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Introduction

The main purpose of this paper is to show that many important
propositions involving convex functions and convex sets are in fact nothing
but equivalent forms of the Hahn—-Banach Theorem and can all be derived
in a gimple, unified manner, from a general proposition on inconsistent
systems of convex inequalities.

In Section 1, devoted to finite systems of convex inequalities we
shall prove a proposition which might be used for the foundation of the
most interesting results known in this field. In particular it yields as
a consequence a feasibility theorem for linear programming problems.

In Section 2 the results are extended to infinite systems. The basia
theorem to be established here, though formally equivalent to the Eidel-
beit Separation Theorem (geometric equivalent of the Hahn-Banach
Theorem), provides a natural way to derive in the next Section 3, many
known propositions, such as: the Hahn-Banach Theorem, Krein’s Theo-
rem on the extension of positive linear functionals, the Farkas—Minkowski
lemma on linear inequalities (abstract form), Dubovitski-Milyutin pro-
positions on non-intersecting condition for a finite system of convex
cones, and on conjugate sets, the Kuhn-Tucker saddle-point theorem for
convex programming (generalized by Hurwicz), Golshtein’s recent results
on duality in mathematical programming, the Fenchel-Moreau. propo-
gition on biconjugate functions, and the Moreau—Rockafellar proposition
on the convolution of conjugate functions. On the basis of this theorem
some known results can be sharpened or gencralized ; others can be obtained
In their strongest known forms.

In the last section (§ 4) we shall point out the formal equivalence
of all the above-mentioned propositions. It is rather surprising that this
connection has not been noticed in earlier works. For example, little is
known as to how the Farkas-Minkowski lemma is related to the main
results in the theory of conjugate functions, as developed by Fenchel,
Moreau, Rockafellar and others ([16]); and though relations among
various aspects of duality have been discussed in some works ([14),
[16],...), up to now the Kuhn-Tucker-Hurwicz theorem, and the men-
tioned result of Moreau—Rockafellar or that of Dubovitski-Milyutin, are
often presented in literature as quite unrelated matters. "
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Throughout this paper, all underlying spaces are supposed to be
real linear. Most of the results will be formulated for the case, when under-
lying spaces are linear topological. If they are to be applied to linear
spaces without a topology, one has only to endow the latter with the
finest locally convex topology, i.e. the topology in which every convex
absorbing subset of the space is a neighbourhood of the origin. As is well
known, in this topology:

1. The concepts of internal point and interior point are equivalent
for convex sets ([3] or [6]). Since we shall always deal with convex sets,
this enables us to denote the interior and the set of internal points of

0
a set N by the same symbol N.

2. Every sublinear (in particular, every linear) functional is conti-
nuous. Therefore, the algebraic dual coincides with the topological dual

([6] or [13]).

§ 1. Finite systems of convex inequalities

1. A preliminary result. We begin with proving a proposition which
includes as a special case the famouns Farkas—Minkowski lemma and
permits a straightforward derivation of much of the fundamental facts
‘concerning finite systems of convex inequalities.

Let us consider a linear space X and the product space Z = X x R"
every element of which is thus of the form 2 = (2, y) with zeX, y = (y,,
Y2y -y Yy) € B". For any prescribed set K < {1,2,...,n} we shall say
that a convex subset ¢ of Z fulfils the condition (Sg) if the projection
of ¢ on the subspace Yx = {yeR": y; =0 (i¢ K)} contains the origin

in its relative interior, or, equivalently, if
(V (@, 9)¢0) (B (e, y') € O) (U2 > 0): (Vke ) 4 = — Ay,

Let us write » < ¢ whenever p;<¢; (j =1,2,...,n) and introduce
the notation

P,y = ijyi"*‘ ZQiyj!

yy<0 yy>0

n
W9y =t yd = 3y
j=1
THEOREM 1.1. Let C be a non-void convex subset of Z = X x R", f(2)
a finite convex funclion on Zy and p = (D1, Pays irey Pu)y ¢ = (q1; oy -y Gn)
two vectors such that p<q and p; < 400, —c0o<q(j =1,2,...,n).
Suppose furthermore that O fulfils the condition (Sg) for K = {le: py = —o0
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or g = -+ oo}. Then there emists a veotor te R" satisfying

(L.1) p<i<qg (Va=(2,9)e0) & y>+f(z)>0
if and only if
(1.2) (V2 = (#,9)e C) <p, ¢, 4> +f(2) > 0.

Proof. The proof is essentially the same as that given for a less
general proposition in our earlier paper [18] (see also [19]).

Since the necessity of the condition is trivial, we need only prove
its pufficiency. Without loss of generality it can be assumed that &k > j
for any ke K, j¢ K (if K # 9).

The proposition is obvious for » =0 (i.e. ¥ = {0}). Assuming that
it is true for m = m —1, consider the case when » = m. If y, = 0 for
all 2 = (%, ¥y, ..., ¥y) € O then C can be identified with a set in X x ™!
satisfying the condition (Sg (), and the proposition is true by. the
induction assumption; in the contrary case, let Cf = {z¢C: y,, > 0},
C;, = {#eC: y, < 0} and let us set for each 2¢ C,, U0;,

1
a(2) = "y_Kﬁ’ 7, +f],

where 7 = (P13 Pm—1)s § = (1 +++y Qm—1)s ¥ = (Y13 +++) Ym—a):
From (1.2), we deduce a(z) < ¢, for z¢ 0}, and a(2) > p,, for ze0;,.
Hence putting

sup a(z) it GO} #0, |
a = [zcc,:; ,3 — zeC,'“_z
— 00 else; + o0 else,
we obtain
(1'3) a < Qm) ﬂ ,>—- pm'

On the other hand if C} =@ or C,, =@, then obviously e f. If
these sets are both non-void, then for any ze Cj, ¢, we have

;v(i '-z_,)e Gm)
Ym Ym

where 1 = —ymy;n(ym'_y;n)hl >0 and C,, = {ZG C: Yn = 0}'

But the set 0,, congidered as a get in X x R™ ! fulfils the condition
(Sg(ny)y and by the induction assumption a vector e ™! can be found
such that p < I g and (&, 7)+f(#) = 0 for every z¢ C,,. Therefore

z<2, 2 —i’,—> +f(zi —Az—,) > 0.
Yn Ynm Ym YUnm
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Taking into account the convexity of f, which implies

AN A
f(ﬂy,; —A;J;n—) < )= 2 fs),

and noting also the fact that {f, 7> < (P, 7, ¥, we. can deduce from the
above inequality

7Y +R)]< a(?).

1. .
(Ld)  a(») < —y—[(t, D+ ~

m

Hence in any case, we have a < # and then the relations (1.3) together
with the condition p,, < ¢, yield

{1.5) max {a, Do} < mm {ﬂr Qm}'

According to the hypothesis, either both p,, and g, are finite numbers,
of both sets 0,*,; and C;, are non-void; but in the latter case, relations (1.4)
ghow that a <+ o0, f > —co0. IIence from (1.5) follows the existence of
at least one finite number ?,, such that
Pm St <fmy asSip<p.
If we set f(2) = t,,9,,+f(2) then
(Vee 0) <F, T, 7> +(2) 2.0

and again by the induction a,ssumptmn, we can find a veetor (¢, ..., f,_;)
e R™ ' such that p; <4, <¢q (j=1,2,...,m—1),

m~1

Zt,/rl- mYm +f(2) for all zeC.
=1
Then ? = (¢4, ..., t,_1, t,,) is the sought vector, and the proof is complete.

Remark. Let us call positive basis of a set D any set B = D such
that each point y ¢ D may be represented as a positive linear combination
of elements of B. By a schema of a set D = R" we shall mean any set & = D
which contains for each J < {1,2, ..., n} some positive basis of the set
{yeD: y; =0 (jed)}. Using the above argument, but replacing €, and
Cy by Bh ={2¢ E: y,, >0}, B, = {ze B: y,, < 0} we might prove for
the case X = {0} a stronger proposition, namely:

Let C b€ a convex subset of R*, B a schema for C, f(y) a conver fundiion
on C. If we have

(VyeB) (0, ¢, 9> +fly) >0,

there exists a vector te R" satisfying:

psisyg, (VyeO) &y +fly) =0
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2. Applications. Several propositions on convex sets and convex
inequalities could be obtained as special cases of Theorem 1.1. Let us
first mention the following proposition, known as the Farkas-Minkowski
Lemma.

CoroLLARY 1.1. Let f(),g:;(x) (¢ =1,2,...,n) be (finite) conver
functions on a conver subset D of a linear space X. Suppose that functions
gi(@),iel, < {1,2,...,n} are affine (i.e. g,(x)—g;(0) are linear) and
that there exists at least one point T such that

0 . — i
(1.6) TeD, g;(®)<0 (tely), ;@) <0 (i¢ly).
Then the system
(1.7) zeD, g;(2)<0(i=1,2,...,n), fl®)<0

i8 inconsistent if and only if there exists a veotor te R™, 1 = 0, such that:

(1.8) (Vae D) f(a)+ D 'tgi(z) > 0.
i=1

Proof. We may assume ¢;(Z) = 0 (ieI,) for otherwise I, could be
replaced by I, = {i: g;(X) = 0}. Define C to be the set of all 2 = (z, y)
eX x R" such that

zeD, gi@) =y (lel), gi(®)<y; (i¢1,).

Clearly, C is a convex set and by hypothesis (Z, 0) ¢ C. For any given
(%, y)e C we shall have (—Az+(1+2)%, —2y)e C provided 2 > 0 be small
enough. Indeed, since the functions

¥e(d) = gi(— Ao+ (1+1)T) (iel)
are affine, we may write
gi(— 2o +(14+0)F) = —2g;(2) +(1+ 1) g:(E) = —Ay;
and since the functions y,(1) (i¢ I,) are convex, hence continuous on every

0
open interval, we shall have, taking into account the fact that ze D and
yi(0) = ¢;() <0, —Az+(1+)TeD, g;(—Ao+(1+DT)< —Ay; (¢ 1)
when A > 0 is small enough. That is, the set ¢ fulfils the condition (S, ,,  n)-
If the system (1.7) is inconsistent, then, putting p; =0, ¢; = + o0
(1 =1,2,...,n) we may write

P, g, y>+fla) =0 for all (z,y)eC.
Hence, by Theorem 1.1, a vector 1¢ B" ¢ > 0, may be found satisfying

(V(z,y)eC) flx)+ X t;y, > 0, which yields (1.8) by taking ze D, y; = g;().
el
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This proof is much shorter than any other to the knowledge of the
author (see for ingtance the proof in [2]).

It is worthwhile to notice that the condition Ze D in (1.6) may be
replaced by Ze D if either D is a polyhedral set (the functions f(z) and
g;(m) being then supposed finite and convex on the whole space X), or
the set 1, is emply. ,

In fact, in the first case, if the set D is defined by the system of
inequalities ¢;(z) <0 (i =»+1,..., N), with g;(z) affine functions, then
Corollary 1.1 asserts the existence of a vector te RN, t >0, such that

(VoeX) f(a)+ D tigi(a) >0,

1=l

hence
n N
(Vae D) f(@)+ D tgs(@) > — D) tigs(a) > 0.
i=1 {=nt1

In the second case, for any given (w,y)e¢C we have (Z, —4y)eC,
provided 12 > 0 is small enough to ensure ¢;(#) < —Ay; (+ =1,2,..., %),
which is possible because ¢;(Z) < 0. Thus the set C still fulfils the condition
(84,s,...,n) and the proof given above remains valid, In this case the pro-
position can be stated also as follows:

Let g;(@) (2 =1,2,...,n) be convex funolions on & convex set D c X.
If the system

weD, go)<0 (1=1,2,...,n)

18 inconsistent, then there exvists te R™, t > 0, t#0, such that

(Vae D) D'tg,(x) > 0.

el

If, in addition, the system
zeD, ¢;(x)<0 (7;'=1;2""r'm’)

18 consislent, then one at least of the t, (i >m) is positive.

As one might remark, the essential point in the proof of Corollary 1.1
is to show that the set ¢ fulfils the condition (8, ,,. ). This fact suggests
the following way to generalize further Corollary 1.1.

Let ¥ = X;xX,, so that each point of X may be written as
& = (0, ©y)y @ eX;, weX,. Then the conclusions of Corollary 1.1 hold
if the following condition (8) is satistied:

(S) The system

(1.9) weD, g(@)<0 (iely), gi(x)<0 (i¢1,)
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has a solution % = (ZT,,Z,) such that for every {y,, ic<I,} salisfying
g:(w) < y; for some we D there exists o' = (my, T,)e D satisfying g;(a') < — by,
(i€ I,) for some 0 > 0 (depending on {y;, i¢ I,}).

To prove this, consider -the set

C={2=(@,1y)eXXEB" zeD, g() <y, (4 =1,2,...,n)}

which is obviously convex and contains (Z, 0). For any (x, y)e C there
exists by hypothesis some (a,Z,)e D such that g;(a,Z,) < —0y; (i¢I,)
for some § > 0. Since

agi(@, Ty) + (1 — a) g,(%,, Tp)

gi{ea (1 — )%, &y) <
< ag;(a, %) < —aby; (tel))

we shall have
(aa—l—(l—a)'aEl,Ez)eD, gi(aa+(1—a)51,§2)< —Ayy (te I,)

for A = af >0 when o« >0 is small enough. On the other hand, since
7:(%) < 0 (¢ ¢ I,) we shall have also

gi(aa+ (1 —a)Z,, T) < — Ay; (i¢ Iy)

when ¢ >0 is small enough. Thus (aa-(1—a)Z,, %, —Ay)e O for some
a >0, 4>0, ie. the set C fulfils the condition (8, . ) The remaining
part of the proof is trivial.

Clearly the condition (S) is fulfilled if for example the system (1.9)

has a solution Z = (%, %,) such that T, is am interior point of D, = {z,:
(1, Ty)e D} and the wector-function {g;(z,,%,), eIy} 18 affine and
surjective.

Among the many consequences of Corollary 1.1 let us mention the
next proposition, a sharpening of a well-known theorem due to Kuhn
and Tucker ([10], [1] and also [2], [14]):

Let D be a convex subset of a linear space X, let f(x) and g,(x)
(¢ =1,2,...,n) be convew functions on D, satisfying the condition (S).
Then »°¢ D is an optimal solution 1o the comvex programming problem:

min{f(z): zeD, g;(@) <0 (1 =1,2,...,n)}
if and only if there exists a vector 1% R", 1* > 0, such that
(Vee D) (Vi = 0) I'(z,1°) = F(a°, i)
where

Pz, t) = fl@)+ ) tgi(®).

{=l
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The sufficiency of this condition is almost plain. The necessity follows
from Corollary 1.1 and from the fact that z%¢ D is an optimal solution
only if the system zeD, ¢;(#)<0 (1 =1,2,...,n0), f(#)—f(2°) <0 ig
inconsistent.

COROLLARY 1.2. For any convex subset C of R", mot containing the
origin, there ewisis a vector te R", t # 0, such thai

(Voe 0) (¢, 2> >=0.
If C is closed, t can be laken so as lo have
(Veel) (¢, 2> = a>0.

The proof commonly produced in the literature for this classical
result is tiresome enough (see for example [2]). Theorem 1.1 enables
us to derive it easily.

For n = 1 the proposition is obvious. Assuming that it is true for
R"Y, we tind for the set 0, = {ze U: z, = 0} a vector (3,,...,%,_,) #0

n—1
such that > #2;>0 for all z¢C,. But the sets 0} = {we C: x, > 0}

f=1
and 0, = {we(: , < 0} may be supposed non-void, becaunse if for example
z, = 0 for all zeC then (0,...,0,1) will be the vector required. Thus ¢
satisfies the condition (8, and, puttingp; = ¢, =4 (j =1,2,...,n-1),
Pp = —00, ¢, = +oo we have (p,q,x)>0 for all z<(C. Hence there
exists te¢ B” such that 4, =13; (j =1,2,...,n—1) (which implies ¢  0)
and (VazeC) {,2> =0,

The proof is still shorter when C is closed. In this case, taking p; = —1,
g =41 =1,2,...,n), we have for some a >0

(Voe0) py gy 2y = Do > a

j=1
and so there exists te R, —1<t, <1 (j =1,2,...,n) such that (Vae ()
Gyad>=a>0.

To end this section, let us derive one more corollary of Theorem 1.1,
which appears to be useful in some questions of linear programming:

CoROLLARY 1.3. Let A = (ay;) be a m by n matriz, A* its transpose,
b a m-vector. The system

(1.10) reR', p<ow<q, Az>zb
i8 consistent if and only if
(1.11) (Vue B™ u > 0) (p,q, A u) = (b, u).

Here p,;, q; (j =1,2,...,n) can be equal, respectively, to — oo, + 0.
Proof. Let us consider the space

O ={(u,y): ueR™ yeR" y = A%u},
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and let p; = —oo, ¢; =0 (i =1,2,...,m). Statement (1.11) is then
equivalent to

(V(w,9)e 0) o', ¢y w4+ <Dy 4, y> — by 4D >0

which, by Theorem 1.1, is equivalent to the existence of two vectors 2/, »
such that ' < o' < ¢, p < v < ¢ and that

(V(w,y)e C) <o’y )+ (x, y>—<b, u) > 0,
or
(Vu=>0) Cdo,u) —<b,u) = 0.

Since the latter condition is satisfied if and only if Az > b, the proof
is complete.

If in the gystem (1.10) we have Az = b instead of Az > b, then,
writing A2 > b, —A» > —b, we see that the condition » >0 in (1.11)
must be removed.

Furthermore, if a,;a,;; > 0, for all 4, k, j then condition (1.11) reduces
merely to

pyq,4p=2b (1 =1,2,...,m)

where A; are the rows of A, and b; the components of b.
More generally, suppose we know a schema E of the cone

D ={yeR": y =A"u for some u > 0}

and for every te I let t = A*uY, 4® > 0. Assuming in addition that
Av =b for some v, we have (b, ud = (v, A*u)>, so that the condition
(1.11) may be written (Vye D) {(p, q,y)>—<v, %> = 0. Then, by making
use of the remark to Theorem 1.1, one can assert that the condition (1.11)
will be satisfied, hence the system (1.10) will be consistent, if

(Vie B) <p, q,1) > <b, '"'m‘>-

Since the set of all elementary cocycles of a graph (in the terminology
of [2]) is a schema for the set of all cocycles (tensions) of this graph (i.e.
the linear space spanned by the rows A; of the incidence matrix),
Corollary 1.3 leads to the following proposition which reduces to a known
result of J. Hoffman when b = 0 (see for instance [2]):

Let A be the incidence matrix of a graph with m vertices and = ares.
Suppose that the system Ax = b has a solution. Then the system

rzeR", p<ae<qg, Az =2>
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is consistent if and only if for every elementary cocyecle ¢ = u; 4, of the
grfaph we have
p,q,t> = Zbi_ be> g, D, 8.

ug>0 u;<0

§ 2. Infinite systems of convex inequalities,

We proceed now to extend to infinite systems the main results esta-
blished in the foregoing section.

1. The separation theorem. For the sake of completeness, let us first
provide a direct proof of the classical Eidelheit theorem, based upon
our Theorem 1.1.

LrMMA 2.1. Let C be a convex subsét of a linear space X. If C has a non-
void inierior and does not contain the origin, then there exists a linear form.
t(z) on X such that t(z) Z 0 and (Voe () t(x) > 0.

Proof. Denofe by € the set of all pairs (M, ¢) such that M is a sub-
space of X containing a fixed interior point a of C, and ¢(x) a linear form
‘on M gatistying (Vowe M AC) t(z) > 0. Clearly € #@ (Corollary 1.2),
and if we order ¢ by agreeing that (M,t) < (M, t') whenever M < M’,
(VzeM) t(x) = 1'(x), then € is an inductive set.

By Zorn’s lemma it has a maximal element (17, ¢) and it is not hard
to see that /7 — X. Indeed, suppose @,¢Jf and let M denote the subspace
generated by M and z,, which may be identified with 37 x R'. Since a is
an interior point of C, the convex set

6 = {(®, ))eC: weM, re RY}

fulfils the condition (S;;). Puttingp = — oo, ¢ = + co we have (V(x, 1) 0)
E(@)+{(p,q, 2> > 0. Hence by Theorem 1.1 there exists a number ¢, such
that (V(z,4)e0) ¥(@)+Ate >0 and so (H,F) < (M, @)+ AM,), which
contradicts the maximality of (M, ).

We see that the proof iy essentially the same as that of Corollary 1.2,
the only difference being the use of transfinite induction instead of ordinary
induetion.

2. Two general propositions on inconsistency. Given a linear space ¥
and a convex cone N < ¥, containing 0, if we agree to write y; S v,
whenever y,-v,¢ N, then, as is well-known, the relation < is a quasi-
ordering compatible with the linear space structure of Y. For brevity,
N will be called the positive cone of Y.

If Y is a linear topological space and N # @, we shall also agree to

0
write y; < y, whenever y,—¥,¢ N. It is at once verified that the rela-
tion - i equally transitive and that
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1) 4, = y, implies y,+y <3 y,+y for each ye Y,

Z) y 2 0 implies Ay <3 0 for each scalar 1> 0.

A linear form g(y) on Y i3 said to be positive if g(y) > 0 for each
¥ & 0, ot, what amounts to the same, if g(y) < 0 for each y 2 0. Amap T
of a convex subset D of a linear space X into Y is said to be convex if

T(aw,+ (1—a)zs) 3 aTay+(1—a) T,

for each pair 2, #,¢ D and for each a,0< a1,

Throughout this section we shall assume that: ¥, Z are two linear
topological spaces, N, M are their respective positive cones, D i a non-
void convex subset of a linear space X, T is a convex map of D into ¥,
and 8§ is a convex map of D into Z.

TEEOREM 2.1. I. Suppose that the sets N, M have non-void interiors
and that the system

(2.1) zeD, Tz <30
i8 consistent. The system
(2.2) veD, Tz30, Sx=30

18 tnoonsistent only if there exist two continuous positive linear forms g(y)
on Y and h(2) on Z, such that h(z) # 0 and

(2.3) (Vze D) g(Tz)+h(S2) =0

II. Conwersely if M has a non-void inierior and if there exist two linear
forms g(y), h(z) with the stated properties then the system

(2.2") zeD, Tzx=30, 8z-=30
18 inconsistent.

The first part of this proposition will be obtained as a special case
of a more general theorem to be proved later. The second part iz quite
easy to verify. Indeed, if there exist two linear forms g(y), #(2) with the
stated properties, and if the system (2.2'y has a solution z,, then, on
account of (2.3),

9(Tay) +h(8m,) > 0

on the other hand, since Tz, 3 0, Sz, < 0 and since g and & are positive, we
have
g(Twy) <0,  N(8m) <O

Hence h( — Sz,) = 0 and, since — Sz, is an interior point of M, the linear
form h(2) which is by hypothesis, positive on M, must vanish identically.
This contradiction proves the second part of our theorem.
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In some applications the condition that cones N, M have non-void
interiors may happen to be too restrictive. Motivated by this fact, we
introduce the following definition.

A subset V, of Y is called qualified for the positive cone N of Y if 0
belongs to the closure of V, and if the set N4V, is convex; it is called
a regularizing set for N if, in addition, N +V, has a non-void interior.
We shall then write ¥; S 9.+ (Vo) (y: 3 ¥+ (V,), resp.) whenever

0

Yy —Yre N+V, (¥a—1y,e N+V,, resp.), and shall say that z is a V-solution
of the system (2.1) if
ZeD, Tz-<30+4(V,).

Similarly, Vo, W, being regularizing sets for ¥ and M (resp.), we
shall say that « is a (V,, W,)-solution of the system (2.2) if

FeD, TzE=30+(V,), 8%=30+(W,).

The system (2.1) (or (2.2)) is said to be V,-consistent ((V,, Wy)-con-
sistent) if it has a V-solution ((V,, W,)-solution).

THEOREM 2.2. Suppose that V, and W, are reqularizing sets for cones N
and M (resp.) and that the system (2.1) is V-consistent. The system (2.2)
18 (Vo, Wo)-inoonsistent only if there ewist two linear forms g(y) and h(2)
with the properties stated in Theorem 2.1.

We shall omit the proof, since this proposition is only a special case
of Theorem 2.3 to be proved below.

Let us point out an important corollary of the above theorem.

A net {z,, ec B} = X, i.e. a function z,, defined on a directed set E,
with values in X, is called a weak solution of the system

(2.2 zeD, Tz 30, 8Sz=30

if there exist two nets {V,, ec B} =« ¥, {W,, ec E} =« Z converging to 0,
such that for each ¢e 7 the element «, is a (V,, W,)-solution of (2.2), i.e.

2,eD, To,30+(V,), Sz30+4+(W,

(V4 W, being regularizing sets, for N and M resp.). The system is said
to be weakly consisient if it has a weak solution.

In an analogous manner we define the concepts of weak solution
and weak consistency for the system

(2.1%) zeD, Tx=30.

Clearly the weak inconsistency of (2.2") implies that for any two
nets {V,, ce B} =« ¥, {W,, ee E} ¢ Z converging to 0, where V, and W,
are regularizing sets for N and M, there exists £, such that the system
(2.2) is (V,o, W,o)-inconsistent. Hence:
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COROLLARY 2.1. If the system (2.1') is weakly consistent and the system
(2.2"") weakly inconsistent, then there ewist two Vimear forms g(y), h(2) with
the properties stated im Theorem 2.1.

Taking ¥ = N = X, T» = 2, so that ¢ = 0 we have also:

0
COROLLARY 2.2. If M # O and if the system
(2.4) zeD, Szx=30

18 inconsistent, then there exists a continuous positive linear form h(z) = 0
on Z, such that

(Ve D) h(Sz) = 0.

COoROLLARY 2.3. If W, is a reqularizing set for the cone M, and if the
system (2.4) is W-inconsistent, then there ewists a linear form h(z) with
the above-stated properties. '

COROLLARY 2.4. If the system
zeD, Szx-<30

18 weakly imconsistent, then there exists a linear form h(z) with the above-
stated properties.

3. The basic theorem. For some purposes in applications it is desirable
0 0

—e——

o weaken the conditions ¥ +V, @, M +W, # 0.

Let us denote by By (Bjy) a loeal base at the origin in the linear
topological space Y (Z), all consisting of balanced neighborhoods.

TFirst woe notice the following:

LeMMA 2.2. Let Vo, W, be qualified sets for cones N, M. The following
two conditions are equivalent:

1) Vo, W, are reqularizing sets for N, M and the system (2.1) is V-con-
sistent;

2) There exist Ve By, We B, and a point ZeZ such that for every
veV and every weW the system
18 consistent.~

Proof. Let condition 1) be satisfied, and denote by z a V,-solution
of (2.1) and by 2, an interior point of M +W,. If ¥ is a neighborhood
0

——
in ¥ and W a neighborhood in Z such that V—-TZ c N+V,, W+2,
0

c M+ W, then for every veV and every weW we have
Tz 3 v+(Vy), 8T 3 (8T+2,+w)+(W,)

80 that condition 2) is satisfied with—=gc 87+ 2.

2 — Disgertationes Mathematicae XCVIL
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Conversely if condition 2) is satisfied, then obviously
0

Q
N+V, #08, M+W,+0

and taking » = 0 we see that the system (2.1) is V,-consistent.
The preceding lemma motivates the next definition. We shall say
that the condition (GS) with respect to qualified sets V,, L4 o (or condition

(GS),, when ¥V, = N W, = ) is satisfied if there exist Ve By, We B,
and Ze Z such that for every ve V and every weW the system

wzeD, Te3v+(Vy, Sz3z+w-t+(W,)
is consistent.
Clearly condition (GS) implies the consistency of the system ze D,
Tw 30-+(V,). If A is the set definited by

25) A ={y,?)eYxZ: (HzeD)To 3 y+(V,), Sz 32+ (W,)}

it is readily verified that condition (GS) is equivalent to requiring the
existence of a point (0, Z) belonging to the interior of A.

THEOREM 2.3. Suppose the condition (GS) with respect to Vo, W, is
satisfied. The sysiem

(2.6) weD, Tz =30+(Vy), 8z=30+(W,)

is inconsistent only if there exist two continuous positive linear forms g¢(y)
on Y and h(z) on Z, such that h(z) # 0 and

(2.7) (Vae D) g(Tx)+h(8z) > 0

Before proceeding to the proof, let us remark that Theorem 2.3
includes as a special case Theorem 2.2, which itself contains as a special
case the first part of Theorem 2.1. Indeed, Theorem 2.2 reduces obviously

0

to the first part of Theorem 2.1 when V, = {0}, W, = {0} (or V, =N,
0 0

0

Wy = M). On the other hand, noting that N4+ N4V, =N+7V, we

may rewrite any relation of the forim 4, < y,-+(V,) into the form y, < y,+
0

+(V,), with V, = N+V, and so Theorem 2.2 appears as a particular
0 0

case of Theorem 2.3, when we take V, = m 0y Wy = mo in the
role of V, and W,.

Proof of Theorem 2.3. Since D, N+V,, MW, are convex sets
and T, § are convex maps, the set A defined by (2.5) is convex, and since
the system (2.6) is inconsigtent, A does not contain the origin (0, 0). But
on account of condition (GS), this set has an interior point (0, z). Hence,
according to the Eidelheit theorem, there exists a continuous linear form
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Fly,2)£0 on Y xZ satisfying F(y,z) >0 for every (y,z)ed.
Clearly Tz —(Tz+y,) =3 0+ (V,), S —(Sx+2,) 30+ (W,) for all ze D,
Yo &= 04 (Vy), 2, & 0+ (W,y). Consequently, (Tz+y,,Sr+2,)ed and
hence, putting F(y, 0) = g{y), F(0, 2) = h(z), we have

9(Tz+y,)+h(Szx+2,) = 0,

which yields (2.7) by making y, — 0, 2, = 0. (We recall that 0 in Y (in Z)
belongs to the closure of ¥ +V, (of M-}T,).)
Further, since

To—(Tz+iy+yo) 3 0+(Vy), Se—(8x+pzd2) 3 0+ (W,)
for all ye N, zeM, A >0, p >0, we have

(To+ Ay + Yo, Set+pz+2)ed
go that

g(Te 42y +yo) +h(Se+pz+20) = 0
or
g(Tx)+ Ag(y) + g(ye) + b (Sz) + uh(2) + 1 (z) = 0,

which yields g(y) > 0 by making 21— 400 and h(z) >0 by making
u— +oo. Thus g and % are positive linear forms. On the other hand,
if h(z) = 0, then g(y) > 0 for all (y, 2)eA and consequently, since (0, 2)
is an interior point. of 4, g(y) > 0 for all ¥ in some neighborhood of 0
(in Y). This may occur only if ¢g(y) = 0, for a linear form which takes
only non-negative values everywhere in some neighborhood of the origin
must vanish identically. Thus g(y) = 0, h(2) = 0, in contradiction with
I(y,z) = 0. Hence h(2) # 0, which completes the proof.

4. The regularity condition (GS). By Lemma 2.2, the condition (GS)
with respect to V,, W, is satisfied if, ¥y, W, being regularizing sets for
N, M, there exists a point z such that xe D, Tiw < 0+ (V,).

0 0

In particular, taking ¥V, = N, W, = M, we see that condition (GS),
is satisfied if there exists a solution # to the system xze D, Tz < 0.

Let us discuss other cases, in which condition (GS) with respect to
prescribed qualified sets V,, W, is satisfied.

Let X De a linear topological space. The map T (of D <« X into T)

will be called sub-open at a point a‘cs]oJ if
(2.8) (VUeBy,Z+4U c D) (UVeBy) (VoeV) (Hre U+Z) Tx 3 TZ+v.
The map 8 (of D « X into Z) will be called sub-continuous at z if

(2.9) (VWeBy) (HUeBy) (Voe U+%) (HweW) Sz 3 S¥+w.
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THEOREM 2.4. Suppose that:
0

1) M+W, +0;

2) the system xe Do, Tx 30+ (V,) has a solution T;

3) the map T is sub-open at T and the map 8 is sub-continuous at .

Then condition (GS) with respect to Vy, W, is satisfied.

Proof. It suffices to show that for every Ue By verifyingz+4-U < D
there exist Ve By and We By such that

(Voe V) (VweW) (Hze U+3) To—v 3 04+(V,), St—(E+w) 3 0+(W,),

where z = ST+ #,, 2, being any fixed interior point of M --W,. For this
0

purpose, let We B, be a neighborhood such that W+4+W 42, = llfﬁVo.
Since § is sub-continuous at Z, a neighborhood U’'e By can be found
such that

U'cU, (VaeU+7) (Tw'eW) Sz38z-w'.

Since, further, 7' is sub-open at  there exists Ve By satisfying (VoeV)
(Hze U'+z) To 3 TT+v, hence To—v 3 04 (V,) for Tz 3 04-(V,).

The sets V and W are those required, because xe U’ +Z implies
Sz = 8%+ w' —2z for some w'eW and some ze¢ M, hence

(VweW) (8% +2,+w) — Sz 0 0
= (8%+2o+w)—(ST+w' —2) c WH+W+2y+2 =« M+Wy+zc M+W,,

ie.
Se—(Z+w) 3 0+(W,).

A sharper form of the previous theorem is the following

THEOREM 2.5- Let X=X1)<X2, N=N1XN2¢:Y1><Y2=Y’
Vo = Vo1 X Voo, where Vo, and Vo, are qualified sets for N, and N, respecti-
vely, Te = (T2, Tyx), where TyweY,, TyrcX,.

Suppose that

,«—L fl\

1) No+Vo #0, MW, #0;

2) the system xe D, Tyx =3 04+(Vyy), Tow =3 04+(Vy,) has a solution
Z = (&, &) such that %, s an interior point (in X,) of the set
D, = {w,eX;: (21, %,) e D};

3) the map T,(z,,T,) of D, into Y, is sub-open at T,, and the maps
Ty (%, %), S(21, %) of D, into Y, and Z resp., are sub-continuous ot %,.

Then condition (GS) with respect to Vo, W, is satisfied.

.Proof. Setting 5, = —T,% we have y, 2 0+(V,.). Let z, denote

an interior point of M +W,, We B, a neighborhood such that W+ W 4z,
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0
——

c M+W,. From the sub-continuity of S(z,, Z,) at Z, follows the existence
of some U,;e By, U,4+ %, = D, such that

(Vio,e Uy +Z,) (Hw' e W) S(wy, Zp) 3 8(%;, B) +w'

On the other hand, by the same argument as that used in the demonstra-
tion of Theorem 2.4, we can show that to U, there correspond Ve By,
and V,e By, such that (Vo,eV,)(Vo,eVy) (Ha e U,+7) Ty(2,7,)—v,
R 04+(Voy), Tol@y, %) —(ToZ+Yo+vs) 3 0+(Vy). From the relation
T,5+1vy, = 0 it follows then T,(w,, &) —v; 2 04 (V). Since w,e U, +7;
implies S(x,, Z,) = ST+ w’'—# for some w'e W and some z¢ M, we may
write for each we W:

0 0
— ——

(SZ+2zy+w)— 8wy, %) €« WHWt2y+2ec M4+Wyo+2 e M+W,,

so that (VoeV) (Ywe W) (Ho = (2, %) e D) To—v 3 0+(V,), Sz~ (8T +
+2,+w) < 04 (W,), which is the desired result.

Remarks. 1. Clearly an open map is sub-open at each point and
a confinuous map is sub-continuous at each point. Hence:

Theorem 2.4 is valid if the map T is open and the map 8 is continuous,
all other conditions being supposed satisfied.

Note also that in cagse Z = R' the sub-continuity defined by (2.9)
is equivalent (for convex functions) to the continuity, because if (2.9)
is fulfiled the function Sz is majored in the neighborhood U+Z of 7,
and it is a known fact that this implies the continuity of Sz (cf. [4], prop.
21).

2. A map T of X into ¥ is said to be affine if the map @ > T —T(0)
is linear, or, equivalently, if

T(awl-l‘(l—a)wn) = aT.'IFI ‘I" (l"—a)ng

for each pair «,, z,eX and for each scalar a.

According to a classical Banach theorem, generalized by A. Robertson
and W. Robertson [12], if X is a F-space, Y a barreled space, then every
continuous linear map of X onto ¥ is open. Hence:

Theorem 2.5 is valid if X, is a F-space, Y, a barreled space and if
T\(x,, %) can be extended to a continuous affine map of X, onto ¥,.

3. Suppose that the topology under consideration in each space X, Z

is the finest locally convex one. Then it is easy to see that at each point
0

Ze D any convex map S of D into Z is sub-continuous, and any convex
map T of X onto Y is sub-open.

0
Indeed, if Ze D, Z = Sz, then it follows from the inequality
Slaz+(1—a)Z) 2 a2+ (L —a)Z,
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which holds whenever ze D, # = 87, 0 < e < 1, that for every We B,
the set of all z such that 8z -3 8% + w for some we 1V is convex and absorb-
ing, hence is a neighborhood of Z. In an analogous manner for every
Ue B, the set of all v such that Tz = T%--v for some 2¢ U+Z is a neigh-
horhood of Tz. Hence:

If the topology of each space X,, ¥,, X,, Z is the finest locally convex
one (in particular, if these spaces are finite-dimensional) then condition 3)
in Theorem 2.5 18 always fulfilled, provided T,(z,,%;) can be extended to
a convex map of X, onto ¥,.

4. Finally, let us notice that (2.8) holds (i.e. T is sub-open at ),
provided for some bounded set U < D there exists Ve By such that

(VoeV) (Hee U+2%) Tw 3 T+,

Indeed let U'e¢ By. Since U is bounded we have aU < U’ for some a > 0.
If a>1 then U < U’ because U’ is convex, If a <1 then for each »eV
and the element ze¢ U+% such that To <3 TZ+v we may write

T(ax+(1—a)Z) 3 aTe4(1—a)T7 3 TZ+ av.

Taking V' = aV and noting that az+ (1 —a)T = Z+a(w—%)e U'+T we
then have
(Vo' eV') (Ho' U’ +2) T2’ 3 T2+ 0",

The same remark can he made about relation (2.9).

§ 3. The Hahn-Banach Theorem and related propositions
as corollaries of inconsistency theorems

The main theorems established in the previous section enable us
to derive by a simple, unified method many known propositions concerning
convex inequalities, and convex sets. It turns out that each of these
propositions corresponds merely to a special condition imposed on the
structure of spaces X, Y, Z and on the maps 7', § involved in the above-
mentioned theorems.

1. The Hahn-Banach Theorem. First we note that the following sharp
form of the Hahn-Banach Theorem is a direct consequence of Theorem 2.1.

TuEOREM 3.1. Let X be a linear topological space, ¥ a linear space,
let D be a non-void convex subset of the linear space X x ¥, lot () be a finite
continuous sublinear fumction on X, f(z,vy) a finitc convex function on D.
There exists a continuous linear form t(z) on X satisfying

(3.1) (VzeX) t(r) < 9(a),
(3.2) (V(2, 9)e D) t(z)+f(z,y) =0
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if and only if
(3.3) (V(z,9)eD) o(=)+f(z,y) = 0.
Proof. It is enough to show that the condition is sufficient. Let
¥ =XxYxR, Y =XxR, Z=RgR)\
N ={r, a)eX xR p(z)<a}, M= {acR": a>0},

T(z,y,a) = —(x,0), S(z,¥,e) =c+flz,y).

It is then readily verified that conditions of Theorem 2.1 are satisfied.
Hence one can find a linedr form on ¥ = X x R', i.e. a linear form i(x)
on X and a constant A, such that:

(af) t(x) —2a < 0 for every (z, a) satisfying ¢(z) < a;

(b) t(z)—Aa+a+f(z,y) = 0 for every (z,y)eD, ac R

The latter relation implies 1 = 1, otherwise a could be chosen to
verify #(®) —Aa+a+f(w,y) < 0 (for prescribed z, y). Then (a) yields
t(x) < @(z) for every « and the proof is complete.

Clearly the previous proposition reduces to the Hahn—-Banach Theo-
remx when D is a subspace of X, f is a linear function on D, for then con-
dition (3.2) implies (Vze D) t(x) = —f(x)

By making use of Theorem 2.4, it is easy to show that the previous
proposition remains valid if we replace in it the special conditions upon D,

p(x), (e, y) bythefollowmgones (H(x, y) eD) @(x) < +oo; f(z, ¥) is con-
tinuous on D

2. Theorems on positive linear functionals.
THEOREM 3.2 (Krein). Let Y be a linear topological space with a positive
0

cone N, let X be a subspace of Y, such that N nX = @. Then every linear
form f(x) on X, positive with respect to the cone N NnX, can be extended to
a continuous positive linear form on Y.

Indeed, setting Z = R', M = {ze R': 2> 0}, Te = —x, Sz = f(x),
D = X, we obtain, by applying Theorem 2.1, a continuous positive linear
form g(y) on Y, such that

(VeeX) ~g(z)+f(x
and, consequently
(VaedX) g(w) = f(x),
since X is a subspace.
From Theorem 2.4 follows a more general result:
Let Y be a linear space, with a positive cone N, let X be a subspace
of X, such that for each yeX the sets {xeX: v 3y} and {xeX: v & ¥y}
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are either both empty or both non-empty. Then every linear form on X, positive
with respect 1o the cone N N X, can be extended to o positive linear form on Y.

Indeed, let us consider the finest locally convex topology in each
space X, Y, and leb

Y, ={yeY: (UxeX) —z 3y}

(because of assumptions ¥, is a subspace of Y).
For any convex neighborhood Ue By the set

V,={ye¥,: (HzeU)—u 3y}

is convex and absgorbing, hence is a neighborhood in Y,, so that the map
Ty = —x is sub-open at Z = 0 and the conditions stated in Theorem 2.4
are fulfilled.

TEEOREM 3.3 (Farkas-Minkowski Theorem [9]). Let X be o linear
topological space, D a mon-void convex subset of X, p(x) a convex function
on D; let Y be a linear topological space equipped with a positive
cone N, T a convexr map of D inte Y, such that (Hxe D) Tax 3 0. If
p(x) = 0 for all we D satisfying Tw 3 0, then there exists a continuous po-
sitive linear form g(y) on Y, such that

(3.4) (Vee D) p(x) = —g(Twx).
This is merely a particular case of Theorem 2.1, when
Z =R, M={eR: 220}, 8Sz=np.

If both p(x) and 7' (x) are linear and if D = X, it follows from (3.4)
that p(z) = —g(Tz), hence p = —T"g where T" is the conjugate of T
defined by T*g(x) = ¢(T#). Choosing as positive cone in the dual space
Y* (X*) the set of all linear forms which take only non-negative values
on N (TN )), we can thus state the following proposition, known as
the abstract form of the Farkas-Minkowski lemma.

If p=0 then p = T*g for some g &= 0.
It should be noted that, on account of Theorem 2.4 the condition

0
(Hze D) Ty 2 0 in Theorem 3.5 might be replaced by: (Hze D) 17 3 0
and 7' is sub-open at Z (which iy always satisfied if X is a F-space, Y is
a barrelled space and 7' is a eontinuous affine map of X onto Y), whereas
(@) is continuous at z.

3. Theorems on conjugate sets. Given a convex subset £ of a linear
topological space X, we shall denote by 2" the set of all continuous affine
functionals (x) such that (Voe Q) w(z) = 0.

Dubovitski and Milyutin have proved (in a slightly weaker form)
the next two propositions which play a basic .role in their work .[15].
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TuroREM 3.4. Let Q; (i =1,2,...,n) be convexr subsets of a linear
0

topological space X, such that Q, # @. In order that they have no common
interior point in a convexr set Q, c X 1t is necessary and sufficient that
there ewist comtinuous affine functionals ;(x) (4 =0,1,...,n), not all
n
identically zero, such that w;e QF (i =0,1,...,n) and D wy(x) = 0.
i=0
When ; are cones, this proposition follows from Corollary 2.2 by
taking
Z=X>< XE, -D=Qo’ J'I=le X.Qu, S.'I;’=—(50,...,-’12).

— r——

In the ggnera,l case, it suffices to take X x R' instead of X, and @, = {Fm, a):
a>0,zeaf;} instead of 2;. Indeed we then obtain continuous linear
forms

gi@)+Aa (i =1,2,...,n)
on X x R' not all identically zero, such that

g:(®)+4a=0 for all (z, a)e@;
and

L3

which yields the desired result by putting
0@) = gi(@)+ A (8 = 1,2, 0ym),  0p(@) = = Y wi(®).

in

TuroREM 3.5. Let Q; (1 =0,1,...,n) be convexr subsets of a linear

topological space X, such that the sels Q; (i =1,2,...,n) have a common
interior point in Q4. Then

2 [g:(x) +4a] >0  for all (z,a)cQ,

ney = Yo

=0 i=0
In fact, if Q; are cones, and if we consider a continuous linear form
w (x), then, by taking

Y=X Z=R, D=0, N=x xQ,
M ={zeR': 220}, Tu=—(v,...,2), 8= ow®

n
and observing that the statement we ((0) 2;)* is equivalent to the state-
=0
ment that the system
2eD, T30, 8Sr30
n

is inconsistent, we see at once, by virtue of Theorem 2.1, that we ({1 Q)

n i=0
if and only if we > 0f.

1=0
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In the general case, we must only take X x R! instead of X, @,
= {(®,a): =0, 2eca;}instead of Q; (4 =0,1,...,n)and 8z = w(2)+
+ Aa ingbead of w(z).

4. Saddle-point theorem in convex programming. Consider the follow-
ing convex programming problem:

(3.5) min{S8z: we D, T2z 3 0},

where D is a non-void convex subset of a linear space X, T and S being
convex maps of D into ¥ and Z resp. An element x, is called a feasible
solution if @ye D, Tx, 3 0; it is an optimal solution if, moreover, no feasible
solution # exists such that Sz <3 Sx,.

From Theorem 2.1 follows the next proposition, as first proved in
a somewhat wealker form by Hurwicz [1].

THEOREM 3.6. If xye D is an optimal solution of (3.5) and if
(3.6) (Hz) 2e D, Tz 320

then there exist two vontinuous linear forms g,(y) on Y and hy(2) on Z, such
that hy(z) = 0 and

(3.7) (Vze D) (Vge N go(Tw) + o(Sz) = g(Taq) + ho(Sz,) .

Conversely, if for an olement x,e D there exist two linear forms gq(y)
and ho(z) with the stated properties, and if the positive cone in Y s closed,
Y being a locally convex space, then x, is an optimal solution of (3.5).

The first statement is an immediate consequence of Theorem 2.1,
because the optimality of x implies the inconsistency of the system

(3'8) mGD, Tz 3 0, Sﬁ"—‘gmo < 0.

To prove the second statement, we observe that condition (3.7)
implies go(Two) = g(Tw,) for all ge N*, hence g(Tx,) <0 for all ge N™.
If —T,¢ N there would exist an open convex neighborhood U of —T=z,
not meeting N, and for the linear form ¢, = 0 which separates U from N,
i.e. such that

(Vye N) (Vy'e U) g1(y) = 0 > ¢:(y"),
we would have

gIE-N*a 91(—1'a:0)<0.

This contradiction shows that Tz, < 0 and so », is a feasible solution,
hence an optimal solution, because under the stated conditions the system
(3.8) is inconsistent by virtue of the second part of Theorem 2.1.
Condition (3.6) is known as Slater regularity condition [1].
1t Z = R, i.e. if 8z i3 a real-valued function, we may assume hy(2) =1
and relation (3.7) becomes

(Vee D) (Vge N*) go(Tw)4- 8 > g(Two) + Sitg.
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Setting F(z, g) = ¢(Tx)+ Sz we may write
(3.9) (Ve D) (Vge N¥) F(w, go) = F (2, 9)-

A pair (x4, go)e D x N* which satisfies (3.9) is often called a saddle-
point of the function ¥(z,g) = ¢g(T#)+8» in the domain xe D, ge N*.
Thus Theorem 3.6 can be equally formulated as follows:

Let Y be a locally convex space, let the positive cone N in Y be a closed
set, and let the Slater reqularity condition be satisfied. Then an element zye D
is an opltimal solution if and only if there exists a positive linear form g,(y)
on Y such that the pair (x4, g,) 8 o saddle-point of the function F(z, g)
= g(Tx)+ Sz in the domain xeD, ge N*

On account of Theorems 2.4 and 2.5 and of remark 3 to Theorem 2.5
the Slater regularity condition imay be replaced here by one of the follow-
ing conditions Gy, G,, Gy:

G,. The system ze 10), Tz 3 0 has a solution Z such that the map T
is sub-open at Z and the function § sub-continuous at z.

This is satisfied, in particular, if D = X, § is a continuous convex
function, and T is a continuous affine map of X onto Y, X being a K-space,
Y a Dbarrelled space. As a special case we thus obtain a recent result of
V. L. Levin ({17], Theorem 7).

G X=X, xX,, N =N, xNyc ¥, xY, =Y, Tz = (T2, T,»), the
system ze D, T2 3 0, T,2 < 0 has a solution ¥ = (%,,%,) such that Z,
is an interior point of D, = {z,¢X,: (z,,7,)¢ D} and such that the map
T,(x,, %,) is sub-open at #,, and the maps T,(z, %), S(x;, %) sub-con-
tinnous at %,.

The latter condition on T, T',, 8, is satistied in particular if T, (z,, %),
S(z,, %,), are continuous functions of z, on D,, and T, (2, %,) is a continu-
ous affine map of X, onto ¥, X, being a F-space, ¥, 4 barrelled space. As
a consequence we thus obtain aresult of E. G. Golshtein ([14], Theorem 2.5).

Gy, X =X, xXy, N=N,XN,c¥,xY, =Y, Te = (T2, T,x),
the system ze D, T,z 3 0, T2 =3 0 has a solution Z = (%, ,%,) such that %, is
an interior point of D, = {x,¢X,: (2, Z,) e D}, the topology on éach space
X,, Y,, Y,is the finest locally convex one, and T, (z,, z,) maps X, onto ¥,.

Thus, we have the following proposition which reduces to the well-
known Kuhn-Tucker theorem when spaces X, ¥ are finite-dimensional
and T, is an affine map ([10], see also [2]).

CoroLLARY 3.1. Let X = X, xX,, ¥ =Y,xY, be linear spaces,
let N = N, x N, be the positive cone in Y, let¢ D = Dy xD, be a conves
subsel of X (D, = X,, D, = X,), and let Ty, T, be convex maps of D into Y,
and Y, resp., S(x) a convex function on D. Suppose that

0
(3.10) (H%) EEDIX_Dg, Tlijo, Tzﬁ%o
and that Ty (z,, T,) maps X, onto Y.
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Then an element xye D is an optimal solution if and only if there exists
a positive linear form g,(y) on Y such that the pair (@, go) is a saddle-point
of the function g(Tim, Tyx)+8(x) in the domain we D, ge N*.

5. Duality theorem in convex programming. The notation being the
same a§ before, congider the problem
(3.11) inf{8(x): xe D, Tz 3 0},

where §(z) is a real-valued convex function, i.e. a convex map of D into
Z = R'. The lower bound (3.11) is called the value of the problem, and
the lower bound inf lim §(wx,), where {z,, ce I} is a weal golution of the
system e

(3.12) zeD, T30

is called its weak value. If a denotes the value, o’ the weak value, then
obviously o' < a.

When Y is a locally convex space and its positive cone is ‘closed, we
have

Sx) if Tx30,
(3.13) sup(g(T'z)+ 8(»)] =
geN* +o0  elge,

because —Tz¢ N implies the existence of a linear form ge N* such that
g(Tz) > 0. Hence, setting

@(z) = sup {g(T%) + 8 ()}

we have

inf{p(x): xe D} = a,
and so problem ('3'.11) is equivalent to the following one
(3.14) | inf{p(x): zeD}.
For this reason the problem
(3.15) sup{p(g): ge N},
where y(g) = int{y(Tz) + 5 (o)} is called the dual of (3.11).

Let @ denote the value of (3.15).

THEOREM 3.7 (Golshtein [14]). If the constraints (3.12) are wealkly
consistent then the weak value of the primal problem (3.11) is equal to ihe
value of the dual problem (3.15).

This follows from Corollary 2.1. Indeed, if a’ > — oo then for any
number f < o’ the system

(3.16) zeD, T30, Sz—f<0
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is weakly inconsistent, so that there exists a linear form ge N* verifying
(3.17) (Voe D) g(Tx)+ 8z > 8,

hence.d > f, and consequently & > o', because # may be taken arbitrarily
near to o'. To prove the converse inequality, observe that for every weak
solution {z,, ¢ I/} of the system (3.12) we have z,¢ D, Tw,+v, < 0, where
v,—~ 0 and so for each ge N*:
9(Tz,+v,)+ 8(x,) < 8(z,).
That yields
]_irﬂ{g(Twc"l"ve) +S(ma)} < E]E_ls(we)!

hence ’ ’

supp(g) < inf lim S(2,)

a8 required.

The problem (3.11) is said to be correctly get if a = o', i.e. if its value
is equal to its weak value, or, equivalently (by Theorem 3.7), to the value
of its dual.

OOROLLARY 3.2. Under the assumption that Y is a locally convexr space
with a closed positive cone, the problem (3.11) is correctly set if and only if
(3.18) inf sup F(z, g) = sup inf F(x, g).

xeD geN* geN* 2eD

A sequence {z;, g9;} = D x N* is called a weak saddle-point for F(z, g)

on D x N* if there exists a sequence e, > 0, ¢, — 0 such that for every k:

(3.19) (Vze D) (Vge NY) P, go) + & > F @y, g) — &
A sequence {z;} c D is to solve problem (3.11) if Tz;, < 0 and Sx;, — a.

COROLLARY 3.3. There exists a weak saddle-point for function F(z, g)
on D x N* if and only if the problem (3.11) is correctly set and has a finite
value, and in this case a sequence {x,} = D solves the problem (3.11) if and
only if there exists a sequence {gx} = N such that {2, g} is a weak saddle-
point for F(x,g) on D x N*

Indeed, suppose that {z;,¢,} is a weak saddle-point. From (3.19)
it follows that '
sup inf F (v, ¢g) > inf sup F(x, g)
geN* 2eD xeD geN*
and since the converse inequality always holds, relation (3.18) is true,

which means that the problem (3.11) is correctly set. Since infF(z, gi)
zeD

> F(x, g;.) —2¢, > — oo, and similarly sup F(z, g) < F (2, 9r) +26, < + 00,
geN*

the common value a of the two sides of (3.18) is finite. Further, from

(3.13) and relation ¢(x;) < + oo it follows that T, 3 0, hence g(T'z,) < 0

for each ge N* and so
p(r) = Slllvp [g(Tmy) + 8 (z)] = 8(2)-
geN*
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Since
a < g(zy) = sxgnF(mk, 9) < F (g, 1) + 265
geN®
< inlf)F(m, gr) T4e, = p(gp) +4e < 0,

we have ¢(x;) = S(z;) —~ a (and also p(g,) = a), i.e. {z;} solves problem
(8.11) (whereas {g;} solves problem (3.15)).

Suppose now the problem (3.11) correctly set, with a finite value a
and consider a sequence {z;} = D solving (3.11).

Let {g,} = N* be any sequence solving (3.15). Putting

&' = ma,x{la-q:v(w,,)l, 'a—w(gk)l}’
we have & — 0 and

o(zg) = SUPF(%’ N<ate, vig = inif)lf"(m, Jr) = & — &,
Ze€

which implies '(3.19). Consequently {z;, ¢} is a weak saddle-point and the
proof is complete.

Incidentally, we have shown that if {=;, g,} 18 a weak saddle-point,
then

'(3.20) limg, () = 0, limF(ay, g) = lim int P (s, g,).
k—o00

k=0 xeD

These relations follow from F (., gir) = gr(T2) 4+ S(2y) — a, S(xy)
—a, p(ge) = IJJ.fF( s Jk) = a.

Conversely if (3.20) hold, then, setting
o =lmP(z, ), & =max{la—intF(z, )|, la—Soul},
we have ¢, —~ 0 and
sup (@, 9) = 9(Txy) + 82, < S < atey,  IfF(x, gp) = a— e,
geN* zel)
which implies (3.19). Thus

COROLLARY 3.4. A sequence {z, g} = D x N* is a weak saddle-point
for Iz, g) = g(Tx)+ 8z if and only if the relations (3.20) hold.

6. Theorems on conjugate functions. Let X, ¥ be two linear spacecs
in separating duality with respect to a bilinear form {z, ). By considering
in each of these spaces their respective weak topology, ¢(X, ¥) or 0( Y, X),
we transform them into two topologically dual separated locally convex
spaces. If f(x) is a function on X taking values in [ — oo, + c0], we define
the conjugate function

gly) = sup (<2 4> —f(2))

and write g(y) = f*(y).
A funemon on X, lower semi-continuous in the weak topology of X,
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will be called dlosed. It is trivial if either it is = + co or it takes the value
—oo at least at one point.

As a congequence of Corollary 2.1 we note the following result:

THEOREM 3.8 (Fenchel-Moreau [16]). For a non trivial funclion flo)
we have f** = f if and only if f(x) is conver and closed.

Indeed, the relation f> f** readily follows from the inequality f(z)
> (@, y)—f"(y), which holds for all z and all y. To prove the converse
relation f** > f it suffices to notice that, for every fixed point z, and for
every number a < f(@,) (—oo < f(#,), since f is non trivial) the system

zeX, zy—ae{0}
is congistent, whereas the system
zeX, w—ze{0}, flz)—a<0

is weakly inconsistent (because f is closed). Consequently there exists
yeY such that

(VoeX) (@o—a, 9> +f(#)—a>20, or <(m,y>—a>=(w,y>—f(2),

hence {(@,, ¥>—f"(y) > a, which implies f**(w,) > f(x,), since we can
make a— f(x,).
Given the functions f;, f, we define their convolution by

f(z) = inf '(fl(ml)+f2v(m2)) = (f1®f,) (®).

T+ Tge=2:

THEOREM 3.9 (Moreau-Rockafellar [16]). If functions fi(x),f.(@)
are convex and if fi(x) is continuous at some point T where f1(F) < + o0,
fo(Z) < + o0, then

(f1+fz)* = f;‘@f:

Indeed, the inequality f* = (f,+f.)" <fi®f; is true for arbitrary
f1, f» and follows from the fact that for every # and for every pair 7, ¥, Y
such that %,+vy, =9 we have

@, y>—F@) = <@, 42> —fr(®) + <@, ya> —fo(@) < i (1) +F2 (%) -

To prove f*>fi®fs let D, = {&: f;(z) < oo} (4 =1,2). We may
assume (V) fi(z) > —oo (i =1,2) for otherwige f* = +oco and there
should be nothing to prove. Let y be an arbitrary point where f*(y) < oo.
For 4,, 7, such that 4, 4y, = v and for a > f*(y) the system

(@1y ®3) € Dy X Dy, @ —xye {0},
Ja(@y) +Fo (@) — {21y Y1) — %2y Yo> +a < O

is inconsigtent. Since the system
0
(1, @s)e Dy X Dy, &, —m5e {0}

has a solution (%, Z), since the map (=, %) 2, —% is obviously open,
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and the map (2, Z) — f1(@,) + 12 (&) — (@1, ¥1) — (&, Yo + o i8 continuous
at @, = % by hypothesis, it follows from Theorem 2.5 that there exists
an element ge Y satisfying

(V(mla €y)e Dy X Dn) J1(@y) +Fo(@s) — {®1y Y10 — By Yo» + (21— 22y gD+
+a>=0.

Setting vy, = y.—4¢, ¥» = Y2 +¢ and rewriting as follows the above
relation
sup {(ey, 1) —f1(#2)} +5up {<@s, 42> — fa(22)} < @,
EIEDI :EZEDZ
we see that fy(y1)+fs (%) < a for any pair y;, y, satisfying y,+y, = ¢.
Therefore (ff @f;) (¥) < a and since a can be chosen arbitrarily near to
*(4) we have (fi@f;) (y) <f*(y), which is the desired result.

§ 4. Various equivalent forms of the Hahn-Banach Theorem

We have derived from the inconsistency theorem established in .§ 2
the mogt important propositions concerning convex inequalities on convex
sets.

Now, to conclude the paper, we are going to show that, in fact, any
one of these propositions is equivalent to the Hahn-Banach Theorem.

For the sake of convenience, let ug adopt the following abbreviations.
(A) — inconsistency Theorem 2.1, (B) — inconsistency Theorem 2.3;
(HB) — Hahn-Banach Theorem; (E) — Bidelheit Theorem 8.1; (K) — Krein
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Theorem 3.2; (FM) — Farkas-Minkowski Theorem 3.3; (DM,) —
Lubovitski-Milyutin Theorem 3.4; (DM,) — Dubovitski-Milyutin Theorem
3.5; (KT) — Kuhn-Tucker-Hurwicz Theorem 3.6; (G) — Golshtein
Theorem 3.7; (MF) — Fenchel-Moreau Theorem 3.8; (MR) — Moreau~
Rockafellar Theorem 3.9.

The equivalence (HB)<> (E) is a classical fact. It is known also
that (K) < (FM) and, though in a lesser degree, that (HB) < (K) (see for
example [3], where (K) is derived from (HB) and [4], where (HB) is
derived from (K)).

In [16] it has been proved that (B)= (MR)= (DM,), and that
(MF) < (G). The implication (G)=- (KT) has been established in [14]
(Theorem 2.7).

On the other hand, as shown in the previous section, (A) admits as
corollaries: (HB), (K), (FM), (DM,), (DM,), (KT), (G), (MF), (MR). There-
fore, to establish the equivalence of all the above mentioned propositions
it suffices to prove the following implications:

(KT) = (DM,) = (K); (DM,) > (E).
TFor the sake of completeness we shall show also that (K) <> (FM).

1) (KT) = (DM,). Let ©; (¢ = 0,1, ...,n) be convex cones of a linear
topological space X, such that the sets 2, (¢ =1, 2, ..., %) have a common
interior point in 2,, and let f(z) be a continuous linear functional such

that (Voe {% Q) f(z) = 0.
Consi:i=e; the problem:
min{f(x): ze 2y, Tre N}
where Tz = (—2,..., —&)eX", N = £, X x 0, < X".
Then # = 0 is an optimal solution of this problem and according

to Kuhn-Tucker-Hurwicz theorem, there exist linear forms g, (¢ =1, 2,
..., n) such that

(Ve ;) ¢g;(2) =0 and (Ve £2) f(a:)-—Zgi(w) =20.

@
Setting g,(x) = f()— ) g:(%), we have

i=1

fl@) = Dgil=).

£=0

Thus "
n
fel @) =f= Qo e,

=0
and so

n n
("q Qi)* < Z o,

=0

3 — Dissertationes Mathematicae XCVII
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which establishes theorem (DM,), since the converse inclusion is obvious.
2) (DM,) = (K). Let Y be a linear space with a positive cone N,

0
let X be a subspace of ¥ such that N nX # @ and let f(z) be a linear
form on X, positive on the cone N nX.
Denote by P the subspace complementary to X, so that ¥ = X x P

and define on Y the linear form f(y) = f(e) for all y = (2, p). Then

0 ~

fe (N nX)* and since N N X + @ it follows from (DM,) that f = F(y)+7()
with F(y) >0 on N, and f(y)>0 on X, hence f(z) =0 on X. Thus
F(z) = f(z) on X and F(y) is an extension of f, such that I'(y) > 0 on V.

If Y is a linear topological space, then F(y) is continuous because
it is positive on the cone N, which has a non-void interior (see [4], prop.
17).

3) (DM,) = (E). This is immediate, for if ¢ and .D are non-intersecting

0

convex subsets of a linear space, and if C # O, then theorem (DM,) asserts
the existence of an affine functional #(x) # 0 such that (Vze C) t(2) >0
and (Vze D) t(z) < 0.

4) (K) = (FM). Let X, Y Dbe linear topological spaces, N the positive
cone in Y, p(#) a continuous linear form on X, T a convex map of X
into Y. Suppose that (Hzye X) Twy < 0 and p(z) = 0 for all ¢ X verifying
Te 3 0.

As it can be easily verified, the set

Q@ ={z,9)eXxY: To+y 3 0}

0
is a convex cone with (2, Txz,) e Q. We have T™'(N) =@ nX and p(z) >0
for all 2eT~*(N), therefore, according to Krein theorem, p(x) can be
extended to a continuous linear form F(z,y) on X x Y, such that
F(z,y) >0 for all (z,4)eQ. Clearly F(zx,y) = »(z)+g(y), where ¢ is
a positive linear form on Y. Hence

(Vo) p(2)+g(Tz) > 0,

which reduces to p = —T™g when T is linear.
5) (FM) = (K). This is easy to prove, for if f(z) is a linear form defined
on a subspace X of Y, positive with respect to N nX, where N is the

positive cone of Y, then setting Tw = — =, we have f(x) > 0 for all weX
verifying 7'z 2 0, and so the implication (FM) = (K) follows readily.
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