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Abstract. In the paper we give sufficient conditions for the existence of convolution of
two ultradistributions of Beurling type. We distinguish two types of sufficient conditions:
a) conditions in terms of the supports of ultradistributions; b) conditions in terms of subspaces
of ultradistributions on which convolution can be defined as a bilinear mapping.

1. Introduction. The equivalence of several definitions of convolution of
Beurling ultradistributions and, on the other hand, of convolution of tempered
ultradistributions is proved in [18] and [7]. Our aim in this paper is to give vari-
ous sufficient conditions for the existence of convolution of two ultradistributions.
Two types of sufficient conditions are considered: a) conditions expressed in terms
of the supports of ultradistributions involved; b) conditions which rely on distin-
guishing subspaces of ultradistributions on which convolution can be defined as
a bilinear mapping.

In the first part of the paper (section 3), we prove that under appropriate
compatibility conditions on the supports of two ultradistributions their convo-
lution and ultratempered convolution exist. In the general case of the space of
all ultradistributions, the compatibility condition coincides with the well known
compatibility condition for distributions. On the other hand, we define the notion
of M-compatible supports of tempered ultradistributions which corresponds to
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the concepts of polynomial compatibility introduced for the supports of tempered
distributions in [6] and of My-compatibility introduced for the supports of gen-
eralized functions of Gelfand and Shilov in [21]. We prove that the condition of
M-compatibility of the supports implies the existence of ultratempered convolu-
tion (denoted by #;), i.e. the convolution of ultradistributions introduced in many
equivalent ways in [8]. These results are obtained under the assumption that the
given numerical sequence (M,), defining the respective spaces of test functions
and of ultradistributions, satisfies the conditions (M.1) and (M.3) (see section 2).

In the second part of the paper (section 4), we examine the weighted D/,

and Dl((],\/[ ») spaces (distributional and ultradistributional), denoted by D%, . and
L Y YL,

D;:(%j) (for ¢ € [1,00]), respectively. Let us mention here two of the results

obtained for convolution in those spaces and to this end fix u,v € R with
pw~+v >0 and ¢g,r € [1,00] with 1/¢ + 1/r € [1,2] and put p := min(u,v);
=(1/q+1/r—1)7"
1° if the given sequence (M),) satisfies conditions (M.1), (M.2") and (M.3')
(see section 2), then f € D}, pand g€ D/(i\iﬁ’) imply f*g= f* g€ D, (M”) and
the mapping

Dio, x DY) 5 (f,9) = frg e DY
is continuous;

2° if the sequence (M),) satisfies conditions (M.1), (M.2) and (M.3’) (see sec-

tion 2), then f € D/L(é\i’j) and g € D(MV) imply f*xg=fx*g9¢€ D(M ) and the

mapping
D) x DY 5 (f.9) = frg e DLy

is continuous.

2. Preliminaries. For simplicity we shall consider in this paper only the
one-dimensional case of functions, distributions and ultradistributions defined on
the real line, but all the results can be easily transferred to the multi-dimensional
case. The notation is similar to that introduced in [8]. The sets of all nonnega-
tive integers, positive integers and real numbers are denoted by Ng, N and R,
respectively. If f is a function, a distribution or an ultradistribution of one real
variable x or of two real variables x,y, then its derivatives will be denoted in the
standard way:

«a a—+3
FN@) = @) FOD ) = g )
for a, 3 € Ng. We also adopt the notation: ¢“(z,y) := ¢(z + y) for a given
function ¢ on R and z,y € R, and

(1) ()= (1 +2)Y2, zeR,
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i.e. the symbol (-) will denote the function
R3z— (1+22)Y2€1,00).

The norm in L"(X) (for r € [1,00]), where X is a fixed (measurable) subset of R
is denoted by || - ||(x), but in case X = R simply by || - ||,.

Let (M,) be a sequence of positive numbers with My = 1. The following
conditions are frequently imposed on this sequence (cf. [15], [2] and [10]):

(M.1) M) <M, 1My, peN;

(M.2) M, < AH°M,M,_,, p,qeN, 0<q<p;

(M2) M, < AH?M, ;, peN
and
(M.3") Y M,y /My < oo
qEN

for some A > 0, H > 0. We may assume, and we shall do it from now on, that
the constants A, H in conditions (M.2) and (M.2') satisfy the inequalities A > 1,
H>1.

It is easy to see that conditions (M.1), (M.2) and (M.2") imply the following
conditions:

(M.a)  MoMg < Myyp, o, € No;
(M.b) Maip < AH°‘+BMQM5, a, B € Ny, forsome A>1, H>1;
(M.b') Myyp < AaHa(“+ﬁ)Mg, o, € Ng, forsome A>1, H>1,

respectively. Throughout the paper we assume that the sequence (M),) satisfies
only conditions (M.1) and (M.3’). In sections 3 and 4, however, we shall also addi-
tionally impose either condition (M.2) or condition (M.2") on the sequence (1M),).
The letter H will always denote the constant mentioned in the above conditions.
The so-called associated function for the sequence (M) is defined by
M(t) := sup log, (t*/M,), t>0,
pENg
where log, ¢ := max{logt,0}.

Since condition (M.1) implies M;/p < M;J/jﬂ for p € N and condition (M.3’)
is equivalent to
oo

M;l/p < 00
p=1
(cf. [15]), we have
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for arbitrary p € N and ¢t > 0, which shows that the associated function is
well defined for all ¢ > 0. It is easy to see that M is nondecreasing function
n [0,00), M = 0 in a right neighbourhood of 0 and the function e; defined by
e1(t) = exp(—M (t)) is integrable on [0, c0).
Given the sequence (M,,) satisfying conditions (M.1) and (M.3’), several basic

spaces of smooth functions in (an open subset of) R? are defined, e.g.: D(M )

(where K is a regular compact set in R - see [10]), £Mr) DMp), D(LM ») (s €
[1,00]), BM») and SM») (see [10] and [8]). The basic spaces are dense in D (in
case of the spaces D%M” ) and DMy)  this is a consequence of conditions (M.1)
and (M.3') and the known Denjoy-Carleman-Mandelbrojt theorem). The corre-
sponding spaces of ultradistributions are defined as the strong duals of the basic
spaces mentioned above: D/(M”) E'Myp) - pl(Mp) D/(Mp) (where t = s/(s — 1)),
D/L(fw”) and S'(M») . The spaces D'(Mr) S (Mp) and D( My) are called the spaces
of all ultradistributions, tempered ultradlstrlbutlons and integrable ultradistribu-
tions of Beurling type, respectively. We shall consider these spaces only in case of
functions and ultradistributions defined on R for d = 1 or d = 2. The definitions
of the mentioned spaces can be found in [10] (see also [8]).
As is shown in [14], the space S (Mp) can be equivalently defined as
SMr) .= proj limSéV[p’m
m—00
or

SWMp) .= proj limSoAgP’m,

m—0o0

where SéM” )™M and SéoM” )™ are the spaces of all smooth functions ¢ such that

el = (X [ |fiap @ e dw)1/2<oo

a,eENg R

and

<'>6¢(a)||oo <00

Om,o0(@) := sup

mee(0):= SR ML

with the topology defined by the above norms o, 2(¢) and o, o (¢), respectively.
Consequently, each ¢ € SM») satisfies for every m > 0 the estimate

(2) sup (176! oo < 00

a,8eN, MaMpg

Observe that if D(Lj\i”) is equipped with the topology induced by £M»)  the cor-
responding topological space is denoted by BéM”). The space BMr) is dense in
B(CM” ) and (BéMp ))’ = D/L(fw"), because every bounded set in D(Lj\i” ) is relatively

compact. Since (Dgl/[p))’ = B(Mp) | the space B(CM") is semireflexive.
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Among several kinds of approximate units introduced in [8] we shall need in
this paper only strong D™»)_approximate units in R and in R?, called briefly
strong approximate units.

Recall that a sequence (7,,) of elements of DM»)(R?) (d = 1 or 2) is called a
strong approzimate unit if for every compact set K C RY there exists an index
no € N such that n,,(z) = 1 for z € K and n > ng and, moreover,

|
m
@) sup sup (T ) < o0
neEN aeNg |
for a = (ay,...,aq) € N& where |a| := aj + ...+ ay (hence (1,) converges to 1

in E(MP)(Rd)).
We shall need the following two propositions about representations of conver-
gent sequences of ultradistributions and tempered ultradistributions:

PROPOSITION 1. Let f € D'Mp) | £, € D'Mp) for n € N and suppose that
fn — fin D'Mp) g5 n — oo. Then, for each open, relatively compact set G in

R, there are measures fo, fna € C'(G) forn € N, a € Ng and positive constants
L and B such that

(4) fle= > £ fale= > £
aEeNp a€Np
(5) [ faller@y < BLY/Ma, | faaller@) < BLY/Ma,

for arbitrary a,n € Ng and
(6) nlgréo | fre — fcxHC’(G‘) =0
for every a € Ny.

Proof. The above proposition is an extension of Theorem 8.1 of [10] to the
case of a sequence of ultradistributions. Note that the existence of the represen-
tations (4) follows directly from that theorem, but we cannot deduce from it that
the constants B and L in the second inequality of (5) do not depend on n. This
and (6) follow, however, from the proof of the mentioned theorem with small
modifications. For completeness, we present here the whole proof.

Let K be the closure of G. We shall prove that the restrictions of f and f,
to ’D%Mp) have representations (4) and the series in (4) are convergent in the
strong topology of (D%Mp))’ . Since the inclusion mapping D™M») (@) — D%Mp) is
continuous, both series in (4) converge also in the strong topology of the space
DMp)(G). Note that

D%M”) := proj lim X,
J—00

where X is the Banach space of all ¢ € Dg such that

lim (Mg )16 [lecr)) = 0
a— 00
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with the norm

Illx, == M sup (6 |l
aeNy

Since D%M”) is a strict projective limit of the spaces X, it follows from a theorem

in [3] (2.6 Satz, p. 147) that the restrictions of f and f,, to D%Mp) can be extended
to elements g and g, of the same space XJ’- for n € N, so that g, — ¢ in X]’- as
n — oo.

On the other hand, using an appropriate mapping, one can identify X; with
a closed subspace of the space

V; = {6 = (8) : 6o € C(K), Tim (M |6ullccie)) = 0}

and Y; with a closed subspace of Co(K™), where C(K) is the space of all continuous
functions with supports in K, the set K~ is the disjoint union of countably many
copies of K regarded as a locally compact space, and Co(KN) is the space of all
continuous functions vanishing on the boundary of KN,

By the Hahn—Banach theorem, we extend g and g, to measures g and g,, on
KN (for n € N), so that g, — g in Cj(KN) as n — oo. This implies the existence
of measures fq, fna € C'(K) for n € N,a € Ny, which satisfy (5) and (6). For
¢ € X;, we have

<§na¢> = <fn7¢> = Z (_1)a<fn,aa¢(a)> = Z < 7(1?27 >

aENy a€Np

and, similarly, (7,6) = (f,¢) = Y pen, (5, 0).

PROPOSITION 2.  Suppose that f € S&'Mv) and f, € S'M») for n € N,
and fp, — f in &'Mv) as n — oo. Then there are functions F,, Fr.o € L? for
n,a € Ng and positive constants A\, L and B such that

flo= 3 (BF)®, fala= Y (BxFe)®

aEeNy a€Np
[Fallz < BL/Ma,  [[Foallz < BL® /M,

for arbitrary a,n € Ng, and

nli—>nolo [Fra = Fallz=0
for every a € Ny, where Ey(z) = eMA2D for 2 € R.

Proof. One can prove the proposition following the idea of the proof of the
structural theorem for S'™») | first noticing that S(™») is a strict projective limit
of the spaces Séw »™ (see [8]) and then, similarly to the proof of Proposition 1,
applying a theorem proved in [3] (2.6 Satz, p. 147). =
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3. Compatibility conditions on supports. Let us recall the notion of
compatibility of supports used in the theory of distributions: two subsets X and
Y of R are called compatible if one of the following equivalent conditions holds
(cf. [1], [4] and [9]):

(a) for every bounded interval I in R the set (X x Y)N I is bounded in R?,
where I® = {(z,y): x+y € I};

(b) for every bounded interval I in R the set X N (I —Y') is bounded in R;

(c) for every bounded interval I in R the set (X — I) NY is bounded in R;

(d) z, € X,yn €Y (n € N), |z,| + |yn| — oo implies |x,, + yn| — o0;

(e) for every R > 0 the set T :== {(z,y) :x € X, y €Y, |zt +y| < R} is
bounded in R2.

In [7] (see also [8]), it is proved that several general conditions for the existence
of the convolution fxg of given ultradistributions f and g in P’'(M») are equivalent.
In the theorem below we shall prove that if the supports of ultradistributions f
and g are compatible, then these conditions are fulfilled.

THEOREM 1. Suppose that a given sequence (M,) satisfies conditions (M.1)
and (M.3').

(i) If f,g € D'Mp) gre ultradistributions whose supports supp f and supp g
are compatible, then the convolution f * g exists.

(ii) If fn, gn € D'M») supp f,, C X, suppgn C Y for n € N, where X,Y are
compatible sets in R, and if f,, — f, gn — g in D'M) | then f, * g, — f*g in
D'Mp) g5 n — 0.

Proof. It suffices to show that one of the equivalent conditions for the
existence of convolution in D'M») is satisfied. We shall prove that the limit
limy oo (f @ g, mkd™) exists for every ¢ € DMp)(R) and for every strong ap-
proximate unit (n;) in D) (R2) (cf. [8]).

Assume that supp ¢ is contained in the ball of radius R > 0. Since the set Tr
is bounded, there exist open bounded sets 2; and {2, in R such that the closure
K of Ty is contained in §2; x 2. By Theorem 8.1 of [10], there are measures
fa €C'(£1), gs € C'(£22) on 21 and §2, for a, B € N and positive constants B

and L such that
f|Q1 = Z fo([a)’ g|92 = Z géﬁ)a
a€Np BENo

Hfoa”c/(ﬁl) < BL% /M., HQBHC/(EQ) < BLB/MB
for a, f € Ng. This and (M.1) imply that

(HL)O‘"”"B

2
(7) | fo ® gﬂHc/(ﬁlXEQ) < AB Mors

for a, B € Ny.
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Let n € D(£21 x {23) be equal to 1 on T r. There exists an index kg € N such
that

(f@g.me™) = (fogme®n) = Y (D @gy 6%

OLENO ,8€N()

= > > U eg.e")

a€Ng ﬂGNo

ajj 1= Z Z<f(ga) ®géﬁ)a¢A77>

a<i <)

for k > ko. Put

for 7,j € Ny and notice that
Tim ai; = Y (fi @g.6%n) (i€ N);

a<i
lim ai; = Y (ool 6% (jeN).
B<g

Let (i) and (j,) be arbitrary strictly increasing sequences of positive integers
and set a, = a;, j, for p € N. It follows from (7) that

(8) jar —apl < D D [(fa ®gp. (7))

ip<a<ir jp<B<jr

<c Y Z sup ¢ (z +y)|

ip<a<iy jp,<B<jr O‘JF/B lz+y|<R

ALH)
<27%C sup sup (7 gb(’) ()] 21
ieNo [t|<r  M; ;

for r > p, where C = TR?AB. This implies that (a,) is a Cauchy sequence, i.e.
it converges to a certain number a. It is easy to see that a does not depend on
the choice of sequences (i,) and (j,). Consequently, the double limit lim; ;o a; ;
exists and

(9) lim a;; = lim lim q;; = lim lim a;; = a.
1,j—00 i—00 j—00 j—00 i—00

Now, by (9), we have
(10) (fxg.8) = (fogme n) = D (fa®gs (7))

avﬁeNO

= Y (faxgs o),

a,B€Ng

which proves (i).
Let us prove now the second assertion of the theorem. By Proposition 1, there
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exist measures f, o and g, g and constants B, L > 0 such that

(11) Faloy = D0 1, gnla. =Y o
aENp aeNp
(12) [fnallery < BLY /Mo, lgn,aller o,y < BLY/Ma

for a,n € Ny and

(13) | fr.a = faller@y =0, llgn.a = gnllera,) — 0,

for &« € Ng as n — oco. By the first part of the theorem, the convolutions f * g
and f, * g, exist for n € N and, due to (10) and the estimation used in (8), we
have

(14) [(fn* gn, )| < Z |(fn,a *gn’ﬂ,¢(a+ﬁ)>|
avBGNO
= Z ’<fn,a®gn,g,(¢ﬂ)(a+ﬁ)>’
avﬁENO
2LH)* .
<csup sup ZEL 500y < o
i€Nyp [t|<R i

for any fixed ¢ € DM»). Moreover,

(15)  [{fargn=Frg,0) < >, Kfna*gns = fuxgs o)

a,B€Ny
= ( Z + Z + Z > ’<fn,oz*gnﬁ—fa*gﬁ7¢(0‘+ﬁ)>|7
a<m a>m aENy

B<m  BENo  g>m

where m € Ny.
Let € > 0 be fixed. Notice that the series

Z <fa * 45, ¢(a+'@)>

a?ﬁENO
is convergent and all the series
Z <fn7a * gn:ﬁ’ ¢(OL+6)>
aaﬁENO

for n € N are uniformly bounded by a convergent series (see (14)). Therefore
each of the last two sums in (15) is less than €/3 for m large enough. On the
other hand, in view of (12), we have

‘(fn,oz *Gn,p — fa* 967¢(a+ﬁ)>|
<16 leirey [ fna * (gns — 98)llcr(z) + Il (fria — fa) * gsller(x))

< Ol ey (LM M lgn,s — gplleriaey + L MG fro = Faller i)
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for some constant C' > 0 and all «, 3 € Ny and n € N. Consequently, by (13), it
follows that

Z |<fn,a *dn,p — fa *gﬁv¢>| < 6/3

a<m
B<m

for n large enough, which completes the proof of (ii) as well as of the whole
theorem. m

The following notion is a modification of polynomial compatibility of supports,
introduced for tempered distributions in [5] (see also [6]) and then generalized to
the case of the space K{M,}' of Gelfand and Shilov in [21] (see also [22] and
[9]). Coincidentally, the sequence of functions defining a Gelfand-Shilov space is
denoted also by (M,) as the sequence defining the space of ultradistributions
and the mentioned above condition in the Gelfand-Shilov spaces is called M,,-
compatibility. To avoid misunderstanding, we shall call the notion introduced
below M -compatibility, which is justified by the use of the associated function M
in its definition.

DEFINITION. Sets X, Y C R are said to be M-compatible if
(16) M(|z[) + M(Jy)) < M(dlz +yl), z€X, yey,
for some d > 0 (or, equivalently, d > 1).

The following assertion is an analogue of Theorem 1 for the convolution f *; g
of tempered ultradistributions f and g in the space S'(M») (see [8]).

THEOREM 2. Suppose that the sequence (M,) satisfies conditions (M.1), (M.2)
and (M.3').

(i) If f,g € S'My) and supp f and supp g are M -compatible, then the convo-
lution f % g in D'Mr) exists.

(ii) If fn,gn € S'™M») and supp f, C X, suppgn, C Y for n € N, where X,Y
are M-compatible sets in R, and if fr, — f, gn — g in S'M») | then fn*ign — f*1g
in 8'M») g5 n — co.

Proof. By [14], there exist constants A\, L, B > 1 and functions f,, g3 € L?
such that

(17) f=3 (Bafa), g=Y (Bxgs)?
€N BENg

and
(18) I fallz < BLY/Ma,  lgslla < BL® /Mg,

for o, § € N, where E\(z) = eMAl2D for 2 € R.

Let X :=supp f and Y := suppg and fix ¢ € SM»)  a strong approximate
unit (n,) in DM»)(R?) and indices 4,j € N, j > i. Now let 1 := n;; :=n; — 0
and K := K, ; := supp(n; — n;).
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By (17), we have

(19) a:=ai;:=[(f@gne") < Y [(Exfa)™ @ (Ergs)?, ng™)|
a,BE€N

a\ (Y, a,p

<X X (O)(G)n
a,8ENy y<a
0<p

where

025 = [ [ (Bxfa) @ (Exga)ln©@ 7= ()4,
X Y
In view of (].6)7 we have

(20) 020 < [ [ 1(fa @ ga)n' @0 (Egrg T4,
X Y

Notice that (M.2) implies the inequality
2M(t) < M(at) +a, t>0,
for some constant a > 1. Hence there exists a constant b > 1 such that
M(dX\t) < —2M(t) + M (bt) +b, t>0.

Let
Ay pi=sup sup |77(a"6)($,y)\a
neN (z,y)eR2
By := sup Mg (1)), Cpi= [ e MMt < oo
teR R
and

k= ko= suple M) € K = K ;1.
By (20), the Schwarz inequality and inequalities (18), (M.b) and (M.a), we
obtain

b5 < Aavgs Byvs [ MUV [ fa(@)ga(t — @) do] b
R R

< kCo Aa—rv,p-5 Byisll fall2 952
Ay ~p5-5 B
< /{ABQ CO (LH)OH-,@ v,8—6 v+6
Mot g5 My+s
kK AB2Cy (4LH)*+P—=° (4LH)"+o
< : Aa—v,p-s -~ Byts.
4oth Moy p—vy—s Mt
By (19) and (20), this yields
a\ (BN, s kC
o= XX () (D X5

a,B€Ny 7<a a,B€Ng
<
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for some constant C' > 0, in view of (2) and (3).

If now 4,7 € N, j > 7 so that i — oo, then K = K; ; — 0 and, since the above
estimate can be expressed as

(21) ai; = (f®g,(mj —n:)op™)| < ki ;C,

we conclude that the sequence (a,), where

an = |<f ®ga77n¢A>‘>

is a Cauchy sequence. It is easy to see that its limit does not depend on the choice
of a strong approximate unit (7,,) and this proves the first assertion (cf. [8]).

The second assertion can be proved in a similar way as the second statement
of Theorem 1. =

4. Convolution in weighted spaces. The weighted ultradistributional
spaces D/(f\/[;) are defined in [12], similarly to the distributional spaces D7 .

introduced in [16]. We recall some definitions and assertions from [12].

Let s € [1,00], h > 0, p € R. Then D]LV["JL is defined to be the space of all
functions ¢ € & such that ((-)*¢)(®) € L* (see (1)) for each a € N and

w

hOé
19l 0 = > ﬁll«-)“(ﬁ)(“)lls < 00,

OLEN() o

equipped with the topology induced by the norm || - HDMp,h. Further, we define

LS,
(Mp) - M,,h
Dy, = proj hmDLSMl .
h—o0

The space B;(LM”) is defined to be the subspace of D(Lj\fo" L which is the completion

of the space DM») in the topology of the family of the norms || - | papns
LS,p
One can easily prove that the mappings:

D™ 3¢ ()76 € DY),

B(Mp) =) d) — <.>_Uf¢ c B/SMP)

are homeomorphisms. The spaces D(]L/[f;) and BéMp) are (FG)-spaces and the
spaces Dg_‘ff;) are (F'S)-spaces for s > 1 (for the definitions see [3]). The proof of

this assertion may be done in a way similar to the proof given in [16] for D(L]\f”),
s> 1.

Let us recall some properties of the spaces defined above which will be needed
in the sequel; for their proofs we refer to [12]. Let u,v € R and ¢, 7, s € [1,00]. If
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1/g+1/r > 1/s, then the pointwise multiplications

M, M, M,
DY x DI 5 (6,4) — v e DI

D) 5 B 5 (p,4) - gw € DR,

DM BM) 5 (6,00) v g € BOTD)

Aty o
BM) s BOMD) 5 (6,4) v ¢ € BLYY)

are continuous mappings. If (a) ¢ < randv < por (b) ¢ > randv < pu+1/q—1/r,
then D(L]ZZ) — D(Lﬂr{fj), where the symbol F — F' means that the space F is
continuously embedded into the space I’ and F is dense in F.

Given a g€ (1, 00|, define r to satisfy the equation 1/g+1/r=1. We denote by

D/L(,iw M ) and D/L(f‘if) the strong duals of the spaces D(Lj\f’f L and B(J‘ﬁp), respectively.

An ultradistribution g € D’ (My) belongs to D’ (Lj\ql’;t) if there exist h > 0 and a
sequence (G4 )aen of elements of LY such that

(22) g= ) G

a€eNy
and
M,
(23) > Ta 10" Gallg < 0.
aeNg
Conversely, if (23) holds for a sequence (G4 )aenN, in L9, then g defined by (22)

belongs to ’D/L(é\i‘z).

Let ¢,7 € [1,00] and p,v € R. If (a) ¢ < r and v < p; or (b) ¢ > r and
v<u+1/q—1/r, then we have the following embeddings:

ol s D,Lr,y s D,quﬂ (SN S’ SN D!
— — — — —
g(Mp) D'L%J SN Dgg{;») oy §(Mp) o, pHM).

The space Dj, , is a proper subset of Dgy/’j) nD.
Now we shall prove some results (Theorems 3 and 4) on convolution in the
weighted distributional and ultradistributional spaces.

THEOREM 3. Fiz ¢ € SMr) and q € (1,00]. If the sequence (M,) satisfies
conditions (M.1) and (M.3'), then

(i) f € DLa,, implies f x ¢ € D(L]ZZ);

(ii) f € D, implies [+ ¢ € B,(LM”).
If (M) satisfies conditions (M.1), (M.2") and (M.3’), then

1(Mp) . . .
(iii) f € DLa,; implies f* ¢ € Dra
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(iv) f € D,L(f\if) implies f* ¢ € B,,.

If (M) satisfies conditions (M.1), (M.2) and (M.3'), then
(v) feD} (Mp) implies f * ¢ € D(LIL{Z);
(vi) f € DLl’N implies f * ¢ € B,(LMP)_

Proof. To prove (i) suppose that f € D7, ,. In view of a result of [16], it
follows that f * ¢ € Draq , for each ¢ € S. Therefore

(7)) = ()T (fx 0 € L
for a € N. Since f € D}ﬂ’ . there exist v € N and functions Fjg in LY such that
f= Z “HFpR) (B)
B<y

in D'M») . Applying suitable properties of convolution (see [7]) and the following
elementary inequality:

(a+ b < 4|u|<a>u<b>|u|7 a,b,ueR
(called Peetre’s inequality), we get

> 2ol 9@l

a€Np
ha

= > a0 DO Ep) ol

a€Ng ¢ By
< Z Z ( f i ( f (x — t>_#|¢(a+ﬁ)(l’ —t)Fp(t)] dt)q dm) Ha

a€Np 6<»y R
<4 Y S I «

a€Njg B<'y

Hence, by Young’s inequality,

he X
> SOl <a¥ 3 S TNl e

a€Ngy ¢ B<ya€Ny ¢
h’Y

< 4l#l max || Fy||, max (Mg g M7 h™5 2 MEl O, < oo,
< 4% max || Fg | max (Mot s Mg ) > WH<> ¢l < o0
YEN
This yields f x ¢ € Dgy u) , as desired.
The proof of (ii) is similar.

To prove (iii) suppose that f € D/(M )

h > 0 such that

(24 F= X O Y TRl < o0

BENo BEN(

. There are functions Fjg in L? and
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(cf. (22) and (23)). From the proof of Theorem 6.10 in [16] (p. 71), it follows that
f*¢ € &. Similarly to the previous case, using (M.b’) and Young’s inequality,
we get

1 ) @llg = 16 Y ()7 Fp) x

B€Ng

(0% hﬁ (0%
< 4lul Z | F5 # ((-)IHglaty)| I, <C Z m||<.>lul¢( ||,

BEN, BENg
HCY )t H*h)Y
<0, 2 (M pletP ), < C, Z %||<.>\ul¢(7)”l < 00
BEN BeNy v

for each a € Ny, where
CA~
M,

M,
(25) C:= 4l sup —Z|Fyll;  Ca =
BENQ

(C and C, are finite, in view of (24)). Hence f % ¢ € Dra .

The proof of (iv) is similar.

To prove (v) suppose as before that f € D, (M ) . By (24), condition (M.b) and
Young’s inequality, we obtain

ha (e} «
S )@l < YYD () B« 6
a€Ng & ﬁEN()OéGNQ a

a B
< 4lul Z %HFB*“‘)'“%(QWW <C Z MJJFWH<'>#¢(Q+B)|1

C!,BENO @ (XﬁENO
B
< AC Il glatB)|, < AC L)Y g
> G leseoly < ac 5 G el <
a,8EN, v€ENQ

where C' is the constant defined in (25). This means that f * ¢ € Dra .
The proof of (vi) is similar. m

THEOREM 4. Suppose that the sequence (M,) satisfies conditions (M.1) and
(M.3"). Fiz p,v € R such that p+ v > 0 and q,r € [1,00] such that 1 < 1/q
+1/r <2.

(i) If (M) satisfies additionally condition (M.2') and if f € D7, ,, and g €

,D/(L]\fz;)7 then f x g = f % g € D/g‘:lpp) and the mappmg

Mp Mp

(26) Dy, x DM 5 (f,9) o frg e DEMY

is continuous, where p := min(u,v) and s := (1/q+1/r — 1)~ (then s € [1,q]).
(i) If (M) satisfies additionally condition (M.2) and if f € D/( ”) and g €
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D’(LT then fxg= fx g€ D’( p) and the mapping

Mp) Mp) M)

> (f,9) v frgeDPM)

s continuous, where s and p are defined above.

Proof. The proof is divided into five steps.
1° We shall show that, for every strong approximate unit (1,) in D™»)(R?)
and ¢ € D7) _» the limit
lim (f & g,7n9")
n—oo
exists and the mapping
M, .
DN 20— lim (f ® g, ,0%) € R
defines an element of DlL(ﬁ\j[p”). This will imply that

fxg=f*geDp
By (22) and the representation

f = Z (<'>_#Fa)(a)v (Fa)a € qu a < Qo,

a<ag

fog=3 > Fulecl)

agag ﬁENO

’(M )

we have

where, for simplicity of notation, we set
Fp,,a = <'>_#Faa Gl/ﬂ = <>_VG57

the sum on the right hand side converges weakly in D'(M»r) (R2).

Consider an arbitrary subsequence of a given strong approximate unit (7)) and
select a subsequence (7,,,) for which there exist increasing sequences of positive
numbers (a;) and (b;) divergent to co such that, for all i € N, we have a; < b; <
Ait1, Mm; = 1 on [—a;, a;] X [—a;, a;] and supp n,,, C [—bs, b;] X [=b;, b;].

Let (n;) be another increasing sequence of positive integers. We shall prove
that ((A(ms,n;)),cn is a Cauchy sequence, where

Alming) == Y S {ED) @ GV i, 0).
OL<OL()/BS’VL1

It will also be seen that the limit does not depend on the sequences (m;) and
(n;) and this will imply that the limit

lim S ST (F) @ GV ),

a<ag BENg
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exists and is equal to

> > lim (R e Gl mu®).

a<ag €Ny
First note that, for each € > 0, there exists a Gy € N such that
Mg
(28) Z WHGBHT <e.
B2Bo

Next, notice that conditions (M.b’) and (M.a) imply that, for each d > 1 and
a, B, v, 6 € N such that v < a and ¢ < , we have
1 APHHPRB  (dAHP)+8 (dAHP)o+P
— < < < .
Mg Mayp dP Mo+ p AP Mo—r15-5My1s
Fix now the sequence (m;) and denote 7j; = n,,,. Next, fix indices i,k € N so

that ¢ < k and denote for short a := a;, b := by (hence we have 0 < a < b). It is
easy to see that

(29)

supp(7;, — 7;) C K1 U Ko,

where
Ky :=(J1UJy) xJ; Ky:=Jx(J1UJp)
and
Jy:=[-2b,—a]; J2:=la,2b]; J:=[-2b,20].
Putting

a\ (B _
i = (7) <5) dys = = 7,) 7| s

for 0 <~v<a,0<4§ <0, we have

30) Y WFQ G G-t = > > &dy s+ I,

a<lag a<agp y<a
n; <B<ny n;<P<ny 6<6
where
(31) I; = f (Fla ® Gup) (il 7079) 2
K;
fori=1,2.

Assume first that p = v, i.e. v < pu, p > 0. In this case, Peetre’s inequality
yields
()7t —2) ™" < AV o)) T < Al
for any z,t € R and thus

=/ (f\ )Gus(t = 2D (W) dt) de

JiUJy  Jg

<4Vl [ [ Fa(@)Gp(t — 2) ()~ et im0 (1) dac dt,
JLUds g’
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where
J,={teR:t—xzeJ}
and
J = (11U J3) + J = [—4b,2b — a] U [—2b + a, 4b].
Now, assume that p = pu, i.e. p < v, v > 0. Then, by Peetre’s inequality,
(y — 1) (y) " < all(y) = gy < alid gy o
for any y,t € R and, since J x JY = (J; U J3) x J,, we have

= [ ([ 1Fualy = )G a0 @)] dt) dy
Jy

J

<ail ( f | (x Ggt—x)(>_”1/1(°‘+ﬁ_7_5)(t)|dt) dw

STy T,
<all [ [ |Ea(@)Galt — )ty P59 (o) da
J1UJz g’
where JY :={te R:y—t e J; UJo}.
Hence, putting C' := 4l°l, D5 B= (- Y PpatB=y=0)|| ) and denoting by

F! the function which equals to 0 on the interval [—a,a] and coincides with F,
otherwise, we get in both cases

62 n<C [ et [ R @G - o)l dd) de

—oo R\[~a,0]
<C f {6y =P PO (|F5 | * |Gal)(2) di

< CDIT|FL |Gl [ls < CDSFFLllg 1Gs ]l
in view of Holder’s and Young s inequalities. Similarly, we prove that
(33) 2 < CDY || Fallg 1G]

where G7; are functions equal to 0 on [~a,a] and to G otherwise. Combining
(30)—(33) and taking into account that

(dAHP)Y - (dAHP)® -
sup ——— < 00, sup ————— < o0,
B,7€Ng M’Y «a,8€Ng M,
we get
Z ’<F(a) ® Gz(/ﬂﬁ)’ (7, | <C Z Z ’ﬁd%(sDj”?
a<ag a<agp y<a
n; <B<ng n;<B<ni 6<p8
M

thé’ (IFallze@\-a.a 1Gsllr + 1 Fallg |Gl Lr @\ [-a.a))-
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If now 4,j with j > ¢ vary so that ¢ — oo, then a = a; — oo and the above
estimate, in view of (28), shows that ((A(m;,n;))ien is a Cauchy sequence. It is
easy to see that its limit does not depend on subsequences (7j;). Consequently,

(fg.9) = lim (f ® g, mv™)
= Jim Y7 (F @ G et = 3 (FE) s G v,

a<ap a<ap
BEN, BEN)

Hence (see [18]) f and g are convolvable, f x g = f %; g and
(frg, ) = > (Fua* G )

a€Ng
BENo

(Mp)

for each ¢ € DLS/<571>’_p7

which finishes the proof of the first step.

2° Let us prove that, under the assumptions of (ii), f*g = f*;g. According to
(22), there exist a sequence (Fy ), of elements of L7, a sequence (Gg)g of elements
of L"(R) and h > 0 such that

F=3 F% 9= Gl
aENg BEN(
where the two series converge in the weak sense, and that
M, Mg
S S F <00, Y TGl < o,
aENg BEN(

It follows that

fog= Y > Fecl

a€Ny BeN,
where the series on the right hand side converges weakly in D’ (My )(RQ).
Conditions (M.b) and (M.a) imply that
< AH*TBP M, Mg < A(dH)*P M,Mg
B Ma+ﬁ N Mafw+676M'y+6 d~d’

for each d > 0, o, € N and 7,5 € N such that v < a, § < 8. Applying the
above estimate instead of (29) and repeating the arguments used in 1°, one can
conclude that f and g are convolvable and

(Fra, ) = > 3 (Fua G5, 0)

aE€Ng ﬂENO

(M,
fory € D ?/(2 D _p

The next part of the proof is similar to that of Proposition 9 in [16].



112 A. KAMINSKI ET AL.

3° Suppose that condition (M.2') holds. If f € D'pq, is fixed, then the
mapping
D 5 g frge DI,

has the closed graph. Indeed, if (g;) converges to zero in D/(,]«V[”) and (f * g;)

v

converges to h in D/L(M M ), then

for each ¢ € DM») (see [16], Proposition 6). Note that f* ¢ € D(A/{’;L). Moreover,

M) nto DM g separately

the multiplication, as a mapping from D(M ) % Dy, LU

continuous, and D L(l ,l]:')H/ is continuously embedded into D, "Mp) Thig implies that
»)

gi(fx¢) converges to zero in D(
¢ € DM») . Consequently, the hnear mapping in question has the closed graph.

as i — o0o. Therefore (h,¢) = 0 for each

Ifge D/L(éw > ) is fixed, then the mapping
Diuy > frogxf €Dy

has the closed graph. Indeed, if (f;) converges to zero in D7, , and (f; * g) con-

verges to h in DIL(S?;), then

for each ¢ € DMr) (see [18], Proposition 6, or [ ). We have g * ¢ € D, and,

moreover, the multiplication, as a mapping from Drq , X DLT to D, v 18

separately continuous, and D’ , is continuously embedded into D} ,. Therefore

utv
fi(g*®) converges to zero in D, asi — oo and thus (h, ¢) = 0 for each ¢ € DMy)
Consequently, the linear mapping in question has a closed graph.

4° Similarly, one can prove that if condition (M.2) is fulfilled and g € D/(M )

is fixed, then the mapping

D)

5[ frgeDM,

has the closed graph.
5° Note that

(a) the space D}, ( p) is the strong dual of a Fréchet space;

(b) the space DLq >4 € [1,00], is an inductive limit of Banach spaces (see
[16], Theorem 9).
As we have noted, since D}, /(M) (B(CMP))’ and the space B(CMP) is semire-
flexive (see [18]), it follows that D L(fw”) is barrelled. Therefore the space D,L(fwj),

which is isomorphic to D( ), is barrelled. It follows that the spaces D(M’; )
(M)

sV

distinguished Fréchet spaces (see [4], p. 228, Proposition 1). Thus D;, a
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bornological space ([4], p. 289, Theorem 1) and hence, being complete, is an
inductive limit of Banach spaces.

It follows from statements given in [20] (Appendix, p. 159, Theorem 3, and
p. 164) that if F is an inductive limit of Banach spaces (which implies that E
is ultrabornological), F' is a strong dual of a Fréchet space and T': E — F is
a sequentially closed linear mapping, then T is continuous. Consequently, the
convolution mappings (26) and (27) are partially continuous by the closed graph
theorem. But then they are continuous (see [4], p. 364, Exercise 10). m
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