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Chapter 0

0.1. Introduction. The first 30-years of our century is a period of time during
which the foundations of the theory of best approximation in normed linear spaces
were laid. The name forever connected with the origin of that theory is that of
S. Banach’s [Ba]. Later the ideas of Banach were developed in the works of S. Ma-
zur, M. G. Krein, S. N. Nikol’skĭı, N. I. Achiezer, J. Walsh, A. N. Kolmogorov,
A. I. Markushevich, R. James, R. Phelps, A. L. Garkavi, I. Singer, E. W. Cheney,
S. B. Stechkin, and others (see [Che1, Lin2, Su] for detailed references).

The problem of best approximation in a normed linear space X by elements
of a nonempty set V ⊂ X is formulated as follows. Given x ∈ X find an element
v0 ∈ V for which the lower bound

(0.1.1) dist(x, V ) = inf{‖x− v‖ : v ∈ V }
is attained. The number dist(x, V ) is called the distance to x from V . The element
v0 (which need not be unique) is called an element of best approximation (briefly
best approximation or best approximant) from V to x. Define

(0.1.2) PV (x) = {v ∈ V : ‖x− v‖ = dist(x, V )} .
It is worth saying that, in general, the problem of finding an element of best
approximation effectively is very complicated. For this reason in approximation
theory the following five principal problems are posed:

existence of best approximation (PV (x) 6= ∅);(0.1.3)
uniqueness of best approximation (cardPV (x) = 1);(0.1.4)
characterization of elements of best approximation;(0.1.5)

estimation of the constant dist(x, V );(0.1.6)
construction of algorithms for seeking best approximation.(0.1.7)

The aim of this paper is to present some results concerning the problems
(0.1.4)–(0.1.7) in the case of the space of all linear, continuous mappings from a
normed space B into a normed space D equipped with the operator norm (we will
denote it by L(B,D) (L(B) if B = D)). These results, except the preliminary
Section 0.2, were obtained by the author in [Bar1, LG1–LG4] (see also [OdL]).
Sections II.1, II.2 and Chapter 3 contain unpublished material. The problems
considered here have their origin in the results of J. Blatter, E. W. Cheney,
C. Franchetti, W. A. Light, W. Odyniec, P. D. Morris, K. H. Price concerning
minimal linear projections [Che2–Che8, Fr, Od].
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In this paper we mainly treat the case of convex subsets of K(B,D) (the
space of all compact operators going from B into D) and, if D ⊂ B, the case
V = L|D(B,D), where

(0.1.8) L|D(B,D) = {L ∈ L(B,D) : L|D = 0} .

Note that for A ∈ L(D) and L0 ∈ L(B,D), L0|D = A, each linear extension of
A onto the whole space B having minimal norm belongs to PL|D(B,D)(L0). In
particular, if A = Id|D and D ⊂ B, the set PL|D(B,D)(Id) contains all linear, con-
tinuous projections from B onto D of minimal norm. The projections of minimal
norm play an essential role in approximation theory because of the following well
known inequality (see e.g. [Che8, p. 263]):

(0.1.9) ‖b− Pb‖ ≤ ‖Id−P‖ dist(b,D) ≤ (1 + ‖P‖) dist(b,D)

for any b ∈ B and P ∈ L(B,D), P |D = Id|D. Hence the quality of approximation
of b ∈ B by Pb ∈ D depends, in fact, on the norm of P . For more information
about projections the reader is referred to [Bar2, Bl, Cha, Che2–Che8, Fr, Is, Ja,
Ki, Ko, Lev, Lew, Od, OdL, Ro, So, Wu] and references in [OdL].

Now we describe the contents of this paper.
In Chapter I we prove various Kolmogorov type characterizations of best ap-

proximation in the operator case (X = L(B,D)) in which only the extremal
points of the unit sphere in B and D∗ are involved.

In Section I.1 we will be concerned with the case X = L(B,D) and V being
a finite-dimensional subspace of X.

In Section I.2 we restrict our attention to X = K(B,D) (the space of all
compact operators from B into D) and V being a convex subset of X.

In Section I.3 we specialize our results to the case of compact operators from
CK(T ) into itself having carriers contained in a given set F ⊂ T. (Here CK(T )
denotes the space of all continuous K-valued functions (K = R or K = C) defined
on a compact set T with the supremum norm). Next, we will be concerned with
the case of operators having finite carriers.

In Section I.4 we consider compact operators defined on the sequence spaces
c0, l1, l∞.

The results of this chapter have its origin in the following theorem due to
Cheney:

Theorem 0.0.1 [Che2]. Let B = CR(T ) and let D ⊂ B be a finite-dimensional
subspace. Set

(0.1.10) P(B,D) = {P ∈ L(B,D) : P |D = Id|D}

(the set of all linear projections from B onto D) and

(0.1.11) I(B,D) =
{
P ∈ P(B,D) : P =

dimD∑
i=1

t̂i · yi, ti ∈ T, yi ∈ D
}
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(I(B,D) is the set of all interpolating projections from B onto D). Then P0 ∈
I(B,D) is an element of minimal norm in P(B,D) if and only if for every
P ∈ P(B,D) there is t̂ ∈ crit∗(P0) (the symbol t̂ denotes the evaluation functional
t̂(y) = y(t)) such that

(0.1.12) inf{((P − P0)x)(t) : x ∈ At} ≤ 0 .

(Here crit∗(P0) = {t ∈ T : ‖t̂ ◦ P0‖ = ‖P0‖} and At = {x ∈ B : ‖x‖ = 1,
(P0x)(t) = ‖t̂ ◦ P0‖.})

The main tool in our approach in this chapter is a theorem due to H. S. Collins
and W. Ruess [Co] which characterizes the extremal points of the unit sphere
in K∗(B,D) in terms of extremal points of the unit spheres in B∗∗ and D∗ (see
Theorem 0.2.7 in the next section). The other important tools are a generalization
of the classical Kolmogorov criterion proved by Brosowski and Wegmann in [Br]
(see Theorem 0.2.8 in the next section) and a Kolmogorov type criterion for strong
unicity given by Wójcik in [Wó] (see Theorem 0.2.12 in the next section). For the
convenience of the reader we present the proofs of the above mentioned results in
Section 0.2.

In Chapter II we deal with some applications of the results proved in Chapter
I for seeking extensions of operators of minimal norm. In other words, for given
A ∈ L(D), we concentrate on the problem of approximation of a given extension
L0 of A by elements of the set L|D(B,D) (see (0.1.8)). We mainly consider the
case A = Id|D, i.e. the problem of looking for a projection of minimal norm.
Throughout this chapter, except Section II.6, B = l

(n)
1 or B = l

(n)
∞ and D will be

a subspace of B.
In Section II.1, for some special cases of A ∈ L(D) and D being a hyperplane

of l(n)
∞ , we present explicit formulas for extensions of A having minimal norm. In

particular, we show a formula for minimal projections going from l
(n)
∞ onto D (the

method of proof presented here is different from that of [Bl] and [Od, Th. 2.2]).
In Section II.2 we calculate the norm of a minimal projection going from l

(n)
1

onto a hyperplane D. The method presented here is different from that of [Bl]
and [OdL, Th. II.4.9, p. 62 ].

In Section II.3 the unicity and strong unicity of minimal projections in the
situations considered in Sections II.1 and II.2 will be investigated. (The notion
of strong unicity will be defined in Section 0.2 of this chapter.) In particular, we
present a different proof of the result obtained in [Od] (see also [OdL, Th. II.5.2,
p. 70]).

In Section II.4 we solve partially the problem of finding a projection of minimal
norm (so called minimal projection) onto D which is a subspace of codimension
two in l

(n)
∞ .

Section II.5 will be devoted to a characterization of unicity and strong unicity
of a minimal projection in the case considered in Section II.4.

The main result of Section II.6 states that if B is a three-dimensional real
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Banach space, D is one of its hyperplanes and A ∈ L(D) is so chosen that there
is no extension of A onto B which preserves the norm of A, then A has exactly
one extension L0 of minimal norm. Moreover, this extension is strongly unique.

In Chapter III we deal with the problem of calculing the dist(L0,LD(B,D))
for a given L0 ∈ L(B,D), where B is an infinite-dimensional Banach space and
D one of its finite-dimensional subspaces. We present some results which permit
to reduce this problem to the case of B being a finite-dimensional Banach space.

In Section III.1 we consider the case of Orlicz–Musielak spaces (in particular
Lp spaces) defined on sets with nonatomic measure.

In Section III.2 we will be concerned with the spaces CK(T ), C(k)[a, b] and
sequence Orlicz–Musielak spaces.

In Section III.3, adapting the reasoning presented in [Che6], we show how
to apply the classical Remez algorithm for estimation of the constant
dist(L0,LD(B,D)) in the cases described in Sections III.1 and III.2.

The results of this chapter have its origin in the following two theorems:

Theorem 0.1.2 [Che5]. Assume B = CR(T ) and let D ⊂ B be an n-dimen-
sional subspace. Put

(0.1.13) D(B,D) =
{
P ∈ P(B,D) : Px =

k∑
i=1

x(ti)yi, y1, . . . , yk ∈ D
}
.

Then for every P ∈ PId(B,D) (see (0.1.10)) there exists a net {Pβ} ⊂ D(B,D)
with

‖Px− Pβx‖ → 0 for every x ∈ B
and ‖Pβ‖ → ‖P‖.

In particular, this means that the norm of a minimal projection can be calcu-
lated as the limit of norms of operators with finite carriers (when T is metrizable
we can use sequences).

Theorem 0.1.3 [Che6]. Let T be a metrizable compact set and let {ti} be a
countable dense set in T. Assume D ⊂ CR(T ) is an n-dimensional subspace. For
m ≥ n, f ∈ B and P ∈ D(B,D) put

∆m(f) = max
i=1,...,m

{|f(ti)|} ,(0.1.14)

Nm(P ) = sup
∆m(f)≤1

∆m(Pf) ,(0.1.15)

Nm = inf{Nm(P ) : P ∈ D(B,D), car(P ) ⊂ {t1, . . . , tm}}(0.1.15)

(the symbol car(P ) denotes the carrier of P). Then

λId(B,D) = lim
m→∞

Nm .

(Here λId(B,D) = inf{‖P‖ : P ∈ P(B,D)}).
Now we present some basic notations which will be of use later. Throughout

the paper C (R) denotes the field of complex (real) numbers. The symbol SB(x, r)
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(BB(x, r)) stands for a sphere (a closed ball resp.) in a normed spaceB with center
x and radius r. If x = 0 and r = 1 we will write SB (BB) for brevity. By extB we
will denote the set of all extremal points of the unit sphere in a normed space B.
We also denote classical Banach spaces in a standard way. Namely, we write
C(T ) (resp.CR(T )) for the space of complex-valued (resp. real-valued) continuous
functions defined on a compact set T with the supremum norm. By Lp(T,Σ, µ)
we denote as usual the space of µ-measurable, complex (or real) -valued functions
f such that

∫
T
|f(t)|p dµ(t) <∞. The symbol l(n)

p stands for the euclidean space
Cn (Rn) equipped with the lp norm (p = 1, 2, . . . ,∞). We will write L(B,D)
(L(B) if B = D) for the space of all linear, continuous mappings from a normed
space B into a normed space D equipped with the operator norm. Similarly, by
K(B,D) (K(B) if B = D) we denote the space of all compact operators from
B into D. If W is a subset of a linear topological vector space X then conv(W )
(resp. conv(W )−) will be the smallest convex (resp. the smallest convex closed
set) containing W. Moreover, by int(W ) we denote the interior of the set W.

Now, suppose D ⊂ B is a closed subspace of a Banach space B and let
A ∈ L(D) be given. Then the following notation will be frequently used:

PA(B,D) = {L ∈ L(B,D) : P |D = A} ;(0.1.17)
λA(B,D) = inf{‖P‖ : P ∈ PA(B,D)} ;(0.1.18)

(λA(B,D) =∞ if PA(B,D) = ∅);

(0.1.19) P0
A(B,D) = {P ∈ PA(B,D) : ‖P‖ = λA(B,D)} .

Note that for any A ∈ L(D),

(0.1.20) λA(B,D) = dist(L0,LD(B,D)) ,

where L0 ∈ PA(B,D) is a fixed extension of A.
Other special notations will be individually explained.
All items (definitions, theorems, propositions, corollaries, lemmas, examples,

remarks) are numbered consecutively within any section. And thus Remark 0.2.1
opens the second section of Chapter 0 (Section 0.2) and is followed by The-
orem 0.2.2, Theorem 0.2.3 and so on. When the reference is made to an item
within the same chapter, the chapter number is omitted (for example we write
(see Theorem 2.2)). Separate numbering is employed for formulas. For example
the reference (see (0.1.2)) means the second formula in Section 1 of Chapter 0.

0.2. Preliminary results. In this section, for the convenience of the reader,
we present the proofs of some results which will be of use later. We start with
the proof of a theorem due to Collins and Ruess, crucial for our later investiga-
tions. The above mentioned result permits one to express the points from the set
extK∗(B,D) using elements from extB∗∗ and extD∗ . To do this, let us introduce
some notation.
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Let (X,Y ) denote a dual pair [Al, p. 335]. For W ⊂ X set

(0.2.1) W 0 = {y ∈ Y : |(y, x)| ≤ 1 for every x ∈W}
and

(0.2.2) W 00 = {x ∈ X : |(y, x)| ≤ 1 for every y ∈W 0} .
R e m a r k 0.2.1. It is well known (see e.g. [Al, p. 338]) that for any Banach

space B the pair (B∗, B) is a dual pair if in B∗ we consider the weak∗ topology.

In the sequel we will need the following results:

Theorem 0.2.2 (see e.g. [Al, p. 320]). Assume B is a locally convex linear
topological space and let W ⊂ B be a compact subset. If conv(W )− is compact
then

(0.2.3) ext(conv(W )−) ⊂W
where conv(W )− denotes the smallest closed convex set containing W.

Theorem 0.2.3 (see e.g. [Al, p. 339]). Let (X,Y ) be a dual pair and let
W ⊂ X be a balanced set. Then

(0.2.4) conv(W )− = W 00 .

Now, for given Banach spaces B, D, let us denote by Le(B∗, D) the space of
all weak∗-weak continuous compact operators from B∗ into D endowed with the
operator norm.

Proposition 0.2.4 [Co, Ex. (0.2)]. The space K(B,D) is linearly isometric
to the space Le(B∗∗, D).

P r o o f. Fix T ∈ K(B,D) and φ ∈ B∗∗. By Goldstine’s Theorem there exists
a net (xu) ⊂ BB(0, ‖φ‖) such that xu → φ weak∗ in B∗∗. Since ‖xu‖ ≤ ‖φ‖ for
each u, the set {Txu}u∈U is relatively compact. Set Cu = cl{Txw}w≥u for u ∈ U
(the closure is taken with respect to the norm topology in D). Note that {Cu}u∈U
is a centered family of closed sets. By the compactness of T,

⋂
u∈U Cu 6= ∅. Take

y ∈
⋂
u∈U Cu. We show that Txu tends to y weakly in D. To do this, fix ε > 0 and

f ∈ D. Let V = {z ∈ D : |f(y)| < ε/2}. Since T is continuous with respect to the
norm topologies in B and D, T is weak∗-weak continuous. Hence we may select
an open neighbourhood W of 0 (in the weak topology in B) such that T (W ) ⊂ V.
Since xu tends to φ weak∗ in B∗∗, xw − xz ∈ W for z, w ≥ u0. Choose w ≥ u0

with ‖Txw − y‖ ≤ ε/2 (the existence of such a w is guaranteed by the definition
of Cu). Then for each z ≥ u0,

|f(Txz)− y| ≤ |f(T (xz − xw))|+ |f(Txw − y)| ≤ ε/2 + ‖f‖ε/2 ,
since the first term belongs to V. Consequently, Txu → y weakly in D. Now we
shall show that for every net (yw) ⊂ BB(0, ‖φ‖) tending weak∗ in B∗∗ to φ, the
net (Tyw) tends to y weakly in D. Assume this is not true and select a net (yw) ⊂
BB(0, ‖φ‖), yw → φ weak∗ in B∗∗ with Tyw → x 6= y weakly in D. Take f ∈ SD∗
with f(x − y) = ‖x − y‖ and let V = {z ∈ D : |f(z)| < ‖x − y‖/2}. Reasoning
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as in the previous part of the proof, we obtain |f(Txu − Tyw)| < ‖x − y‖/2 for
u ≥ u0 and w ≥ w0, and consequently |f(x− y)| ≤ ‖x− y‖/2; a contradiction.

Now we define the required isometry by

(0.2.5) T ∗∗φ = lim
u
Txu

for φ ∈ B∗∗, where {xu} ⊂ BB(0, ‖φ‖) is an arbitrary net tending to φ weak∗

in B∗∗ (we have proved that the limit does not depend on the choice of the net
{xu}). In fact, T ∗∗ is the second adjoint operator for T . It is clear that T ∗∗ is
linear and T ∗∗|B = T .

Now we prove that T ∗∗ ∈ Le(B∗∗, D). Take {φu} ⊂ B∗∗, and let φu tend to
0 weak∗ in B∗∗. Fix ε > 0, f ∈ D∗ and let V = {y ∈ D : |f(y)| < ε}. Since
T is weak-weak continuous, there exists an open (in the weak topology of D)
neighbourhood W of 0 with T (W ) ⊂ V . Note that φu ∈ W for u ≥ u0 (W may
be treated as a weak∗-open set in B∗∗). For each u ≥ u0 select a net (xwu ) ⊂ B
such that ‖xwu ‖ ≤ ‖φu‖ and (xwu ) tends weak∗ in B∗∗ to φu. It is clear that
xwu ∈ W for w ≥ wu. Consequently, by (0.2.5), T ∗∗φu = limw Tx

w
u belongs to V ,

which proves the weak∗-weak continuity of T ∗∗.
To show that T ∗∗ is a compact operator, note that there exists a compact

set K ⊂ D with T (BB(0, 1)) ⊂ K. By (0.2.5), T ∗∗(BB∗∗(0, 1)) ⊂ conv(K)−. By
Mazur’s Theorem the set conv(K)− is also compact. Since BD(0, ‖T‖) is a convex
set, by (0.2.5), T ∗∗(BB∗∗(0, 1)) ⊂ BD(0, ‖T‖), which means ‖T ∗∗‖ = ‖T‖. It is
clear that for every S ∈ Le(B∗∗, D), S = (S|B)∗∗. Consequently, the operator ∗∗

defined by (0.2.5) is a linear isometry, which completes the proof.

R e m a r k 0.2.5. If L ∈ K(B,D) is a finite-dimensional operator then

(0.2.6) L∗∗f =
n∑
i=1

f(x∗i )yi for f ∈ B∗∗, where L =
n∑
i=1

x∗i (·)yi .

To present a result which is crucial for our later investigations let us introduce
some notation. For x ∈ B∗, y ∈ D∗ and h ∈ Le(B∗, D) put

(0.2.7) (x⊗ y)(h) = y(h(x)) .

Set

(0.2.8) B0
B ⊗B0

D = {x⊗ y : x ∈ B0
B , y ∈ B0

D}.

Then we have

Theorem 0.2.6. Assume B , D are Banach spaces. Then

(0.2.9) extL∗e(B∗,D) ⊂ extB∗ ⊗ extD∗ .

P r o o f. First we show that B0
B ⊗ B0

D is compact in the weak∗ topology of
L∗e(B∗, D). To do this, define

(0.2.10) Φ : B0
B ×B0

D → B0
B ⊗B0

D by Φ(x, y) = x⊗ y .
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In view of the Banach–Alaoglu Theorem, B0
B (resp. B0

D) is a weak∗-compact set
in B∗ (resp. in D∗). Hence it suffices to show that Φ is continuous (in B0

B×B0
D we

consider the Tikhonov topology). Take {xu} ⊂ B0
B , {yu} ⊂ B0

D with xu → x and
yu → y and fix h ∈ Le(B∗, D). First we prove that ‖h(xu − x)‖ → 0. Suppose,
on the contrary, that ‖h(xw − x)‖ ≥ d > 0 for some subnet {xw} ⊂ {xu}.
Set Cw = cl{h(xz − x)}z≥w,z∈W for w ∈ W (the closure is taken with respect
to the norm topology in D). By the compactness of h,

⋂
w∈W Cw 6= ∅. Take

y ∈
⋂
w∈W Cw and select f ∈ SD∗ with f(y) = ‖y‖. For each n ∈ N and for every

w ∈W there exists zw ∈W , zw ≥ w with ‖h(xzw−x)−y‖ ≤ 1/n. But this means
that f(h(xzw − x)) → f(y) = ‖y‖ ≥ d > 0; a contradiction, since h(xu − x) → 0
weakly in D. Note that

|Φ(xu, yu)(h)− Φ(x, y)(h)| = |(xu ⊗ yu)h− (x⊗ y)h|
≤ |yu(hxu)− yu(hx)|+ |yu(hx)− y(hx)|
≤ sup{‖yu‖ : u ∈ U} · ‖h(xu − x)‖+ |(yu − y)(hx)| .

Since sup{‖yu‖ : u ∈ U} < ∞, ‖h(xu − x)‖ → 0 and yu → y weakly in D∗, the
proof of the continuity of Φ is complete. Consequently, B0

B ⊗ B0
D is compact in

the weak∗ topology in L∗e(B∗, D). It is easy to show that B0
B = BB∗ , B

0
D = BD∗

and (B0
B⊗B0

D)00 =BL∗e(B∗,D). From Remark 2.1 and Theorem 2.3 it follows that

conv(B0
B ⊗B0

D)− = (B0
B ⊗B0

D)00 .

Hence, by the above reasoning, the Banach–Alaoglu Theorem and Theorem 2.2,
extL∗e(B∗,D) ⊂ BB∗ ⊗ BD∗ , and consequently, extL∗e(B∗,D) ⊂ extB∗ ⊗ extD∗ as
required.

By Proposition 2.4 we immediately get

Theorem 0.2.7 [Co]. Let B , D be Banach spaces. Then

(0.2.11) extK∗(B,D) ⊂ extB∗∗ ⊗ extD∗

where (x ⊗ y)L = y(L∗∗x) for every x ∈ B∗∗, y ∈ D∗ and L ∈ K(B,D) (L∗∗ is
defined by (0.2.5)).

Now we present the proofs of two generalizations of the Kolmogorov criterion.
Recall that if D ⊂ CK(T ) is a linear subspace, f ∈ CK(T ) and d0 ∈ D then by
the classical Kolmogorov result d0 ∈ PD(f) if and only if for every d ∈ D,

inf{re((f(t)− d0(t))d(t)) : t ∈ C(f − d0)} ≤ 0 ,

where C(f − d0) = {t ∈ T : |f(t)− d0(t)| = ‖f − d0‖}.
For a Banach space B set

(0.2.12) E(b) = {f ∈ extB∗ : f(b) = ‖b‖}
and recall that a set D ⊂ B is called a sun iff for every b ∈ B, d0 ∈ PD(b) (see
(0.1.2)) and t ≥ 0,

(0.2.13) d0 ∈ PD(d0 + t(b− d0)) .



Best approximation in spaces of linear operators 13

Theorem 0.2.8 [Br]. Let D ⊂ B be a sun and let b ∈ B. Then d0 ∈ PD(b) if
and only if for every d ∈ D,

(0.2.14) there exists f ∈ E(b− d0) such that re(f(d− d0)) ≤ 0 .

P r o o f. Suppose d0 6∈ PD(b). Then there is a d1 ∈ D with ‖b−d1‖ < ‖b−d0‖.
Take any f ∈ E(b− d0). Then

re(f(d1 − d0)) = re(f(b− d0))− re(f(b− d1)) ≥ ‖b− d0‖ − ‖b− d1‖ > 0

and consequently, inf{re(f(d1 − d0)) : f ∈ E(b− d0)} > 0.
To prove the converse, assume that d0∈P(b) and that there is a d1∈D such

that re(f(d1 − d0)) > 0 for every f ∈ E(b − d0). We show that d0 6∈ PD(d0 +
t0(b− d0)) for some t0 > 0. Set

E1 = {f ∈ BB∗ : f(b− d0) = ‖b− d0‖} .

It is clear that E1 is a weak∗-closed subset of BB∗ and hence, by the Banach–
Alaoglu Theorem, E1 is a weak∗-compact set. Since the function E1 3 f →
re(f(d1 − d0)) is weak∗-continuous and linear, by the Krein–Milman Theorem,
there is an f0 ∈ E(b− d0) with

0 < re(f0(d1 − d0)) = c = inf{re(f(d1 − d0)) : f ∈ E1} .

Now, set U = {f ∈ BB∗ : re(f(d1 − d0)) > c/2} and V = BB∗ \ U . It is
clear that U is a weak∗-open set in BB∗ and consequently, by the Banach–Alaoglu
Theorem, V is a weak∗-compact set. Since the function BB∗ 3 f → |re(f(b−d0))|
is weak∗-continuous and E1 ⊂ U ,

sup{|re(f(b− d0))| : f ∈ V } = M < ‖b− d0‖ .

Now take t0 > 0 such that t0(‖b − d0‖ −M) > ‖d1 − d0‖. We show that d0 6∈
PD(d0 + t0(b − d0)). To do this, fix f ∈ BB∗ with f(d0 + t0(b − d0) − d1) =
‖d0 + t0(b− d0)− d1‖. If f ∈ V then

‖d0 + t0(b− d0)− d1‖ = |re(f(d0 + t0(b− d0)− d1))|
≤ t0|re(f(b− d0))|+ |re(f(d1 − d0))|
≤ t0M + ‖d1 − d0‖ < t0M + t0‖b− d0‖ − t0M
= t0‖b− d0‖ = ‖d0 + t0(b− d0)− d0‖ .

If f ∈ U, then

‖d0 + t0(b− d0)− d1‖ = re(f(d0 + t0(b− d0)− d1))
= re(f(t0(b− d0)− (d1 − d0))) ≤ ‖t0(b− d0)‖ − c/2
< t0‖b− d0‖ = ‖d0 + t0(b− d0)− d0‖ .

Consequently, d0 6∈ PD(d0 + t0(b− d0)), a contradiction.

R e m a r k 0.2.9. It is easy to show that any convex set D ⊂ B is a sun, so the
above characterization of best approximation holds true for convex subsets of B.
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R e m a r k 0.2.10. If D is a linear subspace of B then (0.2.14) is equivalent to

(0.2.15) for every d ∈ D there is f ∈ E(b− d0) such that re(f(d)) ≤ 0 .

Now we present a similar Kolmogorov type characterization for the case of
strong uniqueness (Theorem 2.12). This result was obtained by Wójcik [Wó]. In
order to do this, let us recall that an element d0 ∈ D is called a strongly unique
best approximation (briefly SUBA) to b ∈ B if and only if there is r > 0 such that
for every d ∈ D,

(0.2.16) ‖b− d‖ ≥ ‖b− d0‖+ r‖d− d0‖ .
The theory of strong unicity has its origin in the following result of Newman and
Shapiro [Ne]. To present it, recall that an n-dimensional subspace D of CK(T )
is called a Haar subspace if and only if for any set {t1, . . . , tn} of distinct points
from T , 0 is the only element in D which vanishes on {t1, . . . , tn}.
Theorem 0.2.11 [Ne]. Assume D ⊂ CK(T ) is a Haar subspace of CK(T ).

Then for every b ∈ CK(T ) there is a constant r > 0 such that the best approxi-
mation d0 ∈ PD(b) satisfies one of the following inequalities:

(0.2.17) ‖b− d‖ ≥ ‖b− d0‖+ r‖d− d0‖ for every d ∈ D in the case K = R
and

(0.2.18) ‖b− d‖2 ≥ ‖b− d0‖2 + r‖d− d0‖2 for every d ∈ D in the case K = C .
It is obvious that if u is the SUBA to b in D then card PD(b)=1. The converse

is not true (see e.g. [Che1]). The significance of this notion can be illustrated
by E. W. Cheney’s observation [Che1, p. 82 ] that the strong unicity of best
approximation yields the continuity of the metric projection

(0.2.19) PD : B 3 b→ PD(b) ∈ D .

Also one can see that the proof of the Remez algorithm depends, in fact, on strong
unicity. For more detailed information about strong unicity the reader is referred
to [SW]. Now we can show the next important result for our later investigations.

Theorem 0.2.12 ([Wó] or [SW, Th. 4.2]). Let D ⊂ B, b ∈ B \D and d0 ∈ D.
For t > 0 set bt = d0 + t(b− d0). Then the following statements are equivalent :

(0.2.20) for every t ≥ 0, d0 is a SUBA to bt ∈ D with a constant r > 0
independent of t ;

(0.2.21) for every d ∈ D, re(f(d− d0)) ≤ −r‖d− d0‖ for some f ∈ E(b− d0).

P r o o f. Fix t > 0 and note that E(b−d0) = E(bt−d0). If (0.2.21) is satisfied
then there are r > 0 and f ∈ E(b− d0) such that for every d ∈ D,

r‖d− d0‖ ≤ re(f(bt − d))− re(f(bt − d0)) ≤ ‖bt − d‖ − ‖bt − d0‖ ,
which proves (0.2.20).

To prove the converse, assume that

‖bt − d‖ − ‖bt − d0‖ = (‖b− d0 + (1/t)(d0 − d)‖ − ‖b− d0‖)/(1/t) ≥ r‖d− d0‖ .
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It is well known [Du, Th. V.9.5] that

lim
ε↘0

(‖x+ εy‖ − ‖x‖)/ε = sup{re(f(y)) : f ∈ E(x)} .

Hence, by the above inequality, we get

inf{re(f(d− d0)) : f ∈ E(b− d0)} ≤ −r‖d− d0‖ .
Since the function BB∗ 3 f → re(f(d − d0)) is weak∗-continuous and linear, the
above infimum is attained at some point f ∈ E(b− d0), as required.

R e m a r k 0.2.13. In [Wó] it was shown that if D ⊂ B is a starlike set with
respect to some d0 ∈ D then (0.2.20) is equivalent to the fact that d0 is a SUBA
to b. Hence Theorem 0.2.12 gives Kolmogorov’s type characterization of strong
uniqueness for convex subsets of B. Moreover, if D is a subspace of B then (0.2.21)
can be replaced by:

(0.2.22) for every d ∈ D there is an f ∈ E(b− d0) with re(f(d)) ≤ −r‖d‖ .
By [Si, Th. 1.1, p. 170] and Theorems 2.8 and 2.12 one can easily get

Corollary 0.2.14. Let b ∈ B \D and let D be a finite-dimensional subspace
of D. Then d0 ∈ PD(b) (d0 is a SUBA to b resp.) if and only if 0 ∈ conv(E(b−
d0)|D) (0 ∈ int(conv(E(b − d0)|D)) resp.), where E(b − d0)|D = {f |D : f ∈
E(b− d0)}.

To end this section we show three results concerning the case of X being a
real, finite-dimensional space with card extX <∞. First we prove the following

Proposition 0.2.15. Suppose X is a finite-dimensional real Banach space such
that card extX is finite. Let D ⊂ X be a proper n-dimensional subspace and let
b ∈ X \D. Put Z = D⊕ [b]. Then z ∈ extZ if and only dim SpanE(z)|Z = n+ 1.

P r o o f. Assume there is a z ∈ SZ \ extZ such that dim SpanE(z)|Z = n+ 1.
Then z = 1

2 (z1 + z2) for z1 6= z2, z1, z2 ∈ SZ . Hence, f(zi) = 1 for i = 1, 2 and
every f ∈ E(z). Since dim SpanE(z)|Z = dimZ, z1 = z2; a contradiction.

To prove the converse, let z ∈ extZ and let dim SpanE(z) ≤ n. Hence there
is a z1 ∈ SZ with f(z1) = 0 for every f ∈ E(z). Since the set extZ is finite, so
is extZ∗ . Consequently, M = max{f(z) : f ∈ extZ∗ \E(z)} < 1. But this gives
‖z + αz1‖ ≤ 1 for |α| sufficiently small. Since z = 1

2 (z + αz1 + z − αz1), we get a
contradiction.

Corollary 0.2.16. Let X , D , b, Z be as in Proposition 2.15. Then there are
d0 ∈ PD(b) and f1, . . . , fn+1 ∈ extX∗ linearly independent on Z such that

fj(b− d0) = dist(b,D) for j = 1, . . . , n+ 1 .

P r o o f. Note that PD(b) is convex and compact with respect to the norm
topology. Hence, by the Krein–Milman theorem, there is a d0 ∈ PD(b) which is
an extremal point of this set. Consequently, (b−d0)/dist(b,D) ∈ extZ . Applying
Proposition 2.15 we get the desired result.
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Proposition 0.2.17 [Ma]. Let X , D , b, Z have the same meaning as in Pro-
position 2.15. Then cardPD(b) = 1 if and only if b has a SUBA element d0 ∈ D.

P r o o f. Suppose cardPD(b) = 1 and let d0 ∈ PD(b). If d0 is not a SUBA to
b in D then, by Corollary 2.14, 0 ∈ conv(E(b − d0)|D) \ int(conv(E(b − d0)|D)).
Hence there is a d ∈ SD such that f(d) ≥ 0 for every f ∈ E(b− d0). Since extX
is a finite set, reasoning as in Proposition 2.15, we get d0−αd ∈ PD(b) for α > 0
sufficiently small; a contradiction.

Chapter I

I.1. Best approximation in finite-dimensional subspaces of L(B,D).
In this section we consider the case of X = L(B,D) and V ⊂ X being a finite-
dimensional subspace. We prove Kolmogorov’s type characterization of best ap-
proximants (Theorem 1.1) which involves only elements from the sets SB and
extD∗ . We also present a result concerning strong unicity.

Next we characterize finite-dimensional Chebyshev subspaces in the space
K(c0) of all compact operators from c0 into c0. (Recall that a set D ⊂ B is
called a Chebyshev set iff card PD(b) = 1 for every b ∈ B.)

Now we formulate the main result of this section.

Theorem 1.1.1. Let B , D be arbitrary normed linear spaces (we consider real
and complex case) and let V ⊂ L(B,D) be a finite-dimensional subspace. Assume
L ∈ L(B,D) \ V and V0 ∈ V. Then V0 ∈ PV(L) if and only if for every ε > 0
there exist m ∈ N, ϕ1, . . . , ϕm ∈ extD∗ and w1, . . . , wm ∈ SB such that

(1.1.1) 0 ∈ conv{ϕ1 ⊗ w1|V , . . . , ϕm ⊗ wm|V}
and

(1.1.2)
∣∣∣ m∑
i=1

λi(ϕi ⊗ wi)(L− V0)− ‖L− V0‖
∣∣∣ ≤ ε ,

where λi ≥ 0,
∑m
i=1 λi = 1. (We write (ϕi ⊗ wi)(L) = ϕi(Lwi).)

P r o o f. Fix ε > 0 and let L = [L]⊕ V. Since L is finite-dimensional, SL is a
compact set. Hence there exist C1, . . . , Cm∈SL such that SL ⊂

⋃m
i=1BL(Ci, ε/3).

For each i ∈ {1, . . . ,m} select ϕi ∈ extD∗ and wi ∈ SB with

(1.1.3) | ‖Ci‖ − ϕi(Ciwi)| ≤ ε/3 .
Set Z1 = {ϕi ⊗ wi : i = 1, . . . ,m} and T = {ϕ ⊗ w : ϕ ∈ extD∗ , w ∈ SB}.
Note that T |L is a total set over L. Hence we can choose Z2 ⊂ T |L, Z2 =
{(γ1 ⊗ u1)|L, . . . , (γdimL ⊗ udimL)|L} which forms a basis of L∗. Put

(1.1.4) Z = Z1 ∪ Z2

and let M = conv(
⋃
α∈K,|α|=1 αZ). Since M is an absolutely convex, absorbing

set, we can define ‖·‖M, the Minkowski functional of the setM, which is a norm in
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L∗. Hence we can equip the space (L∗)∗ = L with a norm ‖A‖ε = maxγ∈Z |γ(A)|.
It is easy to observe that ‖γ‖M=sup‖A‖ε≤1 |γ(A)| and consequently, ‖ ‖M is the
dual norm for ‖ ‖ε in L∗.

Now we will show that for every A ∈ L, | ‖A‖ − ‖A‖ε| ≤ ε‖A‖. Of course, we
can assume A 6= 0. Then

|1− ‖(A/‖A‖)‖ε| = | ‖Ci‖ − ‖(A/‖A‖)‖ε|
≤ | ‖Ci‖ − ‖Ci‖ε|+ | ‖Ci‖ε − ‖(A/‖A‖)‖ε| ,

where Ci ∈ SL is so chosen that ‖(A/‖A‖)− Ci‖ ≤ ε/3. Hence

|1− ‖(A/‖A‖)‖ε|
≤ ‖Ci − (A/‖A‖)‖ε + | ‖Ci‖ − ‖Ci‖ε| ≤ ‖Ci − (A/‖A‖)‖+ ε/3 ≤ (2/3)ε ,

since by (1.1.3),

‖Ci‖ε ≤ ‖Ci‖ ≤ ϕi(Ciwi) + ε/3 ≤ ‖Ci‖ε + ε/3

(by (1.1.4), ϕi ⊗ wi ∈ Z1 ⊂ Z). Consequently,

| ‖(A/‖A‖)‖ − ‖(A/‖A‖)‖ε| ≤ 2ε/3

and

| ‖A‖ − ‖A‖ε| < ε‖A‖ .
Hence we get immediately

(1− ε)‖A‖ ≤ ‖A‖ε ≤ (1 + ε)‖A‖ .

From this it is easy to deduce that

|dist(L,V)− distε(L,V)| ≤ ε‖L‖ .

(distε denotes the distance to L from V with respect to the ‖ ‖ε.) Now let V0 ∈
PV(L) and let Vε ∈ PεV(L) (the set of best approximants with respect to ‖ ‖ε). By
Corollary 0.2.14, 0 ∈ conv(Eε(L − Vε)|V). It is evident by the definition of ‖ ‖ε
that Eε(L−Vε) ⊂

⋃
α∈K,|α|=1 αZ. Hence Eε(L−Vε) = {ϕ1⊗w1|L, . . . , ϕl⊗wl|L},

where ϕi ∈ extD∗ and wi ∈ Sw for i = 1, . . . , l. Note that

ε‖L‖ ≥ |dist(L,V)− distε(L,V)| = |‖L− V0‖ − ‖L− Vε‖ε|

=
∣∣∣ ‖L− V0‖ −

l∑
i=1

λi(ϕi ⊗ wi)(L− Vε)
∣∣∣

=
∣∣∣ ‖L− V0‖ −

l∑
i=1

λi(ϕi ⊗ wi)(L− V0)
∣∣∣ ,

where λi ≥ 0,
∑l
i=1 λi = 1 and

∑l
i=1 λi(ϕi ⊗ wi)|V = 0. This proves the first

part of the theorem (if ‖L‖ 6= 1 we can start from ε/‖L‖). Now suppose, on the
contrary, that V0 6∈ PV(L) and condition (1.1.2) holds. Put ε = (‖L − V0‖ −
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dist(L,V))/2 and let V1 ∈ PV(L). Then

ε+ ‖L− V1‖ < ‖L− V0‖ ≤
∣∣∣ l∑
i=1

λi(ϕi ⊗ wi)(L− V0)
∣∣∣+ ε ,

which by (1.1.1) gives

‖L− V1‖ <
∣∣∣ l∑
i=1

λi(ϕi ⊗ wi)(L− V1)
∣∣∣ ;

a contradiction.

R e m a r k 1.1.2. In Theorem 1.1 the set extD∗ can be replaced by any norming
set C ⊂ SD∗ and SB by any norming set W ⊂ SB∗∗ . (A set F ⊂ SD∗ is called a
norming set iff ‖v‖ = supf∈F |f(v)| for every v ∈ D.)

Applying Theorem 1.1 we can prove a necessary condition for V to be a non-
Chebyshev subspace. The method of proof is the same as in [Mal2].

Theorem 1.1.3. Assume V ⊂ L(B,D) is a non-Chebyshev finite-dimensional
subspace (we consider the real case). Then there exists V ∈ V, ‖V ‖ = 1, such that
for every ε > 0 there are f1, . . . , fm ∈ extD∗ and w1, . . . , wm ∈ B,

∑m
i=1 ‖wi‖ = 1,

such that :

(a) G =
∑m
i=1(fi ⊗ wi)|V = 0;

(b) if F ∈ L∗(B,D) and ‖G± F‖ ≤ 1 then |F (V )| < ε.
(c)
∑m
i=1 |(fi ⊗ wi)(V )| < ε.

P r o o f. Since V is a non-Chebyshev subspace, there exists L ∈ L(B,D) such
that 0,±V ∈ PV(L), ‖V ‖ = 1. This will be the required V . Now fix ε > 0.
Applying Theorem 1.1, we can find f1, . . . , fm ∈ extD∗ , u1, . . . , um ∈ SB and
λ1, . . . , λm > 0,

∑m
i=1 λi = 1 such that

m∑
i=1

λi(fi ⊗ ui)|V = 0(1.1.5)

and ∣∣∣ m∑
i=1

λi(fi ⊗ ui)(L)− ‖L‖
∣∣∣ < ε/2 .(1.1.6)

For i = 1, . . . ,m put wi = λiui. Now we check that f1, . . . , fm, w1, . . . , wm satisfy
(a)–(c). Note that condition (a) is guaranteed by (1.1.5). To prove (b), fix
F ∈ L∗(B,D), ‖F ± G‖ ≤ 1. Hence (G ± F )(L) ≤ ‖L‖. Since G|V = 0, G(L) ±
F (L − V ) ≤ ‖L − V ‖ = ‖L‖. By (1.1.6), |F (L)| < ε/2 and |F (L − V )| < ε/2.
Hence |F (V )| < ε. To show (c), put

(1.1.7)


P = {i : (fi ⊗ wi)(V ) ≥ 0} ,
P1 = {i : (fi ⊗ wi)(V ) > 0} ,
N = {i : (fi ⊗ wi)(V ) < 0} .
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If N (resp. P1) is empty, then by (1.1.5) P1 (resp. N) is empty and (c) holds true.
So assume that N and P1 are nonempty. Hence, by ((1.1.5),∑

i∈P
|(fi ⊗ wi)(V )| =

∑
i∈N
|(fi ⊗ wi)(V )| .

Now suppose that (c) does not hold. Then

(1.1.8)
∑
i∈P
|(fi ⊗ wi)(V )| ≥ ε/2 and

∑
i∈N
|(fi ⊗ wi)(V )| ≥ ε/2 .

Put γP =
∑
i∈P ‖wi‖ and γN =

∑
i∈N ‖wi‖. By (1.1.7), γP > 0, γN > 0 and

γN + γP = 1. Set

S1 =
∑
i∈P

(fi ⊗ wi)(L), S2 =
∑
i∈N

(fi ⊗ wi)(L) .

By (1.1.6), S1 + S2 > ‖L‖ − ε/2. Thus either S1 > γP (‖L‖ − ε/2) or S2 >
γN (‖L‖ − ε/2). Suppose that S1 > γP (‖L‖ − ε/2). Then, by (1.1.7) and (1.1.8),∑

i∈P
(fi ⊗ wi)(L+ V ) > γP ‖L‖ = γP ‖L+ V ‖ ,

since 0 < γP < 1. But for each i ∈ P ,

(1.1.9) (fi ⊗ wi)(L+ V ) ≤ ‖wi‖ · ‖L+ V ‖ .

By summing both sides of (1.1.9) over i we get a contradiction. If S2 > γN (‖L‖−
ε/2) then a similar argument using N and L − V provides a contradiction. The
proof of Theorem 1.1.3 is complete.

Now we consider the case of strong unicity (see (0.2.16)). To present the
next result, let us recall that an n-dimensional subspace D ⊂ B is called an
interpolating subspace iff for each set {d1, . . . , dn} which is a basis of D and each
set {f1, . . . , fn} of linearly independent functionals from extB∗ ,

det[fi(dj)]i,j=1,...,n 6= 0 .

Theorem 1.1.4. Let X be a normed real space and let V ⊂ X be an n-
dimensional subspace with a basis v1, . . . , vn. Let S ⊂ SX∗ be a norming set.
Assume furthermore that there is a δ > 0 such that for every set f1, . . . , fn of
linearly independent functionals from S,

(1.1.10) |det[fi(vj)]i,j=1,...,n| > δ > 0 .

Then each x ∈ X has a strongly unique best approximation in V.

P r o o f. Fix x ∈ X \ V and consider Z = [x] ⊕ V . Since Z, being a finite-
dimensional subspace, is separable, we may assume that S is countable. By the
totality of S over Z, we can (for k ≥ k0) equip Z with the norm

‖z‖k = max
i=1,...,k

|si(z)| (S = {s1, s2, . . .}) .
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From (1.1.10), V with ‖ ‖k is an interpolating subspace of Z. Hence for k ≥ k0

there exists vk ∈ V which is a SUBA to x with respect to ‖ ‖k. By Corollary 0.2.14,
0 ∈ int(conv(Ek(x−vk)|V )). (We consider the set Ek(x−vk) with respect to ‖ ‖k.)
By Carathéodory’s Theorem, 0 =

∑n+1
i=1 λ

k
i f

k
i |V , where fk1 , . . . , f

k
n+1 ∈ Ek(x−vk),

λki > 0 and
∑n+1
i=1 λ

k
i = 1. Passing to a subsequence if necessary, we may assume

vk → v0, λki → λi, and fki → fi∈SZ∗ . It is clear that fi(x− v0) = ‖x− v0‖ and∑n+1
i=1 λifi|V = 0. Now we show that λi > 0 for i = 1, . . . , n+1. Note that λi0 > 0

for some i0 ∈ {1, . . . , n + 1}, since
∑n+1
i=1 λi = 1, λi ≥ 0 for i = 1, . . . , n + 1. We

can assume i0 = n+ 1. By the Cramer rule

(1.1.11) λki = λkn+1∆
k
i /∆

k
n+1 for i = 1, . . . , n ,

where

∆k
i = (−1)i+1 det[fkl (vj)]j=1,...,n,l=1,...,n+1,l 6=i .

Hence, by (1.1.11), 1/|λki | ≤ (M/δ) · 2/|λn+1| for k sufficiently large and M > 0
independent of k. Consequently, λi=limk→∞ λki > 0. Now take w∈V \{0}. Since
the set {f1|V , . . . , fn+1|V } is total over V , fi0(w) < 0 for some i0 ∈ {1, . . . , n+1}.
From this we derive that f(w) < 0 for some f ∈ ext{g ∈ SZ∗ : g(x − v0) =
‖x − v0‖}. Since each f ∈ extZ∗ can be extended to f1 ∈ extX∗ , we can assume
that f ∈ E(x− v0) (see (0.2.12)). Note that a function G : SV 3 w → inf{g(w) :
g ∈ E(x−v0)} is upper-semicontinuous and, by the above reasoning, G(w) < 0 for
every w ∈ SV . By the compactness of SV , we get sup{G(w) : w ∈ SV } = −r < 0.
Now fix v ∈ V \ {0} and take f ∈ E(x − v0) with f(v/‖v‖) < G(v/‖v‖) + r/2.
Hence f(v/‖v‖) < −r/2 and consequently f(v) < −(r/2)‖v‖. In view of Remark
0.2.13, v0 is a SUBA to x in V , which completes the proof of the theorem.

R e m a r k 1.1.5. By [Mal1, Th. 3.3] the existence of δ in (1.1.10) is essential.

Example 1.1.6. Assume B = D = c0. Let A ∈ L(B) be so chosen that for
every i ∈ N, x ∈ extl∞ ,

|(Ax)i| > δ > 0 .

Then, by Theorem 1.4 , each L ∈ L(B) has a strongly unique best approximation
in SpanA. In this case

S = {ei ⊗ x : x ∈ extl∞ , ei ∈ extl1} .

Example 1.2.7. Assume B = l1, D = c0. Let A ∈ L(B,D) be represented
as an infinite matrix [A(i, j)]i,j=1,2,.... If there exists δ > 0 such that for every
i, j ∈ N, |A(i, j)| > δ > 0, then each L ∈ L(B,D) has a strongly unique best
approximation in SpanA. In this case

S = {ei ⊗ ej : i, j = 1, 2, . . . , ei, ej ∈ extl1} .

In the second part of this section we restrict ourselves to the case K(c0).
Namely, we prove
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Theorem 1.1.8. Let V ⊂ K(c0) (we consider the real case) be a finite-dimen-
sional Chebyshev subspace (i.e. cardPV(x) = 1 for every x ∈ K(c0)). Then each
L ∈ K(c0) has a strongly unique best approximation in V.

P r o o f. Assume that there exists L0∈K(c0) \V such that V0 ∈ PV(L0) is not
a SUBA to L0 in V. Put

(1.1.12) I = {i ∈ N : ‖ei ◦ (L0 − V0)‖ = ‖L0 − V0‖} .
(We write ei(x) = xi for x ∈ c0.) By Theorem 0.2.7,

(1.1.13) extK∗(c0) = extl∞ ⊗ extl1 .

Hence ‖L0−V0‖ = (xi⊗ei)(L0−V0) for some xi⊗ei ∈ E(L0−V0) (see (0.2.12)).
Consequently, the set I is nonempty. For each i ∈ I define

(1.1.14) Zi = {x ∈ extl∞ : (x⊗ ei)(L0 − V0) = ‖L0 − V0‖} .
Since V0 ∈ PV(L0), by Remark 0.2.10, for every V ∈ V there exist i ∈ I and
xi ∈ Zi such that

(1.1.15) (xi ⊗ ei)(V ) ≤ 0 .

Since V0 is not a SUBA for L0 and V is finite-dimensional, by Corollary 0.2.14,
there exists V1 ∈ SV such that for every i ∈ I and x ∈ Zi,
(1.1.16) (x⊗ ei)(V1) ≥ 0.

Now assume that we have constructed L ∈ K(c0) such that

(1.1.17) ‖L− αV1‖ ≤ ‖L‖
for α ∈ [0, α0) and

(1.1.18) (x⊗ ei)(L) = ‖L‖
for every i ∈ I and x ∈ Zi. In view of Remark 0.2.10, (1.1.15) and (1.1.17),
αV1 ∈ PV(L) for every α ∈ [0, α0), which contradicts the fact that V is a Cheby-
shev subspace. So to finish the proof, it is necessary to construct an L ∈ K(c0)
satisfying (1.1.17) and (1.1.18). To do this, fix i ∈ I and x = (x1, x2, . . .) ∈ Zi.
If
∑∞
k=1 |V1(i, k)| = 0 (V1 is represented by the matrix [V1(i, k)]i,k=1,2,...) then

define

(1.1.19) Li = (L(i, k))k=1,2,...

where
L(i, k) = L0(i, k)− V0(i, k) .

([L0(i, k)]i,k=1,2,... denotes the matrix corresponding to L0 and [V0(i, k)]i,k=1,2,...

the matrix corresponding to V0.) If
∑∞
k=1 |V1(i, k)| > 0, then put

(1.1.20) Ui = {k ∈ N : L0(i, k)− V0(i, k) = 0} .
Since ‖ei ◦ (L0 − V0)‖ = dist(L0,V) > 0, N \ Ui 6= ∅. Put

Fi = {k ∈ N \ Ui : xk = sgnV1(i, k)} ,(1.1.21)
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Ei = N \ (Ui ∪ Fi) .(1.1.22)

Take y = (y1, y2, . . .) ∈ extl∞ given by

(1.1.23) yk =
{
xk for k ∈ Fi ∪ Ei ,
− sgnV1(i, k) for k ∈ Ui .

By (1.1.20) and (1.1.23), (y ⊗ ei)(L0 − V0) = ‖L0 − V0‖. By (1.1.16),

(1.1.24) (y ⊗ ei)(V1) =
∑
k∈Fi

|V1(i, k)| −
∑

k∈Ui∪Ei

|V1(i, k)| ≥ 0 .

From this we derive Fi 6= ∅, since
∑∞
k=1 |V1(i, k)| > 0. For k ∈ N define

(1.1.25) L(i, k) =
{
V1(i, k) for k ∈ Fi ,
0 for k ∈ N \ Fi ,

and set Li = (L(i, 1), L(i, 2), . . .). We show that for α ∈ [0, 1), β ≥ 1,

(1.1.26)
∞∑
k=1

|βL(i, k)− αV1(i, k)| ≤ β
∞∑
k=1

|L(i, k)| .

To do this, take any z ∈ extl∞ . If zk = xk for every k ∈ Fi then

(z ⊗ ei)(V1) =
∞∑
k=1

V1(i, k)zk =
∑
k∈Fi

|V1(i, k)|+
∑

k∈Ei∪Ui

V1(i, k)zk ≥ 0

by (1.1.24). Hence
∞∑
k=1

(βL(i, k)− αV1(i, k))zk =
∞∑
k=1

βL(i, k)zk − α
∞∑
k=1

V1(i, k)zk

= β
∑
k∈Fi

|L(i, k)| − α
∞∑
k=1

V1(i, k)zk ≤ β
∞∑
k=1

|L(i, k)| .

If zk = −xk for some k ∈ Fi, then the set F 1
i = {k ∈ Fi : xk = −zk} is nonempty.

Note that
∞∑
k=1

(βL(i, k)− αV1(i, k))zk

=
∑
k∈F 1

i

(βL(i, k)− αV1(i, k))zk +
∑

k∈(Fi\F 1
i
)∪Ei∪Ui

(βL(i, k)− αV1(i, k))zk

=
∑
k∈F 1

i

(α− β)|V1(i, k)|+
∑

k∈(Fi\F 1
i
)∪Ei∪Ui

(βL(i, k)− αV1(i, k))zk

≤
∑
k∈F 1

i

(β − α)|V1(i, k)|+
∑

k∈Fi\F 1
i

(β − α)|V1(i, k)|+
∑

k∈Ei∪Ui

−αV1(i, k)zk

=
∑
k∈Fi

β|V1(i, k)| − α
( ∑
k∈Fi

|V1(i, k)|+
∑

k∈Ei∪Ui

V1(i, k)zk
)
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≤ β
∑
k∈Fi

|V1(i, k)| = β

∞∑
k=1

|L(i, k)|

(see (1.1.24)). Now if i 6∈ I then we define Li = (L(i, 1), L(i, 2), . . .) by

(1.1.27) L(i, k) = L0(i, k)− V0(i, k) for k = 1, 2, . . .

Finally, observe that by the Schur Theorem [Ed, p. 864] for i ≥ i0,

‖ei ◦ (L0 − V0)‖ ≤ dist(L0,V)/2 .

Hence the set I is finite and

(1.1.28) M = sup
i∈N\I

‖ei ◦ (L0 − V0)‖ < ‖L0 − V0‖ .

From (1.1.26) it follows that for i ∈ I we can modify, if necessary, the rows Li
defined by (1.1.19) and (1.1.25), multiplying them by constants βi ≥ 1 such that

‖Li − αV1(i, ·)‖1 ≤ ‖Li‖1 = a > ‖L0 − V0‖
for α ∈ [0, 1). By (1.1.28), for 0 ≤ α ≤ α0 and i ∈ N \ I,

‖Li − αV1(i, ·)‖1 < ‖L0 − V0‖ .
Consequently, the operator L defined by (1.1.19), (1.1.25) and (1.1.27) satisfies
(1.1.17) and (1.1.18). The proof of Theorem 1.1.8 is complete.

Note that the unicity of best approximation for given L ∈ K(c0) in V does not
force the strong unicity because of

Example 1.1.9. Let L=[L(i, k)]i,k=1,2,... and V = [V (i, k)]i,k=1,2,... be defined
by

L(i, k) =

{ 0 if i 6= 1 ,
1/k3 if i = 1 ,
0 if i 6= 1 ,

V (i, k) =
{

(−1)k/k2 for i = 1, k > 1 ,
−
∑∞
l=2(−1)l/l2 for i = 1, k = 1 .

Let V = [V ]. We show that 0 is a unique best approximation for L in V. Take
α ∈ R \ {0}. If α > 0, choose an even number k0 such that α/k2

0 > 1/k3
0. Let

z = (z1, z2, . . .) ∈ extl∞ be given by

zk =
{

1 if l 6= k0 ,
−1 if l = k0 .

Then

‖L− αV ‖ ≥ (z ⊗ e1)(L− V ) =
∞∑
l=1

zk(L(1, l)− αV (1, l))

=
∞∑
l=1

(L(1, l)− αV (1, l)) + 2(α/k2
0 − 1/k3

0) >
∞∑
l=1

L(1, l) = ‖L− 0‖ ,

since
∑∞
l=1 V (1, l) = 0. If α < 0, choose an odd number k0 such that −α/k2

0 >
1/k3

0. Reasoning as above we get ‖L−αV ‖ > ‖L‖. Hence 0∈PV(L) is the unique
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best approximation. However, E(L − 0) = {(1, 1, . . .) ⊗ e1} (see (1.1.13)). Since
(1, 1, . . .)⊗ e1(V ) = 0, by Remark 0.2.13, 0 is not a SUBA for L in V.

R e m a r k 1.1.10. If we replace c0 by l
(m)
∞ , then by Theorem 0.2.7, the set

extK∗(l(m)
∞ )

is finite. In view of Proposition 0.2.17 if V is a subspace of K(l(m)
∞ )

then L ∈ K(l(m)
∞ ) has a unique best approximation in V if and only if L has a

strongly unique best approximation in V.

Corollary 1.1.11. If V ∈ SK(c0) then V = [V ] is a Chebyshev subspace if
and only if for every i ∈ N and x ∈ extl∞ ,

(1.1.29) (x⊗ ei)(V ) 6= 0 .

Comparing Corollary 1.11 with Theorem 3.3 of [Mal1] we get

Proposition 1.1.12. There exists

ϕ ∈ extL∗(c0) \{x⊗ ei : i = 1, 2, . . . , x ∈ extl∞} .

P r o o f. If extL∗(c0) ⊂ {x ⊗ ei : i = 1, 2, . . . , x ∈ extl∞} then by Remarks
0.2.10 and 0.2.13 each V satisfying (1.1.29) defines a Chebyshev subspace in
L(c0), which contradicts [Mal1, Th. 3.3].

Proposition 1.12 shows that Theorem 0.2.7 cannot be generalized from the
case of compact operators to the case of linear operators.

To end this section we present an example of a two-dimensional Chebyshev
subspace in K(c0). The reasoning presented here is similar to that of [Bi]. First
we recall after [Bi]

Lemma 1.1.13. Let M > 1 be given. Assume f(r) =
∑∞
n=0 anr

n is a power
series whose coefficients are not all 0. Assume that if an 6= 0 then 1 ≤ |an| ≤M .
Then f(r) 6= 0 for every r ∈ (0, 1/(M + 1)).

P r o o f. Let N denote the smallest index n such that an 6= 0. Then

|f(r)| =
∣∣∣ ∞∑
n=N

anr
n
∣∣∣ ≥ |aNrN | − ∞∑

n=N+1

|an| · |r|n

≥ |r|N −M |r|N+1/(1− |r|) = |r|N/(1− |r|)(1− |r|(1 +M)) > 0 .

Example 1.1.14. Let c ∈ (0, 1), r ∈ (0, 1/4). Define

V1(i, k) = cir2
2k+1

for i, k = 1, 2, . . . ;(1.1.30)

V2(i, k) = (c/2)ir2
2k+2

for i, k = 1, 2, . . .(1.1.31)

We show that V1, V2 form a two-dimensional interpolating (hence Chebyshev)
subspace in K(c0). To do this, take two linearly independent functionals ϕ1 =
x1⊗ei1 , ϕ2 = x2⊗ei2 from extSK∗(c0). We prove that det[ϕi(Vj)]i,j=1,2 6= 0. Let
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xj = (σ1j , σ2j , . . .) for j = 1, 2 (σij = ±1). Note that

det[ϕi(Vj)]i,j=1,2 = det
[∑∞

j=1 σ1jV1(i1, j)
∑∞
j=1 σ1jV2(i1, j)∑∞

j=1 σ2jV1(i2, j)
∑∞
j=1 σ2jV2(i2, j)

]
=

∞∑
j1,j2=1

det
[
σ1j1V1(i1, j1) σ1j2V2(i1, j2)
σ2j1V1(i2, j1) σ2j2V2(i2, j2)

]

=
∞∑

j1,j2=1

det
[
σ1j1c

i1r2
2j1+1

σ1j2(c/2)i1r2
2j2+2

σ2j1c
i2r2

2j1+1
σ2j2(c/2)i2r2

2j2+2

]

=
∞∑

j1,j2=1

r2
2j1+1+22j2+2

det
[
σ1j1c

i1 σ1j2(c/2)i1
σ2j1c

i2 σ2j2(c/2)i2

]
.

If 22j1+1+22j2+2 = 22k1+1+22k2+2, because of the uniqueness of binary expression
of each integer we get j1 =k1 and j2 =k2. In particular then, distinct pairs (j1, j2)
give distinct powers of r. Hence the above determinant can be regarded as a power
series with coefficients

Aj1,j2 = det
[
σ1j1c

i1 σ1j2(c/2)i1
σ2j1c

i2 σ2j2(c/2)i2

]
.

If i1 = i2 then

det[ϕi(Vj)]i,j=1,2 = (c2/2)i1
∞∑

j1,j2=1

r2
2j1+1+22j2+2

Bj1,j2 ,

where

(1.1.32) Bj1,j2 = det
[
σ1,j1 σ1j2

σ2,j1 σ2,j2

]
.

Since x1⊗ei1 , x2⊗ei2 are linearly independent, not all Bj1,j2 are equal to 0. Note
that if Bj1,j2 6= 0 then |Bj1,j2 | = 2. If i1 6= i2 (we may assume i1 < i2) then

det[ϕi(Vj)]i,j=1,2 = ci1+i2 [(1/2)i1 − (1/2)i2 ]
∞∑

j1,j2=1

r2
2j1+1+22j2+2

Bj1,j2 ,

where

(1.1.33) Bj1,j2 = (1/[(1/2)i1 − (1/2)i2 ]) det
[
σ1j1 σ1j2(1/2)i1
σ2j1 σ2j2(1/2)i2

]
.

It is clear that
1 ≤ |Bj1,j2 | ≤ [(1/2)i1 + (1/2)i2 ]/[(1/2)i1 − (1/2)i2 ]

= [1 + (1/2)i2−i1 ]/[1− (1/2)i2−i1 ] ≤ [1 + (1/2)]/[1− (1/2)] = 3 .

Applying Lemma 3.6 to the series
∞∑

j1,j2=1

Bj1,j2r
22j1+1+22j2+2

,
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where Bj1,j2 are defined by (1.1.32) or (1.1.33) we get det[ϕi(Vj)]i,j=1,2 6= 0 as
required.

R e m a r k 1.1.15. For the special cases B = CR(T ), D = CR(S) and B = D =
c0, Theorems 1.1 and 1.3 were proved by a different method in [Mal1, Mal2]. The
reults presented in this section were obtained by the author in [LG3].

I.2. Kolmogorov’s type criteria for spaces of compact operators;
general case. In this section we prove two principal criteria concerning appro-
ximation in convex subsets of the space K(B,D). We start with the following

Lemma 1.2.1. Let B and D be Banach spaces, both over the same field K
(K = R or C). For L ∈ K(B,D) put

(1.2.1) crit∗(L) = {f ∈ extD∗ : ‖f ◦ L‖ = ‖L‖}
Then the set crit∗(L) is nonvoid for every L ∈ K(B,D).

P r o o f. Fix L∈K(B,D) and consider the function φ(f)=‖f ◦L‖ for f ∈ SD∗ .
We show that φ is weak∗-continuous on SD∗ . By the compactness of L the space
L(B) is separable. Since f ◦L = f |L(B)◦L, we may restrict ourselves to the case of
D being separable. By [Du, Th. 1, p. 426]), the space SD∗ with the weak∗ topology
is metrizable in this case. Now suppose, on the contrary, that {fn} ⊂ SD∗ tends
weak∗ to f ∈ SD∗ and φ(fn − f) ≥ ε > 0. Then (fn − f)(Lxn) > ε/2 for some
{xn} ⊂ SB . By the compactness of L, we can assume ‖Lxn − y‖ → 0 for some
y ∈ D. Note that

|(fn − f)(Lxn)| ≤ |(fn − f)(Lxn − y)|+ |(fn − f)(y)|
≤ 2‖Lxn − y‖+ |(fn − f)(y)| ≤ ε/2 for n ≥ n0 ;

a contradiction. Applying the Banach–Alaoglu Theorem we deduce that there is
f ∈ SD∗ with ‖f ◦ L‖ = ‖L‖. Put crit∗1(L) = {f ∈ SD∗ : ‖f ◦ L‖ = ‖L‖}. Since
ϕ is weak∗-continuous, by the Banach–Alaoglu Theorem, the sets crit∗1(L) and
conv(crit∗1(L))− (with respect to the weak∗ topology ) are weak∗-compact. By the
Krein–Milman Theorem the set ext(conv(crit∗1(L))−) 6= ∅ and by Theorem 0.2.2,
ext(conv(crit∗1(L))−) ⊂ crit∗1(L). Hence, it is easy to show that

ext(conv(crit∗1(L))−) ⊂ extD∗

and consequently crit∗(L) 6= ∅.

Now we prove one of the main results of this section.

Theorem 1.2.2. Let B , D be as in Lemma 2.1. Assume V ⊂ K(B,D) is a
convex set. Let K ∈ K(B,D) and V ∈ V. Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists y ∈ crit∗(K − V )
such that ‖re(y∗ ◦ (K − U))‖ ≥ ‖K − V ‖.

(b) V is a SUBA to K in V with a constant r > 0 if and only if for every U ∈ V
there exists y∗ ∈ crit∗(K−V ) such that ‖re(y∗◦(K−U))‖ ≥ ‖K−V ‖+r‖K−U‖.



Best approximation in spaces of linear operators 27

P r o o f. (a) Fix U ∈ V. Since ‖re(y∗ ◦ (K−U))‖ ≥ ‖K−V ‖ for some y∗ ∈
crit∗(K−V ), V ∈ PV(K). To prove the converse, assume that there exists U ∈ V
such that ‖re(y∗ ◦ (K − U))‖ < ‖K − V ‖ for every y∗ ∈ crit∗(K − V ). Take an
arbitrary f ∈ E(K − V ). In view of Theorem 0.2.7, f = x∗∗ ⊗ y∗ for some x∗∗ ∈
extB∗∗ and y∗ ∈ extD∗ . According to Goldstine’s Theorem select a net (xu) ⊂ SB
such that xu tends to x∗∗ weak∗ in B∗∗. Since, by (0.2.5), re(y∗ ◦ (K − V )xu)
tends to re(y∗ ◦ (K − V )∗∗x∗∗) = re((x∗∗ ⊗ y∗)(K − V )) = re(f(K − V )), y∗ ∈
crit∗(K − V ). Hence

re(f(U − V )) = re(f(K − V ))− re(f(K − U))
= ‖K − V ‖ − re(y∗((K − U)∗x∗∗))
= ‖K − V ‖ − lim

u
re(y∗((K − U)xu))

≥ ‖K − V ‖ − ‖re(y∗ ◦ (K − U))‖ > 0 .

By Theorem 0.2.8 and Remark 0.2.10, V 6∈ PV(K); a contradiction.
By the same reasoning, applying Remark 0.2.13, we can prove part (b) of our

theorem.

R e m a r k 1.2.3. In Theorem 2.2 the set crit∗(K − V ) can be replaced by any
set C ⊂ crit∗(K−V ) such that

⋃
|a|=1 aC = crit∗(K−V ) (C∪−C = crit∗(K−V )

in the real case) and aC ∩ bC = ∅ for a 6= b, |a| = |b| = 1 (C ∩−C = ∅ in the real
case).

Now fix K ∈ K(B,D) and for y∗ ∈ crit∗(K) put

(1.2.2) Ay∗ = {x ∈ SB : y∗(Kx) = ‖K‖}

One can show the following

R e m a r k 1.2.4. Let K ∈ K(B,D) and y∗ ∈ crit∗(K). Then for any a ∈ C,
|a| = 1,

(1.2.3) aAay∗ = Ay∗ .

Now we can prove

Theorem 1.2.5. Assume B is a reflexive space and let D,V,K, V be as in
Theorem 2.2. Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists y∗ ∈ crit∗(K − V )
such that

inf{re(y∗(U − V )x) : x ∈ Ay∗} ≤ 0 .

(b) V is a SUBA to K in V with a constant r > 0 if and only if for every
U ∈ V there exists y∗ ∈ crit∗(K − V ) with

inf{re(y∗(U − V )x) : x ∈ Ay∗} ≤ −r‖U − V ‖ .
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P r o o f. (a) Assume V 6∈ PV(K). Then ‖K −U‖ < ‖K −V ‖ for some U ∈ V.
Take an arbitrary y∗ ∈ crit∗(K − V ) and x ∈ Ay∗ . Note that

re(y∗(U − V )x) = re(y∗(K − V )x)− re(y∗(K − U)x) ≥ ‖K − V ‖ − ‖K − U‖ > 0

and consequently, inf{re(y∗(U − V )x) : x ∈ Ay∗} > 0.
To prove the converse, suppose that inf{re(y∗(U −V )x) : x ∈ Ay∗} > 0 for

every y∗ ∈ crit∗(K −V ) (the set Ay∗ is nonvoid by the reflexivity of D). Take an
arbitrary f ∈ E(K − V ) (see 0.2.12). In view of Theorem 0.2.7, f = x∗∗ ⊗ y∗ for
some y∗ ∈ extD∗ and x∗∗ ∈ extB∗∗ . Since B is reflexive, x∗∗=x for some x∈SB .
It is clear that y∗ ∈ crit∗(K − V ) and x∈Ay∗ . Consequently, re(f(U − V )) > 0
and, by Theorem 0.2.8, V 6∈PV(K). Applying Theorem 0.2.12 and Remark 0.2.13,
by the same reasoning, we can prove the part (b) of our theorem.

R e m a r k 1.2.6. In Theorem 2.5, by Remark 2.4, the set crit∗(K−V ) may be
replaced by any set C ⊂ crit∗(K −V ) satisfying the requirements of Remark 2.3.

R e m a r k 1.2.7. If B is an arbitrary Banach space it may occur that the
set Ay∗ is empty. Take for example B = C2π

0 , the space of all real, 2π-periodic
continuous functions, and let Dn be the space of all trigonometric polynomials of
degree ≤ n. Put V = PId(B,Dn) (see (0.1.17)), the space of all linear, continuous
projections from B onto Dn. It is well known that the classical Fourier projection
Fn is minimal among all projections, which means Fn ∈ PV(0) (see e.g. [Che1,
p. 212]) According to [OdL, Lemma I.2.7], Fn cannot attain its norm at any point
of SB∗ . Consequently, for every y∗ ∈ crit∗(Fn) the set Ay∗ is empty.

Now we restrict our interest to the case of extensions of operators of minimal
norm. Applying Theorem 2.2 we get

Theorem 1.2.8. Let B be a Banach space and let D be a finite-dimensional
linear subspace. Let A ∈ L(D). Assume that P0 ∈ P0

A(B,D) (see (0.1.19)), i.e.
P0 is an extension of A of minimal norm. Assume furthermore that ‖P0‖ > ‖A‖.
Then every set C ⊂ crit∗(P0) (we treat LD(B,D) as a subset of K(B)) such that

(1.2.4) crit∗(P0) =
⋃
|a|=1

aC and aC ∩ bC = ∅ for a 6= b, |a| = |b| = 1

(resp. C ∪ −C = crit∗(P0), C ∩ −C = ∅ in the real case) is linearly dependent
on D.

P r o o f. Take C ⊂ crit∗(P0) satisfying (1.2.4) and assume that C is linearly
independent on D. We can write C = {f1, . . . , fk}, k ≤ n. If k < n we can add
fk+1, . . . , fn ∈ SB∗ such that {f1|D, . . . , fn|D} form a basis of D∗. It is clear that
the set {f1, . . . , fn} is total on D. By [Al, p. 74] there exist y1, . . . , yn ∈ D with
fi(yj) = δij . Define an operator P : B → D by

Px =
n∑
i=1

gi(x)yi for x ∈ B .
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where for i = 1, . . . , n, gi is a norm-preserving extension of the functional fi|D ◦A
onto B. To show that P |D=A fix i∈{1, . . . , n}. Note that for any j ∈ {1, . . . , n},
fi(Pyj − Ayj) = 0, by the definition of P . Since f1|D, . . . , fn|D form a basis of
D, this means Pyj = Ayj for j ∈ {1, . . . , n} and consequently P |D = A. Now
we show that ‖P‖ < ‖P0‖. In view of Theorem 2.2 and Remark 2.3 it suffices to
prove that ‖re(fi ◦ P )‖ < ‖P0‖ for i = 1, . . . , n. For any x ∈ SB we have

re((fi ◦ P )(x)) = re
(
fi

( n∑
j=1

gj(x)yj
))

= re(gi(x)) ≤ ‖gi‖

= ‖fi|D ◦A‖ ≤ ‖fi‖ · ‖A‖ = ‖A‖ .
Hence ‖re(fi ◦ P )‖ ≤ ‖A‖ < ‖P0‖, which completes the proof.

R e m a r k 1.2.9. If we consider the set LD(B,D) as a subset of K(B,D) then
Theorem 2.7 remains true.

If ‖P0‖ = 1, then the set C given by (1.2.4) can be linearly dependent or
independent on D. Consider the following

Example 1.2.10. Let B = l
(n)
∞ (n ≥ 3) and let D = ker(1/2, 1/4, 1/4, 0, . . . , 0).

Take y = (2, 0, . . . , 0) and define Pyx = x− f(x)y for x ∈ B. It is easy to verify
that ‖Py‖ = 1 and consequently Py ∈ P0

Id(B,D) (see (0.1.19)). We note that for
every i ∈ {1, . . . , n},

‖ei ◦ Py‖ = sup
{∣∣∣xi − ( n∑

j=1

fjxj

)
yi

∣∣∣ : x ∈ SB
}

(1.2.5)

= |1− fiyi|+ |yi|(1− |fi|) .
Hence crit∗(Py) = {±ei}ni=1. If we put C = {ei}ni=1 then C is linearly de-
pendent on D, since e1|D = (−1/2)e2|D + (−1/2)e2|D. However, if we take
D = ker(2/3, 1/3, 0, . . . , 0) then, by the same reasoning, crit∗(Py) = {±ei}ni=2

(we take y = (3/2, 0, . . . , 0)). It is easy to verify that C = {ei}ni=2 satisfies (1.2.4)
and it is linearly independent on D.

Now we consider the case B = CK(T ).

Corollary 1.2.11. Let B = CK(T ) and let D ⊂ B be an n-dimensional
subspace. If P0 ∈ P0

A(B,D) for a given A ∈ L(D), ‖P0‖ > ‖A‖, then the set
{t ∈ T : ‖t̂◦P0‖ = ‖P0‖} is linearly dependent on D. In particular , if D is a Haar
subspace, then

card{t ∈ T : ‖t̂ ◦ P0‖ = ‖P0‖} ≥ n+ 1 .

R e m a r k 1.2.12. Theorems 2.2 and 2.5 were proved by the author in [LG1].
In the real case for A = Id Theorem 2.5 and Corollary 2.11 were proved by
E. W. Cheney and P. D. Morris in [Che5]. These results are connected with the
problem when an interpolating projection (see (0.1.11)) belongs to P0

Id(B,D), i.e.
is a minimal projection in the class of all linear projections.
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In the case of T = [a, b] and D = Pn (the space of all polynomials of degree
≤ n restricted to [a, b]), by [Ki], if P ∈ I(CR([a, b]), D) (see (0.1.11)) then the set
{t ∈ [a, b] : ‖t̂ ◦ P‖ = ‖P‖} consists of at most n points. Note that, by [Che5], if
D ⊂ CR([a, b]) is an n-dimensional Haar subspace containing constants (n ≥ 3)
then the norm of a minimal, linear projection onto Pn is greater than one. Hence,
by Corollary 2.11, we get

Corollary 1.2.13 [Che2]. In the set I(CR([a, b]), Pn) (n ≥ 3) there is no
minimal projection from C([a, b],R) onto Pn.

I.3. Criteria for the space K(CK(T )). Throughout this section, unless
otherwise stated, B = CK(T ) and D ⊂ B is a linear subspace. We specialize the
results from Section I.2 to the case of K(B). First we introduce some notations.
Recall from [Che5]

Theorem 1.3.1. For L ∈ L(B) set

(1.3.1) FL = {F ⊂ T : F is closed and for every x ∈ CK(T ),
Lx = 0 if x|F = 0} .

Then there exists a smallest (in the sense of inclusion) set F0 ∈ F .

Definition 1.3.2. Let L ∈ L(B). Then the smallest (in the sense of inclusion)
set F0 ∈ FL is called the carrier of the operator L (we write car(L) for brevity.)

If the set car(L) is finite, then L is called a discrete operator. The set of all
discrete operators from B into D will be denoted by D(B,D) (D(B) if D = B).
For F ⊂ T we denote by KF (B) the space of all compact operators from B to B
with carriers contained in F . For t ∈ T the symbol t̂ stands for the evaluation
functional.

We start with the following

Lemma 1.3.3. Assume that V ∈ K(B) \ {0} and let card car(V ) < ∞, i.e.
V ∈ D(B). For t̂ ∈ crit∗(V ) (see (1.2.1)) put

(1.3.2) At = {x ∈ SB : (V x)t = ‖V ‖} .

Then for every t̂ ∈ crit∗(V ) and every {xn} ⊂ SB with (V xn)t → ‖V ‖, there
exists {zn} ⊂ At with ‖zn − xn‖ → 0 as n→∞.

P r o o f. Since V ∈ D(B), V =
∑k
i=1 t̂i(·)yi, where yi ∈ B, ti ∈ T for i =

1, . . . , k. By the Tietze–Urysohn Theorem ‖V ‖= ‖
∑k
i=1 |yi|‖. Fix t̂∈ crit∗(V ),

{xn} ⊂ SB with (V xn)t→ ‖V ‖ and let A = {i ∈ {1, . . . , k} : yi(t) 6= 0}. First we
will show that xn(ti)→ yi(t)/|yi(t)| = sgn(yi(t)) for i∈A. Since

∑k
i=1 |yi(t)| =∑

i∈A sgn(yi(t)) · yi(t), |xn(ti)| → 1 for each i ∈ A. Assume that for some i0 ∈ A
there exists a subsequence (xnk) with

|sgn(yi0(t))− xnk(ti0)/|xnk(ti0)|| ≥ d > 0 for k ≥ k0 .
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By the uniform convexity of C over R,

|sgn(yi0(t)) + xnk(ti0)/|xnk(ti0)||/2 ≤ 1− δ for some δ > 0 .

Note that∣∣∣∣12(∑
i∈A
|yi(t)|+

∑
i∈A

(xnk(ti)/|xnk(ti)|)yi(t)
)∣∣∣∣

≤
∑

i∈A\{i0}

|yi(t)|+ | 12 sgn(yi0(t) + xnk(ti0)/|xnk(ti0)|)| · |yi0(t)|

≤
∑

i∈A\{i0}

|yi(t)|+ (1− δ)|yi0(t)| < ‖V ‖ .

But, passing to a subsequence if necessary,
∑
i∈A(xnk(ti)/|xnk(ti)|)yi(t) tends to

‖V ‖ as k →∞; a contradiction.
Now we construct the sequence (zn). For each n ∈ N set

εn = max{|xn(ti)− sgn(yi(t))| : i ∈ A} .
Fix n ∈ N and for every i ∈ A select an open neighbourhood Ui of ti such that
U i ∩ U j = ∅ for i 6= j and |xn(s)− xn(ti)| ≤ εn for s ∈ U i, i ∈ A. Fix i ∈ A. An
easy calculation shows that for every s ∈ U i,

re(xn(s)) ∈ [re(sgn(yi(t)))− 2εn, re(sgn(yi(t))) + 2εn] ∩ [−1, 1] = [B,C]

and

im(xn(s)) ∈ [im(sgn(yi(t)))− 2εn, im(sgn(yi(t))) + 2εn] ∩ [−1, 1] = [D,E] .

Set Si = σ(Ui) ∪ {ti} and define for s ∈ Si,

fi(s) =
{

re(xn(s)), s ∈ σ(Ui) ,
re(sgn(yi(s))), s = ti ,

gi(s) =
{

im(xn(s)), s ∈ σ(Ui) ,
im(sgn(yi(s))), s = ti .

By the Tietze–Urysohn Theorem, we can extend continuously the functions fi
and gi to the whole set U i so that fi(s) ∈ [B,C] and gi(s) ∈ [D,E] for every
s ∈ U i. It is easy to show that

|(fi + igi)(s)− sgn(yi(t))| ≤ 2
√

2 · εn .
Let πi : Bd(sgn(yi(t)),

√
2 · 2εn)→ Bd(sgn(yi(t)),

√
2 · 2εn) ∩Bd(0, 1) (Bd(x, r) =

{y ∈ C : |x− y| ≤ r}) be a continuous function with

πi|Bd(sgn(yi(t)),r)∩Bd(0,1) = Id (r =
√

2 · 2εn) .

Put zni = πi ◦ (fi + igi). We note that zni is continuous, zni (ti) = sgn(yi(t)) and
sup{|zni (s)| : s ∈ U i} = 1. Now define a function zn : T → C by

zn(s) =
{
xn(s), s ∈ T \

∑
i∈A U i ,

zni (s), s ∈ U i .
Since for every i ∈ A and s ∈ σ(Ui), zn(s) = xn(s), zn is continuous. Moreover,
‖zn‖ = 1 and zn(ti) = sgn(yi(t)) for i ∈ A, which means that zn ∈ At. To finish
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the proof, it is sufficient to show that ‖zn−xn‖ → 0. Fix s ∈ T . If s ∈ T \
⋃
i∈A Ui,

then |(xn − zn)(s)| = 0. If s ∈ U i for some i ∈ A, then

|xn(s)− zn(s)| ≤ |xn(s)− xn(ti)|+ |xn(ti)− sgn(yi(t))|
+ |sgn(yi(t))− zn(s)| ≤ (2 +

√
2 · 2)εn .

But this gives ‖zn − xn‖ → 0, since εn → 0. The proof is complete.

Now we will prove the main result of this section.

Theorem 1.3.4. Let V ⊂ KF (B) be a convex set. Take K ∈ KF (B), V ∈ V
and assume K − V ∈ D(B). Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists t̂ ∈ crit∗(K − V )
such that

inf{re(((U − V )x)t) : x ∈ At} ≤ 0 ,
where At is defined by (1.3.2).

(b) V is a SUBA to K in V with a constant r > 0 if and only if for every
U ∈ V there exists t̂ ∈ crit∗(K − V ) such that

inf{re(((U − V )x)t) : x ∈ At} ≤ −r‖U − V ‖ .
P r o o f. (a) Assume that V 6∈ PV(K).Then there exists U ∈ V with ‖K−U‖ <

‖K − V ‖. Take t̂ ∈ crit∗(K − V ) and x ∈ At. We note that

re(((U − V )x)t) = re(((K − V )x)t)− re(((K −U)x)t) ≥ ‖K − V ‖− ‖K −U‖ > 0

and consequently, inf{re(((U − V )x)t) : x ∈ At} > 0.
To prove the converse, suppose that for some U ∈ V and every t̂ ∈

crit∗(K − V ),
inf{re(((U − V )x)t) : x ∈ At} > 0 .

By Theorem 0.2.8, it is sufficient to show that re(f(U − V )) > 0 for every f ∈
E(K−V ) (see (0.2.12)). So fix f ∈ E(K−V ). By Theorem 0.2.7, f = x∗∗⊗ t̂ for
some t ∈ T and x∗∗ ∈ extS(X∗∗). Applying Goldstine’s Theorem we may select
a net {xβ} ⊂ SB tending weak∗ in B∗∗ to x∗∗. From (0.2.5) it follows that

‖K −V ‖ ≥ re(((K −V )xβ)t)→ re(((K −V )∗∗x∗∗)t) = re(f(K −V )) = ‖K −V ‖
and consequently, t̂ ∈ crit(K − V ).

Now set fβ = xβ ⊗ t̂ and observe that for every W ∈ K(B)

fβ(W ) = t̂(W (xβ))→ t̂(W ∗∗(x∗∗)) = (x∗∗ ⊗ t̂ )(W ∗∗) = f(W ) .

Hence we can select a sequence {fn} ⊂ {fβ} (fn = xn ⊗ t̂ ) such that

fn(K−V )→ f(K−V ) = ‖K−V ‖ and fn(U−V ) = ((U−V )xn)t→ f(U−V ) .

By Lemma 3.3, there exists a sequence {zn} ⊂ At with ‖zn−xn‖ → 0. It is clear
that ((U − V )zn − (U − V )xn)t → 0, which yields ((U − V )zn)t → f(U − V ).
Since for n = 1, 2, . . . , zn ∈ At and t ∈ crit∗(K − V ), re(f(U − V )) > 0, which
according to Theorem 0.2.8 completes the proof of part (a).
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By Remark 0.2.13, part (b) can be shown in the same way.

Corollary 1.3.5. Assume V, KF (B), K, V are as in Theorem 3.4. Assume
furthermore that cardF <∞. Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists t̂ ∈ crit∗(K − V )
with

inf{re(((U − V )x)t) : x ∈ At} ≤ 0 .
(b) V is a SUBA to K in V with a constant r > 0 if and only if for every

U ∈ V there exists t̂ ∈ crit∗(K − V ) with

inf{re(((U − V )x)t) : x ∈ At} ≤ −r‖U − V ‖ .
Theorem 3.4 yields immediately the following result:

Theorem 1.3.6. Let D ⊂ B be an n-dimensional linear subspace and let
V=P(B,D) (see (0.1.10). Assume P0∈P(B,D)∩D(B). Then P0 is an operator
of minimal norm in P(B,D) (resp. P0 is a SUBA to 0 in P(B,D) with a constant
r > 0) if and only if for every P ∈ P(B,D) there exists t̂ ∈ crit∗(P0) such that

inf{re(((P0 − P )x)t) : x ∈ At} ≤ 0 (resp. ≤ −r‖P − P0‖) .

P r o o f. Take K = 0, V = P0 and note that crit∗(P0) = crit∗(−P0). By
Theorem 3.4, we derive the desired result.

In the next part of this section we apply Theorem 3.4 to obtain some criteria
for the case of extensions of operators with finite carriers. First we introduce some
notions. Let D ⊂ B with dimD = n and let F = {t1, . . . , tm} with ti 6= tj for
i 6= j,m ≥ n + 1. Assume furthermore that F is total over D, i.e. if y ∈ D and
y(tj) = 0 for j = 1, . . . ,m then y = 0. Since dimD = n, we can number the points
from F in such a way that (t̂1|D, . . . , t̂n|D) form a basis of D∗. For i = n+1, . . . ,m
put Bi = {1, . . . , n, i} and select for j ∈ Bi the numbers τ ji such that

(1.3.3)
∑
j∈Bi

|τ ji | = 1 and
∑
j∈Bi

(τ ji t̂j)|D = 0 .

For A ∈ L(D) define

(1.3.4) PA(B,D,F ) = {P ∈ PA(B,D) : car(L) ⊂ F} .
Now take P ∈ PD(B,D,F ), P =

∑m
j=1 t̂j(·)uj , where uj ∈ D for j = 1, . . . ,m.

For i = n+ 1, . . . ,m define the functions vPi : T → C by

(1.3.5) vpi (s) =
∑
j∈Bi

τ ji sgn(uj(s))

and the functionals φi by

(1.3.6) φi =
∑
j∈Bi

τ ji t̂j .

Then we can prove the following
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Theorem 1.3.7. (a) P is not an operator of minimal norm in PA(B,D,F ) if
and only if for every i ∈ {n + 1, . . . ,m} there exist yi ∈ D such that for every
t̂ ∈ crit∗(P ),

(1.3.7) re
( m∑
i=n+1

vPi (s)yi(s)−
∑
j∈BPs

∣∣∣ m∑
i=n+1

τ ji yi(s)
∣∣∣− ∑

j∈CPs

|yj(s)τ jj |
)
> 0

where BPs = {j ∈ {1, . . . , n} : uj(s) = 0}, CPs = {j ∈ {n+ 1, . . . ,m} : uj(s) = 0},∑
j∈BPs

= 0 (resp.
∑
j∈CPs

= 0) if BPs = ∅ (resp. CPs = ∅).
(b) P is not a SUBA to 0 in PA(B,D,F ) with a constant r > 0 if and only if

for every i = n+ 1, . . . ,m there exists yi ∈ D such that for every t̂ ∈ crit∗(P ),

(1.3.8) re
( m∑
i=n+1

vPi (s)yi(s)−
∑
j∈BPs

∣∣∣ m∑
i=n+1

τ ji yi(s)
∣∣∣− ∑

j∈CPs

|τ jj ·yj(s)|
)
> −r‖L‖ ,

where L =
∑m
i=n+1 ϕi(·)yi.

P r o o f. (a) Assume that condition (1.3.7) is satisfied and let L =∑m
i=n+1 ϕi(·)yi. To prove that P is not an operator of minimal norm in

PA(B,D,F ), in view of Corollary 3.5, it is sufficient to show that for each ŝ ∈
crit∗(P ),

inf{re((Lx)s) : x ∈ As} > 0 .
For i = n + 1, . . . ,m set Di = {j ∈ Bi : uj(s) 6= 0} and Ei = Bi \ Di. Fix
s ∈ crit∗(P ), x ∈ As and compute

(Lx)s =
m∑

i=n+1

ϕi(x)yi =
m∑

i=n+1

( n∑
j=1

τ ji x(tj) + τ iix(ti)
)
· yi

=
m∑

i=n+1

( ∑
j∈Di

τ ji sgn(uj(s))−
∑
j∈Ei

τ ji (−x(tj))
)
· yi

=
m∑

i=n+1

vPi (s)yi(s)−
m∑

i=n+1

( ∑
j∈Ei

τ ji (−x(tj)yi(s))
)

=
m∑

i=n+1

vPi (s)yi(s)−
∑
j∈BPs

( m∑
i=n+1

τ ji yi(s)
)

(−x(tj))−
∑
j∈CPs

τ jj yj(s)(−x(tj)).

Consequently, since ‖x‖ ≤ 1, we get

re((Lx)s) ≥ re
( m∑
i=n+1

vPi (s)yi(s)−
∑
j∈BPs

∣∣∣ m∑
i=n+1

τ ji yi(s)
∣∣∣− ∑

j∈CPs

|τ jj yj(s)|
)
> 0 .

By Corollary 3.5, P is not an operator of minimal norm in PA(B,D,F ).
To prove the converse, assume that P is not an operator of minimal norm in

PA(B,D,F ) and choose P0 ∈ PA(B,D,F ) with ‖P0‖ < ‖P‖. By [Che7], we can
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assume

(1.3.9) P0 = P +
m∑

i=n+1

φi(·)yi for some yn+1, . . . , ym ∈ D .

We show that the functions yn+1, . . . , ym satisfy (1.3.7). Fix t̂ ∈ crit∗(P ). By the
Tietze–Urysohn Theorem we can define a function x ∈ SD with the properties

x(tj) =

{
sgn(uj(s)), uj(s) 6= 0 ,

for j = 1, . . . , n ,
− sgn(

∑m
i=n+1 τ

j
i yi(s)), uj(s) = 0 ,

and

x(tj) =

{
sgn(uj(s)), uj(s) 6= 0 ,

for j = n+ 1, . . . ,m .
− sgn(τ jj yj(s)), uj(s) = 0 ,

Observe that

(Px)s =
m∑
j=1

x(tj)uj(s) =
∑

j∈BPs ∪CPs

x(tj)uj(s) =
m∑
j=1

|uj(s)| = ‖P‖ .

Calculating as in the previous part of the proof we obtain

((P0 − P )x)s =
m∑

i=n+1

vPi (s)yi(s)−
∑
j∈BPs

∣∣∣ m∑
i=n+1

τ ji yi(s)
∣∣∣− ∑

j∈CPs

|τ jj yj(s)| .

Since re(((P0 − P )x)s) > 0, by Corollary 3.5, the proof of (a) is complete.
The same reasoning applies to (b), so we omit it.

Observe that in the real case if m = n+ 1 condition (1.3.5) reduces to

(1.3.10) |yn+1(s)|
(
vPn+1(s) sgn(yn+1(s))−

∑
j∈BPs ∪CPs

|τ jn+1|
)
> 0

Now we specialize our results to the case of D being an n-dimensional Haar
subspace of CR(T ) and F = (t1, . . . , tn+1). For A ∈ L(D) define

(1.3.11) EA = sup{‖Ad‖ : d ∈ D, ‖d‖F ≤ 1}
where

(1.3.12) ‖d‖F = max
k=1,...,n+1

|d(tk)|

and for P ∈ PA(B,D,F ), s ∈ T put

(1.3.13) uP (s) =
∑

j∈BPs ∪CPs

|τ jn+1| .

For brevity, we will write Φ instead of ϕn+1 and vP instead of vPn+1. For s ∈ T
define ZPs = BPs ∪ CPs .

Now we prove some preliminary lemmas.

Lemma 1.3.8. ‖P‖ ≥ EA for every P ∈ PA(B,D,F ).
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P r o o f. Take any P ∈ PA(B,D,F ). Since F is a finite set, by the Tietze–
Urysohn Theorem,

‖P‖ = sup
‖x‖F≤1

‖Px‖ ≥ sup
‖x‖F≤1,x∈D

‖Px‖ = EA ,

as required.

Lemma 1.3.9. Let P ∈ PA(B,D,F ), ŝ ∈ crit∗(P ), y ∈ As (see (1.3.2)). If
|vP (s)| > uP (s), then Φ(y)vP (s) > 0.

P r o o f. By the definition of uP , vP and Φ, for every s ∈ crit∗(P ) and y ∈ As,

vP (s)− uP (s) ≤ Φ(y) ≤ vP (s) + uP (s) .

Since |vP (s)| > uP (s), sgn(vP (s)±uP (s)) = sgn(Φ(y)) = sgn(vP (s)), which gives
the result.

Lemma 1.3.10. If ‖P‖ > EA for P ∈ PA(B,D,F ) then |vP (s)| > uP (s) for
every ŝ ∈ crit∗(P ).

P r o o f. Suppose that there is an s ∈ crit∗(P ) such that |vP (s)| ≤ uP (s).
Then, by the definitions of vP , uP and Φ, we can define x1, x2 ∈ As such that
Φ(x1) = vP (s) + uP (s) and Φ(x2) = vP (s)− uP (s). Hence there is a w ∈ As (As
is a convex set) such that Φ(w) = 0. By (1.3.9) each P ∈ PA(B,D,F ) can be
written as

P = PAD + Φ(·)d
for some d ∈ D. Here PAD = A ◦ PD, where PD is the operator of de la Vallée-
Poussin [Che7]. By the proof of [Che7, Lemma 1.1], ‖w − PDw‖F ≤ |Φ(w)| = 0.
Consequently, 1 ≥ ‖w‖F = ‖PDw‖F . Hence

‖P‖ = ‖Pw‖ = ‖PADw‖ = ‖(A ◦ PD)w)‖ ≤ EA ;

a contradiction.

Now we can prove the following

Theorem 1.3.11. Let D ∈ B be an n-dimensional Haar subspace. If P0 is an
operator of minimal norm in PA(B,D,F ) and ‖P0‖ > EA, then P0 is a SUBA
to 0 in PA(B,D,F ).

P r o o f. Put V = {L ∈ L(B,D) : L = Φ(·)d, d ∈ D}. It is easily seen that
dimV = n. Since P0 is an operator of minimal norm in PAD(B,D,F ), 0 ∈ PV(P0).
Hence, by Corollaries 0.2.14 and 3.5,

0 =
k∑
l=1

λl(sl ⊗ zl)|V ,

where λl > 0,
∑k
l=1 λl = 1. By the Carathéodory Theorem, k ≤ n+ 1. We show

that k = n+ 1. Suppose that this is not true. Let d1, . . . , dn be a basis of D. It
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is clear that Φ(·)d1, . . . , Φ(·)dn is a basis of V. Note that (λ1, . . . , λk) satisfy the
following system of equalities:

k∑
j=1

λjΦ(zj)di(sj) = 0, i = 1, . . . , n .

Since ‖P0‖ > EA, by Lemma 3.10 it follows that |vP (s)| > uP (s) for any s ∈
crit∗(P0). By Lemma 3.9, Φ(z) 6= 0 for any z ∈

⋃
s∈crit∗(P0)

As. Consequently,
det[di(sj)]i,j=1,...,n = 0 (if k < n we add n− k arbitrary different points from T );
a contradiction . Hence for any L = Φ(·)d ∈ V there is an i ∈ {1, . . . , n+ 1} with
Φ(zi)d(si) < 0. Since V is finite-dimensional, reasoning as in Theorem 1.1.4 we
deduce that there is an r > 0 such that for any L ∈ V there are s ∈ crit∗(P0)
and z ∈ As with (Lz)s < −r‖L‖. By Corollary 3.5, P0 is a SUBA for 0 in V, as
required.

Theorem 1.3.12. If ‖P0z‖ < EA for any z with Φ(z) 6= 0 then P0 is an
operator of minimal norm in PA(B,D,F ) but not unique.

P r o o f. Since P0 is a discrete operator, ‖P0‖ = max{‖Pz‖ : z ∈ Z} where Z
is a fixed finite subset of SB such that for any ε ∈ {−1, 1}n+1 there is a z ∈ Z
with z(ti) = εi (i ∈ {1, . . . , n+ 1}). Note that the number δ = EA−max{‖P0z‖ :
z ∈ Z, Φ(z) 6= 0} is positive. By the proof of [Che7, Lemma 1.1] if z ∈ Z and
Φ(z) = 0 then (P0z)ti = z(ti) for i = 1, . . . , n. Hence, by Lemma 3.8,

EA ≤ ‖P0‖ = max{‖P0z‖ : z ∈ Z,Φ(z) = 0}
≤ max{‖P0z‖ : z ∈ Z, (P0z)ti = z(ti), i = 1, . . . , n+ 1}
= max{‖Ad‖ : d ∈ D, ‖d‖F = 1} = EA .

Now if ‖d‖ < δ and Φ(z) 6= 0, then

‖P0z + Φ(z)d‖ ≤ ‖P0(z)‖+ ‖d‖ ≤ (EA − δ) + δ = EA .

If Φ(z) = 0 then ‖P0 + Φ(z)d‖ = ‖P0z‖ ≤ EA. Consequently, for every d ∈
BD(0, δ), ‖P0 + Φ(z)d‖ ≤ EA. By Lemma 3.8, the proof is complete.

Now we restrict ourselves to the case T = [a, b] and prove a version of the
alternation theorem. First we recall

Lemma 1.3.13 [Che7]. Assume F ⊂ [a, b], F is closed and let D ⊂ B be an
n-dimensional Haar subspace. Let γ : F → R be a function which has no zeros
on F and such that sgn γ is continuous. If no y ∈ D has the property γ · y|F > 0
then there exist n + 1 points t1, . . . , tn+1 in F such that t1 < . . . < tn+1 and
γ(ti−1)γ(ti) < 0 for i = 2, . . . , n+ 1.

Now we are able to prove

Theorem 1.3.14. In order that P be an operator of minimal norm in the set
PA(B,D,F ) it is necessary and sufficient that either

(a) ‖P‖ = EA, or
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(b) there exist s1 < . . . < sn+1 with ŝi ∈ crit∗(P ) for i = 1, . . . , n + 1 such
that

sgn(vP (si)) = − sgn(vP (si−1)) (2 ≤ i ≤ n+ 1) .

P r o o f. First suppose that (a) holds. By Lemma 3.8, P is an operator of
minimal norm PA(B,D,F ).

Next suppose that (b) holds. Then no element y ∈ D can have the property
vP (s) sgn(y(s)) > uP (s) for t̂ ∈ crit∗(P ), for this inequality would require y to
have at least n roots. Hence, by (1.3.10) and Theorem 3.4, P is an operator of
minimal norm in PA(B,D,F ).

Finally, suppose that P is an operator of minimal norm in PA(B,D,F ) and
(a) is not true. Then ‖P‖ > EA. By Theorem 3.4 and (1.3.10), no y ∈ D satisfies
vP (s) sgn(y(s)) > uP (s) for any ŝ ∈ crit∗(P ) = S. By Lemma 3.10, |vP | > uP

on S. Hence no y in D can satisfy the inequality yvP > 0 on S. Since uP ≥ 0, vP

does not vanish on S. Now we verify that sgn vP is continuous on S. If sgn vP is
discontinuous on S then consider the two sets

S1 = {t ∈ S : vP (s) > 0}, S2 = {t ∈ S : vP (s) < 0} .
One of them must contain an accumulation point of the other. But this is not
possible, for as we now show, S1 and S2 are closed. Consider, for example, S1.
For each ε ∈ {−1, 1}n and t ∈ S1 select zε ∈ Z (the set Z is as in Theorem 3.12)
with

(1.3.14) (t̂ ◦ P )zε = ‖P‖ and
n+1∑
i=1

zε(ti)τn+1
i = vP (t) > 0 .

Note that for each z ∈ Z the set of all t ∈ [a, b] satisfying (1.3.14) is closed. Since
S1 is the union of such sets and the set Z is finite, S1 is also closed; a contradiction
with discontinuity of sgn vP . By Lemma 3.13, the proof is complete.

R e m a r k 1.3.15. Theorems 3.4 and 3.7 were proved by the author in [LG1].
For the case of projections and m= n + 1 a result similar to Theorem 3.7 was
obtained in [Che7]. Note that Theorem 3.6 extends Theorem 0.0.1 of [Che2], which
is a background for the investigations presented in this section. The method of
proving Theorems 3.11, 3.12 and 3.14 is the same as in [Che7].

I.4. The case of sequence spaces. First we present basic terminology co-
nerning generalized sequence spaces. For an arbitrary set T we denote by c0(T ),
or c0 for brevity, the space of all functions x : T → K such that the set {t ∈ T :
|x(t)| > ε} is finite for all ε > 0. The norm in c0 is ‖x‖∞ = sup{|x(t)| : t ∈ T}.
The space l1(T ) consists of all functions x : T → K which are zero except on a
countable set in T and for which ‖x‖1 =

∑
t∈T |x(t)| <∞. It is well known that

the conjugate space of c0 can be isometrically identified with l1(T ) (written l1 for
brevity), and the conjugate space of l1 with l∞, where

(1.4.1) l∞ = {x : T → K : sup{|x(t)| : t ∈ T} <∞} .
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We note that

(1.4.2) extl1 = {αft : t ∈ T, α ∈ K, |α| = 1} ,
where

ft(s) =
{

0 if s 6= t ,
1 if s = t ,

and

(1.4.3) extl∞ = {f : T → K : |f(t)| = 1 for every t ∈ T} .
By [Du, Th. 18, p. 274], the set extl∗∞ has the following representation:

(1.4.4) extl∗∞ = cl{t̂ : t ∈ T} ,

where t̂(f) = f(t) for every f ∈ l∞ and the closure is taken with respect to the
weak∗ topology in l∗∞.

Now assume D ⊂ c0 is an n-dimensional subspace and let y1, . . . , yn be a basis
of D. For K ∈ K(c0, D), K =

∑n
i=1 fi(·)yi (fi ∈ l1), put

(1.4.5) KK(s, t) =
n∑
i=1

fi(s)yi(t) for s, t ∈ T .

As in the previous section for t ∈ T the symbol t̂ stands for the evaluation
functional. By [Che3, Lemma 1], t̂ ∈ crit∗(K) if and only if t is a critical point of
the function ΛK : T → R+ defined by

ΛK(s) =
∥∥∥ n∑
i=1

yi(s)fi
∥∥∥

1
=
∑
u∈T
|KK(u, s)|

i.e.

(1.4.6) ΛK(t) = sup{ΛK(s) : s ∈ T}
(the symbol ‖ · ‖1 denotes the norm in the space l1).

Using these notations we may prove the following

Theorem 1.4.1. Let V ⊂ K(c0, D) be a convex set and let K ∈ K(c0, D),
V ∈ V. Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists t̂ ∈ crit∗(K − V )
with

(1.4.7) re
(∑
s∈T

KU−V (s, t) sgn(KK−V (s, t))−
∑
s∈At

|KU−V (s, t)|
)
≤ 0 .

(b) V ∈ V is a SUBA to K in V with a constant r > 0 if and only if for every
U ∈ V there exists t̂ ∈ crit∗(K − V ) such that

(1.4.8) re
(∑
s∈T

KU−V (s, t) sgn(KK−V (s, t))−
∑
s∈At

|KU−V (s, t)|
)
≤ −r‖U −V ‖ ,

where At = {s ∈ T : KK−V (s, t) = 0}.
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P r o o f. Assume there exists U ∈ V such that for every t̂ ∈ crit∗(K − V ),
(1.4.7) does not hold. In view of Theorem 0.2.8, it is sufficient to show that
re(φ(U −V )) > 0 for every φ ∈ E(K−V ) (see (0.2.12)). Since K(c0, D) ⊂ K(c0),
by Theorem 0.2.7 we have φ = ψ⊗γ for some ψ ∈ extc∗∗0 and γ ∈ extc∗0 . Applying
(1.4.1) and (1.4.2), we can assume that ψ ∈ l∞, |ψ(s)| = 1 for every s ∈ T and
γ = t̂ for some t ∈ T. Let

K − V =
n∑
i=1

fi(·)yi

and

U − V =
n∑
i=1

gi(·)yi for some fi, gi ∈ l1 .

In view of Remark 0.2.5 and (1.4.6), we note that

‖K − V ‖ = φ(K − V ) = t̂(K − V )∗∗ψ =
n∑
i=1

ψ(fi)yi(t)

=
n∑
i=1

(∑
s∈T

fi(s)ψ(s)
)
yi(t) =

∑
s∈T

ψ(s)
( n∑
i=1

fi(s)yi(t)
)

≤
∑
s∈T
|KK−V (s, t)| = ‖K − V ‖ .

This means that ψ(s) = sgn(KK−V (s, t)) if s ∈ T \At. Note that

re(φ(U − V )) = re
( n∑
i=1

ψ(gi)yi(t)
)

= re
( n∑
i=1

(∑
s∈T

ψ(s)gi(s)
)
yi(t)

)
= re

(∑
s∈T

ψ(s)
( n∑
i=1

gi(s)yi(t)
))

= re
(∑
s∈T

ψ(s)KU−V (s, t)
)

= re
(∑
s∈T

KU−V (s, t) · sgn(KK−V (s, t))

−
∑
s∈At

(−ψ(s))KU−V (s, t)
)
.

Since ∣∣∣re( ∑
s∈At

(−ψ(s)KU−V (s, t))
)∣∣∣ ≤ ∑

s∈At

|KU−V (s, t)| ,

we get

re(φ(U − V )) ≥ re
(∑
s∈T

KU−V (s, t) sgn(KK−V (s, t))−
∑
s∈At

|KU−V (s, t)|
)
> 0 .

By Theorem 0.2.8, V 6∈ PV(K).
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To prove the converse, suppose V 6∈ PV(K) and choose a U ∈ V with
‖U −K‖ < ‖V −K‖. Fix t̂ ∈ crit∗(K − U). Define a function ψ ∈ l∞ by

ψ(s) =

 sgn(KK−V (s, t)), KK−V (s, t) 6= 0 ,
− sgn(KU−V (s, t)), KK−V (s, t) = 0,KU−V (s, t) 6= 0 ,
1, otherwise .

Set φ = ψ ⊗ t̂. By [Li], φ ∈ extK∗(c0). Observe that

φ(K − V ) =
n∑
i=1

ψ(fi)yi(t) =
n∑
i=1

(∑
s∈T

ψ(s)fi(s)
)
yi(t)

=
∑
s∈T

ψ(s)
( n∑
i=1

fi(s)yi(t)
)

=
∑
s∈T
|KK−V (s, t)| = ‖K − V ‖ .

Hence φ ∈ E(K − V ) and consequently, re(φ(U − V )) > 0. But

re(φ(U − V )) = re
(∑
s∈T

ψ(s) ·KU−V (s, t)
)

= re
(∑
s∈T

KU−V (s, t) sgn(KK−V (s, t))−
∑
s∈At

|KU−V (s, t)|
)
,

which gives the desired result.
In view of Remark 0.2.13, part (b) can be proved in the same way.

Now we present a similar result for the space K(l1, D). To do this, for K ∈
K(l1, D), K =

∑n
i=1 fi(·)yi, where fi ∈ l∞ for i = 1, . . . , n and y1, . . . , yn is a

fixed basis of D, put

(1.4.9) KK(ψ, t) =
n∑
i=1

ψ(fi)yi(t), ψ ∈ l∗∗1 , t ∈ T .

By the Banach–Alaoglu and Krein–Milman Theorems, and by the definition of
the space Le(l∗∗1 , D) (see Proposition 0.2.4), we note that the set

(1.4.10) CK = {ψ ∈ extl∗∗1 : K∗∗(ψ) = ‖K‖}

is nonvoid. Moreover,

(1.4.11) ψ ∈ CK if and only if
∑
t∈T
|KK(ψ, t)| = ‖K‖ .

Using the above notations we can prove

Theorem 1.4.2. Let V ⊂ K(l1, D) be a convex set and let K ∈ K(l1, D),
V ∈ V. Then we have:

(a) V ∈ PV(K) if and only if for every U ∈ V there exists ψ ∈ CK−V such
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that

(1.4.12) re
(∑
t∈T

KU−V (ψ, t) sgn(KK−V (ψ, t))−
∑
t∈Aψ

|KU−V (ψ, t)|
)
≤ 0 .

(b) V is a SUBA to K in V with a constant r > 0 if and only if for every
U ∈ V there exists ψ ∈ CK−V with

(1.4.13) re
(∑
t∈T

KU−V (ψ, t) sgn(KK−V (ψ, t))−
∑
t∈Aψ

|KU−V (ψ, t)|
)

≤ −r‖U − V ‖ ,

where Aψ = {t ∈ T : KK−V (ψ, t) = 0}.

P r o o f. (a) Fix K ∈ K(l1, Y ) and V ∈ PV(K). Let K−V =
∑n
i=1 fi(·)yi. As-

sume that for some U ∈ V, (1.4.12) is not satisfied. Suppose U−V =
∑n
i=1 gi(·)yi

and take φ ∈ E(K − V ). We show that re(φ(U − V )) > 0. To do this, we note
that by Theorem 0.2.7, φ = ψ⊗γ, where ψ ∈ extl∗∗1 and γ ∈ extl∗1 . By (1.4.2), we
can assume that γ ∈ Sl∞ and |γ(t)| = 1 for every t ∈ T . Observe that

‖K − V ‖ = φ(K − V ) = γ((K − V )∗∗ψ) = γ
( n∑
i=1

ψ(fi) · yi
)

=
∑
t∈T

γ(t)KK−V (ψ, t) ≤
∑
t∈T
|KK−V (ψ, t)| ≤ ‖K − V ‖ .

By (1.4.11), ψ ∈ CK−V . Hence γ(t) = sgn(KK−V (ψ, t)) if t ∈ T \Aψ. Note that

re(φ(U − V )) = re
(
γ
( n∑
i=1

ψ(gi)yi
))

= re
(∑
t∈T

γ(t) ·KU−V (ψ, t)
)

= re
(∑
t∈T

KU−V (ψ, t) sgn(KK−V (ψ, t))−
∑
t∈Aψ

KU−V (ψ, t)(−γ(t))
)

≥ re
(∑
t∈T

KU−V (ψ, t) sgn(KK−V (ψ, t))−
∑
t∈Aψ

|KU−V (ψ, t)|
)
> 0 .

By Theorem 0.2.8, V 6∈ PV(K).
Now suppose V 6∈ PV(K) and take U ∈ V with ‖K −U‖ < ‖K − V ‖. Choose

ψ ∈ CK−V and define γ ∈ extl∞ by

γ(t) =

{
sgn(KK−V (ψ, t)), KK−V (ψ, t) 6= 0 ,
− sgn(KU−V (ψ, t)), KK−V (ψ, t) = 0 and KU−V (ψ, t) 6= 0 ,
1 otherwise .

Let φ = ψ ⊗ γ. In view of [Li], φ ∈ extK∗(l1). Observe that, by Proposition 0.2.4
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and (1.4.11),

φ(K − V ) = γ
( n∑
i=1

ψ(fi)yi
)

=
∑
t∈T

γ(t)KK−V (ψ, t)

=
∑

t∈T\Aψ

|KK−V (ψ, t)| = ‖K − V ‖ .

Hence, by Theorem 0.2.8, re(φ(U − V )) > 0. But

re(φ(U − V )) = re
(∑
t∈T

γ(t)KU−V (ψ, t)
)

= re
(∑
t∈T

KU−V (ψ, t) sgnKK−V (ψ, t)−
∑
t∈Aψ

|KU−V (ψ, t)|
)
,

which gives the desired result.

By (1.4.11), [Che3, Th. 4] and a reasoning similar to that in Theorem 4.2, we
can prove

Theorem 1.4.3. Let V = PA(l1, D) where A ∈ L(D) and K = 0. Assume
furthermore that dim(D|B) = dimD for every infinite set B ⊂ {t ∈ T : y(t) 6= 0
for some y ∈ D}. Then we have:

(a) V ∈ V is an operator of minimal norm in V if and only if for every U ∈ V
there exists s ∈ T with ŝ ∈ CK−V (compare with (1.4.11)) such that

re
(∑
t∈T

KV−U (ŝ, t) sgn(KK−V (ŝ, t))−
∑
t∈As

|KV−U (ŝ, t)|
)
≤ 0 .

(b) V ∈ V is a SUBA to K in V with a constant r > 0 if and only if for every
U ∈ V there exists s ∈ T with ŝ ∈ CK−V such that

re
(∑
t∈T

KV−U (ŝ, t) sgn(KK−V (ŝ, t))−
∑
t∈As

|KV−U (ŝ, t)|
)
≤ −r‖U − V ‖ .

R e m a r k 1.4.4. Theorems 4.1–4.3 were proved by the author in [LG1]. For
the case of projections (see (0.1.10) part (a) of Theorems 4.1 and 4.3 (in the real
case) has been proved (by a different method) in [Che3, Th. 1 and 5].

Chapter II

II.1. Extensions of linear operators from hyperplanes of l(n)
∞ . In this

section, unless otherwise stated, B = l
(n)
∞ (we consider the real case) and D⊂B be

a hyperplane in B, i.e. D = ker(f) for some f ∈ SB∗ . (The symbol ker(f) denotes
the kernel of the functional f .) We present a complete characterization of those
A ∈ L(D) for which λA(B,D) = ‖A‖ (see (0.1.20)). Next we consider the case
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λA(B,D) > ‖A‖. For brevity, for given A ∈ L(D) we will write LD, PA, λA, P0
A

instead of LD(B,D) (see (0.1.8)), PA(B,D) (see (0.1.17)), λA(B,D), P0
A(B,D)

(see (0.1.19)). Throughout this section we assume that f = (f1, . . . , fn) ∈ SB∗ is
such that |fi| < 1/2 for i = 1, . . . , n. By [Bl, Th. 1] this condition is equivalent to
λId > 1. If λId = 1 and P0 ∈ P0

Id, then for any A ∈ L(D), ‖A ◦ P0‖ = ‖A‖ and
consequently, A ◦ P0 ∈ P0

A. We start with the following

Definition 2.1.1 [SW]. Let b ∈ B. A set U = {g1, . . . , gk} ⊂ E(b) is called
an I-set if and only if

(2.1.1) 0 =
k∑
i=1

λigi|D, λi > 0,
n∑
i=1

λi = 1 ,

and no proper subset of U has this property. If k = n the I-set U is called regular.

The notion of I-set was introduced in [SW]. The role of regular I-sets is
illustrated by

Theorem 2.1.2 [SW, Th. 5.8]. Assume B is a normed space and let D ⊂ B be
an n-dimensional subspace. Let b ∈ B\D and let d0 ∈ D be the best approximation
to b in D. If E(b− d0) contains a regular I-set then d0 is a SUBA to b in D.

Proposition 2.1.3. Let f = (f1, . . . , fn) ∈ SB∗ satisfy |fi| > 0. Assume
A ∈ L(D) and λA = ‖A‖. For all i0 ∈ {1, . . . , n} and i ∈ {1, . . . , n} \ {i0} define
yi0i = (yi0i (1), . . . , yi0i (n)) by

(2.1.2) yi0i (j) =


0 if j 6= i0, i ,
1 if j = i ,
−fi/fi0 if j = i0 .

If L ∈ P0
A, then for each i0 ∈ {1, . . . , n},

(2.1.3) L =
∑
i6=i0

gi(·)yi0i ,

where gi ∈ B∗, gi|D = ei ◦ A and ‖gi‖ ≤ ‖A‖ for i 6= i0. Moreover , if L satisfies
(2.1.3) for some i0 ∈ {1, . . . , n} and ‖ei0 ◦ L‖ ≤ ‖A‖ then L ∈ P0

A.

P r o o f. Fix i0 ∈ {1, . . . , n}, L ∈ P0
A and let Ui0 =

∑
i 6=i0(ei ◦L)yi0i . We show

that Ui0 = L. Note that for i, j 6= i0 and x ∈ B,

(ej ◦ Ui0)x =
∑
k 6=i0

ek(Lx)ej(yi0k ) = ej(Lx) .

Since fi0 6= 0 and Ui0x ∈ D, Ui0x = L. It is clear that (ei ◦ L)|D = ei ◦ A. Since
L ∈ P0

A and λA = ‖A‖, ‖ei ◦ L‖ ≤ ‖A‖ for i 6= i0. Now assume that L satisfies
(2.1.3) and ‖ei0 ◦ L‖ ≤ ‖A‖. Hence for i, j 6= i0,

(ej ◦ L)yi0i =
∑
k 6=i0

gk(yi0i )ej(yi0k ) = ej(Ayi0i )
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and consequently, L ∈ PA. Since ‖L‖ = maxi=1,...,n ‖ei ◦ L‖, we immediately see
that L ∈ P0

A.

Note that P0
A is a compact convex set. Hence, by the Krein–Milman Theorem,

the set ext(P0
A) is nonempty. Moreover, we have the following

Proposition 2.1.4. Let A ∈ L(D) and let λA = ‖A‖. If L ∈ ext(P0
A) then

card{i : ‖ei ◦ L‖ = ‖L‖} ≥ n− 1 .

P r o o f. Suppose that there exists L ∈ ext(P0
A) such that

card{i : ‖ei ◦ L‖ = ‖L‖} < n− 1 .

Let ‖ei1 ◦L‖ < ‖L‖ = ‖A‖ and ‖ei2 ◦L‖ < ‖A‖ for i1, i2 ∈ {1, . . . , n}, i1 6= i2. It
is easy to check that L =

∑
i 6=i1(ei ◦L)yi1i . For λ ∈ R define Lλ =

∑
i 6=i1 gi(·)y

i1
i ,

where

(2.1.4) gi =
{
ei ◦ L if i 6= i2 ,
ei ◦ L+ λf if i = i2 .

Note that Lλ ∈ PA, Lλ 6= L for λ 6= 0 and L = (L−λ + Lλ)/2 for every λ ∈ R.
We show that Lλ ∈ P0

A for |λ| sufficiently small. It is clear that for j = i1, i2,

‖ej ◦ Lλ‖ = ‖ej ◦ (L+ λf(·)yi1i2 )‖ ≤ ‖ej ◦ L‖+ |λ|‖yi1i2‖ .
For j 6= i1, i2,

‖ej ◦ Lλ‖ = ‖ej ◦ L‖ ≤ ‖A‖ .
Since ‖ei1 ◦ L‖ < ‖A‖ and ‖ei2 ◦ L‖ < ‖A‖, the proof is complete.

Proposition 2.1.5. Assume D = ker(f), |fi| > 0 for i = 1, . . . , n and

(2.1.5) f(x) 6= 0 for every x ∈ extB∗ .

Let A ∈ L(D). If ‖ei ◦ A‖ = ‖A‖, then there exists exactly one g ∈ SB∗(0, ‖A‖)
with g|D = ei ◦ A. If ‖ei ◦ A‖ < ‖A‖ then there exist exactly two functionals
g1, g2 ∈ SB∗(0, ‖A‖) with gi|D = ei ◦A for i = 1, 2.

P r o o f. We can assume without loss of generality that ‖A‖ = 1. First we
consider the case ‖ei ◦ A‖ = ‖A‖. Since 1/2 > |fi| > 0 for i ∈ {1, . . . , n},
‖ei|D‖ = 1 (the element y = (y1, . . . , yn), where

yj =
{
− sgn(fj/

∑
k 6=i |fk|)fi if j 6= i ,

1 if j = i ,

has norm 1 and belongs to D). It is clear that extD∗ ⊂ {±ej |D}j=1,...,n. Now take
y0 = (y0

1 , . . . , y
0
n) ∈ extD with (ei ◦A)y0 = ‖ei ◦A‖ = 1. By (2.1.5) , there exists

exactly one i0 ∈ {1, . . . , n} with |y0
i0
| < 1. In view of [Si, Lemma 1.1, p. 166],

(2.1.6) ei ◦A =
∑

j∈Ji⊂{1,...,n}\{i0}

λjy
0
j ej |D ,

where λj > 0 and
∑
j∈Ji λj = 1. We show that (2.1.6) is the unique expression of

ei ◦A as a convex combination of points from the set extD∗ (with strictly positive
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coefficients). Indeed, let ei ◦ A =
∑
j∈J1

γjej |D where 0 < |γj |,
∑
j∈J1
|γj | = 1.

Since |yi0 | < 1, J1 ⊂ {1, . . . , n} \ {i0}. Hence, because {ej |D}j 6=i0 is a basis of
D∗, J1 = Ji and γj = λjy

0
j . Now define

g =
∑
j∈Ji

λjy
0
j ej .

It is clear that ‖g‖ = 1 and g|D = ei ◦ A. We show that g is the unique norm-
preserving extension of ei ◦ A. To do this, take h ∈ SB∗ , h|D = ei ◦ A. By [Si,
Lemma 1.1, p. 166],

h =
∑
j∈Z

γjy
0
j ej ,

where 0 < γj ,
∑
j∈Z γj = 1. Since h(y0) = (ei ◦ A)(y0), Z ⊂ {1, . . . , n} \ {i0}.

Consequently, reasoning as above, we get Z = Ji and λj = γj for j ∈ Ji. Now
assume ‖ei ◦ A‖ < ‖A‖ = 1. Applying the first part of the proof, we can show
that there exists exactly one hi ∈ B∗ with ‖hi‖ = ‖ei ◦ A‖ and hi|D = ei ◦ A.
Note that if g ∈ B∗ and g|D = ei ◦ A , then g = hi + λf for some λ ∈ R. Since
‖hi‖ < ‖A‖ = 1, the line hi + λf intersects SB∗ in exactly two points g1, g2. The
proof is complete.

Now for given A ∈ L(D) and i ∈ {1, . . . , n} define

(2.1.7) critA = {i ∈ {1, . . . , n} : ‖ei ◦A‖ = ‖A‖}
and

(2.1.8) Ei = {g ∈ SB∗(0, ‖A‖) : g|D = ei ◦A} .
By Proposition 2.5, card Ei = 1 if i ∈ critA, and card Ei = 2 in the opposite case.
Set

(2.1.9) D =
{
L ∈ L(B,D) : L =

∑
i 6=i0

gi(·)yi0i for some i0 ∈ {1, . . . , n}, gi ∈ Ei
}
.

Now we can state

Theorem 2.1.6. Suppose D = ker(f), f = (f1, . . . , fn), where f satisfies
(2.1.5), fi 6= 0 for i = 1, . . . , n. Let A ∈ L(D). Then λA = ‖A‖ if and only
if there exists L ∈ D with ‖L‖ = ‖A‖.

P r o o f. It is easy to check that D ⊂ PA. Hence if ‖L‖ = ‖A‖ for some
L ∈ D, then λA = ‖A‖. If λA = ‖A‖ take any L ∈ ext(P0

A). By Proposition 1.3,
there exists i0 ∈ {1, . . . , n} such that ‖ei ◦ L‖ = ‖A‖ for i 6= i0. It is clear that
L =

∑
i 6=i0(ei ◦ L)yi0i . Hence L ∈ D. The proof is complete.

R e m a r k 2.1.7. Theorem 1.6 introduces a method which permits one to check
if λA = ‖A‖ or λA > ‖A‖ for any A ∈ L(A). This method consists of the following
steps:

(a) calculating the set extD;
(b) calculating the norm of ei ◦A for i = 1, . . . , n using the set extD;
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(c) choosing, for each i ∈ {1, . . . , n}, yi ∈ extD satisfying (ei ◦A)yi = ‖A‖;
(d) finding, for i = 1, . . . , n, the unique functional hi ∈ X∗ such that hi|Y =

ei ◦A and ‖ei ◦A‖ = ‖hi‖;
(e) finding the set Ei for each i ∈ {1, . . . , n} \ critA;
(f) seeking an operator of minimal norm in conv(D); here the convex pro-

gramming method can be applied (see [Che1, p. 54 and Ex. 3, p. 51]).

However, note that there exist operators A ∈ L(D) for which we can check in
a simpler way if λA = ‖A‖.
Example 2.1.8. Assume ‖ei ◦A‖ = ‖A‖ for each i ∈ {1, . . . , n}. Then the set

D consists of exactly one element.

Example 2.1.9. Assume L ∈ L(B,D) is represented by a matrix
[l(i, j)]i,j=1,...,n. Put A = L|D and assume that there exists i0 ∈ {1, . . . , n} such
that for every j ∈ {1, . . . , n},

(2.1.10)
n∑
i=1

|(−fi/fi0)l(j, i0) + l(j, i)| ≤ ‖A‖ .

Then λA = ‖A‖.
P r o o f. Fix i0 ∈ {1, . . . , n} satisfying (2.1.10). Define L1 =

∑
i6=i0 ei(·)Ly

i0
i .

It is clear that L1|D = L|D = A. Moreover, it is easy to check that

‖L1‖ = max
j=1,...,n

∑
i 6=i0

|ej(Lyi0i )| .

Observe that |ej(Lyi0i )| = |(−fi/fi0)l(j, i0) + l(j, i)|. By (2.1.10), the proof is
complete.

Now we consider the situation λA > ‖A‖.
Theorem 2.1.10. Assume that f ∈ SB∗ , f = (f1, . . . , fn), satisfies (2.1.5), and

|fi| > 0 for i = 1, . . . , n. Assume furthermore that A ∈ L(D) and let λA > ‖A‖.
If L0 ∈ P0

A then E(L0) contains a regular I-set (see (2.1.1)).

P r o o f. Let L0 ∈ P0
A. It is easy to verify that ‖L0‖ = dist(L0,LD). Hence,

by Corollary 0.2.14, 0 ∈ conv(E(L0)|LD ), i.e.

0 =
k∑
i=1

λiϕi|LD ,

where λi > 0 and
∑k
i=1 λi = 1. Assume k ∈ N is a minimal number for which

the above equality is satisfied. If we show that k = n, then {ϕ1, . . . , ϕn} will be
the required regular I-set. By the Carathéodory Theorem, we can assume k ≤ n
(dimLD = n−1). By Theorem 0.2.7, ϕi = xi⊗ ej(i), where j(i) ∈ {1, . . . , n} and
xi ∈ extB . There is no loss of generality in assuming j(1) ≤ . . . ≤ j(k). First we
show that j(1) = 1. Suppose, on the contrary, that j(1) > 1 and put

E1 = {i : j(i) = j(1)} .
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Then

0 =
k∑
i=1

λi(xi ⊗ ej(i))|LD =
∑
i∈E1

λi(xi ⊗ ej(1))|LD +
∑
i 6∈E1

λi(xi ⊗ ej(i))|LD .

Put

(2.1.11) Lj(1) = f(·)y1
j(1) .

Note that if i 6∈ E1, then j(1) < j(i). Hence for each i ∈ E1,

(xi ⊗ ej(i))(Lj(1)) = f(xi)ej(i)(y1
j(1)) = 0 .

Consequently,

0 =
∑
i∈E1

λi(xi ⊗ ej(1))(L1) =
∑
i∈E1

λif(xi) ,

since ej(1)(y1
j(1)) = 1. To get a contradiction, we show that either f(xi) > 0 for

every i ∈ E1 or f(xi) < 0 for every i ∈ E1. By (2.1.5) f(xi) 6= 0 for every i ∈ E1.
Suppose that there exist i1, i2 ∈ E1 with f(xi1) < 0 and f(xi2) > 0. Then it is
easy to show that

(y ⊗ ej(1))(L0) = ‖L0‖
for some y ∈ SD. But this contradicts the assumption λA > ‖A‖. So we proved
j(1) = 1.

To end the proof of the theorem, we check that the map i→ j(i) is surjective.
If not, there exists i0 ∈ {1, . . . , n} with j(i) 6= i0 for i = 1, . . . , k. Since j(1) = 1,
i0 > 1. Put I1 = {i ∈ {1, . . . , k} : j(i) = 1}. An easy computation shows that

0 =
k∑
i=1

(xi ⊗ ej(i))(Li0) = (−fi0/f1)
∑
i∈I1

λif(xi) .

Reasoning as in the first part of the proof we get either f(xi) > 0 for each i ∈ I1
or f(xi) < 0 for each i ∈ I1; a contradiction. Hence the map i→ j(i) is surjective
and consequently k = n. The proof is complete.

Reasoning as in Theorem 2.10 we can prove

Theorem 2.1.11. Let L ∈ L(B) and let L0 ∈ PLD (L) (the set of all best
approximants for L in LD). Assume dist(L,LD) > ‖L|D‖. Then the set E(L−L0)
contains a regular I-set.

By Theorem 1.2 we get immediately

Corollary 2.1.12. Let A, L0, f be as in Theorem 1.11. Then there exists
r > 0 such that for every L ∈ PA,

‖L‖ ≥ ‖L0‖+ r‖L− L0‖ .
In particular , the set P0

A consists of exactly one element.

Note that the assumption λA > ‖A‖ in Theorem 1.10 and Corollary 1.12 is
essential because of
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Example 2.1.13. Let n = 3 and let f = (1/3, 1/3, 1/3), D = ker(f). Define
L ∈ L(B,D) to be the matrix

L =

 a −a 0
−a/2 a/2 0
−a/2 a/2 0


where a is a fixed positive number. Put A = L|D. It is easy to verify that

extD = {±(1,−1, 0),±(1, 0,−1),±(0, 1,−1)} .

Hence ‖L‖ = ‖A‖ and consequently λA = ‖A‖. For δ ∈ R consider the operator
Lδ defined by the matrix

Lδ =

 a −a 0
−a/2 + δ a/2 + δ δ
−a/2− δ a/2− δ −δ

 .

Note that

Lδ(−1, 1, 0) = (−2a, a, a) = L(−1, 1, 0)

and

Lδ(−1, 0, 1) = (−a, a/2, a/2) = L(−1, 0, 1) .

Hence Lδ|D = L|D = A. It is easy to verify that Lδ ∈ L(B,D) and ‖Lδ‖ = ‖A‖
for |δ| sufficiently small. Hence the set P0

A consists of more than one element.

Theorems 1.10 and 1.11 lead to an effective method of calculating dist(L,LD)
for given L ∈ L(B) if dist(L,LD) > ‖L|D‖. To do this, for given x1, . . . , xn ∈ extB
consider the following system of equations:

(2.1.12)


(xi ⊗ ei)(L− f(·)(y1, . . . , yn)) = z for i = 1, . . . , n ,
n∑
i=1

fiyi = 0 ,

with unknowns y1, . . . , yn, z. Assume additionally that

(2.1.13) 0 ∈ conv((x1 ⊗ e1)|LD , . . . , (xn ⊗ en)|LD ) .

Let L0 = f(·)y0 ∈ P(LD)(L). Then, in view of Theorem 1.11, if f satisfies (2.1.5)
and fi 6= 0 for i = 1, . . . , n there exist x1, . . . , xn ∈ extB such that y0

1 , . . . , y
0
n,

dist(L,LY ) are the solution of (2.1.12) for the above x1, . . . , xn. So to find L0 ∈
PLD and dist(L,LD) it is sufficient to solve a finite number of equations (2.1.12)
for x1, . . . , xn satisfying (2.1.13). For verifying (2.1.13) we can apply the following

Proposition 2.1.14. Assume x1, . . . , xn ∈ extB. Let f ∈ SB∗ satisfy (2.1.5)
and let fi 6= 0 for i = 1, . . . , n. Put D = ker(f). Then

(2.1.14) 0 ∈ conv((x1 ⊗ e1)|LD , . . . , (xn ⊗ en)|LD ) iff
sgn(f(xj)f1) = sgn(f(x1)fj) for j = 1, . . . , n .
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P r o o f. Fix x1, . . . , xn ∈ extB and suppose

0 =
k∑
i=1

λi(xi ⊗ ej(i))|LD .

Reasoning as in Theorem 1.10 we get k = n and j(i) = i for i = 1, . . . , n. Now for
j = 2, . . . , n take the map Lj ∈ LD defined by (2.1.1). Note that for j = 2, . . . , n,

0 =
n∑
i=1

λi(xi ⊗ ei)(Lj) = λ1(−fj/f1)f(x1) + λjf(xj) .

Consequently, λ1/λj = f(xj)f1/f(x1)fj , which completes the proof.

To end this section, for some L ∈ L(B), we calculate an explicit formula for
dist(L,LD) (λL|D if L ∈ L(B,D)) and determine an element of best approxima-
tion in this case.

Theorem 2.1.15. Let f satisfy the assumptions of Theorem 1.11, f > 0. Let
L ∈ L(B). Assume furthermore that there is a d0 ∈ f−1(1) such that the matrix
[dij ]i,j=1,...,n of the map L1 = L+ f(·)d0 satisfies the following conditions:

dij ≤ 0 or dij ≥ 1 ,(2.1.15) ∑
j∈Ni

fj <
∑

j∈Pi∪Zi

fj for every i ∈ {1, . . . , n} ,(2.1.16)

and

(2.1.17)
∑
j∈Pi

fj <
∑

j∈Ni∪Zi

fj for every i ∈ {1, . . . , n}

(here Zi = {j : dij = 0}, Pi = {j : dij > 0}, Ni = {j : dij < 0} for i ∈ {1, . . . , n}),
and

(2.1.18) Pi ⊂ {j : fj ≤ fi} .

Then dist(L,LD) = ‖L|D‖ or

dist(L,LD) =
(

1 +
n∑
i=1

fiBi/Ai

)/( n∑
i=1

fi/Ai

)
,

where Ai =
∑
j∈Ni∪Zi fj −

∑
j∈Pi fj and Bi =

∑
j∈Pi dij −

∑
j∈Zi∪Ni dij for

i ∈ {1, . . . , n}.

P r o o f. Suppose dist(L,LD) > ‖L|D‖. It is clear that dist(L,LD) =
dist(L1,L1

D), where

L1
D = {L ∈ L(B,D) : L = f(·)y : y ∈ f−1(1)} .

In view of Theorem 1.10, card PL1
D

(L1) = 1. By the definition of L1
D an element

L0 ∈ PL1
D

(L1) is represented in a unique way by some y0 = (y0
1 , . . . , y

0
n) ∈ f−1(1).
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By the proof of Theorem 1.10, the numbers d = dist(L1,LD), y0
1 , . . . , y

0
n must

satisfy the following system of equations:

(2.1.19)



n∑
j=1

|dij − fjy0
i | = d for i = 1, . . . , n ,

n∑
i=1

fiyi = 1 .

Now suppose that if L0 = f(·)y0 ∈ PL1
D

(L1) then y0
i ≥ 0 for i ∈ {1, . . . , n}. Then,

by (2.1.15)–(2.1.18), the system (2.1.19) reduces to the following system of linear
equations:

(2.1.20)



∑
j∈Pi

dij −
∑

j∈Ni∪Zi

dij

+ y0
i

( ∑
j∈Ni∪Zi

fj −
∑
j∈Pi

fj

)
= d for i = 1, . . . , n ,

n∑
i=1

fiy
0
i = 1 .

Hence after simple calculations

(2.1.21)

 d =
(

1 +
n∑
i=1

fiBi/Ai

)/( n∑
i=1

fi/Ai

)
,

y0
i = (d−Bi)/Ai for i ∈ {1, . . . , n} ,

as required. So to finish the proof, it is sufficient to show that the vector y0

corresponding to the best approximation for L1 has nonnegative coordinates
Assume that this is not true. Hence there is an i0 ∈ {1, . . . , n} with y0

i0
< 0.

Since y0 ∈ f−1(1), there is an i1 ∈ {1, . . . , n} with y0
i1
> 0. For θ > 0 define

wθ = (wθ1, . . . , w
θ
n) by

(2.1.22) wθi =

 y0
i if i 6= i0, i1 ,
y0
i + θ/fi if i = i0 ,
y0
i − θ/fi if i = i1 .

It is clear that f(wθ) = 1. We show that the operator W θ ∈ L1
D corresponding

to wθ satisfies

‖ej ◦ (L1 −W θ)‖ < ‖ej ◦ (L1 − L0)‖ ≤ dist(L1,L1
D)

for j = i0, i1 and θ > 0 sufficiently small. For j = i0, by (2.1.16) and a simple
calculation, we have

‖ej ◦ (L1 −W θ)‖ =
n∑
k=1

|djk − fkwθj |(2.1.23)
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=
n∑
k=1

|djk − y0
j fk|+ θ

( ∑
k∈Nj

fk −
∑

k∈Pj∪Zj

fk

)
/fj

< ‖ej ◦ (L1 − L0)‖ ≤ dist(L1,L1
D) .

If j = i1, then by (2.1.17) for θ > 0 sufficiently small

‖ej ◦ (L1 −W θ)‖ =
n∑
k=1

|djk − y0
j fk|+ θ

( ∑
k∈Pj

fk −
∑

k∈Nj∪Zj

fk

)
/fj

< ‖ej ◦ (L1 − L0)‖ = dist(L1,L1
D) .

Consequently, W θ ∈ PL1
D

(L1) for θ sufficiently small, which by (2.1.23) leads to
a contradiction with Theorem 1.11. The proof is complete.

Corollary 2.1.16. Assume that f ∈ SB∗ satisfies the requirements of The-
orem 1.15. Put L1 = Id. Then λId|D = 1 + (

∑n
i=1 |fi|/(1− 2|fi|))−1.

This reproves the result of Blatter and Cheney [Bl, Th. 2].

Corollary 2.1.17. Let f , L1, L1
D be as in Theorem 1.15. Let dist(L1,L1

D) =
‖L1|D‖. Then (by Proposition 1.4) there is an i0 ∈ {1, . . . , n} such that the vector
y = (y0

1 , . . . , y
0
n), where

y0
i =

{
(‖L1|D‖ −Bi)/Ai if i 6= i0 ,
(1−

∑
j 6=i fjy

0
j )/fi if i = i0 ,

defines the best approximation to L1 in L1
D.

II.2. Minimal projections onto hyperplanes of l(n)
1 . Throughout this sec-

tion, unless otherwise stated, B = l
(n)
1 and D ⊂ B is a hyperplane, i.e. D = ker(f)

for some f ∈ SB∗ . We determine the constant λId(B,D) and P0 ∈ P0
Id(B,D) (see

(0.1.18), (0.1.19)). We will write λId for λId(B,D), P for PId(B,D) and P0

for P0
Id(B,D) for brevity. In other words, we obtain a formula for a minimal

projection from B onto D and we calculate its norm. The method presented here
is based on Theorem 1.2.8 and it is different from that of [OdL, Th. II.4.9] and
[Bl]. First we state some preliminary results.

R e m a r k 2.2.1 (see e.g. [Bl, Lemma 1]). Assume B is a normed space and
let D = ker(f) for some f ∈ SB∗ . Then for every P ∈ P there exists a unique
dP ∈ f−1(1) such that

(2.2.1) Pb = b− f(·)dP for every b ∈ B .
Conversely, for any d ∈ f−1(1) the operator Pd defined by (2.2.1) belongs to P.

R e m a r k 2.2.2 (see e.g. [Bl]). For every P ∈P, ‖P‖ = maxi=1,...,n ‖Pei‖ and

(2.2.3) ‖Pei‖ = |1− fidPi |+ |fi|(‖dP ‖1 − |dPi |) .
Since B is a symmetric and reflection invariant space (see e.g. [Od, Def. 1.1]), by
Remark 2.2, until the end of this section we can assume without loss of generality
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that

(2.2.4) 1 = f1 ≥ . . . ≥ fn ≥ 0 .

Moreover, it is easy to show [Bl, Th. 3] that λId = 1 if and only if the functional
f has at most two coordinates different from 0. So until the end of this section
we assume that f3 > 0. Let us introduce the following notations:

ai =
i∑

j=1

fj , bi =
i∑

j=1

f−1
j and for i ≥ 3, βi = bi/(i− 2) ,(2.2.5)

Ef = {i ≥ 3 : βi ≥ f−1
i }, Gf = {i ≥ 3 : f−1

i ≤ βi ≤ f−1
i+1}(2.2.6)

(we define fn+1 = 0).
Now we can prove

Lemma 2.2.3. Let i ∈ Ef . Consider the system of equations

(2.2.7)



z =
i−1∑
j=1

dj ,

i−1∑
j=1

fjdj = 1 ,

fj(z − 2dj) = x for j = 2, . . . , i− 1 ,
fiz = x

with unknowns z, x, d = (d1, . . . , di−1). Let ẑ, x̂, d̂ be a solution of (2.2.7). Then
‖Pd‖ = 1 + x̂ (Pd ∈ P is the projection induced by d; see Remark 2.1).

P r o o f. One can verify that the numbers

(2.2.8)


x̂ = 2(ki + f−1

i ai − i)−1 where ki = bi − (i− 2)f−1
i ,

d̂1 = x̂(ki + f−1
i − 1)/2 ,

d̂j = x̂(f−1
i − f−1

j )/2 for j = 2, . . . , i− 1 ,
ẑ = x̂f−1

form a solution of (2.2.7). By (2.2.4), dj ≥ 0 for j ∈ {2, . . . , i− 1}. Since i ∈ Ef ,
d1 ≥ 0. Put d = (d̂1, . . . , d̂i−1, 0, . . . , 0). By Remark 2.2 and (2.2.7),

‖Pdej‖ = 1 + fj(ẑ − 2d̂j) = 1 + x̂ for j = 2, . . . , i− 1 .

For i ≤ j ≤ n,

‖Pdej‖ = 1 + fj ẑ ≤ 1 + fiẑ ≤ 1 + x̂ .

For j = 1, the inequality ‖Pdej‖ = 1 + (‖d‖1 − 2d1) ≤ 1 + x is equivalent to
(f−1
i − ki − f−1

i + 1)x̂ ≤ x̂, which gives βi ≥ f−1
i . Since i ∈ Ef , the proof is

complete.
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Lemma 2.2.4. Let i ∈ Gf . Consider the system of linear equations

(2.2.9)



fj(z − 2dj) = x for j = 1, . . . , i,

z =
i∑

j=1

dj ,

i∑
j=1

fjdj = 1 .

Let x̂, ẑ, d̂ = (d̂1, . . . , d̂i) be a solution of (2.2.9). Then ‖Pd‖ = 1 + x where Pd is
the projection induced by d̂.

P r o o f. One can verify that the numbers

(2.2.10)

x = 2(aiβi − i)−1 ,

d̂1 = x̂(βi − f−1
1 )/2, . . . , d̂i = x(βi − f−1

i )/2 ,
ẑ = x · βi

form a solution of (2.2.9). Since i ∈ Gf , d̂j ≥ 0 for j ∈ {1, . . . , i}. Put d =
(d̂1, . . . , d̂i, 0 . . . , 0). Then, by Remark 2.2 and (2.2.10), for j = 1, . . . , i,

‖Pdej‖ = |1− fj d̂j |+ fj(‖d‖1 − d̂j)‖ = 1 + fj(ẑ − 2d̂j) = 1 + x .

If i < n, then for i < j ≤ n,

‖Pdej‖ = 1 + fj‖d‖1 = 1 + ẑfj .

Since the inequality 1 + fj ẑ ≤ 1 + x is equivalent to βi ≤ f−1
j and i ∈ Gf ,

‖Pdej‖ ≤ 1 + x̂, as required.

In the next part of this section we show that there exists P 0 ∈ P0, P 0 = P 0
d

for some d ∈ f−1(1), such that x = ‖P 0
d ‖ − 1, z = ‖d‖1 and (d1, . . . , di) satisfy

the system (2.2.7) for some i ∈ Ef or (2.2.9) for some i ∈ Gf , and we determine
this index. To do this, we need some preliminary results.

Lemma 2.2.5 [Bl, Lemma 4]. There exists P 0 ∈ P0 such that the vector d ∈
f−1(1) corresponding to P 0 has nonnegative coordinates.

Lemma 2.2.6. Let f ∈ SB∗ , f2 < 1. Let P 0 = P 0
d ∈ P0 and let d ≥ 0. Then

for every j ≥ 2 with dj > 0, ‖P 0ej‖ = ‖P 0‖.
P r o o f. Suppose, on the contrary, that ‖P 0ej‖ < ‖P 0‖ for some j ≥ 2 with

dj > 0. Note that, by Remark 2.2, ‖P 0ej‖ = 1 + fj(‖d‖1 − 2dj). Select r > 0
with 1 + fj(‖d‖1 − 2(dj − r/fj)) < ‖P 0‖ and dj − r/fj > 0. Define a vector
d1 = (d1

1, . . . , d
1
n) ∈ B by

d1
k =

{
dk + r if k = 1 ,
dk − r/fk if k = j ,
dk if k 6= 1, j .

Note that d1 ∈ f−1(1) and ‖d1‖1 =
∑n
k=1 dk+r−r/fj < ‖d‖1, since fj ≤ f2 < 1.

Let P 1 denote the projection induced by d1. We show that ‖P 1‖ < ‖P 0‖. To do
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this, take k ∈ {1, . . . , n}. If k = j, then

‖P 1ek‖ = 1 + fk(‖d1‖1 − 2(dk − r/fk)) < 1 + fk(‖d‖1 − 2(dk − r/fk)) < ‖P 0‖

by the definition of r. If k = 1, then

‖P 1ek‖ = 1 + ‖d1‖1 − 2d1
1 = 1 + ‖d‖1 + r − r/fj − 2(d1 + r)

= 1 + ‖d‖1 − 2d1 − r(1 + f−1
j ) < 1 + ‖d‖1 − 2d1 = ‖P 0e1‖ ≤ ‖P 0‖ .

If k 6= 1, j, then

‖P 1ek‖ = 1 + fk(‖d1‖1 − 2d1
k) = 1 + fk(‖d1‖1 − 2dk)

< 1 + fk(‖d‖1 − 2dk) = ‖P 0ek‖ ≤ ‖P 0‖ ,

which contradicts the minimality of P 0.

Corollary 2.2.7. Let P 0 = P 0
d ∈ P0 and let d ≥ 0. Let f ∈ SB∗ , f2 < 1. Set

i0 = min{i ≥ 2 : di = 0}. Then di = 0 for every i > i0.

P r o o f. Suppose di>0 for some i>i0. In view of Lemma 2.6, ‖P 0ei‖ = ‖P 0‖.
Hence

‖P 0‖ = 1 + fi(‖d‖1 − 2di) < 1 + fi‖d‖1 ≤ 1 + fi0‖d‖1 ≤ ‖P 0‖ ;

a contradiction.

In the sequel we will need the following notation. For i ∈ {3, . . . , n} and
j ∈ {2, . . . , i} set

(2.2.11) gij = (−1, . . . , 1j , . . . ,−1i) .

Definition 2.2.8. We say that f ∈ B∗ satisfies condition (∗) if and only if
for every i ∈ {3, . . . , n} the vectors {gij : j ∈ {2, . . . , i}, f i = (f1, . . . , fi)} form
a linearly independent set in Ri (in other words, detAi 6= 0 for i ∈ {3, . . . , n},
where Ai is the matrix with rows gij , j ∈ {2, . . . , i}, and f i).

Let us set

(2.2.12) F = {f ∈ B∗ : f satisfies condition (∗)} .

Lemma 2.2.9. The set F is dense in B∗.

P r o o f. Note that B∗ \ F =
⋃n
i=3Gi, where Gi = {f ∈ B∗ : detAi = 0}.

It is obvious that each Gi is a linear subspace of B∗. So to finish the proof, it
is sufficient to show that Gi ⊆ F for i ≥ 3. Take f = (1, . . . , 1) and assume
that f ∈Gi for some i≥ 3. This means that

∑i−1
j=1 αjg

i
j+1 + αif

i = 0 for some
α= (α1, . . . , αi) ∈ Ri,

∑i
j=1 |αj | > 0. In particular, taking the first coordinates

we get −
∑i−1
k=1 αk + αi = 0. For fixed j ∈ {1, . . . , i− 1}, taking the (j + 1)th co-

ordinates we obtain αj−
∑i−1
k=1,k 6=j αk+αi = 0. Subtracting the above equalities,

we derive αj = 0 for j = 1, . . . , i − 1 and consequently αi = 0; a contradic-
tion.
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Lemma 2.2.10. Let P 0 = P 0
d ∈ P and let dj > 0 for j = 1, . . . , n. Set

(2.2.13) C = {gni : |(gni ◦ P 0)ei| = ‖P 0‖} .
Then C ∩ −C = ∅ and C ∪ −C = crit∗(P 0) (see (1.2.1)).

P r o o f. It is clear that C ∩ −C = ∅. Assume that g ∈ crit∗(P 0). Then
|(g ◦P 0)ei| = ‖P 0‖ for some i ∈ {1, . . . , n}. If (g ◦P 0)ei = ‖P 0‖ then, by (2.2.3),
gi = sgn(1−fidi) = 1 and gj = sgn(−fidj) = −1 for j 6= i. Consequently, g = gni
and g ∈ C. In the opposite case −g ∈ C. The converse is obvious.

Now we can show

Theorem 2.2.11. Assume f ∈ SB∗ . Then there exists P 0 = P 0
d ∈ P0 such

that x = ‖P 0‖ − 1, z = ‖d‖1 and d1, . . . , di satisfy (2.2.7) for some i ∈ Ef or
(2.2.9) for some i ∈ Gf (see (2.2.6)).

P r o o f. First we assume additionally that 1 = f1 > f2 > f3 and f ∈ SB∗ ∩F
(see (2.2.10)). By Lemma 2.5, we can choose P 0 = P 0

d ∈ P0 such that d has
nonnegative coordinates. Now we consider two cases.

C a s e I: di > 0 for i = 1, . . . , n. In view of Lemma 2.6, ‖P 0ei‖ = ‖P 0‖ for
i ≥ 2. Suppose that ‖P 0e1‖ < ‖P 0‖. By Lemma 2.10, crit∗(P 0) = {gn2 , . . . , gnn}∪
{−gn2 , . . . ,−gnn}. Since f ∈ F , det(gn2 , . . . , g

n
n , f) 6= 0. Hence the set {gn2 , . . . , gnn}

is linearly independent on D = ker(f); a contradiction with Theorem 1.2.8.
Consequently, ‖P 0ei‖ = ‖P 0‖ for i = 1, . . . , n and it is easy to verify that
‖P 0‖ − 1, ‖d‖1, d satisfy the system (2.2.9) for i = n.

C a s e II: di = 0 for some i ∈ {1, . . . , n}. First we show that d1, d2 > 0. If
d1 = 0, then ‖P 0‖ ≥ ‖P 0e1‖ = 1 + ‖d‖1 ≥ 2, since f ∈ SB∗ and f(d) = 1. But,
in view of [Lev], λId < 2; a contradiction. If d2 = 0, then by Corollary 2.7, dj = 0
for j = 2, . . . , n. Consequently, d1 = 1. Now select r > 0 with 1 + f3(‖d‖1 +
(f−1

2 − 1)r) < ‖P 0‖ (this is possible, since ‖P 0‖ = 1 + f2‖d‖1 and f3 < f2). Put
d1 = (1− r, r/f2, 0, . . . , 0). It is clear that f(d1) = 1 and it is easy to verify that
‖Pd1‖ < ‖P 0‖; a contradiction. Now put i0 = min{j ≥ 3 : dj = 0} and assume
‖P 0ei0‖ = ‖P 0‖. In view of Lemma 2.6, ‖P 0ej‖ = ‖P 0‖ for 2 ≤ j ≤ i0. Since
d ≥ 0, by Remark 2.2, the numbers x = ‖P 0‖ − 1, z = ‖d‖1, and d1, . . . , di0
satisfy the system (2.2.7) for i = i0. To finish this part of the proof, we show
that i0 ∈ Ef (see (2.2.6)). Since the solution of (2.2.7) is unique, by (2.2.8),
d1 = (ki0 + f−1

i0
− 1)(‖P 0‖ − 1)/2 and ‖d‖1 = (‖P 0‖ − 1)f−1

i0
. But the inequality

‖P 0e1‖ ≤ ‖P 0‖ yields ki0 ≥ 0 and consequently βi0 ≥ f−1
i0

. Hence i0 ∈ Ef .
Now suppose ‖P 0ei0‖<‖P 0‖. Then i0>3. If not, then consider d2 = (d1, d2),

f2 = (f1, f2) and let P̂ 0
d2
∈P(l(2)1 , ker(f2)). In view of Remark 2.2, ‖P 0‖= ‖P̂ 0‖

and ‖P̂ 0ej‖ = ‖P 0ej‖ for j = 1, 2. By [Bl, Th. 3], there exists P̂ 1∈P(l(2)1 , ker(f2))
with ‖P̂ 1‖ = 1. Extending in a natural way P̂ 1 to P 1 ∈ P, define Pα = αP 0 +
(1− α)P 1 for α ∈ (0, 1). Since ‖P 0ei0‖ < ‖P 0‖, it is easy to verify that ‖Pα‖ <
‖P 0‖ for α sufficiently close to 1; a contradiction.
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Now assume i0 ≥ 4, ‖P 0ei0‖ < ‖P 0‖. By Lemma 2.6, ‖P 0ej‖ = ‖P 0‖ for 2 ≤
j ≤ i−1. We show that ‖P 0e1‖ = ‖P 0‖. Suppose that this is not true. Define P̂ 0,
f i0−1 as in the case i0 = 3. By Lemma 2.10, crit∗(P̂ 0) = {±gi0−1

2 , . . . ,±gi0−1
i0−1}.

Since f ∈ F , the set C = {gi0−1
2 , . . . , gi0−1

i0−1} is total over ker(f i0−1) and conse-
quently it is linearly independent over ker(f i0−1). By Theorem 1.2.8, there exists
P̂ 1 ∈ PId(l(i0−1)

1 , ker(f i0−1)) with ‖P̂ 1‖ < ‖P̂ 0‖. Reasoning as above we get
‖Pα‖ < ‖P 0‖ for α sufficiently close to one; a contradiction with minimality of
P 0. Therefore, ‖P 0ej‖ = ‖P 0‖ for j = 1, . . . , i0 − 1. Reasoning as in the case
when ‖P 0ei0‖ = ‖P 0‖, we can show that the numbers x = ‖P 0‖−1, z = ‖d‖1 and
d1, . . . , di0−1 satisfy the system (2.2.9) for i = i0 − 1. Since ‖P 0ei0‖ < ‖P 0‖ and
di0−1 = (‖P 0‖−1)(βi0−1−f−1

i0−1)/2, by a simple calculation we get βi0−1 ≥ f−1
i0−1,

βi0−1 < f−1
i0

and consequently i0 − 1 ∈ Gf .
To end the proof of the theorem note that by Lemma 2.9, the set

{f : 1 = f1 > f2 > f3 ≥ . . . ≥ fn, f ∈ F}

is dense in Z = {f : 1 = f1 ≥ f2 ≥ . . . ≥ fn}. Consequently, by the continuity of
the function Z 3 f → λId(B, ker(f)) [OdL, Lemma II.7.6, p. 83] and a compact-
ness argument, the reasoning presented above holds true for any f ∈ Z, which
completes the proof of the theorem.

To present the next results of this section note the following properties of the
numbers bi, βi, ai (see (2.2.5)):

R e m a r k 2.2.12. (a) For 3 ≤ i and 3 ≤ j ≤ i if ai ≥ i − 2 (resp. βi ≥ f−1
i )

then aj ≥ j − 2 (resp. βj ≥ f−1
j ).

(b) For i ≥ 3, fibi−1 ≥ i− 3 iff βi ≥ f−1
i .

For j = 3, . . . , n define

(2.2.14) cj = min{fjbj−1, aj−1}

and set

(2.2.15) i = i(f) = max{j ≥ 3 : cj ≥ j − 3} .

Theorem 2.2.13. Let P 0 ∈ P0. Then ‖P 0‖ = 1 + x, where

x =
{

2((βi − f−1
i )(i− 2) + aif

−1
i − i)−1 if ai < i− 2 ,

2(aiβi − i)−1 if ai ≥ i− 2 .

P r o o f. By Theorem 2.11, there is a P 0 = P 0
d ∈ P0 such that ‖P 0‖− 1, ‖d‖1,

d1, . . . , di0 form a solution of (2.2.7) for some i0 ∈ Ef or (2.2.9) for some i0 ∈ Gf .
We will show that it is possible to choose i0 = i(f). Note that for any i = 3, . . . , n
and j = 3, . . . , n− 1,

(2.2.16) (βi − f−1
i )(i− 2) + aif

−1
i − i− (aiβi − i) = (βi − f−1

i ) · (i− 2− ai)

and
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(2.2.17) (βj+1 − f−1
j+1)(j − 1) + aj+1f

−1
j+1 − (j + 1)

−(βj − f−1
j )(j − 2)− (ajf−1

j − j)
= bj+1 − (j − 1)f−1

j+1 − bj + f−1
j (j − 2) + aj(f−1

j+1 − f
−1
j )

= aj(f−1
j+1 − f

−1
j ) + (j − 2)(f−1

j − f−1
j+1)

= (aj − (j − 2)) · (f−1
j+1 − f

−1
j ) .

Suppose that i0 < i(f). If ‖P 0‖−1, ‖d‖1, d1, . . . , di0 satisfy (2.2.9) for i = i0 then
βi0 ≤ f−1

i0+1, which by (2.2.5) gives βi0+1 ≤ f−1
i0+1. Since i0 < i(f), by (2.2.15),

βi0+1 ≥ f−1
i0+1 and consequently βi0+1 = f−1

i0+1 = βi0 . Reasoning as above, by
Remark 2.2.12 and (2.2.15), we get βj = f−1

j = βj−1 for j = i0 + 1, . . . , i(f).
Consequently, βi0 = f−1

i(f) = f−1
j for j = i0 + 1, . . . , i(f). Hence,

ai0βi0 − i0 − (ai(f)βi(f) − i(f)) = i(f)− i0 −
( i(f)∑
j=i0+1

fj

)
f−1
i(f) = 0 .

Consequently, the projection P 1 defined by the solution of (2.2.9) for i = i(f)
satisfies ‖P 1‖ ≤ ‖P 0‖, so we can choose i(f) as i0. (If i(f) < n then βi(f) =
f−1
i(f) ≤ f

−1
i(f)+1, which gives i(f) ∈ Gf .)

If ‖P 0‖− 1, ‖d‖1, d1, . . . , di0 satisfy (2.2.7) for i = i0, then by (2.2.17) we can
also choose i0 = i(f).

Now suppose that i0 > i(f). Hence βj ≥ f−1
j and aj < j−2 for i(f) ≤ j ≤ i0.

By (2.2.16), (2.2.17), the solution of (2.2.7) for i = i(f) defines the projection P 1

such that ‖P 1‖≤‖P 0‖, where P 0 is the minimal projection satisfying (2.2.7) for
i = i0. Consequently, we can choose i0 = i(f). The formula for the norm of the
minimal projection is a consequence of Lemmas 2.3 and 2.4. The proof is complete.

Corollary 2.2.14 [Od]. Let f ∈ SB∗ be as in Theorem 2.2.13. Put

(2.2.18) m = m(f) =

{
i(f) if βi(f) > f−1

i(f) ,

u(f) if βi(f) = f−1
i(f) ,

where

(2.2.19) u(f) = min{j ≤ i(f)− 1 : fj+1 = fi(f)} .

If am ≥ m − 2 (resp. am < m − 2) then the formula (2.2.10) (resp. (2.2.8))
defines for i = m(f) the coordinates of the vector d corresponding to a minimal
projection P 0.

R e m a r k 2.2.15. In the complex case the formula for the minimal projection
given in Theorem 2.13 holds true.

P r o o f. By Remark 2.2, we can assume without loss of generality that 1 =
f1 ≥ f2 ≥ . . . ≥ fn. If P = Pd ∈ P, then Pre(d) ∈ P, where re(d) = (re(d1),
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. . . , re(dn)). Moreover, by Remark 2.2, ‖Pd‖ ≥ ‖Pre(d)‖ for any d ∈ f−1(1), which
completes the proof.

II.3. Strongly unique minimal projections onto hyperplanes of l(n)
∞

and l(n)
1 . The problems considered in this section may be treated as a development

of the results obtained in Sections II.1 and II.2. Hence we restrict ourselves to
the case B = l

(n)
∞ (resp. B = l

(n)
1 ), V = PId(B,D) ⊂ K(B), where D ⊂ B

is a hyperplane in l
(n)
∞ (resp. in l

(n)
1 ). In other words, we will examine when a

projection P 0 ∈ P0
Id(B,D) is a strongly unique minimal projection (we will write

a SUM projection for brevity) in PId(B,D), i.e. when P 0 ∈ P0
Id(B,D) satisfies

(2.3.1) ‖P‖ ≥ ‖P 0‖+ r‖P − P 0‖

for every P ∈ PId(B,D) with a constant r > 0 independent of P .
First we deal with the case B = l

(n)
∞ . Applying Theorems 1.2.2 and 1.2.5 we

prove the following

Theorem 2.3.1. Let D ⊂B be a hyperplane, i.e. D = ker(f) for some f =
(f1, . . . , fn) ∈ SB∗ . Assume P 0 ∈ PId(B,D) is a minimal projection. Then we
have:

(a) If ‖P 0‖ = 1, then P 0 satisfies (2.3.1) if and only if |fi| ≥ 1/2 for exactly
one i ∈ {1, . . . , n}. The constant r = min{1− 2|fj | : j 6= i} is the best possible.

(b) In the real case, if ‖P 0‖ > 1, then P 0 satisfies (2.3.1) if and only if
0 < |fi| < 1/2 for i = 1, . . . , n.

Moreover , the constant

(2.3.2) r = min{max{(1− 2|fi|)yi : i = 1, . . . , n} : y ∈ SD}

is the best possible and the following estimate holds:

(2.3.3) r ≥ (1− 2|fj |)|fi|/(1− |fi|) ,

where

|fj | = max{|fk| : k = 1, . . . , n} and |fi| = min{|fk| : k = 1, . . . , n} .

P r o o f. (a) Assume that |fi| ≥ 1/2 for exactly one index i ∈ {1, . . . , n}.
Fix P ∈ PId(B,D). Denote by dP (resp. d0) the vector from B corresponding
to P (resp. to P 0). It is clear that P − P 0 = f(·)(d0 − dP ) and consequently
‖P −P 0‖ = ‖d0−dP ‖∞. Since |fi| ≥ 1/2, ‖d0−dP ‖∞ = |dPj −d0

j | for some j 6= i.
By [Bl, Th. 1] d0

i = 1/fi and d0
j = 0 for j 6= i. Consequently, ‖P − P 0‖ = |dPj |

for some j 6= i. By (1.2.5), we note that

‖P‖ ≥ ‖(x→ xj) ◦ P‖ = |1− fjdP |+ |dPj |(1− |fj |)
≥ 1 + |dPj |(1− 2|fj |) ≥ ‖P 0‖+ min{1− 2|fk| : k 6= i}‖P − P 0‖ ,

which gives the result.
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Now we shall show that the constant r = min{1 − 2|fj | : j 6= i} is the best
possible. To do this, for f ∈ SB∗ and d ∈ f−1(1) set

Pf,d = Id−f(·)d .
Since ‖Pf,d‖ = ‖P|f |,d‖ for every f ∈ B∗ and d ∈ f−1(1) (di = di if fi = 0
and di = fi/|fi|di otherwise) we may assume f ≥ 0. Set dk = 0 if k 6= i and
k 6= j, di = −fj/fi, dj = 1 and let d = (d1, . . . , dn) (the index j is so chosen that
fj = max{fk : k 6= i}). Let P = P 0−f(·)d. By Theorem 1.2.2 and Remark 1.2.3,
it is enough to show that

‖(x→ xk) ◦ P‖ < 1 + r1‖P − P 0‖
for every r1 > r and k = 1, . . . , n. First we note that ‖P − P 0‖ = ‖d‖∞ = 1. By
(1.2.5), if k = i then

‖(x→ xk) ◦ P‖ = |1− fi(di + 1/fi)|+ |di + 1/fi| · |1− fi|
= 1/fi − 1 + di(1− 2fi) = 1/fi − 1 + fj(2fi − 1)/fi
≤ 1/fi − 1 + (1− fi)(2fi − 1)/fi
= 2(1− fi) ≤ 1 < 1 + r1‖P − P 0‖ .

If k 6= i and k 6= j, then dPk = dk = 0. Hence

‖(x→ xk) ◦ P‖ = 1 < 1 + r1‖P − P 0‖ .
If k = j, then

‖(x→ xk) ◦ P‖ = 2− 2fj = 1 + r‖P − P 0‖ < 1 + r1‖P − P 0‖ .
Applying Theorem 1.2.2(b) , we complete the proof of part (a).

(b) As in the previous case we can assume fi ≥ 0 for i = 1, . . . , n. Define a
function φ : SD → R by the formula

(2.3.4) φ(y) = min{(2fi − 1)yi : i = 1, . . . , n} .
Since fi > 0 for i = 1, . . . , n, φ(y) < 0 for every y ∈ SD. Hence, by the argument
of compactness and continuity of φ, the constant γ = max{φ(y) : y ∈ SD)} is
negative. We show that P 0 is a SUM projection with r = −γ. To do this, by
Theorem 1.2.5, Remark 1.2.6 and Theorem 2.1.10, it is enough to prove that for
every P ∈ PId(B,D) there exists i ∈ {1, . . . , n} with

(2.3.5) inf{((P − P 0)x)i : x ∈ Ai(P 0)} ≤ −r‖P − P 0‖
(we write Ai(P 0) instead of Ax→xi(P

0) (see (1.2.2)). It is clear that ‖P 0−P‖ =
‖dP − d0‖∞. Set d = (dP − d0)/‖dP − d0‖∞ (if dP = d0 the inequality (2.3.1) is
satisfied). Select i ∈ {1, . . . , n} with φ(d) = (2fi−1)di. By (1.2.5), x ∈ Ai(P 0) iff

xj = − sgn(fj) = −1 for j 6= i and xi = sgn(1− fid0
i ) = 1 .

Hence for x ∈ Ai(P 0) we get

((P − P 0)x)i = f(x)‖dP − d0‖∞di = (fi − 1)di‖dP − d0‖∞ ≤ −r‖dP − d0‖∞ .

By Remark 1.2.6, we have proved our claim.
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Now we will show that r ≥ (1 − 2fj)fi/(1 − fi), where fj = max{fk : k =
1, . . . , n} and fi = min{fk : k = 1, . . . , n}. To do this, take y ∈ SD. If yk = 1 for
some k ∈ {1, . . . , n}, then

φ(y) ≤ 2fk − 1 ≤ 2fj − 1 ≤ (2fj − 1)fi/(1− fi) ,

since fj < 1/2 and fi < 1/2.
In the opposite case yk = −1 for some k ∈ {1, . . . , n} and an easy calculation

shows that yl ≥ fi/(1− fi) for some l ∈ {1, . . . , n}. We note that

φ(y) ≤ (2fl − 1)yl ≤ (2fl − 1)fi/(1− fi) ≤ (2fj − 1)fi/(1− fi) ,

since fl < 1/2 and fj ≥ fl. Hence γ ≤ (2fj − 1)fi/(1 − fi) and consequently,
r ≥ (1− 2fj)fi/(1− fi).

To prove that the constant r is the best possible, take r1 > r, choose d ∈ SD
with φ(d) > −r1, and define P ∈ PId(B,D) by

P = P 0 + f(·)d .

For l ∈ {1, . . . , n} and x ∈ Al(P 0) we have

((P − P 0)x)l = f(x)dl = (2fl − 1)dl ≥ φ(d) > −r1 = −r1‖P − P 0‖ .

By Theorem 1.2.5 and Remark 1.2.6, the proof of (b) is complete.

R e m a r k 2.3.2. Suppose that f ∈ SB∗ and an operator L ∈ L(B) satisfy
the assumptions of Theorem 2.1.15. Assume additionally that dij ≤ 0 for i 6= j,
dii ≥ 1 (dij are the same as in Theorem 2.1.15). Then by Theorem 2.1.11 the
operator L has a SUBA element in L1

D. Moreover, if dist(L,L1
D) > ‖L|D‖, then

the constant r satisfies the estimate from Theorem 2.3.2(b).

R e m a r k 2.3.3. In the complex case Theorem 3.1(b) does not hold.

P r o o f. As in the proof of Theorem 3.1(b) we may assume f ≥ 0. It is easy
to show that the projection P 0 considered in Theorem 3.1(b) is also minimal in
the complex case. By Remark 1.2.4, Ai(P 0) = αAx→α·xi(P

0) for every α ∈ C,
|α| = 1. Hence we may restrict ourselves to the case α = 1. Take w ∈ Rn ∩ SD
and let y = 0 + iw. For L = f(·)y, j = 1, . . . , n and x ∈ Aj(P 0) we have

re(Lx)j = re(f(x)yj) = (2fj − 1) re(yj) = 0 > −r‖y‖

for every r > 0. Hence, by Theorem 1.2.5(b) and Remark 1.2.6, P 0 does not
satisfy (2.3.1) with any constant r > 0. However, adopting the reasoning from [6,
Th. 1], we can show that the conditions given in Theorem 3.1(b) are equivalent
to the uniqueness of a minimal projection in the complex case.

By a similar method to that of Theorem 3.1(a) we get

Corollary 2.3.4. Let D ⊆ c0 be a hyperplane, D = ker(f) for some f ∈
Sl1 (we consider the real and complex case). Then P 0 ∈ P0

Id(c0, D) is a SUM
projection if and only if |fi| ≥ 1/2 for exactly one index i.
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Now we consider the much more difficult case B = l
(n)
1 .

Proposition 2.3.5. Assume f = (f1, . . . , fn) ∈ SB and let P 0 ∈ P0
Id(B,D),

‖P 0‖ = 1. Then P 0 is a unique minimal projection if and only if P 0 is a SUM
projection.

P r o o f. In view of [Bl, Th. 3] we can assume 1 = f1 ≥ . . . ≥ fn ≥ 0. By [Bl,
Th. 3] card P0

Id(B, ker(f)) = 1 and λId(B, ker(f)) = 1 if and only if f2 > 0 and
f3 = f4 = . . . = fn = 0. So assume 1 = f1 ≥ f2 > 0 = f3 = . . . = fn. It is easy to
verify that if we put y = (1/(1 + f2), 1/(1 + f2), 0, . . . , 0) then the operator

(2.3.6) Pyx = x− f(x)y (x ∈ B)

belongs to P0
Id(B, ker(f)). We show that Py is a SUM projection with constant

r = f2. So take an arbitrary P ∈ PId(B, ker(f)) and write P in the form P =
Id−f(·)yP . Since ‖f‖∞ = 1, ‖P − P 0‖ = ‖yP − y‖. If yP1 < 0 then

‖yP − y‖ = ‖(yP1 − 1/(1 + f2), yP2 − 1/(1 + f2), yP3 , . . . , y
P
n )‖

=
n∑
i=1

|yPi | = ‖yP ‖ .

Hence, by Remark 2.2.2,

‖P‖ ≥ ‖Pe1‖ = |1− yP1 |+ ‖yP ‖ − |yP1 | = 1− yP1 + ‖yP ‖+ yP1

= 1 + ‖yP ‖ = 1 + ‖Py − P‖ ≥ ‖Py‖+ f2‖P − Py‖ .

If yP2 < 0, by the same reasoning we have

‖P‖ ≥ ‖Py‖+ f2‖Py − P‖ .
Now suppose that yP1 > yP2 > 0. It is easy to verify that in this case ‖y − yP ‖ =
‖yP ‖ − 2yP2 , since yP1 + f2y

P
2 = 1. Note that

‖P‖ ≥ ‖Pe2‖ = |1− f2yP2 |+ f2(‖yP ‖ − yP2 ) = 1 + f2(‖yP ‖ − 2yP2 )(2.3.7)
= ‖Py‖+ f2‖y − yP ‖ = ‖Py‖+ f2‖P − Py‖ .

If yP2 > yP1 > 0, we have ‖yP − y‖ = ‖yP ‖ − 2yP1 . Hence

‖P‖ ≥ ‖Pe1‖ = 1− yP1 + ‖yP ‖ − yP1 ≥ ‖Py‖+ f2‖P − Py‖ .
Since the strong unicity of Py implies that Py is a unique minimal projection, the
proof of Proposition 2.3.5 is complete.

R e m a r k 2.3.6. Since Remark 2.2.2 holds true in the complex case, Proposi-
tion 2.3.5 is also valid in the complex case.

R e m a r k 2.3.7. The constant f2 obtained in the proof of Proposition 3.5 is
the best possible.

P r o o f. Let yP = (yP1 , y
P
2 , 0, . . . , 0), yP1 > yP2 > 0 and yP1 + f2y

P
2 = 1. Since

‖Pei‖ = 1 for i > 2 and ‖Pe1‖ = 1 + ‖yP ‖ − 2yP1 < 1, ‖P‖ = ‖Pe2‖. According
to (2.3.7), ‖P‖ = ‖Py‖+ f2‖Py − P‖, which proves our claim.
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Now we shall investigate a much more difficult case, when the norm of a
minimal projection is greater than one. By Remark 2.2.2 and [Bl, Th. 3], in the
sequel we can assume that f = (f1, . . . , fn), n ≥ 3 and 1 = f1 ≥ . . . ≥ fn, f3 > 0.
First we prove some preliminary results.

Lemma 2.3.8. Let f ∈ SB∗ and let fn > 0. Set am =
∑m
j=1 fj for m ∈

{3, . . . , n}. If am > m− 2 and there exists y ∈ ker(f) \ {0} satisfying the system
of inequalities

(2.3.8) yj ≥
m∑

i=1,i6=j

yi +
n−m∑
i=1

|yi+m| for j = 1, . . . ,m ,

then we can find y1 ∈ ker(f)\{0} with

(2.3.9) y1
j >

m∑
i=1,i6=j

y1
i +

n−m∑
i=1

|y1
i+m| for j = 1, . . . ,m

(
∑n−n
i=1 |yi+n| = 0 by definition).

P r o o f. Take y ∈ ker(f)\{0} satisfying (2.3.8) and consider two cases.

C a s e I: There exists j ∈ {1, . . . ,m} with yj >
∑m
i=1,i6=j yi +

∑n−m
i=1 |yi+m|.

Then we can find ϑ > 0 such that

yj − ϑ >
m∑

i=1,i6=j

yi +
n−m∑
i=1

|yi+m|+ (m− 1)ϑfj/(am − fj) .

Define y1
j = yj − ϑ, y1

i = yi + ϑfj/(am − fj) for i ∈ {1, . . . ,m}\{j}, y1
i = yi for

i = m+ 1, . . . , n and put y1 = (y1
1 , . . . , y

1
n). Note that

n∑
i=1

fiy
1
i =

m∑
i=1

fiy
1
i +

n∑
i+m+1

fiyi

= fjyj − fjϑ+
m∑

i=1,i6=j

fi(yi + fjϑ/(am − fj)) +
n∑

i=m+1

fiyi

=
n∑
i=1

fiyi = 0 .

To finish the proof, fix i ∈ {1, . . . ,m}, i 6= j. Since am > m− 2, we have am − fj
> fj(m− 3), which gives

(2.3.10) fjϑ/(am − fj) > (m− 2)fjϑ/(am − fj)− ϑ .
Adding (2.3.8) to (2.3.10) we obtain

y1
i >

m∑
k=1,k 6=i

y1
k +

n−m∑
k=1

|y1
k+m| ,

which establishes formula (2.3.9).
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C a s e II: For every j ∈ {1, . . . ,m},

(2.3.11) yj =
m∑

i=1,i6=j

yi +
n−m∑
i=1

|yi+m| .

Then for each j ∈ {1, . . . ,m}, y1 = . . . = ym (to show this we subtract for fixed
j, u ∈ {1, . . . ,m} equalities (2.3.11)). Consequently, by (2.3.11),

(2.3.12) −(m− 2)y1 =
n−m∑
i=1

|yi+m| .

Hence if n = m, then y = 0; a contradiction.
In the opposite case

0 =
n∑
i=1

fiyi =
m∑
i=1

fiyi +
n−m∑
i=1

fi+myi+m = y1

( m∑
i=1

fi

)
+
n−m∑
i=1

fi+myi+m

≤ y1am +
n−m∑
i=1

|fi+m| · |yi+m| ≤ y1am +
n−m∑
i=1

|yi+m|

< y1(m− 2) +
n−m∑
i=1

|yi+m| = 0 ,

since according to (2.3.12), y1 < 0 and am > m − 2. So we may exclude case II.
The lemma is proved.

Lemma 2.3.9. Let f ∈ SB∗ , f = (f1, . . . , fn), n ≥ 3, f3 > 0, f2 < 1. Suppose
m ∈ {3, . . . , n} satisfies am < m−2, am−1 > m−3. If there exists y ∈ ker(f)\{0}
satisfying

(2.3.13)

yj ≥
m−1∑

i=1,i6=j

yi +
n−m+1∑
i=1

|yi+m−1| for j = 2, . . . ,m− 1 ,

ym ≥
m−1∑
i=1

yi +
n−m∑
i=1

|yi+m| ,

then there exists y1 ∈ ker(f)\{0} with

(2.3.14)

y1
j >

m−1∑
i=1,i6=j

y1
i +

n−m+1∑
i=1

|y1
i+m−1| for j = 2, . . . ,m− 1 ,

y1
m >

m−1∑
i=1

y1
i +

n−m∑
i=1

|y1
i+m| .

P r o o f. Take y ∈ ker(f)\{0} satisfying (2.3.13) and consider three cases.
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C a s e I: ym >
∑m−1
i=1 yi +

∑n−m
i=1 |yi+m|. Then we can select ϑ > 0 with

ym >
m−1∑
i=1

yi +
n−m∑
i=1

|yi+m| − ϑ+ (m− 2)ϑ/(am−1 − 1) .

Define y1
1 = y1 − ϑ, y1

j = yj + ϑ/(am−1 − 1) (j = 2, . . . ,m − 1), y1
j = yj for

j = m, . . . , n and set y1 = (y1
1 , . . . , y

1
n). Note that

f(y1) =
n∑
i=1

fiy
1
i = y1 − ϑ+

m−1∑
i=2

fi(yi + ϑ/(am−1 − 1)) +
n∑

i=m

fiyi =
n∑
i=1

fiyi = 0 .

Since am−1 > m− 3, ϑ/(am−1− 1) > −ϑ+ (m− 3)ϑ/(am−1− 1). Combining this
inequality with (2.3.13) we get

y1
j >

m−1∑
i=1,i6=j

y1
i +

n−m+1∑
i=1

|y1
i+m+1| for j = 2, . . . ,m− 1 ,

y1
m >

m−1∑
i=1

y1
i +

n−m∑
i=1

|y1
i+m| ,

which proves our claim.

C a s e II. There exists j ∈ {2, . . . ,m− 1} with

yj >

m−1∑
i=1,i6=j

yi +
n−m+1∑
i=1

|yi+m−1| .

Then yj−f−1
j ϑ >

∑m−1
i=1,i6=j yi+

∑n−m+1
i=1 |yi+m−1|+ϑ for ϑ > 0 sufficiently small.

Since f2 < 1,

(2.3.15) ϑ− f−1
j ϑ < 0 .

Define y1 = (y1
1 , . . . , y

1
n), where y1

1 = y1 + ϑ, y1
j = yj − f−1

j ϑ, y1
i = yi for

i 6= 1, j. It is clear that y1 ∈ ker(f). Adding (2.3.13) to (2.3.15) we get for each
k ∈ {2, . . . ,m− 1}\{j},

y1
k >

m−1∑
i=1,i6=k

y1
i +

n−m+1∑
i=1

|y1
i+m−1|

and

y1
m >

m−1∑
i=1

y1
i +

n−m∑
i=1

|y1
i+m| ,

which completes the proof of this case.

C a s e III:

yj =
m−1∑

i=1,i6=j

yi +
n−m+1∑
i=1

|yi+m−1| for j = 2, . . . ,m− 1 ,(2.3.16)
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ym =
m−1∑
i=1

yi +
n−m∑
i=1

|yi+m| .(2.3.17)

First we show that ym > 0. If not, then by (2.3.16), for every j ∈ {2, . . . ,m− 1},

(2.3.18) yj =
m−1∑

i=1,i6=j

yi +
n−m+1∑
i=2

|yi+m−1| − ym .

Subtracting equalities (2.3.16) for fixed j, k ∈ {2, . . . ,m − 1} we get y2 = . . . =
ym−1. By (2.3.17) and (2.3.18), ym−1 = 0, which gives 0 =

∑n−m+1
i=1 |yi+m−1|+y1.

Since f2 < 1 and y ∈ ker(f), yi+m−1 = 0 for i = 1, . . . , n−m+1 and consequently
y = 0; a contradiction. Hence ym > 0 and reasoning as above we get y2 = y3 =
. . . = ym−1. Subtracting (2.3.16) from (2.3.17) we get y2 − ym = ym − y2, which
gives y2 = y3 = . . . = ym > 0. By (2.3.17), y1 = −(m − 3)ym −

∑n−m
i=1 |yi+m|.

Hence

0 =
n∑
i=1

fiyi =
m∑
i=1

fiyi +
n∑

i=m+1

fiyi

= −(m− 3)ym −
n∑

i=m+1

|yi|+ (am − 1)ym +
n∑

i=m+1

fiyi

= (am − (m− 2))ym +
n∑

i=m+1

fiyi −
n∑

i=m+1

|yi| < 0 ,

since am < m− 2 and ym > 0. Thus we can exclude case III and the proof of the
lemma is complete.

R e m a r k 2.3.10. Assume P ∈ PId(B,D), D = ker(f), f = (1, f2, . . . , fn),
n ≥ 3 and f3 > 0. Put Ci = {g ∈ extB∗ : ±g(Pei) = ‖Pei‖} for i = 1, . . . , n.
Then g ∈ crit∗(P ) if and only if g ∈

⋃
i∈A Ci, where

(2.3.19) A = {i ∈ {1, . . . , n} : ‖Pei‖ = ‖P‖} .

P r o o f. Assume g∈crit∗(P ). Since extB∗ = {±ei}ni=1, we have (g◦P )ei=‖P‖
for some i ∈ {1, . . . , n}. It is clear that i ∈ A. The converse is obvious.

Lemma 2.3.11. Let f ∈ SB∗ and let m = m(f) be chosen as in Corollary
2.2.14. Assume that P 0 ∈ PId(B, ker(f)) is a unique minimal projection. Then

(a) If am > m− 2 and m = i(f) (see Cor. 2.2.14) then A = {1, . . . ,m}.
If am > m− 2 and m < i(f) then A = {1, . . . , l}, where l = max{i ≥ m+ 1 :

f−1
i = βm}.

(b) If f2 < 1, am−1 > m − 3 and am < m − 2, then A = {2, . . . , l}, where
l = max{i ≥ m : fi = fm}.

P r o o f. (a) By Theorem 2.2.13 and Corollary 2.2.14, the vector d0 correspon-
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ding to P 0 has coordinates

d0
1 = x(βm − f−1

1 )/2, . . . , d0
m = x(βm − f−1

m )/2 ,
d0
i = 0 for i = m+ 1, . . . , n ,

where x is given by (2.2.10). Hence it is easy to verify that

(2.3.20) ‖d0‖ = xβm

and that the system of inequalities

(2.3.21)
1 + fj(‖d0‖ − 2d0

j ) = 1 + x = ‖P 0‖ for j = 1, . . . ,m ,

1 + fj‖d0‖ < 1 + x = ‖P 0‖ for j ≥ m+ 1

is consistent. In view of Remark 2.2.2 and (2.3.20) we get our claim.
(b) According to (2.2.8) and Corollary 2.2.14, the vector y0 corresponding to

P 0 has coordinates
y0
1 = x((m− 2)(βm − f−1

m )− f−1
m − 1)/2 ,

y0
j = x(f−1

m − f−1
j )/2 for j = 2, . . . ,m ,

y0
j = 0 for j ≥ m+ 1 ,

where x is given by (2.2.8). It is easy to verify that

(2.3.22) ‖y0‖ = f−1
m x

and that the system of inequalities

(2.3.23)
1 + fj(‖y0‖ − 2y0

j ) = 1 + x = ‖P 0‖ for j = 2, . . . ,m ,

1 + fj‖y0‖ ≤ 1 + x = ‖P 0‖ for j ≥ m+ 1

is consistent. By Remark 2.2.2 we get the desired result.

Now we are able to prove the main result of this section.

Theorem 2.3.12. Let f ∈ SB∗ (we consider the real case), f = (1, f2, . . . , fn),
f3>0 and let m = m(f) be as in Corollary 2.2.14. Then the projection P 0 defined
in Corollary 2.2.14 is a SUM projection if and only if either

(2.3.24) am > m− 2

or

(2.3.25) f2 < 1, am−1 > m− 3 and am < m− 2 .

P r o o f. Assume that f satisfies (2.3.24) and (2.3.25). Consider a function
φ : SD → R given by

(2.3.26) φ(y) = min{fk(g) · g(y) : g ∈ C}

where

(2.3.27) C = {g ∈ crit∗(P 0) : g(P 0ei) = ‖P 0‖ for some i ∈ {1, . . . , n}}
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and

(2.3.28) k(g) = min{i ∈ {1, . . . , n} : g(P 0ei) = ‖P 0‖} .
Assume we have proved that φ(y) < 0 for every y ∈ SD. Hence, by the com-
pactness of SD and the continuity of φ, the constant γ = sup{φ(y) : y ∈ SD} is
strictly negative. We will prove that P 0 is a SUM projection with r = −γ. To
do this, by Theorem 1.2.5(b), it is enough to show that for every P ∈ PId(B,D)
there exists g ∈ C (it is clear that C ∪ −C = crit∗(P 0) and C ∩ −C = ∅) with

inf{g(P − P 0)ei : ei ∈ Ag} ≤ −r‖P − P 0‖ .
So fix P ∈ PId(B,D) and let P − P 0 = f(·)d for some d ∈ D (we can assume
d 6= 0). Select g ∈ C with fk(g)g(d/‖d‖) = φ(d/‖d‖). Note that for every ei ∈ Ag,

g(P − P 0)ei = fig(d/‖d‖)‖d‖ ≥ fk(g)g(d/‖d‖)‖d‖ ,
since φ(d/‖d‖) < 0. Hence

inf{g(P − P 0)ei : ei ∈ Ag} = fk(g)g(d) = φ(d/‖d‖)‖d‖ ≤ γ‖d‖ = −r‖P − P 0‖ ,
which, by Theorem 1.2.5, gives our assertion.

By the same reasoning as in Theorem 3.1, we can show that the constant r is
the best possible.

So to end the proof, it suffices to show that φ(y) < 0 for each y ∈ SD. By
(2.3.26) and (2.3.28), k(g) ∈ A (see (2.3.19)). Hence in view of Lemma 3.11
and Remark 2.2.2, fk(g) > 0. According to (2.3.26), it is enough to verify that
inf{g(y) : g ∈ C} < 0 for every y ∈ SD. Suppose, on the contrary, that there
exists y ∈ SD with g(y) ≥ 0 for every g ∈ C and consider two cases.

C a s e I: am > m− 2. If m = i(f) (see Cor. 2.2.14) then by Lemma 3.11 the
set A corresponding to P 0 is {1, . . . ,m}. Consequently, in view of Remark 3.10
and (2.3.25),

C =
m⋃
i=1

Di, where Di = {g ∈ extB∗ : g(P 0ei) = ‖P 0‖} .

By Remark 2.2.2,

Di = {(−1, . . . , 1i,−1, . . . ,−1m, ε1, . . . , εn−m) :
ε = (ε1, . . . , εn−m) ∈ {−1, 1}n−m} .

Hence the inequalities g(y) ≥ 0 for every g ∈ C form the system (2.3.8). By
Lemma 3.8, we can find y1 ∈ SD with g(y1) > 0 for every g ∈ C. Hence for every
g ∈ C and ei ∈ Ag,
(2.3.29) f(ei)g(y1) > 0

since i ≤ m and fm > 0. Now define P = P 0 + f(·)y1 and note that (2.3.29)
yields for every g ∈ C,

(2.3.30) inf{g(P − P 0)ei : ei ∈ Ag} > 0 .
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By Theorem 1.2.5(b), P 0 is not a minimal projection; a contradiction.
If m < i(f) then A = {1, . . . , l}, where l is given in Lemma 3.11. Hence

C =
⋃l
i=1Di, where the sets Di are as above for i = 1, . . . ,m and

Di = {(−1, . . . ,−1m, ε1, . . . , 1i, εi, . . . , εn−m−1) :
ε ∈ {−1, 1}n−m−1} for i = m+ 1, . . . l .

So we must add to (2.3.8) the system

yj ≥
m∑
i=1

yi +
n−m∑
i=1,i6=j

|yi+m| for j = m+ 1, . . . , l .

In view of Lemma 3.8, there exists y1 ∈ ker(f) with

y1
j >

m∑
i=1,i6=j

y1
i +

n−m∑
i=1

|y1
i+m| for j = 1, . . . ,m .

Now replace f by f1 = (1, f2, . . . , fm, f1
m+1, . . . , f

1
n) where fm+1 > f1

m+1 ≥ . . . ≥
f1
n. Note that, by Corollary 2.2.14, the operator P 0

1 defined by

(2.3.31) P 0
1 x = x− f1(x)y0 for x ∈ B

is a minimal projection from B onto ker(f1). If the change of fm+1 is minor,
then modifying slightly the n − m last coordinates of the vector y1 we get
y2 = (y1

1 , . . . , y
1
m, y

2
m+1, . . . , y

2
n) ∈ ker(f1) satisfying (2.3.9). Since βm < 1/f1

m+1,
applying Theorem 1.2.5, we see that P 0

1 is not a minimal projection from B onto
ker(f1); a contradiction.

C a s e II: am < m − 2, am−1 > m − 3, f2 < 1. If m < i(f) or m = i(f) and
fm+1 < fm then by Lemma 3.11, A = {2, . . . ,m} and C =

⋃m
i=2Di, where the

sets Di are defined as in Case I. By Remark 2.2.2,

Di = {(−1, . . . ,−1, 1i,−1, . . . ,−1m−1, ε1, . . . , εn−m+1) : ε ∈ {−1, 1}n−m+1}
for i = 2, . . . ,m− 1 and

Dm = {(−1, . . . ,−1, 1m, ε1, . . . , εn−m) : ε ∈ {−1, 1}n−m} .
Hence the inequalities g(y) ≥ 0 for every g ∈ C form system (2.3.13). By
Lemma 3.9 there exists y1 ∈ D with g(y1) > 0 for every g ∈ C. Reasoning
as in Case I we get a contradiction with the minimality of P 0.

If m = i(f) and fm+1 = fm, then C =
⋃l
i=2Di, where l is defined in

Lemma 3.11 and

Di = {(−1, . . . ,−1m−1, ε1, . . . , εi−1, 1, εi, . . . , εn−m) : ε ∈ {−1, 1}n−m}
for i ≥ m (for i = 2, . . . ,m, the Di are defined as above). Hence we must add the
following inequalities to (2.3.13):

(2.3.32) yj ≥
m∑
i=1

yi +
n−m∑
i=1,i6=j

|yi+m−1| .
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By Lemma 3.9, there exists y1 ∈ D with

y1
j >

∑
i=1,i6=j

y1
i +

n−m+1∑
i=1

|y1
i+m−1| for i = 2, . . . ,m− 1 ,

y1
m >

m−1∑
i=1

y1
i +

n−m+1∑
i=2

|y1
i+m−1| .

Modifying, as in Case I, f to f1 where f1 = (f1, . . . , fm, f1
m+1, . . . , f

1
n), f1

m+1 <
fm, and y1 to y2 belonging to ker(f1) we get a contradiction as in Case I.

To prove the converse, first suppose that am = m− 2, where m is defined by
(2.2.18). Then

(βm − f−1
m )(m− 2)− amf−1

m −m = amβm −m.

Moreover, βm > f−1
m by the definition of m. Consequently, by Corollary 2.2.14,

the solutions of the systems (2.2.7) and (2.2.9) define two different minimal pro-
jections (see (2.2.8) and (2.2.10)).

If am < m− 2 and am−1 = m− 3, then by the definition of i(f), m(f) = i(f)
and consequently, βi(f) > f−1

i(f). Note that by (2.2.17),

(βm−f−1
m )(m−2)+amf

−1
m −m− ((βm−1−f−1

m−1)(m−3)−am−1f
−1
m−1− (m−1))

= (f−1
m−1 − f−1

m ) · (am−1 − (m− 3)) = 0 .

Hence the solutions of (2.2.7) and (2.2.9) for i = m−1 define two different minimal
projections.

If am < m− 2 and f2 = 1 then also m = i(f) and βi > f−1
i , by the definition

of i(f). Then it is easy to see that if di = (d1, . . . , di), z, x is a solution of (2.2.7)
for i = i(f) then di1 = (d2, d1, . . . , di) also defines a minimal projection. Since
βi(f) > f−1

i(f), d
i 6= di1 . The proof of Theorem 2.3.12 is complete.

Reasoning as in Remark 2.3, we can establish the following

R e m a r k 2.3.13. In the complex case Theorem 2.3.12 does not hold. However,
the conditions (2.3.24) and (2.3.25) are equivalent to the unicity of a minimal
projection in the complex case as well.

P r o o f. In view of Remark 2.2.2, without loss of generality, we can consider
the case 1 = f1 ≥ . . . ≥ fn, f3 > 0. It is also clear, by Remark 2.2.2, that ‖Pd‖ ≥
‖Pre(d)‖ (re(d) = (re(d1), . . . , re(dn)) for any P = Pd ∈ PId(B,D). Moreover, if
im(d) = (im(d1), . . . , im(dn)) 6= 0 then ‖Pd‖ > ‖Pre(d)‖. Hence the problem of
unicity of a minimal projection reduces to the real case.

R e m a r k 2.3.14. The equivalence of conditions (2.3.24) and (2.3.25) to the
unicity of a minimal projections was proved, by a different method from that of
Theorem 3.12, in [Od] or [OdL, p. 70]. Theorem 3.12 in a slightly different version
was proved in [OdL, Th. III.3.11, p. 113].
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II.4. Minimal projections onto subspaces of l(n)
∞ of codimension two.

In this section, unless otherwise stated, B = l
(n)
∞ (we consider only the real case)

and D ⊂ B is a subspace of codimension 2 (i.e. D = ker(f1) ∩ ker(f2)) where
f1, f2 ∈ SB∗ are linearly independent functionals). We present a partial solution
of the problem of calculating λId(B,D) (see (0.1.18)) as well as the problem of
finding a minimal projection. As in Section II.2, for brevity, we will write λId

instead of λId(B,D), P instead of PId(B,D) and P0 instead of P0
Id(B,D). In the

sequel we will need the following well known

Lemma 2.4.1 (see e.g. [Bl, Lemma 1]). Assume B is a normed space and let
D be a subspace of codimension k , D =

⋂k
i=1 ker(f i), where the f i ∈ B∗ are

linearly independent. Then there exist y1, . . . , yk ∈ B satisfying f i(yj) = δij for
i, j = 1, . . . , k such that

(2.4.1) Px = x−
k∑
i=1

f i(x)yi for x ∈ B .

On the other hand , if y1, . . . , yk ∈ B satisfy f i(yj) = δij then the operator P =
Id−

∑k
i=1 f

i(·)yi belongs to P.

First we prove some preliminary results. We start with

R e m a r k 2.4.2. Let D ⊂ B be a subspace of codimension two. Then for every
i ∈ {1, . . . , n} with ei 6∈ D there exists a unique (up to a constant) f i ∈ B∗ \ {0}
such that f i|D = 0 and f ii = 0.

P r o o f. Put Di=D⊕ [ei]. Since ei 6∈D, dimDi = n− 1. Consequently, there
exists a unique (up to a constant) f i ∈ B∗ satisfying f i|Di = 0, as desired.

Lemma 2.4.3. Let D ⊂ ker(f) for some f ∈ SB∗ . If there exists i ∈ {1, . . . , n}
satisfying

(2.4.2) |fi| ≥
∑
k 6=i

|fk|

then for every L ∈ L(B, ker(f)),

(2.4.3) ‖ei ◦ L‖ ≤ max
j 6=i
‖ej ◦ L‖ .

Moreover , if we have strict inequality in (2.4.2) then the same holds in (2.4.3).

P r o o f. Take any f ∈ SB∗ such that we have strict inequality in (2.4.2). Then
it is easy to deduce that ‖ei|ker(f)‖ < 1. Hence

‖ei ◦ L‖ ≤ ‖ei|ker(f)‖‖L‖ < ‖L‖

and consequently,

‖ei ◦ L‖ < max
l 6=i
‖el ◦ L‖ .
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If we have equality in (2.4.2), then we can approximate f by a sequence {fn} ⊂ B∗
such that fn satisfies the strict inequality in (2.4.2). From this, it is easy to derive
that (2.4.3) holds true for any L ∈ L(B, ker(f)).

Lemma 2.4.4. Let D = ker(f1) ∩ ker(f2), where f1, f2 ∈ B∗ are linearly
independent. Let P ∈ P, P = Id−(f1(·)y1 + f2(·)y2) where y1, y2 ∈ B. Then

(2.4.4) ‖P‖ = max
i=1,...,n

|1− f1
i y

1
i − f2

i y
2
i |+

∑
j 6=i

|f1
j y

1
i + f2

j y
2
i | .

P r o o f. Note that ‖P‖ = maxi=1,...,n ‖ei ◦ P‖. So to finish the proof, it is
sufficient to show that for each i ∈ {1, . . . , n},

(2.4.5) ‖ei ◦ P‖ = |1− f1
i y

1
i − f2

i y
2
i |+

∑
j 6=i

|f1
j y

1
i + f2

j y
2
i | .

To do this, take any x ∈ SB∗ . Then

(ei ◦ P )x = xi − f1(x)y1
i − f2(x)y2

i

= xi −
( n∑
j=1

f1
j xj

)
y1
i −

( n∑
j=1

f2
j xj

)
y2
i

= xi(1− f1
i y

1
i − f2

i y
2
i )−

∑
j 6=i

xj(f1
j y

1
i + f2

j y
2
i )

≤ |1− f1
i y

1
i − f2

i y
2
i |+

∑
j 6=i

|f1
j y

1
i + f2

j y
2
i | .

Hence
‖ei ◦ P‖ ≤ |1− f1

i y
1
i − f2

i y
2
i |+

∑
i 6=j

|f1
j y

1
i + f2

j y
2
i | .

If we take x = (x1, . . . , xn), where xi = sgn(1−f1
i y

1
i−f2

i y
2
i ) and xj = − sgn(f1

j y
1
i +

f2
j y

2
i ) for j 6= i, we get (2.4.5), which completes the proof of the lemma.

Lemma 2.4.5. Let f1, f2 be as in Lemma 4.4. Put

g1 = (sgn(f2
1 )f1

1 , . . . , sgn(f2
n)f1

n)

and

(2.4.6) g2 = (|f2
1 |, . . . , |f2

n|) .
Then the set PId(B,D) is linearly isometric to PId(B,D1) where D1 = ker(g1)∩
ker(g2).

P r o o f. It is easily seen that the mapping L : B → B defined by

Lx = (x1 sgn(f2
1 ), . . . , xn sgn(f2

n))

is a linear isometry such that L(D1) = D. Hence the mapping Ψ(P ) = L−1 ◦
P ◦ L for P ∈ PId(B,D) is the required linear isometry between PId(B,D) and
PId(B,D1).
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Now we can state the main result of this section.

Theorem 2.4.6. Let D ⊂ B be a subspace of codimension two. Assume fur-
thermore that there are i0 ∈ {1, . . . , n} and f i0 ∈ B∗ \ {0} with f i0i0 = 0 and
f i0 |D = 0 such that

(2.4.7) |f i0j | ≥
∑
k 6=j

|f i0k | for some j ∈ {1, . . . , n} .

Let f j ∈SB∗ satisfy the assumptions of Remark 4.2 for i = j. Then if there exists
j0 ∈ {1, . . . , n} such that

(2.4.8) |f jj0 | ≥
∑
k 6=j0

|f jk |

then λId = 1. In the opposite case

λId = 1 +
( n∑
i=1

|f ji |/(1− 2|f ji |)
)−1

.

P r o o f. First we consider the case described by (2.4.7) and (2.4.8). Define
yj = (yj1, . . . , y

j
n) by

(2.4.9) yjk =


0 if k 6= j0, j ,
1/f jj0 if k = j0 ,

−f i0j0 /(f
j
j0
f i0j ) if k = j

and yi0 = (yi01 , . . . , y
i0
n ) by

(2.4.10) yi0k =
{

0 if k 6= j ,
1/f i0j if k = j .

Consider the operator

(2.4.11) P = Id−f i0(·)yi0 − f j(·)yj .
Since f j(yi0) = f i0(yj) = 0 and f j(yj) = f i0(yi0) = 1 the operator P belongs to
P. In view of Lemma 4.4,

‖P‖ = max{1, ‖ej0 ◦ P‖, ‖ej ◦ P‖} .
According to (2.4.7), (2.4.8) and Lemma 4.3, ‖P‖ = 1 and consequently, λId = 1.

Now suppose f i0 satisfies (2.4.7) and f j does not satisfy (2.4.8). In view of
Lemma 4.5 we can assume that f j ≥ 0. Put wj = (wj1, . . . , w

j
n) where

(2.4.12) wjk =

{
(
∑

)−1/(1− 2f jk) if k 6= j ,

−
∑
l 6=j(f

i0
l (
∑

)−1)/((1− 2f jl )f i0k ) if k = j

(we will write

(2.4.13)
(∑)−1

=
( n∑
l=1

|f jl |/(1− 2|f jl |)
)−1



74 G. Lewicki

for brevity; cf. [Bl]). It is easy to check that f j(wj) = 1 and f i0(wj) = 0. Define

(2.4.14) P 1 = Id−f i0(·)yi0 − f j(·)wj .
In view of Lemma 4.4 one can check that

‖P 1‖ = max
{
‖ej ◦ P 1‖, 1 +

( n∑
l=1

|f jl |/(1− 2|f jl |)
)−1}

.

According to Lemma 4.3, ‖ej ◦ P 1‖ ≤ maxl 6=j ‖el ◦ P 1‖. Hence

‖P 1‖ = 1 +
( n∑
k=1

|f jk |/(1− 2|f jk |)
)−1

and λId ≤ 1 + (
∑n
k=1 |f

j
k |/(1− 2|f jk |))−1.

To prove the opposite inequality, we apply Theorem 1.2.5(a). First observe
that crit∗(P 1) ⊃ E = {i : f ji > 0}. According to the proof of Lemma 4.4 and
(2.4.14), for each i ∈ crit∗(P 1) \ {j},

{xi,1 = (xi,11 , , . . . , xi,1n ), xi,2 = (xi,21 , . . . , xi,2n )} ⊂ Ai
(see Theorem 1.2.5), where

(2.4.15) xi,1l =
{

1 if l = j, i or f jl = 0 ,
−1 if f jl > 0 and l 6= j, i

and

(2.4.16) xi,2l =
{

1 if l = i or (f jl = 0, l 6= j) ,
−1 if l = j or (f jl > 0, l 6= i) .

Now we will show that for every L ∈ LD = {L ∈ L(B,D) : L|D = 0} there
exists an index i ∈ E such that ei(Lxi,k) ≤ 0 for k = 1 or k = 2. Fix L ∈ LD.
According to Lemma 4.1, L = f i0(·)zi0 + f j(·)zj for some zi0 , zj ∈ D. First
observe that, by (2.4.7), for any i ∈ E,

(2.4.17) f i0(xi,1)zi0i ≤ 0 or f i0(xi,2)zi0i ≤ 0 .

Hence if zji = 0 for some i ∈ E then

ei(Lxi,1) ≤ 0 or ei(Lxi,2) ≤ 0 .

Now let zji 6= 0 for any i ∈ E. Since zj ∈ D, f jj = 0 and ‖f j‖ = 1, zji > 0
for some i ∈ E. Moreover, according to (2.4.15) and (2.4.16), f j(xi,1) = f j(xi,2).
Hence for k = 1, 2,

(2.4.18) f j(xi,k)zji =
(∑
l 6=j

f jl x
i,k
l

)
zji = zji

(
|f ji | −

∑
l 6=i,j

|f jl |
)
< 0 ,

since f j does not satisfy (2.4.8). Consequently, by (2.4.17) and (2.4.18) there exist
i ∈ E ⊂ crit∗(P 1) and k ∈ {1, 2} such that ei(Lxi,k) ≤ 0. Since xi,k ∈ Ai for
k = 1, 2, by Theorem 1.2.5(a), the proof of Theorem 4.6 is complete.
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Corollary 2.4.7. Suppose f i0 satisfies (2.4.7) and f j satisfies (2.4.8). Then
the projection P defined by (2.4.11) belongs to P0. If f j does not satisfy (2.4.8)
the same holds for P 1 defined by (2.4.14).

Example 2.4.8. Let f = (0, 1/3, 0, 1/3, 0, 1/3) and g = (1/3, 0, 1/3, 0, 1/3, 0).
Then D = ker(f) ∩ ker(g) does not satisfy the assumptions of Theorem 4.6.

R e m a r k 2.4.9. Theorem 4.6 was proved by the author in [LG4].

II.5. Uniqueness of minimal projection onto subspaces of l(n)
∞ of co-

dimension two. In this section we present necessary and sufficient conditions
for D under which P and P 1 given by (2.4.11) and (2.4.14) are unique minimal
projections. The notation used in this section is the same as in Section II.4. We
start with

Theorem 2.5.1. Suppose f i0 satisfies (2.4.7) and f j satisfies (2.4.8). Then
the projection P defined by (2.4.11) is a unique minimal projection if and only if
either

(2.5.1) |f i0j0 | = |f
i0
j | and |f jj0 | > |f

j
l | for l 6= j0 ,

or

(2.5.2) |f i0j | > |f
i0
l | for l 6= j and |f jj0 | > |f

j
l | for l 6= j0

(the indices i0, j, j0 are the same as in Theorem 2.4.6).

P r o o f. Assume that (2.5.2) holds. We will show that P is a SUM (stron-
gly unique minimal) projection. According to (2.4.11) and Lemma 2.4.4 the set
{i : i 6= j, j0} ⊂ crit∗(P ). Moreover, for each i 6= j, j0 the set Ai (see Th. 1.2.5)
contains all the vectors from the set extB having the ith coordinate equal to 1.
Take any L ∈ LD \ {0}. We will show that there exist i 6= j, j0 and x ∈ Ai such
that ei(Lx) < 0. By Lemma 2.4.1,

L = fi0(·)zi0 + f j(·)zj

where zi0 , zj ∈ D. Since L 6= 0 either zi0i 6= 0 or zji 6= 0 for some i ∈ {1, . . . , n}.
Moreover, since f jj = 0, f i0j 6= 0 and f jj0 6= 0, we can assume that i 6= j, j0. Now
we divide the proof into two cases.

C a s e 1: zi0i 6= 0 and zji = 0. By (2.5.2), there exist x1, x2 ∈ Ai such that
f i0(x1)f i0(x2) < 0. Consequently, ei(Lxk) < 0 for k = 1 or 2.

C a s e 2: zji 6= 0. Reasoning as above, we can find x1, x2 ∈ Ai such that
f j(x1)f j(x2) < 0. Modifying the jth coordinate of x1 and x2 if necessary, we can
assume that f i0(x1)zi0i ≤ 0 and f i0(x2)zi0i ≤ 0. Consequently, ei(Lxk) < 0 for
k = 1 or 2.

Now consider the function

F (L) = min
i 6=j,j0

min
x∈Ai

ei(Lx)
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for L ∈ LD. It is easily seen that F is continuous as the minimum of a finite
number of continuous functions. Moreover, by the reasoning presented before,
F (L) < 0 for every L 6= 0. Since LD is finite-dimensional, the constant γ =
supL∈S(LD) F (L) is strictly negative. We will show that P given by (2.4.11) is a
SUM projection with constant r = −γ. To do this, take any L ∈ LD \ {0}. Then
there exist i 6= j, j0 and x ∈ Ai with

ei(L/‖L‖)x = F (L/‖L‖) .

Hence

ei(Lx) ≤ −r‖L‖ ,
which, according to Theorem 1.2.5(b), completes the proof of this part.

Now assume that (2.5.1) holds. Define

gi0 = f i0 + (−f i0j0 /f
j
j0

)f j .

Then D = ker(gi0) ∩ ker(f j) and according to (2.5.1), gi0 and f j satisfy (2.5.2),
which completes the proof of this part.

Now suppose neither (2.5.1) nor (2.5.2) holds. First we consider the case
|f i0k | = |f

i0
j | for some k 6= i0, j0, j. Define z = (z1, . . . , zn) ∈ B by

zl =

 1/f i0k if l = k ,

−f jk/(f
i0
k f

j
j0

) if l = j0 ,
0 if l 6= k, j0 .

Set

Q = Id−f i0(·)z − f j(·)yj

where yj is given by (2.4.9). Since |f jj0 |, |f
i0
j |, |f

i0
k | ≥ 1/2, in view of Lemma 2.4.4,

‖el◦Q‖ ≤ maxn 6=l ‖en◦Q‖ for l = j, j0, k. Observe that for l 6= j, j0, k, el◦Q = el.
Consequently, ‖Q‖ = 1. Since z 6= yi0 (see (2.4.10), Q is a minimal projection
different from P , which completes the proof of this case.

Now let |f jk | = |f
j
j0
| for some k 6= j, j0. Changing the roles of f i0 and f j and

reasoning as before we can construct a projection Q of norm one different from
P . The proof of Theorem 5.1 is complete.

Lemma 2.5.2. Assume D = ker(f i0) ∩ ker(f j) where f j and f i0 are as in
Theorem 2.4.6. Assume furthermore that

f jk 6= 0 for k 6= j

and

1/2 = |f i0j | > |f
i0
k | for k 6= j .

Then ‖ej ◦ P 1‖ < ‖P 1‖ where P 1 is defined by (2.4.14).

P r o o f. In view of Lemma 2.4.5, we may assume f jl > 0 for l 6= j. Observe
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that by Lemma 2.4.4, (2.4.10) and (2.4.12),

‖ej ◦ P 1‖ =
∑
k 6=j

∣∣∣f i0k − f jk( ∑
l 6=i0,j

f i0l /(1− 2f jl )
)
·
(∑)−1∣∣∣/|f i0j | .

(The symbol (
∑

)−1 is introduced in (2.4.13)). If we fix f j and f i0j the above
formula may be considered as a convex function (we will denote it by ϕ) of the
variables f i0k , k 6= j, satisfying,

∑
k 6=j |f

i0
k | = 1/2. Hence to finish the proof, it is

sufficient to show that ϕ is strictly convex. To do this, we prove that for α, β 6= 0,
|α|+ |β| = 1/2, and two different indices k, l 6= i0, j,

ϕ(αek + βel) < ‖P 1‖ = 1 +
(∑)−1

.

Observe that

ϕ(αek + βel) = (1/f i0j )
(∣∣∣α− f jk(α/(1− 2f jk) + β/(1− 2f jl ))

(∑)−1∣∣∣
+
∣∣∣β − f jl (α/(1− 2f jk) + β/(1− 2f jl ))

(∑)−1∣∣∣
+

∑
m 6∈{j,l,k}

|f jm|
∣∣∣(α/(1− 2f jk) + β/(1− 2f jl ))

(∑)−1∣∣∣ .
Hence if ϕ(αek + βel) = ‖P 1‖ then

(2.5.3)
∣∣∣α(1− (f jk/(1− 2f jk))

(∑)−1)
− (βf jk/(1− 2f jl ))

(∑)−1

|

=
∣∣∣α(1− (f jk/(1− 2f jk))

(∑)−1)∣∣∣+
∣∣∣(βf jk/(1− 2f jl ))

(∑)−1∣∣∣
and

(2.5.4) |α/(1− 2f jk) + β/(1− 2f jl )| = |α/(1− 2f jk)|+ |β(1− 2f jl )| .

Consequently, according to (2.5.4), sgn(α) = sgn(β). But, by (2.5.3), sgn(α) =
− sgn(β); a contradiction (α, β 6= 0). The proof of Lemma 5.2 is complete.

Theorem 2.5.3. Let f i0 , f j be as in Theorem 2.4.6. Assume furthermore that
f j does not satisfy (2.4.8) and either

(2.5.5) |f i0k | = |f
i0
j | = 1/2 for some k 6= j, i0

or

(2.5.6) f jl = 0 for some l 6= j .

Then the projection P 1 defined by (2.4.14) is not a unique minimal projection.

P r o o f. In view of Lemma 2.4.5 we can assume that f j ≥ 0. Let f i0 satisfy
(2.5.5). For α ∈ R put

ujα = wj − (αei0 + βej + γek) ,
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where wj is given by (2.4.12) and β, γ are so chosen that f j(ujα) = 1, f i0(ujα) = 0.
For x ∈ B define

Qαx = x− f i0(x)yi0 − f j(x)ujα ,
where yi0 satisfies (2.4.10). By Lemma 2.4.1, Qα belongs to P. We will show that
‖Qα‖ = λId for α sufficiently small. According to (2.4.5) and (2.4.12), ‖ei0◦Qα‖ <
λId for α ≥ 0 sufficiently small. By Lemma 2.4.3,

‖el ◦Qα‖ ≤ max
u6=l
‖eu ◦Qα‖

for l = j, k. For l 6= i0, j, k, in view of (2.4.4) and (2.4.12), ‖el ◦Qα‖ = λId (since
f j does not satisfy (2.4.8) such an index exists). Consequently, ‖Qα‖ = λId,
which proves that P 1 is not a unique minimal projection.

Now let f j satisfy (2.5.6). For α ∈ R define

zjα = wj − (αel + βej) ,

where wj is given by (2.4.12) and β is so chosen that f j(zjα) = 1 and f i0(zjα) = 0.
For x ∈ l(n)

∞ define
Zαx = x− f i0(x)yi0 − f j(x)zjα .

By Lemma 2.4.1, Zα belongs to P. Reasoning in a similar way to the case of Qα

we can show that ‖Zα‖ = λId for α sufficiently small. The proof of Theorem 5.3
is complete.

To present the next result of this section set for i 6= j,

(2.5.7) E1 = {i : f i0(xi,1) = 0}
and

(2.5.8) E2 = {i : f i0(xi,2) = 0}
where xi,1, xi,2 are defined by (2.4.15) and (2.4.16).

Theorem 2.5.4. Let f i0 , f j be as in Theorem 2.4.6. Assume furthermore that
f i0 does not satisfy (2.5.5) and f j does not satisfy (2.5.6). Then P 1 is not a
unique minimal projection if and only if E1 and E2 are nonempty sets.

P r o o f. In view of Lemma 2.4.5, we can assume that f j ≥ 0 and f i0j > 0.
Suppose E1, E2 are nonempty sets. By Theorem 0.2.7, card extL∗(B) is finite.
Hence, according to Proposition 0.2.17, it is sufficient to show that P 1 is not a
SUM projection. To do this, take y ∈ SD such that yk < 0 for k ∈ E1, yk > 0 for
k ∈ E2 and yk = 0 for k 6∈ E1 ∪E2 ∪ {j}. Put L = f i0(·)y. We will show that for
any i ∈ crit∗(P 1),

(2.5.9) inf
x∈Ai

ei(Lx) ≥ 0 .

By Lemma 5.2 and (2.4.14), crit∗(P 1) = {1, . . . , n}\{j}. Since f i0j > 0, either for
any k ∈ E1,

f i0(xk,l) ≤ 0 (l = 1, 2) ,
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or for any k ∈ E2,
f i0(xk,l) ≥ 0 (l = 1, 2) .

Consequently, for any i 6= j and l = 1, 2, f i0(xi,l)yi ≥ 0. Since f j does not satisfy
(2.5.6), Ai = {xi,1, xi,2} for i 6= j. Hence, by the above reasoning, (2.5.9) holds
true. In view of Theorem 1.2.5(b), P 1 is not a SUM projection as desired.

To prove the converse, first suppose that E1 6= ∅ and E2 = ∅. Take any
L ∈ LD \ {0}. We will show that there is an i ∈ crit∗(P 1) such that

inf
x∈Ai

ei(Lx) < 0 .

According to Lemma 2.4.1, L = f i0(·)zi0 + f j(·)zj . Since L 6= 0, zi0i 6= 0 or
zji 6= 0 for some i ∈ {1, . . . , n}. Moreover, since f i0j 6= 0, we may assume that
i 6= j. If zj 6= 0, reasoning as in Theorem 2.4.6, we can show that ei(Lxi,1) < 0
or ei(Lxi,2) < 0. In the opposite case, since f ji > 0 for i 6= j, either zi0i > 0 for
some i ∈ E1 or zi0i 6= 0 for some i 6∈ E1 ∪ {j}. Since E2 is an empty set, it is
easy to check that infx∈Ai ei(Lx) < 0, where the index i is defined as above. To
finish the proof of this part, consider the function F defined by (2.5.3). Applying
Theorem 1.2.5(b) and reasoning as in Theorem 5.1, we find that P 1 is a SUM
projection.

If E2 6= ∅ and E1 = ∅ or E1, E2 = ∅, reasoning in the same manner as in the
previous part of the proof, we conclude that P 1 is a SUM projection. The proof
of Theorem 5.4 is complete.

Example 2.5.5 (nonuniqueness). Let

f i0 = (1/2, 0, 1/4,−1/4), f j = (0, 1/3, 1/3, 1/3) .

Then it is easy to check that E1 = {4}, E2 = {3}. Hence, in view of Theorem 5.4,
P 1 is not a unique minimal projection.

Example 2.5.6 (uniqueness). Let

f i0 = (1/2, 0, 1/4, 1/4), f j = (0, 1/3, 1/3, 1/3) .

Then E1 = {2}, E2 = ∅. By Theorem 3.4, P 1 is a SUM projection.

R e m a r k 2.5.7. Theorems 5.1 and 5.3 were proved by the author in [LG4].

II.6. Strong unicity criterion in some space of operators. Throughout
this section, unless otherwise stated, B will stand for a finite-dimensional real
Banach space and f will be a functional from SB∗ . For given L ∈ L(B) we will
write for brevity PD(L) = {L0 ∈ LD : ‖L − L0‖ = dist(L,LD)}. If D ⊂ B is
a linear subspace and A ⊂ B∗ then A|D stands for the set of all restrictions of
functionals from A. We start with two preliminary results.

R e m a r k 2.6.1. For L ∈ L(B) set

(2.6.1) crit(L) = {x ∈ SB : ‖Lx‖ = ‖L‖} .
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Assume L0 ∈ PD(L), D = ker(f), ‖f‖ = 1 and ‖L− L0‖ > ‖L|D‖. Put

(2.6.2) CL−L0 = {x ∈ crit(L− L0) : f(x) > 0} .

Then CL−L0 is a nonempty closed set, CL−L0 ∩ −CL−L0 = ∅ and

CL−L0 ∪ −CL−L0 = crit(L− L0) .

P r o o f. It is clear that the set A = {x ∈ crit(L − L0) : f(x) ≥ 0} is closed.
Since dist(L,LD) > ‖L|D‖ and D is a hyperplane,

A = {x ∈ crit(L− L0) : f(x) > 0} ,

which proves that CL−L0 is closed. The fact that crit(L − L0) ∩ D = ∅ implies
immediately that CL−L0 ∪−CL−L0 = crit(L). By (2.6.2), CL−L0 ∩−CL−L0 = ∅.

R e m a r k 2.6.2. Let L ∈ L(B), dist(L,LD) > ‖L|D‖, L0 ∈ LD. Define

(2.6.3) DL−L0 = {h ∈ crit∗(L− L0) : CL−L0 ∩Ah 6= ∅}

(see (1.2.1)) and if L ∈ L(B,D),

(2.6.4) DD
L−L0

= {h ∈ crit∗(L− L0) : CL−L0 ∩Ah 6= ∅} .

Then DL−L0 (resp. DD
L−L0

) is a compact set, and DL−L0 ∩ −DL−L0 = ∅ (resp.
DD
L−L0

∩ −DD
L−L0

= ∅).

P r o o f. Assume h ∈ cl(DL−L0) and let {hn} ⊂ DL−L0 , hn → h. By (2.6.3),
for every n ∈ N there exists xn ∈ CL−L0 ∩ Ahn , i.e. hn(L − L0)xn = ‖L − L0‖.
Passing to a subsequence if necessary, we can assume xn → x. By Remark 6.1,
x ∈ C(L− L0). Note that

h(L− L0)x = hn(L− L0)x+ (h− hn)(L− L0)x
= hn(L− L0)xn + hn(L− L0)(x− xn) + (h− hn)(L− L0)x .

Since the last two terms tend to 0 as n → ∞, h(L − L0)x = ‖L − L0‖ and
consequently, x ∈ Ah. Since x ∈ CL−L0 , h ∈ DL−L0 by (2.6.3). Note that
dist(L,LD) > ‖L|Y ‖ implies DL−L0 ∩ −DL−L0 = ∅.

The proof for the set DD
L−L0

goes in the same manner, so we omit it.

Now we state the main result of this section.

Theorem 2.6.3. Assume L ∈ L(B) and let D = ker(f), ‖f‖ = 1. Assume
furthermore that dist(L,LD) > ‖L|D‖ and let L0 ∈ LD. Then the following con-
ditions are equivalent :

(a) L0 is a SUBA to L in LD (resp. L0 ∈ PD).
(b) 0 ∈ int convDL−L0 |D (resp. 0 ∈ convDL−L0 |D).

P r o o f. Assume L0 is a SUBA to L in LD and let 0 6∈ int conv DL−L0 |D.
This means that there exists ψ ∈ D∗∗ with ψ(h) ≥ 0 for every h ∈ DL−L0 |D
(we can assume ‖ψ‖ = 1). Since D is finite-dimensional, ψ = d for some d ∈ SD.
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Define L1 = f(·)d and note that L1 ∈ LD. By (2.6.3) and Remark 6.2, for every
h ∈ DL−L0 we have

inf{h(L1x) : x ∈ Ah} = inf{f(x)h(d) : x ∈ Ah}
= h(d) inf{f(x) : x ∈ Ah} ≥ 0 > −r‖L1‖

for every r > 0. By Theorem 1.2.5(b), L0 is not a SUBA to L in LD; a contra-
diction. Since by Remark 6.2 the set DL−L0 , and consequently convDL−L0 , is
compact, the same reasoning applies to the second case.

To prove the converse, define a function g : S|D → R by

(2.6.5) g(d) = inf{gh(d) : h ∈ DL−L0} for d ∈ SD ,
where gh(d) = inf{f(x)h(d) : x ∈ Ah}. Note that the function SD3d→ f(x)h(d)
is continuous and consequently the functions gh and g are upper-semicontinuous.

Now assume 0 ∈ int convDL−L0 |D. This means that for every d ∈ SD there
exsists h ∈ DL−L0 with h(d) < 0. (If not, then DL−L0 |D ⊂ {h ∈ D∗ : h(d) ≥ 0}
for some d ∈ SD and consequently int convDL−L0 |D ⊂ {h ∈ D∗ : h(d) > 0}.
But 0 ∈ int convDL−L0 ; a contradiction.) Since dist(L,LD) > ‖L|D‖ and D is a
hyperplane, g(d) < 0 for every d ∈ SD. Since g is upper-semicontinuous, the value
γ = max{g(d) : d ∈ SD} is attained at some point d0 ∈ SD and consequently
γ < 0. We show that L0 is a SUBA to L in LD with r = −γ. To do this, fix
L1 ∈ LD\{0}. It is clear that L1 = f(·)d1 for some d ∈ D\{0}. Put d2 = d1/‖d1‖,
fix ε > 0 and take h ∈ DL−L0 with gh(d2) < g(d2) + ε. Note that

gh(d2) = inf{f(x)h(d2) : x ∈ Ah} = inf{h(L1x)/‖d1‖ : x ∈ Ah}
≤ g(d2) + ε ≤ −r + ε ,

which gives
inf{h(L1x) : x ∈ Ah} ≤ −(r − ε)‖L1‖ .

By Theorem 1.2.5(b), L0 is a SUBA to L in LD with constant r − ε for every
ε > 0 and consequently with constant r. The proof is complete.

R e m a r k 2.6.4. If L ∈ L(B,D) then the set DL−L0 in Theorem 6.3 can be
replaced by DD

L−L0
(see (2.6.4)).

As an immediate consequence of Theorem 6.3 we get

Corollary 2.6.5. Assume L ∈ L(B), L0 ∈ LD, ‖L − L0‖ > ‖L|D‖. Then
the set DL−L0 |D is linearly dependent. If L ∈ L(B,D) the same holds for DD

L−L0
.

Reasoning as in Theorem 2.3.1 we can show

R e m a r k 2.6.6. The constant r from Theorem 6.3 is the best possible.

Now we will point out when the assumption dist(L,LD) > ‖L|D‖ is satisfied.

R e m a r k 2.6.7. AssumeB is a Banach space and letD ⊂ B be its complemen-
ted subspace. Take P 0 ∈ PId(B,D) and note that

dist(P 0,LD) = inf{‖P‖ : P ∈ PId(B,D)} = λId(B,D) .
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In many cases of hyperplanes dist(P 0,LD) > ‖P 0|D‖ = 1 (see e.g. [Ba2, Bl]). It
is well known that if B is not a Hilbert space then there exists a hyperplane D
in B satisfying λId(B,D) > 1. If dist(P 0,LD) > 1 then it is easy to show that

dist(L,LD) > ‖L|D‖ if ‖L− P 0‖ < dist(P 0,LD)− 1 .

Now we show an estimate from above of the number dist(L,LD).

Proposition 2.6.8. Assume B is a Banach space and let D be its complemen-
ted subspace. Then for every L ∈ L(B,D),

‖L|D‖ ≤ dist(L,LD) ≤ λId(B,D)‖L|D‖ .
P r o o f. Fix L ∈ L(B,D) and ε > 0. Take Pε ∈ PId(B,D) with ‖Pε‖ <

λ(B,D) + ε and put Lε = L ◦ (I − Pε). It is clear that Lε ∈ LD. Note that

‖L− Lε‖ = ‖L− L ◦ (I − Pε)‖ = ‖L ◦ Pε‖ ≤ ‖L|D‖ · ‖Pε‖ ,
which gives the desired result.

Corollary 2.6.9. Assume that λ(B,D) = 1. Then

dist(L,LD) = ‖L|D‖ for every L ∈ L(B,D) .

In particular , if there exists P 0 ∈ PId(B,D) with ‖P 0‖ = 1, then the operator
L0 = L ◦ (I − P 0) ∈ PD(L).

Since for D being a hyperplane we have λId(B,D) ≤ 2 (for more precise results
see [Bl], [OdL, p. 84], [Ro]) we immediately get

Corollary 2.6.10. Assume D ⊂ B is a hyperplane. Then

‖L|D‖ ≤ dist(L,LD) ≤ 2‖L|D‖ for every L ∈ L(B,D) .

Now we apply Theorem 6.3 to generalize Theorem I.1.3 of [OdL].

Theorem 2.6.11. Assume B is a three-dimensional Banach space and let D ⊂
B be a hyperplane. Assume furthermore that L ∈ L(B,D) and dist(L,LD) >
‖L|D‖. Then there exists L0 ∈ LD which is a SUBA to L in LD.

P r o o f. Since LD is a finite-dimensional linear space, the set PD(L) is non-
empty. Take an arbitrary L0 ∈ PD(L). By Theorem 6.3 and Remark 6.4 it is
sufficient to show that 0 ∈ int convDD

L−L0
(see (2.6.4)). Suppose, on the contrary,

that this is not true. By Theorem 6.3, 0∈convDD
L−L0

. Since dimD=2, we have
0 = αh1 +(1−α)h2 where h1, h2 ∈ DD

L−L0
and α ∈ (0, 1). Since ‖h1‖ = ‖h2‖ = 1,

we easily get α = 1/2. Consequently, h1 = −h2, which gives h1 ∈ DD
L−L0

∩
−DD

L−L0
; a contradiction with Remark 6.2.

R e m a r k 2.6.12. The assumption dist(L,LD) > ‖L|D‖ in Theorem 6.11 is
essential. Take e.g. B = l3∞, D = ker(f), f = (1/2, 1/2, 0). It is easy to check
that the operators P1 = Id−f(·)(2, 0, 0) and P2 = Id−f(·)(0, 2, 0) ∈ PId(B,D),
P1 6= P2, ‖P1‖ = ‖P2‖ = 1. Consequently, PD(P1) ⊃ {0, P1 − P2} and strong
unicity does not hold.
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R e m a r k 2.6.13. The assumption dimD = 3 in Theorem 6.11 is essential.
Take e.g. B = l4∞, D = ker(f), f = (1/3, 1/3, 1/3, 0). It is well known (see e.g.
[Bl]) that λId(B,D) = 4/3. Take P 0 ∈ PId(B,D) with ‖P 0‖ = 4/3 (the formula
for such a projection is given in Cor. 2.1.16). Then dist(P 0,LD) = λId(B,D) =
4/3 > 1 = ‖P 0|D‖. By Theorem 2.3.1(b), 0 is not a SUBA to P 0 in LD.

R e m a r k 2.6.14. Theorems 6.3 and 6.11 were proved by the author in [LG2].
For the case L ∈ PId(B,D), Theorem 6.11 was proved by W. Odyniec (see e.g.
[OdL], Th. I.1.3).

Chapter III

III.1. Extensions of linear operators from finite-dimensional sub-
spaces I. First we present terminology and notation which will be frequently
used in this section. The symbol D will stand for an n-dimensional subspace
of a normed space B (we consider the real and complex case unless otherwise
stated). Given P 0 ∈ P(B,D) (we will write P(B,D) instead of PId(B,D)) and
A1, A2 ∈ L(D) note that

λA1(B,D) = dist(A1 ◦ P 0,LD(B,D)) ,
λA2(B,D) = dist(A2 ◦ P 0,LD(B,D)) ,

where

(3.1.1) LD(B,D) = {L ∈ L(B,D) : L|D = 0} .
Hence

(3.1.2) |λA1(B,D)− λA2(B,D)| ≤ ‖P 0 ◦ (A1 −A2)‖ .
Now we present some preliminary results. Let {Lβ} be a net in L(B,D) (here

we assume D = Z∗ for some Banach space Z). Then we say that Lβ →τ L iff

(3.1.3) (Lβx)z → (Lx)z

for every x ∈ B and z ∈ Z. The topology defined by (3.1.3) will be called the
τ -topology .

Theorem 3.1.1 [Is]. Let V ⊂L(B,D) be a τ -closed set. Then for every L∈
L(B,D) the set

{U ∈ V : ‖U − L‖ = dist(L,V)}
is nonvoid.

If we put V = LD(B,D) then we get immediately

Corollary 3.1.2. For every A ∈ L(D) there exists L0 ∈ L(B,D) with

‖L0‖ = λA(B,D)

(in other words, there exists an extension of minimal norm).
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Definition 3.1.3. Let (T,Σ, µ) be a measure space. A family {Ui}i∈I of
nonvoid measurable sets is called a partition of T iff

⋃
i∈I Ui = T and Ui∩Uj = ∅

for i 6= j.
For two partitions {Ui}i∈I , {Vj}j∈J we write {Ui} ≤ {Vj} iff for every i ∈ I

there exists Ji ⊂ J with Ui =
⋃
j∈Ji Vj .

In the sequel we will need the following

R e m a r k 3.1.4. Assume D is an n-dimensional subspace of a normed space B
with a basis y1, . . . , yn. Assume furthermore that we have n sequences {ym1 }, . . . ,
{ymn } ⊂ B satisfying limm→∞ ymi = yi for i = 1, . . . , n. Set Dm = Span{ym1 ,
. . . , ymn } and put

(3.1.4) K = sup
m

{
max

i=1,...,n
|αmi | : y ∈ SDm , y =

n∑
i=1

αmi y
m
i

}
Then

(a) K <∞,
(b) supm{dist(y,D) : y ∈ SDm} → 0.

P r o o f. Suppose that K = ∞. Then, passing to a subsequence if necessary,
we can choose for each m ∈ N, ym ∈ SDm , ym =

∑n
i=1 α

m
i y

m
i , and i0 ∈ 1, . . . , n

independent of m with the following properties:

lim
m→∞

|αmi0 | =∞, sup
m

max
i=1,...,n

|αmi |/|αmi0 | <∞ .

Put γmi = αmi /α
m
i0
. We can assume without loss of generality that γmi → γi for

i = 1, . . . , n. Hence
∑m
i=1 γ

m
i y

m
i tends to y =

∑m
i=1 γiyi. Since γi0 = 1, ‖y‖ > 0.

But ym =
∑m
i=1 α

m
i y

m
i = αmi0

∑m
i=1 γ

m
i y

m
i . From this we derive ‖ym‖ → ∞; a

contradiction.
To prove (b), put am = supm{dist(y,D) : y ∈ SDm} and suppose am ≥ d > 0

(we pass to a subsequence if necessary). For m ∈ N take ym ∈ SDm satisfying
am = dist(ym, D) and let ym =

∑m
i=1 α

m
i y

m
i . By (a), we can assume αmi → αi

for i = 1, . . . , n. Put y =
∑n
i=1 αiyi. Then

dist(ym, D) ≤ ‖y − ym‖ =
∥∥∥ n∑
i=1

αmi y
m
i −

n∑
i=1

αiyi

∥∥∥→ 0 as m→∞ ;

a contradiction.

R e m a r k 3.1.5. Assume D is an n-dimensional normed space. Let A ∈ L(D)
be a singular mapping. Then for every ε > 0 there exists a nonsingular mapping
Aε ∈ L(D) with ‖A−Aε‖ < ε.

P r o o f. Fix a singular mapping A ∈ L(D). Let y1, . . . , yn be a basis of D such
that y1, . . . , yk(k < n) is a basis of ker(A). Let w1, . . . , wn be a basis of D such
that wk+1 = Ayk+1, . . . , wn = Ayn is a basis of Im(A). For each l ∈ N define a
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linear mapping Al : D → D by

Alyi =
{

0 for i > k ,
wi/l for i ≤ k .

Note thatA+Al is a nonsingular mapping. Indeed, (A+Al)y = 0 iff
∑k
i=1 αiwi/l+∑n

i=k+1 αiwi = 0, which is equivalent to αi = 0 for i = 1, . . . , n (y =
∑k
i=1 αiyi).

It is clear that ‖Al‖ < ε for l sufficiently large, which completes the proof.

To present the main result of this section we introduce some notations. Let
{D1, . . . , Dm, . . .} be a sequence of n-dimensional subspaces of a normed linear
space B. Let D ⊂ B be a fixed n-dimensional subspace. We write

(3.1.5) Dm → D

iff for each m ∈ N there exists a basis ym1 , . . . , y
m
n of Dm such that ymi → yi for

i = 1, . . . , n, where y1, . . . , yn is a fixed basis of D.
Now assume that A ∈ L(D). Then we can define Am ∈ L(Dm) by

(3.1.6) Am = ϕ−1
m ◦A ◦ ϕm

where ϕm ∈ L(Dm, D) is given by

(3.1.7) ϕm(ymi ) = yi

({ymi } and {yi} are fixed bases of Dm which satisfy (3.1.5)).
It is easy to see that

(3.1.8) ‖ϕm − Id|Dm‖ → 0 and ‖ϕ−1
m − Id|D‖ → 0 .

Now we can state the main result of this section.

Theorem 3.1.6. Let B be a separable Banach space, B = cl(
⋃∞
m=1Bm), where

{Bm} is an increasing sequence of finite-dimensional vector subspaces of B. As-
sume D ⊂ B is an n-dimensional subspace of B and let Dm ⊂ Bm be so chosen
that Dm → D (see (3.1.5)). Then for A ∈ L(D) the following holds:

(a) if A is a nonsingular mapping then for every P ∈ PA(B,D) there exists a
sequence Rk ∈ PAk(B,Dk) (Ak is given by (3.1.6)) such that

‖P −Rk‖ → 0 ,(3.1.9)
(b) λA(B,D) = lim

k→∞
λAk(Bk, Dk) .(3.1.10)

P r o o f. We divide the proof into three cases.

C a s e I: A = Id|D. Fix P ∈ P(B,D), P =
∑n
i=1 ϕiyi. For k ∈ N define

Pk =
∑n
i=1 ϕiy

k
i . Since Dk → D, ‖P − Pk‖ → 0. Now, we will show that

lim
k→∞

‖Pk|Dk − Id|Dk‖ = 0 .

To do this, take wk ∈ Sk and compute

‖Pkwk − wk‖ ≤ ‖Pkwk − Pwk‖+ ‖Pwk − wk‖
≤ ‖P − Pk‖+ (1 + ‖P‖) dist(wk, D) .
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By Remark 1.4(b) we get our assertion. Hence for k ≥ k0,

‖Pkyk|Dk − Id|Dk‖ < 1 ,

which shows that Pk|Dk is invertible. Put Rk = (Pk|−1
Dk
◦ Pk). It is clear that

Rk ∈ P(B,Dk). Note that

‖Pk −Rk‖ = ‖Pk|Dk ◦Rk −Rk‖ ≤ ‖Rk‖ · ‖Pk|Dk − Id|Dk‖
≤ ‖Pk|−1

Dk
‖ · ‖Pk‖ · ‖Pk|Dk − Id|Dk‖

≤ ‖Pk‖ · ‖Pk|Dk − Id|Dk‖/(1− ‖Pk|Dk − Id|Dk‖)

and consequently, ‖Pk −Rk‖ → 0, which finally gives ‖P −Rk‖ → 0.
To prove (b), take P0 ∈ P(B,D) with ‖P0‖ = λ(B,D) (by Corollary 1.2 such

a P0 exists). By the above reasoning, ‖P0 −Rk‖ → 0 for some Rk ∈ P(B,Dk).
Now fix ε > 0. Since cl(

⋃∞
k=1Bk) = B, | ‖P0‖ − ‖P0|Bk‖ | < ε for k ≥ k0 and

consequently,

| ‖P0‖ − ‖Rk|Bk‖ | ≤ | ‖P0‖ − ‖P0|Bk‖ |+ | ‖P0|Bk‖ − ‖Rk|Bk‖ |
≤ | ‖P0‖ − ‖P0|Bk‖ |+ ‖P0 −Rk‖ ≤ 2ε

for k sufficiently large. Since Rk|Bk ∈ P(Bk, Dk), λ(B,D) ≥ lim supλ(Bk, Dk).
To finish this part of the proof, it is sufficient to show that lim inf λ(Bk, Dk) ≥

λ(B,D). Assume that this is not true and for k = 1, 2, . . . choose Pk ∈ P(Bk, Dk)
with ‖Pk‖ = λ(Bk, Dk). Passing to a subsequence if necessary, we can assume
limk ‖Pk‖ < ‖P0‖ − ε for some ε > 0. Fix f ∈

⋃∞
k=1Bk, ‖f‖ = 1. Note that

sup ‖Pkf‖ ≤ ‖P0‖ − ε By Remark 1.4(a), we can choose a subsequence (mk)
depending on f such that Pmkf → df ∈ D. Now let (f1, f2, . . .) be a Hamel basis
of
⋃∞
k=1Bk with ‖fi‖ = 1 for i = 1, 2, . . . Applying the diagonal argument, we

can select a subsequence (mk) in such a way that Pmkfi → di for i = 1, 2, . . . Now
we can define a linear mapping P 0 :

⋃∞
k=1Bk → D by P 0fi = di for i = 1, 2, . . .

We show that P 0 is continuous and ‖P 0‖< ‖P0‖ − ε. To do this, take w0 ∈⋃∞
k=1Bk with ‖w0‖ = 1 and write w0 =

∑l
i=1 αifi. Then

P 0w0 =
l∑
i=1

αidi =
l∑
i=1

αi lim
k→∞

Pmkfi

= lim
k→∞

( l∑
i=1

αiPmkfi

)
= lim
k→∞

Pmkw0 .

Hence, ‖P 0w0‖ ≤ lim supk→∞ ‖Pmk‖ < ‖P0‖−ε. Since B = cl(
⋃∞
k=1Bk), we can

extend P 0 onto the whole space B to a linear continuous mapping Q0 such that
‖Q0‖ < ‖P0‖ − ε.

It is sufficient to show that Q0 ∈ P(B,D). To do this, we check that Q0yi =
yi for i = 1, . . . , n ({yi} is a basis of D). Now fix ε > 0 and i ∈ {1, . . . , n}.
Since Dk → D, we can choose k0 ∈ N such that for k,m ≥ k0, ‖y − yk‖ <
ε/(3(‖P0‖+ 1)) and ‖ym − yk‖ < ε/(3(‖P0‖+ 1)). Next select m0 ≥ k0 such that
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‖Q0y
k0
i − Pm0y

k0
i ‖ < ε/3. Note that

‖Q0yi − yi‖ ≤ ‖Q0yi − yk0i ‖+ ‖yk0i − yi‖
≤ ‖Q0(yk0i − yi)‖+ ‖Q0y

k0
i − y

k0
i ‖+ ‖yi − yk0i ‖

≤ (‖Q0‖+ 1)‖yk0i − yi‖+ ‖Q0y
k0
i − Pm0y

k0
i ‖+ ‖Pm0y

k0
i − y

k0
i ‖

≤ (‖Q0‖+ 1)‖yi − yk0i ‖+ ‖Q0y
k0
i − Pm0y

k0
i ‖

+ ‖Pm0(yk0i − y
m0
i )‖+ ‖ym0

i − yk0i ‖
≤ (‖Q0‖+ 1)‖yk0i − yi‖+ ‖Q0y

k0
i − Pm0y

k0
i ‖

+ (‖Pm0‖+ 1)‖yk0i − y
m0
i ‖

≤ (‖P0‖+ 1)(‖yk0i − y
m0
i ‖+ ‖yk0i − yi‖) + ‖Q0y

k0
i − Pm0y

k0
i ‖ .

Hence finally we get ‖Q0yi − yi‖ < ε, which gives Q0 ∈ P(B,D). But ‖Q0‖ <
‖P0‖ − ε and ‖P0‖ = λ(B,D); a contradiction.

C a s e II: A ∈ L(D), A nonsingular . Fix P0 ∈ PA(B,D). Then P0 = A ◦Q0

where Q0 ∈ P(B,D). By Case I, there exists a sequence {Rk} ∈ P(B,Dk) with
‖Q0 −Rk‖ → 0. Put Pk = Ak ◦Rk, where Ak is given by (3.1.6). It is clear that
Pk ∈ PAk(B,Dk). Moreover,

‖P0 − Pk‖ = ‖A ◦Q0 −Ak ◦Rk‖
≤ ‖A ◦Q0‖ · ‖ϕ−1

k − Id|D‖+ ‖ϕ−1
k ◦A‖ · ‖Q0 − ϕk ◦Rk‖

≤ ‖A ◦Q0‖ · ‖ϕ−1
k − Id|D‖

+ (‖Q0 −Rk‖+ ‖Rk‖ · ‖ϕk − Id|Dk‖) · ‖ϕ
−1
k ◦A‖ .

By (3.1.8), ‖P0 − Pk‖ → 0. Reasoning as in Case I, we get

λA(B,D) ≥ lim supλAk(Bk, Dk) .

To finish the proof of Case II it is sufficient to show that lim inf λA
k
(Bk, Dk) ≥

λA(B,D). Suppose, on the contrary, that this is not true and choose Pk ∈
PAk(Bk, Dk) with λAk(Bk, Dk) = ‖Pk‖. Reasoning as in Case I we can con-
struct Q0 ∈ L(B,D) such that ‖Q0‖ < λA(B,D) − ε for some ε > 0. To show
that Q0 ∈ PA(B,D) it is sufficient to check that A−1 ◦Q0 ∈ P(B,D). Since for
each k, A−1

k ◦ Pk ∈ P(B,D) and

‖A−1
k ◦ Pk‖ ≤ 2‖A‖ · ‖P0‖ for k ≥ k0 ,

this can be proved as in Case I.

C a s e III: A ∈ L(D). By Remark 1.5, we can select a sequence {Al} ⊂ L(D)
of nonsingular mappings such that Al → A. Fix any P0 ∈ P(B,D) and put
PA = A ◦ P0, PAl = Al ◦ P0. Let {Ak} (resp. {Alk}) denote the sequence defined
by (3.1.6) for A (for Al resp.). By Case I, take a sequence {Pk} ∈ P(Bk, Dk) with
‖Pk − P0‖ → 0 and define

PAk = Ak ◦ Pk, PAl
k

= Alk ◦ Pk .
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According to (3.1.2) and (3.1.8) we get immediately

|λA(B,D)− λAl(B,D)| ≤ ‖PA − PAl‖ ≤ ‖A−Al‖ · ‖P0‖
≤ |λAk(Bk, Dk)− λAl

k
(Bk, Dk)| ≤ ‖PAk − PAl

k
‖ ≤ 2‖A−Al‖ · ‖P0‖ .

Since the right side of the last inequality does not depend on k, applying Case
II for Al we easily get λAk(Bk, Dk) → λA(B,D). The proof of Theorem 1.6 is
complete.

Note that if we fix a basis (x1, . . . , xmk) in each Bk, we can identify each
x ∈ Bk with the sequence of its coefficients with respect to this basis. Hence

λAk(Bk, Dk) = λA1
k
(Rmk , D1

k)

where D1
k ⊂ Rmk is an n-dimensional subspace and A1

k ∈ L(D1
k) is defined by

A1
kw = AkEw for w ∈ Rmk (E denotes the identifying mapping and the norm in

Rmk is induced by E from B). For this reason it is important to know how this
norm in Rmk looks like. Now we present some examples concerning this problem.

Example 3.1.7. Let (T,Σ, µ) be a measure space. Assume µ is σ-finite, atom-
less and separable. Fix a sequence {Tn} of measurable sets with Tn ⊂ Tn+1 and
µ(Tn) finite and set T =

⋃∞
n=1 Tn. For each n ∈ N fix a partition {Uni } of Tn

(see Def. 1.5) such that {Uni } ≤ {U
n+1
i } and µ(Uni ) ≤ 1/n. Let Lϕ(T,Σ, µ),

where ϕ(t, ·) is a convex function for every t ∈ T , denote the Orlicz–Musielak
space equipped with the Luxemburg norm (see [Mu, p. 33] for basic information
about these spaces). Assume furthermore that ϕ is locally integrable and satisfies
condition ∆2 [Mu, p. 52]. Put

Bn =
{ ln∑
i=1

λiχUni

}
where ln = card{Uni }. In view of [Mu, pp. 36, 53], cl(

⋃∞
n=1Bn) = Lϕ. Note that

%ϕ

( ln∑
i=1

λiχUn
i

)
=

ln∑
i=1

∫
Uni

ϕ(t, |λi|) dµ .

Hence %ϕ induces on Kln (K = R or K = C) a modular %ϕ given by

%ϕ(λ1, . . . , λln) =
ln∑
i=1

ϕi(λi)

where ϕi =
∫
Un
i
ϕ(t, |λi|) dµ(t). Consequently, in this case for every n ∈ N we

consider the space Kln equipped with the Luxemburg norm ‖ ‖ϕ.

Example 3.1.8. Let (T,Σ, µ) and Bn be as in Example 1.7. Consider the space
Lp(T,Σ, µ) for 1 ≤ p < ∞. It is well known that cl(

⋃∞
n=1Bn) = Lp(T,Σ, µ).
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Moreover, for n ∈ N and x ∈ Bk we have

‖x‖ =
( ∫
T

∣∣∣ ln∑
i=1

λiχUn
i
|p dµ

)1/p

=
( ∫
Un

|
ln∑
i=1

λiχUn
i
|p dµ

)1/p

=
( ∫
Un

ln∑
i=1

|λi|p|χUn
i
|dµ
)1/p

=
( n∑
i=1

µ(Uni )|λi|p
)1/p

.

Now fix n ∈ N and put ai = µ(Uni )1/p for i = 1, . . . , ln. Consider the linear
mapping Tn : Kln → Kln defined by

Tnei = aiei for i = 1, . . . , ln .

To calculate the constant λA(Lp, D) it is sufficient (by Theorem 1.6) to calculate
the constants λAn(l(ln)

p , Tn(Dn)), where Dn → D is a sequence of subspaces of B.

Now we show how to construct subspaces Dn for the space of polynomials of
degree ≤ n.

Example 3.1.9. Let B = Lp[0, 1], 1 ≤ p < ∞, with the Lebesgue measure.
Let D be the space of polynomials of degree ≤ m restricted to [0, 1] ( we consider
the real case) with the basis (1, t, . . . , tm). For n ∈ N consider a partition {Uni }
of [0, 1] such that µ(Uni ) = 1/2n. Let Bn be as in Example 1.8. Put

yn0 = 1, ynj =
2n∑
i=1

((i− 1)/2n)jχUn
i

for j = 1, . . . ,m. It is obvious that yni → ti for i = 0, . . . ,m in Lp norm. So to cal-
culate the constant λA(B,D) it is sufficient to know the constants λAn(l(2

n)
p , Dn),

where Dn = span (yn0 , . . . , y
m
n ).

It is clear that a similar construction can be done for T being a Lebesgue
measurable subset of positive measure in Kn (K = R or K = C) and D being
an arbitrary finite-dimensional subspace of Lp(T ), 1 ≤ p <∞. So the question of
major importance is to calculate or estimate the constant λA(l(n)

p , D) where D is
a linear subspace of l(n)

p . Unfortunately, we know the exact formulas only for the
case p = 1, ∞, A = Id and D being a hyperplane in l

(n)
p [Bl].

Example 3.1.10. Let B = W p
s [0, 1] (the Sobolev space) equipped with the

norm

‖f‖ =
s−1∑
i=0

|f (i)(0)|+
( 1∫

0

|f (s)(t)|p
)1/p

.

Since f (s−1) is absolutely continuous, the mapping ‖ ‖ is in fact the norm in
W p
s [0, 1]. Hence W p

s [0, 1] is linearly isometric to Ks−1 × Lp[0, 1] equipped with
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the norm

‖x‖ =
s−1∑
i=0

|xi|+
( 1∫

0

|xs(t)|p dt
)1/p

where x = (x0, . . . , xs). Let {Uni } be as in Example 2.6. Put Bn = Ks−1 ×
{
∑2n

i=1 λiχUni } for n ∈ N. Then Bn can be identified with Rs−1+2n with the norm
defined by

‖x‖ =
s−1∑
i=1

|xi|+
( 2n∑
i=1

|xi+s−1|p
)1/p

.

III.2. Extensions of linear operators from finite-dimensional sub-
spaces II. We start with the following

Theorem 3.2.1. Assume B is a normed space with B∗ separable and let D ⊂ B
be a linear n-dimensional subspace. Assume that {ϕi}∞i=1 ⊂ SB∗ is so chosen that
cl(Span{ϕi}) = B∗ (the closure is taken with respect to the norm topology in B∗).
Let A : D → D be a nonsingular linear mapping. Put

(3.2.1) DmA (B,D) =
{
L ∈ PA : L =

m∑
i=1

ϕi(·)yi
}
.

Then for every P ∈ PA(B,D) there exists a sequence Pm ∈ DmA (B,D) such that

(a) ‖Pmx− Px‖ → 0 for every x ∈ B,
(b) ‖Pm‖ → ‖P‖.
P r o o f. Let P ∈ PA(B,D), P =

∑n
i=1 fi(·)yi. Since cl(Span{ϕi}) = B∗, for

i = 1, . . . , n there exists a sequence {ψmi }, ψmi ∈ Span[ϕ1, . . . , ϕm], with ψmi → fi.
Put Um =

∑n
i=1 ψ

m
i (·)yi. It is clear that Umx→ Px for every x ∈ B. Since D is

finite-dimensional, ‖Um|D−P |D‖ → 0. Since P |D = A and A is invertible, Um|D
is invertible for m ≥ m0. Put Pm = A◦(Um|D)−1 ◦Um and ymi = A◦(Um|D)−1yi.
Note that

Pmx =
n∑
i=1

ψmi (·)ymi ,

which gives Pm ∈ DmA (B,D). Since A is invertible, (Um|D)−1 → A−1. From this
we derive that ‖Pmx− Px‖ → 0 for every x ∈ B.

To show that ‖Pm‖ → ‖P‖, fix x ∈ Sx and ε > 0 with ‖Px‖ ≥ ‖P‖ − 2ε.
Hence

‖Pm‖ ≥ ‖Pmx‖ ≥ ‖P‖ − 2ε
for m≥m0 and consequently, lim inf ‖Pm‖ ≥ ‖P‖. To prove that lim sup ‖Pm‖ ≤
‖P‖ assume, on the contrary, that ‖P‖+ ε < ‖Pmxm‖ for some xm∈SB and ε >
0. Since Pm = A ◦ (Um|D)−1) ◦Um and Um → P and (Um|D)−1 → A−1 it follows
that supm ‖Pm‖ ≤M <∞. Hence, passing to a subsequence if necessary, we can
assume Pmxm → y ∈ D. Since {xm} ⊂ SB , by the Banach–Alaoglu Theorem,
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{xm} has a cluster point γ in SB∗∗ with respect to the weak∗ topology in SB∗∗ .
Since B∗ is separable, SB∗∗ with the weak∗ topology is metrizable. Compute,
passing to a subsequence if necessary,∥∥∥Pmxm − n∑

i=1

γ(fi)yi
∥∥∥ =

∥∥∥ n∑
i=1

ψmi (xm)ymi −
n∑
i=1

γ(fi)yi
∥∥∥

≤
∥∥∥ n∑
i=1

ψmi (xm)(ymi − yi)
∥∥∥+

∥∥∥ n∑
i=1

(ψmi (xm)− γ(fi))yi
∥∥∥ .

Note that the right side of the above inequality tends to 0, since ymi → yi for
i = 1, . . . , n and ψmi → fi in the norm of B∗. Hence ‖

∑n
i=1 γ(fi)yi‖ ≥ ‖P‖+ ε,

which, by Goldstine’s Theorem, leads to a contradiction.

R e m a r k 3.2.2. To show that lim inf ‖Pm‖ ≥ ‖P‖ it is sufficient to demon-
strate that cl(Span{ϕi}) = B∗, where the closure is taken with respect to the
weak∗ topology in B∗. The proof of this part of Theorem 2.1 is in fact the same
as in [Che5, Theorem 1.1].

Now we state a result concerning the space C(k)[a, b] equipped with the norm

(3.2.2) ‖f‖1 =
k−1∑
i=1

|f (i)(a)|+ ‖f (k)‖sup .

The method of proof is similar to that of [Che5].

Theorem 3.2.3. Let E = {ti} be a dense countable set in [a, b]. For i = 1, 2, . . .
and x ∈ C(k)[a, b], define

(3.2.3) t̂i(x) =
k−1∑
j=1

xj(a) + x(k)(ti) .

Assume D ⊂ C(k)[a, b] is an n-dimensional subspace and let A ∈ L(D) be a
nonsingular mapping. Then for every P ∈ PA(B,D) there exists a sequence
Pm ∈ DmA (B,D) such that ‖Pm‖ → ‖P‖.

P r o o f. Note that C(k)[a, b] is linearly isometric to Rk−1 × C[a, b] with the
norm

‖(z1, . . . , zk−1, f)‖ =
k−1∑
i=1

|zi|+ ‖f‖sup .

Hence (C(k)[a, b])∗ = Rk−1× (C[a, b])∗ (the norm in Rk−1× (C[a, b])∗ is given by

(3.2.4) ‖(z1, . . . , zk−1, ν)‖ = max{ max
i=1,...,k−1

|zi|, |ν|} ,

the symbol |ν| denoting the variation of the Radon measure ν). Now take P ∈
PA(B,D), P =

∑n
i=1 fi(·)yi (fi(x) = (α1, . . . , αk−1, ui) where ui is a Radon mea-

sure). For each m ∈ N let Tm1 , . . . , Tmkm denote a partition of [a, b] (see Def. 3.1.3)
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into disjoint intervals such that µ(Tmj ) ≤ 1/m (µ denotes the Lebesgue measure).
Put

(3.2.5) ψmi (x) =
k−1∑
i=1

αix
(i)(a) +

km∑
j=1

ui(Tmj )x(k)(tmj )

(tmj are fixed points from the sets Tmj ∩ E). It is easy to verify that ψmi → fi
weak∗ in B∗ for i = 1, . . . , n. Hence, using the functionals ψmi , we can define
the operators Um and Pm as in Theorem 2.1. By the proof of Theorem 2.1 and
Remark 2.2, ‖Pmx−Px‖ → 0 for every x ∈ B and lim inf ‖Pm‖ ≥ ‖P‖. To show
that lim sup ‖Pm‖ ≤ ‖P‖, we prove that ‖t̂ ◦Um‖ ≤ ‖t̂ ◦P‖ for every t ∈ E. Note
that

(t̂ ◦ P )x =
n∑
j=1

fj(x)t̂(yj) =
n∑
j=1

( k−1∑
l=0

αlx
(l)(a) + uj ◦ xk

)
t̂(yj)

=
( n∑
j=1

t̂(yj)uj
)
◦ x(k) +

k−1∑
l=0

αl

( n∑
j=1

t̂(yj)
)
xl(a) .

Hence, by (3.2.4),

‖t̂ ◦ P‖ = max
{
|νt|(T ),max

l

∣∣∣αl n∑
j=1

t̂(yj)
∣∣∣} ,

where νt =
∑n
j=1 t̂(yj)uj . Note that

|t̂ ◦ Um(x)| =
∣∣∣ n∑
j=1

ψmj (x)t̂(yj)
∣∣∣

=
∣∣∣ n∑
j=1

( k−1∑
z=0

αzx
(z)(a) +

km∑
l=1

uj(Tml )x(k)(tml )
)
t̂(yj)

∣∣∣
=
∣∣∣ k−1∑
z=0

αzx
(z)(a)

( n∑
j=1

t̂(yj)
)

+
km∑
l=1

x(k)(tml )
( n∑
j=1

t̂(yj)uj(Tml )
)∣∣∣

≤
( k−1∑
z=0

|x(z)(a)|+ ‖x(k)‖sup

)
max

{ km∑
l=1

|νt|(Tml ),max
z

∣∣∣αz n∑
j=1

t̂(yj)
∣∣∣}

≤ ‖x‖max
{
|νt|(T ),max

z

∣∣∣αz n∑
j=1

t̂(yj)
∣∣∣} = ‖t̂ ◦ P‖ · ‖x‖ .

Hence ‖Um‖ ≤ ‖P‖ for m = 1, 2, . . . Since Pm = A ◦ (Um|D)−1 ◦ Um, we have
‖Um − Pm‖ → 0 and consequently, lim sup ‖Pm‖ ≤ ‖P‖, which completes the
proof.

To present the next result we introduce some notations. Let B be a normed
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space. Assume {ϕi}∞i=1⊂SB∗ . Let D ⊂ B be an n-dimensional subspace. Assume
furthermore that Span{ϕ1|D, . . . , ϕn|D} = D∗ and let A ∈ L(D). We say that
a sequence {DmA (B,D)} has property (∗) if and only if for every P ∈ PA(B,D)
there exists a sequence Pm ∈ DmA (B,D) for m ≥ n such that

Pmx→ Px for every x ∈ B
and

(3.2.6) ‖Pm‖ → ‖P‖ .
Theorems 0.1.2, 2.1 and 2.3 present examples of sequences DmA (B,D) having
property (∗). For P ∈ DmA (B,D) put

(3.2.7) Nm(P ) = sup
‖f‖≤1

max
i=1,...,m

|ϕi(Pf)|

and

(3.2.8) Nm = inf{Nm(P ) : P ∈ DmA (B,D)} .
Now we can state the following

Proposition 3.2.4. Let B be a normed space and let D ⊂ B be an n-
dimensional subspace. Suppose {ϕi}∞i=1 is a weak∗-dense subset of SB∗ . Let A∈
L(D) be so chosen that DmA (B,D) satisfies condition (∗) with respect to the se-
quence {ϕi}. Then

λA(B,D) = lim
m→∞

Nm .

P r o o f. Fix ε > 0 and let P0 ∈ PA(B,D) be a minimal extension. Choose
m0 ∈ N and Qm0 ∈ D

m0
A (B,D) with | ‖Qm0‖−‖P0‖ | < ε. Note that for m ≥ m0,

Nm ≤ Nm(Qm0) ≤ ‖Qm0‖ ≤ ‖P0‖+ ε ,

which gives lim supm→∞Nm ≤ ‖P0‖. To show that lim inf Nm ≥ ‖P0‖ suppose,
on the contrary, that limNm < ‖P0‖ − ε for some ε > 0 (pass to a subsequence
if necessary). Define a function ‖ ‖1 by

‖y‖1 = max
i=1,...,n

|ϕi(y)| for y ∈ D .

Since Span{ϕ1|D, . . . , ϕn|D} = D∗, ‖ ‖1 is a norm in D. Since D is finite-
dimensional, there exists w > 0 with ‖y‖ ≤ w‖y‖1 for every y ∈ D. Hence
for every x ∈ B and m ≥ n = dimD,

‖Pmx‖ ≤ w‖Pmx‖1 = w max
i=1,...,n

|ϕi(Px)|

≤ w max
i=1,...,m

|ϕi(Px)| ≤ ‖x‖Nm(Pm)w < ‖P0‖w .

(Pm ∈ DmA (B,D) is so chosen that Nm(Pm) < Nm+1/m). Consequently, ‖Pm‖ ≤
w‖P0‖ for m ≥ m0, which gives that {Pm} has a cluster point P1 ∈ PA(B,D)
with respect to the τ -topology (see (3.1.3)). Since {ϕi} is a norming set, there
exist m0 ∈ N, x ∈ SB and δm → 0 with

‖P1‖ − ε/3 < |ϕm0(P1x)| ≤ Nm(Pm) + δm ≤ ‖P0‖ − ε/2
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for m ≥ m0. Finally, we get ‖P1‖ < ‖P0‖ − ε/6; a contradiction with the mini-
mality of P0.

Now we present a result concerning the case B = C(T ). Let D and {ϕi}∞i=1

be as in Proposition 2.4. For m ≥ n define

(3.2.9) Dm = {x ∈ Km : ϕi(y) = xi, i = 1, . . . ,m, y ∈ D} ,
and define Am ∈ L(Dm) by

(3.2.10) Am(w) = (ϕ1(Ay), . . . , ϕm(Ay))

where y ∈ D denotes an element satisfying (3.2.9). Since Span{ϕ1|D, . . . , ϕn|D} =
D∗, for every w ∈ Dm there exists exactly one y ∈ D satisfying (3.2.9). Hence
Am is well defined. Now we can state

Theorem 3.2.5. Assume B = C(T ) (we consider the complex and real case)
where T is a compact metrizable set. For i = 1, 2, . . . let ϕi = ti where {ti} is a
dense, countable subset of T. Let D be an n-dimensional subspace of B and let
A ∈ L(D). Then

λA(B,D) = lim
m→∞

λAm(l(m)
∞ , Dm) .

P r o o f. First we assume that A is a nonsingular mapping. By the same
reasoning as in [Che5, Th. 1.1], the sequence {Dm

A (B,D)} has property (∗).
Hence, by Proposition 2.4, λA(B,D) = limm→∞Nm. For every m ≥ n select
Pm ∈ DmA (B,D) with Nm(Pm) ≤ Nm + 1/m. Note that by the Tietze–Urysohn
Theorem,

(3.2.11) Nm(Pm) = sup{ max
i=1,...,m

|ϕi(Pmf)| : f ∈ B, max
i=1,...,m

|ϕi(f)| ≤ 1} .

(We denote by Wm(Pm) the right side of (3.2.11).) For each m≥n define Qm :
l
(m)
∞ → l

(m)
∞ by

(3.2.12) Qmx = (ϕ1(Pmfx), . . . , ϕm(Pmfx))

where fx ∈ C(T ) is so chosen that fx(ti) = xi for i = 1, . . . ,m and ‖fx‖ = ‖x‖.
Since the value of Pmfx only depends on the values of fx at the points ti, the
operator Qm is well defined. Note that by (3.2.10), for x ∈ Dm,

Qmx = (ϕ1(Pmy), . . . , ϕm(Pmy)) = (ϕ1(Ay), . . . , ϕm(Ay)) = Amx .

Hence Qm ∈ PAm(l(m)
∞ , Dm). Moreover, by (3.2.12), ‖Qm‖ = Wm(Pm) =

Nm(Pm). Hence

λAm(l(m)
∞ , Dm) ≤ ‖Qm‖ ≤ Nm(Pm) ≤ Nm + 1/m ,

which gives, in view of Proposition 2.4,

lim supλAm(l(m)
∞ , Dm) ≤ λA(B,D) .

To show that lim inf λAm(l(m)
∞ , Dm) ≥ λA(B,D), take Qm ∈ PAm(l(m)

∞ , Dm) of
minimal norm. Define Lm ∈ L(B,D) by

Lmf = (Qm(ϕ1(f), . . . , ϕm(f))∗∗
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(** denotes the unique extension of Qm(ϕ1(f), . . . , ϕm(f)) onto the space D; see
(3.2.9)). We show that Lm ∈ DmA (B,D). Since for f ∈ D,

Lmf = [(Qm(ϕ1(f), . . . , ϕm(f))]∗∗ = (Am(ϕ1(f), . . . , ϕm(f))∗∗

= (ϕ1(Af), . . . , ϕm(Af))∗∗ = Af ,

we have Lm ∈ PA(B,D). Moreover, if ϕ1(f) = . . . = ϕm(f) = 0 then Lm(f) = 0,
which finally gives Lm ∈ DmA (B,D). It is clear that

λAm(l(m)
∞ , Dm) = ‖Qm‖ = Wm(Lm) = Nm(Lm) ≥ Nm

and consequently,

lim inf λAm(l(m)
∞ , Dm) ≥ lim inf Nm = λA(B,D) ,

which completes the proof in the case of nonsingular operators.
Now suppose A ∈ L(D) is a singular mapping. Fix ε > 0. By Remark 3.2.2,

there exists a nonsingular mapping Aε ∈ L(D) with ‖A−Aε‖ < ε. Let y1, . . . , yn
be a basis of D and let ψ1, . . . , ψn ∈ B∗, ‖ψi‖ = 1 for i = 1, . . . , n, be so chosen
that ψi(yj) = δij . Define L =

∑n
i=1 ψi(·)Ayi andLε=

∑n
i=1 ψi(·)Aεyi. By (3.1.2),

|λAε(B,D)− λA(B,D)| ≤ ‖Lε − L‖ ≤ n max
i=1,...,n

‖yi‖ · ‖A−Aε‖ .

Moreover, for each m ≥ n,

|λAεm(l(m)
∞ , Dm)− λAm(l(m)

∞ , Dm)| ≤ ‖Lεm − Lm‖ ,
where Am (resp. Aεm) is defined by (3.2.10) and Lm (resp. Lεm) is given by (3.2.12).
Observe that
‖Lεm − Lm‖ = Wm(Lε − L) = Nm(Lε − L) = sup

‖f‖≤1

max
i=1,...,m

|ϕi(L− Lε)f |

≤ ‖L− Lε‖ ≤ n max
i=1,...,n

‖yi‖ · ‖A−Aε‖ .

Note that

|λA(B,D)− λAm(l(m)
∞ , Dm)| ≤ |λA(B,D)− λAε(B,D)|

+|λAε(B,D)− λAεm(l(m)
∞ , Dm)|+ |λAεm(l(m)

∞ , Dm)− λAm(l(m)
∞ , Dm)| .

By the previous part of the proof we can choose m0 ∈ N such that for m ≥ m0,

|λAε(B,D)− λAεm(l(m)
∞ , Dm)| ≤ ε

(Aε is a nonsingular mapping). Applying the above estimates we get for m ≥ m0,

|λA(B,D)− λAm(l(m)
∞ , Dm)| ≤ ε+ 2n max

i=1,...,n
‖yi‖ · ‖A−Aε‖

≤ (1 + 2n max
i=1,...,n

‖yi‖)ε ,

which completes the proof of the theorem.

Note that to show a theorem similar to Theorem 2.5 for any normed linear
space B it is necessary to know that the sequence {DmA (B,D)} has property (∗)
(see (3.2.6)) and satisfies the following condition:
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(3.2.13) for every m ≥ n = dimD and every x ∈ l(m)
∞ with ‖x‖ = 1 there exists

ψ ∈ B∗∗, ‖ψ‖ = 1, with ψ(fi) = xi.

For this reason it is possible to prove

Theorem 3.2.6. Assume B = C(k)[a, b] and let ϕi = t̂i for i = 1, 2, . . . where
{ti} is a dense, countable subset of [a, b] and t̂i is defined by (3.2.3). If D is an
n-dimensional subspace of B and A ∈ L(D) then

lim
m→∞

λAm(l(m)
∞ , Dm) = λA(B,D) .

P r o o f. By Theorem 2.4 the sequence {DmA (B,D)} has property (∗). To finish
the proof it is sufficient to show that {DmA (B,D)} satisfies (3.2.13). Fix x ∈ l(m)

∞
with ‖x‖ = 1. By the Tietze–Urysohn Theorem there exists f ∈ C[a, b] with
‖f‖ = 1 and f(xi) = xi for i = 1, . . . ,m. Let g1(t) =

∫ t
a
f(s) ds and gi(t) =∫ t

a
gi−1(s) ds for i = 2, . . . , k. Note that g(j)

k = gk−j for j = 0, . . . , k (g0 = f).
Since gj(a) = 0 for j = 0, . . . , k − 1, by (3.2.3) we have t̂i(gk) = f(ti) = xi for
i = 1, 2, . . . Moreover,

‖gk‖ =
k−1∑
j=0

|g(j)
k (a)|+ ‖f‖sup = ‖f‖sup = 1 .

Since gk may be treated as a functional from B∗∗ of norm 1, the proof is complete.

Theorem 3.2.7. Assume B is a normed space and let {ϕi} be a countable
weak∗-dense subset of SB∗ . Let D ⊂ B be an n-dimensional subspace and let
A ∈ L(D). Then

λA(B,D) ≤ lim
m→∞

λAm(l(m)
∞ , Dm) ,

where Dm is defined by (3.2.9) and Am by (3.2.10).

P r o o f. It is well known that B can be linearly isometrically embedded in
C(SB∗) (in SB∗ we have the weak∗ topology). Then, by Theorem 2.5,

λA(B,D) ≤ λA(C(SB∗), D) = lim
m→∞

λAm(l(m)
∞ , Dm)

as required.

The last result of this section will be devoted to the case of sequence Orlicz–
Musielak spaces [Mu, p. 33].

Theorem 3.2.8. Assume lψ is a sequence Orlicz–Musielak space (ψ is a locally
integrable function) equipped with the Luxemburg norm satisfying the δ2 condition
[Mu, p. 52]. Let A ∈ L(D). For i = 1, 2, . . . and x ∈ lψ put ϕi(x) = xi. Then

λA(B,D) = lim
m→∞

λAm(l(m)
ψ , Dm) ,

where Dm is defined by (3.2.9) and l(m)
ψ denotes the space Km (K = R or K = C)

equipped with the norm induced from lψ.
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P r o o f. For m ∈ N and P ∈ DmA (lψ, D) put

Um(P ) = sup{‖(ϕ1(Pf), . . . , ϕm(Pf))‖ψ : ‖(ϕ1(f), . . . , ϕm(f))‖ψ ≤ 1}
and

Um = inf{Um(P ) : P ∈ DmA (B,D)} .
Note that for every P ∈ DmA (B,D),

(3.2.14) Um(P ) = sup{‖(ϕ1(Pf), . . . , ϕm(Pf))‖ψ : ‖f‖ψ ≤ 1}

(for each x ∈ l(m)
ψ , ‖x‖ψ = ‖(x, 0, . . .)‖ψ and since P ∈ DmA (B,D) the value of Pf

only depends on the first m coordinates). By the δ2 condition [Mu, pp. 36, 53],
the sequence {DmA (B,D)} has property (∗). By (3.2.14), Um ≤ Um(P ) ≤ ‖P‖ for
every P ∈ DmA (B,D). Hence reasoning as in Proposition 2.4 we get limm→∞ Um =
λA(lψ, D).

To finish the proof it is sufficient to show that λAm(l(m)
ψ , Dm) = Um, which is

an immediate consequence of (3.2.14). The proof is complete.

R e m a r k 3.2.9. Assume B is a finite-dimensional real or complex Banach
space. Then the number Nm in Proposition 2.4 can be replaced by Wm =
inf{Wm(P ) : P ∈ DmA (B,D)} (Wm(P ) is defined by (3.2.11)). In the real case
Wm can be calculated by the Remez algorithm (see e.g. [Che1, p. 54]). Therefore,
by Proposition 2.4, we can calculate λA(B,D) numerically. Moreover, repeating
this procedure for the sequence (Bm, Dm) described in Theorem 3.1.6 (see also
Examples 3.1.7–3.1.9) we can estimate the constant λA(B,D) not only in the
finite-dimensional case (see also Theorem 3.8). Theorem 2.5 extends Theorem
0.1.3 of [Che6].

III.3. Algorithms for seeking the constant Wm

First form of the extremum problem. In this sectionD ⊂ B is an n-dimensional
subspace (we consider the real case). Let f1, . . . , fm ∈ SB∗ , m ≥ n, satisfy
(3.2.13). Assume furthermore that f1|D, . . . , fn|D is a basis of D∗. For given
F ∈ L(D), we seek to determine P ∈ DmF (see (3.2.1)) satisfying Wm(P ) = Wm

(Wm is considered with respect to F and f1, . . . , fm). Since f1|D, . . . , fn|D is a
basis of D∗ there exist d1, . . . , dn ∈ D with fi(dj) = δij . Put Q0 =

∑n
j=1 fj(·)di

and P0 = F ◦Q0. It is clear that P0 ∈ DmF . Moreover, if n = m then DmF = {P0}.
If m > n then P ∈ DmF satisfying Wm(P ) = Wm must be of the form P = P0−L
where L =

∑m
i=1 fi(·)ui for some u1, . . . , un ∈ D. So in order to determine P it is

necessary to determine u1, . . . , un. Note that ui =
∑n
j=1 fj(ui)dj for i = 1, . . . ,m

and one sees that the following equations are equivalent:

L(D) = 0 ,(3.3.1)
L(dj) = 0 for j = 1, . . . , n ,(3.3.2)

m∑
i=1

fi(dj)ui = 0 for j = 1, . . . , n ,(3.3.3)
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m∑
i=1

fi(dj)
n∑
k=1

fk(ui)dk = 0 for j = 1, . . . , n ,(3.3.4)

m∑
i=1

fi(dj)fk(ui) = 0 for j = 1, . . . , n, k = 1, . . . , n ,(3.3.5)

B ◦A = 0, Aij = fi(dj), Bji = fj(ui) .(3.3.6)

The m × n matrix A is determined by the choice of the functionals f1, . . . , fm.
The n×m matrix B is arbitrary except for the condition B◦A = 0. Each choice of
B satisfying this condition leads to a set of functions u1, . . . , um via the equation

ui =
n∑
j=1

fj(ui)dj =
n∑
j=1

Bjidj .

From these we obtain the operators L and P by the above equations. For conve-
nience, define dn+1 = dn+2 = . . . = dm = 0. Then P can be written as

P =
m∑
j=1

fj(·)(Fdj − uj) =
m∑
j=1

fj(·)
(
Fdj −

n∑
k=1

Bkjdk

)
.

Since the functionals f1, . . . , fn satisfy (3.2.13) the expression to be minimized is

Wm(P ) = max
{ m∑
j=1

∣∣∣fi(Fdj)− n∑
k=1

Bkjfi(dk)
∣∣∣ : i = 1, . . . ,m

}
and this is to be done by choosing B freely, except for the constraint B ◦A = 0.

Second form of the extremum problem. In the reasoning presented above, the
problem of calculating the constant Wm was formulated as a constrained mini-
mization problem. Here the problem will be given in unconstrained form. The
constraint B ◦A = 0 states that the rows of B lie in the orthogonal complement
of the columns of A. This orthogonal complement has as a basis the rows of the
matrix

Dij =
{
−fn+i(dj) if i ≤ j ≤ n and 1 ≤ i ≤ m− n ,
δj,n+i if n+ 1 ≤ j ≤ m and 1 ≤ i ≤ m− n .

The asserted orthogonality is proved by observing that A and D are partitioned
matrices of the form A = (In,K)T and D = (−K, Im−n), whence D ◦ A=−K ◦
In+Im−n◦K=0. Now each row of B can be an arbitrary linear combination of the
rows of D. Hence we can write B = C ◦D where C is now a free (unconstrained)
n× (m− n) matrix. The expression to be minimized by the free choice of C is

Wm(P ) = max
{ m∑
j=1

∣∣∣fi(Fdj)− n∑
k=1

m−n∑
l=1

CklDljfi(dk)
∣∣∣ : i = 1, . . . ,m

}
.

If we extend A to an m×m matrix by setting Aij = fi(dj) and dj = 0 for j > n,
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then we have a new interpretation of the problem:

(3.3.10) Wm(P ) = ‖A ◦ F −A ◦ C ◦D‖∞ = min .

Here the matrix norm is given by ‖A‖∞ = maxi
∑
j |Aij |, and we put Cij = 0

when i > n.

Third form of the extremum problem. In order to turn (3.3.10) into a Cheby-
shev approximation problem, let S = {−1, 1}m. Then

Wm(P ) = max
i

m∑
j=1

∣∣∣fi(Fdj)− n∑
k=1

m−n∑
l=1

CklDljfi(dk)
∣∣∣

= max
s∈S

max
i

∣∣∣ m∑
j=1

sj

(
fi(Fdj)−

n∑
k=1

m−n∑
l=1

CklDljfi(dk)
)∣∣∣

= max
i

max
s∈S

∣∣∣h(i, s)−
n∑
k=1

m−n∑
l=1

Cklgkl(i, s)
∣∣∣ =

∥∥∥h−∑
k,l

Cklgkl

∥∥∥
∞
.

Here

h(i, s) =
m∑
j=1

sjfi(Fdj), gkl(i, s) = fi(dk)
m∑
j=1

sjDlj

for (i, s) ∈ {1, . . . ,m} × S. Therefore the minimization of Wm(P ) is a problem
to which the Remez algorithm can be applied. The problem is nondegenerate, in
the sense that the set of functions gkl is linearly independent (this was checked in
[Che6]). The convergence of this algorithm is established, for example, in [Che1].

R e m a r k 3.3.1. In view of Theorems 3.2.3, 3.2.5 and 3.2.6 the methods of
calculation of the constant Wm presented above can be applied for seeking the
constant λA(B,D) for B = CR(T ) (T compact, metrizable) and B = C(k)[a, b].
Moreover, by Theorem 3.2.7 we can use these methods for estimation from above
of the constant λA(B,D) if B has weak∗-separable dual space.

R e m a r k 3.3.2. The results presented in this section are an adaptation of the
results proved in [Che6] for the case F = Id.
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