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1. Introduction

In [6] A. Dold and D. Puppe defined left derived functors.
LT(:,m): A>L', n,q¢Z, n>=0,

of any covariant (not necessary additive) functor 7': o —./' such, that
T(0) =0 (& and o are abelian categories and o has enongh projectives)
and suspensions

0gt LgT(+y n)>Ly, T(+y n4-1)

such that o, is a natural equivalence of functors for ¢ < 2n. This permits
to consider the functors

LT = E]_}l{L‘H_ﬂT(-, N)y Opnt: Ao
n

called by the authors of [b] the left stable derived functors of the functor
T. A justification of the name is clear in view of the equivalences LjT
o L, T(-,n) for g < n. Starting with right derived functors of T' or
left (right) derived functors of any contravariant functor 7': &' and
corresponding suspensions (defined in [5] as well) one can define in, a similar
fashion right stable derived functors of 7' and. left (right) stable derived
funetors of 7. All stable derived functors are additive and they coincide
with the derived functors of T and 7T in the sense of Cartan and Bilen-
berg [2] whenever T and 7T are additive functors.

It is well known that the essential role in the theory of the derived
functors of an additive functor I': o/ —&/' is played by the following three
theorems:

(A) The left (right) derived funclors L,T(R'T): o—>sf'yqeZ, form con-
nected and evact sequence of functors.
(B) If T is a covariant functor then L,T(P) = 0 = R'T(Q) for any pro-

jective object P, injective object @ and g = 1.

(C) Any natural transformation of functors LyT—L,T' uniquely extends
to a map of connected sequences.

One can ask whether these theorems can he carried over on to the
stable derived functors of any functor T': &/— &' such that T'(0) = 0.
In this paper we give a partial answer to this question. Our main results
state that the left (right) stable derived functors of any functor I' form



6 Connected sequences of stable derived functors

a connected sequence of functors and this sequence is exact provided T
is either a direct sum or a direct product of functors of finite degree (see
Definition 4.9). We do not know if it is true for an arbitrary functor T.

Since every additive functor is clearly a functor of finite degree
then this is a generalization of Theorem (A). For theorems (B) and (C) it is
shown below that they fail in the case of stable derived functors of non-
additive functors.

The first part of the paper contains definitions of stable derived
functors, constructions of corresponding connected sequences and the
proof of their exactness (for T' as above). We also prove that if (&, o)
denotes the “category” of all covariant functors from & to «#’, then the
functors

L5 (o, A')> (A, d'), 12,

form a connected and exact sequence of functors.

In Sections 7-11 some applications of the above nientioned results
are given. In particular it is proved that Eilenberg-MacLane’s stable
homology and cohomology functors

Hy(, &) =Hyp(yn,F): Lo>by 0 >4,
HY(-, @) = H™" (-, n, G): Lb—>ab, n>q,

(#b denotes the category of abelian groups) form connected and cxact
sequences of functors. Furthermore, the left stable derived functors
of the 2nd symmetric power functor SP?: A -4y, 2nd exterior power
funector A?*: A p—Ay and J. H. C. Whitehead’s functor I A4 ,— 4 are
calculated for some categories of modules .#;. For example, if R =2
is the ring of rational integers then we have the following natural equiva-
Iences of functors
0 for ¢ <1,
L8P = Ly A* =L, ,I' ={  ®,2Z, for ¢ =2¢, 1 >0,
TorZ(.,Z,) for q =2t+1,1>0,
where Z, = Z/2Z.

Observe that this implies that theorems (B) and (C) fail in the case
of stable derived fumetors. In fact, Lj SP%(Z) =Z, # 0 for ¢ >0 and
hence the trivial natural cquivalence of functors 0 = L{0—=LESP: =0
does not extend to an isomorphism of corresponding connected sequences.
Thus, if we regard the theory of derived functors of an additive functor
a3 an algebraic analogue of Eilenberg-Steenrod’s homology and coho-
mology theories of triangulated pairs of topological spaces [8] (Theorem
(B) corresponds to the dimension axiom, of course), then the theory of

stable derived functors is an analogue of the generalized homology and
cohomology theories [16].
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Throughout this paper T,7: o' denote a covariant and con-
travariant functor, respectively, such that 7(0) = 7(0) =0, & and '
are abelian categories, &b denotes the category of abelian groups, .y is
the category of modules over a commutative ring R with identity element,
and Z is the ring of rational integers.

The paper is based on parts of the author’s doctoral dissertations
written at the N. Copernicus University in Toruii and at the Institute
of Mathematics of the Polish Academy of Sciences under the supervision
of Professor Stanistaw Balcerzyk. We wish to thank Professor S. Balcerzyk
for his kind suggestions concerning the subject of this paper and for
many fruitful discussions. We are also grateful to Professor A. Bialy-
nicki-Birula for valuable remarks.

Some results of the present paper were announced in [13] and [14].

2. Category of complexes

Let o be an abelian category. A chain complex X in the category o/

is a sequence

d a
n+1 n
'_>'Xn+1 >-X"n, > n-—1 >

in & such that d,d,,; = 0 for all 7. A complex map f: X—X'is a collec-
tion of maps f,: X,—>X, such that f,d,;; = dpp1fusr- A complex X is
said to be left (right) if X, =0 for n < 0(n > 0).

Let 2 (&) denote the category of all complexes in & together with
complex maps. Moreover, we denote by # (&) and X (&) full sub-
categories of " (o) consisting of all left and right complexes, respectively.
Clearly, oA (&), # (&) and A () are abelian categories.

Two complex maps f, g: X—~XY are homotopic (we write f ~g) if
there exists a collection of maps s = {s,}, 8,: X,—»>Y,., such that f, —g,
= §,_1 45 +dY, s, for all n.

For any complex map f: X—Y the cone of f is the complex C; with
() = Y,®X,_, and the differential given by the matrix

ar f
)
The cone and suspension functors C, S: o ()4 (&) are defined
as follows (see [12]). OX is the cone of the identity map on X and
(2.1) (8X), =X, ., &% = —dX,.

If f: X—>Y is a complex map, then

(Gf)n+1 =fn+1@fn! (Sf)n =fn—1'
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The natural injections j,: X,—(CX), and natural projections =,: (CX),
—(8X), define an exact sequence of complexes

(2.2) 0->Xx% ,0x ad = >SX 0.,

Moreover, the complex maps j(X), #(X) determine natural transforma-

tions of functors
jrid—=0C, mw: 0->8.

Note also that 8: o (o)A () is an isomorphism with a functorial
inverse
8~ A (A)>H (L)

defined by 8~1(X), = X1, 87y = fus1. Obviously, 0, § and 8~ are
exact, chain homotopy preserving functors such that CX, SX X~ ()
(8'X et (o)) whenever X e~ () (X et * (o). It follows that (2.2)
is a sequence of left complexes for any left complex X and the sequence

(2.3) 0->8'X->CX—+X—>0

(with CX = §7'CX) is a sequence of right complexes for any right com-
plex X,

It is easy to check that CX is contractible (i.e 1oy ~ 0) for any com-
plex X and that two complex maps f,g: X—X are chain homotopic
it and only if f + ¢ can De factored by X2 50X,

In order to give another (equivalent, of course) definition of the
homotopy of complex maps recall that if 7 is a finitely generated free
abelian group with a base @, ..., 2, and 4 is an object of «, then the

tensor product F ® 4 is defined as (-;331 A;, where A, = A. Ii’, further, F
1=

is another finitely generated free abelian group with a basis %y, ..., ¥m
and f: F—F' is a group homomorphism such that f(z;) = D Yy, then

2
clearly the matrix (ay,l,);; defines a map fRA: F®A—-F ®A. The
map f®A does not depend on the choice of free bases of I, B’ (see [5];
3.32) and setting

f8g =[O @a) =9,

we get a covariant functor of two variables ®. It permits to define (sce
e.g. {5]) the tensor product of complexes K ®X for any complex K of
finitely generated frec abelian groups and Xeobot (). Observe that
if 8"X (neZ) is the nth suspension of X and the complex S" is given by

(2.4) (87, 0 for i # =,

z  for i =,
then §"X = S"@ X.
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Let N(I) be the complex
a
(2.5) ..o 0>0>...>0>N(I), = Ze—>Ze,®Ze, = N(I)g=>0~>...
where Zey, Ze,, Ze denote the free abelian groups, generated by symbols
€y, €1, 6, TRspectively, and d,(e) = ¢; —¢,. Furthermore, let j,: S°—>N(I),
k =0,1, be complex maps defined by j.(1) = e,. Then we have the fol-
lowing

2.6. PrOPOSITION [3]. Complex maps f,, fi: X—>X' are homotopic if
and only if there exists a complex map F: N(I)@X—->X'suchthatf,, k =0, 1,
18 the composition

X =80@X* NHXZsX' (k=01).

Tor completness we sketch the proof. If ¢ = {s,: X,—~X,, .} is a chain
homotopy joining f, with f, then the complex map F: N(I)®@X-X'
with

'Fu: 00®Xn®01®X,,©0®X,_1—"X;
given by F,| e,®X, =f; for i =0,1, and F,| ¢eQ X, , =s,_, is the
required complex map. Conversely, any such F uniquely determines
the chain homotopy s.
2.7. DEFINITION (see [2]). An exact sequence of complexes

0-X' X2 X" 0
is said to be normal if the sequence
0->X' oy X Fn, X0
splits for any neZ.
Let /4~ (&) and &t () denote full subcategories of the category
of all short exact sequences in # (&) whose objects are normal sequences

of left and right complexes, respectively.
In what follows, when dealing with a normal sequence of complexes

X = (0>X'2>X25X" 0),

we assume that X, = X,®X, and i,,p, are natural injections and
natural projections, respectively.
Let X be a normal sequence of complexes and let 0, be a composed
maj))
X;;,")X;z@x;li’X;a-l@X;:—léxl -13
where the first map is the natural injection and the last one is the natural
projection. Then the maps 0, define a complex map

(2.8) 0(X): X'—~8X’

and it is easy to verify that the following two lemmas hold:
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2.9. LEMMA. If a commutative diagram

X=(0——=X > X > X' >0)

I’ I

Y Y

Y =(0 > Y’ > Y - ¥ >0)

has normal rows, then the diagram
X 6(X) »SX"
fl' sjl
4 0(¥) Sy
is homotopy commutative.

2.10. LEmyMa. If f: X—Y is a complex map, then the sequence

with obvious maps is normal and 6(C,) = Sf.

Let o~ ()" Dbe the category whose objects are all left complexes
and morphisms are homotopy classes of complex maps. A sequence of
the form

A A —>A"—>84'

in # () is called a triangle [9]. Let J— denote the category of all
triangles in %~ ()P isomotrphic with triangles of the form

xrt.x 2, x 8, gy
where X = (0=X'-%>X-25X"50) is a normal scquence in ¢~ ().
2.1, Lmwma. If (X' X-25X" 258X eob T~ then (X-2-X"" 158X
H,8X)eob T, too.

Proof. We assume that & is the category of abelian groups. The
proof in the general case is similar. Moreover, without loss of generality
we may assume that X = (0->X'>X2>X""0) is a normal sequence
in A~ («) and that § = 6(X). Consider the homotopy commutative
diagram

X—— G.,; >SX' Si >SX
i lt lm lm
Y

X2 »x'— >8x % ,9x

in X “(.n(), where ¢ is the natural projection. If h: X''—(; is a complex
map defined by h,(z,) = ((0, ,), —6,(2,)) then th ~id, and ht ~ id.
Then the lemma follows from Lemma 2.10.
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A functor IT': X4~ («)—~&' is said to be an h-funcior if T(f) =T (#)
whenevelr f and g are homotopic maps in o~ ().

Using Lemma 2.11 and arguments from the proof of Proposition
1.1, Chapter I in [9], one can easily obtain:

9.12. THEOREM. Let Ly: A~ ()= be a sequence of covariant func-
tors satisfying the following conditions:

(i) L, are h-functors and L,(0) = 0.

(ii) There are natural equivalences of functors

8yt Ly—>Ly 8, qeZ.

Then the statements (a)-(c) below hold true:

(a) If X = (0~X"2>X-2-X"0) is a normal sequence in A~ ()

and d (X) is the composition
1X)1

r,x"' % 7 sx' LX) 7 X
then the sequence
(2138)  ..oL X X ,rx %, x4, 5 X

18 a complexr in & .
) If (f's f, f'): X—=Y is a map of normal sequences then the diagrams

1 g (X) -
L X' +—>I, X

qun Lq —1 ’1

, Y
Lq lru M‘)'%'Lq_l Yr
are commutative for all geZ.
(¢) If for any normal sequence Y and any qeZ the induced sequence
L, Y-L,Y-L,Y"

18 exact then the sequence (2.13) is eaxact.

3. Left stable derived functors of covariant functors

Let A denote the category whose objects are the sets [n] = {0, 1, ...
o0}, neZ, n >0, and whose maps are non-decreasing functions.
Recall that a simplicial object in the category & is a contravariant
functor X: A— and a simplicial map is a natural transformation of
such functors. Write
X, =X([n
(3.1) n (In]),
d =X(a): X"L_> 71&7
where a: [n]—[m] is a non-decreasing map. Simplicial objects in .7,
together with simplicial maps, form a eategory s«.
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Let X be a simplicial object in the category /. The associated chain
complex kX is the following left complex

(3.2) S X, Y, > X X0
n
with d, = 2 (—1)* %, where
i=o
(3.3) g: [m}=[n+1] (¢ =0,1,...,0)
are non-decreasing maps defined by
) J for j <1,
&(7) = 1. .
j+1  for j=i.

If f: X—-X is a simplicial map then it is clear that the maps f,
= f([n]): X,—~X, define a complex map k(f): kX—kX'. Thus we have
a functor

k: seo—>A~ ().

Reecall that the normalization functor (see [6]; 3.1)
N: sod->H"(H)

is defined in the following way:

n
(NX), = N Ker(e;: X,—»X,_,) for n=0,
i=1

(3.4) (NX), =0 for n <0,

cl;:'x =;o|(NX)n: (NX),—»(NX),_,

for any simplicial object X in . If f: X—X' is a simplicial map then
N{(f): (NX),—~(NX"), is the restriction of the map f, to (¥NX),.

It is easy to see that NX is a subcomplex of the complex kX and
it follows from 3.22 in [5] that the natural inclusion NX ( kX is a homotopy
equivalence. It turns out, that the functor N establishes an equivalence
of the categories s.of and 2"~ (&); it means that there exists an (additive
and exact) functor

IL: A~ (A)>5 ol

(see [5]; 3.2) such that the compositions NK and KN are naturally equiv-
alent to identity functors ([5]; 3.6).
m

Let T: A™ = AXAX...xA->A' be a covariant functor (in all
variables). The funector T' induces in a natural way a covariant functor
(which will be denoted by the same letter)

T: 3e)"—>s54'
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defined as follows. If X1,..., X™ are simplicial objects in &, then
_ T(xH, ceeg XM, =T(-X:u vy X3)s
X, ..., X™(a) = T(Xa)y ..., X™(a)),
where a: [g]—+[n] is non-decreasing map. If fi: =Y, i=0,1,..., m,
are simplicial maps, then
T(fls "-:fm)u = T(frln vy Iw).

Let I(k), for k = 0,1, denote simplicial objects in the category of
abelian groups such that I(k), is a free abelian group generated by the
set of all non-decreasing maps f: [n]—>[%] and I(%)(a): I(k),—~I(k),, i8
given by

(3.5)

I(k)(e)B = Ba

for a non-decreasing map e: [m]—{n] and a free generator PfeI(k),.
If &: [0]—=[1] (k = 0,1) are the simplicial maps (3.8), then it is
casy to see that the group homomorphisms

6nt 1(0)—I(1)n,
with e¥(f) = 8 for a free generator BeI(0),, define simplicial maps
e I1(0)—=I(1), %k =0,1.

One can also check that the normalization NI(1) of the simplicial object
I(1) and the left complex N(I) described in (2.5) coincide.

Recall that in Section 2 the tensor product F QA4 was defined for
any object 4 of & and any finitely generated free abelian group Z. Then
the tensor product G ®X is defined for any simplicial object X in &
and any simplicial object @ in the category of finitely generated free
abelian groups. (¢ ®X), = G, ®X,, (G®X)(a) = G¢(a)®X(a)). Clearly,
I(0)®X ~X.

3.6. DEFINITION [5]. Simplicial maps fo, fi: X—X' arc homotopic
(fo ~f1), if there exists a simplicial map F: I(1) ®X—+X’ such that
fes ¥ =0,1, is the composition

k@1

X ~I0)eX 8 11) XX

The simplicial map I is called a simplicial homotopy joining f, with f,.

If ¢eI(1), is a free generator, then F,: X,—~X, denotes the map
defined by F,(z) = F(c®x) for weX,.

From 3.31 and 1.15 in [6] we obtain the following

3.7. PROPOSITION. If T': o/ /' is a covariant functor, then the funcior
T: sof—s ' defined in (3.8) form = 1, and the functors N, K are homotopy
preserving functors.
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Now, for any covariant functor 7': &/—&/' and qeZ, we define the
functors
D,T: A~ (L)’
setting D,T = H NTE.
It is clear that any natural transformation of functors y: T'-T"
induces a natural transformation

(3.8) D,(y): D,T—~D,T"

Immediately from Proposition 3.7 follows the following

3.9. CororLrARY. D, T are h-functors.

According to [8]; 3.22, the injection N X (kX is a homotopy equiv-
alence for any simplicial object X. Moreover, it defines a natural trans-
formation of functors N—%. Hence we get

3.10. CoroLLARY. The functors D, T and H kTI are naturally equiv-
alent (in what follows they will be identified).

3.11. CoroLLARY. If T is an additive funclor, then D,T =~ H,T, where
H,T(X) (XeobX'~ (o)} is g-th homology object of the complex

s (X )2 (X, ) ... 5T(X,)-0.

Proof. An obvious consequence of the definition of the funector %
is that it commmutes with additive functors. Hence

D,T ~H TR = H,/ThkK ~ H,INK ~ H,T

because, as we mentioned, the complexes kKX and NKX are homotopy
equivalent and the composition N K is naturally equivalent to the identity
funector.

Let now I'(0) = 0. Following [5] we define natural transformations
of functors
(3.12) 0t DT (D, T)8

where §: 2"~ ()=~ (&) is the suspension funetor. If X is a left com-
plex, then the normal sequence of left complexes

O—>X-I—>O’XL>SX—>O,

with j = j(X), = = =n(X) and the contractible complex CX (see (2.2)),
induce the sequence

(3.13) NTE(X)»s NTE(0X)™> NTE (8X)

with x, ] . =0 and the contractible complex NTEK(CX) (see Proposi-
tion 3.7). Let ¢ be a chain homotopy joining zero with the identity map
on NTK(CX). Then

h ==t : NTK(X)>NTK(8X)
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is a map of degree 1 and dh = —hd (see 5.6 in [5]), so it produces the
maps

0,(X): H,NTE(X) = D,TX—D,,,TSX = H,,, NTEK(8X).

It is shown in [5], 5.7, 5.10, that these maps do not depend on the choice

of the chain homotopy ¢ and that they define the natural transformation
(3.12).

3.14. LEMMA. If T 2 lomis g sequence of covariant functors from
o to o' such that T5(0) = 0 for ¢ = 0,1, 2, then there exist chain homo-
topies 1y, 1, 1, joining zero with the identity maps on NT°K (CX), NT'K (CX),
NT*K(0X), respectively, such that the diagram

NTE(X) 250, yrgx) 250, yreR(X)

(3-15) hy=nytyin hy=m,t17, hy=my 9],

¥
Na(KSX)

Y
NTE (8X)- Y& | yrig (sx) XAE50

Y
NTK (8X)

is commutative (for j,, =, see (3.13)).

Proof. If X is a left complex, then in view of Proposition 3.7, 1zgx~0
(a8 1gxy ~0). Let F: I(1) @ KCX—-KCX be a simplicial homotopy joining
the zero map with lgzpy. Then the simplicial map

TF): I1) ® T'E (CX)-»T'K(0X), i=0,1,2,
defined by

for a free generator oeI(1), is simplicial homotopy joining zero wwith the
identity map of T°K(CX) (see 1.13 in [5]). It follows that the diagram
N(I(1)® T°ECX)— > N (I(1) ® T'K0X)—"— N (I(1) ® T"ECX)
lNTO(m 1NT1(F) NTE(F)

NTE(0X) X0, ypgexy 2E9N,  NTK(0X)

with & = N (1 ®a(K0X)), f = N(1®B(ECX)), is commutative. Further-
more, the complex map

NI(1)® NT'E (X)L N(I(1) @ T'E (0X) 2D, NT'E (0X),

© = 0,1, 2, with Eilenberg-MacLane’s map V (see [6]), is a homotopy
joining zero with the identity map of NT:K (CX) (see the proof of Corol-
lary 2.7 in [3]). Consequently, nsing the naturality of V we get from
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the above diagram the following commutative diagram
NI(1)® NT'EOX 225D, y1(1) @ N K0X 2XE%, N1(1) @ NT*EOX
11\7110 =-r NTY(F). 7 lNTz (-7

Y

NTE(CX) -2EB . ympex) 2520, NTK(0X).
The homotopies NT*(F)-V (i = 0,1, 2) yield chain homotopies ¢ = {#}
joining zero with the identity map of NT'K (CX) (see the proof of Prop-
osition 2.6) such that

Na(KCX),, 5 =t Na(KCX),, NB(KOCX),, tr =tz Nf(KOX),
for any integer m. This implies that the diagram (3.15) is commutative
and the lemma is proved.

We deduce from the above lemma the following

3.16. COROLLARY ([8]; 6.11). If yv: T—T" is a natural transformation
of functors and T(0) =T'(0) =0, then the diagram

DT —2—(D,y, T)S

qu(?) Dg4.1 )8
ﬂ’

D,T'—2>(D,,, T8

a

18 commutative.

3.17. DEFINITION. Let neZ. A chain complex XX is n-trivial (n-cotriv-
ial), if there exists a complex X’ homotopy equivalent with X such
that X; =0 for j<n (for j§ >n). A simplicial objeet @ is n-trivial, if
NQ is the m-trivial chain complex.

The following Dold-Puppe’s result is basic for further considerations.

3.18. TEROREM (see 5.11 in [B]). If X is an n-trivial left chain complex,
then the map o,(X): D, T(X)—>D,,,T(8X) is an isomorphism for q < 2n.

For any integer ¢ and any chain complex X we have a direct system

{Da+nT(SnX)) 6q+n(SnX)}ntZ’
so we can define

DT (X) = L_in:.{_Dq,rnT(S“X), Og4n (8™ X)},
n
-DST(f) = L_il_P{Dq+nT(Snf)}:
n
for a complex map f: X—X'. It follows from (3.18) that these limits
exist and that
(3.19) DT =~ (Dg,, TYS™  for m >gq,
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where =~ denotes the natural equivalence of functors. Hence and from
(3.9) and (3.11) we get

3.20. CorROLLARY. DT are h-functors.

3.21. COorROLLARY. If T' is an additive functor, then DT ~ H,T.

3.22. CoROLLARY. If there exists a covariant functor U: of X of —sf'
such that T(4) = U(4, A), T(f) = U(f,f) for any Acobst and any map
fin o, then DYT =0 for all q.

Proof. In this case the natural transformations o, are zero by 5.2
in [B].

3.23. ProrosirioN. (i) DT = D,T =0 for ¢ < 0.

(ii) DT are additive functors.

Proof. Taking n = 0 in (3.19) we obtain D;T(X) = H(NTKX) = 0
for ¢ < 0, becaunse (NTKX), = 0 for j < 0. To prove (ii) it is sufficient
to show that for any complexes X, X, and natural injections ,: X~
-X,®X,, &k =0,1, the maps DT (¢,) induce an isomorphism

DiT(X,0X,) ~D,T(X,)®D;T(X,).
Using (3.19) and the additivity of the functor K, we have for n >¢
DiT( X, ®X,) ~H, ,NITE(S"(X,®X,)) ~H,, ,NT(KS"X,®KS"X,).

In Section 4 we shall define a functor T',: & X &/— ', called the 2-nd
cross-effect functor of the functor 7, such that
TA,@A4,) =T(4,)DT(4,)DT,(4y, 4,)
for any objects 4,, 4, of . Hence, by the additivity of the funetor N,
we get
H, NT(KS"X,®KS"X,)

~H, N(TES"X,@TES"X,DT,(ES"X,, KS"X,))

~,  NTESX ®H, ,NTESX,DH,, ., NT,(KS"X,, K8"X,)

~ DiT(X,)®D;T(X,)®H,,,NT,(KS"X,, KS"X,).
Since 8"X,, 8"X, are n-trivial complexes and T,(0, 4) = T,(4, 0) =0,
the theorem follows from the following

3.24. LEMMA. If J: o XA —>sl' is a covariant functor such that
J(0,4) =J(4',0) =0 for A, A'eobst, and X,, X, are n-trivial com-
plexes, then

H,NJ(EX,, KX,) =0 for j < 2n.

Proof. The lemma is an obvious consequence of (6.10) in [5].

Let us assume that in the category « there exist arbitrary direct
sums and dirvect limits. It is clear t the categories o4~ (&) and s
have the same property.

2 — Dissertationes Mathematicae CXT
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3.25. ProrosiTioN. If a covariant fumctor T: of »of' salisfies the
condition T(0) = 0 and commutes with direct limits, then

(i) The functors D,T and DT commute with direct limits.

(i) The functors DT commuie with arbitrary direci sums.

Proof. Observe that (ii) follows from (i) and the well-known fact

that any direct sum @ X; of complexes is a direct limit of its subeom-
tel
plexes of the form @ X;, where L is a finite subset of I. Now we prove (i).
tel,
By (3.19) we need only show that the functors D,T = H,NTK commute

with direct limits, Since the functors H, commute with direct limits
and N is left and right adjoint to K (see [3]), then the required result
is a consequence of the following well-known

3.26. LEMMA, If U: €%’ is a covariant functor left adjointto V: ¢'—%
(i.e. Homg.(U("), ) is naturally equivalent to Home(:, V(-))), then U com-
mates with direct sums and direct limits, V commutes with direct product.

We record for a further use the following consequence of the fact
that N commutes with direct limits and direct products.

3.27. CoroLLARY. Let {T;} be a direct system of covariant functors
such that T;(0) = 0 for all <. Then

DYLimT;) ~ LimDAT;, 1);( [l T,.) ~ [ ] DaT,(4).
5 M i i
Let T': &/ —4' be as before a covariant functor such that 7(0) = 0.
We define natural equivalences of functors
(3.28) sg0 DyT—-(Dg, IS, qeZ.

Observe for this purpose that for any left complex X and g<Z the sequence
of maps

Ogen(8"X): DyynT(8"X)>Dyy 0y T (8" (8X))
is & map of direct systems
{Dy4nT(8"X), 001y (8" X))} >{ D142 T (8 (8X)), 044140 (8 X)}
and thus it induces a map of limits
$.(X): DT(X)—~Dy, T(8X).

S§"X is the m-trivial complex, so by Theorem 3.18 the maps Ogin (8" X)
are isomorphisms for n > ¢. Hence s,(X) are isomorphisms and it is casy

1) (]JT{) (4) ={']T,-(.A), (gTi)f = []T¢(f) for f: A—B, and similarly for
L4
LimT;.
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to verify that they define the natural equivalence of functors (3.28).
Moreover, in view of Go'rolla’ry 3.16, the diagram

D,T a»(.l)gH,1 8
(3.29) JDZM qu“ WS
DT —L s (D5, T8

is commutative for any natural transformation of functors y: T->TY,
where Dj(y) = Lim{D,,,(y)8"} (see 3.8).

n

The main purpose of the next section is an investigation of a sequence
(3.32) described in the following theorem.

3.30. THEOREM. Let
(3.31) = (0X' 2. X P x" —0)

be a normal sequence of left complexes and let 6(X): X''—>SX' be the com-
plex map (2.8). If T: oA - 18 a covariant functor such that T(0) = 0,
then the sequence

(3.32)  ...-DiT(X')2> DiT(X) 2> DiT(X") 42, o 7(X)

with dy(X) = (3,_(X")'DT(6(X)), is a complex. If the diagram with
exact rows
0X' >X->X">0

Frl
0>Y >Y->Y"'>0
is commutative, then the diagram
DT(X) -2 D2 T(X')
lpgf(r") Dy_(£)

dy

DiT(Y') 2D\ T(Y')

18 commutative.

The theorem immediately follows from Theorem 2.12.

In [2] the notion of connected sequences of funetors was defined.
We will nse this notion in a more general meaning.

3.33. DEFINITION. Let € be an arbitrary category and let 4 be
a full subeategory of the category of diagrams of the form A’—d—A4"
in €. A sequence of covariant functors L,: ¥—sf', geZ (&' is an abelian
category) is called an A -connected sequence of covariant fumctors, if the
following conditions are satisfied:



20 Conneeted sequences of stable derived funetors

(a) For each 4 = (A'-%>A4-2>A4")cobA there are connecting maps
dy: L,A" T, ;A" such that the sequence

oL AT AT T AT, A

is a complex.
(b) It (f',f,f"): A-B is a map in ., then the diagram

LqA"—dL*Lq_IA'

11301‘ ” lLa— it

LB’ —2 I, ,B
is commutative.

Similarly one can define an 4'-connected sequence of contravariant
functors. If ¢ is an abelian category and A4 is a category of all short
exact sequences in %, then any .4"-connected sequence of functors is called
simply a connected sequence of fumctors.

Recall (see Section 2) that A%~ (/) denotes the category of all
normal sequences of left complexes in . Then Theorem 3.30 and the
commutativity of the diagram (3.29) imply

3.34. CorOLLARY. The functors DT, qeZ, form N A~ ()-connected
sequence of covariant fumctors. Moreover, if y: T—T' is a natural trans-
formation of functors, then. the natural tram,sfoa mations Di(y): DiT—DiT"
define a map of connected sequences D°(y): {DiT}—~{D:T'}.

Let o be an abelian category with enough projectives.

3.35. DEFINITION. Let geZ. The g¢th left stable derived functor of
the functor T' is the covariant functor L;T: o' defined as follows.

If Aeobs, then
LT (A) = DT (P)

where P is a projective resolution of 4. If f: &/ -/’ is a map in & and
F: P—~P' i3 a resolution of f, then

I3T(f) = DYT(F).

Since DT are h-functors, the correctness of this definition can
be proved in the same way as in the case of additive functors ([2]; V).

Remark. The functor L{T and the gth left stable derived functor
of the functor T defined in [5], 6.3, coincide. In fact, if P is a projective
resolution of an object 4, then it is clear that the simplicial object KS8"P
is a semisimplicial '1'eso'1ution of the pair (4,n) in the sense of [5], 4.1.
Hence

DoynT(8"P) ~L,,,T(4,n),

what implies the required result.
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As an immediate consequence of 3.23 and 3.21 we have:

3.36. CoroLLARY. LT are additive functors and LiT = 0 for q < 0.
If T is an additive functor, then the functors LT and the loft derived functors
of the functor T (in the sense of Cartan—Eilenberg) coincide.

3.37. CororLARY. If {T;} is a direct system of covariant functors,
such that T;(0) =0 for all i, then

Ly(LimT;) ~ Lim LT, L;(H Ti) &'H-'LZT*:-
N v 3 1
Proof. This is a consequence of Corollary 3.27.

3.38. COROLLARY. If o is a category of modules and the functor T
commaites with direct limits, then the fumctors LT commute with direot
limits and direct sums.

Proof. This is a consequence of Lemma 9.5, Chapter V in [2] and
Proposition 3.26.

Now let

A = (04"t 425 4" >0)

be an exact sequence in /. It is easy to check (as in [2], V, 2.2) that
there existis a normal sequence of complexes

(3.39) P = (0P P25 P 0)

such that the complexes P’, P, P are projective resolutions of 4', 4, 4"
and 17, P are resolutions of the maps <, p, respectively. Applying Theorem
3.31 to the sequence P (called a projective resolution of A4), we obtain
a complex.

(3.40)  ...—LST(A") > IAT(A) 2> TT(A") 25 18 T(A) ...
with d, = d (P) = (§,_,(P"))'D{T(6(P)). If
A=(0 >4 s A > A" ——0)
R

B = (0 > B’ > B >B"’ »0)

is a commutative diagram with exact rows, then ag in [2], V, 2.3, one
can prove that there exists a commutative diagram

P=(0——>P ——>P >P'’ >0)

aw;

P = (0 — P ———P > P -0)
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such that P is a projective resolution of the sequence B and f', f, f' are
resolutions of f’,f,f", respectively. In view of Lemma 2.9 it follows

that the diagram
p o(P) >SP’

r f

f’”——o(f)) >:S’1;'

is homotopy commutative. But DJT' are A-functors and s, arc natural
transformations of funetors, so it is clear that the diagram

LT(A")— s T8 T(4)

T

a
LiT(B")——>L;_,T(R’)

is commutative. It follows that the maps d, do not depend on the choice
of the resolution P and that the following corollary holds.

3.41. CoroLLARY. The functors LT form a connected sequence of
covariant functors. If y: T=T' is a natural transformation of functors,
then the map D*(y) from Corollary 3.34 induces a map of connected sequences
&(y): AT}~ T,

3.42. THEOREM. If T'is an additive functor, then the connected sequence
{L,T} of left derived functors of the functor T and the connected sequence
{L; T} of stable derived functors of the functor T are isomorphic.

Proof. In this case we deduce from Corollary 3.36 and the assertion
(¢) of Theorem 2.12 that the sequence (3.40) is exact for any exact sequence
0>4'—>4—+A"->0. Moreover, there is & natural equivalence of functors
Ty LoT>LgT and LiT(A) = L,T(4) =0 for ¢ >0 and any projective
object 4. Comsequently, by the well-known theorem [2] 7, extends to
an isomorphism of connected sequences.

3.43. DEFINITION. A sequence of functors from «/ to o'
T ->1-T"
is called an ewacl (p-emact) sequence, if the sequence
T (A)—>T(A)—=T" (A)

is exact for any-(any projective) object 4 of .
3.44, THEOREM. If O—>T’1>Tﬁ+T”—_>O 18 an exact sequence of covariant

Junctors from o7 1o 7' and T(0) = 0, then there exist natural transformations
of fumotors

dg: DT =D\ T',  d;: LAT' L5 T
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suoh that the sequences

Dé(a i

3.48) ..o 20 pep Pe? e fa e i,
Li(a irdl

(3.46) T 0 pep 2O peqe fa g g,

are exact. If, moreover, a commutative diagram of covariani fumctors
0 >T" >T >T" >0

2y

~

0 > T >T >T"——0

has exact rows, then the diagrams

2, ? ? d
DT D T A Sy 7 . 1
lD;(v") jD;_lm 1L;(v") J'LZ—I(V')
DT —1— D, I" LT —2 I, T

are commutative.

Proof. Olearly, we can confine ourselves to the case of the functors
D;. If X is a left complex, then we conclude from the exactness of the
normalization functor N and the assumption that the diagram (3.16)
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(for T° = T', T* = T, T® = T"') has exact rows. Then applying the Homol-

ogy Sequence Theorem to this diagram we get the following commutative

diagram with exact columns

M r n a&_l_n(S"'X) M ' +1
Dy 4 n{@)(S"X) Dy n41(@)(SMT1X)

N

Dy n T (8"X)

Y

N
Cernl®H) ->D,1+,L+1T(S""'1X)

D+ n(B)(S™X) Dy 1(BYSM LX)

V’ 7 ; °'q'+ n(snx) > rr n-k1
-Dq+nT (Snx; _—_*'>DG+1l+1T (S X)
dg4n(S"X) dgtn+1(8"F1X)

M ' 3 ﬂ’q—1+1?-(snx) \, 741
-Dq—1+nT (S1-X) —'>'DQ+nT (S 'X)
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Hence, if we put d(X) = Limd,,,(8"X), then the sequence (3.45) is
n £

exact. Making use of Lemma 3.14 and the naturality of o, it is easy to
see that d, define a natural transformation of functors d,: DT"'—Dg_, 1"
satistying the second part of the theorem.

3.47. COROLLARY. The sequence (3.46) is exact for any p-exact sequence
0->T"=T—-T"" —0.

4, Functors with extensions

This section contains the main steps of the proof of the exactness
of connected sequences constructed in Seetion 3 (for functors of finite
degree).

Let T: o>’ be a covariant funetor (such that 7'(0) = 0) Detween
abelian categories «/, &’. We recall the definition of the ecross-effect
functors Tp: o*—>of', k =0,2,..., due to Eilenberg and MacLane [7].
Let T, =T If 4,, 4, are obJects of & and zA ,»A,@Aa,pl A,@
@®4,—~4,, j =1,2, denote the natural mJechons and natural pro;ectlons,
respectively, then we put

(4.1) To(dy, Ay) = Il 0y —T(14,Pa)) =T (4, D.4,)) -
It is clear that there are maps
Ay(Ayy Ag): T3(Ay, A,)—T(4,D4,),

0s(Aq, 4,): T(A,PA,) Ty (4,, 4)
such that

(4.2)  lpu,p4y) = T(4)T(24,) +T("342)T(2’A2)+13(A1; A5)0a(A1; 4s).

If f;: 4,4, j = 1,2, are any maps in & then, by definition, Ty(f;, fo)
ig the unique map for which the diagram

To(Ay, Ag) 202D Pg @ Ay)224r4d o po (4, 4,)

(4.3) Ty (fphg) T(f,®Fy) Ty(ffy)
Y 7 ’ ’ N Y
, lz(gi s2l5) ’ (.d ,4 ) ’ P
To(Ay, A) 222 1A @A) 222 1 (4], 4))

is commutative (the existence of such maps follows from Definition 4.1).
Thus the functor T': & X o/ ~of' is defined; it is called the second cross-
effect functor of the functor 7.

The commutativity of the diagram (4.3) and the equality (4.2) yield
(44)  T(fi®f) = Ta)T(f)T(04) +T () T(f) T(p4y) +
+12(A1’ An To(f1 fa) 02(Ay, 45).
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Fwrthermore, it follows from the above-mentioned equality (4.2) that
the maps T(i,,), T'(i4,), Ae(41, 4,) induce an isomorphism

(4.5) T(4,04,) =~T(4,)@T(4.)OT,(4,, 4,).

Higher cross-effect funetors of the functor 7 are defined by induction.
Namely

(4-6) Tk(An crey Ak) = (Tk—l(Al) sy Ak—z;'))a(Ak—u Al:)
for 4,,..., Ageob. If f;: 4;>A; ave maps in o,j =1,...,k then
Tu(fiy .oy fr) is the unique map for which the diagram
A
Tp(Ayy ooey Ak)*'_Ti_’qu(Ala vony Apay Al @A)

l-’l’k(fl..--. b3 Tr_1lf1eoffeg fpa1 @11
Y

Tk(A;’ Ak)* *TA 1(A vy -A;c—zv A;.-—1®-A;\:)

is commutative.
Let A,(4,, ..., 4;) and gg(4,, ..., 4;) denote the compositions

Ty( Ay ooy A) 25Ty (Ayy ooy Ay Ap 1©4) >
(4.7) >T( .- D4,),
T(A;®...B4,)2>T,(4,, A2®...®Ak)—+ ...—+Tk(.A1, e 4y,
respectively. Then, it is clear that the diagram
Ty(Ay, ..., Ay 2, 74, @ ©4,) B (4, L, 4y)

A TR (f1&..-8F)) ‘ T(f1a0 o)

(4.8)

¥ v
, L 2l Ay , Loy dy) ,
(4, ..., Ak)—l—'*T(Al(‘B---@Ak)——l—’Tk(Al) very Ay)

is commutative for any maps f;: 4;-4; in & and j=1,..., k.

4.9. DEFINITION. A covariant functor T: «/— ' such that T(0) = 0
is said to be a functor of degree n (we write deg? =n)if T, =0for k >n
and T, 5= 0. If T, # 0 for all k> 1, then we put degZ = oo. A functor
of degree < 2 is called a quadratic functor.

Similarly one can deflne cross-effect functiors and the degree of any
contravariant functor T: &/—&f' such that T( )y =20.

4.10. DrrFINITION. If we have a diagram

r 1’

BI BII
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in the category «, then the triple (2, h''; s) is called a skew map and
we write

(4.11) (W', 5 8): (4', 4"y~ (B, B").

If moreover (f',f"';1): (B, B")—(C", (") is another skew map, then we
have the diagramn

A' An
n / »
8

\ Y
(£.12) B B

) / r

' y

GI Cn’l
and the composition of skew maps is defined by the formula
(4.13) (R, D75 8)(f'S 0 =(F B, B f s 410",

Let o« of denote the category, whose objects are the pairvs (4, 4”)
of objects of & and whose maps are skew maps. In what follows the
map (W', h'"): (4'y A")—(B', B") from the category & X & and the skew
map (&', h'"; 0) will be identified. Thus the category & X o is considered
as a subecategory of the category o <.

4.14. DEFINITION. If (B', B'';8): (A') 4")—>(B’, B"') is a skew map,
then the map

b= g h Do tigh'p  +ipsp . A @A B OB

is called a map induced by the skew map (W', h'; 8). It o and o' are cate-
gories of modules, then h{a’,a’’) = (W'a’ +sa", V' a’").
Then it is casy to check that the following diagram is commutative

0 >AI i >AII®AII 7 >.A.” >0

( 4.15 ) lh’ J{h lh"

0 ,;_Bl i >BI®BH P >BH >0.

4.16. DEFINITION. If h = (&', b, B'’) is a triple of maps from & such
that the diagram (4.15) is commutative, then the skew map

(4.17) (', 1''; 6(h): (4’, A”)—(B', B"")
with
(4.18) O(h) = pg hiy

is called a map associated with h.
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Rematrk. Let tro/ denotes the category, whose objects are sequences
in & of the form

A = (0 _—)-_A_’.__ii."_'_a..(i’@.:i”&;._‘i” _),0)

and maps are triples b = (b, k, 1"’) of such maps from ./ that the diagram
(4.15) is commutative. It is clear that the correspondence

A—>(4'yA")eob ot ¥ o,
h—(h', 1''; 6(I))
has a functorial character and establishes an isomoiphism of the ategory

trof with the categoly .« ¥ .

4.19. DEFINITION. A covariant functor F: o ¥ /&' is an ewten-
sion of the funclor F: of X of—sf', if the diagram

-“’Xﬂ——i——)-d'

i

ol o

‘is commutative, where the vertical arrow denotes the natural injeetion
of the category & X & into &« .

4,20. DEFINITION. A functor F: o A—>st' is called a trivial exten-
sion of the functor I, if

B, 7y 8) = F(W, b 0) = F (W, ')

for any skew map (A, A'"; s).
Obviously any functor of two variables admits the trivial extension.
An important example is the following:

4.21. BxanrLE. Let T: of—of' be a covariant functor and let
T,: o x F—>sf' be the second cross-effect functor of the functor 7.

We define an extension T,: &/ ¥ -/’ of the functor 7, as follows:
(1) i’g(A’,A”) =T,(4", A") for A', A" eob &,
(ii) if (W', h'"";8): (A', 4")—>(B’, B") is a skew map and h: A'@A"—
—B'@B" is the map induced by (#',1'';s), in the sense of Definition
4.14, then f’g(h’, L'’ 8) is the composed map

T (A, A7) 2L g Ay IO, (B @By 225, (B, BYY,

where A, and g, are natural transformations of functors from (4.3).
_ Applying equality (4.2) and definition (4.13) one can prove that
T, is a functor.
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Let now F: of X o' be a covariant functor such that F(4,0) =0
for A eobs/. We will denote by

Fo(d,y oy ): o>t
the kth cross-effect funetor of the functor #(4,:): -, and by
A(dy Byy ooy By): Fi(4, Byy ..oy By)>F(4, Bi®...®B,)
go(d, By, ooy By): P4, B,®...@B,)»Ty(4, By, ..., By)

the maps (4.7) for the functor I' = F'(4, ). Note that for &k =2 and
any maps f: A—A', f;: B;+B; (j =1,2) there exists a unique map

Pol(fy 1 fa): Ta(4, By, B,)—~>F,(4', B;: -B;’)
such that the diagram

Fy(4d, By, By) 24P, p g B @B,)- 245 L p 4, B, By
(4.22) ll' o (. f112) F(f.11®1) ‘Fz(f,fl.fg)
B) A4, B BY) (4,5}, By)
P4, B}, B) 2P pia, BBy -2 b4, B, B)

is commutative. It is easy to see that we can consider F', as a functor
of three variables.
We will often use the skew map

(4.23) p(A4, B) = (14,5304 (4, B@4)~>(4, B),
which, for simplicity, will be identified with the map induced by p(4, B)
(in the sense of Definition 4.17).

4.24, LEMMA, If F: A X A" is a covariant functor such that

I'(4,0) =0 for Aecob and F: o f od—st' is an extension of the functor
I, then for anmy skew map (W', h';s): (4, A")—~(B’', B") the following
equality holds:

(4.95) P, W) =T, h') -
-|-17'(p (B'; B”))lz(B'; B“’ Bl)Fz(h’; h“i 8) Qz(A-I; -A”: -A”)F(ld'a dqr)y
where dyn: A'"—>A"DA" is the diagonal map.

Proof. Let (3, %';8): (4’, A")—(B’, B") be a skew map. Then the
diagram

(A, A7 @A) <S80 go gor)
(W' Ds,0) (R, R'*; 8)
(Bl, B”@BI)M(B’, Bn)

ig commutative. Furthermore, 17’(71,', '@ s; 0) = F(W, V' ®Ps) and
F(1,,d,;0) =F(1y,d,). Hence the above diagram induces the diagram
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(4.26)
F(4',4")
- F(’A',pd,,)
FA, Ary—02) R g g Ay 4l A7)
F,(4', A", A"
F,8) |F(R, ) Fy(h',h",8) F(h',h"®8) F(W,n";8)

Fy(B, B, B) 4,

o2
¢ : Y Fowmy Y
F.(Bl, B”) FQpnig) —)F(B’, BU@BI)____’_F(BI’ BH)

-//w/

Using (4.4) for T = F(B', ), f, = 8, fs =}/, and the commutativity of
the diagram (4.22), we get
(4.27) FI,W'@8) =F(1g, " @s)F (I, 1Pl y)
= [F(lp,ip)F(1p, 8)F (g, par) + F(lp, ip) F(1p, b ) F(lp, pyr)+
4 2,(B', B, B') Iy (1, 13 8) 0o (B, A"y A")IF (W, 14-@1 1)
= F(lp, ig) (W, 8)F (L, Dar)+ F (g, i) F (W, W) F (14, par)+
+2.(B’, B", B’)ﬁz(h': By 8)e.(A"y A" A”).

F(B', B

Furthermore, the following cqualities hold

(4.28) F (1) Par)F(Lyry Aur) = Lpar,an;s
(4.29) F(p(B'y B"))F(lp, igs) = Lpw,m9)
(4.30) F(p(B', B") F(lg,iz) = 0.

In fact, the first equality follows from the definition of the diagonal
map, the second from (4.13) and the third from the commutativity of
the diagram

(BI’ -B”@B’) _’IJ(E',B”)_‘-_)(BI, Bu)
(lﬂ'li]]':o) I(IB':G; 0)

(B, B')_(M_g.(]g', 0)
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In virtue of the commutativity of the right square of the diagram (4.26)
B, h's8) = Fp(B, B)F(W, ' @) P(1p, dg).

Henee, using (4.27)-(4.30), we get the required formula (4.25).
It F: of x> is an additive functor with respect to the second
variable, then clearly F, = 0 and from Lemma 4.24 we obtain

4.31. COROLLARY. If F': o X & —27' is an additive funclor with respect
to the second variable, then it admilts only the trivial extension.

Tor the proof of the main theorem of this section we necd the following

4.32. LEMMA. Under the assumptions of Lemma 4.24 there exists a map
@ such that the following diagram is commutative

(A; A” Af) ")(1 4,47 '>F(.A.l, fll.r@Al) F(J’(A'-A")) _)F(Al, AH)
( 4-.33) L ﬁ"(h’,h"; 8)
Ao(B’,B", B

7,(B’, B", B') ~F(B, B"@®B)T@EEN  pp By,

Proof. In view of Lemma 4.24 we have
F(W, 15 8)F(p(A', A")2,(4", 4", A')
= F(}, h“)If’(p (A, A") A, (4A'y A", AY+F(p(B’, B")) (B, B, B')y,
for some map y;: Fy(4', A", A" )Ty (B’, B, B'). Moreover, by the defini-
tion of A4, £'(1,, Par)ie(A’y A", A’) = 0. Hence the first summand in
the above sum has the following form
P, n")ﬁ'(p Ay A ay(Aly A7y A
(', W pas WD) Dol 4], A7y A)
B, V)24, A7, 4) +F (p(B', B") (B, B, B))
= F(p(B', B")) (B, B", B') p,
where p, is some map from F,(4’, A", A’) to I',(B’, B, B'). Then the
diagram (4.33) is commutative, if we put ¢ = p,+vy,. The lemma is
proved.
The following theorem plays a key role in the further considerations.

4.34. THEOREM. If I': o X /&' 18 a covariant functor with an

extension F: of Lot —~sf' satisfying the condition P(A 0) =1(4,0) =0
for any object A, then there exist covariant funciors F', F'' with ewtensions

T’ P” wspcctwely, ond natural transformations of functors a: I”—>11
g: P such that

(i) 0~ 4 AT 50 is an emact sequence of functors.
(i) #'(4, 0) = 0 for any object A of .
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(iii) P is the trivial emtension of the funcltor I,
(iv) The n-th cross-effect functor Fy (A, -, ..., ) of the functor F' (4,9
is given by

Fy(4,By, ..., B,) =Ti[P(p(4, B,® ... ®B,)4,41(4, By, ..., B,, 4)].
Proof. Let 4', A" eob&/. Consider the sequence

Fz(.A’, .A.“, A:) AZ(A”A"!A')}F(AI, A:I®Al) F(.'IJ(A'-A-")) F(AI’ _A."),
where p(4’, 4"”) is the skew map (4.23) and put
7 (4', A") =F'(A', A") = Imﬁ’(p (A’ A7) A (A7, 47, 47).
Let a(4’, A"): j”(zl’, A”)—>I~‘(.A’, A’) be the mnatural monomorphism.
Furthermore, let
F''(A'y A") = F"(4', A") = Cokera(4’, A")
and let g(4’, 4”): ﬁ(A‘, A”)—>ﬁ"(A', A") be the natural epimorphism.
If (B',h";8): (4’ A")>(B', B") is a skew map, then it follows from
Lemma 4.32 that there exist the unique maps #'/(2', &'’;8), F'" (B, k''; s)
such that the diagram
O'—>1~;"(A’, ..A.”) U(A'.-A") F~(Al, .A.”) ﬂ(-tl'.A") F"II(AI’ .A.”)"9'0
(4.35) B, n'; 8) Fae,ns) lf"{h'.h": 8)
O_)jn (Bl’ Bu) a(B’,B") ; _ﬁ(BI’ BH) AB',B") f!ll(Bl’ B”)'—>0
is commutative. Of course, we must put I (h', b'') =j"(7a’, h''; 0) and
A, Ry =F" (M, b 0). It is clear that a(d’, 4"”), f(4', A"") define
natural transformations a, f such that the sequence 0—F 2>F L P 0
is exact.
The assertion (ii) follows from (i). To prove (iii), it is sufficient to
show that the diagram (4.35) is commutative, if we put s = 0 in the

map ﬁ”(h’, 1'"; 8). By Lemma 4.24 and the definition of the functor f",
there exists a map y: F(4, A”")—->F' (B, B") such that

P, by s) = F(W, W) +a(B’, B")y.

Hence, using the commutativity of the diagram (4.35) for s =0 and
the definition of #' and f, we get

(B, B”)f‘(h’, L' s) = B(B, BYF(, W)+ B(B', B')a(B', B")y
— ﬂ(Br’ B“)F(h’, hlr) — Flr(hl’ hll)ﬂ(Al’ AI:)

what means that F*’ is a trivial extension of #''.
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The condition (iv) is proved by induction on n. For % = 1 it is the
definition of the functor #'. Let » > 1. Then it follows from the description
of the (n-+1)th cross-effect functor and Definition 4.1 that

(4.36) F;;H(A; Byy ...y Byy) = [F (A, Byy ...y By_1y )1a(By, By 1)
=Im[1g 4,p,,..,By_1.8,@Bps)) — L (Las 1z -y 15, ) i5,D05,)—
—F (L gy -es 1,y im,  Pn, )]
By the induction assamption F, (4, 0y, ..., C,) is the image of the com-
posed map
Fua(4, By, ..oy By A) 25 (4, Bi® ... @B, @ 4) ZAP008)
F(A,B,®... ©B,).

Moreover, it
Fn+l(Ai 017 te0 01” A)'ﬁblﬂ;z(A) 011 LA | On)_aﬁ'}-F(-Ai 01@ cee @Om.)

is the appriopriate factorization of this map (i.e. y, = yo(4, C1y ..., C,)
is an epimorphism and a, = a,(4, Cy, ..., C,) is a monomorphism) then,
in view of the definition of F,(4, fi,...,f,), the following diagram is
commutative for any f;: C,-—>G’; in 4 (j =1,...,n):

(4.37)
Fo (4,0 ..., Cpy A) = FA,0; ... DC,)
& /

ay
Fo(A, Cry vy Cy)
Fﬂ+1(1lf1t"‘)f71l1) F;l(lp.fl'---,fn) F(‘.f],@---@fn)

Fo(d,; Ciyevey On)

Y \

Fn-i—l(A)G;:--'tCa’uA) »F(A,0,®... DOC,)

Since Im(fg) = Imf, provided g is an epimorphism, then the equality
(4.36) and the commutativity of this diagram ‘yield

Fpi(4d, By, ..o, Bpy1) =Im [1111;,‘(4,31....,B,l_l,B,L@BM,)—
~ B (Las1pyy o 1p, s i5,P8,) — Fn(lay1p,, -y 1, 15, 1108,,1]
= I (yp[Foss Lty Lpps ooy 1,5 1p, ®1p , , 14) —
—Fpi(Laydp)y iyl yip Doy 1a)—

—Fﬂ-l-l(l.d., 1.31’ Lty 1311«_1, ?:.Bn+1.p.3n+1’ 14)]) = Ilnynz% 92’
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where
Aot Fn+z(-Ay 4, Bn vey -Bn+1)_>'Fn+1(-A) 4,B,,...,B,_, Bn®Bn+1),
@a: Fn+1(Aa -Aa By .oy B, _1, —Bn@Bn+1)—>Fn+2(As A-’ Byy ... Bn+1)

are maps from (4.3) for the functor T =F,,,(4,4, By, ..., B,_;, *).
Sinee g; is an epimorphism and a, i3 a monomorphism,

Im(y,2:0,) = Im(y, ) = Im(a,y,4,).
But

UpYndy = ﬁ‘(p(‘A‘! B, @... @Bn+1))ln+1(Ar By, ...y By, B,,(-I—)B,H_l, A)
“DF(p(4d,B, @ ... ®Byir)) usal(d, By, ey Buysy 4).

Consequently,
F;l+1(A7 Bl’ vl Bn+1)
= ImF(P(A; B, ®... @Bn+1)))~n+2(Ay B,...,B;1,4)

and the theorem is proved.

If degF(A,")<n, then obviously #,,,(4,+...,') =0 and thus
Apsr(4y 1y ooty ) = 0. In view of the assertion (iv) of the above theorem,
it follows F,(4,-,...,*) = 0. Hence, we obtain

4,38. COROLLARY. deg F' (4, -) < degF (4, -)—1 for any object A in .

4.39. ExAwPLE. Let 45 denote the category of modules over a com-
mutative ring B and let SP": A p—>.#p be the nth symmetrlc power
functor (sce Scetion 7). We will find the functors F’ 7 My i Mg My

for the functor ¥ = SP” My ¥ MM defined in Example 4.21. In
virtue of [5], 10.3,

n—1
(4, B) = SP}(4,B) = @ 8P"/(4)®rSP!(B)
F=1

and the natural injection
8Py (4, B)-SP"(A®B)
is given by
(@1v. . va, ) @(bv...vh)—=(ay, 0)v...v (a_s, 0)v (0, Dy)v...v (0, b))
where (a,v...va,_ ;) ®(b;v...vb)eSP* I (4)@ SP/(B) and (a;, 0), (0, b;)

eA@B, a,eA, b;eB. Hence the second cross-effect functor F,(4, +, ) of
the functor I'(4, ) = SP3(4, ) sends B,, B, into
n=15-—1
Fy(A, By, By) = @ @8P"7(4)®@8P(B,)®@8P!(By)

I=11i=1

d — Dissertationes Mathematicae CXI
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and the straightforward computation shows that the image 7 (4, B)
of the composed map

Py(d, B, )220 o p(4, BO 4)—42s T (4, B)
is
~ n-2 )
(4, B) = @SP"(4)®SPYB).

{1
It (B, %"7;8): (4, B)»(4A', B') is a skew map, then
.i'”(h', Ib”; 8) — hl ®S n—l(ku)

and f”(h’, h”;s)((alv...va,n_j)®(b1v...vb,)) is a sum of elements of

the form (B (ay)v... VA (@y_y)v$(by)Vv ...vs(b,) O (by,, JV...v R (b,-j)).
Let

(4.40) Y = (0-Y' 5 Y5 1 50)

be an exact sequence of simplicial objects in the category . We say
that ¥ is a normal sequence if it splits in all dimensions. The full category
of diagrams whose objects are all normal sequences of simplicial objects
in the category « is denoted by Ns«.

If a: [m]—[n] is & non-decreasing map and ¥ is a normal sequence
(4.40) of simplicial objects, then cleatly the diagram

% » ’
0 >¥Y,—2—>Y,—2>Y, >0

l]’ (a) J(I’ (a) l I"(a)

’ 2 b "
0 > Y p——s ¥, — 2> Y, >0

is commutative (we assume Y, = ¥;®Y; and 4;,p, are the natural
injections and natural projections, respectively). Therefore there exists
a skew map

(¥ (), T (a); 6(Y (a))): (Yo, TE)>(Tp, Xop)
associated with the map ¥ (a) in the sense of Definition 4.16.

4.41 DEFINTTION. Let P o LA be a covariant functor such
that F(4,0) =0 for Acobs/. The functor

7™: Nssf—>sd
is defined as follows:
(i) if ¥ ecobNs.o/ has the form (4.40) and «: [m]—[n] is a non-decreas-
ing map, then
F*(Y)n = F(Y;n Y;;)1

F*(Y)(a) = F(Y'(a), ¥ (a); 6(F(a)));



4. Functors with extensions 35

(if) if h:¥Y—>Z is a map in Ns«, with h, = (h,, h,, k'), then
F* (), = F(l, by ; 0(h,))  (sce 4.18).
Immediately from the definition follows

4.42, COROLLARY. If F: A V>t is a trivial extension of the
Sfunctor F: of x f—~>sf', then
(Y) = (Y, X")
Jor any normal sequence of simplicial objects (4.40) (see 3.5).
Corollaries 4.31 and 4.42 yield
4.43. COROLLARY. If T': o—o' is a covariant quadratic functor (see

Definition 4.9) and fl"a 18 the extension of the functor T, defined in the Example
4.21, then

T3(Y) =To(Y', ¥)
for any normal sequence of simplicial objects (4.40).
4.44. PROPOSITION. If J: o X o /' is a covariani functor with an
extension J: oA Lt A’ satisfying the condition J(4,0) = J (4, 0) =0,

then there exist covariant functors J}; A LA, 1 =1,2,3,..., such
that

(i) j 1= j ’
(ii) if ¥ = (0>Y'»>Y—>Y"—~0) is a normal sequence of simplicial
objects in <, then
T V)2 JE (V) D oo D T4 (X) e T2 (F) <5 ..

and the inolusions j,‘;(Y) ) .7;",“(1’), n =1,2,38,..., define natural trans-
formations of fumetors Jt<oJ%,,,

(iii) if the sequence Y is n-trivial (it means that simplicial objects Y',
Y, Y are n-trivial), then

H,(J7 (V) [7,1(Y)) = 0

Jor j<2n and 1 =1,2,3, ..., ) N

(iv) if degd (4, )<< m for all A, then 0 = Jpy) =dpgy =0

Proof. We define the functors :7'.; by induction. Let jl -T—j. If
J 13 seny j,b are defined and satisfy conditions (i)—(iv), then taking F = J,
in Theorem 4.34 we get an exact sequence of funetors

0—>1?~”-—>1~f}7>f‘”—->0

such tha.t‘fﬂ" is a trivial extension of the functor #'', We put jn“ = B,
It is clear that conditions (i) and (ii) hold. To prove (iii), it is sufficient
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to show that H;F™*(¥) =0 for any n-trivial sequence ¥ and j < 2n.
But F"*(¥) = F''(Y', ¥"), by Corollary 4.42, so the required result
follows from Lemma 3.24. Condition (iv) is a consequence of Oorollary 4.38
and the construction of the functors j,;. The theorem is proved.

4.45. Remark. It T = 8P": # >y (see Bxample 4.39) and T,
is the extension of the functor SPy defined in Example 4.21, then one
can prove that the functors J} given by

- n—-k
(a) J;(4, B) = @ SP"*(4)®8P*(B) = 8F; (4, B),
kel

(b) Ji(h , h'’; 8) is the restriction of the map SE s(h'y B 8) to J (4, B),

satisfy conditions (i)-(iv) of Proposition 4.44 for J = T
The main result of this section is the following
4.46. THEOREM. If T: o/ —of' is a covariant functor such that T(0) = 0
and degT < oo, then
H,TH(Y) =0

for any normal sequence ¥ = (0->Y'—Y—>Y"—>0) of n-trivial simplicial
objects and j < 2n, where T, is the extension of the functor T, defined in
BEzample 4.21,

Proof. Let deg? =m < o and let ¥ be a normal and n-trivial
sequence of simplicial objects in «/. Applying Proposition 4.44 (for J = 172),
we get a filtration

~

T} (¥) = J3 (V) <2 I} (V)2 .. <2 oy (V)2 J5(Y) = 0.

We prove that H,J.i( ) =0 for j < 2n and 4 =m, m—1,...,2,1. Since
trivially H,J* (Y) = 0 for §j < 2n, it is safficient to show tha.t the assump-

tion H,Jk(Y) = 0 for j < 2n implies HjJ,c (¥) = 0 for j < 2n. For this
purpose note that the exact sequence of simplicial objects

0 J3(¥) ey (V) J5_, (V) T4 (¥) 0
induces an exact homology sequence
> H S () > By Ty (V) H, (T3, (V) [T (1))
But H,J5(Y) = B;(J;_, (V) JE(Y)) = 0 for j< 2n by our assumptions

and the condition (iii) of Proposition 4.44. Thus H,J;_,(Y) = 0 for j < 2n
and the theorem is proved.
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5. On the exactness of connected sequences

In this section we prove that left stable derived funectors of any co-
variant functors of a finite type (see Definition 5.10) form connected and
exact sequence of functors.

Let T': o/ —o' be a covariant functor such that T'(0) = 0 and let f’z
be the extension of the functor 7, defined in Example 4.21.

51. LEMMA. If ¥ = (0->Y'5Y5Y"~»0) is a normal sequence of
simplicial objects in the category s, then the simplicial objects KerT(p)/
[ImT (i) and TP(Y) (see 4.41) are isomorphic.

Proof. From the sequence Y we get the sequence

T(Yy)-Z,ry)- 22, 1Y)

with T'(p)T (i) = 0. Hence, ImT(4) < KerT(p). Without loss of generality
we may assume thab

T(Y,) = T(T)OT(Y,)® T (Y, ¥y)

and that the maps T'(s,), T(p,) are natural injections and projections,
respectively (see 4.5). Then

KerT(p,) = T(Y)®To(Y,, ¥y), Kerl(p,)ImT(i,) = Tso(Y,, ¥y).
Moreover, it follows from Example 4.21 and Definition 4.41 that
T3 (Y)(a) = 75X (a), T (a); 0(T ()
= 02( Ty, Y) T (T () Aa( Xy, 7)) = (Ker T(p)/Im T (4))(a)

for any non-decreasing map«: [m]—[n]. Thus the lemma is proved.
5.2. THEOREM. If X = (0-X'->X P> X" —0) is a normal sequence of
left complexes and
H;,T;(KX) =0 for j< 2n,
then the sequence
(6.3) DyinT(X') 2D,y T(X) 225> Dy, T(X)

is exact for n > q+1, where D;T: A~ (L)L are the functors described
in Section 3.

Proof. The functor K: 4~ (&)« carries normal sequences of
complexes into normal sequences of simplicial objects. Therefore, from
the normal sequence X we get a normal sequence of simplicial objects

EX = (0~EX' 2% kxE0, kX" »0)
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and now, using Lemma 5.1, we have a commutative diagram

0

T

I3 (KX)

0 — > Ker 7K (p) — T (KX)o T (KX"") ——0

in which vertical and horizontal rows are exact sequences of simplicial
objects. This diagram induces a commutative diagram

H,..T; (KX)

o

H, .Ker T(p)——»H,,, T (KX)——»H,,,T(KX")

HyynT(KX?)

"Hq-l-n+l T; (K-X)

such that the vertical and horizontal rows are exact. By our assumptions
Hyppoi Ty (KX) = H,,, Ty (KX) =0 for n >g¢+1, so the map 1y is an
isomorphism. Hence the sequence (5.3) is exact and the theorem is proved.

An immediate consequence of Theorem 4.46 is the following

5.4. COROLLARY. If X (in 5.2) is a normal sequence of n-trivial left
complexes and T: of—>of" is a covariant functor of finile degree, then the
sequence (5.3) is exact for n > q+4-1.

The main result of this section is the following

5.5. THEOREM. Let T: of — o' be a covariant functor of finile degrec
(between abelian categories of, s') such that T(0) =0. If X = (0—>X"%>
X 2> X"0) is a normal sequence of left complexes in o, then the sequence

(5.6)  ...>DT(X)2 DAT(X) 2 DET (XY 25 DS\ T(X')—>...
18 exact.
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Proof. Recall that we get the sequence (3.6) applying Theorem 2.12
to t]‘le fpnctors DT and the natural equivalences s, (sec 3.28). Hence,
in virtue of Theorem 2.12(c), it is sufficient to show that the sequence

(5.7) DyT(X') %> DAT(X) 2> DIT (X
is exact for any normal sequence X and geZ. If n > ¢+1 then, applying
Theorem 5.2 to the normal sequence
0->8nx T, gnyg SO, gy,
we obtain the exact sequence
Dy T(X') Dy o T(X)>D, , T(X").

But the sequence (5.7) is a direct limit of the above sequences, so it is
exact and the theorem is proved.

5.8. COROLLARY. Let & be an abelian category with enough projectives.
If T sd—~asl’ is a covariant functor of finite degree and

04" 2>4P 54" 50
s an exact sequence in o, then the sequence
(5.9)  ...>LST(A") s LT (A) 2es IET(A") 20 I8\ T(A") ...

18 exact.

5.10. DEFINITION. A covariant (contravariant) funector 7: &/—of' is
called a functor of finite type, if T is either a direct sum-or a divect product
of functors of finite degree.

5.11. COROLLARY. If T is a covariant functor of finile type, then the
sequences (5.7) and (5.9) are exact, i.e. {D;T),.z form an A A (f)-con-
nected and exact sequence (see 3.33) of functors, {L3T},.z form a connected
and exact sequence of funclors.

Proof. As Defore we must only prove that the sequence (5.7) is
exact. But, in view of Corollary 3.27 and Theorem 5.5, it is a direct sum
(or @ direct product or direet limit) of exact sequences. It follows that
it is exact.

6. Right and left stable derived functors of contravariant functors.
Right stable derived functors of covariant funectors

Let 4 be the eategory described in Section 3. Recall that we denote
by o~ (), At () and s the categories of all left, right chain complexes
and all simplicial objects in &/, respectively.

Following [5] we define a cosimplicial object in the category & as
a covariant functor ¥: 4>« and a cosimplicial map as a natural trans-
formation of such functors. Clearly, cosimplicial objects together with
cosimplicial maps form a category co-s<.
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Let Y be a cosimplicial object in /. The associated chain complex
kY is the following right complex

q _
0->Y, 1Y —»>...>Y_,—5HY ,_ —...,

n
where ¥_,, = Y([n]),d_, = X (—1)¥(¢)and g: [n]->[n+1](i=0,1,...
=0
...,n) are the non-decreasing maps (3.3). If f: ¥—Y' is a cosimplicial
map, then it is easy to see that the maps f([n]): Y_,—Y', define a com-

plex map if: kY—kY’'. Thus the covariant functor

k: co-sod AT ()
is determined.
Now let T: o/—«' be a fixed contravariant functor such that
1'(0) = 0. Similarly as in Section 3, the functor 7' induces in the natuial
way & covariant functor

T: sof—co-s2'
and then we can define a contravariant functors
DT A (d)~sL' (geZ)

as H_ kTK, where E: o'~ ()—>ssf is the functor from ([5]; 8.2). If o
denotes the opposite category to the category & and d,: &L—>L* IS
the dualization functor, then it is easy to deduce that

(6.1) DT = 8,0 Dy(0,.T).

This fact, together with (3.9) and (3.11), implies the following

6.2. COROLLARY. (i) The functors DT are h-fumctors.

(i) If T s an additive fumctor then, for any compler X, D (X) is
the g-th homology object of the complex

4@ (dy)

= TX) T (X))« oo T(X )0

The action of the functor 8, +: H'*—>'** = ' on the natural
transformations (3.12) (for T = 4. 1) provides natural transformations

o?: (DT S§—-D1]

such that the following corollary holds:

6.3. CorROLLARY. If X 4s an n-trivial left complex, then o%(X) is an
isomorplhism for ¢ < 2n (see 3.18).

Now we define functors

DT ()~ (geZ)



6. Right and loft stable derived Ruetors of contravariant functors 41

by formulas
DIT(X) = Ei_lE_{Dﬁ”_’i"(S"I), oIt (8" X))},
n
DYT(f) = Lim{DW2(87)},
n
where X, X' are left complexes and f: XY—X' is o complex map.
If % > g, then in view of (6.1) and (6.3) we have
(6.4)  DIT as (DUMLYS" wv (8,00 Dy (8. T)) 8" o (H_pn KT S
what implies (see 3.19) that
(6.5) DT ~ §,yu D58, ).
Finally, from (3.20) and (3'.23)’ we getb
6.6. COAR.OLLARY. (i) DIT are additive h-functors.
(if) DT =0 for q < O.
The action of the functor J,,» on the natural equivalences
syt DS(8T)—>D8,1 (8,108
gives as the result natural equivalences
s?: (DI T S—DIT.

Now assume that & is a category with enough projectives.
6.7. DEFINITION. Let geZ. A g¢-th right stable derived functor of the
functor 7' is the functor

RT: od—st
defined as follows:
RIT(A) = DT(P)
where P is a projective resolution of the object 4 of . If f: A'—>A4 is
a map in &, and f: P'—P is a resolution of f, then
RII(f) = DIT(F).
Equality (6.5) and Definition 6.7 yield

6.8. COROLLARY. RIT = 6,uL8(8,, ).

6.9. COROLLARY. If T is an additive functor, then the fmwtnﬁrs RIT
are naturally equivalent to the right derived functors of the funcior T in the
sense of [2].

Proof. By cquality (6.4) we have

RIT(A) = DIT(P) ~ D" T(S"P)

which, in view of Corollary 6.2, gives the required result.
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6.10. THEOREM. If X = (0—-X'2>X2>X"0) is a normal sequence
of left complexes and A = (0->A'->4-2>A""—0) is an ewact sequence in o,
then there exist comnecting maps
dY(X) : DIT(X)—-»De T(X"),
d?(A) : RET(A'Y>REF1T(A")
such that the sequences {D? T},Fz and {RZ T}q,z, together with these maps,
form N A~ (f)-connecled and connected sequence of contravariant functors.

Moreover, if T is a functor of finite type (see Definition 5.10), then the
sequences

(6.11) ...—~DIT(X") 2> DIT (X)L DET Y')—>Dﬂ+u’(X“)
(6.12) ...—RIT(A") 2 RIT(A) 5 RIT(A") ¢ &, R (A4
are exact.
Proof. By definition,
d(X) = DI I(0(X)) (s"(X"),
d(A) = d1(P),

where 0(X): X""—8X' is the complex map defined in Lemma 2.8 and P
is a projective resolution of the sequence A. It is easy to sec that the
nmaps d%(X) and d%(4) arise from the connecting maps

Bysrt Dy (8,0 TN (X' —>Di(6,, T) (X'
(in the sequence (3.32) for 7' = 6, T) and
geri Ly (800 ) (A")>LE(8, T) (4)

(in the sequence (3.40)), respectively, by the action of the functor &,,..
It follows that the sequences (6.11) and (6.12) can be obtained by the
action of the functor d,. on the sequences (3.32) and (3.40), respectively.
Now the theorem follows from Theorem 3.30 and Corollary 5.11.

Remark. If 7 is an additive functor, then the connected sequence
of right derived functors of the functor 7 and the connected sequence
of right stable derived functors of the functor 7' are isomorphic. A proof
of this statement is a repetition of the proof of Theorem 3.42.

To define left stable derived functors of the functor 7: &/ —o' and
right stable derived functors of a covariant functor T: &/—&f' such
that 7(0) = T(0) =0, we define functors

aT,aiT: #* (L)~

taking
(I’T D‘(Tdd.)d aiT = DYTé.,.)0,
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whete 0: A (o)A~ (£*) is a contravariant functor defined in the
following way. For Xeobd + ()

(8X), = 8.,(X_,),
Ao = §,,(d_,_,).

If f={f,}: X=X is a complex map, then 6(f) = {4,.f,}-
Now, let & Dbe a category with cnough injectives.

6.14. DEFINITION. If geZ, then the g-th left (right) stable derived
functor of the funetor T'(T) is the functor

L3 T(RIT): o>l

(6.13)

defined by
LT(A) =@TQ) (RT(4) = atT(Q),

where ¢ is an injective resolution of the objeet . If f: &'—>of is a map
in & and f: @ —Q is a resolution of f, then

GI(f) = @) (RT() = dsT(])).-

Using suitable properties of the functors D;T, D21 and LT, K} T,
we can also in this case prove assertions analogous to 3.20, 3.21, 3.23,
3.34, 3.36, 5.11 and 6.10.

7. Symmetric power functor SP" and exterior power functor A"

We recall that the functors SP? and A" for n >0 are defined as
follows. If M is an R-module and @ (M) =M ®... @M (® = ®p) 18
a tensor product of w copies of A, then we put

SP"(M) = @"(M)[U(I),

(7.1) '
A" (M) = Q™(M)[V (M),

where U(M) is a submodule of ®"(M) generated by all elements m; ® ...
c @My — My & e @ My, Myedly g,y .., i, 18 & permutation of the integers
1,2,...,n;and V(M) is a submodule of &@"(M) generated by all elements
my® ... m, myeM, such that m; =m; for some ¢ #j. If we write
MV V N,y MgA MaA Am, for the inmgés of the element m, ® ...
. ® Mye®"(M) under the natural epimorphisms @"(M)—SP"(M),
Q™ (M)—A™(A), respectively, and if f: M—N is a homomorphism of
R-modules, then the homomorphisms SP"*(f), A"(f) are given by

SPM(f)(myvmey  vim,) = f(my)v f(ma)v v fm),

A*(fY(myeA man AMmy) = f(m)Af(ma) A ... Af(my,).

(7.2)
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TFinally, we define the functors SP° and /° by SP(M) = A°(M) = R,
SPo(f) = A°(f) = 15 and we form the following functors:

SP = @ 8P*, QP = @ 8P,
n=>0 Nl

(7.3)

A=@a, A= a
n=1

=0
It is well known that the functors SP, A, SP*, A" commute with
direct limits. Then by Corollary 3.38 we have
7.4. COROLLARY. If G 48 an R-module, then the left stable derived
' -
funetors of the functors SP ®@G, A @G, SP" ®G, A" @G(¥) commute with
direct limits and direct sums.

Let us recall that in Section 4 the cross-effect functors of any cova-
riant functor T, such that T'(0) = 0, were defined. The rth cross-effect
functor of the functor 8P" n >0, is given by the formula

(7.5) 8P = @ SPYh@... @SPT
1'1+...+i,.==n
>0
for » <2 and SP} =0 for » >n (see [5]; 10.4). Similarly, one can prove
that
(7.6) A= @ Ar®..@qA%"
"1+-:»+in=ﬂ'
1j>0
for n > 7 and Ay = 0 for n < r. Thus we have
7.7. COROLLARY. If G is am R-module, then SP'®G, A"®GE,
Homp(SP", &), Hompz(A" G) are functors of degree n.
Hence, in view of Corollary 5.11 and Theorem 6.10, we get
7.8. CoROLLARY. If G 48 an R-module, then siable derived functors
— -
of the functors SP™ @G, A" @G, SP ®G, A ®G, Homyp(SP", @), Homg(A", @),
— ~
Homy(SP, &), Hompg(d, @) form connected and exact sequences of
functors.
Now we consider the functors

(7.9) P F: My

defined as follows. F(M) is the frec R-module generated by an R-module
M and (M) = F(M)/F(0). The action of F and F on R-homomorphisms
is defined in the natural way. Clearly, #(0) = 0 and it is easy to check
that

F(M@N) = FINeF(N)®F (M) F(N).

2) T®E = T(-) ®G.
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Hence, F,(M, N) = F(M)®F(N) for R-modules 3, N and therefore
degF' = oo.
If R = Z is the ring of integers, then it is proved in ([5], 4.16) that

the left stable derived functors of the functors Z and 8P atre naturally
equivalent. This fact and Corollary 7.8 yield

7.10. CorROLLARY. In the category of abelian groups s£b the left stable
derived functors of the funclor F form a connected and exact sequence of
covariant functors.

Let T" be one of the functors SP", A" a = 2. Then, using formulas
(7.5), (7.6) and (4.5), we get

™MON) =T"(M)OT3(M, N)@T"(N) = é,') TH (M) @ T4 (V)

i=0
for any R-modules M, N. Thus, for ¥ = M, there exist natural injections
Ug gt THM) @ T (M)—~T (M, M)
and natural projections
Pin-it THMOM)>T (M) @ T (M)

for 1 =1,2,...,2-1.
7.11. LevyA, Let d: M->M® M, d: M@ M~~M denote the diagonal
and codiagonal homomorphisms, respectively, and let a be the composition

(7.12) T2, M) 220, o (@ M) -T2 T ().

If we put
(7.18) nei = Qlig gt THM) @ T4 M)—>T" (M),
' Bini = Din-iTHd): T*(M)—~>T' (M) ® T (1)

for i =1,2,...,n—1, then
(7.14) (ai,n—i'ﬂi,n—i)m = (?).’E
for any xeT™(M) and ¢ =1,2,...,n—1.
Proof. Let T" = A® and let & = mAmaAn  Am,ed™(M). Sefting
md = (my, 0), mj = (0, m)e M@ M for j =1,2,...,n, we geb
QnmiBra-t(MaAMaA oo ADR,)
= A™(d) Ay (M, M)ty sPin—i ((m‘{-{—m}) e (‘m&'i"mi))
1 1
= AN 2 (B, M) iPii | D, D) MBA oo amip).

81=0 £n==0
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It is easy to see that the map
2o( M, MYws i Pii: AV (M @D M)—~A™(M D M)
carries the above sum into the sum of all elements mil'A  Amy» with

g, = 0 for exactly ¢ different indexes %. Since in this sum there are (7)
such elements and clearly

AMA) (MPA oo AR = MA A,

then (7.14) follows. The proof for T™ = S§P" is similar(3).

7.15. THEOREM. Let T" be one of the functors SP", A™; let M be
an R-module and X a left complex of R-modules. Then; for any integer g,
the following equalities hold

(1) DgI™(X) = LyT* (M) = 0, if n is not a prime power.

(ii) p- DyI"(X) = p-T3T"(M) =0, if n=9p", r>0, where p 1is
a prime.

Proof. Fix ¢ =0 and put @ = K8°X, 8Q = KS87"'X, where K is
a functor defined in [5], 3.2. Let a be the composed simplicial map

(7.16) T30, 9220 1 (@ Q) T2 ()

where d: Q@Q—>Q is a codiagonal simplicial map and A,(@, @) is the
natural injection. It is clear that a is induced by the map (7.12) for M = @;,
j=0,1,2,... Since @ is a g¢-trivial simplicial complex and 2¢ < 3¢,
then by [6], 6.11 we have the exact sequence

(717)  HyThQ, Q) ——r H,, T(Q) 225 7,y T7(8Q) 0,

where a, = H,,(a), since H,, ;T7(@, Q) = 0 by Lemma 3.24, Therefore,
using the formula (3.19) for » = ¢41, and the exactness of the above
sequence we have

(7.18) DgT™(X) = D,y , T8 X) = H,p s TM(8Q) = Hypy, T™(Q) [Tty
Then the theorem is a consequence of the following relations:
(7.10) H,,T"(@) = Imay, if n is not a prime power,

P Hy T (@) « Imay, if n = 9", » >0, where p is a prime,

which may Dbe proved as in [3], 10.1, using Lemma 7.11.
Ag an immediate consequence of Theorem 7.15 we obtain

7.20. COROLLARY. Let R be a commulative k-algebra, where k is a field
of characteristic p. If n # p7, v >0, then L5 8P" and LA™ are zero functors

(*) Lemma 7.11 for " = 8P™ is proved in [§], §10.



7. Symmetric power functors SP* and exterior power furnctors A% 47

for all q. In particular, if p = 0, then all left stable derived functors of
the functors SP™, A", SP, A are zero functors.

7.21. THEOREM. Let R be a commmutative principal ideal domain,
lot G, M be B-modules and X a left complex of free R-modules. If Th: M p—. 1 p

(n = 2) is one of the funclors SP" RF, A" ®E, and 1"3: Sp—>Hp, (=2)
is one of the funectors Homp(SP", @), Homp(A™, @), then the following
Jormulas hold:

(2) Dy T4(X) =~ (DyT3(X) ®G)@Torf(Dy_, T(X), 6);
(b) DITH(X) = Homgp(D3Th(X), 6) @Bxth(D:_, ThH(X), 6);
(a) I3TH(M) = (L3 T%(M) ®G) @TorR(LE_, Th( 1), G);

(b") RATH( M) ~ Homp(LETH(I), G) ®ExtL{L_, Th(1), G).
If R = Z is the ring of integers and n = p”, » > 0, p is a prime, then

(e) Ly(SP"®;6G) = RIHom,(SP", G) =0 for ¢ <2(n—1);

(d) Lin-1y(SP" @zG) M = (M [pM) ®,6;
(e) RX*=DHomy,(SP", G)M = Homy, (M /pM, G).

Proof. Let @ = KS8'X. Since the functor % (see 3.2) commutes
with additive functors, then

DiTR(X) =~ Hypyr (TR(Q) ®G).

It follows from the definition of the functors K and T%, that T%(Q) is
a simplicial complex of free R-modules. Hence, (a) follows from the
Kiinneth Tensor Formula. Similarly ome can prove (b). (a’) and (b’)
follow immediately from (a) and (b). Finally, the equalities (¢)—(c) follow
from (a’), (b') and [5], 12.3, 12.10.

Certain information about the action of the functors LjSP" and
LaA™ on divisible abelian groups is given by the following

7.22. PROPOSITION. Let T": M ,—M, be one of the fumctors SP", A"
If A is an abelian group and W is the additive group of rationals, then for
any inleger q we have

(i) Z3T™(A) = 0, whenever A is divisible and torsion-free;

(i) LyT"(A[kA) =0, if (k,n) =1 and A is k-lorsion-free;

(iil) LyT™(W[Z) =~ LyT"(Zy), if n =97y, v >0, p is a prime.

Proof. In view of Theorem 7.15 (i), we may assume that # = p',
>0 and p is a prime.
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Ad (i). If 4 is a divisible and torsion-free group, then the homomor-
phism p: A—A given by p(x) = px for zed is an automorphism and
hence LiT"(p) is an automorphism. On the other hand, L;T"(p) =
P lpgnegy =0, by the additivity of the functors L;T" and Theorem
7.15 (ii). Thercfore (i) follows.

Aad (ii). It follows from Corollary 7.8 that the exact sequence

0+A-FsA A [kA-0
induces a long exaet sequence
oLy (A)Ees 2T (A)>LET™( A [kA)—>L_, T"(A)~>...
with k.(z) = k=, by the additivity of the functors L;T". Consequently,
if (k, n) = 1, then %, is an automorphism by Theorem 7.15, and. thus (ii)
is proved.
Ad (iii). Since W/Z = ®Z0, Where ¢ rung over all prime integers
i
and Zpe = LimZm, then by Corollary 7.4 and the assertion (ii) of the

’ m™

proposition we have
L‘;Tn(wr/Z) fand (;BEI_IEL;T"' (an) o= L—IIZELZTR (Z_,nm) ~ L:.Tn(Zgoa) .

m m
This eompletes the proof of the proposition.
7.23. DEFINITION. Let # be the natural integer. T: Mp—>Mp is
called an n-homogenous functor, if T (rf) = 1T (f) for any reR and any

L-homomorphism f: M—N.
Examples of n-homogenous functors are SP* and A™

7.24. PROPOSITION. The lefi stable derived functors of the n-homogenous
funetor are n-homogenous, too.

Proof. Follows from the definition of stable derived functots.

7.25. COROLLARY. If T': Mp—>My is an n-homogenous functor, then
(" —k)LyT (M) =0 for any integers k, q and any R-module M.

Proof. The additivity of the functors LyT and the last proposition
give

kLT (1p) = LiT (k) = k" Ly T (1g),

which proves the corollary.

8. On J. H. C. Whitehead’s functor I

Following J. H. C. Whitehead [15] we define a functor I': A p—>M 5
and compare its stable derived functors with stable derived functors
of the 2nd symnetric power functor SP2.
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We say that the function ¢: M—N, between R-modules M, N, is
R-quadratic, iff

(a) p(rm) = r®p(m) for reR and mel,

(b) the associated. symmetric function Ag: M x M-—+N defined by
Ap(m, m') = e(m+m')y—p(m)—p(m'), m,meM, is bilinear, i.e.
Ag(s, m'): M—N is an R-homomorphism for any m’eM.

We denote by Quadg(, N) the R-module of all quadratic functions
from M to N. Clearly, Quadg(M, ): A p—>#y I8 & covariant, additive
and left exact funetor, and Quadgz(:, N): #zr—.#y is a contravariant
non-additive functor.

If M is an R-module, then the R-module I'(M) is defined as the
quotient module F'(M)/F( D), where I'(M) is the free R-module freely
generated by the symbols w(m), meM, and F¢(M) is the submodule of
F(M) generated by the elements

w(rm)—r2w(m),
@ (Mg + Mg+ My) — 0 (Mg + My) — 0 (Mq + My) — 0 (M -+ M) + w (M) +
+ w(my) + w(ms),
o (rm +my) —ro(m +m,) — w(rm) +ro(m) — o(m,) +re (m,)

with m, my, m,, myeM and reR. Evidently, the map y: M—I'(M), given
by y(m) = w(m)+Fo(M), is an R-quadratic funetion. If h: M—XN ig an
R-homomorphism, then we define the homomorphism I'(A): I'(M)—I'(N)
by I'(h)y(m) = y(h(m)) and thus I': Ap—+#p is a covariant functor.
8.1. LemyA. If h: M—N is an epimorphism of R-modules and I'(M),

is @ submodule of I'(M), generated by elements y(k), dy(m,k) for keKerh
and meM, then KerI'(h) = I'(M),.

Proof. Since clearly I'(M), «¢ KerI'(h), then we have the homo-

morphism
J: T(M){T'(M)y—I'(N)
given by f(y(m)+I'(M),} = y(h(m)). Define the map
g: N->I'(M)[I'(M),
setting g(n) = y(m)+I'(M),, where meh ™ (n). If m' <M is another ele-
ment such that h(m') = a, then m'—meKerh and thus
y(m')—y(m) = dy(m, m' —m)+y(m' —m)el'(M),.

Hence ¢(n) is independent of the choice of meh~™'(n). Moreaver, it is
casy to verify that g is a quadratic function; so it induces the homomor-
phism §: I'(N)~I'(M)/I'(M), such that gf =1 and f7 =1. It follows
that f is an isomorphism and thus I'(M), = KerI'(h).

t — Disgertationes Mathematicae CXI
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It is easy to see that for any R-quadratic function ¢: M—+N there
existy, a unique R-homomorphism h: I'(M)->N such that the following
diagram is commutative

M — I'(H)
\ lh'
N

Then it follows that
¥(M, N): Homg(I'(M), N)->Quadg(M, N)
defined by y (M, N)i = h-y for heHompg(I'(M), N) is an R-isomorphism
and determines a natural equivalence of functors of two variables
(8.2) y(4 )t Homg(I'(+), -)>Quadg(", -).

Moreover, it is not difficult to check, that there exists a natural equivalence
of functors ’
Quadg (Lim(-), ¥) ~ Lim Quadg(-, N)
for any R-module N. Hence
Homp (I'(Lim), N) ~ Homg(Lim I, N)
and thus we have
8.3. COROLLARY. The functor I' commutes with direct limits.
Similarly to the proof of Theorem 13.1 in [7] one can prove:

8.4. PROPOSITION. The 2nd cross-effect fumctor of the funcior I' is
naturally equivalent to the tensor product functor.

Then, by-(8.2), we have

8.5. COROLLARY. deg Quadg(-, N) < 2 for any R-module N.

Repeating the argument of Section 5 p. 62 in [15] one shows:

8.6. PROPOSITION. Let I be a well-ordered set. If P is a free R-module,
freely generated by elements e,, iel, then I'(P) is free and the elements
yie), dy(e;, ), it <j, i,jel, are its free gemerators.

8.7. THEOREM. (a) R?Quadg(M, r)(N) ~ Ext,(I'(M), N).

(b) If B is a principal ideal domain, then

Ri{Quadz (-, N)(M) ~Hompg (L I'(M), N)®Exty(L:_, I'(M), N)
for any R-modules M, N.

Proof. (a) is a consequencs of (8.2). The assertion (b) may be proved
similarly as the isomorphism (a) in Theorem 7.21 using 8.2, 8.6 and the
Universal Coefficients Theorem.

Let X be a left complex of R-modules and put § = KS8?'X, where
g=0. If

a: Q@Q->I'(Q), f: I'(@)~Q®Q
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are simplicial maps given by

a(x@y) = dy(z, y), ﬂ(‘y(m)) =s®z,

respectively, then, by [5], 6.11, and Lemma 3.24, we have the exact
sequence

(8.8) Hyy(Q ® Q)25 H,, I(Q)-+Hyp,, I'(8Q)0
Since clearly a'f = 2-1p4), then we may prove as in [5], 10.1 that
(8.9) 2-H, I'(Q) « ImH,,(a).

In particular, if X is a projective resolution of an R-module M, then
using formula (3.19) for » = ¢+1 and the exactness of the sequence (8.8),
we have
Ly I(M) ~H,, I'(Q)[Im Hy,(a).

Thus we have proved:

8.10. CoroLLARY. 2 L ;I'(M) = 0 for any R-module M and ¢> 0.

Consider the following exact sequence
(8.11) 0—W (M), gp2( M) -0, ()22, g (M)~ 0
where t(M)(mvm') = Ay(m, m’) for (mvm')eSP?(M) and

W(M) = Kert(M), U(M) = Cokert(M).

One can easily check that #( M) determines the natural transformation

of functors ¢: SP*—»>I" and thus U and W are covariant funectors.

8.12. COROLLARY. The functors U and W commute with direct limits.

Proof. Since 8P* and I'" commute with direct limits, then the corollary
follows from the definition of U and W, and the exactness of the direct
limit functor.

8.13. PROPOSITION. U is a right exact funcior.

Proof. Let 0>KZsM2 N0 e an exact sequence of R-modules.
Consider the following commutative diagram with exact rows

0 0 0

A N A

U(k) 29, gy 49 (N
3 A A

4

8 8 8

gy 29, roy 29 ()

A A

i ¢ ¢

SP ()52, gp (21) SEH0, 9P (W)
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Oleatly, U(h) is an epimorphism and Im U (j) = Ker U(h). Let z<Xer U ().
Since z = s(y) for some yeI'(M) and I'(h)yeKers = Imi, I'(h)y
= 18P*(h) () for some zeSP (M), because SP*(h) is an epimorphism.
Therefore, ¥ —1(2)eXKer I'(h) and by Lemma 8.1, we have

y—t(e) = Dlray (k) + D7 dy(my, 1)
for some k;, kjeKerh, m;eM and ri,r}:R. But
;T.’:‘AV(”"’)'? k) = "'(2 7y (my ij'))
and k, = j(s;), where s;e K. Then settinJg U = 127‘,:)’(3,5)6.[‘(1() we get
U(j)s(u) = sT(j)(u) = s ; rey (k) = s(y) = @

Hence Ker U(h) « ImU(j) and the proof is completed.
8.14. COROLLARY. U and W are additive functors.

Proof. The corollary for the functor U follows immediately from
the last proposition and for the functor W may be proved directly.

8.15. PropoSITION. Let I and F' be a free modules with bases {e;};.r
and {€};.s, respectively, and let f: F—F' be an R-homomorphism. Then

(a) U(F) ~ Coker(F2sF), W(F) ~Ker(I'*>F),
(b) if fle;) = Zw'i,e;, ryeR, and f: F—F" is the homomorphism given

- 7
by fle;) = D rie;, then we have the commutative diagram with exact rows
7

0—— W(F) > F—2 5T > U(F) ——0
lw(f) lf lf lUU)
0 >W(F') s —2 > » U(F')——0.

Proof. If I is a well-ordered set, then SP*(F) is a free module with
basis {e;v &}icjyger and

t(F)(e;ve) = dy(e;, ¢)  for ¢ < j,
UF)(e,ve) = 2p(e;) for all iel.

Therefore the assertion (a) follows from Proposition 8.6. To prove (b)
observe that

I'(f)y(e) = 2"317(0;)+Z""ij"'ikd7’(3}7 3;.-)
J

i<k
= 2 iy (6) +1(F) (2 Tyt €V e;c)) .
J i<k

It then follows that (b) holds for U. The proof for the functor W is similar.
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8.16. THEOREM. If 2 s a non-zero-divisor in R, then the following
sequence is exact in the sense of Defimition 3.43.

e ISP By i p S, T, U s 1 8P

Proof. It follows from the last proposition and our assumptions
that W vanishes on projective modules. Hence the theorem follows from
the exactness of the sequence (8.11) and Corollary 3.47.

8.17. COoROLLARY. If 2 is a mon-zero-divisor in R and ¢ > 2, then

(a) Ly I'(M) ~ L; SP*(M) for q >mn, whenever w.dimzpM < n,

(b) Lyl =~ Li8P% for ¢ > 2, if w.gldimRE < 1.

Proof. (b) follows from (a); (a) is a consequence of Theorem 8.16
and the following

8.18. LEMMA. If w.dimpM < n, then L,U(M) =0 for g > n.

Proof. Clearly, L,U(P) =0 for P projective and g > 1. Hence,
L,U(M) =0 for M flat and q> 1, because L, U commute with direct
limits (see Corollary 8.12) and M is a direct limit of projective modules
by [11]. Therefore the assertion is proved for n = 0. In the general case
we have an exact sequence

0->K—-P,_ ;—...>P,—>M->0

with Py, ..., P,_; projective and K flat. Then L, ,, U(M) =L, U(K) =0
and the proof is completed.

9. Computation of the modules L SP*R), L,A*R) and L,I'(R)

Let P denote the complex given by
0 for n #0,
E for n =0,

and let @ = KS8%P, 8¢ = KS8*'P, where ¢ > 0 is a fixed integer.

It T is one of the functors SP? A%: M p—>#y, then it follows from
(7.5) and (7.6) that the second cross-effect functor 7', of the functor T
is naturally equivalent to the tensor product functor ® = ®pz. Hence,
the exact sequence (7.17) gives for n = 2 and X = P the exact sequence

(9.2) H,(Q®Q) 22, g, 7(Q)222, 7, ., T(89)—~0,

where a: T,(Q, @)—>T(Q) is the simplicial map (7.16). Since P is a pro-
jective resolution of the RE-module R, then using formula (7.18) for X =P
we obtain

(9.3) L4T(R) o~ Hy,T(Q) [T o).

(9.1) P, =
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Now we compute the modules H,y,(Q@ ®Q), HyT(Q), ImH,,(a) and
Ker H,,(a).

By the definition of the functor K ([5]; 3.2), the R-modules ¢, for
j<g and Q,, of the simplicial object @ have the following form
@ =0 forj<g,
@, = R[1], where [1]: [¢]—[q] is the identity map,

(9.5) qu = @R[7],

where 5 runs over all non-decreasing surjections from [2g¢] to [g] and
R[7] is a cyclic free E-module, with the free generator . ‘Furthermore,
the simplicial map @(n): @,—>@,, induced by the non-decreasing surjection
n: [2¢]~[q] is defined by

(9.6) Q(n)[1] = [n].

By Lemma 5.1, Chapter VIII in [12], any non-decreasing surjection
7t [2¢]->[g] has the unique factorization
t i
N =g Mg
with 0 <14, <ip,<...<1%,<2¢, where the maps 7}: [m+1]->[m] are
defined by

(9.4)

. K for @ <1,
N (3) =1 . )
t—1 for ¢ >1.
Therefore
(9.7) Qg = ®  R™...q4]

0ty <. <ig<2g
(we omit the lower indices).

Let P,, denotes the set of all (g, g)-shuffles (u, »); i.c. such permuta-
tions (uy v) = (41, ..., gy ¥1,+., v,) Of the set {0,1,2,...,2¢—1} that
pr1<...<p,and v; <...< 9, (see [12], Ch. VIII). For any shuffle (u, »)
the signature e(u) of (u,») is defined by

e(u) = D) u—(i-1).

t=]

9.8. LEMMA. Let Q = K8P, where q > 0 and P is the complex defined
by (9:1). Then H,, (@ ®Q) = H, N(Q ®Q) is a cyclic free R-module with
a free generator e+ B,;, where
(9.9)

[11®[1,]eQo®Q, for ¢ =0;1,: [0]->[0] 4s the identity map,

2 (1)L @I ... e N(Q®Q)y, for g >0,

(”nv) equ

and B,, denotes the R-modile of 2g-boundaries of the complex N (Q®Q).
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Prooi. Consider the Eilenberg-MacLane’s complex map (see [6], 5.3)
V: NQ@NQ—>N(Q®Q).
By Theorem 2.1a in [7], V is a homotopy equivalence. Thus
Hy(V): Hyy(NQ®NQ)~H,, N (Q ®Q)
is an isomorphism. But NQ = NKSP = 8P, so
Hyy(NQ®NQ) = H,y(SP @ 8P) ~ R

and it is easy to see that the class (modulo boundaries) of the element
[1]1®[1]¢(NQ ® NQ),y = (¥Q),®(NQ), = Q,®Q, = R[11®R[1]is a freo
generator of H,(NQ®NQ), where 1: [¢]->[q] is the identity map. Hence
H,,N(Q®¢) is a cyclic free R-module, with the free generator V([1]®[1]) +
+B,,. It follows from the definition of F that

F(L]@[1]) = [L]®[L,] for g =0; 1,: [0] > [0]
is the identity and

PILIQMA) = Y (—1(s,.. 8, [1) @ (s, .- 5, [1])

(I-':")‘PM
for g > 0, wheve s; = @ (#*) is the ith degeneracy operator of the simplicial
object @. Moreover, formula (9.6) implies that
S+ 8 (1] = Q" .. f0)[1] = [ ... nd],
Sy e 8y (L] = [ ... 771].

Consequently, F([1]®[1]) = ¢ and the Lemma follows.
9.10. ProPOSITION. Let T be one of the functors SP* and A% If

Q = ES8P, q> 0, and a: Q ®Q->T(Q) is the composed simplicial map (7.16)
for n =2 and X = P, then the following statements hold:
(1) if T = SP2, then
H,SP*Q)~R for ¢ =0,
ImH,,(a) =1{2-H,,SP*Q) for g =21, 1 >0,
0 for ¢ =2141, 120,

0 for g=0,
KerH,,(a) ={E  for ¢ =21+1, 1>0,
R for ¢q =21, 1 >0
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(ii) if T =A% then
H,A*(Q) =0 for ¢ =0
Im H,,(a) =|0 for ¢ =21, 1 >0
2-H,, A2(Q) for q =21+1,1>0
R or ¢ =2, 120
Ker Hyy(a) = {ZR §or Z 9141, 120
where B = {reR, 2r = 0}.

Proof. According to Lemma 9.8, ImH,,(a) is generated Dby the
element H,, N (a)(e+By,)eH,, T(Q). But degT =2 and (N@Q); =0 for
i > g, thus it follows from [5], 4.23 that NT(Q);y+, = 0. Hence H,, NT(Q)
~XKerd,, and H,, N (a)(e+B,,) = a(e) eXer dy;, where e is the element (9.9).

In particular, we have

H,NT(Q) = Kerd, = T(Q,) = T(E[1,]),
where 1,: [0]—[0] is the identity map; end thus the assertion (ii) follows
for ¢ =0, because A*(R) = 0. If T = 8P?, then H,NT(Q) is a cyclic
free R-module generated by the element [1,]®[1,] and hence H,N(a)
ig an isomorphism by Lemma 8.8 and the equality H, N (a)e = [1,]®[1,].

Now let g > 1. We compute the element a(e). First observe that «
and the natural epimorphism @ ®Q—T(Q) coincide. Therefore we have

ale) = D (=W [nM .. nf} [0 ... '],
(r¥)ePyq
where we write v if ' = SP? and A if T = 4% Let ¢p: P,—P,, be the
natural involution defined by ¢(y, ») = (v, x). Making use of » we can
define an equivalence relation ~. Namely
(@ ~Dyer{a =b or a = g(b)) for a, bePy,.

If B is any set of representatives of all classes of equivalence (with respect
to this equivalence relation, of course), then it is clear that B ugp(B) = P,,
and Bnge(B) = @. Hence

afe) = D (—1)*P[n".nfa] ¥ [t ]+

(u»)eB
+ D (=) g ([ )
(#¥)ep(B)
= D (=)0l Y [ ]
(v 1y en(B)
+ D (D)LY [ ]
(v, u)eq(B)
(=10 +(—1)" ([ ... g*Iv [ ... 'a]),
(i) e0(B)

(=% — (=) ([ ... na)a [ ... qa]),
(.2)s(B)
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because 2vy =yva and Ay = —(yAx). Since {uy, ..., gy #1y .0y 7}
={0,1,2,...,2¢—1}, then e(u)+s(») = g% Consequently
0 for ¢ = 2141, 1>
(9.11) (_1)5(1‘)+( _1)s(v; — or g +1, 0,
+2  for ¢ = 21, >0,
2 forg=20+1,1>
(9.12) ( .__1)5(1‘) _( _1);(w) — :|: or ¢ + , 0’
0 for g = 2l, 1 > 0’

and thus for T = §P2 we have

o0 for ¢ =241, 1>0
(9.13) Hyy(a) = rq +1, )
where
(9.14) 6y = 2 £ [ ... 2]y 9" n'a].
(i) e ()

Since H,, (@ ® @) is a cyclic free module generated by the clement e (see 9.9),
and the elements [#"1...9"]v [9"...5"7], (v, p)ep(B), are distinct free
generators of the free R-module SP%(Q),,, then the second part of asser-
tion (i) follows from formula (9.13).

Now we prove the first part of (i). It follows from (7.19) for n =2
and X = P that 2-H,,SP*(Q) = Im H,,(e). Therefore, in view of formula
(9.13), it is sufficient to show that e,¢H,,NSP?(Q), ie. dy,(e,) =0 and

2q -
e, e NSP%(Q) = (N Ker ¢,
i=1
where ¢;: [2¢—1]—[2¢], 1 =0, 1, ..., 2¢q, are non-decreasing maps (3.3).
Since dyg(ey) = &o(¢;), we must show that g(e,) =0 for ¢ =0,1,..., 2¢.
TFirst assume that B = Z is the ring of integers. Then

2
26, ¢ (NSP2(Q))yg 0 Kerdy, = (%Ker'é,«
i=0
implies &;(2e,) = 2&,(¢;) = 0fors = 0,1,...,2¢. Hence ¢(e;) = 0, because
2¢;(€;) e NSP?*(Q)y,_, = SP2(Q)y,_; and SP2(Q),,_, is a free group.

In the general case, let P? denote the left complex P for R =2Z
(see 9.1). Then the Z-homomorphism j: Z—R defined by j(1) = 1 induces
the complex map j: PZ—P and hence we get a simplicial map of simplicial
abelian groups

h = SP*(ES8“(j)): SP*(Q%)—~SP*(Q)

such that e; = hy,(¢?), where ¢ e NSP2(Q%) is the.element (9.14) for B = Z.
Then the equalities g(¢?) =0, i = 0,1, ..., 2¢, imply

E1‘(91) = Eihzq(ef) = hzq—l‘éi(ef) =0



58 Connected sequences of stable derived functors

for i =0,1,...,2¢ and thus e, eH,,NSP?*(Q). This completes the proof
of assertion (i) of the proposition. Similarly one can prove (ii) using for-
mula (9.12).

Applying exact sequence (8.8), formula (8.9) and Proposition 8.6,
similarly as above for the Whitehead’s functor I' one ean prove:

9.15. ProposITION. If H, (a) is the homomorphism from (8.8) for
the complex X = P defined by (9.1), then

2-H, I' or g =2, 1>=0
Im H,,(a) = \ 21 (@) for ¢ ) )

0 for ¢ =21+1, 1>0,

B or q =21, 1>0
KerH,,(a) — 2 for q ) )

R for ¢ =21+1, 1> 0.

The main result of this section is the following
9.16. THEOREM. If R i8¢ a commutative ring with identity, then

0 for ¢<1,
L8 _,T(R) ~ Li_,A*(R) ~I:SP*(R) ~{R/2R for q =2, 1>1,
B for ¢ =241, 1>1.
Proof. We prove the theorem for SP? The proof for A* and I' is

similar.

In view of Corollary 3.36 and Proposition 9.10, we may assume
g>1 (see 9.3). Consider the -simplicial object @' = KS?"'P, where P
is the complex from (9.1) and let a': @' ®Q’'—>SP*(Q’) be the composed
simplicial map (7.16) for Q@ =@’ and T" = SP’. Since SQ' = @, then
by ([5], 6.11) we get the exact sequence

9 T4 2 d ’ ' ' 2 ’
oo Hyy 1 SPYQ') 2> Hy, SP(Q) 0 Hyy_y(Q' Q)25 H,,_, SPX(Q)).
But deg8P* =2 and (NQ'); =0 for i > (¢ —1), then H,, ,SP*(Q’) =0
by [56], 4.23 and therefore
ngSPz(Q) ~ Keer(q_l) (a').
Hence, by Proposition 9.10 and formula (9.3), we get
L3 SP*(R) o~ Ker Hyg_1)(a')/2 Ker Hyy_y(a') = R2R
for ¢ =21, 1 > 1, and
0 for ¢ =1,
LK for g =214+1,1>1.

A generalization of the first part of assertion (¢) in Theorem 7.21
is the following

9.17. CoROLLARY. If M is an R-module, then

LiSPY M) = LESPH(M) = LA} (M) = 0.

LSP*(R) ~ KexHy,_py(a') =~
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Proof. Choose an exact sequence
0—>K—>F—->M—-0
with F free. Then from Corollary 7.8 we derive the exact sequence
L{SP*(F)— L{8P*(M)— L SP* (K)— L SP* (F)—> LESP* (M) — 0.

Since L;8P* are additive functors, then LSP*(F) = L:SP*(F) =0 by
the last Theorem. Thus L SP*(N) = 0 for any R-module N and therefore
L8P} (K) = L{SP*(M) = 0. Similarly, I$A*(M) = 0 and the corollary
follows.

10. Computation of the functors
L8P, LiA* and LiT7

Let #r(R) and #7,(R) denote the categories of all free and all cyclic
free R-modules, respectively, together with their R-homomorphisms. If
U and W are the functors from (8.11), then it follows from Theorem 9.16
and Propositions 7.24 and 8.15 that

(10.1) Lg T % (R) ﬁLZqulfrl(R) o~ L8P 2'.9’1'1(1'2) =
0 for ¢ <1,
~1 Ulgpm for g =2i, 1>0,
.H,LFTI(R) ‘fOl‘ q == 2l+1’ l >0,

where |z, (z denotes the restriction to & (R).

In this section we will see that in the above formula the category
ZFr,(R) may be replaced by #r(R). Moreover, we compute the functors
Lz8P% LjA* and LjI', whenever R has the following two properties:

(a) the clement 2 is a non-zero-divisor in R,

(b) 2 —re2R for any reR.

In what follows we use the following notations. If f;: MM are
any homomorphisms, then @f;: @M~ is the unique homomorphism

) 1

?
such that its composition with the natural injections i4,: M,—@M,; are
i
fr- Dually, if g;: M—M; are any homomorphisms, then [[g;: M —>];] M, is
j

the unique homomorphism such that its compositions with the natural
projections p,: [[M,—~1I, are g,.
j
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10.2. THrOREM. If U and W are the functors from (8.11), then
Lys Il gnmy =~ Ly i B oy = LgSP| iy
0 for g<1,
~1 Ulgyry for ¢ =2, 121,
TVIS"T(R) fO?’ q = 21 +1, Z,>, 1.

We conclude from formmula (10.1) that the theorem follows from
the following

10.3. ProrosttioN. Let L, H: M p~>My be a covariant functors and
let L,, H,, L,, H, be the restrictions of the functors L, H to the category
ZFr(R) and Fri(R), respectively. Then

(@) #f Ly and H, commute with arbitrary direct sums, then any natural
equivalence of functors i1,: L,—H, may be uniquely extended to a naiural
equivalence of funmctors ty: Ly,—>H,;

(b) if L and H are right exact functors, then any natural equivalence
of funclors t,: L,—~H, may be uniquely extended to o matural equivalence
of functors t: L—H.

Proof. First we prove (a). If F ~ @ Rz, is a free module with
nel

free basis {®,},.; and i,: Rx,—~F, p,: F—Rax, denote the natural injections
and projections respectively, then we define ¢,(F): L,(F)—H,(I") as the
composed homomorphism

(@Lyfty)) ! @) (Ray,) ®Hg(p))
Ly (1" "‘——>G—) L,(Rx,) ”—+(—BH2 (Ra,) 2 H,(F).
n n

It f: (F, {z,})>(F", {y,,}) is & homomorphism of free modules and » is
fixed, then

fm,n = p;uf in: -Ra'1a_>Ry1n

are zero homomorphisms for all but a finite number of m. Hence
[1L:(fr): Ly(Rz,)—[|L,(Ry,,) induces the homomorphism (denoted by

m n
the same symbol)

T ] Zo(fnn): Lo(Rory)>@Ly(Ryy) < [ | Lo(By).
m n m

Let
? = (][ Lalfnn): Ta(Ba)>@La(Ryn),

v = O[] Halfna): DH, (Ra, )+ OH o(Ry)-
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Then we have the following diagram

;?Lf!“n) %’tl(mﬂ) @HZ(‘H)
Ly (F) < @Ly (Rxy) ——> @H,(Ra,) >Hy(F)
n n
Ls(7) |w v Ho(f)
) ;%L:z(f;n) R 7(;?‘1(31/,;;) ¥ 911' a(im)
Ly (F') < @©L,(Ryy) —— @Hz(Rym) —— H,(F').

m

Since ¢, is a natural transformation of functors, then the middle square
is commutative. Moreover

Lo(f) Dalin) = Lo { Y imfmn) = D, Talir) Lo (Fonn)

m

= (@Lolim) { [ [ Zalfu) = (@) 0lryincy

and thus the left square is commutative. Similarly the right square is
commutative. Consequently, we get the commutative diagram

Ly ()220 1,7
“2(1"') io(F")

H(f)

H2,(5) 2 g, ()

which shows (for f = 1z) that ¢,(F) is independent of the choice of a free
basis in F, and that ¢, i3 a natural transformation of functors. Therefore
(a) is proved.

Now we prove (b). Let M be an R-module and let

(10.4) —F,—M-0

be an exact sequence, with #,, I, frce. By our assumptions we have
a commutative diagram

Ly(Fy) ——> Ly (Fy) —— Ly (M) —0

Iy(Fq) 1p(Fy)

H,(F,) > Ho(Fy) ——» Hy(M)——0

with exact rows and isomorphisms t,(F,), t,(F,). Then there exists a unique
isomorphism t(M): L(M)—~H(M)making the above diagram commutative.
If f: M—M' is a homomorphism, then there exists a commutative
diagram
I, > Iy — M >0

Y

FG %Fs > M ——0
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with exact rows and Iy, F; free. Therefore, we have the following figure
Ly(F,) > L(M)——0

Ly(Fp) ————> L(M)

ta(F) to(Fp) ) ¥ M)
(%)

(Fp) ———>H(M')

4 A

H,(F,) »H (M) ———> 0

We Lknow that all squares except possibly (s) are commutative. Since
Ly (Fo)=>L(M) is an epimorphism, the diagram (x) is also commnutative.
This shows (for f = 1,,) that {(M) does not depend on the choice of the
sequence (10.4) and defines a natural equivalence of functors ¢: L—H.
This completes the proof.

10.5. COROLLARY. (a) L;8P? o~ INA* ~IjI' ~ U.

(b) If 2 is a non-zero-divisor in R, then

LiSP? ~ LA ~ 3"~ L, U,

where U is the functor from (8.11).

Proof. Since the left stable derived functors of the functors SP?, A2, I
form a connected and exact sequence of functors, then IL;SP2, LiA®
and LgI' are right exact functors by Corollary 9.17 and the fact that
LiI' =0 for 1 < 0. Therefore (a) follows from Theorem 10.1 and . Prop-
osition 10.3 (b).

Now we prove (b). Let A be a module and let

0-—>-K-—>.F'—h>- M—0

be an exaet sequence, with F' free and K = Kerh. Then by (a) we have
a commutative diagram

I38P2(F)— Ly SP2( M) —> Ly SP2(K) — LESP2(F)

U U

LUF)—— L, U(M)——> U(K) U(F)
with exact rows and L, U(F) = 0. Moreover, it follows from Theorem
10.2, Proposition 8.15 and our assumptions that L{SP2(F) ~ Ker (F—2>F)
= 0. Therefore there exists a unique isomorphism L} SP?(M) ~ L, U(M),
which completes the above diagram to a commutative diagram, and it
Is easy to see (see the proof of Proposition 10.3) that this isomorphism
defines a natural equivalence of functors L{SP? ~ L, TU. Similarly (b)
follows for the functors LjA2 and LT




10. Computations of the functors L{SP2, LiA* and LiT 63

10.6. COROLLARY. Let R be a field. Then
L8P = LoA* = LiI' =0  for qeZ
if the characteristic of R is different from 2, and

I (M) e It A2( M) o LGP (M) o= {(J}M ;Z: Zi
b

in the opposite case.

Proof. The corollary follows immediately from Theorem 10.2 and
the definition of the functors U and W (see Section 8).
Recall that a ring R is a Boolean ring, if #2 = r for any reR.

10.7. DEFINITION. Let r be a fixed clement of a ving R. Then R is
called an 7-Boolean ring, iff R/rR is a Boolean ring.

Clearly Boolean rings are r-Boolean rings for any i¢R. Examples
of 2-Boolean rings are the ring of integers, the ring of p-adic integers
and rings such that 2 is invertible. It is clear that the class of n-Boolean
rings, for fixed neZ, is closed under finite direet sums, arbitrary direet
products, homomorphic images and localizations.

Let -, 0 Ap—>AHy be covariant functors defined by the following
commutative diagram with exact rows

0O—— M — M 2 oM > M, > 0

B,

0 > N >sN—2 >N — N, >0

for any R-homomorphism f: M—N. If we assume that R is a 2-Boolean
ring, then the restricted funectors -5, y': #r(R)—»#z and the functors
U, W: #r(R)~>My from (8.11) coincide respectively. Then Theorem 10.2
yields the following

10.8. COROLLARY. If R is a commutative 2-Boolean ring, then
Ly I | #r(m) = L;—l‘/lzl.?r(R) =~ L, 8P |l gnm)
0 for ¢g<1,
~i1s, forg=2l, 121,
o0 for q =20141, 121,
10.9. LeMmA. If R is o 2-Boolean ring, then U ~ - QzrR,.
Proof. It is clear that - @R, ~ -, and thus Ulg,g =~ ' QrLlyzwa),

whenever R is a 2-Boolean ring. Since U and -®pR, are right exact
functors, the lemma follows from Proposition 10.3(b).
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10.10. THEOREM. If R is a 2-Boolean ring such that 2 is a non-zero-
divisor in R, then
0 for ¢ <1,
L I =I5 | A* ~ L38P* o= { - ®QgR, for g =21, 1>21,
Tor¥(, B,) for ¢ =21+1, I1>1.

Proof. We prove the theorem by induction on I. We fix our attention
on the functor SP2 The proof for A% and I' is similar.

In view of Corollary 9.17, we may assume g > 1. Moreover, it follows
from Corollary 10.5 that the theorem is true for I = 1. Now assume that
I8, SP? ~ ®upR, and Lf_,S8P? ~Torf(:, RB,) for some 1> 1. Let M

2(1—-1)
be an R-module and let

P -LsF,—M->0
be an exact sequence with F,, 7, free. Then from the exact sequences
0->Kerf—F,—»Imf—-0,
0—>Imf—>F,—M—0,
we derive the exact sequences
5 SP(F,)~»L5; SP*(Imf) L3, SP?(Kerf),
8 SP*(Tinf)—>L SPH(Fo)->Lg SPH(M)>Lg_, SP*(Imf),

where the last teins are zero, because TorF(K, R,) = 0 whenever K is
a submodule of a frec module and 2 is & non-zero-divisor in K. Hence
we have the commutative diagram

Ly, 8P (F,)~>Ly SP (Fy)—L5,SP( M)—0
{ 1
Fl ®R.R2-9'Fo ®RR2"">']"I ®RR2‘—>O

with exact rows and thus the last terms are isomorphic. Moreover, this
isomorphism defines a natural equivalence of functors I3;8P? ~ ' ®RpR,.
Finally, using the same type of arguments as in the proof of Corollary
10.5, we show that Lf,,SP% ~ Torj(:, R,). This completes the proof.

11. Eilenberg-MacLane’s stable homology and cohomology
functors

Let /b denotes the category of abelian groups. Eilenberg and Mac-
Lane defined in [6] the homology and cohomology functors

H,(,n, &), H (-, n, Q): Ab>dAb (qeZ)
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and natural transformations of funectors
Ogm' Holy 1, G)—=H, (s, n+1, G),
o™ H™'(.y n 41, )=H(", n, G),

for any abelian group G and positive integers ¢ and .
It permits to define the Eilenberg—DMacLane's stable homology and
cohomology functors
Hi(, @), HI(,G): ob—>Ld (qeZ)

as follows:

(- @) = I;ilil{HqJ.-n('a 1, G)y Oyenny for g0,

n
Hi(, @) = Lim{H¥™"(-, n, G), ¢"P""}  for ¢ >0,
o

Hi(, @) =HIG) =0 for ¢<0.

By Theorem 20.4 in [6], o, and ¢®" are natural equivalences of functors

for 2n >¢ > 0. Then we may identify the functors Hj(-, @), Hi(:, G}

with the functors H,., (-, n, &), H*""(-, », @), respectively, for n >¢ > 0,
11.1. PROPOSITION. For any abelian group G we have

Hy(, &) ~L(SP®E), Hi(, @) ~ RiHom, (8P, 6),

p—
where SP is the functor from (7.3).
Proof. Clearly, we may assume g>=> 0. Let = be an abelian group.

It follows from [5]; 4.6 and the above remark that for n >g> 0 we
have

Hy(m, @) =~ H,,, (7, 0y G) o Hq-}-n(SP (X) ®G)a

where X = KS§"P and P is a projective resolution of x. But H,{SP*(X)®
®G) = 0 for i >0 implies

Hy(w, G) ~ ( 0J_r[qT,,L(Ls'lfﬂ’(zf) ®G) ~ L (8P ®G) ().

2=

Similarly, the second equality in the proposition holds.

A consequence of Corollary 7.8 and the above proposition is the
following

11.2. THEOREM. The functors {Hg(:, M)}qezy {Hi(*y @G)}gez form connected
and eract sequences of covariant and contravariont funclors, respectively.
11.3. COROLLARY. Let G be an abelian group. Then

Hi( @) =ToZ(:,G) for q =0,1,
HY(-, G) = Extz(-,G) for g =0, 1.
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Proof. By Theorem 7.21 (¢) Ly(SP"®@F) =0 for n >1 and ¢ = 0, 1.
Together with Proposition 11.1 this implies for ¢ = 0,1 the following
equalities

P
Hy(-, @) = LY(SP ®G) = Ly{@SP"®G) ~ @ L (SP"®q)

nz=1 n=1
~ ISP QG) ~ L,(®G) = Torl(, G).

A similar computation proves the second equality.
11.4. COROLLARY. Let W denotes the additive group of rationals and =
be a fized torsion-free and divisible group. Then

(i). Hi(m, @) = Torf(=, &), Hi(m, @) = Extz(m, &) for ¢ 0;
(i) Hyyy (W2, @) =~ Hi(Z,G) for ¢>1;
(i) HY*Y(W/Z, @) ~ HI(Z, &) for q=1 and G divisible.
Proof. Assertion (i) follows from Propositions 11.1, 7.22 (i) and
Oorollary 11.3. Concerning assertions (ii) and (iii), the exact sequence
0>Z->W—->W/[Z—0

induces the exact sequences (see Theorem 11.2)
s HE (W, @) HE, (W2, )20 H3(Z, G)—HE (W, G)—>...,
o HY W, @)=HYZ, @) -2 HIY (W |Z, @)~ HIH (W, @) ..

The conclusion then follows from (i).

Remark. Applying the results of the last two sections one can
easily compute the groups Hy(m, @) and Hi(m G) for ¢< 4 (see [1]).
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