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1. Introduction

All algebras considered in the sequal are associative. An algebra A over
the field of real or complex numbers, endowed with a Hausdorff topology is
called a topological algebra if the maps: (x, y)=x+y, (A, x)—=Ax and
(x, y)— xy are jointly continuous in both variables together, where x, yeA4 and
A is a real or complex scalar. If the topology of a topological algebra is given by
a metric, then it is called metrizable. A topological algebra is called a locally
convex (LC) algebra if its topology is described by a family {g,} of seminorms.
If each member of a defining family {g,} of seminorms of a LC algebra A4 is
submultiplicative, i.e., g,(xy) < g,(x)o,(y) for all x, ye A, then it is called
locally m-convex (LMC) ([15]). A complete metrizable LC algebra is called
a B,-algebra ([16]) and a complete metrizable LMC algebra is called a Frechet
algebra ([2]).

Let A be a topological algebra over the complex field C. A sequence {x;} of
A is said to be a basis of A if for each x € A there is a unique sequence {4;(x)} of
complex numbers, depending upon x, such that x = )’ 1,(x)x;. Each 4; = 2,(x)
is a linear functional on A. If each ; is continuous, the basis {x;} is called
a Schauder basis. A basis {x,} is called orthogonal if x;x; = &, x;. If {x} is an
orthogonal basis, then each 4, is multiplicative ([7]).

A self-map T of an algebra A is called a multiplier of A if Tx -y = x Ty for
all x, ye A. The set of all multipliers of A will be denoted by M(A4). The
purpose of this paper is to study the set M (4) when A is a topological algebra,
in particular, a Banach algebra with orthogonal basis.

For instance, it is shown that each element Te M (A) is determined by
a complex function on the maximal ideal space of A (Theorem 2.5) which is
bounded if A4 is a Banach algebra (Theorem 2.7). It is known ([7]) that each
Banach space with an unconditional normalized basis can be given an
equivalent norm and multiplication making it a Banach algebra with the given
basis becoming orthogonal. Here we show (Theorem 3.10) that on the other
hand, each Banach algebra with an orthogonal basis can be endowed with an
equivalent norm in which the basis is not orthogonal. We construct an example
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6 Multipliers of topological algebras

of a Banach algebra 4 possessing an orthogonal basis for which M (4) is the
smallest (Example 3.12 and Proposition 3.13). The author is thankful to
K. Jarosz for this example and other results in Sections 7 and 8.

As is the case in scalar sequence spaces, we define m-algebras for the
topological algebras with orthogonal bases and study some of their properties.
See Sections 4 and 5. Further, as in the case of Banach spaces or more generally
in locally convex vector spaces Schauder decompositions have been defined
and studied, similarly here we define orthogonal decomposition of topological
algebras and show that an orthogonal decomposition of a Bj-algebra is very
well behaved (Theorem 6.2). Moreover, n-algebras associated with Schauder
decompositions of a Banach algebra are subalgebras of the algebra I of all
bounded complex sequences and they are representable by operators on
appropriate Banach spaces (Theorem 6.5). In Section 7, we show that under
certain conditions, a Schauder basis of a commutative Banach algebra can be
perturbed to obtain an orthogonal basis (Theorem 7.5). In Section 8, we show
that each orthogonal basis of a Banach algebra is an unconditional orthogonal
basis of a subalgebra. Moreover, we introduce a new method of defining
topological algebras which have an orthogonal basis obtained by taking the
tensor product of bases.

For a background on multipliers of a Banach algebra, the reader is referred
to Larsen [9] and for a general study of Banach algebras, see Zelazko [13].
The theory of orthogonal bases in topological algebras was first introduced by
this author and has been extensively studied by him in collaboration with
Liang and Watson among others. See, for example, the references [3], [4], [5],
[6], [7], [8]. Thanks to the referee for pointing out some obscurities and
omissions.

2. Multipliers of topological algebras

For the time being, A will stand for a complex algebra without a topology
and then later it will be a topological algebra with appropriate conditions.

To study some properties of multipliers we assume that A is proper: 4 is
called proper if for any xe 4, xA = Ax = {0} implies x = 0. If A has identity,
then A is proper. Moreover, a topological algebra with an approximate identity
is proper. We also known ([5], Proposition 3.1) that each topological algebra
with an orthogonal basis is proper.

A map T: A- A is called a multiplier if Tx-y=xTy (also written
as Txy=xTy if no confusion arises). If 4 is proper, then a multiplier
T on A is linear because for x,yed and a, BeC, [T(ax+pBy)
—oTx—BTy]z = axTz+ PyTz—axTz:—PByTz =0 for all zed ([12]) and
satisfies another important equation: T(xy)= Tx- y(=x'Ty) because
[T(xy)—Tx-ylz = T(xy) z—(Tx"y)z = xyTz—xyTz (using the associative
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law) =0 for all zeA ([12]). Recalling that M(A) denotes the set of all
multipliers of 4, we see that if A is proper, then M(4) is an algebra with the
identity map of 4 as its identity.

PROPOSITION 2.1. Let A be a commutative algebra with identity. Then M(A)
is algebraically isomorphic with A.

Proof. For each x€ 4, if we put L_(y) = xy for all ye 4, then it is easy to
verify that L e M(A) and the map: x — L, into M(A) is an injective (because
A is proper) algebra homomorphism. Suppose Te M(A4). Put x, = T(e). Then
for all xe 4, Tx = T(ex) = xox = L, (x) shows that 4 and M(A) are isomor-
phic. m

Proposition 2.1 shows that the study of multipliers for a commutative
algebra with identity is somewhat uninteresting,

Now suppose A stands for a Hausdorff topological algebra. Let L.(A)
denote the set of all continuous linear self-maps of A. Clearly L (4) is an
algebra under composition and has identity. We topologize L.(A) as follows:
Let {U} denote the family of all closed circled neighbourhoods of 0e A. Let
f denote the family of all bounded (resp. finite) subsets of A. For each Be f and
Ue{U}, let

T(B, U) = {Te L,(A): T(B)  U}.

As B runs over  and U on {U}, the family {T(B, U)} defines a topology on
L.(A), called the strong (resp. simple)-operator topology. It is easily seen that
L,(A) is a Hausdorff topological vector space. Moreover, for any given T(B, U),
a neighbourhood of 0 in L,(A) and for any. fixed T, € L (A), if we choose Ve {U}
such that Ty(V) < U, then for all Se T(B, V)

T,S(B)c T,(V) < U,

shows that the map: (T, S) — TS is separately continuous. In other words,
L,(A) endowed with the strong topology is a semitopological algebra. If 4 is
a complete metrizable topological vector space (in particular, algebra), then
L (A) is complete in the strong topology ([12], p. 112). Thus if A is a B,,-algebra
(complete metrizable LC algebra) or a Fréchet algebra (complete metrizable
LMC algebra), then L (A) is a complete semitopological algebra. If
a B,-algebra A has a countable fundamental system of bounded sets, then
L.(A) is a complete metrizable semitopological algebra, hence by Arens’
theorem (see [27]) L.(A4) is also a complete metrizable topological algebra.

THEOREM 2.2, If A is a proper topological algebra, then each multiplier of
A has closed graph. ’

Proof. Let T be a multiplier of 4. Let {x,} be a net in 4 such that x, » x
and Tx, — y in A. Let ze 4 be an arbitrary element. Then by the continuity of



8 Multipliers of topological algebras

multiplication, x,z—»xz and Tz'x,— Tz'x. Since T is a multiplier,
T(zx,) = zTx, = Tz x,. Hence

limzTx, =lim Tz x, = zy = Tz'x = zTx.
Thus z(y—~ Tx) = 0 for all ze A. Since A is proper, we have y = Tx, proving that
the graph of T is closed. m

CoROLLARY 2.3. Each multiplier on a proper complete metrizable algebra, in
particular B,-algebra or Fréchet or Banach algebra is continuous.

Proof. It follows from the Closed Graph Theorem ([1]) in view of
Theorem 2.2. =

THEOREM 2.4. Let A be a complete metrizable proper topological algebra.
Then M(A) is a closed subalgebra of L (A) endowed with the strong topology.

Proof. Since A is proper, each Te M(A) is linear. By Corollary 2.3,
M(A) = L,(A4) and M(A4) is an algebra (Proposition 2.1). To prove that M(A4) is
closed, let {T,} be a net in M(A) such that T, - Te M(4) < L (A). (Note that
L.(A) is complete). Thus for all x, ye A, T,x*y = x* T,y implies Tx-y = x- Ty,
ie. TeM(A). m

Now let A be a semisimple commutative topological algebra and M (A4) the
set of multipliers on 4. We show that each linear Te M (4) can be represented
by a continuous map on 4(A), provided 4(A) is nonempty. (Note 4(A4) denotes
the set of all nonzero continuous linear multiplicative functionals on A4 en-
dowed with the w*-topology which may be empty in general.) Let M,(A) denote
the subset of M(A) consisting of linear multipliers. M(A4) = M/(A) is an algebra
if A is proper or in particular has identity. For each xe 4, we put

() =/), [fed(4),
the Gelfand transform of x. We have:
THEOREM 2.5. To each Te M,(A) there corresponds a continuous map:
ul A(4) - C

such that

Jor all xe A.
Proof. We define u™: 4(4) - C by

WI(f) = fo T(x),
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where xe A is such that f(x) = 1. To see that u” is well defined, suppose
x,, x,€A with f(x,) =1 = f(x,). Then

Jo T(x; x;) = f(x)f(Tx;) = fo T(x,),
SoT(xyx,) = f(x,)f(Tx,) = foT(x,).
Moreover, we see that for all fe A(4) and x€ A,
JoT(x) = p"(f)f(x).

For, if x,€ 4 is fixed such that f(x,) = 1, then choose a, feC(f #0) so that
f(axg+px) = 1. Then by definition of uT (using the linearity of T).

JfoT(axy+ Bx) = flaxe+ px) ™ (f),
and thus we have
SoT(x) = pT(f)f(x)

for all fe A(A) and xe A.
To prove that uT is continuous at Jo€ 4(A), let e > 0 be given. There is
xo€A with fy(x,) = 1. Let U’ be the set of all fe A(A4) such that

|/(Txo)—fo(Txo)| < &.
Then U’ is a w*-neighbourhood of f, in 4(4) and for all feU’,
1T (f)— 1" (f) = |/(Txo)—fo(Txo) < e
This proves the continuity of u”. =

PROPOSITION 2.6. The map y: T— u” of M(A) into C(4(A)) is an algebra
homomorphism, if A is proper.

Proof. If T, SeM,(A), then clearly aT+pSeM,(A) for a, feC and
TSeM,(A). But then,

Y(@T+BS) = p*™*7 = ap™ + pu’ = ap (T)+ Y (S)
and similarly
V(TS =y(NY(S). =
The following is known (see [12]):

THEOREM 2.7. If A is a semisimple commutative Banach algebra A, then for
each Te M(A), uT is a bounded function on A(A).

Proof. By Corollary 2.3, T is a bounded linear operator on A and so
IT| < co. Also for each feA(A), |f]] < 1. For each fe 4(A4), let

2, = sup |f(x) <1
x|l =1
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By definition, f(x)u"(f) =foT(x) for xe A (Theorem 2.5). Therefore
LGN = [ATE) < IAIITHIx] < o I T 1]
Whence for fe A(A),

T a | T Ixl .
W< G #0
.o o T x|l
<||x1|l|]i=.1 |
aIT]
< s 176 IT] < co-
x|l=1

This completes the proof. =

COROLLARY 2.8. The map ¢: T— uT of M(A) into C,(4(A)) is norm
decreasing, where C,((A)) is the Banach algebra of all bounded continuous
complex-valued functions on A(A).

Proof. By the above theorem

™l = sup (" (M) <ITI.
Jed(A)

THEOREM 2.9. Let A be a semisimple commutative topological algebra such
that A(A) is point-separating. Then each linear map T! A — A is a multiplier iff
T(M)c M for all Me{M_}, where f~'(0) = M, for fe A(A).

Proof. Suppose Te M(A). Then by Theorem 2.5,
uT(f) =foT(x)
for some xe A4 with f(x) = 1. Let M, be a fixed member of {M}. Suppose
x¢M, and ye M . Then xpe M, and so f(xy)=0. From Tx'y = x- Ty we
have
ST () = f) S (Ty).

Since f(x) # 0, we have f(Ty) = O for all ye M. This proves that TM < M,.

Conversely, suppose T(M) = M for all fe 4. Then for xe M, (or ye M)

SO Ty)=f(Tx-y) = f(x) f(Fy) = f(Tx) f(y) = O,

because TxeM, (or TyeM, ). Now if both x,yeM,, then M, being
a maximal ideal, there are u, ve M, «, B C such that x = u+az, y = v+fz
for some ze A. But then

x Ty—Tx'y =(u+az)(To+ pTz) —(Tu+aTz) (v+ f2)
= (uTv— Tuv)+ a(zTv— Z zv) + p(uTz — Tuz).
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From this we derive that
Jx-Ty)—f(Tx-y)=0 for all fe 4(A).
Since 4(A) is point-separating, we have x Ty = Tx-y, ie. Te M(A4). =
We restate Corollary 2.8 differently for future use.

COROLLARY 2.10. Let A be a commutative semisimple Banach algebra. Then
for each Te M(A)

' (f)=foT, [fed(4),
with
™I < IT).

In the following sections we shall deal with special algebras, which are
automatically proper and hence each multiplier on them is linear. Moreover,
A4(A) is point-separating.

3. Multipliers of topological algebras with orthogonal bases

From now on, we assume A to be a topological algebra possessing an
orthogonal basis {x;}. Thus A is commutative ([7]) and proper ([5]). We note
that the basis {x;} is automatically a Schauder basis [see S. El-Helaly and
T. Husain, Orthogonal bases ure Schauder bases and a characterization of
@-algebras, Pacific J. Math. 132 (1988), 265-275]. It is known ([5]) that the set
A(A) of all closed maximal ideals consists of all kernels of coordinate
functionals s, ie.

M, ={xeA: A(x)=0}.

Thus A(4) = {M,} is a countable discrete space homeomorphic with the
discrete space of positive integers. In this section, we study the multipliers of
topological -algebras with an orthogonal basis, in particular Banach algebras
possessing orthogonal bases.

Let A stand for a topological algebra with an orthogonal Schauder basis
{x,} in the sequel. Hence A4 is a commutative semisimple topological algebra
such that 4(A) is point-separating. We derive the following results from the
previous ones as special cases:

ProposiTiION 3.1. Each multiplier of A is determined by a sequence of
complex number.

Proof. Since 4(A4) = {M,}, we see that it is a particular case of The-
orem 2.5 =m



12 Multipliers of topological algebras

Remark 3.2. Since each TeM(A4) of a topological algebra with an
orthogonal basis {x,} is determined by a sequence {u;} of complex numbers, we
shall denote {u;} by

u" = {uf}es,

where s is the algebra of all complex sequences with pointwise operations.

If % denotes the Gelfand transform of xeA, then as seen above,

x())=A(x), i=1 and xe4,
Tx() = uFA(x) for all i>1 and xeA.
If ¢ denotes the mapping from A to s, defined by ¢(x) = {4;(x)}, then
B(Tx) = (il ()} es.

Thus we can define y: M(A)—s by ¥(T) = {uf} = u".

PrOPOSITION 3.3, If A is a topological algebra with an orthogonal Schauder

basis {x,}, then the map y: T— uT of M(A) into s is an injective continuous
homomorphism.

Proof. Such an algebra is semisimple ([7], Corollary 1.5) and so it is
a particular case of Proposition 2.6. The only thing that needs a proof is the
continuity of . But this follows from the assumption that the basis is
Schauder. =

~ THEOREM 3.4. Let A be a Banach algebra with an orthogonal basis {x;}.
Then for each Te M(4), u" €l ,, the Banach algebra of all bounded complex
sequences.

Proof. This is a particular case of Theorem 2.7. u

Remark 3.5. Setting
M* (4) = {u" = {ul}: TeM(4)},
we see that M *(4) is algebraically isomorphic with M(A) by Proposition 3.3.

If A is a Banach algebra with an orthogonal basis, then M*(4) < [
(Theorem 3.4). We can therefore endow M¥(4) with the induced sup-norm
topology. On the other hand, we have:

THEOREM 3.6. Let A be a Bg-algebra with identity e and possessing an
orthogonal unconditional basis {x;}. Then I, = M*(A). Since I, = M*(A)
implies that the basis {x} is unconditional, one can state this theorem as follows:
The basis is unconditional iff |, < M™* (A).

Proof. We know that e =) x;,. Let f={f}el,. Since the basis is
unconditional, the series ) f;x, converges in A. Let x, = )’ §;x; and consider
L,,(x) = xyx (xeA). Then L, eM(4) (Proposition 2.1(b)). If x =) A,(x)x,,
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then L, (x) = Y. BiAi(x)x; or equivalently A,(L, (x)) = B,2,(x) for all i > 1. Thus
{B;} is defined by a multiplier L, of 4 and so feM¥(4). =

Remark. We note that though there is only one Fréchet algebra
satisfying the hypothesis of Theorem 3.6, namely 4 = s, but there are other
nontrivial By-algebras of this type. For example, A = H(D), the algebra of all
holomorphic functions on the open unit disc endowed with the compact-open
topology. A is a Bj-algebra under multiplication

1
g =5 j f@gxz™Yz" dz,

lzl=r

where xe D, |x| <r < 1 with an orthogonal unconditional basis {z"},,, and
identity z° = 1 (see [7] for details).

PROPOSITION 3.7. For any Banach algebra A with an orthogonal basis {x;},
the mapping y: M(A) > M*(A) (see Proposition 3.3) is norm decreasing.

Proof. For each TeM(A4), from the proof of Theorem 3.4, we have

Il = sup lul| < I TI.
iz1
COROLLARY 3.8. Let A be a function algebra (i.e. a Banach algebra in which
lxll o = llxIl) with an orthogonal basis {x,}. Then M(A) and M* (A) are isometric
and hence M ™ (A) is the Banach algebra |, because the only such an algebra A is
Co-

As we have seen (Theorem 2.9) above, a multiplier, as a linear operator of
a topological algebra with an orthogonal basis can be characterized by its
action on those maximal ideals which are kernels of nonzero multiplicative
functionals. A particular case is the following:

THEOREM 3.9. Let A be a topological algebra with an orthogonal Schauder
basis {x;}. Let {A,} denote the sequence of its coordinate functionals and

M;={xeA: A(x) =0}

Jor each i > 1. A linear map T: A — A is a multiplier of A iff TM) = M, for all
izl

We know ([7]), Proposition 4.1) that each Banach space with an
unconditional normalized basis can be given a multiplication and an equiv-
alent norm making it a Banach algebra having the given basis as an orthogonal
basis. Now we have a result in the reverse direction as follows:

THEOREM 3.10. Let A be a Banach algebra with an orthogonal basis {x,}.
Then there exists an equivalent norm and a new multiplication making A a Ba-
nach algebra with {x,;} as its basis but not an orthogonal basis.
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Proof Let TeM(A) such that Tx; #x; for at least one i Let
u” = {u]} e M*(A) which is determined by T (Proposition 3.1). Thus for each

x =) Mx)x €A,
3(TX) = uF Ay(x)
for all i > 1 and xeA. We define a new multiplication in 4 by
xoy = xTy

for x, yeA. It is easy to check that xoy satisfies all the properties that
a multiplication in an algebra should. Here the multiplication is associative,
even though in general this formula may not define an associative multi-

plication.
To define a new norm on 4, we put

Il = 1T M=l

for all xe A. (Note that by Corollary 2.3 T is a bounded linear operator.) It is
clear that (x|’ is an equivalent norm on A and

Ixoyll" = RTI IxTyl < ITIIxN I TN iyl = Txl"ll'

thus proving that 4 with the new multiplication and norm is a Banach algebra.
Since for each x = )’ A.(x)x;€ A4, the series converges in the equivalent norm
], it follows that {x;} is a basis of the new Banach algebra (4, ||*||’,0). But

x;0x; =%, Tx; = T(x;x;) = T(6;;x;) = 6;; T(x;)
shows that x;ox; # d;;x; unless Tx, = x; for all i > 1, which is ruled out. =

CoroLLARY 3.11. Let A be a Banach algebra with an orthogonal basis {x;}.
Let M(A) and M*(A) be as before. Then for each i =1 A,0T= ul for all
Te M(A), where {A;} is the sequence of coordinate functionals.

ExAMPLE 3.12. We construct an example of a commutative Banach algebra
A with an orthogonal (but not unconditional) basis such that

M(4) ~1,®C.

That is the set of multipliers of A is the smallest possible. Let I, be the usual
Banach space. Let

fi=(,1,...,1,0,0,..), n>1.

Then {,} is a Schauder basis of I, but not an unconditional one. We note that
for any scalar sequence {o,},

Yefel, iff Yo, is convergent.
We define multiplication in I, by

Qanss) (EBufe) = 27", B S,
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It is easy to verify that with this multiplication I/, is a Banach algebra.
Moreover,

Jodw=27"0mm

and hence, if g, = 2", then {g,} is an orthogonal basis of /,. We denote I, with
this multiplication and orthogonal basis by A. To complete the construction of
the example, we prove:

PROPOSITION 3.13. A map T: A— A is a multiplier of A iff for some
(myel,®C

T tnfs) = X bnCinf:

Proof. = is trivial. For the reverse implication assume T is a multiplier of
A given by a sequence {u,}. We have to show that there exists a sequence
{B,}€l, and AeC such that for all n> 1.

M= B, + 4.
First we show that {u,} is convergent. Suppose not, then there are subse-
quences {k,}, {I,} of positive integers such that y, — A, and g,_— A, with
Ao # Ay. (Such subsequences exist because {y,} is clearly bounded.) Replacing
aT+ f by T with appropriate « and f, without loss of generality we can assume
that 4, = 1 and 4, = 0. Taking subsequences, if necessary, we can also assume
that

k,<l,<k,,, foralln>I.

Now we define {«,} by
1
o =-, o = —l, ., =0 for all other n.
n n
Then the series ) a, is convergent and so ) o, f,€ A. But {y,a,} is of the form:

1. .
iy = M s 1D which g, —1,

1 . .
M0, = =y, in which g _—0,

o, =0 otherwise.

Now the series ) o, is divergent and so Y a,u,f, ¢ 4, ie.,, T is not a multiplier.
Hence {u,} must be convergent. Let A =Ilimy, and put B, = u,—A. Then
limB, = 0.

We show that {8,}el,. Suppose not, then by multiplying T by an
appropriate scalar, if necessary, we may assume that {f,}¢[,, where
B = max(0, Re B,), Re B, being the real part of §,. Let {k,} be the subsequence
of all positive integers such that f; > 0.
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We define a sequence {r,} of positive integers as follows: Let r; be the
smallest integer (= 1) such that
ri
> B > 1
Jj=1
(Such an r, exists because Y. f, is divergent.) Let r, > r, be any integer such that

1
"=-— forall j>k
B o, or all j )

(such an r, exists because lim§;, = 0). Put ry = r,+r,. Inductively, we choose
r3;4+1 to be the smallest positive integer such that

raj+1

Z Biy=1

j=r3z+1
ry+ is such that ry;,, >r;,,, and such that
1 1
ﬂ < = fOI' all] k3]+2
Faj+1— Ty 2
Put ry;43 =rap,+{5j 1 —rs). Now we define {e,} by:

0, =0  if f, <0,

“k,.=; if ry+l<n<ry,y,

o, =0 if rajey <HSTyy4,,
-1

O, =— I 7y, <n<rys.

Then we see that ) a, converges to 0 and )’ f,a, is divergent because

k3j+s 11111 11 1 11
Re(ngl ﬂnan) 1"5"'5—5'54‘5—5'5-*- ces +;_5:]—
l‘|'1+1+ +l—> 0.
2 4 6 2
Thus we have shown that {f }el, with

= fB,+4.
This concludes the proof. =

We close this section with the answer of the following problem: Suppose
A is a topological algebra with an orthogonal basis. Does there exist
a topological algebra B such that 4 ~ M(B)?
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Since M(B) always contains identity, we assume that A4 has identity to
answer the above question. Moreover, since M(B) is often complete, we assume
that A is complete. With these remarks we have:

THEOREM 3.14. Let A be a complete topological algebra with identity and
possessing an unconditional orthogonal basis {x;}. Then there is a topological
algebra B such that A ~ M(B).

Proof. For B we take A’, the dual of A endowed with the weak*-
topology. We show that B is a topological algebra. For this, let fe B and put
o =f(x). If x =32 A(x)x;€A, by the continuity of f we have:

J(x) =f( Zl Ai(x) xi) = Z A(x) a;.
i= i=]
Since fis continuous, it is spectrally continuous which means that f; restricted
to I, (because the basis {x;} being unconditional implies [, is embedded in A)
with the sup-norm, is continuous. Thus {«;}€l,.
Now if fe A’ is fixed and x =) A;(x)x,€ 4, then y = Y A,(y)x,€ 4, where
A,(y) = sgn[e; 4;(x)]. Thus we have

oty 2, ()} = ot A(x) A, () = ; 4, (xy).
Whence

Slxy) = Z“ A A40) = Zlaili(x)’ < .

This proves that {«;4,(x)} €l,. (We note that A’ cannot have identity. But this is
not needed in the proof)
To show that A’ is an algebra, let f, ge A" and define

Z fx)gle)A(x)  for x =S A(x)x,e 4.

Since {f(x;)}el, and {f(x;)A(x)}€l, as shown above, f-g is a well-defined
continuous functional on 4. Moreover, the map (f, g) = f ¢ is jointly con-
tinuous, i.e. B is a commutative topological algebra. Furthermore, f- g can be
represented as a composition of the following maps:

-]

= {40} — 121 By
where a; = f(x), B =g(x), 4 = 4(x).

To complete the proof, we must show that A ~ M(B). Clearly 4 « M(B)
by the preceeding composition map. Let a = {a,} e M(B) and we show that
ac A If xe A, the map f— Y o f(x,)4,(x) of A’ into C is a continuous linear
functional. This means that aeA” Since A4’ is equipped with the weak*-

topology and A is complete, we e A”=A and so aeAd ([15]).
U
2 — Dissertationes Mathematicae 285 :\ 1A/
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It is easy to see that {4} is an orthogonal Schauder basis of A" and thus the
proof is completed. »

4. n-Algebras

As before, let A denote a complete LC algebra with an unconditional
orthogonal Schauder basis {x;} and identity e. We set

m(d) = {x =), A(x)x, € A: sup |4,(x)] < o}

It is not hard to verify that m(A4) is a Banach algebra with the norm

llxlls = supl4;(x)|

iz1

and that {x;} < m(A). In this section, we show that m(A) is the largest Banach
algebra in a certain sense. But first we note that each subalgebra B of
A containing {x,} (and identity e) is semisimple: Recall 4 is semisimple ([7]).
Let N,={x—xx,;: xeB}. Then each N, is a maximal ideal of B and
(YN; = {0}. In particular, m(4) is a semisimple subalgebra of A.

ProposITION 4.1, Every Banach algebra B contained in A and containing
{x;}, is a subset of m(A).

Proof. Let || || denote the norm of B. Since x; # 0 foralli > 1, x| >0
for all i > 1. Now for each xe B, x = )_ 4;(x)x; in A and so xx; = A,(x)x, for all
i 2 1. But then

4G xll = 114 Ge)xll = llxx, | < Hx] fll
implies that
[A(x)| < lx| for all i>1.
This shows that xem(4). u
DEFINITION 4.2. A Banach algebra (B, |- ||) contained in 4 and containing
{x;} is called a m-algebra if there exists K > 0 such that

n
sup | ¥ x| < K ||
n i=1

for all xeB. (See also [13].)
PROPOSITION 4.3. m(A4) is a n-algebra.

Proof. If x =Y, 4(x)x; in 4, then xx; = 4,(x)x; for all i>1 and so

G il = 114G} el < il Nl x .
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Since |x;l, = 1, where | ‘||, is the norm of m(4), it follows that
n n
sup || ¥ xxifl, = sup || 3 260, < =,
n i=1 n i=1

Thus K =1 verifies the definition of =-algebra. =

THEOREM 4.4. Every m-algebra contained in A is continuously embedded in
m(A) and is semisimple. Moreover all norms are equivalent.

Proof. The first part follows from Propositions 4.1, 4.2 and 4.3. The
second part follows from the Open Mapping Theorem, since all Banach
topologies on semisimple Banach algebras are equivalent (e.g. cf. [16]). w

DEFINITION 4.5. A =n-algebra B < m(A4) is called of second category if
cl,B = B, where cl, denotes the closure of B in the sup-norm topology of m(4),
otherwise B is called of first category.

It is clear that A is of second category iff A is uniform.

PrOPOSITION 4.6, Every m-algebra B — m(A) which is of second category
contains ¢(A) = {xeA: x =Y A,(x)x; with that lim A,(x) exists}.

Proof. Let xec(A4). Then x =) 1,(x)x; (in A) for which lim; 4,(xy) exists
for all yem(A). Since eem(A), we have lim;A,(x) = u for xec(A4). But then

2w =pY x; = pecc(4).
Put

Vo= pe+ Y, (4x)—wx; forn=1,...

i=1
Then y,ec(A4) and so y,—ueec(A4) for all n > 1. Clearly
Iy,—npell = sup |A(x)—pl—0 as n— co.
1<i<n

Since B is a m-algebra, {x;} < B and so y,—peeB for all n> 1. Thus

x = lim, ) A;(x)x; = pe+lim,(y,—pe)ecl B = B,

noi=1 n
because B is of second category and B= B < cl,B = B in which B is the
closure of B in the norm topology of B which is coarser than the |- ||-norm
topology in m(A) w

ExampLs 4.7. (n-algebra of first category). Set
b(d) = {xe A: Y |A,(xy)— Ay (xy)l < 0 for all yem(A)}.

Since ¢ = ) x,em(A) for all xeb(4), we have Y ;[4,(x)— 4, (x)] < co. But then
from

n

Ap1(X) = — Z [A:() = Ai s ( ()] + A, (x),

=1
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we see that {4,(x)} is bounded for all xeb(A), ie. b(A) = m(A4). It is clear that
{x;} = b(4) and so ¢, = b(A4) = m(A), where ¢, is the set of all finite linear
combinations of {x;}.

To show that actually b(4) = c(A), let x = Zl,-(x)x,-eb(A). Then
lim; ,(x ) u and so x=pue+x in which X ecy(4) ={xem(4) with
llmll = 0}. It is easy to see that b(A) is a vector space and

Ixll, = sup|4;(x)| +Z|Ai(x)—ll+1(x)|
i i
is a norm on b(A4). If yem(A) and n > m, then

n-1
(4.1) Von(29)— Al))] = | T [A0x¥) = i1 ()]
i=m

n—1
< Y 4y — A, xy) >0 as n,m— co.
i=m

This shows that lim, 4,(xy) exists for each yem(4), proving that b(4) = c(A).

To see that b(A) is a Banach space in the norm |- ||, let {y,} be a Cauchy
sequence in b(A4). Let &>0 be given, there is n, such that for
m, n =g, [|[¥,—Yml, <€ As in the previous paragraph, it follows that
{4 (y)}ns1 is a Cauchy sequence of complex numbers for each i> 1 and
therefore lim,4,(y,) = y4; for all i > 1. Since for all i > 1

l#:l = hm l)'i(y )l Sup llyn”b < 00,

(because {y,} being a Cauchy sequence of b(A4) is bounded) it follows that
{w}el,. Therefore there is yeA with y =), ux,. Since {y;}el,, yem(A).
Now for any zem(A), from (4.1)

q
2 D=2 (3,2 >0 as p,g— o0
i=p

for each n=1, 2, we derive that

q
L OA=hes021 =0 35 g oo,

thus showing that yeb(A). It is easy to see that
1y.=yl, >0 as n—oo.

Now to complete the example, we establish that b(A) is of first category. We
note that if a, = (—1y'"'/n,n=1,2, ..., then {a,}ec, and x = ) a,x,€ec(4),
but x¢b(A4). Hence b(A4) cannot be of second category by Proposition 4.6.
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5. Orthogonal decomposition of topological algebras

In this section, we wish to study orthogonal decomposition of topological
algebras similar to (Schauder) decomposition of topological vector spaces, in
particular, Banach spaces.

DEFINITION 5.1. A commutative topological algebra A is said to have an
orthogonal (Schauder) decomposition if there exists a countable family {M,} of
ideals (respectively, closed ideals) of A4 such that M;M,; =0 for i # j and for
each xe A there exists a unique sequence {x,}, x;€ M, for.all i > 1 such that

(5.1 x=Yx.

From the definition it is clear that for each xe A4, xx; = xf for all i > 1,
thus if x, is idempotent, then xx; = x? = x;. It is easy to see that each
orthogonal decomposition is a Schauder decomposition.

If a topological algebra A has an orthogonal basis {x,}, then x =} 4,(x) x;
(uniquely). Since it is clear that Ax; = M; is an ideal of A and xx; = 4;x; for all
i > 1, we obtain an orthogonal decomposition. of A.

The unique representation of x in (5.1) insures the existence of a projection
map

P A-M,
defined by P;(x) = x, for all i=1, 2, ... Moreover we have
P,Pi(x)=P;x; =0 for i#j,
Pi(x) Px;=x; forall ix1.

Thus in the algebra of all self-maps of 4, the sequence {P;} of projections forms
an orthogonal family, viz.:

Pin=6l'jPi'

Furthermore, since xy = Y., X;, Yy = Yuw, ¥i imply by the continuity of
multiplication in A that

N

@€
Xy = lim XnVu = lim Z Xy = Z X; Vi
NM—-w N-owmi=1 i=1

we have
P(xy)=x;y; = P(x)P,(y) for all i=1I.
In other words, each P; is an algebra homomorphism of A onto M,

THEOREM 5.2. Let {M;} define an orthogonal Schauder decomposition of
a By-algebra A. Then for each i > 1 here exists a closed ideal N; of A such that

(direct sum).
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Proof. For each i, we define

N,={xed: x=Yx;, x,eM}.

J#i
By the uniqueness of representation of x in (5.1), we have
x=x+) X
J#Fi
Hence A = M;+N,;, M;AN, = {0} and thus
A=M®N, foreachi>1.

To show that N, is an ideal of 4, let x =) ,,;x,€N; and y = ) y,€ A. Then

xy= Y x,y=1lm} x;y,= Y x;;€N,.
J#l

i n j#i
To prove N; is closed, consider
L={{x}e]]M; Y x, exists in A}.

Since each M, is a closed ideal of a By-algebra, it is itself a By-algebra and so is
[IM;. We endow L with the topology induced from [TM,. More explicitly, if
{,} is a countable family of continuous seminorms defining the B,-topology of
[IM,, then for each xe[]M;,

x| = d(x, 0) = 221#("())‘)

defines a quasinorm on J[ M, and for each {x}eL, we set

n

I{x}la = supd( ), x;, 0) = Sup'Z xt"
n21 i=1 n i=1

Note that ||{x;}]l, is a finite number, since a convergent sequence in a metric

space is bounded. Thus it is routine to verify that [|{x;}|, is a quasinorm on L.

For completeness of L, let {x,;};», be a Cauchy sequence in L. For any ¢ > 0

there is n, such that for all p, g = n,,

- .
H{x“-} - {xqi} s = sup '121 (xpj—xtu')l < 2

Thus

n
SUP |X,,— Xl S 25up | Y (x,—x ) = 2 I{x,;} — {x,;}Ns < &.
n n j=1
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Since each M, is complete, lim,x,, = x,, for all i > 1. For each n there is
N, > ny such that [37_, (xo;—xy,)| < &. Hence

"{XOJ—xpj} e = SUPI Z (xoj—xpj)l
n j=1

< {sup IJZ (Xxni—Xop| +5uP| X (xny— %5}
n =1 i=1

for all p > n,. Since {x,,}€L, there is m, > n, for which

m
|Z x"o]l <é

i=n

whenever n, m 2 my,. Thus
m m m
12 xoila € | X oy=Xnodla | 2. Xnosla
j=n j=n f=n

<2sup || X (xo;—xmp)]late < 2e
n j=i

for all n,m 2 m, and so the limit exists in A, i.e. Zj'; L Xo; 18 convergent,
proving the completeness of L.

Now let T: L+ A be defined as follows: T({x})=>;2,x;. By the
uniqueness of representation of elements of 4, ) x, = 0iff x, = 0 for all i > 1.
This proves that T is injective and by hypothesis {M;} being a decomposition
of A, T is surjective. T is clearly linear and the inequality

1Tl = [£x) < sup| 3 x) = I,

n j=1

shows that T is continuous. By the open mapping theorem, T is open or
equivalently T~' is continuous.

Now to prove the closedness of N, let y,€ N, such that lim, y, = y, with
Y.€N,. Since y, =371 ui Vo Yo = 2 je1Yoj Vnj» Yoy€ M) and y,; = 0 for all
n =1, by the isomorphism of T™!, we have

{yoi} = T (yo) = T™!(lim y,) = (lim y, ;}.

By definition of the metric on L, it follows that

Yor = limy, =0.
n
Hence y,eN, and so each N, is closed.

THEOREM 5.3. Let A be a B,-algebra. The following statements are
equivalent:
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(i) There exists a countable family {M} of closed ideals in A forming an
orthogonal Schauder decomposition.

(ii) There exists a sequence {P;} of continuous projections of A such that
P.P;=8,P,, each P, is multiplicative and for each xe A, x = lim, Y Pix.

i=1

Proof. (i) = (ii). As seen above, each Schauder orthogonal decomposition
{M;} gives rise to-a family of desired projections {P;}. To show that each P, is
continuous, we note that for each M, there exists (Theorem 5.2) a closed ideal
N, such that A = M@ N, for each i > 1. If {y;} is a sequence in A converging
to ye A such that {P(y)}, converges to ze M,, then lim;(y;—P;y) =y—z.
Since P;y;e M, and y,—P,y;e N, it follows that ze M; and y—ze N,. Hence
P,y = P,z = z, showing that the graph of P, is closed. Since both 4 and M, are
complete metrizable topological vector spaces, by the Closed Graph Theorem,
P, is continuous.

(ii) = (i). Put P,(4) = M,. Then by assumptions on P;, each M, is a closed
ideal and for each xeA, x =Y, x; where P,x = x, for all i > 1. To prove the
uniqueness, suppose there is {y;} such that lim, ) °_, y; = 0, y;e M. Since each
P, is continuous, we have

0= llmPl(Z yj) = lim Z P,-y_,-=P.')’i =W
n J=1 n J=1
Further, if z; = P((x)eM; and z;= P,(y)e M, then z,z; = P,(x)P,(y) implies
Py(zz)) = Py(x) [P;P;(y)] =0 for is].
This proves that {M,} is an orthogonal family satisfying (i). m

Remark. The Banach algebra I does not admit an orthogonal decom-
position. Actually, there is no Banach algebra with unit which admits an
orthogonal decomposition.

6. II-Algebras associated with orthogonal decompositions

In Section 4, we studied m-algebras associated with topological algebras
with orthogonal bases. Now we consider rn-algebras associated with orthogonal
decompositions.

DerFINITION 6.1. Let {M,} be a Schauder orthogonal decomposition of

a topological algebra A. Let {P;} be the associated sequence of projections.
Define

Ay = {{u}es: Yoy Pyx exists for all x in A}.

A, will be called the IT-algebra associated with the orthogonal decomposition
{My}.
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It is easy to verify that A, with pointwise operations is an algebra,
containing the basic vectors e; = {6ij}j,i= 1,2,... Indeed, {¢;} forms an
orthogonal basis, called the canonical basis, of the Fréchet algebra s.

We first start considering the II-algebras associated with orthogonal decom-
positions of Banach algebras, since this special case is neater. We let A4 stand
for a Banach algebra with a Schauder decomposition {M,} until further notice.

PrOPOSITION 6.2. A, <.

Proof. Let @ = {«} € A,. Then for x € 4, the series ) «; P;(x) is convergent
in A. Since A is a Banach algebra with Schauder decomposition, each P, being
continuous, it follows that };_ «,P; is a bounded linear operator on 4 for
each n and so

n a0
@, P)x =lim ) a;P;(x)= 3 o,P(x)
i=1

n i=1

T,

a

(x) = lim(

n i

iMs

is defined for all xe A. Being the pointwise limit of a sequence {}7/_, a, P;} of
bounded linear operators, by the Banach-Steinhaus theorem T, is a bounded
linear operator. Clearly T,(P;(x))=o;P;(x) and so

loegl [|1P; Il < [ M1 1P, ()1
We choose i such that P;(x) # 0 if x # 0 and so

sup ool < I Tl

proving that {o;}el . =
DEerFINITION 6.3. Let A be a Banach algebra with an orthogonal Schauder
decomposition {M,}. Set
I(A)={T;: a={n}eA,}.

We endow IT(A) with the norm induced from B(A), the algebra of all
bounded linear operators on A. Clearly I7(4) is a normed algebra.

THEOREM 6.4. The map a — T, of A, into II (A) is injective and ||| o, < | T.|l.

Proof. Suppose T,=0. T,(x)=) & P;(x)=0 for all xeA and so
T,(P;x) = a; P;(x) = 0, because P,P; =0 for i # j. Since M, is nontrivial, i.e.
M, # 0, we have P,(x) # 0 and so a; = O for all i > 1, i.e. & = {0}, proving the
injectivity. The other part follows from Proposition 6.2 =

THEOREM 6.5. There exists a norm A, such that A, is a n-algebra and the
map a— T, of A, onto II(A) is an unital isometry.

Proof. If a={a}, f={B) are in A4, then T,x=) a;P;x and
T,x =) B,P;x for xe A imply

T.(Tyx) = Y, 0; P(Tyx) = Y o, B; Py x = Ty x.
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Thus T, TyeIlI(A). Clearly the map a— T, is linear, actually an algebra
homomorphlsm In view of Theorem 6.4, this map is an isomorphism. To prove
that this map is unital, let T, = I be the identity of II(A4). Then x =) P,xe 4
implies that T, x = ZPix = x. Thus o = {1}, the identity of I,,. By Theorem
6.4, the mapping T, -« is continuous.

To show that IT(A4) is a Banach algebra, it is enough to show that IT(A4) is
closed in B(A). Let {T, } be a sequence in IT(4) such that |7, ~T| -0 as

n- oo for some TeclH(A Let a, = {a,;};>, €4, such that

T, x= ): a Pix”

i=1
for all n>1 and xeA. Then T, (P,x) =a, P;x and so by Theorem 6.4
loy—tplle < 1T, —T; | =0

as n, m— co. Hence for each i> 1, {a,},», being a Cauchy sequence is
convergent. Let lim o, =a,, for i=1,2,... and set oy = {op;};»,- Then
o, —ogll, = 0 as n— o, ie., lim,a, = ay in ;. Since

n n

we have
g Pyx =Hm Y o, P, x = ’ILO(Z P;x).

1 n i=1

Ma

[}

This proves that T = T and so I1(A) is closed. Thus by the open mapping
theorem we have an 1somorphlc homeomorphlsm of A, onto IT(A).

To obtain isometry, we endow A, with a new norm: ||a||’ = | T,|| for a€ A,.
It is clear that A, with the new norm is a m-algebra for the following reasons: If
e, ={6,},>1€4,, then T, = P,.ell(4) for all i=1,2,... and

leBl = 1 Tpll = N T, Tpll < ITH 1Tl = Nlecl” 18I

for a, feA,. Thus A, is a commutative Banach algebra in the new norm
isometric with IT(A4). Moreover,

lel" = IT,0 = 7] =1 = [{1}]l.,
shows the unital isometry of (A, |- [|) onto IT(A). m

Let A be a Banach algebra with an orthogonal decomposition {M,}. Then
each M, is also a Banach algebra. Assume each M; is proper. Then A is also
proper. If Tisa multlpher on A, then for each x = ) x,€ 4, x,€ M;, we have
Tx = ) xT, say, where x7eM; for all i > 1. Thus for x —Zx,, Y=y

Tx y=x-Ty
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implies
x{y;=xyf foralizl.
Clearly each projection P;: A — M, gives
P, Tx =xT
and so
P;(Tx)y; = x; P;(Ty).
Hence it is clear that T, = P; T is a multiplier on M; and

™s

Tx= ) T,x for all xeA.

i=1

]

Thus we have shown:

THEOREM 6.6. Each Te M (A) can be expressed as Tx =) 2, T,x (xe A)
where T.e M (M) for all i > 1.

7. Perturbation of orthogonal bases

In this section we are concerned with the problem of obtaining an
orthogonal Schauder basis by perturbation from a given Schauder basis of
a commutative Banach algebra.

LEMMA 7.1. Let A be a Banach algebra and A = A® C its unitization. Let
e denote the identity of A and a€ A such that |a| <e < 1. Then

(i) e—(e+a)"'%eA,

. - 1 Jal
lle— 2 << i

(1) le—(e+a)™ " | 21— [a]

Proof. (i) We recall that if for any element a in a Banach algebra A, the
spectrum o (a) = P and f is analytic on P with 0 P such that f(0) = 0, then
f(a)e A ([16], Chap. III). Since the spectral radius r(a) < |laf, if we put
fA=1—(14+A)7*2, 1eC, |i < |al, then f(a) = e—(e+a)" e A.

(ii) For «eC, |a| <1 and ae A with |a] < 1, we have

+af=3 a(e—1)... (« n+1)a".

a=0

n!
Thus

(—9H(—3-=-D...(=3—n+1)
n!

@
e+a)P—e= ) a”,
n=1
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in which

(=H(=4=1) .. (3=t 1
n! 2

for all n > 1. Whence we have

L llal
21— |la]

LeMMA 7.2. Let A be a Banach algebra and ac A such that

lle+a)~'?—~e| <

la*—a] <e<%.

Then there exists be A such that b* = b and

la—bl <

2¢
1
——(lall +§).

Proof. By hypothesis
|4a®>—4al| < 4e < 1.
Hence by Lemma 7.1, there is ze 4 such that

2¢
1—-4¢

lz—ell <
Put
b=4%(e—z)+az.
Then it is easy to verify that b? = b. Furthermore,
la—bll = la—4(e~2)—az|| = |la(e—2)—4(e—2)l = l(e—2)(a—D)

2¢
1—4¢

< le—z| la—3f < (lall +3).

Now to prove that be 4 first we observe that be 4. In view of the statement in
the proof of (i) in Lemma 1, we have

b—a=(e~2)(}—a) = f(a)e 4,
where
) =[1—-(1+422—4)"V?)3— ).
Thus
b=a+f(a)ecA. =
DEFINITION 7.3. A sequence {y,} in a topological vector space is said to be

strongly linearly independent if for any scalar sequence {u,}, Y =, a,y, =0
implies «, =0 for all n > 1.
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PROPOSITION 7.4, Let E be a Banach space with a Schauder basis {x,} such
that

inf [, ]| > O.

If {y,} in a sequence of strongly linearly independent elements in E such that
Y 1%, — ¥all < o, then {y,} is also a Schauder basis.

Proof. Since for each xeE,
x = Y A, (%) Xy,
we define
F,(x) = 4,(x) x,.

Clearly each F, is a bounded linear operator on E and since the series ). 4, x,, is
convergent, by the Banach-Steinhaus theorem, sup,|F,| < co. Since
inf, ||x,| > 0 by hypothesis, it follows that

sup |4, (x)| < K'[|x[,

for some K > 0. If we define 2 map &: E— E by
Q(Zlﬂx")__—zlﬂyﬂ’

then we show that @ is well defined by proving that ) 4,y, is convergent
whenever Y 1, x, is convergent. For this, it is enough to show that {3_, 4, y;}
is a Cauchy sequcnce whenever {);_, A;x;} is a Cauchy sequence. From the
inequalities,

" Z liyill £ "_Z A= x| +] _Z j-MT;" K|ix| Z Iy —=xll + | Z A%l

i=m
we conclude that {};_, 4,5} is a Cauchy sequence because the series
Zi-1"J’. xl, Z:—l'lixi being convergent imply {21—1"}’1 ”} and

{I>i=1 A x|} are Cauchy sequences
Now choose an integer n, such that

it 1
<—_
";"ollx,, Vall 2K
Put
X, =1inspan{x1,... Xna

= Cllinspan {x,: n> n0+1},

Y, = linspan {y,, ..., ¥p,}:
Y, = Cllinspan {y,: n > ny+1}.
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Let ¢, = 6| X,, &, = #|X,. Then (Dl maps X, into Y; and ¢, maps X, into
Y,. For any xeX,, lx|=1,x= A,x, we have:

® 1
18,005 < | & Za(x,— )] < Kodb = 2.

n=no
Thus for all xeX,, we have
lixll < 12,0 < 3]l

This shows that &, is a bounded linear injective map from X, onto a closed
linear subspace Y, of Y,. We show that Y, = Y,. We have shown that for all
xeX,, x| =1, there is yeY, (y = #(x)) such that [x—y| <3. Thus by
Proposition 15.4 ([10], p. 80)

On the other hand, since {y,} is strongly linearly independent,
{¥1,.--» yno} are linearly independent elements of Yy/Y,. Thus

Codim, Y, = n,.

This proves that ¥, = ¥, and so for each xe Y, @Y, = E there is a sequence
{B,} of scalars such that

proving that {y,} is a Schauder basis. m
Now we prove the main result of this section:

THEOREM 7.5. Let A be a commutative Banach algebra with a Schauder basis
{x,} such that

@ x| = 28, for all n> 1,

() %, Xp—8,mX,|l <&, <5 for all n,m>1.

Then there is a Schauder basis {y,} in A such that {y,} is orthogonal (i.e.
YuVm = Oum) and

2e,
(Ix,ll +3) < 10¢, Ix,]I.
1—4e

n

”xn—yn” <
Remark. The assumption (i) is to avoid the situation when |xZ—x,| is
small not because x,, is “almost idempotent” but because |x,| is very small.)

Proof. By putting a = x, in Lemma 7.2, we find a sequence {y,} in 4 such
that y2 =y and

2e,
%= yall € T2yl +9)
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In order to appeal to Proposition 7.4, we first show that inf ||x,|| > 0. We have

lcall = %, l1* < I1%2 =, < &,
Hence
x| = 4(1+/1—4e,) > 1—2¢, > 4
or

I, < 3(1—/1—4¢,) < 2e,,
which is contrary to our assumption (i). Thus
inf x| > 4> 0.
Moreover,

2e,

1—4e,

(a1 +3) < %]l

Hence by the inequality in Lemma 7.2, we have y, # 0 for all » > 1. Since
y:=y,, we get ||yl = 1. Now for all n#m (n, m > O integers) we have

UnVd UnVmd) = 00 V) U Vm) = Vo Vs

which shows that |y, y.| <e, < 1. Thus y,y,, is an idempotent of norm less
than 1, which is not possible. Therefore y,y, =0 for n#m.
Now if Y a,y, =0, then

Uy Vm = (O % V) Y = 0

for all m > 1 which implies that «, = 0 for all n > 1, proving the strong linear
independence of {y,}. Thus the hypotheses of Proposition 7.4 are satisfied and
the proof is completed. =

Remark. 7.6. Note we have shown that “if ) ¢, < co then the pertur-
bation is valid”. Johnson [13] has shown that for L, (1 < p < 00) our theorem
cannot be strengthened to the effect that “if sup[e,| < &, for some g, > 0 then
the perturbation is valid”.

8. Banach algebras with unconditional bases and multipliers

Let A be a Banach algebra with an orthogonal basis {x;}. We show that
there exists a subalgebra B of 4 and another norm on B such that {x,} becomes
an unconditional orthogonal basis of B. Furthermore, we introduce a method
of introducing new Banach algebras with orthogonal bases from old and find
their multipliers.
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In the sequel, 4 stands for a Banach algebra with an orthogonal basis.
DermNITION 8.1, For each x =), 1,(x)x,€ 4, we put

x {sup Iliﬂnxnll, if Y"B,x,€4 for all {f,} with [8,] < [1,(x),
x|l = n=1

otherwise.

Let B ={xeA: |x|' < c0}.
ProPOSITION 8.2. (B, |- ||) is a normed algebra.

Proof. We break up the proof in two parts: (a) to show that ||’ is
a norm on B, trivially for each xeB and 1eC, AxeB. If x, yeB, then

x=)3a,x,, y=) 8%, and so
Ix+yl" = sup {[| 7. %a|: Ial <l +B,| for all n> 1},

Put
,yl - )’nan ll= ?nﬁn
R A
Then
e+ v < sup ([ v, + X 9 xall: il < losd and il < 18,1)
< Il + Iyl
Since |x||' =0 <> x =0 is clear, it follows that (B, ||-||') is a. normed vegtor
space. (b) (B, || * |I') is a normed algebra. Observe that if E is any Banach space

with a Schauder basis {x,}, then for x =) A,x, we define
Fn(x) = Fu(z A‘ixi) = j'n‘
i=1

By the Banach-Steinhaus theorem,

sup [|F, |l lix,| < co.

Hence sup, ||F,|| < co. We let

K =sup ||F,| < oo.

Now for x, yeB,x=) a,x,, y=) B,x, we have
Ixyll" = sup {| X vaxall: yal < lot, B] for all n > 1}
Since for all n > 1,
locy| < K fIx]| < K x|’

we have
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lxyl’ < K llxl"sup {|Y 0 X,[|: 17l <18, for all n> 1}
= K |lx}{" Iyl

proving that the multiplication in (B, || -||') is continuous and so (B, | *|I') is
a normed algebra.

We remark that if we want the new norm to be submultiplicative, then we
choose the new norm to be |x|"=K|x|". =

PROPOSITION 8.3. (B, || ||') is a Banach algebra.
Proof. We only have to prove that (B, ||-|) is complete. Let
W=y MxeB, j=12,..

Suppose that {y} is a Cauchy sequence in (B, || - ||). Clearly ||x| < |x]|’ for all
x€ B and so {y¥} is a Cauchy sequence in the original norm | - |. Therefore, it
is convergent in A. Let y? - y e 4, where y, = Y A% x,. It is clear that y,€B.
Now put

A;i = {27 %,€B: Iy < 1M — 2 for all n>1}.

Then we have

Ajo=Cl( |J 4,) (closure in |- [-norm).

i=j+1

Thus

Iy —yol = sup{llx]l: xeA;o}

<sup{lxl: xe () 4,

i=j+1

< sup sup{lix|]: xeA4,;}
i=j+1

= sup [[y?—y?'>0. =
izj+1
THEOREM 8.4. {x,} is an unconditional orthogonal basis of the Banach
algebra (B, |- ).

Proof. In view of the implications: (i) <> (vii) of Proposition 1.1 ([9]) and
the definition of the norm |- |, it is sufficient to prove only that {x,} is
a Schauder basis of (B, |- ||').

Suppose {x,} is not a basis of (B, | - ). Then there is a = ) a, x,€ B such
that {ZLIa,x‘} does not converge to a in the norm | -]'. Hence

" Z “ixi"'=SUP{" Z Y(xi": |)’i|<|°‘i|}
1

i=n+1 i=n+

3 — Dissertationes Mathematicae 285
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does not converge to zero. By induction we define a sequence {n,} of positive
integers such that n,,, > n, and such that there is ¢ >0 with

8.1) IS x| >e forall k1.

i=nt+1
From this we see that |}, a;x;|+0 implies that for some & (ee RU{o0})

which is a cluster point of Y2 ;x| Let n, be such that

<0 , E
” Z oct"i” >§'

n=ny

By definition of ||x||’ there is y,, |y,| < |a,|, such that

| 3 wxd >

n=ny

Hence there is n, such that

Hz g == , e
"ngl)’n xn" > 9’ ”i;’z Ot‘x‘” > 2
Assume we have chosen n, such that (8.1) holds. Let {y,} be given by the
definition of |‘|’ such that

LIS

| ¥ 7] >e and |yl < o,

npt+1
L

Thus the sequence {3

is not |- |-Cauchy. But by our assumption } a,x,€B and so by the defintion
of || and ly,| < lo,| imply that )y, x,e A. This contradicts the assumption
that {x,} is a Schauder basis of (4, |- [}). This completes the proof. m

7:%|} is not convergent in the norm || - || because it

i=m

Remark 85. If {x,} is an unconditional orthogonal basis of 4, then
A=B.

DeFINITION 8.6. Let X be a topological algebra. We define
X*={d*=a...a (k factors): aeX} and X*= ()X~
k=1

If A is a Banach algebra with an orthogonal basis {x;}, then we define
A(X) = {{a,}e X™: {lla,l} B},
where B is the subalgebra of A as defined in Definition 8.1.

ProrosiTION 8.7. (a) A(X) is a Banach algebra.
(b) A(X) has an orthogonal basis {x,*y,}, where {y,} is an orthogonal
basis of X.
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Proof. (a) The proof is similar to Propositions 8.1-8.3.
(b) Note that A(X) can be thought of as the temsor product of 4 and
X and thus the proof is immediate. m

THEOREM 8.8.
M(AX) = {{T}: T,eM(4) for all n>1 with sup||T,| < o0}.

Proof. If TeM(A(X)), then for all a = {a,}€4>, and b= {b,} 4>,
Ta'b=a-Tb.

If we put (Ta), = T,ac A, then T,a-b=a-T,b and so T,e M (4) for all n > 1.
Since {[|a,ll} B, we conclude that sup, || T,|| < co.

On the other hand, if {T,} is a sequence such that T,eM (A4) with
sup, [T,/ < o0, then we see that for T ={T,}, acA(X), beA(X), with
a={a}eA™, b={b}eA>(a, b,cA) where {|la,l}eB and {||b,[}eB, we
have Ta-b = a- Tb, because T,a,'b, = a,- T, b, for all n > 1. This proves that
TeM(A(X)). =

CorROLLARY 89, For X =1, (1< p < ),
M(A(Q) 21, (M4) =1, @M (4),

(injective tensor product).



(1]
(2]
(3]

(4]
(5]

(6]
(7]

(8]
9]

(103
(]
[12]

(13]
[14]

[15]
[16]

References

T. Husain, The open mapping and closed graph theorems in topological vector spaces,
Oxford Math. Monograph 1965, second printing, R. E. Krieger Pub. Co., 1976.

—, Multiplicative functionals on topological algebras, Pitman Advanced Publishing Pro-
pram # 85, Boston 1983.

—, Topological algebras isomorphic and homeomorphic with |, or H (D), Punjab Univ. J.
Math. 14-15 (1981-82), 1-14.

—, Banach algebras isomorphic with c,, Punjab Univ. J. Math. 16 (1983), 14.

—, Orthogonal primitive idempotents and Banach algebras isomorphic with 1, Pacific J.
Math. 117 (1956), 313-327.

T.Husainand J. Liang, Multiplicative functionals on Frechet algebras, Canad. J. Math, 29
(1977), 270-276.

T. Husain and S. Watson, Topological algebras with orthogonal Schauder basis, Pacific J.
Math. 91 (1980), 339-347.

—, —, Unconditional orthogonal bases, Proc. Amer. Math. Soc. 79 (1980), 539-545.
T.Husainand S. El-Helaly, Unconditionality of orthogonal bases in By-algebras, Comm.
Math., to appear.

K. Jarosz, Perturbations of Banach algebras, Lecture Notes in Math. 1120, Spinger-Verlag,
Berlin 1985.

B. Z. Johnson, Perturbations of Banach Algebras, Proc. London Math. Soc. (3) 34 (1977),
439458,

R. Larson, Introduction to the theory of multipliers, Grindlagen Math. Wiss. 175,
Springer-Verlag, Berlin 1971.

J. T. Marti, Introduction to Theory of Bases, Springer-Verlag, Berlin 1969.

E. A. Michael, Locally multiplicatively convex topological algebras, Mem. Amer. Math.
Soc. 11, 1952

H. H, Schaefer, Topological Vector Spaces, Springer-Verlag, New York-Heidelberg 1970,
3rd ed. 1971

W. Zelazko, Banach Algebras, Elsevier, Amsterdam [973.

DEPARTMENT OF MATHEMATICS AND STATISTICS
MCMASTER UNIVERSITY

HAMILTON, ONTARIO

CANADA L3S 4K1



	24215.tif
	24216.tif
	24217.tif
	24218.tif
	24219.tif
	24220.tif
	24221.tif
	24222.tif
	24223.tif
	24224.tif
	24225.tif
	24226.tif
	24227.tif
	24228.tif
	24229.tif
	24230.tif
	24231.tif
	24232.tif
	24233.tif
	24234.tif
	24235.tif
	24236.tif
	24237.tif
	24238.tif
	24239.tif
	24240.tif
	24241.tif
	24242.tif
	24243.tif
	24244.tif
	24245.tif
	24246.tif
	24247.tif
	24248.tif
	24249.tif
	24250.tif
	24251.tif
	24252.tif
	24253.tif
	24254.tif
	24255.tif
	24256.tif
	24257.tif
	24258.tif



