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Introduction

The theory of torus embeddings has been introduced (in other
terminology) by Demazure in [Dem] and then developed in a number of
works, among them the fundamental is [TE]. The aim of this paper is mainly
to collect and present with complete proofs the author’s results announced
elsewhere. For the contents of sections 1.3, 1.4, 2.3.7 and 4.3-4.5, this is the
first presentation.

The central object of the paper is the real non-negative part of a torus
embedding, and in the projective case a polyhedron defined by an ample
divisor, as it is pointed out, the two objects are essentially equivalent. The
reader interested in the foundations of torus embeddings may find a
complete exposition in [TE] or [TEA]. Another reference is [Dan].

Now, here is'a brief survey of the contents of the present paper. Chapter
1 begins with a short description of the general torus embedding X
determined by a complex of polyhedral cones Z, the correspondence (cones
of ) & (orbits in X ;) etc. Then the jets of 1-parameter subgroups of the torus
T, in X;, are studied (Thm. 1.3.3). The chapter ends with some applications.

The case of the ground field C is considered in Chapter 2. A
decomposition of X; into the non-negative and radial parts may be defined.
‘T'his decomposition is used to describe the structure of the variety X (2.2.5,
2.2.7). In the affine case, the non-negative part of X, (the torus embedding
defined by a cone o) is shown to be essentially equal to the dual cone &
(Thm. 2.3.2). The identification of the two objects results by means of a
certain natural morphism of X, into the complex space C" (n being the
dimension of the torus T).(!) This morphism is'then studied in more detail. The
chapter ends with an examination of X,(R), the real part of Xj.

Chapter 3 deals with projective torus embeddings. The related polyhedra
(see 3.1) are used in the construction of a certain Morse function on the
variety X, with a C*-action (in the complex case). This function generalizes
the standard Morse function on the complex projective space. The theory of
torus embeddings is then used to give an example of a multiplicative group
action on a complete variety with “cycles of orbits”. It gives the negative
answer to the conjecture of the existence of Morse functions on a compact

_ () cf. the comment 1° added in proof.



6 Introduction

analytic manifold, compatible with a given C*-action (see [C-S]). The last
chapter is concerned with the ring of classes of cycles on a torus embedding
X and its relation to the 1-adic cohomology, and in the complex case, also
the cohomology ring of X;(R), with coefficients in Z/2. All those rings are
expressed in terms of the complex of cones X (compare the note to 4.3).

As far as the integral coefficients are involved, the author has been able
to elaborate the 2-dimensional case only.

The terminology and notation is taken in general from [TE]. It is
introduced mainly through Chapter 1 of the present paper and is collected in
the index.

Several problems and ideas considered here have been suggested to me
by A. Bialynicki-Birula. I owe also some arguments to J. Konarski and
K. Nowinski.



1. GENERAL TORUS EMBEDDINGS

1.1. Sets of subrings

Let X be a separable integral quasi<compact scheme and
Uy, Uy, ..., Uy, its open affine finite covering, U; = Spec A;. Consider all the

intersections U; n...n U,,- Since they are affine open, subschemes, say, of

the form Spec 4, ;, ;. one obtains a commutative diagram of rings and
inclusions ie. a set of subrings of A,,; ,, corresponding to the open

immersions of Spec’s:

11 /2 Iz 13

/1/2/3

1.1.1, Clearly, the above set of subrings uniquely defines the scheme
X which contains Spec 4, , as an open dense subscheme, namely
X =inj lim Spec 4;, . ; . If X has a structure of k-scheme where k is a field
then one has to consider k-algebras A; instead of rings.

The varieties called torus embeddings are, roughly speaking, defined
in the above way. One considers the affine algebra A of the n-dimensional
torus (see 1.2.5 for definition) over a fixed ground field %k, ie.
A=k[X,,X,, ..., Xp, (X; X5...X,)"!] and a set of subalgebras- of A. This
set is described by a complex X of polyhedral rational cones in R". The
scheme obtained by glueing together the spectra of the above subalgebras is
the torus embedding associated with X. There is a large list of applications of
torus embedding based on the fact that the theory of those schemes may be
reduced to the theory of complexes of cones (see references in the
Introduction). -

Basic definitions and theorems are listed below.



8 1. General torus embeddings
1.2. Complex of cones and torus embeddings. Basic properties and notation

1.2.1. Let N be a lattice of a fixed rank n, M the dual lattice,
Nog=N®;Q, Myg=M®;0 Ng=N®zR Mp=MQ®@zR and let
(a, m)+> (&, m)> be the pairing Ngx Mg — R. The set of positive (resp. non-
negative) reals will be denoted by R>° (resp. R*9).

A convex polyhedral cone o in Ny is the intersection of a finite number
of half-spaces: ¢ = H,nH,;n...nH,. The cone ¢ is said to be rational if
the half-spaces are defined over Q, i.e. ¢ is described by a system of
inequalities:

xea < (x,my=0for my,m, .., meM.

Equivalently, a convex rational polyhedral cone ¢ can be described by
ag= {Zria,},l_ao, for some fixed a,,a,, ..., %eN. The same definitions

apply for My in place of N,.
The cone in My dual to 0 < Ny is defined by

F={xeMpg (x,y> >0 for all yeo}.

The dimension of a cone is, by definition, the dimension of the vector space
spanned by it; this dimension will be denoted by dimj.

In the sequel, only convex rational polyhedral cones in Ny which do not
contain any line will be considered. They will be simply called cones. The
dual to such a cone is of dimension n. More precisely, if o is a cone in N, of
codimension r, then & is the product of a linear space of dimension r and a
cone of dimension n—r, not containing any line.

A face t of a cone ¢ is a subset of ¢ which can be defined by an
equation

1= {xea: (x, m) =0, for some med}.

A face is itself a cone, and a face of a face of ¢ is itself a face of o. Every
cone of dimension d contains faces of dimension 0, 1, 2, ..., d and a finite
number of them.

Let 7 be a face of the cone ¢. Define

= {xed: (x, y> =0 for all ye1).
The face t* of & is said to be orthogonal to 1.

12.2. There is a useful construction concerning convex rational
polyhedral cones (see [Dan], ch. 1, §1). If o is a cone in My and 7 is a face of
o, then o—t = {m —m,: meo, myet} is the smallest cone containing &
and the linear hull of  (see F ig. 1). In particular 6 —o is the linear hull of the
cone o.
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Fig. 1

1.23. A complex of cones in N is a set £ of cones in Ny such that

1) if oeZ and 7 is a face of o then 1eX,

2) if 0,€2, 0,6 then o, N0, is a face of ¢, and o,.

Let k be a fixed field, algebraicaly closed. We consider the group algebra
k[M] of the lattice M, the algebra is isomorphic to k[X,, X,, ...
ooy Xp (X4 ... X,)™']. Given a complex of cones X in Ng, we associate with
it a set of subalgebras of k [M]. Namely, to each cone o X we attach the semi-
group M N & and the subalgebra 4, = k[M n&] of k[M] spanned by M n¢.

1.24. THEOREM. Given a complex of cones £ in N, the corresponding
set {As}qer Of subalgebras of k[M] determines, in the sense of 1.1.1, a k-
algebraic scheme denoted by X;. The set {Spec A,},.s is an open affine
covering of Xy (see [TE] ch. 1, §§ 1, 2 for details and proof).

1.25. An n-dimensional algebraic torus is by definition the group-
scheme T=G,x ... xG,, n times, where G, is the multiplicative group
having Spec k[ X, 1/X] as the underling scheme. Hence the affine algebra of
Tis k[X{, X3, ..., Xy (X;X;...X,)7'] and it will be in the sequel
identified with the algebra k[M]. Hence T = Spec k[M].

By Theorem 1.24, and since o = {0} is always a cone of 2, we get that T
is an open subscheme of the integral scheme X; defined in 1.24.

1.2.6. DerNTION. The k-scheme X of Theorem 1.2.4 together with the
inclusion T < X is called the torus embedding associated with the complex
of cones 2.

If o is a cone, then Spec 4, is a torus embedding associated with the
complex of all faces of o. This scheme is denoted by X,.

From now on, a variety means an algebraic separable reduced k-scheme.
Point means a closed point.(*) A variety will be often identified with the set
of its closed points.

1.27. Properties of X;: Xy is an integral normal Cohen—Macaulay
variety of dimension n (equal to the dimension of the lattice). It is rational
(since it contains T= k* x ... xk* as an open subset).

(‘) except for comment 2° added in proof.
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Nonsingularity being a local question, it may be determined on the
affine parts of Xj.

1.28. PROPOSITION. Let o be a cone. X, is non-singular if and only if
N no is generated by a subset of a basis of the lattice. In such a case, X, is of
the form A’ x(A—{0})""% where d =dimgo and A= A' the dffine line. In
particular, if o is of dimension n, then X, is an affine space (see [TE]).

The cone o (resp. the complex X) is said to be non-singular if the variety
X, (resp. Xj) is non-singular.

, 1.29. The following proposition provides a simple criterion for X; to
be complete.

ProrosiTION. X is a complete variety if the union of cones of 2 is the
whole space N g.

Such a complex is called complete. The torus T acts on itself by
translations. The induced action of T on its affine algebra k[M] can be
described as follows. An element m of M is a regular function on T (with
values in k), which is denoted by 2™ For a point y of T we shall write %,
instead of 2™ (y). In this notation, an element y of Tacts on the function 2™
by y- @™ = y™ 4™. This action may be axtended to the whole algebra k[M]
by linearity. For all e Z the subalgebra 4, of k[ M] is stable with respect to
the action described above, hence we get the actions of ye Ton all X,’s, and
those actions coincide on the interactions. Therefore each y acts on the
variety X,;. The mapping

TxX;— Xy

obtained in such a way is an algebraic action of T on Xj.

Now, the basic result (Theorem 1.2.11 below, see also [TE]) concerning
this action is that the decomposition of X, into T-orbits (orbits with respect
to T) is dual to the decomposition of the complex X into open faces. To
describe this precisely, first consider each a.e N as a linear form a: M — Z. It
can be extended to a homomorphism of algebras k[M]— k[Z] and hence
induces the morphism

Gn=Spec k[Z]3Spec k[M]=T.

This morphism turns to be a homomorphism of algebraic groups. Generally,
group homomorphisms G,,— T are called 1-parameter subgroups (notation:
1-ps.) of T It follows that a <4, is an isomorphism: N = (the group of 1-ps.
of T). For an element t of G,, in place of A,(t) we shall write also =

From now on, we fix the embedding G,, < 4!, the affine line, so that
4* =G, u{0}. ’
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1.2.10. We say_that a 1-p.s. 4, t+—1* has a limit in X, for t — 0 if there
exists a morphism J, such that the following diagram commutes:

A

Gy ———— T
A el

In this case we denote the poinf ,1_,(0) by lim 4, (t) or simply (*. We say that a
=0

1-ps. 4, has a limit in X for t — oo if the 1-p.s -, t+—¢~* has a limit for
t — 0. We denote this limit by lim 4,(t)

t=m
1.211. TreoreM ([TE]) a) For aeN, the l-ps. A, has limit in Xy
Jor t -0 iff ae | 0.

ael

b) *=0% if and only if « and B belong to the interior of the same
face of X. .
c) In each Torbit in X; there is exactly one point of the form O* for

some ae |) o, ie. a limit point of a 1-ps.
oeX

d) Denote by O, the orbit of the point 0%, for aecint 7. Then dim 0, =
n_dimnf. .
e) For t,0eZ, the cone t is a face of ¢ iff O, = O,, the closure of 0,.

1212, CoroLLARY.There are one-to-one correspondences

(cones of 2) =~ (orbitsin Xy = (points of the from 0%).
=0, Tede

If the cone 1 is of dimension 1 and if 0 # a1, then we shall often write
0, instead of @,. For an element o of the interior of the face 7 let us denote
by &, the limit point (* (which does not depend of the choise of &, according
to Theorem 1.2.11), so that T-g, = (,. These distinguished points can be
characterized as follows. Let o be a cone.

1.2.13. ProrosiTiON. a) A point xe X, is of the form O* for some o iff
x"™ =0 or 1 for every meM nd& Namely, let x =¢,. Then

b)

. {1 if mett  (see 1.2.1)
X =
0 otherwise

Proof of b): If meM !, then for a point xe Nnintt we have
{a, mY=0; hence for teG,, ()" =1t*™ =1; hence x"=1. Otherwise
{a, md> >0, and so (t)" converges to 0, while t — 0. Hence x™ = 0. '

1.2.14. LeMMA. Let x;, x, be points of the variety X, and suppose that
for all me M n &, x7 =x5. Then x; = x,.



12 1. General torus embeddings

(A proof follows directly from the definition of X,).
1.2.15. Lemwma. If xe X,, ye T, me M N & then (y-x)™ = y™ x™

Proof. For a fixed ye T consider two mappings X, égx k, f(x) = (yx)"

and g(x) = y™-x™. Both f and g are continuous and coincide on T, hence are
equal.

1.2.16. ProrosiTioN. Let t be a cone in X, 0, the corresponding orbit in
X ; and &, the distinguished point of this orbit (1.2.12). Then the stabilizer T, of .,
which coincides with the stabilizer of 0., is the subgroup of T described by the
system of equations y™ = 1-for all me M ™. _

Proof. For a fixed ye T consider two mappings X,é k, f(x) = (yx)"

equivalent to the system of equalities (ve,)” = (g)" for all me M NG, by
1.214. If m¢ M Att, then " =0 and the equality holds. Otherwise, if
me M ntt, then (ye)” = ¢™ holds if and only if y" =1 (use Lemma 1.2.15).

1.2.17. CoroLLARY. The group T/T, acts faithfully on the orbit O, and
dim T, = dimg*.

13. Jets of 1-ps. at 0

1.3.1. It might be of interest to generalize the statement b) of Theorem
1.2.11 by considering jets of 1-p.s. in place of limits. Theorem 1.3.3 below is
an attempt towards such a generalization. If a 1-ps. 4,: G,,— T has a limit
in X; for t » 0, then by the r-jet of 4, at t =0 we mean the composed
morphism

Jr Ia
Spec k[tJAt"*Y) > Spec k[t] = 4* - X;

where j, is induced by the canonical epimorphism.

Hence the O-jet of A, at 0 is (¢, the limit point, and the 1-jet is the
tangent vector to A,(t) at t =0. Suppose that char k = 0. If we embed an
affine neighbourhood of 0" in an affine space k°, then the r-jet of 4, at 0 can
be identified with the sum of the first r terms of the Taylor expansion of 4,

at t=0: ,1,(0)+/1;(0):+...+%A§:’(0)t’-

1.3.2. Let us restrict our considerations to the affine case X,, where o
is a cone of dimension n. For r > 0 we shall say that the elements « and f of
N no are r-equivalent if the r-jets of 1-ps. 4, and A in 0 coincide. Of course,
if @ and B are r-equivalent, they are also (r —1)-equivalent. We assume that
all elements of Nno are (—1)-equivalent. We state (proof omitted):

13.3. Tueorem. Let my,m,, ..., m; be generators of the semigroup
Mng, let aeNno andr=—1,0,1,2,... By choosing suitable numeration,
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one can assume that the element x = a satisfies the system of equations and
inequalities
x,m) 2r+1,

.............

where ¢yyy, ..., C; Gre some integers < r.
Let P be the polyhedron in Ng described by the above system. Then
a) the element  of N o is r-equivalent to o iff feP,
b) elements B, and B, of PN N are (r+ 1)-equivalent iff they belong to
the interior of the same face of the polyhedron P.

Conjecture(') The polyhedron P defined in the above theorem is

the convex hull of the r-equivalence class of a. That is to say,
P = convex (P n N).

Assuming the conjecture we should have the following description of
r-equivalence classes (r-e.c. for short) in the semi-group N na. The (—1)-e.c.
is the whole of N n . The 0-e.c. have the form K = N nint t where 7 are the
faces of ¢ (this is precisely statement b) of Theorem 1.2.11). Given a 0-ec. K,
we take the polyhedron convex (K), decompose it into interiors of faces int
F, and then the sets N nint F are l-<.c, etc. for r=2,3...

1.3.4. Examples of decomposition into r-equivalence classes:

il .

3)

Fig. 2. 1) o = {e,, &), r =3; there are (r+2)® of r-equivalence classes.

Fig. 2. 2) ¢ = ey, £, +4€,>, r =1; there are I1 of 1-ec. (i.e. tangent vectors) on the surface X.
The O-vectors in the points O, a, b, ¢, are not drawn.

Fig. 2. 3) 0 = {g;, 46, +28,), r = 1; 14 of 1-e.c. (symbolic picture). Notice the vector tangent to
precisely three of I-ps.!

() Added in proof: The conjecture is true for surfaces only.
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14. An application of torus embeddings. Desingularization of plane cusps by
blowings up of the plane (compare Hirzebruch [H]J)

1.4.1. Consider the case of n = 2. We identify Twith k* xk* < k* xk'.
Suppose r and s are two coprime positive integers and consider the 1-
parameter subgroup A: t—(t", £) in T. Then A(r) converges to the point (0, 0)
when t — 0, and the closure of A(k*) is the curve C with the equation x* = " in
k2. Our aim is to describe, using methods of torus embeddings, a sequence of
blowing up’s of the plane k2, which desingularize the curve C. The idea is the
following: Under the blowing up X — k? with center at the origin, the proper
inverse image of C'is, speaking unprecisely, the same 1-ps. 1 of T

14.2. TueoreM (Hirzebruch). Let C be the plane curve (', t°), g4, r > s 2> 1,
6 =0xk! be the line strictly tangent to C in the origin (see [W]) and

1
rs=a,+ T ,
am-1 +
+ 1
a —_—
e
‘ag = 2, a4, ..., ay = 1, the expansion into continued fraction. Then there exists

a sequence of blowing up’s g: X,— X,_, = ...— X¢ = k? such that the proper
inverse image C’ of C (that is to say, the closure of g~ *(C\(0, 0))) in X, is the
affine line, and the exceptional curve g~ ((0, 0)) consists of a chain of projective
lines intersecting transversally, with the self-intersection numhers (abrev. s.i.n.)
and the inverse image 6'of 6 indicated on the graph (Fig. 3).-

The above sequence of blowing up’s is the minimal desingularizing the
curve C.

143. Remark. Since the sequence g, a,, ..., a,, depends only on
the ratio r/s, all the numbers occurring in the graph depend only on the
curve C and not on its particular parametrization (', t9)

Before proving, Theorem 1.4.2 will be translated into the language of
complexes of cones (Thm. 1.4.4). Let ¢,, £, be a basis of the lattice N and ¢
the cone spanned by &,, ¢,. We can make the following identifications:

T=k*xk* X,=k'xki, G,=k*

for o =re; +5¢, and tek* there is 1* = (¢, £°). If ¢’ is a cone generated by a
basis &}, &, of N, that is to say, if X,. is an affine plane (see [TE], Thm. 4),
then the blowing up with center at the origin is a torus embedding
corresponding to the polyhedral cone defined by division of ¢’ by the half-
line | = R*%-(g} +¢,). We shall refer to it as the elementary division.
Observe that the curve (f, t%) is non-singular iff r divides s or
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Fig. 3. The self-intersection numbers are in (—). The lines without indications have self-
intersection numbers (—2). 8’ is the proper inverse image of the tangent 6 to C.
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vice-versa. Finally the self intersection numbers can be calculated as fol-
lows. Consider the plane complex of cones as shown in Figure 4, where the
half-lines are spanned subsequently by- primitive elements o, &y, ..., a,
of N. Suppose that the complex is non-singular (1.2.8). Then the elements
®;_,+a,,, and a; are proportional for all i. Let D; be the closure of
the orbit corresponding to the cone o, R*°. Then the self-intersection number

D, D, = —“—‘—‘;’“—“ (ITEA], Prop. 6.7).
i

14.4. THeOREM. Let p =re,+S¢, be a point of the non-singular cone o
spanned by ¢, and €,, r > s> 1. There exists a sequence of non-singular
complexes X, = {the set of faces of 6}, Z, Z,, ..., X, such that X, is obtained
from X;_, by elementary division of a cone of Z,_,, with the following
property: p belongs to the interior of a 2-dimensional face of X, spanned by f,,
foand p=r'fi+5f, where r'|s’ or s|r.

If the sequence X, X,, ..., Z, is minimal with the above property, and
Eq, &y, ..., O, & are the primitive elements of the successive 1-dimensional faces
of Z,, then the s.i. n’s of the faces a; R>° are the successive s.i. n’s of the graph
(beginning with the projective line intersecting C'). (See Figure 3.)

Fig. 5

Proof (by recurrency). a) Let m=1, a, =2, a, =1, that is to say,
r/s =1+1/ay. In this case neither s|r nor r|s, but after a single elementary
division of ¢ we get a complex X; consisting of 2-dimensional simplices o,
and o, where o, is spanned by ¢,, ¢, +¢,, and in this basis, p has the form p
=(r—s)e; +s(g, +¢;) and (r~s)|s as required. s.i.n, of the half-line spanned
by 81+32 iS —m= —1.

& +¢&,

b) Suppose the theorem is true for some m, arbitrary ag, a,, ..., d,—,
and a, <i for some i > 1. We shall prove it for a, =i. As in the previous
part, after elementary division of o, the point p belongs to the cone ¢, and,
in the basis spanning o,, it has the form

p=(r—s)e, +s(e;+e,).
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Now, r/s=a,+...>2, hence r—s>s. We shall apply the recurrency
assumption to o, and p. We have

r—s
— =@—1+

1
al +~
o
and a,—1 < i, so that the assumption is satisfied.
The sequence of half-lines “desingularizing” p in ¢ is obtained from the se-
quence desingularizing p in ¢, by adjoining the half-line (g, +¢,) R*° at the be-

ginning. The s.i.n. of the adjoined line is —(H-# = —2. This proves
. E1Té&
that, under the previous supposition, the theorem holds for a, =i.
c) Now suppose it holds from m =i—1 and arbitrary aq, a,, ..., dy-.

We are to prove that the theorem is true for m =i, arbitrary aq, ..., G-,
and a, = 1. We have

=1
r/s -+ 1

PR
m_.z “s .

As before, apply the elementary division of c. Now the coordinates of p
in the basis of N spanning o, are (s, r—s) where s >r—s and

1
— =Gyt
r—S m=1 am_2+...

Interchanging the roles of ¥ and s we may apply the recurrency assumption
to the cone ¢, and the point p. It remains to calculate the s.i.n. of the
adjointed half-line (¢, +&,) R*°. This s.i.n. depends on the superior half-line /
dividing o,. To find I we restrict ourselfs to the cone o¢;. Reversing
orientation we have the basis ¢, ¢, of o, where ¢; =¢,+¢;, ¢, = &;. The
point p has the form p =r'¢,+s ¢,, where ¥ =5, s =r—s, hence

I/ ? + 1
ris =ap, +—.
o T

We may suppose m > 1. The sequence of half-lines dividing o, during the

process of desingularization of p in o, begins with (¢, +¢,)R*° (20, +

+¢,)RZY, ..., (jo, +0,) R*, ... until j/1 = r/s'. It results that j = a,,_,;+1.
The half-line spanned by (a,-;+1) ¢, + ¢, is therefore the lowest in the

division of &, while the orientation-is-reversed. Hence this is just the half-

@ U

W

2 — Dissertationes Mathematicae CCXXXVI
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line . Now, the half-lines the closest to ¢, = &, +¢, are [ and ¢, R*%, and we
have
(@1 + 1) (&g +E))+E, 62

in, of %) = — =-2
(sin. of (e, +€,) R*?) Py

This concludes induction.
The remaining parts of the theorem are obvious from the construction
of the.division of o.

1.5. Some G, -actions on torus embedding

Let ~ be a complex of cones, X; the associated torus embedding and
ae N. Then the 1-ps. 4,: G,,— Tinduces an action of G,, on Xy, of the form
(t, x)+>1*-x. Therefore to any pair (X, ) consisting of a complex of cones
and of an element of N there corresponds a variety equiped with a G,,-action.

In this way one can obtain interesting examples of non-projective
varieties equiped with a G,-action (see 3.3, and [K]). In [J,] the following
lemma is proved (') about G,-fixed points and invariant curves in X;.

15.1. LemMMA. Let o be an n-dimensional cone in Ng and t its (n—1)-
face.

a) If aet—1 then all the points of the curve O, are fixed by G,. If
ag¢t—1, then O, is a G,-orbit and then:

b) if aeo—1 then the fixed point O, is the limit of the G,-orbit O, in 0,

¢) if a¢o—r, then the fixed point O, is the limit of the orbit O, in oo

This lemma may be generalized as follows.

1.5.2. DEerFINITION. Let X be a variety with a G,-action (t, x)—t-x, F
a set consisting of the fixed points of X. We say that a point xe X is repelled
(resp. attracted) by F, if a point of F is the limit of the orbit of x for t — 0
(resp. for t — o0) (see 1.2.10).

1.53. TueoreM (see also [K]). Let ¢ be a cone in Ny, a an element of
N and consider the induced G,-action on X,. Then

a) The G,,-fixed points form a set in X, which is the union of closures of
T-orbits @, where T are faces of o, such that act—1.

b) Let © be a face such that aet—1. Then the set of points repelled by
the set @, is the union of Torbits O, such that

1) o is a face of t,

2} aeint(t—w).

(') With a misprint in the proof. It should read R = ® «.

rzlong
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The description of the set of attracted points is obtained by considering
(—a) in place of a. The proof is based on the following remark; If 7 is a face
of 0 = Ny and t* the face of & orthogonal to 7, then the spaces Ng/(x—1)
and t*—1* are dual to each other, and the cone o' =(oc—1)/(t—1) in
Ng/(t—1) is dual to t* = t*—1t. Now, considering a suitable quotient torus
T of T one finds that the embedding of T’ corresponding to the cone o’
coincide with the closure of the T-orbit ¢, in X,. This allows us to reduce
the proof to the case of aeint ¢: hence the unique face t satisfying the
condition aet—7 is o itself. All faces occur therefore as w and the proof in
that case is obvious.

1.54. In [B-B,] and [B-B,] A. Bialynicki-Birula considers the
following decomposition of a non-singular complete variety X with G-
action: The fixed point set F of X is non-singular, closed, non-connected in
general, F=F, UF,u...UF, where F; are the (irreducible) components. If
X; is the setrof points repelled by F;, i=1,2,...,r then X is the disjoint
union X = |J X; of locally closed subvarieties X; and each X; is a G,,-

i=1
invariant algebraic bundle over F;, with affine spaces as the fibres ([B-B,],
§ 4). The statement about the decomposition into the “attracted” parts is
similar.

Theorem 1.5.3 gives a description of the above decomposition in case of
a variety of the form X, (which may be singular) with a G,,-action defined by
a 1-parameter subgroup of T.

Consider the particular case of complex X' in Ng and ae N such that a
is not contained in any linear hull t—t of an (n—1)-dimensional cone £ of Z.
Then the G,- fixed points of X; coincide with the T-fixed points.



2. COMPLEX TORUS EMBEDDINGS.
REAL AND NON-NEGATIVE PARTS

2.1, Introduction

In the case of the complex ground field k = C, there exists an additional
structure in the torus embeddings. It allows us, in particular, to distinguish
the real non-negative part X;° defined by F. Ehlers in the non-singular case
(see below for definitions). One obtains in this way a real variety with
singular corners X7°, which has some handy properties. First, X7 can be
identified with the quotient of X; by a topological torus ¢— T, acting in a
natural way on Xj. On the other hand, in the affine case, X7 ® can be
identified with the cone & dual to ¢, and in the projective case, X3° can be
identitied with some polyhedron 4 in N, composed of translated cones dual
to the cones of X. A simple example of such a polyhedron can be constructed

Fig. 6
as follows. Let Z = {0y, 03,..., 0, Ty, T3, ..., Ty 0} be a 2-dimensional
complete complex in R* (2.2.8). Then the sum of angles vy, v,, ..., U

occurring in X is 2m. If one considers the usual scalar product in R2 then
the dual cones to g; can be described as having the angles nm—v,, =
— Uy, ..., T—Vy. Therefore they can be glued together and form a polygon.
Later on, we will see how this can be generalized to higher dimensions. It
follows from the previous remarks that both for affine and projective torus
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embeddings there are natural mappings onto polyhedra in R" and on the
other hand, X; is a variety defined over Z and therefore its real part X;(R)
is well defined. It is a real algebraic variety with singularities and consists of
2" copies of X379, glued together along their faces. Taking into account the
previous remarks one obtains that, at least in the projective case, Xy(R) can
be obtained by glueing 2" polyhedra. In chapter 4 we use this fact to calculate
homologies of X;(R).

Both X7% and X;(R) are equipped with actions of suitable subgroups of
the torus 7. For example, X7°, under the action of T>°, is decomposed into
orbits which are precisely the real non-negative parts of the T-orbits in Xj.
On the other hand, in the affine and projective case, under the identification
of X7° with a suitable polyhedron as mentioned above, the decomposition of
X;° into orbits coincides with the decomposition of the corresponding
polyhedron into “open faces”. Therefore may facts concerning the variety X
and its orbits can be ilustrated and studied on the corresponding polyhedron
in R" (the dual cone # in the affine case X,).

2.2. The real non-negative part of the variety X,

2.21. Let k = C. Through this section we refer to the ordinary (non-
Zariski) topology of wvarieties. Consider the decomposition of the
multiplicative group of complex numbers into the product of two subgroups,
the compact factor and the non-negative (radial) factor:

C*={z: |zl =1} xR”°.

The first factor is also denoted by U(1). Suppose the -decomposition T
=C*x ... xC* is given; then T decomposes into

{4y ..or z): Vilzl =1} x {21, ---r 2): Yoz R™O).

This decomposition may be done intrinsically. Let c— T = {xe T: |x"| =1 for
all me M} (“compact torus” — see [SC]) and 77° = {xe T: x"e R”° for all
me M} (“radial factor”). The compact torus coincides with the first factor of
the above decomposition. Indeed, if x = (z,, z,, ..., 2,), m =(my, my, ..., m,)
then |x" =|z,|™...|z)"™ If m=(0,0,...1,...,0), 1 on i-th place, for i
=1, 2,..., n, then |x™ = |z;|. Hence if [x™] = 1 for every m, then |z = 1 and the
opposite implication is obvious. The group 7>° coincides with the second
factor of the decomposition, the proof is similar. Hence T =(c—T)x T~°.

The subgroup (c—T) of T may be characterized also as the closure
in T of the torsion subgroup of T The projection onto the first factor is
denoted by yrsarg y, and onto the second factor by ye|y|. Therefore

y =arg y-|yl.
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22.1.1. Let aeN. If teC*, |t| =1, then [¢t*| =1 (the neutral element of
T), and hence t*c(c~T). If now te R>°, then *e 77°. It follows that both
characters and 1-p.s. in T can be decomposed into their “compact” and
“radial” factors. The sequence
cr 251 ¢
is the product “place by place” of two sequences

U)»(c-T)-U(1)
and
R>U—>T>0—>R>U.
If {a,m)=n, then the first composed homomorphism is the n-fold
wrapping, and the second, the n-th power.
2.2.1.2. The above decomposition induces the decompositions of

algebraic subtori and quotient tori of 7. Namely, if T, = T'is a subtorus, then
T, = T/T, is also a torus and the exact sequence

1-T~-»T->T,-1
can be decomposed into exact sequences

I-(-T)->(c—-T)>(c-T)—~1
and -
1—(7-6>0—'T>0—>7;>0—P1
(identify T with C* x ... x C* for the proof).

Let now X be a complex of cones and T X, the corresponding torus
embedding. The decomposition of the torus T can be extended to a certain
decomposition of Xy into a fibred product which will be now described.

2.22. DerinimioN. The non-negative part X;° of a torus embedding

To X; is the closure of T>° in X, (it will be denoted also by T>9, if the
embedding is fixed).

In the non-singular case X3 ° is a real variety with corners (see [B-S]),
since locally it has the form R®®x ... x R®**x R>°x ... x R”°. In the general
case we may call X;° a variety with singular corners. More information
about the structure of X7 ° is contained in Theorem 2.3.2. Consider a cone t
of Z, the corresponding orbit ¢, and the distinguished point ¢ € @,. Observe
that by 1.2.13 all distinguished points belong to X3°.

2.23. ProrosiTION. Let xe X;. The following statements are equivalent:

(i) xeX3°

(i) if oeZ, xeX, and me M N& then x™e RZ°,

(i) x =y-e for some ye T>® and a cone 1 of Z.

Proof: (i) = (ii). Since 4™ is a continuous function positive in T>°,
it is non-negative in the closure of T>°.
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(i) = (iii). We can restrict the proof to the case of an affine variety X,.
Let @, where  is a face of o, be the orbit through x, and e, the distinguished
point of this orbit. Then x = y-¢ for some ye T By Lemma 1.2.15 there is
x™ = y™-g™; hence by Proposition 1.2.13

- y"  if mettn M,
" )0  otherwise.

But then, in the first case y"e R™%. Since |y|™ = |y™], we get |y|™ = y™
In both cases we get x™ = |y|™ & for each me M N &. It follows by Lemma
1.2.14 that x =|y|'s. Moreover |y|e T>°.

(i) = (i). The point g belongs to X% = T>° hence it is the limit in
0 of the “radial component” (see 2.2.1.1) of a 1-ps.

('1“)|R>0: R>0_’T>O, aecint 1.

In order to prove that xe T>9, consider the continuous translation X;— X,
x—y-x, and notice that T>% is stable with respect to that translation,
if yeT>°.

In the non-singular case considered in [E]}, F. Ehlers gives the following
description of XZ° The variety X, is the union of r copies of C" and the

glueing maps have the form f(z, z,, ..., z,) = ("%, 2%, ..., 2™, where
" =z z5%-...-z)™ p; are integers. Then X7° is obtained by glueing

together r copies of (R*°)", using the restrictions of the same maps f.

ExampLes. 1) X = P? the complex projective space, with the
embedding of T=(C*)? given by (z,, z;)+(1:z, :z,). Here X7° can be
presented in the form of a triangle (Fig. 7).

'2) X =P!xP!, T= C* x C* with the standard embedding. Then X7°
is a square (Fig. 8).

(010)

“

(001) 2,20 (100 (00)  z,:0 (0.0)

Fig. 7 Fig. 8

The set XZ° is stable under the action of T>° on Xj, since for ye T>°,
xeXz° and any meM nd we have (y-x)"=y"x">0. Now, the de-
composition of X3 ° into T>°-orbits essentially coincides with the decomposi-
tion of X, into T-orbits in the following sense.
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2.24. ProrositioN. a) The intersections O,N X 290, for each t, are
T>%-orbits in X3°.
b) The mapping

i: {Torbits in Xy} — {T> -orbits in X3°, 0O—0NX3;",
is bijective.
c) The bijection i preserves stratification, that is to say,

0.0, if i(0)<i(0,)
d) i(0,) = T>° ¢ (compare 1.2.12).

Proof. a) and b) follow Proposition 2.2.3, since both T-orbits in X,
and T>%-orbits in X7° contain precisely one distinguished point. c) follows
from a) and b); d) is obvious.

_ By assertion d) and by 2.2.1.2 the T-orbit ¢, may be decomposed into
the compact and radial factors

@1 =(C_’]:)°3r>( T1:>0.8r

which will be denoted by c¢— 0, and @Z° respectively. In particular, the
compact factor of the dense orbit Tis ¢— T and the radial one is T>°

The intersection of the compact and radial part of an orbit &, is just &,.
This distinguished point allows us to identify the compact part with ¢— T,
and the radial with T.°. We have dimg(c— 0,) = dimg(®?°) = dimg.

The above identifications give rise to the mappings (¢ — @,) L 0, = 0?°.
Let us study the properties of the mapping |‘|. If x = ye, for ye T, then
|x| =|t{e,. It follows that for xe X,, me M n& we have

Iy if meM Nt

X" = [(ye™| = ly™e7) = { 0  otherwise.

Hence |x™| = |x|™.

2.24.1. We have the decomposition X9 = | ) 0Z° (disjoint union). On

teX

the other hand, X; = {J (c~ @) x ©7°. The compact torus acts transitively on
TeX

the compact factors and trivially on the radial factors, and the radial part of
the torus does conversely. It follows that X3° is a fundamental set for the
action of c~ T'on X, that is to say, each (c— T)-orbit in X intersects the set
X3° at exactly one point. Therefore X3° may be identified in a natural way
with the orbit space Ny= X;/(c—T) of X, under the action of ¢—T
introduced in [SC] (see also [TEA] § 10). The projection X;— XZ° defined
as the union of the projections x~|x| on each orbit can be described
globally by the following.
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2.2.5. ProposimioN. (cf. [J3], Prop. 1). There exists a continuous projec-
tion -
X;~>X7%  xelx,

such that
a) || is T>° equivariant;
b) fibres of || are precisely the (c— T)-orbits in Xy
¢) |-| restricted to the dense orbit T coincides with the projection

T—T>°% yyl;

d) for each xe X and character & regular in x, Z(x|) =|Z(x) (the
ordinary absolute value);

e) for yeT, |y x| =|y||x|, in particular;

f) |y-&l=|yle for each cone t in X,

g) (see [1],Ch. 1.1 for the definitions of N, = N, and ord). Fix the
identification of G,, with C*. Consider the homomorphism N = Hom(G,,, T)
— T>° given by Ar>A(e™*") and the induced isomorphism h: Ny = N®R
& T>° Then h extends to the (unique) homeomorphism Ny = XZ° and the

diagram
Ny —h . - x>’
XI
is commutative.

Under the identification ord: T”° = N, the actions of T”° on X7° and
of Nx on Nj coincide.

Proof. Statements a)-g) follows from the previous considerations.
It remains to prove that x+|x| is a continuous map. We may restrict
our considerations to the affine case X,. Let x, = lim x,; then for any

n—+aoo

me M NG we have xJ = lim x[, the convergence of a sequence of complex
numbers. Then the usual absolute value fulfils [x§] = lim |x;|. By the above

n—~+w
mentioned properties of |:| we have |xy|™ = lim|x,|". We can consider the
mappings x+—x™ as the coordinate mappings and then we get that |xof
= lim |x,].

2.2.6. The fibred product. One can also define the “compact™ part-of
X; by:

(c—X)=U (=0

X
Locally, in the affine coordinates the set ¢ — X; may be characterized by the
condition:

xe(c—X,) < forall meMng: either x™ =0 or [x"| =1.
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This set, however, is less mterestmg that the non-negative part XZ° since

¢— X is a disjoint union of topological tori. If the complex Z is regarded as

the set of its cones, the mapping i: X;— X sends each point x into the cone

t such that xe @,; then we have the fibred product diagram of sets:
2.27.

ol »0
X, ———— X

(e-X)————»F2{s},

where the unlabelled arrows are the restrictions of i.

In the affine case there is a description of the variety X, which uses
homomorphisms of semigroups (compare [TEA], Ch. 1). Namely, consider
M~ & as a sub-semigroup of the lattice M and C as a semigroup with
respect to multiplication. Then

2.28.

x, & Hom¢_,, (C[M n &), C) = Hom,, (M n &, C)
(semigroup homomorphisms).

229. Remark. It follows that the variety X, (the affine case!) has
semigroup structure given by the formula (h;-h,)(m) = hy (m)-h,(m) for
hy, hhe Hom(M n¢&, C). . This operation is not so much interesting,
nevertheless, it allows us to define the regular mappings X, — X, of the form
x+>x", where n Is a positive integer. Now, if the general non-affine case is
considered, then, though multiplication cannot be defined for two points of
distinct affine parts, still the “n-th power mapping” is well defined all over
the variety X;. This mapping will be used in Chapter 3.

In order to interprete the non-negative and compact part of X, and the
fibred product diagram above, consider two sub-semigroups in C: {0} v
v U(1) and R>°. Their intersection is the sub-semigroup {0, 1}. Consider the
mapping g: C— {0, 1} given by g(O) 0, g(C*)=1. We get the fibred
product diagram :

c— - R*°
arg g

{o}vutn) —— {1

(N. B. this is a particular case of the preceding diagram, see Fig. 9.1)). Now
apply the functor Hom,, (M n&, —) to the above diagram. We get
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2.2.10.

Hom (Mn0,0) —— ———» Hom(MnJ,R'o)

o

Hom (M 6,0} uU(1) — = Hom{Mnd.{0.1})

2.2.11. ProrosiTiON. Diagrams 227 and 2210 coincide under the
identification 2.2.8.

Proof. XZ7°=Hom,, (M &, R>% by statement (i) of Proposition
2.2.3. For a similar reason,

(c—X,) =Hom, (Mné& {0}uU(1), etc.
2.2.12. Examples are presented in Figure 9 (p. 28).

The variety with singular corners X7° may also be described as a
partial compactification of a real vector space (compare [SC], [TEA]).
Consider first the affine case. Fix a basis ey, e,, ..., e, of M. Denote by Z;
the character 2. Let m,, m,, ..., m; be a system of generators of the
semigroup M n&. Then X, =Spec C[Z™, &% ..., &™] is the closed
subvariety in the affine space A°=Spec C[Y, ¥, ..., Y] where Y, are
variables, the inclusion being given by Y;—2"". On the other hand, we have
the canonical embedding

T =Spec C[ Xy, Xayovy Xos (X1 Xz )" S X,

Identify, via the coordinate functions introduced above, Twith C* x ... x C*
and A* with C°. The composed morphism T < X, < A° then can be written
in the form

h: C*x ... xC* - (¥, y=(y1,y2,-...,y,,)»—>(y"", ymz, ...,y"")

and the variety X, may be identified with the closure of the image of h, both in
Zariski and ordinary topology.

Now, XZ° is the closure of T>° that is to say, the closure of h(R>° x
x... x R”® (in ordinary topology). Observe that this closure is contained in
the topological space (R*9)".

Using logarithms we shall now pass to linear spaces and linear
mappings. Let the diffeomorphism Exp: R"—(R>%" be defined by
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(6 T x,) - (€3, ..., e™ and let Log be the inverse of Exp. We want to
extend Log to the space (R*%" in order to transform X7° into a partial
compactification of R". We first consider the partial compactification
[—o0, o[ of the line R* and assume e”® = 0. There is a commutative
diagram

R — D e (R

Exp Exp

n k

——— (@, =)’

where k is of the form x—({x, m;), {x, my>, ..., {x, m) (here M is
identified with Z” via the basis e, e,, ..., e, and {(x, m;) is the .ordinary
scalar product in R"). Since both Exp’s are homeomorphisms, we can identify
XZ° with the closure of the linear space k(R" in ([ — oo, oo[)". v

Another way of describing the above space is the following. For
i=1,2,...,s let my=(my, my,...,m,) (under the above identification).
Let now f; be the j-th row of the matrix (my), B;=(my;, my, ..., my).
If x=(xy, X3, ..., Xx,)e R then k(x) =) x;B,. It follows that k(R") is the
subspace of R° spanned by B, f,,..., B, and finally we obtain the
identification of X_° with the closure V in ([— o0, 0]} of the space V
=1lin(B,, ..., B). The group T>° is then identified with the space V itself,
multiplication in T>° corresponding to addition in ¥ and the action of ¥ on
its closure is the continuous extension of translations on V.

In the general non-affine case, the real non-negative part X7 ° of X can
-be obtained by glueing together the spaces of the form V and the glueing
maps are extensions of linear isomorphisms.

The detailed description of the topology in the variety with singular
corners V is given in [SC].

23. Bijection of X>° onto &

We now show how one can obtain an identification of XZ° with the
cone & (see the author’s paper [J;]) in the case of an n-dimensional cone ¢, that
is, when X, has a fixed point with respect to the action of T. This identification
depends on the choice of a system of elements of the lattice M, spanning the
cone d.

Under the assumption imposed on o, the cone & does not contain any
line, thus there exists a distinguished minimal system spanning &, namely the
system of primitive elements of the 1-dimensional faces of &.
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23.1. LemMmA. Let my, m,,..., m; be a subset of M & such that
F=R>°my+ ...+ R>® m,. Then every me M N & can be written in the form
20
m=gq,m+... +q,m, where all q;e Q°.

Proof Let m=r,m+ ... +r,m, r,€ R*° I<s, vanishing summands
omitted. Then the equation

m=X1m1+...+X'm’

has solutions in Q and those solutions form an affine subspace V < Q' By
computing the respective rational and real dimensions one gets that the
space of real solutions is just the closure ¥ of Vin R. Since r = (ry, 75, ..., 7)
belongs to ¥ and r; > 0, it suffices to choose a point (g,, ..., q) in ¥, close
enough to r. Then the inequalities g; > 0 will hold and g, m,+ ... +q;m,
=m.

The ordinary real analytic structure on the group T>° induces real
analytic structures on all T>%-orbits in X7° We have

23.2. Tueorem (see [J5], Thm. 1). Let m,, m,, ..., m, span the cone &

which is supposed not to contain any line. Then:
a) The regular morphism of varieties

it X,»Me=C",  x>x"mi+x"2my+ ... +X"m,
induces a homeomorphism of spaces
it X2%~¢

mapping T>°-orbits onto corresponding open faces of &.

b) For each face t of o, the restricted homeomorphism i,: ©?° 5 int(),
where 1t is the face of & orthogonal to t, is a real analytic isomorphism.

Proof follows in steps 1°-5°.

1° i is injective on X5°: -Let x, ye XZ° be such that i(x) = i(y). Then
using the linear structure of M we can write

¥ ™M —y™) m; = 0.

i=1

Denote x™ by x; and y™ by y,. Then

1= xz(xj—yj)mj - l—[x(xj—yj)mj - l—[ xj(xj-}'_[)

and similarly 1 = []y{¥™"’. Notice that the formula x*™ = (x™ for ce R, me M
holds if we assume 0° = 1, All x;, y;€ R*°, For two reals a, b > 0 we always
have a*~* >b""® and equality holds iff @ = b. Hence the equality []x}"™ "7

=1 yﬁx" = implies x; = y; for all j. It remains to show that x = y. Although
X1, X3, ..., X; are not all the coordinates of x, since the system m,, m,, ..., m,
needs not generate M N ¢, nevertheless, by Lemma 2.3.1, for any me M N &
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there exist non-negative integers ay, g, ..., g, such that aom =) a;m;. Then

the non-negative real number x™ equals to (a0 (TTx/)"* and
similarly y" = ([y7)"®. It follows that x™ =y™ for each me M n&. By
Lemma 1.2.14, x = y.

2> For each face 7 of o, i (07°) is contained in int t+. Indeed, if xe 07 °
then x = ye, (the distinguished point of @), where ye T>° and

i)=Y (&) my =Y y™ e my.
J

Since
&m 1 for mett,
i 0 otherwise,
then i(x) = Y. y™-m,, where all m, belong to t* and all )™ are non-negative.

3° For each t the map i, induces isomorphisms of tangent spaces at each
point: Indeed, by the definition of the analytic structure of the orbit O, we
are to prove that the composed map

T>%T>° 5 02> int(tY), JrPe,

is a local isomorphism. Since the dimensions are equal, it suffices to show
that the map

T>°>int(zY), y—i(ye),

!

. has a surjective derivative at each ye T>° Assume that m,, m,, ..., myet*
and my.q, ..., mé¢tt for some d. Fix a basis in M and consider the resulting
identifications M = Z", My =R" T = (C*)" As in the previous step, the map

fi T>°sint(tt) is given by f(y) Z ym;. In order to differentiate f,

apply the following decomposition:
= exp((m;, log y))m
i

Let A be the matrix with rows m;, m,, ..., m; and D(...) the diagonal matrix.
The Jacobian matrix of f at the point y is then

l

A7%

J(f)==L=AT-DO™, ..., y™-4-D(1/yy, ..., I/ys).

Let B=A' D™ ..., y™?%. Then

J(f)=B-B"-D(1/yy, ..., 1/yw).
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Since the last matrix is non-singular for ye T> it can be omitted in the
rank calculation. We have:

rank J(f) = rank (B:B”) =rank(B) =rank AT = dim 71,

since t* is spanned by my, ..., m,.

4 (J. Konarski). i and all i, are closed maps: Let F< XZ° be a
closed set; we are to prove that i(F) is closed in & Let y belong to the
closure of i(F) and let (x,), be the sequence in F such that i(x,) = Zx;" im,
converges to y.

233. LemMA. For all j, the sequences (x,”), are bounded.

Proof. If, for example, (x, '), would not be bounded, then taking a
subsequence we could suppose that (x, '), converges to oo (since x,' are

positive), then my +(1/x")(x"*my+ ..) = 0, and finally (1/x"")(x;"> m, +

+..)—=(—m,). But the cone & is closed, and hence —m,e& which
contradicts the assumption that & does not contain any line.

Proof- of Theorem 23.2, p. 4, continuation. Replacing the
sequence (x,) by a subsequence, we may assume that each sequence (x 9,
converges to some c¢;>0. We seek a point xeX.° such that x ™= ¢
forj=1,2,.

Now, such a point x can be described as a semigroup homomorphism
h: M & < R>° (see 2.2.8). We shall define h by the formula k(m) = lim (x,)".

The map h is well defined, for if m can be written in the form Z‘Lmn
g€ Q>° then x™=T]( "")"l and this sequence is convergent when r — co.
More precisely, we obtain h(m) = ]_[c "The map h is a homomorphism,
since h(m+m') = ﬁ}:\(x,)’"*"" = lim (x" x™) = h(m)h(m’) and h(0) = lim x’

= 1. So the homomorphism h defines a  point xe XZ° such that x™ = h(m).
Therefore x™ = ¢;, x™ = lim x" for all me M N &; hence x = lim x, and thus x

belongs to F. Now

I(X) =mejmj =Zﬁmxmjﬁlj = lim i(xr) =),
7 o

and finally we get that yei(F), which f)roves that i is a closed map. Now,
given a face t of g, if Fy is a closed set in (7°, then F, = F n 07° with an F
closed in XZ° We get '

i, (Fy)=i(F) =i(Fn07°) = i(F)ni(67°)

by the injectivity of i. Hence i (F,) is closed in i(0>°).
By 3° the image of i; is open in int T+ and by 4° it is closed; hence i, are
surjective for all 7. The theorem follows from 1° to 5°.
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234. Remark. If the cone & does not fulfil the assumption of
Theorem 2.3.2 then & = R* xd&,, where &, is a cone of dimension n—k,
satisfying the above assumption. On the other hand, X,
= Spec (C[Xy, ..., Xi] @ C[My N dF,]) where M, is a lattice of dimension n
—k. If we denote by X, »,, the (n—k)-dimensional torus embedding associated
with ¢, (the dual cone of &), then

X, = CxXpomp  X20= R X2

Applying the previous theorem to the cone o, we obtain again the
identification of X7° and &.

23.5. Remark. Since in the affine case the real non-negative part of
X, can be indentified with the cone &, one might expect that in the general
case, X7 ° is a polyhedron obtained by glueing together the translated cones
dual to the cones of X. However, those dual cones cannot be translated in
such a way unless X, is a quasi-projective variety (see 3.3 and 3.1).

23.6. Remark. Step 3° of the above proof shows that the morphism
x—Yx"m; is étale at all points of T>°. We show below some other
properties of the morphism defined in Theorem 2.3.2.

Following Danilov [Dan], we shall call the variety X, quasi-smooth if
the cone ¢ is simplicial, that is, if it is a cone over a symplex. Obviously, the
dual cone & is also simplicial in this case.

23.7. PROPOSITION. Assume the usual identifications M = Z" etc. If the
variety X, is quasi-smooth, & spanned by primitive vectors my, m,, ..., m,e M,
then the morphism

i X,=C" x>y x"my,

is finite, of degree |det(my, m,, ..., m,)|.

Proof. X, =Spec C[Z™ &% ..., &"" ..., L™, ...] where for all
j>n we have my= Y (cu/c)m, with cy, ¢, non-negative integers. The

1€j<n
morphism i has, in the basis my, m;,...,m, of C" the form
x—(x", x™2 ..., x™). The corresponding homomorphism of affine algebras

18
ClY, Vs, .., Y] C[Z™, 2™ ..., 2™, ..., %™, ..], Y—a™

It is a monomorphism. Indeed, (m,, m,, ..., m,) is a basis of a sublattice of
M =Z"; hence the algebra C[Z %, &% ..., 2 ™ is isomorphic to the
polynomial algebra and &', ..., & " are algebraically independent. Now,
for j > n the elements 2™ are integral over C[Z", ..., 2™, since (2)7

= [J(2™™. It follows that the extension under consideration is integral.

3 ~ Dissertaliones Mathemalicae CCXXXVI
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In order to find the degree of the morphism i, we restrict it to the torus
T (leaving the same symbol i). Observe that i(7T) = C*" hence, identifying T
with another copy of C*", we have

i: C*"— C*"
where
l(y) = i(ylr Va2, .- s yn) = (yM1= LERE y’"u).
We pass to the endomorphism of the lattice Z". Observe that to each

group endomorphism g: C*"— C*" there corresponds the group
endomorphism

g: 2" = Hom, (C*, C*" Hom(C*, C*") = Z".

Hom(C*, g)

Moreover, the correspondence g—§ is an isomorphism of semigroups
~: End (C*") = End (2"

The image of the element i, that is, the endomorphism 7: Z"— Z", is
given by the matrix 4 with the rows m,, m,, ..., m,. It is injective since rank
A = n. By the structural theorem on sublattices, there are automorphisms |

and k of both copies of Z" such that the composite Z"-Jg A YA X4

is diagonal, (a,, a,,..., a,)—(d,ay,dsa,,...,d,a,) and |d, d,-...-d,| =
= |det A|. If follows that the endomorphism

jritk: C¥n s O

has the form (x;, X,, ..., %)—>(xi%, ..., X, and hence deg(j:i-k)
=|d;-d,-...-d,]. On the other hand, j and k are automorphisms, whence
deg(j-i-k) = deg(i). Finally deg i =|deg A|.

Now let us look at the simplest non-quasi-smooth example.

23.8. ExAMPLE. Let ¢, €;, &; be a basis of N and let & be the cone
spanned by &, &, €3, &, +&,—é&;. These four vectors are also generators of
the semigroup M n§. Indeed, denote for short by (i, a,,...,a,> the
cone spanned by the elements «, a,,..., 2, of N. In this notation
0= <81, 8, 830U (€1, 8, 8y +83—E3). Let m=c e, +c 8+ C38,e M & If
c3 20 then me ey, e, €3) and the conclusion follows. If ¢; <0 then
me (g, €3, &; + &, —&3) and these three vectors form a basis of M etc.

Hence X, =Spec C[X,, X,, X1, X, X,/X;] and i: X, — C? has the
form

X +X, Xa/X,
i= X2+X1X2/X3
X3 —X, X,/X,
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It is a birational morphism with the inverse

Y, (Y1+ 1))
iTl=(++Y)" ! Y,(¥;+Y,) X
(Y +Y3)(Y;+ Y,)

Y;, Y;, Yo are coordinates in C*. There is a closed immersion X, o C*
defined by the functions x=X,, y=X,, z=X; and X, becomes a
hypersurface with the equation xy = zt. Using this coordinates, we can write i
in the form i(x, y, z, t) = (x+t, y+t, z—t). Then X, is isomorphic to the cone
over the projective surface xy =zt in P? which is isomorphic to P! x P!,

Also C® may be regarded as the cone over the projective plane P2
Moreover, the morphism i: X,—» C® can be factorized through the
morphism of those projective surfaces in the following way (ay:a, and b,: b, are
coordinates in P! x P!):

(x,y.z.t)e X Mo} —I—» c\[o0}

L

J

(z:x,t:x)eP'u p! ——m p?
where

j((ao:ay, bo:by)) = (a; (bo+b1):bg(ag+ay):(ag by —a, bo)).

This diagram is commutative. The morphism P! x P! 5 P? is a blowing up
of a point and contracting two lines, as one can check by choosing
convenient coordinates.

24. Real part of X;. Reflexions

The variety X; is defined over Z, hence its real part X (R) is well
defined. It is an algebraic real variety, of dimension n. In order to decompose
it in a form similar to 2.27 observe that X,;(R) > X;° We have the
following fibred product diagram:

. »0
X R) —L

]

(e-X)nXp(R) ——— &
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The elements‘of (c—X;) N X;(R) are precisely the elements x of X with the
" following property: For each me M, we have x™ =0, 1 or —1, whenever x"
is defined.

24.1. The real part T(R) of the torus may be decomposed into T(R)
= T>° x (torsion subgroup of T(R)). The second factor is the set of elements
in Tof order < 2. Those elements will be called reflexions (the terminology
refers to their action on X;) and the group of reflexions will be denoted by u.
Hence p has 2" elements. If Tis identified with C* x ... x C* then u consists
of elements of the form (+1, +1, ..., £1).

Reflexions are also characterized as the elements of X; of the form
(—1y%, for aeN. The set X;(R) is invariant under the action of p (the
restriction of the action of Ton X;). If we consider the variety X; (R) as the
fibred product of (c— X;) n X;(R) and XZ 9, then each point xe X;(R) can be
written in the form (ge,, |x|) where ¢ is a reflexion, 7 is a cone in X such
that xe @, and ¢, is the distinguished point of the orbit (.. The action of u
on X;(R) can be expressed by the formula

0 " (&, u) = (¢’ 0s,, u)

where ue X7 o'eu. Also we have

X;(R) = e(XF°)
(4=

Since all the images by reflexions of the element 1e T>° < X7° are distinct,
the set X;(R) is the union of 2" copies of the “variety with smgu]ar corners”
Xz° glued together along boundaries. The orbit space X :(R)/u may be
identlﬁed with X7

Let g =(—1)% aeN. Then the subset ¢ X7° of X, the “o-th copy of
X7°” can be characterized as follows: for an element x of X,

=20 if {a, m) is even,

z0 m
xep X < X .
£ { <0  otherwise.

Indeed, if x =(—1)*'y and ye X3;° then x™ = (—1)@" -y etc

24.2. ExaMpLE. Let again T=C*x... xC* let my, m,, ..., m, be
the corresponding basis of M and consider the reflexion ¢ =(—1, 1, ..., 1).
Then

m1

0,
0

xe0X?° =

at all points where the rational functions x"' are defined.
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31. Polyhedra

Let 2 be a complete complex of cones. Then by 1.2.9 the variety X is
complete. The projectivity of X; can be characterized by the following
criterion.

3.1.1. THeoREM. A complete variety Xy is projective iff there exists a
Sunction f: Ng— R such that for each n-dimensional cone oe X there exists an
element m, of M satisfying

o mo>{>f(y) for each yé¢o,

=f() for yeo.

This theorem is a corollary from [TE] (ch. 1, § 2 Thm. 9 and § 3 Thm.
13). The function f above may be described more intuitively by means of a
polyhedron 4 in Mg given by

4=\ (m,+3)
dirgsin

(compare [Dan] 6.3). Its vertices are the elements m,, and 4 is orthogonal
to the complex X in the following sense: for each d-dimensional cone 7 of X
choose a cone ceZXZ of dimension n, containing t (the choice of o is
irrelevant). Let t* be the face of & orthogonal to 7. Now, (m,+t)n4 is a
face of 4, which will be also denoted by t*. It has dimension (n—dim t) and
the correspondence T — t* is a bijection between the cones of X and the faces
of 4. Each element of t considered as a linear form on My, has a constant
value on t* and it is its minimal value on the whole of 4. Identifying the
spaces My and Ny via scalar product we can illustrate a polyhedron 4 for a
complex of dimension 2 as follows (see Fig.10).

Actually, the polyhedron 4 (and the function f to which it corresponds)
describe an ample Cartier divisor D on Xj; locally on X,, for a cone ge X of
dimension n, this is the principal divisor described by the rational function
Z ™. The functions 2™ for me 4 n M, form a basis of the linear system
Z (D).

‘Suppose that the polyhedron 4 has the following property:
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Fig. 10

3.1.2. For each cone ceX of dimension n the set M n(d—m,)
generates the semigroup M N & (if 4 has not this property, then k-4 has, for
k large enough). Then the morphism

3.1.3. Xp— P, x(x"0 XM x™),

where mg, my, ..., m;=4nNnM, is a closed immersion. This suggests the
following simple definition of the projective torus embedding associated with
a polyhedron 4 fulfilling 2.1.2 (or with a function f, as above):

Identify M with Z" and T with k* x ... xk*. Then X; is the Zariski
closure in the projective space PN of the image of T by the map 3.1.3.

~ Now, roughly speaking, non-projectivity of a complete torus embedding

comsist in the lack of possibility of coostructing any polyhedron 4
orthogonal to X, that is to say, possibility of glueing together the translated
dual cones. _

In analogy to Theorem 2.3.2, we shall show that, over C, the non-
negative part X7° of a projective torus embedding may be identified (in
several ways) with the polyhedron 4.

3.14(") TueoreM (see [J;], Thm. 2). Let X be a torus embedding over the
complex numbers field, f a function such as in Theorem 3.1.1 and 4 the
corresponding polyhedron in My. Let {mo, my, ..., m;} be a subset of A" M
containing all vertices of A. Then the rational morphism of varieties

s

J Xy Me,  j)=(F X)) x™em:
=0

i=0

a) is regular at each point of X2°;
b) induces a homeomorphism;

j: X735 4
mapping T>°-orbits onto corresponding open faces of 4;

(!) cf. the comment 1° added in proof.'-
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¢) j: 07°>int(z) is a real analytic isomorphism for each cone t in X.

Proof. The argument is to span the (n+1)-dimensional cone over the
polyhedron 4 and apply Theorem 23.2 to that cone.

a) Let oo be a cone of dimension n in X. We shall show that j is

regular on Xa?oo. Let mq be the vertex of 4 corresponding to ¢o. The map j
may be written in the form

Z (m; —mg) -m
J(x) _=____
1+ Z XM mo
i=1
All the vectors m;—m, belong to 6, and so x™ ™ are regular on X s and

non-negative on X;°. Hence j is regular,
b) Let D be the ample divisor corresponding to 4. Consider the graded
ring A = @ H°(X;, rD). Then X; = Proj A. Now, Spec A is also a torus

embedding, namely for the (n+ 1)-dimensional torus T' = T x C*. Take the
lattice M' =M xZ and the polyhedral cone o = {(m, r)e My x R: merd},
contained in Mxr=MgxR Then A=C[M'no] and Spec 4= X;
(compare [Dan]). Let m{ = (m;, 1), elements of M’ N ¢. Since every element of
A is a convex combination of my, my, ..., m; (with real coefficients),
mg, my, ..., m, span the cone ¢ and therefore we are in the situation of
Theorem 2.3.2. The gradation in the algebra A4 is given by deg(m, r) =r. For

X'eX; let i(x) =Y x™ m; and let.0 be the (only) fixed point of Xj. We
have the following diagram of continuous maps:

T>0.R"0- T"chfo\[Oi ———= oa\lo}

e

ex) — 4

where a is the restriction of the canonical morphism (Proj 4)\0— Spec 4
and f(m, r) = m/r. This diagram is commutative. For instance, to prove that
Bri=j-o it suffices to check this on the open 7T'>°, Here for )’
=(y, )e T'>° we have

i)=Y, ™" (m, ) =c-Y y™my, 1)
k
=(cXy™m, cTy™),

hence

Bi(y) =X y™ m) (™)t =jaly).
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The fibres of a are precisely the R>%-orbits and for re R, xe XZ° we
have i(rx)=ri(x). It follows that i maps each fibre of a« onto the
corresponding fibre of f, and hence j is a bijection.

By Theorem 23.2 applied to the cone & and the elements
my, my, ..., m,, the map i is homeomorphic. Consider i as an identification of
topological spaces. Then a« and B coincide and we conclude that j is a
homeomorphism, too. _

Let T be a cone in £ and let 0 X be a cone of dimension n containing .
Write the map j as in the prof of a). An argument similar to that of step 2° in
the proof of Theorem 23.2 shows that j(07?°) cint tt.

c) Take xe®?°c X7° and a point yea™'(x). Both maps i and «
restricted to T'-y are smooth. The diagram 3.1.2 induces the following
commutative diagram of suitable tangent spaces:

D/

6T'r,r . -6, i[9
Dal lDﬁ
Tu, x D/ oi\lr,/(ll

where ©' is the face of & spanned over the face 1 of 4. By Theorem 2.3.2b)
the derivated map Di is an isomorphism, Df is obviously surjective.
Comparing the dimensions of the vector spaces in question we conclude that
Dj is an isomorphism.

3.1.6. Remark. Given a polyhedron 4, one can distinguish two sets
{mq, my, ..., my} fulfilling the assumption of Theorem 3.1.4: the minimal one

consisting of the vertices of 4 and the maximal one, M n 4. Then we get two
distinguished homeomorphisms X7 9 = 4,

From Theorems 2.3.2 and 3.1.4 we can deduce the form of some natural
bijections between the real vector spaces, open polyhedra and polyhedral
cones. Namely, we have

3.1.7. CoroLLARY. a) Let o be a polyhedral cone in R" spanned by
integral vectors my, m,, ..., m. Then the mapping

S
x— ) emid. m

i=1
is a real analytic diffeomorphism of R" onto the interior of o.

b) Let A be a compact polyhedron in R" with integral vertices
mg, my, ..., mg. Then the map

s
Ko (3 e ) (5 )
i=0

is a real analytic diffeomorphism of R" onto int A.



3.1. Polyhedra 41

Proof. Observe that for x =(x,,x,,.... x,)e R" we have e=m
Xy X3 LN . . .
=(e',e*...,e """, hence the maps in question are compositions of exp

and i of Theorem 2.3.2 or j of Theorem 3.1.4.

3.2. Morse function

321. As in 2.2 let ¢—T denote the compact torus contained in the
algebraic torus T over the complex numbers field. Given a projective torus
embedding X and a polyhedron A orthogonal to X as in 3.1 and a subset
{mg, my, ..., mg} of M4 containing all the vertices of 4, we have the
bijections

Xpfe—T) = X%~ 4.

We can rewrite the fibred product diagram 2.2.7 in the form

X, ——— 4

]

C-X‘._F by

The polyhedron 4 reflects quite well the properties of X, by means of the
bijections above. Some structures on the variety X, are more intuitive when
restricted to 4. Open d-dimensional faces of 4 are real non-negative parts of
orbits in X of complex dimension d. The closed face of 4 is the real non-
negative part of the closure of the corresponding orbit etc.

Let us restrict our considerations to the non-singular case.
An element o of the lattice N can be interpreted as

1° a linear functions on 4,

2° a Morse function (up to a smoothing) on X; and X;(R),

3° an action of the multiplicative group G,, on Xj.

We now explain the sense of 2° and we establish relation between the
three concepts.

3.2.2. For aeN, regard the linear function a: Mg — R as the “altitude”
in Mg Next consider the G,-action on X; given by the 1-ps. 4,: G,—» T
(see 1.5). Then the Biatynicki decomposition of X, restricted to 4 = XZ°,
may be described as follows. The set of fixed points with respect to G;°
>~ R>% is the union of closed horizontal faces of 4 (i.e. faces on which a is
constant; among them, all vertices). The components of the set of fixed points
are the maximal (with respect to inclusion) closed faces among the horizontal
ones.

The non-horizontal faces decompose into 1-dimensional G °-orbits
which are non-horizontal open arcs ending in horizontal faces. The locally
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NA

Horizontal edges of dim>0

Fig. 11

closed subset 4" of A attracted by a maximal horizontal face A is the union of
open faces U culminating in A (that means A intersects U and «(A)

= sup a(x)).

xeU .
3.2.3. Consider for a moment an arbitrary action of G, on a complete,

non-singular variety X and an isolated fixed point of X. Let r. be the
induced representation of G, on the tangent space to X at x.

DerinmioN. The index of x is the number of characters of r,, with
positive weights.

In other words: suppose that in a certain basis of the tangent space, r,
acts through the matrix

M0
0 't"'"

with my >2my 2 ...2m>0>m,>...>2m, Then i is the index of x.

In what follows ae N is supposed not to belong to the linear hull of any
(n—1)-dimensional cone in X'; that is, no face of 4 is horizontal (except
vertices). Then by Theorem 1.5.3, the only G,-fixed points of X; are the
vertices of 4. )

3.24. ProposITION. Under the previous assumptions, the index of a
vertex x of A, considered as a fixed point with respect to the G,-action, is
equal to the number of edges of A such that x is their lower end.

Proof. In the standard local coordinates in the neighbourhood of x, the
torus T acts by
(yla Y2, 0005 yn)'(xlv Xgy vees xn) = (yl X1 s ynxn)'

If «=(ay, ay, ..., a,,)a and, for all i, a; # O then the action is of the form
£ (Xg,Xg, oy %) = (" xy, t"2 x5, ..., £™x,) and O is the only fixed point.
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“The edges of 4 begining in x are (u, 0, ..., 0),p, (0, 4, 0, ...) etc. Hence the
number of edges such that x is their lower end coincides with the number of
positive a;.

To define the Morse function corresponding to a, take {mgy, m,, ..., mg}
=4 M (compare Remark 3.1.6) and the corresponding homeomorphism
j: X7°5 4. Next consider the morphism X;— Xj; x+—x? (see 2.2.9).
Locally it is given by (x,, X, ..., x,)? =(x?, x2, ..., x2). It follows that the
map x+x?> is a homeomorphism X7°3 X7° This homeomorphism
preserves T-orbits and is introduced here in order to modify the differential
structure of X7°.

3.25(') THeoreM (see [J;], Prop.). Let ae N be an element such that all
{a, m;) are distinct and let f, be the composite

: X720 X7°— 5 X7%—A4 R
fl Xz [] I xax? z i o

Then

a) f, is a Morse function both on X; and its real part X;(R);

b) f, is constant on (c— T)-orbits in X and increasing along R °-orbits;

¢) critical points with respect to f, are precisely the fixed points with
respect to the G,-action corresponding to a and they all have distinct critical
values.

d) Let i, be the index of a G,,- fixed point x. Then the index of f, in x is:
iy if f, is considered as a Morse function on X3(R), 2i, if f, is considered as a
Morse function on Xj.

Proof. Let o, be a cone of dimension n in X. We shall express f, in
the standard local coordinates of X, in a neighbourhood of the fixed point
Xo. We can identify x, with the vertex m; of 4, by the map j. Then we have

Y G md Y AT (=g

Sulx) =155 == + Cat, mg.
Z leZmi 1+ Z |x|2(m,~—m0)
i=0 i=1
Observe that, by the non-singularity of X;, among the vectors m,—m,
there is a basis of M, say m,—mgy, my—my, ..., m,—my, and all the

remaining m, —m, have non-negative real coordinates is this basis. Assume z
=x"""™fori=1,2,...,n the coordinates of x in the affine space X, , and
a, = {a, m;—nig). Then

Yzl a+ 6,
fo() = =+ (2, mg)
1+ Z IZ[|2+ 012

i=1

(') cf. comment 1° added in proof.
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where @,, 0y are polynomials in |z,|?, |z,]% ..., |z,/* not containing members
of degree < 2. It follows easily that

3.2.6. £, (%) = o, mpd+ Z |22 a;+ 0.

n

Using the real coordinates z; = u;+./—~1 w; we have f,(x) = Y wi+wha
i=1

@ (w;, w;). The restriction to X;(R) glves fo(x) = Zu a;+{monomials in u,
of degree > 4), and so statement a) is proved.

b) The first statement is true, because f,(x) depends only on |x|. To
prove the second one, we differentiate the function f, with respect to the
parameter of an R>%-orbit. Fix xe X;. If te C* then the image of x by ¢ is
t*x. Then

=(Zs: |t°‘x|2"")'1 zs: 1% X" ¢at, md.
i=0 . i=0

We consider it as a real function in t, defined on R>° Write for short
y = |t* x]. Observe that

dy 1 m
Tl {a, m)y™
Hence
A 2 o ) B )

i= 0
Now assume that x is not a fixed point. Then y " are non-negative reals and at

least one of them is posmve The second factor has the form from “Schwartz
Lemma” (substitute b, = (o: m;> and ¢; = y™). Since all {a, m") are distinct

by assumption and some y ! are non-zero, it follows that b, and ¢; are not

proportional, and the second factor under discussion is positive. Also ¢t > 0;

af,(t*-x)
dt

c) The first statement is clear from the formula 3.2.6. The second one
follows from the equality f, (x) = (&, m;) for some i, where x is a fixed point,
and from the assumption on a.

hence > 0 for all te R>®.

d) follows from Proposition 3.2.4.

3.27. ExaMPLE AND REMARK. Consider the projective space as a torus
embedding. Here X consists of all cones spanned by the elements
€15 82, vouy &y (—8; —E3— ... —&,) Where &, ..., £, is a basis of M. Take as 4
the symplex conv(0, ¥, ..., &¥) where (g*); is the dual basis in M, and
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assume my =0, my =¢¥, ..., m, = &¥. Leta—alel+ .taye,. If xe Xsis a

point with homogeneous coordinates (z4:2,:...:z,), then
x| o, my
P DHm e are
a .
lelzm' lzo|2+|21|2 ez

It is the well-known Morse function on the projective space, corresponding
to the C*-action of the form

On the other hand, it turns out that the general form of the Morse
function given by Theorem 3.2.5 may be obtained by restriction of the
particular one written above, if the projective variety X is suitably immersed
in P* and equipped with a C*-action. To see this, use the notation of Theorem
3.2.5 and consider the closed immersion ¢: X; o P given by the basis

my, My, ..., mg of the linear system .SF(D) of the ample divisor D corresponding
to 4. Let C"‘ act on P° by t-(zg:2,:...: s)-(t Zg: ¢ zl....:tb z,), where b,
= {a, m).

Let g: P*— R be given by

Z |Zi| b;

60, 02 = S

Then
1° X, is a C*-invariant subvariety of P, since

@t x) = ((*x)"% ... (2 0)™)

= (0% .. x™)
=t (x" .. ox"™) =t (x);

f, is equal to g on Xj, since for xe X;

2m;
O™ = ZIXIZ Iix|<2::; mpy

The Morse function defined in Theorem 3.2.5 will be used in Chapter 4,
to homology calculations.

The problem of existence of a Morse function increasing along R>°-
orbits on a torus embedding (with a distinguished 1-parameter subgroup is
related to the notions of “cycles of C*-orbits” and to the filtrations on the
variety with C*-action. The above concepts will be considered in the next
section.

gle(x) =g(x
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33. Filtrations, cycles of orbits and. projectivity

In [B-B;] A. Bialynicki-Birula deals with filtrations on varieties with cell
decomposition (compare the notion of spherical complex used by Ehlers, [E],
4.1.2). This notion is useful to apply the recurrency principle. By a cell we mean
a variety isomorphic to affine space. A disjoint decomposition of a veriety X"

X=W,OW,...0W,

is said to be cellular if W, are cells and locally closed subvarieties of X. A
cellular decomposition of X is said to be filtrable if there exists a sequence

X=X0:X1:)...3Xm=®

of closed subvarieties of X such that X;\ X, is a cell of the decomposition
for j=0,1,...,m—1.

3.3.1. ExampLe. Let W, be the subset of the projective space P7,

consisting of the points (xo:x,:...:x,) such that x;_; # 0 and x; = 0 for j <i
—1. Then W, is an affine space of dimension n—i+ 1. The filtration is given by
X=Xy2X,>...0X,,; =@ where X, is given by xo=...=x,=0.

The notion of fltrability is applied in [B-B;] to the case of
decompositions determined by the multiplicative group actions on a variety
(see also 1.5.4). We restrict here our consideration to the case of a finite fixed
point set,

The decomposition in question has as cells the repelled (or alternatively:
attracted) parts of the variety, with respect to the given G,-action. The
obstruction for a decomposition to be filtrable may occur in the form of a
“cycle of orbits”, that is to say, a sequence of non-fixed points
Y15 Y25 «oos Yms Ym+1 =Yy such that lim ¢-y; = lim t-y;,; for all i

-0

[ g~ ] t

] .—-.-—.yz

{ )

Fig. 12

Indeed, suppose that a cycle of orbits exists in X. If F < X is a union of
cells closed in X and if F contains one of the fixed points of the form
lim ¢-x; then it must contain all remaining fixed points occurring in the
cycle. On the other hand, two subsequent closed subvarieties in a given
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filtration always differ by one fixed point, since each cell contains one fixed
point. Therefore a filtration does not exist.
In [B-B;] the following is proved.

33.2. TueoreM. Let X be a projective smooth variety. Then the
decomposition into the repelled (or attracted) parts is filtrable.

Nevertheless, using the method described in 1.5, one can construct
examples of G,-actions on complete smooth varieties which admit cycles of
orbits and therefore both decompositions determined by the given action are
not filtrable. An example has been reported in [J,] and will be now
described in more detail. In order to simplify terminology, we think of the
vector ae N as directed vertically upwards in Ng (compare 3.2.2). By Lemma
1.5.1, a cycle of orbits will occur in X; if there is a sequence of cones of
dimension n in Z: oy, 64, ..., O, O+, = 04, such that

1° o0,# 0; for i},

2 dmano,, =n—1,

3* no one of the hyperplanes lin (o; no;4,) is vertical,

4 og,,, is above lin(s;na;,;) (and consequently o, is below
lin(s; no;4 ), for all i).

33.3. EXAMPLE OF A CYCLE OF G,-ORBITS. Let T be the torus of
dimension 3, N the corresponding lattice with a basis &, &,, &;. We define in
Ny the following complex of cones X. Begin with the polyhedron as in
Figure 13 and consider the cones from the origin 0, over the faces of the

~2€,= &y

~25~& -&,-2&,
Fig. 13

polyhedron. Next decompose the inferior cone as showed in Figure 14, The
set consisting of all cones thus obtained is a complex of cones, covering the
whole space Ng.

Indeed, it suffices to check that the cone B (see Fig. 15) intersects
properly (that means, along faces) the cones G and C. All the remaining
intersections either may be obtained by rotation of the above, or are
obviously proper. Therefore we have to verify that: 1) the plane lin(e,,
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=28,

_251-52 -51-281

Fig. 14

— 2, —¢,) separates the vectors (—2¢,—e;) and &5, 2) the plane lin(g,,
— 28, —¢,) separates the vectors &, and (—2&, —¢,). Indeed (Fig. 16),

0 -21" 0 -21" 001
det] —2 -1 0]<0, det]0 —10|>0, det|] =210 |>0
-1 00 1 00 L-100
&,
“25- ¢, K
€
Fig. 15 Fig. 16

(columns express vectors). The complex X is non-singular, as one can verify
directly. Now let o’ =& +¢,+¢;. Consider the circular sequence of six n-
dimensional cones of Z: B, C, D, E, F, G, B (Fig. 15). The determinants
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describing the situation of the vector «' with respect to the faces BN C,
C n D etc. are respectively

1 01 0 01 0-11
dy=det|0 —21 | dy=det|1 —21] dy=det|1 01
0-11 0 -11 0 -21

and so on, cyclically. Then

334, d, <0, d; <0,...,ds <0 (use rotation around the line {¢; +
+e&,+¢€3)). By the remark preceding the present example, the sequence
B, C,...,G makes a cycle of orbits. Unfortunately, ' belongs to the
line spanned by the vector (—&, —&,—¢;), and consequently X; has
non-isolated G,-fixed points. Therefore we choose a vector a=n e +
+ny€,+n363, which forms a sufficiently small angle with &, +¢,+¢; and
such that & does not belong to any 2-dimensicnal cone of Z. The inequalities
3.3.4 with the column [n,, n,, n;]7 in place of [1, 1, 1]7 hold. Now consider
the G,-action defined by a on the variety X, associated with the complex Z.
By Lemma 1.5.1 the G,-orbits determined by the cones BnC,
CnD,...,GnB form a cycle of orbits.

335. Remark. If one does not require the non-singularity of the
whole of Xy, one can disregard the triangulation of the face spanned by
—28,—&,, —&; —2,, —26,—¢, and take o’ =¢, +¢&,+¢&,5 in place of a. Still,
any point occurring in the cycle will not be singular and the example
becomes much simpler.

3.3.6. CoroLrarY. a) The variety Xy constructed in Example 333 is
complete non-projective, smooth.

b) The decomposition of X into repelled (or attracted) parts determined
by the vector a is non-filtrable.

33.7. Remark. Take C as the ground field. Then X constructed as
in 3.3.3 can be regarded as an analytic manifold equipped with a C*-action.
There does not exist any continuous real function on X increasing along the
R>%-orbits.

On the other hand, on any K&hler manifold with C*-action there exists
even a Morse function satisfying the above condition (see [F]). In the case of
projective torus embedding such a function is constructed in 3.2.

Another application of torus embedding in construction of patological
example of a G,-action is given by J. Konarski in [K].

4 — Dissertationes Mathematicae CCXXXVI
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4.1. Poincaré polynomial

We begin this chapter with calculation of the l-adic Betti numbers of
X, that is, the dimensions b; of Hk(X, Q)), by means of the complex Z, in
smooth complete case. The formula for ordinary Betti numbers in case of
complex ground field was first found by E. Ehlers in [E]. Next, Danilov
([Dan]) gave a few demonstrations of this formula. Curiously, the Poincaré
polynomial of X;, P(f) = byt is expressed by a formula much simpler that
the Betti numbers themselves cf. 4.1.1. We give a proof of the formula using
an interpretation of the polynomial P(t) by means of the complex X (see also
32009

Consider the complex vector space N and its standard immersion into
the complex projective n-dimensional space P. The Chow ring of P is the
truncated polynomial ring ZEUJ/U"*' where the coset u of U is the class
of a hyperplane. To any finite set of cones {o;} in N, we attache an element
Y (class of the projective subspace spanned by o;) of the Chow ring of P. Let

a complete non-singular complex of cones be given. Let d; the number of
cones of codimension i in 2. Then obviously the element of the Chow ring of
P corresponding to the whole X is ). d;#'e Z[UJ/U"**. On the other hand,

i
the above element may be calculated using the l-adic Betti numbers of X;.
Consider the G,-action on X determined by ae N such that the fixed points
set is finite and let X; =) X; be the decomposition of X into the repelled
parts (1.5). By Theorem 1.5.3 applied to the non-singular case, X; are of the
form X; =) 0, t running over the set C; = {faces ol w; containing ¢;}
where ¢; and o, are cones of X fixed for a given j, and dim w; = n.
By “Weil conjectures”,

b — number of cells of dim j/2 in X, for j even,
47)0 otherwise

(see [B-B,], [G], [Del]). (Notice that the above formula holds whenever the
cells are locally closed, no matter in which way they are glued together. This

() A shorter argument is added in proof, comment 2°.
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allows to go over the difficulties of the non-projective case.) It follows that
bZI = # {j: n‘dim O'j = l}.
Observe that {J 7 is the intersection of r half-spaces and (n—r) hyperplanes,

MR I .
where r is the Codimension of g, (see [J,] for details). It follows that the

element (u+1)" in the Chow ring of P corresponds to the set of cones C,

and finally, the whole complex X determines the element Y by (u+1)".
i=0
Comparing this with the previous formula we get

4.1.1. ProrosiTioN. The Poincaré polynomial of X is

P() =Y d;(t—1)

by =Y (—1y7" G)dj
)

‘The odd Betti numbers are equal to zero.

and consequently

4.2. Chow ring and l-adic cohomology

Let ¥ be a non-singular complete complex of cones, a;, a,, ..., 4z N
the primitive vectors spanning the 1-dimensional cones in X and let D, be the
closure of the (n—1)-dimensional orbit O, for i=1,2,...

- 421. LemMA. Let me M. Then the order of zero of the rational function
™ on D; is {a;, m) (see for instance [TEA]). Then the principal divisor on Xy
determined by @™ has the form

™ = .Zl (a?, m)-D;.

Passing to the Chow ring of Xy we get that ) (u, m)cl D, = 0, where
cl D; stands for the class of rational equivalence of the cycle D,. Another
obvious relation between the above classes is ¢l Dy, -cl1Dy,-...-cl D, =0,
whenever o; , a;,, ..., o; Spann no cone in Z.

It turns out that thé elements cl D, generate the Chow ring of X; and
the above two types of relations generate all the relations between cl D;. The
system of relations can be reduced in such a way that we get

4.22. TueoreM. In a fixed coordinate system in N let a
= (Gi1, Qs .-, Qi) for i=1,2, ... k. Let I be the zdeal in the polynomlal ring

Z[U,, U,, ..., U.] generated by linear polynomials Z a; U; and J the ideal

generated by all monomials U, U,,-...-U;_such that (s Oy -5 ) are
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minimal sequences spanning no face in X. Then the natural homomorphism

Z[U,, ..., UJ/UI+J)— (Chow ring of X3)

is an isomorphism of graded rings. Those rings are torsion-fiee, and hence fiee
Z-modules. If 1 is an integer prime to the characteristic of the ground field then
the natural homomorphism

Z[Uy, ..., U JI+))®@Q -~ HE(Xy, Q)

is an isomorphism. In case of the complex ground field,
Z[U,, ..., UJ/d+J) = H*(X;, Z).

The “Chow ring” and “l-adic” part was proved by the author in [J,] in
the following cases:

1) when X is projective,

2) when X is complete of dim < 3.
Then Danilov proved the general version in [Dan], Ch. 3.

43. Cohomology ring of X;(R) with coefficients in Z/2Z (')

See [M] for the basic relations between Morse functions and homology.

In this section * denotes reduction mod 2. We consider the case of the
ground field C, and assume X to be projective, non-singular. We shall find
formulas analogous to Theorem 4.2.2 for the real part X ;(R) of the complex
variety X;. The author is able to calculate cohomology with integral
coeficients only for torus embedding of dimension 2 (see 4.5). In the general
projective case we restrict our considerations to H*(X(R), Z,).

For the rest of this paper let V denote the real part of X; for a given
complex X. We shall often omit the coefficient ring Z, in the notation of
homology groups. By Poincaré duality, we .identify H*(V, Z,) with
H, (V,Z;). For i=1,2,..., h let E; be the closure of ¢, (R). This is a
closed subvariety of V, of codimension 1. The corresponding element of
H'(V, Z,) will be denoted by cl(E)).

43.1. TueoreM. The homomorphism
D. Zz[Ul,..., Uh]'—PH(I/, Zz), UH-’CI(E;),

induces an isomorphism of graded rings

i: Z,[UJJU*+J*)=H*(V, Z,), wheredegU, =deg U, =...=1.

(') F. Ehlers in [E] gives a formula for the groups H,(X;(R), Z/2Z), for an arbitrary
complete torus embedding. However. it seems that there is an error in his prool. As [ar as I
understand, the Theorems 2 and 3 are not correct if Xy is not assumed to be projective
(compare 3.3 of the present paper or [J,]). After all, my proof does need the same assumption.
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Proof. The subvaricties E, E,, ..., E, intersect transversally (use
local coordinates). The intersections E;, nE;, N...N E; (where iy, ..., i; are
all distinct) are also closed subvarieties, and hence they define the elements
Cl(Ey N...NE) =cl(E;,)"...-cl(E;) of H*(V, Z,). We shall describe some
relations between these elements. Consider the decomposition of Vinto T>°-
orbits (Fig. 17). By 2.4.1, V consists of 2" copies of the variety with corners

9 S

X200 \
T N '

a

Fig. 17

X9 identified with a polyhedron 4 (see 3.1), glued together along faces of
dimension n—1, in the way indicated by the complex. The T>%orbits are the
open faces (compare 4.4 and Fig. 21). ‘

This is a cellular decomposition and each variety E; n...NnE, is a
union of cells (not confound them with the cells defined in 3.3). For a given
me M the character 2™ is regular and not null on n-cells, for they are all
contained in T(R). We consider the chain ¥, with coefficients in Z,, of
those n-cells in which 2™ has a positive value. The boundary d¥7, of this
chain consists of (n— 1)-cells on which the rational function 2™ changes sign;
hence the order of zero of this function is odd. From Lemma 421 we
conclude that for i=1, 2,..., m:

E, occurs in v, < <{0o;, md>=1(mod 2).
Passing to cohomology classes, we get
Y. <o, my*-cl(E) =0, for all m.

In particular,
(i) Zau C](Ei)=0, forj=1,2,...,n.
i
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On the other hand, if («, ,, ..., @) is a minimal sequence spanning
no face, then E; n...nE; =@ and hence

() cl(E;):...-cl(E) =0,

It follows from (i) and (ii) that the homomorphism p induces the
homomorphism i of the theorem. It remains to prove that it is an
isomorphism. For this purpose, using the Morse function on V defined in
Theorem 3.2.5, for some fixed &, we shall show the way in which a basis of
H'(V,Z,) can be chosen from among elements of the form
CH(E;, ) Cl(Ey,) ... cl(E;).

Let x, be a fixed point and @ a T(R)-orbit in V. We shall say that @
culminates in x; if x,e @ and f(x) = f(x) for all xe ¢ (compare 3.2.1). We
assume that the critical points x,, x,, ..., X, (or equivalently, T(R)-fixed
points) are enumerated in such a way that f(x;) <f(x,) <... <f(x,). Let 4,
be the index of the function f at the critical point x;,. Among the orbits
culminating in Xx, there is precisely one of maximal dimension, equal to n— 4.
The closure of this orbit, which is a subvariety of ¥, will be denoted by
Vit (1). Let V; denote f~!(]— o0, f(x)[) (the inverse image of the open hal-
line), for I'=1,2,...,r,and V,,, = V. Then V|* < V,,,. We shall express the
homology of V¥ by relative homology groups Hy(¥,,, V). By the standard
properties of a Morse function,

Z, for k=n-4,

H, Vi1, Vii Z)) = {0 otherwise

Consider the standard homomorphism

Hn—).,(VHl’ ZZ)_) Hn—;ll(.Vl+ 1s ‘/l; ZZ)'

43.2. LemMMA. The image of cl(V;*) is not null (hence it is the
generator).

Proof. Consider the formula 3.2.6 for the Morse function f, in the
local coordinates at the point x,. We may suppose that a,, q,, ..., a,, are
positive and a; 4, ..., a, negative. Then in a neighbourhood of x;, ¥;* is the
subvariety defined by Zy+1=...=1z,=0, where z; is the coordinate
corresponding to g;. This proves the V" may be taken as the “lover disc” for
the point x;.

4.3.3. CoRroLLARY. The classes of Vi*, V5*, ... form a basis of H, (V, Z,).
Proof. Consider the exact sequence

Hn—).,+1(VI+1: Vl) _)Hn—ll(Vl) I Hn—l.l(v;+ 1)—} Hn—).,(Vl+1 s I/l)

(') 1t coincides with the real part of the closure of cells defined in [E], 4.1.i with & in place
of v.
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(the coefficient ring Z, is omitted). The first space is {0} and the last
homomorphism of Z,-spaces is surjective. The resulting short exact sequence
splits, the last space is spanned by cl(¥;*) and hence

. Hn~1,(Vl+1)=Hn—;.,(Vt)@Cl(VlJr)-

Homologies in the remaining dimensions do not change when the point x; is
exceeded. Finally,
HV)= @ <lW)).
Layj=n—r
Now, for fixed [, let @ be the maximal (with respect to the dimension)
T(R)-orbit culminating in x;, and j,, s, ..., j,, be indices such that a) -R*°+

+oy, RZO+ ... +a,l'~R>° is the face of £ corresponding to (. Then the

monomial U 11'UJ'2""'UJ'A, is sent onto cl ();*) by the homomorphism p.

It is shown in [J,] that the set of monomials which arise in this way
-generates the Z-module Z [U]/I+J); hence also the Z,-space Z,[U]J/I*
+J%). In this way have indicated the generators of Z,[U]/I*+J*) whose
images under i form a basis of the space H'(V, Z,). It follows that i is
bijective. Moreover, multiplications in the two rings- coincide, as required.

4.4. Orientation

The variety V is equipped with the action of the group u of reflexions.
(see 2.4.1). Also, for all k the group u acts on the set of k-cells. Moreover, for
k=n it acts effectively and transitively. This action allows us to define
orientations in cells: choose arbitrary orientations in the cells occurring in
'XZ° and transport them to all other cells by reflexions. This procedure is
well defined in view of

44.1. LeMMA. Let u and w be two reflexions and K, K, two cells such
that u-K, = K,, w-K, = K,;. Then the actions of u and w coincide on K,.

z0

Proof. The cell K, is of the form y-K° where K, is contained in X3
and y is a reflexion. Therefore we may suppose that K, itself is contained in
X7° Consider the reflexion v=w"'u. Then v-K; =K;. Let ¢ be the
distinguished point contained in K,. We shall find the image of ¢. For any
me M such that the function 2™ is regular in ¢ we have (v-¢)" =v™-g" = *1
‘or 0. Nevertheless, (v:€)™ = 0, since v-ee K; = X7°. It follows that v-¢ is the
distinguished- point, i.e. e. Finally, v is the identity on the whole T>°-orbit
through .

442. Remark. The orientations just defined have the following
property: whenever a (k—1)-cell K, is in the boundary of the k-cells K, and
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K, then the orientation of both these k-cells induces the same orientation on
K, for all k. Hence one gets a kind of a “completely disoriented complex”.

443. THEOREM. Let ay,a;, ..., a, be as in 42. Then the variety V is
not ovientable iff’ there exists a subset {ail, &, .05 4} Of the set {o;} such
that s is odd and a; +a;,+ ... +o; =0 (mod 2). (Other formulation of this
condition: there exist integers ¢y, C,, ..., C, Such that ¢, +co+ ... +¢c, =1 and
€% + ... +¢pa, =0 (mod 2)).

Sketch of proof. Let (K,, Ky, ..., K,_;, Ky) be a circular sequence
of n-cells, such that K; and K., have common (n— 1)-cells in the boundary,
j=0,1,...,r—1. The oriented cells K,, —K;, K;, ..., (—=1)"*K,_, have
compatible orientations, by Remark 4.4.2 (Fig. 18). The last orientation is

Fig. 18. Notice that not all points of contact of the cells Ko, K; and K, are indicated.

compatible with the orientation of K, iff r is even. For j =0, 1, ..., r—1 we
choose a common (n—1)face of K; and K;,,, and let o s be the
corresponding vector among oy, ..., «,. We consider the reflexion
(—l)ajl, ooy (—l)ajr and conclude that their product equals to 1e T, hence
@, +...+a;, =0 (mod 2).

Conversely, the sequence Ojys -+, 0y such that Zajk = 0 gives rise to a

circular sequence of n-<cells, for example
T>0, (_ l)"j1 . T>0, (_ 1)“11 +412, T>0, ey

which admit compatible orientations iff » is odd.
45. Two-dimensional case, homology with integral coefficients

Through this section for ce Z, we designate by c* the integer (not the
element of Z,!) 0 if ¢ is even and 1 otherwise. We consider the case of n = 2;
then V is a real surface.
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The complex X is shown is Figure 19.
Each subvariety E, is the circle P, (R); hence, with a suitable orientation,
it determines an element cl(E;) of H,(V, Z).

Fig. 19

45.1. TueorReM. In the notation of 4.2, let XY be two-dimensional

complex. Then
a) H,(V, Z) is generated by the elements cl(E), i =1, ..., h, with the
relations: '

Y <a;, my*cl(E) =0, forallmeM.

b) This infinite system of relations can be replaced by three of them. In
the coordinate system of 4.2,

H,\(V, Z) = Z"/4

where A is the subgroup generated by the elements

(al#l, a‘fl; veey alﬁ)7 (al#Zs afz’“" aIEL ((all +a12)#9 -"s(ah1+ah2)#)'
o) H,(V,2Z)=Z'"*@®Z, (hence V is not orientable), except when the

complex X looks as in Figure 20, with d even. In the last case V is
homeomorphic to the torus S* xS'.

&,y

&

Fig. 20
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Proof. a) There are 4 reflexions in this case. In the given coordinate
system we can designate them by (+ +), (+—), (—=+) and (——). For
example, (+ —) stands for (1, —1)e T = C* xC*. Let W, W,, ..., W, be the
1-dimensional T>%-orbits in XZ° For each i, among the sets W,,(+ —)- W,
(= +) W, (— —)" W, there are two different ones. One of them is W, and the
other will be designated by W;® (Fig. 21). With this notation the cells are:

O-cells: x;, X;, ..., X, (fixed points),
1cells: W, W,°, W,, W,°, ..., W,, W™,
2cells: T>°, (+-)-T>% (—+) T>°, (——=)-T>°

Fig. 21

The orientation is shown in Figure 21 (compare with 4.4). In analogy to
43 we define, for each me M, the 2-chain ¥, with coefficients in Z,
consisting of 2-cells on with 2™ is positive. The coefficients are chosen in
such a way that the orientations of the cells are compatible; see Remark
442 .

Namely, ¥, is either T>°—(+ —)-T>% or T>’~(—+)- TV or T~
—(—=~)-T>° depending on m.

The orientation cycle of E; may now be written in the form W,— W®.
The 0-chains corresponding to the fixed points will be denoted by the same
symbols x;, x5, ..., x,. The group of chains with respect to the cellular
decomposition under consideration can be written in the form convenient to
homology computation:

Cy= Y, (Vmy@d<T>%),
meM
({¥ > is the group of chains generated by ¥, etc.),
Cl = <Els EZ’ tevs Eh>®<Wl7 W2s trey pVh>’

CO = <x17 X2y ceny xh)'
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To describe the boundary map d,, notice that if the cell W, occurs in the
boundary of the chain ¥, for some m, then also W;® occurs in it, and by the
argument similar to that of § 1 we get

0y (¥ 'm) = ; oy, my* (W= W) =¥ {oy, m)* E,.

Further,
L(T>) =W+ W+ ...+ W,
3 (E)=0, 8 (W) =x—X-,.
Hence we obtain:
H(V,Z2)=H XV ) > (Ey, .., By~ 0)@
®H, ((T>*) > (W, ..., W> —
=Xy, s X)) =By, Eh>/§ OV >,

since the second sequence is exact.
b) It suffices to notice that the chains ¥, are all of the form either
Y0 OF Y01y OF ¥(1,1)-

¢) A priori, in the sequence a,, a,, ..., a, there can occur, mod 2, r
distinct elements, where » = 1 or 2 or 3. Nevertheless, the case r = 1 cannot
occur for any nonsingular complex Z. :

r=2: If X;is not a relatively minimal surface, then it contains an
exceptional divisor corresponding to the element «; for some i. It results that
o =0+ (see e.g. [TEA]). This excludes the case of r = 2. Otherwise, if
X is relatively minimal, one considers all possible cases to conclude that
only the complex as shown in Figure 20 with d even, leads to r = 2. In that
_case, using assertion b), we obtain that H,(V, Z) = Z2.

r=3: Since the order in the set {ay, ..., a,} is irrelevant in the proof,
we may assume that «; = (1, 0), ay = (0, 1), a3 = (1, 1). Then the subgroup A
of Z" is spanned by three elements of the form

a=(1,0,1,» %, ...,%), b=0,1,1,% %, ...,%), c=(1,1,0,*, %, ..., %),
with a+b = ¢ (mod 2). Hence Z"/4 = Z""3@Z,, which completes the proof.

452 Remark. Sketch of another proof of assertion ¢): X; can be
obtained either from the complex surface P?(C) or P*(C)xP'(C) or F,;(C)
by several blowing up’s. It follows that V= X ;(R) is obtained either from the
surface P,(R) or the torus S! xS! (for d even) or the Klein bottle (for d odd)
by glueing in a suitable number of Moebius bands in place of points of V.

Theorem 4.4.3 is somewhat provisional. It might be interesting to
express the ring H(V, Z) in a similar form to that of Theorem 4.3.1, for
arbitrary dimension.
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1° Theorem 3.1.4 b), first published in 1981 in [J;], was in fact a version
of the ,convexity theorem for the moment map”, cf. Atiyah [A] from 1982, a
paper by L. Ness with the appendix by Mumford [N+ M] from 84 and
Guillemin and Sternberg.

Indeed, let A "M = {mgy, my, ..., m;} in the notation of Chapter 3. Take
in C*** the standard norm [[v]] = ) [v;]® Consider the action of T on C***
given by

mo

(+) go=(g""vo, ..., g0y

and the corresponding action of T on P*. Let u: X, & P° be given by u(x)

=(x", ..., x™). Then u(X,) is a closed invariant subset of P* and
u: Tou(X ) is a torus embedding isomorphic to (T < X ). According to
[N+M] the moment map .4 with respect to the action (x) is defined as
follows. Take xe P*, ve C**! lying over x, ge T and set r,(g) = |lg-v||>. The
norm is invariant with respect to the compact torus ¢ — 7. The tangent space
at the identity e to T7° = T/(c—T) is canonically isomorphic to Ny=N
®R; hence the differential d,(r,) taken at the identity may be viewed as an
element of N% = My. By definition #: P°—> My, #(x)=|v||"?d.(r,).
Observe that under the previous identification d,(g—|g™) = m. It follows
that .#(x) = 2-([v]|"2Y [»*m;. In order to obtain the moment map on X,

we have to preceede .# by the immersion u, Finally we get
m mp—1
Mou: X g Mp,  ye (S 2m) (T )

This is (up to the factor 2) the map

20 20
X,»-X37">X3°->4

from page 26 of [J3] (Thm. 3.2.5 of the present paper). Theorem 2 part b) of
[J3] (Thm 3.1.4 b)) obviously implies the convexity of the image of X , by the
moment map. Atiyah ([A]) proves the similar statement in the context of
Kihler manifolds. Mumford’s proof in [N+ M] covers the general case of a
reductive group action (and needs some refinement of the map .4).

2° One more proof of Ehlers formula (Prop. 4.1.1): For j=0,1,...,n
there are d; orbits of dimension j in X;. The orbits are locally closed
subschemes defined over Z and isomorphic to some products G, x ... x G,.
Forr=1, 2, ... and the field Fp,, the number of Fp,-points of G, is pr—1. It

follows that the number N, of F ,-points of Xy is N, = Y d;(p"—1). Let
=0

2
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dg, Gy, -+ Gy be integers such that ¥ a;¢/ =Y d,(t—1Y (¢ is a variable). Then
() N, =Y ap’ =Y ().
X, is a scheme defined over Z, smooth in all characteristics and complete.

Then, by “Weil conjecture” (proved in [Del]), if ey, ey, .., €y, fi, f2, -0 ks
are complex numbers such that e,  f; for all @, f and N, =) e, -} f; for

all r, then the Betti numbers are by = #1{j: le] = p'}, bz,:l = ;;L{j: I£l
=p'*12, So by (¥*), by(Xg) =a;, by+ (X9 =0 for all i

Finally, I would like to thank James B. Carrell for suggesting to me the
connection between the moment map and [J5].
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