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§ 0. Introduction*

The Kantorovich—Rubinstein duality theorem has a long and colourful
history, apparently originating in 18th century work of Monge on the
transport of mass problem. For a detailed survey, we refer the reader to the
article of Rachev [18]. Roughly speaking, this duality theorem has two basic
forms. Given probabilities P, and P, on a space S and a measurable cost
function c(x, y) on Sx S, one considers two functionals

.lzc(Pl’ PZ) = inij(x, y)db(xs ,V),

where the infimum is taken over all probabilities b on S xS with marginals
b, =P, and b, = P,; also

/j'c(Pl’ PZ) = ianC(X, y)db(xa _V)a

where the infimum is over all finite measures b on S xS with marginal
difference b, —b, = P, —P,. These are sometimes called the Wasserstein and
Kantorovich-Rubinstein functionals, respectively.

Duality theorems for these functionals are of the general form

(1) ;Zc(Pl,P2)=supjfdP1+j'gdP2,

where the supremum is taken over a class of functions f, g on § such that
f(¥)+g(y) < cl(x, y); also,

2 APy, Py) =sup[fd(P,—P,),

with the supremum taken over a class of f: S— R satisfying the “Lipschitz”
condition f'(x)—f (y) < c¢(x, y). When the probabilities in question have a finite
support, these become linear programming results. (See [13], [14].)

Such duality theorems have absorbed the attention of a great number of
researchers in a correspondingly large number of papers. (See [5]-(8], [10],
[11], [15], [16], (18], [21])

Results for (2) were obtained by Kantorovich and Rubinstein [10] for
(S, d) a compact metric space with ¢(x, y) = d(x, y). An attempt to generalize
this result to separable metric spaces was made by Dudley [6]. (See [5] for
details.) A proof for Polish (separable and topologically complete, metrizable)

* This research was partially supported by an NSF grant.



6 Kantorovich Rubinstein and Wasserstein functionals

spaces has been given by Fernique [7], who uses some results from linear
programming. Another argument may be found in Szulga [23], [24], who
assumes that every probability on S is the law of some S-valued random
variable. See Theorem 1.2 infra.

In §2, we follow the basic idea of Dudley to its logical conclusion,
obtaining duality (2) for separable metric spaces and cost functions c¢(x, y)
which are not necessarily metrics. The supremum in (2) is shown to be attained
for some optimal function f.

This level of generality enables us to obtain an explicit representation of
w with respect to a certain form of ¢(x, y) for distributions on the line (Theorem
3.1). For ¢(x, y) = |x—y|, this yields a well-known result stated by Vallander
[25]. This representation is later used to obtain a formula for a class of metrics
on Z(R) first considered by Fortet and Mourier [8). See our Theorem 7.7.

Even for rather general cost functions, the Kantorovich-Rubinstein norm
it 1s @ metric on an appropriate sub-class of 2(S). The topology of this metric is
explored in §4, where issues of convergence and compactness are considered.

The history of dualities of the form (1) is quite complex; again, see [18].
Recently, sophisticated duality theorems for /i have been obtained by H.
Kellerer [11], [13]. His results apply to very general cost functions c(x, y),
though they do require tightness of the measures involved. In [12], he proves
a duality theorem with no tightness required, under the assumption that ¢(x, y)
1s a metric. In §5, we improve these findings, requiring no tightness conditions,
allowing fairly general ¢(x, y), and restricting the class of functions f in the
supremum (1) to those satisfying a sort of generalized Lipschitz condition
{Theorem 5.5).

Following an idea of Dudley and Neveu [17], we show in §6 that i = ji
just in case ¢(x, v) is a metric. For compact spaces, this result was proved by
Kantorovich and Rubinstein [10] and Levin and Milyutin [15], for Polish
spaces by de Acosta [5], and for universally measurable spaces by Levin [16].
Also, we consider the completeness of the metric fi in this case.

Next, we prove convergence of empirical measures to their theoretical
distribution for the metric u. This proof, together with a result on the
measurability of u(P,, P) (P, empirical) and applications to a class of metrics
associated with the work of Fortet and Mourier [8] constitutes the substance
of §7.

Finally, in §8, we consider the geometry of the convex set of optimal
measures in (1) and (2) for c¢(x, y) @ metric.

§ 1. Notation and terminology

We work exclusively in the context of separable metric spaces. All of the
measures considered will be defined on the Borel o-field of such spaces. If (S, d)
is a metric space, denote by 4(S) and .#(S) the Borel o-field of S and the
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collection of (non-negative) finite Borel measures on S, respectively. Let #(S) be
the set of probability measures in .#(S). We will consider the usual “weak
topology” on these spaces induced by integration against continuous bounded
functions on S. If xeS, then ¢, is the point mass at x.

If 4 is a set, then I, is the indicator function of A defined by

) I xe€A,
L =10 c¢a.

If ¢ is a logical predicate, then

Hg(x) = I{x: p(x)} =1,

where 4 = {x: ¢(x) is true}. Thus 3 ,(4) =1 ,(x).
If (S, d) is a separable metric space, then each finite Borel measure b on
S x S induces “marginal” measures b, b, in .#(S) defined by

b (A)=b(AxS), by(A)=Db(SxA).

We shall require the following result, which generalizes a well-known theorem
of Strassen [22] (also cf. [21]).

1.1. THEOREM (Strassen). Suppose that (S, d) is a separable metric space and
that P,— P weakly in #(S). Then for each ¢, 6 > 0 there is some N such that

whenever n = N, there is some probability b, on Sx S with marginals P, and
P such that

b, {(x, yy: d(x, y) >0} <e.

Indication. See [6].

Now suppose that (Q, ./, Pr) is an abstract probability space. An S-valued
random variable 1s a Borel measurable function X: Q-—S, where S is
a separable metric space. Each such random variable induces a probability
L(X) in 2(S) (the law of X) defined by #(X)(4) = Pr(X e A). We note

1.2. THEOREM. There is a probability space (R, <7, Pr) such that for each
separable metric space (S, d) and euch Pe2(S), there is a random variable
X: Q-8 with (X)=P.

Proof. Let A be the collection of all pairs (T, Q), where T = R and Q is
a probability measure on (7, #(T)). Then the cardinality of A is 2°. Define

(Q, o, Pr) = [[{(T, B(T), Q): (T, Q) A}

as the measure-theoretic (von Neumann) product. For each (T, Q)e A, let
(T, Q) be projection from A to the factor indexed by (T, Q).

The theorem follows upon noting that every separable metric space is
Borel-isomorphic with some subset of the real line. See [3; p. 7). =



8 Kantorovich Rubinstein and Wasserstein functionals

Unless otherwise specified, we shall demand that the probability space
underlying our work is as rich as indicated in the theorem, viz. if Z'(S) is the
collection of all S-valued random variables on (L2, ./, Pr), then we assume

P(S)=1{2(X) Xe2(S)}.
In the papers of Szulga [23], [24] this hypothesis is tacitly assumed.

§2. A generalization of the Kantorovich-Rubinstein theorem

Let (S, d) be a separable metric space. Suppose that ¢: $xS—[0, + o)
and A: S—-[0, +oc) are measurable functions such that

(C1) ¢(x, ) =0 if and only if x = y;

(C2) c(x, y)=c(y, x) for x, y in S;

(C3) c(x, y) < A(x)+A(y) for x, ye§;

(C4) A maps bounded sets to bounded sets;

(C5) sup{c(x, y); x, yeBla; R), d{x, y) <9} tends to 0 as 6 >0 for each
acS and R > 0.

Here, B(a; R) = {x€S: d(x,a) < R}. Given a real-valued function
f: S—R, we define

W flle = sup{lf ()= f(W/e(x, y): x # y}
and set
L={f:IIfll. < +oc].
It is easy to see that ||-]|. is a semi-norm on the linear space L. Notice that for
JfeL we have
L) =S < I lleelx, y)

for all x, yeS. It follows from condition (C5) on ¢ that each function in L is
continuous and hence measurable. Note also that || /||, = 0 if and only if f is
constant. Define L, to be the quotient of L modulo the constant functions.
Then ||-|| is naturally defined on L,, and (L. |[-[|} is 2 normed linear space.

Now suppose that M = M,(S) denotes the linear space of all finite signed
measures m on S such that

m(S)=0 and ([id|m|< oo.

Here |[m| = m* +m~, where m = m* —m "~ is the Jordan decomposition of m.
For each me M, let B(m) be the set of all {inite measures b on S x S such
that

b(A x S)—b(S x A) = m(A)

for each Borel 4 = S. Note that B(m) is always non-empty, since it contains

(m*®@m™)/m™* (S).
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Define a function m—|\m||, on M by
[Imll,, = inf{[ c(x, y)db(x, y): be B(m)}.
We have
fimll, < felx, p)dim™ @m™)(x, y)/m*(S)
< fAx)dm™ (x)+ [A(y)dm ™~ (y) = [ Ad|m| < .

For c¢(x, y)=d(x, y), this quantity is sometimes called the Kantoro-
vich-Rubinstein or Wasserstein norm of m.

We shall demonstrate that for probabilities P and Q on S with P— Qe M,
we have

IP—QIl,, = sup{[ | fd(P—Q): IfIl. < 1}.

"When c¢(x, y) = d(x, y) and A(x) =d(x, a), ¢« some fixed point of S, this is
a straightforward generalization of the classical Kantorovich-Rubinstein
duality theorem. See [18], [10], [6].

2.1. LemMa. (|-, is a semi-norm on M.
Proof. Clearly, ||m]||, = 0 for each me M. If a > 0, then
B(am) = {ab: be B(m)},
so that |lam]||, = a||m]||,. Also,
B(—m)={b: be B(m)],

where b(A x B) = b(B x A). Also, ||0]],, =0, since 0 B(0). Therefore, ||am]||
= |a|||m]|,. for each meM and aeR.

To prove subadditivity, suppose that beB(m) and b'e B(m'). Then
b+b'e Bim+m'). It follows that |m+wm'||,, <||m|,.+]|m'], for any m, m’
in M. m

w

Now given meM, felL, and a fixed ae S, we have
IfC) <Uf)=f@l+1f @] < I fll.c(x, a)+1f(a)l
<A+ A@)+If (@) = K A(x)+ K, all xeS,

for constants K,, K, = 0. Thus, each feL is |m|-integrable and induces
a linear form ¢,: M — R defined by

¢ (m) = | fdm.
Note that if f and ¢ differ by a constant, then ¢, = ¢,. Given b e B(m), we have
9, 0m)| =[] fdm| = [[(/(x) = f 4))db(x, )|
< JIf )= fWNdb(x, p) < ISl f el y)db(x, p).



10 Kantorovich- Rubinstein and Wasserstemn functionals

Taking the infimum over all be B(m) yields [¢(m)| < ||f]].|Imll,,, so that ¢, is
a continuous linear functional with

o ell% < WSl

Thus, we may define a continuous linear transformation

(Los 111 = (M*, || |1%)
by D(f) = o,

2.2. LEMMA. The map D is an isometry.
Proof. Note first that if m,, = 6,—0, (some x, y€S), then
I mell, < fels, )d(3,®0)(s, 1) = c(x, y).
Then for each felL,
f1le = sup{lf ) =f Wl /e(x, y): x # y}
= sup{l@ (my)l/clx, y): x # y}
<l llEsup{limgllu/ctx, y): x # v} < ol
so that ||f]l. = lle,|%, as claimed.

We now set about proving that the map D is surjective and hence an
isometric isomorphism of Banach spaces. We need some preliminary facts. Let
M, be the set of signed measures of the form m = m; —m,, where m,; and m,
are finite measures on S with bounded support such that m,(S) = m,(S).
Condition (C4) on 4 implies that M, = M.

2.3. LEMMA. M is a dense subspace of (M, |-1],).

Proof Given meM (m#0), fix aeS and put B, = B(a;n) for
n=1,2,3,... For all sufficiently large n, we have m*(B,)m ™ (B,) > 0. For
such n,

m(A) = m+(S)[m+(AmBn)_m(AmB")].

m*(B,) m~(B,)
We may also assume that |m|{(B;) > O for all n > 1. Now define §, > 0 and
g, =20 by

"TwmB) " m'(B)
e,—0 as n—oo. Also,
(m—m)A)=m(A—B,))—e,m" (AnB,)+d,m (AnB,).

Define {inite measures g, and v, on S by

miS m" (S)

Then &

ne

i, (A)=m*(A—B)+5,m (AnB,), v,(A)=m (A—B,)+¢,m" (ANB,).

n
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Then m—m, = p,—v,. Moreover, u, and v, are absolutely continuous with
respect to |m|. Letting (P, N) be a Hahn decomposition for m, we determine the
Radon-Nikodym derivatives

d 1 xeP-B,, 1 yeN-B,,
v
—L"( 0, xeNnB,, —=()=<¢ yePnB,
. d|mj
0 otherwise,

0 otherwise.

Then the measure b, = (u,®v,)/1,(S) belongs to B(m—m,). Noting that
v,(8) = 1,(S) = m*(S—B,)+3,m"(B,)
=m*(S~B)+(m™(S)—m~(B,) = |m|(S—B,) = m|(B),
we write the Radon-Nikodym derivative
du, dv

) (X)7(y)-

W) = Fim@imn ™ ) = B diml O dim

Then we

CLaM. The function g(x, y) = sup, f,(x, y)c(x, y) is |m|® |m|-integrable.

Proof of claim. We show that ¢ is integrable over various subsets of
SxS.

(i) ¢ is integrable over P x N: We suppose that xe P and yeN. Then

fe 93

o clx, ))
g(X, ,V) ,,leﬂl(B) ("(X, J’),

where C, = (B, x B;)—(By.+; x B, ). So

o,

\
[ gdlm®@Im| < ) I (B )f( (X)+/( )dIm|®|ml(x. )
Cn

PxN n=1

v 2

f Ax)dIm|®|mi(x, y)

\;.=1|_’"|(B;)(Bs.—ag+1)xss.
=25 | )t(x)dlml(x)=2f/'.d|m|< + oC.
n=1Bi—Bh+1
(i) g{x, y) < Kc(x, y) for some K >0 on PxP: We suppose x, yeP.
Then

enc(x, y) C(V,)
Im|(B;) — m” (B

m* (B)) c(x, y) _ e(x, y)
|m|(B>m (B,)  m*(By)

(m(S) m(By)) ——

1
glx, y) < c
9. y) iml(BY)

Very similar arguments serve to demonstrate
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(i) g(x, y) < Ke(x, y) for some K =0 on NxN.
(iv) g(x, y) < Kc(x, y) for some K =20 on NxP.
Combining (i}-(iv) establishes the claim.

Now f,(x, y)—>0 as n—cc for all x, yeS. In view of the claim, Lebesgue’s
dominated convergence theorem implies that

lm—m,]l, < [c(x, y)db,(x, y)
= fc(x, y) f(x, Pd(Im|® |m|)(x, y) >0

as n—> 0. =

Call a signed measure on S simple if it is a finite linear combination of
signed measures of the form 6 ,—0J,. M contains all the simple measures.

2.4. LEMMA. The simple measures are dense in (M, ||-||,)-

Proof. In view of Lemmas 2.1 and 2.3, it is no loss of generality to assume
that m = P—Q, where P and Q are probabilities on S supported on a bounded
set S, € S. Then there are probabilities P, —» P, @, — Q weakly such that for
each n, we have P, (S,) = Q,(S,) = 1 and P,—Q, simple. To prove the lemma, it
is enough to show ||P,—P||,—0 as n—cc.

Given ¢ > 0, use the boundedness of S, and condition (C5) on ¢ to find
>0 such that c¢(x,y) <e/2 whenever x,yeS, with d(x,y) <dJ. Put
K =sup{i(x): xeS,}. By Strassen’s Theorem (!.1), for all large n, there is
a probability b, on S xS with marginals P, and P such that

b,{(x, y): d(x, y)> 8} < ¢/4K.
Put 4 = {(x, y): d(x,y) >3} and B=S—A. Then
| P,—Pll,, < [c(x, yydb,(x, y) = [clx, y)db,(x, y)+ [c(x, v)db,(x, y)
B

A

< J (A +A()db,(x, ) +&/2 < 2Kb,(A) +&/2 < ¢

A

for all large n. =

2.5. LEMMA. The linear transformation D is an isometric isomorphism of
(Lo, lI'11¥) onto (M*, |[-(I%).

Proof. Suppose that ¢: M — R is a continuous linear functional on M.
Fix ¢eS and define f: SR by

Jx) = @(0,—0,).
For any x, yeS§,

LS C)=f W =@, —0)] < Hl@llillo.—d, I, < llollkelx, y),
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so that || . < l@ll¥ < oo. We see that ¢(m) = ¢ (m) for m = 5, — 0, and hence
for all simple me M. Lemma 2.4 implies that ¢(m) = ¢ ;(m) for all me M. Thus

@ = D(f).
We have shown that D is surjective. Earlier results now apply to complete
the argument. =

Now we consider the adjoint of the transformation D. As usual, the
Hahn-Banach Theorem applies to show that

(L3112 & (v, |1
is an isometric isomorphism. Let
(M, [ 115%) < (M, 111
be the canonical isometric embedding. Then
(L5, 11 112) == (M, |I-1I,)
is an isometry. A routine diagram chase shows that
lImll,, = sup{f fdm: || f]l. < 1}.
We summarize by stating the following, the main result of this section:
2.6. THEOREM. Let m be a measure in M. Then
limll,, = sup{f fdm: f(x)—f(y) < c(x, ).

We now show that the supremum in Theorem 2.6 is attained for some
optimal f.

2.7. THEOREM. Let m be a measure in M. Then there is some f €L with
I fll. =1 such that

llmll,, = § fdm.

Proof. Using the Hahn—Banach Theorem, choose a linear functional ¢ in
M* with ||@|/* =1 and such that ¢(m) =||m||,,. By Lemma 2.5, we have
¢ = @, for some feL with [|f]l. =|leoli*=1. =

Given probability measures P,, P, on S, define
f(Py, P;) = inf{fc(x, y)db(x, y): be B(P,—P,)].

Let 2,(S) be the set of all probabilities P on S such that 4 is P-integrable. Then
fi(P,, P,) defines a pseudo-metric on #,(S). In a later section, we shall analyze
the topological properties of these pseudo-metrics.

[t should also be noted that if X and Yare random variables taking values
in S, then it is natural to make the definition
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f(X, Y) = (LX), Z(Y)).
We shall freely use both notations in the next section.

2.8. ExaMmPLE. Suppose that c¢(x, y) = d(x, y) and put i(x) =d(x, a) for
some aeS. Then conditions (C1)-(C5) are satisfied, and Theorem 2.6 yields

inf{{d(x, y)db(x, y): be B(P,—P,)} = sup{f fd(P,—P,): I fll. <1},

where P,, P,e?,(S) and || f]|l, is the Lipschitz norm of f. In this case,
b(Py, P,) is an actual metric. This, the classical situation, has been much
studied: [18], [10], [6].

2.9, ExampLE. Take S = R with the usual metric d(x, y) = |x— y|. Suppose
that
cx,v)=|x—yl’, p>1,
Alx) = 2771 x|P.
Again, conditions (C1)~(C5) are satisfied, but the space L contains only
constant functions. Thus
inf{{]x—y|Pdb(x, y): be B(P,—P,)} = sup{| fd(P,—P,): lIfll. <1} =0.

In this case, fi.(P,, P,) is identically zero (the trivial pseudo-metric). It is an
amusing exercise to prove directly that the infimum that defines || P, — P, ||, is
zero.

For example, suppose that P, =J, and P, =9,. Foreach n=1, 2, ...
consider a measure b, on R xR with total mass 2n+ 1 and

b, {(i/n, i/n)} = {(t/n (i+1)/n)} =
bil, D} =1, i=0,1,..,n—1.
Then b, € B(.PI—PZ) and
n-1 1\"
[ Ix=ylPdb,(x, y) = ). () =n!"r
R? i=o \

So f(P,, P,) < n' "?for each n, and ji(P,, P,) = 0. It is easy to see that there is
no optimal b in B(P,—P,).

This example shows that B(d,—¢&,) contains many measures other than
do®9,. This was one of the difficulties in [6].

§ 3. Application: explicit representations for
a class of probability metrics

Throughout this section, we take S =R, d(x, y) =|x—y| and define
¢: RxR-[0, +) by

¢(x. ) = |x—ylmax(h(|x—al), h(ly—al),



§3. Application 15

where a is a fixed point of R and h: [0, + ®0)—[0, +0) is a continuous
non-decreasing function such that h(x) > 0 for x > 0. Define A: R—[0, + o) by

A(x) = 2|x|h(|x—al).

It is not hard to verify that ¢ and 4 satisfy the conditions (C1)-(C5) specified in
§2. As in §2, the normed space (L, ||'||,) and the set M, comprising all finite
signed measures m on R such that

m(S)=0 and [idim|< 400

are to be investigated.
We consider random variables X and Y in % =Z(R) with
E(AMX)+E(A(Y)) < co. Then m = #(X)—£(Y) is an element of M, and
Theorem 2.6 implies that

f(X, Y) =inf{aE(c(X’, Y’))' X,YeZ, x>0, o LX)-L(Y)) =m}
= sup{| [ fdm|: | f(x)—f ()| < c(x, y), all x, yeR}.
An explicit representation is given in

3.1. THEOREM. Suppose X, YeZ' with E(i(X))+E(A(Y)) < co. Then
A(X, Y)= f h(|x—al)|F x(x) = Fy(x)|dx.

Proof. We begin by proving the theorem in the special case where X and
Y are bounded. Suppose that | X| < N and | Y| < N for some N. Application of
Theorem 2.6 with § =S, =[—N, N] yields

f(X, Y) =sup{|[ fdm|: f: S,~> R, f(x)—f(y) < c(x, ), all x, yeS,},

where m = £ (X)— £(Y).
Now given disjoint intervals (s;, {) S [— N, N] and f (x)—f (y) < c(x, y) as
above, we have

Zlf(gl)_f(tz” < ZC(Si, ;)
=Y |s;—t;|max(h(|s;—al), h(|t;—al)) < h(N +al) ). |s;— 1]

It follows that such an f is absolutely continuous on [—N, N]. Thus, f is
differentiable a.e. on [ — N, N], and | f"(x)| < h{|x—a|) wherever ' exists. So

(X, Y)
< sup{|f fdm|: f: Sy— R differentiable a.e. with |f'(x)| < h(]x—a|)}

p{| )jc KX)—Fy(x) f (x)dx]: f: Sy\=R, | ' (0] < h(]x—al]) ae.}

< [ h(lx—al) Fy(x)— Fy(x)|dx,

using integration by parts.
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On the other hand, if f is absolutely continuous with | f'(x)| < h(|x—al)
a.e., then

If(X)—f(Y)I=¥§f’(l)dl|<lx—y|maX( h(lx—al), h(ly—al)) = c(x, y).

Define f,: R—R by

£o(x) = § h(lt—al)sgn(Fy(0)— Fy(0)ds
0

Then

[4(x) = h(lx—al)sgn(Fy(x)—Fy(x)) ae.,
and

A (X, Y) = sup{|f fdm|: | f"(x)| < h(|x—a]) a.e.}
= sup{| [(Fy(x)— Fy(x )/ (x)dx|: | f(x)] < h(|x—al) ae}
> | [(Fx(x)=Fy(x) fx(x)dx| = [h(|x—a)|F y(x)— Fy(x)|dx.
We have shown that whenever X and Y are bounded random variables
(X, Y) = [h(lx—aDIF y(x)— Fy(x)|dx.

Now define H: R— R by

H(t) = ih(lx—al)dx.
0

Note that H is an odd function and that for ¢t > 0,

4]
H(t) = [ h(IxDdx+ [ h(1x])dx

< h(]al|)|al+|t —alh(|t —a|) = constant + A(t)/2,

so that E(A(X))+ E(A(Y)) < oo implies that E|H(X)|+ E|H(Y)| < co. Under
this assumption, we have for each t, > 0

§ HOAF4(0) > Pr(X > t0)Hitg) = (1 Fy(to) H(to)

o
and

“to
| H(®dF4(t) = Pr(X < —to)H(—ty).
Taking t,— 4+ 00 we obtain

lim (1= Fy(t)H(to)) =0,  lim Fy(to)H(to) =0

to— a0 o= —x
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Then define F(t) = 1—F,(t) and apply integration by parts

ac 0
E\H(X)| = [ HOdFy(t)+ | H(—0)dFy(ty=1,+1,,
0 e ¢

where
= — [H®)dF() = —F@®H®|i=0 ~ + | F@) (|t~ al)dt
0 0
= [ FOh(t—al)dr,
0
0 0
L= — [ HOdFy(t) = —Fxy(OH(®)|i= -+ [ Fx(O)h(Jt —al)dt
-
= | Fy(0h(lt—al)dt
whence

E|H(X)| = Ih(|x al)(1 = F y(x))dx + f h(]x—al|)F y(x)dx

- oG

An analogous equality holds for the variable Y. These imply that

§ h(lx—al)| Fy(x)— Fy(9)dx < oo.

e &

For n > 1, define random variables X,, Y, by
n if X >n, n if Y>n,
X,=<X if —n<X<n Y =<Y if -n<Y<«n,
—-n if X < —n, -n if Y< —n.

Then for X,—» X, Y,—Y in law, and for n > |al,
(X, X) < E(c(X,, X)) = E(1X,— X|max(h(| X, —al), h(1X —al)))
= E(|X —X|"h(|X =al) (X,—al<|X—al)
E(IX|1{|X| > n}h(|X —al)),

which tends to 0 as n— oo (E(A(X)) < o). Similarly, f.(Y,, Y)—0. Then
(X, Y)-u(X,Y) as n—oo. Also, we have

|Fy(x)—Fy(x)] for —n<x <n,
Fy F =
1P, ()= Fy, (3 { otherwise.
Applying dominated convergence, we see that
§h(1x —al)| Fy, () Fy, (0l dx=> Lh(|x —al)| Fy(x)— Fy (x) dx.

2 — Dissertationes Mathematicae 299 8 U

W



18 Kantorovich—Rubinstein and Wasserstein functionals

Combining this with /. (X,, Y,)— /i.(X, Y) and the result for bounded random
variables yields

AX, V)= | h(lx—al)|Fx(x)— Fy(x)ldx. =

For h(x) = 1, this vields a well-known formula present in [10] and [25].
We also note the following formulation, which is not hard to derive from the
strict monotonicity of H:

3.2. COROLLARY. Suppose X, Ye& with E(A(X))+ E(A(Y)) < oo and put
P = 2(X). Q= 2(Y). Then

&(P, Q)= j |FH(X)(X)_FH(Y)(X)|dx~
For h(x) =1, we see that H(t) =t and that i, gives the L' distance
between X and Y.

3.3. CorOLLARY. In this context, 11.(P, P,) defines a metric on Z,(R).

§4. Topology of the Kantorovich—-Rubinstein norm

We continue under the conditions (C1}(C5) of §2 with respect to the
functions ¢ and 4. In addition, we consider two further assumptions as follow.
(C6) o, = sup{d(x, yynal/c(x, y): x # y} is finite.
(CT) a, = sup{|i(x)—A(Y)/c(x, y): x # y} is finite.
These conditions will aid us in our attempts to study the topology on the space
#,(S) induced by the metric ji.(P,, P,). First, we develop a preliminary result.
Given a real-valued function f: S— R, define

111, =sup{|f()]: xeS}, NI fll, = sup{|f (x}=f W/d(x, y): x # y},
WA lse = 1Sl + 1S 1l
For P, Q in 2(S), define
B(P, Q) = sup{| [ fd(P—Q)[: || fllsL < 1},
Bo(P. Q) = sup{|f fd(P—Q)|: | flx)—f ()| < d(x, y)al}.

It is shown in [6; Chap. 8] that f# is a metric on #(S) which metrizes weak
convergence. An elementary argument establishes

4.1. LEMMA. Given P, Q in #(S), we have
B(P, Q)2 < Bo(PrQ) < 2B(P, Q).

Thus, f, also metrizes weak convergence in 2(S).
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4.2. THEOREM. Assume (C1)-(C7) and that P, P, are probabzlmes in #,(S)
for n>= 1. The following are equivalent:

(A) f(P,, P)>0:

(B) P,— P weakly, and [/d(P,—P)—0 as n— .

Proof. B=A: From Kantorovich-Rubinstein duality result (Theorem
2.6), we have, for P, Q in Z,(5),

idP. Q) = sup | [ fd(P—Q)|: fe 7,

where
F.={feL: | fll. <1 and f(a) =0},
and a is a fixed point of S. Define G(x) = A(x)+ A(a).

Cramm 1. sup{|f(x)|: feF .} < G(x).
Cramm 2. limsup (| f(y)—f(x)|: feF =0 for each xeS8§.
Cyox '

CramM 3. The functions fe ¥, and G are continuous.
CLAM 4. The family F_ is equicontinuous.

Claim 1 follows from (C3) of §2, whilkst condition (C5) implies Claims
2 and 4. Lastly, note that | £(x)— A(y)| < 2,¢(x, y) {(condition (C7)) in conjuction
with (C5) yields continuity of A and hence of G.

We now apply a theorem of Ranga Rao [20; p. 663] to the effect that if
P,— P weakly and {Gd(P,—P)—~0 as n— oo, then

lim sup{Hfd(P —P)|: feF, ) =0.

n—a

By Theorem 2.6, this is the statement
lim g (P,, P)=0

n—r

Thus B=A. .
A = B: Using condition (C6) and Theorem 2.6, we obtain, for P, Qe #,(S),

Bo(P, Q) < sup{|[fd(P=Q)|: 1/ (x)=f W < ;- clx, y)} < ayfic(P, Q).
Thus, g(P,, P)—0 implies P,— P weakly as n— o7.
Also, if ;i (P,, P)—>0, we may choose measures b,e B(P,— P) such that

Je(x, Vb, (x, y)—0
as n—oo. However
|§4d(P,—P)| = [ [(A(x)— A(»)db,(x, y)]
< JIA)—AW)db,(x, y) < a, felx, y)dh,(x, y)  (CT)

which tends to zero, as desired. =
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4.3. CorOLLARY. Under conditions (C6) and (C7), 1i.(P, P,) is actually
a metric on % ,(S).

We now direct attention to the notion of compactness in #,(S) for the
metric fi,. The main result is

4.4. THEOREM. Suppose (C1)\HC7) and that of < 2,(S). The following are
equivalent:

(A) o is relatively compact for fi. (i.e. each sequence P, in .o has
a subsequence converging to an element of #,(S)).

(B) o/ is weakly compact in P(S), and

sup{ [A(x)I(d(x, a) > N)dP(x): Pe./} >0
as N> 0. (Here, a€S is fixed but arbitrary.)

Proof. A= B: From Theorem 4.2, ji.(P,, P)— 0 implies P, — P weakly as
n—oc. It follows that .o/ is weakly compact in 2(S). Now suppose that the
supremum in (B) does not go to zero. Then there is a sequence N, < N, < ...
of positive real numbers with N, — oo such that P{x: d(x, ) = N,} =0 for
each k and such that

sup{ [ 2(x)I{x: d(x, a) > N,}dP(x): Pesl} =
for some 6 >0 and all N,. For each k, choose P,e.¢/ such that
f AT {x: d(x, a) > N, }dP,(x) = 6.

By hypothesis, there is a subsequence of the P, converging with respect to /i, to
some Pe#,(S). In order not to confuse the notation, we shall assume that
f.(P,, P)-»0 as k—oo. By Theorem 4.2,

{id(P,—P)—0
as k—oo. Also, because [AdP < co, we have
fA)I{x: d(x, a) > N, }dP(x)—0
as k—oo. Now for each k = 1, define 4,: S—[0, o) by
A(x) ="A(x)I{x: d(x, a) > N,}.

Each 4, is bounded and continuous off a set of P-measure zero. Since P, —» P
weakly, we have [2; Theorem 5.1]

jikd(Pk—P)—>0
as k— oo. Thus
fAG)I{x: d(x, a) > N, }dP,(x)
< | f 4d(P,—P)|+§ 2(x)I {x: d(x, a) > N,}dP(x),

which tends to zero as k— o0: a contradiction which establishes that A=B.
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B=A: Given any sequence P, in &/, use weak compactness to extract
a convergent subsequence P4, converging weakly to some PeZ(S). Let
0< N, <N2 .. be a sequence of reals tending to infinity such that
P{x: d (x, a) k} — 0. Then from our hypotheses in (B),

[A@)I{x: d(x, a) < N JdP(x) = lim [ A(x)]{x: d(x, a) € N, }dP(x)

k— o

< lim inf { A(x)dP g (x)

k- oo
< sup{ [A(x)I{x: d(x, a) = ¢}dP(x): Pes/}
+sup{i(x): d(x, a) < ¢},
where ¢ > 0 is such that
sup{ [A(x)I{x: d(x, a) = e}dP(x): Pe.s/}
is finite. (Note that A maps bounded sets to bounded sets (C4), so that
sup{i(x): d(x, a) < ¢}

is finite) Letting k— oo shows that Pe2,(S).
Continuing this train of thought, we have

| [ 2d(Pogy—P)| < |f A0 {x: d(x, a) < Ny} d(Pogy— P)(¥)]
+{A(x) I {x: d(x, @) > N} d(Pny,+ P)(x).
Given J > 0, choose k, such that for k > k, we have
fA(x)I{x: d(x, a) > N,}dP(x) < 6/4,
sup{ [A(x)I{x: d(x, a) > N,}dQ(x): Qe A} < /4,
[T A(x)I{x: d(x, a) < N }d(Pn—P)(x)] < §/2.

Then || Ad(P.u—P)| < for all k> k,. It follows from Theorem 4.2 that
ﬁt‘(Pﬂ(k)’ P)—’O as k—)Cx:). [ ]

§ 5. Dual representation for the Wasserstein functional

Let (S, d) be a separable metric space and let ¢: SxS—[0, o) be
a measurable function. Let P, and P, be probabilities on § and denote by
V(P,, P,) the set of all probabllmes onSxS w1th marginals P, and P,, i.e. all
be 2(S x 8) such that

b(AxS)=P,(A) and b(SxA)=P,(A4)
for each Borel A = S. Define
(P, Py) =inf{{c(x, y)db(x, y): be V(P,, P,)}.
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Using notation of §2,-we see that V(P,, P,) = B(P,—P,), so that

(P ys Py) < APy, Py)

for any P,, P, in 2(S).
Now define G(S) as the set of all pairs (f, g) of Borel measurable functions
f: §—>R and g: S— R such that

f)+gy) <clx, y)

for all x, yeS. Let Gg(S) [resp. G-(S)] be the set of all pairs (f, g)e G(S) with
/ and ¢ bounded [resp. continuous].

5.1. LemMA. Let P, and P, be probabilities on S. Then
fi(Py, Py) = sup{{ fdP, +[gdP,: (f, g)€ G(S)}.
Proof Given QeV(P,, P,) and (f, g)e G5(S), we have
[edQ = [(f(x)+9(»)dO(x, y)= | fdP,+{gdP,.
The lemma follows. =

The crucial question is whether the inequality in Lemma 5.1 can be
replaced by equality. In view of this, we shall be concerned throughout the
section with variations and extensions of the following basic duality result,
which seems the strongest currently available.

5.2. THEOREM. Let P,, P, be tight probabilities on (S, d). Then
f(Py, Py) =sup{|fdP,+[gdP,: (f,9)eG(S), feL(P,), ge L'(P,)].

Also, there exists an optimal pair (f, g)e G(S), f e }(P,), ge L}(P,) for which
this supremum is attained.

If the function ¢ is lower semi-continuous, then there is some optimal
QeV(P,, P,) such that

fAPy, Py) = j‘c(x, y)dQ(x, y).
If the function ¢ is continuous we have
fi(Py, Py) =sup{ [ fdP,+[gdP,: (f, 9)eGc(S), feL(P,), ge L'(P,)}.

Indication. This result is the central theorem (2.14) in Kellerer {11]. The
existence of the optimal pair (f, g) and the optimal Q are (2.21) and (2.19) in
the same reference. The last sentence is (1.33). Compare also Levin [16] and
Rachev [19]. =

Put Gpe(S) = G(S)NGg(S).
5.3. COROLLARY. Let P,, P,e2(S) be tight. Then

fi(Py, P,) =sup{|fdP,+[gdP,: (f, g)e Guc(S)}.
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Proof. Apply Theorem 5.2. Note that if fe L'(P,) and geL'(P,) with
S(x)+g(y) < c(x, y), then f(x)+g,(y) < c(x, y), where

n if f(x)>n, n if g(x) > n,
Lx)=</(x) fnzflx)=-n  g,x)=19(x) if n2g(x)= —n,
—n if —n>f(x), —n if —n>g(x).

Then f,—f and ¢,—g¢g as n— oo in L'(P,) and L'(P,), respeciively. =m

We now attempt to remove the tightness conditions on P, and P,. In
analogy with §2, we introduce a measurable function 4: §—[0, c0) and
a metric D for $x S defined by -

D((x, y), (', y)) = d(x, xX')+d(y, y).
We consider the conditions

(C3) e(x, y) < A(x)+A(y) for all x, yeSs;

(C8) ¢ is D-uniformly continuous on D-bounded subsets of SxS.
Note that (C8) implies (C5) in § 2. Define 29(S) as the set of all Pe #,(S) such
that

(x) for some ae S, we have P{x: d(x, a) = N}sup{i(x): d(x,a) < N} -0
as N— 0.

Note. Suppose that 4 is “increasing” in the sense that for some a€S,
d(x, a) £d(x', a) implies A(x) < A(x"). Then condition (x) follows from
P-integrability of A by a Chebyshev inequality argument; in this case, as for
example when

c(x, y) = d®(x, y) if p>1,
Alx)=2P"1dP(x, a) if some aes,
we have #9(S) = #,(S). Compare Example 2.9.
5.4. THEOREM. Suppose that ¢ and A satisfy conditions (C3) and (C8). Then
APy, P) = sup{] fdP, +[gdP,: (/. g)€ Gpe(S))
for any P, P, in 2%(S).

Proof. Let (5, d) be the completion of (S, d). We see that ¢ extends
uniquely to a non-negative function ¢ on §x§ which is D-uniformly con-
tinuous on D-bounded subsets of §x §. Take probability measures P, and P,
on S defined by

P,(B) = P,(BnS), P,(B)=P,(BnS).
Then P, and P, are automatically tight. We apply Theorem 5.2 to produce
some Qe V(P,, P,) such that

4Py, Py)= [ ¢(x,y)dQ(x, y) = sup{f fdP  +[¢dP,: ([, g)€ Gpc(S)}.
Sx8§
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Deline now

By ={xeS: d(x,a) < N}, Ly=S-B,,
By = BynS, L

for N positive.
Given ¢ > 0 arbitrary, choose N large so that

PA(Ly)sup{i(x): xeBy} <e¢ ifi=1,2,
| AdP,<e ifi=1,2.

Ly
Then for any ReV(P,, P,), one has
[ clx, pdR(x, < | (A)+Ai(y)dR(x, y)
SxS—ByXxXBn LnXxXLyn

+ | (Ax)+AW)dR(x, y)

Bn X LN

+ | (+A)dR(x, y)

Ly XBNn

< [ Ax)dP () + | A(y)dP,(y)
Ly

Ly

+P,(Ly)sup{i(x): xeBy}+ | 2(»)dP,(y)

Ln

+ { A(x)dP,(x)+ P (Ly)sup{i(y): y€By}

< 6Ge.
We now exploit uniform continuity of ¢ on By x By. Choose é > 0 so that
leCx, y)—clx', )l < e

whenever D((x, y), (X', y)) < with x,y,x',y in By. Let A;, 4,,... be
a partition of By into Borel sets of diameter less than 6. Put A, = L, and
choose x,€ A4, for n =1, 2, 3, ... Then there is a partition of By into Borel sets
A,, A,, A,, ... of diameter < ¢ such that 4, = 4,nS for n > 1. Put 4, = L,.
For each m = 0, define finite measures PT and P7 on S by

PI(B) = P,(BnA,), PJ(B) = P,(BA,).

Define Q,, = Cun(PT® P3) on S xS, where each c¢,, is a non-negative real
constant chosen so that Q,.(4,x A4,) = Q(4,,x 4,). Put

Qe = Zan’

so that
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0.(Bx8) =Y ¢unPT(B)P%(S) = Y. cmnP1(BNA,)P,(A,)

. Q(A,xA,)

=) ————~—P (BnA,)P,(4,),
2P AP,y 1B AP

where Z' indicates summation over all m, n such that P,(4,)P,(A4,) > 0. Note
that if P,(4,) > 0, we have

ZQ(ZM xA,) Q,xS P4,
= P/(A,) P4, P4,

1,
so that

QE(BXS) = ZPI(BmAm) = Pl(B)

This, together with an analogous calculation for Q,(Sx B), shows that
Q.€V(P,, P,). Then

felx, »dQ.(x, y) = e, »dQ.(x, )+ Y clx, »)dQualx, y)
SxS—BnxBn mnz21Ay,Xx A,
<6e+y | c¢dQn, (sums over m,n>1)

Am X An
<6e+y [ Xy X,)dCma
+Z j Ic(xm’ x,,)—c(x, y)lden(xa ,V)
Am > An
<6e+y | clx,, x)dQ+e
Am > Ap
<Y | élx, p)dQ(x, y)
Am X An
+Z .‘. 'E(xa y)_c_(xm’ x,,)IdQ(x, )’)"‘76
)(A’l

< é(x, y)dQ(x, y)+e+Te.
Letting ¢ —0, we obtain
APy, P,) < (P, Py) = sup{[fdP, +[gdP,: (f, 9)€ Gpc(S))
<sup{[fdP,+{gdP,: (f, g)€ Gyc(S)}.
Application of Lemma 5.1 yields the desired equality. =

We now attempt to sharpen this duality theorem by restricting Gg(S) to
functions satisfying a Lipschitz-like condition. Define Gg, (S) as the set of pairs
(f, 9 € Gg(S) such that

[/ () =f )] < sup{lelx, )—c(y, w)|: ues},
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lg(x)—g(y)| < sup{lc(u, x)—clu, y)l: ueS}
for all x, yeS and such that f, g are upper semi-continuous.

Note. In case c(x, y) is a metric, these reduce to the Lipschitz conditions
IS () —f )] < elx, y) and {g(x)—g)| < c(x, y).

Note. Suppose that S = R and that c(x, y) = [x—y|? for p > 1. Then the
suprema above are infinite, so that Gy (S) = Gpc(S) in this case.

The following is our strongest duality result for the functional f.
5.5. THEOREM. Suppose that ¢ and 4 satisfy conditions (C3) and (C8). Then
fe(Py, Py) = SuP{jfdpl +_‘.9sz5 f, g)EGBL(S)}
for any P, P, in 25(S).
Proof. Suppose now that (f, g)e Ggc(S). Define
f*(x) = inf{c(x, uy)—g(u): ueS}, g*(x)=inf{c(u, x)—f*w): ueSs}.

Since ¢ is continuous, it follows that f* and ¢g* are upper semi-continuous,
hence Borel measurable. Also,

f*x)+g*(y) < elx, y)
for all x, yeS. Furthermore,
f*¥)=f*(y) = inf, {c(x, W) —g ()} —inf,{c(y, v)—g(v)}
= inf, {¢(x, u)—g(u)} +sup,{g(®)—c(y, v)}
= sup, {inf,{c(x, u)—gw)} + g@©)—c(y, v)}
< sup, de(x, 1)~ g(o)+ () —cly, v))
< supfle(x, v)—cl(y, v)|: veS}
for all x, yeS. A similar argument proves that
g*(x)—g*(y) < sup{|c(u, x)—c(u, y)|: ues).

Thus (f*, g*)e Gp.(S). Given x€S, we have f(x) < ¢(x, y)—g(y) for all yeS.
Thus f(x) < f*(x). Also,

g*(x) = inf, {c(u, x)—inf, {c(u, v)—g(v)}}
= inf, {c(u, x)—c(u, x)+g(x)} = g(x).
Hence
[fdP,+[gdP, <[ f*dP +[g*dP,.
[t follows that
fi(Py, Py) = sup{f fdP, +[gdP,: (f, g)e Gy(S)}
= sup{f fdP,+{gdP,: (f, 9)€ GpL(S)}
> sup{[ fdP,+[gdP,: (f, 9)€Gac(S)} = A(P,, Py). =
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5.6. ExaMpLE. Let (S, d) be a separable metric space and suppose that
H: [0, ¢} —[0, o) is a continuous, non-decreasing, convex function. Put
c(x, y) = H(d(x, ), Alx)=H(2d(x, a)),

where ae S is some arbitrarily chosen point. Then conditions (C3) and (C8) are
satisfied, and condition () holds for every P e #(S) for which 2 is P-integrable.
The case of H(t) = t* (p = 1) is of particular interest. See e.g. [6; p. 20.1], [18],
[19], [9]. Compare Example 2.9.

§ 6. Comparison of Wasserstein functional
and Kantorovich-Rubinstein norm; completeness

We begin this section by proving the following form of an unpublished
result of Neveu and Dudley.

6.1. THEOREM. Suppose that conditions (C1)}~(C8) hold for the functions
¢ and 4. Then

(*%) APy, Py) = fi(P,, P,)

for all P, P, in 2,(S) if and only if c is a metric (i.e. satisfies the triangle
inequality).

Proof. Suppose (+*) holds and put P, = 6, and P, = §,for x, ye S. Then
V(P,, P,) contains only P,®P, = d, and

APy, Py) = clx, y) = fi(Py, P} = sup{[ fd(P,—Py): IfIl. <1}
=sup{lf )=/ W 1SNl < 15

From this it is clear that c(x, y) satisfies the triangle inequality.
Now suppose that c¢(x, y) is a metric and that (f, g)e Gg(S). Define

h(x) = inf{c(x, y)—g(y): yeS}.

As the infimum of a family of continuous functions, 4 is upper semi-continuous.
For each xeS, we have f(x) < h(x) € —g(x). Then

h(x)— h(x') = inf,(c(x, u) —g(uw))—inf,(c(x’, v)—g (V)
= inf,(c(x, u) —g(u))+ sup, (g () —c(x’, v))
supv(g(v)—c(x’, v)+inf,(c(x, u)—g(u)))
up,(g(v)—c(x’, v)+c(x, v)—g(v))
sup,(c(x, v)—c(x', v)) = c(x, x),
so that |[h||. < 1. Then for P,, P,e23(S)
[fdP,+[gdP, < {hd(P,—P,),

AN
w



28 Kantorovich-Rubinstein and Wasserstein functionals

so that (according to the duality results 2.6 and 5.4) we have
(P, Py) = sup{[ fdP, +[gdP,: (f, g)e Gp(S)}
< sup{[hd(P,, P,): |hll. < 1} = f.(P,, P,).
Thus 4.(P,, P,)=4.(P,,P;). =
6.2. COROLLARY. Let (S, d) be a separable metric space and a€S. Then
AP, Py) = fi,(Py, P,) = sup{{ fd(P,—P,): lIfll, < 1}
whenever | .
[d(x, a)d(P +P,)(x) < 0.

The supremum is attained for some optimal f, with ||fyll, = 1.
If P, and P, are tight, there is some by,eV(P,, P,) such that

4Py, Py) = [d(x, y)dbo(x, ).
Then f,(x)—fo(y) = d(x, y) for b,-almost every (x,y) in SxS.

Proof. Put c(x, y) = d(x, y) and i(x) = d(x, a). Conditions (C1}-(C8) and
(*) obtain, with #9(S) = #,(S). Application of the theorem proves the first
sentence. The second (existence of f;) follows from Theorem 2.7.

For each n> 1, choose b,e V(P,, P,) with

[d(x, Y)db,(x, y) < is(Py, Py)+1/n.

If P, and P, are tight, the collection V(P,, P,) is uniformly tight and hence
compact. Hence the b, have a subsequence b,, converging weakly to some
b,eV(P,, P,). Then [2; Theorem 5.3]

hm lnf_‘. d(x’ y)dbn(k)(x’ }’) 2 Id(x3 )’)dbo(xa y)

k—
It follows that
f4(Py, Py) = fd(x’ y)db,(x, y),
ie. that b, is optimal. Integrating both sides of

Jox)=fo(y) < d(x, y)

with respect to b, yields
§f0d(Pl —Pz) < jd(x, )’)dbo(X, ).

However, we know that we have equality of these integrals. This forces

Jo(¥)=fo(y) = d(x, y)

by,-ae. =
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Continuing in the context where c(x, y) = d(x, y) and A(x) = d(x, a), we
examine the question of completeness for P,(S) under the metric ji = ji. The
following is a useful fact, which we shall employ.

6.3. LeMMA. Suppose that P, P,e?(S) with i(P,, P,) < . Then
P, e?,(S) if and only if P,eP,(S).

Proof. Choose heV(P,, P,) such that d(x, y) is b-integrable. Then
fld(x, a)—d(y, a)ldb(x, y) < fd(x, y)db(x, y) < oo,

and d(x, a)—d(y, a) is b-integrable. The statement that P, € 2,(S) means that
k(x, y) = d(x, a) is b-integrable. Then d(y, a) is b-integrable, so that
P,e?,(S). =

6.4. THEOREM. The metric space (2,(S), i) is complete if and only if (S, d) is
complete.

Proof. The “only if” direction is clear: If x, is a Cauchy sequence in (S, d),
put P, =0, . Then u(P,, P,) = d(x,, x,), so that P, is a Cauchy sequence in
2,(8). If j(P,, P)— 0 for some Pe2,(S), we have P, > P weakly. Then P = ¢,
for some xe§, and d(x,, x)—0.

Now suppose that (S, d) is complete and that P,eZ,(S) is a Cauchy
sequence for g = f. As in the proof of Theorem 4.2, we note that

B(P,, Pp) < 2Bo(P,, P,) < 24(P,, Pp).

Thus P, is a Cauchy sequence for f, which is a complete metric on Z2(S). See
[6; Chap. 8). Thus P,— P weakly as n— oo for some Pe#(S). We shall
demonstrate that Pe%,(S) and that g(P,, P)—0 as n— 0.

Using Corollary 6.2, choose optimal b,, in V(P,, P,) with

(P, Pp) = [d(x, y)dbam(x, y).

Since the P, are uniformly tight on S, so also are the b,,, on S x S. Fix n. There
is a subsequential index m(k) such that b,,u, — b, weakly as k — oo for some
b,eV(P,, P). Then

ﬁ(Pn7 P) < jd(x’ y)dbn(x’ y) < hm infjd(x’ y)dbnm(k)(xa ,V)

k- o

= lim inf u(P,, Py
k=«
Given ¢ > 0, choose N so that u(P,, P,) < ¢/2 for n, m = N. Choose k so that
m(k) > N. Then for each n> N we have u(P,, P)<e¢.. It follows that
u(P,, P)-»0 as n— .
Application of Lemma 6.3 shows that Pe£,(S), concluding the ar-
gument. =
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§ 7. Convergence of empirical measures;
results of Fortet-Mourier type

Suppose that ¢ and A satisfy conditions (C1}+{C7) of §2 and §4 and
suppose Pe 2,(S). Let X,,...; X, be Li.d. random varnables in Z(S) defined on
some probability space (2, «; Pr) with #(X,) = P. Then
IAYX )+ ... +1(A}X))

n

P,(B) =

defines the nth empirical measure P, = P; based on P.

7.1. THEOREM. Suppose that c, A, P, P, are as above. Then i.(P,, P)—0 a.s.
as n—oo.

Remark. Although we shall prove that {w: g (P, P)— 0} is measurable
and of unit probability, we are not claiming measurability for the mapping
w- [ (P,, P). In this regard, see Theorem 7.2 infra.

Proof. Following the technique of Varadarajan [6; Theorem 9.1}, we
note the existence of bounded continuous functions f,: S— R (k > 1) such that
Q,— Q weakly in 2(S) if and only if

j_fden - If,(dQ as n—
for each k > 1. Put
A, ={w: [ f,dPy - | f,dP as n— o}
for k21 and
Ay ={w: [AdPy — [}dP as n—w}.

Then A4,, A,, ... are measurable, and by Theorem 4.2, we have 4 (Py, P)—-0 if
and only if we (") A,. The strong law of large numbers implies that Pr(4,) = 1
for each k > 0, establishing the result. =

We now consider the measurability of the map v — i (P,, P). For this, we
shall insist that

Q=SxSx.. oA=BERBS)®..., Pr=PRPX...,

with X, (w,, w,,...) = w, projection to the nth factor; such an assumption
seems usual for empirical measures.

7.2. THEOREM. Let (S, d) be a Polish space (i.e. complete and separable). In
the situation just described, fi.(P,, P) is measurable for the completion of Pr on Q.

Remark. The hypothesis that S be complete may be dropped in case that
P is tight. The proof is similar.
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Proof. We note that .#(S xS) is a Polish space under the topology of
weak convergence [1; Theorem B] and that the mappings b — b(A4) are Borel
measurable on .#(SxS) for each fixed Ae#(SxS). Let A4,, A,,... be
a countable base for the topology of S. Then for each n,

B, = {(w, b): b(4,x S)—b(Sx 4,) = (P?— P)(4))

is a Borel subset of @ x .#(SxS). Put B, = B,nB,n... Then the section of
B, over weQ is B(P;—P). Given aeR, put

B* = {be.#(SxS): [c(x, y)db(x, y) < o},
a Borel subset of .#(S xS). Then
{w: 1 (Py, P) <o}

is the projection to Q of B, N(2 x B*), hence an analytic set, hence comp-
letion-measurable for any probability measure, Pr in particular. (See [4:
Chapter 84].) =

Givenanyf: S—R,t 20, p > 1 and some fixed point ae S, we define the
quantities

L(f, ) = sup{|f ()—=f WI/d(x, y): d(x, a) <1,d(y, a) <1, x # y],
L,(f) = sup{L(f, t)/max(1, *~1): ¢t > 0}.
Put A(x) = d”(x, a) and define 2 ,(S) = Z,(S). For P;, P, in 2 ,(S), define
FM,(P,, P,) = sup{{ fd(P,—P,): L,(f)<1}.

For p =1, this quantity was studied by R. Fortet and E. Mourier in their
well-known paper on empirical measures [8].
We hold p =1 fixed throughout what follows. Define

c(x, y) =d(x, yymax(1, d*~ (x, a), d* " '(y, a)), u(x) = 2d(x, a)+2d°(x, a).

Then 2,(S) = 2,(S). Verification of the following fact is routine and therefore
omitted:

7.3. LEMMA. The functions ¢ and p satisfy hypotheses (C1}-(C7) of §2
and §4.

Now given f: S— R, define
1f1le = sup{lf(x)—f I/c(x, y): x # y}.
Then
74. Lemma. | fIl. = L,(f).
Proof Given x # y, put t, = to(x, y) = max(d(x, a), d(y, a)) > 0. Then
SO=f () < L(S, to)d(x, y) < L(f)max(1, t871)d(x, y) = L,(f)c(x, ),
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If, additionally, there is a family of continuous projections P;,: X > G
such that

Pouallow.: < C; fori=1,...,k,
then (X, ([ [ hen) is called a strongly locally &,-space.

Remark. The above definition does not depend on the choice of
a sequence of seminorms defining the topology of X.

The next lemma (irreversible in general for any p — Ex. 8.24) clarifies
relations between these two introduced notions.

LeMMA 5.1. Every (strongly) globaly %,-space X is also a (strongly) locally
Z,-space.

Proof. We define ¢ and ¢ in such a way that for every 0-neighbourhood
U in X there is a family (@)@, Oof positive numbers such that

T, '(Vy< U for every jeJ,

where
Vi= [] aB, x ] |,
iep(U) igo(U)
and if
w=T1] B, x I1 L,
ielo i¢lo
then

Ty (o) < W.
Now, let H < X, dim H < oo and ker%,nH = {0}. Then H is contained
in X; for suitably chosen jeJ. The natural projection
P: 1:,—’ l—l lp(kﬂ)='S
ieQ(%o)

is an algebraic isomorphism if restricted to T(H). Moreover, if 15 S ¢(%,),
then

1Pyl = ||.V||1(, for yenlp(kji)-

iel
If H, is an arbitrary algebraic complement of PoT(H) in S and
F = H,+T(H), then P|; is an algebraic isomorphism onto! Now,

G:=T7"(F); T:=T 'o(Plp) !
are the space and the mapping we are looking for.

For strongly £ -spaces the proof is similar.
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ExaMPLE 5.2. Tt is easily seen that a Banach space is a (strongly) locally or
globally #,-space iff it is an %,-space in the sense of Lindenstrauss and
Petczynski.

PROPOSITION 5.3. Every product of globally (strongly globally, locally,
strongly locally, resp.) £,-spaces is a globally (strongly globally, locally, strongly
locally, resp.) &,-space.

ExaMPLE 5.4. Every product of Banach % -spaces is a strongly globally
Z,-space.

By Cor. 8.22 below, every complete barrelled locally %#,-space with
a bornological dual is isomorphic to a product of Hilbert spaces, in particular,
every complete strongly globally .%,-space and every Fréchet %,-space is
isomorphic to a product of Hilbert spaces.

For p =1 or oo, the class of Fréchet globally #,-spaces is not exhausted
by complemented subspaces of products of Banach ,-spaces (comp. Cor.
10.2). Before we present the corresponding example we need a few results.

LEMMA 5.5. Let p = 1 or oo and let X be a Banach %, ,-space, A > 1. If Y is
an %, ;-subspace of X such that X/Y is also an ¥, ;-space, q: X —»X/Y is the
quotient map, then for every finite-dimensional subspace E of X there exists
a finite-dimensional subspace K < X, a continuous onto projection P: X - K
and a linear section s: q(K)— K such that:

(i) kerP2Y;
(i) [P <24%;
(i) ES K+7Y;
(iv) d(K, [,(dim K)) < 24%;
) |Isll < 24.

Proof. Obviously, g(E) is contained in a A-isomorphic and A-comple-
mented (a projection R: X/Y— W) copy W of a finite-dimensional /,-space.
Moreover, there is a linear section s: W— X for g:

gos(x)=x for xeW and |s| <24.

Indeed, this is obvious for p=1, for p=o we can find a projection
So: 4 Y (W)—Y of norm <2i-1 (see [41, Lemma 3.2]). Thus we define

s(q(x)):=x—s0(x), K:=s(W), P:=s0Rogq,
and our lemma follows easily.

COROLLARY 5.6. Let Y be a subspace of a Banach space X such that Y,
X, X/Y are &, ;-spaces, > 1, p =1 or oo, and let q: X — X/Y be the natural
quotient map. For every finite-dimensional subspace E of X and C, of X/Y,
d(C,, 1(dim C\)) < 4, q(E) = C,, there are: a map s: C, > X, |ls| <24, qos
=1d¢,, a finite-dimensional subspace B <Y and a projection P: B+ C— B,
|P| <242 P(C)= {0}, C:=s(C,), such that B and C are 2)*-isomorphic to
finite-dimensional [ -spaces and E = B+C.
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