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Abstract

For a topological group G, the group G* of continuous homomorphisms (characters) into T :=
{z € C : |z| = 1} endowed with the compact-open topology is called the character group of
G and G is named (Pontryagin) reflezive if the canonical homomorphism ag : G — G**,z —
(x — x(x)), is a topological isomorphism. A comprehensive exposition of duality theory is given
here.

In particular, settings closely related to the theory of vector spaces (like local quasi-convexity
and the corresponding hull) are studied and their relevance is pointed out. This is followed by
an investigation of Pontryagin reflexivity of locally convex vector spaces, which generalizes the
well known fact that every Banach space is a reflexive group. However, the spaces LP(]0,1])
(for p > 1) contain proper closed subgroups which are not reflexive and have (topologically) the
same character group as the whole space. On the other hand, every character group can be
embedded into a group of the form C(X,T). It is proved that for every hemicompact k-space X
(in particular, for every character group of an abelian metrizable group), this group is reflexive.

In the second part a self-contained introduction to the theory of nuclear groups (which has
been introduced by W. Banaszczyk in [9]) is given. It is shown that the completion of a nuclear
group is again nuclear and that the « corresponding to a complete nuclear group is surjective.
In particular, every Cech-complete nuclear group is (strongly) reflexive. At the end, a simplified
proof of the Bochner Theorem for nuclear groups is given.
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Introduction

For an abelian topological group G, the group G* of continuous homomorphisms (charac-
ters) of G into the torus T = {z € C: |z| = 1}, endowed with the compact-open topology,
is named the character group of G. There is a canonical homomorphism

ag:G— G, z— (x— x(@).

If ag is a topological isomorphism then G is called reflexive. Obviously, every reflexive
group is an abelian Hausdorff group. Examples of reflexive groups are:

e locally compact abelian groups (Pontryagin, van Kampen; [66] and [39]),
e the additive group of a Banach space (Smith; [77]), and
e products of reflexive groups (Kaplan; [40]).

The aim of this paper is to present new examples of reflexive groups and to study
properties connected with reflexivity.

In Chapter 1, we introduce Nachbin—Shirota spaces, a class of topological spaces
including all paracompact spaces (1.13), and give an example of a locally compact space
which is not a Nachbin—Shirota space (1.21). We prove some results concerning almost
metrizable and Cech-complete spaces, which will enable us to give (in Chapter 2) a
characterization of abelian almost metrizable and Cech-complete groups (2.20 and 2.21).

In Chapter 3, we collect some elementary properties of homomorphism groups, among
other things, a version of the Arzela—Ascoli Theorem (3.5).

Afterwards, we specialize the situation and consider the group of continuous homo-
morphisms of an abelian metrizable group G into A := R™ x T™ x D (where n,m € Ny
and D is a discrete abelian group). Then we obtain: if n = 0 and D = {e} or if G is
connected, then Hom(H, A) = Hom(G, A) for every dense subgroup H of G (4.5), and
Hom(G, A) is a hemicompact k-space (4.7). From that we conclude that every reflexive
metrizable group must be complete.

In Chapter 5, we gather some elementary properties of reflexive groups. In addition
to this, we prove decomposition results for higher character groups:

e If both ag and ag- are continuous then G*** = ag«(G*) ® ag(G)* (5.22).

e If H is a subgroup of a topological group G such that ay is continuous, ag,y is
injective, and ag is an open isomorphism then H** = ay(H) @ ker .** where + : H — G
denotes the canonical embedding (5.24).

Furthermore, we give an example of a compactly generated subgroup H of the se-
quence space /2 admitting a character which cannot be extended to a character of the
whole group (5.27). An analogous situation cannot occur in the realm of nuclear vector
spaces (cf. 20.13).
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A necessary condition for a group G to be reflexive is that G is locally quasi-convex.
This notion generalizes the description of closed, symmetric, convex subsets of a topo-
logical vector space obtained from the Hahn—Banach Theorem. We give proofs of the
following permanence properties: subgroups, products, (arbitrary) sums and the com-
pletion of locally quasi-convex groups are again locally quasi-convex (6.8 and 6.17). On
the other hand, Hausdorff quotients of locally quasi-convex groups need not be locally
quasi-convex. Moreover, every abelian Hausdorff group is topologically isomorphic to the
quotient of a locally quasi-convex group (12.9).

In Chapter 7, we study properties of the quasi-convex hull (this is the smallest quasi-
convex set containing a given set). If G is a topological group such that ag is injec-
tive then the quasi-convex hull of every finite set is finite (7.11), the quasi-convex hull
of a singleton is smallest possible, namely {e,z,—xz} (7.8). The quasi-convex hull of
a totally bounded subset in a locally quasi-convex Hausdorff group G is again totally
bounded (analogously to the situation for locally convex vector spaces) and if, in ad-
dition, G is complete then the quasi-convex hull of every compact subset is compact
(7.12).

In [47], Kye claimed to characterize those locally convex spaces V whose additive
group is reflexive. Here, we show that the condition stated to be equivalent to the
continuity of ay is sufficient but not necessary (8.13 and 8.12). In addition, we show
that the character group of a Banach space endowed with its weak topology is a reflexive
group (8.26). At the end of Chapter 8 we observe that the complete metrizable sequence
space {P for 0 < p < 1 is not a locally quasi-convex group. Moreover, ayr is a continuous
monomorphism. In particular, 7 cannot be a reflexive group (8.27). This gives a negative
answer to a question asked by Pestov ([63]). (An even stronger counterexample is given
in 11.15.)

In Chapter 9, we introduce locally convex vector groups, prove some of their proper-
ties, and give a new class of examples (9.12).

In Chapter 10, we show that every locally quasi-convex group is topologically iso-
morphic to a Hausdorff quotient of a subgroup of a locally convex vector group (10.1).
Moreover, we show that every locally quasi-convex group can be embedded into a product
of metrizable locally quasi-convex groups (10.6). A similar theorem for locally convex vec-
tor groups shows that every complete metrizable locally convex vector group is reflexive
((15.7) in [8] or 10.8).

This result essentially depends on the linear structure. The example given in Chap-
ter 11 illustrates this fact: the character group of the almost everywhere integer-valued
functions L% ([0,1]) (for p > 1) coincides with the character group of the Banach space
LP([0,1]) (11.14). In particular, the locally quasi-convex complete metrizable group
L7 ([0, 1]) is not reflexive.

In Chapter 12, we study the free abelian topological group A(X) over a completely
regular space X and give a neighbourhood basis for the unit element (12.6) consisting of
quasi-convex sets (12.9).

If K is a compact space then the character group of A(K) is topologically isomorphic
to the group C(K, T) (15.1). The aim of Chapter 13 is to prove that this group is reflexive.
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In Chapter 14, we generalize the above result and show that for every hemicompact
k-space X the group C(X, T) endowed with the compact-open topology is reflexive (14.9).
Furthermore, we give an example which illustrates that the k-space assumption cannot
be omitted (14.14).

In Chapter 15, we study the reflexivity of free abelian topological groups. If X is a
Nachbin—Shirota space then the character group of A(X) is topologically isomorphic to
C(X,T) (15.1) and A(X) is reflexive if X is a punctiform (that is, every non-empty com-
pact connected subspace is a singleton) Nachbin—Shirota space and a k-space. Conversely,
if A(X) is reflexive then the completely regular space X must be punctiform (15.4).

In the second part of this paper we treat nuclear groups which were introduced by
W. Banaszczyk in [8]. This class includes all nuclear vector spaces (20.6(i)) and all locally
compact abelian groups (20.8), it is closed under forming products, subgroups, Hausdorff
quotients and countable sums (20.7).

In Chapter 16, we give a short survey of the properties of nuclear groups and stress
the dichotomy between infinite-dimensional Banach spaces and nuclear vector spaces.

The definition of a nuclear group involves the Kolmogorov diameter. Therefore, we
gather (in Chapters 17, 18, and 19) auxiliary results which make a treatment of nuclear
groups possible.

Finally, in Chapter 20, we provide proofs for the following facts:

e Every nuclear group is locally quasi-convex ((8.5) in [8] or 20.15).

e Every character of a subgroup of a nuclear group can be extended to a character of
the whole group ((8.3) in [8] or 20.13).

e A topological vector space is a nuclear group if and only if it is a nuclear vector
space ((8.9) in [8] or 20.20).

The group C(X, T) is a nuclear group if and only if all compact subsets of X are finite
(20.31). We show that every Cech-complete nuclear group is reflexive (20.40). Hence, only
in the trivial case when K is finite, the main result of Chapter 13 is a consequence of the
above theorem.

In Chapter 21, we show that every nuclear group can be embedded into a product of
complete metrizable nuclear groups (21.3). As a consequence we deduce that the comple-
tion of every nuclear group is nuclear (21.4) and that for every complete nuclear group
G, the canonical homomorphism « is an open isomorphism (21.5).

At the end, we give an analytic application. More precisely, a simpler proof of the
Bochner Theorem for nuclear groups than the one given by W. Banaszczyk in [8] is
presented.

I wish to thank Prof. Banaszczyk for many helpful suggestions which prevented me
from losing my way, for his invitation to L6dz, and for the hospitality I enjoyed there.

I am indebted to Helge Glockner for pointing out some errors in the previous version
of the paper.

Thanks are due to Prof. Heyer for very useful references and for his support in order
to receive a scholarship of the Landesgraduiertenférderung. This scholarship enabled me
to work on my dissertation on a full-time basis.
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I am indebted to Prof. Salzmann for having agreed to be my thesis adviser and for
helpful comments.

Last but not least I am very grateful to Dr. Turnwald for having been constantly
willing to talk about mathematical problems, for giving numerous helpful suggestions
and for his permanent encouragement.

Hom(G, A)
Hom,, (G, A)

Hom.(G, A)
Homyy (G, A)

G*
Gy

Notation

{1,2,...}, the set of natural numbers

Nu {0}

the multiplicative group {z € C: |z| = 1}

the neighbourhood filter of z € X in the topological space X

the set of continuous functions between the topological spaces X and Y
the inner direct product (2.1)

{feCX,)Y): f(S)CU}for SCX andU CY

the group of continuous homomorphisms between abelian topological
groups G and A

the group Hom(G, A) endowed with the topology of uniform convergence
on all finite subsets of G

the group Hom(G, A) endowed with the compact-open topology

the group Hom(G, A) endowed with the topology of uniform convergence
on all totally bounded subsets of G

the character group of the abelian topological group G

the character group endowed with the topology of uniform convergence
on all finite subsets of G

the character group endowed with the compact-open topology

the character group endowed with the topology of uniform convergence
on all totally bounded subsets of G

ag 1 G— G**, x+— (x — x(z)) (for a topological group G)
{z€T:Rez>0}

{x € G* : x(S) C V} for a subset S of the abelian topological group G
and V CT

P(S,R)

{e™ ]t] <1/(4n)} (n €N)

ﬂXeAU X -t (R)

the convex hull of a subset of a vector space

the free abelian topological group over X (12.1)

the free locally convex vector space over X (12.4)

the k-th Kolmogorov diameter of X w.r.t. Y, k € N (cf. 18.1)

the group of invertible n x n matrices

{z € V : p(z) <1} where p is a seminorm on a vector space V
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1. Auxiliary results in topology

In this chapter we recall some facts on hemicompact spaces, k-spaces, Nachbin—Shirota,
Dieudonné complete, almost metrizable, and Cech-complete spaces.

DEFINITION 1.1. A Hausdorff space X is called hemicompact if there exists an increasing
sequence (K,,),cn of compact subsets such that every compact subset of X is contained
in one of them.

Let (X, Q) be a Hausdorff space. Ox:={0 C X : ONK is open with respect to K for
every compact K C X} is called the k-refinement of (X, 0). The space (X, O) is called
a k-space if O = Ok.

REMARKS 1.2. (i) O is a topology with O C O.

(ii) The compact subsets of (X, O) and (X, O) coincide. [For every compact subset
K C X (with respect to @) the topologies induced by O and Oy are the same.]

(iii) (X, Ok) is a k-space. [This follows directly from (ii).]

(iv) Every o-compact locally compact space is hemicompact. [Considering the Alek-
sandrov compactification, Theorem (3.3.4) in [26] implies the assertion.]

EXAMPLES 1.3. Every metrizable and every locally compact space is a k-space. [See e.g.
[26], Theorems (3.3.20) and (3.3.18) on p. 152.]

THEOREM 1.4 (Whitehead). The product of a k-space and a locally compact space is again
a k-space.

PROOF. This is Theorem (3.3.27) in [26].

PROPOSITION 1.5. Let X be a k-space. A function f from X into a topological space Y
is continuous if and only if fli is continuous for every compact subset K C X.

PROOF. See e.g. [26], p. 152, Theorem (3.3.21).

COROLLARY 1.6. Every continuous mapping f : (X,0) — (Y, (5) between Hausdorff

spaces induces a continuous function fi : (X,0k) — (Y,Ok). In particular, the k-
refinement of a homogeneous Hausdorff space is again a homogeneous space.

PROOF. The continuity of fi is a consequence of 1.2(ii)—(iii) and 1.5. The rest of the
assertion follows immediately.

PROPOSITION 1.7. Every hemicompact k-space is normal.

PRrOOF. Let A and B be disjoint closed subsets of X and (K,),cn an increasing sequence
of compact subsets of X as in the definition. Put A4,, := AN K, and B,, := BN K,,. Since
K is normal, there exists (by the Urysohn Lemma) a continuous function f; : K3 — [0, 1]
such that f1(A4;) C {0} and fi1(B1) C {1}. Suppose we have constructed continuous
functions f; : K; — [0,1] (j € {1,...,n}) such that fj|x, , = fj—1 (j € {2,...,n})
and f;(A;) C {0} and f;(B;) C {1}. Since (4,41 U Bpt1) N K,, = A, U B,, and both
Apt+1 U By and K, are closed (in K;,41) there exists, by construction, a continuous
function an : (Ap41UBL41)UK,, — [0,1] extending f,, such that an(AnH) C {0} and
an(Bn_H) C {1}. According to the Tietze extension theorem, there exists a continuous
function f,41 : K41 — [0, 1] extending fat1. The function f : X — [0,1] defined by
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f(z) := fo(z) for x € K, is therefore well defined. Since X is a hemicompact k-space, f
is continuous. This shows that X is normal.

COROLLARY 1.8. Fvery hemicompact k-space X is paracompact.

PROOF. According to 1.7, X is regular and it is obviously a Lindel6f space. The assertion
follows from Theorem (5.1.2) in [26], p. 300.

DEFINITION 1.9. A subset B of a topological space X is called functionally bounded in
X if, for all f € C(X,R), the image f(B) is a bounded subset of R.

A completely regular space X is called a Nachbin—Shirota space if every closed func-
tionally bounded subset B C X is compact.

In 1954, it was proved by Nachbin and Shirota (cf. [56] and [75]) that for a completely
regular space X, the function space C(X,R) endowed with the compact-open topology is
barrelled if and only if X is a Nachbin—Shirota space.

REMARK 1.10. By Tietze’s extension theorem, we have for a normal space X: a closed
subset B C X is functionally bounded in X if and only if it is functionally bounded in
itself.

LEMMA 1.11. Let (U;)ier be a locally finite family in the topological space X. For every
compact subset K C X, the set {i € [ : U;NK # 0} is finite.

PROOF. For every x € K, there exists U, € U(z) such that I, :={i € I : U, NU; # 0} is
finite. For a finite subset F' C K such that K C |J Uy, weget {iel: KNU; #0}C
U,ep Iz Hence the assertion follows.

zEF

LEMMA 1.12. Let (U;)ier be a locally finite family in the topological space X and let
fi + X — R be continuous functions satisfying fi(X \ U;) € {0}. Then f =, ; fi is
also continuous.

PROOF. Let z € X and let U € U(x) be open such that UNU; = 0 for alli € I\ F
where F' is a finite subset of I. For y € U we have f;(y) =0 for all i € T \ F' and hence
flu = (> ;cr fi)lu. This shows that f is continuous.

ProposiTION 1.13. Every paracompact space X is a Nachbin—Shirota space.

PROOF. Since X is normal (cf. Theorem (5.1.5) in [26], p. 300), we may assume that X
is functionally bounded (1.10).

Let (U;), et be an open cover of X. By assumption, there exists an open, locally finite
refinement V = (V;);er. It suffices to show that V has a finite subcover. Suppose the
contrary. Inductively, we construct sequences (Vp,),en in V, (Zn)nen in X, (fo)pen in
C(X,R) and a sequence of open sets (W,,),en satisfying the following conditions:

(ii) W, intersects only finitely many V; non-trivially,
(iii) W, N (Uk<n Wk) = (Z),

(iv) fa(zn) =n, and X \ W, C f;1({0}).
Suppose the first n € Ng members of the sequences have been chosen. Since | J, ., Wi
intersects only finitely many V; non-trivially and, by assumption, V has no finite subcover,
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there exists 2,41 € X \ Uy<, Wk. Choose V,,41 € V containing x,,+1. By hypothesis,
there exists an open W, 1 satisfying (i) to (iii). Since X is completely regular, there
exists a continuous function f, 1 satisfying condition (iv).

Because of (i), (W,),en is a locally finite family of open subsets, and it is a conse-
quence of (iv) and 1.12 that f := 3" _ fn is (well defined and) continuous. But f(X) is
not bounded, which contradicts our hypothesis.

EXAMPLES 1.14. (i) Every metrizable space is paracompact. [See e.g. [26], p. 300, Theorem
(5.1.3).]

(ii) Every o-compact locally compact space is paracompact. [Every o-compact locally
compact space is a hemicompact k-space. (This follows from 1.2,(iv) and 1.3.) According
to 1.8, it is paracompact.]

PRrROPOSITION 1.15. The category of Nachbin—Shirota spaces is closed under forming
closed subspaces, products, and topological sums.

ProOOF. Let X( be a closed subspace of the Nachbin—Shirota space X and let B be a
closed and functionally bounded subset of Xy. Then B is functionally bounded in X since,
otherwise, it could not be functionally bounded in Xy. By assumption, B is compact.
Let X; (¢ € I, where I is a non-empty index set) be Nachbin—Shirota spaces and
let B be a closed and functionally bounded subset of X := ], ; X;. By the Tikhonov

theorem, it suffices to show that m;(B) is a compact subset of X; if 7; : X — X; denotes
the canonical projection. By assumption, it suffices to show that m;(B) is functionally
bounded in X; (for all i € I). For f; € C(X;,R) the composition f;om; belongs to C(X,R)
and, by the continuity of f;, the image f;(m;(B)) C fi(m:i(B)) is bounded.

Let X; (i € I) be Nachbin-Shirota spaces and let B = | J,; B; be a closed functionally
bounded subset of |J,.; X;. If infinitely many B; are non-empty, then B cannot be
functionally bounded. Since all B; are closed and functionally bounded in X;, they are

compact and so is the finite union of the non-empty B;.

REMARKS 1.16. (i) For every subset A C R which is not (functionally) bounded, there
exists an infinite discrete family (U;);cr of open sets such that U; N A # () for all ¢ € T.
(ii) Inverse images of discrete families of open sets under continuous mappings are
discrete families of open sets.
(iii) For every subset A of a topological space which is not functionally bounded, there
exists an infinite discrete family (U;);er of open sets such that U; N A # () for all 7 € I.
[This is a direct consequence of (i) and (ii).]

DEFINITION 1.17. A completely regular space X is Dieudonné complete if its topology is
induced by a complete uniformity.

REMARK 1.18. It was shown in [23] that every Dieudonné complete space is homeomor-
phic to a closed subspace of a product of metrizable spaces. Hence, according to 1.14(i),
1.13 and 1.15, every Dieudonné complete space is a Nachbin—Shirota space. Below we
give an elementary proof.

PROPOSITION 1.19. Every Dieudonné complete space is a Nachbin—Shirota space.
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PROOF. Let U be a complete uniformity on X. Since a subset of X is compact if and only
if it is closed and totally bounded (cf. Theorem (8.3.16) in [26]), we have to show that
every functionally bounded subset of X is totally bounded. Assume that A C X is not
totally bounded. This means: There exists a (symmetric) member U of the uniformity
such that for every finite subset FF C X we have A € {y € X : 3z € F such that
(x,y) € U}. Inductively, we can find a sequence (z,,)nen in A with z,, & Uz;ll {reX:
(z,x) € U}. There exists a symmetric member W of U such that W* C U. Hence
Wy :=={z € X : (z,z,) € W} are disjoint neighbourhoods of the x,,. Moreover, (W,),.cn
forms a discrete family in X. [For z € X and W, := {y € X : (x,y) € W} we get
{neN: W, NW, # 0} < 1. Indeed, suppose there exist y, € W, N W,, and y,, €
Wy NW,,. This means (Zn,yn) € W, (yn,z) € W, (2,ym) € W and (ym, ) € W, which
implies (7, ;) € W* C U and hence n = m.]

Furthermore, there are continuous functions f,, € C(X,R) such that f,(x,) = n and
Jn(X\ Wy,) € {0}. According to 1.12, f := 3" _ fn is a continuous function such that
f(A) is not bounded. This completes the proof.

LEMMA 1.20. Let wy denote the first uncountable ordinal number, put 21 = {w < w1}
and set X := (21 x 1)\ {(w1,w1)}. Every equicontinuous pointwise bounded family S

in C(X,R) is the restriction to X of an equicontinuous pointwise bounded family S in
C(Ql X Ql,R).

ProoF. Consider
(%)  VneN Iy, <wp such that |s(vn, vn)—s(o, &')|<1/n Vv, <a,a’ <w; and Vs€S.

Suppose (*) is correct. If 79 (< w1) denotes the least upper bound of the ~,, we get
s(a, &) = s(0,70) for all o,/ > 7y and all s € S. This implies the assertion.

If () does not hold, then there exists ng € N such that for all v < w; there are
a,a/ >~ and s, € S such that |s,(a,a’) — s,(v,7)| > 1/no. Inductively, we can find an
increasing sequence (v, )nen and sequences (ay, ) ey and (a),)pen such that v, < ap,al,
and Yp41 > g, ), and satisfying [, (o, a),) — $n(Vn, Tn)| = 1/no (for all n € N) for
suitable s,, € S. Let vy be the least upper bound for v, ay,, «,. Every neighbourhood
of (70,7) in X contains almost all (v,,v,) and (an,al,). Since {(o,a’) : |s(a,a’) —

s(v0,70)| < 1/(2ng) Vs € S} is a neighbourhood of (9,70) which contains at most one
of the points (a,, al,) or (Yn,¥n), this leads to the desired contradiction.

ExXAMPLE 1.21. There exists a locally compact space X which is not a Nachbin—Shirota
space. [Let X be as in 1.20. It is well known that 21 \ {w1} is not compact and hence
X is not compact. According to 1.20, X is functionally bounded (in itself). Hence X is
a locally compact space which is not a Nachbin—Shirota space.]

DEeFINITION 1.22. A Hausdorff space X is called almost metrizable if every x € X is
contained in a compact subset having a countable neighbourhood basis in X.

EXAMPLES 1.23. (i) Every metrizable and every compact space is almost metrizable.

(ii) It is a consequence of the Aleksandrov compactification that every locally compact
space, being an open subset of a compact space, is Cech-complete (which means it can
be represented as a countable intersection of open subsets of a compact space).
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PROPOSITION 1.24. Every almost metrizable space is a k-space.

PrOOF. Let A be a subset of an almost metrizable space X such that the intersection
of A with every compact subset of X is compact. Suppose there exists z € A\ A. By
assumption, there is a compact set K having a countable neighbourhood basis (U, ), cn
such that z € K. Since AN K is compact and x ¢ AN K, there exists U € Ux () such
that ) = UN AN K. For every n € N, there exists z, € ANU N ﬂ?:l U; C ANT.
This implies 2,, ¢ K. For B := {x, : n € N}, the set K U B is compact. [Every
open cover of K U B contains a finite family that covers K and which therefore contains
U, D {xm : m > n} for suitable n € N. This implies that KUB is compact.] Furthermore,
B=ANUNB = (ANUNK)U(ANUNB) = ANUN(K UB) is, by assumption, compact.
Hence X \ B is an open superset of K. This leads to the contradiction U, C X \ B for
suitable n € N and z,, € BNU,.

PROPOSITION 1.25. (i) Every Cech-complete space is a Baire k-space.
(ii) A metrizable space is completely metrizable if and only if it is Cech-complete.
(iii) Fvery countable product of Cech-complete spaces is Cech-complete.

PRrROOF. (i) follows from (3.9.3) and (3.9.5) in [26] and (ii) is a consequence of (4.3.26) in
[26]. (iii) is Theorem (3.9.8) in [26].

PROPOSITION 1.26. Let X and Y be completely reqular spaces and let f be a perfect
mapping of X ontoY. Then X is Cech-complete if and only if Y is Cech-complete.

PROOF. This is Theorem (3.9.10) in [26].

LEMMA 1.27. Let (K;)ier be a family of compact subsets of the topological space X and
let O be an open superset of (\,.; Ki. Then there exists a finite subset F C I such that
MNier Ki € O.

PROOF. (;c; K N (X \ O) = 0 implies the existence of a finite set F* C I such that
Nicr KiN (X \ O) = 0. The assertion follows.

icl

LEMMA 1.28. Let K be a compact subset of the Hausdorff space X having a countable
neighbourhood basis (Up)pen. For an arbitrary x € K and every sequence (Wy),en i1

Ux (x), there exists a sequence (Wy)nen n Ux (x) such that
(i) Wn-ﬁ-l g Wna
(i)) K NWoi1 € K NW,, and
(iii) W,y C Up, N Wi
For each such sequence (Wn)neNa the set Ko:=),cN W, is a compact subset of (1, ey W,
(Wn)nEN is a neighbourhood basis of Ko, and x € Ko =, cn(K ﬂﬁn) = ﬂneNﬁn-

PROOF. Suppose first that we already have a sequence (Wn)nEN in Ux(z) with the

(i)
properties (i) to (iii). Then Ko = N,enWn € Nyen(Un NW,) € K implies Ko =
ﬂneN(KﬂWn) w ﬂneN(Kﬂwn). So Ky is compact. (iii) implies Ko C (,,cny Wa- Since

KnN Wn | Ky, it is a consequence of 1.27 that for every U € Ux (Ky) there exists an
ng € N such that Kﬂwn C U for all n > ng. Hence K C UU(X\WHO). By assumption,
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there exists k > ng such that Uy, C U U (X \ W, ) and hence Wy, € Uy C U U (X \ Wi, ),
which implies Wk C U. This shows that (Wn)nGN forms a neighbourhood basis of Kj.
Since X is a Hausdorff space and K is compact, every y € X \ Ky can be separated from
Ky by open sets. This implies that the intersection of all closed neighbourhoods of K

equals Ko. So we get Ko = [),cny W

It remains to construct a sequence (Wn)nEN satisfying (i) to (iii). Choose an arbitrary

Wl € Ux(x) contained in U; N Wi. Suppose now that Wi,..., W, have already been
constructed. Since r € K and X is a Hausdorff space, we have W, D {x} = Ny ¢y, (@) V=

ﬂVGMX(I)(VﬂK). As a consequence of 1.27, we get VK C W, for a suitable V € Ux ().
This implies that Wnﬂ =VNUpr1 NWhii N Wn has the desired properties.

PROPOSITION 1.29. FEvery closed subspace and every union of Gs subsets of an almost
metrizable space X is again almost metrizable.

PrOOF. Let A be a closed subspace of X and x € A. Let K C X be a compact set
containing x and having a countable neighbourhood basis (U, ), cn in X. Then x belongs
to the compact set AN K and (A NU,),cn is a neighbourhood basis of AN K. [Let
U C X be open such that ANK CU. Then K C UU(X \ A) and hence (by assumption)
U, CUU(X\ A) (for suitable n € N). This implies ANU,, C U N A.] The first assertion
follows.

To prove the second, consider open subsets W, of X (n € N) and z € (,,cy Wa.
Let K C X be a compact set containing  and having a countable neighbourhood basis
(Un)nen in X. It is a consequence of 1.28 that 2 belongs to a compact set Ko C(),,cny Wa
which has a countable neighbourhood basis in X and hence in every subspace contain-
ing K. This implies that any union of Gy subsets of X is almost metrizable.

COROLLARY 1.30. Every Cech-complete and, in particular, every locally compact space
is almost metrizable.

PROOF. This follows from the definition of Cech-complete spaces, 1.23(ii), and 1.29.

THEOREM 1.31. Every continuous open mapping f : X — Y of a Cech-complete space X
onto a Hausdorff space Y is compact-covering. (This means that every compact subset of
Y is the image of a compact subset of X under f.)

PROOF. This is Theorem 1.2 in [3], p. 207.

THEOREM 1.32 (Arzela—Ascoli). Let C be a subset of the function space C(X,Y") endowed
with the compact-open topology where X is a k-space and (Y,U) is a uniform space.
C is compact if and only if it is closed, equicontinuous, and for every x € X the set
{f(x): f € C} is contained in a compact subset of Y.

PROOF. See [26], p. 443, Theorem (8.2.10).

NoTEs 1.33. 1.7 was proved by Warner (cf. [86], p. 267, Lemma1.2). Nachbin and Shi-
rota mentioned that paracompact spaces are Nachbin—Shirota spaces (cf. [56] and [75]).
The proof given here was motivated by Proposition 2 in [4]. The formulations of 1.19
and Example 1.21 were pointed out to me by K. Yamada. The proof of 1.20 is similar to
Example (3.1.27) in [26], p. 130. The statements on Cech-complete and almost metrizable
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spaces are a modification of a manuscript by G. Turnwald. Literature concerning this topic
can be found in [19] and [69], Chapter 13.

2. Auxiliary results for topological groups

In this chapter we collect some basic facts on topological groups. Besides that, we use the
results on almost metrizable and Cech-complete spaces proved in the last section to give
a characterization of almost metrizable and of Cech-complete groups (2.20 and 2.21).

DEFINITION 2.1. Let Hy, Hs be subgroups of a topological group G. If H; x Hy — G,
(z1,22) — 1 + 2, is a topological isomorphism then G is named the inner direct sum
of Hy and Hy. We write G = Hy @ Hs. (If the operation of G is written multiplicatively
then G is said to be the inner direct product of H; and Hy and we use the notation
G=H, ®H,.)

THEOREM 2.2. Let K be a closed subgroup of R™. There exists a mazimal subspace V
contained in K. Moreover, for every linear subspace W < R™ such that R =V & W we
have K =V & (KNW) and K NW is a discrete subgroup of R™.

PROOF. This is Theorem 2 in Chapter VII, §1.2 of [18].

PROPOSITION 2.3. Let H be a subgroup of an abelian group G and let D be an abelian
divisible group. For every homomorphism ¢ : H — D there exists a homomorphism
¢ : G — D extending .

PROOF. This is (A.7) in [34].

LEMMA 2.4. Let Hy and Hsy be subgroups (linear subspaces) of an abelian group (of a
vector space). For all homomorphisms (linear functions) ¢; : Hi — G into an abelian
group (a vector space) G (j € {1,2}) satisfying ¢1|HnH, = Y2|HnH, the function ¢ :
Hy + Hy — G, h1 + ha — p1(h1) + w2(h2) (hy € Hj), is a well defined homomorphism
(linear function) extending @1 and ps.

Proor. This follows by a straightforward calculation.
LEMMA 2.5. Let G be an abelian group and let U be a non-empty subset of the power set
of G satisfying

(i) ee U for all U e U,

(ii) YU e U AV € U such that =V C U,

(iii) YU e U IV € U such that V+V C U, and
(iv) VU,V e U IW € U such that W CUNV.

Then there exists a unique group topology O on G such that U is a neighbourhood basis
of the unit element. (G,0) is a Hausdorff space if and only if (¢, U = {e}.

PROOF. See e.g. [17], Chapter III, §1.2, Proposition 1 on p. 222.

PROPOSITION 2.6. For every Hausdorff space X and every abelian Hausdorff group A,
the group C(X, A) of continuous functions endowed with the compact-open topology Oco
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is an abelian Hausdorff group. The sets of the form
(K,U) = {f € C(X, 4) : f(K) C U},

where K is a compact subset of X and U € Ux(e), form a neighbourhood basis of the
unit element of C(X,A).

PROOF. According to 2.5, the sets (K,U), where K C X is a compact subset and U €
Ua(e), form a neighbourhood basis for a group topology Oy on C(X, A). It suffices to
show that O, = O,

Let f € ﬂ?zl(Kj,Oj) where n € N, K; C X is compact and O; C A is open.
There exists a symmetric neighbourhood V' € Ua(e) such that f(K;)+V C Oy for all
jeA{l,...,n}. Then

ref+(Uknv)c ﬁ(Kj,oj).
j=1

Jj=1

[For f" € (Uj—, K;, V) and = € K; we have (f + f')(z) € f(K;) +V C O;]

Conversely, let f € C(X,A), let K C X be compact, and let V' € Ua(e) be open
and symmetric. There exists an open symmetric Ve Uy (e) such that V+VCV.
Furthermore, for z € K, there exists U, € Ug(x) such that f(z) — f(«/) € V for all
2’ € Uy. For finite F' C K such that K C |J,p Uz, we get

fe ENT,, fx)+V)C [+ (K, V).
zeF

[For f' € Nyer(K NUs, f(z) + V) and 2’ € K, there exists # € F such that 2/ € U,.
Hence (f'— f)(@") e f(x)+V = f(a") e V+V C V]

PROPOSITION 2.7. A topological group is metrizable if and only if it is a Hausdorff space
and the unit element has a countable neighbourhood basis.

PROOF. See (8.3) in [34].

PROPOSITION 2.8. For every hemicompact space X and every abelian metrizable group
A, the group G := C(X, A) (endowed with the compact-open topology) is metrizable.

PROOF. Because of 2.7, it is sufficient to show that G is a Hausdorff space having a
countable neighbourhood basis of e.

Let f1, fo : X — A be continuous functions and let zyp € X be such that fi(xg) #
fa(zo). Since A is a Hausdorft space, there exist disjoint open neighbourhoods U; €
Ua(fj(zo)) (G € {1,2}). Hence ({xo},U;) (for j € {1,2}) are disjoint open neighbour-
hoods of f; and fs.

Let (K, ),en be an increasing sequence of compact subsets of X (as in the definition)
and let (Up,)nmen be a countable neighbourhood basis of e in A. It is easy to see that
the sets (K, Upn,) (where n,m € N) form a neighbourhood basis of the unit element of
G. Hence the assertion follows.

NOTATION 2.9. Let (G;)ier (where I is a non-empty index set) be a family of abelian
Hausdorff groups and put
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G = ZGi = {(Ii)ig € HGi : x; = e for almost all z}

i€l icl

Fix U; € Ug, (e) and let

U(U;)ier == {(xi)iej € ZGi: JF C I finite: x; = e Vi & F
el

Vie F 3k; € N: kxy; € Uy Yk e {1,...,k;} and Zki < 1}.
icF "
It was proved in [40] (pp. 652ff.) that the above sets form a neighbourhood basis of e
of a Hausdorff group topology on G (cf. 2.5). It is called the asterisk topology and is, in
general, finer than the rectangular topology on G. If I is countable, it coincides with the
rectangular topology ([40], p. 654).

REMARK 2.10. The asterisk topology on sums of Hausdorff groups is the analog of the
locally convex direct sum of locally convex vector spaces. [Cf. [74], p. 55.]

NOTATION 2.11. A net (z;)jes in an abelian topological group G is named a Cauchy
net if for every U € Ug(e) there exists jo € J such that x; — x5 € U for all 4,5 > jo.
An abelian Hausdorff group G is called complete if every Cauchy net converges. (This is
equivalent to: the uniformity generated by the neighbourhoods of e is complete.)

REMARK 2.12. The topology of a complete abelian metrizable group is generated by a
complete metric. [Cf. Theorem (8.21) in [34], p. 68.]

THEOREM 2.13. For every abelian Hausdorff group G, there_erists a complete abelian
Hausdorff group G and a homomorphic embedding ¢ : G — G such that ¢(G) is dense
in G. Up to topological isomorphism, G is unique. If G is metrizable, so is G.

G is called the completion of G.
PROOF. See e.g. Theorem (10.15) in [69], p. 181.

LEMMA 2.14. Every completely metrizable subset M of a metrizable space X is a Gs
subset of X.

PROOF. See e.g. Theorem (4.3.24) in [26].

COROLLARY 2.15. The intersection of two dense completely metrizable subsets of a non-
empty metrizable space X is not empty.

PROOF. Since every completely metrizable space is a Baire space and 2.14 holds, it is
sufficient to show that the intersection of a dense Baire space B C X with a dense G
subset A C X is not empty.

Let U, C X be open subsets such that A = mnGN U,. Since B and U, are dense in X,
the intersections B N U, are dense open subsets of B. Hence AN B =, .n(Un N B) is
not empty.

THEOREM 2.16. If G is an abelian metrizable group such that its topology is induced by
a complete (not necessarily invariant) metric o, then G is a complete group.
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PROOF. Let G denote _the completion of G, which is metrizable according to 2.13. We
are to show that G = G. B B

We observe that for every x € G the completely metrizable space 2G is dense in G.
Corollary 2.15 implies that G NG # @ for every x € G, which means that € G. Hence
the assertion follows.

PROPOSITION 2.17. Fvery continuous homomorphism ¢ : Hy — G, where Hy is a sub-
group of the abelian Hausdorff group G1 and Gg is a complete abelian Hausdorff group,
can be extended to a continuous homomorphism H, — Gs.

PROOF. The idea of the proof is pointed out in (23.30) in [34], p. 369.

PROPOSITION 2.18. Let K be a compact subgroup of the abelian Hausdorff group G. The
canonical projection m: G — G /K is perfect and closed, and the inverse image under T
of each compact subset of G/K is a compact subset of G.

PROOF. This is a consequence of (5.18) in [34] and (3.7.2) in [26].

REMARK 2.19. Let (Uy,),en be a decreasing set of symmetric neighbourhoods of a topo-
logical group such that U, 1 + U,4+1 C U, for all n € N. Then ﬂneN U, is a subgroup.

PRrROPOSITION 2.20. An abelian Hausdorff group G is an almost metrizable space if and
only if there exists a compact subgroup H < G such that G/H is metrizable.

PROOF. Assume first that G is almost metrizable. There exists a compact set K contain-
ing e which has a countable neighbourhood basis (Up,),en. It is possible to find symmetric
neighbourhoods W,, € U (e) such that KW, C U, (cf. (4.10) in [34]) and W2, ; C W, =
W1, Then we get W, 41 C W,, and H := MNpeny Wn = Nyen W, is a closed subgroup of
G (2.19). As a consequence of 1.28 (setting W,, = G = X), H is compact and (W,),cn
is a neighbourhood basis of H. Let 7 : G — G/H denote the canonical projection. For
each open neighbourhood W € Ug y(e) the inverse image satisfies H C 7' (W) and
hence W,, C 7=1(W) for suitable n € N. Since 7 is open, the sets (7(W},)),en form a
neighbourhood basis of eq/ . Now, 2.7 implies that G/H is metrizable.

Conversely, assume there exists a compact subgroup H such that G/H is metrizable.
Let 7 : G — G/H denote the canonical projection and let (W,),en be a countable
neighbourhood basis of 7(e). For an open set W including H we get (W) € Ug/p(e),
since 7 is open. Hence W,, C m(W) for suitable n € N. This shows that (7=1(W,,)),en
forms a neighbourhood basis of H. The assertion follows, since G is homogeneous.

COROLLARY 2.21. An abelian Hausdorff group G is Cech-complete if and only if there
exists a compact subgroup H such that G/H is complete and metrizable.

PROOF. By assumption, or according to 1.30 and 2.20, there exists a compact subgroup
H of G such that G/H is metrizable. The canonical homomorphism 7 : G — G/H is
perfect (2.18). Hence G is Cech-complete if and only if G/H is Cech-complete (1.26).
The assertion follows from 1.25(ii) and 2.12 and 2.16.

NOTES 2.22. 2.6 generalizes Lemma 1.7 in [59]. The characterization of Cech-complete
and of almost metrizable groups as well as 2.16 and 2.15 (due to Pasynkov [60] and [61];
cf. also [19]) are taken from a manuscript of G. Turnwald.
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3. Elementary properties of homomorphism groups

The aim of this chapter is to establish some elementary facts on homomorphism groups.
Assume that (G,+) and (A4, +) are abelian topological groups and further that A is a
Hausdorff space.

Let Hom(G, A) denote the set of all continuous homomorphisms G — A. Let S be a
family of subsets of G which is closed under forming finite unions. According to 2.5, the
sets of the form

P(S,V):={x € Hom(G,A) : x(S) C V}

where S € § and V' € Uy (e) form a neighbourhood basis of the unit element for a group
topology on Hom(G, A); it is named the topology of uniform convergence on all elements
of S.

This topology is Hausdorff if | Jg s S = G.

By Hom, (G, A) (Homy,(G, A)) we denote the homomorphism group endowed with
the topology of uniform convergence on all finite (totally bounded) subsets of G. By
Hom, (G, A) we denote the group endowed with the compact-open topology. (Even if G is
not a Hausdorff space, the compact-open topology is a Hausdorff topology on Hom(G, A)
and the group operations are continuous with respect to this topology.) If no confusion
can arise, we write Hom(G, A) instead of Hom.(G, A).

REMARK 3.1. (i) If G is a Hausdorff group then the compact-open topology on Hom(G, A)
coincides with the topology of uniform convergence on all compact subsets of G. [Since
Hom(G, A) is a subgroup of C(G, A), this is a consequence of 2.6.]

(ii) Hom, (G, A) can be considered as a subgroup of AY (endowed with the prod-
uct topology). [Let Ggq denote the group G endowed with the discrete topology. Since
Homy, (G, A) can be identified with a subgroup of Hom(Gq, A), the assertion follows from

(i)]

NOTATION 3.2. Suppose now that A is a locally compact abelian group which has a
compact symmetric neighbourhood Uy that contains only the trivial subgroup. Put S° :=
P(S,Uy).

In the sequel, the following two cases will be important:

e A=Tand Uy={z€T:Rez >0}, and
e A=TRand Uy =[-1,1]

REMARK 3.3. Let A and Uy € U4 (e) be as above.

(i) The sets Uy, :={x € Uy : kx € Uy Vk € {1,...,2"}} form a neighbourhood basis
of e € A. [Fix an open neighbourhood U € Ua(e). The sets U,, are compact, symmetric
and decreasing. For x € [,y Un we get (x)7 C [),cny Un and hence (), .y Un = {e}.
1.27 implies U,, C U for a suitable n € N.]

(ii) For every subgroup H < G, we have H® = {x € Hom(G, A) : x(H) = {e}}. In
particular, if G is compact then Hom.(G, A) is discrete. [For x € H°, we see that x(H)
is a subgroup of A contained in Uy. By assumption, it must be trivial.]
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(iii) It is a consequence of some structure theorems for locally compact abelian groups
that A 2 R™ x T™ x D where n,m € Ny and D is a discrete abelian group. [Cf. [42],
p. 518 and Theorem (9.8) in [34].]

PROPOSITION 3.4. (i) For every abelian Hausdorff group G, the sets of the form S° where
S is a finite (compact, totally bounded) subset of G form a neighbourhood basis of e in
Hom, (G, A) (Hom.(G, A), Hom,(G, A)).

(ii) A homomorphism x : G — A of the topological group G into A is continuous if
and only if there exists W € Ug(e) such that x € WO.

PROOF. (i) For V' € Usom(a,4)(e), where Hom(G, A) is endowed with the topology of uni-
form convergence on all finite (compact, totally bounded) subsets of G, there exist a finite
(compact, totally bounded) subset S C G and U € U4 (e) such that P(S,U) C V. Further-
more, there exists n € N such that U, C U (3.3(i)) and hence P(S,U,) C P(S,U) C V.
The set S := (SU{e})?" := {Ef; xj :x; € SU{e}} is finite (compact, totally bounded)
and for y € 5% and = € S, we get X(Z?:l z) € Uy for k € {1,...,2"}, which means
x(x) € U,. Hence S° C P(S,U,) C V.

(ii) The condition is obviously necessary. To prove the sufficiency, we only have to show
that x*(U,) € Ug(e) for all n€N (3.3(i)). By assumption, there exists W € Ug(e) such
that W2" C x~'(Up). For z € W we get X(Z?:l z) € Uy for k € {1,...,2"}, which
implies x(W) C U, (3.3(i) again).

In the sequel, we will often need the assumption that

(*) G is a Hausdorff group and A is compact, or G contains no proper open subgroup.

PROPOSITION 3.5. Suppose (x) holds. Let W € Ug(e). Then WP is a compact subset of
Homy, (G, A) (and hence of Hom.(G, A) and Hom, (G, A)).

ProOF. The following canonical homomorphisms are continuous:
Homy, (G, A) — Hom,(G, A) — Hom, (G, A) — AC.

The last homomorphism is an embedding (3.1(ii)). The image of W° in A% is {x : G —
A : x is a homomorphism and (W) C Up} (3.4(ii)). It is closed in A%, since Uy is closed
in A and the set of homomorphisms of G into A is a closed subgroup of A%. If A is
compact then {x(z) : x € W°} has compact closure in A for all x € G. On the other
hand, if G contains no proper open subgroup, then each z € G can be represented in the
form x = 377, x; (for suitable n € N and z; € W U (=W)) and hence {x(z) : x € woy
is contained in the compact set Ug. Now it is a consequence of the Tikhonov Theorem
that WO, considered as a subset of A or Hom,, (G, A), is compact.

Hence it suffices to show that the topologies on W9 induced by Homg, (G, A) and
Hom,, (G, A) coincide. Let therefore xo € W° and V € Utiom,, (¢, 4)(X0). According to
3.4(i), there exists a totally bounded subset S C G such that V' := (xo +S°)NnW° C V.
According to 3.3(i), there exists n € N such that U,, + U, + U, C Uy. For W’ € Ug(e)
such that (W')?" C W, there exist s1,..., s, € S such that S C Uj=,(sj +W’). Then
we have (xo + P({s1,---,8m},Un)) N W? C V'. [Choose any x in the set on the left.
Since x,x0 € WP, it is a consequence of 3.3(i) that x(W’) C U, and xo(W') C U,.
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Since each s € S is of the form s = s; + w for suitable j € {1,...,m} and w € W/, we
get (x — x0)(s) = (x — x0)(s5) + x(w) — xo(w) € Up + U, + U, C Up.] This proves the
assertion.

EXAMPLE 3.6. Set A := R and G := Ry (the reals with the discrete topology). Then
{0}° = Hom(G, A) (3.3(iii)), which cannot be compact, since {x(1) : x € {0}°} = R is
not totally bounded. This shows that the assumption (x) in 3.5 cannot be omitted.

NoOTES 3.7. The special cases of 3.4 and 3.5 where A = T are standard.

4. Homomorphism groups of abelian metrizable groups

In this chapter we examine the case of homomorphism groups Hom(G, A) where G is an
abelian metrizable group.

As in the last chapter, let A be a locally compact abelian group which has a compact
neighbourhood Uy that contains only the trivial subgroup. We retain condition ().

LEMMA 4.1. Let H be a dense subgroup of the abelian Hausdorff group G and let v : H—
G be the canonical embedding. Then 1* : Hom (G, A) — Hom.(H,A),x — x o, is a
continuous isomorphism.

PROOF. Since ¢ is continuous and has dense image, ¢* is a continuous monomorphism.
The surjectivity of +* follows from 2.17. (A, being a locally compact abelian group, is
complete!)

LEMMA 4.2. Suppose (%) holds. Let Wo C W1 be open neighbourhoods of e in an abelian
Hausdorff group G, let V. C Hom.(G,A) be an open neighbourhood of e in the k-
refinement of Hom.(G, A), and let D be a dense subspace of G. For every M C G satisfy-
ing (MUW1)? C V| there exists a finite subset F' C W1ND such that (MUFUW,)? C V.

PROOF. Let F be the set of all finite subsets of W1 N D. Assume Vi := (M UF U W2)0 N

(G*\V)=M°NF'N(G*\V)NWS # 0 for all F € F. Since VF is a closed subset

of the compact set W2 (3.5) and, for Fi,..., F, € F, we have ﬂ?:l Vi, 2 VUn o We
j=1

get Nper Ve # 0. From Nper F* = (Uper F)° = (WiND)? = WY (since Wi N D is
dense in Wy) we obtain ) # M° N (Nper FO)NWEN (G \V) = MONWP N (G*\V),
contradicting the assumption.

THEOREM 4.3. Assume (x) holds. Let G be an abelian metrizable group. For every neigh-
bourhood V of e in the k-refinement of Hom (G, A) and every dense subspace D C G,
there is a sequence (an)nen in D converging to e such that {a, :n € N}° C V.

PROOF. We may assume that V' is an open neighbourhood of e in the k-refinement. Let
(Wi )nen be an open neighbourhood basis of e in G such that W7 = G and W, 11 C W,
(for all n € N). Since {e} = WP C V (3.3(ii)), we can inductively find finite subsets
F, € DN W, such that (J,., Fx)° "W, CV (4.2). Since DNW,, # 0 for all n € N
we may assume F,, # () as well. Hence there exists a sequence (ay),en in D converging
to e and satisfying {a, : n € N} = Upen Fr- From V 2 U, en((Upe,, Fx)° N WY) 2
(Uren Fe)? N Unen W = {an : n € N}°, the assertion follows.
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COROLLARY 4.4. Suppose (x) holds. Let D be a dense subspace of the abelian metrizable
group G. The sets of the form {a, : n € N}°, where (an),en in D tends to e, form a
neighbourhood basis of e in Hom.(G, A).

PRrOOF. This is a direct consequence of 4.3.

COROLLARY 4.5. Suppose (x) holds. Let « : H — G denote the canonical embedding
where H is a dense subgroup of an abelian metrizable group G. Then * : Hom (G, A) —
Hom.(H,A), x — x o, is a topological isomorphism. In particular, Hom.(G,T) =
Hom.(H,T) and, if G is connected, Hom.(G,R) = Hom.(H, R).

PROOF. Because of 4.1, it is sufficient to show that (* is open. Therefore, let V €
Utiom,(c,4)(€). According to 4.3 (or 4.4), there exists a sequence (h,, ),en in H converging
to e such that {h, : n € N} = ({h, : n € N}U {e})° C V. Since {h, : n € N} U {e} is
compact, the assertion follows.

EXAMPLE 4.6 (Turnwald). Let H denote the set of integers endowed with the weak
topology. (This is the group topology induced by the homomorphism Z — TT, & —
(2%),er.) G, the completion of H, is a compact group and hence Hom, (G, T) is discrete
(3.3(ii)). According to the Glicksberg theorem on weakly compact sets (cf. [30] and [14]),
Hom.(H,T) = Hom.(Z,T) = T is compact (and not discrete).

This example shows that in the above corollary “metrizable” cannot be replaced by
“compact”.

COROLLARY 4.7. Under the assumptions of the theorem we have: For every abelian metriz-
able group G, the homomorphism group Hom.(G, A) is a hemicompact k-space. In par-
ticular, Hom.(G, T) and, if G is connected, Hom.(G,R) are hemicompact k-spaces.

ProoOF. 4.3 implies that for every neighbourhood W of e in the k-refinement of
Hom,.(G, A) there is a compact subset K C G such that K 0 C W. Since the k-refinement
of Hom,(G, A) is homogeneous (1.6) it coincides with the given topology.

According to 1.3 and 1.32, every compact subset of Hom.(G, A) is equicontinuous and
hence contained in W for a suitable W € Ug(e). Since G has a countable neighbourhood
basis (W, ),en of e, it follows from 3.5 that the polars (W), cn form a cobasis for the
compact subsets of Hom.(G, A).

REMARK 4.8. If G is an abelian Hausdorff group and a hemicompact space then
Hom.(G, A) is metrizable. [This follows immediately from 3.4(i) and 2.7.]

LEMMA 4.9. Assume (%) holds. If G is a k-space then the compact subsets of Hom.(G, A)
and Homyy, (G, A) coincide.

PROOF. It suffices to show that every compact subset K of Hom.(G, A) is contained in a
compact subset S of Homy, (G, A). By 1.32, K is equicontinuous, which means that there
exists a neighbourhood W € Ug(e) such that K C W9 Now, 3.5 implies that W0 is a
compact subset of Homyy, (G, A).

THEOREM 4.10. Let H be a dense subgroup of the abelian metrizable group G. Suppose
that A is compact or that H and G are connected. Then

Homyy, (H, A) = Hom.(H, A) =2 Hom.(G, A) = Homy, (G, A).
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PROOF. Because of 4.5, it suffices to show that Hom.(G, A) = Homy, (G, A) is valid.
Therefore, let S be a totally bounded subset of G. It is a consequence of 4.9 that S°
is a neighbourhood of e in the k-refinement of Hom.(G, A) and hence, because of 4.7, a
neighbourhood of e with respect to the original topology.

PROPOSITION 4.11. If G is an abelian Hausdorff group and a k-space then Hom.(G, A)
is complete; in particular, Hom.(G,T) is complete.

PROOF. Let (x;)jes be a Cauchy net in Hom.(G, A). It converges uniformly on every
compact subset of G to a homomorphism x : G — A. Since the restriction of x to every
compact subset is continuous, 1.5 implies that x € Hom(G, A) and hence it is the desired
limit.
NOTES 4.12. 4.1 is a standard result, 4.2 and 4.3 generalize the Lemma on p. 150 and the
Theorem on p. 151 of [74]. (Cf. also [23].) 4.6 is taken from [82]. For the case A = T, the
assertion in 4.7 concerning hemicompactness and 4.8 have been proved by Noble ([58]).
4.10 and 4.11 generalize (17.4) and (1.11) in [8].

The results of this chapter for A = T have been found independently by M. Chasco
and they have recently been published ([21]).

5. Some results in duality theory

In this chapter we recall the basic definitions and facts of duality theory. Using the
notation of the last chapter, we put for an abelian topological group G,
G, := Homy,(G,T), G7:=Hom.(G,T), in = Homyy, (G, T).

G* is called the character group of G and the continuous homomorphisms x : G — T are
named characters. If no confusion can arise we write G* instead of G7.

Taking into consideration 3.4(i), a neighbourhood basis of eg+ for a Hausdorff group
G is given by the sets

K':= P(K,{z€T:Rez>0})

where K C (G is compact.
We use the abbreviation

R:={z€T:Rez>0}.

Since G* is an abelian Hausdorff group (this follows from the remarks preceding
3.1), we are able to form the character group of G*. This gives rise to the canonical
homomorphism

ag:G—G™, me (x — X(@).

Observe that G* — T, x — x(z), is a character of G* for all z € G since {z} is a compact
subset of G. Hence a¢ is well defined.

DEFINITION 5.1. A topological group G is called (Pontryagin) reflexive if o is a topo-
logical isomorphism.

As a consequence of 4.11 and 4.7 we have:
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PROPOSITION 5.2. Every reflexive metrizable group is complete.
We will see in 8.11 that there exist reflexive groups which are not complete.
THEOREM 5.3. Every locally compact abelian group is reflexive.

PROOF. This is the famous Pontryagin—van Kampen theorem. See e.g. Theorem 52 in
[67], p. 273 or Theorem (24.8) in [34], p. 378 or Theorem 23 in [55], p. 84 or Theorem
(1.7.2.) in [72], p. 28.

THEOREM b5.4. Products of reflexive groups are reflexive. Moreover, for abelian Hausdorff
groups G; (i € I), the following mappings are topological isomorphisms:

(ZGZ)* - HG;‘F’ X (X o wi)ier,
il il

where p; : G; — Ejel G; denotes the canonical embedding and .. ; G; is endowed with

the asterisk topology; and

(HGi)*—)ZGrv X = (X ©¥i)ier,

i€l i€l

icl

where ; : G; — Hjel G; denotes the canonical embedding and Eiel G7 is endowed with
the asterisk topology.

PROOF. This is the main theorem of [40].

In the case of vector spaces there exists an important connection between the character
group and the topological dual:

PROPOSITION 5.5. Let V be a topological vector space. The mapping o: V' — V*, f—
e2™f is an isomorphism. Moreover, if V is a Hausdorff space and both the topological
dual V' and the character group V* are endowed with the compact-open topology then o
is a topological isomorphism.

PROOF. A proof can be found in [8], p. 18, Proposition (2.3). See also [77], Lemma 1.
THEOREM 5.6. Every Banach space is a (Pontryagin) reflexive group.

PROOF. This was first proved by Smith (cf. [77]). Another proof can be found in [§],
p. 140, Proposition (15.2). (Cf. also 8.18.)

NOTATION 5.7. Let G be a topological group and let H be a Hausdorff group. Every
continuous homomorphism ¢ : G — H gives rise to a continuous homomorphism ¢* :
H* — G*, x — x o . It is called the dual homomorphism of .

For a subgroup Gy of a topological group G' we put Gy = {x € G* : x(Go) = {1}}
(cf. 3.3(ii)); G is called the annihilator of Gy (in G*).
REMARK 5.8. For a topological group G we have o, o ag- = idg«. [For x€G* and 2€G
we have ag; o ag-(x)(z) = ac-(x)(ac(2)) = ac(z)(x) = x(z).]
PROPOSITION 5.9. The character group of a reflexive group G is reflexive.
PRrROOF. The assertion follows from 5.8.

ProprosiTION 5.10. For a Hausdorff group G, the canonical homomorphism ag is con-
tinuous if and only if every compact subset of G is equicontinuous.
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PROOF. ag is continuous if and only if for every compact subset of K C G* and every
V € Ur(1) the inverse image ag'(P(K,V)) belongs to Ug(e). This is equivalent to:
For every compact K and every V there exists U € Ug(e) such that ag(U) C P(K,V)
(& x(x) =ag(z)(x) € V for all x € K and z € U). The assertion follows.

PROPOSITION 5.11. For every Hausdorff group G, the restriction of ag to compact
subsets of G 1is continuous.

PROOF. See e.g. Lemma 1 in [46], p. 68 or Theorem 2.3 in [58], p. 556.

COROLLARY 5.12. If an abelian topological group G is a k-space then ag is continuous.
In particular, if G is metrizable then ag is continuous.

PROOF. This follows from 5.11 and 1.5. Alternatively: This is a consequence of 1.32 and
5.10. Observe that every metrizable space is a k-space (1.3).

PROPOSITION 5.13. Let G be a Hausdorff group. If ag is an open isomorphism, then
Qg+ 1S continuous.

PROOF. We have to show that every compact subset K of G** is equicontinuous (5.10).
Fix V € Up(1). By assumption, ag'(K) is a compact subset of G. Since P(ag' (K),V) €
Uc-(e), it remains to observe that K C P(P(ag'(K),V),V): let ag(z) € K and x €
P(ag'(K),V). Then ag(z)(x) = x(z) € V.

DEFINITION 5.14. A subgroup H of a topological group G is called dually closed in G if
for every x € G\ H there exists a character y € H+ such that y(z) # 1.

H is named dually embedded in G if every character of H can be extended to a
character of G.

REMARK 5.15. Every dually closed subgroup is closed.

Let H be a subgroup of a Hausdorff group G. Then H is dually closed in G if and
only if ag/p is injective.

If « : H — G denotes the embedding, then H is dually embedded in G if and only if
L* is surjective.

Every open subgroup H of an abelian topological group G is dually closed and dually
embedded. [This is an easy consequence of the fact that ag is injective for every discrete

abelian group G and 2.3.]

PROPOSITION 5.16. For a continuous homomorphism ¢ from the abelian topological group
G into the Hausdorff group H, we have o(G)* = ker ¢*.

PRrOOF. This follows immediately from the definitions.

LEMMA 5.17. Let p : G — H be a continuous homomorphism between abelian Hausdorff
groups. If ¢ is compact-covering then ©* is an embedding.

PROOF. Since ¢ is a continuous surjection, ¢* is a continuous monomorphism (5.16).
So it remains to show that ¢* is open with respect to its image. Let therefore Kg be
a compact subset of H and let V € Up(1). For a compact subset K¢ C G satisfying
o(Kg) = Kpg we get o*(P(Kg,V)) 2 ¢*(H*) N P(Kg, V), which implies the assertion.
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THEOREM 5.18. Let ¢ : G — H be a continuous open homomorphism with compact
kernel between the abelian Hausdorff groups G and H. Then ¢* is a continuous open
homomorphism with compact kernel.

PROOF. This is Lemma (2.5) in [13].

DEFINITION 5.19. A topological group G is called a c-group if ag is continuous. It is
named a ¢ -group if all successively formed character groups are c-groups.

PROPOSITION 5.20. The character group of an abelian almost metrizable group G is a
k-space and G** is Cech-complete.

PROOF. According to 2.20, there exists a compact subgroup H < G such that G/H is
metrizable. It follows from 2.18 that the canonical projection 7 : G — G/H is compact-
covering and it is a consequence of 5.17 that 7* is an embedding. One easily verifies that
the image of 7* is the open subgroup H* (3.3(ii)). Hence H= is topologically isomorphic
to the k-space (G/H)* (4.7). Topologically, G* is the sum of translates of H+ and hence
a k-space. (Cf. Theorem (3.3.26) in [26].)

According to 5.18, the dual homomorphism of the embedding H+ — G* is a con-
tinuous open homomorphism with compact kernel H++ (5.18 and 5.16); furthermore,
it is surjective (5.16 and 5.15). Hence G**/H++ = (H+)* = (G/H)**. It follows from
4.7, 4.8 and 4.11 that (G/H)** is a complete metrizable group. Hence the assertion is a
consequence of 2.21.

COROLLARY 5.21. Every abelian almost metrizable group is a ¢ -group.

PRrROOF. According to 1.24, every abelian almost metrizable group G is a k-space. It
follows from 5.20 that G* is a k-space. According to 5.12, ag and ag~ are continuous.
The assertion is a consequence of 5.20 and 1.30.

PRroOPOSITION 5.22 (Vilenkin). Let G be a topological group such that ag and ag- are
continuous. Then G*** = ag-(G*) ® ag(G)*.

PrOOF. Consider the mapping 7 : G*** — ag-(G*), n — ag-(ag(n)). By assumption,
7 is a continuous homomorphism. 5.8 implies o (ag+(x)) = x (for all x € G*). Hence
we get T(ag+ (X)) = ag-(x). This means 7|,. (g+) = ida,. (g+). Since n € ker7 if and
only if o (n)(z) = n(ag(z)) =1 for all x € G we get ker m = ag(G)+. This implies the
assertion.

REMARK 5.23. I am not aware of any topological group G where ag(G)* # {eg«}.

PROPOSITION 5.24. Let H be a dually closed subgroup of a Hausdorff group G such that
ag is an open isomorphism. Let 1 : H — G denote the embedding. Then oy is an
open isomorphism if and only if ** is injective. Moreover, if am is continuous, then
H** = ay(H) ® ker 1**.

PROOF. Consider the following commutative (!) diagram:
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Since ag is injective, so is agr. For U eUg(e) we get ag (U NH)=ay(H) N ag(U)).
[“C” is trivial. For x € H such that /**(apg(z)) € ag(U) we get ag(zr) € ag(U) and
hence x € U, which implies “2”.] This shows that ay is open with respect to its image.

Assume that ay is onto. For x € H such that ag(x) € ker ™ we have ag(z) =
*(ap(x)) = ege~. Hence = e and ** is injective.

Conversely, assume that ker ¢** is trivial. Fix x € H**. By assumption, there exists
x € G such that ag(r) = ** (k). It suffices to show that x € H. Otherwise, there exists
X € Ht such that 1 # x(z) = ag(z)(x) = v**(k)(x) = £(t*(x)) = k(x|z) = 1, which
gives the desired contradiction.

Assume now that ay is continuous. Since H is dually closed in G, we have ag' (H+1)
= H and (in general) **(H**) C H+*. By assumption, the mapping 7 : H** — ay(H),
7 — ag(ag' (1**(1))), is a (well defined) continuous homomorphism. For x € H, we get
" (ag(r)) = ag(x); this implies that 7|q, gy = ida, (). Since agy is injective, we get
ker m = ker ¢**, which implies the assertion.

COROLLARY 5.25 (Noble). Let H be a dually closed and dually embedded subgroup of a
topological group G. If ag is an open isomorphism, then so is apy.

PROOF. Let ¢ : H — G denote the embedding. By assumption, ¢* is surjective (5.15) and
hence +** is injective (5.16). Now, the assertion follows from the above proposition.

PROPOSITION 5.26. Let (an)nen be an orthogonal system in €2. Then H = (a, : n € N),
is a dually closed subgroup which is reflexive.

PROOF. Let Y C ¢2 be an orthonormal system such that {a,/|la,| : n € NtUY is a
complete orthonormal system. Then we get

H={zclf:2-y=0VycY and x-a, € ||a,|* - Z ¥n € N}

(where z -y denotes the standard inner product). “C” is trivial. To prove the converse in-
clusion, observe that every @ € £% has the formz = 3=, _n(2-an)an/|lan|*+3, cy (2 - y)y.
Now it follows easily that H is dually closed.

Let ¢ : H — (2 denote the embedding. Because of 5.24 and 5.16, H is reflexive if
we can show that the image of +* is dense. For x € H*, there exists € > 0 such that
X(HNeB) C R (where B denotes the closed unit ball of £2). According to 4.4, it suffices
to show that for every sequence (Zm,),en in (an :n € N), tending to 0, there exists
Y= 25:1 Nnan € €2 such that exp(2miy - T )x(Tm) € R. Let ., = > neN kmnan (and
Kmn € Z). Then &, — 0 is equivalent to 3, n k2, ,[lan]|* — 0 as m — oo; hence, there
exists mg € N such that

> kL llanl* <€ Ym > myg
neN

and there exists N € N such that
Z k?n,nHa’n”Q <€2 Vmé{l,...,mo},
n>N

For 7,, € R such that €™ = x(a,) and y = Zﬁle(nn/HaHHQ)an, we get
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N S
exp(2miY - T )X (Tm) = €xp (27m' Z nnkmm) H X (@ )Fmn
n=1 neN

= X( Z kmﬂnan) € R,

n>N

since ), oy kmnan € HNeB for all m € N.

REMARK 5.27. The above proposition shows that the closure of H := ((1/y/n)ey)y is a
dually closed subgroup of £2 which is reflexive. But H is not dually embedded in ¢

x:H—T, Z%en»—»exp (2771'2%),
neN neN

is a character, since | Y, - kn/n| <D cnka/n=1>cn(kn/v/n)en]?. Since 3, o, 1/n
= 00, there exists no sequence (n,,) € €% such that exp(2win,//n) = exp(2mi-1/n) =
x((1/y/n)ey,) for all n € N. According to 5.5, H is not dually embedded in ¢2.

It follows from 4.5 that H* = H . This shows that there exist reflexive, dually closed
subgroups of reflexive groups which are not dually embedded.

Observe further that H is a compactly generated subgroup.

LEMMA 5.28. For every projective system {G;, pi, iy, [} of topological groups G; having
the property that ag, is injective, the projective limit Go is dually closed in [];c; Gi.
More precisely, Gy is the intersection of the kernels of all characters of the form (x;) —
Xiy (@irin (Tiy) — x4,) where x4, € G, and i1 <ip € 1.

PROOF. Let (yi)ier € [[;c;Gi \ Go. There are iy,i2 € I such that ¢;,i,(yi,) # ¥i,
and, by assumption, a character x;, € G such that x;, (vi,i,(¥i,) — ¥i,) # 1. Hence
Xt (m3)ier = Xi, (Piyin(Tiy) — x4,) is a character belonging to Gg- and x((yi)ier) # 1.
Conversely, G is contained in the kernel of each of these characters.

NOTES 5.29. I am indebted to W. Banaszczyk for providing me with a translation of [85]
which was originally published in Russian. This led to 5.22; the proof given here is much
simpler. 5.8, 5.9, 5.10, 5.15 and 5.16 are standard results. 5.25 is a consequence of the
proof of Theorem (3.1) in [58], p. 558. 5.24, which generalizes this result, is new. 5.26
and 5.27 show that 5.24 is really stronger than 5.25. The first parts of 5.20 and 5.21 were
obtained jointly with G. Turnwald.

6. Locally quasi-convex groups

In the realm of topological vector spaces it is important to consider locally convex spaces.
Since it is not clear how to define linear combinations in an arbitrary topological group, we
use the description of convexity given by the Hahn—Banach Theorem to define something
similar for topological groups. Vilenkin was the first who defined locally quasi-convex
groups ([85]) for abelian groups with a boundedness (cf. §18 in [8]). Afterwards, W. Ba-
naszczyk generalized this setting to arbitrary topological groups and pointed out its
importance in connection with duality theory.
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DEFINITION 6.1. A subset A of a topological group G is called quasi-convez if for every
x € G\ A, there is a y € A® such that x(z) ¢ R.

A topological group G is called locally quasi-convex if it has a neighbourhood basis
of e consisting of quasi-convex sets.

If we had taken another (symmetric and sufficiently small) neighbourhood of 1 € T,
the quasi-convex sets would change. The setting of local quasi-convexity does not depend
on the neighbourhood selected.

Obviously, local quasi-convexity is invariant under topological isomorphisms.

PROPOSITION 6.2. (i) A C G is quasi-convex if and only if A = [ 0 X YHR). In
particular, every quasi-conver set is closed, symmetric and contains ker ag.

(ii) The intersection of any family of quasi-convez subsets of a group is quasi-convet.

(iii) Let ¢ : G — H be a continuous homomorphism where G and H are topological
groups. For every quasi-convex subset A C H the inverse image ¢~ '(A) is a quasi-convex
subset of G.

(iv) For arbitrary A C G, the set qc(A) == [, ¢ 40 X H(R) is the smallest quasi-convex
set containing A; it is called the quasi-convex hull of A.

(v) For every A C G, we have A° = (qc(A))°.

PROOF. (i) to (iii) are trivial.

(iv) Let C D A be quasi-convex. For z ¢ C there exists y € C° (C A°) such that
x(z) & R. Hence x & [, c a0 X H(R). According to (ii) and (iii), the latter set is quasi-
convex. (Observe that R C T is quasi-convex.) Hence (iv) follows.

(v) Since A C qc(A), “D” is clear. The other inclusion follows from (iv).

LEMMA 6.3. For V,, := {e*>™ : |t| < 1/(4n)} (n € N) we have: z € V,, if and only if
FeVi=Rforal ke{l,.. . n}

PROOF. The first condition is obviously sufficient for the second. So, choose any z = 2™
(t € [-1/2,1/2]) such that z¥ € R for k € {1,...,n}. We have |t| < 1/4 since z € R. We
may assume ¢ # 0. Hence there exists m € Nsuch that 1/(4(m + 1)) < |¢| < 1/(4m). This
implies 2™ %! ¢ R and hence m > n. This in turn shows that [t| < 1/(4n) and z € V,,.

EXAMPLE 6.4. The connected quasi-convex neighbourhoods of 1 € T are exactly V,
(n € N) and T. [Obviously, T is quasi-convex. Since V,, = (,_;{z € T : zF € R} (6.3)
these sets are quasi-convex (and connected). Conversely, let V' # T be a quasi-convex
connected neighbourhood. Being homeomorphic to a real interval (and symmetric and
closed) it must have the form {e*™% : |t| < x} for a suitable z € ]0, 1/2[. One easily verifies
that {e*™ : |t| < y} cannot be quasi-convex for y € ]1/4,1/2[. Hence we have z < 1/4.
Let k € N be maximal with the property that x < 1/(4k). Since V is connected, we have
VO ={x;:|jl <k} (where x; : T — T, z +— 27). This implies V = i<k X H(R) =V
(see 6.3).]

PROPOSITION 6.5. A Hausdorff topological vector space is locally convex if and only if it
is a locally quasi-convex group.

PROOF. This is Proposition (2.4) in [8].
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PROPOSITION 6.6. Every character group of a Hausdorff group G endowed with the topol-
ogy of uniform convergence on all compact (or totally bounded or finite) subsets is locally
quasi-convez. In particular, every reflexive group is locally quasi-conver.

PROOF. According to 6.2(ii) and (iii), the polar S° = ", g ag(2) "' (R) of an arbitrary
subset S of G is quasi-convex. The assertion follows from 3.4(i), 6.2(ii) and (iii).

LEMMA 6.7. For every finite family (N;)jer € NI such that >
exists a subset Fy C F such that

jer 1/(Nj+1) > 1, there

1 1
1<y —— <> —<2
jer Nt g N
PROOF. Let Fy C F be minimal with the property that > . . 1/(N; +1) > 1 (this
means that >, 1/(N;j +1) < 1 for every proper subset I’ C Fp). We claim that Fy
has the desired properties. Put Fy := {j € Fy : N; = 1}.
If F1 =0, then N; > 2 (for all j € Fy) and hence

Zi<§ 1 <§(1+l)_2
bt N; — 2j€F0 N;j+1 2 3

(by the minimality of Fp).
Let [F1| = 1. One easily checks that }°;c\p 1/(N; +1) < 2/3 and hence

1 3 1

— <14 = <2
2w Sty 2 wmais
JjE€Fo JEFo\F1

If |F1| = 2, the assertion is trivial since this implies Fy = F}.
By the minimality of Fp, the case |Fy| > 2 cannot occur. This completes the proof.

PROPOSITION 6.8. (i) Every subgroup H of a locally quasi-convexr group G is locally
quasi-convex.

(ii) Bvery product of locally quasi-convex groups is locally quasi-convex.

(iii) Fvery sum of abelian locally quasi-convexr Hausdorff groups (endowed with the
asterisk topology) is locally quasi-convex.

PRrROOF. (i) For every quasi-convex subset U C G the set U N H is quasi-convex in H.
Hence (i) is obvious.

(ii) It suffices to show that the product of quasi-convex sets C; C G; is quasi-convex
in the product [[;.; G;. For (zj)jes € [[;c;Gj \ [ljc; Cj there exists jo € J such
that z;, & Cj,. By assumption, there is a character x € G7, such that x(C; JCR
and x(z;,) ¢ R. Hence x o mj,, where mj, is the canonical projection, has the desired
properties.

(ili) Let G; be locally quasi-convex and put G := Y ._;G,. The assertion follows if

=
we can prove that for arbitrary quasi-convex neighbourhoods W; € Ug,(e) and W; :=
W; + W;,

qC(Uw) - Uﬁ/

where Uy and Us, are the neighbourhoods in the asterisk topology associated with
(W;)jes and (V})je (cf. 2.9).
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Identifying G* with [[;. ; G7 (5.4), we get

6.2(v)
) TTw? < Uh 2 tac()".
JjEJ

[For (y;)jes € Uw there exist a finite set F' C J and (n;);er € NI such that Y ier 1/n;
<1l,yj=eforje J\F and ky; € W; for k € {1,...,n;} and j € F. Hence, for
X; € WP, x¥y;) = xj(ky;) € R for k € {1,...,n;}, which implies x;(y;) € Vi, (6.3).
For arbitrary x; € W7, we get [Licsxi(Wi) = [Ljerxi () € Iljer Vo, € R. (The
last inclusion is an easy consequence of the functional equation of the exponential map-
ping. )]

Fix (z;)jes € qc(Uw). For arbitrary jo € J and xj, € W) and x; = eg: for
J € J\ {Jjo}, we see as a consequence of (x) that [[,;c; x;(x;) = Xj,(zj,) € R. Hence,
Nj = sup{n € N : x;(z;) € Vo, ¥Vx; € W)} € NU {oo} is well defined. Obviously,
F':={j € J: N; < oo} is contained in the finite set F':= {j € J : x; # e}. We get

[Suppose the contrary. According to 6.7, there exists a subset Fy C F” such that

< 2.

NJ TS 2N,

jGF[) JEFL

By the definition of the Nj, we can find x; € W) for j € Fy such that y;(x;) = e*™"
where

1 1
—_— <t < ——
A(N; +1) AN,

Letting x; be the trivial character for j & Fy, we get

1@ =TT xi(a;) =exp (27”' > fj) ¢ R

JjeJ j€Fo JjE€Fy

since

1 1
D = EPIUEDIE L

JEF JEFo ]

By (%), (x;)jes belongs to (qc(Uw))°. This leads to a contradiction.]

Trivially, ZJEF/ 1/N; < 2. For j € F\ F', it is possible to choose N; € N such that
>jer1/Nj <2 Forje Fandke{l.. . N;}andyx;e€ W0 we get x;(kz;) = x}(z;)
€ R (according to 6.3), which implies kz; € W;, since the W; are quasi-convex. Hence
kx; € W; for 1 < k < 2N;. This proves the assertion.

REMARK 6.9. For every subset A C G we have ag(qc A) = A% Nag(G). [This is a direct
consequence of 6.2(iv).]

PROPOSITION 6.10. Let G be an abelian locally quasi-convexr Hausdorff group. Then ag
is injective and o : G — ag(G), * — ag(x), is open. Moreover, the mapping v : G —
(Gi)E, o= (x = x()), is open with respect to v(G).

Conversely: If G is an abelian Hausdorff group such that ag is an embedding, then
G is locally quasi-convex.
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PROOF. Obviously, a¢ is injective. Let U € Ug(e) be quasi-convex. Since ag(U) =
U Nag(G) and UY is a compact subset of G* (3.5) and hence U% € Ug-~(e), the first
assertion follows.

Analogously, v(U) = v(G) N U. According to 3.5, U° is a compact subset of G,
and hence U ¢ U(Gé‘b)é‘,'

Conversely, assume that ag is an embedding. For each U € Ug(e) there exists a
compact subset K C G* such that ag(U) 2 K° N ag(G) (3.4). Since ag is continuous,
K is equicontinuous (5.10) and hence K C VY for a suitable V' € Ug(e). We get ag(U) 2
V9N ag(G) = ag(qe(V)) (6.9). Hence qc(V) C U and the assertion follows.

REMARK 6.11. In 8.27 we will give an example of a complete metrizable abelian topolog-
ical group G which has sufficiently many characters (this means a¢ is injective) which is
not locally quasi-convex.

PROPOSITION 6.12. Let G be a complete locally quasi-convex Hausdorff group such that
ag is continuous. Then ag : G — G** is an embedding with closed image.

PROOF. It follows immediately from 6.10 that ag is an embedding. This implies that
ac(G) is a complete and hence closed subgroup of G**.

COROLLARY 6.13. Let G be a complete locally quasi-conver Hausdorff group with contin-
uous ag. Then G is locally compact if and only if G* is locally compact.

PROOF. Obviously, the condition is sufficient. Let therefore G* be locally compact. Then
G** is locally compact. Hence G, being topologically isomorphic to a closed subgroup of
G** (6.12), is locally compact as well.

LEMMA 6.14. Let A and B be subsets of an abelian Hausdorff group G. Then (AU{e})+
(AU {e}) C B implies qc(A) + qc(A) C qe(B).

PROOF. Let z1,22 € qc(A) and x € (qc(B))Y. According to 6.3, x(A) C V, and, as a
consequence of 6.2(iii) and 6.4, we get x(qc(A)) C Va. Hence x(x1 + x2) C Vo - Vo = R,
which implies the assertion.

LEMMA 6.15. Let H be a dense subgroup of the abelian Hausdorff group G. The sets
(WG)WEL{H(e) form a neighbourhood basis of e in G.

PROOF. This is standard. (Cf. Theorem (1.3.6) in [26].)

LEMMA 6.16. Let H be a locally quasi-convexr group which is dense in the abelian Haus-
dorff group G. Then G is also locally quasi-conver.

PROOF. (1) For every quasi-convex neighbourhood W € Uy (e), we have W c qca(W) €
Ug(e) and qc (W) N H = W. (Here, qc denotes the quasi-convex hull formed with re-
spect to G.) [The first inclusion is a consequence of the fact that qco (W) is closed in G.
Now, 6.15 implies qco(W) € Ug(e) and it is a consequence of 2.17 that (qcg(W)) N
H = Nee :;(W)QR()Z_l(R) NH) = Nyem . x(w)Cr X Y(R) = W (since W is quasi-
convex).|
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(2) For arbitrary U € Ug(e), we have U C (U + U) N H. [Let z € U and let U € Ug(e)
be arbitrary such that U C U. Then (zx+U)N({U +U)NH = (x+U) N H # 0, which
implies (2).]

Now, let U € Ug(e) be arbitrary. By assumption and according to 6.15, there exist
quasi-convex neighbourhoods W, W7 € Uy (e) such that WG CUand W7 + W, C W.

(1),(2) 6.14 —
Hence, qcg(W1) C  ((acg)Wh + (qecg)Wi)NH C (qeg)WNH Yy C U. The
assertion follows from (1).

COROLLARY 6.17. The completion of each abelian, locally quasi-convex Hausdorff group G
is again locally quasi-conver.

PROOF. This is an immediate consequence of (2.13 and) 6.16.

PROPOSITION 6.18. Let (G,0) be an abelian Hausdorff group. The sets of the form
(ac(U))veug(e) form a neighbourhood basis of a locally quasi-convex group topology Oqc
of G which is coarser than the given one and which coincides with O if and only if (G, O)
is locally quasi-conver.

(G, Oqc) is a Hausdorff space if and only if ag is injective.

Algebraically, the character groups of (G,0) and (G,Oq) are the same. If G is
metrizable and ag is injective, then (G, 0)* = (G, Ogc)*.

PROOF. Since every quasi-convex set is symmetric and contains {e}, it follows from 6.14
and 2.5 that the sets (qc(U))veug(e) form a neighbourhood basis of a group topology
Og4c on G. (Observe that qc(Uy N...NU,) € qc(Ur) N...Nqce(U,).) This topology is
obviously coarser than . They coincide if and only if G is locally quasi-convex.

The equality

ﬂ qc(U) = ﬂ ( ﬂ Xﬁl(R)) = ﬂ X HR) = kerag

Uelg(e) Uelg(e) x€eU° XEG*

and 2.5 imply that (G, Oqc) is a Hausdorff space if and only if a¢ is injective.

6.2(iil) implies that, algebraically, the character groups of (G, O) and (G, Oy) are the
same. This shows that (G, Oq) is locally quasi-convex.

Assume now that G is metrizable and that a is injective. Then, according to 2.7,
Oygc is also metrizable. Obviously, (G, Oy)* — (G,0)* is a continuous isomorphism.
It is a consequence of 4.7 that both character groups are k-spaces. Hence it suffices
to show that every compact subset K of (G, 0)* is compact with respect to (G, Oqc)*.
According to 5.12 and 5.10, K is contained in the polar U for a suitable U € Ug(e).
Since (qc(U))? = U by 6.2(v), the assertion follows from 3.5.

NOTES 6.19. Similar results as treated in this section can be found in [85]. 6.2 is a
standard result. Our exposition of 6.3 is taken from a lecture on “Duality theory of
abelian topological groups” (in German) from G. Turnwald. The assertions of 6.6 and
6.8(iii) can be found in [8] on p. 2 and p. 10. The first assertion of 6.10 is Lemma (14.1)
in [8]. Corollary 6.17 is taken from [15], the proof of 6.16 is very similar to the proof given
there. 6.18 generalizes Section 3 of [20].
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7. Properties of the quasi-convex hull

In this chapter we examine the quasi-convex hull of a singleton (7.8), a finite set (7.11)
and of totally bounded and compact subsets (7.12) of locally quasi-convex groups.

NOTATION 7.1. Let Z; < T be the group of I-th roots of unity. Then Z; = Z/IZ.

THEOREM 7.2. Let G be an abelian topological group such that ag is injective. For torsion
free elements 1, ..., x, and torsion elements yi,...,ym (n,m € Ny) satisfying

ijxj—l—Zozjyj =0 (kJ €Z, 0<q <OI‘dyj) ékj = =0Vy
k=1

j=1
the mapping

e: G =T xZy, x ... x 2y, x— (@), x(@n), x(41), - X (ym)),
has dense image.

PROOF. Let ©* : Z"XZy, X. . X7y, = G**, (k1,. .. km, 1, .., qm)— (X — H?Zl x(w;) -
H;-n:l x(y;)%) (where l; := ordy;), be the dual homomorphism of ¢ (composed with
the canonical identifications). Since every closed subgroup of T™ x Z;, X ... X Zy,,
is dually closed and ker ¢* = (im )t (5.16), it suffices to show that o* is injective.
©*((k1, ..., kn,01,...,am)) = eg+= means

X(Zkﬂj + Zajyj) = x@)" [ xwy)™ =1
j=1 j=1 j=1 j=1

for all x € G*. Since ag is injective the last equality implies Z?:l kjz;+ Z;nzl a;y; =0
and the assumption yields k; = a; = 0. Hence ¢* is injective and the assertion follows.

It will be tacitly used that every subgroup of a compact group is dually embedded
and that every closed subgroup is dually closed.

LEMMA 7.3. For 2 € T and w € T\ {1,2,Z} there exists k € Z such that Rez* > 0 and
Rew® < 0. (This is equivalent to: There exists x € T* such that x(z) € R and x(w) ¢ R.)

PROOF. Let z,y € [0, 1] be such that z = exp(2miz) and w = exp(2wiy).
1. If z is rational then (z), is finite and hence a closed subgroup of T.

(a) Let w ¢ (z). There is a x € T* such that x|,y = 1 and x(w) # 1. Hence x*, for
suitable k € N; has the desired properties.

(b) Let w € (z) and put [ := |(z)|. The cases | € {1,2,3} cannot occur. Let therefore
I > 4. There exists x € T* such that x(z) = exp(2mi/l) and m € {2,...,1 — 2} such
that x(w) = exp(2mim/l). Replacing w by w (if necessary) we may assume m < /2. If
m > 1/4 the assertion follows. Since m>2, we may assume m < [/4 and I > 8. Let k€N
be minimal with the property that k- m > [/4. Suppose that k > /4. This would imply

m-(k—1)>m-(/4—1)>1/2—2>1/4

contradicting our assumption. Hence x* has the desired properties.
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2. Let x be irrational. Assume there exist (k,1) € Z%\ {(0,0)} such that
kx+ly=meZ and ged(k,l,m)=1.

We must have [ # 0.

(a) Let y be rational. We have y = m/l and k = 0 since z is irrational. There exists
ng € N such that ngy € ]1/4,3/4[+ Z. Since lz is irrational (observe that [ # 0) there is,
according to 7.2, an n € N such that n - (Iz) + ng -« € |-1/4,1/4[+ Z. Hence n -l + ng
has the desired properties.

(b) Let y (and z) be irrational. This implies k # 0.

Assume that ged(k,1) = 1. Replacing w by w, we get z¥ = w!. Hence |k| = |I| =1 is
not possible. We first show that there exists u € T such that u! = z and u* = w.

There is a u € T such that @' = z and hence u* = z¥ = w!. Hence @* - = w for
a suitable [-th root of unity ¢;. Since ged(k,l) = 1, there exists an [-th root of unity ¢;
such that ¢; = (¢;)¥. This implies (@-¢)* = w and, of course, (@-¢)! = 2. Hence u := u-;
has the above properties.

Let n > || 4+ |k| be an odd number and V' € Up(1) be such that for each ( € Z, N R
we have (- V™ C R and for each ¢’ € Z,, \ R we have ' - V"N R = (. Let ¢, be a
primitive n-th root of unity. Since ¢!, and (¥ satisfy the assumptions of part 1, there is
anr € {1,...,n— 1} such that ¢" € R and ¢¥" ¢ R. According to 7.2, there is an s € Z
such that u® € ¢ - V. This implies z° = u!"* € ¢/ - VI C R and w® = u** e ¢k VIkl
which means w® ¢ R.

Let k = dk’ and [ = dl’ where ged(d,m) = ged(k',1') = 1. If w? & {1,29,2%} we can
apply the above argument. Otherwise, we may assume w? = z¢. Hence there exists a
primitive d’-th root of unity ¢ with d’|d such that w = {z. Choose ng € {1,...,d'} such
that " ¢ R. According to 7.2, there exists n; € N such that Zmd+no g very near to 1,
more precisely, such that w”™ = 2"("™ ¢ R and 2" € R for n := n1d' + ng.

3. Let x and y be irrational numbers such that kx + ly € Z implies £ = [ = 0.
According to 7.2, the sequence {(z",w™) : n € Z} is dense in T2.

Now the assertion follows.

LEMMA 7.4. (i) For all z€ T\ {1} there exists k€ Z such that z* € {e2™ : t€ [1/3,1/2]}.
(ii) For each z € T\ ({=1} U Z5) there exists k € Z such that 2% € {*™ : t €

[1/4,1/3]}.

PROOF. Let z € ]0,1[ be such that e*™® = 2. If z is irrational, the assertion follows
from 7.2. Otherwise, there are k,n € N such that = k/n and ged(k,n) = 1. This means
that z is a primitive n-th root of unity. Hence, for n > 6 (or n > 12), (i) (or (ii)) is trivial.
For 2 <n <5 (or 3 <n <11, n #5) the assertion follows from an easy computation
since there are m and [ € Z such that [k +mn =1 (& lk/n € 1/n+ Z).

COROLLARY 7.5. (i) For all z1,z € T\ {1} there exist ki, ky € Z such that 2} 25* € R
and zfl ¢ R.

(i) For all z1,z € T\ {—1,1} there exist k1,ko € Z such that z¥'252 € R and
2ok g R
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PROOF. (i) According to 7.4(i), there are k,l in Z such that zF 2} € {e?™ : t €
[1/3,1/2]}. Setting kg := [ if 2f2) € R and ko := 2l otherwise and k; := k, it is easy to
see that ki, ko have the desired properties.

(i) It is a consequence of 7.4(ii) that there exist ki, ks € Z such that 2 e {e27 .
t €[2/3,3/4]} if 21 € Zs and 2} = €274/5 otherwise, and 252 € {e?™i : ¢ € [1/4,1/3]}
if zo0 &€ Z5 and z§2 = e2™2/5 otherwise. An easy computation shows that k;, ks have the
desired properties.

LEMMA 7.6. For all z = (21, 22,23) € T3 and w = (w1, w2, w3) € T3\ {(1,1,1), 2,271}
there exist (ki1, k2, k3) € Z* such that H?Zl zfj € R and H?Zl w;-cj ¢ R.

Proor. If
(%) 35 € {1,2,3} such that w; # 1, z;, %,

is valid, the assertion follows from 7.3. Renumbering, and considering w™! instead of w,
we may assume that

14w =2 and wy # 29.

Assume first that we = 1. According to 7.5(i), there exist (k1,k2,0) € Z3 with the
desired properties.

According to (x), we may assume now that 1 # we = Zo # 29. Furthermore, w; = —1
implies w3 # Z3. If ws = 1, the assertion follows similarly to the case wo = 1.

It remains to consider the case

1#’[!}2:22#22 and 17511)]:2]752_] fOI'jleI'j:?).

7.5(ii) implies the existence of ko, k; € Z such that zf’ 252 ¢ R and w;cj wh? ¢ R. Hence
the assertion follows.

THEOREM 7.7. For an abelian topological group G, the following assertions are equivalent:
(i) ag is injective.
(ii) For all x € G and y € G\ {e,z,x7 1}, there exists x € G* such that x(z) € R
and x(y) € R.
PROOF. (ii)=(i) is trivial. (Set z =e.)
(i)=(ii). By hypothesis, there are x1, x2, x3 € G* such that x1(y) # 1, xa2(x) # x2(y)

and x3(z) # x3(y) = x3(—y). The assertion follows from Lemma 7.6 since, for k; € Z,
the mapping g — Hj?:l ij (9) is a character of G.

In terms of quasi-convex hulls, the above theorem reads as follows:

THEOREM 7.8. Let G be an abelian Hausdorff group. The following assertions are equiv-
alent:
(i) ag is injective.
(ii) For every x € G we have qc({z}) = {e,z,z71}.
(iii) {e} is quasi-conver.

EXAMPLE 7.9. qc({—1,e2™/3}) = N, coz{z € T: 2¥ € R} = {e*™*/6 . k =0,1,...,5}.
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This example shows that the quasi-convex hull of a finite subset F' C T is in general
strictly larger than F U F~1 U {1}.

LEMMA 7.10. Let A be a non-empty index set. Consider a finite subset F C TA. Then
qc(F) is a finite subset contained in (F),.

PROOF. For (ko)o = K € Z™ and (24)a = 2 € T4 we set 2K = [Taca 2k, Since (F)y
is a finitely generated subgroup, there exist 2y, ...,z € T4 (l € NO) and a ﬁmte torsion
group 7' such that (F), = (z1,...,21)7 - T (algebramally) and [T = (1) (k; € Z)
implies k; =0 for j =1,...,1. Set

Jlj

! !
=|T| and my:= max{z |k.jl:z€ Fand z- Hzfz’j € T}.
j=1 j=1
Then FC T {HJ 170 Ei-:l kj| < mg}=:F. If suffices to show that F is quasi-convex.
Let w ¢ F.

1. Assume first that [(w),| < co. Since w ¢ T, there exists Ko € Z*) such that
tKo =1 for all t € T and w™° & R. Tt is a consequence of 7.2 that there exists K e 7@
such that z/* € {e*™ : ¢ € |-1/(4my),1/(4my)[} for K := my - ordw - K 4+ Ko and
jedl,...,1}. For z € F, we have zK € R and w¥ Z R.

2. If {w)y| = oo and (w),; N (F), = {(1)} then (w, 21, ..., 2) satisfies the hypotheses
of 7.2. Hence there exists K € Z(4) such that w™¥ ¢ R and z;-an € {e¥ : t €
]-1/(4m2),1/(4mz2)[}. So my - K has the desired properties.

3. Now, let [(w);| = oo and assume that (w); N (F); # {(1)}. Let p be minimal
with the property that there are pi,...,u; € Z such that o := ord(s) < oo for s :=
wh HJ 1 J . If p|py for all j then p = 1. (Otherwise, ord(wH “]/“) < 00, which
contradicts the choice of p.)

(a) Assume first p = 1.
If se T then 23':1 |1;| > ma. There exists K’ € Z(4) such that for K := m; - K’ and

1 . ( 1 1 ) [
————,min —
437521 gl dma 237 |l

we have 2z € {e*™ :t e I} if pj < 0 and zJ* € {6_2”“ t € I} if pj > 0. Hence

whk = Hé 1? ;K, which means w® ¢ R. For z = Hi 1 z;7 -t € F (t € T), we have
2K = Hi 1770 C {e?™i . |t| < 1/(4mz)}™2 and hence X € R.

If s ¢ T, then we can find Ky € Z(*Y) such that s%° ¢ R and t° = 1 for all t € T..

l
There exists a symmetric open neighbourhood V' € Up(1 ) such that (s K“VEJ 1 Ims] JNR
=0 and V™ C R, and further, K’ € Z(*) such that z e Vior K .= Ko+ om K’

and j = 1,...,1. We get w® = s Hé’:l z; PR SKDVEJ*I 15| hence w® ¢ R. For

z:Hi 125 tEF(tET),wehavezK:]_Ii 125K€VZJ 1Rl cyme c R,
(b) Now we may assume that p does not divide py. There exists a u-th root of

unity ¢ € T such that (7#* ¢ R. Let V € Uy(1) be open and symmetric such that
1
(C*“lvza‘zl mj') NR = ( and V#™2 C R. According to 7.2, there exists K’ € Z(4)
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such that z‘fle/ € ¢V and z;?le/ € Viorj =2,...,0; put K := omiuK' Then
, ! !
wk =TT 2 oK eyl VZJ‘:2 sl (M szzl 1451 implies w® ¢ R. For

Jj=17%j
L
. -~ . ’ k
sl 2 e B (teT), weget 25 = [\, 2ok cyrm bl c g

Now the assertion follows.

THEOREM 7.11. Let G be a topological group such that ag is injective. Then the quasi-
convex hull of every finite set is finite.

PROOF. Let F' C G be a finite subset. By assumption, 3 : G — T,z (x(z))yeqc~, is a
continuous monomorphism. Since qc(3(F)) is a finite subset of 3(G) (7.10), the assertion
follows from 6.2(iii).

THEOREM 7.12. Let G be an abelian locally quasi-convexr Hausdorff group. The quasi-
convex hull of every totally bounded set is totally bounded. If, in addition, G is complete,
the quasi-convezr hull of every compact set is compact.

PROOF. Let S C G be totally bounded. S° € Ug:, implies that S99 is a compact subset
of (Gf,)%. For v as in 6.10, we get qc(S) = 77 1(S%) = 471 (v(G) N ). According to
6.10, the mapping v(G) — G, v(z) — =z, is well defined and continuous. Hence qc(S) is
totally bounded.

If G is complete, a subset of G is compact if and only if it is totally bounded and

closed. Hence the assertion follows.

NOTEs 7.13. 7.2 is a strengthening of Kronecker’s Approximation Theorem (cf. [34],
Theorem (26.14)). I wish to thank G. Turnwald for helpful discussions which led to 7.3.
Observe that an analogue to 7.12 holds for locally convex vector spaces.

8. Reflexivity of locally convex vector spaces

The aim of this chapter is to examine Pontryagin reflexivity of real locally convex spaces.
Since every (Pontryagin) reflexive group is locally quasi-convex (6.6) and every locally
quasi-convex Hausdorff topological vector space is locally convex (6.5), we consider locally
convex spaces only.

Since there exists a non-equivalent definition of reflexivity in the realm of locally
convex spaces, we call, in order to avoid ambiguities, a locally convex space Pontryagin
reflexive if ay is a topological isomorphism. Besides that, we use the term reflexive vector
space in the meaning of [44], p. 304, or [74], p. 144.

Moreover, the following inclusion holds:

THEOREM 8.1. The additive group of every reflexive linear space is Pontryagin reflexive.
PROOF. See e.g. [8], (15.3) or [77].

In the sequel, we tacitly use the equivalence of norms on every finite-dimensional
vector space.

DEFINITION 8.2. We call a subset A of a vector space radial if it absorbs every finite
subset F'; this means there exists A\g > 0 such that FF C X - A for all A > Ag.
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A subset C is named circled if A-C C C for every |\ < 1.

A closed, convex, circled, radial subset B of a locally convex space is called a barrel.

A locally convex Hausdorff vector space in which every barrel is a neighbourhood of 0
is called barrelled.

PROPOSITION 8.3. Let (V,0) be a real locally convexr Hausdorff vector space and let
Vi := (V,Ok) denote the k-refinement. Then we have:

(i) The addition Vi x Vix — Vi is separately continuous. (This is equivalent to: The
translations are homeomorphisms.)
(ii) The scalar multiplication R x Vi — Vi is continuous.
(iii) Every neighbourhood of 0 in Vi is radial.
(iv) There exists a neighbourhood basis of 0 in Vi consisting of circled sets.

PROOF. (i) follows from 1.6.

(ii) According to 1.4, the space R x Vi is a k-space. Since the restriction of the
scalar multiplication to compact subsets is continuous, the assertion follows from 1.5
(and 1.2(ii)).

(iii) Let F be a finite subset of V' and let K be a compact neighbourhood of 0 in
the finite-dimensional space (F)p (endowed with the topology induced by O). For every
U € Uy, (0), there exists M > 0 such that K C M - U. Since K absorbs F, so does U.

(iv) Fix U € Uy, (0). According to (ii), there exist 6 > 0 and Uy € Uy, (0) such that
§'-Up C U for all §" € ]—6,6[. The union Uy := s/ ¢)_5 50" Uo s a circled neighbourhood
of 0 in V4 contained in U.

LEMMA 8.4. Let V be a vector space and let U be a filter basis in V' satisfying:

(i) for all U € U, there exists V € U such that V +V C U,
(ii) every U € U is radial and circled.

Then U is a neighbourhood basis of 0 of a vector space topology on V. This topology is a
Hausdorff space if and only if nUeZ/l U = {0}.

PROOF. This follows from 2.5 and Lemma (1.2) in [74], p. 14.

PROPOSITION 8.5. Let (V,0) be a real locally convex Hausdorff vector space. The convex
hulls co(U) of all circled neighbourhoods of 0 in Vi form a neighbourhood basis of a locally
convexr Hausdorff vector space topology Ocx on V. The topology Ocx is the finest locally
convez vector space topology having the same compact subsets as (V,O).

PROOF. Let Uy denote the set of all circled neighbourhoods of 0 in Vi. In order to prove
that Og is a vector space topology, it suffices to verify that (co(U))yey, satisfies the
conditions of 8.4. Since U € Uy implies U € Uy (8.3(ii)) and 1co(U) = co(3U), we
get co(3U) + co(3U) = co(U), which shows (i). Condition (i) follows immediately from
8.3(iii).

Because of 8.3(iv), the identity mappings (V, Ox) — (V, Oc) — (V, O) are continuous.
This shows that Oy is a Hausdorff topology on V. Because of 1.2(ii), the compact subsets
of (V,Ok) and (V, 0), and hence of (V, O), coincide. By construction, O is the finest

locally convex vector space topology with this property.
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NoOTATION 8.6. A real locally convex Hausdorff space (V; Q) is called a ck-space if O and
Oy coincide.

EXAMPLE 8.7. Examples of non-trivial ck-spaces can be found in Section 5 of [29].

DEFINITION 8.8. A barrelled space V' in which every closed bounded set is compact is
called a Montel space.

THEOREM 8.9. Every Montel space is a reflexive vector space.
PROOF. See [44], §27, 2(1), p. 372.

THEOREM 8.10. There exists a real Montel space which is not complete and in which
every compact subset is contained in a finite-dimensional subspace.

PROOF. See [1] or [45].
COROLLARY 8.11. There exists a (Pontryagin) reflexive group which is not complete.
Proor. This follows from 8.1, 8.9 and 8.10.

COROLLARY 8.12. There ezists a locally convez vector space V (more precisely, a Montel
space) such that ay is continuous but V # Vg.

ProOOF. Let (V, O) be a Montel space having the properties stated in 8.10. Since V' is a
reflexive vector space (8.9), its additive group is Pontryagin reflexive (8.1). Hence ay is
continuous.

Let A denote the set of all symmetric convex radial subsets in V. According to 8.4, A
forms a neighbourhood basis of 0 of a locally convex vector space topology on V' which
induces the same topology as O on every finite-dimensional subspace and hence on every
compact subset of V. This topology is the finest locally convex vector space topology on
V', hence, it must coincide with V. Since (V,O) was assumed not to be complete, it
remains to prove that Vg is complete.

Therefore, let (z;);es be a Cauchy net in Vo and let (b; : ¢ € I) be a Hamel basis of V.
For (n;)ier € N, there exists j(,,) such that z; —zj € A,y := conv{%(1/n;)b; : i € I}
for all j, j" > ji,). For x; = >,y Bijbi, this is equivalent to Y, ni|Bi; — Bij7| < 1 for
all §, 3" > j(n,)- In particular, the limit 3; := limjc s B;; exists. Let Iy := {i € I : 3; # 0}.
Choose (n;)ic; € N such that 1/n; < |3;| for all i € Iy. For jo := j,,) (as above) and
1 € Iy we get 1/’!1Z < |ﬁl| < |5ijo - 6z| + |/8’ij0| < 1/’!1Z + |5”0| This implies that 51’]’0 75 0
for all i+ € Iy. Hence Iy must be finite. For arbitrary A € A, there exists (n;)ier € N/
such that A,y € A. For j,j" > je,) we have x; — x5 € A,,), which is equivalent to
Zie[ ni|ﬁij — ﬁij/| S 1. This yields Zie[ ni|ﬁij — ﬁ1| S 1. Hence Zie[ ﬁlbz is the limit
of the given Cauchy net.

PRroOPOSITION 8.13. For every ck-space V', the evaluation mapping ay is continuous.
ProoF. Consider the following diagram:

174 id

e

(Ve —=V*

¢
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where By : V. — (V))., x — (f — f(z)). Applying 5.5 to V and V', we see that the
diagram commutes and that ¢ is a topological isomorphism. Hence, ay is continuous if
and only if By is continuous.

We have to show that for an arbitrary compact subset K C V! and every n > 0 the
set Ko:={z eV :|f(x)] <nVfe K} is aneighbourhood of 0. (Replacing, if necessary,
K by (1/n) - K, we may assume that n = 1.) Obviously, K is closed, symmetric and
convex. It remains to prove that K is a neighbourhood of 0 in the k-refinement. We
show that W := {& € V : |f(z)] < 1 Vf € K} is an open neighbourhood of 0 in the
k-refinement. Suppose the contrary. This means that there exists a compact subset SCV
and z € S NW such that for every neighbourhood U € Us(x) we have U € W. This is
equivalent to

VU € Us(z) Jxy € U and fy € K such that |fy(zy)| > 1.

Since (7v)veus(x) converges to x and the net (fu)ueus () belongs to the compact set
K, the net (2v, fu)veus(z) has an accumulation point (z, f) where f € K. It follows
from 2 € W that ¢ := 1 — |f(z)| > 0. Hence, U := {Z € S : 1 — |f(Z)| > £/2} is
an open neighbourhood of z in S. Since S is compact, the set P(S,e/2) := {f € V' :
f(S) C ]—¢/2,¢/2[} is an open neighbourhood of 0 in V. Hence, there exists an open
neighbourhood U € Ug(x) such that U C U and fy € f + P(S,e/2). By definition,

[fu(zv)| = 1. On the other hand, [fu (zv)| = [(fv — f)(zv) + f(zv)| <e/2+[f(zv)] <
€/24+1—¢/2 =1, contradicting the choice of xy; and fy. This completes the proof.

REMARK 8.14. It was claimed by Kye ([47]) that ay is continuous if and only if V' is a
ck-space. This contradicts 8.12.

PROPOSITION 8.15. Let U be a symmetric radial subset of a vector space V. For every

homomorphism x : V. — T satisfying x(U) C R, there exists a unique linear functional
f:V — R such that e*™/ =y and sup{|f(z)| :x € U} < 1/4.

PROOF. This follows from Proposition (2.2) in [8].

PROPOSITION 8.16. Let V' be a real locally convex space. v is surjective if and only if
the closed convex hull of every compact subset is weakly compact.

PROOF. This is Proposition (15.1) in [8]. Cf. also Theorem 3.2 of [47].

COROLLARY 8.17. For every complete locally convexr space V', the canonical homomor-
phism oy is surjective.

PROOF. Since both the convex hull (cf. Theorem (3.20)(b) in [73]) and the closure of
every totally bounded set are again totally bounded, it remains to observe that a subset
is compact if and only if it is totally bounded and closed (cf. Theorem (8.3.16) in [26]).
So the closed convex hull of every compact set is compact and hence weakly compact.

THEOREM 8.18. Ewery complete real locally conver Hausdorff vector space V' such that
ay s continuous is a Pontryagin reflexive group. In particular, every Banach space is a
Pontryagin reflexive group.

PROOF. According to 6.5, V is locally quasi-convex. Hence 6.10 and 8.17 imply that ay
is an open isomorphism. By assumption or according to 5.12, ay is continuous.



44 L. Auflenhofer

THEOREM 8.19 (Hahn-Banach). Let p be a seminorm on a vector space E and let Ey be a
linear subspace of E. For every linear functional fo: Eg — R satisfying s := sup{|f(x)| :
x € EgN By} < 0o, there exists a linear functional f: E — R extending fo and satisfying
s =sup{|f(z)| : © € B,} (where By :={z € E : p(x) <1}).

PROOF. This is Theorem 1 in §7 of [16], p. 101.

PROPOSITION 8.20. Every finite-dimensional subspace U and every closed finite-codimen-
sional subspace W of a locally convex vector space V' is an inner direct summand.

PROOF. This is Lemma 4.21 in [73].

COROLLARY 8.21. For linearly independent vectors (z1,...,%,) (andn € Ny) of a Banach
space V', the group V/{(x1,...,xpn)y is reflexive.

PROOF. According to 8.20, there exists a closed subspace Vy = V/(z1,...,2n)p of V
such that V' =V, & (z1,...,2n)g. Obviously, V, is a Banach space. It is easily checked
that V/(z1,...,2,), is topologically isomorphic to Vy @ T™ and hence reflexive (8.18 and
5.4).

As an application of the above theory, we prove that the dual of a Banach space
endowed with the weak (vector space) topology is Pontryagin reflexive.

THEOREM 8.22 (Krein—-Shmul’yan). The closed convex hull of every weakly compact
subset of a Banach space is weakly compact.

PROOF. See e.g. [24], p. 434, or [87].

/

PROPOSITION 8.23. For every Banach space E, the identity mapping ¢ : (En)j, — (Ew).
(where Ey, denotes the Banach space with its norm topology, Ey stands for the weak
vector space topology on E, and the index b denotes the strong dual) is a continuous
isomorphism. It is open if and only if E is a reflexive vector space.

PROOF. It is clear that ¢ is an algebraic isomorphism. Since every weakly compact set is
weakly bounded and, due to the Mackey Theorem (cf. 3.18 in [73]), also bounded in the
original topology, it follows that ¢ is continuous.

Recall that F,, is a reflexive vector space if and only if the closed unit ball (and hence
every closed bounded subset) is compact in Fy, (cf. Satz 70.4 in [33]).

Assume first that E is a reflexive vector space. The above characterization implies
immediately that ¢ is open. Conversely, assume that for every bounded set B in E,,
there exists a weakly compact set K such that ¢(B°) 2 K°. This implies co(B) C co(K).
According to 8.22, co(K) is weakly compact and so is co(B). The assertion follows again
from the above characterization.

PROPOSITION 8.24. Let Ey be an infinite-dimensional Banach space endowed with the
weak vector space topology. Then ag, is an open isomorphism which is not continuous.

/

PROOF. According to 8.23, the identity mapping ¢ : (En)}, — (Ew) is a continuous
isomorphism. Since (Ey)j, is an infinite-dimensional Banach space, it contains a compact
subset which is not contained in a finite-dimensional subspace (e.g. a suitable conver-
gent sequence). On the other hand, since every neighbourhood of 0 in Ey, contains a linear



Duality theory and nuclear groups 45

subspace of finite codimension, every equicontinuous subset of (Ey ). is contained in a

finite-dimensional subspace. 5.10 and 5.5 imply that ag, cannot be continuous.

The surjectivity of ap, is a consequence of 8.22 and 8.16. (Observe that the weak
topology on Fy, is again Fy,.) Since Ey, is locally convex, the assertion follows from 6.5
and 6.10.

LEMMA 8.25. Let ¢ : G1 — G2 be a continuous homomorphism between abelian Hausdorff
groups. Suppose that ¢ and ©* are surjective, ag, is continuous, and ag, S an open
isomorphism. Then G35 is reflezive.

PROOF. Because of 5.13, 6.6 and 6.10, it suffices to show that ag; is surjective. Consider
the following commutative diagram:

G4 —¢>G2

O‘Gll lo‘Gz

Gi* —=- Gy’
©

For n € G5**, the composition 1 o ¢** o ag, belongs to G7. By assumption, there exists

X2 € G5 such that noag, o =no ™ oag, = ¢p*(x2) = x2 © . Since p is surjective,

we get noag, = X2 8 agy(Xx2) o ag,. The surjectivity of ag, implies that n = ags (x2)-

This completes the proof.

THEOREM 8.26. Let E,, denote a real Banach space with the weak vector space topology.
The dual space (Ey).. is a Pontryagin reflexive group.

C

PROOF. Let E, be the Banach space endowed with the norm topology. For G; = Ei,
Gy = Ey, and ¢ = id, the hypotheses of 8.25 are satisfied (8.24, 8.18, and 5.5). Hence
(Ew)* is Pontryagin reflexive and the assertion follows from 5.5.

EXAMPLE 8.27. There exists a complete metrizable group which has sufficiently many
continuous characters and which is not locally quasi-convex: The sequence space P for
p € )0, 1] has these properties. [It is well known that ¢P is a complete metrizable vector
space which has sufficiently many continuous characters and which is not locally convex.
According to 6.5, ¢P is not locally quasi-convex.]

REMARK 8.28. Since every reflexive group is locally quasi-convex, the above example
gives a negative answer to two questions:

Noble asked (in 1970) whether every complete k-group G such that ag is injective
is reflexive. In [57], Nickolas proved that the group A([0,1]) (the free abelian group
generated by [0, 1]) has these properties and is not reflexive.

In 1995, Pestov strengthened the above question: Is every Cech-complete group G
with sufficiently many characters a reflexive group?

In 11.15, we give an example of a complete metrizable group G which is locally
quasi-convex but agq is not surjective.

NOTES 8.29. ck-spaces were examined by Frolicher ([29]). The example given in 8.12
was also motivated by [29]. The formulation of 8.13 is weaker than Lemma 2.2 in [47].
The proof is considerably different. The part concerning the continuity in 8.24 is taken
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from [8], (15.9); it is due to Mackey and a proof can be found in [2]. T am indebted to
G. Turnwald for an inspiring discussion which led to 8.27.

9. Locally convex vector groups

In this chapter we introduce locally convex vector groups. These objects are important to
characterize locally quasi-convex groups (10.1). Besides other things, we prove that every
locally convex vector group is locally quasi-convex and we give an example of a locally
convex vector group which illustrates the connection with locally convex vector spaces.

DEFINITION 9.1 (Raikov). Let V be a real vector space and let O be a Hausdorff group
topology on V. (V, ) is called a locally convex vector group if there exists a neighbour-
hood basis of 0 consisting of symmetric convex sets.

EXAMPLE 9.2. (R™, O) (n € N) is a locally convex vector group if and only if there exist
a basis (z1,...,z,) of R"® and m € {0,...,n} such that O induces the usual topology on
(x1,...,2m)p and the discrete topology on (Tpm41,...,%n)g. [Cf. Proposition 3 in [41],
p. 533 or Satz 2 in [50], p. 15.]

REMARKS 9.3. (i) Let V be a locally convex vector group. For every A€ R, the mapping
V — V, z — Az, is continuous and for A # 0 it is a homeomorphism. [It suffices to
show that the function is continuous for A > 0. Let n € Ny be Igaximal with n < A
For U € Uy (0), there exists a symmetric convex neighbourhood U € Uy (0) such that
(n+1)U C U (this means that uy,...,uy1 € U implies Z?:ll uj € U). Hence, A\U =
(n+\=n)U CnU+(n—NUCnU+U CU.]

(ii) The class of locally convex vector groups is closed under forming subspaces,
quotients by closed subspaces, and arbitrary products.

(iii) Every real locally convex Hausdorff vector space is a locally convex vector group.

THEOREM 9.4 (Kenderov). For every subspace Vi of the locally convex vector group (V, O)
and every continuous linear functional fo : Vo — R, there exists a continuous linear
functional f 1V — R extending fo.

PROOF. Since fj is continuous, there exists a symmetric convex neighbourhood U € Uy (0)
such that fo(U NVp) C [—1,1]. The family (%U)neN forms a neighbourhood basis of 0
in (U)g of a (not necessarily Hausdorff) vector space topology Oy (8.4) which is coarser
than the topology induced by O (9.3(i)). With respect to this topology, the mapping
fu = folven(uy, is continuous (3.4(ii)). According to the Hahn-Banach Theorem, there
exists a continuous linear functional fU : (U)p — R extending fy. Furthermore, ]7:
(U)g + Vo — R, x4y — fu(z)+ fo(y) (where z € (U)g and y € Vp), is a well defined
linear mapping (2.4) which is continuous since ﬂ<U>R is continuous (with respect to Oy
and hence with respect to O) and (U)p is an open subspace of V. An arbitrary linear
extension f of fhas the desired properties.

COROLLARY 9.5. FEwvery closed subspace Viy of a locally convex vector group V' is dually
closed.
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PROOF. Fix 29 € V' \ V. Since V/V is a locally convex vector group (9.3(ii)), there
exists, according to 9.4, a linear form f : V — R such that f(Vj) = {0} and f(z¢) = 1/2.
Hence x := exp(2mif) has the desired properties.

PROPOSITION 9.6. Ewvery subspace Vo of a locally convex vector group (V,O) is dually
embedded.

PROOF. Let x¢o : Vo — T be a character. There exists a symmetric convex neighbourhood
U € Uy (0) such that x(Vo NU) C R. Proposition 3.4(ii) implies that xolv,ny, is
continuous with respect to the topology induced by the vector space topology Oy on (U)p
which is determined by the neighbourhood basis (LU) nen (8:4). According to 5.5 (or
8.15), there exists a linear functional fi : (U)prNVy — R which is continuous with respect
to Oy and such that exp(2mifu) = Xolv,n(v),- By the Hahn-Banach Theorem, there
exists a linear functional f : (U)r — R extending fy which is continuous with respect
to Oy and hence with respect to O. According to 2.4, the mapping x : Vo + (U)p — T,
x+y — xo(x)-exp(2mif(y)) (for x € Vy and y € (U)g), is a well defined homomorphism.
It is continuous since its restriction to the open subspace (U)yp is continuous. Hence an
arbitrary homomorphism x extending Y (2.3) is the desired extension of xq.

PROPOSITION 9.7. Let U be a symmetric convex neighbourhood of 0 in a locally convex

vector group V. If o(V, V') denotes the weak topology on V (this is the topology induced
—a(V,V')
by all continuous linear functionals) then %U C U. In particular, the weakly closed

symmetric convex neighbourhoods form a neighbourhood basis of 0.
PROOF. This is Proposition 4 in [41], p. 535.

PROPOSITION 9.8. FEwvery weakly closed symmetric convex neighbourhood U of 0 in a
locally convex vector group V is quasi-convex.

PRrROOF. For zy ¢ U, there exist fi,..., fn, € V' and € > 0 such that {y € V : | f;(z0) —
fily) <eforalje{l,...,n}}NU =0. Put F:V — R", = — (fi(z),..., fn(x)).
Obviously, F(U) is a symmetric convex subset in R™ and F(z¢) € F(U). Hence, there
exists a linear form h : R" — R satisfying h(F(U)) C [—1/4,1/4] and h(F(zg)) €
11/4,3/4]. The character y := exp(2mi(h o F')) satisfies x(U) C R and x(zo) ¢ R.

COROLLARY 9.9. Fwvery locally convex vector group V is locally quasi-convez.
PRrROOF. The assertion follows from 9.7 and 9.8.

REMARK 9.10. The reals endowed with the weak (group) topology are a locally quasi-
convex group (6.2) which is not locally compact. Hence it is not a locally convex vector
group (9.2). This shows that a vector space V endowed with a locally quasi-convex Haus-
dorff topology need not be a locally convex vector group! Cf. 6.5 and 20.20.

PROPOSITION 9.11. Let (V, Q) be a locally convex vector group. The set of all symmetric,
conver and radial neighbourhoods of 0 in O forms a neighbourhood basis of a locally
convex vector space topology Oy on V. This is the finest locally convex vector space
topology which is coarser than O.

For every locally convexr vector space F' and every linear functional ¢ : V. — F we
have: @ is continuous with respect to O if and only if it is continuous with respect to Oy .
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PROOF. This is almost clear. See also [50], p. 23 or Behauptung (2.1) in [51].

ExAMPLE 9.12. Let Vj be a closed subspace of a real locally convex vector space (V,O).
If W denotes the set of all closed subspaces of finite codimension including V; and if
U is a neighbourhood basis of 0 in V' consisting of symmetric convex sets then Uy :=
(UNW :U el and W € W) forms a neighbourhood basis for a locally convex vector
group topology Oy, on V. [Applying 2.5, it remains to observe that the intersection of
two closed finite-codimensional subspaces of V' containing Vj is of the same type.]

Since the topologies on V; induced by O and Oy, coincide, it is clear that V; is
connected. On the other hand, for every z € V \ V;, there exists W € W such that
x ¢ W. Hence Vj is the component of 0 in (V, Oy ).

Moreover, it follows easily from 8.20 that the finest vector space topology on V' which
is coarser than Oy, is again O.

The above construction enables us to reduce questions concerning locally convex vec-
tor groups to locally convex spaces; for instance:

APPLICATIONS 9.13. (i) There exists a locally convex vector group (V, Q) such that the
component Vp is not an inner direct summand. [It is well known that there exists a Banach
space V which has a closed subspace V) which is not an inner direct summand. (See e.g.
[73], p. 136.) For Oy, as in 9.12, the assertion follows from 9.11.]

(i) If (V, O) is a complete locally convex vector space and if Vj is a closed subspace
of V' then the locally convex vector group (V,Oy,) is also complete. [Let (x;)jes be a
Cauchy net in (V, Oy,). Obviously, (z;);es is also a Cauchy net in (V, O). By assumption,
there exists # € V such that ; — z in O. Since x has a neighbourhood basis in Oy,
consisting of sets which are closed with respect to O we find that (x;);cs converges to =
in OVU-]

NOTE 9.14. 9.4 is taken from [41].

10. Two representations of locally quasi-convex groups

In this chapter we give two representations of locally quasi-convex groups. The first
asserts that every locally quasi-convex group is topologically isomorphic to a Hausdorff
quotient of a subgroup of a locally convex vector group (10.1). Secondly, we prove that
every locally quasi-convex group can be embedded into a product of complete metrizable
locally quasi-convex groups (10.6). Applying this embedding theorem to locally convex
vector groups, we prove that ay is an open isomorphism for every complete locally convex
vector group V' (10.8).

THEOREM 10.1. For every locally quasi-conver Hausdorff group G with a neighbourhood
basis U, there exist: a locally convexr vector group V', a subgroup H of V, and a closed
subgroup K < H such that G = H/K. Moreover, V can be chosen so that 0 € V has a
neighbourhood basis of the cardinality of U.
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The construction in the following proof will be taken up again in the proof of 20.32.
PRrOOF. We may assume that U consists of quasi-convex sets. For U € U, we put

Xy :={keRY : 3z e U:ok(x)) = x(x) and |x(x)| < 1/4) Vx € U’}
and Yy := coXy where p: R — T, t — 27
Observe that

(%) [k(x)| <1/(4n) for all k € Yy and all x € P(U,V,,).

[Since {x,x?,...,x"} CU° we get [k(x)| < 1/(4n) for arbitrary & € Xy (see 6.3).]
For U,U € U such that U + U C U we have Yﬁ + Yﬁ C Yy. [It suffices to show that
Xg + Xg C Xy. For k1,ke € Xﬁ’ there exist x1, 22 € U such that

, is the canonical projection.

0k (X)) = X(z;) and |k;(X)| <1/4 for j € {1,2} and all ¥ € U°.

Since U C P(U,Va) (by 6.3), (x) implies |r;(x)| < 1/8 and hence |(x; + r2)(x)| < 1/4
for all x € U°. Furthermore, o((k1 + k2)(x)) = x(21) - x(z2) = x(21 + x2), which implies
the assertion, since x1 + xo € U]

Obviously, for (7, U € U such that U C U we have Yg C Yy. Since all U € U are
symmetric, so are the Yy. It is a consequence of 2.5 that (Y7 )y ey forms a neighbourhood
basis of (0)yeg~ of a group topology O on V := R%". For k # (0), there exists y € G*
such that x(x) # 0. If |x(x)| > 1/4 then ¢ Yy for all U. Otherwise, for n € N and
U € U such that k(x) € ]1/(4n),1/4] and x(U) C V,,, we conclude from (x) that x € Yy.
This shows that (V, O) is a Hausdorff space and the above construction yields that it is
a locally convex vector group.

The induced mapping « : G — ag(G), © — ag(z), is an isomorphism (6.10). Let g :
RE" — T (x,) — (o(xy)), be the canonical epimorphism and put H := g~ ' (ag(G));
then K := 07 '({(1)yec+}) is a closed subgroup of H. Let m : H — H/K denote the
canonical projection. The homomorphism ¢’ : H/K — ag(G) induced by g is an isomor-
phism.

In order to prove that a~! o ¢ is a topological isomorphism, it is enough to show
(%) (¢'(n(HNYy))) =2o(HNYy) = a(U)

for all U € U, since 7 is a continuous open epimorphism.

Fix U € Y and x € U. For k € H such that o(k) = a(z) and y € U°, we get
o(k(x)) = 0(r)(x) = a(z)(x) = x(z) € R. In addition, we may assume that |x(x)| < 1/4
for all y € U°. This shows that x € Xy and “2” follows.

Let k € Yy N H. There exists € G such that o(k) = a(z). For x € U° we get,
according to (x), x(z) = a(z)(x) = 0(k)(x) = exp(2mix(x)) € R, which implies x € U
since U was assumed to be quasi-convex. This completes the proof.

LEMMA 10.2. Let G be an abelian Hausdorff group and let U be a neighbourhood basis of
the unit element. Assume that for each U € U, there exist
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(i) a closed subgroup Hy C U such that U = U + Hy, and

(ii) a group topology Oy on G/Hy which is coarser than the quotient topology (this
means that the canonical projection my : G — (G/Hy,Oy) is continuous) and such that
7wy (U) is a neighbourhood of my(e) with respect to Oy .

Then the mapping

P:G — H (G/Hy,Ou), z v~ (tu(x))veu,
Ueu

is an embedding and P(G) is dually embedded in the product.

PROOF. Since all 7y are continuous, so is &.
For z € G\ {e}, there is a U € U such that = ¢ U and hence = ¢ Hy, which implies
mu(z) # my(e). So @ is injective.

Fix V e U. Since my(x) € my(V) if and only if x € V + Hy Dy we get (V)

{(WU(m))UEL{ cx €@, Wv(l') S Wv(V)} = @(G) n (Td'v(V) X HUGZ/{\{V} G/HU) Hence (ll)
implies that @ is an embedding.

For each x € &(G)* the composition x o @ belongs to G* and hence there is a V e U
such that x(@(V)) € R. This implies x o @ € Hir (3.3(ii)). Hence X : G/Hy — T,
x + Hy — x(&(x)), is well defined and it follows from (i), (ii) and 3.4(ii) that Y is
continuous with respect to Oy. Let IIy : [[,o,G/Hu — G/Hy denote the canoni-
cal projection. Then X o ITy € ([[ ¢, G/Hy)* and, for (ry(z))veu € (G), we have
XUy ((ru(2))veu)) = X(mv(z)) = x(P(x)). This means X o IIv|s(c) = X and hence
?(G) is dually embedded in ], G/Hy. This completes the proof.

LEMMA 10.3. Let G be an abelian topological group and let U = (), c5 X" t(V2) (for some
n € N and S C G*) be a quasi-convex subset of G. Then Hy := mxes ker x is the largest
subgroup contained in U; it is closed and U = U + Hy. If my : G — G/Hy denotes the
canonical projection then my (U) contains no non-trivial subgroup of G/Hy.

The set W := {z € U : x +a € U} is quasi-conver and equals (), cg X1 (Van);
furthermore, W + W C U. If U is a neighbourhood of the unit element, so is W.

Proor. Obviously, Hy is a closed subgroup of G and a subset of U. Let H < G be
contained in U. For all x € S we get x(H) = {1} (3.3(ii)), which implies H < Hy.

UC U+ Hy is trivial. For each x € S we have x(Hy)={1}. This implies x(Hy+U)=
x(U) €V, and hence U = ¢ x t(V,) 2 U + Hy.

For every subgroup A < G/Hy contained in 7y (U), the subgroup 7' (A) of G is
contained in U and hence in Hy, which implies that A = {eq,m, }-

By the definition of U, we have x € W if and only if x(z) € V,, and x(z + z) € V,,
for all y € S; this is equivalent to x(x) € V4, for all x € S. Hence, according to 6.2(iii),
(i) and 6.4, W =, 5 X 1 (Vay,) is quasi-convex. For x,y € W and x € S we have
x(z +y) € Vay, - Vo, = V,,, which implies z + y € U. The assertion follows easily.

PROPOSITION 10.4. Let U = ﬂero X~ 1(V1) be a quasi-conver neighbourhood of the unit
element of the abelian Hausdorff group G. For Hy as in 10.3, there exists a coarsest
group topology Ty such that (G/Hy,Ty) is a locally quasi-convexr Hausdorff group and
such that the image of U under the canonical projection is a neighbourhood of eg;m, -
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A neighbourhood basis of eq/m, in Ty is given by the sets (merU X (Var ) )pen, - In
particular, (G/Hy,Ty) is a metrizable group.

PROOF. Put Uy := U and, inductively, Up41 := {& € U,, : * + 2 € U,}. According
to 10.3, the U,, are quasi-convex neighbourhoods containing Hy and satisfying U,
cvo X~ (Van). Hence ey, Un = {z €U : x(x) =1Vx € U’} = Hy. Let 1y : G —
G7HU denote the canonical projection. Applying 2.5, 10.3 and 2.19, it is easy to check
that (7(Un))nen, is a neighbourhood basis of 77 (e) of a Hausdorff group topology 7t/

on G/Hy. Furthermore, (G/Hy,Ty) is locally quasi-convex. [Let my(x) € my(U,) for

some n € Ng. Hence x ¢ U, + Hy 103 U,, and therefore there is a x € G* such that

X(Un) € R and x(z) ¢ R. Since Hy < ker x (3.3(ii)), there is a continuous (with respect
to the quotient topology) homomorphism X : G/Hy — T satisfying X o my = x. Since
X(mu(Un)) C R, it follows that X is also continuous with respect to 7y (3.4(ii)).] Having
a countable neighbourhood basis (7 (Uy))nen, and being a Hausdorff space, (G/Hy, Tyr)
is a metrizable group (2.7).

Now, let O be any group topology on G/Hy such that 7TU(U ) is a neighbourhood of
7u(e). For a neighbourhood V of my(e) (in ©) satisfying V2" C 7y (U), we get 7T{]1(1~/)

C U, (by 6.3) and hence my(Uy,) 2 V. The assertion follows.

LEMMA 10.5. Let U be a weakly closed (cf. 9.7) symmetric convex neighbourhood of a
locally convex vector group G. Then Hy :={x € U : A-x € U Y\ € R} is a subspace
and the largest subgroup contained in U. If ny : G — G/Hy denotes the canonical
projection then wy (U) contains only the trivial subgroup and (7 ((1/2™)U)),en forms a
neighbourhood basis of a metrizable locally convexr vector group topology Ty on G/Hy.
Moreover, (G/Hy,ny,Tu) satisfies the assumptions of 10.2 and G/Hy is topologically
isomorphic to the product of a metrizable locally convex space and a discrete vector space.

PRrROOF. Let ¢y : (U)p — R, & — inf{\ > 0: 2z € AU}, denote the Minkowski functional
corresponding to U. Since every subgroup contained in U is mapped onto {0} under ¢y,
we see that for the union Hys of all subgroups in U, Hyy C ;" ({0}). Conversely, ¢, ({0})
is a vector space contained in U. This shows that equality holds. It is a consequence of
9.8 and 10.3 that Hy is closed and that U = U + Hy. For every subgroup A < V/Hy
contained in 7y (U) the subgroup wal(A) is contained in U 4+ Hy = U and hence in Hy,
which implies that A is trivial.

Hy being a subspace, the canonical projection my : G — G/Hy is a linear operator.
Hence 77 (U) is symmetric and convex and the sets (7 ((1/2")U)) N, form a neighbour-
hood basis of a group topology 7y on (the vector space) G/Hy (by 2.5). It follows from
2.19 and 10.3 that (G/Hy, Ty) is a Hausdorff space. By construction, it is a locally convex
vector group. The open subspace my ((U)p) is a metrizable locally convex vector space
(2.7 and 8.4). Hence, any subspace Fyy < G/Hy complementing my ((U)g) algebraically
and endowed with the discrete topology is a topological inner direct summand.

THEOREM 10.6. Fuvery locally quasi-convex Hausdor(f group (locally convex vector group)
G can be embedded into a product of complete metrizable locally quasi-convex Hausdorff
groups (of complete metrizable locally convexr spaces and discrete spaces) such that the
image is dually embedded. If G is complete the image is dually closed.
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PROOF. Let U be a neighbourhood basis of e in G consisting of quasi-convex (weakly
closed symmetric convex) sets. According to 10.3 and 10.4 (10.5), the sets U, Hy and Ty
satisfy the conditions of 10.2. Hence & : G — [, (G/Hy, Tv),  — (ny(x))veu, is an
embedding into a product of metrizable locally quasi-convex groups (metrizable locally
convex vector groups which are topologically isomorphic to the product of a metrizable
locally convex vector space and a discrete vector space) and ¢(G) is dually embedded.

Assume first that G is a locally quasi-convex group. For V. C U, V,U € U, we put
muy : G/Hy — G/Hy, x + Hy — x + Hy. By the definition of Hy (cf. 10.3), this
mapping is well defined. For n € Ny, we have

s (wU( N xfl(Vgn))) = () {mv(@):x(z) € Van} 2 ) {mv (@) : x() € Van}

x€uUo x€Uo xeV?o

=m () X7 (V) € Ugym ()

XEVO

Hence 7yy is continuous. It follows from 2.13 and 6.17 that the completion G/AﬁU exists
and that it is locally quasi-convex.

Let 7y : G/Hy — G/Hy denote the continuous homomorphism extending 7y (see

2.17) and let ¢ : [[ye G/Hu — [lyeu G7?IU be the canonical embedding. Obviously,
to @ is an embedding. Since ¢ has dense image, it is a consequence of 2.17 (or 4.1) that

((®(G)) is dually embedded in []; o, Gf/\ﬁU.
Assume now that G is complete. Put P :=lim(G/Hy, myv,U) and P .= lim(G/Hy,
7ov,U). Tt is clear that (@) C P and that t(P) € P. In order to prove that G is dually

closed in [[;¢,, G/Hy, it suffices to show that the other inclusions also hold (6.10 and
5.28). Therefore, let (xy + Hy)vew € P. The net (zy)yey is a Cauchy net in G. [For
U el and V,V' €U contained in U, we get zy —xy = (xy —ay) — (zv —2y) € Hy —
Hy = Hy C U.] One easily checks that « := limy¢y zy satisfies &(x) = (xy + Hy)veu-
This shows that &(G) = P. In order to prove (P) = P, it suffices to check that ¢(P) is
dense in P since ((P) = 1(®(G)) is complete and hence closed.

The sets (ITeun qooy Gﬁy x 0, (Up)) N P (where Uy € U and the closure is taken in
G/Hy,) form a neighbourhood basis of e in P. [According to 6.15, the sets ([]}_, W, x
Hvewun,...v.y Gu/Hu) N P, where Wj is a neighbourhood of e in (G/Hy,,Ty,) and
neN, form a neighbourhood basis of e in P. For Uy € U contained in N (w[}jl (W;)NU;),
we have Ty, v, (1u,(Uo)) € 7u,v, (70, (Uo)) € W ;. This shows that the above neighbour-
hood contains ([ [y e 1, G/AﬁU x 7, (Ug)) N P

For (Zy)veu € P and Uy € U, there exists x € G such that my, (x) — Ty, € 7u, (Uo);

so we get «(P(z)) — (Zv)veu € ([lyeuv, G/Hu x 7, (Uo)) N P.

Assume now that G is a locally convex vector group. Changing the notation, we
write the above embedding @ : G — [[;c,,(Vu x Fy) where Viy is a metrizable locally
convex vector space and Fy is a discrete vector space. According to 1.5 in [74] and

2.7, the completion Vi of Vi is a complete metrizable locally convex vector space. Let
v [ Tye(Vo x Fu) = Tlyey(Vu x Fyr) denote the canonical embedding. Since both @
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and ¢ are continuous linear operators, ((?(G)) is a linear subspace and hence, according
to 9.6, dually embedded. If G is complete, so is ¢«(@(G). Hence ((P(G)) is closed and it
follows from 9.5 that «(®(G)) is dually closed in the product.

Combining 10.1 and 10.6 yields:

PROPOSITION 10.7. Every locally quasi-convexr Hausdorff group G is topologically isomor-
phic to a Hausdorff quotient group of a subgroup of a locally convex vector space and a
product of discrete (vector) spaces.

COROLLARY 10.8. For every complete locally convex vector group V', the evaluation map-
ping vy i an open isomorphism. In particular, every complete metrizable locally convex
vector group is reflexive.

PROOF. According to the above theorem, V' can be considered as a dually closed and du-
ally embedded subspace of a product of complete metrizable locally convex vector spaces
and discrete spaces. According to 5.4, 8.18, 5.12 and 5.3, the product is a Pontryagin
reflexive group. The assertion follows from 5.25 and 5.12.

REMARK 10.9. In the next chapter we give an example of a complete metrizable locally
quasi-convex group which is not reflexive. This shows that the linear structure of locally
convex vector groups is essential for the validity of 10.8.

NoTEs 10.10. 10.1 is the first part of the proof of Theorem (9.6) in [8]. The statement
is new. The assertion of 10.8 is Theorem (15.7) in [8] and the proof given here is a
modification of the arguments given there.

11. The character groups of 15(]0,1]) and L?(]0, 1])

In this chapter we give an example of a closed subgroup H of a completely metrizable
(locally quasi-convex) reflexive group G (more precisely, a locally convex space) which
is not the whole group but the dual homomorphism ¢* : G* — H* is a topological
isomorphism. This means that H and G have the same character group. In particular,
this example shows that ay need not be surjective if H is a locally quasi-convex and
completely metrizable abelian group (cf. 20.38).

Let H := L7 ([0,1]) be the subgroup of G := L”([0, 1]) consisting of all almost every-
where integer-valued functions where p € |1,00[ and let S := (15 : B € B([0, 1]))R be the
vector space spanned by all indicator functions of Borel measurable sets.

REMARKS 11.1. (i) H is closed in G. [Let (z,),cn be a sequence in H converging to
x € G. By the Riesz—Fischer theorem, we can choose a subsequence (z,, )ycn converging
almost everywhere to x. Hence the values of = are almost everywhere in Z.)

(i) H =SNH. [“D” follows from (i). Each x € H has the form z = )", , k- 1p,
for suitable By € B. It is a consequence of the dominated convergence theorem that
k<n k- 1p, — 2 inL” asn — oo ]

(iii) G = S. [See [71], p. 69, (3.13).]

REMARK 11.2. For positive numbers a, b we have (a+b)? < 2P-(max(a,b))? < 2P-(aP+bP).
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LEmMA 11.3. The mapping
0:[0,1]xG =G, (t,x)r— 1y -,

is continuous, x — o(t,x) is, for fired t € [0,1], a homomorphism, and o([0,1] x H)
CH.

PROOF. Since ||z -1 4|l, < ||z|, for all z € G and ¢ € [0, 1], o is well defined. Obviously,
0([0,1] x H) C H and o(t,-) is a homomorphism.

So it suffices to prove the continuity of o. Let therefore (¢, zn),eN be a sequence in
[0,1] x G converging to (tg,x¢). For all n € N such that ¢, > to, we get

Tlan - 1o,0,) = 20 - Lool|" dA = gg|170 = 2l dA + T |2n]” dA
0

IN

t tn
%(ﬂxo — zn|PdX + tT(Ixn — @0 + |wo|)P dA
0

11.2 1 tn
< o — al? A+ 22 Tl — 0l? + 20 ]?) dA
0 to

and for n € N such that t,, < tg,

1 tn t
T |Zn - 1[0,t,] — %o - Ljo,¢0) [P AN = T |zg — xp [P dX + tjl |zo[P dA.

Now the continuity of ¢ is a consequence of the dominated convergence theorem.

COROLLARY 11.4. H s pathwise connected but contains only the trivial one-parameter
subgroup.

ProoOF. It follows immediately from 11.3 that H is pathwise connected.

Let f : R — H be a continuous homomorphism. Suppose there exists ¢ € R such that
f(zo) # 0. Since H is torsion-free, this leads to the contradiction f(tzg) = tf(xo) & H
for suitable t € Q N0, 1].

THEOREM 11.5. Let G be a topological space and let ¢ : [0,1] x G — T be a continuous
mapping such that ©(0,-) = 1. Then there exists a continuous lifting @ : [0,1] x G — R
such that e2™® = p and ¢(0,-) = 0.

R

|
[O,I]XGT>T

If G is a topological group and @(t,-) is a homomorphism for each t € [0,1], then ®(t,-)
is a homomorphism as well.

PROOF. For the existence of @, see [78], pp. 661l.

Assume now that G is a topological group and that ¢(¢,-) is a homomorphism for
all t € [0,1]. For z,y € G, put ¢y : [0,1] - R, t — &(t,xz +y) — D(t,z) — D(t,y).
Obviously, ¢, is continuous and t,,(0) = 0. By assumption, we have e2™"=v(t) =
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otz + y)pt, ) Lo(t,y)~t = 1. Since 14y([0,1]) is connected and contained in Z, it
must be trivial. This completes the proof.

THEOREM 11.6 (Nickolas). If G is an abelian topological group and a k-space then the
path-component C, of eg~ is the union of all one-parameter subgroups of G*.

PROOF. Since the union of all one-parameter subgroups of G* is contained in Cp, it has
to be shown that for every x € Cp, there exists a continuous homomorphism f : R — G*
satisfying f(1) = x. By assumption, there exists a continuous mapping ¢ : [0,1] — G*
such that ¢(0) = eg~ and @(1) = x. This gives rise to the mapping ¢ : [0,1] x G — T,
(t,z) — @(t)(x). Since [0,1] x G is a k-space (1.4), ¢ is continuous if and only if ©|j 1]x &
is continuous for every compact subset K C G (see 1.5). Therefore, fix to € [0,1], z € K
and V_€ Up(1). There exist U € Ug(e) such that ¢(to)(U) € V and € > 0 such that
P(to)p(t) € P(K,V) for all t € [0,1] satisfying |t — t9] < e. Hence, ¢(to,zo)e(t,x) =
P(to)(zo—z)- (P(to)-@(t))(x) € V-V for all z € xo+U. This shows that ¢ is continuous.
According to 11.5, there exists @ : [0, 1]x G — R satisfying e2™*® = . Furthermore, &(t, -)
is a continuous homomorphism for every ¢ € [0, 1]. Put &, := &(1, ). The homomorphism
f iR — G* t — exp(2mit - $1), satisfies f(1) = ¢(1,-) = x. Fix a compact K C G and
e > 0. Since ¢1(K) is compact, there exists § > 0 such that @1(K) C |—¢/d,¢/d[. This
implies f(]—4,0[) € P(K,{e*™ : |t| < e}). So f is continuous and hence it is the desired
one-parameter subgroup.

COROLLARY 11.7. If G is a reflexive group such that G* is a k-space, then the path-
component of e € G is the union of all one-parameter subgroups of G.

PROOF. This is an immediate consequence of 11.6.

COROLLARY 11.8. The path-component of the unit element of every almost metrizable
reflexive group is the union of all one-parameter subgroups.

PRrOOF. This follows directly from 11.7 and 5.20.

EXAMPLE 11.9. H is not reflexive. [H is a metrizable and hence an almost metrizable
group (1.23(i)). Hence the assertion follows from 11.8 and 11.4.]

LEMMA 11.10. ¢ : Hom(H,R) — H*, 1 + e®™¥ s a topological isomorphism where the
groups are endowed with the compact-open topology.

PRrROOF. Obviously, ¢ is a continuous homomorphism.

Since H is connected (11.4), the kernel kerp = {¢ € Hom(H,R) : ¢(H) < Z} is
trivial and hence p is injective.

o is surjective. Let x € H*. The mapping ¢ : [0,1] x H — T, (t,z) — x(o(t,x)), is a
well defined continuous mapping and ¢(, -) is a homomorphism (11.3). Since ({0} x H)
= {1}, there exists a continuous lifting @ : [0,1] x H — R of ¢ such that ¢ : 2 — &(1,2)
belongs to Hom(H,R) (by 11.5). Since 2™ = y, the surjectivity of o follows.

o0 1s open. Let K C H be compact and let ¢ > 0. Because of 11.3, K= o([0,1]x K) C
H is compact. For V := {€?™ : |t| < €} (and ¢ € ]0,1/2[), we get o(P(K,]—¢,¢[)) 2
P(K,V). [Let 2™ ¢ P(K,V) where ¢ : H — R is a continuous homomorphism;
since ¢ is an epimorphism, each character is of this form. Fix x € K. Since [0,1] — R,
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t— (o(t,x)), is continuous (11.3), the image is connected. By assumption, ¢ (o ([0, 1] x
{z})) C]—¢,e[+ Z. This implies ¢(z) = (o(1,z)) € |—¢,¢[].

LEMMA 11.11. Let (an)nen be a sequence of non-negative numbers such that ), - an
= 00. Forng :=min{n € N: a, > 0} and s, := Y ,_; ar we have > Qp/Sn = 00
and, forp>1,3%" -, an/sh < oo.

n>ngo

PRrROOF. For £k > m > ng we have

k k
I I et
Sn, S

k Sk

which shows that (ZZ:M an/Sn)k>n, cannot be a Cauchy sequence.

Fix p > 1. For 0 < a < b we get by the Mean Value Theorem

b—a 1 1 1
1— 1— -
b -aTP s (b-a)I - or =5 Sp—l(av—l_bp—l)'

This implies

1 1 1
:avltgp_'— 1< p—1 p1>'
p—- Sng Sk

The assertion follows.

LEMMA 11.12. If y € L9([0,1]) (where 1/p+ 1/q = 1) satisfies | T - yd\| < 1 for all
x € H such that ||z||p, < e, then |ly|lq < 4(4/)P + 6.

PROOF. Put y4 := max(y,0). There exist disjoint measurable sets B,, such that z :=
Y onen 1B, <yi < z+1. Wemay assume that [|z||¢ = > yn?-A(By) > 0. (Otherwise,
ly+llg < 1.) Observe that ||z]lq < |ly+llg < [lyllq < 0o. For n € N, there exist k, € Ny
such that

nd~!

=1 Fn
1211

N =

Put zy := > _nFkn-1B,. As a consequence of

q-1 1\? 11.2 pa—p 1
S ELANBL) <Y (—" — + 5) AB,) < 20> ( i 5) - A(By)
neN neN ”ZH‘Z neN ||ZH£1

=20y (%ﬁ?") + 2%-)\(3”))

S2p<1+2_1p) =27 1 1<t < 2%,

we deduce that x4 € H and ||z ||, < 4. Furthermore,
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1 1 1
Ty-zyd\=Tyy -2 d\> Tz -2y dA=> ky-n-A(Bn)
0 0 0 el

’qu_l 1 nq 1
- neN <|Z||Z1 2) (Br) Z HZ”Z*l (Bn) 2” IR

neN

1 1
> |1zl = 512l = 512l

(The last inequality is a consequence of the Holder inequality.)
On the other hand, according to 11.3, there exists a partition 0 =ty < t; < ... <
. -1
t, = 1 such that ||z - 1[tj,tj+1[||p < e. Observing that ||:E+||g = Z?:o |z - 1[tj1t].+1[||g,
we may assume that n < (4/¢)? + 1. Hence

1 iy
‘OT:E+ | < > | T, Hoptyat A <7
7=0
(by assumption). Combining these estimates yields
1 1 4\"
slIely < | Tasyax| <n< () +1
2 0 €

and hence [[ys |, < 2], + 1 < 2(4/e)7 + 3.
The analogous estimate for y_ := —min(0, y) implies the assertion.

LEMMA 11.13. Forp > 1, v : (LP([0,1]))) — Hom(H,R), ¥ — ¥|g, is a topological
isomorphism.

PROOF. Obviously, v is a continuous homomorphism.

v is injective. Let ¥ € LP(]0,1]) be such that ¥|g = 0. Then ¥(1p) = 0 for all
B € B([0,1]) and since ¥ is linear, we get ¥(S) = {0}. Since S is dense (11.1), ¥ =0
and hence 7 is injective.

v is surjective. For ¢ € Hom(H,R), the mapping p : B([0,1]) — R, B — ¢(1p),
defines a signed measure which is absolutely continuous with respect to the Lebesgue
measure A|jp,;]. By the Radon-Nikodym Theorem (cf. [71], p. 121), there exists y €
L*([0,1]) such that 4 = y-A. This means ¢)(15) = u(B) = T 15y d for all B € B. Since
both sides are additive, we get ¥(x) = Tg z - ydA for all z € HN'S. We now show that
y € L1([0,1]) where ¢ satisfies 1/p+ 1/g = 1. This is equivalent to y4+ := max(0,y) and
y— := —min(0,y) belong to LI([0, 1]). There exist B,, € B such that z:= ) yn-1p, <
yr < z+1. Put s, =Y ; k% \NBx) and k, := [n9=1/s,] for those n where s, is
positive and k,, := 0 otherwise. (For ¢ > 0 the largest integer smaller than or equal to
t is denoted by [t].) Suppose (sp),en is not bounded. Let ng := min{n € N : s, > 0}.
According to 11.11, we get

nPI—P nd

SR -ABn) < > 5 AB) = — - A(Bp) < 0

n

neN n>ng n>ng

and
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N N
nd N—o00
~kn - NByp) > — - AB,, —\(B,) — 0,
ngln (Bn) %n ( )+nzznosn (Bn) 00

since

> n-ABn) = 2l <yl < llylh < oo
neN

This shows that zy = Zﬁ;l kn-1p, € H tends to >, .nkn - 1B, € H but

N
Y(xy) = i}“xN cyd\ = Z}“IN cypd\ > an -n - A(Bp)
0 0 —
does not converge, in contradiction to the continuity of ¢. Hence (sy),ecn is bounded,
which implies y; € L%([0, 1]). Analogously, y_ and hence y = y;+ —y_ belong to LI([0, 1]).
By the Holder inequality, ¥ : G — R, z — T} x - yd), is continuous and hence it is the
desired extension of 1.
7 is open. Lemma 11.12 implies that, for € > 0, there exists § > 0 such that (¢B N H)°
C (6B)Y (where B denotes the unit ball of G). According to 1.3 and 1.32, every compact
subset of Hom(H,R) is compact with respect to Hom(G,R). Since both are k-spaces
(4.7 and 11.4) and since 7 is continuous, the topologies of Hom(H,R) and Hom(G,R)
coincide, which completes the proof.
THEOREM 11.14. Let ¢ : L7 ([0,1]) — LP([0, 1]) denote the embedding and let p > 1. Then

*

t* is a topological isomorphism.
PRrROOF. This follows immediately from 11.10, 11.13 and 5.5.

COROLLARY 11.15. For p > 1, H := L5([0,1]) is a complete metrizable locally quasi-
convex group such that o is an embedding which is not surjective; in particular, L%([O, 1))
is not reflexive.

PRrROOF. Trivially, H is a complete metrizable group and, being a subgroup of the reflexive
(8.18) group LP([0, 1]), it is locally quasi-convex (6.8(i)). According to 5.12 and 6.10, afy is
an embedding. Since G is reflexive, we deduce from 11.14 that H** = G** = G. It follows
from 11.4 that H is not topologically isomorphic to G. This shows that ay cannot be
onto.

NoTES 11.16. The statement that L7 ([0,1]) is not reflexive was pointed out to me by
W. Banaszczyk. Helpful discussions with him and G. Turnwald led to 11.3 and 11.11.
The results 11.5, 11.6 and 11.7 are taken from [57].

12. Free abelian topological groups

THEOREM 12.1. Let X be a completely reqular space. There exists an abelian Hausdorff
group A(X) (resp. A2(X)) which is algebraically the free abelian group generated by X
such that the canonical mapping nx : X — A(X) (resp. nx : X — Ax(X)) is an embed-
ding with closed image and every homomorphism f: A(X) — G (resp. f': A2(X) — Q)
into an abelian (resp. abelian Hausdorff) topological group G is continuous if and only if
f = [ onx is continuous.
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In other words, A(X) is the topological analog of the free abelian group. This means
that every continuous mapping f : X — G can be extended to a continuous homomor-
phism f’: A(X) — G and A(X) contains X as a closed subspace.

PROOF. We prove both cases simultaneously and write A (X) instead of A(X) and
A (X).

Let G be the set of topological isomorphism classes of all abelian (Hausdorff) topo-
logical groups of cardinality smaller than or equal to max(|X|, |R|), let & be the set of
continuous mappings ¢ : X — G (where G € G), and let &' be the set of homomorphisms
¢ A(X) — G (G € G) satisfying ¢’ onx = ¢ for suitable ¢ € &. If O denotes the
initial topology on A2y (X) generated by &', then (A2 (X), O) is a topological group. By
construction, nx is continuous. For an arbitrary homomorphism f’ from A, (X) into an
abelian (Hausdorff) topological group we have |f'(A2)(X))| < max(]X|, |R[) and hence
J'(A2)(X)) = G for suitable G € G. So, by construction, f’ is continuous if and only if
f' onx is continuous.

For 0 # 0, kjnx (x;) € Az)(X) where n € N, k; € Z\{0}, and z; € X, there exists
a continuous function f : X — R such that f(z;) = d1;. The (continuous!) homomorphic
extension f’ separates 0 and -7, k;nx (2;), namely f'(0) = 0 and f'(3°7_, kjnx(z;)) =
ki # 0. This shows that A)(X) is a Hausdorff space.

Since every Hausdorff group is completely regular, so is nx(X). In order to prove
that 7 is an embedding, it is therefore sufficient to show that X and n(X) have the
same continuous real-valued functions. Let f : X — R be a continuous function. By
construction, f'l; (x) is continuous. The other inclusion is clear. Hence, 7 is an embed-
ding.

Let Y77 kjnx(z;) € A)(X) \ nx(X). Suppose first that n = 1 and [ki| > 1.
Let f : X — R be a continuous function such that f(z;) = 1 and f(X) C [0,1]. Then
7 (]—o00, —3/2[U]3/2, ) is a neighbourhood of k1mx (1) missing nx (X). Now suppose
n > 1. There exists a continuous function f : X — R such that f(z;) = sign(k;) (for j €
{1,...,n}) and f(X) C [~1,1]. Again, f'~1(]—00, —3/2[U]3/2, 00]) is a neighbourhood of
2?21 k;inx (z;) having empty intersection with nx (X). Hence, the image of nx is closed
and the theorem is proved.

COROLLARY 12.2. For every completely reqular space X we have A(X) = Az (X).

PROOF. Let f : X — A(X) and fa : X — A3(X) be the canonical mappings. Since
A(X) and A3(X) are abelian Hausdorff groups, we get continuous homomorphisms f’ :
Az(X) — A(X) and fi : A(X) — A2(X). Obviously, f’ and f3 are the identity mappings
and hence the assertion follows.

DEFINITION 12.3. A(X) is called the free abelian topological group over X.

THEOREM 12.4 (Raikov). Let 9x : X — L(X) be a mapping of a completely regular
space X into a vector space L(X) such that Vx(X) is a basis of L(X). There ezists a
locally conver Hausdorff vector space topology on L(X) such that for every continuous
mapping f of X into a real locally convex vector space I, there exists a continuous linear

functional f: L(X) — F satisfying f odx = f.
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Let S denote the set of subsets of C(X,R) which are equicontinuous and pointwise
bounded and let S be the associated linear forms. Then a nezghbourhood basis of 0 € L(X)
is given by the sets {T € L(X) : [3(Z)| <1 V5 € S} where S runs through S.

PrROOF. It is a consequence of 8.4 that the above sets form a neighbourhood basis of a
(veal) locally convex vector space topology O on L(X). For 7 := 377 | \;j¥x(x;) # 0,
there exists a continuous function f : X — R such that f(z;) = sign();). The associated
linear functional f satisfies f(Z) = > i1 [Ajl and £(0) = 0. This implies that (L(X),O)
is a Hausdorff space.

¥x : X — L(X) is continuous. [Fix zp € X, S € § and € > 0. Since S is equicontin-
uous, there exists U € Ux (o) such that |s(x) — s(zo)| <1 for all s € S and z € U. Now,
3(Ux(x) — VUx(20)) = s(z) — s(zo) implies Vx (U) C Vx(z0) +{T € L(X) : [5(Z)] < 1
Vs € S} and hence the continuity of ¥y

Yx is injective, since ¥x (X) is linearly independent.

For zp € X and U € Ux (z9), there exists a continuous function f : X — R such that
|f(z)| <1 implies = € U. Hence we get 9x (U) D 9x(X)N{F € L(X) : |f(Z)] < 1}. This
shows that ¥x is an embedding.

Every continuous mapping f : X — F (where F is a real locally convex vector space)
gives rise to a continuous mapping f* : F' — C(X,R), ¢ — ¢ o f, where the topological
dual F’ and C(X,R) are endowed with the compact-open topology. Let U be a closed
symmetric convex neighbourhood of 0 € F. Then U® :={p € F': (U) C [-1,1]} is an
equicontinuous pointwise bounded subset of F’, and so is S := f*(U°). For 7 € L(X)
such that [5(Z)| < 1 for all 5 € S we get f(Z) € U, since otherwise there exists (by the
Hahn-Banach theorem) a linear functional ¢ € U 0 such that o(f(Z)) > 1. Since ¢ is
linear, we get ¢ o f f* ( ) and hence ¢ o f € S contradicting our assumption. Hence
f is continuous and the assertion follows.

THEOREM 12.5 (Tkachenko). ¥y : A(X) — L(X) is an embedding and ¥y (A(X)) is
closed in the locally convex vector space L(X).

PROOF. This is Theorem 3 in [80].

COROLLARY 12.6. Let S denote all equicontinuous pointwise bounded subsets of C(X,R)
and, for S € S, we write S’ for the associated continuous homomorphisms. Then the sets

of the form {2’ € A(X) : |s'(a")| <1 Vs € S’} form a neighbourhood basis of 0 € A(X).

PROOF. For every continuous function f : X — R we have fo ¥y = f’. Now the assertion
is an easy consequence of 12.4 and 12.5.

PROPOSITION 12.7. For every abelian Hausdorff group G, the mapping id’ : A(G) — G
is a continuous open epimorphism.

PROOF. Since every Hausdorff group is completely regular, id’ is well defined and, clearly,
a continuous epimorphism. Let S C C(G,R) be equicontinuous and pointwise bounded.
From id'(ng(z) — ng(e)) = z we get id' ({2’ € A(G) : |s'(2")| < 1Vs' € S} D {z € G :
|s(z) — s(e)] < 1Vs e S}. Since S is equicontinuous, the latter set is a neighbourhood of
e € G. The assertion follows from 12.6.

The following result generalizes 10.7.
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THEOREM 12.8. Fwvery abelian Hausdorff group is topologically isomorphic to a Hausdorff
quotient of a closed subgroup of a locally convex vector space.

PrROOF. This follows from 12.5 and 12.7.

PROPOSITION 12.9. For every completely regular space X, the free abelian topological
group A(X) is locally quasi-convex. Every abelian Hausdorff group is a quotient of a
locally quasi-conver Hausdorff group.

PROOF. The first assertion is a direct consequence of 6.5, 6.8(i) and 12.5 or an easy
consequence of 12.6. The second one follows from 12.7.

PROPOSITION 12.10. If X is a compact space then A(X) is a hemicompact k-space. The
sets X = {3 kanx(2) ¢ (ka) € 25, 3« |ka| < n} form a cobasis for the
compact subsets of A(X).

PRrOOF. This is Corollary 1 of [52].

COROLLARY 12.11. For every compact subset K' of A(X) where X is a completely
reqular space, sup{>_, c x |ka| : (kz) € ZX), 3y kanx (z) € K'} < o0.

PROOF. The embedding of X into the Stoye%@ech compactification 8 : X — (X
gives rise to a continuous homomorphism ( : A(X) — A(BX), > . cx kenx(z) —
> zex kenpx (B(x)), and hence B(K') is a compact subset of A(8X). By 12.10, (K') is
contained in (8X)™ for suitable n € N. This implies sup{>_, c x |ka| : > c x kanix (z) €
K'} <n.

NOTATION 12.12. For o' = > ks - nx (), let 1(z') := > ¢ [kz| be the length of 2’
and put S(z') 1= {z € X : k; # 0}. For Y' C A(X) the union S(Y') := U,/ ¢y S(y') is
called the support of Y. (This is well defined, since every finite set is closed.)

LEMMA 12.13. For every compact subset K' C A(X) where X is a completely reqular
space, S(K') is a functionally bounded subset of X.

PROOF. Suppose the contrary. According to 1.16(iii), there exists an infinite discrete
family (U;);er of open sets in X such that S(K') N U; # 0 for all ¢ € I. Inductively, we
now construct sequences (in)nen i I, (fr)nen in C(X,R), (z,),en in K’, and a sequence
of open sets (W,,) with the following properties:

(i) For every n € N, there exist x,, € S(x;,) and an open neighbourhood W, € U(zy,)
such that W,, C U;,, S(z,) N W, = {x,} and |, _,, S(z},) N W, = 0, and
(i) {z € X : fu(z) # 0} € Wy and [ (z7,)] = 0+ | 324 o, fi(2,)]-

Assume we have already constructed the tuples (i1, ... i), (f1,--., fn), (@],...,2}),
and (Wy,...,W,) for n € Ny satisfying the above conditions. Since J,,, S(x},) is finite,

since U<, W, intersects only finitely many U; non-trivially, and since (U;);er is infinite
and discrete, there exists i,,41 € I such that

Uiy N (kgnS(x;) U kgan) =0.

Furthermore, there exists z;,,; € K’ such that S(z},,,) N U;,,, # 0. Choose x,41 €
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S(x7,41) NUs,,, and an open set Wy, 11 € U(2,41) which satisfies condition (i). Since X
is completely regular, there exist f,,4+1 which satisfies (ii).

Since fn(X\Wy) = {0} and (W),),¢n is a discrete family, f := > fn is continuous
(1.12).

Taking into consideration that both sums have only finitely many entries # 0, we

get
SR kenx @) =303 kafal@) = Y kS (@),
neN zeX neNzeX reX

which implies ' = > _nfn. For n > k, we have f](z}) = 0 (by construction) and
hence

k
@)= | falah)

n=1

k—1
> [filat) = | X falat)| = &
n=1

(by (ii)), which contradicts the compactness of K.

COROLLARY 12.14. If X is a Nachbin—Shirota space then the support of every compact
set K’ of A(X) is compact.

Proor. This follows immediately from 12.13.

EXAMPLE 12.15. There exists a locally compact space X and a compact subset K’/ C
A(X) such that S(K’) is not compact. [In the notation of 1.20 we put K’ := {0} U
{nx(w,w1) — nx(wi,w) : w < wi}. We prove that the bijection ¢ : 21 — K’ defined by
g(w) :=nx(w,w1)—nx(w1,w) for w < wy and g(w1) := 0 is continuous. One easily verifies
that g|o,\{w,} is continuous. Let C' C C(X,R) be an equicontinuous pointwise bounded
family. According to 1.20, C' is the restriction of an equicontinuous pointwise bounded
family C' in C(£2; x £21,R). Hence

{w<w: [f(gw) <1V €'} ={w <wr:|f(w,w1)

= {w <wr: [flw,wn) = flwr,w)
- .}‘v(wlv w)
is a neighbourhood of wy in £2;. This shows that ¢ is continuous (12.6). Hence, K’ being
a Hausdorfl space, it is compact. But S(K') = {(w,w1) : w < w1} U {(w1,w) : w < wy} is
not compact.]

f(wlvw)

| <1VfelCu{w}
| <1VfeCu{w}
|<1VfeC}

={w <w :|f(w,w1)

NOTES 12.16. Free (abelian) topological groups were introduced by Markov in 1945 ([53])
and generalized by Graev in 1948 ([31]). Theorem 12.1 was first proved by Markov ([53]).
The proof given here is a mixture of those of (1.4) in [79] and of (8.8) in [34]. 12.4 is due
to Raikov. The proof is similar to that of Theorem 1’ in [68]. The assertion of 12.6 was
formulated in the proof of Theorem 2 in [63]. Proposition 12.7 was proved by Markov
([53]); the proof given here is similar to that of Remark IT on p. 596 in [68]. 12.11 is Propo-
sition 2.2 in [27]. Example 12.15 was motivated by K. Yamada. 12.13 is a specialization
of Proposition 2 in [4]. T am indebted to D. Elsenhans for translating some relevant parts
of [68] from Russian into German.
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13. C(K,T) for compact K

We now prove that the group C(K,T) endowed with the compact-open topology is re-
flexive if K is compact.

Since C(K,T) is metrizable (2.8), ac(k,T) is continuous. It is shown in 13.13 that
C(K,T) is locally quasi-convex. The crucial point is the surjectivity of Qc(k,T)- Several
lemmas precede the main theorem 13.15.

NoOTATION 13.1.

K a non-empty compact space
(Kj)jes the family of components of K

F the set of finite subsets of J

w the set of closed-and-open subsets of K
Wp Wew:Wn(Ujer Kj) =0} for FeF
G C(K,R) endowed with the compact-open topology
H {(f€G: [(K)Cz)

C C(K,T)

Gr (lw : W e Wp)p (FeF)

Hp H+Gp (FeF)

™ G — G/H the canonical projection

T G — G/Hp the canonical projection

‘/5 {eQTrit . |t| < E}

REMARK 13.2. Observe that G,Gr and G/Gp are Banach spaces and that H, C, and
G/H are topological groups.

LEMMA 13.3. For every neighbourhood U € U(Kj), there exists W € W such that K; C
W cCUuU.

PROOF. See [73], p. 371.

LEMMA 13.4. Let K be a compact subset of the completely reqular space X and let f :
K — R be a continuous function. For every € > 0, there exist n > 0 and a finite set
H C C(X,R) such that |f(z) — f(y)| < e for all z,y € K for which |h(z) — h(y)| <n for
all h € 'H.

PROOF. Since X is completely regular, the sets U(z, H,0) :={y € X : |h(z) — h(y)| < ¢
Vh € H}, where H is a finite subset of C(X,R) and § > 0, form a neighbourhood basis of
reX.

Let € > 0. For z € K, there exists a finite set H, C C(X,R) and J, > 0 such that
lf(z) — f(y)] < e/2forally € KNU(z, Hy,05). Since K is compact, we can find a
finite subset Ko C K such that K C {J,cg, U(®, Ha,0z). Put H = (J,cx, He For
every & € K, there exist n, > 0 and 29 € Kg such that U(z, H,n,) C U(zo, Hags Oxp)-

Furthermore, there exists a finite subset K1 of K such that K C{J, ¢y, U(x, H,7./2). Put

n:= $min(n, : © € K1). Let 2,y € K be such that [h(z)—h(y)| < n for all h € H; we can

find z1 € K; such that z € U(x1,H, 1, /2), which implies =,y € U(z1, H, 1., /2 + 1) C
U(z1,H,nzy) C U(xo, Hay, 0z, ) for suitable xg € Ky. The assertion follows.
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PROPOSITION 13.5. Let K be a compact subset of the completely regular space X and let
g: X —T and f: K —R be continuous mappings such that e*™f = g|x. There exist a
neighbourhood U of K and a continuous extension fy:U —R of f such that 2™V =g

PROOF. Let 0 < € < 1/3. Since g is continuous and K is compact, we can find finite
subsets H, C C(X,R), d; > 0 and a finite subset Ko C K such that K C {J,cx, Us

where U, := U(z, Hy, ,), and g(Uy,)g(z) C V.. In addition, we may assume that &, <n/2
and H C H, (for all x € K) where n and H are chosen as in the above lemma. There
exist continuous liftings f, : Uy — R of ¢g|y, which extend f such that |fy(z) — fo(y)| <e
for all y € U,. [Since g(x) & g(U,), there exists a continuous lifting f, : U, — R such
that fi(x) = f(z) and |fz(y) — fe(x)| < e forally € U,. Fory € KNU, CU(z,H,n)
we have |f(y) — f(z)] < e. It follows from f,(y) — f(y) € Z N [—2¢,2¢] = {0} that f; is
the desired extension.]

For y,z € Ky and z € U, N U,, we have f,(z) = f.(x). [Since f, and f, are
liftings, we have fy(z) — f.(z) € Z and x € U(y,H,n/2) N U(z,H,n/2) implies y €
U(z,H,n). Hence, |f(y) — f(2)| < e. Since fy(y) = f ) and f,(z) = f(z), we get

n
[fy(@) = f=(2)] < |fy(2) = FW)l + [f(y) = F(2)] + |f(2) = fz(x)] < 3e < 1.] Hence, the
mapping f : U,cx, Uz — R given by y = f(y) for y € U, is well defined, continuous,

and has the desired lifting property.

COROLLARY 13.6. Let K be a compact space and let g : K — T be a continuous mapping
with the property that the restriction of g to every component K; can be lifted to R. Then
g can be lifted to R. In particular, every continuous mapping of a totally disconnected
compact space into T can be lifted to R.

PROOF. According to 13.5 and 13.3, for every j € J, there exist W; € W such that
K; C W; and a continuous lifting f; : W; — R of glw,. Let U;_; Wj, be a finite
subcover of K by members of (W) : j € J). Then f:z — f;, (x), where k € {1,...,n}is
minimal with € W}, , defines a continuous mapping K — R (observe that the W;, are
closed-and-open) which is (by construction) the desired lifting.

REMARK 13.7. (i) W is closed with respect to forming finite unions and intersections
and complements.

(ii) Every W € W is a union of components.

(iii) For every F € F, there exist (by the normality of K and 13.3) pairwise disjoint
W; € W such that K; C W, for all j € F.

LEMMA 13.8. (i) H = (1w : W € W),.

(i) Every f € H satisfying f(U;cp ;) = {0} belongs to Gp.

(i) Gr ={f € G : f|k, = const for all j € J and f(U;cp K;) = {0}}.
(iv) Hr ={f € G : f|k, = const for all j € J and f(U,cp K;) C Z}.

PROOF. (i) This is obvious, since f(K) is a finite subset of Z for every f € H.

(ii) is an easy consequence of (i) and 13.7.

(iii) and (iv). It is easy to see that that the right-hand sides are closed. Because of
13.7(ii), “C” follows directly in (iii). In (iv), this inclusion is a consequence of this part
in (iii) and (i).
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Conversely, let f be an element of the right-hand side and fix € > 0. Choose z; € K
arbitrarily. Because of 13.3, there exist W; € W (j € J) such that K; C W; and
|f(z) = f(z;)| < e for all z € W;. For j € F, we may assume that the sets W, are
pairwise disjoint (13.7(iii)). Let |J;cp W; U Ui, Wj, be a finite subcover of Ujes W
of K. Let Wi,..., W, be recursively defined by W; := W, \ (U;cp W;UU,.; Wy). Then
Wi € Wp (13.7(1)) and K is the disjoint union of Wi,..., Wy, U;cp W;. For j € F, we

have f(z;) = 0, respectively f(x;) € Z, in case (iii), respectively (iv). Hence the function

fe= 30 fla)tw, + Y fla)lwy

JEF i=1

€H €Gr

belongs to the left-hand side and satisfies |f(z) — fe(z)] < € for all z € K. It remains
to observe that G and Hp are closed. [This is true for Gp by definition. For sequences
(hn)nen In H and (fn)nen in Gp such that (h, + fn)nen converges in G, there exists
no € N such that hy,(U;cp K;j) = (hn + fn)(U;ep K;) is independent of n for all n > ny.
(Recall that f(U,cp K;) = {0} for f € Gp.) Hence h, —hp, € G (by (ii)) and the limit
of hyy + fr = hng + (hn — hiy + fn) is a member of H + Gr. The assertion follows since
G is metrizable (2.8).]

LEMMA 13.9. G/Hp is reflezive.

ProOOF. Consider the canonical mapping ¢ : G/Gr — G/Hp. For j € F and disjoint
W, € W containing K; (13.7(iii)), we have

(%) ker1/):<1wj+GF:j€F>Z.

[Let h € H. For k; € Z such that h(K;) = {k;} the function h — 3 . k;lw, belongs
to H and is 0 on (J,c p(K); hence, it belongs to Gp (13.8(ii)). This shows that every

[ € Hp can be written in the form >, » k1w, + f for k; € Z and f € Gp, which implies
“C”. The other inclusion follows immediately.]

Observe that 1) is an open continuous homomorphism. Since (1w, +GFr);cr is linearly
independent and G/Hp = (G/GF)/ ker ¢, the assertion follows from 8.21 (and 13.2).

LEMMA 13.10. For every infinite subset Jy C J, there exists a sequence (jn)nen 0 Jo
and pairwise disjoint W, € W such that K;, C W, for all n € N.

PROOF. (We tacitly use 13.3 and 13.7(iii).) Assume first that there exists jo € Jo such
that for every W € W containing K, the set {j € Jo : K; C W} is infinite. For
j1 € Jo\{jo}, there exist disjoint Vi, W1 € W such that K;, C V; and K;, C W;. Suppose
Wehavejl,...,jn € Jo and Vi,oo Vi, Way ooy, Wy € W such that Kjo cCV,C...CW,
K;, C Wi, VinWy =0 for k € {1,...,n} and Wi, C Vj_; for k € {2,...,n}. By
assumption, we can find j,41 € Jo such that K;, ., €V, and disjoint V1, Wpy1 € W
contained in V,, such that K;, € V11 and Kj, ., € Wy,11. Inductively, we are able to
construct sequences (K, ),cn and (W),),ecn having the desired properties.

Otherwise, for every jo € Jp, there exists W € W containing K, such that K;NW =0
forall j € Jo\{jo}. Inductively, we can find a sequence (j,),eN in Jo and pairwise disjoint
W, in W such that K;, C W,,. Hence the assertion follows.



66 L. Auflenhofer

LEMMA 13.11. For every continuous linear form 1 : G — R satisfying v(H) < Z, there
exists an F' € F such that Gg < ker.

PROOF. We first show that
(*) F={jeJ:VUel(K;)IWeW: :K; CWCU and ¥(1w) # 0} € F.

[Suppose the contrary. Because of 13.10, it is possible to find components (Kj, ) en and
pairwise disjoint W,, € W such that K; C W, and ¥ (1w, ) # 0. Since

k
1
Z 7n'¢(1wn)1wn eqG

converges uniformly to

but

k
1 1
| = -,
(Gmat) X
the set F' must be finite.]
(x) and 13.3 imply

(%) Vie J\F3IW, e W:K; CW, and ¢(lw)=0VIW e W: K; CW CW;.
Since 1 is a continuous linear form, it is sufficient to prove that
(5) Y(w) =0 YW € We.

[Let W € Wp. For j € J such that K; C W we have j ¢ F. According to (sx), there
exists W; € W such that K; C W; C W and ¢(1w+) = 0 for all W’ € W such that
K; C W' C W;j. Since W is compact, there are ji,...,j, € J such that W = [J;_, W;,
(13.7(ii)). Furthermore, there are pairwise disjoint Vi, € W satisfying K; C Vi, C W;,
(13.7(iii) and (i)). For k € {1,...,n}, we define recursively

W ;:ij\(UW{uUm-).
i<k i>k
Then Vi, C W) and, for k > 4, we have W, N W/ C (W;, \ W/) N W/ = (. Hence the
(W}) are pairwise disjoint. Moreover, |Ji_, W/ = U,_, W,, = W since V}, C W}. This
implies 1y = >0 1wy and ¢(1w) = >20_; ¢¥(1wy) = 0 (since K, C Vi, € Wy C W),
and W/, € W)/]

COROLLARY 13.12. For every x € (G/H)*, there exist F € F and xr € (G/Hp)* such
that x(f + H) = xr(f + Hp) for all f € G.

PROOF. x is induced by a character x' of G which is trivial on H. According to 5.5,
there exists a continuous linear form v : G — R such that ' = e2™¥. Obviously, we have
(H) < Z. Hence the above lemma implies that Hp < ker x’ and so x(f + H) = x'(f) =
xr(f + Hp) for suitable F € F and xr € (G/Hp)*.
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LEMMA 13.13. ¢0: G/H — C, f+ H — (z — exp(2mif(x))), is a continuous open
monomorphism. There exists a discrete group D < C such that C = o(G/H) ® D. Both
G/H and C are locally quasi-convez.

PROOF. It is clear that p is a well defined continuous monomorphism. For 0 < ¢ < 1/2
we have o({f + H € G/H : f(K) C [—¢,¢]}) = {g € C : g(K) C V.}. (Observe that
every continuous non-surjective g : K — T can be lifted to R.) Hence g is open and G/H
is topologically isomorphic to an open subgroup of C. Next, G and hence o(G/H) are
divisible. Thus o(G/H), being an open subgroup of C, is an inner direct factor of C.
Hence there exists a discrete subgroup D < C' such that D ® o(G/H) = C.

For every n € N, the sets U, := {g € C : g(K) C V,,} are quasi-convex. [For go & U,,
there exist # € K and k € Z such that go(z) ¢ V;, and go(2)* € R but (V,,)¥ C R (by
6.4). The character x : C — T, g — g(x)¥, belongs to U? and x(go) & R.]

Hence C is locally quasi-convex, and so is G/H (6.8(i)).

COROLLARY 13.14. If K 1s a totally disconnected compact space, then the characters of
C(K,T) are exactly products of point evaluations. More precisely: For every x € C(K,T)*,
there exist n € N, xy1,...,2, € K, and ky,...,ky, € Z such that x(g) = H?:l g(x;)ks.

PROOF. According to 13.6 and 13.13, we may consider a character x of (G/H)*. Let 1 :
G — R be a continuous linear form such that exp(27iy)) = xow (see 5.5). Since ¢(H) < Z,
there exists F' € F such that Gp < kervy (by 13.11). By assumption, UjeF K; =
{z1,...,2,} for suitable z; € K, and hence Gp = {f € C(K,R) : f({z1,...,2s}) =
{0}} (13.8(iil)). There exist continuous functions h; : K — Z such that h;(z;) = J;;
(1,7 € {1,...,n}) (by 13.3). Since every f € C(K,R) can be written in the form f =
> i f(xj) - hj + f where f € GF, we get »(f) = 37, f(x;)¥(hy). Since ¢(h;) € Z,

the assertion follows.
THEOREM 13.15. The groups G/H and C are reflexive.

PROOF. Since C' = o(G/H) ® D for a discrete group D (see 13.13), it suffices to prove
that G/H is reflexive (5.3 and 5.4).

Since G is metrizable, so is G/H (by 2.8), and hence ag/g is continuous (5.12).
According to 13.13, G/ H is locally quasi-convex and, because of 6.10, only the surjectivity
of ag/p remains to be proved. Therefore, consider

<PG/H_)G.7:7 f+H'_>(f+HF)F€.7:7

where Gr := [[pcr G/Hp. Obviously, ¢ is a continuous homomorphism.
For Fi C I, € F, we get Hp, < Hp,. Hence, the canonical projection IIp, r, :
G/Hp, —G/HF, is well defined; let Gy denote the projective limit lim{G/Hr, IIF, r,, F}.
For k € (G/H)**, consider the following diagram:

G

17

(G/H)*

T

(1) There exists (fr + Hp)rer € Go such that ac,((fr + Hr)rer) = ko ©*.
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[Since G is reflexive (13.9 and 5.4) and ko p* € (G£)**, there exists (fr + Hr)rer
€ G such that aG]—‘((fF +HF)F€_7-') = Ko *. Suppose (fF +HF)F€]-' € Go. ACCOI‘ding
to 5.28 (and 13.9 and 6.10), there exists X := xr, © (I, © HE, — IIr,) € G (where
Fy C Fy, € F, IlIF; denotes the canonical projection, and xr, € (Gup, )*) such that
X((fr+Hr)rer) # 1. We have o*(X)(f + H) = X(e(f +H)) = X((f + Hr)peF) = 1 (for
all f € G) and hence £(¢"(X)) = 1, but ac, ((fr+Hr)rer)(X) = X(fr+Hp)rer) # 1,
contradicting our assumption.]

(2) The mapping g : K — T, x — exp(2mifr(z)), for v € U;jcp Kj, is well defined
and continuous.

[For z € (Ujep, K;5) N (Ujer, Kj) we get fr(2) = fr(2) € Z, as (fr+ Hr)rer € Go
(13.8(iv)). Hence g is well defined.

According to 1.31, every compact subset of G/H has the form 7(S) where S is a
compact subset of G.

Since « is continuous, we can find for each € > 0 a compact subset S C G such that
Kk(P(m(S),R)) C V. (3.4(1)). It is a consequence of (1) that

ac,((fr + Hr)rer) € P(P(HWF(S),R),VE)-
F

Indeed, note that o*(P([[pcrmr(S),R)) C P(w(S), R), as for X € P([[pcr7r(S), R)
and s € S, we have p*(X)(s+ H) = X((s + Hr)rer) € R.

Due to the Arzela—Ascoli Theorem (1.32), S is equicontinuous. This means that for
each © € K, there exists U € Uk () such that |s(x) —s(y)| < 1/4forally e U and s € S.
For y € U and Fy € F such that {z,y} C U,cp, K5, xr, : G/Hp, = T, f + Hp, —
exp(2mi(f(x)—f(y))), is a character and X := x g, 0l belongs to P([[ 7r(S), R). This

implies g(x)g(y) = exp(2mi(fr,(x) = fr, (¥))) = X((fr + Hr)rer) = ac,((fr + Hr))(X)
€ V.. Since € and y were arbitrary, g is continuous.|

(3) g = €2™ for a suitable f € G and f — fr € Hp for all F € F.

[Since g|r; can be lifted to R for every j € J (9|, = exp(2mify;1|x;)), it follows
from 13.6 that g = exp(2mif) for suitable f € G.

Fix FF € F. For j € F and x € K; we have

2T @)~ fr(®) — g (g)e2mifr(e) — 2mifr(e) ~2mifr(r) 1

Hence (f — fr)(U,cr K;) € Z. It follows that, for arbitrary j € J, the functions f[x; and
frugjylk, differ only by an integer. Since fpyyjy — fr € Hr, we have (f — fr)|k; = const
(13.8(iv)); it follows from 13.8(iv) that f — fr € Hp.]

Part (3) means (f + Hp)rper = (fr + Hp)per. For arbitrary x € (G/H)*, we can
find Fy € F and xr, € (G/Hp,)* such that x(f' + H) = xr,(f' + Hp,) for all f' € G
(13.12); this implies x = ¢*(xr, © ITr,). Hence

H(X) = K(@*(XFO © HFO)) = aG]—‘((fF + HF)FG]:)(XFO o HFO)
= (XF o Ir,)((fr + Hr)rer) = (Xr, © Ir,)((f + HF)rer)
= XFo(f+HF0) = X(f+H) = aG/H(f +H)(X)

and so ag g (f + H) = k, which completes the proof.
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NoTEs 13.16. It is a consequence of results of V. Pestov (cf. [63]) that C(K,T) is a
reflexive group if K is a totally disconnected compact space. The whole chapter is based
on ideas mentioned in [63]. 13.4 and the proof of 13.5 were suggested by G. Turnwald.
The assertion of 13.10 was stated in [63] and a generalization of 13.14 was proved there
by other methods.

14. The group C(X,T)

The aim of this chapter is to generalize the previous result to more general spaces X.

PROPOSITION 14.1. For each completely regular space X and every compact subset K of
X, the restriction mapping ¢ : C(X,R) — C(K,R) is a continuous epimorphism.

PRrROOF. Obviously, ¢k is a continuous homomorphism. Since, by Tietze’s Theorem, every
f € C(K,R) can be extended to a continuous function F : X — R, we get ¢k (F|x)

=f.

NoOTATION 14.2. For K C X and € > 0 we put (K, V;) :={g € C(X,T) : g(K) C V.} (cf.
2.6).

PROPOSITION 14.3. For every completely reqular space X and every character x : C(X,T)
— T, there exists a compact subset K of X and a character xi : C(K,T) — T such that
X = Xk © ¥k, where g : C(X,T) — C(K,T) is the restriction mapping.

PROOF. (Observe that 1k is a continuous homomorphism.) Since x is continuous, there
exist a compact subset K C X and € > 0 such that x((K,Vz)) C R; in particular,
ker i < ker x. This implies that xo : ¥ (C(X,T)) — T, ¥k (g) — x(g), is well defined.
We conclude from xo(¢x (C(X,T)) N{g € C(K,T) : g(K) C Vz}) C R that x¢ is con-
tinuous. It is a consequence of 14.1 that {e*™/x : fr- € C(K,R)} < ¢k (C(X,T)), and
therefore i (C(X,T)) is an open subgroup of C(K,T) (see 13.13). Any homomorphism
xk : C(K,T) — T extending xo (cf. 2.3) is continuous and satisfies x = xx © ¥x. This
completes the proof.

LEMMA 14.4. For every compact subset K of a completely reqular space X, there exists
a continuous open epimorphism ¢ : C(X,T) — C(K,R)/C(K,Z).

PRrooF. Consider
1 C(X,T) 25 C(K, T) 2 o(C(K, R)/C(K, Z)) ©= C(K, R)/C(K, Z)

where Y is the restriction mapping, p denotes a projection onto the inner direct factor
(13.13) and o~ (exp(27if)) := f + C(K,Z) (cf. 13.13). It is clear that ¢ is a continuous
homomorphism. Because of 14.1, ¢ is surjective. For every compact subset S C X which
contains K and for every ¢ € 10,1/2[, we get o({g € C(X,T) : g(S) C V.}) 2 {f +
C(K,Z) e C(K,R)/C(K,Z): f(K) C [—¢,¢]}, according to Tietze’s Theorem (and 14.1).
This shows that ¢ is open.

DEeFINITION 14.5. A Hausdorff space X is called punctiform if the cardinality of every
compact connected set is smaller than or equal to 1.
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REMARK 14.6. There do exist connected metrizable spaces which are punctiform. [Cf.
[76] or [54] or Problem (6.3.24) in [26], pp. 380ft.]

COROLLARY 14.7. If X is a punctiform completely reqular space X, then the characters
of C(X,T) are products of point evaluations.

PROOF. Since every compact subset K of X is totally disconnected, this is a consequence
of 13.14 and 14.3.

THEOREM 14.8. Let X be a completely reqular k-space. Then ac(x 1) i an open isomor-
phism.

PROOF. Let K denote the set of all compact subsets of X and let ¢ : C(X,T) — C(K,T),
for K € K, be the restriction mapping. Then

¢:C(X,T) = [] CK,T), g+ (¥x(9)kex,

KeK

is a continuous monomorphism. For Ky € K and € > 0, we have ¢((Ky, Vz)) = ¢(C(X, T))
NIk zr, CK,T) x{g € C(Ko, T) : g(Ko) C Ve}), which implies that ¢ is an embedding.

For K,K' € K such that K C K’, let ¥k : C(K',T) — C(K,T) denote the
restriction mapping. Since X is a k-space and according to 1.5, it is easily checked that
Y(C(X,T)) = lIm{C(K,T), vk r/, C}. Since ac(g,T) is injective for all K € K (cf. 13.15),
the above description implies that 1) (C(X, T)) is dually closed in [ ], C(K, T) (see 5.28).
The group [] ;¢ C(K, T) is reflexive (13.15 and 5.4).

Because of 5.25, it suffices to show that ¥(C(X,T)) is dually embedded. Let x €
(W(C(X,T)))*. It follows easily from 14.3 that there exist K € K and xx € C(K, T)* such
that X © 1/} = XK © 1/)1( and hence X = XK OpK|1/J(C(X,']T)) where PK : HK/eKC(K/,T) —
C(K,T) denotes the canonical projection. This shows that ¢(C(X, T)) is dually embedded
and the assertion follows.

THEOREM 14.9. For every hemicompact k-space X, the group C(X,T) is reflexive.

PROOF. Since X is hemicompact, C(X, T) is metrizable (2.8) and hence a¢(x 1) is con-
tinuous (5.12). The assertion follows from 1.7 and 14.8.

NOTATION 14.10. Let X’ denote the k-refinement of the completely regular space X. We
put G :=C(X,T), G’ :=C(X',T), and Gp :={¢' € G' : ¢'|k € YK (G) for all compact
subsets K C X}

LEMMA 14.11. (i) The canonical mapping ¢ : G — G’ is an embedding.

(ii) For every compact subset K C X, the image ¥ (G) is an open subgroup of
KT,

(iii) (&) = Go.

(iv) Go is dually closed and dually embedded in G'.

PROOF. (i) follows directly from the fact that the compact subsets of X and X’ coincide
(1.2(i)).

(ii) 1k (G) includes the open subgroup {e*™/ : f € C(K,R)} (13.13 and 14.1).

(ili) Let ¢ : G — C(K,T) denote the restriction mapping. The assertion follows
from
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2(G) = {9 € G+ ¥ compact K C X and ¥ > 0, ie(g)) € v (9(G)) - (K, Vo))
® {¢' € G’ : Y (¢") € YK (G) for all compact K C X}.

(iv) 14.3 ensures that every x € G* has the form y = xx o9 (for a suitable compact
K C X and xx € C(K,T)*). This implies that x' := xx o ¢} € (G')* extends x o .
According to (iii) and 4.1, Gy is dually embedded as well.

For ¢’ € G’ \ Gy, there exists a compact subset K C X such that ¢ (¢’) does not
belong to the open ((ii)) and hence dually closed (5.15) subgroup 1k (G). Hence there
exists a character xx € C(K,T)* such that xx (¢¥x(G)) = {1} and xx (V) (¢')) # 1. It
is a consequence of (iii) that X’ := xx o ¥} € Gi and that x'(¢') # 1. The assertion
follows.

COROLLARY 14.12. With the above notation, for every hemicompact completely reqular
space X, the space X' is a hemicompact k-space and the groups C(X,T), C(X',T) and
Go are metrizable. Furthermore, Gy is reflexive and G§ = C(X,T)*.

PROOF. According to 1.2(i), X’ is a hemicompact k-space and hence completely regular
(1.7). Tt follows from 2.8 that C(X,T), C(X’,T) and Gy are metrizable groups. Due to
5.12, o, is continuous. According to 5.25 and 14.9, Gy is reflexive. The assertion follows
from 14.11(i), (iii), and 4.10.

THEOREM 14.13. For every hemicompact completely regular space X, the character group
of C(X,T) is reflexive.

PROOF. (We use the above notation.) According to 14.12, G§ = C(X,T)*. Since Gy is
reflexive (by 14.12), so is G (5.9). Hence the assertion follows.

EXAMPLE 14.14. Let H be the group of integers endowed with its weak topology. (Observe
that H is completely regular.) As a consequence of the Glicksberg Theorem, the compact
subsets of H are finite and hence H is hemicompact. The k-refinement of H is Z with the
discrete topology and it follows from 14.1 (in the above notation) that Go = G’. Since H
and Z cannot have the same T-valued continuous functions, G # Go but G§ = G* (see
14.12). This shows that C(H,T) is not reflexive. Hence the k-space assumption cannot be
dropped in 14.9.

NoOTEs 14.15. 14.1 is a standard result and 14.7 generalizes Theorem 5 in [63].

15. Duality theory for free abelian topological groups

Throughout this chapter, X denotes a completely regular space and A(X) the free abelian
topological group over X.

PROPOSITION 15.1. The restriction mapping ¢ : A(X)* — C(X,T), x — xonx, is a
continuous isomorphism. If X is a Nachbin—Shirota space then v is a topological iso-
morphism.

PRrROOF. Obviously, ¥ is well defined and, by the definition of the free abelian topological
group, it is an isomorphism. Let K be a compact subset of X and let € >0. The continuity
of ¢ is a consequence of Y ({x € A(X)* : x(nx(K)) C V.}) C (K, V.).
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Now, let X be a Nachbin—Shirota space and let K’ C A(X) be compact. According
to 12.14, S(K’) is a compact subset of X and it follows from 12.11 that K’ is contained
in {>° cxnx(x): (k) € ZSEK") > sex kx| < n} for suitable n € N. Hence, ¢((K')?) 2
{g€C(X,T): g(S(K')) € Vian)}, which shows that 1) is open.

PROPOSITION 15.2. If X is a k-space then aq(x) is continuous.

PRrROOF. By the definition of A(X), it suffices to prove that a4(x) o nx is continuous.
Since X is a k-space, we only have to show that as(x) o nx|x is continuous for every
compact subset K C X (cf. 1.5). But this is a consequence of 5.11.

LEMMA 15.3. Let K be a compact and connected space of cardinality > 1. Then the
character group of C(K,R)/C(K,Z) contains a non-trivial one-parameter subgroup.

PROOF. For 7 # x2 € K, there exists a continuous function fy : K — R such that
fo(z1) = 0 and fo(z2) = 1/2. Further, fo does not belong to (C(K,Z))g, since this set
consists exactly of all constant functions. By the Hahn-Banach Theorem, there exists
a continuous linear form ¢ : C(K,R) — R such that ¢ (fo) # 0 and ¥((C(K,Z))R)
= {0}. Hence, for all A € R, the mapping x» : C(K,R)/C(K,Z) — T, f + C(K,Z) —
exp(2miAY(f)), defines a character. It remains to show that v : R — (C(K,R)/C(K, Z))*,
A — X), is a continuous homomorphism. Obviously, v is a homomorphism. According
to 1.31, every compact subset of C(K,R)/C(K,Z) has the form {s + C(K,Z) : s € S}
where S is a compact subset of C(K,R). For every compact subset S C C(K,R), there
exists M € R such that ¢(S) C [-M,M]. The continuity of 7 is a consequence of
{AeR:yN(s+C(K,Z)) € Rforall s € S} D {Xx € R : [M(s)] < 1/4 for all
s€ S} D[-1/(4M),1/(4M)]. Since v(1)(fo) # 1, the assertion follows.

THEOREM 15.4. For every punctiform Nachbin-Shirota space X which is a k-space, A(X)
is reflexive. Conversely, if A(X) is reflexive, then X must be punctiform.

PROOF. Assume first that X is a punctiform Nachbin—Shirota space and a k-space. Be-
cause of 15.2, a4 (x) is continuous. Since A(X) is locally quasi-convex (12.9), it is a conse-
quence of 6.10 that o 4(x) is an embedding. It follows from as(x)(D_,c x F2nx (2))(X) =
[Toex((xonx)(x)*, 15.1, and 14.7 that a4y is surjective.

Conversely, suppose that A(X) is reflexive and that there exists a compact connected

subset K C X of cardinality > 1. According to 15.1 and 14.4, the composition A(X)* EA
C(X,T) % C(K,R)/C(K,Z) is a continuous epimorphism. The dual homomorphism of
o1 is injective (5.16) and 15.3 implies that A(X)** contains a non-trivial one-parameter
subgroup, which is obviously divisible. But A(X), being algebraically a free abelian group,
contains no non-trivial divisible subgroup and, in particular, no non-trivial one-parameter
subgroup. This shows that A(X) and A(X)** cannot be algebraically isomorphic, which
completes the proof.

NOTES 15.5. V. Pestov [63] has proved results analogous to 15.1, 15.2, and 15.4. But he
endowed the character group of A(X) with the topology of uniform convergence on all
functionally bounded subsets. 15.3 is a generalization of Corollary 4 in [57].
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16. A short survey of the theory of nuclear groups

In this introductory chapter we give a short report on the theory of nuclear groups.
They were defined by W. Banaszczyk in [8], and several deep results which stress the
importance of this class were proved there.

Roughly speaking, a nuclear group is an abelian Hausdorff group which has the prop-
erty that for each neighbourhood of the unit element, there exists another neighbourhood
which is considerably smaller (cf. 20.4). (If the group is a vector space these neigh-
bourhoods can be compared by the Kolmogorov diameter.) The class of nuclear groups
contains all nuclear locally convex vector spaces (20.6(i)) and all locally compact abelian
groups (20.8). It is closed under forming (arbitrary) products, countable sums, subgroups,
and Hausdorff quotient groups. In particular, every Hausdorff quotient of a subgroup of a
nuclear vector space is a nuclear group. We prove that the completion of a nuclear group
is nuclear (21.4). (The metrizable case was treated in [8], Theorem (9.8).) Every group
which is locally isomorphic to a nuclear group G is nuclear ((7.15) in [8]). Moreover, every
nuclear group G is locally quasi-convex ((8.5) in [8] and 20.15). This implies that ag is
injective and that every closed subgroup of a nuclear group is dually closed. Furthermore,
every subgroup of a nuclear group is dually embedded ((8.3) in [8] and 20.13).

This is a possibility to characterize nuclear vector spaces: Let E be a metrizable
locally convex space. If F is not nuclear, then it contains a discrete subgroup K such
that (K)p/K admits only the trivial character ((6.1) in [8]; cf. also [5] and [6]).

Another result which elucidates the dichotomy between infinite-dimensional Banach
spaces and nuclear groups is the following generalization of the Lévy-Steinitz Theo-
rem: For a convergent series ) _n¢gn in a metrizable group G, let S((gn)nen) be the
set of sums of rearrangements of »° _gn. If G is a metrizable nuclear group then
S((gn)neN) = Dnengn is a (not necessarily closed) subgroup of G. If G is complete,
metrizable and nuclear, then the above subgroup is the image of a nuclear Fréchet space
under a continuous homomorphism ((10.3) in [8]). On the other hand, it was proved
by Kadets (cf. [38] and also [10]) that every Banach space contains a convergent series
> neN 9n such that S((gn)nen) — D ,cn 9gn is not a linear subspace.

The character group of each metrizable nuclear group is again nuclear ((16.1) in [§]
and 20.35). (This is not correct without the assumption of metrizability: e.g., (R!)*=R()
is not nuclear (20.27).) Furthermore, every complete metrizable nuclear group is strongly
reflexive ((17.3) in [8]) and so is every countable product of locally compact abelian
groups ([7]). We extend the last two results to Cech-complete nuclear groups.

For locally compact abelian groups many analytic results have been proved. Since
each locally compact abelian group is nuclear, it is natural to ask which of these results
extend to nuclear groups. We give a proof of a version of the Bochner Theorem for
nuclear groups which simplifies the proof of (12.1) in [8].

17. Ellipsoids

In this chapter we establish some basic facts on ellipsoids. Let B,, denote the closed unit
ball in R™ (with respect to the metric induced by the standard inner product (-,-)). If
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the dimension is clear we write B instead of B,. We denote by (e, ..., e,) the standard
basis of R"”.

DEFINITION 17.1. D C R"™ is called an ellipsoid if there exists an invertible matrix
A € Gl(n,R) such that D = AB (= {Az € R" : z € B}).

LEMMA 17.2. For A € Gl(n,R), there exist orthogonal matrices O1,0O2 and a diagonal
matriz C with positive entries such that A = O1CO2. The family of diagonal entries of
C' is unique.

PROOF. The existence is proved in [28], p. 14. It follows from (*A)A = (*O5)C%0; that
((*O2)eq, ..., (*O2)ey) is a basis of eigenvectors for (*A)A. Hence the diagonal elements
of C' are exactly the positive square roots of the eigenvalues of the symmetric positive
definite matrix (*A)A.

LEMMA 17.3. For every ellipsoid D, there exists an orthonormal basis (&1,...,&,) and,
if the basis is fized, a unique tuple (d1,...,d,) of positive numbers such that

{Zﬂ%&c Z (—:)2 < 1} = O(dpOp)ky B where O = (§1... ).

di,...,dy, are called the principal semiaxes of the ellipsoid D.

PRrOOF. Let A € Gl(n,R) such that D = AB and let O1,03 and C = (dk5kl)kl be as in
17.2. Since D = O1CB, the existence is clear. For orthogonal matrices O, O and diagonal
matrices C, C satisfying OCB = OCB, we get (OC)~ 10CB = B. Hence, there exists an
orthogonal matrix O’ such that OC = OCO'. The assertion follows from 17.2.
PROPOSITION 17.4. (i) For every ellipsoid D, there exists an inner product p on R™ such
that D = B, := {x € R" : p(z,z) < 1}.
(ii) Conversely, for every inner product p, the closed unit ball B, is an ellipsoid.

PRrROOF. (i) Let (d1,...,d,) and (&1,...,&,) be as in 17.3. Then O :=*(& ...&,) is an
orthogonal matrix and C = ((1/d2)0k)k, is a diagonal matrix. Further, p : (z,y) —

t2(*OCO)y defines a symmetric bilinear form. It follows from p(&, &) = 1/d2 > 0 that
p is an inner product. Hence (i) is a consequence of

n n n N . ,
B;D:{§ &g :p(E xkfkvleél) Sl}_{Zxkék : E (%) Sl}
k=1 k=1 I=1 k=1 k=1 \OF

and 17.3.

(ii) Since A := (p(ek,er))k, is a symmetric positive definite matrix, there exists an
orthonormal basis (£1,...,&,) of eigenvectors of A (cf. [48], p. 585). Let (di,...,dn)
denote the corresponding eigenvalues. Hence

p—{zﬂfkﬁk Zfl?kil?zp Eky 1) < }

=1
{Zxkﬁk Zil?kxz &A= Zflfkdk<1}
=1

is an ellipsoid with principal semiaxes (1/v/d1,...,1/v/dy).
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PROPOSITION 17.5. For every positive semidefinite symmetric bilinear form p in R™,
there exists a matriz A such that p(x,y) = (Ax, Ay) for all (z,y) € R™ x R™.

PROOF. Let S := (p(ex, e1))k,; be the positive semidefinite symmetric matrix associated
with p. There exist an orthogonal matrix O and a diagonal matrix C' = (dgdki)k, (where
d > 0) such that S = (*O)CO (cf. [48], p. 585). The matrix A := (v/dgdi)x, O has the
desired properties.

PROPOSITION 17.6. Let D be an ellipsoid in R™ and let m: R™ — M be the orthogonal
projection onto the linear subspace M. Then w(D) and D N M are ellipsoids in M.

PROOF. Let A € Gl(n,R) be such that D = AB. Choose orthonormal bases (¢1,...,&),)
and (&1,...,&n) (m = dim M) of A='M and M, respectively. There exists a linear
mapping o : R® — M such that o(&},) = & for k € {1,...,m} and o(A~1(M1)) = {0}.
Furthermore, the isomorphism C : M — M determined by C(&;) = A(},) satisfies
Cop=moA. It follows from o(B) = BN M that (D) is an ellipsoid in M.

Let p be an inner product on R™ such that D = B, (17.4(i)). Since p|arx as is an inner
product on M and DNM =B the assertion follows from 17.4(ii).

leX]W’

NoTE 17.7. The material of this chapter is standard.

18. Properties of the Kolmogorov diameter

In this chapter we collect some properties of the Kolmogorov diameter. They are impor-
tant for the treatment of nuclear groups.

DEFINITION 18.1. For symmetric convex subsets X,Y of a vector space E and k € N,
we put dg(X,Y) := inf{c > 0 : there exists a subspace L. < F such that dim L. < k and
X CcY+ L.} €]0,00]. Then di(X,Y) is called the k-th Kolmogorov diameter of X and
Y in E.

If T : Ey — FE5is a linear operator between the normed spaces E7, F2, we put
dg(T) := dp(T(Bg, ), Be,) where B, (for j € {1,2}) denotes the closed unit ball.

REMARK 18.2. (i) For each convex subset C of a vector space E and all a,b > 0 we have
(a+b)C =aC+bC.

(ii) For symmetric convex subsets X,Y, Z, W of a vector space such that Z C X and
Y CW, for all k,l € N, and A > 0 we have

dk(Z,Y)Sdk(X,Y) and dk(X,W)Sdk(X,Y),
dr(AX,Y)=Adp(X,Y) and dp(X,\Y)= %dk(X, Y).

ProprosiTION 18.3. Let X, Y, Z be symmetric convex subsets of the vector space E.

(1) dr+1-1(X, Z) < dg(X,Y) - du(Y, Z).
(ii) dpt1—1(X +Y, Z) < d(X, 2) + (Y, 2).

The proof is straightforward.

REMARK 18.4. Let p and ¢ be seminorms on E such that di(B,, By) < oo (where B, and
B, denote the closed unit balls). Then:
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(i) ¢ < di(By, By) - p-
(ii) Each g-open set (i.e., open with respect to the topology O, induced by ¢) is
p-open. [This follows directly from (i).]
(iii) The identity mapping (E,O,) — (E,O,) is continuous. [This is a direct conse-
quence of (ii).]

LEMMA 18.5. (i) For each linear operator ¢ : E1 — Es, for all symmetric conver subsets
X, Y C Ey, and for all k € N, we have di(¢(X),0(Y)) < dp(X,Y).

(ii) If ¢ : By — E3 is a homomorphism then for symmetric convez subsets X, Y C Ey
and k € N we have dg (¢~ 1(X), o 1Y) = de (X Np(E1),Y Np(EL)).

(ili) Let ¢; : Ej — E;jxq (5 € {1,2,3}) be continuous linear operators between normed
spaces. For k € N we have di(¢3 0 p2 0 ¢1) < |3l - dr(92) - |lo1]]-

The proof follows directly from the definitions.

DEFINITION 18.6. A seminorm p : £ — R on a vector space E is called a pre-Hilbert
seminorm if the parallelogram law holds:

p(z+y)* +p(z —y)? = 2p(z)* + 2p(y)*> Va,y € E.

NOTATION 18.7. For a seminorm p on a vector space E, the set N, := {z € E : p(x) = 0}
is a subspace of E. Further, p induces a norm on the quotient E, := E/N, — R,
x + Np — p(z). It is denoted by p again. Let ¢, : E — E, be the canonical projection.
The seminorm p satisfies the parallelogram law if and only if the induced norm does.
If g is another seminorm on E such that d;(B,, By) < oo then N, < N,, and hence
Ay g By — Eq, Yp(x) — 4(x), is well defined and continuous (18.4(iii)). The following
diagram commutes:

(B, 0p) =9 (E, 0,)

o Jo

By B,

APuq

Moreover, dp(Ap,q) = dr(By, By). [Since Bg, = {x + N, : € By} = ¢,(B,) (and
Bp, = 1¢(By)), we get

18.5(ii) 18.2(ii)
dk(Apﬁq):dk(wq(BEp)ad’q(BEqn = dk(Bp‘FNq’Bq) > dk(Bp’Bq)§

18.3(ii)
next Ny C c- B, for every ¢ > 0 implies di(Bp+ Ng, Bq) < dw(Bp, By) +di(Ng, Bg) =
di(BpBy) ]

REMARK 18.8. For every pre-Hilbert seminorm p on F, there exists a positive semidefinite
symmetric bilinear form p such that p(z)? = p(z,z) (for all z € E). [This is an easy
consequence of Lemma 20.6 in [36], p. 85, and 18.7.]

If E is a topological vector space then p is continuous if and only if p is continuous.
[This follows immediately from the polar identity.]

Recall that a subset A of a seminormed space (E,p) is called bounded if p(A) is
bounded in R.
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LEMMA 18.9. Let p be a seminorm on the vector space E. Fvery closed subset A C E
satisfies A+ N, = A. Furthermore, if A is closed and bounded, then A+ L is closed (in
(E,p)) for every finite-dimensional subspace L < E.

PRrOOF. First, let a € A and x € N,. Since a € a+ = + B, for every € > 0, “C” follows.
The other inclusion is trivial.

Hence, in order to prove the second assertion, we may assume that L N N, = {0}.
Let a, € A, I, € L be such that (a, + I),en converges to « € E (with respect to p).
Since (an +In)nen and (an) ey are bounded sequences, so is (1, ),ecn. Moreover, (1), en
belongs to the finite-dimensional normed space (L, p|r). By the equivalence of norms,
there exists a convergent subsequence (I, )xcny which tends to [ € L. This implies that
(Gn, )ren converges to © — I € A (since A is closed). The assertion follows.

LEMMA 18.10 (Auerbach). For every finite-dimensional normed space (E, || -||) of dimen-

sion d, there exists a basis (x1,...,xq) of normalized vectors such that Bg C {22:1 oLTE
lak| <1} and there are linear forms @1,...,@q of norm 1 satisfying r(x;) = dpy for all
ke {l,... db.

PROOF. See [70], p. 173 or [64], p. 135, (8.4.1).

COROLLARY 18.11. Let L be a finite-dimensional subspace of the normed space E. There
exists a projection m: E — L of norm < dim L.

PROOF. Let (21, ...,24) (d := dim L) be a basis in L and let ¢1, ..., ¢4 be linear forms in
L as in the above lemma. According to the Hahn-Banach Theorem, there exist normalized
linear functionals ¢, ..., ¢/, on E which extend the corresponding ¢;. Hence 7 : E— L,

T 22:1 ¢} (x)zr, is the identity on L and ||| < d.

REMARK 18.12. It was proved by M. J. Kadets and G. Snobar (cf. 28.2.6 in [65], and
[37]) that for every normed space E and every finite-dimensional subspace L < FE, there
exists a projection 7 : F — L such that ||| < +/dim L. This constant is optimal.

LEMMA 18.13. Let E be a linear subspace of the vector space E let q be a seminorm
on E and let X be a symmetric conver subset of E. Put By :={z € E:q(z) <1},

B,:=FENB,, and X := X NE.
(@) If B 2 B, and di (X, By) < o0, then dy(X, By) < d(X, By) for all k € N.

(ii) Let p be a seminorm on E and let Y be a symmetric convex subset of E such
that X C v, If O, is finer than Oy, then di (X, B,) < di(Y, By).

PROOF. (i) By assumption, d(X,B,) < oo for all k € N. Let L < E be a finite-
dimensional subspace and ¢ > 0 such that X Ce- B + L. We may assume that LN Ny =
{0}. (Otherwise, we replace L by a suitable subspace L' satisfying L = L' @ (L N Nq)
algebraically.) If L = {0} then X C ¢- By. So, let L # {0}. Since q|7 is a norm, there
exist, according to 18.10 and 8.19, a basis (ll, e ,l~m) of L such that q(lNk) = 1 and linear
forms p1,...m € E (where E denotes the space E endowed with the topology induced
by ¢) such that gok(l ) = 6,1 and sup{|ox(z)| : 2 € By} =1 (for all j,k € {1,...,m}).
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By assumption, for ¢ > 0 and d > dl()?, Eq), there exist {1,..., L, € Bq such that

-~ &
q(lk — lk) <

2(d+c)m€'

Put L := (l1,...,ln)g. For z € X, there exist y € Eq and «aq,...,q,; € R such that
r=cy+ > pq arli. We get |ax|=|pk(z — cy)| <d+c. For y€ B, such that ¢(y—y) <e/2
and

- I~
=W-y+ Ezak(lk =),
k=1
we get © = c(y + 2) + Y _pq arly and z € E. Moreover,
1 c
<= d ———c =
q(2) 5 = m( +c) (d+c)ma €
implies X C ¢(1 4 ¢)By + L and hence (i).
For the proof of (ii), we may assume that di(Y,B;) < co. Let ¢ > 0 and let L be
a subspace of E of dimension < k such that ¥ C ¢B,; + L. This implies X - 7(1)) C

~7(ZD) . ~ (p) ~ (q) 18.9 ~ .
cBy+ L . If O, is finer than Oy, then cB;+L C cBy+L = c¢B;+ L. This

completes the proof.

REMARK 18.14. Let p be a seminorm on a vector space E and let E be a dense subspace
of E with respect to p. Using the notation of the above lemma, we have Ep = F;p).

[“D7 is trivial. Conversely, let 2 € B, and ¢ > 0. We are to show that (z+¢B,)N B,
# (). There exist § > 0 and 2’ € E such that p(2’) < 1 and

(*) &' 4+ 6B, C (z+¢By) N B,.
This is trivial if p(x) € [0,1[. If p(x) = 1 then p|,y is a norm and hence there exists
x' € (x) N (x +eB,) such that 1 — e < p(z’) < 1; now (x) follows easily.

It remains to observe that z’ 4+ 0 B, has non-empty interior.]
COROLLARY 18.15. Let p and q be seminorms on a vector space E satisfying dq (Ep, Eq)
< 0o. For every subspace E of E which is dense with respect to Op, we have dg(Bp, By) =
dg (pr Bq)~
PROOF. According to 18.4, F is also dense in E with respect to Q4. Putting X = Ep in
18.13(i), we get “<” from 18.14 (and 18.13(i)).

For the proof of “>”, we put X = By, and Y = B,, in 18.13(ii). The assertion follows
from 18.14 (and 18.13(ii)).

COROLLARY 18.16. Let E and F be normed spaces and let T:E—Fbea continuous
linear mapping. For all dense subspaces E of E and and all dense subspaces F' of F
containing T(E), we have dy(T) = d(T) where T : E — F denotes the induced mapping.

ProoOF. Using the notation of 18.13, we put X = T(BE) and ¢ = p the norm on F.
18.2(ii) 18.13(i) ~

Then we get di(T) = dp (T (Bg), Br) < di(T ( ) NF,Br) < dk(T(BE)yBﬁ)

dy(T). Because of T(BE) el T(BE) C T'(Bg), the other inequality is a consequence of

18.13(ii) (for X = T(BE) and Y = T(Bg)).
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LEMMA 18.17. Let ¢ : By — FE5 be a continuous linear operator between the normed
spaces Ey and Ey. If Es is a subspace of an inner product space H such that Es has
an orthogonal complement in H, then di(p) = di(pn) where o denotes the induced
mapping F1 — H.

PROOF. “>” follows from 18.2(ii). Conversely, let ¢(Bg,) Cc-By+ L (¢ >0, L < H
such that dim L < oo). If 7 : H — E, denotes the orthogonal projection then ¢(Bg, ) =
7(@(Bg,)) C ¢ 7(Byg) +n(L) = ¢+ Bg, + w(L), which implies “<”.

LEMMA 18.18. Let p and g be seminorms on the vector space E such that di(B,, By) <0
Assume further that q is a pre-Hilbert seminorm. For every subspace M of E and every

k € N, we have dy(M N By, M N By) < di(Byp, By).

PRrOOF. We use the notation of 18.7. We denote by r and s the restrictions of p and g onto
M. Let A, s : M, — M denote the continuous extension of A, s onto the completions M,

and M, of the spaces M, and M, (2.17). (M and M, can be embedded in 1 the completions
E, and E, of E, and E,, respectively.) Since E is a Hilbert space and M, is a complete
and hence closed subspace of E,, we get

de(M N By, MNB,) = di(B,, B.) 'Y di(Ans) "2° di(A,..)
17 N _— . 18.5(iii) ~ —~ ~
= dk(ArsM —E ) < dk(A;D,q:EP_)Eq)
1816dk(/1 )18—7dk(Bp,B)

PROPOSITION 18.19. Let D be an ellipsoid in R™ with principal semiaxes d1 >...>d,

and let B be the closed unit ball. Then dx(D, B) = di and dy(B,D) =d;* ft1 -

PROOF. By 17.3 and 18.5(ii), we may assume that D={(z1,...,2n): Y 1y (x;/d;)* < 1}
For Ly = (e1,...,ex—1)p (and Ly := {0}) we have D C dj - B 4+ Lj, which implies
di(D, B) < dj. Conversely, let D C¢c-B+ L (¢>0,dimL < k). Then

n

{(xl,...,xn)-zk:(§;>2+ 3 (%)2§1}§DQC-B+L.

i=1 i=k+1 v

For dimensional reasons, there exists an « € Li41 N L+t of norm < 1. Hence dyz € D,
which implies that dyz = cb + [ for suitable b € B and | € L. From this we get ¢ >
leb]|? = ||di - x — U]|* = di + ||I]|*> > d?, which implies “>”.

For A = (d'61)k; € Gl(n,R) from 18.5(ii) we get d(B,D) = di(AB,AD) =
dix(AB, B). Since the principal semiaxes of the ellipsoid AB are d;' > ... > d;*, the
assertion follows from the first part.

COROLLARY 18.20. Let M be an m-dimensional subspace of R™. If m : R" — M de-

notes the orthogonal projection then we have, for every ellipsoid D in R™ and every
ke{l,...,m},

dk(Da Bn) Z dk(ﬂ-(D)aﬂ-(Bn)) Z dn—m-l—k(Du Bn)u
dx(D,B,) > dpg(DNM,B, N M) > dp—mii(D, By).

PROOF. First consider the projection of D; the first inequality is a consequence of 18.5(i).
Since w(D) is an ellipsoid in M (see 17.6), for k € {1,...,m} (and B := B,,) we get
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1 18.19 18.5(i) 18.19 1
By (x(B).w(D)) < dy ga(BD)E
dy(m(D), m(B)) e (m(B),7(D) w+1(B, D) dp—m4r(D, B)

As to the intersection: the first inequality is a consequence of 18.18. For k € {1,...,m},
we get

18.19 1

1 18.19
=" d,— BNM,DNnM)<d,,_ B,D) = —————
k1 ( ) k+1(B, D) DD

de(DN M, BN M)

(The inequality is a consequence of 17.4(i) and 18.18.)

REMARK 18.21. Observe that in the second part of the above proof only an application
of 18.18 to the finite-dimensional case, which is easier to prove, was used.

LEMMA 18.22. Let (H,p) be a Hilbert space. For every closed subspace Ho, Hy := Hg-, and
all pre-Hilbert seminorms v and q satisfying r(Hy) = q(Ho) = {0} and d1(Bp, Br) < 00
and di(By, By) < 00, we have:

(i) de(Bp, By) = di(B, N Hy, B, N Hy), and
(ii) dg(B,, By) = dg(B, N Hy, B, N Hy).

PROOF. In both cases “>" is a consequence of 18.18. We have B, = (B, NHy)+ Hy (and
analogously for ¢).

(i) Since H; is the orthogonal complement of Hy with respect to p, we get B, C
(B, N H1) + Hy. Hence, B,NHy Cc-(B,NH)+ L (¢ >0and L < Hp) implies
B, Cc-((BrNHy)+ Hy) + L =c-B,+ L, which shows (i).

(i) B-NHy Cc- (BgNHy)+ L (¢c>0and L < Hy) implies B, C ¢- B, + L and
hence (ii).

LEMMA 18.23. Let p be an inner product and let q be a pre-Hilbert seminorm on R™. For
every € > 0, there exists an ellipsoid D C By such that di(Bp, D) < di(Bp, By) + € for
ke{l,...,n}.

PROOF. Because of 18.5(ii), we may assume that p is the standard inner product. There
exists an orthonormal basis (&1, ..., &,) of R™ with respect to p with By ={>7_, tx& :
Yo, (ti/di)? < 1} for suitable m < n and positive numbers d; > ... > d,, (18.7
and 17.3). It follows from 18.19 and 18.22 that d(B,, B,y) = dk(B, N M, B, N M) for
M = (&, ..., &m)g, and hence di(By, Bg) = d;llikﬂ for k € {1,...,m} and 0 for k > m.
The assertion follows for D = {> 7| t,&k + > pey(ti/dr)* < 1} and sufficiently large
dm+1, -, dy (from 18.19).

COROLLARY 18.24. Let p and g be pre-Hilbert seminorms on R™ satisfying di(Bp, By)
< 00. There exist sequences of pre-Hilbert norms (pp)nen and (qn)nen on R such that

() ¢n = ¢, (Pn)nen decreases,
(ii) n - Bp C Unen By, for every n €10, 1], and
(ili) inf{dg(Byp,, Bg,) : n € N} = di(Bp, By) (for all k € N).
PROOF. For M := N;- we deduce from 18.22(ii) that dx(B, N M, B;N M) = di(B,, By).
For n € N, there exists a pre-Hilbert norm g, on M satistying di(B, N M, B;n)
< dg(Bp, Bg) + 1/n and By € B,NM (18.23, 17.4). For an arbitrary decreasing se-

quence (p},)nen of pre-Hilbert norms on N, satisfying U, .y Bp;, = N, there exists a

neN
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sequence (q;,)nen of pre-Hilbert norms on N, with dy(By, , By ) < 1/n. For x € M and

y € Np we put pn(z +y) == /p(@)? +p;,(y)* and ¢n(z + y) := \/qn(2)* + ¢;,(y)?. One

easily checks that p, and ¢, define pre-Hilbert norms on R™. Furthermore

18.3(ii)
dk(Bpanqn) < dk(Bp nM+ B;D;lqun) < dk(Bp nM, Bqn) + dl(Bpilqun)
2(ii

18.2(ii) 1 1
< dk(BpmM,B;n)erl(Bp;,Bq;)gdk(B,,,Bq)jL;Jr;

—~

Let n < 1, x € M and y € N, be such that p(z + y) = p(z) < 7. There exists n € N
such that p/,(y) < y/1 —n? and hence p,(x +y) < 1. Since B,, C B + N, C By, the
assertion follows.

THEOREM 18.25. (i) Let (H,({:|-)) be a Hilbert space. For every self-adjoint compact
operator T : H — H, there exist an orthonormal system (xi)ren and a family (A\g)ren of
positive numbers where N = {1,...,n} for suitable n € N or N = N satisfying Ag+1 < Mg
for all k,k+1€ N (and Ay | 0 if N = N) and such that T'(x) = Y, oy Ae{z|zr)zr for
all v € H.

(ii) Each continuous linear operator S : H — H which belongs to the closure (with
respect to the usual operator morm) of the continuous operators having finite rank is
compact.

PROOF. (i) This is the assertion of Satz 30.1 in [33], p. 202.
(ii) is a consequence of part (a) and (c) of Theorem 4.18 in [73], p. 104.

LEMMA 18.26. (i) Let (H,{-|-)) be a real Hilbert space and let q be a continuous pre-Hilbert
seminorm on H. Assume that di(Bm, Bg) — 0. Then there exists a compact self-adjoint
operator Q : H — H such that (Q(z)|x) = q(x)?.

(i) Let (H,{:|-)) be a real inner product space which has an orthogonal basis (2, y; :
ke N,iel) (N=A{1,....,n} or N =N and I is a suitable (possibly empty) index
set) and let (Ag)gen be a decreasing sequence of positive numbers. Then Q : H — H,
T = Y N M(@|TR)T), is a continuous linear operator. Further, q : x — /(Q(7)|x)
defines a pre-Hilbert seminorm on H for which we have di(B,By) = /Ay for k € N
and 0 for k € N\ N.

PRrOOF. Put B := Bpy.

(i) Let g be the continuous positive semidefinite bilinear form associated with ¢ (see
18.8). For = € H, the mapping y — ¢(x,y) is a continuous linear form. Hence, there
exists a unique Q(x) € H such that (Q(z)|y) = q(x,y) for all y € H. Since ¢ is bilinear,
Q is linear. For d > dy (B, B,) we have sup{|q(z,y)| : z,y € B} < d?sup{|q(z,y)| : v,y €
By} < d* (by the Cauchy—Schwarz inequality; cf. Satz 20.3 in [36], p. 84). This shows
that @ is continuous. It is self-adjoint since ¢ and (-|-) are symmetric.

Moreover, @ is a compact operator. [For € > 0 there exists k£ € N such that di (B, By)
< ¢/(2d) (where d > d1(B, By)). This implies B C (¢/(2d))By + L for a suitable finite-
dimensional subspace L of H. Since Q(L) is also finite-dimensional and hence closed,
there exists an orthogonal projection @ : H — Q(L) of norm < 1. Hence @ =moQ
is continuous and has finite rank. For x € B, there exist ¢ € B, and | € L such that
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x = (¢/(2d))T + I, which implies

o) -+(e(z))l

< = 2-Q@)| = 5 sw{d(@,y) y € B} <

1Q(z) - Q)|

€
7 d.
It follows from 18.25(ii) that @) is compact.

(ii) Tt is easy to see that @ is a self-adjoint linear operator and that ¢: H x H — R,
(x,y) — (Q(z)|y), is a continuous positive semidefinite bilinear form. Hence ¢ defined as
above is a pre-Hilbert seminorm.

We may assume that N = N. (Otherwise we put Ay = 0 for £ € N\ N and choose
arbitrary x; € H.) It remains to prove that di(B,B;) = V/Ax. Fix k € N and put
Ly :={x1,...,25-1). For x € B we have

k—1 k—1
a(l' - Z ,Tl,T] Tj,T Z le:T] JJ]) = <Z)\]<$|$]>LL‘],Z<$|$J>LL‘] =+ Z<x|yz>yl>
j=1 j=1 >k >k icl
= (X sl Loteleshes) = 3ol
j=k i>k

<MY (@) < Nellz ) < s
>k

which implies B C /A - By + Lj. To show “>”, we may assume that A\; > 0. According
to 18.18, we have d(B, By) > di(B N Liy1, By N L41). Since the principal semiaxes of
the ellipsoid By N Lyy1 = {2 € L1 : (Q(@)|z) < 1} = {F  ajay - 15 Na2 < 1}
are 1/v/A1 < ... < 1/\/Ag, the assertion follows from 18.19.

LEMMA 18.27. Let (ag)ren, (br)ken and (dp)ren be decreasing sequences of positive
numbers such that di, < ay by for all k € N and N ={1,...,n} or N =N. Then there
exists a decreasing sequence (ck)ken of positive numbers such that (di/ck)ren is also
decreasing, cx < ag and di/ck < by for all k € N.

Proor. (i) Let N = {1,...,n}. Put ¢, := a,, and suppose that c,,...,cxr1 (1 <k <
n — 1) have already been constructed. Define

o = { (di/dg+1)crr1  if di < a(dis1/cht1),
’ ag if dj, > ak(dk-i-l/ck—i-l)-

It is easy to see that dj/ck > dgi1/ckr1. From (di/dgy1)cks1 > cps1 and ag > app1 >
Ck+1 We get ¢ > cy1. In the first case we have di/cy, = diy1/ckr1 < bgt1 < b and in
the second dy /¢ = di/ar < bg. This implies that the sequence (cg)ren can be defined
recursively.

(ii) Now, let N = N. For each n € N, there exists, according to (i), a sequence (¢})reN
such that ¢ =0 for k > n and (c}}) ke{l,...,n} has the desired properties for the truncated
sequences. The sequence ((¢)y), (in the compact metric space [0, a;]V) has a convergent
subsequence ((¢;™)k)meN- Let cp 1= lim,,cnyc;™. Obviously, cx < aj and di/cp < by
(& ¢, > di /by > 0). Since ¢;™ > cZ_’fl for all m € N, the sequence (cg)ren is decreasing
and hence the assertion follows.
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THEOREM 18.28. Let p and q be pre-Hilbert seminorms on the vector space E such that
di(Bp, Bg) < o0 and di(Bp,Bq) — 0. For all decreasing sequences (ar)reN, (bk)reN
of positive numbers such that dig(Bp,By) < arby (k € N), there exists a pre-Hilbert
seminorm r on E such that di(Bp, By) < ap and dg(By, By) < by.

PRrROOF. We use the notation of 18.7. Therefore, it suffices to show that there exists
a pre-Hilbert seminorm r on E, having the desired properties. Hence we may assume
that p is a norm. Let p denote the norm on the completion E’p which extends p. Since
q is continuous with respect to p (18.4(ii)), there exists a continuous norm ¢ on Ep

~

extending ¢g. Obviously, p and ¢ satisfy the parallelogram law. This means that (Ep,p) is
a Hilbert space. Since ¢ is continuous with respect to p, we get dy (B;, B:I\) < oo and hence,
according to 18.15, di (B, Bq) = dk (B;, Bg). If 7 is the desired pre-Hilbert seminorm on
Ep, then r := 7|, satisfies the required conditions on E, because of 18.18. This means
that we may assume that (E,,p) is a Hilbert space.

For ¢, there exists, according to 18.26(i), a compact self-adjoint operator @ : H —
H satisfying ¢(z)? = p(Q(z),z) (for all z € H). Let (zx)ken and (Ag)ken be as in
18.25 and let (cx)ren be as in 18.27 with dy := dig(Bp, By). If p denotes the inner
product associated with p, then R : E, — E,, x +— >, v cip(z, xg)xy, is a continuous
self-adjoint operator which gives rise to an inner product ¥ : (z,y) — p(R(x)|y) =
Sren Cip(@, 2e)p(y, xx). Put Hy := (vi : k € N) and Hy := Hi-. Thenr : 2 — /7(z,z)

. . . 18.26(ii
defines a continuous pre-Hilbert seminorm on E,. Hence we get di(Bp, By) 26(i5) Ck

< ay for k € N, and 0 otherwise. Because of 18.4(ii), (zx/ck)ren is an orthonormal
basis of (Hy,7|m,). The linear operator Q : H — H, x — >, - dap(x, x))xk, satisfies
Q(zr/ck) = (di/ck)zr = (d2/c2)R(xx/cx). Since dz /ci < b2 and (b7)ken is bounded, it
follows that @ is continuous with respect to the topology induced by r. Hence we get

dk(Br, By) B qu(B, nHy, By 0 Hy) 2 dyjen < by for k € N and 0 otherwise.

This completes the proof.

DEFINITION 18.29. Let F7, F5 be normed spaces and let T : E1 — FEs be a continuous
linear operator. Then ay(T') := inf{||S—T| : S : E1 — E4 is a continuous linear operator
such that dim S(E1) < k} is called the k-th approzimation number of T

PROPOSITION 18.30. Let T : E1 — FEs be a continuous linear operator between the normed
spaces E1 and Eo; then dp(T) < ar(T) < k- di(T).

PRrROOF. For every continuous operator S : By — FEo we get
T(Bg,) € |S = T|[Bg, + S(En),

which shows the first inequality.

Now, let T(Bg,) C ¢- Bg, + L (for ¢ > 0 and a finite-dimensional subspace L < Ej).
According to 18.11, there exists a projection 7 : Es — L such that ||7| < dim L. For
S:=moT,x € Bg,,y € B, and ! € L such that T'(z) =c-y+1 we get ||(S—T)(z)| =
c-lly—7m@)| <ec-(1+]n]) <ec- (14 dim L), which implies the assertion.

THEOREM 18.31. Let T : E1 — FEs be a continuous linear operator between the normed
spaces E1 and Fz. Suppose there exists v € |0,1] such that
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(Z ak(T)T> v < 0.

keN
Then we can find i, € EY, yr, € Ea and A\, € R such that ||ek], |yl < 1 (for all k € N),
T(x) = Ypen Meor(@)yn, and (Cpen [NV < 22737 (2 cyan(T)7) V7
PROOF. This is Proposition (8.4.2) in [64].

LEMMA 18.32. Let m > 3 be a natural number. There exists ¢ = c(m) > 0 with the
following property: for every wvector space E and all symmetric convex subsets X,Y
C E and all A > 0 such that dg(X,Y) < X- k™™ (for all k € N), there exist pre-Hilbert
seminorms p and q on (X)g such that X C By, By CY and di(By, By) < c-X-k~™T3.

PROOF. Fix m > 3. We may assume A = 1 (18.2(ii)). Let Nx := {x€ X : tv€ X Vte R}
be the largest subspace contained in X. Endow Ex := (X)/Nx with the norm which is
induced by the Minkowski functional of X and let 1)x : (X)p — Ex denote the canonical
projection. (We use analogous notation with respect to Y.)

A: Ex — Ey is well defined since d;(X,Y) < oo and hence Nx < Ny. As in 18.7
we get d(A) = di(X,Y) and it follows from 18.30 that ax(A) < k- dg(A) < k~™+L. For
r:=1/(m —3/2) < 1, the above estimate yields (3", oy ax(4)")/" < co. According to
18.31, there exist i € E%, yx € Ey and Ay € R such that ||px|| <1, |lyx]] <1, and

(E ) (i)
keN Py
<4203 ( > I~c‘(m—1)/(m—3/2))m*g/2 o

keN
and A(u) = > oy Mewr(u)yr. We may assume that (|Ax|)gen decreases. Then k|Ag|" <
Z?Zl [A;]" < (¢),)", which implies
(+) Ml YT, = kT (e ).
Let (ex)ren denote the canonical orthonormal basis of £2; we put
1 1 1

Cp 1= ————— Cy = =Cp, CAI= ;
S o k2 2 Cp - Cp
keN

b:Ex —0* u—co Z k3o (u)er,

keN
AP — 2 Z HEer > CA Z k3 2 Aer,,
keN keN
¥ : (> — By, Z ek — Cp Z puck ™ Ay
keN keN

We have
Ex —2>Ey

=z
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Hence we get || @] < cay/> ey k732 = 1 and the Cauchy-Schwarz inequality im-
plies ||| < coy/> ey k3/2 = 1/2. It follows from (x) that sup{k3/2|X\;| : k € N} <

e, sup{k~—™3 . k € N} < ¢,
YoAod=A:let u € Ex; then

W(A@W) = co (A D K puwer) ) = cocal (30 K ou(w)hner )

keN keN

= cpcacy Z or(u)A\eyr = A(u).
keN

Obviously, p(z) := [|@(¢x (2))| and q(z) := || A(P(¢
on (X). For z € X we have p(z) < 1 and henc

[¥y (W) = [Adx )l = [¥ALYx (y)l| < ] - q(y
Y (N(X)). Furthermore,

which shows that A is continuous. Moreover, we get

x (z)))|| define pre-Hilbert seminorms
X C By and for y € (X)p we get
) < 34 ( ), which shows that B, C

(%) dk(Bp, Bq) < dk(A)
Indeed,
de(Bp, By) = du(@x'(@71(B)),vx (@ (AT(B))))
B g @7 (B), 2 (AT(B)))
18.5(i) dk(BﬂsP(EX) A~Y(B)Nd(Ex))
18.18, 18 .2(ii)
S dk( I(B)) < d(ATH(A(B)),ATN(B))
8560 4 (A(B), BAAW®) < du(A(B), B) = da(A).

((©): Observe that A~1(B) = B, for the pre-Hilbert seminorm r : /> — R, x — || A(z)||.)
Since di(A) < cl,cak3™™ (observe that A(B) C [\g|k%/2 - B + (e1,...,ex—1)g and
that [Ap|k%/2 < ¢ k~™*+3), the assertion follows for ¢,, := ¢/, ca.

REMARK 18.33. Applying 18.12 instead of 18.11 would have yielded a better estimate,
namely dg (B, By) < Ak~™% 2. This is the formulation of Lemma (2.14) given in [8].

THEOREM 18.34. Let p, q be pre-Hilbert seminorms on E with d := ", . dx(Bp, Bg)? <
1/4. For every subgroup K of E we have

dg(conv(K N B,), conv(K N By)) < 2d(Byp, By).
PROOF. This is Theorem (3.2) in [8].

NoOTES 18.35. The assertions of 18.1 to 18.8 are either simple or taken from Section 2
in [8]. 18.9, 18.13, 18.14, 18.15, and 18.16 have been established in order to prove 18.18
((2.13) in [8)).

The assertions of 18.19 and 18.20 can be found in [8] on p. 26 and p. 27 (Lemma
(3.3)).

18.27 was proved by G. Turnwald. 18.26 and 18.27 were necessary to give a proof of
18.28, which is (2.15) in [8]. 18.30 is Lemma (9.1.6) in [64].

I am very grateful to W. Banaszczyk for sending me a proof of 18.32 by e-mail.
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19. Gaussian-like measures

In this chapter elementary properties of the measure oy, (defined below) are proved. It
can be considered as a Gaussian measure on the lattice L. The main result is Lemma
19.14, which will enable us to prove in the following chapter that closed subgroups of
nuclear groups are dually closed and dually embedded.

Let n be a fixed natural number; for z,y € R", we put = -y := (z,y) and 22 ;== x - 2.

NoOTATION 19.1.

od) Y e (ACRY

TEA
L the set of all lattices in R"
C the set of all non-empty compact symmetric convex subsets of R™
1
or, m Z 67”251 (where L € £ and ¢, is the Dirac measure)
o
xeL
1 2
(u — e™ (LeL,ueR"
) g e )
L {zeR":z-yeZforalye L} (L e L), the dual lattice of L
pU the Minkowski functional of U (U € C)
dy the metric generated by py
d the standard metric of R™

a(U) iﬁEQ(L\U)/Q(L)ZE?EUL(L\U) (Uel)

pu) s Sup. o(L+u)\U)/e(L) (U €C)

¢(U,V) supsup _inf  py(v)-dy(u,L)/d(u-v,Z) (UV €C)
LeLuZL veL: u-vgZ

For each lattice L in R"™ and u € R™, we have 0 < o(L + u) < co. [Clearly, we have
0 < o(L +u). Let A € Gl(n,R) be a matrix such that AZ" = L and v’ := A~ u. Then

Z e = Z e~ T(A ) < Z e—emy+u) o o
rEL+u yezn yezn

for suitable ¢ > 0.]

THEOREM 19.2 (Poisson summation formula). Let L be a lattice in R™ and let f : R™ — C
be a continuous integrable function satisfying:

(1) u = > cp|f(x +u)| converges uniformly on compact subsets, and

~

(i) 32, oz [f ()] < 00 where f(y) := Tgn e”*™@¥f(z) dz. Then
1 N
U;Lf(x) = m%f@)

where m(L) := det(xy ..., xy), the mesh of L, is the determinant of a basis (z1,...,%y)
of L.

PROOF. See [25], p. 40.



Duality theory and nuclear groups 87

In the next proof, we make use of the following two integrals:

T e—27riame—7r;ﬂ2d‘r _ 6—71'0,27 T e—QWiamIie—ﬂ'm2d‘r — e—fra2 <2i _ ai)
R~ R~ s
(they can be computed by the residue theorem).

COROLLARY 19.3. Let L€ L, k € {1,...,n}, and v € R™. Then

) Z e27riz-'u€77rm2 _ ﬁ Z 6*71'(9*17)27

€L yeL
1
27rzwv —Tr;E _ ( m(y+v)?) [ 1
(ii) Ze _—m(L)ZA Y (271_ (yr + vi) )
rcL yeL

lll Z 271'1;E'U —raz? —@f(v)

(1V) oL s a posztwe definite function and hence or(x) < pr(0) = 1.

PROOF. (i) and (ii). Fix v € R™ and put f; : R® — C, z > e2™=ve=m" and f, :

2 : . . . )
T — e T2 e~ Obviously, both functions are continuous and integrable. Since

every lattice is the homomorphic image of Z™ under a suitable matrix A € Gl(n,R),
it is easy to verify that u — >°__; |fj(x + u)| converges uniformly on compact subsets
for j € {1,2}. Hence condition (i) of 19.2 is satisfied. Using the above integrals, we see
that f1(y) = e "@="" and fa(y) = e "WH*(1/(27) — (yx + vi)?). Hence the sums
Zyef |fj(y)| are convergent. This enables us to apply 19.2, which yields

Z eQﬂ'zm v —max? — Z fl 2. m—) Z ﬁ(y) _ $ Z e*ﬂ'(y*v)z

rcL rcL yeL yeL
and analogously,
—2mizv 2 —mwx? __ 1 *ﬂ'(yJF'U)Q 1 2
Ze TLe —MZE %—(yk—ka) .
xeL yerL
(iii) From (i) we get

omizv  —mwx? 1 —7r(y+v)2 _ 1 T
e e = —— e ™ =——-9(L) p~(v).
2 (L) Zef (L) Z
-y

For v = 0, we obtain o(L) = 7 - o(L), which implies ().
(iv) The following functions are positive definite:

1. o +— e2™@v ([84], p. 189, Example 1),
2. 1 e ([84], p- 189, Example 3),

and so are sums (this is trivial) and products ([84], p. 188, Proposition 1.1(d)) of positive

definite functions. Hence the assertion follows from (iii) and the fact that L = L.

COROLLARY 19.4. The function R" — C, v 37 e ™ (y+v) (1/(27T) (yr + vi)?), is
positive definite for every lattice L.
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PRroOF. Counsider the positive measure p := EmeL rie ™ . Ttisan easy consequence of
19.3(ii) that the above function equals i (for the definition, see 22.1) composed with the
projection R™ — L* up to a positive constant. Hence the assertion follows.

LEMMA 19.5. (i) ¢ is invariant under orthogonal transformations.
(ii) X and B are invariant under orthogonal transformations.

(iii) AL = (*A)"'- L (for A € Gl(n,R) and L € L).
(iv) C( A7, (tA) V) =¢(U,V) (for U,V € C and A € Gl(n,R)).
(v) C(tU,tU) = t=2¢(U,U) for all t >0 and all U € C.

PROOF. (i) is trivial and (ii) is a direct consequence of (i).

(iii) follows from AL={v € R" : v - (Au)€Z Vue L}={v e R™: (*Av) -u€Z Yue L}
= (*A)~'L.

(iv) From u - v = (Au) - ((*4)"1v) and ps-1¢(v) = pr(Av) and (iii) we get

_ . peav(v) - da-1p(u, L)
C(ATIU, (*A)V) = sup sup _inf
( ( ) ) LGﬁuER"\LvGL u-vgZ d(u U7Z)
V((tA) 1 ) dU(A’U, AL)

=sup sup _inf
LEﬁuER"\LUEL wvgZ d((A’LL) (A ! )5 )

pv((*A)~ 1) - dy(Au, AL)

= sup sup _inf —
AL:LeEL Aug ALt A—1yct A~ lL (Au) (tA*IU)QZ d((Au) . t(A l’U),Z)
=¢(U,V).

(v) We calculate

C(tU, tU) sup sup mf th(U) tU (u7 )
LGL“QL'UGLquZ d(u "U,Z)

=supsup _inf tpy(tv) dy(ttu,t7L)
LeLugL vef:u-vgl d((tilu) : (tv)a Z)

pu(tv) - dy(t~tu,t=1L)

=t"2. sup sup inf
t~lLelLt—ugt— L tve= tL: (t—1u)-tvgZ d((t_lu) ’ (t’U), Z)
=t72¢(U,U).

LEMMA 19.6. For U,V € C such that 28(U) + 3a(V) < 1 we have ((U,V) <6

PROOF. Let L € L, u € R™\ L, and € > 0 be arbitrary. We have to find v € L such that
u-v ¢ Zand py(v) -dy(u,L) <6-(1+¢) d(u-v,Z). It suffices to consider the case of
dy(u, L) = 1+ e. Otherwise, we replace u by tu, L by tL and v by (1/t)v for suitable
t > 0. (Observe that dy(t-u,t- L) =t-dy(u,L).) So we have to find v € L such that
u-v & 7Zand py(v) <6-d(u-v,Z). Notice that

(%) u € R\ (L+U) implies ¢p(u) < pB(U).
[For L+u = (L+u)\U we get ¢r(u) = o(L +u)/o(L) = o((L +u) \U)/o(L) < B(U)/]
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Hence we get

BU) > pr(w) 2 3 exp(@riu - v) exp(—m0?)

o(L) vel

= L,\ Z cos(2mu - v) exp(—mv?) (L is symmetric)
Q(L) UE/L\

= LA( Z cos(2mu - v) exp(—mv?)
Q(L) 'UGVﬂE
+ Z cos(2mu - v) exp(—mﬁ))

UEE\V

> S-O’/L\(LQV)—O’/L\(L\V)

= s—(1+5)0p(L\V) > s~ (1+s)a(V)

for s :=min 5 . cos(2ru - v). This implies s(1 — a(V)) < (V) 4+ B(U) < 11— (V)
(by assumption). Furthermore, we have a(V) < 1/3 < 1 and hence s < 1/2. So, there
exists v € L NV such that cos(2m(u - v)) < 1/2, which means d(u - v,Z) > 1/6. The
assertion follows.

LEMMA 19.7. For L € L, uw € R" and xj, := e -« (z € R™) we have:
() X,epoie ™ < o(L)/(2m), and
11 _7712
(i) Xperpuzie™™ <o(L)/m

PROOF. Recall the function
1

2
ZR”—)R7 Ur— — efwm.
- A2,
According to 19.3(iv), ¢y, is positive definite and hence
(1) lor(u)] <r(0)=1 VYueR"™

Observing that the sums of the derivatives converge uniformly on compact subsets, the
second derivative of ¢y, in the k-th direction is

1 2
(2) Dirpr(u) = —— Z e ™ ((—2map)” — 2m)
Q(L) zEL+u
47T2 2 —ma?
= —27r<pL(u) + m Z rie > _27T(PL(U)
rxeL+u

(where xp denotes the k-th coordinate of x). According to 19.4, —Dyipr, is positive
definite (and not the zero function), hence

(3) DkkgpL(u) < _Dkk<ﬂL(0) Yu € R"

and Dyrer(0) < 0. For

v = = Y apem

Q(L) xEL+u
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1

o (=Drrspr(0) + 2mpL(0))

1 (
Y(u) = ?(Dkk%(u) +2mpr(u))
(2) 1
<53
Since Dirpr(0) < 0, for u = 0 we get
1 1 1
¥(0) = —5 (Dirpr (0) + 2mpr(0) < —52mo0(0) < —,
47 47 21

which was to be shown.

—~
N2

(27 (0) + 2w (0)) =

H
NG
Al INZ
w
c

—

LEMMA 19.8. Let D be an ellipsoid in R™ with principal semiaxes di,...,d,. Then

1 n
(i) a(D) < o g d.?, and
7T
k=1

n

1
D)< =N g2,
)_W;k

PROOF. We give the proof for (ii). Using 19.7(i) instead of 19.7(ii) and putting u = 0,
we get (1).

Because of 19.5(ii) we may assume that D = {(zx) € R" : >"}'_, (wx/dy)* < 1}. The
assertion follows from

LRI R Y o CER ()

z€(L+u)\D €(L4u)\D k=1
19.7(ii) 1 &
<Zd 2 Z riexp(—mz?) < QLﬂ_de2
xEL+u

THEOREM 19.9. For every ellipsoid D C R™ with principal semiazes dy,...,d, we have
¢(D.B)=¢(B,D) < (21/m) - Sp_, di".

Proor. Put d := (3}_, 1/dx)~". By 19.5(iv), we may assume that D = {(z)) € R" :
Sori(@r/di)? < 1}, For A := (6pv/di)ey € Gl(n,R) we get AB = A™'D = {(ay) :

Sor_ a2 /di, < 1}=: C. Since A is a diagonal matrix we get ((B, D) 1950 ¢(c, o) 1950

C(AC,A='C) = (D, B). For t := \/T/(2nd) we deduce from 19.6 that ¢(C,C) "2
2¢(tC,tC) < 612 = 21/(nd), since

—~

3 2
8a(tC) +2B(tC) < 5z + —— = L.

This completes the proof.

REMARK 19.10. For U,V € C, L € L and u ¢ L, it is possible to find v € L such that
u-v & Z and py(v) - dy(u,L) < (U, V) -d(u-v,Z). [We may assume ((U,V) < o0
There exists a sequence (vg)peN In L such that u - v, € Z and pv(vk) - du(u, L) <
(U, V)+1/k)-d(u- vk, Z). This implies that the sequence (vg)ren is bounded; since it
is contained in the discrete set Z, it is eventually constant. The assertion follows.]
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REMARK 19.11. For z € R\ Z, let k be the smallest natural number satisfying d(kz, Z) >
1/4. Then d(kx,Z) = k-d(x,Z). [Since j € Z implies d(z+J,Z) = d(x,Z) we may assume
0 < |z] <1/2. If 1/4 < |z| then k = 1 and the assertion is trivial. So, let 0 < |z| < 1/4.
Then k satisfies (k — 1)|z| < 1/4 < k|z| < 1/2, which implies the assertion.]

LEMMA 19.12. For each u € R", every subgroup K of R", and every ellipsoid D with

principal semiazes dy,...,dy, such that K N (u+ D) =0, there ezists a linear functional
f:R" - R such that f(K) <Z, d(f(uv),Z) > 1/4, and || f]| < (21/(27)) - > p_, d; "

PRrOOF. (1) Suppose first that K = L is a lattice. Since u ¢ L, there exists v € L such
that u-v € Z and

according to an or k€N which 1s minimal with the property that k(u-v) €
di 19.10 and 19.9). For k&N which is minimal with th hat k
11/4,3/4[+ Z, we get kd(u-v,Z) 1t d(u- (kv),Z) > 1/4. By assumption, dp(u,L) > 1.

Hence,
21
ol < 2 AU ROLD) 5o < 2L sm

It follows easily that the linear mapping f : z +— x - (kv) has the desired properties.

(2) If K is a discrete group then it is contained in a lattice L which misses u + D.
Hence the assertion follows from (1).

(3) Let K be a closed subgroup of R™. According to 2.2, there exist a linear subspace
V < R™ and a discrete subgroup L < V* such that K = V@ L. If r : R* — V*
denotes the orthogonal projection then we get w(u + D) N7w(K) = 7(u+ D)NL =0
since | € w(u + D) N L implies | + v € w4+ D (for suitable v € V) contradicting the
assumption. According to (2), there exists a linear form f’ : V- — R satisfying f/(L) < Z,
d(f'(r(u)),Z) > 1/4 and

[oll - dp(u, L)

d(u-v,7) =P

a|w

18 19 21 dim v+ 18 20 21 &

[Fé Z d(By+,m( < Zd;l

Hence, f := f’ o has the desired properties.

(4) Now, let K be an arbitrary subgroup of R". We may assume (K)p = R™.
(Otherwise, we may replace D by D N (K)p, taking into consideration 18.18.) Since
KN (u+AD) =0 for all A € ]1/2,1], there exist (according to (3)) linear forms fy sat-
isfying fA(K) < Z, d(fa(u),Z) > 1/4, and ||fa]| < 2 -+ -3 d;;". (In the last step we
made use of 18.19 and 18.2(ii).) For each increasing sequence A, — 1, the norms of the
corresponding f», are bounded. Hence the sequence (£, ),cn has an accumulation point

which has the desired properties.

LEMMA 19.13. For each subgroup K < R"™ and each ellipsoid D with principal semiazes
(di,...,dyn) and each character x : K — T satisfying x(K N D) C R, there exists a linear
function f:R™ — R such that exp(2mif|x) = x and || f|| < (21/(27)) S p_, di "

PROOF. (1) Assume first that K = L is a lattice. There exists o € R"™ such that
x(y) = exp(27i(zo - y)). It suffices to show that d(vo,L) < (21/(27)) - > p_, di . [For
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z € L such that ||z — 20| = d(zo, L), the linear function f : y — (o — ) - y has the
desired properties.] We may assume xg ¢ L. According to 19.9 and 19.10, there exists
yo € L such that xg - yo € Z and

ZM < 2 Z dit.

d(IO Yo, Z) m k=1
If yo € D then d(zo - yo,Z) < 1/4 (by assumption). So, let k¥ € N be minimal with the
property that d(xo - (kyo),Z) > 1/4. This implies kyo ¢ D. Using 19.11, we get

2221 dwo-yoZ) N~ 20 dlwo- (ko). Z) N~ oq 21 - -
d(zg, L) < = 22 T2 N Tt = 22 : < d;!
(o, L) > At == oo (ko) kz::l = o Z

(2) An arbitrary discrete subgroup K is contained in a lattice L such that KN D =
L N D. Applying (1) to L and an arbitrary homomorphism extending x (2.3), we obtain
the assertion for K.

(3) Every closed subgroup K < R™ has the form K = V @& L where V is a linear
subspace of R” and L is a discrete subgroup of V1 (see 2.2). There is an increasing
sequence (L, ),en of discrete subgroups of V' such that their union is dense. Since L, L
is a discrete subgroup of R™, there are, according to (2), linear functionals f,, : R* — R
satisfying exp(2mifm(z)) = x(z) and || fm| < (21/(27)) > p_, d;,'. Hence the sequence
(fm)men has an accumulation point with the desired properties.

(4) Let K be an arbitrary subgroup of R™. For every A € ]0,1[, we have K N AD C
K nint(D) C KN D. Since x is continuous, there exists a continuous homomorphism
X' : K — R extending x (cf. 2.17). Hence x'(K N AD) C R and, according to (4), there
exists a linear form fy satisfying exp(2mifa|z) = X' and |fo]| < (21/(2m)A"L > d; "
(18.19 and 18.2(ii)). The estimate of the norm shows that the sequence (f(,—1)/n)n>2
has an accumulation point with the desired properties.

LEMMA 19.14. Let p and q be pre-Hilbert seminorms on the vector space E such that
> ken de(Byp, By) < 0o and let K be a subgroup of E.

(i) For every w € E\ (K + By), there exists a linear form f : E — R such that
Fu) € [1/4,3/4]+ Z and sup{Lf () + = € By} < (21/(2m) ¥y da By By).

(ii) For every homomorphism x : K — T satisfying x(K N By) C R, there exists
a linear form f : E — R such that exp(2mif|x) = x and sup{|f(z)| : z € B,} <

(21/(27")) ZkeN dg (pr Bq)-

ProoF. We use the notation of 18.7.

Because of 18.2(ii), we may assume that ), . dx(By, By) = 1. (Otherwise, we replace
p by a suitable multiple.)

For each z € K, the set A, := {h € E, : exp(27mih(¢,(z))) = x(z)} is closed with
respect to the weak* topology on E,,.

For x1,...,2, € K, we put My := (Yg(1),...,%q(xn))g and My := (Mo, Yq(u))p-
According to 18.7, the set 14(By) is absorbing and the corresponding Minkowski func-
tional satisfies the parallelogram law. Hence M; Ny (B,) are dim M;-dimensional ellip-
soids for j € {0,1} (17.4(ii)).
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(i) Observe that kery, C B, implies ¥q(u) & 1q(K) + 14(Bq). According to 19.12,

there exists a (continuous) linear form f; : My — R such that fi(¢y(K) N M) < Z,
fi(g(u)) € [1/4,3/4] + Z and

18.20 91 dm M 18.18 91

”fl” < % ; dk(d}q(Bp)liﬂ/)q(Bq)li) < %

Next, fi : AT (M) — R, ¥y () = f1(Yg(x)) (Apq asin 18.7), is a well defined continuous

linear form which has a continuous extension F to E, such that || F|| = sup{| f1 (Yp(2))] :
Up(x) € A (My) N By} < 21/(2n) (8.19) and, of course, Fy(¢p(u)) € [1/4,3/4] + Z.
Hence the sets of the form (21/(27)) - B(E;) N P N(),cp Az, where F' is a finite subset
of K and P := {h € E} : h(yp(u)) € [1/4,3/4] + Z}, are weak*-closed and not empty.
According to Alaoglu-Bourbaki (cf. [73], p. 68, Theorem (3.15)), the set (21/(27))-B(E;)
is weak*-compact. Hence the intersection of the above sets is not empty. This shows (1).

(ii) Since x(KNB,) C R implies KNN, < ker x (3.3(ii)), the mapping  : 14(K) — T,
Yq(x) = x(x), is a well defined homomorphism satisfying (v, (K) N Bg,) = x(K N By)
C R. Due to 19.13, we get a linear form fo : My — R such that exp(2mifoly, (k) = &
and

dim M 18.18 91
sup{|fo(z)| : z € Mo N B,} < = ; dx(Bg, N Mo, Bg, N My) < e

™

Hence ]70 : A;ql (M) — R, ¢p(z) — folte(z)), is a continuous linear form which has a
norm preserving extension Fy : E, — R; this means || Fy|| = sup{|fo(z)| : z € A (M) N
Bg,} < 21/(27). For every finite subset I of K, the sets of the form (1, . A, N(21/(27))
- B(E}) are not empty and weak*-compact (since B is weak*-compact due to Alaoglu-
Bourbaki). Hence (¢ Az N (21/(27)) - B(E,) # 0, which implies (ii).

NoOTEs 19.15. 19.1 to 19.9 establish some results of [11] and [9] more explicitly. 19.11
was pointed out to me by G. Turnwald. W. Banaszczyk informed me by e-mail that 19.9
enables one to get improved versions of (3.11) and (3.14) in [8] (19.12 and 19.13). Besides
that, I am indebted to the referee for improving the constant in 19.13 and for providing
me with a proof of 19.7. The result 19.14 is (8.1) and (8.3) of [8] where the improved
version of Lemma (3.11) and (3.14) in [8] have been used.

20. Nuclear groups

Nuclear vector spaces have been introduced by Grothendieck in [32] by means of the tensor
product. Recall first that a locally convex space V' is called nuclear if for every symmetric
convex neighbourhood U € Uy (0), there exists a symmetric convex neighbourhood U’ €
Uy (0) such that dx(U’,U) < 1/k for all k € N. This enables us to define nuclear vector
groups and, afterwards, nuclear groups. We prove some permanence properties (20.7) and
show that every subgroup of a nuclear group is dually embedded (20.13) and that every
nuclear group is locally quasi-convex (20.15). We give a proof of the following fact: a
locally convex vector space is a nuclear group if and only if it is a nuclear vector space
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(20.20). At the end of the chapter we show some kind of structure theorem for nuclear
groups (20.32).

DEFINITION 20.1. A locally convex vector group V is called a nuclear vector group if for
every U € Uy (0), there exists a neighbourhood U’ € Uy (0) such that dg(U',U) < 1/k
for all k € N.

It is clear that every nuclear vector space is a nuclear vector group. For examples of
nuclear vector spaces see [64], Chapter 6.

LEMMA 20.2. Let V be a nuclear vector group. For U € Uy (0), m € N and ¢ > 0, there
exists a neighbourhood U’ € Uy (0) such that dp(U',U) < ck™™ (for all k € N).

PROOF. Inductively, we can find a sequence (Up),en, of symmetric convex neighbour-
hoods with Uy := U and di(U,,U,—1) < 1/k for all k € N (and n € N). Hence, for
m € N, we get

18.3(i)
dk—(m-1)(Um,Uo) < de(Unm, Un—1)d(m—1)k—(m-2) (Um—1, Uo)
18.3(i) 18.3(i) ™
< ... < Hdk(Ul;Ulfl) < k™™,
=1

For | € N, there exists & € N such that m(k — 1) +1 <1 < mk (< mk +1). By
the monotonicity of (d;(Um,Uo))ien, we get di(Um,Us) < dpe—1)41(Um,Uo) < k7™ <
m™~™ since | < km. This shows that (1/(cm™))U,, has the desired properties (cf.
18.2(ii) and 9.3(1)).

In order to define something like the Kolmogorov diameter for abelian groups we
compare the group with a vector space; more precisely:

NoTAaTION 20.3. Let G be an abelian topological group. For U,V € Ug(e) we use the
symbol (dg(V,U))ren < (ck)ren if there exists a tuple (E,H,, X,Y) where F is a
vector space, H is a subgroup of F, ¢ is a homomorphism H — G, and X and Y are
symmetric convex subsets of E such that dx(X,Y) < ¢ for all k € N (where dj, is the

usual Kolmogorov diameter), o(HNX) DV and o(HNY) C U.

DEFINITION 20.4. An abelian Hausdorff group G is called nuclear if for every U € Ug(e),
m € N, and ¢ > 0, there exists V' € Ug(e) such that (dg(V,U))ren < (¢ k™) renN-

An abelian Hausdorff-group G is called quasi-nuclear if for every U € Ug(e), there
exists V' € Ug(e) such that

1

dp(V,U < | kS

( k( ’ ))kGN = (127_‘_2 . C(6) )keN

(with ¢(6) as in 18.32).

REMARK 20.5. It will be proved in 20.33 that every quasi-nuclear group is nuclear.

EXAMPLE 20.6. (i) Every nuclear vector group and, in particular, every nuclear vector
space is a nuclear group. [This follows immediately from 20.2.]

(ii) Every discrete group is nuclear. [Put V ={e} and H =E = X =Y = {0} and
let ¢ be the trivial homomorphism.]
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(iii) R™ is a nuclear group. [Let U =Y be a compact symmetric convex neighbourhood
of {0}. Fix ¢>0and m € N. Put H = E =R" and ¢ = id. It follows easily from 18.2(ii)
that X := ck™"Y satisfies the above conditions.] Besides that, R™ is a nuclear vector
space and hence, according to (i), a nuclear group.

PROPOSITION 20.7. (i) Every subgroup of a nuclear group is nuclear.
(ii) Every Hausdorff quotient of a nuclear group is nuclear.
(iii) Every product of nuclear groups is nuclear.
(iv) Fwvery countable direct sum of nuclear groups is nuclear.
(v) Euvery abelian group which has an open nuclear subgroup is nuclear.

PROOF. Let G be a nuclear group.

(i) Let H<G. For U,V € Ug(e) such that (dx(V,U))pen < (ck)pen we get (dp(V N H,
UNH))en < (ck)ren- [Let B, K, ¢, X,Y be as in 20.3. If we put Ky := ¢ *(H) and
©H = ¢|Kk,, then the tuple (E, Ky, pn,X,Y) satisfies the conditions for V' N H and
U N H.] This implies (i).

(ii) Let H be a closed subgroup of the nuclear group G and let 7 : G — G/H denote
the canonical projection. If we replace the tuple (E, K, ¢, X,Y) for U,V € Ug(e) by
(B,K,mo¢,X,Y) for n(U),n(V) € Ug,r(e) we get the desired properties.

(iii) (and (iv)) Let G; be nuclear groups and let I be a non-empty (countable) index
set. G :=][,c;Gi (G :=>,c;Gi) is an abelian Hausdorff group. Choose U; € Ug, (e)
such that U; = G; for all i € I'\ F where F is a finite subset of I (U; € Ug, (e) arbitrarily)
and put U := [[,c;Us (U := > ,.;U;). Fori € F (i € I), choose k; € N such that
Yoier L/ki <1 (3 ;c;1/ki < 1). By assumption, for every i € I (i € I), we can find
Vi € Ug,(e) such that (dx(Vi,U;))ken < ((¢/kM)E™™)ren with a corresponding tuple
(Ei,Hi, i, X;,Y;). For i € I\ F we choose a vector space F;, a subgroup K; and an
epimorphism ¢; : K; — G;. [One may take K; as a free abelian group and E; the
corresponding direct sum of copies of R.] Fori € I\ F we put X; =Y; = E; and set F :=
[Lici Bi (E =), Ei), K =[], Ki (K =3, Ki), X :=[lc; Xi (X =32, %),
Y =]l Y (Y=Y and ¢ = (©;)icr. It is clear that E is a vector space, K is
a subgroup of F, and ¢ : K — G is a homomorphism satisfying o(K N X) DO V where
V=1ler Vi xienr Gi (Vi=22c; Vi) and o(KNY) CU.

Hence it suffices to show that di(X,Y) <c-k™™. Fix k € N. Fori € F (i € I), let
l; :== [k/k;] denote the integer part of k/k;. Then d;,+1(X;,Y;) < c- (1/k™) - (k;/k)™ =
c - k™. Hence, there exists a subspace L; < F; such that X; C ck™™Y; + L; where
dlmLZ S ll S k/kl Put Ll = {O} for 7 € I\F and let L = HLZ (L = ZLZ) Then
X Cck ™Y +LanddimL =}, ;dimL; < k, which implies (iii) (and (iv)).

(v) is trivial.

THEOREM 20.8. Ewvery locally compact abelian group is nuclear.

PROOF. (1) Since T = R/Z we find as a consequence of 20.6(iii) and 20.7(ii) that T is
nuclear.

(2) Since every compact abelian group K can be embedded into a product of tori:
K — TK" 2+ (x(2))yex, it follows from (1) and 20.7(i) and (iii) that K is a nuclear
group.
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(3) Since every locally compact abelian group G has an open subgroup which is topo-
logically isomorphic to R™ x K where K is a compact group (e.g. Theorem (24.30) in
[34], p. 389), it is a consequence of 20.6(iii), (2) and 20.7(iii) and (v) that G is nu-
clear.

REMARK 20.9. We will show in 20.27 that R() is not nuclear if I is an uncountable index
set.

LEMMA 20.10. An abelian Hausdorff group G which is (quasi-) nuclear satisfies the fol-
lowing condition: for every U € Ug(e), every m € N and every ¢ > 0, there exist a
vector space E, two pre-Hilbert seminorms p and q on E such that di(Bp, Bg) < ck™™
(di(Bp, By) < (1/(1272))k™3), a subgroup H < E such that E = (H)p and a homomor-
phism ¢ : H — G satisfying o(H N Byp) € Ug(e) and o(HNBy) CU.

PROOF. Let G be a (quasi-) nuclear group, let U € Ug(e), m € N and ¢ > 0. By
the definition, there exist: a vector space E’, a subgroup H' < E’ and two symmet-
ric convex sets X,Y C E such that di(X,Y) < (¢/c(m+3))k=("H3) (dp(X,Y) <
(1/(1272 - ¢(6))k~Y) with c¢(m) as in 18.32; furthermore, there exists a homomorphism
¢+ H — G such that ¢'(H' N X) € Ug(e) and ¢'(H' NY) C U. According to 18.32,
we can find pre-Hilbert seminorms p’ and ¢’ on (X) such that dg(By,By) < c¢(m + 3)
% (c/(clm -+ )™ = ™ (d(Byr, Byr) < e(6)(1/(125% - c(6)h > = (1/(1272)))
and X € By and By C Y. For E := (H' NBy)p and H := (H' N By),, we get
(Hyp =E. If we put p :=p'|g, ¢ :=¢'|p and ¢ := ¢'|g then o(HNB,) C ¢(H'NBy) C
U. Furthermore, H N B, = (H' N By), "B, = (H' N By), N By = H' N By implies
e(HNBp) =¢'(H NBy) € Ug(e). The assertion follows from 18.18.

REMARK 20.11. Observe that
2

1 1 1 1

k3 < k2= =
Z 1272 = 12n2 Z 1272 6 72
keN keN

THEOREM 20.12. Let H be a subgroup of the quasi-nuclear group G. Every equicontinuous
subset S C H* is the image of an equicontinuous subset of G* under * where : H — G
denotes the canonical embedding.

PROOF. Let W € Uy (e) and U € Ug(e) be open neighbourhoods such that S C W9 and
W = HNU. According to 20.10, there exist: a vector space F, a subgroup K < E, two
pre-Hilbert seminorms p and ¢ on E such that ), -y dx(Bp, By) < 1/15 and a homo-
morphism ¢ : K — G such that ¢(K N By) € Ug(e) and (K N By) C U (cf. 20.11).

Obviously, S := (p(K N B,))® is an equicontinuous subset of G*. So it suffices to show

that .*(S) D S. For y € S and K’ := ¢~ 1(H) < K, the mapping = — y(p(z)) defines
a homomorphism K’ — T which satisfies x(¢(K’' N By)) € R. It is a consequence of
19.14(ii) that there exists a linear function f : E — R such that e*™/lx’ = (x o ¢)|x
and sup{|f(z)| : © € Bp} < (21/(27)) > pen du(Bp, By) < 1/4. Since kerp < K, the
homomorphism X : ¢(K) — T, ¢(z) — exp(2wif(zx)), is well defined. By construction,
X(p(KNBy)) C R, which shows that X is continuous (3.4(ii)). Next, ' : o(K)+H — T,
@(x) +h— X(p(x)) + x(h), is a well defined homomorphism (2.4) which satisfies x'|,(x)
=X and x|z = x. Let x” be an arbitrary homomorphism G — T extending x’ (cf. 2.3).
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Since p(K) is an open subgroup of G, we see that x” is continuous and, by construction,
it is an element of S.

COROLLARY 20.13. Every subgroup H of a nuclear group is dually embedded.

PRrROOF. The assertion is equivalent to the surjectivity of the dual homomorphism of the
embedding. Since every one-point set of H* is equicontinuous, this is a direct consequence
of 20.12.

REMARK 20.14. Leptin constructed a closed subgroup H of a group G which is a product
of discrete groups such that ay is not continuous ([49]). Because of 20.6(ii) and 20.7(iii)
and (i), G and hence H is nuclear. According to 5.4, G is reflexive and, in particular, ag
is continuous. This means that every compact subset of G* is equicontinuous (5.10). If
L* were a compact-covering then every compact subset of H* would be equicontinuous.
But this is equivalent to the continuity of ay (cf. 5.10). Hence, in 20.12 “equicontinuous”

cannot be replaced by “compact”.
THEOREM 20.15. Every quasi-nuclear group is locally quasi-convex.

PROOF. For U € Ug(e), there exist, according to 20.10 and 20.11: a vector space E, a
subgroup H < E, two pre-Hilbert seminorms p and g such that ), -y dx(B,, By) < 1/30,
and a homomorphism ¢ : H — G such that ¢(H N B,) € Ug(e) and ¢(H N B,) C U.
It suffices to show that the quasi-convex hull Uy of ¢(H N Bp) is contained in U. This
is equivalent to: For every = ¢ U, there exists x € G* such that x(¢(K N B,)) C R and
x(x) € R. If = is not a member of the open subgroup ¢(H), then the assertion is trivial.
Let therefore z € p(H) and let uwe H \ (ker o+ By) satisfy ¢(u) = x. According to 19.14(i),
there exists a linear function f : E — R such that f(kery) < Z, f(u) € [1/4,3/4]+ Z
and sup{|f(y)| : y € Bp} < (21/(27)) > pen dr(Bp, Bg) < 1/8. The homomorphism
Xt p(H) — T, p(y) — e*™ ) is continuous since X' (¢(H N B,)) C Vo (3.4(ii)). Let x”
be a character of G extending x’ (observe that ¢(H) is an open subgroup of G and use
2.3). If X""(z) ¢ R then we put y := x”, otherwise we set x := (x)2. Then x(z)¢ R and
X(¢(H N Bp)) € R, which implies the assertion.

COROLLARY 20.16. For every nuclear group G, the evaluation mapping ag s injective.
PRrROOF. This is an immediate consequence of 20.15 and 6.10.
COROLLARY 20.17. Every closed subgroup H of a nuclear group G is dually closed.

PROOF. According to 20.7(ii), G/H is a nuclear group and it follows from 20.16 that
Qg g I8 injective.

LEMMA 20.18. Let K be a subgroup of R™, let V be a locally conver Hausdorff space and
let ¢ : K — V be a continuous (group) homomorphism. Then there exists a continuous
linear operator @ : R™ — V which extends ¢. If (K)r = R", then @ is unique.

PROOF. We may assume that (K)p = R" (see 8.19). Let V denote the completion of V
and let @ be the composition of ¢ with the canonical embedding of V' into V. Because
of 2.17, % can be extended to a group homomorphism ¢’ : K — V where K denotes
the closure of K in R™. Suppose we have already proved that ¢’ has an extension to a



98 L. Auflenhofer

linear functional @ : R® — V. Then ¢(K) C ¢/(K) C ¢/(R") is contained in a finite-
dimensional subspace of V. Hence there exists a finite-dimensional (and hence complete)
subspace of V' which contains ¢(K). This shows that @' (R™) =& ((K)p) = (¢(K))p and
hence ¢'(R™) lies in V. So we may assume that K is a closed subgroup of R™.

According to 2.2, there exists a basis (21, ..., Tm, Ym+1, - - - »Yn) of R (where m < n)
such that K = (z1,...,Zm)p ® (Ym+1,---,Yn)z. Since V is torsion-free, we have p(Az) =
Xp(x) for all z € (z1,...,2m)g = Vo and A € Q. By the continuity of ¢, the restriction
©lv, is a continuous linear mapping. Now we may suppose that m = 0 and that K is a
lattice. @ : 377 1 Ajy; — D7y Aj(y;) is obviously a well defined linear mapping which
is continuous, since dim ¢(R™) < n. The uniqueness of ¢ is clear.

LEMMA 20.19. Let (E, s) be a seminormed space and let V' be a locally conver Hausdorff
space. For every subgroup K < E and every continuous (with respect to the topology
induced by s) homomorphism ¢ : K — V, there exists a linear mapping @ : (K)p — V
extending ¢.

PROOF. It must be proved that for arbitrary z1,...,2, € K (and n € N), there exists a
unique linear mapping ¢’ : Ey 1= (z1,...,2,)g — V extending ¢|g,nkx. Let Ey := {z €
E5 : s(z) = 0} and let Ey be a subspace of E3 such that Ey = Fy @ Ey (algebraically).
For any norm r on Ey, the mapping S : Ey ® Fy — R, zg + 21 — r(x9) + s(x1) (where
xj € Ej for j € {0,1}), defines a norm on Es. It is clear that ¢|xng, is also continuous
with respect to the topology induced by S. The assertion follows from 20.18.

THEOREM 20.20. Fvery topological vector space (locally convex vector group) V which is
also a nuclear group is a nuclear vector space (nuclear vector group).

PROOF. Assume first that V' is a topological vector space and a nuclear group. It follows
from 20.15 and 6.5 that V is a (Hausdorff) locally convex vector space.

Hence, according to 9.7, we have to show in both cases that for each weakly closed sym-
metric convex neighbourhood U € Uy (0), there exists a symmetric convex neighbourhood
W such that di,(W,U) < 1/k for all k € N (see 9.7). Fix a weakly closed symmetric convex
neighbourhood U and let s denote the Minkowski functional associated with U which is
defined on (U)p (cf. the proof of 10.5). Let ¢ : (U)g — (U)r/{z € (U)g : s(z) =0} =:
Vs denote the canonical projection and let Vs be endowed with the topology determined
by the norm induced by s. According to 20.10 and 20.7(i), there exist: a vector space
E, a subgroup H < E such that (H)p = F, a homomorphism ¢ : H — (U)p, and two
pre-Hilbert seminorms p and g on E such that dy (B, By) < 1k™*, o(HNB,) € Uy, (0)
and o(HNBy) CU.

Since 15 o ¢ is continuous with respect to the topology induced by ¢, there exists,
according to 20.19, a linear operator ¢ : E — V; which extends v, o ¢.

For X := ¢ (co(®(H N B,))) and Y := ;! (co(P(H N By))), we get

d(X,Y) "2 4y (@(co(H N B,)), d(co(H N By)))

18.5(i) 18.34 1
< dg(co(H N Byp),co(HNBy)) < 2dg(Bp,By) <k™-.

(Observe that -, . d2(By, By) < m2/54 < 1/4.)
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The symmetric convex sets X and Y satisfy X D ¢o(H N B,) € Uy(0) and ¥ =

U5 H(co(s 0 p(H N By))) = v (1hs(co(p(H N By)))) = co(p(H N By)) +s~1({0}) € {z €
(U)p : s(x) <1} = U; hence the assertion follows.

COROLLARY 20.21. A (real) Banach space V' is a nuclear group if and only if it is finite-
dimensional.

PROOF. If V is of finite dimension, then it is topologically isomorphic to R™ for a suitable
n € Ny and hence, according to 20.6(iii), nuclear.

Conversely, assume that the normed space V is a nuclear group. As a consequence of
20.20 we deduce that V is a nuclear vector space. Exercise 2 in [88], p. 291, implies that
V has finite dimension.

LEMMA 20.22. Every infinite-dimensional Banach space E contains a compact set K hav-
ing the following property: for every sequence (Ey)ren of subspaces satisfying dim(E/E},)
< k, the set Jpen(Ex Nk - K) is not bounded.

PROOF. Let (F,),cn be an increasing sequence of subspaces of F satisfying dim F,, = n.
Let B denote the closed unit ball of E. Then

K=/ (%BHF,J

neN

is compact. [It is sufficient to show that (J,.n((1/y/n)B N F,) is totally bounded. For
e > 0, there exists k € N such that 1/vk < e. Hence |J,~,((1/v/n)BNFE,) C B and
Unen((1/v/n)BN F,) C (eBN F,) U (Fy N B). Since F}, N B can be covered by finitely
many translates of € - B, the same is true for (J,.n((1/yv/n)B N F,).]

Now, let (Ex)ren be a sequence of subspaces satisfying dim(E/E})) < k. For dimen-
sional reasons, there exist 0 # z € ExNF}, (for all k € N). We may assume ||z | = 1/VF,
which implies 3, € K. But (J,cn(Ex Nk - K) 2 {k-xx : k € N} is not bounded, which
completes the proof.

PROPOSITION 20.23. The dual space of an infinite-dimensional Banach space E endowed
with the compact-open topology is not a nuclear group.

PROOF. Since E! is a locally convex vector space, it is sufficient to show that it is not
a nuclear vector space. Being a nuclear vector space is equivalent to: for every compact
subset K C FE, there exists a compact subset S C E such that dg(S° K°) < 1/k (see
20.2) where K° = {f € E' : |f(x)] <1 Vo € K}. Assuming this condition holds, we can
find subspaces Ly, < E’ satisfying dim Ly, < k and S° C (1/k)K° + Ly, = (k- K)° + L.
Putting E, :={z € E: f(z) =0Vf € Ly}, we get

Exnk-KC ()| {zeE:[f@)|<1}C ({zeE:|f(x)| <1} =co(SU-S).
fE(k-K)°+Lg fese

The last equality holds by the Hahn-Banach Theorem. Hence ,cn(Erx Nk - K) C

co(SU—=S). For K as in 20.22, this set is not bounded (observe that dim(E/E)) < k)
and hence it cannot be contained in the closed convex hull of the compact (and hence
bounded) set S U —S. This gives the desired contradiction.
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LEMMA 20.24. For all subsets X,Y of an abelian Hausdorff group G with (di(X,Y))gen <
(¢ k™™)pen where m > 6 is a natural number and ¢ > 0, we have (dg(Y?, X°))pen <
(100 - ¢ - e(m) - k=) en where c(m) is the constant from 18.32.

PROOF. This is Lemma (16.4) in [8].

PROPOSITION 20.25. For every nuclear group G such that ag is continuous, the second
character group G** is also a nuclear group.

PROOF. For every neighbourhood W € Ug~-(e), there exists (according to 3.4, 5.10
and by assumption) a neighbourhood U € Ug(e) such that U’ C W. Fix m € N and
¢ > 0. Since G is nuclear, there exists V' € Ug(e) such that (dp(V,U))gen < (c-107%.
c(m+12)71 . e(m+6)~1 - k~™712), cn. Applying 20.24 twice, we obtain

(AU, VO)hen < (¢ 1072 c(m +6)7" - k7" 0) e,
(de(V®,U"))gen < (¢ k7™ )en,

which implies the assertion.

ExaMpPLE 20.26. Let Ey, be an infinite-dimensional reflexive Banach space endowed with
its weak vector space topology. According to 8.24, ap, is not continuous. Since Ey
can be considered as a subspace of a product of the reals, it is a nuclear group and,
according to 20.20, even a nuclear vector space. It is a consequence of 5.5 and 8.23 that
(Ey)* is topologically isomorphic to the infinite-dimensional Banach space (Ey);,. Hence,
according to 20.23, the group (Ey)** is not a nuclear group.

This example shows that the condition “a¢ is continuous” cannot be omitted in 20.25.

EXAMPLE 20.27. For each uncountable index set I, the topological vector space R()
(endowed with the asterisk topology) is not a nuclear vector space and, according to
20.20, not a nuclear group. [Since RY) is a locally convex vector space (2.10), it suffices
to prove that R() is not a nuclear vector space. Let (€:)icr be a family of positive numbers
and let U be the asterisk neighbourhood associated with (|—e;, &;[)icr. We are to show
that for arbitrary §; > 0 (and i € I) the asterisk neighbourhood V associated with
(]—=9i, 0i[)ier does not satisfy dp(V,U) < 1/k for all k € N. Therefore, put I, := {i € I :
0i/ei € 1/n,1/(n—1)] for n > 2 and I := {i € I : §; > &;}. Since I = U, oy In, there
exists ng € N such that I, is uncountable. We now show that for any finite-dimensional
subspace L of R,

1
Vg — -U+L.
27’LO

So, let L be a finite-dimensional subspace. There exists an index ig € I,, such that
Eio = {(xi)iel e R . x; = 0 Vi # io} NL = {(O)zel} Let z; = 0 for i # ig and
Ziy = 0;y/2. Then © = (z;)icr € V. But x € (1/(2ng)) - U + L would imply 6;,/2 = z;, €
|—€iy/(2n0), €4y / (2m0)[ contradicting d;,/ei, > 1/n0.]

DEFINITION 20.28. Topological groups G and H are called locally isomorphic if there
exist open neighbourhoods U € Ug(e) and V € Uy (e) and a homeomorphism ¢ : U — V
which satisfies ¢(z 4+ y) = ¢(z) + ¢(y) whenever z,y,z +y € U.
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EXAMPLE 20.29. Let G be an abelian Hausdorff group and let H be a discrete subgroup
of G. Then G and G/H are locally isomorphic. [One may take an open neighbourhood
U € Ug(e) which satisfies (U + (=U)) N H = {e} and define ¢ to be the canonical
projection restricted to U]

THEOREM 20.30. If G and H are locally isomorphic abelian topological groups then G is
nuclear if and only if H is nuclear.

PROOF. This is Proposition (7.15) in [8].

COROLLARY 20.31. For a completely regular space X, the group C(X,T) is nuclear if and
only if all compact subsets of X are finite.

PRrROOF. If all compact subsets of X are finite then C(X,T) can be considered as a
subgroup of TX. Hence the assertion in this case follows from 20.7(i) and 20.8.

Conversely, suppose that C(X,T) is a nuclear group. Let K be an arbitrary compact
subset of X. According to 14.4, there exists a continuous open epimorphism ¢ : C(X, T) —
C(K,R)/C(K,Z). Hence, C(X, T)/ker p = C(K,R)/C(K,Z). This implies that the nuclear
group C(X,T)/ker ¢ (20.7(ii)) is locally isomorphic to the Banach space C(K,R) (20.29).
So 20.30 and 20.21 imply that C(K,R) must be finite-dimensional. This is equivalent to
the fact that K is finite. Since K was arbitrary, the assertion follows.

THEOREM 20.32. For every quasi-nuclear group G, there exist: a nuclear vector group
V', a (not necessarily closed) subgroup H <V and a closed subgroup K of H such that
G = H/K. The group V can be chosen so that the cardinalities of a neighbourhood basis
of G and V coincide.

PROOF. We make use of the notation and construction established in the proof of 10.1.

According to 20.15, G is locally quasi-convex. As a consequence of 10.1, there exist a
locally convex vector group V', a subgroup H of E and a closed subgroup K of H such
that G = H/K and the assertion concerning the cardinality of the neighbourhood bases
is satisfied.

So, it suffices to show that V is a nuclear vector group. Let U be a fixed quasi-convex
neighbourhood of e in G. Since G is a quasi-nuclear group, there exist a vector space
E, two pre-Hilbert seminorms p and ¢ on E such that d(B,, B;) < (1/(127%))k~3, a
subgroup Gy < E and a homomorphism ¢ : Gy — G satisfying ¢(Go N B,) € Ug(e) and
©(Go N By) CU (cf. 20.10). According to 18.28, there exists a pre-Hilbert seminorm r
on F such that

1 _ 1 -
di(By, By) < 3k ' and dn(B,,B,) < ypols 2,
For y € U, we have (x o ¢)(Go N B,) C R. As a consequence of 19.14(ii), there exists a
linear mapping f, : E — R such that exp(2mify)|g, = x © ¢ and
1 7 1

21
sup{| fy(z)| :xEBT}S%kEZNdk(BMBQ)<6.m e =1

For y € U, let f, be an arbitrary but fixed linear functional as above; for x ¢ U°,
we put f,, =0. Then
¢:E—RY, um (fx(u))xec=
defines a linear mapping. Furthermore,

P:RY — RG*’ (xx)xeG* = (Tyo(x) Ty )xeGH
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is a projection which satisfies

(1) P(H)N®(By) C P(Xv).

[For kK = &(u) = P(k) (where kK € H and u € B,), there exists x € G such that
ag(z) = o(k). Hence for x € UY, we get x(z) = ag(z)(x) = o(k(x)) and k(x) =
P(r)(x) = P(u)(x) = fx(u) € [-1/4,1/4] since u € B,.. This shows that x(z) € R for all

x € U% and hence z belongs to U, since U is quasi-convex. Hence k belongs to Xy and
(1) follows.]

According to 20.15, there exists a quasi-convex neighbourhood W € Ug(e) such that
W C ¢(Go N By). Then

(2) P(Xw) C P(H)N®(B,).

[For k € X, there exists x € W such that |k(x)| < 1/4 and exp(2mir(x)) = x(z)(€ R)
for all x € W°. By assumption, there exists u € Go N B, such that p(u) = z. Since
W C o(GoN By) C ¢(GoN By) CU we get U° C WO, For an arbitrary y € U°, we get
I5()] < 1/4 and exp(2riP(s) (x)) = exp(2min(x)) = x(x) = X(p(w)) = exp(2mify (w)) =
exp(2mi®(u)(x)). Since both |P(k)(x)| < 1/4 and |P(u)(x)| = | fy(v)] < 1/4 (the second
inequality holds since u € B, C B,.), we get P(r)(x) = ®(u)(x) for all x € U°. For
x € G*\ U® we have P(k)(x) = 0 = &(u)(x) and hence P(k) = &(u). This shows that
P(Xw) C O(By).

Since g is surjective, there exists (1, )yeq+ € H such that g((ny)yec+) = ag(x). This
means exp(27in, ) = x(z) (for all x € G*). In addition, we may assume that |n,| < 1/4
for all y € U%(C W?). Since we have |P(x)(x)| < 1/4 and exp(2miP(x)(x)) = x(z) (for
x € U%), we get P(r) = P((ny)yec+) and hence (2) follows.]

Taking into consideration that

> di(®(By), ® < ) dw(By, By)

keN keN

182()

%I*
»&I)—'

and applying 18.34, we get

di(co(P(H)NP(By)),co(P(H)NP(B,))) < 2di(P(B,), (By)) wgi) 2dx(Bp, Br) < k™.

Furthermore, we have Xy C P71 (P(Xw)) and Xy = P~Y(P(Xy)). [“C” is trivial in
both cases. For x € R®™ such that P(k) € P(Xy), we have P(r)(x) = #(x) for all
x € U, which yields “2”.] This implies Yir C P~1(P(Yw)) and Yy = P~Y(P(Yy)), and
hence
18.2(ii)
de (Y, Yu) < de(P~H(P(Yw)), P~
18.5(ii)

(P(Yy)))
di(P(Yw), P(Yu)) = di(co(P(Xw)), co(P(Xu)))

18.2(ii),(1),(2)

L (co(PUH) N &(B,)), col PUH) N B(B,)) < kL.

This completes the proof.
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COROLLARY 20.33. Every quasi-nuclear group is nuclear.
PROOF. This follows from 20.32, 20.7 and 20.6(i).
In [8], Theorem 20.32 was used to prove

THEOREM 20.34. The completion of every metrizable nuclear group is a (metrizable)
nuclear group.

PROOF. This is Theorem (9.8) in [8].
THEOREM 20.35. The character group of a metrizable nuclear group G is again nuclear.

PRrOOF. Theorem (16.1) in [8] states that Gy} endowed with the topology of uniform
convergence on totally bounded sets is nuclear. According to 4.10, we have G* = GJ, .
This implies the assertion.

COROLLARY 20.36. The character group of every Cech-complete nuclear group G is nu-
clear.

PROOF. According to 2.21, there exists a compact subgroup H of G such that G/H
is complete and metrizable. Since G/H is also nuclear (20.7(ii)), the above theorem
states that (G/H)* is nuclear. H being compact implies that (G/H)* — G*, x — (z —
x(z+H)), is a continuous open monomorphism (5.16, 5.18). So, G* has an open subgroup
which is nuclear. The assertion follows from 20.7(v).

DEeFINITION 20.37. A topological group G is named strongly reflerive if every closed
subgroup and every Hausdorff quotient group of G and G* is a reflexive group.

THEOREM 20.38. Fvery complete metrizable nuclear group is strongly reflexive.
PROOF. This is a special case of Corollary (17.3) in [8].

THEOREM 20.39. Let H be a compact subgroup of a Hausdorff group G which admits
sufficiently many characters. If G/H is strongly reflexive, so is G.

PRrROOF. This is Corollary (3.4) in [13].

Combining the last two results we are able to improve Corollary (17.3) in [8]. (Observe
that every countable product of Cech-complete spaces is again Cech-complete (1.25(iii)).)

THEOREM 20.40. Every Cech-complete nuclear group G is strongly reflezive.

PROOF. According to 2.21, there exists a compact subgroup H < G such that G/H is
complete and metrizable and, because of 20.7(ii), nuclear. Since G/H is strongly reflexive
(20.38) and « is injective (20.16), the assertion follows from 20.39.

NoOTEs 20.41. 20.2 is similar to Proposition (7.1.1) of [70] (cf. also (2.17) of [8]). 20.6,
20.7, and 20.8 can be found in Section 7 of [8] (cf. also [81]). 20.10 is (7.2) in [8]. 20.12
to 20.17 are taken from Section 8 of [8]. 20.18 and 20.19 have been established in order
to give a more detailed proof of 20.20. The part concerning topological vector spaces was
formulated in (8.9) in [8], the assertion referring to locally convex vector groups is an
answer to a question I was asked by H. Glockner. 20.27 has been mentioned in Remark
(16.2) in [8] and 20.32 is Theorem (9.6) in [8].
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21. An embedding theorem for nuclear groups

REMARK 21.1. For U,V € Ug(e) such that (dg(V,U))ren < (ck)ren Wwhere ¢1 < 1/2, we
have V+V CU. [Let E,H,p, X,Y be as in 20.3. Since X is convex we get X + X =
2X CY andhence V4V CpHNX)+9o(HNX)Cp(HNY)CU]

PROPOSITION 21.2. Let G be a nuclear group and let U be a quasi-convexr neighbourhood
of e. There exists a group topology Ny on G/Hy (Hy as in 10.3) which is metrizable
and nuclear and such that the canonical projection 7y : G — (G/Hy,Ny) is continuous
and 7y (U) is a neighbourhood of my(e).

PROOF. Since Hy is a closed subgroup of G (10.3), the quotient group G/Hy (endowed
with the quotient topology) is nuclear (20.7(ii)). According to 20.15, there exists for Uy :=
7u(U) a quasi-convex neighbourhood Us of 7 (e) (in the quotient topology) such that
(dk(fjg, ﬁg))keN < (%kiz)keN' Inductively, we can find quasi-convex neighbourhoods

U, 11 satisfying dk(ﬁn_H, U,) < (1/n)k~™. Tt is a consequence of 21.1 that ﬁn+1 +[7n+1 C
U,, and it follows from 2.19 that mnENo U, C Uy is a subgroup of 7y (U) which must be

trivial (10.3). According to 2.5, the sets (U, : n € Ny) form a countable neighbourhood
base of a Hausdorff group topology Ny on G/Hy. One easily verifies that Ay is nuclear.
According to 2.7, it is metrizable. Since Ny is coarser than the quotient topology, the
assertion follows.

THEOREM 21.3. Every nuclear group G can be embedded into a product of complete metriz-
able nuclear groups such that the image of G is dually embedded. If G is complete then
the image is dually closed.

PROOF. Let U be a neighbourhood base of e € G consisting of quasi-convex sets (20.15),
let Hy be as in 10.3, and let Ny be a metrizable group topology as in 21.2. Then Gy,
the completion of (G/Hy, Ny ), is nuclear and metrizable (20.34). It is a consequence of
10.2 that

P:G — H Gy, =~ (w(r+ Hy))
Ueu

(where (yy : G/Hy — Gy denotes the canonical embedding), is an embedding. Since
each Gy is a complete and nuclear group, so is the product [ ], o, Guv (20.7(iii)). Hence,
according to 20.13, ¢(G) is dually embedded in the product.If G is complete then &(G)
is a closed subgroup of the product and hence dually closed (20.17). The assertion fol-
lows.

COROLLARY 21.4. The completion of a nuclear group is nuclear.

PROOF. Let G be a nuclear group and let ¢ : G — [[ Gy be an embedding into a product
of complete metrizable nuclear groups (21.3). Obviously, #(G) is a closed subgroup of the
complete nuclear group [[,; Gv and hence complete and nuclear (20.7).

COROLLARY 21.5. If G is a complete nuclear group then ag is an open isomorphism.
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PRrROOF. According to 20.38, every complete metrizable nuclear group is reflexive and so
is every product of reflexive groups (5.4). Hence G is a dually closed and dually embedded
subgroup of a reflexive group. The assertion follows from 5.25.

NoOTES 21.6. The material of this chapter is new.

22. The Bochner Theorem for nuclear groups

The aim of this chapter is to prove a version of the Bochner Theorem for nuclear groups
which generalizes the Bochner Theorem for locally compact abelian groups and the Minlos
Lemma for nuclear vector spaces.

We use the notation introduced in 19.1.

DEFINITION 22.1. Let G be an abelian topological group and let v be a finite measure
on a o-algebra on G which makes all characters measurable. Then

PiGT—C, X TX() v(do),
is called the Fourier transform of v.

For a finite measure p on a o-algebra of G* which makes the point evaluations mea-
surable,

fi: G—C, z— T x(z)p(dx),

G*
is called the inverse Fourier transform of pu.

LEMMA 22.2. Let L be a lattice in R™.

(i) For all u,z € R™ such that ||z|]| < 1 and for all t > 0 we have o({x € L+ u :
o2l 2 1)) < 2 0(1).
(i) If x € L*\ (§BNL)" then 5L(x) < 2.

PROOF. (i) Let zp := x - z. We deduce from

Z 6771'121(62711%0_'_6727775%0) < %eﬂ-ﬂ Z (efﬂ-(acftz)z_'_efﬂ-(awrtz)z)

zEL+u 2 a xEL+u
_ %eﬂ't2 ( Z e—Tr;E2 + Z e—ﬂ':ﬂ2)
r€L+u—tz rxe€L+uttz
19.3(ii)

S eﬂ't2 Q(L)

and
Z e cosh(27txg) > Z e cosh(2mtxg) >cosh(2mt?) Z e
r€L+u r€L+u: |zo| >t € L+u: |zo| >t
that
rE€L+u:|r-z|>t emt’ _
o et et e
o(L) 3 (€27 + e72m)

This proves (i).
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(i) Let x € L*\ (§BN L)O. There exist v € R™ such that X(x) = 2™ for all
€ L (cf. [34], p. 366, (23.27)(b) and p. 362, (23.18)) and yo € 2B N L such that

yo € ]1/4,3/4[+ Z. So, for each y € L + v, we have |yo - y| > 1/4, wh1ch implies
~ 19.3(ii) 1 -~ . _
orL(x) = eplv) = E o{y € L+wv:|y-(4yo)| > 1}) < 2e".

This completes the proof.

LEMMA 22.3. Let D be an ellipsoid and let L be a lattice in R™. For each Borel probability
measure @ on L* and each ¢ € 10, 1] such that Re fi(x) > 1 —¢ for all x € LN D, we have

0 _
1 1—2e""—¢—2a(D)
-BNL > .
K ((4 ) ) = 1—2
Proor. Put Z := (%B N L)O. Since Z is symmetric, we may assume that p is symmetric
as well. This implies that f is real-valued. We

TG (x) pdx) "2 Tji(z) op(de) = T f(w)or(de) + T ji(z)op(de)
L* L LND L\D
> (I=¢g)or(D)=or(L\D)=(1~¢)—or(L\D)(2~-¢)
> 1—e-—2a(D).
On the other hand,
r orL(x) uldx) = gaL(X) pldx) + T ar(x) u(dx)
L*\Z

22.2(ii)
< wlZNLY) 421 —pw(ZNLY)=pw(ZNL*)(1—2e"™)+2e"".

The assertion follows.

LEMMA 22.4 (Minlos Lemma for lattices). Let p and q be pre-Hilbert seminorms on R™,
let L be a lattice in R™, let p be a Borel probability measure on L*, and let € € |0, 1] be
such that Re fi(x) > 1 —¢ for all x € LN B,. Then

N(GBP mL)O) >1-2— ) di(By, By)*.

keN
Proor. Put 7 := (in N L)O. In the case when p is the Euclidean norm and ¢ is an

arbitrary pre-Hilbert norm, we have

223 1 — 2™ — ¢ — 20(B,) 1981819 ¢+ (1/7) S 1_, di(By, By)?
z) = 1—2e™ ; z 1= 1_k2;—w ——

> 1-2- ) di(B,, By)?

keN

since e” ™ < 1/4.

If both p and g are pre-Hilbert norms, there exists A € Gl(n,R) such that AB,, = B; if
we replace By by AB,, L by A-L and p by (¢*) ™! (n) where * is the dual homomorphism
of the topological isomorphism ¢ : L — A - L, x — Ax, then the assertion follows from
the first case. (Observe that the inverse Fourier transform of (p*)~! (1) equals jiop~1.)
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Now, suppose p and ¢ are arbitrary. Let (pp),en and (gn),en have the properties
stated in 18.24. Since B,, C By, for each n € ]0, 1] we get

w(Z) > u({x € L*:Rex(x) >0Vx € U Byp, N L})
neN

) fee o 20w, )
neN

= lim u({x € L* :Rex(xz) > 0Vx € Byp,})

1 n
> sup (I—ZE—de ,,pn,Bqn)) > 1—25—5201,@(3
k=1

neN h—1
This completes the proof, since  was arbitrary.

COROLLARY 22.5. Let K be a finitely generated subgroup of a vector space E and let
p and q be pre-Hilbert seminorms on E. For each Borel probability measure p on the
character group of the discrete group (K, D) and each € € ]0,1[ such that Re ji(x) > 1—¢
for all x € K N By, we have

u({x € (K,D)":Rex(z) >0Vz e KN EBP}) >1—-2— Zd%(Bp,Bq).
keN

PRrROOF. We may assume that di(Bp, By) < co. Let (z1,...,2,) be a generating system
of K. We define a homomorphism f : R” — E by f(e;) := x; (where (e1,...,ey) is the
standard basis of R™). Obviously, f(R") = (K)g. Let fx : Z" — K denote the induced
epimorphism. Then p:=po f and ¢ := q o f are pre-Hilbert seminorms on R" satisfying
- _ 18.5(ii) 18.18
By = [~1(By), By = f71(By) and dp(B;, B;) =" di(By N (K)g, By N (K)g) <
di(Bp, Bg). Put v := fj (). An easy computation shows that o = fio fx (cf. (11.2) in
[8]) and hence Rev(z) > 1—cforallz € Z"NBy. Lemma 22.4 implies that v({x e @)
Rex(z) > 0Vz € Z"N5 B~}) > 1—25—Zk€Ndk(B B~)2 >1-2e—=> cnd(Bp, By)?.
The assertion follows from
*\—1 n\k n 1
(f&) " ({x € (Z")" : Rex(z) > 0 Vo € Z" N ; B>})
={¢ € K} :Re(vo fg)(z) >0Vz €Z"N iprv}
={¢YeK;:Retp(y) >0Vy e KN 1By}
(Note that fr (Z" N %BE) =KnN3iB,)

DEFINITION 22.6. Let X be a Hausdorff space and let p be a finite measure on a o-algebra
A which contains the Borel o-algebra.

(i) p is called regular if for every A € A and every ¢ > 0, there exists a closed set
F C A such that p(A\ F) < e.
(ii) p is called a Radon measure if for every A € A and every € > 0, there exists a
compact subset K C A such that u(A4\ K) < e.
(iii) If X = G* is the character group of an (abelian) topological group G then pu
is called strongly regular if for every A € A and every € > 0, there exists a compact
equicontinuous subset K C A with u(A\ K) < e.
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REMARK 22.7. (i) If G is an abelian topological group such that ag is continuous, then
every compact subset of G* is equicontinuous (5.10) and hence every Radon measure on
G* is strongly regular. (The converse is always true.)

(ii) A measure p on G* is strongly regular if and only if it is a Radon measure and
sup{u(K) : K C G* is compact and equicontinuous} = pu(G*).

(iii) Let f : X — Y be a continuous mapping between the Hausdorff spaces X and Y.
For every Radon measure p on B(X), the image measure f(u) is a Radon measure on
B(Y).

COROLLARY 22.8. Let p and q be pre-Hilbert seminorms on a vector space E and let
K be an arbitrary subgroup of E. For each Radon probability measure p on (K,D)*
and every € € ]0,1] such that Reji(x) > 1 —¢ for all x € K N By, we have u(Zk) >

0
1—2e =3 endr(By, By)? for Z == (KN iBy) .

PROOF. Let U be an open set containing Zx and let F be the set of all finitely generated
subgroups of K. For Zp, := (K,D)* N (LN %BP)O (and L € F) we have (\,cr 2L =
Zx CU. Since Zy, is compact (being a closed subset of the compact space (K, D)*) and
since Ly < Lo implies Zy,, C Zy,,, there is an L € F such that Z;, C U (1.27). Since
1 is a Radon measure, it suffices to show that pu(Z5) > 1 —2e — Y, nd2(By, By). If
1, : L — K denotes the embedding (where both groups are endowed with the discrete
topology) and pr := ¢} (1) then py, satisfies the hypotheses of 22.5 (22.7(iii)). Hence,
pr({x € (L,D)* : Rex(z) > 0 Vo € LN {By}) > 1 -2 — 3, .ydi(By, By). Since
Zr =)' ({x € (L,D)* : Rex(z) > 0 Vo € LN$B,}) (see 2.3), the proof is complete.

REMARK 22.9. Let £ be a generator of a g-algebra A on (2 and let {2y be a subset of (2.
Then the o-algebra {20 N A is equal to the o-algebra generated by 2y N € where the
intersections are defined “pointwise”.

[“D” trivially holds. Since € C {A € A: ANy € o(2NE)} and the latter set is a
o-algebra, the other inclusion follows.]

For every (abelian) topological group G we deduce from the definition of the pointwise-
open topology that the following Borel o-algebras coincide: B(G3) N G}, = B(G}).

LEMMA 22.10. For every closed subgroup H of an abelian topological group G we have
(G/H); = H.

PROOF. Let m : G — G/H denote the canonical projection. We have to prove that
7 : (G/H);, — G} is an embedding with image H*L. Tt is clear that 7* is injective
(5.16) and that 7*((G/H)*) = H*. For z1,...,z, € G and an open subset V C T, we
get ™ (P({x1 + H,...,zn + H},V)) = {x € H' : x(x;) € V for j = 1,...,n}. This
completes the proof.

LEMMA 22.11 (Prokhorov). Let G be an abelian topological group and let T be a group
topology on G* which is finer than the pointwise-open topology. If w is a Radon probability
measure on Gy such that for each € > 0, there is a compact subset of (G*,T) with
w(G*\ K) < € then there exists a unique extension of p to a Radon measure on the Borel

o-algebra of (G, T).

PROOF. This is an easy consequence of Theorem 3.4 in [84], p. 39.
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PROPOSITION 22.12. Let G be an abelian topological group, and let T be a group topology
on G* which is finer than the topology of pointwise convergence. Then the inverse Fourier
transform of every strongly regular measure y on the Borel o-algebra of (G*,T) is a
continuous positive definite function on G.

PRrOOF. In ([35], p. 291, (33.1)) it is proved that [ is positive definite.

It suffices to show that [ is continuous at e. We may assume that u(G*) = 1. By
hypothesis, for each ¢ > 0, there exists a compact equicontinuous set K C G* such
that pu(G* \ K) < €. Furthermore, we can find a neighbourhood U € Ug(e) such that
|1 — x(x)| < e forall z € U and x € K. The assertion follows from

lfle) — @) = | T (1 = x(x)) pldx)

< TR = x(@)pldx) +20(G"\K) <e+2 (v €U).

LEMMA 22.13. Let G be an abelian topological group and let T be a topology on G* which
makes the point evaluations continuous. Two Radon measures on the Borel o-algebra of
(G*,T) whose Fourier transforms coincide, are equal.

PROOF. This is Proposition (11.3) in [8].

DEerFINITION 22.14. A Hausdorff group topology 7 on the character group G* of an
(abelian) topological group G is called admissible if T is finer than the pointwise-open
topology and has the property that for each U € Ug(e) the polar U is compact in 7.

EXAMPLE 22.15. It is a consequence of 3.5 that, for an abelian Hausdorff group G, the
topology of uniform convergence on all finite or compact or totally bounded subset of G
is an admissible topology for G*.

THEOREM 22.16 (Bochner Theorem for nuclear groups). Let G be a nuclear group and let
T be an admissible topology on G*. Then p+— [i is a bijection from the set of all strongly
regular measures on the Borel o-algebra of (G*,T) onto the set of all continuous positive
definite functions on G.

PROOF. Because of 22.12 and 22.13, it suffices to prove that every continuous positive
definite function ¢ on G is the inverse Fourier transform of a strongly regular measure
on G.

By 20.32, we may assume G = H/K where K is a closed subgroup of H and H
is a subgroup of a nuclear vector group F. Without loss of generality, we may assume
©(0) = 1. Then ¢ := pom, where 7 : H — G is the canonical projection, is a continuous
positive definite function on H. By the Bochner Theorem (for discrete groups), there
exists a Radon probability measure v on (H,D)* such that 7 = .

Since @ is continuous, for each ¢ > 0 there exist: a subspace Fy < F and pre-
Hilbert seminorms p and ¢ on Fy satisfying B,, By € Ur(0), > oy di(By, By) < €/4,
and Rep(z) > 1 —¢ for all z € H N By (18.32 and 20.2). Put Hy := H N Fy and
o = @|m,- Let ¢ : Hy — H denote the inclusion and let t* : (H,D)* — (Hy, D)* be the
dual homomorphism. For vy := ¢*(v) we get vy = U|g,. Corollary 22.8 (and 22.7(iii) and
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18.2(ii)) imply

Vo € HyN Bp})

(%) 1-3e<vy({v € (Hp,D)" : Rep(x) >0
>0Vx € HNB,})

=v({x € (H,D)" : Rex(x)

because of Hy N B, = H N B, and 2.3. Since B) := {x € (H,D)* : Rex(z) > 0
Vo € H N By} consists of continuous homomorphisms only (observe that H N B, €
U (0) and 3.4(ii)), and € > 0 was arbitrary, there exists a measurable set A C H*
with v(A) = 1. Hence H* belongs to the completion of B((H,D)*) with respect to
v (where H* is the set of all continuous (!) characters). Let 1z denote the restriction
to B(Hy;) = H* N B(H}) (22.9) of the extension of v onto the completion. For B €
B((H,D)*), there is a compact subset K C B such that v(B\ K) < ¢. Condition (x)
implies p((B N H*) \ (K N Bg)) <v(B\K)+v(H;\ Bg) < 4¢. Hence [i is a Radon
measure. Furthermore, i(z) = Ty~ x(x) fi(dx) = T(a,p) x(x) v(dx) = @.

If j : K — H denotes the canonical embedding and j* : HJ — K the dual homomor-
phism where the character groups are endowed with the pointwise-open topology, then
the Fourier transform of j*(Ji) equals ji|x = 1. Since j*(Ji) is a Radon measure (22.7(iii)),
22.13 yields j* (i) = eo and (K+) = f((5*)~1({0})) = e0({0}) = 1. Hence fi may be con-
sidered as a Radon probability measure on K. (Observe that K is closed.) According
to 22.10, there is a Radon measure p’ on B((H/K)},) such that 7*(u') = pi. It follows from
fi' om =i = o that i’ = . Since (7*)"'((HN B,)°) = {x € (H/K)y : Rex(z) >0
Vo € m(H N Bp)} =: C, condition () implies

(%) W(C)>1-3e.

Since C'is a compact subset of (G*,T), it is a consequence of 22.11 and (*x*) that p’ can
be extended to a Radon probability measure p on the Borel o-algebra of (G*, 7).

The equicontinuity of the set C, (x*) and 22.7(ii) imply that u is strongly regular. It
is easy to see that i = ¢, which shows that u is the desired measure.

COROLLARY 22.17 (Minlos Lemma). For a nuclear vector space V', the inverse Fourier
transform p — [ is a bijection of the set of all strongly regular measures on V' (endowed

with the compact-open topology) onto the set of all continuous positive definite functions
on G.

PROOF. This is a direct consequence of 5.5, 20.6(i) and the above theorem.

COROLLARY 22.18. Let G be a reflexive group such that G* is nuclear. Then p— [ is
a bijection of the set of all Radon measures on G onto the set of all continuous positive
definite functions on G* where G* is endowed with the compact-open topology.

PROOF. It follows from 5.9 that ag- is continuous. Hence, we can conclude from 22.7(i)
and 22.16 that the mapping v — © of all Radon measures on G** onto the set of all
continuous positive definite functions on G* is a bijection. An easy computation shows
that, for a (Radon) measure p on G, we get dg(u) = fi. This implies the assertion.

EXAMPLES 22.19. Every Cech-complete nuclear group and, in particular, every locally
compact abelian group is a reflexive group having the property that the dual group is
nuclear as well (20.36 and 20.40).
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Moreover, RU) is (for an arbitrary non-empty index set I) a reflexive group (5.4) and

its character group, being topologically isomorphic to R, is nuclear.

Corollaries 22.17 and 22.18 and Examples 22.19 show that the Bochner Theorem for

nuclear groups generalizes the usual Bochner Theorem for locally compact abelian groups
and the Minlos Lemma for nuclear vector spaces.

NOTES 22.20. 22.2 to 22.4 are taken from [12]. T am indebted to W. Banaszczyk for
stimulating suggestions which enabled me to simplify his proof of the Bochner Theorem
((12.2) in [8], 22.16). This approach no longer uses the technique established in [43].
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