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Chapter 0

0.1.Introduction. The first 30-years of our century is a period of time during
which the foundations of the theory of best approximation in normed linear spaces
were laid. The name forever connected with the origin of that theory is that of
S. Banach’s [Ba]. Later the ideas of Banach were developed in the works of S. Ma-
zur, M. G. Krein, S. N. Nikol’skii, N. I. Achiezer, J. Walsh, A. N. Kolmogorov,
A. 1. Markushevich, R. James, R. Phelps, A. L. Garkavi, I. Singer, E. W. Cheney,
S. B. Stechkin, and others (see [Chel, Lin2, Su] for detailed references).

The problem of best approximation in a normed linear space X by elements
of a nonempty set V' C X is formulated as follows. Given x € X find an element
vg € V for which the lower bound

(0.1.1) dist(z, V) = inf{||z —v|| : v € V'}

is attained. The number dist(z, V) is called the distance to x from V. The element
vo (which need not be unique) is called an element of best approzimation (briefly
best approximation or best approximant) from V to z. Define

(0.1.2) Py(z) ={veV:|z—ov|=dst(z,V)}.

It is worth saying that, in general, the problem of finding an element of best
approximation effectively is very complicated. For this reason in approximation
theory the following five principal problems are posed:

(0.1.3) existence of best approximation (Py (z) # 0);
(0.1.4) uniqueness of best approximation (card Py (z) = 1);
(0.1.5) characterization of elements of best approximation;
(0.1.6) estimation of the constant dist(x, V);

(0.1.7) construction of algorithms for seeking best approximation.

The aim of this paper is to present some results concerning the problems
(0.1.4)—(0.1.7) in the case of the space of all linear, continuous mappings from a
normed space B into a normed space D equipped with the operator norm (we will
denote it by L£(B,D) (L(B) if B = D)). These results, except the preliminary
Section 0.2, were obtained by the author in [Barl, LG1-LG4] (see also [OdL]).
Sections II.1, I1.2 and Chapter 3 contain unpublished material. The problems
considered here have their origin in the results of J. Blatter, E. W. Cheney,
C. Franchetti, W. A. Light, W. Odyniec, P. D. Morris, K. H. Price concerning
minimal linear projections [Che2-Che8, Fr, Od].
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In this paper we mainly treat the case of convex subsets of (B, D) (the
space of all compact operators going from B into D) and, if D C B, the case
V = L|p(B, D), where

(0.1.8) L|p(B,D)={L e L(B,D): L|p = 0}.

Note that for A € £L(D) and Lo € L(B, D), Lo|p = A, each linear extension of
A onto the whole space B having minimal norm belongs to P, s,p)(Lo). In
particular, if A =1Id|p and D C B, the set P, (p,p)(Id) contains all linear, con-
tinuous projections from B onto D of minimal norm. The projections of minimal
norm play an essential role in approximation theory because of the following well
known inequality (see e.g. [Che8, p. 263]):

(0.1.9) |b— Pb|| < |[1d —P]| dist(b, D) < (1 + || P|) dist(b, D)

forany b € B and P € L(B, D), P|p = Id|p. Hence the quality of approximation
of b € B by Pb € D depends, in fact, on the norm of P. For more information
about projections the reader is referred to [Bar2, Bl, Cha, Che2—-Che8, Fr, Is, Ja,
Ki, Ko, Lev, Lew, Od, OdL, Ro, So, Wu] and references in [OdL].

Now we describe the contents of this paper.

In Chapter I we prove various Kolmogorov type characterizations of best ap-
proximation in the operator case (X = L(B, D)) in which only the extremal
points of the unit sphere in B and D* are involved.

In Section I.1 we will be concerned with the case X = £(B, D) and V being
a finite-dimensional subspace of X.

In Section 1.2 we restrict our attention to X = K(B, D) (the space of all
compact operators from B into D) and V being a convex subset of X.

In Section 1.3 we specialize our results to the case of compact operators from
Ck(T) into itself having carriers contained in a given set F' C T. (Here Ck(T)
denotes the space of all continuous K-valued functions (K = R or K = C) defined
on a compact set T with the supremum norm). Next, we will be concerned with
the case of operators having finite carriers.

In Section 1.4 we consider compact operators defined on the sequence spaces
€o, ll; loo .

The results of this chapter have its origin in the following theorem due to
Cheney:

THEOREM 0.0.1 [Che2]. Let B = Cr(T) and let D C B be a finite-dimensional
subspace. Set
(0.1.10) P(B,D)={P € L(B,D): Plp=1Ud|p}
(the set of all linear projections from B onto D) and

dim D
(0.1.11) I(B,D) = {P €EPB,D):P= Y ti-y, i €T, y; € D}

i=1
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(Z(B, D) is the set of all interpolating projections from B onto D). Then Py €
Z(B,D) is an element of minimal norm in P(B,D) if and only if for every
S

P € P(B,D) there is t € crit*(Py) (the symbol t denotes the evaluation functional
t(y) = y(t)) such that

(0.1.12) inf{((P — Py)x)(t) : x € A;} <O0.

(Here crit™(Py) = {t € T : |to Pyl = ||Po||} and Ay = {z € B : |z|| = 1,
(Po)(t) = [t o Foll-})

The main tool in our approach in this chapter is a theorem due to H. S. Collins
and W. Ruess [Co| which characterizes the extremal points of the unit sphere
in £*(B, D) in terms of extremal points of the unit spheres in B** and D* (see
Theorem 0.2.7 in the next section). The other important tools are a generalization
of the classical Kolmogorov criterion proved by Brosowski and Wegmann in [Br]
(see Theorem 0.2.8 in the next section) and a Kolmogorov type criterion for strong
unicity given by Wéjcik in [W9] (see Theorem 0.2.12 in the next section). For the
convenience of the reader we present the proofs of the above mentioned results in
Section 0.2.

In Chapter IT we deal with some applications of the results proved in Chapter
I for seeking extensions of operators of minimal norm. In other words, for given
A € L(D), we concentrate on the problem of approximation of a given extension
L of A by elements of the set £|p(B, D) (see (0.1.8)). We mainly consider the
case A = Id|p, i.e. the problem of looking for a projection of minimal norm.
Throughout this chapter, except Section 11.6, B = l%n) or B = lf;‘) and D will be
a subspace of B.

In Section II.1, for some special cases of A € L(D) and D being a hyperplane

of lég), we present explicit formulas for extensions of A having minimal norm. In

particular, we show a formula for minimal projections going from zf;.?) onto D (the
method of proof presented here is different from that of [Bl] and [Od, Th. 2.2]).

In Section II.2 we calculate the norm of a minimal projection going from lg")
onto a hyperplane D. The method presented here is different from that of [B]]
and [OdL, Th. I1.4.9, p. 62 |.

In Section II.3 the unicity and strong unicity of minimal projections in the
situations considered in Sections II.1 and I1.2 will be investigated. (The notion
of strong unicity will be defined in Section 0.2 of this chapter.) In particular, we
present a different proof of the result obtained in [Od] (see also [OdL, Th. I1.5.2,
p. 70]).

In Section I1.4 we solve partially the problem of finding a projection of minimal
norm (so called minimal projection) onto D which is a subspace of codimension
two in 18.3).

Section II.5 will be devoted to a characterization of unicity and strong unicity
of a minimal projection in the case considered in Section II.4.

The main result of Section II.6 states that if B is a three-dimensional real
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Banach space, D is one of its hyperplanes and A € £(D) is so chosen that there
is no extension of A onto B which preserves the norm of A, then A has exactly
one extension Ly of minimal norm. Moreover, this extension is strongly unique.

In Chapter IIT we deal with the problem of calculing the dist(Lo, Lp(B, D))
for a given Lo € L(B, D), where B is an infinite-dimensional Banach space and
D one of its finite-dimensional subspaces. We present some results which permit
to reduce this problem to the case of B being a finite-dimensional Banach space.

In Section III.1 we consider the case of Orlicz-Musielak spaces (in particular
L? spaces) defined on sets with nonatomic measure.

In Section I11.2 we will be concerned with the spaces C (T'), C*)[a,b] and
sequence Orlicz—Musielak spaces.

In Section IIL.3, adapting the reasoning presented in [Che6], we show how
to apply the classical Remez algorithm for estimation of the constant
dist(Lg, Lp(B, D)) in the cases described in Sections III.1 and II1.2.

The results of this chapter have its origin in the following two theorems:

THEOREM 0.1.2 [Che5|. Assume B = Cr(T) and let D C B be an n-dimen-
stonal subspace. Put

k
(0.1.13)  D(B,D) = {P € P(B.D): Pr =" a(ti)yis y1r- - € D} .
=1

Then for every P € Pia(B, D) (see (0.1.10)) there exists a net {Pg} C D(B, D)
with
|Pz — Psx|| — 0  for every x € B
and || Pyl — || P]].
In particular, this means that the norm of a minimal projection can be calcu-

lated as the limit of norms of operators with finite carriers (when 7T is metrizable
we can use sequences).

THEOREM 0.1.3 [Che6]. Let T be a metrizable compact set and let {t;} be a
countable dense set in T. Assume D C Cr(T) is an n-dimensional subspace. For
m>mn, f € B and P € D(B, D) put

(0.1.14) Am(f) = max {[f(t:)]},
(0.1.15) Nm(P) = sup A, (Pf),
An(H)<1

(0.1.15) N, = inf{N,,(P) : P € D(B, D), car(P) C {t1,... ,tm}}
(the symbol car(P) denotes the carrier of P). Then

Ald(B,D) = lim Nm .
(Here M\ia(B, D) = inf{||P|| : P € P(B,D)}).

Now we present some basic notations which will be of use later. Throughout
the paper C (R) denotes the field of complex (real) numbers. The symbol Sg(x,r)
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(Bp(z,7)) stands for a sphere (a closed ball resp.) in a normed space B with center
x and radius 7. If x = 0 and r = 1 we will write Sp (Bp) for brevity. By extp we
will denote the set of all extremal points of the unit sphere in a normed space B.
We also denote classical Banach spaces in a standard way. Namely, we write
C(T) (resp. Cr(T)) for the space of complex-valued (resp. real-valued) continuous
functions defined on a compact set 7" with the supremum norm. By L, (T, X, n)
we denote as usual the space of p-measurable, complex (or real) -valued functions

f such that [,.|f(¢)[” du(t) < oo. The symbol l](gn) stands for the euclidean space
C™ (R™) equipped with the [, norm (p = 1,2,...,00). We will write £(B, D)
(L(B) if B = D) for the space of all linear, continuous mappings from a normed
space B into a normed space D equipped with the operator norm. Similarly, by
K(B,D) (K(B) if B = D) we denote the space of all compact operators from
B into D. If W is a subset of a linear topological vector space X then conv(V)
(resp. conv(W)~) will be the smallest convex (resp. the smallest convex closed
set) containing W. Moreover, by int(1¥') we denote the interior of the set W.

Now, suppose D C B is a closed subspace of a Banach space B and let
A € L(D) be given. Then the following notation will be frequently used:

(0.1.17) Pa(B,D)={L € L(B,D): P|p = A};
(0.1.18) Aa(B, D) = inf{||P| : P € Pa(B,D)};
(Aa(B, D) = oo if P4(B, D) = 0);

(0.1.19) PY(B,D)={P € Pa(B,D): ||P| = \a(B,D)}.
Note that for any A € L(D),

(0.1.20) Aa(B, D) = dist(Lo, Lp(B, D)),

where Lo € Pa(B, D) is a fixed extension of A.

Other special notations will be individually explained.

All items (definitions, theorems, propositions, corollaries, lemmas, examples,
remarks) are numbered consecutively within any section. And thus Remark 0.2.1
opens the second section of Chapter 0 (Section 0.2) and is followed by The-
orem 0.2.2, Theorem 0.2.3 and so on. When the reference is made to an item
within the same chapter, the chapter number is omitted (for example we write
(see Theorem 2.2)). Separate numbering is employed for formulas. For example
the reference (see (0.1.2)) means the second formula in Section 1 of Chapter 0.

0.2. Preliminary results. In this section, for the convenience of the reader,
we present the proofs of some results which will be of use later. We start with
the proof of a theorem due to Collins and Ruess, crucial for our later investiga-
tions. The above mentioned result permits one to express the points from the set
extic«(p,p) using elements from extp«« and extp-. To do this, let us introduce
some notation.
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Let (X,Y) denote a dual pair [Al, p. 335]. For W C X set

(0.2.1) WO ={yeY :|(y,z) <1 for every x € W}
and
(0.2.2) W = {z e X :|(y,x)] <1 for every y € W}.

Remark 0.2.1. It is well known (see e.g. [Al, p. 338]) that for any Banach
space B the pair (B*, B) is a dual pair if in B* we consider the weak™ topology.

In the sequel we will need the following results:

THEOREM 0.2.2 (see e.g. [Al, p. 320]). Assume B is a locally convex linear
topological space and let W C B be a compact subset. If conv(W)~ is compact
then

(0.2.3) ext(conv(W)™) Cc W
where conv(W)~ denotes the smallest closed convex set containing W.

THEOREM 0.2.3 (see e.g. [Al, p. 339]). Let (X,Y) be a dual pair and let
W C X be a balanced set. Then

(0.2.4) conv(W)~™ = W%,

Now, for given Banach spaces B, D, let us denote by L.(B*, D) the space of
all weak*-weak continuous compact operators from B* into D endowed with the
operator norm.

ProprosITION 0.2.4 [Co, Ex. (0.2)]. The space K(B, D) is linearly isometric
to the space L.(B**, D).

Proof. Fix T' € K(B, D) and ¢ € B**. By Goldstine’s Theorem there exists
a net (z,) C Bg(0,]|¢||) such that z,, — ¢ weak™ in B**. Since ||z,| < ||¢]| for
each u, the set {T'z, }yev is relatively compact. Set Cy, = cl{Txy }yy>y for u e U
(the closure is taken with respect to the norm topology in D). Note that {C, }wcv
is a centered family of closed sets. By the compactness of T, (o Cu # 0. Take
Y € (Nyey Cu- We show that T'z,, tends to y weakly in D. To do this, fix e > 0 and
feD. Let V={zeD:|f(y)| <e/2}. Since T is continuous with respect to the
norm topologies in B and D, T is weak*-weak continuous. Hence we may select
an open neighbourhood W of 0 (in the weak topology in B) such that T'(W) C V.
Since z, tends to ¢ weak™ in B**, x,, — x, € W for z,w > ug. Choose w > ug
with || Tz, — y|| < e/2 (the existence of such a w is guaranteed by the definition
of C,). Then for each z > uy,

|f(Tz.) =yl < |f(T(2: — zw))| + [f(T2zw —y)l < /24 flle/2,
since the first term belongs to V. Consequently, Tx,, — y weakly in D. Now we
shall show that for every net (y,,) C Bg(0,|¢||) tending weak™ in B** to ¢, the
net (Ty,,) tends to y weakly in D. Assume this is not true and select a net (y,,) C
Bg(0,|6]), Yy — ¢ weak* in B** with Ty, — = # y weakly in D. Take f € Sp-
with f(x —y) = ||z —y|| and let V = {z € D : |f(2)| < ||z — y||/2}. Reasoning
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as in the previous part of the proof, we obtain |f(Tz, — Tyw)| < ||z — y||/2 for
u > ug and w > wp, and consequently |f(z —y)| < ||z — y||/2; a contradiction.
Now we define the required isometry by

(0.2.5) T**¢ = lim Tz,

for ¢ € B**, where {z,} C Bp(0,]||¢|) is an arbitrary net tending to ¢ weak*
in B** (we have proved that the limit does not depend on the choice of the net
{zn}). In fact, T** is the second adjoint operator for T'. It is clear that T** is
linear and T**|p = T.

Now we prove that T** € L.(B**, D). Take {¢,} C B**, and let ¢, tend to
0 weak* in B**. Fixe >0, f € D* and let V = {y € D : |f(y)| < €}. Since
T is weak-weak continuous, there exists an open (in the weak topology of D)
neighbourhood W of 0 with T(W) C V. Note that ¢, € W for u > uy (W may
be treated as a weak*-open set in B**). For each u > ug select a net (zV) C B
such that ||| < ||¢u|| and (%) tends weak* in B** to ¢,. It is clear that
z¥ € W for w > w,. Consequently, by (0.2.5), T**¢,, = lim,, Tz belongs to V,
which proves the weak*-weak continuity of 717*.

To show that T™* is a compact operator, note that there exists a compact
set K C D with T(Bg(0,1)) C K. By (0.2.5), T**(Bpg=+(0,1)) C conv(K)~. By
Mazur’s Theorem the set conv(K )~ is also compact. Since Bp(0, || T||) is a convex
set, by (0.2.5), T**(Bp=+(0,1)) C Bp(0,|T||), which means ||[T**| = ||T||. It is
clear that for every S € L.(B**,D), S = (S|p)**. Consequently, the operator **
defined by (0.2.5) is a linear isometry, which completes the proof.

Remark 0.2.5. If L € (B, D) is a finite-dimensional operator then
n n

(0.2.6) L™ f= Zf(:nf)yl for f € B, where L = fo()yZ .
i=1 =1

To present a result which is crucial for our later investigations let us introduce
some notation. For x € B*, y € D* and h € L.(B*, D) put

(0.2.7) (z ®@y)(h) = y(h(z)).
Set
(0.2.8) BY®B), ={r®y:2cB%, yecBY}.

Then we have
THEOREM 0.2.6. Assume B, D are Banach spaces. Then
(0.2.9) extos(p+,p) C extpr ®extp« .

Proof. First we show that B @ BY, is compact in the weak* topology of
L:(B*,D). To do this, define

(0.2.10) ®:BY xBY) - BY@BY, by &(z,y)=20y.
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In view of the Banach—Alaoglu Theorem, B% (resp. BY) is a weak*-compact set
in B* (resp. in D*). Hence it suffices to show that @ is continuous (in B% x BY we
consider the Tikhonov topology). Take {z,} C B%, {y,} C B with 2, — x and
Yy, — y and fix h € L.(B*, D). First we prove that ||h(xz, — )| — 0. Suppose,
on the contrary, that ||h(z, — x)| > d > 0 for some subnet {x,} C {z,}.
Set Cyy = cl{h(z, — @) }.>w,.ew for w € W (the closure is taken with respect
to the norm topology in D). By the compactness of h, (,cp Cuw 7# 0. Take
Y € (Nyew Cw and select f € Sp with f(y) = ||y||. For each n € N and for every
w € W there exists z,, € W, 2z, > w with ||h(z,, —x)—y| < 1/n. But this means
that f(h(z,, —z)) — f(y) = |ly|| > d > 0; a contradiction, since h(z, — ) — 0
weakly in D. Note that

D(zu, yu) () — (2, y)(h)] = [(2u @ yu)h — (z @ y)h]|
< sup{|[yull : w € U} - [|h(@u — @) || + [(yu — y)(h)| .
Since sup{||y.|| : v € U} < oo, ||h(xy — x)|| — 0 and y,, — y weakly in D*, the
proof of the continuity of @ is complete. Consequently, B% ® BY is compact in
the weak* topology in £3(B*, D). It is easy to show that BY = Bp«, B% = Bp-
and (B% ® BY,)% =Br:(B*,p)- From Remark 2.1 and Theorem 2.3 it follows that
conv(B% @ BY)™ = (B% @ B%)".

Hence, by the above reasoning, the Banach—Alaoglu Theorem and Theorem 2.2,
extz-(p+,p) C Bp~ @ Bp~, and consequently, ext,( g« p) C extp: @extp- as
required.

By Proposition 2.4 we immediately get

THEOREM 0.2.7 [Co|. Let B, D be Banach spaces. Then
(0.2.11) exti-(B,p) C extp« @ extp-
where (x ® y)L = y(L**z) for every x € B**, y € D* and L € K(B,D) (L** is
defined by (0.2.5)).

Now we present the proofs of two generalizations of the Kolmogorov criterion.
Recall that if D C Ck(T) is a linear subspace, f € Ck(T) and dy € D then by
the classical Kolmogorov result dy € Pp(f) if and only if for every d € D,

inf{re((f(t) — do(£))d(t)) : t € C(f —do)} <0,

where C(f — do) = {t eT: ‘f(t) - do(t)| = ”f — doH}
For a Banach space B set

(0.2.12) E(b) = {f € extp-: f(b) = [[b[]}

and recall that a set D C B is called a sun iff for every b € B, dy € Pp(b) (see
(0.1.2)) and ¢ > 0,

(0.2.13) dg € PD(do + t(b — do)) .
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THEOREM 0.2.8 [Br|. Let D C B be a sun and let b € B. Then dy € Pp(b) if
and only if for every d € D,

(0.2.14) there exists f € E(b— dy) such that re(f(d—dpy)) <O0.

Proof. Suppose dy € Pp(b). Then thereisad; € D with [[b—dy|| < ||b—do]|.
Take any f € E(b— dpy). Then
re(f(dy —do)) = re(f(b—do)) —re(f(b—d1)) = [[b—do| — [[b — du| > 0

and consequently, inf{re(f(dy —do)) : f € E(b—dy)} > 0.

To prove the converse, assume that dy € P(b) and that there is a dy € D such
that re(f(dy — dp)) > 0 for every f € E(b— dy). We show that dy & Pp(dy +
to(b — dp)) for some tg > 0. Set

Ey={f€Bp+: f(b—do)=|b—dol}.

It is clear that F; is a weak*-closed subset of Bg- and hence, by the Banach—
Alaoglu Theorem, FE; is a weak®-compact set. Since the function F; > f —
re(f(dy — dp)) is weak*-continuous and linear, by the Krein-Milman Theorem,
there is an fy € E(b — dy) with

0< re(fo(d1 — do)) =cCc= inf{re(f(d1 - do)) :fe El} .

Now, set U = {f € Bp~ : re(f(d1 —dp)) > ¢/2} and V = Bp- \ U. It is
clear that U is a weak*-open set in B« and consequently, by the Banach—Alaoglu
Theorem, V' is a weak*-compact set. Since the function B« > f — |re(f(b—dp))|
is weak*-continuous and E; C U,

sup{[re(f(b—do))| : f €V} =M <|[b—doll.
Now take to > 0 such that to(||b — do|| — M) > ||d1 — do||. We show that dy &
Pp(do + to(b — do)). To do this, fix f € Bp. with f(do + to(b — do) — di) =
|do + to(b — do) — di|. If f € V then
[do + to(b — do) — du| = [re(f(do + to(b — do) — d1))|
< to|re(f (b — do))| + |re(f(d1 — do))|
<toM + [|dy — dol| < toM + tol[b — dol| — toM
= to|b — do|| = [|do + to(b — do) — do| -
If f € U, then
ldo + to(b — do) — di|| =re(f(do + to(b—do) — di))
=re(f(to(b—do) — (d1 — do))) < [[to(b—do)|| —¢/2
< tollb — do|| = ||do + to(b — do) — do]| -
Consequently, dy & Pp(do + to(b— do)), a contradiction.

Remark 0.2.9. It is easy to show that any convex set D C B is a sun, so the
above characterization of best approximation holds true for convex subsets of B.
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Remark 0.2.10. If D is a linear subspace of B then (0.2.14) is equivalent to
(0.2.15) for every d € D there is f € E(b— dp) such that re(f(d)) <0.

Now we present a similar Kolmogorov type characterization for the case of
strong uniqueness (Theorem 2.12). This result was obtained by Wéjcik [W¢]. In
order to do this, let us recall that an element dy € D is called a strongly unique
best approzimation (briefly SUBA) to b € B if and only if there is r > 0 such that
for every d € D,

(0.2.16) b —d|| > ||b— dol|| + r||d — do]| .

The theory of strong unicity has its origin in the following result of Newman and
Shapiro [Ne|]. To present it, recall that an n-dimensional subspace D of Ck(T)
is called a Haar subspace if and only if for any set {¢1,...,t,} of distinct points
from T, 0 is the only element in D which vanishes on {¢,...,¢,}.

THEOREM 0.2.11 [Ne|. Assume D C Cg(T') is a Haar subspace of Ck(T).
Then for every b € Ck(T) there is a constant r > 0 such that the best approxi-
mation dy € Pp(b) satisfies one of the following inequalities:

(0.2.17) ||b—=d| > ||b —do|| + 7||d — do||  for every d € D in the case K =R
and
(0.2.18) [|b—d||® > ||b—do||> +r||d — do||* for every d € D in the case K =C.

It is obvious that if u is the SUBA to b in D then card Pp(b)=1. The converse
is not true (see e.g. [Chel]). The significance of this notion can be illustrated
by E. W. Cheney’s observation [Chel, p. 82 | that the strong unicity of best
approximation yields the continuity of the metric projection

(0.2.19) Pp:B>b— Ppb)eD.

Also one can see that the proof of the Remez algorithm depends, in fact, on strong
unicity. For more detailed information about strong unicity the reader is referred
to [SW]. Now we can show the next important result for our later investigations.

THEOREM 0.2.12 ([W6] or [SW, Th. 4.2]). Let D C B, b€ B\ D and dy € D.
Fort >0 set by =dy+t(b—dy). Then the following statements are equivalent:

(0.2.20)  for every t > 0, dy is a SUBA to by € D with a constant r > 0
independent of t;

(0.2.21)  for every d € D, re(f(d —do)) < —r||d — do|| for some f € E(b—dp).

Proof. Fix t > 0 and note that E(b—dy) = E(b; —dp). If (0.2.21) is satisfied
then there are » > 0 and f € E(b — dp) such that for every d € D,

rlld = doll < ve(f(br — d)) —re(f(br = do)) < [[br — d[| = [[br = do]],

which proves (0.2.20).
To prove the converse, assume that

16: = dl| = [1be — dol| = ([[b—do + (1/t)(do — d)|| — |[b — dol})/(1/t) = r||d — do]| -
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It is well known [Du, Th. V.9.5] that
(I + eyl = llzl]) /e = sup{re(f(y)) : f € E(z)}.

Hence, by the above inequality, we get
inf{re(f(d — do)) : f € E(b—do)} < —rlld — o] .

Since the function Bg~ > f — re(f(d — dp)) is weak”-continuous and linear, the
above infimum is attained at some point f € E(b— dp), as required.

Remark 0.2.13. In [W{] it was shown that if D C B is a starlike set with
respect to some dy € D then (0.2.20) is equivalent to the fact that dy is a SUBA
to b. Hence Theorem 0.2.12 gives Kolmogorov’s type characterization of strong
uniqueness for convex subsets of B. Moreover, if D is a subspace of B then (0.2.21)
can be replaced by:

(0.2.22)  for every d € D there is an f € E(b— dy) with re(f(d)) < —r||d|l.
By [Si, Th. 1.1, p. 170] and Theorems 2.8 and 2.12 one can easily get

COROLLARY 0.2.14. Let b € B\ D and let D be a finite-dimensional subspace
of D. Then dy € Pp(b) (do is a SUBA to b resp.) if and only if 0 € conv(E(b —
do)|p) (0 € int(conv(E(b — dy)|p)) resp.), where E(b —dy)|lp = {flp : [ €
E(b—do)}-

To end this section we show three results concerning the case of X being a
real, finite-dimensional space with card extx < oco. First we prove the following

lim
N0

PROPOSITION 0.2.15. Suppose X is a finite-dimensional real Banach space such

that card extx is finite. Let D C X be a proper n-dimensional subspace and let
be X\D. Put Z=D®|[b]. Then z € exty if and only dim Span E(z)|z = n+ 1.

Proof. Assume there is a z € Sz \ extz such that dim Span E(z)|z =n + 1.
Then z = %(21 + z9) for z1 # 23, 21,29 € Sz. Hence, f(z;) =1 for i = 1,2 and
every f € E(z). Since dim Span F(z)|z = dim Z, z; = z; a contradiction.

To prove the converse, let z € extz and let dim Span E(z) < n. Hence there
is a z1 € Sz with f(z1) = 0 for every f € E(z). Since the set extyz is finite, so
is extz+. Consequently, M = max{f(z) : f € extz« \E(z)} < 1. But this gives
|z + az1 || < 1 for | sufficiently small. Since z = 1 (2 + @z + 2 — az1), we get a
contradiction.

COROLLARY 0.2.16. Let X, D, b, Z be as in Proposition 2.15. Then there are
do € Pp(b) and f1,..., fns1 € extx~ linearly independent on Z such that

fi(b—dp) =dist(b,D) forj=1,...,n+1.

Proof. Note that Pp(b) is convex and compact with respect to the norm
topology. Hence, by the Krein—Milman theorem, there is a dy € Pp(b) which is
an extremal point of this set. Consequently, (b—dp)/dist(b, D) € extz . Applying
Proposition 2.15 we get the desired result.



16 G. Lewicki

PROPOSITION 0.2.17 [Ma]. Let X, D, b, Z have the same meaning as in Pro-
position 2.15. Then card Pp(b) = 1 if and only if b has a SUBA element dy € D.

Proof. Suppose card Pp(b) = 1 and let dy € Pp(b). If dy is not a SUBA to
b in D then, by Corollary 2.14, 0 € conv(E(b — do)|p) \ int(conv(E(b — do)|p)).
Hence there is a d € Sp such that f(d) > 0 for every f € E(b— dp). Since extx
is a finite set, reasoning as in Proposition 2.15, we get dy — ad € Pp(b) for a > 0
sufficiently small; a contradiction.

Chapter I

I.1. Best approximation in finite-dimensional subspaces of L(B, D).
In this section we consider the case of X = £(B,D) and V C X being a finite-
dimensional subspace. We prove Kolmogorov’s type characterization of best ap-
proximants (Theorem 1.1) which involves only elements from the sets Sp and
extp~ . We also present a result concerning strong unicity.

Next we characterize finite-dimensional Chebyshev subspaces in the space
K(co) of all compact operators from ¢ into cy. (Recall that a set D C B is
called a Chebyshev set iff card Pp(b) = 1 for every b € B.)

Now we formulate the main result of this section.

THEOREM 1.1.1. Let B, D be arbitrary normed linear spaces (we consider real
and complez case) and let V C L(B, D) be a finite-dimensional subspace. Assume
L e L(B,D)\V and Vy € V. Then Vy € Py(L) if and only if for every e > 0

there exist m € N, ©1,...,0, € extps and wy,...,w, € S such that
(1.1.1) 0 € conv{pr @ wi|y,...,Pm @ Wn|v}
and
(1.1.2) > Nlei@w)(L - Vo)~ IL - Voll| <,
i=1

where \; >0, Y10 A\ = 1. (We write (¢; @ w;)(L) = ¢;(Lw;).)

Proof. Fix e > 0 and let £ = [L] & V. Since L is finite-dimensional, S is a
compact set. Hence there exist C1,. .., Cy, €Sz such that S C )", B.(Ci,e/3).
For each i € {1,...,m} select ¢; € extp~ and w; € Sp with
(1.1.3) HCill = @i(Ciwi)| < /3.

Set Z1 = {pi®@w; :i=1,....m}and T = {p@w : ¢ € extp«, w € Sp}.
Note that 7|, is a total set over £. Hence we can choose Zy C T|z, Zo =
{(m1 ®u1)lz,- -, (Vdim £ @ Udim £ )|z} which forms a basis of £L*. Put

(1.1.4) Z = 7,0 Z

and let M = conv({J,cx la|=1 Q2 ). Since M is an absolutely convex, absorbing
set, we can define ||| o1, the Minkowski functional of the set M, which is a norm in
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L*. Hence we can equip the space (£L*)* = £ with a norm ||A||. = max,cz |y(A4)].
It is easy to observe that ||| pm=supj4_<1 [7(A)| and consequently, || ||r¢ is the
dual norm for || || in £*.

Now we will show that for every A € L, | [|A]| — ||A]|c| < €]|A|. Of course, we
can assume A # 0. Then

1= 1A/ AD Nl = TIC:l = [ICA/TTAID]
< NGl = lICillel + I Cille — ICA/ILAIDII]
where C; € S¢ is so chosen that ||(A/||A]|) — C;|| < e/3. Hence
1= 1[CA/lAID ]
<Ci = (A/1AD N + HIG = I1C:lle| < 1Ci = (A/IJAIDIT + /3 < (2/3)e
since by (1.1.3),
1Cille < ICill < pi(Ciwi) +¢/3 < [|Cillc +¢/3
(by (1.1.4), p; @ w; € Z1 C Z). Consequently,
[ ICA/ILAIDIT = [ICA/TAIDI| < 2¢/3
and
LA =l Alle] < e[lA]l-
Hence we get immediately

(1 =)l Al <[lAlle < (@ +e)[All-

From this it is easy to deduce that
|dist(L, V) — dist. (L, V)| < ¢||L]| .

(diste denotes the distance to L from V with respect to the || ||c.) Now let Vj €
Py(L) and let V. € Py (L) (the set of best approximants with respect to || ||-). By
Corollary 0.2.14, 0 € conv(E-(L — VZ)|y). It is evident by the definition of || |-
that E.(L—V.) C Ua€K7‘a|:1 aZ. Hence E.(L—V.) = {p1®@w1lz,...,o1Qwi|},
where @; € extp« and w; € Sy, for i =1,...,[. Note that

ellLl| = [dist(L, V) — diste (L, V)| = [[IL = Vol = [|IL = Ve[ <]

!
= ‘ IIL — Vol — ZM(%‘ ® w;)(L = Ve)

i=1

!
= | 1L = Voll = 3" hiles @ wi) (L — Vo)
i=1
where \; > 0, 2221 Ai = 1 and 22:1 Ai(pi ® w;)|y = 0. This proves the first
part of the theorem (if ||L|| # 1 we can start from e/||L||). Now suppose, on the
contrary, that Vo & Py(L) and condition (1.1.2) holds. Put ¢ = (||L — Vp|| —
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dist(L,V))/2 and let V; € Py(L). Then

l
e+ L= Vill < IL =Vl < | Y Nilwi @ wi)(L — V)| +e,
i=1
which by (1.1.1) gives

!
1L =Vall < | D2 Ao @ w)(Z = V)
i=1
a contradiction.
Remark 1.1.2. In Theorem 1.1 the set extp~ can be replaced by any norming
set C' C Sp- and Sp by any norming set W C Sp«. (A set F' C Sp~ is called a
norming set iff ||v]| = sup ;e p [ f(v)] for every v € D.)

Applying Theorem 1.1 we can prove a necessary condition for V to be a non-
Chebyshev subspace. The method of proof is the same as in [Mal2].

THEOREM 1.1.3. Assume V C L(B, D) is a non-Chebyshev finite-dimensional

subspace (we consider the real case). Then there exists V €V, ||V|| = 1, such that
for every e > 0 there are fi,..., fr, € extp and w1, ..., wy, € B, Y10 |lwi]| =1,
such that:

(a) G=31(fiow)y=0;

(b) if F € L*(B,D) and |G £ F|| <1 then |[F(V)| <e.

(e) ity [(fi@w) (V)| <e.

Proof. Since V is a non-Chebyshev subspace, there exists L € £(B, D) such
that 0,£V € Py(L), ||V| = 1. This will be the required V. Now fix ¢ > 0.

Applying Theorem 1.1, we can find fi,..., fin € extps, U1,..., Uy, € Sp and
M,y A >0, 307 A = 1 such that

(1.1.5) > Xilfi @ ui)ly =0

and -

(1.1.6) >N e u)@) - 1Ll | < </2.

Fori=1,...,m put w; :Z:)l\zuZ Now we check that fi,..., fin,w1,...,w, satisfy

(a)—(c). Note that condition (a) is guaranteed by (1.1.5). To prove (b), fix
F e £*(B,D), |F£G| <1. Hence (G £ F)(L) < ||L||. Since G|y, =0, G(L) +
F(L-V)<|L-V| =|L|. By (1.1.6), |[F(L)] < ¢/2 and |F(L — V)| < ¢/2.
Hence |F (V)| < e. To show (c), put
P={i:(fi®w)(V)=>0},
N={i:(fiow)(V)<0}.
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If N (resp. Pi) is empty, then by (1.1.5) P; (resp. N) is empty and (c) holds true.
So assume that N and P; are nonempty. Hence, by ((1.1.5),

D iew)(V)l = _|(fi @ wi)(V)].
i€P ieN
Now suppose that (c) does not hold. Then
L18)  Shew)Mze2 and S ((fow)(V)] > e/2.
icP iEN
Put vp = > ,cpllwi| and yv = > .o lwil|. By (1.1.7), vp > 0, 7y > 0 and
YN +vp = 1. Set
Si=> (fiew)(L), Sy=> (fiow)(L).
icP ieN
By (1.1.6), S1 + S2 > ||L|| — /2. Thus either S; > vp(||L| — €/2) or Sy >
v~ (|| L]] = €/2). Suppose that S; > vyp(||L]] —€/2). Then, by (1.1.7) and (1.1.8),

D (fiew)(L+V)>yp| Ll =vpllL+ V],
icP

since 0 < yvp < 1. But for each ¢ € P,

(1.1.9) (fi @ wi)(L 4+ V) < [Jwg]| - [[IL+ V.

By summing both sides of (1.1.9) over i we get a contradiction. If So > vy (||L|| —
£/2) then a similar argument using N and L — V provides a contradiction. The
proof of Theorem 1.1.3 is complete.

Now we consider the case of strong unicity (see (0.2.16)). To present the
next result, let us recall that an n-dimensional subspace D C B is called an
interpolating subspace iff for each set {dy,...,d,} which is a basis of D and each
set {f1,..., fn} of linearly independent functionals from extpg-,

det[fi(d;)]ij=1,.n # 0.
THEOREM 1.1.4. Let X be a normed real space and let V. C X be an n-

dimensional subspace with a basis vy,...,v,. Let S C Sx+ be a norming set.
Assume furthermore that there is a § > 0 such that for every set fi,..., fn of
linearly independent functionals from S,

(1110) |det[fi(7)j)]1‘7j:17m7n| >0>0.

Then each x € X has a strongly unique best approximation in V.

Proof. Fix z € X \ V and consider Z = [z] & V. Since Z, being a finite-
dimensional subspace, is separable, we may assume that S is countable. By the
totality of S over Z, we can (for k > ko) equip Z with the norm

ceey
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From (1.1.10), V with || ||x is an interpolating subspace of Z. Hence for k > kg
there exists v, € V which is a SUBA to = with respect to || ||x. By Corollary 0.2.14,
0 € int(conv(Ex(x—vg)|v)). (We consider the set Ey(z—wvy) with respect to || ||x.)
By Carathéodory’s Theorem, 0 = E?jll A FFlv, where fF, .. fF € Ep(z—uy),
A >0 and Z?;Lll A¥ = 1. Passing to a subsequence if necessary, we may assume
v, — vo, AF — N\, and fF — f;€Sz.. It is clear that fi(x —vg) = ||x — vo]| and
Z?:Jrll Aifilv = 0. Now we show that A; > O fori=1,...,n+1. Note that A;; >0
for some iy € {1,...,n + 1}, since Z?:ll)\i =1, A>0fori=1,...,n+1. We
can assume ig = n + 1. By the Cramer rule

(1.1.11) AP =Nk Ab/Al L fori=1,...,n,
where

AF = (=1 det[f ()] j=1, =1, 11 -

Hence, by (1.1.11), 1/|\k| < (M/§) - 2/|A\ny1] for k sufficiently large and M > 0
independent of k. Consequently, \; =lim o, A¥ > 0. Now take w €V \{0}. Since
the set {f1|v,..., fnt1|v} is total over V., f; (w) < 0 for some ip € {1,...,n+1}.
From this we derive that f(w) < 0 for some f € ext{g € Sz~ : gz —vy) =
lx — vo||}. Since each f € extz« can be extended to fi € extx«, we can assume
that f € E(z —vg) (see (0.2.12)). Note that a function G : Sy 3 w — inf{g(w) :
g € E(x—wp)} is upper-semicontinuous and, by the above reasoning, G(w) < 0 for
every w € Sy. By the compactness of Sy, we get sup{G(w) : w € Sy} = —r < 0.
Now fix v € V' \ {0} and take f € E(x — vg) with f(v/||v]]) < G(v/|v|) + r/2.
Hence f(v/||v]|) < —r/2 and consequently f(v) < —(r/2)||lv]|. In view of Remark
0.2.13, v is a SUBA to z in V', which completes the proof of the theorem.

Remark 1.1.5. By [Mall, Th. 3.3] the existence of § in (1.1.10) is essential.
EXAMPLE 1.1.6. Assume B = D = ¢y. Let A € L(B) be so chosen that for

every 1 € N, z € ext;__,

|(Az);| > > 0.
Then, by Theorem 1.4 , each L € L(B) has a strongly unique best approximation
in Span A. In this case

S={e,®@z:xcext_, e €exty,}.

EXAMPLE 1.2.7. Assume B =13, D = ¢y. Let A € L(B, D) be represented
as an infinite matrix [A(Z,7)]; j=1,2,... If there exists § > 0 such that for every
i,j € N, |A(3,j)| > 6 > 0, then each L € L£(B, D) has a strongly unique best
approximation in Span A. In this case

S={e;®ej:i,j=1,2,..., e;,ej € exty, }.

In the second part of this section we restrict ourselves to the case K(cp).
Namely, we prove
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THEOREM 1.1.8. Let V C K(co) (we consider the real case) be a finite-dimen-
sional Chebyshev subspace (i.e. card Py(x) =1 for every x € K(cp)). Then each
L € K(co) has a strongly unique best approzimation in V.

Proof. Assume that there exists Lo €/ (cp) \ V such that Vi € Py (Lg) is not
a SUBA to Lo in V. Put

(1.1.12) I={ieN:|eo(Lo—WV)|=ILo—Vol}-
(We write e;(z) = z; for x € ¢p.) By Theorem 0.2.7,
(1.1.13) exticx (o) = €xty,, @exty, .

Hence ||Lo — V|| = (z° ®e;) (Lo — Vo) for some 2 @ e; € E(Lg— Vo) (see (0.2.12)).
Consequently, the set I is nonempty. For each ¢ € I define

(1.1.14) Zi={rvecexti_:(x®e;)(Lo— Vo) =1Lo—Voll}-

Since Vy € Py(Lg), by Remark 0.2.10, for every V € V there exist i € I and
x' € Z; such that

(1.1.15) (' ®e;)(V) <0.

Since V; is not a SUBA for Ly and V is finite-dimensional, by Corollary 0.2.14,
there exists Vi € Sy such that for every i € I and = € Z;,

(1.1.16) (x ®e;)(Vh) > 0.

Now assume that we have constructed L € K(cp) such that
(1.1.17) 1L~ oWl < |12

for o € [0, ) and

(1.1.18) (x®e;)(L) =|L|

for every ¢ € I and x € Z;. In view of Remark 0.2.10, (1.1.15) and (1.1.17),
aVy € Py(L) for every « € [0, ap), which contradicts the fact that V is a Cheby-
shev subspace. So to finish the proof, it is necessary to construct an L € K(cp)
satisfying (1.1.17) and (1.1.18). To do this, fix i € I and z = (21, 22,...) € Z;.
If > o2, [Vi(i, k)] = 0 (Vi is represented by the matrix [Vi(i,k)]; x=1,2,..) then
define

(1.1.19) Li = (L(i, k))r=1,2,...
where
L(iy k) = Lo(i, k) — Vo (i, k) .

([Lo(i, k)i k=1,2,... denotes the matrix corresponding to Lo and [Vy(7, k)]i k=12
the matrix corresponding to Vp.) If Y7 | |Vi(4, k)| > 0, then put

(1.1.20) Ui ={keN: Ly(i, k) — Vo (i, k) = 0}.
Since |le; o (Lo — V)| = dist(Lg, V) > 0, N\ U; # (. Put
(1.1.21) Fi={keN\U, : 2, =sgnVi(i,k)},

gooe
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(1.1.22) E, =N\ (U;UF;).
Take y = (y1,¥2,...) € ext;__ given by

7 for ke F; UE;,
(1.1.23) Yo = {—sgnVl(i,k:) for ke U;.

By (1.1.20) and (1.1.23), (y ® €;)(Lo — Vo) = ||Lo — Vbl|- By (1.1.16),

(1.1.24) (y@e)(Vi) =D Vili, k) — D [Va(i, k) >0.
keF; keU,UE;

From this we derive F; # (), since Y-, [V1(i,k)| > 0. For k € N define

. [Vi(i,k) for k€ F;,
(1.1.25) L(i,k) = {0 for k € N\ F},

and set L; = (L(4,1), L(i,2),...). We show that for « € [0,1), > 1,

(1.1.26) > IBL(i, k) — aVi(i, k)| < B |L(i k).

k=1 k=1
To do this, take any z € ext;__. If z;, = xj, for every k € F; then

(z®@e;)(V1) = ZV1(i,k)zk = Z |Vi(i, k)| + Z Vi(i,k)z, > 0
k=1

kEF; keE;UU;
by (1.1.24). Hence

> (BL(i k) — aVi(i, k)2 = Y BL(i,k)ze — Y Vi(i, )z
k=1 k=1 k=1
=8> LG k) —a) Vili,k)z < B LG, k)|
keF; k=1 k=1

If 2, = —xy, for some k € Fj, then the set F! = {k € F; : z = —z;} is nonempty.
Note that

o0

Z(ﬁL(i,k‘) —aVi(i, k))zk

k=1

= " (BL(Gi k) — aVi(i, b))z + > (BL(i, k) — aVi (i, k))zs

keF} ke(F;\F})UE;UU;

= > (a-8)Vi(i, k)| + > (BL(i, k) — aVi (i, k)) 2k
keF} ke(Fi\F})UE;UU;

<Y B-aWilbl+ Y G-kl + Y —aVi(ik)z
keF} ke F\F} ke E;,0U;

=Y BViG k) —a( X MR+ Y Vil k=)

keF; keF; ke E;UU;
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<ﬂZMzk\—ﬂZ|sz

kEF;
(see (1.1.24)). Now if i & I then we define L; = (L(i,1), L(,2),...) by
(1.1.27) L(i k) = Lo(i, k) — Vo(i, k)  for k=1,2,...
Finally, observe that by the Schur Theorem [Ed, p. 864] for i > ig,
lle; o (Lo — V)| < dist(Lg, V)/2.
Hence the set I is finite and

(1.1.28) M = sup |le; o (Lo — Vo)l < ||Lo — Vbl -
iEN\I

From (1.1.26) it follows that for ¢ € I we can modify, if necessary, the rows L;
defined by (1.1.19) and (1.1.25), multiplying them by constants 3; > 1 such that

[1Li — aVi(i, )l < |Lilly = a > [[Lo — Vo
for a € [0,1). By (1.1.28), for 0 < a < g and i € N\ I,
1Li = aVi(i, )l < |lLo — Vol

Consequently, the operator L defined by (1.1.19), (1.1.25) and (1.1.27) satisfies
(1.1.17) and (1.1.18). The proof of Theorem 1.1.8 is complete.

Note that the unicity of best approximation for given L € K(cp) in V does not
force the strong unicity because of

ExAMPLE 1.1.9. Let L= [L(Z, k)]i,k:1727..' and V = [V(l, k)]@k:l,lm be defined
by

0 ifi£l, o .
: o . —-1)*/k fori=1, k>1
L(i,k) =< 1/k® ifi=1, V(z,kz)z{( 00 , ’ ’
{0 ifi#1, — Y=/ fori=1, k=1.

Let V = [V]. We show that 0 is a unique best approximation for L in V. Take
a € R\ {0}. If @ > 0, choose an even number ko such that a/k3 > 1/k3. Let
z = (z1,22,...) € ext;__ be given by
Lot if I # ko,
FT-1 ifl=ke.
Then

|IL—aV] > (z®e)(L—V) sz ) —aV(1,1))

—Z 1l—aV1l))+2(a/k0—1/ko>ZL1[ IL -0,

=1

since Y o, (1,[) = 0. If @ < 0, choose an odd number kq such that —a/k3 >
1/k3. Reasoning as above we get ||L—aV|| > ||L||. Hence 0€ Py (L) is the unique
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best approximation. However, E(L —0) = {(1,1,...) ® e1} (see (1.1.13)). Since
(1,1,...)®e1(V) =0, by Remark 0.2.13, 0 is not a SUBA for L in V.

Remark 1.1.10. If we replace ¢y by l&”), then by Theorem 0.2.7, the set

ext,c*(lun)) is finite. In view of Proposition 0.2.17 if V is a subspace of K(lé?))

then L € /C(l((;n ) ) has a unique best approximation in V if and only if L has a
strongly unique best approximation in V.

COROLLARY 1.1.11. If V' € Sk(c,) then V = [V] is a Chebyshev subspace if
and only if for every i € N and x € ext;__,

(1.1.29) (z®e)(V)#£0.
Comparing Corollary 1.11 with Theorem 3.3 of [Mall] we get
ProroSITION 1.1.12. There exists
Y Eextor) Mz ®e i =1,2,..., v €exty_}.

Proof. If extr-(c) C{z®e; 1 i =1,2,..., x € exty_} then by Remarks
0.2.10 and 0.2.13 each V satisfying (1.1.29) defines a Chebyshev subspace in
L(cp), which contradicts [Mall, Th. 3.3].

Proposition 1.12 shows that Theorem 0.2.7 cannot be generalized from the
case of compact operators to the case of linear operators.

To end this section we present an example of a two-dimensional Chebyshev
subspace in K(cg). The reasoning presented here is similar to that of [Bi]. First
we recall after [Bi]

LEMMA 1.1.13. Let M > 1 be given. Assume f(r) = > .07 a,r™ is a power

n=0
series whose coefficients are not all 0. Assume that if a, # 0 then 1 < |a,| < M.

Then f(r) # 0 for every r € (0,1/(M +1)).
Proof. Let N denote the smallest index n such that a, # 0. Then

oo oo
O =] D anr™| = lanr™ = 3 aal - 1"
n=N

n=N+1
> [r|Y = MY = Jrl) = [N /(0= )= [r|(1+ M) > 0.
EXAMPLE 1.1.14. Let ¢ € (0,1), r € (0,1/4). Define

- 22k+1
L

(1.1.30) Vi(i,k) =c¢ for i,k =1,2,...;
1.1.31 Va(i k) = (¢/2)r®"" forik=1,2,...
( ) ( :

We show that Vi, V, form a two-dimensional interpolating (hence Chebyshev)
subspace in K(cg). To do this, take two linearly independent functionals ¢1 =
T1 e, P2 = Ta ®e;, from ext Sk (). We prove that det[p;(V})]i j=1,2 # 0. Let
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xj = (015,09j,...) for j =1,2 (0;; = £1). Note that
Yo oValin,g) 2005 U1jV2(i1,j)}
> i1 09 Vilia, ) D072, 095 Va(iz, 5)

_ i det |:O'1j1V1(’L'1,j1) Ulj2V2(i1aj2):|
O'levl<'l.2,j1) 0'2j2V2(i27j2)

J1,J2=1

det[p;(V})]i j=1,2 = det [

_ i det [01j16i1r22j1+1 o1, (c/2)r ¥ ]
= . 22j1+1 - 22j2+2

J1,J2=1 O'QjICZQT 022 (6/2)12T

T R o1 o1y (c/2)

= Z r det oo G2 a'(c/2)i2 .

J1,j2=1 2 202
If 2271+1 4927242 — 92ki+1 4 92k242 hecause of the uniqueness of binary expression
of each integer we get j1 =k1 and jo =ko. In particular then, distinct pairs (ji, j2)
give distinct powers of r. Hence the above determinant can be regarded as a power
series with coefficients

Ao = det | Tt op(e/2)
S 025, ¢ 025, (¢/2)"

If i1 = i9 then

0
. 25141, 52jo+2
detlpi(V))ijm12 = (/2" Y r¥ 2By
Jj1,j2=1
where
01,4 014
1.1.32 B; ;. =det J1 20,
(1.1.32) s = dt | 7101 T

Since 71 ®e;,, T2 ®e;, are linearly independent, not all B;, ;, are equal to 0. Note
that if Bj, j, # 0 then |Bj, ;,| = 2. If i1 # iy (we may assume 7; < i3) then

114140 i1 i = 2j1+1 2j2+2
detle; (V))]ijm12 = T2 [(1/2)" = (1/2)2] > 7 PB4,
J1,g2=1
where
o i _ iz o, 015,(1/2)
(L13) Bu = /102 - (/2 e | 70 70700,

It is clear that
1< By, 5] < [(1/2)™ + (1/2)"2]/[(1/2)" — (1/2)"]
= [1+(1/2)27"]/[1 = (1/2)= 7] < [1+ (1/2)]/[1 - (1/2)] = 3.

Applying Lemma 3.6 to the series

o0
921+1  92i2+2
E : thjzr )

J1,J2=1
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where Bj, j, are defined by (1.1.32) or (1.1.33) we get det[p;(V})]ij=12 # 0 as
required.

Remark 1.1.15. For the special cases B = Cg(T'), D = Cg(S) and B=D =
o, Theorems 1.1 and 1.3 were proved by a different method in [Mall, Mal2]. The
reults presented in this section were obtained by the author in [LG3].

I1.2. Kolmogorov’s type criteria for spaces of compact operators;
general case. In this section we prove two principal criteria concerning appro-
ximation in convex subsets of the space K(B, D). We start with the following

LEMMA 1.2.1. Let B and D be Banach spaces, both over the same field K
(K =R orC). For L € K(B,D) put

(1.2.1) crit*(L) = {f € extp~ : ||f o L|| = || L||}
Then the set crit*(L) is nonvoid for every L € K(B, D).

Proof. Fix Le K(B, D) and consider the function ¢(f)=|foL| for f € Sp-.
We show that ¢ is weak*-continuous on Sp«. By the compactness of L the space
L(B) is separable. Since foL = f|pp)oL, we may restrict ourselves to the case of
D being separable. By [Du, Th. 1, p. 426]), the space Sp+ with the weak* topology
is metrizable in this case. Now suppose, on the contrary, that {f,} C Sp+ tends
weak® to f € Sp+ and ¢(f, — f) > e > 0. Then (f, — f)(Lz,) > /2 for some
{z,} C Sp. By the compactness of L, we can assume | Lz, —y|| — 0 for some
y € D. Note that

<2l Lan —yll +[(fn = )W) <e/2 forn =ng;
a contradiction. Applying the Banach—Alaoglu Theorem we deduce that there is
f € Sp- with ||f o L|| = ||L]]. Put crit](L) = {f € Sp« : ||f o L|| = ||L||}. Since
¢ is weak*-continuous, by the Banach—Alaoglu Theorem, the sets crit](L) and
conv(crit] (L))~ (with respect to the weak* topology ) are weak*-compact. By the
Krein-Milman Theorem the set ext(conv(crit(L))~) # ) and by Theorem 0.2.2,
ext(conv(crit](L))~) C crit(L). Hence, it is easy to show that

ext(conv(crity(L))”) C extp~
and consequently crit* (L) # 0.
Now we prove one of the main results of this section.

THEOREM 1.2.2. Let B, D be as in Lemma 2.1. Assume V C K(B,D) is a
convez set. Let K € IK(B,D) and V € V. Then we have:

(a) V € Py(K) if and only if for every U € V there exists y € crit* (K — V)
such that |lre(y* o (K —U))|| > || K = V||.

(b) Vis a SUBA to K in 'V with a constant r > 0 if and only if for every U € V
there exists y* € crit™ (K —V') such that ||re(y*o(K—=U))|| > [|K=V||+r||K-U]||.
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Proof. (a) Fix U € V. Since |re(y* o (K —U))|| > ||[K —V|| for some y* €
crit®(K — V), V € Py(K). To prove the converse, assume that there exists U € V
such that |re(y* o (K — U))|| < || K — V|| for every y* € crit*(K — V). Take an
arbitrary f € E(K — V). In view of Theorem 0.2.7, f = 2™ ® y* for some z** €
extg=« and y* € extp«. According to Goldstine’s Theorem select a net (z,) C Sp
such that z, tends to z** weak® in B**. Since, by (0.2.5), re(y* o (K — V)xz,)
tends to re(y* o (K — V)**z**) = re((z** @ y*)(K —V)) = re(f(K - V)), y* €
crit* (K — V). Hence

ve(f(U V) = re(f(K — V)~ re(f(K — U))
— |K — V]| = re(y* (K — U)*a™)
= |l — V]|~ limre(y* (K — U)z,))
> K = V| = [re(y* o (K = U))]| > 0.

By Theorem 0.2.8 and Remark 0.2.10, V ¢ Py (K); a contradiction.

By the same reasoning, applying Remark 0.2.13, we can prove part (b) of our
theorem.

Remark 1.2.3. In Theorem 2.2 the set crit™( V') can be replaced by any
set C' C crit” (K — V) such that {J,—, aC = crit”(K - V) (CU-C = crit" (K - V)
in the real case) and aC'NbC = for a # b, |a| = |b] =1 (CN—C = 0 in the real
case).

= =

Now fix K € K(B, D) and for y* € crit*(K) put
(1.2.2) Ay ={z € Sp:y"(Kz) = | K|}
One can show the following

Remark 1.24. Let K € K(B,D) and y* € crit*(K). Then for any a € C,
la| =1,

(123) aAay* = Ay* .
Now we can prove

THEOREM 1.2.5. Assume B is a reflexive space and let D,V, K,V be as in
Theorem 2.2. Then we have:

(a) V € Py(K) if and only if for every U € V there exists y* € crit* (K — V)
such that

inf{re(y*(U —V)x):x € Ay-} <0.

(b) Vis a SUBA to K in V with a constant v > 0 if and only if for every
U €V there exists y* € crit™ (K — V) with

inf{re(y*(U - V)z) :x € Ay-} < —r|[U - V|.
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Proof. (a) Assume V € Py(K). Then | K —U]|| < || K — V]| for some U € V.
Take an arbitrary y* € crit*(K — V) and « € A,~. Note that

re(y* (U = V)a) = re(y* (K — V)z) = re(y* (K = U)a) > |[K = V| = [ K = U] >0

and consequently, inf{re(y*(U — V)z) : x € Ay} > 0.

To prove the converse, suppose that inf{re(y*(U—V)z) : x € A~} > 0 for
every y* € crit*(K — V) (the set Ay~ is nonvoid by the reflexivity of D). Take an
arbitrary f € E(K — V) (see 0.2.12). In view of Theorem 0.2.7, f = z** ® y* for
some y* € extp- and x** €extp«+. Since B is reflexive, £** =z for some z € Sp.
It is clear that y* € crit"(K — V) and x € A,~. Consequently, re(f(U —V)) > 0
and, by Theorem 0.2.8, V ¢ Py, (K). Applying Theorem 0.2.12 and Remark 0.2.13,
by the same reasoning, we can prove the part (b) of our theorem.

Remark 1.2.6. In Theorem 2.5, by Remark 2.4, the set crit*(K — V') may be
replaced by any set C' C crit* (K — V) satisfying the requirements of Remark 2.3.

Remark 1.2.7. If B is an arbitrary Banach space it may occur that the
set A, is empty. Take for example B = C3™, the space of all real, 2r-periodic
continuous functions, and let D,, be the space of all trigonometric polynomials of
degree < n. Put V = P1(B, D,,) (see (0.1.17)), the space of all linear, continuous
projections from B onto D,,. It is well known that the classical Fourier projection
F,, is minimal among all projections, which means F,, € Py (0) (see e.g. [Chel,
p. 212]) According to [OdL, Lemma 1.2.7], F,, cannot attain its norm at any point
of Sp-. Consequently, for every y* € crit*(F),) the set A, is empty.

Now we restrict our interest to the case of extensions of operators of minimal
norm. Applying Theorem 2.2 we get

THEOREM 1.2.8. Let B be a Banach space and let D be a finite-dimensional
linear subspace. Let A € L(D). Assume that Py € PY(B, D) (see (0.1.19)), i.e.
Py is an extension of A of minimal norm. Assume furthermore that || Pyl > || A
Then every set C C crit™(Py) (we treat Lp(B, D) as a subset of K(B)) such that

(1.2.4) crit*(Pp) = U aC and aCNbC =0 fora#b, |a]=b=1

la]=1

(resp. C U —C = crit*(Py), C N —C = 0 in the real case) is linearly dependent
on D.

Proof. Take C C crit*(P) satisfying (1.2.4) and assume that C is linearly
independent on D. We can write C' = {f1,..., fx}, K <n. If £ < n we can add
fe+1s--y fn € Sp= such that {f1|p,..., fn|p} form a basis of D*. It is clear that
the set {f1,..., fn} is total on D. By [Al, p. 74] there exist y1,...,y, € D with
fi(y;) = d;;. Define an operator P : B — D by

Px = Zgi(:c)yi forz € B.
i=1
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where for i = 1,...,n, g; is a norm-preserving extension of the functional f;|po A
onto B. To show that P|p=A fixi€{l,...,n}. Note that for any j € {1,...,n},
fi(Py; — Ay;) = 0, by the definition of P. Since fi|p,..., fo|p form a basis of
D, this means Py; = Ay; for j € {1,...,n} and consequently P|p = A. Now
we show that ||P|| < ||Py||- In view of Theorem 2.2 and Remark 2.3 it suffices to
prove that |[re(f; o P)|| < ||Po|| for i =1,...,n. For any z € Sp we have

re((fi o P)(x)) = re (fi(igj(w)yj)) = 1e(g:(2)) < lg:]

= [lfilp o Al < [ fll - [ All = 1Al
Hence |re(f; o P)|| < ||A|| < || Pol|, which completes the proof.

Remark 1.2.9. If we consider the set Lp(B, D) as a subset of K(B, D) then
Theorem 2.7 remains true.

If ||Po|| = 1, then the set C given by (1.2.4) can be linearly dependent or
independent on D. Consider the following

EXAMPLE 1.2.10. Let B = I (n > 3) and let D = ker(1/2,1/4,1/4,0,. .. ,0).
Take y = (2,0,...,0) and define P,z = x — f(x)y for z € B. It is easy to verify
that ||P,|| = 1 and consequently P, € PP, (B, D) (see (0.1.19)). We note that for
every i € {1,...,n},

(1.2.5) les o Py = sup{

xTi — (Zf]x])yl 1T € SB}
j=1
= 1= fayil + lysl (L = £l -

Hence crit*(Py) = {£e;};;. If we put C = {e;}]-; then C is linearly de-
pendent on D, since ei|p = (—1/2)ea|p + (—1/2)ea|p. However, if we take
D = ker(2/3,1/3,0,...,0) then, by the same reasoning, crit*(P,) = {%e;}/—,
(we take y = (3/2,0,...,0)). It is easy to verify that C' = {e; }I"_, satisfies (1.2.4)
and it is linearly independent on D.

Now we consider the case B = Ck (7).

COROLLARY 1.2.11. Let B = Ck(T) and let D C B be an n-dimensional
subspace. If Py € PQ(B, D) for a given A € L(D), || Pyl > ||All, then the set
{teT:|[toPy| =P} is linearly dependent on D. In particular, if D is a Haar
subspace, then

card{t e T : |[to Py|| = |Py||} > n+1.

Remark 1.2.12. Theorems 2.2 and 2.5 were proved by the author in [LG1].
In the real case for A = Id Theorem 2.5 and Corollary 2.11 were proved by
E. W. Cheney and P. D. Morris in [Cheb]. These results are connected with the
problem when an interpolating projection (see (0.1.11)) belongs to P (B, D), i.e.
is a minimal projection in the class of all linear projections.
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In the case of T' = [a,b] and D = P, (the space of all polynomials of degree
< n restricted to [a,b]), by [Ki], if P € Z(Cr([a,b]), D) (see (0.1.11)) then the set
{t € [a,b] : |[to P| = ||P||} consists of at most n points. Note that, by [Che5], if
D C Cg([a,b]) is an n-dimensional Haar subspace containing constants (n > 3)
then the norm of a minimal, linear projection onto P, is greater than one. Hence,
by Corollary 2.11, we get

COROLLARY 1.2.13 [Che2]. In the set Z(Cr([a,b]), P,) (n > 3) there is no
minimal projection from C([a,b],R) onto P,.

I.3. Criteria for the space K(Ck(T)). Throughout this section, unless
otherwise stated, B = Cx(T") and D C B is a linear subspace. We specialize the

results from Section 1.2 to the case of K(B). First we introduce some notations.
Recall from [Cheb]

THEOREM 1.3.1. For L € L(B) set
(1.3.1) Fr={F CT:Fis closed and for every x € Ck(T),
Lz =0 if z|p =0}.
Then there exists a smallest (in the sense of inclusion) set Fy € F.

DEFINITION 1.3.2. Let L € £(B). Then the smallest (in the sense of inclusion)
set Fy € Fr, is called the carrier of the operator L (we write car(L) for brevity.)

If the set car(L) is finite, then L is called a discrete operator. The set of all
discrete operators from B into D will be denoted by D(B, D) (D(B) if D = B).
For F C T we denote by Kr(B) the space of all compact operators from B to B
with carriers contained in F'. For ¢ € T the symbol t stands for the evaluation
functional.

We start with the following

LEMMA 1.3.3. Assume that V € K(B) \ {0} and let cardcar(V) < oo, i.e.
V € D(B). Fort € crit*(V) (see (1.2.1)) put

(1.3.2) Ay ={z e Sp:(Va)t=|[V|}.

Then for every t € crit*(V) and every {z,} C Sp with (Vx,)t — |V||, there
exists {z,} C Ay with ||z, — z,]| — 0 as n — oo.

Proof. Since V € D(B), V = Zlet:()yl, where y; € B, t; € T for i =
1,...,k. By the Tietze Urysohn Theorem ||V || = | 325, |u:]||. Fix 7€ crit*(V),
{z,} C Sp with (Vz,)t — ||V and let A= {i € {1,...,k} : yi(t) # 0}. First we
will show that x,,(t;) — v:i(t)/|yi(t)| = sgn(y:(t)) for i € A. Since Zle lyi(t)| =
Y ieasgn(yi(t)) - yi(t), [vn(ti)| — 1 for each i € A. Assume that for some i € A
there exists a subsequence (x,, ) with

[s&n(Yio (1) = Ty (tio) /|2, (Lig)|| = d >0 for k> ko
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By the uniform convexity of C over R,
Isgn(yi, (t)) + Tn, (tig) /| T, (tig)||/2 <1 —0  for some 6 > 0.
Note that

5 (S 10+ X ) oy (1) )s(8)

€A i€EA

< D> w1+ 15 58nyi (8) + 2y (ti) /@n, (tig )] - [yio (8)]

i€A\{io}
< D 1w+ =8y (] < V-

1€A\{i0}
But, passing to a subsequence if necessary, >, 4 (Zn,, (t:)/|2n, (t:)|)yi(t) tends to
IV as k — oo; a contradiction.

Now we construct the sequence (z,). For each n € N set
en = max{|z, (t;) —sgn(y;(t))| : i € A}.
Fix n € N and for every i € A select an open neighbourhood U; of ¢; such that
UinUj =0 fori# jand |z,(s) — z,(ti)| < e, for s € Uj, i € A. Fixi € A. An
easy calculation shows that for every s € U,
re(x,(s)) € [re(sgn(yi(t))) — 2en,re(sgn(y;(t))) + 2¢,] N [—1,1] = [B, C]
and
m(zn(s)) € [im(sgn(yi(t))) — 2en, im(sgn(yi(t))) + 2e,] N [-1,1] = [D, E].
Set S; = o(U;) U{t;} and define for s € S;,
re(z,(s)), sea(U;), im(x,(s)), se€a(U;),
= ([, see), (s celw)
re(sgn(yi(s))), s=ti, im(sgn(yi(s))), s=ti.
By the Tietze-Urysohn Theorem, we can extend continuously the functions f;
and g; to the whole set U; so that fi(s) € [B,C] and g;(s) € [D, E] for every
s € U;. It is easy to show that
|(fi +igi)(s) — sen(yi(t)]| < 2V2 - e .

Let 7; : Ba(sgn(y;(t)), V2 2e5) — Ba(sgn(yi(t)), v2 - 22,) N Ba(0,1) (Ba(a,r) =
{y € C: |z —y| <r}) be a continuous function with

il Butsenu () nBaon) = 1A (1= V2 26).
Put 2} = m; o (f; +1igi). We note that 2" is continuous, z*(t;) = sgn(y;(t)) and
sup{|z/*(s)| : s € U;} = 1. Now define a function Zn T — (C by

2n(3) = Tn(s), s€ Z\ >icaUi,s
2l'(s), seU;.

Since for every i € A and s € o(U;), zn(s) = z,(s), 2z, is continuous. Moreover,
l|zn|l = 1 and 2, (t;) = sgn(y;(t)) for i € A, which means that z, € A;. To finish
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the proof, it is sufficient to show that ||z, —z,| — 0. Fixs € T. If s € T\, 4 Us,
then |(z,, — 2,)(s)| = 0. If s € U; for some i € A, then

[Tn(s) = zn(s)] < [an(s) — zn (L) + |zn(t:) — sgn(yi(t))]
+ lsgn(yi() — zn(s)] < (2+ V2 2)en.
But this gives ||z, — z,|| — 0, since &,, — 0. The proof is complete.
Now we will prove the main result of this section.

THEOREM 1.3.4. Let V C Kp(B) be a conver set. Take K € Kp(B),V € V
and assume K —V € D(B). Then we have:

(a) V € Py(K) if and only if for every U € V there exists t € crit*(K — V)

such that
inf{re((U = V)x)t) : z € A;} <0,

where A, is defined by (1.3.2).

(b) Viis a SUBA to K in V with a constant v > 0 if and only if for every
U €V there exists t € crit* (K — V') such that

inf{re((U - V)z)t) :x € A} < —r|[U-V|.

Proof. (a) Assume that V & P (K).Then there exists U € V with | K-U|| <
|| — V. Take t € crit* (K — V) and = € A;. We note that
re(((U —V)a)t) = re((K = V)z)t) —re((K = U)z)t) 2 |[K = V| - |[K =U| >0
and consequently, inf{re(((U — V)x)t) : x € A;} > 0. R

To prove the converse, suppose that for some U € V and every t €
crit* (K — V),

inf{re((U — V)a)t): x € A;} > 0.

By Theorem 0.2.8, it is sufficient to show that re(f(U — V)) > 0 for every f €
E(K —V) (see (0.2.12)). So fix f € E(K —V). By Theorem 0.2.7, f = 2**®t for
some t € T and z** € ext S(X**). Applying Goldstine’s Theorem we may select
anet {x3} C Sp tending weak* in B** to z**. From (0.2.5) it follows that
1K = V| = re((K = V)zp)t) — re((K = V)™ 2™)t) = re(f(K =V)) = [K = V|
and consequently, 7 € crit(K — V).

Now set fz = 3 ®t and observe that for every W € K(B)

fo(W) =W (25)) — LW (a™)) = (2™ @ E)(W*) = f(W).

Hence we can select a sequence {f,} C {fs} (fn = 2, ®1) such that
JallE—V) = f(E-V) = [K=V]| and fo(U-V) = (U—V)aa)t — FT-V).
By Lemma 3.3, there exists a sequence {z,} C A; with ||z, — x,| — 0. It is clear
that (U — V)z, — (U — V)x,)t — 0, which yields (U — V)z,)t — f(U — V).
Since for n = 1,2,..., 2z, € Ay and t € crit™(K — V), re(f(U — V)) > 0, which
according to Theorem 0.2.8 completes the proof of part (a).
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By Remark 0.2.13, part (b) can be shown in the same way.

COROLLARY 1.3.5. Assume V, Kp(B), K, V are as in Theorem 3.4. Assume
furthermore that card F < co. Then we have:

(a) V € Py(K) if and only if for every U € V there exists t € crit*(K — V)

with
inf{re((U — V)a)t) : z € A} <0.

(b) Visa SUBA to K in V with a constant r > 0 if and only if for every

U €V there exists t € crit™ (K — V') with
inf{re((U - V)a)t):x € A} < —r|[U - V|.

Theorem 3.4 yields immediately the following result:

THEOREM 1.3.6. Let D C B be an n-dimensional linear subspace and let
V=P (B, D) (see (0.1.10). Assume PyeP(B,D)ND(B). Then Py is an operator
of minimal norm in P(B, D) (resp. Py is a SUBA to 0 in P(B, D) with a constant
r > 0) if and only if for every P € P(B, D) there exists t € crit™(FPy) such that

inf{re(((Po — P)z)t) :x € A} <0 (resp. < —r||P— Fl).

Proof. Take K = 0, V = Py and note that crit*(F) = crit*(—F). By
Theorem 3.4, we derive the desired result.

In the next part of this section we apply Theorem 3.4 to obtain some criteria
for the case of extensions of operators with finite carriers. First we introduce some
notions. Let D C B with dimD = n and let F' = {t1,...,t,} with t; # t; for
1 # j,m > n+ 1. Assume furthermore that F' is total over D, i.e. if y € D and
y(t;) =0for j =1,...,mthen y = 0. Since dim D = n, we can number the points
from F in such a way that (#1|p,...,%,|p) form a basis of D*. Fori = n+1,...,m
put B; = {1,...,n,i} and select for j € B; the numbers 7] such that

(1.3.3) dIdl=1 and Y (7t;)|p =0.
JEB; JE€B;
For A € £L(D) define
(1.3.4) Pa(B,D,F)={P € Ps(B,D):car(L) C F}.
Now take P € Pp(B,D,F), P = Z;n:l?]()uj, whereu; € Dforj=1,...,m.
For i =n+1,...,m define the functions v : T'— C by
(1.3.5) W(s) = 3 7 sen(u; (s))
JjEB;
and the functionals ¢; by
(1.3.6) ¢i= Y T
JEB;
Then we can prove the following
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THEOREM 1.3.7. (a) P is not an operator of minimal norm in Po(B, D, F) if
and only if for every i € {n+ 1,...,m} there exist y; € D such that for every
t € crit™(P),

137 re( D oP@u - Y | D A= Y lw9)7]) >0
i=n+1 JEBP i=n+1 jecP
where BY = {j € {1,...,n} 1 u;(s) =0}, CP ={j € {n+1,...,m} : u;(s) = 0},
Zjer =0 (resp. Zjecf =0) if BY =0 (resp. CF =10).
(b) Pis not a SUBA to 0 in Ps(B, D, F) with a constant r > 0 if and only if
for every i =n+1,...,m there exists y; € D such that for every t € crit*(P),

(1.3.8) re( PRACITOESY \ > rg'yi(s)\— > \ij-yj(s)l) > —r| L],
i=n+1 jeEBF i=n+l jecrk

where L =737 0i(-)yi.
Proof. (a) Assume that condition (1.3.7) is satisfied and let L =

>itns19i(-)yi.  To prove that P is not an operator of minimal norm in

Pa(B,D,F), in view of Corollary 3.5, it is sufficient to show that for each s €
crit*(P),

inf{re((Lz)s) : x € As} > 0.
Fori=n+1,...,mset D, = {j € B; : u;(s) # 0} and E; = B; \ D,;. Fix
s € crit*(P), z € As and compute

(La)s= 3 wilwyi = > (Do ralty) + it -

i=n+1 i=n+1 j=1
= > (X Asenw(s) = Y 7 (—alty)) -
i=n+1 jeD; JEE;
= 3 WLem - > (X A altu(s)
i=n-+1 i=n+l jEE;
= > ) - Y (X Hul)(—at) = Y ) (—aty).
i=n+1 jEBP i=n+1 jecr

Consequently, since ||z|| < 1, we get

re((Lx)s) 2re< i vl (s)yi(s) — Z ‘ f: Tijyi(s)’— Z ]Tfyj(s)o >0.

i=n+1 jeEBP i=n+1 jeck

By Corollary 3.5, P is not an operator of minimal norm in P4 (B, D, F).
To prove the converse, assume that P is not an operator of minimal norm in

Pa(B, D, F) and choose Py € Pa(B, D, F) with ||Py|| < ||P]|. By [Che7], we can
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assume
m
(1.3.9) Py=P+ Z ¢i()y; for some ypi1,...,Yym €D.
1=n+1

We show that the functions g1, ..., ym satisfy (1.3.7). Fix t € crit*(P). By the
Tietze—Urysohn Theorem we can define a function z € Sp with the properties

sgn(u;(s)), uj;\s 0,
$@ﬁ::{ gn(u;(s)) () #

. forj=1,...,n,
—sgn(3oi, 1 T Yi(s), u(s) =0,

and

N

Y

x(t;) = forj=n+1,...,m.

sga(uy(s). uy(s) £ 0
—sgn(r]y;(s)), u;(s) =0,
Observe that
(Px)s = x(tyu;(s) = Y a(ty)ui(s) =D |u;(s)| =Pl
Jj=1 jeBFuCP j=1

Calculating as in the previous part of the proof we obtain

(B=Pla)s= > ol (swils) = 3 | 3 wule)| = X Idui(s)l.

i=n+1 jEBFP i=n+l jecr
Since re(((Py — P)z)s) > 0, by Corollary 3.5, the proof of (a) is complete.
The same reasoning applies to (b), so we omit it.
Observe that in the real case if m =n + 1 condition (1.3.5) reduces to
(1.3.10) i1 ()| (0541 (9) sgn (i () = D2 I7al) >0
jeBruCk

Now we specialize our results to the case of D being an n-dimensional Haar
subspace of Cr(T") and F = (t1,...,tp41). For A € L(D) define

(1.3.11) Ea = sup{|[Ad| : d € D, ||d]r < 1}
where
(1.3.12) ldlr = _max _ ld(t)

and for P € Pao(B,D,F), s € T put
(1.3.13) uPs)= > Il
jeBFPuCP

For brevity, we will write @ instead of ¢, ;1 and v instead of v¥ 11 For s €T
define ZF = BPu CP.

Now we prove some preliminary lemmas.

LEMMA 1.3.8. ||P|| > E4 for every P € P4(B,D, F).
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Proof. Take any P € P4(B,D,F). Since F is a finite set, by the Tietze—
Urysohn Theorem,

|P||= sup |Pz|> sup [Pz||=Ea,
|zl F <1 ||| »<1,z€D

as required.

LEMMA 1.3.9. Let P € Pa(B,D,F), § € crit*(P), y € A, (see (1.3.2)). If
[vF (s)] > uf (s), then &(y)vf(s) > 0.

Proof. By the definition of u”’, v and @, for every s € crit*(P) and y € Aj,
vP(s) —ul(s) < @(y) < v¥(s) +ul(s).
Since [vF(s)| > uf (s), sgn(vF(s) £ulf(s)) = sgn(®(y)) = sgn(vF(s)), which gives
the result.

LEMMA 1.3.10. If |P|| > Ea for P € Pa(B,D,F) then [vF(s)| > uf(s) for
every s € crit™(P).

Proof. Suppose that there is an s € crit*(P) such that |[v¥(s)| < uf(s).
Then, by the definitions of v, u” and @, we can define x;, 25 € A, such that
®(x1) = vP(s) +uf(s) and &(z2) = v (s) — u’(s). Hence there is a w € A, (A,
is a convex set) such that @(w) = 0. By (1.3.9) each P € P4(B, D, F) can be
written as

P =Pj +&(-)d
for some d € D. Here P‘g = A o Pp, where Pp is the operator of de la Vallée-
Poussin [Che7]. By the proof of [Che7, Lemma 1.1], ||w — Ppw||r < |@(w)| = 0.
Consequently, 1 > ||w||r = ||Ppw||r. Hence

1P|l = | Pwl| = | Phw|| = (Ao Pp)w)|| < Ea;
a contradiction.
Now we can prove the following

THEOREM 1.3.11. Let D € B be an n-dimensional Haar subspace. If Py is an
operator of minimal norm in Pa(B, D, F) and ||Py|| > Ea, then Py is a SUBA
to 0 in Po(B,D, F).

Proof. Put V={L € L(B,D) : L = ®&(-)d, d € D}. It is easily seen that

dimV = n. Since Py is an operator of minimal norm in P4 (B, D, F), 0 € Py,(F).
Hence, by Corollaries 0.2.14 and 3.5,

k

0=> Nsi®z)|y,

=1

where A\; > 0, Zle A; = 1. By the Carathéodory Theorem, k < n + 1. We show
that k = n + 1. Suppose that this is not true. Let dy,...,d, be a basis of D. It
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is clear that @(-)dy,...,P(-)d, is a basis of V. Note that (A1,..., ) satisfy the
following system of equalities:

k
Z)\J@(z])dz(sj) :0, izl,...,n.
j=1

Since ||Po|| > Ea, by Lemma 3.10 it follows that [vF(s)| > uf(s) for any s €
crit®(Fp). By Lemma 3.9, &(z) # 0 for any z € Uscqipr(p,) As- Consequently,
det[d;(s;)]ij=1,...n = 0 (if £ < n we add n — k arbitrary different points from T');
a contradiction . Hence for any L = &(-)d € V thereis an i € {1,...,n+ 1} with
&(z;)d(s;) < 0. Since V is finite-dimensional, reasoning as in Theorem 1.1.4 we
deduce that there is an > 0 such that for any L € V there are s € crit*(Fp)
and z € A with (Lz)s < —r||L||. By Corollary 3.5, Py is a SUBA for 0 in V, as
required.

THEOREM 1.3.12. If |Pyz|| < E4 for any z with &(z) # 0 then Py is an
operator of minimal norm in P (B, D, F') but not unique.

Proof. Since Py is a discrete operator, ||Py|| = max{||Pz|| : z € Z} where Z
is a fixed finite subset of Sp such that for any e € {—1,1}""! thereis a z € Z
with z(t;) = ¢; (1 € {1,...,n+1}). Note that the number § = E4 —max{|| Pz :
z € Z, ¥(z) # 0} is positive. By the proof of [Che7, Lemma 1.1] if z € Z and
&(z) = 0 then (Pyz)t; = z(t;) for i = 1,...,n. Hence, by Lemma 3.8,
Ea < ||Py|| = max{||Poz|| : z € Z,&(z) = 0}
<max{||Poz| : z € Z, (Poz)t; = 2(ti), i=1,...,n+1}
=max{||Ad|| : d € D, ||d|rp =1} =Ea4.
Now if ||d|| < 0 and &(z) # 0, then
|Poz + ®(2)d|| < |Po(2)]| + ||d|| £ (Ea—06)+d=FEx.
If &(z) = 0 then ||Py + @(2)d|| = [|[FPoz|| < Ea. Consequently, for every d €
Bp(0,0), ||Po+ ?(z)d|| < E4. By Lemma 3.8, the proof is complete.

Now we restrict ourselves to the case T' = [a,b] and prove a version of the
alternation theorem. First we recall

LEMMA 1.3.13 [Che7]. Assume F' C |a,b], F is closed and let D C B be an
n-dimensional Haar subspace. Let v : F — R be a function which has no zeros
on F and such that sgn~y is continuous. If noy € D has the property v - y|p >0
then there exist n + 1 points tq,...,tp41 tn F such that t1 < ... < tp41 and
Y(ti—1)y(t) <0 fori=2,...,n+1.

Now we are able to prove

THEOREM 1.3.14. In order that P be an operator of minimal norm in the set
Pa(B,D, F) it is necessary and sufficient that either

(a) [Pl = Ea, or
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(b) there exist s1 < ... < Spq1 with §; € crit™(P) fori =1,...,n+ 1 such
that
sgn(vf(s;)) = —sgn(vf(s;_1)) (2<i<n+1).

Proof. First suppose that (a) holds. By Lemma 3.8, P is an operator of
minimal norm P4 (B, D, F).

Next suppose that (b) holds. Then no element y € D can have the property
vP (s)sgn(y(s)) > uP(s) for ¢ € crit*(P), for this inequality would require y to
have at least n roots. Hence, by (1.3.10) and Theorem 3.4, P is an operator of
minimal norm in P4(B, D, F).

Finally, suppose that P is an operator of minimal norm in P4 (B, D, F') and
(a) is not true. Then ||P|| > E4. By Theorem 3.4 and (1.3.10), no y € D satisfies
vP(s)sgn(y(s)) > uf’(s) for any 5 € crit*(P) = S. By Lemma 3.10, [vF] > uf
on S. Hence no y in D can satisfy the inequality yv” > 0 on S. Since u” > 0, v¥
does not vanish on S. Now we verify that sgnv? is continuous on S. If sgnv? is
discontinuous on S then consider the two sets

S;={teS:vP(s) >0}, Sy={teS:v"(s)<0}.

One of them must contain an accumulation point of the other. But this is not
possible, for as we now show, S; and S are closed. Consider, for example, 5.
For each ¢ € {—1,1}" and t € Sy select z. € Z (the set Z is as in Theorem 3.12)
with

n+1
(1.3.14) (foP)ze = ||P| and ) z(t:)r =" (t) > 0.

i=1

Note that for each z € Z the set of all ¢ € [a, b] satisfying (1.3.14) is closed. Since
S1 is the union of such sets and the set Z is finite, S is also closed; a contradiction
with discontinuity of sgnv?. By Lemma 3.13, the proof is complete.

Remark 1.3.15. Theorems 3.4 and 3.7 were proved by the author in [LG1].
For the case of projections and m =n + 1 a result similar to Theorem 3.7 was
obtained in [Che7]. Note that Theorem 3.6 extends Theorem 0.0.1 of [Che2], which
is a background for the investigations presented in this section. The method of
proving Theorems 3.11, 3.12 and 3.14 is the same as in [CheT].

I.4. The case of sequence spaces. First we present basic terminology co-
nerning generalized sequence spaces. For an arbitrary set T we denote by co(7T),
or ¢p for brevity, the space of all functions x : T' — K such that the set {t € T :
|z(t)| > €} is finite for all € > 0. The norm in ¢g is ||z|lcc = sup{|z(t)| : t € T'}.
The space 11(T") consists of all functions x : T" — K which are zero except on a
countable set in 7" and for which ||z][1 = > ,.p [2(t)| < co. It is well known that
the conjugate space of ¢y can be isometrically identified with ;(T") (written [, for
brevity), and the conjugate space of [; with [, where

(1.4.1) loo ={x:T — K :sup{|z(t)| : t € T} < o0}
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‘We note that

(1.4.2) ext;, ={afi:teT, ae€ K, |a|=1},
where
e ={1 2
and
(1.4.3) ext;,, ={f:T — K :|f(t)|=1for every t € T}.
By [Du, Th. 18, p. 274], the set ext;- has the following representation:
(1.4.4) extpx = c{t:teT},

where t(f) = f(t) for every f € loo and the closure is taken with respect to the
weak™ topology in [ .

Now assume D C cg is an n-dimensional subspace and let y1, ..., y, be a basis
of D. For K € K(co, D), K =321, fi(-)yi (fi € 1), put

(1.4.5) Kr(s,t) = Z fi(s)yi(t) fors,teT.

As in the previous section for ¢ € T the symbol t stands for the evaluation
functional. By [Che3, Lemma 1], ¢ € crit*(K) if and only if ¢ is a critical point of
the function Ag : T'— R defined by

Auts) = | Lo

= > Kk (u,s)]
ueT

ie.
(1.4.6) Ak (t) =sup{Ak(s) :s €T}
(the symbol || - ||; denotes the norm in the space [;).

Using these notations we may prove the following

THEOREM 1.4.1. Let V C K(co, D) be a convex set and let K € K(cg, D),
V e V. Then we have:

(a) V € Py(K) if and only if for every U € V there exists t € crit*(K — V)
with

(147) e (ZKU,V(s,t) sen(K—v(st) — 3 |KU,V(s,t)y) <0.
seT SEA;

(b)VeVisa §UBA to K inV with a constant r > 0 if and only if for every
U €V there exists t € crit™(K — V') such that

(1.4.8) re (ZKU_V(S,t) sgn(Kg_v(s,t))— Z |KU_V(s,t)]> < —r|lU-V],
seT SEAy

where Ay ={s €T : Kg_v(s,t) =0}.
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Proof. Assume there exists U € V such that for every ¢ € crit*(K — V),
(1.4.7) does not hold. In view of Theorem 0.2.8, it is sufficient to show that
re(¢p(U —V)) > 0 for every ¢ € E(K —V) (see (0.2.12)). Since K(cg, D) C K(cop),
by Theorem 0.2.7 we have ¢ = ¢ ® for some 1 € exts+ and v € ext.:. Applying
(1.4.1) and (1.4.2), we can assume that ¢ € [, [10(s)| = 1 for every s € T and
v =1 for some t € T. Let

K-V => fi()y
=1

and
U-Vv :Zgi(-)yi for some fi,g; €11.

In view of Remark 0.2.5 and (1.4.6), we note that

n

IK =V =¢(K -V)=HE - V)™ =>_ d(fi)u(t)

— Z (Zf’ ) yi(t) = Z¢(S)(ifi(3)yi(t))

<Y Kk v(s, ) = K=V
seT

This means that ¢ (s) = sgn(Kx_v(s,t)) if s € T\ A;. Note that

et~ V) = re (Y vlg ) =1e (3 (3 vo)ts))u(0)

=1 se&T
— e (X 606 (L eIn(0) ) = re (X w()K-v (s,1)
seT =1 seT
= re (Z Ku_v(s,t) - sen(Kx_v(s,1))
= > (v Kuv(s, 1)
SEA:
Since
‘re(Z( W(s)Ku_v (s, 1) )‘ S Ku—v(s.t)]
sEA,L SEA;
we get
re(p(U —V)) >re<ZKU v(s,t)sgn(Kr_v(s,t)) Z|KU v(s,t)| ) >0.
seT SEA,

By Theorem 0.2.8, V ¢ Py (K).
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To prove the converse, suppose V ¢ Py(K) and choose a U € V with
U - K| < ||V—K]|. Fix t € crit*(K — U). Define a function ¢ € I, by

Sgn(KK_V(S,t)), KK_V<S,t) 7é 0,
1/}(8) = fsgn(KU_v(S,t)), KK_V(S,t) = O,KU_V(S,t) 75 O,
1, otherwise .

Set ¢ =1 ®t. By [Li], ¢ € exticx (o). Observe that

wazyz —Z(Zw ) £i(3))ui (1)

=1 seT

- Zw(s)(Zfi(s)yi(t)) =3 [Kiev(s,t)] = 1K — V.

seT =1 seT
Hence ¢ € E(K — V) and consequently, re(¢p(U — V)) > 0. But

re(6(U = V) =xe (S w(s) - Ku-v(s,1))

seT
—I‘G(ZKU VSt)SgII(KK VSt Z’KU VSt )
seT SCA:

which gives the desired result.
In view of Remark 0.2.13, part (b) can be proved in the same way.

Now we present a similar result for the space K(l1, D). To do this, for K €
K(l,D), K = >, fi(-)yi, where f; € loc for i = 1,...,n and y1,...,y, is a
fixed basis of D, put

(1.4.9) Ki(,t) =Y (fi)ui(t), el teT.
=1

By the Banach—Alaoglu and Krein—Milman Theorems, and by the definition of
the space L(I7*, D) (see Proposition 0.2.4), we note that the set

(1.4.10) Cr = {¢ € extys- : K**(¥) = | K|}

is nonvoid. Moreover,

(1.4.11) Y€ Cx ifandonlyif > [Kx(¥,t)| =K.
teT

Using the above notations we can prove

THEOREM 1.4.2. Let V C K(l1,D) be a conver set and let K € K(l1, D),
V e V. Then we have:

(a) V € Py(K) if and only if for every U € V there exists ¢ € Cx_y such
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that

(1.4.12) re(EKU_V(w,t)sgn(KK_V(ll),t)) - IKU_v(w,t)l) <0.

teT teAy

(b) Vis a SUBA to K in V with a constant v > 0 if and only if for every
U €V there exists ¢ € Cx_y with

(1.4.13) re(ZKU v, ) sen(Kr_v(@,1) = 3 [Ky_v(t,t)] )

teT teAy
< _THU - V” )

where Ay ={t €T : Kg_v(¢,t) = 0}.

Proof. (a) Fix K € K(I1,Y)and V € Py(K). Let K-V =" fi(-)y;. As-
sume that for some U € V, (1.4.12) is not satisfied. Suppose U—V =37 | ¢:(-)y;
and take ¢ € E(K — V). We show that re(¢(U — V)) > 0. To do this, we note
that by Theorem 0.2.7, ¢ = ¢ ®~, where ¢ € ext;x+ and v € ext;:. By (1.4.2), we
can assume that v € S;__ and |y(t)| = 1 for every ¢ € T. Observe that

K~ V]| = ¢(K — V) = 7((K — V)™¢) = (Zw 1))
=> YWOKg_v(,t) <D |Kx v, t) < |K-V].

teT teT

By (1.4.11), ¢ € Ck_y. Hence (t) = sgn(Kg_v (¢,t)) if t € T'\ Ay. Note that

re(¢(U — V) —re( (Z¢ 9i)y )) (Zv Ky th))
_re(ZKU v, t)sen(Kg_v (1h,1) = > Ky_v (¥, t)(— ()))

teT teAy
ZFE(ZKUA/W t)sgn(Kg_v(¢,t) Z |Ku_v( ) >0.
teT teAy

By Theorem 0.2.8,V ¢ Py(K).
Now suppose V ¢ Py(K) and take U € V with ||K — U]|| < ||K — V||. Choose
¥ € Ck_y and define v € ext;__ by

SgH(KKfv(T/},t)), KK*V(wzt) 7é 07
y(t) = { —sgn(Ky_v(¥,t), Kr_v(®,t)=0and Ky_v(¢,t) #0,
1 otherwise .

Let ¢ = ¢ ® 7. In view of [Li], ¢ € exty«(;,). Observe that, by Proposition 0.2.4
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and (1.4.11),

oK = V) =12 vfw) = Y vOKk-v(,)

teT
= Z |Kr—v (¥, )] =K -=V]|.
teT\ Ay
Hence, by Theorem 0.2.8, re(¢(U — V')) > 0. But

re(¢(U V) = re (Y v(t)Ku-v (1))

teT

=re (3 Ku v t)sen K v(e,t) = Y [Ku v(s,1)]),

teT teAw
which gives the desired result.

By (1.4.11), [Che3, Th. 4] and a reasoning similar to that in Theorem 4.2, we
can prove

THEOREM 1.4.3. Let V = P(ly, D) where A € L(D) and K = 0. Assume
furthermore that dim(D|g) = dim D for every infinite set B C {t € T : y(t) # 0
for some y € D}. Then we have:

(a) V €V is an operator of minimal norm in V if and only if for every U € V
there exists s € T with s € Ckx_y (compare with (1.4.11)) such that

re <ZKV_U(§, tysen(Kx_v(Et) — Y [Kv_u(5. t)]) <0.
teT teA,
(b) V.€VisaSUBA to K inV with a constant r > 0 if and only if for every
U €V there exists s € T with s € C_y such that

re <ZKV_U(§, tysen(Kx_v(5t) — Y [Kv_u(5. t)]) < —r|U-V].
teT teAs
Remark 1.4.4. Theorems 4.1-4.3 were proved by the author in [LG1]. For
the case of projections (see (0.1.10) part (a) of Theorems 4.1 and 4.3 (in the real
case) has been proved (by a different method) in [Che3, Th. 1 and 5].

Chapter 11

I1.1. Extensions of linear operators from hyperplanes of lgf). In this
section, unless otherwise stated, B = f;.?) (we consider the real case) and D C B be
a hyperplane in B, i.e. D = ker(f) for some f € Sp~. (The symbol ker(f) denotes
the kernel of the functional f.) We present a complete characterization of those

A € L(D) for which As(B,D) = ||A|| (see (0.1.20)). Next we consider the case
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Aa(B, D) > ||Al|. For brevity, for given A € £(D) we will write Lp, Pa, Aa, P
instead of Lp (B, D) (see (0.1.8)), Pa(B, D) (see (0.1.17)), Aa(B, D), P4(B, D)
(see (0.1.19)). Throughout this section we assume that f = (f1,..., fn) € Sp~ is
such that |f;| < 1/2fori=1,...,n. By [Bl, Th. 1] this condition is equivalent to
Aa > 1. If g = 1 and Py € Py, then for any A € L(D), ||[Ao Py = ||A| and
consequently, Ao Py € PY. We start with the following

DEFINITION 2.1.1 [SW]. Let b € B. A set U = {g1,...,9x} C E(b) is called
an [-set if and only if

k n
(2.1.1) 0=> Xgilp, Ai>0, ) N\=1,
i=1 i=1

and no proper subset of U has this property. If £ = n the I-set U is called regular.

The notion of I-set was introduced in [SW]. The role of regular I-sets is
illustrated by

THEOREM 2.1.2 [SW, Th. 5.8]. Assume B is a normed space and let D C B be
an n-dimensional subspace. Letb € B\D and let dy € D be the best approzimation
tobin D. If E(b— dy) contains a regular I-set then dy is a SUBA to b in D.

PROPOSITION 2.1.3. Let f = (f1,...,fn) € Sp~ satisfy |fi;| > 0. Assume
A€ L(D) and Aa = ||A||. For allig € {1,...,n} andi € {1,...,n}\ {io} define

yi" = (y;*(1),...,y;"(n)) by
0 if §# 0,1,
(2.1.2) () =41 if j=1i,
—filfie if J=1t0o.
If L € PY, then for each ig € {1,...,n},

(2.1.3) L= gy’

iio
where g; € B*, gi;|p = e; 0 A and ||g;|| < ||A|| for i # ig. Moreover, if L satisfies
(2.1.3) for some iy € {1,...,n} and |le;, o L|| < ||A| then L € PY.

Proof. Fixip € {1,...,n}, L € P} and let U;, = Z#io(eioL)ygo. We show
that U;, = L. Note that for i, j # ip and x € B,

(ejo Uit =Y ex(La)e;(y) = e;(Lx).
kio
Since f;, # 0 and U,z € D, U;yx = L. It is clear that (e; o L)|p = e; o A. Since

L e PY and Mg = ||A]], |le; o L|| < |JA|| for i # ip. Now assume that L satisfies
(2.1.3) and ||e;, o L|| < ||A||. Hence for i, j # 1o,

(ej 0 LYy = 3 gr(yi®)e; (i) = e;(Ayl)
k?ﬁlo
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and consequently, L € P4. Since ||L|| = max;=1,._ , |le; o L||, we immediately see
that L € PY.

Note that P9 is a compact convex set. Hence, by the Krein-Milman Theorem,
the set ext(PY) is nonempty. Moreover, we have the following

PROPOSITION 2.1.4. Let A € L(D) and let Aa = ||Al|. If L € ext(PY) then
card{i : ||e; o L|| = || L||} >n—1.
Proof. Suppose that there exists L € ext(P9) such that
card{i : |le; o L|| = || L||} <n—1.
Let [le;, o L|| < [|L|| = [|A]| and [[es, o L|| < |[A]| for iy,ia € {1,...,n}, i1 # ip. It

is easy to check that L =73, ,; (e;0 L)y;'. For A € R define Lx =3_,; 9:()y;*,
where

i O
@10 s {0y wilh
Note that Ly € Pa, Ly # L for A # 0 and L = (L_ + Ly)/2 for every A € R.
We show that Ly € PY for |\| sufficiently small. It is clear that for j = i1, iz,
llej o Lall = llej o (L + Af ()| < llej o LI+ [Al[lyi2 || -

For j # i1, 12,

llej o Lall = flej o LI < [[A]l-
Since |le;, o L|| < ||A]| and ||e;, o L|| < ||A]|, the proof is complete.

PROPOSITION 2.1.5. Assume D = ker(f), |fi| >0 fori=1,...,n and

(2.1.5) f(z) #0  for every x € extp~ .

Let A € L(D). If |le; o A|| = ||A||, then there exists exactly one g € Sp«(0,|A])
with glp = e; 0 A. If |le; o A|| < ||A|| then there exist exactly two functionals
91,92 € Sp+(0, ||A|]) with gi|lp =e;0 A fori=1,2.

Proof. We can assume without loss of generality that ||A|| = 1. First we
consider the case |le; o A|| = ||A]. Since 1/2 > |fi| > 0 for i € {1,...,n},
lles|p|l = 1 (the element y = (y1,...,Yn), where

gy = { s/ S B fe 654,
P71 ifj =4,
has norm 1 and belongs to D). It is clear that extp« C {£e;|p};=1,...n. Now take
y0 = (1),...,90) € extp with (e; 0 A)y® = |le; o A|| = 1. By (2.1.5) , there exists
exactly one ig € {1,...,n} with [y | < 1. In view of [Si, Lemma 1.1, p. 166],

(2.1.6) e; 0 A= Z )\jy?ffj’D ,
jeJic{1,....n}\{io}

where A; > 0and ), ; A; = 1. We show that (2.1.6) is the unique expression of
e; o A as a convex combination of points from the set extp« (with strictly positive
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coefficients). Indeed, let e; 0 A = 7. ; 7je;j|p where 0 < |7, deJl Il =
Since |y;,| < 1, J1 C {1,...,n} \ {io}. Hence, because {e;j|p},-i, is a basis of
D* Jy=J; and v = )\Jy] Now define

g = Z )\jy?ej .
Jj€Ji
It is clear that ||g|| = 1 and g|p = e; o A. We show that g is the unique norm-
preserving extension of e; o A. To do this, take h € Sp«, h|p = e; o A. By [Si,

Lemma 1.1, p. 166],
h=> vuje;
j€Z

where 0 < 7, > 7 = 1. Since h(y°) = (ei0 A)(y°), Z C {1,...,n}\ {io}.
Consequently, reasoning as above, we get Z = J; and \; = v; for j € J;. Now
assume |le; o A|| < ||A|| = 1. Applying the first part of the proof, we can show
that there exists exactly one h; € B* with ||h;|| = |le; o A|| and h;|p = e; o A.
Note that if g € B* and g|p = e; 0 A , then g = h; + Af for some A € R. Since
Ilhil] < ||A]| = 1, the line h; + Af intersects Sp+ in exactly two points g1, g2. The
proof is complete.

Now for given A € £(D) and ¢ € {1,...,n} define

(2.1.7) critgy = {i € {1,...,n} : |le; o A|| = || Al|}
and
(2.18) & = {9 € S5 (0, ]| A1) : glp = e:0 A}

By Proposition 2.5, card £; = 1 if ¢ € crity, and card & = 2 in the opposite case.
Set
(2.1.9) D= {LEEB D) Z:gZ Y2 for some ig € {1,...,n}, gie&}.
i#£ig

Now we can state

THEOREM 2.1.6. Suppose D = ker(f), f = (f1,...,fn), where f satisfies
(2.1.5), fi #0 fori=1,...,n. Let A € L(D). Then Aa = ||A]l if and only
if there exists L € D with ||L|| = || A]l.

Proof. It is easy to check that D C P4. Hence if ||L|| = ||A| for some
L € D, then Ay = ||A|. If A4 = ||A]| take any L € ext(P9). By Proposition 1.3,
there exists ig € {1,...,n} such that [le; o L|| = ||A]| for i # ig. It is clear that

L=3%, (eioL)y". Hence L € D. The proof is complete.

Remark 2.1.7. Theorem 1.6 introduces a method which permits one to check
if \ga = ||A|| or Ag > ||A]| for any A € L£(A). This method consists of the following
steps:

(a) calculating the set extp;
(b) calculating the norm of e; o A for i = 1,...,n using the set extp;
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(c) choosing, for each i € {1,...,n}, y; € extp satisfying (e; o A)y; = || AJ];

(d) finding, for ¢ = 1,...,n, the unique functional h; € X* such that h;|y =
e;o A and |le; o Al = ||hill;

(e) finding the set &; for each i € {1,...,n} \ crita;

(f) seeking an operator of minimal norm in conv(D); here the convex pro-
gramming method can be applied (see [Chel, p. 54 and Ex. 3, p. 51]).

However, note that there exist operators A € £(D) for which we can check in
a simpler way if Ay = [|4].

EXAMPLE 2.1.8. Assume ||e; o A|| = ||A]| for each i € {1,...,n}. Then the set
D consists of exactly one element.

EXAMPLE 2.1.9. Assume L € L(B,D) is represented by a matrix
(1(3,7)]ij=1,..n. Put A = L|p and assume that there exists io € {1,...,n} such
that for every j € {1,...,n},

n

(2.1.10) D = fil £i)lGrio) + 1G5, D) < Al

i=1
Then A4 = ||A]|.

Proof. Fix g € {1,...,n} satisfying (2.1.10). Define Ly = 3, ;. ei(-)Lyl.
It is clear that Lq|p = L|p = A. Moreover, it is easy to check that

Lall = max 37 e, (Ly)]
I i#io

Observe that |e;(Ly!®)| = |(—fi/fi,)1(j,i0) + 1(j,4)]. By (2.1.10), the proof is
complete.

Now we consider the situation A4 > || A]l.

THEOREM 2.1.10. Assume that f € Sp«, f = (f1,..., fn), satisfies (2.1.5), and
|fil >0 fori=1,...,n. Assume furthermore that A € L(D) and let A4 > ||4]|.
If Lo € PY then E(Lg) contains a reqular I-set (see (2.1.1)).

Proof. Let Ly € PY. It is easy to verify that ||Lo|| = dist(Lo, Lp). Hence,
by Corollary 0.2.14, 0 € conv(E(Lo)|zp,), i-e.

k
0= Z Ai@i’ﬁp 5
=1

where A\; > 0 and Zle A; = 1. Assume k € N is a minimal number for which
the above equality is satisfied. If we show that k = n, then {¢1,...,¢,} will be
the required regular I-set. By the Carathéodory Theorem, we can assume k < n
(dim Lp =n—1). By Theorem 0.2.7, ¢; = x; ® e;(;), where j(i) € {1,...,n} and
x; € extp. There is no loss of generality in assuming j(1) < ... < j(k). First we
show that j(1) = 1. Suppose, on the contrary, that j(1) > 1 and put

Ey={i:j(@) =4},
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Then
k
0= N(@i®e;w)ler = D Mil@i®ein)len + D Milwi ® )l -
i=1 i€By 1€ Ey
Put
(2.1.11) Liay = fOyja -

Note that if i ¢ Ey, then j(1) < j(i). Hence for each i € Ey,

(s ® ej)) (L)) = f(xi)e;)(yy) = 0.
Consequently,
0= Z Ai(@i @ ej1y) (L) = Z Aif (i),
1€EF, i€ By
since 6j(1)(y]1~(1)) = 1. To get a contradiction, we show that either f(z;) > 0 for
every i € Ey or f(x;) <0 for every i € Ey. By (2.1.5) f(x;) # 0 for every i € Ej.
Suppose that there exist i1,i2 € Ey with f(z;,) < 0 and f(x;,) > 0. Then it is
easy to show that
(y ® €5(1))(Lo) = || Lol|

for some y € Sp. But this contradicts the assumption A4 > ||Al|. So we proved
j()=1.

To end the proof of the theorem, we check that the map ¢ — j(i) is surjective.
If not, there exists ig € {1,...,n} with j(i) # io for i = 1,..., k. Since j(1) =1,
io >1. Put Iy ={i e {1,...,k} : j(i) = 1}. An easy computation shows that

k
0="> (2 ®ej)(Lig) = (—fig/ 1) D Nif (i)
=1 i€l

Reasoning as in the first part of the proof we get either f(z;) > 0 for each i € I
or f(z;) <0 for each i € I; a contradiction. Hence the map i — j(7) is surjective
and consequently k& = n. The proof is complete.

Reasoning as in Theorem 2.10 we can prove

THEOREM 2.1.11. Let L € L(B) and let Ly € Pr,(L) (the set of all best
approzimants for L in Lp). Assumedist(L,Lp) > || L|p||. Then the set E(L—Lyg)
contains a reqular I-set.

By Theorem 1.2 we get immediately

COROLLARY 2.1.12. Let A, Lg, f be as in Theorem 1.11. Then there exists
r > 0 such that for every L € Pa,

ILIF = (| Loll + [l L = Lol -
In particular, the set PY consists of exvactly one element.

Note that the assumption A4 > ||A]| in Theorem 1.10 and Corollary 1.12 is
essential because of
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EXAMPLE 2.1.13. Let n = 3 and let f = (1/3,1/3,1/3), D = ker(f). Define
L € L(B, D) to be the matrix

a —a 0
L=1|-a/2 a/2 0
—a/2 a/2 0

where a is a fixed positive number. Put A = L|p. It is easy to verify that
extp = {#+(1,—1,0),+(1,0,—1),£(0,1,—1)}.

Hence ||L|| = ||A|| and consequently A4 = ||A||. For § € R consider the operator
Ls defined by the matrix

a —a 0
L=\ —-a/2+d a/24+6 6
—a/2—-0 a/2—-5§ —=§
Note that
L(S(_lv 170) = (—QCL,(J,, a) = L(_17170)
and

Ls(—1,0,1) = (—a,a/2,a/2) = L(—1,0,1).
Hence Ls|p = L|p = A. It is easy to verify that Ls € £L(B, D) and || Ls|| = ||A]|
for |§| sufficiently small. Hence the set P4 consists of more than one element.

Theorems 1.10 and 1.11 lead to an effective method of calculating dist(L, Lp)
for given L € £(B) ifdist(L, Lp) > || L|p||. To do this, for given x4, ..., z, € extp
consider the following system of equations:

(x;@e)(L—f()(y1y..-yyn)) =2 fori=1,...,n,

(2.1.12) n
Z f’Lyl =0 )
i=1
with unknowns y1,...,Yn, 2. Assume additionally that
(2.1.13) 0€conv((zy®e1)lcps- -y (Tn@en)lcy) -
Let Lo = f(-)y° € P(Lp)(L). Then, in view of Theorem 1.11, if f satisfies (2.1.5)
and f; # 0 for i = 1,...,n there exist x1,...,7, € extg such that 3 ... 99,

dist(L, Ly ) are the solution of (2.1.12) for the above z1,...,z,. So to find Ly €
Pr,, and dist(L, Lp) it is sufficient to solve a finite number of equations (2.1.12)
for xy,...,x, satisfying (2.1.13). For verifying (2.1.13) we can apply the following

PROPOSITION 2.1.14. Assume x1,...,T, € extg. Let f € Sp« satisfy (2.1.5)
and let f; #0 fori=1,...,n. Put D =Xker(f). Then

(2.1.14) Oeconv((x1®@e1)lzps -y (Tn Ren)ley) iff
sgn(f(z;)fi) =sgn(f(z1)f;) forj=1,...,n.
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Proof. Fix x1,...,z, € extp and suppose
k
0="> Xi(m:i ®ej0)lep -
i=1
Reasoning as in Theorem 1.10 we get k = n and j(i) =i for: = 1,...,n. Now for

Jj=2,...,n take the map L; € Lp defined by (2.1.1). Note that for j =2,...,n,
0= Ni(mi®ei)(Ly) = M(=F;/f) (1) + A f(;) -
i=1

Consequently, A\1/\; = f(x;)f1/f(x1)f;, which completes the proof.

To end this section, for some L € L(B), we calculate an explicit formula for
dist(L, Lp) (Mg, if L € L(B, D)) and determine an element of best approxima-
tion in this case.

THEOREM 2.1.15. Let f satisfy the assumptions of Theorem 1.11, f > 0. Let
L € L(B). Assume furthermore that there is a dy € f~*(1) such that the matriz
[dijlij=1,..n of the map L1 = L + f(-)do satisfies the following conditions:

(2115) dij § 0 or dij Z 1,

(2.1.16) Z fi < Z fi foreveryie{l,...,n},
JEN; JEPUZ;

and

(2.1.17) Z fi < Z i foreveryie{l,...,n}
JjEPR; JEN,;UZ;

(here Z; ={j : d;jj =0}, P, ={j : dij >0}, N; ={j:di; <0} fori € {1,...,n}),
and

(2.1.18) Pic{j:fi < fi}
Then dist(L, Lp) = | L|p|| or

dist(L,Lp) = (1 + Zszz/Az)/(Zfz/Az) ;
i=1 1=1
whege A; :}ZjGNZ'UZi Ii— ZjePi fj and B; = ZjePi dij — ZjeZiUNi dij for
1e{l,...,n}.

Proof. Suppose dist(L,Lp) > ||L|p|. It is clear that dist(L,Lp) =
dist(L1, L)), where

Lp={LeL(B,D):L=f()y:yef (1)}

In view of Theorem 1.10, card Pr1 (L1) = 1. By the definition of L1, an element
JRRS Pry (L) is represented in a unique way by some y° = (3?,...,4%) € f=1(1).
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By the proof of Theorem 1.10, the numbers d = dist(L1,Lp),4?,...,4° must
satisfy the following system of equations:

D ldig = fiyll=d fori=1,...,n,
j=1

Z fiyi=1.
i=1

Now suppose that if L = f(-)y" € Pry (L') then ¥ > 0 fori € {1,...,n}. Then,
by (2.1.15)—(2.1.18), the system (2.1.19) reduces to the following system of linear

(2.1.19)

equations:
(D dij— Y di
Jjep; JEN;UZ;
0 o A .
(2.1.20) +yi<l Z fi ZL) d fori=1,...,n,
JEN;UZ; jEP;
Zfiy? =1.
i=1

Hence after simple calculations

(2.1.21) d= (1 +§;fiB"/Ai)/(§;fi/Ai> :
W0 =(d— B;)/4A; forie{l,...,n},

as required. So to finish the proof, it is sufficient to show that the vector y°
corresponding to the best approximation for L! has nonnegative coordinates
Assume that this is not true. Hence there is an ig € {1,...,n} with ) < 0.
Since y € f71(1), there is an iy € {1,...,n} with g7 > 0. For 6 > 0 define
w? = (w?,...,w?) by

y’? if 7& Z‘07 i1 )
(2.1.22) wl =S Y0 +0/f; ifi=ig,
It is clear that f(w?) = 1. We show that the operator W? € £}, corresponding
to w? satisfies
lej o (L = W)l < flej o (L' — L%)|| < dist(L", £})

for j = ip,i; and 6 > 0 sufficiently small. For j = ip, by (2.1.16) and a simple
calculation, we have

(2.1.23) lej o (LY = W) =" |djx — fruf]
k=1
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—Z|djk—yjfk|+9(2fk— > R/

kEN; keP;UZ;
< |lej o (L' = LY)|| < dist(L*, £}).
If j = 41, then by (2.1.17) for 6 > 0 sufficiently small

lej o (L' = W*) H—de—yjmw(sz— S Sl

keP; keEN;UZ;
<|lej o (L' — LY)|| = dist(L*, L]) -
Consequently, W ¢ Pry (L) for 6 sufficiently small, which by (2.1.23) leads to

a contradiction with Theorem 1.11. The proof is complete.

COROLLARY 2.1.16. Assume that f € Sp« satisfies the requirements of The-
orem 1.15. Put L' =1d. Then Aqj, =1+ (31, | f:l/(1 = 2[fi]))~*

This reproves the result of Blatter and Cheney [Bl, Th. 2].

COROLLARY 2.1.17. Let f, L', L} be as in Theorem 1.15. Let dist(L', £}) =
|LY|pll. Then (by Proposition 1.4) there is anig € {1,...,n} such that the vector
y=(2,...,4°), where

o _ [UIL ol = Bi)/Ai ifi+#io,
! (1_Zj;éiij?)/fi if i =1,

defines the best approzimation to L' in L1},

I1.2. Minimal projections onto hyperplanes of 5”) . Throughout this sec-

tion, unless otherwise stated, B = lgn) and D C B is a hyperplane, i.e. D = ker(f)
for some f € Sp-. We determine the constant A\jq(B, D) and Py € P (B, D) (see
(0.1.18), (0.1.19)). We will write Aiq for Aiq(B, D), P for P(B,D) and P°
for P2 (B, D) for brevity. In other words, we obtain a formula for a minimal
projection from B onto D and we calculate its norm. The method presented here
is based on Theorem 1.2.8 and it is different from that of [OdL, Th. I1.4.9] and
[Bl]. First we state some preliminary results.

Remark 2.2.1 (see e.g. [Bl, Lemma 1]). Assume B is a normed space and
let D = ker(f) for some f € Sp+. Then for every P € P there exists a unique
d¥ € f~1(1) such that

(2.2.1) Pb=0b— f(-)d” forevery b€ B.

Conversely, for any d € f~1(1) the operator P, defined by (2.2.1) belongs to P.
Remark 2.2.2 (see e.g. [Bl]). For every PP, ||P| = max;=1,.. , ||Pe;| and

(2.2.3) |Pesll = 11 — fi?| + | £l (1”11 — |d)

Since B is a symmetric and reflection invariant space (see e.g. [Od, Def. 1.1]), by
Remark 2.2, until the end of this section we can assume without loss of generality
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that
(2.2.4) l=fi>...>f,>0.

Moreover, it is easy to show [Bl, Th. 3] that A\jq = 1 if and only if the functional
f has at most two coordinates different from 0. So until the end of this section
we assume that f3 > 0. Let us introduce the following notations:

(2.25)  a; = ij, b; = ij_l and for i >3, [;=0b;/(i—2),
j=1 j=1

(2.2.6) Ep={i=23:0 = f{l}a Gp={i=3: fifl < Bi < fijrll}

(we define fr,41 = 0).
Now we can prove

LEMMA 2.2.3. Let i € Ey. Consider the system of equations
( i—1
2= d;,
j=1
i—1
2.2.7
(22.7) > fidi=1,
=1

j
filz=2d;)=x for j=2,...,i—1,
\ fiz==

with unknowns z,x,d = (dy,...,d;—1). Let Z, /x\,c/i\ be a solution of (2.2.7). Then
|Pa]l =14+ Z (P4 € P is the projection induced by d; see Remark 2.1).

Proof. One can verify that the numbers

T = 2(]{31 =+ fi_lai — i)_l where kl — bz — (’L _ 2)fi_1 ’
e -1

(2.2.8) di =2k +f7 —1)/2, |
di=2(f;  —f;)/2 forj=2,...,i-1,
Z=af"1

-

form a solution of (2.2.7). By (2.2.4), d; > 0 for j € {2,...,7—1}. Since i € Ey,
dy > 0. Put d=(dy,...,d;—1,0,...,0). By Remark 2.2 and (2.2.7),

~

Pyei||l =1+ f;(z—2d;)=1+2 forj=2,...,i—1.
| Pae; J j J
For i < j <n,

|Paejll =1+ fi2 <1+ fiz<1+7.

For j = 1, the inequality || Pse;|| = 1+ (||d||i — 2d1) < 1+ x is equivalent to
(f7' — ki — f7' + 1)z < 7, which gives 8; > f; . Since i € E, the proof is
complete.
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LEMMA 2.2.4. Let i € Gy. Consider the system of linear equations
( fi(z—2d;)=x forj=1,...,1,

z = idj,

. j:1
> fidi=1.
j=1

Let #,%,d = (dy,...,d;) be a solution of (2.2.9). Then ||Py|| = 1+ z where Py is
the projection induced by d.

(2.2.9)

Proof. One can verify that the numbers
r=2(a;0; —i)7",
(2.2.10) dy =Z(B; — f1)/2,....di = (8 — fi1)/2,
Z=a- b
form a solution of (2.2.9). Since i € GY, c@ >0 for j € {1,...,i}. Put d =
(di,...,d;,0...,0). Then, by Remark 2.2 and (2.2.10), for j = 1,...,1,
[ Paesll = |1 = fid;| + fi(lldllh —dy)l| =1+ f;(Z = 2d;) =1+ =.
If i <n, then for i < j < mn,
[1Pae;ll =1+ filldlly =1+ ZF; .
Since the inequality 1 + f;Z < 1 + z is equivalent to 3; < f;l and i € Gy,
|| Pse;l| <1+ Z, as required.
In the next part of this section we show that there exists P° € P°, PO = P?
for some d € f~!(1), such that z = |P?|| — 1, z = ||d||y and (du,...,d;) satisfy
the system (2.2.7) for some i € Ey or (2.2.9) for some i € Gy, and we determine

this index. To do this, we need some preliminary results.

LEMMA 2.2.5 [Bl, Lemma 4]. There exists P° € P° such that the vector d €
f71(1) corresponding to P° has nonnegative coordinates.

LEMMA 2.2.6. Let f € Sp«, fo < 1. Let P = P € P° and let d > 0. Then
for every j > 2 with d; > 0, ||P%;,| = ||PY|.

Proof. Suppose, on the contrary, that ||[P%;| < ||P°|| for some j > 2 with
d; > 0. Note that, by Remark 2.2, ||PY%;|| = 1+ f;(||d|l1 — 2d;). Select r > 0
with 1+ f;(||d|lx — 2(d; —r/f;)) < |P°|| and d; — r/f; > 0. Define a vector
d' = (d,...,d\) € B by

de+r  ifk=1,
dllc:{dk_r/fk if k=7,
dy k£,

Note that d* € f~(1) and ||d*||; = > p_, dx+r—7/f; < ||d||1, since f; < fo < 1.
Let P! denote the projection induced by d'. We show that || P! < ||P°||. To do
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this, take k € {1,...,n}. If k = j, then
1Prexll =1+ frlld = 2(d —r/fr)) < 1+ fu(lldll — 2(dr — 7/ fu)) < [|P]|

by the definition of r. If k = 1, then

1P el =1+ [ld |y — 2dy =1+ |ldlls +r —r/f; — 2(dy + 1)

=14 |ldlly —2dy —r(1+ f; 1) < 1+ [|d|ly — 2dy = || PPl < [|P°]|.
If £k #1, 7, then
[Prexll = 1+ fr(lld' [l — 2d},) = 1+ fi(lld"[l1 — 2di)
<1+ fr(lldll — 2dx) = [|[P%]| < [P,

which contradicts the minimality of PY.

COROLLARY 2.2.7. Let P° = P9 € P° and let d > 0. Let f € Sp~, fa < 1. Set
io =min{i > 2:d; = 0}. Then d; =0 for every i > iy.

Proof. Suppose d; >0 for some i >ig. In view of Lemma 2.6, || PY¢;|| = || P°|.
Hence

1Pl =1+ filldlls — 2d;) < 1+ filldll < 1+ fiolldlls < [P°]5

a contradiction.

In the sequel we will need the following notation. For i € {3,...,n} and
Jje{2,...,i} set
(2.2.11) g5 =(-1,....1;,...,—1).

DEFINITION 2.2.8. We say that f € B* satisfies condition (*) if and only if
for every i € {3,...,n} the vectors {g; : j € {2,...,i}, f* = (f1,..., fi)} form
a linearly independent set in R” (in other words, det A; # 0 for i € {3,...,n},
where A; is the matrix with rows g}, j€{2,...,i}, and f?).

Let us set

(2.2.12) F = {f € B* : f satisfies condition (x)}.
LEMMA 2.2.9. The set F' is dense in B*.

Proof. Note that B* \ F = |J;_; G;, where G; = {f € B* : det 4; = 0}.
It is obvious that each G; is a linear subspace of B*. So to finish the proof, it
is sufficient to show that G; C F for i > 3. Take f = (1,...,1) and assume
that f € G; for some ¢ > 3 This means that Z;;ll ajg;-H + a; f* = 0 for some
a=(a1,...,0;) € RY, 370 a;| > 0. In particular, taking the first coordinates
we get — 22;11 ak + a; = 0. For fixed j € {1,...,7— 1}, taking the (j + 1)th co-
ordinates we obtain «a; — 22;11 kg Ok + 0 = 0. Subtracting the above equalities,
we derive a; = 0 for j = 1,...,% — 1 and consequently o; = 0; a contradic-
tion.
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LEMMA 2.2.10. Let P° = PY € P and let d; >0 for j =1,...,n. Set
(2.2.13) C={g! (g} o PO)es| = IP°1}.
Then CN—C =0 and C U —C = crit*(PY) (see (1.2.1)).

Proof. It is clear that C N —C = ). Assume that g € crit*(P°). Then
|(go P%)e;| = || PY|| for some i € {1,...,n}. If (go P%)e; = || P°|| then, by (2.2.3),
gi =sgn(l— f;d;) =1 and g; = sgn(—fid;) = —1 for j # i. Consequently, g = g}’
and g € C. In the opposite case —g € C. The converse is obvious.

Now we can show

THEOREM 2.2.11. Assume f € Sp-. Then there exists PY = P9 € P° such
that z = ||P°|| — 1, z = ||d||y and di,....d; satisfy (2.2.7) for some i € E; or
(2.2.9) for some i € Gy (see (2.2.6)).

Proof. First we assume additionally that 1 = f; > fo > f3 and f € S« N F
(see (2.2.10)). By Lemma 2.5, we can choose P® = P? € P such that d has
nonnegative coordinates. Now we consider two cases.

Case I:d; >0 for i = 1,...,n. In view of Lemma 2.6, ||P%;|| = || P°| for
i > 2. Suppose that ||P%;|| < ||P°||. By Lemma 2.10, crit*(P%) = {¢%,...,g"}U
{—9g%,...,—gn}. Since f € F, det(gy,...,q", f) # 0. Hence the set {¢%,...,9n}
is linearly independent on D = ker(f); a contradiction with Theorem 1.2.8.
Consequently, ||PY%;| = ||P°|| for i = 1,...,n and it is easy to verify that
| P°|| — 1, ||d||1, d satisfy the system (2.2.9) for i = n.

Case II: d; = 0 for some i € {1,...,n}. First we show that dy,ds > 0. If
di =0, then ||P°|| > [[P% || = 1+ ||d||ly > 2, since f € Sp- and f(d) = 1. But,
in view of [Lev], Aig < 2; a contradiction. If dy = 0, then by Corollary 2.7, d; =0
for j = 2,...,n. Consequently, d; = 1. Now select r > 0 with 1 + f5(||d|[; +
(fy 1 = 1)r) < ||P°|| (this is possible, since |P°|| = 1 + fa||d||; and f3 < fo). Put

d* = (1 —r,r/f2,0,...,0). It is clear that f(d') =1 and it is easy to verify that
[Pyl < HP0|| a contradlctlon. Now put iy = min{j > 3 : d; = 0} and assume
|[PY;,|| = ||P°||. In view of Lemma 2.6, |P%¢;| = ||PY|| for 2 < j <. Since

d > 0, by Remark 2.2, the numbers x = ||P°|| — 1, z = ||d||1, and dy,...,d;,
satisfy the system (2.2.7) for i = ip. To finish this part of the proof, we show
that ip € Ef (see (2.2.6)). Since the solution of (2.2.7) is unique, by (2.2.8),
di = (ki + f;;" = D(|P°| — 1)/2 and ||d||y = (|[P°|| — 1) f;.;'. But the inequality
|[PPei| < ||P°|| yields k;, > 0 and consequently (3;, > figl. Hence iy € Ey.

Now suppose || P%;, || <||P°||. Then ig>3. If not, then consider d* = (dy,dz),
f2=(f1, f2) and let ﬁo GP(Z§2),ker(f2)) In view of Remark 2.2, ||P°| = ||P°||
and || P, | = [|PY%;| forj = 1,2. By [Bl, Th. 3], there exists Plep(z§2>,ker(f2))
with HPIH = 1. Extending in a natural way P! to P! € P, define P* = aP® +
(1 —a)P?! for a € (0,1). Since ||[PY%;,|| < ||P?|, it is easy to verify that ||P¥| <
| P°|| for a sufficiently close to 1; a contradiction.
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Now assume ig > 4, |P%;, || < ||P°||. By Lemma 2.6, ||PY;|| = ||P°|| for 2 <
j < i—1. We show that ||[P% || = ||P°||. Suppose that this is not true. Define PP,
fio~1 as in the case ip = 3. By Lemma 2.10, crit*(ﬁo) = {go™t .., :l:gfgj}.
Since f € F, the set C = {gio™', ... ,gfgj} is total over ker(f%~1) and conse-
quently it is linearly independent over ker(f?*~1). By Theorem 1.2.8, there exists
Pl ¢ Pld(lgio_l),ker(fio_l)) with |[P!|| < [|[P°|. Reasoning as above we get
|[Pe]| < ||P°|| for a sufficiently close to one; a contradiction with minimality of
PY. Therefore, ||P%;,| = ||P°| for j = 1,...,ip — 1. Reasoning as in the case
when || P%;, || = || P°]|, we can show that the numbers z = ||P°||—1, z = ||d||; and
di,...,d;,_1 satisfy the system (2.2.9) for i = iy — 1. Since ||P%%;, || < ||P°|| and
dig—1 = (| P°|| —1)(Biy—1— i;£1)/27 by a simple calculation we get 3;,_1 > i;il,
Big—1 < fz-gl and consequently ig — 1 € Gy.

To end the proof of the theorem note that by Lemma 2.9, the set

{(fil=H>fr>f3>...2 fu, fEF}

isdensein Z ={f:1=f1 > fo > ... > f,}. Consequently, by the continuity of
the function Z 3> f — Aa(B, ker(f)) [OdL, Lemma II.7.6, p. 83] and a compact-
ness argument, the reasoning presented above holds true for any f € Z, which
completes the proof of the theorem.

To present the next results of this section note the following properties of the
numbers b;, 3;, a; (see (2.2.5)):

Remark 2.2.12. (a) For 3<iand 3 <j <iifa; >i—2 (vesp. B > f; )
then a; > j — 2 (resp. f; > f]fl)_
(b) For i >3, fibi_q >i—3iff 3, > f 1.

For j =3,...,n define

(2.2.14) ¢j = min{fjbj_1,a;1}
and set
(2.2.15) i=i(f) =max{j >3:¢; >j—3}.

THEOREM 2.2.13. Let P® € P°. Then |P°|| =1+ x, where
T = 2((ﬁi_fi_1)(i_2)+aif¢_l_i)il if a; <i1—2,
2(alﬂi—i)_1 if a; >1—2.

Proof. By Theorem 2.11, there is a P° = P} € P such that |P%|| -1, ||d||1,
dy,...,d;, form a solution of (2.2.7) for some iy € E or (2.2.9) for some iy € Gy.
We will show that it is possible to choose iy = i(f). Note that for any i = 3,...,n
and j =3,...,n—1,

(2.2.16) (B — fi Wi —=2) +aifit —i— (@i —i) = (B = [ ) - (i =2 — ;)

and
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(2217)  (Bjr = )G = 1) +ajafih — (G +1)

—(B; = £ G —2) = (a5 /1 = 4)
:b]+1_(]_1)fj+1 b +f (]_2)+a’](f]+1 f]ﬁl)
=a;(fh = 17D+ G =207 = i3
= (a; —(G=2)-(fh—FH

Suppose that iqg < i(f). If | P°|| =1, ||d||1, di, ..., d;, satisfy (2.2.9) for i = iy then
Bis < figy1, which by (2.2.5) gives Bi41 < fi.4,. Since ig < i(f), by (2.2.15),
Bio+1 > fi;_lH and consequently 3,11 = fi;-li-l = f;,- Reasoning as above, by
Remark 2.2.12 and (2.2.15), we get §; = f; ' = -1 for j = io +1,...,i(f).
Consequently, 3;, = fz?;) = fj_1 for j =ip+1,...,i(f). Hence,

i(f)
aioBi, — o — (aip)Bicpy — i(f)) = i(f) —io — ( Z f]) z(f)
Jj=to+1
Consequently, the projection P! defined by the solution of (2.2.9) for i = i(f)
satisfies ||P]| < ||PY||, so we can choose i(f) as ig. (If i(f) < n then Bitsy =
fl.?;) < fi?})—i—l’ which gives i(f) € Gy.)

If | POl =1, ||d|l1, d1, ..., di, satisfy (2.2.7) for i =i, then by (2.2.17) we can
also choose ig = i(f).

Now suppose that iy > i(f). Hence 8; > fj_l and a; < j—2 for i(f) < j <.
By (2.2.16), (2.2.17), the solution of (2.2.7) for i = i(f) defines the projection P!
such that || P! <||P°||, where P° is the minimal projection satisfying (2.2.7) for
i = i9. Consequently, we can choose iy = i(f). The formula for the norm of the
minimal projection is a consequence of Lemmas 2.3 and 2.4. The proof is complete.

COROLLARY 2.2.14 [Od]. Let f € Sp~ be as in Theorem 2.2.13. Put

i i By > I
(2.2.18) m=m{f) = {U(f) if Biry = fij)
where
(2.2.19) u(f) =min{j <i(f) —1: fix1 = fup}-

If apy, > m — 2 (resp. ap, < m — 2) then the formula (2.2.10) (resp. (2.2.8))
defines for i = m(f) the coordinates of the vector d corresponding to a minimal
projection PY.

Remark 2.2.15. In the complex case the formula for the minimal projection
given in Theorem 2.13 holds true.

Proof. By Remark 2.2, we can assume without loss of generality that 1 =
fizfao>...> fo If P=P;€P,then Py € P, where re(d) = (re(dy),
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...,re(dy)). Moreover, by Remark 2.2, || Py|| > || Pre(ay|| for any d € f~1(1), which
completes the proof.

I1.3. Strongly unique minimal projections onto hyperplanes of lfﬁ.})
and ! gn) . The problems considered in this section may be treated as a development
of the results obtained in Sections II.1 and I1.2. Hence we restrict ourselves to
the case B = I (resp. B = ZYL)), V = Pu(B,D) C K(B), where D C B
is a hyperplane in l(()g) (resp. in lgn)). In other words, we will examine when a
projection P° € PP, (B, D) is a strongly unique minimal projection (we will write
a SUM projection for brevity) in Pia(B, D), i.e. when P° € PP, (B, D) satisfies

(2.3.1) 1P]| > [Pl + 7| P — PP
for every P € Prq(B, D) with a constant r > 0 independent of P.
First we deal with the case B = l(():f). Applying Theorems 1.2.2 and 1.2.5 we

prove the following

THEOREM 2.3.1. Let D C B be a hyperplane, i.e. D = ker(f) for some f =
(fis---sfn) € Sp«. Assume P° € P(B,D) is a minimal projection. Then we
have:

(a) If | PY|| = 1, then PP satisfies (2.3.1) if and only if |fi| > 1/2 for ezactly
one i€ {l,...,n}. The constant r = min{l — 2|f;| : j # i} is the best possible.

(b) In the real case, if |[P°|| > 1, then P° satisfies (2.3.1) if and only if
0<|fil <1/2 fori=1,...,n.

Moreover, the constant

(2.3.2) r = min{max{(1 — 2|f;|)y; :i=1,...,n}:y € Sp}
is the best possible and the following estimate holds:

(2.3.3) r> (L=2fDIfl/Q = 1fil)

where

|fil = max{|fx| : k=1,...,n} and |f;| =min{|fi|:k=1,...,n}.

Proof. (a) Assume that |f;] > 1/2 for exactly one index i € {1,...,n}.
Fix P € P(B, D). Denote by df (resp. d°) the vector from B corresponding
to P (resp. to P°). It is clear that P — P° = f(-)(d° — d¥) and consequently
| P— P = [|d® — d”||s. Since | fi| > 1/2, [|d° — d” | oo = |d} — d] for some j # i.
By [Bl, Th. 1] d) = 1/f; and d} = 0 for j # i. Consequently, [P — P°|| = |dF|
for some j # i. By (1.2.5), we note that

IP]| = Iz — ;) 0 Pll = L = f;d"| +|dj |(1 — |f;])
> 1+ 1d]|(1 =21 f;]) = [ P°|| + min{L — 2| fi| : k # i}[|P — PO,

which gives the result.
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Now we shall show that the constant r = min{1 — 2|f;| : j # i} is the best
possible. To do this, for f € Sp« and d € f~1(1) set

Pra=Td—f(-)d.
Since ||Py.ql = HPmEH for every f € B* and d € f~Y(1) (d; = d; if f; = 0

and d; = f;/|fi|d; otherwise) we may assume f > 0. Set di = 0 if k # i and
k+#j,di=—f;/fi,dj =1andlet d = (di,...,dy) (the index j is so chosen that
f; = max{fy : k #i}). Let P = P°— f(-)d. By Theorem 1.2.2 and Remark 1.2.3,
it is enough to show that

Iz = zx) o Pl < 1+ 7| P = PO

for every r1 > r and k = 1,...,n. First we note that |P — P%|| = ||d|l« = 1. By
(1.2.5), if kK =i then

[(z — x) o P|| = |1 — fi(di + 1/ fi)| + |di + 1/ fi] - [1 = fi
=1/fi—1+di(1-2f))=1/f; =1+ f;(2fi = 1)/ fi
<1fi-1+Q-fi)2fi —1)/f;
=2(1—f;) <1<1+r|P-P°|.

If k # i and k # j, then df = dj, = 0. Hence
|(z = zx) o P||=1<1+r|P—P.
If £ = j, then
[(x = a) o P|=2—2f; =1+7||P—P° <1+mr|P—P.
Applying Theorem 1.2.2(b) , we complete the proof of part (a).

(b) As in the previous case we can assume f; > 0 for i = 1,...,n. Define a
function ¢ : Sp — R by the formula
(2.3.4) ¢(y) =min{(2f; — )y, :i=1,...,n}.

Since f; > 0fori=1,...,n, ¢(y) <0 for every y € Sp. Hence, by the argument
of compactness and continuity of ¢, the constant v = max{¢(y) : y € Sp)} is
negative. We show that P? is a SUM projection with » = —y. To do this, by
Theorem 1.2.5, Remark 1.2.6 and Theorem 2.1.10, it is enough to prove that for
every P € Pia(B, D) there exists i € {1,...,n} with
(2.3.5) inf{((P — P"a); : x € A;(P°)} < —r||P - P|
(we write A;(P°) instead of A,_..,(P%) (see (1.2.2)). It is clear that ||P° — P|| =
|df — d°)| . Set d = (dF — d°)/||dF — d°|| (if d¥ = d° the inequality (2.3.1) is
satisfied). Select i € {1,...,n} with ¢(d) = (2f; — 1)d;. By (1.2.5), = € A;(PY) iff
z; =—sgn(f;)=—1 for j #i and z; =sgn(l — fid)) =1.

Hence for x € A;(P°) we get

(P = Pz)i = f(a)[|d” = d°lleodi = (fi = Ddilld” = d°|loc < —r[|d” = d°]lco -

By Remark 1.2.6, we have proved our claim.
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Now we will show that r > (1 — 2f;)f;/(1 — f;), where f; = max{fy : k =
1,...,n} and f; = min{fx : k =1,...,n}. To do this, take y € Sp. If y,, =1 for
some k € {1,...,n}, then

oly) <2fk —1<2f; =1 <2f; = 1)fi/(L = fi),

since f; < 1/2 and f; < 1/2.
In the opposite case y, = —1 for some k € {1,...,n} and an easy calculation
shows that y, > fi/(1 — f;) for some [ € {1,...,n}. We note that

oy) < 2fi =Dy < 2fi = 1) fi/(L = fi) < 2f; = V) fi/(1 = fi) ,

since f; < 1/2 and f; > f;. Hence v < (2f; — 1)f;/(1 — f;) and consequently,
r>(1=2f;)fi/ (L= fi).

To prove that the constant r is the best possible, take 1 > 7, choose d € Sp
with ¢(d) > —rq, and define P € Piq(B, D) by

P=P°+ f()d.
For I € {1,...,n} and z € A;(P°) we have
(P = P%)a) = f(z)di = (2fi = 1)dy > ¢(d) > —r1 = —r1||[P — P°||.

By Theorem 1.2.5 and Remark 1.2.6, the proof of (b) is complete.

Remark 2.3.2. Suppose that f € Sp+ and an operator L € L(B) satisfy
the assumptions of Theorem 2.1.15. Assume additionally that d;; < 0 for ¢ # j,
d;; > 1 (d;j are the same as in Theorem 2.1.15). Then by Theorem 2.1.11 the
operator L has a SUBA element in £1,. Moreover, if dist(L,£L) > ||L|p||, then
the constant r satisfies the estimate from Theorem 2.3.2(b).

Remark 2.3.3. In the complex case Theorem 3.1(b) does not hold.

Proof. As in the proof of Theorem 3.1(b) we may assume f > 0. It is easy
to show that the projection P° considered in Theorem 3.1(b) is also minimal in
the complex case. By Remark 1.2.4, A;(P°) = aA, 4.2, (P°) for every a € C,
|a] = 1. Hence we may restrict ourselves to the case a = 1. Take w € R" N Sp
and let y = 0+ iw. For L= f(-)y, j=1,...,n and z € A;(P°) we have

re(Lx); =re(f(z)y;) = (2f; — 1) re(y;) = 0> —r|y||
for every r > 0. Hence, by Theorem 1.2.5(b) and Remark 1.2.6, P° does not
satisfy (2.3.1) with any constant r > 0. However, adopting the reasoning from [6,
Th. 1], we can show that the conditions given in Theorem 3.1(b) are equivalent
to the uniqueness of a minimal projection in the complex case.

By a similar method to that of Theorem 3.1(a) we get

COROLLARY 2.3.4. Let D C ¢y be a hyperplane, D = ker(f) for some f €
Si, (we consider the real and complex case). Then PY € P (co, D) is a SUM
projection if and only if |f;| > 1/2 for exactly one index 1.
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Now we consider the much more difficult case B = l§") .

PROPOSITION 2.3.5. Assume f = (f1,..., fn) € Sp and let P° € PP (B, D),
|P°|| = 1. Then P° is a unique minimal projection if and only if P° is a SUM
projection.

Proof. In view of [Bl, Th. 3] we can assume 1 = f; > ... > f,, > 0. By [Bl,
Th. 3] card PP (B,ker(f)) = 1 and Ajq(B, ker(f)) = 1 if and only if fo > 0 and

fa=fa=...=fn=0.Soassume 1 =f; > fo >0= fy3=...= f,. It is easy to
verify that if we put y = (1/(1 + f2),1/(1 + f2),0,...,0) then the operator
(2.3.6) Pix=xz— f(z)y (x€B)

belongs to Py (B, ker(f)). We show that P, is a SUM projection with constant
r = fa. So take an arbitrary P € Piq(B,ker(f)) and write P in the form P =
Id —f(-)y”. Since || fllec = 1, |P — P%| = |ly" —y||. If yf < O then

Iy =yl =1lf = 1/Q+ f2), 95 = 1/(L+ fo), y8 .yl

n

=> Wwl=1y"Il.

=1
Hence, by Remark 2.2.2,
1P > 1Perll = 1 —yi |+ y"l = |y | = 1 —yi +ly"ll +yf
=1+ |lypll =1+ 1Py, — Pl > [|P + f2|[ P — P

If yI < 0, by the same reasoning we have

1P| = |12y + f2l| Py =PI
Now suppose that yf >yl > 0. It is easy to verify that in this case ||y — y7| =
lyP | — 2u%, since yP + foyd = 1. Note that

(2.3.7) 1P| = |Peal = |1 = foys' | + follly" [l = y5)) = 1+ fa(lly"[| — 293)
= 1Pl + folly = 4”1l = 12| + fol P = P
If y3' > yi >0, we have |ly” —y|| = [ly”| — 2y{". Hence
1P > Perll =1 =yt +y"l = v = Pl + foll P = Pyl -

Since the strong unicity of P, implies that P, is a unique minimal projection, the
proof of Proposition 2.3.5 is complete.

Remark 2.3.6. Since Remark 2.2.2 holds true in the complex case, Proposi-
tion 2.3.5 is also valid in the complex case.

Remark 2.3.7. The constant f, obtained in the proof of Proposition 3.5 is
the best possible.

Proof. Let y* = (yf,yL,0,...,0), ¥¥ > y& > 0 and yf + foyl = 1. Since
|[Pe;|| =1 for i > 2 and || Pei| = 1+ [[y7|| — 2yf < 1, | P|| = || Pez]|. According
to (2.3.7), || P| = ||Pyl| + f2||Py — P||, which proves our claim.
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Now we shall investigate a much more difficult case, when the norm of a
minimal projection is greater than one. By Remark 2.2.2 and [Bl, Th. 3], in the
sequel we can assume that f = (f1,...,fn),n>3and 1= f; >...> f,, f3 > 0.
First we prove some preliminary results.

LEMMA 2.3.8. Let f € Sp« and let f, > 0. Set a,, = Z;nzl fj form €
{3,...,n}. If ay, > m — 2 and there exists y € ker(f) \ {0} satisfying the system
of inequalities

(2.3.8) i > Z y2+ Z |Yivm| forj=1,....,m,
then we can find y' € ker( N\{0} with

(2.3.9) 1> Z yz+Z]yz+m| forj=1,....m

1=1,i%#j
(77 [yin| = 0 by definition).
Proof. Take y € ker(f)\{0} satisfying (2.3.8) and consider two cases.

Case L There exists j € {1,...,m} with y; > 33" i yi + 30" [Yiyml.
Then we can find ¥ > 0 such that

m n—m
yi = 0> Y yit D Wil + (= DO/ (am — £5)
i=1,i#j i=1
Define y]1 =y, — 0, y} =y +9f;/(am — f;) fori € {1,...,mN\{j}, y! = y; for
i=m+1,...,n and put ylz(y%,...,y}l). Note that
> Lyl = Zfzyz + Z fivi
=1 i+m+41

= fiy; — ;9 + Z Filyi + 19/ (am — £)) + D foi

i=1,i#j i=m+1
= Z fivi=0.
i=1
To finish the proof, fix i € {1,...,m}, i # j. Since a,, > m — 2, we have a,, — f;
> fj(m — 3), which gives

(2.3.10) fi0/(am = f3) > (m = 2) f;90/(am = f;) = 0.
Adding (2.3.8) to (2.3.10) we obtain

yz > Z yk+ Z |yk+m ;

k=1,k#1
which establishes formula (2.3.9).
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Case II: For every j € {1,...,m},

(2.3.11) yi= Y. v+ > |Witml.
i=1,i#j i=1
Then for each j € {1,...,m}, y1 = ... = Y, (to show this we subtract for fixed

Jyu € {1,...,m} equalities (2.3.11)). Consequently, by (2.3.11),

(2312) - - 2 yl Z |yz+m‘

Hence if n = m, then y = 0; a contradiction.
In the opposite case

n m n—m m n—m
0=> fiti=Y fiti+ D firmYitm = yl(Zfi) + > fismYitm
=1 =1 =1 =1 =1

n—m n—m
< Y10m + Z | fivm!| - Yitm| < yram + Z |Yi-tml
i=1 i=1

<yl Z |yz+m| =0,

since according to (2.3.12), y1 < 0 and a,, > m — 2. So we may exclude case II.
The lemma is proved.

LEMMA 2.3.9. Let f € Sp«, f = (f1,---,fn), n >3, f3>0, fo < 1. Suppose
m € {3,...,n} satisfies ay, < m—2, ay—1 > m—3. If there exists y € ker(f)\{0}
satisfying

n—m-+1

Z yl+ Z |yz+m 1‘ fm“j:2,...,m—1,

i=1 'L;ég
Ym Z Z yi+ Z ‘yi+m‘7
=1 =1

then there exists y' € ker(f)\{0} with

(2.3.13)

n—m-+1

1> Z yl + Z lyha|  fori=2,....m—1,

= 11:,63
- n—m
U, > Z U D Wil
=1 =1

Proof. Take y € ker(f)\{0} satisfying (2.3.13) and consider three cases.

(2.3.14)
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Case Ly, >> " Yy + > " [Yitm|- Then we can select ¥ > 0 with

m—1 n—m
Ym > Z vi + Z Yitm| =0+ (m = 2)0/(am-1 —1).
i=1 i=1

Define y1 =y — U, yj1 =y +9/(am- —1) (j =2,....,m—1), y]1 = y; for
Jj= ,n and set y! = (yi,...,yl). Note that

m—1 n n
= Zfiyi =y =0+ fili+9/(amo1 — 1)+ > fiyi=> fiyi =0.
=1 1=2 i=m =1

Since ap—1 > m—3, 9/(am—1—1) > =0+ (m—3)9/(am—1 —1). Combining this
inequality with (2.3.13) we get
n—m-+1

> Z yz + Z |yz+m+1| for ] - 2 1

= lz;ﬁj

— n—m
1 2 : 1 } : 1
Ym > Y; + ‘yi+m‘ 3
i=1 i=1
which proves our claim.

Case II. There exists j € {2,...,m — 1} with
n—m-+1

Y > Z Yi + Z |yz+m 1’

i=1,i#j
Then y;— f;7 10 > 7 i+ 2" Wi 1|+ for ¥ > 0 sufficiently small.
Since fo < 1
(2.3.15) 0 —f;19<0.
Define y* = (yf,...,yp), where yl = y1 +9, yj = y; — f7 0, y} = i for
i #1,7. It is clear that y* € ker(f). Adding (2.3.13) to (2.3.15) we get for each
ke {2...,m— 1N},

n—m-+1

yk> Z yz+ Z ’yz—l-m 1‘

i=1,i#k
and

m—1 n—m
Ui > DU > (Wil
i=1 i=1
which completes the proof of this case.
Case III:

n—m+1

(2.3.16) Z yi + Z Yiym—1| forj=2,...,m—1,

i=1,i#j
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m—1 n—m
(2317)  Ym= > Y+ > |Yitml-
=1 =1

First we show that y,, > 0. If not, then by (2.3.16), for every j € {2,...,m — 1},

n—m-+1
(2.3.18) Z yi + Z [Yi+m—1] = Ym -
i=1,i#j
Subtracting equalities (2.3.16) for fixed j,k € {2,. — 1} we get yo = =

Ym—1- By (2.3.17) and (2.3.18), y,,—1 = 0, which gives 0 =y e 1|+y1
Since fo < 1land y € ker(f), Yitm-1 =0fori=1,...,n— m+1 and consequently
y = 0; a contradiction. Hence y,, > 0 and reasoning as above we get yo = y3 =

. = Ym—1. Subtracting (2.3.16) from (2.3.17) we get Y2 — Ym = Ym — Y2, which

gives y2 = Y3 = ... = ym > 0. By (2.3.17), y1 = —(m — 3)ym — Y1y [Yitml|-
Hence
n
OZZfiyz Zfzyz+ Z fzyz
=1 1=m-+1
n n
=—(m=3)m— Y |l + (@m—Dym+ > fivi
i=m-+1 i=m+1
= (am — (M =2)ym + Y fii— Y |yl <0,
i=m+1 i=m+1

since a,, < m — 2 and y,, > 0. Thus we can exclude case III and the proof of the
lemma is complete.

Remark 2.3.10. Assume P € P(B,D), D = ker(f), f = (1, fo,..., fn),
n >3 and f3 > 0. Put C; = {g € extp- : £g9(Pe;) = ||Pe;]|} for i =1,...,n
Then g € crit*(P) if and only if g € |J;c 4 Ci, where

(2.3.19) A={ie{l,...,n}:|Peil| = ||P|}.

Proof. Assume g€crit*(P). Since extp- = {£e;},, we have (goP)e; =||P||
for some i € {1,...,n}. It is clear that i € A. The converse is obvious.

LEMMA 2.3.11. Let f € Sp+ and let m = m(f) be chosen as in Corollary
2.2.14. Assume that P° € Piq(B,ker(f)) is a unique minimal projection. Then

(a) If ay, > m — 2 and m = i(f) (see Cor. 2.2.14) then A ={1,...,m}.

If ayy, > m —2 and m < i(f) then A= {1,...,l}, where | = max{i >m+1:
fi_lzﬂm}-

(b) If fa < 1, am—1 > m — 3 and a,, < m — 2, then A = {2,...,1}, where
l=max{i >m: f; = fm}.

Proof. (a) By Theorem 2.2.13 and Corollary 2.2.14, the vector d° correspon-
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ding to P° has coordinates
d(l) = x(ﬁm - ffl)/2a RN dgz = x(ﬁm _fn_zl)/27
=0 fori=m+1,...,n,
where z is given by (2.2.10). Hence it is easy to verify that
(2.3.20) 1d°|| = xBym
and that the system of inequalities
14+ £:(|d) —2dY) =1 +2z = ||P°|| forj=1,...,m,
231 FIP) ~26) 7] or
1+ fil|ld"|| <14+a=|P°|| forj>m+1

is consistent. In view of Remark 2.2.2 and (2.3.20) we get our claim.
(b) According to (2.2.8) and Corollary 2.2.14, the vector y° corresponding to
P has coordinates

) =a((m =2)(Bm — ') = f' = 1)/2,

y? =a(f ! - f;l)/Q forj=2,...,m,

y?:O forj >m+1,
where x is given by (2.2.8). It is easy to verify that
(2.3.22) 150 = fite
and that the system of inequalities
23 L4+ 00 =200 = 142 = [IP°] forj=2,....m,
L+ filly’l <1+ =P forj=>m+1
is consistent. By Remark 2.2.2 we get the desired result.

Now we are able to prove the main result of this section.

THEOREM 2.3.12. Let f € Sp« (we consider the real case), f = (1, fa,..., fn),
f3>0 and let m = m(f) be as in Corollary 2.2.14. Then the projection P° defined
in Corollary 2.2.14 is a SUM projection if and only if either

(2.3.24) A > M — 2
or
(2.3.25) fo<l, amo1>m—3 and @y, <m-—2.

Proof. Assume that f satisfies (2.3.24) and (2.3.25). Consider a function
¢ : Sp — R given by

(2.3.26) P(y) = min{ fry) - 9(y) : g € C}

where

(2.3.27) C = {g € crit*(P%) : g(P%;) = ||P°|| for some i € {1,...,n}}
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and
(2.3.28) k(g) = min{i € {1,...,n}: g(P%;) = ||P°||}.

Assume we have proved that ¢(y) < 0 for every y € Sp. Hence, by the com-
pactness of Sp and the continuity of ¢, the constant v = sup{¢(y) : y € Sp} is
strictly negative. We will prove that P° is a SUM projection with » = —v. To
do this, by Theorem 1.2.5(b), it is enough to show that for every P € Pq(B, D)
there exists g € C (it is clear that C' U —C = crit*(P?) and C N —C = ()) with

inf{g(P — P°)e; : e; € A} < —r||P — P|.

So fix P € Pi(B, D) and let P — P° = f(-)d for some d € D (we can assume
d #0). Select g € C with fi49(d/||d||) = ¢(d/||d||). Note that for every e; € Ay,

9(P = P%ei = fig(d/lldDdll = friq9(d/lldDldll
since ¢(d/||d||) < 0. Hence
inF{g(P — PO)ei  e0 € Ay} = fuigyo(d) = 6(d/ldDld] < Al = [P~ P

which, by Theorem 1.2.5, gives our assertion.

By the same reasoning as in Theorem 3.1, we can show that the constant r is
the best possible.

So to end the proof, it suffices to show that ¢(y) < 0 for each y € Sp. By
(2.3.26) and (2.3.28), k(g) € A (see (2.3.19)). Hence in view of Lemma 3.11
and Remark 2.2.2, fyg) > 0. According to (2.3.26), it is enough to verify that
inf{g(y) : ¢ € C} < 0 for every y € Sp. Suppose, on the contrary, that there
exists y € Sp with g(y) > 0 for every g € C' and consider two cases.

Case I:ay >m—2. If m =i(f) (see Cor. 2.2.14) then by Lemma 3.11 the
set A corresponding to P° is {1,...,m}. Consequently, in view of Remark 3.10
and (2.3.25),

m
C=|JDi, where D;={g € extp-: g(P’;)=|P°|}.
i=1
By Remark 2.2.2,
Di = {(—1,...,1,‘,—1,...,—1m,€1,...,5n,m) :
e= (€1, En—m) €E{-1,1}""™}.
Hence the inequalities g(y) > 0 for every g € C form the system (2.3.8). By

Lemma 3.8, we can find y! € Sp with g(y!) > 0 for every g € C. Hence for every
ge Cande; € Ay,

(2.3.29) flegly') >0

since i < m and f,, > 0. Now define P = P° + f(-)y' and note that (2.3.29)
yields for every g € C,

(2.3.30) inf{g(P — P)e; 1 e; € A,} > 0.
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By Theorem 1.2.5(b), P° is not a minimal projection; a contradiction.
If m < i(f) then A = {1,...,1}, where [ is given in Lemma 3.11. Hence
C= Ué:l D;, where the sets D; are as above for i =1,...,m and
Di = {(—1, ey _1m751’- cey 1i75i7 ce 75n7m71) :
ee{-1,1}""™ 1 fori=m+1,...1.
So we must add to (2.3.8) the system

m n—m
vi =Y Uit > |gieml forj=m+1,...,1.
=1 i=1,i#j

In view of Lemma 3.8, there exists y* € ker(f) with

i=1,i#j i=1
Now replace f by f! = (1’f27"'afmaf71n+1a . wfrlL) where fr,41 > frln—i-l R
fL. Note that, by Corollary 2.2.14, the operator P{ defined by
(2.3.31) Plz =z — f'(z)y° forzecB
is a minimal projection from B onto ker(f!). If the change of f,,+1 is minor,
then modifying slightly the n — m last coordinates of the vector y' we get
Y= (Yis- s Y Yigrs - - - Y2) € ker(f1) satisfying (2.3.9). Since B, < 1/f} 1,
applying Theorem 1.2.5, we see that P{ is not a minimal projection from B onto
ker(f1); a contradiction.

Case II: ay, <m —2, @y >m — 3, fo < 1. If m <i(f) or m =i(f) and
fm+1 < fm then by Lemma 3.11, A = {2,...,m} and C = |J;", D;, where the
sets D; are defined as in Case I. By Remark 2.2.2,

_Dl = {(_17 ey _]-7 ]-7,7 _1) .. .7_1m717517~ . '7€n7m+1) s G {_17 1}n_m+1}
fori=2,...,m—1 and
Dy, ={(-1,....,—1, 1,61, ..,6n—m) e € {=1,1}""}.

Hence the inequalities g(y) > 0 for every g € C form system (2.3.13). By
Lemma 3.9 there exists y! € D with g(y') > 0 for every g € C. Reasoning
as in Case I we get a contradiction with the minimality of P°.

If m = i(f) and fr41 = fm, then C = Ué:z D;, where [ is defined in
Lemma 3.11 and

D, = {(—1, cees—1lmo1,61,--,6i—1, 1,65, . .. ,Snfm) HESNS {—1, 1}n—m}
for i > m (for i = 2,...,m, the D; are defined as above). Hence we must add the
following inequalities to (2.3.13):
(2.3.32) Uiz > it > |Wiemel
i=1

i=1,i#j
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By Lemma 3.9, there exists y' € D with
n—m-+1
y]1> Z yzl+ Z |yi1+m—1’ forz':2,...,m—17
i=1,i#j i=1
m—1 n—m+1
Yo, > Z yi + Z Yim—1l-
i=1 i=2
Modifying, as in Case I, f to f* where f' = (fi,...., fms fi1s- s fi)s Fhir <
fm, and y! to y? belonging to ker(f!) we get a contradiction as in Case I.

To prove the converse, first suppose that a,, = m — 2, where m is defined by
(2.2.18). Then

(/Bm - fn_ml)(m_ 2) _amfn_zl —m = apSn —m.

Moreover, (3, > f.. by the definition of m. Consequently, by Corollary 2.2.14,
the solutions of the systems (2.2.7) and (2.2.9) define two different minimal pro-
jections (see (2.2.8) and (2.2.10)).

If a,, <m—2 and a,,,—1 = m — 3, then by the definition of i(f), m(f) = i(f)
and consequently, 3;(5) > fz’?})' Note that by (2.2.17),

(B = F N m=2) +am frrt =m—((Bn-1 = frnl1)(m=3) —am—1 frnl1 — (m—1))

= (fmta = F!) - (amey — (m = 3)) = 0.

Hence the solutions of (2.2.7) and (2.2.9) for i = m—1 define two different minimal
projections.

If a, <m —2and fo = 1 then also m = i(f) and 3; > f; ', by the definition

of i(f). Then it is easy to see that if d* = (dy,...,d;), 2, x is a solution of (2.2.7)

for i = i(f) then d = (dg,dy,...,d;) also defines a minimal projection. Since
Bicry > fiz;)’ d’ # d". The proof of Theorem 2.3.12 is complete.

Reasoning as in Remark 2.3, we can establish the following

Remark 2.3.13. In the complex case Theorem 2.3.12 does not hold. However,
the conditions (2.3.24) and (2.3.25) are equivalent to the unicity of a minimal
projection in the complex case as well.

Proof. In view of Remark 2.2.2, without loss of generality, we can consider
the case 1 = f1 > ... > f,, f3 > 0. It is also clear, by Remark 2.2.2, that || Py|| >
| Pre(ayll (re(d) = (re(dr),...,re(dy)) for any P = Py € Pna(B, D). Moreover, if
im(d) = (im(dy),...,im(d,)) # 0 then ||Py|| > ||Pre(a)ll. Hence the problem of
unicity of a minimal projection reduces to the real case.

Remark 2.3.14. The equivalence of conditions (2.3.24) and (2.3.25) to the
unicity of a minimal projections was proved, by a different method from that of
Theorem 3.12, in [Od] or [OdL, p. 70]. Theorem 3.12 in a slightly different version
was proved in [OdL, Th. III1.3.11, p. 113].
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I1.4. Minimal projections onto subspaces of l(()g) of codimension two.

In this section, unless otherwise stated, B = l(()g) (we consider only the real case)
and D C B is a subspace of codimension 2 (i.e. D = ker(f1) Nker(f2)) where
f1, f2 € Sp« are linearly independent functionals). We present a partial solution
of the problem of calculating A\iq(B, D) (see (0.1.18)) as well as the problem of
finding a minimal projection. As in Section II.2, for brevity, we will write Aq
instead of \iq(B, D), P instead of Piq(B, D) and P? instead of PP, (B, D). In the
sequel we will need the following well known

LEMMA 2.4.1 (see e.g. [Bl, Lemma 1]). Assume B is a normed space and let
D be a subspace of codimension k, D = ﬂle ker(f*), where the f' € B* are
linearly independent. Then there exist y',...,y* € B satisfying f'(y’) = &;; for
1,7 =1,...,k such that

(2.4.1) Pr=x— Z fi(x)y® forx € B.

On the other hand, if y*,...,y* € B satisfy f(y;) = 6i; then the operator P =
Id — Ef:l fi(-)y® belongs to P.

First we prove some preliminary results. We start with

Remark2.4.2. Let D C B be a subspace of codimension two. Then for every
i€ {l,...,n} with e; € D there exists a unique (up to a constant) f* € B*\ {0}
such that f¢|p =0 and f{ = 0.

Proof. Put D;=D @& [e;]. Since e;¢ D, dim D; = n — 1. Consequently, there
exists a unique (up to a constant) f* € B* satisfying f*|p, = 0, as desired.

LEMMA 2.4.3. Let D C ker(f) for some f € Sp+. If there exists i € {1,...,n}
satisfying

(2.4.2) il =D 1l
ki

then for every L € L(B,ker(f)),

(2.4.3) lei o L} < maxle; o Ll
VE!

Moreover, if we have strict inequality in (2.4.2) then the same holds in (2.4.3).

Proof. Take any f € Sp+ such that we have strict inequality in (2.4.2). Then
it is easy to deduce that [|e;|xer(s)|| < 1. Hence

lles o Ll < lleslier(p) LI < [IL]]
and consequently,

lei o LI < maxle; o L
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If we have equality in (2.4.2), then we can approximate f by a sequence {f"} C B*
such that f™ satisfies the strict inequality in (2.4.2). From this, it is easy to derive
that (2.4.3) holds true for any L € L(B, ker(f)).

LEMMA 2.4.4. Let D = ker(f!) Nker(f?), where f*, f> € B* are linearly
independent. Let P € P, P =1d —(fl(-)y]L + £2()y?) where y*,y?> € B. Then

(2.4.4) |PIl = max (1= flyl = f2921+ > |ff ol + f793-
""" JFi

Proof. Note that ||P|| = max;=1,_. ., |le; o P|. So to finish the proof, it is
sufficient to show that for each i € {1 ...,n},

(2.4.5) les o Pll = 1= fluf — fR921+ D 1fful + f7y:
J#i
To do this, take any « € Sp«. Then

(e;0 P)x =z; — f(2)y — f(x)y}
- (ijll‘j)yil - (fo%)yg
j=1 J=1

= zi(L— flyl — f797) = > i (fivi + 7))

j#i
<= flyi = U+ D1+ £
J#i
Hence
les o PIl < V= flyf — fR21+ D 1fful + fiy:
i#]

If we take © = (1, ...,,), where x; = sgn(1—flyl — f2y?) and z; = — sgn(f}yil—l—
ffyf) for j #£ i, we get (2.4.5), which completes the proof of the lemma.

LEMMA 2.4.5. Let f', f? be as in Lemma 4.4. Put
g' = (sen(fD)fis- - sen(f)f7)

and

(2.4.6) 9> = (f2- - 1 f2D) -
Then the set Piq(B, D) is linearly isometric to Pia(B, D1) where D1 = ker(g*) N
ker(g?).

Proof. It is easily seen that the mapping L : B — B defined by

Lz = (zysgn(f7), ..., znsen(f7))
is a linear isometry such that L(D;) = D. Hence the mapping ¥(P) = L~
Po L for P € Pia(B, D) is the required linear isometry between Piq(B, )
Pra(B, Dy).
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Now we can state the main result of this section.

THEOREM 2.4.6. Let D C B be a subspace of codimension two. Assume fur-
thermore that there are ip € {1,...,n} and f € B*\ {0} with f;> = 0 and
f°|p =0 such that
(2.4.7) |f;°| > Z |fio|  for some j € {1,...,n}.

k#j

Let f7 € Sp- satisfy the assumptions of Remark 4.2 for i = j. Then if there exists
jo € {1,...,n} such that

(2.4.8) VAN
k#jo

then A\iq = 1. In the opposite case
n . S\ -1
Na=1+ (D IF1/0=215D)
i=1

Proof. First we consider the case described by (2.4.7) and (2.4.8). Define
v =i, uh) by
0o if k # jo,J
(2.4.9) yi =3 U, ifk=jo,
—f0J(f fi0) itk =
and y' = (yy°,...,y) by
(2.4.10) e = {?/f;ﬁo g Z ’ ?
Consider the operator
(2.4.11) P=Td—f°()y™ - f()y .
Since f7(y') = fio(y?) = 0 and f7(y?) = fi(y') = 1 the operator P belongs to
P. In view of Lemma 4.4,
[1P]| = max{1, |lej, o P, [ej o P} .

According to (2.4.7), (2.4.8) and Lemma 4.3, || P|| = 1 and consequently, A\jq = 1.
Now suppose f% satisfies (2.4.7) and f7 does not satisfy (2.4.8). In view of

Lemma 4.5 we can assume that f/ > 0. Put w’/ = (w],...,w}) where

' /(1= 2f]) if & # j
2.4.12 wi— ) (22 /(i J oo .
e ' {—Zﬁxl%zrwmu—2ﬁ>;>ﬁk:J

(we will write

o (X)) = (S imva-2m)”

=1
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for brevity; cf. [Bl]). It is easy to check that f/(w’) =1 and f%(w’) = 0. Define
(2.4.14) P =Td—fo()y" — f7 (Jul .

In view of Lemma 4.4 one can check that
LA N
1P = max {llej o PH 1+ (D171 -287)) )
=1
According to Lemma 4.3, |le; o P'|| < max,.; |le; o P!|. Hence
LI -1
1P =1+ (1A= 215D)
k=1

and Aig <1+ (325, 1AL/ =210) 7"
To prove the opposite inequality, we apply Theorem 1.2.5(a). First observe

that crit*(P') > E = {i : f{ > 0}. According to the proof of Lemma 4.4 and
(2.4.14), for each i € crit*(P) \ {j},

{ﬂfi’l = (xlfl’ PR 'a$i£1)7xi72 = (‘T%27 cee "1%2)} C Ai

(see Theorem 1.2.5), where

(2.4.15) apt = {
and
(2.4.16) x}?:{l if I =1or(ff =0,1#j),
-1 ifl=jor(ff >0, 1#£1).
Now we will show that for every L € Lp = {L € L(B,D) : L|p = 0} there
exists an index i € E such that e;(Lz**) < 0for k =1or k =2. Fix L € Lp.

According to Lemma 4.1, L = fi(.)z% + f7(-)27 for some 2%,2/ € D. First
observe that, by (2.4.7), for any i € F,

(2.4.17) flo(zbh)zlo <0 or  flo(ab?)2 <0.

1 ifl=jiorf{ =0,
-1 if ff >0and l#j,i

Hence if zf = 0 for some 7 € E then
e;(Lz™') <0 or e;(Lz?) <0.

Now let zf # 0 for any i € E. Since 27 € D, fg =0 and ||f/] =1, zf >0
for some i € E. Moreover, according to (2.4.15) and (2.4.16), f7(z%1) = fI(2%2).
Hence for £ =1, 2,

(2.4.18) Plat®)zl = (3 fay)d = (1571 - Y 1A71) <o,
I#£j I#i,3
since f7 does not satisfy (2.4.8). Consequently, by (2.4.17) and (2.4.18) there exist

i € E C crit"(P!) and k € {1,2} such that e;(Lz"*) < 0. Since z%* € A; for
k = 1,2, by Theorem 1.2.5(a), the proof of Theorem 4.6 is complete.
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COROLLARY 2.4.7. Suppose fi© satisfies (2.4.7) and f7 satisfies (2.4.8). Then
the projection P defined by (2.4.11) belongs to P°. If f7 does not satisfy (2.4.8)
the same holds for P! defined by (2.4.14).

ExAMPLE 2.4.8. Let f =(0,1/3,0,1/3,0,1/3) and g = (1/3,0,1/3,0,1/3,0).
Then D = ker(f) Nker(g) does not satisfy the assumptions of Theorem 4.6.

Remark 2.4.9. Theorem 4.6 was proved by the author in [LG4].

I1.5. Uniqueness of minimal projection onto subspaces of l(()z) of co-
dimension two. In this section we present necessary and sufficient conditions
for D under which P and P! given by (2.4.11) and (2.4.14) are unique minimal
projections. The notation used in this section is the same as in Section 11.4. We
start with

THEOREM 2.5.1. Suppose f% satisfies (2.4.7) and f7 satisfies (2.4.8). Then
the projection P defined by (2.4.11) is a unique minimal projection if and only if
either

(2.5.1) Ifil=1f°] and [fL]>|ff] for 1 # jo,
or
(2.5.2) [fiol > [ffo] for 1# 5 and |fL]>|f]| for 1 jo

(the indices ig, j, jo are the same as in Theorem 2.4.6).

Proof. Assume that (2.5.2) holds. We will show that P is a SUM (stron-
gly unique minimal) projection. According to (2.4.11) and Lemma 2.4.4 the set
{i:i# j,jo} C crit*(P). Moreover, for each i # j, jo the set A; (see Th. 1.2.5)
contains all the vectors from the set extp having the ith coordinate equal to 1.
Take any L € Lp \ {0}. We will show that there exist i # j, jo and = € A; such
that e;(Lz) < 0. By Lemma 2.4.1,

L= fi,(-)2" + f7(-)2
where z;,, 27 € D. Since L # 0 either gfo #0 or zf # 0 for some i € {1,...,n}.
Moreover, since f] =0, f;* # 0 and f] # 0, we can assume that i # j, jo. Now
we divide the proof into two cases.
- Case 1. 290 £ 0 and 2} = 0. By (2.5.2), there exist *,2% € A; such that
fio(z!) fio(x2) < 0. Consequently, e;(Lz*) < 0 for k=1 or 2.

Case 2: zf # 0. Reasoning as above, we can find z!,2? € A; such that
f7(zY) f7(2?) < 0. Modifying the jth coordinate of 2! and x? if necessary, we can
assume that f%(z')z/° < 0 and f(22)z/° < 0. Consequently, e;(La*) < 0 for
k=1or2.

Now consider the function

F(L) = min min e;(Lx
(L) i#],50 TEA; i(Lz)
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for L € Lp. It is easily seen that F' is continuous as the minimum of a finite
number of continuous functions. Moreover, by the reasoning presented before,
F(L) < 0 for every L # 0. Since Lp is finite-dimensional, the constant v =
SUPreg(cp) F(L) is strictly negative. We will show that P given by (2.4.11) is a
SUM projection with constant » = —v. To do this, take any L € Lp \ {0}. Then
there exist 7 # j, jo and z € A; with

ei(L/||Ll))z = F(L/||L]) .
Hence
ei(Lx) < —r||L]],

which, according to Theorem 1.2.5(b), completes the proof of this part.
Now assume that (2.5.1) holds. Define

g° =+ (/)
Then D = ker(g") Nker(f’) and according to (2.5.1), g® and f7 satisfy (2.5.2),
which completes the proof of this part.

“Now suppose neither (2.5.1) nor (2.5.2) holds. First we consider the case
|f°| = [£;°] for some k # ig, jo,j. Define z = (z1,...,2,) € B by

1/ fo ifl =k,
a =9 =fi/(f,) ifl=jo,
0 if 1k, jo.

Set
Q=1af()z — FI()y

where 37 is given by (2.4.9). Since | ]J.O\, \f;o |, 1] > 1/2, in view of Lemma 2.4.4,
llero Q|| < max,,»; ||enoQ|| for I = j, jo, k. Observe that for [ # j, jo, k, e,0Q = e;.
Consequently, ||Q| = 1. Since z # y% (see (2.4.10), @ is a minimal projection
different from P, which completes the proof of this case.

Now let |fi| = [f},| for some k # j, jo. Changing the roles of fP and f’ and
reasoning as before we can construct a projection @ of norm one different from
P. The proof of Theorem 5.1 is complete.

LEMMA 2.5.2. Assume D = ker(f) Nker(f7) where f7 and f* are as in
Theorem 2.4.6. Assume furthermore that

A0 fork#j
and
V2= > 52 fork#.
Then |lej o P|| < | P|| where P is defined by (2.4.14).

Proof. In view of Lemma 2.4.5, we may assume flj > 0 for [ # j. Observe
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that by Lemma 2.4.4, (2.4.10) and (2.4.12),

PR X sra-2m): () sl

k#j #i0,J

(The symbol (3°)7! is introduced in (2.4.13)). If we fix f7/ and f}“ the above
formula may be considered as a convex function (we will denote it by ¢) of the
variables f;°, k # j, satisfying, >, . |fi’| = 1/2. Hence to finish the proof, it is
sufficient to show that ¢ is strictly convex. To do this, we prove that for a, 8 # 0,
la| + |8] = 1/2, and two different indices k,1 # i, 7,

plae + Be) < | P =1+ (Z)_l

lej o P =

Observe that

placy + o) = (15 (|o = sitor( — 25 + /025 ()|

+ 8- fi /a2l +8/0 -2 (D) |
Y 1l a2 ()
mg{j,l,k}
Hence if p(aey + Be;) = | P1]| then

253) Ja(1- (/a2 (X)) - @i/ -2 () |
= [a(1- a2 () )|+ |6 —2in ()

and
(2.5.4) /(1 =2f1) + 8/(1 = 2f])| = |/ (1 = 2f])| + 181 = 2f7)] .

Consequently, according to (2.5.4), sgn(a) = sgn(g). But, by (2.5.3), sgn(a) =
—sgn(f); a contradiction (a, 8 # 0). The proof of Lemma 5.2 is complete.

THEOREM 2.5.3. Let f, f7 be as in Theorem 2.4.6. Assume furthermore that
f7 does not satisfy (2.4.8) and either

(2.5.5) Ifel = 1fl=1/2  for some k # j,io
or
(2.5.6) flj =0 for somel#7j.

Then the projection P! defined by (2.4.14) is not a unique minimal projection.

Proof. In view of Lemma 2.4.5 we can assume that f/ > 0. Let f% satisfy
(2.5.5). For o € R put

ul, = w! — (ae;, + Bej +ver),
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where w’ is given by (2.4.12) and 3, are so chosen that f7(u?) = 1, f(u) = 0.
For x € B define

Q% =z — fo(2)y"” — f(z)ul,,
where y% satisfies (2.4.10). By Lemma 2.4.1, Q“ belongs to P. We will show that

Q|| = A1a for « sufficiently small. According to (2.4.5) and (2.4.12), ||e;,0Q%|| <
Arq for a > 0 sufficiently small. By Lemma 2.4.3,

ler 0 Q| < max{le, o Q||
uF#l

for | = j, k. For | # 1o, j, k, in view of (2.4.4) and (2.4.12), ||e; 0 Q%|| = A1q (since
/7 does not satisfy (2.4.8) such an index exists). Consequently, [|Q%| = A,
which proves that P! is not a unique minimal projection.
Now let f7 satisfy (2.5.6). For o € R define
2 = w — (ce; + Bej),
where w’ is given by (2.4.12) and £3 is so chosen that f7(zJ) = 1 and f%(2J) = 0.
For x € lég) define
200 = x— fo(a)y - @)z
By Lemma 2.4.1, Z* belongs to P. Reasoning in a similar way to the case of Q

we can show that || Z%|| = Aiq for « sufficiently small. The proof of Theorem 5.3
is complete.

To present the next result of this section set for ¢ # j,

(2.5.7) Ey = {i: fio(2"') =0}
and
(2.5.8) By = {i: fio(2"?) = 0}

where 2!, 252 are defined by (2.4.15) and (2.4.16).

THEOREM 2.5.4. Let f%, f7 be as in Theorem 2.4.6. Assume furthermore that
f% does not satisfy (2.5.5) and f7 does not satisfy (2.5.6). Then Pl is not a
unique minimal projection if and only if E1 and Es are nonempty sets.

Proof. In view of Lemma 2.4.5, we can assume that f/ > 0 and f;o > 0.
Suppose Ej, Ey are nonempty sets. By Theorem 0.2.7, cardext,-(py is finite.
Hence, according to Proposition 0.2.17, it is sufficient to show that P! is not a
SUM projection. To do this, take y € Sp such that y, <0 for k € E1, y, > 0 for
k€ Eyand yp, =0 for k ¢ By UE>U{j}. Put L = f*(-)y. We will show that for
any i € crit*(P?),

(2.5.9) xieni ei(Lz) > 0.
By Lemma 5.2 and (2.4.14), crit*(P') = {1,...,n}\{j}. Since f;o > 0, either for
any k € Fq,

fe@dy <o (1=1,2),
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or for any k € Fo,

fooz@h >0 (1=1,2).
Consequently, for any i # j and [ = 1,2, fi(2%!)y; > 0. Since f7 does not satisfy
(2.5.6), A; = {ab! %2} for i # j. Hence, by the above reasoning, (2.5.9) holds
true. In view of Theorem 1.2.5(b), P! is not a SUM projection as desired.

To prove the converse, first suppose that F; # 0 and Es = (). Take any
L€ Lp\ {0}. We will show that there is an i € crit*(P') such that

mieni ei(Lz) <0.

According to Lemma 2.4.1, L = fio(-)z% + fi(-)27. Since L # 0, 2> # 0 or
zf # 0 for some i € {1,...,n}. Moreover, since f;“ # 0, we may assume that
i # j. If 27 # 0, reasoning as in Theorem 2.4.6, we can show that e;(Lz"') < 0
or e;(Lz*?) < 0. In the opposite case, since f{ > 0 for i # j, either zfo > 0 for
some i € Fy or z1° # 0 for some i ¢ Fy U {j}. Since Ey is an empty set, it is
easy to check that inf,c 4, e;(Lx) < 0, where the index i is defined as above. To
finish the proof of this part, consider the function F' defined by (2.5.3). Applying
Theorem 1.2.5(b) and reasoning as in Theorem 5.1, we find that P! is a SUM
projection.

If E5 # () and Ey = () or E1, B3 = (), reasoning in the same manner as in the
previous part of the proof, we conclude that P! is a SUM projection. The proof
of Theorem 5.4 is complete.

EXAMPLE 2.5.5 (nonuniqueness). Let
[ =1(1/2,0,1/4,-1/4),  f7 =(0,1/3,1/3,1/3).

Then it is easy to check that £y = {4}, E5 = {3}. Hence, in view of Theorem 5.4,
P! is not a unique minimal projection.

EXAMPLE 2.5.6 (uniqueness). Let
flo=(1/2,0,1/4,1/4), f9 =(0,1/3,1/3,1/3).
Then E; = {2}, E5 = (. By Theorem 3.4, P! is a SUM projection.
Remark 2.5.7. Theorems 5.1 and 5.3 were proved by the author in [LG4].

I1.6. Strong unicity criterion in some space of operators. Throughout
this section, unless otherwise stated, B will stand for a finite-dimensional real
Banach space and f will be a functional from Sp«. For given L € £L(B) we will
write for brevity Pp(L) = {Lo € Lp : ||L — Lo|| = dist(L,Lp)}. If D C B is
a linear subspace and A C B* then A|p stands for the set of all restrictions of
functionals from A. We start with two preliminary results.

Remark 2.6.1. For L € £(B) set
(2.6.1) crit(L) = {z € Sp : || Lz| = | L||} -
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Assume Lo € Pp(L), D =ker(f), ||f|| =1 and ||L — Lo|| > ||L|p]||- Put

(2.6.2) Cr_r, ={z €crit(L — Lo) : f(z) > 0}.

Then C,_y, is a nonempty closed set, Cp,_, N —Cr_r, = 0 and
Cr_r,U—Cr_r, = crit(L — L) .

Proof. It is clear that the set A = {x € crit(L — Lg) : f(x) > 0} is closed.
Since dist(L, Lp) > || L|p|| and D is a hyperplane,

A={z €crit(L — Lo) : f(z) >0},

which proves that Cp_p, is closed. The fact that crit(L — Lo) N D = () implies
immediately that Cr,_, U—Cp_r, = crit(L). By (2.6.2), C_r, N —Cpr_r, = 0.

Remark 2.6.2. Let L € £(B), dist(L,Lp) > || L|pll, Lo € Lp. Define

(263) DL—LO = {h € crit* (L — Lo) : CL—LO N Ap # @}
(see (1.2.1)) and if L € L(B, D),
(2.6.4) DP ;= {h€crit(L — Lo) : Cp_r, N Ay # 0}.

Then Dy_1, (resp. DE_LO) is a compact set, and Dy_p, N —Dp_r, = 0 (resp.
DE—LO N _‘DE—LO = @)

Proof. Assume h € cl(Dy_y,) and let {h,} C Dr_1,, hn — h. By (2.6.3),
for every n € N there exists x,, € C_r, N Ap,,, i.e. hy(L — Lo)x, = ||L — Lo||.

Passing to a subsequence if necessary, we can assume x,, — x. By Remark 6.1,
x € C(L — Ly). Note that

h(L — Lo)x = hy,(L — Lo)x + (h — hy,)(L — Lo)x
= hn(L - Lo)ﬂin + hn(L - L())(l’ - .CUn) + (h - hn)(L - Lo)l‘ .
Since the last two terms tend to 0 as n — oo, h(L — Lo)x = ||L — Lo|| and
consequently, z € Ap. Since x € Cr_r,, h € Dr_r, by (2.6.3). Note that
diSt(L,,CD) > HL‘yH implies DLfLo N _DLfLo = .
The proof for the set DP_; ~goes in the same manner, so we omit it.

Now we state the main result of this section.

THEOREM 2.6.3. Assume L € L(B) and let D = ker(f), ||f|| = 1. Assume
furthermore that dist(L, Lp) > || L|p|| and let Lo € Lp. Then the following con-
ditions are equivalent:

(a) Lo is a SUBA to L in Lp (resp. Ly € Pp).

(b) 0 € intconv Dy_1,|p (resp. 0 € conv Dy_p1,|p).

Proof. Assume Lg is a SUBA to L in Lp and let 0 ¢ int conv Dr_r,|p-
This means that there exists ¢» € D** with ¢(h) > 0 for every h € Dy_r,|p
(we can assume [[1]| = 1). Since D is finite-dimensional, ¢ = d for some d € Sp.
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Define L1 = f(-)d and note that L; € Lp. By (2.6.3) and Remark 6.2, for every
h € Dyr_r, we have

inf{h(L1z) : x € Ap} = inf{f(x)h(d) : x € A}

= h(d)inf{f(x):xz € A} > 0> —r| L
for every r > 0. By Theorem 1.2.5(b), L¢ is not a SUBA to L in Lp; a contra-
diction. Since by Remark 6.2 the set Dy_r,, and consequently conv Dy_p,, is
compact, the same reasoning applies to the second case.
To prove the converse, define a function g : S|p — R by

(2.6.5) g(d) =inf{gn(d) : h€ Dy_r,} forde Sp,

where gp,(d) = inf{ f(z)h(d) : = € Ap}. Note that the function Sp>d — f(z)h(d)
is continuous and consequently the functions g, and g are upper-semicontinuous.

Now assume 0 € intconv Dz,_r,|p. This means that for every d € Sp there
exsists h € Dp_p, with h(d) < 0. (If not, then Dy_r,|p C {h € D*: h(d) > 0}
for some d € Sp and consequently intconv Dy_r.|p C {h € D* : h(d) > 0}.
But 0 € int conv Dy,_p,,; a contradiction.) Since dist(L, Lp) > || L|p]|| and D is a
hyperplane, g(d) < 0 for every d € Sp. Since g is upper-semicontinuous, the value
v = max{g(d) : d € Sp} is attained at some point dy € Sp and consequently
v < 0. We show that Lg is a SUBA to L in Lp with r = —v. To do this, fix
L, € Lp\{0}. Tt is clear that Ly = f(-)d; for some d € D\{0}. Put dy = d1/||d1]|,
fix € > 0 and take h € Dy_1, with gx(da2) < g(d2) + €. Note that

gn(de) = inf{ f(z)h(d2) : x € A} = inf{h(Lix)/||d1] : x € An}
< g(d2)+€ < -r+e,
which gives
inf{h(L1z) : x € Ap} < —(r —e)||L1]| -

By Theorem 1.2.5(b), Lo is a SUBA to L in Lp with constant r — ¢ for every
€ > 0 and consequently with constant r. The proof is complete.

Remark 2.6.4. If L € £L(B, D) then the set Dy_r, in Theorem 6.3 can be
replaced by DP_; ~(see (2.6.4)).

As an immediate consequence of Theorem 6.3 we get

COROLLARY 2.6.5. Assume L € L(B), Ly € Lp, ||L — Lo|| > ||L|pl||. Then
the set Dp_p1,|p is linearly dependent. If L € L(B, D) the same holds for DP_; .

Reasoning as in Theorem 2.3.1 we can show
Remark 2.6.6. The constant r from Theorem 6.3 is the best possible.
Now we will point out when the assumption dist(L, Lp) > ||L|p|| is satisfied.

Remark2.6.7. Assume B is a Banach space and let D C B be its complemen-
ted subspace. Take P? € Piq(B, D) and note that

dist(P°, Lp) = inf{||P|| : P € Pra(B, D)} = \a(B, D).
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In many cases of hyperplanes dist(P°, Lp) > ||P°|p|| = 1 (see e.g. [Ba2, BI]). It
is well known that if B is not a Hilbert space then there exists a hyperplane D
in B satisfying A\jq(B, D) > 1. If dist(P°, Lp) > 1 then it is easy to show that

dist(L, Lp) > | L|p| if ||L — P°| < dist(P° Lp) —1.
Now we show an estimate from above of the number dist(L, Lp).

PROPOSITION 2.6.8. Assume B is a Banach space and let D be its complemen-
ted subspace. Then for every L € L(B, D),

ILIp|l < dist(L, Lp) < Ata(B, D)[|L|p]|-
Proof. Fix L € L(B,D) and ¢ > 0. Take P. € Pa(B,D) with || P-|| <
ANB,D)+¢ and put L, = Lo (I — P.). It is clear that L. € Lp. Note that
IL=Le|| =L =Lo(I—=F)|| = Lo P <|Llpll-[[Pll,
which gives the desired result.
COROLLARY 2.6.9. Assume that \(B, D) = 1. Then
dist(L,Lp) = ||L|p|| for every L € L(B, D).
In particular, if there exists PY € Piq(B, D) with |[P°|| = 1, then the operator
Lo=Lo(I—P%ecPp(lL).
Since for D being a hyperplane we have A\jq(B, D) < 2 (for more precise results
see [Bl], [OdL, p. 84], [Ro]) we immediately get
COROLLARY 2.6.10. Assume D C B is a hyperplane. Then
IL|p|| < dist(L,Lp) <2||L|p|| for every L € L(B,D).
Now we apply Theorem 6.3 to generalize Theorem 1.1.3 of [OdL)].

THEOREM 2.6.11. Assume B is a three-dimensional Banach space and let D C
B be a hyperplane. Assume furthermore that L € L(B,D) and dist(L,Lp) >
|IL|pl|. Then there exists Ly € Lp which is a SUBA to L in Lp.

Proof. Since Lp is a finite-dimensional linear space, the set Pp(L) is non-
empty. Take an arbitrary Ly € Pp(L). By Theorem 6.3 and Remark 6.4 it is
sufficient to show that 0 € int conv DP’_; ~(see (2.6.4)). Suppose, on the contrary,
that this is not true. By Theorem 6.3, 0 € conv DE_LO. Since dim D =2, we have
0 = ahy+ (1—a)hy where hy, hy € DE?LO and o € (0,1). Since ||h1]| = [|h2|| = 1,
we easily get o = 1/2. Consequently, hy = —hy, which gives hy € DP_ Lo N
-DP- L,; & contradiction with Remark 6.2.

Remark 2.6.12. The assumption dist(L,Lp) > ||L|p|| in Theorem 6.11 is
essential. Take e.g. B = I3, D = ker(f), f = (1/2,1/2,0). It is easy to check
that the operators P; = Id —f(-)(2,0,0) and P, = Id—f(-)(0,2,0) € Pwa(B, D),
P, # Py, ||Pi|| = ||P2|| = 1. Consequently, Pp(P1) D {0, P, — P»} and strong
unicity does not hold.
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Remark 2.6.13. The assumption dim D = 3 in Theorem 6.11 is essential.
Take e.g. B =14, D =ker(f), f = (1/3,1/3,1/3,0). It is well known (see e.g.
[Bl]) that A\jq(B, D) = 4/3. Take P° € Pi4(B, D) with ||P°|| = 4/3 (the formula
for such a projection is given in Cor. 2.1.16). Then dist(P°, Lp) = A\a(B, D) =
4/3 > 1 =|P%pl. By Theorem 2.3.1(b), 0 is not a SUBA to P° in Lp.

Remark 2.6.14. Theorems 6.3 and 6.11 were proved by the author in [LG2].
For the case L € Pig(B, D), Theorem 6.11 was proved by W. Odyniec (see e.g.
[OdL], Th. 1.1.3).

Chapter III

II1.1. Extensions of linear operators from finite-dimensional sub-
spaces I. First we present terminology and notation which will be frequently
used in this section. The symbol D will stand for an n-dimensional subspace
of a normed space B (we consider the real and complex case unless otherwise
stated). Given P° € P(B, D) (we will write P(B, D) instead of Piq(B, D)) and
A1, Ay € L(D) note that

M4, (B, D) = dist(A; o P°, Lp(B, D)),
A, (B, D) = dist(Ay 0o P°, Lp(B, D)),

where

(3.1.1) Lp(B,D)={Le L(B,D): L|p =0}.
Hence

(3.1.2) Ay (B, D) = Ay (B, D)| < [|P* o (A; — Az)].

Now we present some preliminary results. Let {Lg} be a net in £(B, D) (here
we assume D = Z* for some Banach space Z). Then we say that Lg —, L iff

(3.1.3) (Lgz)z — (Lx)z

for every x € B and z € Z. The topology defined by (3.1.3) will be called the
T-topology.

THEOREM 3.1.1 [Is]. Let V C L(B, D) be a T-closed set. Then for every L €
L(B, D) the set

{UeV:|U-L|=dist(L,V)}
s nonvoid.
If we put V = Lp(B, D) then we get immediately
COROLLARY 3.1.2. For every A € L(D) there exists Ly € L(B, D) with
[ Loll = Aa(B, D)

(in other words, there exists an extension of minimal norm).
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DEFINITION 3.1.3. Let (7, X, 1) be a measure space. A family {U,;};e; of
nonvoid measurable sets is called a partition of T' iff Uie JUi=Tand U;NU; =0
for i # j.

For two partitions {U; }icr, {V;}jes we write {U;} < {V;} iff for every i € I
there exists J; C J with U; = UjeJi Vj.

In the sequel we will need the following

Remark 3.1.4. Assume D is an n-dimensional subspace of a normed space B
with a basis y1, ..., yn. Assume furthermore that we have n sequences {y{"},...,
{y"} C B satistying lim,, ooy = y; for i = 1,...,n. Set D,, = Span{y]",

..,y™} and put

n
(3.1.4) KZSgp{i:nllgmla?@l 1y € Sp,,, yzzla?yf”}
Then
(a) K < o0,

(b) sup,,{dist(y, D) :y € Sp,, } — 0.

Proof. Suppose that K = oco. Then, passing to a subsequence if necessary,
we can choose for each m € N, y,,, € Sp,, ym = Z?:l oy, and 9 € 1,...,1n
independent of m with the following properties:

lim |ai’| =00, sup max |of"[/|ogl| < oco.
m t=1,...n

m—00 (3}

Put 7" = af"/a;?. We can assume without loss of generality that ;" — ~; for
i=1,...,n. Hence > " 7™y tends to y = Y ., viy;. Since v, =1, ||y|| > 0.
But yn, = > ;o o'y = ot > 4y, From this we derive [[yn,| — oo; a
contradiction.

To prove (b), put a,, = sup,,{dist(y, D) : y € Sp,, } and suppose a,, > d > 0
(we pass to a subsequence if necessary). For m € N take y,, € Sp,, satisfying
Ay, = dist(ym, D) and let y,, = 221 a"y™. By (a), we can assume o] — o
fori=1,...,n. Put y => " | a;y;. Then

—0 asm — o00;

n n
dist(ym: D) < ly = yll = | Y- @y = 3 aups
i=1 i=1

a contradiction.

Remark 3.1.5. Assume D is an n-dimensional normed space. Let A € £(D)
be a singular mapping. Then for every € > 0 there exists a nonsingular mapping
Ac € L(D) with ||[A— Al < e.

Proof. Fix a singular mapping A € £(D). Let y1,...,y, be a basis of D such
that y1,...,yx(k < n) is a basis of ker(A). Let wy,...,w, be a basis of D such
that wg+1 = AYk41,...,w, = Ay, is a basis of Im(A). For each | € N define a
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linear mapping 4; : D — D by

A — 0 fori >k,
Wi=\ w;/l fori<k.

Note that A+ A; is a nonsingular mapping. Indeed, (A+A4;)y = 0 iff Ele aw; /14
Z?:,H_l a;w; = 0, which is equivalent to a; =0 fori=1,...,n (y = Zle ;Y;).
It is clear that ||A;|| < e for [ sufficiently large, which completes the proof.

To present the main result of this section we introduce some notations. Let

{D1,...,Dy,,...} be a sequence of n-dimensional subspaces of a normed linear
space B. Let D C B be a fixed n-dimensional subspace. We write
(3.1.5) Dy, — D
iff for each m € N there exists a basis y7*,...,y;" of D,, such that y;" — y; for
1=1,...,n, where y1,...,¥y, is a fixed basis of D.
Now assume that A € £(D). Then we can define A,, € £(D,,) by
(3.1.6) Am =@ 0 Ao,
where ¢,, € L(D,,, D) is given by
(3.1.7) em (i) = vi

({y"} and {y;} are fixed bases of D, which satisfy (3.1.5)).
It is easy to see that

(3.1.8) lom —1d|p,, | =0 and ;! —=1d|p| — 0.
Now we can state the main result of this section.

THEOREM 3.1.6. Let B be a separable Banach space, B = cl({U,._, Bn), where
{Bm} is an increasing sequence of finite-dimensional vector subspaces of B. As-
sume D C B is an n-dimensional subspace of B and let D,, C B,, be so chosen

that D, — D (see (3.1.5)). Then for A € L(D) the following holds:

(a) if A is a nonsingular mapping then for every P € Pa(B, D) there ezists a
sequence Ry € Pa, (B, Dy) (Ay is given by (3.1.6)) such that

(3.1.9) [P~ Rl — 0,
(3.1.10) (b) /\A(B,D) = khm /\Ak(Bk;Dk)'
Proof. We divide the proof into three cases.

Case I. A = Id|p. Fix P € P(B,D), P = > | p;y;. For k € N define
P, =>"" @iy¥. Since Dy — D, |P — Py|| — 0. Now, we will show that

dim [Plp, —Id|p, | =0.
To do this, take wy € S and compute
[ Powr — wi|| < | Prwy — Pwgl|| + [[Pwr — wg|
<[P = Pl + (1 + [ P[]) dist(wg, D) -
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By Remark 1.4(b) we get our assertion. Hence for k > ky,

||Pkyk:’Dk - Id|Dk|| <1,

which shows that Py|p, is invertible. Put Ry = (Pk‘Bi o Py). It is clear that
Ry, € P(B, Dy). Note that

| Pr. — Rill = [|Prlp,, © R — Ryl < || Rl - [ Px]p,, — 1d[p, ||
<[Pl 1+ 1Pkl - | Pel oy, —1d]p, |
<[Pl - || Px|p,, —1d|p, I/(1 = || Px|p, — Id|p, |I)

and consequently, || P, — Ry|| — 0, which finally gives ||P — Ry|| — 0.

To prove (b), take Py € P(B, D) with || Fy|| = A(B, D) (by Corollary 1.2 such
a Py exists). By the above reasoning, ||Py — Rg|| — 0 for some Ry € P(B, Dy).
Now fix € > 0. Since cl(Uz—; Br) = B, | |Poll — [|Pols, ||| < € for k > ko and
consequently,

HIPoll = 1B B | | < [P0l = [ Pol By | + [ Pol i | = [ Bel 5] |
< [Poll = 1 Pol B [T+ [[Po — Rl < 2¢

for k sufficiently large. Since Ry|p, € P(Bk, Dk), A(B, D) > limsup A\(By, Dy,).

To finish this part of the proof, it is sufficient to show that liminf A(By, Dy) >
A(B, D). Assume that this is not true and for k = 1,2, ... choose P, € P(By, Dy)
with || Pg|| = M(Bg, Di). Passing to a subsequence if necessary, we can assume
limy, | P|| < ||Poll — € for some ¢ > 0. Fix f € Uy~ Bk, ||f]| = 1. Note that
sup || P f]] < ||Po|| — ¢ By Remark 1.4(a), we can choose a subsequence (my)
depending on f such that P, f — dy € D. Now let (f1, fa2,...) be a Hamel basis
of Upy Br with | f;]| = 1 for ¢ = 1,2,... Applying the diagonal argument, we
can select a subsequence (my) in such a way that P,,, f; — d; fori =1,2,... Now
we can define a linear mapping Pg : yey By — D by Pof; =d; for i =1,2,...

We show that Pq is continuous and || Pyl| < || Po|| — ¢. To do this, take wg €
Upe By, with |Jwg|| = 1 and write wy = Zézl a;f;- Then

! !

ﬁowo = Zazdz = Zai khm Pmk fz

i=1 -1

!
= lim ( oziPmku-> = lim P, wp.
k—oo \ 4 k—oo
=1
Hence, || Powol| < limsupy,_, o, || Pm, |l < [[Poll —&. Since B = cl(J,—, Bx), we can

extend Py onto the whole space B to a linear continuous mapping )y such that
[Qoll < [[Poll —e.

It is sufficient to show that Q¢ € P(B, D). To do this, we check that Qoy; =
y; for i = 1,...,n ({y;} is a basis of D). Now fix ¢ > 0 and ¢ € {1,...,n}.
Since Dy, — D, we can choose kg € N such that for k,m > ko, |y —yx| <
e/(3(|Poll+1)) and ||ym — vkl < e/(B(||Pol|+1)). Next select mo > ko such that
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1Qoy"™ — Poyy¥|| < /3. Note that

1Qovi — yill < 11Qowi — yie |l + [lyf — vl
< [Qo(yr> — )|l + 1Qoyr — ykoll + llys — ||
< (1Qoll + DIy — will + 1Qoyf® — Paoi® |l + | Prmou® — ui|l
< (1Qoll + Dlly: — yi®ll + 1Qoys™ — Prngyi|
+ [P (0° = 47 | + [l — ||
< ([Qoll + DIy = will + [Qoyt® — Prmoyi||
+ ([P | + Dl — 5™ |
< (IPoll + 1)(Ily = v Il + N9 — wil)) + 1Qous® — Prnoi® |l -

Hence finally we get ||Qoy; — v:|| < €, which gives Qo € P(B, D). But ||Qol <
| Po|l — € and || Po|| = A(B, D); a contradiction.

Case II: A € L(D), A nonsingular. Fix Py € P4(B,D). Then Py = Ao Qg
where Qy € P(B, D). By Case I, there exists a sequence {Ry} € P(B, D) with
|Qo — Ri|| — 0. Put P, = Ay, o Ry, where Ay, is given by (3.1.6). It is clear that
P, € Pa, (B, D). Moreover,

[P0 = Prll = [[A 0 Qo — Ay o Ry
< [lA o Qoll - llvy " —TdIpll + llg " o All - |Qo — @ o Ri
< [lA0Qoll - llg;" —1d|pll
+(1Qo — Ricll + | Becll - o = 1d[p, 1) - leoi * o All-
By (3.1.8), || Py — Px|| — 0. Reasoning as in Case I, we get
Aa(B, D) > limsup Aa, (B, Dg) -

To finish the proof of Case Il it is sufficient to show that lim inf Aa, (By, Dx) >
Aa(B, D). Suppose, on the contrary, that this is not true and choose Py €
Pa,(Bi,Dy) with Aa, (B, Dr) = ||Pkl|- Reasoning as in Case I we can con-
struct Qo € L(B, D) such that ||Qol| < Aa(B, D) — ¢ for some € > 0. To show

that Qo € Pa(B, D) it is sufficient to check that A= o Qg € P(B, D). Since for
each k, A;' o P, € P(B, D) and

|4 o Pl < 2| A|l - |Pol|l  for k> ko,
this can be proved as in Case I.

Case II: A € £(D). By Remark 1.5, we can select a sequence {A'} C £(D)
of nonsingular mappings such that A! — A. Fix any Py € P(B,D) and put
Py =AoPy, Py = AloPy. Let {Ax} (resp. {AL}) denote the sequence defined
by (3.1.6) for A (for Al resp.). By Case I, take a sequence { Py} € P(Bg, Dy,) with
| P — Po|| — 0 and define

Pa, = Apo Py, Py = A, 0P,
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According to (3.1.2) and (3.1.8) we get immediately
(B, D) = A (B, D) < |Pa — Pl < A~ Al - | Ro|

< A (Bk, Di) = Aat (Bi, Di)| < [[Pa, — Par|l < 2| A= A"[| - [| o]l
Since the right side of the last inequality does not depend on k, applying Case

II for A; we easily get Aa, (Bk, D) — Aa(B, D). The proof of Theorem 1.6 is
complete.

Note that if we fix a basis (z1,...,%m,) in each By, we can identify each
x € By, with the sequence of its coefficients with respect to this basis. Hence

)\Ak (Bk7 Dk) = )‘Ai (Rmkali)

where D} C R™* is an n-dimensional subspace and A} € L£(D;) is defined by
Atw = Ay Fw for w € R™ (E denotes the identifying mapping and the norm in
R™* is induced by E from B). For this reason it is important to know how this
norm in R™* looks like. Now we present some examples concerning this problem.

EXAMPLE 3.1.7. Let (T, X, 1) be a measure space. Assume p is o-finite, atom-
less and separable. Fix a sequence {T,} of measurable sets with T, C 7,41 and
w(T,,) finite and set T = |J.2, T},. For each n € N fix a partition {U"} of T),
(see Def. 1.5) such that {U]'} < {U*'} and p(U') < 1/n. Let L¢(T, X, u),
where ¢(t,-) is a convex function for every ¢ € T, denote the Orlicz—Musielak
space equipped with the Luxemburg norm (see [Mu, p. 33] for basic information
about these spaces). Assume furthermore that ¢ is locally integrable and satisfies
condition Ay [Mu, p. 52]. Put

ln
B, = {3 howr |
i=1
where [, = card{U}"}. In view of [Mu, pp. 36, 53], cl(;—, B,) = L¥?. Note that
L In
0o (D Nixer) =3 [t D dn.
i=1 i=1yn

Hence g, induces on K'» (K =R or K = C) a modular g, given by

2, ) = B

where B; = [;;. @(t,|Ai]) du(t). Consequently, in this case for every n € N we

consider the space K'» equipped with the Luxemburg norm || ||z.

EXAMPLE 3.1.8. Let (T, ¥, 1) and B, be as in Example 1.7. Consider the space
L,(T, %2, p) for 1 < p < oo. It is well known that cl(J,—_, Bn) = Ly(T, X, u).
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Moreover, for n € N and = € By we have

Il = ( f ‘iAiXU? pdu>1/p = ( f !li)\iXUin‘p d,,,)l/p
T =1 =i

- (] Sonrhortan)” = (Suwrine)”
i=1 v

Un

Now fix n € N and put a; = u(U")Y/? for i = 1,...,1,,. Consider the linear
mapping T}, : K'» — K'» defined by

Tnei:aiei forz':l,...,ln.
To calculate the constant A4 (L, D) it is sufficient (by Theorem 1.6) to calculate

the constants A4, (l](gl"),Tn (D)), where D,, — D is a sequence of subspaces of B.

Now we show how to construct subspaces D,, for the space of polynomials of
degree < n.

EXAMPLE 3.1.9. Let B = L,[0,1], 1 < p < oo, with the Lebesgue measure.
Let D be the space of polynomials of degree < m restricted to [0, 1] ( we consider
the real case) with the basis (1,¢,...,¢t™). For n € N consider a partition {U"}
of [0,1] such that u(U*) = 1/2". Let B,, be as in Example 1.8. Put

2TL
v=1, =Y ((i—1)/2"Vxur
i=1
for j = 1,...,m. It is obvious that y? — t' fori = 0,...,m in L, norm. So to cal-

culate the constant A4 (B, D) it is sufficient to know the constants A4, (l}(,2n), D,),
where D,, = span (y{,...,y").

It is clear that a similar construction can be done for 7" being a Lebesgue
measurable subset of positive measure in K™ (K = R or K = C) and D being
an arbitrary finite-dimensional subspace of L,(T), 1 < p < co. So the question of

major importance is to calculate or estimate the constant A A(lf,") , D) where D is
a linear subspace of l,(,n). Unfortunately, we know the exact formulas only for the
case p =1, oo, A =1d and D being a hyperplane in lz(g") [BI].

ExAMPLE 3.1.10. Let B = WP[0,1] (the Sobolev space) equipped with the
norm

s—1 _ 1 1/p
11l =Y 1520+ ([ 1F2wr)
=0 0

Since f(*~1) is absolutely continuous, the mapping || || is in fact the norm in
WP[0,1]. Hence WP[0,1] is linearly isometric to K5~ x L,[0, 1] equipped with
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the norm

— | 1/p
] = i + ( 1l |xs(t)ypdt)
=0 0

where z = (xg,...,z5). Let {U"} be as in Example 2.6. Put B, = K*7! x
{37, Xixur } for n € N. Then B,, can be identified with R*~*+2" with the norm
defined by

s—1 2m 1/p
loll =" il + (3 lageal?)
=1 =1

II1.2. Extensions of linear operators from finite-dimensional sub-
spaces II. We start with the following

THEOREM 3.2.1. Assume B is a normed space with B* separable and let D C B
be a linear n-dimensional subspace. Assume that {p;}2, C Sp~ is so chosen that
cl(Span{p;}) = B* (the closure is taken with respect to the norm topology in B*).
Let A: D — D be a nonsingular linear mapping. Put

(3.2.1) DB, D) = {L €Pu:L= Z%(')yi} .

Then for every P € Pa(B, D) there exists a sequence P, € D} (B, D) such that

(a) || Pmx — Px| — 0 for every x € B,
() [l — [IP]-

Proof. Let P € Pa(B,D), P =Y, fi(-)y;. Since cl(Span{ep;}) = B*, for
i =1,...,n there exists a sequence {¢I"}, 1" € Span[p1, ..., @m], with " — f;.
Put Uy, = Y i, ¥"()ys. It is clear that U,z — Pz for every x € B. Since D is
finite-dimensional, ||U,,|p — P|p|| — 0. Since P|p = A and A is invertible, U, |p
is invertible for m > mg. Put P, = Ao (Uy|p) toU,, and y" = Ao(Upn|p) ty;.
Note that

i=1

which gives P,, € D'}(B, D). Since A is invertible, (Uy,|p)~* — A~!. From this
we derive that | P,z — Px| — 0 for every x € B.

To show that || P,| — [|P||, fix x € S, and ¢ > 0 with || Pz| > ||P| — 2e.
Hence

[Pl = [Pl = [P — 2¢

for m>mg and consequently, liminf || P,,,|| > || P||. To prove that limsup || P,,|| <
|| P|| assume, on the contrary, that ||P|| 4+ & < || Py, || for some z,, € Sp and £ >
0. Since P, = Ao (Up|p)~t) oU,, and U, — P and (U,,|p)~t — A~ it follows
that sup,, ||Pn|| < M < co. Hence, passing to a subsequence if necessary, we can
assume Pz, — y € D. Since {z,,} C Spg, by the Banach—Alaoglu Theorem,
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{z.,} has a cluster point v in Sp«+ with respect to the weak* topology in Sp«.
Since B* is separable, Sp«~ with the weak™ topology is metrizable. Compute,
passing to a subsequence if necessary,

HPm:vm - zn:v(fi)y (xm)y;" — zn:v(fi)y

< | S er o -y

Note that the right side of the above inequality tends to O, since y;" — y; for
i=1,...,n and ¥ — f; in the norm of B*. Hence || >0, v(fi)vill > || P|| + ¢,
which, by Goldstine’s Theorem, leads to a contradiction.

Remark 3.2.2. To show that liminf ||P,,|| > ||P| it is sufficient to demon-
strate that cl(Span{y,;}) = B*, where the closure is taken with respect to the
weak™ topology in B*. The proof of this part of Theorem 2.1 is in fact the same
as in [Cheb, Theorem 1.1].

xm - fz)) Yi

Now we state a result concerning the space C(¥) [a, b] equipped with the norm

(3.2.2) £l = Z F @)+ 1P lsup -

The method of proof is similar to that of [Che5].

THEOREM 3.2.3. Let E = {t;} be a dense countable set in [a,b]. Fori=1,2,...
and x € C*)[a,b], define

(3.2.3) Zf”] )+ 2®)(t).

Assume D C CW][a,b] is an n-dimensional subspace and let A € L(D) be a
nonsingular mapping. Then for every P € Pa(B,D) there ezists a sequence

P,, € D}(B, D) such that || P,,| — || P]|.

Proof. Note that C®)[a,b] is linearly isometric to R¥=! x Cla,b] with the

norm
k—1

(21, 2z, = D zil + 1 fllsup -
i=1
Hence (C™®[a,b])* = RF=1 x (C[a, b])* (the norm in R¥~1 x (C[a, b])* is given by
(3.2.4) (21, 261, v)|| = maX{ max |zZ] |},
the symbol |v| denoting the variation of the Radon measure v). Now take P €

Pa(B,D), P=5%" 1 fi(")yi (fi(z) = (o, ..., ax_1,u;) where u; is a Radon mea-
sure). For each m € Nlet T7",..., T} denote a partition of [a, b] (see Def. 3.1.3)
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into disjoint intervals such that p(77") < 1/m (u denotes the Lebesgue measure).
Put

k—1 km
(3.2.5) o7 () = 3 e (@) + 3 ui( TN ()

(t]* are fixed points from the sets T;" N E). It is easy to verify that ;" — f;
weak* in B* for i = 1,...,n. Hence using the functionals ", we can define
the operators U, and P,, as in Theorem 2.1. By the proof of Theorem 2.1 and
Remark 2.2, | P,z — Px| — 0 for every z € B and liminf ||P,,|| > || P||. To show
that limsup || P,,|| < || P||, we prove that |[to U, | < ||t P|| for every ¢t € E. Note
that

n

(Fo Pz =3 f(@)ily)) Z(Zam” ) +uj 02t )ily,)

j=1

= <Zf(yj)uj> ox® 4 Zal<2f(yj)>xz a
j=1 1=0 j=1
Hence, by (3.2.4),

n

|to P —max{|yt| max‘athA ’}

Jj=1

where v; = Y7, t(y;)u;j. Note that

[FoUn(a)| = ;w;%x)?(yj))
=% (3 0+ 370 it |
: kga x<z><a>(jnlf<y]>) +l§?w<’<><tm(]if<yj>u]m )|
< (: 2O @] + 2 aup) max{gwut\mmxmgx a. gayj)\}
< | mas { 4] (7), max aZ )|} = IEe Pl -l

Hence [|U,,| < ||P|| for m = 1,2,... Since P, = Ao (Uy|p)~! o Uy, we have
lUm — Pn|| — 0 and consequently, limsup || P,,|| < ||P||, which completes the
proof.

To present the next result we introduce some notations. Let B be a normed
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space. Assume {;}2, CSp+. Let D C B be an n-dimensional subspace. Assume
furthermore that Span{e1|p,...,¢n|p} = D* and let A € L£(D). We say that
a sequence {D}(B, D)} has property (x) if and only if for every P € P4(B, D)
there exists a sequence P,, € D'}'(B, D) for m > n such that

Pz — Px foreveryz € B
and

(3.2.6) [ Bl — 1P| -
Theorems 0.1.2, 2.1 and 2.3 present examples of sequences D} (B, D) having
property (x). For P € D}'(B, D) put
(3.2.7) Ny, (P)= sup max |g;(Pf)|
[ fll<1i=1sem
and
(3.2.8) N, = inf{N,,(P) : P D} (B,D)}.
Now we can state the following

PropoOSITION 3.2.4. Let B be a normed space and let D C B be an n-
dimensional subspace. Suppose {p;}52, is a weak*-dense subset of Sp~. Let A€
L(D) be so chosen that D} (B, D) satisfies condition (x) with respect to the se-
quence {p;}. Then

Au(B,D) = lim N,,.
m—00

Proof. Fix e > 0 and let Py € Pa(B, D) be a minimal extension. Choose
mo € Nand Q.,, € D'{°(B, D) with | ||@Qm, || — || Pol| | < €. Note that for m > my,

N £ Nin(Qimo) < (@[l < [[Poll + £,
which gives limsup,,, .o N < ||Fol|. To show that liminf N,, > ||Fy|| suppose,
on the contrary, that lim IV,,, < ||Py|| — € for some ¢ > 0 (pass to a subsequence
if necessary). Define a function || [|; by
lylli = max [oi(y)] foryeD.
i=1,...,n

Since Span{yi|p,...,¢on|p} = D*, || |1 is a norm in D. Since D is finite-
dimensional, there exists w > 0 with ||y|| < wly|j1 for every y € D. Hence
for every x € B and m > n =dim D,

[Prall < wl Pl = w max_[o:(Pa)

<w wax |pi(Pa)| < 4| Non (P < [ Pollw.

(P, € D} (B, D) is so chosen that N, (P,,) < N,,,+1/m). Consequently, ||P,| <
wl|Pyl| for m > myg, which gives that {P,,} has a cluster point P, € Pa(B,D)
with respect to the 7-topology (see (3.1.3)). Since {¢;} is a norming set, there
exist mg € N, z € S and §,, — 0 with

1Pl = /3 < [ome (Prz)| < Nn(Prn) + 6m < || Pol| — €/2
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for m > myg. Finally, we get || P1|| < |[|[Fo|| — €/6; a contradiction with the mini-
mality of Py.

Now we present a result concerning the case B = C(T'). Let D and {¢;}2,
be as in Proposition 2.4. For m > n define

(3.2.9) Dy, ={xeK":pi(y)=x;, i=1,...,m, y € D},
and define A,, € L(D,,) by
(3.2.10) Ap(w) = (p1(4y), . .., om(Ay))

where y € D denotes an element satisfying (3.2.9). Since Span{¢1|p,...,¢n|lp} =
D*, for every w € D, there exists exactly one y € D satisfying (3.2.9). Hence
A,,, is well defined. Now we can state

THEOREM 3.2.5. Assume B = C(T) (we consider the complex and real case)
where T is a compact metrizable set. For i =1,2,... let ¢; = t; where {t;} is a

dense, countable subset of T. Let D be an n-dimensional subspace of B and let
A€ L(D). Then

Aa(B.D) = lim Aa,, (1%, D).

Proof. First we assume that A is a nonsingular mapping. By the same
reasoning as in [Cheb, Th. 1.1], the sequence {D}'(B, D)} has property (x).
Hence, by Proposition 2.4, A4 (B, D) = lim,, o N,,,. For every m > n select
P,, € D}(B, D) with N,,(P,,) < N,, + 1/m. Note that by the Tietze-Urysohn
Theorem,

(3:211)  Nu(Pr) = sup{_max [p(Puf)]: [ € B, max |pi(f)] <1}.

----------

(We denote by W,,,(P,,) the right side of (3.2.11).) For each m >n define Q,, :
1 1) vy

where f, € C(T) is so chosen that f,(t;) = x; for i =1,...,m and || f,|| = ||z
Since the value of P, f, only depends on the values of f, at the points ¢;, the
operator @, is well defined. Note that by (3.2.10), for x € D,,,

Qmz = (P1(Pmy), - - om(Pmy)) = (01(Ay), ..., om(Ay)) = A
Hence Qn € Pa,, (IS, D,,). Moreover, by (3.2.12), |Qml = Wn(Pn) =

m

Ny (Py,). Hence
/\Am(lg?)aDm) <NQml € Nin(Pr) < Npp +1/m,
which gives, in view of Proposition 2.4,
limsup Mg, (I, D) < Aa(B, D).

To show that liminfAs, (182", D,n) > Aa(B, D), take Q. € Pa,. (IS, D,y of
minimal norm. Define L,, € L(B, D) by

Lpf = (Qm(sol(f)’ R @m(f))**
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(** denotes the unique extension of @, (p1(f),- .., em(f)) onto the space D; see
(3.2.9)). We show that L,, € D'}'(B, D). Since for f € D,

Lf = [(Qm(@l(f)v R (Pm(f))]** = (Am(‘pl(f)a s 790m(f))**

= (p1(Af), - om(AS)™ = Af,

we have L, € Pa(B, D). Moreover, if p1(f) = ... = ¢ (f) = 0 then L,,(f) =0,
which finally gives L, € D} (B, D). It is clear that

)‘A7n(l<(>2n)va) =[|Q@mll = Wi (Lm) = Npm(Lm) > Nm
and consequently,
liminf Ay, (I, D,,) > liminf N, = A (B, D),

which completes the proof in the case of nonsingular operators.

Now suppose A € L(D) is a singular mapping. Fix ¢ > 0. By Remark 3.2.2,
there exists a nonsingular mapping A° € £(D) with [|[A— A®|| <e. Let y1,...,Yn
be a basis of D and let ¢y,...,1, € B*, ||i);]| =1 for i = 1,...,n, be so chosen
that ¢z(yj) = (LJ Define L = Z?:l ¢l()Ay1 aHdLE:Z?ZI ¢z()A€yz By (312)7

Aac(B.D) = Aa(B.D)| < |ILF ~ L| <n_max_[yi] - 4~ A

Moreover, for each m > n,
Aaz (I8, Dy) — Aa,,, (187, Dy)| < ||L, — Lo,

where A, (resp. A%)) is defined by (3.2.10) and L., (resp. L&) is given by (3.2.12).
Observe that

1L5 = Lol = Win(L* = L) = Ni(L* = L) = sup max |p;(L — L°)f|
flI<1 =L

-----

Note that
IAa(B, D) — Aa,, (15, Dyy)| < [Aa(B, D) — Xac (B, D)|
+[Aaz (B, D) — Aaz (187, Din)| + [Aaz, (18, D) = Aa,,, (1827, D)
By the previous part of the proof we can choose mg € N such that for m > mg,
[Aas(B,D) — Aae (IS, D) < €
(A€ is a nonsingular mapping). Applying the above estimates we get for m > my,

MA(B, D) = An,, (0, Dy)| < &+ 20 max |y 4~ A%
< (1+2n max |y,

which completes the proof of the theorem.

Note that to show a theorem similar to Theorem 2.5 for any normed linear
space B it is necessary to know that the sequence {D’}'(B, D)} has property (x)
(see (3.2.6)) and satisfies the following condition:
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(3.2.13)  for every m > n = dim D and every z € 1

¥ e B, |yl =1, with ¢(f;) = .

For this reason it is possible to prove

with ||z|| = 1 there exists

THEOREM 3.2.6. Assume B = C®[a, b] and let ¢; = t; fori=1,2,... where
{ti} is a dense, countable subset of [a,b] and t; is defined by (3.2.3). If D is an
n-dimensional subspace of B and A € L(D) then

lim Mg, (1™, D,,) = A\a(B, D).

m
Proof. By Theorem 2.4 the sequence {D'}' (B, D)} has property (*). To finish

the proof it is sufficient to show that {D}'(B, D)} satisfies (3.2.13). Fix x € 1)
with ||z|| = 1. By the Tietze-Urysohn Theorem there exists f € Cla,b] with

Il =1 and f(z;) = x; for i = 1,...,m. Let gi(t) = [ f(s)ds and g;(t) =
f;gi_l(s)ds for : = 2,...,k. Note that g,gj) =gp—j for j =0,...,k (g0 = f).
Since gj(a) = 0 for j = 0,...,k — 1, by (3.2.3) we have t;(gx) = f(t;) = a; for
i =1,2,... Moreover,

k—1
lgrll = > 197 @)1 + I fllsup = [ llsup =1
Jj=0

Since g may be treated as a functional from B** of norm 1, the proof is complete.

THEOREM 3.2.7. Assume B is a normed space and let {p;} be a countable
weak”-dense subset of Spx. Let D C B be an n-dimensional subspace and let

A€ L(D). Then
Aa(B,D) < lim Mg (1™, D,,),
where Dy, is defined by (3.2.9) and A,, by (3.2.10).

Proof. It is well known that B can be linearly isometrically embedded in
C(Sp+) (in Sp- we have the weak* topology). Then, by Theorem 2.5,

AM(B,D) < A\a(C(Sp+), D) = lim s, (I, D,,)
as required.

The last result of this section will be devoted to the case of sequence Orlicz—
Musielak spaces [Mu, p. 33].

THEOREM 3.2.8. Assume ly, is a sequence Orlicz-Musielak space (¢ is a locally
integrable function) equipped with the Luzemburg norm satisfying the d2 condition
[Mu, p. 52]. Let A € L(D). Fori=1,2,... and x € L, put p;(x) = z;. Then

Aa(B,D) = lim Aa, (15", D),

where D, is defined by (3.2.9) and lfpm) denotes the space K™ (K =R or K = C)
equipped with the norm induced from l.
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Proof. For m € N and P € D} (ly, D) put
Um(P) = sup{[[(e1(Pf),....omP Ny : [(01(f)s- -5 em(f)lly < 1}

and
Up = inf{U,,(P): P € D} (B,D)}.
Note that for every P € D}(B, D),

(3.2.14) Unm (P) = sup{[[(1(Pf), .., om(P)lly : 1 Flly <1}

(for each = € lfpm), l|zlly = ||(z,0,...)|ly and since P € D} (B, D) the value of P f
only depends on the first m coordinates). By the do condition [Mu, pp. 36, 53],
the sequence {D} (B, D)} has property (). By (3.2.14), U,, < U,,,(P) < || P|| fo
every P € D'} (B, D). Hence reasoning as in Proposition 2.4 we get lim,;, oo Uy, =
Aa(ly, D).

To finish the proof it is sufficient to show that A4, (lfbm),Dm) = U,,, which is
an immediate consequence of (3.2.14). The proof is complete.

Remark 3.2.9. Assume B is a finite-dimensional real or complex Banach
space. Then the number N,, in Proposition 2.4 can be replaced by W,, =
inf{W,,,(P) : P € D}(B,D)} (W,,(P) is defined by (3.2.11)). In the real case
W, can be calculated by the Remez algorithm (see e.g. [Chel, p. 54]). Therefore,
by Proposition 2.4, we can calculate A4 (B, D) numerically. Moreover, repeating
this procedure for the sequence (B, D,,) described in Theorem 3.1.6 (see also
Examples 3.1.7-3.1.9) we can estimate the constant A4(B, D) not only in the
finite-dimensional case (see also Theorem 3.8). Theorem 2.5 extends Theorem
0.1.3 of [Che6].

I11.3. Algorithms for seeking the constant W,,

First form of the extremum problem. In this section D C B is an n-dimensional
subspace (we consider the real case). Let fi,...,fm € Spx, m > n, satisfy
(3.2.13). Assume furthermore that fi|p,..., fn|p is a basis of D*. For given
F € L(D), we seek to determine P € D (see (3.2.1)) satisfying W,,,(P) = W,
(W, is considered with respect to F' and f1,..., fm). Since fi|p,..., falp is a
basis of D* there exist di,...,d, € D with fi(d;) = di5. Put Qo = >_7_, f;(-)d;
and Py = F o Q. It is clear that Py € D}J'. Moreover, if n = m then D = {Fy}.
If m > n then P € D} satisfying W,,,(P) = W,,, must be of the form P = Py — L

where L = Y"1, fi(-)u; for some uq, ..., u, € D. So in order to determine P it is
necessary to determine uq, ..., u,. Note that u; = Z?Zl fi(u)d; fori=1,...,m
and one sees that the following equations are equivalent:

(3.3.1) L(D)=0,

(3.3.2) L(dj)=0 forj=1,...,n,

(3.3.3) > fildju; =0 forj=1,...,n,
=1
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(3.3.4) S FA)Y felu)dr =0 forj=1,....n,
=1 k=1

m
(3.3.5) > fild) fr(ui) =0 forj=1,....n, k=1,...,n,

i=1
The m x n matrix A is determined by the choice of the functionals fi,..., fi.
The n xm matrix B is arbitrary except for the condition BoA = 0. Each choice of
B satisfying this condition leads to a set of functions uy, ..., u,, via the equation

Z fi(us)d ZBﬂd

From these we obtain the operators L and P by the above equations. For conve-

nience, define d,,+1 = dpy2 = ... =d,, = 0. Then P can be written as
m m n
:Z uj)Zij(')(Fdj—ZBkjdk)-
=1 j=1 k=1
Since the functionals f,..., f, satisfy (3.2.13) the expression to be minimized is

Wm(P):max{i fi(Fdy) ZBk]fzdk‘:z: ,...,m}
j=1

and this is to be done by choosing B freely, except for the constraint B o A = 0.

Second form of the extremum problem. In the reasoning presented above, the
problem of calculating the constant W, was formulated as a constrained mini-
mization problem. Here the problem will be given in unconstrained form. The
constraint B o A = 0 states that the rows of B lie in the orthogonal complement
of the columns of A. This orthogonal complement has as a basis the rows of the
matrix

D”:{—fn_l'_i(dj) ifi<j<nand1<i<m-n,
K Ojmti ifn+l<j<mandl<i<m-—n.

The asserted orthogonality is proved by observing that A and D are partitioned
matrices of the form A = (I,,, K)T and D = (- K, I,,,_,,), whence Do A=—K o
I,+1,,_,oK=0. Now each row of B can be an arbitrary linear combination of the
rows of D. Hence we can write B = C'o D where C' is now a free (unconstrained)
n X (m — n) matrix. The expression to be minimized by the free choice of C'is

Wm(P):max{jzl f(Fd;) ;;CMDW”Z d)|i=1 m}

If we extend A to an m x m matrix by setting A;; = f;(d;) and d; = 0 for j > n,
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then we have a new interpretation of the problem:

(3.3.10) W (P)=||[AoF —AoCoD|s =min.

Here the matrix norm is given by [|Afcc = max; ), [A;], and we put Cj; = 0
when ¢ > n.

Third form of the extremum problem. In order to turn (3.3.10) into a Cheby-
shev approximation problem, let S = {—1,1}". Then

W, (P) maxz fiPdy) =) Z Cru D fi dk)‘
k=1 l=1
= max max ‘ 253 (fl (Fdj) Z CrDy; fi dk))‘
j=1 k=1 I=1
—mzaxmaX’ (i, ) Zn: Z Crigri (i, s) ) = Hh ZCklgle
k=1 I=1

Here
$)=Y_s;fi(Fd;), guli,s) = fi(dr)> _ s;Dy
j=1 Jj=1

for (i,s) € {1,...,m} x S. Therefore the minimization of W,,(P) is a problem
to which the Remez algorithm can be applied. The problem is nondegenerate, in
the sense that the set of functions gy, is linearly independent (this was checked in
[Che6]). The convergence of this algorithm is established, for example, in [Chel].

Remark 3.3.1. In view of Theorems 3.2.3, 3.2.5 and 3.2.6 the methods of
calculation of the constant W,, presented above can be applied for seeking the
constant A\ (B, D) for B = Cg(T) (T compact, metrizable) and B = C®)[a, b].
Moreover, by Theorem 3.2.7 we can use these methods for estimation from above
of the constant A4 (B, D) if B has weak*-separable dual space.

Remark 3.3.2. The results presented in this section are an adaptation of the
results proved in [Che6] for the case F' = Id.
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