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Abstract. In the paper we give sufficient conditions for the existence of convolution of
two ultradistributions of Beurling type. We distinguish two types of sufficient conditions:
a) conditions in terms of the supports of ultradistributions; b) conditions in terms of subspaces
of ultradistributions on which convolution can be defined as a bilinear mapping.

1. Introduction. The equivalence of several definitions of convolution of
Beurling ultradistributions and, on the other hand, of convolution of tempered
ultradistributions is proved in [18] and [7]. Our aim in this paper is to give vari-
ous sufficient conditions for the existence of convolution of two ultradistributions.
Two types of sufficient conditions are considered: a) conditions expressed in terms
of the supports of ultradistributions involved; b) conditions which rely on distin-
guishing subspaces of ultradistributions on which convolution can be defined as
a bilinear mapping.

In the first part of the paper (section 3), we prove that under appropriate
compatibility conditions on the supports of two ultradistributions their convo-
lution and ultratempered convolution exist. In the general case of the space of
all ultradistributions, the compatibility condition coincides with the well known
compatibility condition for distributions. On the other hand, we define the notion
of M -compatible supports of tempered ultradistributions which corresponds to
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the concepts of polynomial compatibility introduced for the supports of tempered
distributions in [6] and of Mp-compatibility introduced for the supports of gen-
eralized functions of Gelfand and Shilov in [21]. We prove that the condition of
M -compatibility of the supports implies the existence of ultratempered convolu-
tion (denoted by ∗t), i.e. the convolution of ultradistributions introduced in many
equivalent ways in [8]. These results are obtained under the assumption that the
given numerical sequence (Mp), defining the respective spaces of test functions
and of ultradistributions, satisfies the conditions (M.1) and (M.3′) (see section 2).

In the second part of the paper (section 4), we examine the weighted D′Lq
and D′(Mp)

Lq spaces (distributional and ultradistributional), denoted by D′Lq,µ and

D′(Mp)
Lq,µ (for q ∈ [1,∞]), respectively. Let us mention here two of the results

obtained for convolution in those spaces and to this end fix µ, ν ∈ R with
µ + ν ≥ 0 and q, r ∈ [1,∞] with 1/q + 1/r ∈ [1, 2] and put ρ := min(µ, ν);
s := (1/q + 1/r − 1)−1:

1◦ if the given sequence (Mp) satisfies conditions (M.1), (M.2′) and (M.3′)
(see section 2), then f ∈ D′Lq,µ and g ∈ D′(Mp)

Lr,ν imply f ∗ g = f ∗t g ∈ D
′(Mp)
Ls,ρ and

the mapping

D′Lq,µ ×D
′(Mp)
Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)

Ls,ρ

is continuous;

2◦ if the sequence (Mp) satisfies conditions (M.1), (M.2) and (M.3′) (see sec-
tion 2), then f ∈ D′(Mp)

Lq,µ and g ∈ D′(Mp)
Lr,ν imply f ∗ g = f ∗t g ∈ D

′(Mp)
Ls,ρ and the

mapping

D′(Mp)
Lq,µ ×D

′(Mp)
Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)

Ls,ρ

is continuous.

2. Preliminaries. For simplicity we shall consider in this paper only the
one-dimensional case of functions, distributions and ultradistributions defined on
the real line, but all the results can be easily transferred to the multi-dimensional
case. The notation is similar to that introduced in [8]. The sets of all nonnega-
tive integers, positive integers and real numbers are denoted by N0,N and R,
respectively. If f is a function, a distribution or an ultradistribution of one real
variable x or of two real variables x, y, then its derivatives will be denoted in the
standard way:

f (α)(x) :=
dα

dxα
f(x), f (α,β)(x, y) :=

∂α+β

∂xα∂yβ
f(x, y)

for α, β ∈ N0. We also adopt the notation: φ4(x, y) := φ(x + y) for a given
function φ on R and x, y ∈ R, and

(1) 〈x〉 := (1 + x2)1/2, x ∈ R,
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i.e. the symbol 〈·〉 will denote the function

R 3 x 7→ (1 + x2)1/2 ∈ [1,∞).

The norm in Lr(X) (for r ∈ [1,∞]), where X is a fixed (measurable) subset of R
is denoted by ‖ · ‖Lr(X), but in case X = R simply by ‖ · ‖r.

Let (Mp) be a sequence of positive numbers with M0 = 1. The following
conditions are frequently imposed on this sequence (cf. [15], [2] and [10]):

(M.1)

(M.2)

(M.2′)

M2
p ≤Mp−1Mp+1, p ∈ N;

Mp ≤ AHpMqMp−q, p, q ∈ N, 0 ≤ q ≤ p;

Mp ≤ AHpMp−1, p ∈ N
and
(M.3′)

∑
q∈N

Mq−1/Mq <∞

for some A > 0, H > 0. We may assume, and we shall do it from now on, that
the constants A, H in conditions (M.2) and (M.2′) satisfy the inequalities A ≥ 1,
H ≥ 1.

It is easy to see that conditions (M.1), (M.2) and (M.2′) imply the following
conditions:

(M.a)

(M.b)

(M.b′)

MαMβ ≤Mα+β , α, β ∈ N0;

Mα+β ≤ AHα+βMαMβ , α, β ∈ N0, for some A ≥ 1, H ≥ 1;

Mα+β ≤ AαHα(α+β)Mβ , α, β ∈ N0, for some A ≥ 1, H ≥ 1,

respectively. Throughout the paper we assume that the sequence (Mp) satisfies
only conditions (M.1) and (M.3′). In sections 3 and 4, however, we shall also addi-
tionally impose either condition (M.2) or condition (M.2′) on the sequence (Mp).
The letter H will always denote the constant mentioned in the above conditions.
The so-called associated function for the sequence (Mp) is defined by

M(t) := sup
p∈N0

log+(tp/Mp), t > 0,

where log+ t := max{log t, 0}.
Since condition (M.1) implies M1/p

p ≤M1/p+1
p+1 for p ∈ N and condition (M.3′)

is equivalent to
∞∑
p=1

M−1/p
p <∞

(cf. [15]), we have

log
tp

Mp
≤

p∑
i=1

log(tM1/i
i ) ≤ t

∞∑
i=1

M
1/i
i <∞
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for arbitrary p ∈ N and t > 0, which shows that the associated function is
well defined for all t > 0. It is easy to see that M is nondecreasing function
on [0,∞), M = 0 in a right neighbourhood of 0 and the function e1 defined by
e1(t) := exp(−M(t)) is integrable on [0,∞).

Given the sequence (Mp) satisfying conditions (M.1) and (M.3′), several basic
spaces of smooth functions in (an open subset of) Rd are defined, e.g.: D(Mp)

K

(where K is a regular compact set in Rd - see [10]), E(Mp),D(Mp), D(Mp)
Ls (s ∈

[1,∞]), Ḃ(Mp) and S(Mp) (see [10] and [8]). The basic spaces are dense in D (in
case of the spaces D(Mp)

K and D(Mp), this is a consequence of conditions (M.1)
and (M.3′) and the known Denjoy-Carleman-Mandelbrojt theorem). The corre-
sponding spaces of ultradistributions are defined as the strong duals of the basic
spaces mentioned above: D′(Mp)

K , E ′(Mp), D′(Mp),D′(Mp)
Lt (where t = s/(s − 1)),

D′(Mp)

L1 and S ′(Mp). The spaces D′(Mp), S ′(Mp) and D′(Mp)

L1 are called the spaces
of all ultradistributions, tempered ultradistributions and integrable ultradistribu-
tions of Beurling type, respectively. We shall consider these spaces only in case of
functions and ultradistributions defined on Rd for d = 1 or d = 2. The definitions
of the mentioned spaces can be found in [10] (see also [8]).

As is shown in [14], the space S(Mp) can be equivalently defined as

S(Mp) := proj lim
m→∞

SMp,m
2

or
S(Mp) := proj lim

m→∞
SMp,m
∞ ,

where S(Mp),m
2 and S(Mp),m

∞ are the spaces of all smooth functions φ such that

σm,2(φ) :=
( ∑
α,β∈N0

∫
R

∣∣∣∣ mα+β

MαMβ
〈x〉βφ(α)(x)

∣∣∣∣2 dx)1/2

<∞

and

σm,∞(φ) := sup
α,β∈N0

mα+β

MαMβ
‖〈·〉βφ(α)‖∞ <∞

with the topology defined by the above norms σm,2(φ) and σm,∞(φ), respectively.
Consequently, each φ ∈ S(Mp) satisfies for every m > 0 the estimate

(2) sup
α,β∈N0

mα+β

MαMβ
‖〈·〉βφ(α)‖∞ <∞.

Observe that if D(Mp)
L∞ is equipped with the topology induced by E(Mp), the cor-

responding topological space is denoted by B(Mp)
C . The space Ḃ(Mp) is dense in

B(Mp)
C and (B(Mp)

C )′ = D′(Mp)

L1 , because every bounded set in D(Mp)
L∞ is relatively

compact. Since (D(Mp)
L1

)′ = B(Mp), the space B(Mp)
C is semireflexive.
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Among several kinds of approximate units introduced in [8] we shall need in
this paper only strong D(Mp)-approximate units in R and in R2, called briefly
strong approximate units.

Recall that a sequence (ηn) of elements of D(Mp)(Rd) (d = 1 or 2) is called a
strong approximate unit if for every compact set K ⊂ Rd there exists an index
n0 ∈ N such that ηn(x) = 1 for x ∈ K and n ≥ n0 and, moreover,

(3) sup
n∈N

sup
α∈Nd

0

(
m|α|

M|α|
‖η(α)
n ‖∞

)
<∞

for α = (α1, . . . , αd) ∈ Nd
0, where |α| := α1 + . . .+ αd (hence (ηn) converges to 1

in E(Mp)(Rd)).
We shall need the following two propositions about representations of conver-

gent sequences of ultradistributions and tempered ultradistributions:

Proposition 1. Let f ∈ D′(Mp), fn ∈ D′(Mp) for n ∈ N and suppose that
fn → f in D′(Mp) as n → ∞. Then, for each open, relatively compact set G in
R, there are measures fα, fn,α ∈ C′(G) for n ∈ N, α ∈ N0 and positive constants
L and B such that

f |G =
∑
α∈N0

f (α)
α , fn|G =

∑
α∈N0

f (α)
n,α,(4)

‖fα‖C′(Ḡ) ≤ BLα/Mα, ‖fn,α‖C′(Ḡ) ≤ BLα/Mα,(5)

for arbitrary α, n ∈ N0 and

(6) lim
n→∞

‖fn,α − fα‖C′(Ḡ) = 0

for every α ∈ N0.

P r o o f. The above proposition is an extension of Theorem 8.1 of [10] to the
case of a sequence of ultradistributions. Note that the existence of the represen-
tations (4) follows directly from that theorem, but we cannot deduce from it that
the constants B and L in the second inequality of (5) do not depend on n. This
and (6) follow, however, from the proof of the mentioned theorem with small
modifications. For completeness, we present here the whole proof.

Let K be the closure of G. We shall prove that the restrictions of f and fn
to D(Mp)

K have representations (4) and the series in (4) are convergent in the
strong topology of (D(Mp)

K )′. Since the inclusion mapping D(Mp)(G) → D(Mp)
K is

continuous, both series in (4) converge also in the strong topology of the space
D(Mp)(G). Note that

D(Mp)
K := proj lim

j→∞
Xj ,

where Xj is the Banach space of all φ ∈ DK such that

lim
α→∞

(M−1
α jα‖φ(α)‖C(K)) = 0
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with the norm

‖φ‖Xj := M−1
α sup

α∈N0

jα‖φ(α)‖C(K).

Since D(Mp)
K is a strict projective limit of the spaces Xj , it follows from a theorem

in [3] (2.6 Satz, p. 147) that the restrictions of f and fn to D(Mp)
K can be extended

to elements g and gn of the same space X ′j for n ∈ N, so that gn → g in X ′j as
n→∞.

On the other hand, using an appropriate mapping, one can identify Xj with
a closed subspace of the space

Yj := {φ = (φα) : φα ∈ C(K), lim
α→∞

(M−1
α jα‖φα‖C(K)) = 0}

and Yj with a closed subspace of C0(KN), where C(K) is the space of all continuous
functions with supports in K, the set KN is the disjoint union of countably many
copies of K regarded as a locally compact space, and C0(KN) is the space of all
continuous functions vanishing on the boundary of KN.

By the Hahn–Banach theorem, we extend g and gn to measures g̃ and g̃n on
KN (for n ∈ N), so that g̃n → g̃ in C′0(KN) as n→∞. This implies the existence
of measures fα, fn,α ∈ C′(K) for n ∈ N, α ∈ N0, which satisfy (5) and (6). For
φ ∈ Xj , we have

〈g̃n, φ〉 = 〈fn, φ〉 =
∑
α∈N0

(−1)α〈fn,α, φ(α)〉 =
∑
α∈N0

〈f (α)
n,α, φ〉

and, similarly, 〈g̃, φ〉 = 〈f, φ〉 =
∑
α∈N0

〈f (α)
α , φ〉.

Proposition 2. Suppose that f ∈ S ′(Mp) and fn ∈ S ′(Mp) for n ∈ N0,
and fn → f in S ′(Mp) as n → ∞. Then there are functions Fα, Fn,α ∈ L2 for
n, α ∈ N0 and positive constants λ, L and B such that

f |G =
∑
α∈N0

(EλFα)(α), fn|G =
∑
α∈N0

(EλFn,α)(α)

‖Fα‖2 ≤ BLα/Mα, ‖Fn,α‖2 ≤ BLα/Mα,

for arbitrary α, n ∈ N0, and

lim
n→∞

‖Fn,α − Fα‖2 = 0

for every α ∈ N0, where Eλ(x) = eM(λ|x|) for x ∈ R.

P r o o f. One can prove the proposition following the idea of the proof of the
structural theorem for S ′(Mp), first noticing that S(Mp) is a strict projective limit
of the spaces SMp,m

2 (see [8]) and then, similarly to the proof of Proposition 1,
applying a theorem proved in [3] (2.6 Satz, p. 147).



CONVOLUTION OF ULTRADISTRIBUTIONS 99

3. Compatibility conditions on supports. Let us recall the notion of
compatibility of supports used in the theory of distributions: two subsets X and
Y of R are called compatible if one of the following equivalent conditions holds
(cf. [1], [4] and [9]):

(a) for every bounded interval I in R the set (X ×Y )∩ I4 is bounded in R2,
where I4 := {(x, y) : x+ y ∈ I};

(b) for every bounded interval I in R the set X ∩ (I − Y ) is bounded in R;
(c) for every bounded interval I in R the set (X − I) ∩ Y is bounded in R;
(d) xn ∈ X, yn ∈ Y (n ∈ N), |xn|+ |yn| → ∞ implies |xn + yn| → ∞;
(e) for every R > 0 the set TR := {(x, y) : x ∈ X, y ∈ Y , |x + y| ≤ R} is

bounded in R2.

In [7] (see also [8]), it is proved that several general conditions for the existence
of the convolution f∗g of given ultradistributions f and g in D′(Mp) are equivalent.
In the theorem below we shall prove that if the supports of ultradistributions f
and g are compatible, then these conditions are fulfilled.

Theorem 1. Suppose that a given sequence (Mp) satisfies conditions (M.1)
and (M.3′).

(i) If f, g ∈ D′(Mp) are ultradistributions whose supports supp f and supp g
are compatible, then the convolution f ∗ g exists.

(ii) If fn, gn ∈ D′(Mp), supp fn ⊂ X, supp gn ⊂ Y for n ∈ N, where X,Y are
compatible sets in R, and if fn → f , gn → g in D′(Mp), then fn ∗ gn → f ∗ g in
D′(Mp) as n→∞.

P r o o f. It suffices to show that one of the equivalent conditions for the
existence of convolution in D′(Mp) is satisfied. We shall prove that the limit
limk→∞〈f ⊗ g, ηkφ

4〉 exists for every φ ∈ D(Mp)(R) and for every strong ap-
proximate unit (ηk) in D(Mp)(R2) (cf. [8]).

Assume that suppφ is contained in the ball of radius R > 0. Since the set TR
is bounded, there exist open bounded sets Ω1 and Ω2 in R such that the closure
K of TR is contained in Ω1 × Ω2. By Theorem 8.1 of [10], there are measures
fα ∈ C′(Ω1), gβ ∈ C′(Ω2) on Ω1 and Ω2 for α, β ∈ N0 and positive constants B
and L such that

f |Ω1 =
∑
α∈N0

f (α)
α , g|Ω2 =

∑
β∈N0

g
(β)
β ,

‖fα‖C′(Ω1) ≤ BL
α/Mα, ‖gβ‖C′(Ω2) ≤ BL

β/Mβ

for α, β ∈ N0. This and (M.1) imply that

(7) ‖fα ⊗ gβ‖C′(Ω1×Ω2) ≤ AB
2 (HL)α+β

Mα+β

for α, β ∈ N0.
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Let η ∈ D(Ω1 ×Ω2) be equal to 1 on TR. There exists an index k0 ∈ N such
that

〈f ⊗ g, ηkφ4〉 = 〈f ⊗ g, ηkφ4η〉 =
∑
α∈N0

∑
β∈N0

〈f (α)
α ⊗ g(β)

β , φ4η〉

=
∑
α∈N0

∑
β∈N0

〈f (α)
α ⊗ g(β)

β , φ4〉

for k > k0. Put

ai,j :=
∑
α≤i

∑
β≤j

〈f (α)
α ⊗ g(β)

β , φ4η〉

for i, j ∈ N0 and notice that

lim
j→∞

ai,j =
∑
α≤i

〈f (α)
α ⊗ g, φ4η〉 (i ∈ N);

lim
i→∞

ai,j =
∑
β≤j

〈f ⊗ g(β)
β , φ4η〉 (j ∈ N).

Let (ip) and (jp) be arbitrary strictly increasing sequences of positive integers
and set ãp = aip,jp for p ∈ N. It follows from (7) that

|ãr − ãp| ≤
∑

ip<α≤ir

∑
jp<β≤jr

|〈fα ⊗ gβ , (φ4)(α+β)〉|(8)

≤ C
∑

ip<α≤ir

∑
jp<β≤jr

(LH)α+β

Mα+β
sup

|x+y|≤R
|φ(α+β)(x+ y)|

≤ 2−2p C sup
i∈N0

sup
|t|≤R

(4LH)i

Mi
|φ(i)(t)|

∞∑
i=1

2−i

for r > p, where C = πR2AB. This implies that (ãp) is a Cauchy sequence, i.e.
it converges to a certain number a. It is easy to see that a does not depend on
the choice of sequences (ip) and (jp). Consequently, the double limit limi,j→∞ ai,j
exists and

(9) lim
i,j→∞

ai,j = lim
i→∞

lim
j→∞

ai,j = lim
j→∞

lim
i→∞

ai,j = a.

Now, by (9), we have

〈f ∗ g, φ〉 = 〈f ⊗ g, ηkφ4η〉 =
∑

α,β∈N0

〈fα ⊗ gβ , (φ4)(α+β)〉(10)

=
∑

α,β∈N0

〈fα ∗ gβ , φ(α+β)〉,

which proves (i).
Let us prove now the second assertion of the theorem. By Proposition 1, there
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exist measures fn,α and gn,β and constants B,L > 0 such that

fn|Ω1 =
∑
α∈N0

f (α)
n,α, gn|Ω2 =

∑
α∈N0

g(α)
n,α,(11)

‖fn,α‖C′(Ω̄1) ≤ BLα/Mα, ‖gn,α‖C′(Ω̄2) ≤ BLα/Mα(12)

for α, n ∈ N0 and

(13) ‖fn,α − fn‖C′(Ω̄1) → 0, ‖gn,α − gn‖C′(Ω̄2) → 0,

for α ∈ N0 as n → ∞. By the first part of the theorem, the convolutions f ∗ g
and fn ∗ gn exist for n ∈ N and, due to (10) and the estimation used in (8), we
have

|〈fn ∗ gn, φ〉| ≤
∑

α,β∈N0

|〈fn,α ∗ gn,β , φ(α+β)〉|(14)

=
∑

α,β∈N0

|〈fn,α ⊗ gn,β , (φ4)(α+β)〉|

≤ C sup
i∈N0

sup
|t|≤R

(2LH)i

Mi
|φ(i)(t)| <∞

for any fixed φ ∈ D(Mp). Moreover,

(15) |〈fn ∗ gn − f ∗ g, φ〉| ≤
∑

α,β∈N0

|〈fn,α ∗ gn,β − fα ∗ gβ , φ(α+β)〉|

≤
( ∑
α≤m
β≤m

+
∑
α>m
β∈N0

+
∑
α∈N0
β>m

)
|〈fn,α ∗ gn,β − fα ∗ gβ , φ(α+β)〉|,

where m ∈ N0.
Let ε > 0 be fixed. Notice that the series∑

α,β∈N0

〈fα ∗ gβ , φ(α+β)〉

is convergent and all the series∑
α,β∈N0

〈fn,α ∗ gn,β , φ(α+β)〉

for n ∈ N are uniformly bounded by a convergent series (see (14)). Therefore
each of the last two sums in (15) is less than ε/3 for m large enough. On the
other hand, in view of (12), we have

|〈fn,α ∗ gn,β − fα ∗ gβ , φ(α+β)〉|
≤ ‖φ(α+β)‖C(K) (‖fn,α ∗ (gn,β − gβ)‖C′(K) + ‖(fn,α − fα) ∗ gβ‖C′(K))

≤ C‖φ(α+β)‖C(K) (LαM−1
α ‖gn,β − gβ‖C′(K) + LβM−1

β ‖fn,α − fα‖C′(K))
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for some constant C > 0 and all α, β ∈ N0 and n ∈ N. Consequently, by (13), it
follows that ∑

α≤m
β≤m

|〈fn,α ∗ gn,β − fα ∗ gβ , φ〉| ≤ ε/3

for n large enough, which completes the proof of (ii) as well as of the whole
theorem.

The following notion is a modification of polynomial compatibility of supports,
introduced for tempered distributions in [5] (see also [6]) and then generalized to
the case of the space K{Mp}′ of Gelfand and Shilov in [21] (see also [22] and
[9]). Coincidentally, the sequence of functions defining a Gelfand-Shilov space is
denoted also by (Mp) as the sequence defining the space of ultradistributions
and the mentioned above condition in the Gelfand-Shilov spaces is called Mp-
compatibility. To avoid misunderstanding, we shall call the notion introduced
below M -compatibility , which is justified by the use of the associated function M
in its definition.

Definition. Sets X, Y ⊂ R are said to be M -compatible if

(16) M(|x|) +M(|y|) ≤M(d|x+ y|), x ∈ X, y ∈ Y,
for some d > 0 (or, equivalently, d ≥ 1).

The following assertion is an analogue of Theorem 1 for the convolution f ∗t g
of tempered ultradistributions f and g in the space S ′(Mp) (see [8]).

Theorem 2. Suppose that the sequence (Mp) satisfies conditions (M.1), (M.2)
and (M.3′).

(i) If f, g ∈ S ′(Mp) and supp f and supp g are M -compatible, then the convo-
lution f ∗t g in D′(Mp) exists.

(ii) If fn, gn ∈ S ′(Mp) and supp fn ⊂ X, supp gn ⊂ Y for n ∈ N, where X,Y
are M-compatible sets in R, and if fn → f , gn → g in S ′(Mp), then fn∗tgn → f∗tg
in S ′(Mp) as n→∞.

P r o o f. By [14], there exist constants λ, L,B > 1 and functions fα, gβ ∈ L2

such that

(17) f =
∑
α∈N0

(Eλfα)(α), g =
∑
β∈N0

(Eλgβ)(β)

and

(18) ‖fα‖2 ≤ BLα/Mα, ‖gβ‖2 ≤ BLβ/Mβ ,

for α, β ∈ N, where Eλ(x) = eM(λ|x|) for x ∈ R.
Let X := supp f and Y := supp g and fix φ ∈ S(Mp), a strong approximate

unit (ηn) in D(Mp)(R2) and indices i, j ∈ N, j > i. Now let η := ηi,j := ηj − ηi
and K := Ki,j := supp(ηj − ηi).
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By (17), we have

a := ai,j := |〈f ⊗ g, ηφ4〉| ≤
∑

α,β∈N0

|〈(Eλfα)(α) ⊗ (Eλgβ)(β), ηφ4〉|(19)

≤
∑

α,β∈N0

∑
γ≤α
δ≤β

(
α

γ

)(
β

δ

)
bα,βγ,δ ,

where

bα,βγ,δ :=
∫
X

∫
Y

|[(Eλfα)⊗ (Eλgβ)]η(α−γ,β−δ)(φ(γ+δ))4|.

In view of (16), we have

(20) bα,βγ,δ ≤
∫
X

∫
Y

|(fα ⊗ gβ)η(α−γ,β−δ)(Edλφ(γ+δ))4|.

Notice that (M.2) implies the inequality

2M(t) ≤M(at) + a, t > 0,

for some constant a ≥ 1. Hence there exists a constant b ≥ 1 such that

M(dλt) ≤ −2M(t) +M(bt) + b, t > 0.

Let

Aα,β := sup
n∈N

sup
(x,y)∈R2

|η(α,β)(x, y)|,

Bα := sup
t∈R

eM(b|t|)|φ(α)(t)|, C0 :=
∫
R

e−M(|t|)dt <∞

and
κ := κij := sup{e−M(|x|) : x ∈ K = Ki,j}.

By (20), the Schwarz inequality and inequalities (18), (M.b) and (M.a), we
obtain

bα,βγ,δ ≤ Aα−γ,β−δ Bγ+δ

∫
R

e−2M(|t|)
[ ∫

R

|fα(x)gβ(t− x)| dx
]
dt

≤ κC0Aα−γ,β−δ Bγ+δ‖fα‖2 ‖gβ‖2

≤ κAB2 C0 (LH)α+β Aα−γ,β−δ
Mα+β−γ−δ

Bγ+δ

Mγ+δ

≤ κAB2 C0

4α+β
· (4LH)α+β−γ−δ

Mα+β−γ−δ
Aα−γ,β−δ ·

(4LH)γ+δ

Mγ+δ
Bγ+δ.

By (19) and (20), this yields

a ≤
∑

α,β∈N0

∑
γ≤α
δ≤β

(
α

γ

)(
β

δ

)
bα,βγ,δ ≤

∑
α,β∈N0

κC

2α+β
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for some constant C > 0, in view of (2) and (3).
If now i, j ∈ N, j > i so that i→∞, then κ = κi,j → 0 and, since the above

estimate can be expressed as

(21) ai,j = |〈f ⊗ g, (ηj − ηi)φ4〉| ≤ κi,jC,

we conclude that the sequence (an), where

an := |〈f ⊗ g, ηnφ4〉|,

is a Cauchy sequence. It is easy to see that its limit does not depend on the choice
of a strong approximate unit (ηn) and this proves the first assertion (cf. [8]).

The second assertion can be proved in a similar way as the second statement
of Theorem 1.

4. Convolution in weighted spaces. The weighted ultradistributional
spaces D′(Mp)

Ls,µ are defined in [12], similarly to the distributional spaces D′Ls,µ
introduced in [16]. We recall some definitions and assertions from [12].

Let s ∈ [1,∞], h > 0, µ ∈ R. Then DMp,h
Ls,µ is defined to be the space of all

functions φ ∈ E such that (〈·〉µφ)(α) ∈ Ls (see (1)) for each α ∈ N0 and

‖φ‖DMp,h
Ls,µ

=
∑
α∈N0

hα

Mα
‖(〈·〉µφ)(α)‖s <∞,

equipped with the topology induced by the norm ‖ · ‖DMp,h
Ls,µ

. Further, we define

D(Mp)
Ls,µ := proj lim

h→∞
DMp,h
Ls,µ .

The space Ḃ(Mp)
µ is defined to be the subspace ofD(Mp)

L∞,µ which is the completion
of the space D(Mp) in the topology of the family of the norms ‖ · ‖DMp,h

Ls,µ

,

One can easily prove that the mappings:

D(Mp)
Ls 3 φ 7→ 〈·〉−µφ ∈ D(Mp)

Ls,µ ,

Ḃ(Mp) 3 φ 7→ 〈·〉−µφ ∈ Ḃ(Mp)
µ

are homeomorphisms. The spaces D(Mp)
Ls,µ and Ḃ(Mp)

µ are (FG)-spaces and the

spaces D(Mp)
Ls,µ are (FS)-spaces for s > 1 (for the definitions see [3]). The proof of

this assertion may be done in a way similar to the proof given in [16] for D(Mp)
Ls ,

s > 1.
Let us recall some properties of the spaces defined above which will be needed

in the sequel; for their proofs we refer to [12]. Let µ, ν ∈ R and q, r, s ∈ [1,∞]. If
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1/q + 1/r ≥ 1/s, then the pointwise multiplications

D(Mp)
Lq,µ ×D

(Mp)
Lr,ν 3 (φ, ψ) 7→ φψ ∈ D(Mp)

Ls,µ+ν ,

D(Mp)
Ls,µ × Ḃ

(Mp)
ν 3 (φ, ψ) 7→ φψ ∈ D(Mp)

Ls,µ+ν ,

D(Mp)
L∞,µ × Ḃ

(Mp)
ν 3 (φ, ψ) 7→ φψ ∈ Ḃ(Mp)

µ+ν ,

Ḃ(Mp)
µ × Ḃ(Mp)

ν 3 (φ, ψ) 7→ φψ ∈ Ḃ(Mp)
µ+ν

are continuous mappings. If (a) q < r and ν < µ or (b) q > r and ν < µ+1/q−1/r,
then D(Mp)

Lq,µ ↪→ D(Mp)
Lr,ν , where the symbol E ↪→ F means that the space E is

continuously embedded into the space F and E is dense in F .
Given a q∈(1,∞], define r to satisfy the equation 1/q+1/r=1. We denote by

D′(Mp)
Lq,µ and D′(Mp)

L1,µ the strong duals of the spaces D(Mp)
Lr,−µ and Ḃ(Mp)

−µ , respectively.

An ultradistribution g ∈ D′(Mp) belongs to D′(Mp)
Lq,µ if there exist h > 0 and a

sequence (Gα)α∈N of elements of Lq such that

(22) g =
∑
α∈N0

G(α)
α

and

(23)
∑
α∈N0

Mα

hα
‖〈·〉µGα‖q <∞.

Conversely, if (23) holds for a sequence (Gα)α∈N0 in Lq, then g defined by (22)
belongs to D′(Mp)

Lq,µ .
Let q, r ∈ [1,∞] and µ, ν ∈ R. If (a) q ≤ r and ν ≤ µ; or (b) q > r and

ν < µ+ 1/q − 1/r, then we have the following embeddings:

E ′ ↪→ D′Lr,ν ↪→ D′Lq,µ ↪→ S′ ↪→ D′

↪→ ↪→ ↪→ ↪→ ↪→

E ′(Mp) ↪→ D′(Mp)
Lr,ν ↪→ D′(Mp)

Lq,µ ↪→ S′(Mp) ↪→ D′(Mp).

The space D′Lq,µ is a proper subset of D′(Mp)
Lq,µ ∩ D′.

Now we shall prove some results (Theorems 3 and 4) on convolution in the
weighted distributional and ultradistributional spaces.

Theorem 3. Fix φ ∈ S(Mp) and q ∈ (1,∞]. If the sequence (Mp) satisfies
conditions (M.1) and (M.3′), then

(i) f ∈ D′Lq,µ implies f ∗ φ ∈ D(Mp)
Lq,µ ;

(ii) f ∈ D′L1,µ implies f ∗ φ ∈ Ḃ(Mp)
µ .

If (Mp) satisfies conditions (M.1), (M.2’) and (M.3′), then

(iii) f ∈ D′(Mp)
Lq,µ implies f ∗ φ ∈ DLq,µ;
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(iv) f ∈ D′(Mp)

L1,µ implies f ∗ φ ∈ Ḃµ.

If (Mp) satisfies conditions (M.1), (M.2) and (M.3′), then
(v) f ∈ D′(Mp)

Lq,µ implies f ∗ φ ∈ D(Mp)
Lq,µ ;

(vi) f ∈ D′L1,µ implies f ∗ φ ∈ Ḃ(Mp)
µ .

P r o o f. To prove (i) suppose that f ∈ D′Lq,µ. In view of a result of [16], it
follows that f ∗ φ ∈ DLq,µ for each φ ∈ S. Therefore

〈·〉−µ(f ∗ φ)(α) = 〈·〉−µ(f ∗ φ(α)) ∈ Lq

for α ∈ N. Since f ∈ D′Lq,µ, there exist γ ∈ N0 and functions Fβ in Lq such that

f =
∑
β≤γ

(〈·〉−µFβ)(β)

in D′(Mp). Applying suitable properties of convolution (see [7]) and the following
elementary inequality:

〈a+ b〉µ ≤ 4|µ|〈a〉µ〈b〉|µ|, a, b, µ ∈ R

(called Peetre’s inequality), we get∑
α∈N0

hα

Mα
‖〈·〉µ(f ∗ φ)(α)‖q

=
∑
α∈N0

hα

Mα
‖〈·〉µ

∑
β≤γ

(〈·〉−µFβ) ∗ φ(α+β) ‖q

≤
∑
α∈N0

∑
β≤γ

hα

Mα

( ∫
R

〈x〉µq
( ∫

R

〈x− t〉−µ|φ(α+β)(x− t)Fβ(t)| dt
)q
dx
)1/q

≤ 4|µ|
∑
α∈N0

∑
β≤γ

hα

Mα
‖〈·〉|µ||φ(α+β)| ∗ |Fβ | ‖q.

Hence, by Young’s inequality,∑
α∈N0

hα

Mα
‖〈·〉µ(f∗φ)(α)‖q ≤ 4|µ|

∑
β≤γ

∑
α∈N0

hα

Mα
‖Fβ‖q ‖〈·〉|µ|φ(α+β)‖1

≤ 4|µ|max
β≤γ
‖Fβ‖q max

β≤γ
(Mα+βM

−1
α h−β)

∑
γ∈N0

hγ

Mγ
‖〈·〉|µ|φ(γ)‖1 <∞.

This yields f ∗ φ ∈ D(Mp)
Lq,µ , as desired.

The proof of (ii) is similar.
To prove (iii) suppose that f ∈ D′(Mp)

Lq,µ . There are functions Fβ in Lq and
h > 0 such that

(24) f =
∑
β∈N0

(〈·〉−µFβ)(β);
∑
β∈N0

Mβ

hβ
‖Fβ‖q <∞
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(cf. (22) and (23)). From the proof of Theorem 6.10 in [16] (p. 71), it follows that
f ∗ φ ∈ E . Similarly to the previous case, using (M.b′) and Young’s inequality,
we get

‖〈·〉µ(f ∗ φ)(α)‖q = ‖〈·〉µ
∑
β∈N0

(〈·〉−µFβ) ∗ φ(α+β)‖q

≤ 4|µ|
∑
β∈N0

‖Fβ ∗ (〈·〉|µ|φ(α+β))‖q ≤ C
∑
β∈N0

hβ

Mβ
‖〈·〉|µ|φ(α+β)‖1

≤ Cα
∑
β∈N0

(Hαh)α+β

Mα+β
‖〈·〉|µ|φ(α+β)‖1 ≤ Cα

∑
β∈N0

(Hαh)γ

Mγ
‖〈·〉|µ|φ(γ)‖1 <∞

for each α ∈ N0, where

(25) C := 4|µ| sup
β∈N0

Mβ

kβ
‖Fβ‖; Cα :=

CAα

Mα

(C and Cα are finite, in view of (24)). Hence f ∗ φ ∈ DLq,µ.
The proof of (iv) is similar.

To prove (v) suppose as before that f ∈ D′(Mp)
Lq,µ . By (24), condition (M.b) and

Young’s inequality, we obtain∑
α∈N0

hα

Mα
‖〈·〉µ(f ∗ φ)(α)‖q ≤

∑
β∈N0

∑
α∈N0

hα

Mα
‖〈·〉µ|(〈·〉−µFβ) ∗ φ(α+β)| ‖q

≤ 4|µ|
∑

α,β∈N0

hα

Mα
‖Fβ ∗ (〈·〉|µ|φ(α+β))‖q ≤ C

∑
α,β∈N0

hα+β

MαMβ
‖〈·〉|µ|φ(α+β)‖1

≤ AC
∑

α,β∈N0

(Hh)α+β

Mα+β
‖〈·〉|µ|φ(α+β)‖1 ≤ AC

∑
γ∈N0

(Hh)γ

Mγ
‖〈·〉|µ|φγ‖1 <∞,

where C is the constant defined in (25). This means that f ∗ φ ∈ DLq,µ.
The proof of (vi) is similar.

Theorem 4. Suppose that the sequence (Mp) satisfies conditions (M.1) and
(M.3′). Fix µ, ν ∈ R such that µ + ν ≥ 0 and q, r ∈ [1,∞] such that 1 ≤ 1/q
+ 1/r ≤ 2.

(i) If (Mp) satisfies additionally condition (M.2′) and if f ∈ D′Lq,µ and g ∈
D′(Mp)

Lr,ν , then f ∗ g = f ∗t g ∈ D′
(Mp)
Ls,ρ and the mapping

(26) D′Lq,µ ×D
′(Mp)
Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)

Ls,ρ

is continuous, where ρ := min(µ, ν) and s := (1/q+ 1/r− 1)−1 (then s ∈ [1,∞]).

(ii) If (Mp) satisfies additionally condition (M.2) and if f ∈ D′(Mp)
Lq,µ and g ∈
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D′(Mp)
Lr,ν , then f ∗ g = f ∗t g ∈ D′

(Mp)
Ls,ρ and the mapping

(27) D′(Mp)
Lq,µ ×D

′(Mp)
Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)

Ls,ρ ,

is continuous, where s and ρ are defined above.

P r o o f. The proof is divided into five steps.

1◦ We shall show that, for every strong approximate unit (ηn) in D(Mp)(R2)
and ψ ∈ D(Mp)

Ls/(s−1),−ρ, the limit

lim
n→∞

〈f ⊗ g, ηnψ4〉

exists and the mapping

D(Mp)

Ls/(s−1),−ρ 3 ψ 7→ lim
n→∞

〈f ⊗ g, ηnψ4〉 ∈ R

defines an element of D′(Mp)
Ls,ρ . This will imply that

f ∗ g = f ∗t g ∈ D
′(Mp)
Ls,ρ .

By (22) and the representation

f =
∑
α≤α0

(〈·〉−µFα)(α), (Fα)α ∈ Lq, α ≤ α0,

we have

f ⊗ g =
∑
α≤α0

∑
β∈N0

F (α)
µ,α ⊗G

(β)
ν,β ,

where, for simplicity of notation, we set

Fµ,α := 〈·〉−µFα, Gν,β := 〈·〉−νGβ ;

the sum on the right hand side converges weakly in D′(Mp)(R2).
Consider an arbitrary subsequence of a given strong approximate unit (ηi) and

select a subsequence (ηmi) for which there exist increasing sequences of positive
numbers (ai) and (bi) divergent to ∞ such that, for all i ∈ N, we have ai < bi <
ai+1, ηmi ≡ 1 on [−ai, ai]× [−ai, ai] and supp ηmi ⊂ [−bi, bi]× [−bi, bi].

Let (ni) be another increasing sequence of positive integers. We shall prove
that ((A(mi, ni))i∈N is a Cauchy sequence, where

A(mi, ni) :=
∑
α≤α0

∑
β≤ni

〈F (α)
µ,α ⊗G

(β)
ν,β , η̄miψ

4〉.

It will also be seen that the limit does not depend on the sequences (mi) and
(ni) and this will imply that the limit

lim
i→∞

∑
α≤α0

∑
β∈N0

〈F (α)
µ,α ⊗G

(β)
ν,β , ηiψ

4〉,



CONVOLUTION OF ULTRADISTRIBUTIONS 109

exists and is equal to ∑
α≤α0

∑
β∈N0

lim
i→∞
〈F (α)
µ,α ⊗G

(β)
ν,β , ηiψ

4〉.

First note that, for each ε > 0, there exists a β0 ∈ N such that

(28)
∑
β≥β0

Mβ

hβ
‖Gβ‖r < ε.

Next, notice that conditions (M.b′) and (M.a) imply that, for each d ≥ 1 and
α, β, γ, δ ∈ N such that γ ≤ α and δ ≤ β, we have

(29)
1
Mβ
≤ AβH(α+β)β

Mα+β
≤ (dAHβ)α+β

dβMα+β
≤ (dAHβ)α+β

dβMα−γ+β−δMγ+δ
.

Fix now the sequence (mi) and denote ηi = ηmi . Next, fix indices i, k ∈ N so
that i < k and denote for short a := ai, b := bk (hence we have 0 < a < b). It is
easy to see that

supp(ηk − ηi) ⊂ K1 ∪K2,

where
K1 := (J1 ∪ J2)× J ; K2 := J × (J1 ∪ J2)

and
J1 := [−2b,−a]; J2 := [a, 2b]; J := [−2b, 2b].

Putting

cα,βγ,δ :=
(
α

γ

)(
β

δ

)
, dγ,δ := ‖(ηk − ηi)(γ,δ)‖∞

for 0 ≤ γ ≤ α, 0 ≤ δ ≤ β, we have

(30)
∑
α≤α0

ni≤β≤nk

|〈F (α)
µ,α ⊗G

(β)
ν,β , (η̄k − η̄i)ψ

4〉| =
∑
α≤α0

ni≤β≤nk

∑
γ≤α
δ≤β

cα,βγ,δ dγ,δ(I1 + I2),

where

(31) Ii =
∫
Ki

|(Fµ,α ⊗Gν,β)(ψ(α−γ,β−δ))4|

for i = 1, 2.
Assume first that ρ = ν, i.e. ν ≤ µ, µ ≥ 0. In this case, Peetre’s inequality

yields
〈x〉−µ〈t− x〉−ν ≤ 4|ν|〈x〉−µ+|ν|〈t〉−ν ≤ 4|ν|〈t〉−ν

for any x, t ∈ R and thus

I1 =
∫

J1∪J2

( ∫
Jx

|Fµ,α(x)Gν,β(t− x)ψ(α+β−γ−δ)(t)| dt
)
dx

≤ 4|ν|
∫

J1∪J2

∫
J′

|Fα(x)Gβ(t− x)〈t〉−νψ(α+β−γ−δ)(t)| dx dt,
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where

Jx := {t ∈ R : t− x ∈ J}
and

J ′ := (J1 ∪ J2) + J = [−4b, 2b− a] ∪ [−2b+ a, 4b].

Now, assume that ρ = µ, i.e. µ ≤ ν, ν ≥ 0. Then, by Peetre’s inequality,

〈y − t〉−µ〈y〉−ν ≤ 4|µ|〈y〉|µ|−ν〈t〉µ ≤ 4|µ|〈t〉−µ

for any y, t ∈ R and, since J × Jy = (J1 ∪ J2)× Jx, we have

I1 =
∫
J

( ∫
Jy

|Fµ,α(y − t)Gν,β(y)ψ(α+β−γ−δ)(t)| dt
)
dy

≤ 4|µ|
∫

J1∪J2

( ∫
Jx

|Fα(x)Gβ(t− x)〈t〉−µψ(α+β−γ−δ)(t)| dt
)
dx

≤ 4|µ|
∫

J1∪J2

∫
J′

|Fα(x)Gβ(t− x)〈t〉−µψ(α+β−γ−δ)(t)| dx dt,

where Jy := {t ∈ R : y − t ∈ J1 ∪ J2}.
Hence, putting C := 4|ρ|, Dα,β

γ,δ := ‖〈·〉−ρψ(α+β−γ−δ)‖s/(s−1) and denoting by
F ′α the function which equals to 0 on the interval [−a, a] and coincides with Fα
otherwise, we get in both cases

I1 ≤ C
∞∫
−∞

|〈t〉−ρψ(α+β−γ−δ)(t)|
( ∫
R\[−a,a]

|Fα(x)Gβ(t− x)| dx
)
dt(32)

≤ C
∞∫
−∞

|〈t〉−ρψ(α+β−γ−δ)(t)| (|F ′α| ∗ |Gβ |)(t) dt

≤ C Dα,β
γ,δ ‖ |F

′
α| ∗ |Gβ | ‖s ≤ C D

α,β
γ,δ ‖F

′
α‖q ‖Gβ‖r,

in view of Hölder’s and Young’s inequalities. Similarly, we prove that

(33) I2 ≤ CDα,β
γ,δ ‖Fα‖q ‖G

′
β‖r,

where G′β are functions equal to 0 on [−a, a] and to Gβ otherwise. Combining
(30)–(33) and taking into account that

sup
β,γ∈N0

(dAHβ)γ

Mγ
<∞, sup

α,β∈N0

(dAHβ)α

Mα
<∞,

we get∑
α≤α0

ni≤β≤nk

|〈F (α)
µ,α ⊗G

(β)
ν,β , (ηk − ηi)ψ

4〉| ≤ C
∑
α≤α0

ni≤β≤nk

∑
γ≤α
δ≤β

cα,βγ,δ dγ,δD
α,β
γ,δ

×Mβ

hβ
(‖Fα‖Lq(R\[−a,a]) ‖Gβ‖r + ‖Fα‖q ‖Gβ‖Lr(R\[−a,a])).
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If now i, j with j > i vary so that i → ∞, then a = ai → ∞ and the above
estimate, in view of (28), shows that ((A(mi, ni))i∈N is a Cauchy sequence. It is
easy to see that its limit does not depend on subsequences (ηi). Consequently,

〈f ∗ g, ψ〉 = lim
i→∞
〈f ⊗ g, ηiψ4〉

= lim
i→∞

∑
α≤α0
β∈N0

〈F (α)
µ,α ⊗G

(β)
ν,β , ηiψ

4〉 =
∑
α≤α0
β∈N0

〈F (α)
µ,α ∗G

(β)
ν,β , ψ〉.

Hence (see [18]) f and g are convolvable, f ∗ g = f ∗t g and

〈f∗g, ψ〉 =
∑
α∈N0
β∈N0

〈Fµ,α ∗G(α+β)
ν,β , ψ〉

for each ψ ∈ D(Mp)

Ls/(s−1),−ρ, which finishes the proof of the first step.

2◦ Let us prove that, under the assumptions of (ii), f ∗g = f ∗tg. According to
(22), there exist a sequence (Fα)α of elements of Lq, a sequence (Gβ)β of elements
of Lr(R) and h > 0 such that

f =
∑
α∈N0

F (α)
µ,α , g =

∑
β∈N0

G
(β)
ν,β ,

where the two series converge in the weak sense, and that∑
α∈N0

Mα

hα
‖Fα‖r <∞,

∑
β∈N0

Mβ

hβ
‖Gβ‖q <∞.

It follows that

f ⊗ g =
∑
α∈N0

∑
β∈N0

F (α)
µ,α ⊗G

(β)
ν,β ,

where the series on the right hand side converges weakly in D′(Mp)(R2).
Conditions (M.b) and (M.a) imply that

1 ≤ AHα+βMαMβ

Mα+β
≤ A(dH)α+β

Mα−γ+β−δMγ+δ

MαMβ

dαdβ

for each d > 0, α, β ∈ N and γ, δ ∈ N such that γ ≤ α, δ ≤ β. Applying the
above estimate instead of (29) and repeating the arguments used in 1◦, one can
conclude that f and g are convolvable and

〈f∗g, ψ〉 =
∑
α∈N0

∑
β∈N0

〈Fµ,α ∗G(α+β)
ν,β , ψ〉

for ψ ∈ D(Mp)

Ls/(s−1),−ρ.
The next part of the proof is similar to that of Proposition 9 in [16].
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3◦ Suppose that condition (M.2′) holds. If f ∈ D′Lq,µ is fixed, then the
mapping

D′(Mp)
Lq,ν 3 g 7→ f ∗ g ∈ D′(Mp)

Ls,ρ ,

has the closed graph. Indeed, if (gi) converges to zero in D′(Mp)
Lr,ν and (f ∗ gi)

converges to h in D′(Mp)
Ls,ρ , then

〈h, φ〉 = lim
i→∞
〈f ∗ gi, φ〉 = lim

i→∞
〈gi(f̌ ∗ φ), 1〉

for each φ ∈ D(Mp) (see [16], Proposition 6). Note that f̌ ∗ φ ∈ D(Mp)
Lq,µ . Moreover,

the multiplication, as a mapping from D(Mp)
Lq,µ ×D

′(Mp)
Lr,ν into D′(Mp)

L1,µ+ν , is separately

continuous, and D′(Mp)

L1,µ+ν is continuously embedded into D′(Mp)

L1 . This implies that

gi(f̌∗φ) converges to zero in D′(Mp)

L1 as i → ∞. Therefore 〈h, φ〉 = 0 for each
φ ∈ D(Mp). Consequently, the linear mapping in question has the closed graph.

If g ∈ D′(Mp)
Lq,ν is fixed, then the mapping

D′Lq,µ 3 f 7→ g ∗ f ∈ D′(Mp)
Ls,ρ

has the closed graph. Indeed, if (fi) converges to zero in D′Lq,µ and (fi ∗ g) con-

verges to h in D′(Mp)
Ls,ρ , then

〈h, φ〉 = lim
i→∞
〈fi ∗ g, φ〉 = lim

i→∞
〈fi(ǧ ∗ φ), 1〉

for each φ ∈ D(Mp) (see [18], Proposition 6, or [7]). We have ǧ ∗ φ ∈ DLr,ν and,
moreover, the multiplication, as a mapping from DLq,µ × D′Lr,ν to D′L1,µ+ν , is
separately continuous, andD′L1,µ+ν is continuously embedded intoD′L1 . Therefore
fi(ǧ∗φ) converges to zero in D′L1 as i→∞ and thus 〈h, φ〉 = 0 for each φ ∈ D(Mp).
Consequently, the linear mapping in question has a closed graph.

4◦ Similarly, one can prove that if condition (M.2) is fulfilled and g ∈ D′(Mp)
Lr,ν

is fixed, then the mapping

D′(Mp)
Lq,µ 3 f 7→ f ∗ g ∈ D′(Mp)

Ls,ρ ,

has the closed graph.

5◦ Note that

(a) the space D′(Mp)
Lq,ρ is the strong dual of a Fréchet space;

(b) the space D′Lq,ν , q ∈ [1,∞], is an inductive limit of Banach spaces (see
[16], Theorem 9).

As we have noted, since D′(Mp)

L1 = (B(Mp)
C )′ and the space B(Mp)

C is semire-
flexive (see [18]), it follows that D′(Mp)

L1 is barrelled. Therefore the space D′(Mp)

L1,ν ,

which is isomorphic to D′(Mp)

L1 , is barrelled. It follows that the spaces D(Mp)

L1,ν are

distinguished Fréchet spaces (see [4], p. 228, Proposition 1). Thus D′(Mp)

L1,ν is a
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bornological space ([4], p. 289, Theorem 1) and hence, being complete, is an
inductive limit of Banach spaces.

It follows from statements given in [20] (Appendix, p. 159, Theorem 3, and
p. 164) that if E is an inductive limit of Banach spaces (which implies that E
is ultrabornological), F is a strong dual of a Fréchet space and T : E → F is
a sequentially closed linear mapping, then T is continuous. Consequently, the
convolution mappings (26) and (27) are partially continuous by the closed graph
theorem. But then they are continuous (see [4], p. 364, Exercise 10).
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