(6.2) THEOREM. Let X be a metric space and assume that the Lefschetz
Fived-Point Theorem for X, within the class of admissible compact maps,
holds. If ¢: X—X is an admisgible compact map and for some m > 1 the
sel o™ (X) is a homologically trivial subset of X, then (i) A(p) = {1}, and
(ii) ¢ has a fived point.
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Proof. Assume that ¢™(X); m > 1, is a homologically trivial subset
of X. Let ¢™(X) = X, and let ¢:: X,—>X denote the inclusion map. First
we observe that ¢™: X—>X, as the composition of admissible maps, is
also admissible. Let ¢™: XX, be the contraction map of ¢™ to the pair
(X, X,). It is easy to see that ¢™ is an admissible map. We have ¢g™ = j0p™.
Let (p, q) be a selected pair of ¢. Then, in view of II1.2.7, there exists
a selected pair p’, ¢': ¥—>X of ¢™ such that

(1) Geps! = il ... gups".
mth

Observe that the pair (p’, ) < ¢™, where g: Y—>X, is the contraction
map of ¢’ to the pair (¥, X,), is a selected pair of ¢™ We assert that

(2) QuPe ' = 14TaDs"

In this order, consider the following commutative diagram:

» X

\Y . ‘ z X,

Applying to the above diagram the functor H, we obtain (2). For » > 1,
ien = 0 and hence we have

ian‘n(P;n)—l = q;n(p;n)_l = q..,,p;,} .es q,np;.l =0.
Since g,,ps is nilpotent for = > 1, it follows that

Tr(GuaPan) =0 for n>1.

For n = 1, it follows that since the rank of 4,, is 1, the rank of gu,ps
must be 1. Hence

- A(geps’) = tr(guePia) =1
and the proof of (i) is completed (ii) simply follows from (i).
(6.3) TEEOREM. Let X be a topologically complete ANR and ¢: X—X

an admissible compact map. Let K be a compact subset of X which is invariant
under ¢. Suppose also that C,, {'] ¢™(X) i8 contained in K and that each

compact subset of C,, is a homologwally trivial subset of K. Then ¢ has a fized
point..

Let X be a compact space, A a closed subset of X and i: A-—>X the
inclusion map. Then from Theorem I.1.1 we obtain

.(6.4) A ig a homologioally trivial subset of X if and only if A 18 & cohomo-
logically trivial subset of X, i.e., &imIm ** = 1 and i*® = 0 for each n > 1.
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(6.5) LEMMA. Let X be a compact space of finite type and let {A,},-., be
a sequence of olosed, non-empty subsets of X such that A, , c A, for each

n > 1. Assume further that the set A= ("} A, 18 a cohomologically trivial.
n>1
subset of X. Then there exists & number n > 1 such that A, i8 & cohomo-

logioally trivial subset of X.
Proof. By the continuity of the Cech cohomology we have

H™(4) = lim{H™(4,)}.

By assumption, each reduced cohomology class of H™(X) is annihilated
by the maps induced by the respective inclusions. Hence, there exists
for each such class v an integer n(v) such that v is amnihilated by the map
inte)y Where i,,: A,,—~>X denote the inclusion map. Since X is of finite
type, we infer that H*(X) has a finite basis. Thus there must exist an
integer n = n(v) for all reduced cohomology classes v in such a finite basis.
For this n, however, 4, is a cohomologically trivial subset of X and the
proof of (6.5) is completed.

Proof of (6.3). By IV.1.1 we may assume without loss of generality
that X is a retract of an open subset U in a Banach space E. Let r: U—->X
‘be a retraction and i: XU the inclusion map. Define an admissible
map (see IIL.2.7) y,: U—U by putting y, = topor. Then K is an in-
variant subset under i, and moreover

N¥(0) = Ne™(X).
m>1 mz>1
Let (p, q) be a selected pair of p,. Define a map y: U—U by putting
9 = gog,. Then p is a u.s.c., compact, admissible map (comp. ITI.1.8),
We have

M ¥™(U) = N (D).
m>=1 ma>1

It is easy to see that K is an invariant subset under . Since y is a compact

map, we infer that the set 4 = Ku(yp(U)) is a compact subset of U.
Applying Lemma IV.1.9 to the pair (U, 4), we obtain a compact ANR C
such that A « ¢ = U. Then the contraction p of y to the pair (C, C) is

an admissible map. From ITI.1.4 we infer that C,, = () ™(C) is a compact
m>1

and non-empty subset of C. Since (., = K, from the assumption and (6.1)
we conclude that C,, is a homologically trivial subset of C. Hence we infer
from (6.4) that C,, is a cohomologically trivial subset of C. Applying
Lemma (6.5) to the pair (C, O.), we infer that there exists an integer
m > 1 such that ™(C) is a cohomologically trivial subset of 0. Then, in
view of (6.4), we deduce that y™(0) is a homologically trivial subset of C
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for some m > 1. Hence Theorem (6.2) implies that y has a fixed point
and therefore ¢ has a fixed point. The proof of Theorem (6.3) is completed.
" (6.6) COROLLARY. Let X be a compact ANR and let ¢: XX be an

admissible map. If the set Co, = () ¢™(X) 48 a homologically trivial subset
of X, then ¢ has a fized point. ™!
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VI. FIXED-POINT PROPERTY OF THE TYCHONOFF CUBE

In this chapter all spaces will be assumed to be compact Hausdorff.

1. Almost fixed points. For a space X we denote by Cov(X) the
directed set of all finite open coverings of X. Let ¢: XX be a multi-
valued map and ae Cov(X). A point we X is said to be an a-fized point
for ¢ provided there exists 2 member Ue a such that (i) e« U and (ii)
¢(z)NT # B. Clearly, if a, B« Cov(X) and a refines §, then every a-fixed
point for ¢ is also a §-fixed point for ¢.

(1.1) LEMMA. Let ¢: X—>X be a u.8.c. map. Assume that there ewists
.a oofinal family of coverings P = {a} = Cov(X) such that ¢ has an a-fizved
point for every ae 2. Then ¢ has a fived point.

Proof. Suppose that ¢ has no fixed points. Then for each z¢ X there
are open neighbourhoods V, and U, of @ and ¢(z), respectively, such
that V. nU,,,(z, = @. From the u.s.c. of ¢ we deduce that the set ¥V
= ¢ !(Ug,) is an open neighbourhood of » in X. Let W, = V,NnV;
then we have (i) ¢(W,) = Uy, and (ii)) W,NU,, = @. Since X is a com-

pact space, we mfer that there exists a finite number of sets W, ..., Wy,

such that X = UW Putting g = {W,,..., W}, we get a covering

=]
of X such that ¢ has no -fixed point. If a is a member of 2 that refines g,
then ¢ has no a-fixed point, and thus we obtain a contradiction.

2. Fixed-point property for infinite products. Let {X,};,; be a family

of compact spaces indexed by an infinite set I and let X = [[ X, be their
e
topological product. Denote by .# = {J} the family of all finite subsets

of I; given Je #, we put X, = [] X,.

f«J

(2.1) THEOREM. The infinite product X = [[X; of compact spaces
tel
has the fized-point property within the class of admissible maps if and only

if every finite product X;= [[X; (Je S) has the fized-point property
tJ -
within the olass of admissible maps.
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Proof. Choose in each X; a point 29 and define X ;< X a8 follows:

{ } ‘i Pye X‘ for te J,
&T;1 € <
T gy =g for  i¢d.

Clearly we may identify X, with X,. Next we define a subset 2 = {a}
< Cov (X) as follows: ae 2 provided a is a finite covering consisting of

open sets of the form U, = [JU; with U, open in X; and U; = X, for
seJ

all i¢J. By the Theorem of Tychonoff and taking into account the defi-
nition of the product topology, we conclude that 2 is cofinal in Cov(X).
‘Let ae 2; it follows from the definition of the set 2 that a determines
a finite set of _esq_entia,l indices J(a). Take 7,: X X J(a) YO be the pro-
jection and &,: X;,—X the inclusion.

Assume that every finite product X, = [] X, has the fixed-point
teJ

property within the class of admissible maps. Let ¢: X—X be an admis-
gible map. We prove that ¢ has a fixed point. Let p, g: Y—X be a selected
pair of ¢. Consider the map y: X—>X given by y = gog,. Then from
1I1.1.6, I11.1.3 and II1.2.7 we deduce that y is a u.s.c., admissible maps
For each ae 2, consider the map y,: X J(a)—>X J(a) given by y, = 7,98,.

Then III.1.3 and IIL.2.7 imply that v, is a u.s.c., admissible map for

each ae 2. By assumption, there exists a point #°¢ j J(o Such that
(1) 2% P (2?) = r yp8.(2") =r,p(2°), for each aeP.

Let ‘U be a member of a such that #°¢ U. Then from (1) we deduce that
y(@*)NU # G. This implies that 2° is an e-fixed point of v, and hence
from (1.1) we infer that ¢ has a fixed point. Finally, since y(z) c ¢(z)
for each z¢ X, we conclude that ¢ has a fixed point.

Conversely, assume that X has the fixed-point property within the
class of admissible maps and that there exists a finite set Je J such that
X; has no fixed-point property within the class of admissible maps.
We may assume without loss of generality that there is an adrmsslble map

v: X,,—»X, such that o¢ y(x), for each ze X_, Let r,: X—>X_, be the

projection and s;: X s—>X the inclusion. Then. we have the admissible

map ¢: X—-X given by ¢ = 8;yr,. By assumption there exists a point
#e X such that

rep(a) = 8;97,(2).

‘This implies that 7;(z)er;8,9(r;(2)) and thus we obtain a contradiction.
The proof of (2.1) is completed. ‘
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" From V.3.7 and (2.1) we obtain

(2.2) COROLLARY. An arbitrary Tychonoff cube has the fized-point
property within the class of admissible maps.

Corollary (2.2) and Proposition V.3.9 give

(2.3) CorOLLARY. Every retract of a Tychonoff cube has the fixzed-point
property within the class of admissible maps.
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VII. ADMISSIBLE MAPS OF SUBSETS
OF EUCLIDEAN SPACES

In this chapter we consider some geometrical properties of admissible
and s-admissible maps. In what follows we shall denote by 8" the unit
sphere in the Euclidean (n+1)-space R™*!, by K"*! the unit closed ball
in B**! and by P"*! the space R"*! without the point 0. The main results
of this chapter are the following: (i) Brouwer’s type fixed-point theorem
for admissible maps from K™*! to R™*), (ii) theorem on antipodes for
admissible maps and (iii) theorem on invariance of domain for s-admissible
maps. The proofs of these results depend on the concept of degree of
admissible maps.

1. Degree of admissible maps. In this section we define the degree
of an admissible map ¢: 8T—>87, where 8} (¢ =1,2) are two spaces
which have the homology of an #n-sphere 8".

Note that, in particular, the spaces P**' or R"*'\{z,}, where z, is
& point in R™*!, have the homology as S™ We orient 87 by choosing
generators B;e H,(87), ¢+ =1, 2.

Consider the diagram

S{‘e—i-Y—q—-> S;‘,

in which p is a Vietoris map and g is a continuous (single-valued) map.
In this case we define the degree deg(p, ¢) of the pair (p, ) as the
unique rational number which satisfies the condition

QenPon (B1) = deg(p, q)'Bs.
(1.1) DEFINITION. Let ¢: 8787 be an admissible map. By the degree
Deg(p) of ¢ we shall understand the following set of rational numbers:
Deg(g) = {deg(p, 9); (P, @) < ¢}

From IT1.3.1 and ITI.3.5 we obtain
(1.2) Let ¢, p: ST—>87 be two admissible maps. Then

(i) ¢ ~ vy implies that Deg(p)NDeg(y) # 9,
(ii) ¢ = p tmplies that Deg(p) = Deg(y).
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From IIT.2.3 we simply deduce that if ¢ is an acyclic map, then thé

set Deg(p) consists of exactly one rational number. Applying IIL.2.3,
II1.3.1 and TIL.3.5, we have

(1.3) Let @, y: S8}—>87 be two acyclic maps. If ¢ ~y or ¢ c y, then
Deg(p) = Deg(y).

Let ¢: K**'->R"*! be an admissible map and assume that ¢(S®)
< B"*'\{w;} for some z,¢ R**'. By ¢|,: 8">B"*'\{z,} we denote the
contraction of ¢ to the pair (8", R""‘l\{w }). In this case with every se-
lected pair (p,q) = ¢ we associate the selected pair (p,, g,) = @|s, a8
follows:let p: YK, q: Y—>R"*!; then p,: p~}(8™)—->8"and ¢,: p~1(8")

—R"*!\{z,} are given as contractions of p and ¢, respectively. We define
Deg(@, z,) of ¢ by putting

Deg(p, ;) = {deg(p1, ¢1); (P, q) < ¢}.

Clearly, Deg(g,,) = Deg(g|,), and the following example shows that
Deg(p, #,) # Deg(plgn).

ExAMPLE. Let ¢: K*"'>R"*! be a map given by ¢(z) = S" for each
ze K™, We assert that Deg(p, 0) = {0}. Indeed, let (p, ¢) be a selected
pair of ¢, where » maps a space Y onto K" and ¢ maps ¥‘into R"*'.
‘Since (p, ¢) = ¢, we have ¢(¥) c P**! and consequently we obtain the
commutative diagram '

p q

K"+« Y > prt}
" i
a
»n -1 )
8" « p~ (8"

in which 4, j are inclusions. Since H,(K™*')= 0, from the commutativity
of. the above diagram we obtain deg(p,,q,) = 0. This implies. that
Deg(p, 0) = {0}. It is easy to see (comp. Example II1.3.3) that Deg(¢p|sn)
# 0. Finally, we note that if |z, > 1, @,¢ B**?, then

Deg(g, @o) = Deg(plsn) = {0},

where ¢|sn is regarded as the map from 8 to R"*'\{w,}.

(1.4) LEMMA. Let ¢: K"'—>R™' be an admissible map such that
@(8") = R**'\{w,} for some =z, in R"*'. If Deg(p, z,) # {0}, then there
exists a point xe K™ such that zye ¢ ().

Proof. For the proof we may assume without loss of generality that
w, = 0. By assumption there exists a selected pair (p, g) = ¢ such that
deg(p,, q,) # 0. Suppose that 04 ¢(K™*'). Thus we may regard the map q
a8 a map to P"*!, and we obtain the diagram as in the above example.
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Therefore we deduce that deg(p,, ¢,) = 0 and this is a contradiction.
The proof of (1.4) is completed.

Next, from (1.4) we deduce a fixed-point theorem for admissible
maps.

(1.5) THEOREM (Brouwer’s Fixed-Point Theorem). Let ¢: K**'—R"H?
be an admissible map such that ¢(S") < K"*'. Then ¢ has a fizved point.

Proof. For the proof we may assume without loss of generality that
x¢ p(2) for each ve 8". Let (p, g) = ¢ be a selected pair of ¢ of the form
E* 2 Y4 R*t!, Define a continuous single-valued map f: ¥—R"*!
by putting f(y) = p(y) —¢(y) for every ye Y. From the above assumption
we infer that f(y)e P**), for all ye p~'(8"). Let yp: K"*'-> R"*! be given
as the composition y = fog,. Observe that the pair (p,f) is a selected
pair of y. It is easy to see that y(8") c P*+!. We assert that

(i) Deg(y, 0) # {0}.
To prove (i) we define the following two maps:

g: p (8" —~>P"*, g(y) = p(y) for each yep~'(8"),

h: p~)(8") x I-P™**', h(y,t) =p(y)—t-q(y) for each yep~'(S")
and tel.

Observe that the map A is well defined. Indeed, for { =0 and ¢t =1
it is evident. Assume that there exist a number 0 < ¢< 1 and a point
yep (8" such that p(y)—t-g(y) = 0. Then we have

1=[pl =tlgwl<t<1,

(since g(y)e K™*! for all ye p~*(8")), and we obtain a contradiction. Let
(p1, f1) be the associate pair to the selected pair (p,f) = y (comp. the
definition of degree for maps from K"*! to R"*!).

Consider the commutative diagram

S P~ (8"

XL gy — S pe,
J g
gr = P 8"

in which ¢,(z) = (2, 1), {4(®) = (=, 0), for each ze¢ 8" and j,(y) = (y, 1),
Jo(¥) = (¥, 0), for each yep~'(8"). It is evident that p x Id is a Vietoris
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map. Applying to the above diagram the functor H,, we obtain:

fltn(pltn)—l= g#n(phm)-l- Since gam(.pltn)—l 7= 07 we have deg(p1,f1) #0-
Finally, we observe that ¢ satisfies all the assumptions of Lemma (1.4).

This implies that there exists a point z¢ K®*! such that 0e y(2). Thus
ze@(x) and the proof of (1.5) is completed.

2. Theorem on antipodes. In this section by M we denote a compact
space which has the homology of the unit n-sphere §”. An u.s.c. map
&d: M—>M is called involution provided the condition (@, y)e I'y implies
that (v, ) e I'y for every point (2, y) in M X M,

“In this section we generalize to admissible maps the following well-
known version of the theorem on antipodes for single-valued maps:

(2.1) THEOREM. Let g: M—>M be a single-valued involution and let
f: M—>8" be a continuous single-valued map such that f(x) # f(g(=))
for each xe M. Then the induced homomorphism f,,: H,(M)—>H,(8")
i8 a non-zero homomorphism.

(2.2) TEEOREM. Let &: M—>M be an acyclio involution and let ¢:
M—>P"t! be an admissible map such that the following condition is satisfied:

every radius with origin at the zero point of R™*! has an empty intersection
with the set p(x) or ¢(®(x)) for each ze M. '

Then 0¢ Deg(g).
Proof. Let (p, ¢) be a selected pair of ¢ of the form

MEYS prt,
We prove that deg(p, q) # 0. Define the set X by putting:
X ={(z,2",9,9'); ve M, o' D(x), yep~'(x), ¥’ e p”'(a)}.

Since p, as the Vietoris map, is proper, M is compact and P is a u.s.c.
map, we infer that X is a compact set. Consider the diagram

X ! — g"
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in which: s(z,2',y,y') =x; f(z,2',y,9') = "Zg;” i n(@,2,9,9) =y
for each (z,2',y,¥)eX and r(z) = 2 for each ze P™*1,

ll2ll
It is easy to see that the above diagram commutes. The map s has the
following decomposition:

(@, 7, 4, ¥} (2, &', y)(2, &' )om.

Since the maps given in the decomposition of s are determined by Vie-
toris maps p and p,, respectively, we deduce that s is a Vietoris map.

This implies that X has the homology of the n-sphere 8". Define a single-
valued involution g: X—>X by putting
g(z,2',y,9y') =(«',2,y",y) for every (z,2',¥,y')e X.

We assert that
flz,o,9,9') #flglz, o', y,y) for all (w,2',y,¥')e X.
Indeed, we have

q(y) q(y)
llg(y)ll g ()l

* Since g(p~'(x)) = p(x) for each ze M, from the assumption we deduce
that f(o,2',v,y) #flg(z, 2, v, y')). Therefore, from (2.1) we infer
that f,, is a non-zero homomorphism. Since p,, s,, 7, are isomorphisms,
the commutativity of the above diagram implies that

Qun(Pan) ™ = (T4n) fun(80n) ' # 0

and deg(p, q) # 0. The proof .of (2.2) is completed.
We shall now draw a few consequences from Theorem (2.2).

(2.3) COBOLLARY. Let &: M—>M be an acyclic involution and let
¢: M—>8" be an admissible map which satisfies the following condition:

f(z,2,9,y) =

f(g(“’i z,Y, y')) =

p(z)Ne(y) =B, for each xe M and for each ye P(x).

Then 04 Deg(g).

(2.4) OOROLLARY. Let &: M—>M and ¢: M—>8" be as in (2.3). Then
(M) = 8",
Proof. Let (p, g) be & selected pair of ¢ of the form

MEYLSn.
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From (2.3) we infer that deg(p, ¢) # 0. Assume that there exists a point
toe 8"\g(p~}(M)). We prove that this implies deg(p,q) = 0. Indeed,
we have the commutative diagram

M 2.

A n
v pxId
.Mx I+ Yx1

M« i

s : t-g(y)+(t—1)-u,

11.1 which f(y) u, for all ye Y, h(y,1) -0(9) + (G —1) el
each ye Y and te I (observe that the map % is well defined). Since f is a
constant map, we conclude that f,, is zero homomorphism, The com-
mutativity of the above diagram implies that

!lmP:nl =ftnp:n1 =0

and deg(p, q) = 0. This contradicts the fact that deg(p, q) # 0, and the
proof of (2.4) is completed.

(2.5) CorROLLARY. Let @: M—-M be an acyclic involution and ¢:
M >R" be an admissible map. Then there exisis a point (@, y)e I'q such that
p(@)ne(y) #9.

Proof. We may regard the map ¢ as the map from M to
. 8" ~ R"u{oc}. Then (2.5) clearly follows from (2.4).

Putting M = 8" and & = —Idg. from (2.5), we obtain:

(2.6) CoroLLARY (Borsuk-Ulam Theorem). For every admissible map
@: S8"—>R" there exists a point xeS" such that ¢(x)Ne(—2zx) # O.

3. Theorem on the invariance of domain. In this section we generalize
the classical Brouwer Invariance of Domain Theorem to s-admissible
maps.

(3.1) LEMMA. Let ¢: K"*'>R"*! be an s-admissible map suoch that
@(8™) = R**'\{x,} for some z,¢ R**',

If 0¢ Deg(p, ,), then there exists an open neighbourhood V,,,0 of xy in R™*!
such that

0¢ Deg(p, ®) for every xe V.
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Proof. From II1.2.6, II1.1.8, II1.1.3 and III.1.2 we deduce that
@(8™) is a compact subset of R"*', Since z,¢ ¢(8*), we infer that there
exists a positive number r such that B(w,, r)Ng(8") = &, where B(z,, r)
denotes the open ball in R"*! with centre at #, and radius r. Consider
a point ze B(x,, r). Let (p, g) be a selected pair of ¢ and let (p,, ¢,), (1, ¢s)
be associated pairs to (p, ¢) for points z, and «, respectively.

Then we have the commutative diagram

B\ (o)
Q #
1€
L Y &+ R"I\B(z,, 1)
qz i v
R"“\{m},

in which g is a contraction of ¢ and ¢, j are inclusions. Since i, j, are
isomorphisms, from the commutativity of the above diagram and the

assumption 0¢ Deg(g, z,) we infer that O¢ Deg(p,z) and the proof is
completed.

An s-admissible map ¢: X—Z is called an e-map if the condition
p(z)Ne(2’') # @ implies d(z, 2') < ¢ for every z, 2’ X, where d denotes
& metric on the space X.

(3.2) LEMMA. Let ¢: K*'—>R™?! be a 1-map and zyc p(0). Then (1)
p(8%) = B™'\{z,} and (ii) 0¢ Deg(p, z).

Proof. The assertion (i) simply follows from the fact that ¢ is a 1-map.
Next, we prove (ii). Let (p, g) = ¢ be a selected pair of ¢ of the form -

K2y 5L B,
Let y,e p~!(0) be a point such that ¢(y,) = 2,. Define the maps
pTH(8N 8, gy pTH(SM RN {2}

For the proof of (ii) it is sufficient to show that deg(p,, ¢;) # 0. Define
the following sets:

X = {(z,2)e E**' x K" |z —a'|| =1},
M= {aa,yYy); (v,2)e X, yep~'(2), ?/"'P—l("”')}’

Z ={(=,%,y,¥); (v,2",9,y)e M, o' = 0}.
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It is easy to see that X, M, Z are compact sets. Consider the diagram

e ) — B RN} —— s P
’ i : 1 ,
h
Z ] - M
¢
X

in which i(y) = (Pl(?])’ 0, v, yo).1 h(z, 0, ¥, y') = 2, 1(2) = 2—2,,
j(z,0,9,9) =(2,0,9,9), H(z,2',y,y) = (z,2), 8(2,0,9,9') = (z,0),
flz,2',9,9) = q(y) —a(y').

Since ¢ is a 1-map, we find that f(x,2’,y,y’) # 0 for each point
in M. It is evident that the above diagram commutes. As in the proof
of (2.2) (comp. pp. 57-58), we deduce that A, ¢ are Vietoris maps and
the map 8 is a Vietoris map onto 8(Z%). Since 8(Z) is a deformation retract
of X, we infer that s, is an isomorphism. Therefore the commutativity
of the above diagram implies that j., ¢, are isomorphisms. This implies
that M has the homology of S". Define the involution map ¢: M—>M

by putting g(z,2’,v,¥’) = (¢',,9',y) for every point in M. Then
f(g(wsw”?/’y’)) (@, 2',9,)

for each point in M and Theorem (2.2) implies that f,, # 0. Consequently,
from the above diagram we conclude that l,,g,s, # 0. Finally, we infer

that q., 7= 0 and this implies that deg(p,, ;) # 0. The proof of (3.2)
is completed.

(3.3) Remark. It is evident that Lemma (3.2) remains true when
K"*! is any closed ball in R**! with radius ¢ and ¢ is any e-map.

Now we are able to state the principal results of this section.

(3.4) THEOREM. Let ¢ be a positive real number. If ¢: R"H'—>R*+?
8 an e-map, then ¢(R™*) is an open subset of R**!,

Proof. Let ye (R""!). We prove that ye< Intp(R"*'). Assume that
ye @(x) for some z< R**. Let K**! be a closed ball in R"*! with the centre
at @ and radius ¢, and let 87 denote the boundary of K?*! in R"*!. Let y
be the restriction of ¢ to the ball K7*!, Then y is an e-map and p(8")
< R"*"\{y}. Therefore Lemma (3.2) (comp. also (3.3)) implies that
0¢ Deg(y, y). Applying Lemma (3.1) to the map y, we obtain an open
neighbourhood V, of ¥ in R™*' such that 0¢ Deg(y, y') for every y’e V-
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Oonsequently, Lemma (1.4) implies that V, < ¢(R**') and the proof
of (3.4) is completed.

(3.5) THEOREM. Let U be an open subset of R**' and ¢: U—~>R"!
an s-admissible map. Assume further that for every point z,,%,¢ U the
condition x, # ®y implies p(z;)Np(wy) = B. Then ¢(U) i8 an open subset
Of Rn+l.

Proof. From the assumption we infer that ¢ is an e-map for each
e> 0. Let yegp(z) for some ze¢ U. We prove that ye Intp(U). Since U
is an open subset of R**!, there exists an e > 0 such that the closed ball
K?*', with centre # and radius ¢, is contained in U. Let y denote the
restriction of ¢ to the set K**!. Since y is an e-map, y¢ ¢(S?). Applying
(3.2), (3.1) and (1.4), as in the proof of (3.4), we obtain ye Intp(U). The
proof of Theorem (3.5) is completed.

References

§ 1. Bourgin [8], [9], Bryszewski, Gérniewicz [16].

§ 2. Bryszewski, Gérniewicz [16], Davies [10], Granas, Jaworowski [47].

§ 3. Bryszewski, Goérniewicz [16], Granas, Jaworowski [47].

In connection with the material in this chapter see also: Gérniewicz [30],
Granas [39], (40], Himmelberg [62], Jaworowski [54], Kakutani [67], Nagumo [68],
Rhee [76], Schirmer [78], Strother [83].



[1]

(2]
(3]

(4]
[5]
(6]
(71
[8]
[9]
[10]
[11]

[12]
[13]

[14]
(18]

[16]
(7
[18]
[19]
[20]
[21]
[22]
[23]

[24]

BIBLIOGRAPHY

R. F. Arens and J. Eells, Jr., On embeddmg uniform and topological spaoces,
Pacific J. Math. 68 (1956), pp. 397-403.

M. Artin and B Mazur, On periodic points, Ann. of Math. 81 (1965), Pp. 82-99.
E.G. Begle, The Vietoris Mapping Theorem for bicompact spaces, ibid., 51 (1950),
pp. 534-543; 544-550. '

K. Borsuk, Sur un continu acyclique qui se laisse transformer topologiquement
en lui méme sans points invarianis, Fund. Math. 24 (1934), pp. 51-58.

— Theory of Retracts, Warszawa 1967.

N. Bourbaki, Topologie generals, Moscow 1988.

C. Bowszyc, Some theorems in the Theory of Fized Points, Doctoral Dissertation,
University of Warsaw, 1969.

D. G. Bourgin, Cones and Vieloris—Begle type theorems, Trans. Amer. Math.
Soc. 174 (1972), pp. 165-183.

— A degree for mnonacyolic multi-valued transformations, Bull. Amer. Math.
Soc. 80 (1974), pp. 59-61.

F. E. Browder, Fized points theorems on infinite dimensional manifolds, Trans.
Amer. Math. Soe. 2 (1965), pp. 179-194.

+ On the fized points index for continuous mappinYs of looally connected spaoes,
Summa Brasil. Math. 4 (1860), pp. 263-203.

— Asymptotio fized point theorems, Math. Ann. 1 (1971), pp. 38-60.

R. F. Brown, Notes on Leray’s indez theory, Advances in Math. 7 (1971), pp.
1-28.

— The Lefsohete fized point theorem, Glenviev, Illinois, London, 1071.

— On a homotopy converse to the Lefschetz fized point theorem, Pacific. J. Math.
17 (1966), pp. 407—411.

J. Bryszewski and L. Gérniewicz, Multi-valued maps of subsets of Euclidean
spaces, Fund. Math., to appear.

B. D. Calvert, The local fized point index for mulli-valued transformations in
Banach spaces, Math. Ann. 190 (1870), pp. 118-128.

M. H. Clapp, On a generalization of absolute neighbourhood reiracts, Fund. Math.
70 (1971), pp. 117-130. ,

M. Davies, A note on Borsuk's Antipodal-Point Theorem, Quart. J. Math.
Oxford Ser. 7 (1956), pp. 293-300.

A. Dold, Fized point indes and fized poini theorem for Huclidean neighbourkood
relraots, Topology 4 (1965), pp. 1-8.

8. Eilenberg and D. Montgomery, Fized point theorems for mlu valued
transformations, Amer. J. Math. 68 (19468), pp. 214-222.

8. Eilenberg and N. Steenrod, Foundations of algebraio topology, Princeton
1952.

E. Fadell, Recent results in the fized point theory of o«mtnwom mapc, Bull.
Amer. Math. Soc. 1 (1970), pp. 10-29.

— On a ooincidence theorem of F. B. Fuller, Pacific J. Math, 15 (1965), pp.
825-834.



64

(25]
(26]

[27]
(28]

[20]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

[40]
[41]

(42]

[43]

[44]
[45]

[46]
147
148)
':"[41'9‘]
[50]

[51]
[52]

Bibliography

E. Fadell, Some examples in the fized point theory of polyhedra, ibid., 33 (1970),
Pp. 89-100. '

F. B. Fuller, The existence of periodic points, Ann. of Math. 58 (1954), pp.
220-230.

— The homolopy theory of coincidences, ibid., 57 (19563), pp. 219-226.

A. Gmurczyk, On approximative retracts, Bull. Acad. Polon. Sci. 18 (1968)]
pp- 9-14.

L. Gérniewicz, Fized point theorem for multi-valued mappings of approxi-
mative ANR-s, ibid., 18 (1970), pp. 431-436.

— On non-acyclic multi-valued maps of subsets of Euclidean spaces, ibid., 5 (1972),
pp. 379-385,

— Some consequences of the Lefschelz fized point theorem for multi-valued maps,
ibid., 2 (1973), pp. 166-170.

—~ Fized point theorems for multi-valued maps of special ANR-s, University of
Gdansk, 1 (1971), pp. 39-49.

— Asymplotio fized point theorems for multi-valued maps, Symp. of Topology,
Thilisi 1972.

— Some fized point theorems for multi-valued maps, Doctoral Dissertation,
Polish Acad. of Seci., Inst. of Math., 1870.

— Remarks on the Lefschelz fized point theorem, Bull. Acad. Polon, Seci. 11 (1973),
pp. 993-999.

— On a Coincidence Theorem, ibid., 2 (1074), pp. 277-283.

— A Lefschelz-type fixed point theorem, Fund. Math. 88 (19875), pp. 103-115.
L. Gérniewicz and A. Granas, Fized point theorems for multi-valued maps
of ANR-s, J. Math. Pures Appl. 49 (1970), pp. 381-395.

A. Granas, Sur la notion du degré topologique pour une cerlaine classe de trans-
Jormations multivalentes dans espaces de Banach, Bull. Acad. Polon. Sci. 7 (1959),
pp. 181-104, ' ‘

— Theorem on antipodes and theorems on fized points for & certain olass of multz-
valued maps in Banach spaces, ibid., pp. 271-275.

— Generalizing the Hopf-Lefschetz fized point theorem for non-compact ANR-s,
Symp. of Infinite Dim. Topology, Baton-Rouge 1967.

— Fized point theorems for approzimative ANR-s, Bull. Acad. Polon. Sei.
16 (1968), pp. 15-19.

— Some theorems in fized point theory. The Loray—Schauder Index and Lefsohelz
'number, ibid., pp. 131-137.

— Topics in the fized point theory, Sem. J. Leray, Paris, 1969/70.

— Points fizes pour les applications compactes en topologie et analyse fonctionnelle,
Sem. de Math. Superieures, Montreal 1973.

— The Leray—Schauder Indez and the fized point theory for arbitrary ANR-s,
Bull. 8o¢c. Math. France 100 (1972), pp. 209-288.

A. Granas and J. W. Jaworowski, Some theorems on multi-valued maps of
subsets of the Fuclidean space, Bull. Acad. Polon. Sei. 6 (1965), pp. 277-283.
O. Hajdk, Homological fized point theorems, Comment. Math. Univ. Carolinae
6 (1964), pp. 13-31, 6 (1965), pp. 157-164.

B. Halpern, Algebraio topology and set valued maps, Lec. Not. Math. 171 (1970),
Pp. 23-33.

— Fized points for iterates, Pacific J. Math. 25 (1968), pp. 2566-275.

W. Hurewicz and H. Wallman, Domension Theory, Princeton 1941,

C. Himmelberg, Fized points of compact mulli-valued maps, J. Math. Anal.

,.._';Appl. 38 (1972), pp. 205-209.



[63]
(64]
[65]
[56]
(67]
(58]

(69]
[60]

(61}
[62]
[63]
[84]
[65]
[66]
'87]
[68]
[69]
[70]
[71]
[72]
[73]
[74]
[75]
(761
[77)
(78]

[79]

Bibliography : 85

J. W. Jaworowski, Oontinuous homology properties of approzimative relraots,
Bull. Acad. Polon. Sci. 18 (1970), pp. 359-362.

— Some consequences of the Vietoris Mapping Theorem, Fund. Math. 45 (1958),
pp. 261-272. , .

— Set-valued fized point theorems for approzimative relracts, Lec. Not. Math.
171 (1970), pp. 34:39.

J.W. Jaworowski and M. Powers, A-spaces and fized point theorems, Fund.
Math. 64 (1969), pp. 167-162. '
S. Kakutani, A generalization of Brouwer’s fized point theorem, Duke
Math, J. 8(1941), pp. 457—459.

8. Kinoshita, On some contractible continua without fized point property, Fund.
Math. 49 (1953), pp. 96-98.

R. Knill, Cones, products and fived poinis, ibid., 60 (1967), pp. 35—46.

— The Lefschetz fized point theorem for moncompact locally connected spaces,
Trans., Amer. Math. Soc. 174 (1972), pp. 185-198.

— @Q-stmplical spaces, Illinois J. Math. 14 (1970), pp. 40-51.

K. Kuratowski, Topology, Warszawa 1966.

8. Lefschetz, Topics in Topology, New Jersey 1942.

J. Leray, Théorie des poinis fizes: indice total et nombre de Lefschetz, Bull.
Soc. Math. France 87 (19569), pp. 221-233.

— Fized point index and Lefschetz number, Sym. en Inf. Dim. Topology,
Baton-Rouge 1967.

W. Lopez, An example in the fized point theory of polyhedra, Bull. Amer. Math.
Soc. 13 (1987), pp. 922-924.

8. Mazur, Ueber die klesnste konvexe Menge, die eine gegebene kompaktie Menge
énthdlt, Studia Math, 2 (1930), pp. 7-9.

M. Nagumo, Degree of mapping in convex linear topological spaces, Amer.
J. Math. 73 (1951), pp. 497-511.

M. Nakaoka, Note on the Lefschelz fized point theorem, Osaka J. Math. 6 (1969),
PD. 135-142, _

H. Noguchi, A generalication of absolute neighbourhood retracts, Kodai Math.
Sem. Rep. 1 (1953), pp. 20-22,

B. O'Neill, Essential sets and fized poinis. Amer. J. Math. 76 (1953), pp.
497-509.

— Induced homology homomorphisms for set-valued maps, Pacific J. Math.
7 (1967), pp. 1179-1184.

M. Powers, Multi-valued mappings and Lefschete fimed point theorems, Proc.
Cambridge Philos. Soc. 68 (1970), pp. 618-830.

— Fized point theorems for mon-compact approvimative ANRE-s, Fund. Math.
76 (1972), pp. 61-68.

— Lefsohets fized point theorem for a new olass of multi-valued maps, Pacitio
J. Math. 42 (1972), pp. 211-220.

C. J. Rhee, Homotopy funoctors determined by set-valued maps, Math. Zeitschr.
113 (1970), pp. 154-158.

J. Schauder, Der fispunkisalcen in funktionalraumens, Studia Math. 2 (1930),
pp. 171-180.

H. Sohirmer, 4 Kakutani lype coincidence theorem, Fund. Math. 69 (1970),
pp. 219-226.

E. G. 8kljarenko, On a theorem of Vietoris and Begle, Dokl. Akad. Nauk SS3R
149 (1963), pp. 264-207.

8 — Dissertationes Mathematicae 129°



(]

[80]
[81]
(82]
{83]
[84]
[86]
186]
£87]

(88]
[89]

[80]
[61]

Bibliography

G. Bkordev, Fized points of maps of AANR-s, Bull. Acad. Polon. Sei.
21 (1973), pp. 173-180.

E. Spanier, Algebraio topology, New York 1968.

W. L. Strother, Multi homolopy, Duke Math. J. 22 (1055), pp. 281-285.
— Fized points, fized sets and M-retracts, ibid., 22 (1955), pp. 6551-566.

C. Teleman, Elemente de topologie si varictali diferentiable, Bucaresti 1964.
R. B. Thompson, A unified approach to local and global fized point indices,
Advances in Math. 3 (1968), pp. 1-71.

— On the semicomplezes of F. Browder, Bull. Amer. Math. Soc. 73 (1967), pp.
531-538.

— A metatheorem for fized point theories, Comment. Math. Univ. Carolinae,
11 (1070), pp. 813-815.

— Retracts of semicomplexes, Illinois J. Math. 15 (1971), pp. 258-272.

L. Vietoris, Uber den hoheren Zusammenhang kompakter Baume und eine Klasse
von zusammenhangsireuen Abbildungen, Math. Ann. 97 (1927), pp. 464-472.
T. van der Walt, Fized and almost fized poinis, Amsterdam 1963.

8. A. Williams, An indes for set-valued maps in infinile dimensional spaces,
Proc. Amer. Math. Soc. 31 (1972), pp. 557-563.



