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Introduction

In this paper we define the derivatives of noninteger order for functions of sev-
eral real variables, examine their properties and solve certain initial and boundary
value problems for differential equations of noninteger order. In Chapter V we also
present other applications of these derivatives.

G. W. Leibniz was the first who gave a definition of the derivative of noninteger
order and since then the existence, properties and applications of such derivatives
have been examined by many authors with the considerations focused mostly on
the one-dimensional case (cf. [34] and [40]).

A number of the results discussed here, especially those concerning initial and
boundary value problems for differential equations of noninteger order, have been
published in the author’s earlier papers (cf. [24]-[28]); however, in this paper these
results are generalized and uniformly presented.

The paper consists of five chapters. In Chapter I we introduce the notation,
and give the definition and basic properties of the derivatives of noninteger order.

Chapters II-1V deal with boundary value, multipoint and initial value prob-
lems for partial and ordinary differential equations of noninteger order, respec-
tively.

Chapter II concerns a characteristic problem which generalizes the Darboux
problem for the Mangeron polyvibrating equation (cf. [6], [21] and [23]). Reducing
the problem to a nonlinear integral equation we give sufficient conditions for the
existence and uniqueness of its solution. Moreover, we prove that the solution
depends continuously on the initial data.

In Chapter III we consider a two-dimensional noncharacteristic boundary
value problem of Z. Szmydt type and prove the existence of its solution.

In Chapter IV we examine a multipoint problem for ordinary differential equa-
tions of noninteger order.

Finally, in Chapter V we give further applications of the derivatives of nonin-
teger order. First, basing on the properties of the derivatives given in Chapter I,
we construct new examples of Mikusinski operators which are functions. Then,
we generalize the Cauchy and Schwarz integral formulae for analytic functions of
several complex variables defined in a polydisc.

Throughout the paper N denotes the set of positive integers, Ny = NU {0}, R
is the set of reals, R, the set of nonnegative numbers and C the set of complex
numbers.
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I. Derivatives of noninteger order

Let z = (x;), t = (¢;) and o = (o) belong to R™. We write t < z (¢ < z)
if t; < x; (& < x;) for i = 1,n and set |z|4 := >0 @, ® = [, 23,
0:=(0,...,0) e R"and 1:=(1,...,1) e R".

For t < z, the open n-dimensional interval (¢;z) is defined to be the subset
of the form {£ € R" : t < £ < z}. Other types of intervals are defined similarly.
Finally, for z € R™ and a nonempty domain {2 C R™ we introduce the set 2(z) :=
{te 2:t<a}.

Let f: 2 — R be locally integrable (we write briefly f € Li ), and p = (p;) €

loc

N§ such that o < p. We define the derivative D f at the point = by

N DY [, (@—t)"f(t)dt/T (1 —a) for o <O;
(1.1)  Df(z) := {Dppggﬂx) for @ € R\ (—o0,0]"

(I'(«) :== ], I'(e;) with I'(cv;) being the value of the Euler gamma function),
where D! and DP are understood in the classical sense (we assume that for p > 0,
DP=1D2=P f is absolutely continuous in each variable).

By the derivative D*f of f in {2 we mean the function which assigns the
number D f(z) to every point x € 2.

ProposITION 1.1 ([9], pp. 311, 312). Let I, I, C R, I = I x I, and let
w,v Iy — Iy be monotonic and absolutely continuous. If v: 1 — R is absolutely
continuous in the first variable and measurable in the second, and if |v(&, h)| <
M (n) with M € L*(Iz) and D¢v € LY(I), then

v(€) ,
(f v(f,n)dn)
u(§)
v(§)
= [ Dev(&.n)dn+ V' (€)v(E, (&) — W ()v(& n() ae inly.
u(§)

Let A; := inf{z; : x € 2} and B; := sup{z; : = € 2} and write A := (4;),
B := (B;) € R™. If 2 is bounded then, without loss of generality, we set A = 0.
It easily follows from Definition 1.1 and Proposition 1.1 that, for a = p € N,

D f(x) = D' [ f@ydt=D" (D' [ f()xq(t)dt)
Q2(z) (Asz)
=DPf(x) ae. in {2
(where x, is the characteristic function of {2), and for a > 0,
D f(x)= [ (-t " f(t)dt/T(a) ae. in Q2.
Q2(z)
Denote by || - || the L™ (£2)-norm (m > 1).
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LEMMA 1.1. If 2 is a bounded domain in R™, a > 0 and f € L"™({2), then
D=*f € L™(f2) and the linear operator D~ : L™ (§2) — L™(§2) is continuous.
Moreover, for a > 0 the operator D™% is completely continuous.

Proof. f > 0 implies D=*f > 0. Observe that z < 1 — 1/m + 2™ /m for
z € Ry and m > 1. Thus, D~?|f(z)| < D *(1—1/m)+ D “|f(x)|™/m, whence
and by the Fubini theorem we get

J 1D f (@) dx < const(L + || f7).
2

(here and in the sequel const denotes a positive constant).

This proves that D= f € L1(£2).

Next, we prove that D~ f € L™({2). Obviously this holds for m = 1. Let
m > 1. By the Holder inequality, for o > 0 we obtain

([ =0 trdr)”

2(x)
m/(m—1)
<( J@-vtar) [ @— 0= 5 at
(05) 2(z)
and hence (D~¢|f(z)|)™ < const D~¢|f(z)|. As [f|™ € L}(£2), we have D~%| f|™
€ L'(£2) and, by the above inequality, |[D~f|™ € L'(£2). Moreover,
(1.2) D™ fllm < const [[f]lm

whence D~% : L™(£2) — L™({2) is continuous. The argument for o > 0 is
analogous. Thus, the proof of the first assertion is complete.

Now, we prove the complete continuity of D~ for « > 0. First we consider the
case m = 1. By (1.2) with m = 1, the operator D~ is bounded. Let h = (h;) > O.
Then

il ] [ @+h—t7tf@)ydt— [ (z =) f(t)dt|dx < T + I + I,
2 Q2(z+h) 2(x)
where
L= [de [ (+h—1t)""x,®)|f()dt,
0 (z;z+h)

121

[ dr [ Gt h -t @0 de,
0 Q¢n

Iy:= [ dz [|(@+h—1)"" = (2" x| f ()| dt
2 (0;z)

and 2, := (0;2 + h) \ ((0;2) U (z;2 + h)).
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The integral I; can be estimated by
L= [ (=0 [ xole+0)f(e+0)de)do < h*|flli/a’.
2

(0sh)
Now, observe that (2, j, is the sum of the sets

n

i—1
Q;E:)h X (o mp + hi) x (0521) X X (@28 + hy) -
k=1 k=i+1
Repeating the argument used for I; we obtain

n n n
L=>" [de [ (z+h=t)""xo@)|f(t)]dt <constd ]Il
=1 Q o0 =17=1
=k J#i
In order to estimate I3 we use the following proposition whose inductive proof
is omitted.

PROPOSITION 1.2. If a;,b; € R (i = 1,n), then

[ TT0 =St -0 T T 0

i=1 j=1  k=i+1

(where here and in the sequel Hj:q a; =1 forp<gq).
By the Fubini theorem we have
L [ [l@+h=0""" = (@— de)x,0)f ()] dt
2 (B)
and hence, by Proposition 1.2, we get

[l@+h—1)" = (z—t)* | da

(t;:B)
Z J @i+ b = )™ = (s — )™ 1|ij +hy =)

1= 1(tB)
n
X H X — t) T 1ala:<consch°“l—IBO‘J',
=i+1 =1 =1

J#
where @; := min(1, ;). Thus

n
I < const Y h%|fly .
i=1
Combining the estimates of Iy, Is and I3, we obtain

[ ID=f(x+h) =D f(x)|dz < P(h)||f]|1,
(]

where P(h) — 0 as h — 0.
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Set By :={feL™(§2) : ||fllm < o}. From the M. Riesz compactness theorem
(cf. [18], p.242 and [12], p. 166), we conclude that the set D~*(B}) is relatively
compact in L (£2). Hence, the operator D~ is completely continuous, as required.

Now, assume that m > 1. For o > 1 the operator D~% : L™ (§2) — L™({2) is
completely continuous since its kernel is continuous.

Define
D= fla(@) == [ min{(x — />, n} £(t) dt/ ().

Clearly, the operator [D~?%],, : L™ (£2) — L™({2) is completely continuous.
Assume that a3 = min(ag,...,o,) < 1 and fix 1 < r < 1/(1 — ;). Then
c1 = fQ(:v) (z — )"V dt < co.
By the Holder inequality, we have the estimate

D™ f(x) = [D™ fln(2)]
1-1/m 1/m
< ( [ kala,t) dt) ( [ kb)) f(t)|mdt> /()
2(=) 2(x)
with k, (z,t) = (x — )*~ 1 — [(z — t)*~1],,. Moreover,
[ kol tydt < [ (z—t)* "t
2() An(z)
where A, (z) := {t € 2(x) : (x —t)*"! > n}. Note that
(x—t)* 1 <pl="(z —t)rleb
for t € A,,(z) and hence
f En(x,t)dt < cin'™".
2()
Thus
[P0 — (D™ flullm < const(ern’ =)=/ [D0 " 1™
Consequently, by (1.2) we have
ID™f =D flnllm < const n(l_r)(l_l/m)”mea

which proves that D~ as a limit (in the space L™ ({2)) of completely continuous
operators, is completely continuous.

Remark 1.1. Let v € R". We say that f belongs to C.,(£2) if f is continuous
in 2 and f(t)(t — A)Y is bounded for every t € 2. C,({2) with the norm |f|,
= max{|f(t)|(t — A)Y : t € 2} is a Banach space. Assume that o,y > 0,0 <§
< 1land a+v—6 > 0. Observe that |D™*f|, < cg,a,64|fls, With co a5~ =
(B—A)*t =91 (1—6)/I'(1+a—46), and hence, D~ is a bounded linear operator
from Cj5(£2) into C,(2), completely continuous for a > 0.
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In the sequel we shall use

PROPOSITION 1.3 (generalized Minkowski inequality, [29], pp. 27, 28, [30], pp.
158-160). Let £, C R™ with ni € N, k = 1,2, be measurable sets and let m > 1.
Then for any function v : {21 X 25 — R,

(J fv(ﬁ,n)dn\mds)l/mg J(J |v(£,77)|md£)1/mdn,
2 2 2 2

provided that the integrals on the right-hand side exist.

LEMMA 1.2. Let fe L™(2) with £2 C R™ being bounded. The function R >
a— D™f e L™(12) is continuous. Moreover, the function « — D™, mapping
R% \ {0} into the space of linear continuous operators from L™ (§2) into itself (cf.
Lemma 1.1), is also continuous.

Proof. By Proposition 1.3, for f € L™(f2) and o € R,
(1.3) 1D~ Flln < B fllm/ T (1 + 0.
1°. Consider the case o« > 0. We have
D f(x) — D P f(x) =T1f(x) + T f (),

where
Nf@) = [ (@—8° " f (1) dt/(1/1(0) = 1/T()).
Tof(z) = [ [z =1 = (@ =) f(t)dt/T ()
and G > 0.

Inequality (1.3) immediately yields
T3 fllm < [1=T() /T (BB fllm /T (1 + ) .
To estimate the norm of 75 f, by changing the variable we have
Tof(@) < [ 7 =770 f(@ = )x oz — )| dt/T ().
(0;B)

Proposition 1.3 now gives

1Tofl < [t 1= [ 1f@—Oxgle -1 de) /(@)
2

(0;B)
<Nl [ t7H L =87 dt/ T ()
(0;B)
Summarizing, we obtain
1D~ f =D fllm/ Il < |1 = () /T(B)|B*/T(1 + @)

+ [t =7 dt /()
(0;B)
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Since the above integral is convergent as 3 — «, and since I is continuous for
B > 0 and I'(B) # 0, the right-hand side converges to 0 as f — «.

2°. For a > 0, a # 0, the above considerations are valid with the n-dimensio-
nal integrals replaced by k-dimensional ones, where x := |(sgn;)|+ (0 < kK < n).

Hence, the second assertion holds. Moreover, it implies

|ID~f —D Fflln —0 asf—a.

3°. Consider the case a = 0. We shall prove that |[D~%f — f||,, — 0 as 8 — 0.
Without loss of generality we can assume that 8 > 0. Indeed, otherwise

ID™f = flin S IDf =D fln + D77 f = fllm s

where v > 0, and the first term of the right-hand side tends to 0 as v — [ (cf
the proof above).

We have
D @)~ f@) < | [ @ Oxple — D dt/T(8) ~ [ (@)
(035z)
< Tsf(x) + Tu(z)
where

Tsf(x) = [ "7 f(z —t)xn@—t) = f(@)]dt/T(B)
(0;7)
and
Tif(z) := f(2)la” /I (1 +8) —1].
Obviously,

ITufllz < [ 1£@)™|e? /P + 8) = 1™ da
(9}

and the Lebesgue dominated convergence theorem immediately shows that
[Tafllm — 0as B — 0.

For given € > 0, let P be a polynomial such that ||f — P||,, < . Hence
L5 fllm < |T5(f — P)|lm + || T5P||m. Applying Proposition 1.3 to the first term
on the right-hand side we have

1T5(f — P)|lm < 2B°||f — P||;n/I'(1+ B) < conste.

For the second term we have

ITs Pl < ;! (( f)tﬁ max (max [ D:P()|)|e 1 dt/T'(8) ) d
0;x

< const(|8|+/I(1+ 5))™

with const being independent of 3, and so T3P — 0 as 8 — 0. Hence, the proof
is complete.
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In the sequel we need the notation
Roo={x € Q:02(x)={x}} and 2, =02\ Rsp.

LEMMA 1.3 (cf. [47], p. 126). Let f € L' () with 2 bounded, a > 0, A > 0
and assume that

(i) there is a neighbourhood U of Rggq in R™ such that f < 0 a.e. in UN 2y,
(ii) f < AD™*f a.e. in (2.

Then f <0 a.e. in (2.

Proof. Assume that f satisfying (i) and (ii) is continuous, and that A =
{x €2y : f(x) >0} #0. Set s =inf{|z|; : x € A} = |2°| . Obviously z° € A.
Moreover, f(z°) > 0 by the continuity of f. If % € A, then |z|, < |2°]; = sY for
every x € 2(z°)\ {#°} and this implies f < 0 in 2(2°)\ {2°}. Hence, by (ii) and
definition (1.1), we have f(z°) < AD~®f(2") < 0, contrary to the assumption
2% € A. Thus, 2° € A\ A C Ry and UN A # (. But (i) shows that f <0 in U,
and, by the definition of A, f > 0 in A. Therefore A = () and the assertion holds
for f continuous.

Let f be an integrable function satisfying (i) and (ii). By the Lusin theorem,
there exists a sequence (fi)52, of continuous functions such that f, < f and
limy oo fr = f a.e. in 2. We will show that the functions fi (k€N) also satisfy
(i) and (ii). Obviously, fi < 01in UN{2, for every k. Assume that fi, > AD~“ f on
a subset of {2, having a nonzero measure. By the Lebesgue dominated convergence
theorem, f = limg oo fr > Alimg_0o D™ fr, = XD~ f, which contradicts (ii) for
f. Since the assertion of our lemma holds for every continuous function, fr <0
in (2, (more precisely, fr < 0) and hence f < 0 a.e. in {2}, which ends the proof.

The following corollary is an immediate consequence of the above lemma.

COROLLARY 1.1. Let §2 be a bounded domain and v € L'(£2), a > 0 and
A > 0. Assume that f,g € L*(£2) and that

(i) there is a neighbourhood U of Rygq in R™ such that f < g a.e. in U N 2y,
(ii) f<v4+AD%f and g > v+ AD g a.e. in (2.

Then f < g a.e. in 2.

We say that a domain (2 satisfies condition (V) if for every z € 2 and t € 2(z)
the interval (¢; ) belongs to 2.

LEMMA 1.4. If f € L1(£2) and o, 3 > 0, then
(1.4) DD Pf)) <D CHDf|  a.e in 0.
Moreover, if §2 satisfies condition (V), then D=*(D~Pf) = D=8 f q.e. in 0.
Proof. We begin with the case o, 5 > 0. By (1.1) and the Fubini theorem,
DA @) = [ (e-0° ([ (-7 ) dr) dt/(D(@) ()

2(z) 2(t)
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= [ ([ @=02=n ) |f(0)] dr /(D ()T (8))
Q2(z) ()N

[ (& = 7431 f() | dr /e + B) = D@49 ()

IN

with equality if (7;2) C 2 for all 7,z € {2 such that 7 < z (this happens for
example if (2 satisfies condition (V)).

By Lemma 1.2, we obtain (1.4) for > 0 and 5 > 0, 8 # 0. Clearly (1.4) is
also satisfied when 3 = 0.

The proof of the second assertion is similar.

Thus, the proof is complete.

As an immediate consequence of Lemma 1.4 and definition (1.1), we obtain

LEMMA 1.5. If a,3 > 0 and D* P f exists, and if the domain §2 satisfies
condition (V), then

(1.5) DD Pf(x) =D Pf(x) a.e in .

In the sequel we equip the space L!(§2) with the norm

(1.6) Il = [ 1F(O)]exp(=7lt]4) dt
2

where 7 € R, is fixed. Since exp(—7|B|+) < exp(—7|z|+) < 1 in {2, the norms
|- |l1.- and || - ||1,0 are equivalent if £2 is bounded. Hence, the space of integrable
functions with norm (1.6) is complete (cf. [37], Secs. 1.7, 1.26).

LEMMA 1.6. Assume that §2 is bounded, g € L™(2) with m > 1, r € N,
al,...,a” e RTA\A{0} and AY,... ) \" € Ry If f € L™(£2) and

(1.7) 0§f§g+iAjD’°‘jf

j=1
a.e. in {2, then
oo v ) (i)
(1.8) F<g+> Y VNP Ty
v=1 1<iy,...,1, <r j=1

where oY) = o™t 4 ... + a'. Moreover, if 2 satisfies condition (V), then the
right-hand side of (1.8) is a solution of the equation

(1.9) f=g+ Y NDf

j=1

with \', ..., \" € R. This solution is unique in the space of integrable functions.
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Proof. Applying (1.7) k£ times and using the properties of D~ (cf. Lem-
ma 1.4), we get

k v v
VIS S ST | £ AR S | Py

v=11<i1,...,i, <rj=1 1<iy,..igg1<rj=1
a.e. in 2.
Set A := max; M, o := (min; j o) € R? and choose 7 so that q := rAr~lel+
< 1. By direct calculation one can prove

v
(i k+1)
| > Ty <d* sl

1<it,eyiy <r j=1
whence the series
o0 v )
> X vy
v=11<i1,.c0si, <1 ji=1
is convergent in L'(£2). As g € L™(£2) the series is also convergent in L™({2) (cf.
Lemma 1.1). By (1.7), this yields (1.8).

Observe that (1.7) with ¢ = 0 implies |f| = 0, which means that equation
(1.9) has at most one integrable solution. One can prove the existence of such a
solution in a way analogous to that above by using condition (V).

Thus, the proof of Lemma 1.6 is complete.

Setting r = 1, we have the following consequence of the above lemma:

COROLLARY 1.2. Let §2 be bounded, g € L™(§2) with m > 1, a« > 0, a # 0
and N € Ry. If f € L™(f2) and (1.7) holds with r =1, then

(L10)  f@) < g(@) + MDY ([ (@ =D Eaara(Ma—1))g(t) dt)
where
(1.11) Bou(z) =) 2*/T(ko+p) (2€C; poeRE\{0})

k=0

is the Mittag-Leffler function (cf. [13], p. 117). Moreover, if §2 satisfies condition
(V), then the right-hand side of (1.10) is a solution of equation (1.9) with r = 1.
This solution is unique in the space of integrable functions.

Let us point out an interesting property of the Mittag-Leffler function E,, ,.
Set « > 0, a #0, 2 =[A;00) := {x € R" : A < z} and define fi(z) :=
(x — A)* "By 1rai(Mx — A)®), z € 2, where | € N} \ {0} is chosen so that
1+a—1>0and A € R. Using the relation
(1.12) DY ((x = A)/T(1+7)) = (& = A7 /T(L+v— )

(6 € R™, v > —1), which can be easily obtained by direct calculation, we notice
that f; satisfies the equation D f; = Af; (o > 0, a # 0).
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In the remainder of this section we assume that the domain (2 is bounded and
satisfies the condition £2(x) = (0;x) (hence, {2 satisfies also condition (V)), and
that f € L1(£2). As a consequence (cf. Lemma 1.4), for o < 0 we have

(1.13) DOf(z) = D ... Do f(z),

where D{"" denotes the derivative of order a; with respect to x; (cf. Definition
(1.1)). Using Proposition 1.1 n times, we extend (1.13) to arbitrary a € R™.

For | = (I;) € Nj and = = (x;) € R", set V;(x) := (z;sgnl;) and A;(x) :=
(:d01,), where § is the Kronecker symbol.

We have the following lemma which generalizes the Taylor formula:

LEMMA 1.7. Assume that D*f, where a > 0, exists and is integrable. Then,
for every B > 0, the derivative D*~P f exists and

(1.14) D P f(x) = Y D MOID (A (x))

I<p

x 2Vt B/ P14+ Vi(B=1) ae in
(with p € N chosen so that p — 1 < a < p).

Proof. First, we prove (1.14) for o = .
We use induction on n. For n = 1 formula (1.14) holds (cf. [13], p. 570).
Assume its validity for n =k —1 (k > 2). Then

DYt f(w) = 3 DA DD (A (), wg)a’ T [TV + V(o = 1),
r<q

where © = (2/,2;,) € RF, a = (o/,a;) € Ri, I = (r,lx) € NE and p = (¢, pr),
1= (1',1) € N*. Applying D, ** to both sides, we obtain

Pk
)= DR o, 02t /D (1 + oy, — )
lp=1
+ DDA DY DR (A (o) )’V T DA 4 V(0 ).
r<q

By the inductive assumption for Dz"“*l’“f(a:’, 0), the first term on the right-
hand side is

p
zk: (ZD—Ar(a')fDa'—rDzzkflkf(AT(J:/)’ 0)
k=1 r<q

Xx/Vr(a’—T)/p(l’ + V. (o — T)))xzk_l’“ /T (14 ag — ).

Bearing in mind the properties of A; and V;, we have
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f@)="3 D HOID (A (2)e¥ /D1 + Via — 1))

I<p;lp>1
+ Y DDA f(Ay(2)a Y D D1+ Vi - 1))
I<p;l >0

Thus, if (1.14) is valid for n = k — 1 then it also holds for n = k. Hence we get
the assertion for a = .
Applying D*~# to both sides of (1.14) with a = 3, we get
D f(z) = Y DHOTID-AIDU f( A ()
I<p
« pVi(a=p5) (sz(a*l)/p(l + Vi(a —1))).
Now (1.5) and (1.12) yield (1.14) for every o > 0 and $ > 0, which completes
the proof of Lemma 1.7.
As a consequence of Lemmas 1.4 and 1.7 we have
COROLLARY 1.3. If D*f is integrable, and if f < «, then DPf exists and is
given by
(a) D7f(x) =D~ *D*f(z) fora <0,
(1.15) (B) D7 f(2) = Y D= TAD (A (x))
I<p
x V@B /P14 Vi(a—B—-1)) fora>0, a#0
(with p as in (1.14)). Moreover, DP f is integrable in case (a) (cf. Lemma 1.1).
Observe that Corollary 1.3 generalizes the result obtained by J. D. Tamarkin
(cf. [45], Th. 6).

Remark 1.2. It is worth noticing that in case o > 0, the derivatives of order
B = a—k (where 0 < k < p) are integrable. Moreover, if & = p, then for arbitrary
(3 the derivative D?f can be expressed in terms of derivatives of integer orders
not higher than p (that is, partial derivatives).

Remark 1.3. If the assumptions of Lemma 1.7 are satisfied and the derivative
D f does not depend on the order of differentiations, then (1.14) with o = 3 can
be rewritten as
(116)  f(x) = D~D" f(a)

- > aDV (A @)V T P (1 + Vil = 1)),
I<p;l#0
where g := (—1)lGsnlo)l+,
The following lemma, resulting from Lemma 1.7, gives necessary and sufficient

conditions for the solvability of the n-dimensional Abel-Liouville equation of first
kind (for the case n =1, cf. [45], Th. 4).
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LEMMA 1.8. Letp—1<a<peN" [f
(i) D*f exists and is integrable,
(ii) Dl f(Ay(z)) =0 for 0 <1 < p, | # 0,
then there exists exactly one function g = D*f € LY(2) which is a solution of
the equation

(1.17) D “%g=f.

Conversely, if g € L' () is a solution of (1.17) then f satisfies (i) and (ii).

Proof. 1°. By (i), (ii) and Lemma 1.7, we have f = D~*D“f. Hence, the
function g := D f satisfies (1.17).

2°. Assume that g € L'(£2) is a solution of (1.17). Then, by Lemma 1.6,
D=f =geL'(2) and D*~'f = D~ !g for « — > 0. Hence D'g(A;(z)) = 0 for
0 <l <a,l+#0. If there exists a positive integer ¢ such that a; — [; < 0, then,
by definition (1.1) and Proposition 1.1, we get D! f(A;(x)) = 0.

II. Characteristic problem for the Mangeron
polyvibrating equation of noninteger order

1. The problem. Let n,r € Nand B = (B;) € R} be fixed, and {2 = (0; B).
Also fix a = (a;) > 0 and #7 = (8]) € R" (j = L,r) so that #/ < a and
18]+ <lal+.

We consider the differential equation
(2.1) Du(z) = F(z, {D% u(z)}), z€,

where F is a given function, D*u and D? u are derivatives of noninteger orders
a and 37, respectively, and {Dﬁju} denotes the r-element sequence of derivatives
DA .

(2.1) is an ordinary differential equation for n = 1 and a partial differential
equation if n > 2. In the latter case it is a noninteger counterpart of the Mangeron
polyvibrating equation (cf. [6], [21] and [23]). Let us note that equation (2.1) with
n = 1 was examined in a few papers (cf. [35] and [40]), and with n = 2 in [7] (cf.
Remark 2.4 below) and [24]. To the best of our knowledge the case n > 3 has not
been considered so far.

Let I = (I;) € N§ be a multiindex and p = (p;) € N” such that p—1 < a <p
with a being the multiindex from (2.1), and set

0 if I >0,
(CL‘)Z 2:{(l‘k1,...,13ku) iflkl :...:lkV:O
for some v where 1 < k; < ... <k, <n.

In this chapter we examine the following characteristic problem (P) for equa-
tion (2.1): Find a solution u of equation (2.1) in {2 (i.e. a function u : {2 — R such
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that D*u € L'(2) and u satisfies (2.1) a.e. in §2) which satisfies the boundary
conditions

(2.2) D (A (x)) = My((z)')  forl<p, 1#0,

for given M;. Observe that since D“u exists and is integrable, the derivatives
D>~y are at least absolutely continuous in x;, provided that I; > 1, i = I, n.
Assume that u is a solution of problem (P). By Lemma 1.7, u is of the form

(2.3) w(z) = Ts(z) == w(z) + D “s(z),

where

(2.4) w(z) = Y DA ((2))zV /I (1 + Vi(a 1)
I<p;l#0

and s, standing for the derivative of order « of u, is an integrable solution of the
nonlinear integral equation

(2.5) s(x) = Ts(z) := F(x, {Dﬁjw(x) + Dﬁj*“s(x)}), x e .

By (2.3), D*u does not depend on the order of differentiations. Moreover,
(2.3) establishes a one-to-one correspondence between the solutions u of problem
(P) and the integrable solutions s of (2.5).

Remark 2.1. By (2.4) and Lemma 1.7, for 8 > 0 we have

Dlw(z)= Y D= ON((2))aV P01+ Vi(a—5-1)).
1<p;l#0

2. Existence of solutions. In this section we give sufficient conditions for the
set of solutions of problem (P) to be nonempty and relatively compact in L'(2).
Since the transformation 7 (cf. (2.3)) is completely continuous (cf. Lemma 1.1),
it is enough to find sufficient conditions for the image of any bounded set under
transformation T' (cf. formula (2.5)) to be also bounded.

We assume the following;:

I. The function F : 2 x R” — R satisfies the Carathéodory conditions (cf.
[16], Def. 12.2) and the inequality

(2.6) Pz, {z ) <)) Kji(a)|z|™*  ae in 2, z; €R,
j=1k=1
where 7; € N, 0 < k3 < 1 are fixed numbers and K, : 2 — R arein LY/ (=rik)
(here and in the sequel 1/0 := 00).
II. The functions D% w : 2 — R are integrable.
III. The functions M; : R — R (1 < v := |[(sgnl)|+ < n; I < p) are
integrable.
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Remark 2.2. By Assumption I, F(s1,...,s,)(z) := F(x,{s;j(z)}) is inte-
grable (cf. also [42]) for integrable si,...,s,. The substitution operator F :
(LY(£2))" — L'(£2) is bounded and continuous (cf. [22], pp. 161-163).

By Assumptions I and II (cf. also Remark 2.2) and Lemma 1.1, the transfor-
mation 7' is continuous. In the case 37 < «, it is completely continuous.

We will find a bounded and convex set A C L'(£2) such that T'(A) C A and
T'(A) is relatively compact.

By (2.6), the inequality (y + 2)* < y" + 2" (y,z2 € Ry; 0 < k < 1) and the
well known properties of the Lebesgue integral, we have

27)  [Ts(@)] < DN Kin(@)[|D w(a) | + (D ~|s(2))**] a.e. in 2.
j=1k=1

Equip the space L'(f2) with the norm (1.6). By the Hélder inequality, the

functions xHKjk(m)]Dﬁjw(x)\“jk are integrable. Then, taking into account (2.7)
and (1.6), we have

T Tj )
(28) [ Tsllur < || 30D KD ]

- 1,7

j=1k=1

+ 373 [ Eu(@)(ID” 0 s(@)])"* exp(—7le|,) de.
j=1k=1 0

Consider the integral in (2.8). Using the Holder inequality, and the properties
of Kj;, and the exponential function, for x;; > 0 we have

[ Kp(@)(IDP ~s()))"* exp(—rlal) da
2

< (bf (Kjk(x))l/(l—“jk)exp(—T’fL‘|+)d$)1_ij

< (f D7 0ls(@) exp((—7/msn)lal+) do)

2

< Const< [ Dﬁj_o‘|5(1:)|exp(*7'|l"+)dm>
02

Kik
Kik

with const independent of s. For x;; = 0, we obtain

f Kjk(x)(|Dﬂj_as(x)\)“j’“ exp(—7l|z|;) dx < const .
9]

Changing the order of integration one gets the estimate

[ Eju(@)(D” ~s(@)])"* exp(—rla]+) da < const 78 o+ | g] 2%
(]
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Using this estimate together with (2.8), we have

(2.9) | Ts]l1,+ < const (1 + ZZT"j’“'ﬁj_al+\|5\|T;jf) -

=1 k=1
Write
(2.10) B.(R) = {s € L'(2) : sl < R},

where R is a positive constant. Clearly, B, (R) is a closed, bounded and convex
set.
Since 0 < kj < 1 (cf. (2.6)), we can choose R and 7 so that

r Tj
(2.11) const (1+ZZT”ik‘ﬂ]_a‘+R“”‘) <R.
j=1k=1
As a result T"maps B, (R) into itself if R and 7 are sufficiently large to satisfy
(2.11). Furthermore, if s is a solution of equation (2.3), then s belongs to B, (R)
with R and 7 satisfying (2.11). In the case when 3/ < «, the set T(B,(R)) is,
obviously, relatively compact. In the more general case 37 < «, define

(212)  Z,(R) = {s €B,(R):Ye>030>0Vh=(h;) >0

hly <s= [ |s(x+h)—s(x)|da:§5}.
(9}

This set is convex and relatively compact. Since T is continuous, T'(A) C T'(A) C
T(A) for every set A. Thus T(A)=T(A) and T(A) is relatively compact, provided
that so is A. So, T'(Z,(R)) is relatively compact.

Thus, all assumptions of the Schauder fixed point theorem are satisfied (cf.

[12], p. 57 and [22], pp. 125-126) and so, by this theorem, we have

LEMMA 2.1. Under Assumptions 1 and 11, the set of solutions of equation (2.5)
is nonempty and bounded. Moreover, if 37 < a then this set is relatively compact

in LY(£2).
Remark 2.3. Replace Assumptions I and II by the following;:

I;. The function F : 2 x R" — R satisfies the Carathéodory conditions and
is subadditive in the second variable.
IT;. The function 2 > 2 — F(x, {D% w(x)}) is integrable.

It is easily seen that Assumption I; yields the estimate

. r &) .
Ts(x)| < |F(z,AAD" w(@)})| + > ) Kjn(x)(DP ~*|s(x)])* .
j=1k=1
Hence, bearing in mind Assumptions I; and II;, and using an argument analogous
to that subsequent to inequality (2.7), we can show that equation (2.5) has a
solution.
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By the complete continuity of the transformation defined by (2.3), and Lem-
ma 2.1, we have

THEOREM 2.1. If Assumptions I-111 (or 1y, Iy and III) are satisfied, then
problem (P) has a solution. This solution is of the form (2.3), where s is an
integrable solution of the nonlinear integral equation (2.5). Moreover, the set of
solutions of problem (P) is relatively compact in L'(£2).

Remark 2.4. Let 2 = R". There exists an increasing sequence (B*)?° | of
points from {2 such that 2 = (J,y 2% where 2F = (0; B¥). By Lemma 2.1,
equation (2.5) has a solution in 2% for £ € N. As a consequence, the function
s(x) = s¥(x), where x € 2%\ 2F~1 (we set 2° := ), k € N, is locally integrable
and it is a solution of (2.5) in 2. Taking into account the one-to-one correspon-
dence between the solutions of (2.5) and those of problem (P) shows that (P) has
a solution u in (2, given by (2.3), such that D%u € L]

loc*

Remark 2.5. Consider equation (2.1) with the characteristic conditions
(2.13) DVie=Dy(A)(z)) = Ni((z))  forl<p, 1 #0,

where IV} are given functions. Seeking a solution u of (2.1) such that the derivative
D%u does not depend on the order of differentiations, and assuming that the IV;
(I < p; 1< |(sgnly)|y < n) have the derivatives DV*(*) N; and Assumptions I
and II are satisfied, one can prove, using the Schauder fixed point theorem, that
problem (2.1), (2.13) has a solution.

Let us point out that problem (2.1), (2.13) withn =2, 0 < a; < 1,1 < ay <2
and a less general right-hand side was examined in [7].

3. Uniqueness of the solution. Let us replace Assumption I by
I>. The function F : {2 x R"” — R is measurable in x € {2 and, for almost all

x € {2 and zjl,zjz e R,

(2.14) Fla ) = Fle (N1 < e Yo |) = 231,

where ¢y, is a positive constant independent of z € {2, with p/ € R” being fixed
and such that « — 87 —p? >0 (j = 1,7).

We have

LEMMA 2.2. If Assumptions Iy and 11y are satisfied, then equation (2.5) has
a unique integrable solution in (2.

Proof. By Assumptions Iy and II;, the transformation 7" (cf. (2.5)) maps
L'(£) into a set of measurable functions.
Choose 7 so that

(2.15) 2y, Z(F(a — B — ) /T (o — 7)) T el < 1
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(the possibility of such a choice follows from the assumption o — 3/ — p? > 0
(j = 1,7)). We show that T is contractive. To this end let s',s? € L'(§2). By
Assumption I, in the case 87 < « we obtain

r
175 =T us <Y [ do [ (o0 ip
j=1 N 2(x)

x [s'(t) — $*(t)] exp(~Tlal1) dt/T(a— ).

Changing the order of integration gives

ITs' =T s < ey [ Is'(t) = s> (1) exp(=Tt]+)

j=1 0
X ( [ (@=L exp(—rle — t]y)a dx) dt/I(a— 3).
(t;B)
Note that
[ @=t* " exp(—rlw —t|y)a do < [ ¢ exp(—7I¢] ) dC
(t;B) R"
and hence,

ITs' = Ts?[l1.r < cplls’ = s%[l.-

% ZT:F(Q - Iuj)TIﬂj—Iruj—aH/F(a _ ﬂa)
j=1

1
< Sllst = 2lh,r-

The argument in the remaining cases is analogous.

Thus, 7T is a contraction with contraction constant 1/2. Moreover, ||T's||1,» <
1Isll1,+, which proves that T's € L'(£2) provided that s € L*(£2).

The proof is completed by using the Banach fixed point theorem.
Lemma 2.2 immediately implies

THEOREM 2.2. If Assumptions Iy, 111 and 111 are satisfied, then problem (P)
has exactly one solution.

Remark 2.6 (cf. also Remark 2.4). Let 2 = R7% and let (B¥)?2, be the
increasing sequence defined in Remark 2.4. By Theorem 2.2, for every k € N
there exists exactly one solution u* of problem (P) in £2* and hence the function
u(r) := uF(z) for x € 28\ P*~1 k € N, is a solution of (P) in 2 such that D%u
is locally integrable. Moreover, D“u belongs to the Banach space



Derivatives of noninteger order 23
(2.16) LL(R7}):= {f :RY — R : f measurable and

sl = [ Is(2)lexp(—rely) dv < oo}
R}

with 7 being defined by (2.15). Note that L'(£2,) C LL(§2,) C L .(£2.) for every
Q*CR’}r and 7 > 0.

Conversely, if u is a solution of problem (P) in {2 such that D%u is locally
integrable then, by the uniqueness of the solution of (P) in 2%, the function
uk(x) := u(x) for x € 2%, k € N, is the unique solution of (P) in £2* such that
D>uF¥ is integrable. It being so for every k, the uniqueness of the solution of (P)
in {2 is proved.

4. Continuous solutions. Set s(x) := 2P~ *D%u(z). In this section we exam-
ine the existence of solutions of problem (P) such that s is bounded and continuous
in 2. Observe that if u is a solution of (P), then s is a solution of the integral

equation

s(x) =Teos(x)
2.17 j j
(2.17) = P F (2, {DP w(z) + DP (@ Ps(2))})), @ e Q.

Denote by BC(£2) the space of bounded continuous functions defined on 2,
with the norm

(2.18) |5l == sup{|s(z) exp(—7l|z|1)[},
el

where 7 is a fixed nonnegative number. BC({2) is a Banach space. Moreover, for
positive 7, the norms | - |o and | - |, are equivalent.
We assume the following;:

I5. The function F' is continuous, satisfies the Lipschitz condition in the last
r variables (cf. Assumption I;) and there exists a constant cp, independent of
x € §2, such that

(2.19) |F(2, {D” w(z)})| < cpz®P, ze,

where w is given by (2.4).
ITI;. The functions M; (1 < |(sgnl;)|+ < n; I < p) are continuous.

‘We need

PRrROPOSITION 2.1. If p,v,7 > 0 and z > 0, then
(2.20) 2t f (z = Q)¢ exp(—7¢) d¢ < const T7H,
0

where const is independent of z.
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Proof. Denoting by I(z) the left-hand side of (2.20) and changing variables,
we have

1
I(z) = 2" [ (1—-€)"7"¢" exp(—728) d€ .
0

Observe that

(1= &)1 exp(—T2€)
< {max(l, 21__”)2“5“_1 e)ip(—Tz&’) for 0 < ¢ <1/2,
— 120 =&t (u+1)TH for 1/2 < ¢ < 1.
As a result, 1(z) < max(1,27")(u)(1 + p/v)T~#, and the proof is complete.
LEMMA 2.3. If the functions F and M, satisfy Assumptions I3 and 111y, respec-

tively, then equation (2.17) has ezxactly one solution of class BC(§2). Moreover,
if s is a solution of (2.17), then

(2.21) |s(z)| < 2cpexp(r|z|y), =€ 12,
where T is a fired nonnegative number.

Proof. By Assumptions I3 and III;, the function T¢s (cf. (2.17)) is continuous
for s € BC(£2). Let s',s*> € BC(R2), 3 < a (j = 1,r) and observe that, by
Assumption I3 and definition (2.18), we get

|Tcsl(az) — Tcs2(:p)| exp(—7lz|;) < CLJ:p_a]sl — S2|7—

X i f (x — t)a_pta_ﬁj_l exp(—lt|y) dt/T(a—B7), x€0.

Jj=1(0;x)

It follows from Proposition 2.1 and definition (2.18) that

,
Tos' — Tcs2]T < const | — 82]7 ZTW*M* ,
j=1

where const is independent of s and s?. This inequality also holds for 37 < a,
37|+ < |als (4 =1,7). Hence, for fixed 7 such that (cf. the proof of Lemma 2.2)

,
const ZT'BM“LO‘” <1/2,
j=1

Tc is contractive. Moreover, [Tos|, < %|5|T + c¢r and hence |Tgs|, is finite
provided that s € BC(£2).

Notice that if s is a solution of (2.17), then |s|; < 2¢p and so inequality (2.21)
is valid.

Using the Banach fixed point theorem we easily conclude the proof.

Remark 2.7. The function u(z) := w(z) + D~*(z* Ps(z)), with s being a
continuous solution of equation (2.17), is a solution of problem (P). Moreover,
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if the M; satisfy Assumption III; then the derivatives D™u (m = (m;) € N{;
m; = 0, ][], i = 1,n) exist in 2 (cf. also Lemma 1.7), are continuous and

(2.22) D™ u(x)| < |D™w(x)| + const 7 Yz Pexp(T|x|L), x€ .

The foregoing considerations yield

THEOREM 2.3. If the functions F' and M; satisfy Assumptions I3 and I1lq,
respectively, then the n-dimensional characteristic problem (2.1), (2.2) has a so-
lution w. This solution is such that a?~*D%u € BC(£2), D™u € C(£2) (m =
(m;) € Ng; m; =0, ], i = 1,n) and estimates (2.22) hold.

5. Continuous dependence of the solution on the boundary data.
Let u! and u? be two solutions of problem (P) with M} and M} being the
corresponding boundary data (cf. conditions (2.2)).

Assume the following:

I4. The function F satisfies the Carathéodory conditions and
T
(2.23)  |F(z,{2}}) — F(z,{z3})| < Zaj(mnz; — 27| ae.in 2, z},2} €R,

where a; : £ — Ry are bounded and such that a;(x)D? (w'(z) — w?(x)) are
integrable, where w! and w? are given by (2.4) with M replaced by M} and M2,
respectively.

II5. The functions M} and M} satisfy Assumption III and

Jw! — w10 < 6o and [a;D¥ (w' — w?)||10 <6,
where §; (7 = 0,r) are given positive numbers.

Let s! := D! and s? := D*u?. By (2.5) and (2.23), we have
s'(@) = (@) < Y lay (@)D (w' () — w?(@))| + ¢ Y DY s (2) — £° (@)
j=1 j=1
where ¢ := max; ; a;(x). The above inequality implies
D™%s'(z) — s*(2)| < V(= +CZDW_“ D™s'(2) — s*(2)]),
with
ZD (@)D (w' () — w?(@))]).

By Lemma 1.6, we have the estimate

D™%s'(z) = s*(2)| < V(= +Z Z DI Ry ()

k=11<j41
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where gUF) .= ﬂjl + ...+ ﬂjk, and the series is convergent. Formula (2.3) and
the above estimate yield

jut (z) — u?(2)] < Jw'(z) — w(@)]| + V(2 +§j Z DI ke (),

k=1 1<j k<'r‘
whence

(2.25)  [lu' —u?||1,0

< 8o+ Z 5 ( i S EBR Y Pt ka - ﬂ(jv’“)))

J=1 k=11<j5t,... 5k <r

with the series appearing in (2.25) being convergent.
It follows from inequality (2.25) that the following theorem is valid:

THEOREM 2.4. If Assumptions I, and 1ly are satisfied, then the solutions of
problem (P) depend continuously on the boundary data, i.e. for every e > 0 there
is a & > 0 such that if 6; < & (j = 0,7) then for any two solutions u' and u?
of problem (P) with boundary functions M} and M?, respectively, the estimate
lu' —u?||10 < & holds.

Remark 2.8. One can observe that if Assumptions Is, Iy, I1, Il5, and III are
satisfied then problem (P) is well posed in the space of integrable functions with
integrable derivatives of order a.

ITI. Noncharacteristic boundary value problem

1. The problem. In this section, which extends earlier research of J. Con-
lan (cf. [7]) and the present author (cf. [28]), we deal with the counterpart of
Z. Szmydt’s problem (cf. [44]) for a partial differential equation of noninteger
order with two independent variables.

Let 2:=(0,A) x (0, B), where 0 < A, B < co. Assume that «, 3 > 0 and set
@1 1= —[—al, g = ~[~B].

For i = 1,q1 and j = 1,q9, let g; : [0,A] — [0,B], h; : [0,B] — [0, A],
G;:(0,A) — R, and H; : (0, B) — R be given functions (the curves of equations
y = g;(x) and x = h;(y) will be denoted by l1 and 12, respectively), (zi;,Yij)

fixed points of £2 and u?j given numbers.
We deal with the partial differential equation

(3.1) DYDyu(z,y) = F(z,y, {DIDyulz,y)}), (z,y) € 2,

where {D}D,u} is the finite sequence of D}D,u such that v < a, A < 8, and
v+ A < a+ [ (the total number of these derivatives will be denoted by ).
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We study the problem (S) which consists in finding a solution of equation

(3.1) in £2 (cf. Section II.1) satisfying
(32) DYDY u(x,gi(x) = Gi(x), Dy 'Djulhi(y),y) = Hily),
(3.3) D?_ipg_ju(l‘ij’ Yij) = u?j :

(i = 1,q1; j = 1,q2). The above problem was considered by Z. Szmydt (in the
paper quoted above), in the case when a, 3 € N, as a generalization of the classical
Goursat problem.

We assume the following;:

I. The function F': {2 x R” — R satisfies the Carathéodory conditions and
(34) [F(z,y,{z2})]
Ty

< K(z,y) + ZZK,YM(QS,yHZA/)\‘K”M a.e. in 2, zyy € R,
¥,A =1

where r,\ €N, 0 <k, <1, and K, K,y : 2 — R are given functions of class
LY(02) and LY (=50 (), respectively.

II. The functions g; and h; (i = 1,¢1; j = 1,¢2) are continuous.

II1. The functions G; and H; (i =1,q1; j = 1,¢2) are integrable.

IV. The functions 2~ 7% /I'(1 + a — v — k) and y?A~/T(1+ 38— X —1)
(k=1,¢q1; 1 =1, ¢q2) are integrable.

2. Local solutions of the problem. Let s = ’Dfﬂ)gu. By an argument
analogous to that in [6] (cf. also [23], p. 99) one can establish

LEMMA 3.1. If u is a solution of equation (3.1) in §2, then there are integrable
functions ¢; : (0,A) — R and v, : (0,B) — R, and constants ¢;; € R (i = 1,q;
Jj =1,q2) such that

q1 g2

35)  u(my) =D Y ewa® Fy /(DU +a—Ek)I(1+ 1))

k=11=1

q1
+ 32D () /T (1 + o~ k)
k=1
q2
+3 ol @)y T+ 8- 1) + DD, Ps(a,y)
=1

(e (2) := Dy %p(x); D (y) := D, e(y)).
Conversely, if u is given by (3.5) with some integrable ¢; : (0,A) — R and
¥; 1 (0,B) = R, and ¢;j € R, then u is a solution of (3.1) in (2.
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Imposing on u (cf. (3.5)) conditions (3.2) and (3.3), we obtain

(3.6) () Zcpz WG =)
g;j ()
— [ lgi(@) =P s(z,m) dn/(G - 1)1,
0
(3.7) Yily) = Hi(y) = > _[hi@)) ™ () /(i — k)!
o
— [ [hily) — & s(6 y)de/ (i - 1))
and

(38) ey=ul—( D ewrl (=BG - 0Y)

1<k<i,1<I<j
kt+i<itj

+Z:E ¢ )G =0+ D ey gl /G- )Y
=1

Tij Yij

[ g [ (g = O (e — 0 s(m) dn/ (G- )G - 1Y)
0 0

(i=1q:7j=11¢).

Note that ¢;, 1; and ¢;; depend on s but each of them can be represented as
the sum of two terms the first of which depends linearly on s and the second is
independent of s (depends only on the boundary data).

Observe that

f lp;(x)| de < const(1 + ||s]|1,7),
(3.9)

f 1bs ()| dy < const(1 + ||s]|1.+)

(i =1,q1; j = 1,q2), where || - |1+ is the norm in L'(£2) defined in (1.6), and
const, here and in the sequel, does not depend on s. Using the Fubini theorem
and (3.9), we get

f 0\ ()| d < const A%(1 + ||s|1.,) ,
(3.10)

f b ()| dy < const BO(1+ ||s1,7) -
0
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Thus (cf. (3.9) and (3.10)), we have
(3.11) |cij| < const(1+ ||s|1,7) -
Set

(3.12)  Lxs(z,y)
q1  q2
=3 ) eua® MMMt a—y = KT+ 8- A=1))
k=11=1
q1
+ 2T )/ M+ a =y — k)
k=1

g2
+ 3@ @)y YT+ B A= 1) + DY Dy s(x,y)
=1

with ¢;5, ¢; and ¥; (i = 1,q1; j = 1, ¢2) being given by (3.6)—(3.8), respectively.
Observe that Problem (S) is equivalent to the integro-functional equation

(3.13) s(z,y) = Tes(x,y) := F(z,y,{Lyxs(z,9)}), (z,y) € 2.

Now, we prove that equation (3.13) has at least one solution. To this end
consider the transformation Ty on L!(§2). Clearly, T} is the composition of two
transformations: the affine transformation L. (cf. [39], pp. 170, 171) and the
substitution operator F (cf. Remark 2.2).

It follows from Assumption IV, and from the inequality

(3.14)  ||Lyas' — Loas?|1r < const A" VB ||st — %]y, s' s? e L),

resulting from (3.7)(3.12), that L. is a continuous mapping of L!(2) into itself.
By an argument based on the Riesz compactness theorem (cf. [12], p. 166) one
can prove

LEMMA 3.2. If v < a and X\ < (3, then the transformation L. : L*(2) —
LY(92) is completely continuous.

By Assumptions I and III, the substitution operator is continuous from L!(2)
into itself (cf. [16], Th. 12.10), whence and by the continuity of L.y, T is also
continuous. Moreover, by Lemma 3.2, it is completely continuous in the case
y<a, A< p.

Note that in that case, Lemma 3.2 implies the complete continuity of the
transformation defined by the right-hand side of (3.5), where ¢;;, ¢; and ¢; (i =
1,q1; 7 = 1,q2) are given by (3.6)—(3.8), respectively.

Consider the set B, := By(0 + 0k ), where pi := ||K||1,» and p is a positive
number, and its relatively compact subset Z, := Zy(0 + ox) (cf. (2.10), (2.12)).
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Let s € L1(£2). We have the estimate (cf. (3.4))
’I’,Y)\

(3.15) I Tos(z,y)| < K(z,y) + )Y Koni(@,y)|[Lyas(a, y)| "
¥,A =1

By the Holder inequality and (3.14), (3.15), we get

Ty
1/(1—
ITusllr < o+ 30 S IR
¥,A =1

X (ATBPT(M(1+a =)D+ 5= N)) A+ s

1=Ky
1,7

whence
(3.16) ITs]l1,- < ox + cr A(L+[s]]T ),
where cp is a positive constant independent of s, A := max(A, B), and k :=

max~ X1 Ky -
Obviously, the condition

(3.17) erA(l+ (ox +0)%) < o.

is sufficient for the inclusion Ts(B,) C B,.
Let us distinguish two cases: (a) k < 1, (b) K = 1.
In case (a), inequality (3.17) is satisfied provided that

0 > max(2cr A + ok, (QCTA)l/(l_H) - 0K) -
In case (b), (3.17) holds if
A<1/er and o> cprA(l+0k)/(1 —crA).

By the continuity of Ty, we infer that Ts(Z,) is a compact subset of L!(§2)
and hence it is the closure of a set which is uniformly continuous in average.

Thus, the inclusion Ts(Z,) C Z, holds. By the Schauder fixed point theorem,
equation (3.13) has an integrable solution. Moreover, if s is a solution to (3.13)
then, by (3.16), ||s||1, < 0o, where the real p = gg is a solution of (3.17).

The foregoing considerations establish

THEOREM 3.1. If Assumptions I-1V are satisfied, then problem (S) has a global
solution in the case k < 1 and a local one in the case k = 1 (cf. the discussion
subsequent to (3.17)). These solutions are continuous when o, 3 € N.

3. Extension of the local solution. In this section we extend a local solution
of problem (S) to a global one in the case k = 1.
First of all we consider the problem (Sp), that is, problem (S) in which

0

As a result, p; = G; and ¢;; = w;; (i = 1,q1; j = 1,¢2). Clearly, (So) is a

counterpart of the Picard problem.
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Equip L'(£2) with the norm

(3.19) [sl- == [ [1s(z,y)| exp(—7y) du dy,
0
where 7 is a positive number. Using the Hélder inequality, we obtain

(320) [ [ Kyni(@,y)|Lyas(z, )" exp(—Ty) do dy

? < | Y/ (Araan) 1=k Fat
<] AL ™

ffLw\s(x,y) exp(—7y) dx dy
I?)

By direct calculation, we can easily show that

(3.21) ff exp(—Ty)aco‘*V*k]w]()‘fﬁ)(y)]dx dy < const T* P ATV TR (1 4 |5],),
7}

(3.22) ff exp(—Ty)Dg_aDZ’}_ﬁ|8(3:,y)] dx dy < const TN P AT TR (14 |5),).
Q
Finally, we have

Ty

(3.23) |Tss|; < ox + const Z Z(l + (AP |s]5))")
YA =1

Hence, for 7 and p sufficiently large to satisfy

Ty
(3.24) const » > (14 (M P(1+ ok +0)") < 0,
¥,A 1=1
T, continuously maps the compact Z,, (i.e. Z, with | - |- replaced by |- |;)

into itself.

LEMMA 3.3. If Assumptions I-IV and (3.18) are satisfied, then problem (Sp)
has a global solution.

Remark 3.1. Lemma 3.3 is valid if condition (3.18) is replaced by
k=1, A<a, z5;=0, h=0 (i=1,q; j=1,¢q2).
Remark 3.2. Since the right-hand sides of estimates (3.21) and (3.22) do not
depend on B, one can show that if 2 = (0, A) x (0,00), then equation (3.13)
has a solution s in the class of measurable functions such that |s|; < oo (the

parameters 7 in (3.19) and p in the definition of B, are chosen so that inequality
(3.24) is satisfied).

Replace Assumption II by

II;. The functions g; and h; (i = 1,¢q1; j = 1,¢2) are continuous, satisfy
g;(0) = h;(0) = 0 and the curves ljl- and [? do not intersect each other in (2.

Moreover, we also assume that v < o, A < 8 and z;; = y;; = 0.
Notice (cf. Theorem 3.1, (3.5) and (3.17)) that there exists a sufficiently small
§ > 0 such that Problem (S) has a solution, say u1, in (0,8)% C (2.
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Now, we will use Lemma 3.3 to extend the local solution of Problem (S) (cf. [9]
and [10]). To this end we assume that g4, (6) < 0 (in the opposite case hg, (§) < 9)
and define a := max{z € [0, 4] : g4, (z) < 6}.

We seek a function u : (0,a) x (0,8) — R such that u = u; in (0,8)?, which is
a solution of equation (3.1) in (d,a) x (0,0) and satisfies

DD, u(x, gj(x)) = Gj(x), Dy~ 'Dyu(d,y) = Dy~ "Dyur(6,y),
Dy "D Iu(5,0) = DY Dy)uy(6,0)
('T S (57a); ye (075); i=1,q1;75 = 17q2)'

It can be shown by an argument analogous to that in the proof of Lemma 3.3
that there is a solution, say us, of the above problem.

Set b := max{y € [0, B] : hq,(y) < a}. Similarly to the above, we search for
u: (0,a) x (0,b) — R such that u = ug in (0,a) x (0,4), u is a solution of (3.1)
n (0,a) x (4,b) and

DD, u(x,8) = DyDy Jus(,6), Dy 'Dyulhi(y),y) = Hiy),
DY "D Iu(0,6) = DI "D Tus(0,6)
(x € (0,a); ye (6,b);i=1,q1; ] =1,¢q2).

Denote by us a solution of the above problem. Clearly, us is a solution of (3.1)
n (0,a) x (0,b) and, moreover, satisfies (3.2) for z € (0,a) and y € (0,b), and

Continuing this process, we extend a local solution of problem (S) to get a
global one.

THEOREM 3.2. If Assumptions I, 11y, III and IV (with k = 1, v < « and
X < f3) are satisfied, then problem (S) with x;; = y;; = 0 has a global solution.

IV. Some problems for ordinary
differential equations

1. Multipoint problem

1.1. The problem. Set n =1, 2 := (0;B) and let r € N, a > 0, 8 < «
(I = 1,7) be fixed numbers. As usual, we set p := —[—a] and denote by {y(ﬁl)}
the r-element sequence of y(? D,

Consider the following nonlinear multipoint problem (M): Find a solution of
the differential equation of noninteger order

(4.1) y (@) = Fe, {y (@), ze,
where F' is given, with the multipoint conditions

mMij

(4.2) Z(Zz]kym D(@ijn) fb” Y (@) da) =,

=1 k=1
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(j = 1,p), where 0 < x5, < B, mi; € N, z;x,m; € R are fixed numbers and
bij : £2 — R given functions. This solution is understood analogously to the
solution of (2.1).

A multipoint problem of similar type for a linear ordinary differential equation
was posed by J. D. Tamarkin (cf. [43], p. 113 and references). If b;; =0, 2, =0
(’L,] = 1,p, k= 1,ml~]—), Mg and Zijk are such that Zij1 + Zij2 +...+ Zijm,-j = 61']'
(i,j = 1,p), where §;; is the Kronecker symbol, then (M) becomes the Cauchy
problem.

The multipoint problem (M) also generalizes the Bellman problem (cf. [5]).
Namely, on setting z;x = 0 (4,57 = 1,p; k = 1,m;;) and b;; =0 (i = 1,p—1;
j = 1,p), conditions (4 2) are reduced to those of Bellman type

fb y O P (a)de=n; (j=T,p),
0

where 7; € R and b,; are given functions.

In the sequel we examine problem (M) by using the Schauder fixed point
theorem.

We assume the following;:

I. The function F': {2 x R” — R satisfies the Carathéodory conditions and

(4.3) |F(z,{z})] < ZZKd Nzl ae in 2, z €R,

=1 i=1

where r; € N, 0 < k;; < k < 1 are fixed numbers and Kj;; : 2 — R given functions
of class LY/ (ki)

II. The functions b;; (i,7 = 1,p) are integrable and the matrix
(4.4) [Z (Zzwk%’“ + f @i (@ >/(i_m)!}1§j,m§p

is nonsingular (this assumption is satlsﬁed for example in the case of the Cauchy
and Bellman problems).

III. The functions z — w®)(z) (I = T,7) are integrable.

1.2. Solution of the problem. Any solution y of (4.1) (cf. Lemma 1.7) is of the
form

(4.5) y(a) = w(z) + s (2),
where s := y(®) satisfies the equation
(4.6) s(z) = Tars(z) = F(z, {w®)(z) + s®' = (z))), zen,
with »
(4.7) w(z) = Z emx® ™ /I(1+ a—m)
m=1

and ¢y, ..., c, being arbitrary constants.
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Imposing on y (cf. (4.5)) the multipoint conditions (4.2), we have

Mij B
(4.8) Z Cm Z (Zzwk%k + f T, () d:):)/(z —m)!
P mgj
- Z (Z 7,]14:5 ngkz + f bz] ( )d.’B)
i=1 k=
for j =1, p.
By Assumption II and the Cramer formulae, we easily get
P
(49)  cm =Y (det W™ /det W)
=1
’ mij B
(- 5B e Franionad)
i=1 k= 0

(m =1, p), where W™ is the matrix obtained from W (cf. (4.4)) by deleting its
mth row and jth column and then multiplying the result by (—1)™%7.

We examine the transform Ty, (cf. (4.6)), where w is given by (4.7) with the
constants ¢y, ..., ¢, defined by (4.9). This transform is the superposition of the
operators N;s := w®) 4 g8 - (I =1,r) and the substitution operator F.

Define B, := {s € L'(£2) : ||s|| < o}, where || - || denotes the (standard) norm
in L'(92).

PROPOSITION 4.1. Under Assumption 111, the operators N; are affine and
completely continuous from LY (£2) into L'(£2).

Proof. By Assumption II and Lemma 1.1, N; (I = 1,7) maps L!(£2) into
itself. Moreover, the second term of N; is linear and completely continuous.
Let s',s? € L'(£2). By direct calculation we get

mij B
e — ¢ | < const ||s! — 2\|Z(Zy%,€131 Y [ 2y () )
=1 k=1 0

(m =1,p), where c. ,c2, are given by (4.9) with s replaced by s' and s, respec-

tively, and const (here and in the sequel) is a constant independent of s.

As a consequence, assuming that w! and w? are given by (4.7) with s replaced
by s! and s?, respectively, we have ||w1(ﬂl) — w28 | <const ||s* —s?||, which proves
the continuity of the second term of V.

In order to prove the complete continuity of IV;, we use the Riesz theorem.
Let s € B,. By an argument analogous to that used above one can show that

B p
f |w(ﬁl)(x)| de < Z |cm|Bl+a—ﬁl—m/F(1 +a— "' —m) < const(1+ o).

m=1
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Moreover, if h € R then

B
f |w(’31)(az +h) — w(ﬁl)(x)\ dx
0
P l l
< const(1 + o) Z (pite=F-m 4 prin(l1ta—p _m)) —0
m=1

for h — 0, where const is independent of s and hence the convergence is uniform
in s € B,.

By the Riesz theorem, N; maps B, into a relatively compact subset of L'(2).
Thus the proof is complete.

By Assumption I, we have

(410)  [Tars(z)] <D Ku(z)

=1 1=1

p
X( Z lema® P =M P14 o — B —m)|it 4 s =) ()
m=1

"‘“) a.e. in 2.

Notice that (4.9) yields |¢,,| < const(1 + ||s]|) (m =1, p).
By the Holder inequality and the Fubini theorem, we have

HKz‘z|S(ﬂl—“) Ri( =T, lzﬁ).

Kil

< const ||s

Finally, we obtain ||Tass|| < c.(1 + ||s]|*), where ¢, is a positive constant
independent of s.

Thus, if c.(1 4+ 07) < p (it is sufficient to assume that ¢ > max(2c,
(2¢,)*/(1=%))), then Ty; maps B, into itself. Moreover, it is completely continuous
(cf. Proposition 4.1).

Using the Schauder fixed point theorem we conclude that the set of solutions
of (4.6) is nonempty and relatively compact in L(2).

THEOREM 4.1. If Assumptions I-111 are satisfied, then the multipoint problem
(M) has a solution given by (4.5), where s is a solution of (4.6).

Remark 4.1. The operator T, given by (4.5) is completely continuous (cf.
Proposition 4.1 with 8, = 0) and hence the set of solutions of the considered
multipoint problem is relatively compact.

2. Polarographic equation
2.1. The Cauchy problem. The equation
(4.11) y 2 () —vaPy(z) =272, >0

(—1/2 < 8 < 0; v € R,) plays an important role in polarography (for chemical
background cf. [17] and [31]-[33]). Notice that the above equation was examined
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by K. Wiener in [48], [49] under the assumption that the derivative of noninteger
order appearing in (4.11) is meant in the sense of Hadamard.
Let a > 0. We consider the equation

(4.12) Y (2) —vaPy(zx) = h(z), x>0,

where h is a given function and v € R4, 6 € R are fixed. We examine the Cauchy
problem which consists in finding a function y € LL (R, ) with y(®~1 absolutely
continuous, satisfying (4.12) a.e. in R4 and fulfilling the initial conditions

(4.13) y @O0 =c, (k=T,p),

where ¢j, are given constants.

It follows from Theorems 2.2 and 2.4 that, for 5 > 0, z € (0, A) with arbitrary
positive A, and h € L1(0, A), the Cauchy problem is well posed in a certain class
of functions (cf. Remark 2.8 and Section 1.1).

In the sequel we examine (4.12), with negative 3, in the Banach space L1(R )
(cf. Remark 2.6) with some 7.

Assume the following;:

IV. The function A is in L1(R,) and the number 8 € (—q,0] is such that
xPw(z) belongs to L1 (R, ) with 7 sufficiently large to satisfy

(4.16) qg:=vl(a+B)r /M) <1.
Write, as in Section 1.2,
P
s(z) =y (z) and w(z):= chxa_k/F(l +a—k).
k=1

The function s is a solution of the equation
(4.14) s(x) = vaPw(z) + h(z) + vals=9 (z)

whence y = w + s(-% is a solution of the Cauchy problem for (4.12) with condi-
tions (4.13).
For s € L1(R, ), define a transformation Tp by the formula

(4.15) Tps(x) == velw(z) + h(z) + vaPs D (z).
Observe that

|Tps' — Tps®||l1,r <v

xﬂexp(—m)( [ (:r—t)a_1|sl(t)—52(t)|dt) dz/I'(a)
0

<v

—_

s'(t) — s°(t)| exp(—t)

X ( [ (@—1 12’ exp(—7(m—t))d:c) dt/I(a).
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We examine the integral with respect to . Changing variables and bearing in
mind the definition of Euler’s gamma function we have

Yo leP exp(—7(xz —t)) dz

<ot [ e (146 exp(—t8) dE < T(a+ p)r~ ),
0

which implies

HTps1 — Tps2|]1,7 <vl(a+ ﬂ)T_(O“"B)Hsl — 32\\177/F(04) < qHsl — SZHLT )

Thus, for 7 satisfying (4.16), Tp is contractive with contraction constant q.
Moreover, Tp maps LL(R,) into itself. Using the Banach fixed point theorem
we conclude that there exists in L1(R,) exactly one solution of (4.14). Thus,
y = w + 5= is the only solution of the Cauchy problem for (4.12), (4.13) such
that y(® € LL(Ry).

By the above argument, the function

o0

(4.17) y(z) = Z v/IT(a))" ! fKn (z,t)t Ph(t)dt/T(a)

n=1 0
Z cpr® (1 + i 2P /0 (a)
=1

x HB(a,j(a—i—B)—i—l—k))/F(1+a—k),
j=1
where
—t)op for n =1,
Ko(z,t) = (x —1) orn
[ Kn(@,§)K1(&,t)d¢ for n > 2,
and B is Euler’s beta function, is a solution of the Cauchy problem for equation
(4.12).

THEOREM 4.2. If Assumption IV is satisfied, then there exists exactly one
solution y of the Cauchy problem for equation (4.12) such that y(® € LL(R.).
This solution is given by (4.17).

Remark 4.2. The improper integral [;* ¢t~ exp(—7t)dt (T > 0) is conver-
gent if and only if k > 0. Hence, the condition

c, =0for ke{l,...,p} suchthat 1+ a+ -k <0
is necessary and sufficient for the function z°w(z) to be in LL(R,).

Remark 4.3. We point out two special cases. For § = 0 the solution of
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equation (4.12), say 3, has the form

T

P
(418)  y°(2) = [t Eaa@th(z —t)dt + Y cxr®F Earpai(va®),
0 k=1

where E, , is given by (1.11).
In the case h(z) = vz*~! (k > 0), the function

n

y(a) = (v/I (e “J””Z 2" /T (a) H (e, j(a+ B) + k)

—i-zp:ckx (1—1—2 2P/ (a)
k=1 =1
X HB(a,j(a+ﬂ)+1—k))/r(1+a—k),

is a solution of the Cauchy problem for (4.12). Moreover, y(z) = yx@T*=1 x
(I'a+k)/T'(k)—v)~!is a solution of (4.12) with 3 = —a and v # I'(a+k)/I'(k)
(cf. also [49], pp. 165-166).

By Theorem 4.2 we can formulate the following corollaries.

COROLLARY 4.1. Let Assumption IV be satisfied and c¢;; > 0 (k= 1,p), v > 0,
and h > 0 a.e. in (0,0) C (0,1). If y and y° are two solutions of the Cauchy
problem for equation (4.12) with 8 < 0 and 3 = 0, respectively, then y > y° > 0
a.e. in (0,9). Moreover, if « ¢ N and ¢, > 0, then lim,_,o4 y(z) = co.

Proof. By induction, for every positive integer n,
Kp(z, )t % > (I'(a))"(x — )" /[ (na) .
Furthermore, if z < 1, then

1
2 B(a,ja+ 8) +1 - k) = 228 [ 4271(1 - ek gy
0

> 2% ftf“ Yok qt

==z B(a,]a—i—l—kz).
Hence, by (4.17) and (4.18), we get our assertion.

COROLLARY 4.2. If Assumption IV is satisfied and ¢, > 0 (k =1,p), > 1 _; |cx]
>0,v>0,h>0 ae inRy, and if y is a solution of (4.12), then y > 0 a.e. in
Ry and lim, o y(x) = oco.
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2.2. Continuous dependence of the solution on the initial data. If s = y(®) €
LL(R,), then y = w + s(=®) is measurable and

p

Iyl <77 (D ar™ ™ + sl

k=1
whence y € LL(R,).

THEOREM 4.3. Let y* and y? be solutions of the Cauchy problem for equation
(4.12) with the initial constants ci. and ¢z (k =1,p), and right-hand sides h' and
h?, and let Assumption IV be satisfied with h replaced by h' or h?, respectively. For
every e > 0 there is a § > 0 such that maxi<g<p |ct —ci| < & and ||h* —h2||1 > <&
imply ||y* — y?[1,- < e.

Proof. Let § = maxi<r<p |cp — ci| and h(t) = |h'(t) — h2(t)|. For n > 2,

n—1
Ko (w, 0t < (w2 = )"0~ ] Blo, ja + 8) .
j=1
Hence, by (4.17) and (1.6), we have
ly' = ?llr < Wl (72 + (70 /0) Yo /T (@) T+ Da+ 5)

=2

X 1:[ B(a,ja+ ﬁ)) + gzp: r—(ta=k) (1 + i (v~ /P (a))!
j=1 k=1 =1

l
xI'l+a—k+1l(a+p)/lQA+a—k H (o, jla+B) —|—1—k))

For every finite value of 7 the series appearing in_the above inequality are
convergent. Thus, |y — y?||1,» < consté = e for max(d, ||hlj1,-) < .

2.3. The multipoint problem. Let r be the greatest integer such that 1 4+ a +
B —r > 0. Consider equation (4.12) with the multipoint conditions

(4.19) YO (@) = (m=T1,7),
where z,, € Ry and 7, € R are given.

Imposing (4.19) on the general solution (4.17) of (4.12), we get the following
algebraic system with unknowns ¢y,..., ¢, :

(4.20) Z cpamk (1/F(1 +m — k)
k=1
l
+va“+5/F H (a,j(a+p)+1—k)

=1 j=1
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><F(l+a—k+l(a+ﬁ)/(r(1+m—k+l(a+ﬁ))F(1+a—k))>

=Nm — yj(\(/l_m) (mm)

(m =1,r; by Remark 4.2, ¢, = 0 for k = r + 1,p), where yx is a solution of the
nonhomogeneous equation (4.12) with homogeneous initial conditions.

THEOREM 4.4. If Assumption IV is satisfied and system (4.20) has a solution,
then the multipoint problem for equation (4.12) has a solution in the class of
locally integrable functions such that their derivatives of order o belong to L1(R.).
Moreover, if the determinant of (4.20) is not 0, then the solution is unique.

V. Further applications
of the derivatives of noninteger order

In this chapter we give some further applications of the derivatives of non-
integer order. In the first section we use the properties of those derivatives to
construct some new examples of Mikusiriski operators which are functions. In the
second section we prove some integral formulae for analytic functions in a subset
of C™. These formulae, generalizing the classical integral formulae of Cauchy and
Schwarz, extend to the case of arbitrary n some result of Dzhrbashyan obtained
for n = 1.

1. An application to Mikusinski’s operator theory. Let M = {f : R, —
C: f € LL_(R,)} and define in M the operation

loc

fit)@g(t) = ( f ft—71)g(r) dT)/.

Let (M, +,®), where + is addition of functions, be the Mikusinski ring and M (M)
the field of operators generated by M. Finally, define

P(A) =) a; A and Q(A):= ) b\
i=1 j=1

with a;, bjEC, Ozi,,BjER+ (i:1,...,m;j:1,...,7").

Let s := 1 € M(M) be the differential operator. Then R(s) := ggz

—

is called

N

the rational operator.
Let « be a positive number, p a positive integer, p — 1 < o < p, and f € M
such that () exists. Then

w010 = L0ED 0 g0 = ras o) 20
pl TR f(t) 1

T I(l+p-a) tr :F(1+p—a)sp®tpia®f(t)'
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Furthermore, assuming that the derivative of order p — 1 of =% ® f(t) is
absolutely continuous, and bearing in mind the formula (cf. [11], p. 103)

s ® g(t) (p) _|_Zsk (p— k)

(where, by assumption, g(P) exists) with g(t ) =tP~*® f(t), we obtain
(5.1) s @ f(t) = f1t) + Zs’fﬂa (0

where f(@=k)(t) .= (tP~ @ f (t ))(p_k)/F(l—i—p—a) (k = 0, p) is the one-dimensional
derivative of order o — k (cf. def. (1.1)). Hence, s* is called a differential operator
of noninteger order.

Consider f;(t) == t*91Eq 140—j(M*) (A € C; j = 1,p), where (cf. also for-

mula (1.11))
B pu(2) := Z m/F<Zszz+ﬂ>

m>0
(2= (2) € C*, m = (m;) € Ng, 0= (0;) € RE\ {0}, o > 0).
By Corollary 1.2 and Lemma 1.7, f; is the only solution of f](o‘) = Afj such

that £ (0) = & (j.k = T,p).
Hence, s* @ f;(t) = Af;(t) + s?, which implies

(5.2) =t 1Ea1ta—j (M%) (G =T1,p).

s — )\

Moreover,
t

1
5 =t® t° B a(M?) = [ 797" Ea 0(M®) dr = 1% Ea 140 (M%),
S0 —
0
which proves that (5.2) also holds for j = 0. Notice that f; € M (j =1,p—1)
and f, € L _(R4) N C>(0,0).
We extend (5.2) to some noninteger values of j. By (5.2),

gitr
5% — A
Moreover, f](“)(t) =17y 14a—j—r(AM*) and f;“fl)(()) =0ifl+a—j—k >0
(j = 0,p). Hence, and by (5.1), we obtain (5.2) with j replaced by 3 such that
0<pB8<1l+a.
Basing on (5.2) one can construct examples of rational operators which are
functions. By induction we can prove the equality
B 5Bk b g \
—®.. —— =1 . it9)) .
s — )\1 ® ® Sk — >\k k (a2)71+ﬂ(( T ))

with p = |a — §]+.

=s"® fit) (0<k<1; j=0,p).



42 M. W. Michalski

Remark 5.1. R(s) is a function if and only if max 3; < maxa;, provided
that «;, 3; € Ng (cf. [11], p. 118). Generally, this conclusion is not true for all
a;, B € Ry (cf. (5.2) with a < j = p).

The above results imply the following final

THEOREM 5.1. If

k Ti l
Q) =[]D b\ and PN =a]]V" - N)
=1 j5=1 =1
(a,bij,\i € C; Bij,vi € Ry, k,l,r; € N are fized), k <1 and B;j < 14+~; (1 =1, k;
j = 1,r;), then the operator R(s) := % is a function of class C*°(0,00). If,
moreover, Hle(’yi — Bi;) >0 (j =1,7;) then R(s) € M.

2. Integral representation of analytic functions. Let n € N, a = («;),
0= (0j), R= (R;) € R%, and introduce the set

(5.3) Br:={z=(z) € C": |z| < R;},
and the functions

(5.4) Co(z) =T(1+a)(1 —z)" 17>,
(5.5) Sa(z) :=2C,(2) — C4(0)

(> —1, z = (%) € B1). Assume that f : Bgp — C is analytic, whence it has, for
z € Bp, the representation by the uniformly convergent series (cf. [41], pp. 30-32)
(56) fl2) =2 aa",
k>0
(k = (k;) € NB), where a, = D*f(0)/k! € C.
The following theorem generalizes a result of Dzhrbashyan (cf. [13], p. 594).

THEOREM 5.2. (i) For every a > —1,
(5.7) fa2) :=r7D " f(2) = Y aw(F(A+k)/T(1 + k + a))z"
k>0
(z = (25), zj =rjexp(ip;), 0 <r = (rj;) < R, ¢ = (¢;); k = (kj) € Ny and the
differentiation D~ is performed with respect to r) is analytic in Bp.
(ii) For every a« > —1,0 < 9o < R and z € Bp,

(58)  f()=@m)™ [dii... [ Calzg,)fal0s)ddn,
0 0

27

(5.9) f(z) =143f(0) + (2m)™" f ddy ... era(ZQﬁ)%fa(Qﬁ) dd, ,

0
where oy = (05 exp(i¥;)), 2o, = (exp(—i¥;)z;/0;) € C™ and R and I denote the
real and imaginary part, respectively.
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Proof. (i) The function f, being analytic in Bg, can be represented by the
series (5.6), and if z; = r; exp(igpj) (j =1,n) then 2 = r¥exp(i|(k;p;)|+) and

= > apr® exp(i|(kj0;)]+)

k>0

where 7 = (r;) € R}. Hence, f, is of the form
2) = Y awr*(D(1+0)/T(1+ o+ k) explil (kye))] 1),
k>0
which implies the series representation of f, in Bgr. Furthermore, for every «
> -1,
lim (I'(1+k)/T(1+a+k)YFs =1

|k| 4 —o0
and hence f, is analytic in Bg.
(ii) Clearly, C, can be expanded in the uniformly convergent series

Calzpy) =Y (DA +a+1)/T(1+1))z},

>0

=Y (P +a+1)/I1+1))o "2 exp(—il(1;9;)]1)
1>0
(I =(l;) € Np) for every z € B, and ¥ € [0, 2m)".
Consider the integral appearing in (5.8). We have

[ oy [ Caleo)falon) do
0 0
— [ o fZ (Lt a4+ 1)/0(1+ D)o™' exp(=il059)])
0 >0
X Y ar" (DA +k)/T(1+ o+ k) exp(i| (k;0;)]+) dY
k>0

By the uniform convergence of the above series we can interchange the integrals
and sums to obtain

2 27
f dvy ... fC Zoy fa(Qﬁ)
0

_ZZ% (1B +a+ /(DA +DI(1+a+ k)"

k>01>0

27

27
x [ doy... [ explil((l; — kj)0;)|4) dY
0

0
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Using the equality

2m 2m

(5.10) [ dvy.. [ exp(il((l; — k;)0;)]+) ddn = (27)" 6k,

0 0

(the symbol 0y ; is understood analogously to Kronecker’s delta), which follows
from the properties of exponential function, we get (5.8).

We now prove (5.9). Repeating the argument used above we have
27

27
[ v, ... fo 29y ) fa(09) dO)

0

= Y alA+k)I1+a+0)/TA+DI(1+a+k))

k>01>0

X 0 k=l s k1= f(0).
Thus

f(2) + FO) f 1. [ Calegs)Rfulos) 0
0

By the above equality and (5.5), we obtain

f(z)= = fO) +@m)" [ dir.. f Co(0)R fa(09)dV
0

27 27
+@m)7" [ dvy... [ Sa(zp,)Rfal0s)dV
0 0

Consider the second term on the right-hand side of the last relation. Since
R : C — R is linear, we can interchange it with integration (cf. [39], p. 508).
Hence using (5.8) with z = 0 we have

RF(0) = (2m) ™ [ dv . fc R (00)
0

The above results yield (5.9), which completes the proof of Theorem 5.2.

Let G C R*™. A function u : G — R is called pluriharmonic in G (cf. [19], p.
81, [41], p. 25) if it is in C?(G) and the equations

Dy, Dy + Dy Dyu=0, Dy, Dyt — Dy, Dyt =0

(k,1=1,n, (z;),(y;) € R") are satisfied for (z,y) € G.
Define G = By == {(z,y) € R*" : z =z + iy € Bg}.

COROLLARY 5.1. (i) If u is pluriharmonic in Br and if « > —1, then
(5.11) U (2) == 17D %u(z)
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(zj = rjexp(ip;), 0 < r = (r;) < R and the differentiation D% is performed
with respect to r) considered as a function of (z,y) ((x,y) € R*", 2 = x + iy) is
pluriharmonic in B,.

(ii) For every 0 < p < R and z € Bg,

(5.12) u(z) = 2m)™" [ dr... [ RSa(zg,)tal0s)d,

where oy = (0; exp(iVY;)), 2o, = (exp(—iV;)z;/0;) € C™.

Proof. There exists f analytic in Bg such that u = Rf (cf. [19], p. 82). By
Theorem 5.2, for every o« > —1, fo(z) (cf. (5.7)) is analytic, and hence its real
part uq, = Rf, (considered as a function of (x,y)) is pluriharmonic in Bj,. The
proof of (5.12) is completed by taking the real part of both sides of (5.9).
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