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Introduction

Recent years have brought intense progress in the study of foliations. The
theory of foliations developed toward two main directions: the quantitative and
qualitative theories. The first one concerns the [ollowing question: How many
geometrically distinct foliations can be constructed on a given manifold? The
characteristic classes of foliations are a very uscful tool in the investigation of this
problem. Several kinds of such classes have been discovered (see, for example, [ 6],
[29], [33]). Many authors ([43]. [46] and others) examined relationship of (he
Riemannian geometry of the normal bundle of a foliation and its characteristic
classes. For a comprehensive exposition of the quantitative theory we refer to
[39]. :
Properties of foliations are the object of qualitative theory studies. The
lirst remarkable results in this area have been obtained by Reeb [45]. The
Stability Theorems (compare Section I} are the main results of [45]. Reeb
formulated also the following question: Given a foliation F of 2 manifold M
with each leaf compact and a compact subset K of M, are the volumes of
leaves meeting K bounded ? Reeb showed that the answer is “yes” if codim F
=1. Vogt [56] and Edwards, Millett and Sullivan [14] showed that if
codim F=2 and M is compact, then the answer is also aflirmative.
However, examples constructed by Reeb [45] and Epstein and Vogt [21]
show that if either codim F = 2 and M is not compact or codim F > 2, then
the affirmative answer is not possible in general. The similar results [or
holomorphic foliations have been obtained by Duchamp and Kalka [12],
Holmann [31], [32], Kaup [34] and Muiiller [41]. Epstein [18] found
several conditions equivalent to the local boundness of volumes of leaves of a
foliation with all leaves compact. Another conditions of this kind have been
found by Wadsley [57] and Rummler [50]. These last conditions are
expressed in terms of geometry of leaves. Namely, they proved (Wadsley in
the case of one-dimensional foliations and Rummler in general) that volumes
of leaves of an orientable foliation F with all leaves compact of an orientable
manifold M are locally bounded if and only if M admits a Riemannian
structure g such that each leal of F is a minimal submanifold of a Rie-
mannian manifold (M, g). This result caused our interest in the geometry of
leaves of a foliation of a Riemannian manifold.

The present paper is devoted to the study of foliations of Riemannian
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manifolds with leaves being minimal, totally geodesic or totally umbilical
submanifolds. Section 1 contains basic definitions and facts concerning foliations
and geometry of submanifolds. In Section 2, the characteristic form of a foliation
is studied. This form was defined and applied by Rummler [48] (see also [3] and
[51]). Here, we get some other applications of the characteristic form. For
instance, we calculate its Laplacian and prove some facts about cohomology of
flat manifolds foliated by totally geodesic submanifolds. Section 3 is devoted to
the question mentioned above. We generalize it asking: Given a subset X of a
foliated Riemannian manifold M saturated by compact minimal leaves, is the
space of leaves meeting X Hausdorfl? The general answer is “no” even if all leaves
are totally geodesic. We get the affirmative answer under a stronger assumption:
We suppose that there exists a positive number # such that balls By, (x, r) and
B, (x, r) satisfy the condition B (x, 7) = By (x,r)nLforanyr <n,leaf Lc X
and x of L. The proof of this result consists in construction of a separating points
family of continuous functions on the considered space of leaves. In the same
section, we construct a continuous (with respect to C'-topologies) function
F - g which assigns a Riemannian metric gy such that leaves of F are minimal
with respect to gr to any foliation F of some neighbourhood of a foliation
satisfying some conditions. In Section 4, we endow the set Fol?(M) of all p-
dimensional foliations with compact leaves of a given Riemannian manifold M
with a metric d; and show that stable foliations form a closed subset of the metric
space (Fol?(M), dy). InSection 5, Jacobi fields on minimal leaves of foliations are
investigated. Some results concerning the existence of minimal ot totally geodesic
foliations of some Riemannian manifolds (such as S", P"C, manifolds of either
non-positive or non-negative curvature) are obtained. In Section 6, the Gauss
mapping of a foliation of a Riemannian manifold is defined. The class of
Riemannian metrics with holonomy groups contained in a given group is
introduced. We show that the Gauss mapping of a foliation with all leaves totally
geodesic factors through the space of leaves. The Gauss mappings of foliations
with all leaves minimal or totally umbilical are investigated.

We would like to express our gratitude to Professor W. Waliszewski who
called our attention to the theory of minimal submanifolds and to Professor J.
Eells and Professor D. B. A. Epstein for several helpful remarks and their
hospitality at the Warwick University during the winter of 1979.

1. Preliminaries

All the manifolds, the mappings, the Riemannian metrics and the foliations
considered in this paper are assumed to be differentiable of the class C*.
However, some results remain valid under weaker assumptions of
differentiability.
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1. A. Foliations

(1.1) DeFINITION. A p-dimensionalfoliation of an m-dimensional manifold M
is a family F of disjoint connected subsets of M such that () F = M and for any
point x of M there exists a chart ¢ = (¢,, @;): U — R® x R™"? defined on an
open neighbourhood U of x and such that for each L of F the connected
components of U n L are described by the equation ¢, = const. Sets of the family
F are called leaves of the foliation, the number g = m— p is the codimension of F,
and charts referred to in the definition are said to be distinguished by F. The
subset X of M is said to be saturated if it is the union of a subfamily of F.

It follows from the definition that leaves are submanifolds immersed in M.
These immersions are not necessarily embeddings; the natural manifold
topology of leaves is not necessarily the one induced from M. Leaves with
induced topology are called proper. Every compact leaf is proper.

Define the relation “~” on M by

x~y if and only if yelL,,

where L, is the leaf of F passing through x. Clearly, “~" is an equivalence. The
quotient space M/~ will be called the leaf space and denoted by M/F. The
canonical projection M — M/F is always open ([45], p. 106) but it need not be
closed.

The field of tangent spaces of leaves of F forms a p-dimensional subbundle
TF of the tangent bundle TM of M called the tangent bundle of F. This bundle is
involutive, i.e. the Lie bracket [ X, Y] of two sections X and Y of TF is a section
of TF again. The classical Frobenius Theorem states that any involutive
subbundle of TM is the tangent bundle of a foliation of M (see [54], Chapter III,
§5). The quotient NF = TM/TF is called the normal bundle of F. If M carries a
Riemannian structure, then NF can be identified with the field of orthogonal
complements of fibres of TF.

(1.2) DeFINTION. A foliation F is orientable (resp., transversely orientable) if
and only if the bundle TF (resp., NF) is orientable.

Note that leaves of an orientable foliation are orientable and that a foliation
of an orientable manifold is orientable if and only if it is transversely orientable.

A mapping f: N— M is transverse to a foliation F of M if

Su(LNY+ TyyF = iy M
for any x of N. In this case, the connected components of sets of the form
f~Y(L), where L is a leaf of F, form a foliation of N. This foliation will be
denoted by f*F. Note that
codim f*F = codim F.
Now, we are going to define the holonomy of a leaf of a foliation. We
follow Lawson [39]. Other equivalent definitions can be found in [14], [18],

[45].
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Leti: L — M be the inclusion map of a leaf L of a foliation F of a manifold
M. There exists an immersion I: NL— M, where NL = i*NF is the normal
bundle of L, satisfying the following conditions:

(i) I(0,) = x for each x of L, where O, denotes the origin of N,L,

(ii) I maps. the fibres of NL transversely to F.

The foliation I*F of NL is transverse to fibres of NL and the zero section of
NL appears as one of its leaves. It follows that for any curve c: [0, 1] — L there
exists a neighbourhood U of the origin of N, L such that for any point v of U
there exists a unique curve ¢, on the leaf of I*F passing through v with the initial
pointvandsuchthatzoc, = ¢, wheren: NL — L is the projection. The mapping

Usvc,(1)

is a diffeomorphism of U onto a neighbourhood of the origin of N 1y L. This
diffeomorphism depends only on the homotopy class of ¢. Considering germs of
such diffeomorphisms corresponding to all loops based at a fixed point x of L we
can construct @ homomorphism h;, of the fundamental group =, (L) into the
group I of germs at O of local diffeomorphisms of R? which map the origin to
itsell. The conjugacy class of h; does not depend on the choice of the
immersion I, of the base point in the definition of 7, (L) and other choices
involved in the above construction.

(1.3) DerINITION, hy is called the holonomy homomorphism of L. We say that
L has finite holonomy (resp., L is generic) if and only if the group im h, is a finite
(resp,, trivial) subgroup of I

Of course, all simply connected leaves are generic.

Let us recall the following result due to Epstein, Millett and Tischler [20].

(1.4) LEMMA. The union of all generic leaves of a foliation of a paracompact
manifold M is a dense G; subset of M.

The next theorem establishes the importance of the notion of holonomy.

(1.5) TaeoREM (Reeb stability). Let L be a compact leaf of a codimension q
fohanon F of a manifold M and suppose that L has finite holonomy. Let
p: L— L be the finite covering corresponding to the subgroup kerh, of =, (L).
Then there exists a saturated neighbourhood U of L in M and a [inite covering
f: LxD — U, where D is an open neighbourhood of the origin of R%, such that
fILx'0!' =p and f*(FIUy=[Lx {u}; ueD}. If L is, moreover, generic,
then p=id and f is a dszeomor phism,

For the proofl see [39] or [45].

From this theorem and Lemma (1.4), it follows that the union of ali generic
leaves of a foliation F of M is an open dense subset of M if only all leaves of F are
compact.

For examples and more detailed exposition of the theory of foliations we
refer to [6], [38] and [39].
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1. B. Geometry of submanifolds. Let (M, g) be a Riemannian manifold. We
denote the Levi—Civita connection on (M, g) by V. The same symbol F will be
used for connections determined by F on tensor bundles. The curvature tensor of
the connection ¥ will be denoted by R and the sectional curvature of the plane
spanned by vectors v, w by K (v A w). The Ricci tensor on (M, g) will be denoted
by Ric. Recall that

Ric (v, w) = Trace(u+ R (u, v) w)

for any v, w of T.M, x of M. The trace of the bilinear form Ric is the scalar
curvature of (M, g).

Throughout the paper the symbol {v, w) will be used instead of g (v, w).

Let L be a submanifold of M. Then the inclusion map i: L— M is an
immersion and induces the Riemannian metric § = i*g on L. The Levi-Civita
connection, curvature tensor, sectional curvature and Ricci tensor on (L, g) will
be denoted by ¥, R, K and Ric, respectively. NL is the normal bundle of L. If
xelL and ve T,M, then ol and vl denote the tangent and normal components
of v:

v=vl+0ol, oTeT.L, vleN,L
The second fundamental form of L can be considered either as a section of
the bundle Hom(NL, Hom(TL, TL)) or as a section of the bundle
Hom(TL®TL, NL). In the first case, it will be denoted by A and defined by
A¥(v) = —(F, W),

where ve T.L, we N,L and W is a section of NL such that W(x) = w. In the
second case, the second fundamental form of L will be denoted by B and defined
by

- B(u, v) = (V.V},

where u, ve T.L and V is a section of TL such that V(x) = . The following
formulae follow from definitions of A and B:

hS

{A%u, v> = {u, A*v) = (B(u, v), w,
V.V =P,V +B(u,v),

whereu, ve T,L,we N.L, xe L, and V is a vector field on L such that V(x) = v.
The curvature tensors R and R are related by

(1) R(u, v)w =(R(u, )w)T + Y (<B(v, w), w)> A™u—(B(u, w), w;> A"v),
]

where u, v, weT,L, xeL, w,,...,w, is an orthonormal frame of N_L, q

= codim F. It follows that

q



10 Foliations satisfying geometrical conditions

(2) I_(_(u A U) = K(u A U)+ Z ((B(U, u)7 wj> <B(U, U), Wj>—<B(ua U), wj>2)a
J

where u, ve T, L, xeL, |lull =||v]l =1, <{u, v) = 0. The equalities (1) and (2)
are known as the Gauss equations. Recall also the Codazzi equation

(3) (R (u, v) w).l. = (VIIIB)(US W)—(V:‘B) (u, w),

where u,v, weT,L, xeL, and V' is the connection on the bundle
Hom(TL® TL, NL) determined by the Levi-Civita connection on L and the

connection PL on NL given by

viw = (v, Wt

for v of TL and sections W of NL.
The trace of the second fundamental form B is called the mean curvature
vector of L and denoted by H. H is a section of NL. At any point x of L we have

H(x) = E B(e, e),

where ey,...,¢,, p=dim L, is an orthonormal frame of T.L.

(1.6) DeriniTION. A submanifold L of a Riemannian manifold (M, g) is
minimal (resp., totally geodesic, resp., totally umbilical) if and only if H = 0 (resp.,
B =0, resp., B = g®W for some section W of NL). A foliation F of (M, g) is
minimal (resp., totally geodesic, resp., totally umbilical) if and only if all leaves of F
are minimal (resp., totally geodesic, resp., totally umbilical) submanifolds of
(M, g). '

Totally geodesic submanifolds can be characterized as follows: L is totally
geodesic if and only if geodesics on M tangent to L at one point lie entirely on L.

Minimal submanifolds appear as critical points of the volume funetion.
Namely, if f: L x R - M is an immersion, f, =id,, L is compact and V(1) is
the volume of L with respect to the Riemannian metric f;*g, then
.3

VO =~ [ <H, X,

where X is the section of NL given by X(x) = ((tH f; (x))'(O)}‘-. It follows
that H =0 if and only if V'(0) = 0 for all such f. The second derivative of
the volume function is given by (see [13], [53])

V(0) = { <~ P2X +Ric' (X)— A'(X), X,
L
where V2X (x) is the trace of the bilinear form
T.Lx T.L3(v, w)— ¥V (V X)(w),
Ric'(u) = Y (R(e;, u) e}

{
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for u of N, L, and

(4) (A'W), W) = (A", A¥) =}, (A€, A" e)
forw, w of N,L;hereey, ..., e,is an orthonormal frame of T,L. Note that ([53],
p. 65)
(5) <X, Yy=~ [(PX, VY
L L

for any sections X and Y of NL.

(1.7) DerFinrTiOoN. A section X of the normal bundle NL of a minimal
submanifold L of a Riemannian manifold (M, g)is said to be a Jacobi field if and
only if there exists a mapping f: L x R— M such that

(i) each f; is a minimal immersion of L into M,

(i) X () = (e £(x) () for all x of L.

It is known that Jacobi fields satisfy the equation
(6) V2X —Ric'(X)+A4'(X) = 0.

In the case of geodesics (= one-dimensional minimal submanifolds) the converse
is true: every section of NL satisfying (6) is a Jacobi field. Recently, Burns [9]
found an example of a field X satisfying (6) which is not associated with any one-
parameter family of minimal submanifolds.

For more information about submanifolds of Riemannian manifolds we
refer to [11], [36], [53].

—

2. The characteristic form

" Let F be an oriented foliation of a Riemannian manifold (M, g),p = dim F.
Let us take a positive oriented, orthonormal frame ey, ..., ¢, of T.F, xe M. Put
(7) E wF(vli"'s vp)=det[<vi7 ej>1 laJ= la “rey p}
forall o, ..., v, of T.M. The formula (7) defines properly a p-form wy on M.

(2.1) DeFINITION. The form @y is called the characteristic form of F.

The form w; was defined and investigated by Andrzejczak [3] and Rummler
[48] who proved the following

(2.2) LEMMA. Let ey, ..., €, be a positive oriented, orthonormal frame of T.F,
v, WeN,_F. Then

dog(ey, ..., €, 1) = (—1F"! v, H(x))
and
dwF(el’ cees Ep 5 Uy W) =(_1)P <ep) [Vs W](X)>,
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where H is the mean curvature vector of the leaf L, passing through xand V, W are
sections of the bundle NF such that V(x) =v, W(x) = w. Thus the form wg is
closed if and only if the foliation F is minimal and the bundle NF is involutive.

As an immediate application of this lemma we obtain the following result.

(2.3) ProPosITION. Let F be an orientable minimal foliation of a Riemannian
manifold (M, g), codim F = 1, If F has a compact leaf, then H"™' (M, R) # 0
(m = dim M).

Proof. Let L be acompact leaf of F. The characteristic form wy of F is closed
and i*wg, where i: L— M is the inclusion, does not vanish at any point of a
compact orientable manifold L. Therefore, the cohomology class [i*wg]
= ¥ [U)F] #* 0

It follows that the sphere S™, m>1, can not be equipped with a
codimension-one foliation having a compact leaf and minimal with respect to any
Riemannian metric on S™. In particular, the Reeb foliation (see [39], [45]) may
not be minimal with respect to any Riemannian metric on S*. Note that the only
compact leaf of the Reeb foliation is embedded into S* as a minimal hypersurface
called the Clifford torus. More general, Novikov [42] proved that any
codimension-one foliation of a compact three-dimensional manifold .M has a
compact leaf provided that the fundamental group =, (M) is finite. Novikov's
theorem and the above proposition yield the following result.

(24) CoroLLARY. Let (M, g) be a compact Riemannian manifold, dim M
= 3. Ifn, (M) is finite, then there are no codimension-one minimal foliations of M.

The next theorem and proposition contain other applications of
Lemma (2.2). -

(2.5) THEOREM. Suppose thar L is a compact leaf of a codimension-one minimul
Jfoliation F of a compact connected Riemannian manifold (M, g) of dimension m. If
the Ricci curvature of (M, g) is non-negative, then L is totally geodesic:

Proof. Passing to a suitable covering space we may suppose that both M
and F are orientable.

Using the cohomology sequence of the palr (M, L) and the Alex=nder—.
Pontrjagin duality we get the following exact sequence

S>H" ' (M)SH""Y(L) L H,(M~L)> H"(M) - 0. g

Lemma (2.2) shows that x is surjective. Therefore, im f = 0 =ker y and
Ho(M—=L)~imy=H" (M)~ R. On the other hand, the homology
sequence of the pair (M, M—L) and the Alexander-Pontrjagin duality yield
the exact sequence

H(M-L)&%H M)L H" (L) % Hy(M—L) % H,(M) —

Assume that L is not totally geodesic. Then, according to Kelly [35], the
natural homomorphism H, (L) — H, (M) is surjective. Considering a tubular
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neighbourhood of L one can easily show that the homomorphism « is
also surjective. Therefore, imf=0=%ker: and Hy(M-—L)=zxim »Pim
x> H" Y(L)®H,(M) = R®R. Contradiction.

(2.6) ProrosiTION. Let (M, g, J) be a nearly Kdhler manifold [27}, i.e. an
almost Hermitian manifold satisfyving

Ve )X =0

for any vector field X on M. Suppose that G is a connected group of isometries
of (M, g) with almost complex orbits of codimension two. Then either
H™M=2 (M R)#0 or G has no compact orbits.

Proof. G-orbits form an orientable foliation F of M. Leaves of F are
minimal according to [26]. The normal bundle NF is involutive. In fact, if X is a
section of NF, || X|| =1, ve T,F, and Z is a Killing vector field on M such that
Z(x)=J(v), then

{(PxdX)(x), 0> = —(VJX, JZ)(x) = =< (VxX), JZ)(x)
=X, VyZ>(x) =<X, [X, Z])(x)
=3L,g(X, X)(x) =0;
similarly,
FyxX(x), v) =0,

ie. [X,JX](x)eN.F. Consequently, the characteristic form wj is closed and
HY™M=2 (M R)+# 0 if only compact orbits exist.

~ Now, we are going Lo calculate the Laplacian Awy of the characteristic form
wy of an oriented foliation F of a Riemannian manifold (M, g). We will apply the
following Weitzenbsck formula for the Laplacian of any p-form w on a
Riemannian manifold (M, g):

(8) do = V*w+S(w),
wherquzw is the trace of the bilinear form
(X, V)= Py (Fao)(Y),

and S(w) is a p-form given by

9 S(w(vy,....r)= Z z o(vy, ... -y, Rieg, v) v —

i<k s
—R(es, Di)vk, v,-+1, “rey l?k_l., é’s, UL..“, LYY UP)+
+ Y ovr, .oy Voo 1s R(Esa U) €y Uy <oy Up)
sk

forallv,, ..., v,of TM, xof M;heree,, ..., e, (m = dim M)is an orthonormal
frame of T.M. The formula (8) can be found in [15], [16], [40].
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At first, let us consider the form S (wy). We canchoose the frameey, ..., e, in
(9) such that ey, ..., ¢, form a positive oriented frame of T.F. If at least three of
vy, ..., U, belong to N,F, then S(wg)(vy, ..., v,) = 0. Thus we have to consider
the following three cases:

() (g, .-y vp) = (€1, .0 852, U, W),
(i) (g, .., ) =(€y, .. €p—y, D),
(i) (g, ..., D) = (&1, .., ),
where v, we N.F, |v| =|wl| =1, (v, w) =0.
In the case (i), we have

S(wF)(ela (¢} ep-z, v, W)

= Z Zﬂ)p(el,..., e,_l,R(e,, ek)e,-—
i<k<p—1 s

_R(es’ ei)eh €it1s o €u—15 €5 €15 ey €2, U, W)+

+ Z Z mF(el: ceey €1, R'(‘-’s, v)e;~

I<p—1 =«

_R(e.n el')va €iv1s--es €p_2, &y W)+

+ Z ZwF(ela“-’ el—I’R(es, W)ei—

i<p—1 s

—R(es, €)W, €4y, ... €53, 0, &)+

+ Z wF(elv cevs €3, R(e,, w)v—R(es, v)w, es)+
s

+ Z ZwF(eli"'!ek—li R(es! ek)e.n Crtly s p— 29 v, W)+
k<p—1 s

+Y or(er, ..., &1, Rle,, v)e,, w)+

+Y wp(ey, ..., -1, v, R(e, We,).
s

The first three terms of the above sum vanish as well as the last three. .ch get
(10)  S(wp)(ey, .-y €—2, v, W)
= —2{R(e,, V)W, €,_1>+2{R(e,, W)v, 6,_1 ).

The similar calculation shows that

(11) S(wF)(els-'--» p-11v)= Z <R(es’ v)e,, ep>
s>p

and

(12) S(wr)(ey, .., e)=—3 Y Kig Aey.

k€p i>p
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Setting about the computation of F2w, let us extend vectors ey, ..., e, of T,M to
orthonormal vector fields E,, ..., E,, in a neighbourhood of x satisfying VeE)(x)
=0foralli,j=1,..., m. Then

V2wp(x) = Z Ve,V gor (x),
ie. l
(13)  P2wp(vy, ..., 1)
=Zi:(EfE,-wp(X1, ooy Xp)—2§ Ewp(Xy,y ooy Xjur, Ve Xpy Xpiyy oo Xp)+

A2 Y 0p(X iy s Xpm 1, Ve Xy Xars ooy Xim 1y Ve Xy Xiwrs oo Xp)+
<k

+Z wp (X4, ..., Xy, VE,VE,XJ, Xir1reens Xp))(x)s
J

wherev,, ..., v,e TMand X, ..., X, are vector fields on a neighbourhood of x
such that X;(x) =v,. Analogously to the calculation of S(wg), we have to
consider cases (i), (ii), and (iii). We can extend vectors e, ..., ¢,(resp., vand w) to
local orthonormal sections X, ..., X, of TF (resp., Y and Z of NF). In all cases,
the first term of the sum in (13) vanishes. In the case (i), we have

Viwp(ey, ..., -3, 1, W)

=_2 Z Ze,-wp(Xl,..'.,X_,_l, VE.'XJ'""’ XF_.Z,}’,Z)—
j<p-1 i

_22 ein(XI’ reey Xp-Za VE,-Y’ Z)"'

—22 e,-CDF(X'b vy Xp—Z, Yn VEiZ)+

+2 ) Y opler, -1, Ve Xj €ay, oo €y,

j<k<p-1 i
- VeiXis €41y ---» €m2, 0, W)+

+2 Z ZmF(el:-'-: ej—l: Ve,-ij ej+19°"5ep-2: Ve,),’ W)+
j<p-1 i

~

Vv" Z pr(el,...,ej_l, VE‘X]’ e].'.l,..., ep_z, v, VGIZ)-'_
j<p-1 1

+ Z Z (Up(el, ooy e"_l, VE,'VE,'XJ’ ej+1, ceuy ep_z, v, W)+

J<p—-1 i

+Z (DF(el, ceey €p 9, Vel'VEE}” W)+Z (Dp(el, caay ep_z, v, VGI'VE,'Z)-}_
i i

+2Y wpley, ..., g, V.Y V.2Z).
i
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All terms of the above sum but the last one vanish. Therefore,
Vsz(cla LRRE] ep-z’ v, W)

=2 Z ((Ve,Ys ep—1> <Ve,-Za e,,)—(Ve‘Z, ep—l) <VeIYs ep>)-

Denoting by B the second fundamental form of the leaf L, passing through x we
obtain

(14) Vsz(ela rey ep—]s v, W)

=2 Z (<B(eis ep—l): U> <B(eis ep)’ W>_<B(ei’ ep—l)s W> <B(€[, ep): U>)+

i<p
+2 Z ((Ve,-Y’ ep—l) <VeIZr ep>_<Velzi ep—1><Ve,-Y’ ep>)°
i>p
Similarly,
(15) Vsz(el"-'se-l’v)

=2 Z z (B(e,-, ej)’ v><Vein’ ep>+2 Z Z <Ve,~X_I: U><V9[Xja ep)'—'

igp j<p i>p J<p
- 2 Z <Ve,- y' VEpr>_ Z <VEI-VE"Yi ep>
i {
and

16)  Pwp(ey,....,e)=— Y Y (Ble,e),ed— Y Y (V. X, e

iJjsp k>p i<p Lk>p

-

(2.7) ProPOSITION. Let F be an oriented foliation of a Riemannian manifold
(M, g). If the sectional curvature of (M, g) is non-negative, then the characteristic
Jorm wg is harmonic if and only if F is totally geodesic, the bundle NF is invalutive
und the foliation FL1 determined by NF is dlso totally geodesic.

Prool. Suppose that @y is harmonic, i.e. that 4wy = V2w + S (wy) = 0.
From the formulae (12) and (16), it follows that B =0 and

(17 PV, X = —(V, FxX'5> =0

for all sections X, X' of NFand V of TF.The equality B = Oshows tha leaves of
F are totally geodesic while (17) implies <V, [X, X']) =V, VyX'>—
—(V, Vy.X> = 0. This proves that NF is involutive. The equality (17) shows
also that leaves of FL are totally geodesic.

Conversely, if NF is involutive and both foliations F and FLl are totally
geodesic, then formulae (14), (15). and (16) show that F2w, = 0. Moreover, in
this situation M is locally isometric to the product of leaves of F and Fi. It
follows that R(u, v) =0 whenever ue TF and veNF. From (10), (11), and
(12), we obtain S(wp) =0.
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Applying the above proposition to foliations of flat manifolds we get the
following result.

(2.8) THEOREM. Let (M, g) be a compact flat Riemannian manifold, m
=dim M. If M admits a p-dimensional orientable parallel foliation, then
H? (M, R) # 0.

Proof. Let F be a parallel oriented foliation of M, p=dim F. Let us
take a point x of M and an orthonormal frame e, ..., ¢, of T, M such that
ey, ..., & form a positive oriented frame of T.F. We can extend vectors ¢, to
vector fields X; on a neighbourhood of x satisfying VX; = 0. Vector fields
Xy, ..., X, are local sections of TF because F is totally geodesic. From the
equalities <{X;, X;> =46, i,j=1,...,m, it follows that X,,,,..., X,, are
local sections of NF. Consequently, NF is involutive and F! (compare (2.7))
totally geodesic. Therefore, wy is a harmonic p-form on M. Of course,
wr # 0. From the well known Hodge theorem (see, for example, [25], p. 76),
it follows that H” (M, R) # 0.

(29) THEOREM. Let (M, g) be a compact Riemannian manifold of non-
negative Ricci curvature. If dim H'(M, R) > p, then M admits an orientable
parallel foliation of dimension p.

Proof. If dim H!(M, R) > p, then there are harmonic I-forms #,, ...
..., M, on M linearly independent over R. If the curvature of M is non-
negative, then forms #,(x), ..., n,(x) are linearly independent at any point x
of M. Therefore, putting

E, = the orthogonal complement of {ve T,M; 1,51 =0},

where n =n, A ... A n,, xeé M, we define a p-dimensional subbundle E of TM.
This bundle is involutive and orientable. The foliation F determined by E is
parallel. In fact, the parallel form n is the characteristic form of F (with
respect to a suitable orientation).

(2.10) CoroLLARY. If (M, g) is a compact orientable flat Riemannian
manifold, m = dim M, and dim H' (M, R) > min (p, m—p), then M admits an
orientable parallel foliation of dimension p.

(2.11) ExameLE. There are just 10 affine diffeomorphism classes of compact
flat Riemannian manifolds of dimension 3 (compare [60], Chapter 3). Six of them
(denoted by G;, i < 6) consist of orientable and four (denoted by B,, i < 4) of non-
orientable manifolds. The cohomology group H* (M, R) is isomorphic to R?
if M is of the class G,, to R* if M is of the class B, with i <2, to Rif M is
either of the class G; with 2 < i< 5 or of the class B, with i > 3. If M is of
the class Gg, then H!(M, R) = 0. Therefore, all compact connected flat
manifolds of dimension 3 but these of the class G, admit an orientable
totally geodesic foliation of dimension 1 and a (not necessarily orientable)
totally geodesic foliation of dimension nifolds of the class G, with i < 5

By
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admit an orientable totally geodesic foliation of dimension 2 as well as
manifolds of the class B, with i < 2. If M is of the class B; with i > 3, then
,H?>(M, R)=0 and M does not admit any orientable totally geodesic foli-
ation of dimension 2.

(2.12) ExaMPLE. Z,-manifolds are compact connected Riemannian
manifolds of the cyclic holonomy group of order k, where k is a prime number.
For any integers a, b, csuchthata, b > 0,c > 0,b > c, and a > c there exists a
Z,-manifold M of dimension (k—1) a+b and the first integral homology group
isomorphic to Z*@® Z§* (see [10]). It follows that for any natural number m > k
there exists a Z,-manifold M, dim M = m, such that M admits a totally geodesic
orientable foliation of dimension p for any p < m+ 1 —k. In particular, for any m
22 there are m-dimensional Z,-manifolds which admit orientable totally
geodesic foliations of arbitrary dimension. One can also observe that if m
> 2(k—1), then there are m-dimensional Z,-manifolds which admit (not
necessarily orientable) totally geodesic foliations of arbitrary dimension.

Remark. If M is a compact connected flat Riemannian manifold, then
Theorems (2.8) and (2.9) give the following implications:

dim H'(M, Ry > pS HP (M, R) # 0
@ | ft o

M admits an parallel geodesic foliation of dimension p.

Clearly, the converse of (a) is not true as well as the converse of (c). The
analysis of the implication converse to (b) seems to be reasonable.

3. Stability of minimal foliations

Let F be a foliation of a manifold M such that all leaves of F are compact.
Such foliations will be called compact. If either codim F = 1 or codim F = 2and
M is compact, then, according to Reeb [45] and Edwards, Millett and Sullivan
[14], all leaves of F have finite holonomy groups. If either codim F > 3 or
codim F = 2 but M is not compact, then this need not be true. For suitable -
examples we refer to [17], [21], [39], [45], and [55]. Epstein [18] collected
several conditions equivalent to the statement “the leaf L has finite holonomy”.
Namely, he proved the following

(3.1) TuEOREM. Let F be a compact foliation of a manifold M. Take an
arbitrary Riemannian metric g on M and denote by V (x) the volume of the leaf L of
F passing through a point x of M. The following conditions are equivalent:

(i) L, has finite holonomy,

(i1) the volume function V is bounded in a neighbourhood of x,

(i) the topology of MJ/F is Hausdorff in a neighbourhood of L..

The following definition is motivated by Theorems (1.5) and (3.1).
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(3.2) DerFINITION. A compact foliation F of a manifold M is said to be stable if
and only if the space M/F is Hausdorfl.

From the above definition and Theorem (3.1), it follows that for any compact
foliation F of an arbitrary manifold M there exists an open dense saturated set U
such that the restriced foliation F|U is stable.

The structure theorem of Ehresmann (see [ 18], Theorem 4.3) asserts that the
leaf space M/F of a stable foliation F is a generalized manifold in the sense of
Satake [52]. Using this fact and the relative de Rham cohomology of foliations
[49], Rummler [50] was able to associate with any oriented stable foliation
F a form 5y such that

() nr is F-positive, ie. ng(ey, ..., ) >0 for any positive oriented frame
ef,....,e, of TF, xeM,

(ii) np is F-<closed, ie. dne(vy,...,v,,v)=0 for any v,,...,v, of T.F, v
of TM, x of M.

This form can be chosen “pure”, ie. such that 7z(x) = v} A ... A v} for some
v}, ...., vy of T*M at any point x of M. For such form #r one can find a
Riemannian metric g on M such that the characteristic form e of the foliation F
of the Riemannian manifold (M, g) is equal to 1r. From Lemma (2.2), it follows
that leaves of F are minimal submanifolds of (M, g). Conversely, if F is a minimal
foliation of a Riemannian manifold (M, g), then the form @ is F-positive and F-
closed. In the case of a compact manifold M, the stability of F follows
immediately from a slight modification of the main result of [14]. Rummler [50]
improved this result and showed the following

(3.3) THEOREM. A compact orientable foliation of an orientable manifold M is
stable if and only if F is minimal with respect to some Riemannian metric on M.

Theorem (3.3) generalizes the Wadsley's result [57]: A compact one-
dimensional foliation is stable if and only if leaves are geodesics with respect to
some Riemannian metric.

Rummler’s results suggest the following problem. Let F be a foliation of a
Riemannian manifold (M, g). Let M, be a saturated subset of M such that all
leaves of M, are compact minimal submanifolds of (M, g). We ask the following

(3.4) Question. Is My/F a Hausdorff topological space?

If M, is a manifold, then the positive answer follows from Theorem (3.3). In
general case, Rummler’s proof breaks down for several reasons. The general
answer to (3.4) is “no” even if leaves passing through M, are totally geodesic. In
fact, if M = T?x R, F is the foliation induced on M by the foliation of R®
determined by the vector field X given by

[2)

I3}
X(X) = 6_x,(x)+x3f‘—x2(x)’ X = (xls X2, x}),
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and M, =T?x A, A =10, 1,4, 4, ...}, then all leaves of F are totally geodesic
with respect to the natural Riemannian metric on M, leaves passing through M,
are compact and the space M/F is not Hausdorff, We shall prove below that the
answer to (3.4) is “yes” if leaves of M, are totally geodesic and satisfy some
additional condition. We begin with proof of the following

(3.5) ProposiTION, Let (M, g) be a Riemannian manifold and denote by
d(x, y) the distance of points x and y determined by g. A compact foliation F of
M is stable if and only if the function d;: M/F — R given by

d,(Ly=d(L, L'y = inf {d(x, x); xeL, x'eL’}

is continuous for every leaf L of F.

Proof. If d; is continuous for each L and L;, L, are two distinct leaves,
then d;, (L) =0 and dy (L,) =a>0. The sets

;! (00, ¢/2)), di/ ((a/2, +0))

are disjoint open neighbourhoods of L, and L,, respectively. Thus M/F is
Hausdorff.

In the proof of the converse implication, we will use the following
elementary fact:

(3.6) LemMa. Let A, B, C be compact subsets of a metric space (X, d),
e>0.If d(b,C)< e and d(c, B) <& for all points b of B and ¢ of C, then

|d(4, B)—d(A, C)| <e.
In fact, the inequalities d(b, C) < ¢ for all b yield
d(4, C) = inf d(c, A) < inf d(c, ao)
< inf d(c, bo) +d(ao, bo) = d(by, C)+d(4, B) < d(A, B)+e,
where age A and bye B are points satisfying d(A, B) = d(aq, by). Similarly,
inequalities d(c, B) <¢ for all ¢ yield
d(4, B)<d(4, C)+e.

Coming back to the proof of the proposition let us suppose that F is
stable and take any two leaves L and L' of F. Considering (3.6) we see that
the function d; is continuous at L’ if and only if for any positive number ¢
there exists an open neighbourhood U of L' in M/F such that if L"” belongs
to U, then d(x, L") <e and d(x", L) <& for all x' of L’ and x” of L”. Put

W={xeM; d(x, L') <e}.

W is an open neighbourhood of L’ in M and F is stable, therefore (compare
[18], Theorem 4.1) there exists a saturated open neighbourhood V of L’
contained in W. Put U, = =n(V), where =: M — M/F is the canonical projec-



3. Stability of minimal foliations 21

tion. Let us choose points xi, ..., x, of L' such that the balls B(x, %),
i=1,...,n, cover L' and put U, = [L"eM/F; L" N B(x;, $¢) # O for any
i<n}. The set U=U,nU, is open and has the required property. This
guaranties continuity of d, and ends the proofl of the proposition.

From the above proof, one can see that if X is an arbitrary saturated
subset of M and all restricted functions d, [X/F, where L < X, are con-
tinuous, then the space X/F is Hausdorff. Conversely, if X is locally compact
and X/F is Hausdorff, then the function d,|X/F is continuous for any leaf L
of F.

(3.7) DerFINtTION. We say that a submanifold L of a Riemannian mani-
fold (M, g) is n-regular if and only if the ball B, (x,r) is equal to the
intersection By (x,r)n L for every x of L, r < 1.

Clearly, if L is n-regular for some n > 0, then L is totally geodesic.
Conversely, every compact totally geodesic submanifold is n-regular for some
n > 0. Some properties of n-regular submanifolds are found and applied in

[59].

(3.8) THEOREM. Let n >0, F be a foliation of a Riemannian manifold
(M, g) and M, a saturated subset of M such that all leaves of M, are compact
n-regular submanifolds of (M, g). Then the quotient My/F is a Hausdorff
topological space.

Proof. According to (3.5) and (3.6), we have to prove that if L = M,
and ¢ is a positive number, then there exists an open ne1ghbourhood Uof L
in My/F such that if L'eU, then

d(x, L')<e¢ for each x of L
and
d(x, L)y<e for each x" of L'

We claim that there exists a positive number A such that for any x of
M, and any v of T,F such that d(x, L) <A and ||v]| < 2¢ the inequality
d(exp v, L) < ¢ holds. In fact, the set
E,={veTF; d(expv, L) <¢}

is open and contains the tapgent bundle TL of L. Therefore, for any point
x of L there exists a number A(x) >0 such that if yeB(x, A(x)), ve TF

and [|v]| < 2e, then veE,. We can choose points x,,...,x, of L such
that the balls B(x,3A(x;)), i=1,...,s, cover L. The number 1=
$min {A(x,), ..., A(x,)] has the required property.

Now, let us take positive numbers & and ¢ such that §+¢" < min(e, 4)
and cover L by a finite number of balls B(y;, ), where y,, ..., y,e L. Put

U={LeMyF; LnB(y, &)+ @ for all i <k}.
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U is an open subset of My/F and Lc U. If Le U and xeL, then
d(x, ) <min {d(x, p)+d O, I); i<k} <5+8 <e.

Let us take any leaf L'eU and put L, = {x'eL’; d(x, L) <¢}. L, is non-
empty and open in L. In order to complete the proof of the theorem we have
to show that it is closed.

Let (x.,) be a sequence of points of L, such that x’ = lim x,. For any n

we can find a point x, of L such that d(x,, x,) < ¢. Passing to a subsequence,
if necessary, we can suppose that the sequence (x,) is convergent to a point x
of L. There exists a point x” of L such that d(x, x") < d+¢'. For any n we
have

d(x, x") < d(x's X)+d(xh, x,)+d (%, X)+d(x, X).

Passing with n to infinity we get

d(x, x")Se+d+¢e <.
Taking & small enough (¢ < 1) we can express x' in the form exp v for some
v of T..L such that |v]| < 26. Moreover,

d(x", L) < d(x, x") < 5+& < .

Therefore, d(x, L) =d(exp v, L) <¢, i.e. X'eL,.

This ends the proof.

One can observe that we proved more: My/F is a Tychonoff space. On
the other hand, it satisfies the second axiom of countability. Therefore, My/F
is metrizable.

Another problem motivated by Theorem (3.3) can be considered. Let us
endow the set Fol?, (M) of all compact stable p-dimensional foliations of M
and the set #(M) of all Riemannian metrics on M with some topologies.
Construct a continuous function

FoE,,(M)3 F i~ gp € (M)

such that any leaf of any foliation FeFok (M) is a minimal submanifold of
the Riemannian manifold (M, gg).

In the case of C'-topologies, we can define such a function locally, in
neighbourhoods of foliations satisfying some additional conditions. Namely,
we have the following result.

(3.9) THeEOREM. Let F, be a foliation of a compact manifold M, m
=dim M, p=dim F,. Assume that there exists a closed p-form w on M
such that @(vy, ..., v)) # 0 for all linearly independent vectors vy, ..., v, of
T.Fo, xe M. Then there exists a neighbourhood A of F, open in the C°-
topology for the set Fol’ (M) of all p-dimensional foliations of M and a function
A3F > gpe R (M) continuous with respect to C"-topologies, r =0, 1, ..., + =,
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and such that any leaf L of any foliation F € A is minimal with respect to the
Riemannian metric gg.

Proof. Put

A=|[FeFoP (M); w(v,, ..., v,) #0 for all linearly
independent vectors of T.F, xe M}.

Clearly, A is open in the C°topology and FyeA. Put
wF(Ula crry vp) = w(anh seey TcFUp)a
where n: TM — TF is the projection given by
mo=w iff 1,(0x)|APTF)=10(x)|A" " 'T,F,

v, weT .M, xeM, FeA. wg is a p-form on M such that (see [50], pp. 59-68)

(i) dim {ve T,M; 1,0 =0} = m—p for any x of M,

(i) wp(vy, ..., ) = @(vy, ..., vy) for any vy, ..., v, of T,F, xeM,

(iii) dwg(vy, ..., v,, w) =0 lor any vy, ..., v, of T.F, we T M, xeM.

Let us fix 2 Riemannian metric g on M. From (i) and (ji), it follows that
the formulae

gr(v, w) =g(v,w) when either v, we TF or 1,0 =1,wp =0,
gr(v,w)=0 when ve TF and 1,0 =0

define properly a Riemannian metric g on M. We can define an orientation
of any F of A saying that a basis vy, ..., v, of T.F, x€ M, is positive oriented
if and only if w(vy, ..., v,) > 0. One can see that the characteristic form of
such oriented foliation F of the Riemannian manifold (M, g¢) is of the form
Arwgr, where Ap is a positive smooth function on M given by
)’F(x) = l/mF(vl, cecy vp)v

where xe M and v,, ..., v, is a positive oriented g-orthonormal frame of T.F.
Put

gr = Ar P gp.

Clearly, the function F— g is continuous with respect to C'-topologies. Let
us take a positive oriented basis w,, ..., w, of T.F, xe M, Fe A, such that
gr(w, w) =4y, i,j=1,..., p. For any vectors vy, ..., v, of TM we have

det [gp(v;, w)); i, j < p] = det [A7 *7 (x) gp (v;, w)); i, < p]
= det [AF " () gF (v, A Y (x)w)); i, j < p]
= A7 ' (x) det [gF (v, A7 Y7 (x)w)); i, j < p)

=wF(Dla ey Up),
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because
g (;LFUP (x)w;, A e (x) Wj) = gp (Wi, w)) = 5:1-

Therefore, the characteristic form of the foliation F of (M, gy) equals wp.
From (iii) and Lemma (2.2), it follows that leaves of F are minimal submani-
folds of (M, gf)-

Remark. Note that all compact orientable codimension-one foliations
of any orientable manifold satisfy conditions of Theorem (3.9).

4. A metric on the space of foliations

Let us denote by Fol?(M) the set of all p-dimensional compact
foliations of a manifold M. Let g be a Riemannian metric on M and denote
by d(x, y) the distance of points x and y of M determined by g. For any
compact subsets A and B of M we denote the Hausdorff distance of sets
A, B by dy(A, B), ie.

dH(A,.B) = sup d(x, B)+suE d(x, A).

Let F and F’ be compact foliations of M, dim F = dim F' = p. Put
(18) dH(Fa FI) = SUB min (1’ dH(va Ex)),

where L, and L, denote the leaves of F and F’ passing through x. Clearly,
the pair (Fol2(M), dy) is a2 metric space.

If M is compact, then the topology of the metric space (Fol? (M), dy)
does not depend on the choice of g. In fact, if g’ is another Riemannian
metric on M and T'M is the unit tangent bundle of the Riemannian
manifold (M, g), then there are positive numbers u,, u, such that

Ho < |[v]l" < py
for any v of T'M. Consequently,
HoL(c) < L'(c) < py L(c)
and
(19) tod(x, y) < d'(x, y) < pyd(x, y)

for any smooth curve ¢ on M and any points x and y of M. (L(c) and L'(c)
denote the length of ¢ on (M, g) and (M, ¢'), respectively; d'(x, y) is the
distance of x and y determined by g'.) Defining the distance dl (F, F') of
foliations F, F'eFol (M) by the formula analogous to (18) we get from (19)

podu(F, F) < dy (F, F') < pydy(F, F).
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Clearly, the analogous result for a non-compact manifold need not be
true.

The set Fol2(M) can be endowed with other reasonable topologies. For
example, for any p-dimensional foliation F of M the tangent bundle TF of F
can be considered as a section of the Grassmann bundle G°(M) of all p-
planes of tangent spaces T.M, xe M. The set of all differentiable mappings of
M into G”(M) carries the weak and strong C"-topologies, r =0, 1, ..., + o
(see [30], pp. 34-36). These topologies and the mapping

FoP(M)aFTF

induce topologies on the set Fol!(M) which are also called weak and strong
C'-topologies, respectively. Weak C'-topologies are metrizable. If M is com-
pact, then weak and strong topologies are the same. Other topologies for the
space of foliations are considered in [19].

The following examples show that C'-topologies and the topology of the
metric space (Fol?(M), dy) are not comparable. More precisely, the first
example shows that the topology of (Fol?(M), dy) need not be weaker than
the strong C®-topology while the second one demonstrates that the C°-
topology need not be weaker than the topology of (Folf(M), dy).

(4.1) ExampLE. Let us consider the plane R? with Euclidean coordinates
(u, v). Put X, =¢é/éu, X, =é/dv and

1
Y,,=X1+;Xz, n=l,2,...

Foliations determined by the vector fields X, and Y, induce in a natural way
compact foliations F and F, of the torus §* x §*. Clearly, F,— F in the C*-
topology but dy(F,, F) = 1 for any n; dy being the metric on Fol! (S! x S
determined by the standard Riemannian metric of the flat torus.

(4.2) ExampLE. Let us keep notations of the previous example. Put Z,
= X, +(p,0pry): X, n=1,2,..., where pry: R*— R is the canonical pro-
jection on the second factor and ¢, is a differentiable function with the
following properties (see Fig. 1):

A
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(D) ¢,: R—[-1,1],

(ii) @,(n/2) =1 and ¢, =0 on the set [0, n/2—1/n] U [r/2+4+1/n, r],

(iii) @,(r+1) = —o,(t) for re[0, n],

(iv) @,2r+1) = @,(t) for all t of R.
Foliations determined by the vector fields X, and Z, induce in a natural way
compact foliations F and F, of the torus ' x S'. One can see that dy (F,, F)
-0 but the sequence (F,) does not converge to F in the C°topology.

The next theorem shows that, in spite of the above examples, the metric
dy can be of some interest.

(4.3) TaeEOREM. The set of all stable compact p-dimensional foliations of a
manifold M is closed in the metric space (FoE (M), dy).

Proof. According to Proposition (3.5), it is sufficient to show that if
F" FeFoll(M), d(F", F)—+0 and xeM, then the sequence (d%) converges
uniformly to d,, where the functions d%, d,: M — R are given by

d; (}’) = d(Exs Uy)a dx(Y) = d(Ln Ly)s

L, L,, L,, L, being leaves of F" and F passing through x and y, respect-
ively.

Let us take a number £€(0, 1) and find a natural number n, such that
dy(F", F) < e for n > n,. Then for any n>n,, zeM, z'eL. and 2" €I’ we
have

d(z, L) <3e and d(z’, L) <¥e.

Consequently,
ld(A, L;)—d(4, L,)| < }e

for any compact set 4 < M, n > n, and z of M (see Lemma (3.6)). From this
inequality, it follows that

|y () —d. () =d(E;, Ly)—d(L,, L)
< Id(Ux: Uy)_d(nx: Ly)|+|d(Ux1 Ly)_d(Lm Ly)l <e

for any x,y of M, n>ny. This proves the theorem.

The analogous result for C'-topologies can not be obtained. Clearly,
every unstable compact foliation of an arbitrary manifold M is a point of
accumulation of the set of unstable foliations of M. However, there are
unstable compact foliations which are points of accumulation of the set of
stable foliations. The foliation F considered below has this property.

(44) ExampLE. Let M = (R2—{(0, 0), (1, 0), (—1, 0)}) x $* and introduce
coordinates (u, v, t) on M, where (u, v) are linear coordinates on R? and ¢ is
a parameter for S!. The vector field

9 O
X='— 2_12__ 2__1\2 7 _
o =17 gl =) ot o
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where r? =u®+v?, does not vanish at any point of M, and, therefore,
generates a l-dimensional foliation F of M. The foliation of N =(R*—
—-{(0, 0), (1, 0), (—1, 0)}) x R induced from F by the canonical projection
f: N— M is sketched on Fig. 2. Leaves of f*F lie on cylinders r = const.

Fig. 2

For r =1 leaves are vertical lines. For r # 1 leaves are ellipses obtained by
slicing the cylinder with a family of planes transverse to the t-axis. The
foliation F is compact but it is not stable. (It is a slight modification of
the foliation considered in [17] and [39])

Put

X, = —00,(r%) 2+ upy () 540 5
where (¢,), ¢, R— R is a sequence of smooth positive functions which
converges to ¢, ¢(t) = (t—1)?, with respect to the strong C”-topology for
the set C*(R; R). Clearly, foliations F, of M generated by vector fields X,
have all leaves compact, are stable and F, — F with respect to the strong
C*-topology for the set Fol! (M). Note that dy(F,, F) > 2 for any n, where
dy is the metric on Fol! (M) determined by the standard Riemannian metric
on M.

5. Jacobi fields on leaves

Let L be a compact generic leaf of a minimal foliation F of a
Riemannian manifold (M, g). Theorem (1.5) asserts that there exists a
diffeomorphism f° of a product L x D, where D is an open subset of RY,
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g =codim F, onto a saturated open neighbourhood U of L such that
f*F ={Lx!y}; yeD}. The foliation f*F is minimal with respect to the
Riemannian metric f*g. The vector fields ¥, i =1, ..., g, given by V(x, 0)
= (0, v;), where xeL and vy,..., v, is a basis of the tangent space T;D,
satisfy the equalities

Vi(x, 0) = (¢ fi(x, 1)) (0),
where f; is a mapping of L xR into L x D defined by

ﬁ(x’ t) = (x’ ¢ (t))

with ¢;: R — D satisfying ¢;(0) = 0 and ¢;(0) = v;. The immersions f;(-, t) are
minimal. Therefore, the normal components X; of fields ¥ are Jacobi fields
on Lx{0}. Coming back to the manifold M we get the following

(5.1) TueoreM. The normal bundle of a compact generic leaf of a minimal
foliation is spanned by pointwise linearly independent Jacobi fields.

The remaining part of this section is devoted to some applications of the
above theorem. At first, foliations of manifolds of non-positive and non-
negative sectional curvature will be considered.

(5.2) THEOREM. Let F be a totally geodesic foliation of a non-positively
curved Riemannian manifold (M, g). If L is a compact leaf of F, then any
Jacobi field X on L satisfies VX =0 and {Ric' X, X) = 0. If all leaves of F
are compact, then {Ric'v, v) =0 for any v of NF. Consequently, if the
sectional curvature of (M, g) is strictly negative at one point of M, then M
does not admit a compact totally geodesic foliation.

Proof. The first statement of the theorem follows from (5) and (6) in the
following way:

0< [ (PX, PX> = —[<P2X, X> = —[ (Ric' X, X) < 0.
! ! !

The second statement follows from the first one, Theorem (5.1) and Lemma
(1.4). The last part of the theorem is clear now.

(5.3) THEOREM. Let F be a codimension-one foliation of a non-negatively
curved Riemannian manifold (M, g). If F is minimal and L is a compact generic
leaf of F, then L is a totally geodesic submanifold of (M, g) and {Ric'v, v) =0
for any v of NL. Consequently, if the sectipnal curvature of (M, g) is positive at
one point of M, then M does not admit a compact minimal foliation of
codimension one. Conversely, if M is compact, L is a totally geodesic leaf of F
and dim H' (M, R)< 1, then F has a compact totally geodesic leaf.

Proof. Theorem (5.1) asserts that if F is a minimal foliation, then there
exists a Jacobi field X on L which does not vanish at any point of L. Let V
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be a unit section of the normal bundle of L. Then X = fV, where f is a
strictly positive (or: negative) function. According to (6), we get

0=[ (—F*X+Ric X —A'(X), V>
L
L L L

where A is the second fundamental form of L. The first term vanishes because
7V =0 (codim F = 11). The remaining two terms are non-positive and their
sum is zero. Therefore, 4¥ =0 and (Ric' ¥, V) =0.

Assume now that L is totally geodesic. Then the sectional curvature of
L is non-negative. Let us take a point x of L and denote by V| (r) the volume
of the ball B(x, r) = L with the radius r and the centre x. Then, according to
Bishop {4] (see also [5] and [58]),

Vo(r)Kc'r,, p=dimF,

for some constant c¢. It follows that
L. W1
Jlim mf;log V. =0,

i.e. that L has a non-exponential growth. Plante [44] proved that the closure
of a leaf L with non-exponential growth contains a leaf L of polynomial
growth of degree k < max (0, dim H'(M, R)—1), ie. that there exists a
polynomial P of degree k such that

Vi (r) < P(r)

for all r > 0. If dim H! (M, R) < 1, then k = 0, i.e. the volume of L is finite
and L is compact.

The last part of the above theorem can be generalized as follows. From
the Gauss equation (1), it follows that the Ricci tensor Ric of a p-dimensional
submanifold L of a Riemannian manifold (M, g) satisfies

Ric(u, v) = Y. (R(e, w)v, &) +<H (%), B(u, 1)) —

isp

- Z <B(ua ei)s B(U, el))a
i<p

where u, ve T.L, ey, ..., €, is an orthonormal frame of T.L, H and B are the
mean curvature vector and the second fundamental form of L, respectively.
From this formula, it follows that if the sectional curvature of (M, g) is non-
negative, codim L = 1, and the second fundamental form of L is semi-definite
at any point of L, then the Ricci curvature of L is non-negative. Applying
once again Bishop's and Plante’s results we get
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(5.4) ProposiTION. Let (M, g) be a compact Riemannian manifold of non-
negative sectional curvature, H' (M, R) =~ R. If F is a codimension-one foliation
of M, then any leaf of F with the semi-definite second fundamental form
contains a compact leaf in its closure.

Comparing Corollary (2.10) and Theorem (5.3) we obtain the following

(5.5) CorOLLARY. Any compact orientable flat Riemannian manifold (M, g)
with H' (M, R) =~ R admits an orientable compact totally geodesic foliation of
codimension one.

We start with a series of results providing estimations of dimensions of
minimal foliations of some Riemannian manifolds.

(5.6) ProposrTioN. If §° is a generic leaf of a minimal foliation of S™, then
either p=m or p<3(m—1).

Proof. Put g = m—p. According to Theorem (5.1), it suffices to prove
that if p+1> g >0, then any Jacobi fields X,,..., X, on SP are linearly
dependent at some points of SP. Let Vi, ..., ¥, be sections of the normal
bundle of S” in S™ such that V¥, =0 and (¥, V)> = 4§, for all i, j < q. The
linear combination Y g;¥; is a Jacobi field if and only if g; are restrictions to

. i R
§7 of linear functions on R°*!. Jacobi fields X; =) ¢iV}, i=1, ..., g, where
j

gl = f/|S" and fJ: RP*! 5 R are linear functions, are linearly independent at
a point x of SP if and only if

det [f/ (x); i,j < gl #0.

However, if p+1 > g > 0, then the intersection of the kernels kerf/, where i
is fixed and j=1,..., g, contains non-zero elements of R?*!. Clearly,
det [/ (x); i,j < q] = 0 at any point x of this intersection, This proves the
proposition,

The inequality in (5.6) can be improved by use of some advanced results
due to Allard and Ferus. If F is a p-dimensional minimal foliation of S™
admitting a totally geodesic generic leaf L, then there exists an open
saturated subset U of S™, L = U, such that the restricted foliation F|U is of
the form f*F', where F' is the foliation of the product L x D, D =« R™7%, by
the leaves L x {u}, ueD, and f: U — Lx D is a diffecomorphism. Therefore,
the volume function is constant on U and, according to Allard ([1], Sec. 8),
all leaves of F|U are totally geodesic. Applying results of Ferus [24] we
obtain the following

(5.7) THEOREM. If 8P is a generic leaf of a minimal foliation of S™, then
either p=m or p<k,, where k, is the largest integer k satisfying the
inequality

k<a(m—k)
with a((2j+1)-24*%) =2"+8/—1 for h=0,1,2,3,j,1=0,1,...
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Reading the proof of Proposition (5.6) one can see that the arguments
are the following: Any Jacobi field X on S” is the normal component of a
Killing vector field ¥ on S™ and if p+1>¢>0 and V,, ..., ¥, are Killing
fields on SP*9, then some linear combination. Z a;V, aieR Z a? >0, is.

tangent to SP at some points. For the geometric mterprctatlon of the last fact
in the case p = g =1 see Fig. 3: The Killing vector field marked with the aid
of arrows is tangent to the equator S* of S at the point x,.

Fig. 3

It seems to be reasonable to ask about the analogous facts for foliations
of other symmetric spaces. Up to now, we have obtained such results for
complex and quaternian projective space, i.e. for symmetric spaces of the
rank one. We formulate and prove our result in the case of the complex
projective space P™C with the natural Riemannian structure of a symmetric
space. The result and argumentation for the quaternian projective space P™"Q
is similar.

(5.8) THEOREM. If PPC is a leaf of a minimal foliation of P"C, then either
p=mor p<i(m-1).

The proof of the theorem is broken into several lemmas.

(5.9) Lemma. If f: PPCx R — P™C is a mapping such that f, is a totally
geodesic immersion and all f, are minimal immersions of PPC into P™C, then
there exists a number ¢ > 0 such that for any t satisfying |t| < ¢ the immersion
J; is totally geodesic.
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Proof. Let s, be the scalar curvature of f,(PPC). There exists a number
¢ > 0 such that
2(2p+1)(m—p)
4(m—p)—-1

Lawson [37] proved that the inequality (20) implies the total geodesy of f;.

Remark. If all f; are holomorphic immersions, then the statement of
Lemma (5.9) can be obtained in another way. Namely, we can show that
there exists a positive number 6 such that any compact complex submanifold
L of P™C with the second fundamental form A satisfying ||4][* < § is totally
geodesic and then we can proceed as in the above proof of the lemma.

In order to prove the result announced above let us remind the Simons
expression of P24 (see [53]). Let L be any minimal submanifold of an
arbitrary Riemannian manifold (M, g). Let e, ..., e, p=dim L, be an
orthonormal frame of T, L, xe L. Take vectors u, v of T.L, w of N,L, and put

(20 So—5§ < for |l <e.

<le (u)v U) = Z <(VuR)(ei’ U) ;> W>+; <(Ve,-R)(els u)v, W)
and
<R(A)wll, U> = Z {2 <R(eb U)B(u3 el)’ w>+2<R(ei’ U)B(U, ei): W>—

—{A"u, R(e;, v)e;) —(A"v, R(e,, u)e;> +

+<{R(e;, B(u, v))e;, w)—2{A"e;, R(e, u)v)}.
Then

P?A = —~AoA'—A"0 A+R(A)+R,

where A’ is defined by (4) and A" (s) = Trace ((w, w)—[A" [A*, 5]]) for any
linear transformation s of T,L, xe L. In the case of a complex submanifold L
of the complex projective space, R’ = 0 because of the symmetry of P"C and

(R(A4), A> =Gp-DIIAIP,

where p denotes the complex dimension of L. The last equality can be
obtained by the direct but long calculation involving the definition of R(A)
and the following formula for the curvature temsor of a Kihler manifold

(M, g, J) of the constant holomorphic curvature ¢ (see [36], Volume II, p.
167):

21)  (R(y,v)w,z) =§ {<u, 2> (o, wh = Cu, w) (o, 2y +Cu, Jz) o, Jw)—

—u, Jw) (v, Jz) —2<u, Jv){w, Jz)}.
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Using these facts and the inequality
(AoA'+A"0A, A) <q™' (4g-1)-|l4]1%

where ¢ is the complex codimension of L (see [53], p. 93), we get
0< —[ (P24, 4> < [ |4I1? (=3 p+3+3q * dg—1)|i4)%).
L L

It follows that if ||4||*> < &, where 6 = g(3p—1)/(4g—1), then A = 0.

(5.10) LeMMA. Every Jacobi field on PPC is a normal component of a
Killing vector field on P™C.

Proof. Let X be a Jacobi field on PPC. Then there exists a mapping
f: PPC x R — P™C satisfying the conditions of Definition (1.7). From Lemma
(5.9), it follows that f; is a totally geodesic immersion for ¢ sufficiently close to
zero. Therefore, there exists a differentiable curve (—e¢, g)at—F, on the
group G of isometries of P™C such that Fy =id and f; = F| PPC for || <e.

Such curve can be constructed as follows: Take a point x, of PPC and
an orthonormal frame w,, ..., wg, Jwy, ..., Jw,, ¢ = m—p, of the orthogonal
complement of the tangent space of PPC at x,. Extend vectors w; to
orthonormal vector fields W, on a neighbourhood of x, in such a manner
that vectors W;(f;(x,)) belong to the orthogonal complement of the tangent
space of the submanifold f; (P’C) at f;(x,). Define linear transformations

A T, P"C — T (o P"C

putting 4, = f,, on T, PPC, A,( W, (f; (x0)), and A, (Jw;) = JW,(f, (xo)). 4
are orthogonal transformatlons such that 4,0J = Jo A4,. From (21) and the
well known facts about isometries of Riemannian manifolds, it follows that
A, =F,, for a unique isometry F, of P™C (see [36], Volume I, Chapter VI).

Put u = (t+> F,) (0); u is an element of the tangent space T,G, where G is
the group of isometries of P™C. Let h, = exp (tu) and denote by V the Killing
vector field on P™C generated by the subgroup (k) of G. Then we have at
any point x of P’C

V(%) = (t = (%) (0) = 7..((t > ) (0)
=1, () = 1,.((t = F) (0))

= (t = F,(%) (0) = (t = £,(x)) (0),

where 1, is the mapping of G into P™C given by 7. (k) = h(x) for h of G.
Therefore, V1 =X.

Remark. The similar result in the case of Jacobi fields along geodesics
on arbitrary symmetric spaces can be found in [7], where the authors proved
the following. Let M = G/K be a symmetric space, c: [0, 1] M a geodesic
such that the vector ¢(0) is orthogonal to the orbit K-c(0). Any Jacobi field

3 - Dissertaliones Mﬂ(bemglicae CCXXVI
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X along ¢ obtained by a variation of ¢ through geodesics ¢, orthogonal to
the orbits K -¢,(0) is of the form Voc for some Killing vector field V' on M,
if only X(0) and X(1) are tangent to the orbits K:.c(0) and K-c (1),
respectively.

(5.11) LEmMMA. Let M = G/K be a homogeneous space, where G is a Lie
group acting on M as a group of isometries and K is a closed subgroup of G.
Denote by n the canonical projection of G onto M. Let H be another closed
subgroup of G. The Killing vector field X corresponding to an element X of g
the Lie algebra of G is tangent to the orbit H n(e) at the point h-n(e), he H,
if and only if Xeb+ad(h™')f, where b and T are the Lie algebras of H and
K, respectively.

Proof. Put L =H-=n(e), x = h-n(e). The tangent space T,L consists of
vectors of the form Y* (x), where Y belongs to h. The field X* is tangent to
L at x if and only if the field (Y — X)* vanishes at x for some Y of §). The
equality (X —Y)* (x) =0 holds if and only if the curve

t—h™!exp (t(X—Y))h

lies on K, i.e. if X—Yead(h™ )L
We will apply Lemma (5.11) to our situation. We have M = P™C, L
= PrC, G =SU(m+1), g =su(m+1),

H = {['g ?JeSU(m+1); AéSU(p+1)},

YO
b={l:0 0Jesu(m+1); Yesu(p+1)},

_f[et 4yt 0.
R e

f=ﬂ;Tr Y ()),:l, Yeu(m)}.

(5.12) Lemma. If Z,,Z, are arbitrary elements of su(m+1) and p
2 sm, then some non-trivial linear combination of Z, and Z, belongs to the
union) (h+ad(h)f).

heH

Proof. If Z,, Z,esu(m+1), then there are real numbers B,, 8,, |B,|+
+182l > 0, such that the matrix Z = 8,Z, + B,Z, is of the form

Y
z=| YU
U X

where Yesu(p+1) and X esu(m—p). Let
U=[up;j=1,...,p+1,k=1,...,m—p].
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The condition p > $m yields the inequality rank U < p which asserts that
there exists a matrix A = [a,;]eSU(p+1) such that

ai2 e @pe1 Ugy Ui m-p
0 11 =p.
QGt1,2 o0 Gyigp+r Uprrn o0 Uprim—p

Therefore, there exists a matrix

X =[xp;i=2,...,p+lj=1,...,m—p]
such that
@3 Xgyt. -t 8 pi 1 Xpr g,y = Uy

for all i < p+1, j < m—p. The matrix

0

W= [ 0 Y:,
0 —' XX

zZ =[Y 0:’+ad(h)W,

AO
= H.
h [0 IJE
This proves the lemma.

Theorem (5.8) follows immediately from the above lemmas and "Theorem
(5.1).

Applying once again Theorem (5.1) and known facts concerning Jacobi
fields on some minimal submanifolds of spheres we obtain the following,
results.

(5.13) THEOREM. If S is a generic leaf of a minimal foliation of S™, then
the number m—p is even.

Proof. According to Theorem (5.1), it is sufficient to prove that if m—p
is odd, then every m—p Jacobi fields on S are linearly dependent at some
points. )

Let us take such fields V,, ..., V,_,. There are Killing vector fields
Xy, ..., Xp—p, such that V; are the normal components of X;. Vectors
Vi(%), ..., Vy-p(x), where x =(xq, ..., X,, 0, ..., 0)€S” = §", are linearly de-
pendent if and only if

(22) f(x) = det [(Xl(x)r ej>; = 1) sty m—P’]=P+1s (AR ] m] =0v

belongs to I and

where
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where e; = (67, ..., 67). One can see that f is a homogeneous polynomial of
degree m—p. If m—p is odd, then f(—x)= —f(x) and, therefore, the
equation (22) has a solution on S°. This proves the theorem.

(5.14) TheoreM. If S*x S' embedded into S™ by the mapping
SEx 8'3(Xq, <oy Xk Yos - +es VD)

k k ) l
——Xg, .. ,0,...,0, s —V1,0,...,0
H<k+lxo’ k+lx“ kumw k+ly0 k+1y’ Ilimes )

is a generic leaf of a minimal foliation of S™, then the number q = m—(k+1) is
odd.

Proof. Let us take Jacobi fields V;, ..., ¥, on S*x §'. From the recent
results due to Allard and Almgren [2], it follows that we can find Killing
vector fields X, ..., X, on §™ such that ¥] are the normal components of X;.

Vectors WV (x), ..., V(x), where x=(xg, ---» %, 0,...,0, 90, ..., 3,0, ...
., 00eS*x §' are linearly dependent if and onmly if

(23) f(x):'dCt[(Xl(x)a Nj(x)>a l:]=119 ‘Z]=O,
where Ny, ..., N, are sections of the normal bundle of §* x §' in S™ given by
0 d 0 0
N, = e Ny=—— Npsg=———y vury Npsp=-—m,
P Bx s * X4 i ot Vet o Yivr
and

N I (7 + + a L _0_+ + i
M= e ) TR I\ 5y, T T Sy, )

It is easy. to see that f is a homogeneous polynomial of degree g+ 1. If g is
even, then the equation (23) has a solution on §* x §'. The theorem is proved.

It would be interesting to get the estimation of the codimension g
assuming that S*x S' is a generic leaf of a minimal foliation of S™. Methods
used in the proof of Proposition (5.6) can not be applied. Reading the proof
of the last theorem one can see that the problem can be. reduced to the
following: Prove that if g is sufficiently small, then the system of equations

S (%05 ooy X3 Yoo +ovs Y1) =0,

24) x¢+...+xE =ki(k+]),
i+ +yE=lk+]),

where f is a homogeneous polynomial of degree g+1, has a solution. Of
course, there are homogeneous polynomials such that the system (24) has no
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solutions. However, we can get more informations about f. For example, if g
=1, then f is of the form

>

i
Z ;%Y
i=0 j=0

]

0

and the system (24) has a solution. Therefore, the product S*x §' can not
become a leaf of a minimal foliation of S¥*!*1, This fact follows also directly
from Proposition (2.3). If g > 1, then the structure of f is much more
complicated and we are not able to get any information concerning the
existence of solutions of (24).

Remark. Known examples of Riemannian submersions with totally
geodesic fibres (see [22] and [23]) show that the estimations of dimensions of
minimal foliations of S™ and P™C obtained in Proposition (5.6) and Theorem
(5.8) are best possible for some values of m. For example, if m = 3,7 or 15,
then S?, p = 3(m—1), is a leaf of a totally geodesic foliation of §™. Similarly,
PIC is a leaf of a totally geodesic foliation of P3C.

6. The Gauss mapping of a foliation

Let F be a p-dimensional foliation of a Riemannian manifold (M, g).
For any differentiable curve c: [0, 1]— M the parallel displacement , of
tangent vectors is a linear isomorphism of T,M onto T,M, where x =c(0)
and y = ¢(1). This isomorphism generates a diffeomorphism, denoted still by
1., of the Grassmann manifold G of p-dimensional linear subspaces of T.M
onto the corresponding G). The holonomy group H(x) of (M, g} at a point x
of M consists of all isomorphisms of the form 1., where c¢: [0, 1] - M, ¢(0)
= ¢(1) = x. Therefore, H(x) acts on the Grassmann manifold G5, Put G%
= G4/H (x). G% carries always the natural structure of a topological space
and in some cases the structure of a differentiable manifold. Let pr: G4 — G
be the canonical projection.

(6.1) DeFintTION. The Gauss mapping of F is a mapping y: M — G
defined by

¥0) = pr(z.(TF)),

where ¢ is an arbitrary differentiable curve on M joining y to x.
The above definition is correct, i.e. if ¢, and ¢, are two curves joining y

to x, then pr(z, (T,F)) = pr(z,(TF)). In fact,
ttl (’I;'F) = h(Tb‘z(’I;F))’

where h=r1, .

z—er(x).
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The mapping y is continuous and if G% carries the structure of a
differentiable manifold, then it is smooth.

The Gauss mapping corresponds to a point x. However, if we take
another point y of M and denote by y’ the Gauss mapping of F correspond-
ing to y, then

(25) ¥ =1,07,

where ¢, is a differentiable curve joining x to y and 1.,: G5~ G} is a
homeomorphism given by'z,, (H(x): A) = H(y)"1.4(4) for alt 4 of G. In fact,
if pr': G5 — G is the projection, ze M, and ¢ is a curve joining z to y, then

¥ (2) = pr' (teg (teg 'e (L))
= 7, {Pr (v 1. (TF))) = 7, (4(2))-

(6.2) ProposiTiON. The Gauss mapping y of a totally geodesic foliation
splits into the composition

M % M/F - G,

where n is the canonical projection.

Proof. It is sufficient to prove that y is constant on leaves of F. If zis a
point of the leal L, passing through x, then y(z) = H(x)' T.F because the
parallel displacement along any curve ¢ on L, maps the space T;oL onto
T.yL. Thus, y is constant on L,. If L,, yeL,, is another leaf of F, then the
Gauss mapping y’ corresponding to y is constant on L,. From (25), it follows
that y is also constant on L,.

The Gauss mapping of F depends on the Riemannian metric g on M.
We will deform g and consider Gauss mappings corresponding to different
Riemannian metrics.

(6.3) DeFiNITION. Let # = (M) be the space of all Riemannian metrics
on M with the topology of uniform convergence with all derivatives on
compact sets. Choose a point x of M and a subgroup H of the group
GI(T.M) of all linear isomorphisms of the tangent space of M at x. We will
denote by 9, the set of all Riemannian metrics g on M such that the
holonomy group H(x) of g at x is contained in H. An H-deformation of a
Riemannian metric g of #, is a continuous curve [0, 1]3r+—g,€ #, such
that go = g. Two metrics ¢ and g’ of #, are H-equivalent if and only if there
exists an H-deformation (g,) such that go =g and g, =g¢".

If Fis a foliation of a Riemannian manifold (M, g), xe M, and the
holonomy group H(x) is a subgroup of H, then the Gauss mapping y: M
— G% induces a mapping y*: M - G = G/H.

(6.4) ProposrtTioN. If Riemannian metrics g and g' are H-equivalent, then
the mappings y¥ and y'¥ corresponding to g and g', respectively, are homotopic.
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Proof. Let (g,) be an H-deformation joining g to g'. Denote by vy,
the Gauss mapping of a foliation F corresponding to g,. The mapping
r:[0,1]xM — G} given by I'(t, z) = yH (2) provides the required homotopy.

From Propositions (6.2) and (6.4), we get the following result.

(6.5) THEOREM. Let F be a foliation of a Riemannian manifold (M, g),
xeM. If H is a subgroup of GI(T.M) and the metric g is H-equivalent to a
metric g' such that leaves of F are totally geodesic submanifolds of (M, g'), then
the mapping y¥: M — G% is homotopic to the composition )

M % MJF - Gy.

The following example shows that the space ##; need not be arcwise
connected.

(6.6) ExampLE. Let M = R*—{0} and F be the foliation of M by circles
centred at the origin. Denote by (u!, u?) the Euclidean coordinates on M and
put

g = (@' +@u??, g =(@)+w)?) g

Leaves of F are geodesics of the Riemannian metric g'. Both metrics g and g’
have trivial holonomy, i.e. belong to #,, where H is the trivial subgroup of
GI(T.M), xe M. The Gauss mapping ' of F corresponding to g’ splits into
the composition M — M/F —G.. The space M/F =~ R is contractible.
Therefore, y is homotopic to a constant mapping. (In fact, it is constant
according to the next proposition) On the other hand, if L is a leaf of F,
then the restriction y| L of the Gauss mapping y of F corresponding to g is a
two-fold covering of G ~ S!. Therefore, y is not homotopic to a constant
mapping and, consequently, the metrics g and g’ are not H-equivalent.

(6.7) ProposiTiON. The Gauss mapping of a parallel foliation of a flat
Riemannian manifold is constant.

Proof. Let F be a parallel foliation of a flat Riemannian manifold
(M, g). The normal bundle of F is involutive. Denote by FL the foliation of
M with TFLl = NF. Covering M by a family of charts distinguished
by F and Fl simultaneously it is easy to show that an arbitrary curve
c: [0,1]—> M is homotopic to the composition ¢,¢,...Cq-(Cax, Where ¢
are curves on M such that

Cy-1 (DETF, ¢3(H)eNF
foranyt,j=1, ..., k. Clearly, rcl,(T;l,F ) = Tyl_F , where x; and y; are the start
and end points of ¢;, i =1, ..., 2k. On the other hand,

T, =1,07,0...0T,,

because (M, g) is flat. Therefore, 1.(T,0F) = T,1)F. This ends the proof.
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The Gauss mapping of a minimal foliation of a flat manifold can be
complicated. For example, if F and FL are mutually orthogonal foliations of
the torus T", dim F+dim FL = n, and F is minimal, then the Gauss mapping
y of F need not be harmonic.

In the above situation, y maps M into G%, p=dim F, xe T". G¥, carries
the natural Riemannian structure induced from G2, the Grassmann manifold
of p-dimensional linear subspaces of R", by an isometry T,T" — R".

The differential dy is a section of the bundle T*T"®y* TG5. The bundle TG
splits into the tensor product K*®K<, where K is the canonical bundle of G
(ie. the fibre of K at a point « of G5 is a itself) and KL is the orthogonal
complement of K. It follows that

y*TGE ~ T*FQNF,

The above isomorphism of bundles is an affine transformation: it maps the
natural connection on y*TG% onto the connection on T*F@NF induced by
the Levi-Civita connection on T". Using this isomorphism we can consider
dy as a section of T*T"@T*FQNF. Define a section f of the bundle
T*FQT*F®NF as follows: f(y) = B(y), where B is the second fundamental
form of the leaf L, of F passing through y. Then, analogously to [47],

(26) dy(X, Yy =B(X, )

for any sections X,Y of TF. Pdy is a section of the bundle T*T"®
RT*T"RT*FONF ~ Hom(TT"®TT", T*FQ®NF). Using the decomposi-
tion TM =~ TF®NF we can express 1(y) = Trace Vdy in the form z(y)}+
+rf;(y), where tz(y) = Trace(Vdy| TF®TF) and r{.—(y) = Trace(Vdy| NF®
® NF). Clearly, t(y) and r%(y) are sections of the bundle T*F®NF . From (26),
the Codazzi equation (3), and the equality TroV = VoTr, it follows that

(27) (1) (y) = VH () —dy(H(¥)),

where H is the mean curvature vector of L,. Similarly, considering the Gauss
mapping pL of the foliation FL determined by NF we obtain

(3 (y) = PHL () — dyL (HL (9),

where Hl is the mean curvature vector of the leaf of FL passing through a
point y of M. But, pL = I oy, where I is the isometry of G? onto G"~? which
sends any p-dimensional subspace of R" on its orthogonal complement. It
follows that

(28) () () = dI (VHL (y))—dl (dy(HL ().
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The Gauss mapping y is harmonic if and only if 7(y) = 0 (see, for example,
[15] or [16]). From (27) and (28), it follows that if F is minimal, then tx(y)
= 0. The equality 7., (y) =0 does not hold in general.

Now, let F be a p-dimensional foliation of an arbitrary Riemannian
manifold (M, g), xeM, y: M — G% the auss mapping of F. If U, is an
open neighbourhood of the origin of the tangent space T,M such that the
exponential mapping exp, of (M, g) at x is defined on U, and maps U,
diffeomorphically onto a neighbourhood U of x, then we can define a
mapping I': U, —» G4 by

L) =1, (L F),

where ¢, (t) = exp(tv) is the geodesic joining x to exp,v. The mapping I is
differentiable and is related to y as follows:

y|U =proloexp;!| U,

where pr: G, — G%, is the canonical projection.

Let us take an orthonormal frame X,, ..., X,, of the module of vector
fields on U such that X; are sections of TF for i=1,...,p. Put e
=(X;(x), ..., Xu(x)). The orthonormal frame e¢ of T.M determines a dif-
feomorphism (denoted also by e) of G5 onto G = O(m)/O(p)x O (m—p). The
differential d(eo I'oexp, ') maps T,M into T,G%,, where o is the orbit of the
unit matrix. The tangent space T,G%, is canonically isomorphic to the
quotient o(m)/o(p) x o(m—p), where o(k) denotes the Lie algebra of the
orthogonal group O (k). Using this isomorphism we get

d(eoI'oexp;')(v) =(eoT'oexp; toc,) (0)

1
= l: P_{% ? (<X,(X), Tc:,,l (XJ(CXPI[U))> —<X,-(X), .X_,(JC)>); i’j < m:l

o{p) x o{m ~p)
A S .,
= [ {X;(x), }1_1;& n (r,w‘ (X (exp, ru))—Xj(x))); i,j< m:l
o{p) > o{m—p)
= [<Xl(x)! VDXJ>; i’j S m]n(plxn(nl—p)

for every v of T.M.
Let us suppose that the foliation F is totally umbilical. Then for any w
of N_F there exists a number «(w) such that

w, PxY(x)) = a(w)<X, Y)(x)
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for all sections X and Y of TF. In this case the matrix representing the value
of dleoT oexp:!) at X;(x), i < p, has the form

i 0 ...0
| : :
10 ...0
A | ) ... Cp—p
1050
[ :
L 0.0 _
0..0 —a; 0...0 |
| B
0...0 —2,,,0...0 !

where A and B are skew-symmetric matrices of order p and m—p, respec-
tively, and o; = a (X4 ;(x)). _

Let us assume that the foliation F is not geodesic at x, i.e. that the
second fundamental form of the leaf L, passing through x does not vanish at
x. Then a; # 0 for some j < m—p and, consequently, d(eo I'oexp; ')(v) # 0
for all v of T.F, v+ 0. In this situation,

(29) rank 'z p at x.

The most interesting results can be obtained when p=m—1. Then
dim G%. = p and I' is of maximal rank at x.

(6.8) TueoreM. If F is a totally umbilical foliation of a Riemannian
manifold (M, g) which is not geodesic at any point of M, then the Gauss
mapping y of F is open provided codim F = 1. If, in addition, M is compact,
then y maps M onto G* !, m =dim M.

Proof. From (29), it follows that if ¥ is an open neighbourhood of the
origin O, of T M, then I'(V) contains an open neighbourhood of I'(U,). The
projection pr is open. Consequently, if U is-an open neighbourhood of x,
then y(U) contains an open neighbourhood of y(x).

Let us take an arbitrary open subset U of M and a point { = y(p),
where ye U. We have to show that y(U) contains an open neighbourhood of
{. Let y: M - Gy~' be the Gauss mapping of F corresponding to y. Then
(compare (25)) y =t,0y, where 7, is the homeomorphism of G}~ ' onto
G™! induced by the parallel displacement along a curve c joining y to x.
The set y'(U) contains an open neighbourhood V of y'(y). Put W = (V). W
is open, [e W, and W < y(U). This ends the proof of the first statement. The
second one follows immediately from the first.

Remark. It is easy to see that complete flat Riemannian manifolds do
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not admit foliations satisfying conditions of (6.8). In fact, any such foliation
gives rise to a foliation of R™ by (m— 1)-dimensional spheres which does not
exist. The problem of existence of p-dimensional, p < m—1, totally umbilical
foliations of m-dimensional complete flat ‘Riemannian manifolds is open.
Such foliations produce foliations of R™ by p-dimensional spheres. Recently, I
have been informed of the following result due to Millett: R* does not admit
foliations by circles.

Note that the non-existence of satisfying conditions of (6.8) foliations of
some flat manifolds can be obtained by use of the last theorem. In fact, if (M, g) is
compact and flat, then the holonomy group H(x) of (M, g) at a point x of M is
finite. If, in addition, the action of H(x) on G~ ! is free, then G* ! = G™ 1/H(x)
carries the natural structure of a differentiable manifold. If F satisfies conditions
of Theorem (6.8), then y is a local diffeomorphism of M onto G7~ . Therefore, y is
a covering (see [36], Volume I, p. 178) and the fundamental group of M is
isomorphic to a subgroup of 7, (G7~!). The fundamental group ; (G~ ') is finite
because the projection G”~! — G™ ! is a finite covering and the fundamental
group of GT~1 ~ P~ 1R is finite. Therefore, n, (M) must be finite. On the other
hand, the Bieberbach Theorem states that M can be covered by the torus T™.
Therefore, n, (M) must be infinite.

Recent results due to Brito, Langevin and Rosenberg [8] allow to
improve the result mentioned in the above remark. They proved that if F is
an orientable codimension-one foliation of a connected compact orientable
(m+ 1)-dimensional Riemannian manifold (M, g) of constant sectional curva-
ture ¢, then

k/2
0, when either k& or m is odd,

{c"’-(mﬂ)-vol (M), when k and m are even,

where 1 (x) = 6, (4, (%), ..., 4(x)), 0, is the kth elementary symmetric func-
tion of m variables, and A, (x), ..., An(X) are the principal curvatures at x of
the leaf L, with respect to a fixed unit section V of the bundle NF. It follows
that if either ¢ € 0 or m is odd, then

IVI2<0
M

If leaves of F are umbilical, then #, =<’;>12, where A is a differentiable

function on M defined at any point x as the unique eigenvalue of the second
fundamental form of L, at x. These facts yield the following

(6.9) ProrosiTioN. Let (M, g) be a compact Riemannian manifold of
constant sectional curvature c. If either ¢ <0 or dim M is even, then any
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totally umbilical codimension-one foliation of (M, g) is totally geodesic. If
dim M is odd and (M, g) admits a totally geodesic foliation of codimension one,
then (M, g) is flat.

The similar argumentation shows that compact Riemannian manifolds
of constant sectional curvature can not be foliated by codimension-one
submanifolds with definite second fundamental forms. (Such submanifolds are
called strictly convex because of the following: If the second fundamental
form of a hypersurface N of R"*! is definite at a point x of N, then x is the
only point of some its neighbourhood on N which lies on the tangent
hyperplane T,N. See [36], Volume II, p. 40) In fact, if F is an orientable
foliation of such manifold (M, g), xe M, and the second fundamental form of
the leaf L, is definite at x, then 5,(x) # 0 for any k. If n,(x) # O at every
point x of M, then

[ me#0.
M

Taking k odd we get the contradiction.

Remark. If (M, g) is a compact Riemannian manifold of even dimen-
sion and constant sectional curvature ¢ # 0, then the Euler-Poincaré charac-
teristic of M does not vanish and, consequently, M admits no codimension-
one foliations. Comparing this fact with the second part of Proposition (6.9)
we can see that compact space forms of non-vanishing sectional curvature do
not admit totally geodesic foliations of codimension one.
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