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Abstract

For a topological group G, the group G∗ of continuous homomorphisms (characters) into T :=
{z ∈ C : |z| = 1} endowed with the compact-open topology is called the character group of
G and G is named (Pontryagin) reflexive if the canonical homomorphism αG : G → G∗∗, x 7→
(χ 7→ χ(x)), is a topological isomorphism. A comprehensive exposition of duality theory is given
here.

In particular, settings closely related to the theory of vector spaces (like local quasi-convexity
and the corresponding hull) are studied and their relevance is pointed out. This is followed by
an investigation of Pontryagin reflexivity of locally convex vector spaces, which generalizes the
well known fact that every Banach space is a reflexive group. However, the spaces Lp([0, 1])
(for p > 1) contain proper closed subgroups which are not reflexive and have (topologically) the
same character group as the whole space. On the other hand, every character group can be
embedded into a group of the form C(X,T). It is proved that for every hemicompact k-space X
(in particular, for every character group of an abelian metrizable group), this group is reflexive.

In the second part a self-contained introduction to the theory of nuclear groups (which has
been introduced by W. Banaszczyk in [9]) is given. It is shown that the completion of a nuclear
group is again nuclear and that the α corresponding to a complete nuclear group is surjective.
In particular, every Čech-complete nuclear group is (strongly) reflexive. At the end, a simplified
proof of the Bochner Theorem for nuclear groups is given.



Dedicated to Gerhard Turnwald



Introduction

For an abelian topological group G, the group G∗ of continuous homomorphisms (charac-
ters) of G into the torus T = {z ∈ C : |z| = 1}, endowed with the compact-open topology,
is named the character group of G. There is a canonical homomorphism

αG : G→ G∗∗, x 7→ (χ 7→ χ(x)).

If αG is a topological isomorphism then G is called reflexive. Obviously, every reflexive
group is an abelian Hausdorff group. Examples of reflexive groups are:

• locally compact abelian groups (Pontryagin, van Kampen; [66] and [39]),

• the additive group of a Banach space (Smith; [77]), and

• products of reflexive groups (Kaplan; [40]).

The aim of this paper is to present new examples of reflexive groups and to study
properties connected with reflexivity.

In Chapter 1, we introduce Nachbin–Shirota spaces, a class of topological spaces
including all paracompact spaces (1.13), and give an example of a locally compact space
which is not a Nachbin–Shirota space (1.21). We prove some results concerning almost
metrizable and Čech-complete spaces, which will enable us to give (in Chapter 2) a
characterization of abelian almost metrizable and Čech-complete groups (2.20 and 2.21).

In Chapter 3, we collect some elementary properties of homomorphism groups, among
other things, a version of the Arzelà–Ascoli Theorem (3.5).

Afterwards, we specialize the situation and consider the group of continuous homo-
morphisms of an abelian metrizable group G into A := Rn × Tm ×D (where n,m ∈ N0

and D is a discrete abelian group). Then we obtain: if n = 0 and D = {e} or if G is
connected, then Hom(H,A) ∼= Hom(G,A) for every dense subgroup H of G (4.5), and
Hom(G,A) is a hemicompact k-space (4.7). From that we conclude that every reflexive
metrizable group must be complete.

In Chapter 5, we gather some elementary properties of reflexive groups. In addition
to this, we prove decomposition results for higher character groups:

• If both αG and αG∗ are continuous then G∗∗∗ = αG∗(G∗)⊙ αG(G)⊥ (5.22).

• If H is a subgroup of a topological group G such that αH is continuous, αG/H is
injective, and αG is an open isomorphism then H∗∗ = αH(H)⊙ ker ι∗∗ where ι : H → G
denotes the canonical embedding (5.24).

Furthermore, we give an example of a compactly generated subgroup H of the se-
quence space ℓ2 admitting a character which cannot be extended to a character of the
whole group (5.27). An analogous situation cannot occur in the realm of nuclear vector
spaces (cf. 20.13).
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A necessary condition for a group G to be reflexive is that G is locally quasi-convex.
This notion generalizes the description of closed, symmetric, convex subsets of a topo-
logical vector space obtained from the Hahn–Banach Theorem. We give proofs of the
following permanence properties: subgroups, products, (arbitrary) sums and the com-
pletion of locally quasi-convex groups are again locally quasi-convex (6.8 and 6.17). On
the other hand, Hausdorff quotients of locally quasi-convex groups need not be locally
quasi-convex. Moreover, every abelian Hausdorff group is topologically isomorphic to the
quotient of a locally quasi-convex group (12.9).

In Chapter 7, we study properties of the quasi-convex hull (this is the smallest quasi-
convex set containing a given set). If G is a topological group such that αG is injec-
tive then the quasi-convex hull of every finite set is finite (7.11), the quasi-convex hull
of a singleton is smallest possible, namely {e, x,−x} (7.8). The quasi-convex hull of
a totally bounded subset in a locally quasi-convex Hausdorff group G is again totally
bounded (analogously to the situation for locally convex vector spaces) and if, in ad-
dition, G is complete then the quasi-convex hull of every compact subset is compact
(7.12).

In [47], Kye claimed to characterize those locally convex spaces V whose additive
group is reflexive. Here, we show that the condition stated to be equivalent to the
continuity of αV is sufficient but not necessary (8.13 and 8.12). In addition, we show
that the character group of a Banach space endowed with its weak topology is a reflexive
group (8.26). At the end of Chapter 8 we observe that the complete metrizable sequence
space ℓp for 0 < p < 1 is not a locally quasi-convex group. Moreover, αℓp is a continuous
monomorphism. In particular, ℓp cannot be a reflexive group (8.27). This gives a negative
answer to a question asked by Pestov ([63]). (An even stronger counterexample is given
in 11.15.)

In Chapter 9, we introduce locally convex vector groups, prove some of their proper-
ties, and give a new class of examples (9.12).

In Chapter 10, we show that every locally quasi-convex group is topologically iso-
morphic to a Hausdorff quotient of a subgroup of a locally convex vector group (10.1).
Moreover, we show that every locally quasi-convex group can be embedded into a product
of metrizable locally quasi-convex groups (10.6). A similar theorem for locally convex vec-
tor groups shows that every complete metrizable locally convex vector group is reflexive
((15.7) in [8] or 10.8).

This result essentially depends on the linear structure. The example given in Chap-
ter 11 illustrates this fact: the character group of the almost everywhere integer-valued
functions Lp

Z
([0, 1]) (for p > 1) coincides with the character group of the Banach space

Lp([0, 1]) (11.14). In particular, the locally quasi-convex complete metrizable group
Lp

Z
([0, 1]) is not reflexive.

In Chapter 12, we study the free abelian topological group A(X) over a completely
regular space X and give a neighbourhood basis for the unit element (12.6) consisting of
quasi-convex sets (12.9).

If K is a compact space then the character group of A(K) is topologically isomorphic
to the group C(K,T) (15.1). The aim of Chapter 13 is to prove that this group is reflexive.
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In Chapter 14, we generalize the above result and show that for every hemicompact
k-space X the group C(X,T) endowed with the compact-open topology is reflexive (14.9).
Furthermore, we give an example which illustrates that the k-space assumption cannot
be omitted (14.14).

In Chapter 15, we study the reflexivity of free abelian topological groups. If X is a
Nachbin–Shirota space then the character group of A(X) is topologically isomorphic to
C(X,T) (15.1) and A(X) is reflexive if X is a punctiform (that is, every non-empty com-
pact connected subspace is a singleton) Nachbin–Shirota space and a k-space. Conversely,
if A(X) is reflexive then the completely regular space X must be punctiform (15.4).

In the second part of this paper we treat nuclear groups which were introduced by
W. Banaszczyk in [8]. This class includes all nuclear vector spaces (20.6(i)) and all locally
compact abelian groups (20.8), it is closed under forming products, subgroups, Hausdorff
quotients and countable sums (20.7).

In Chapter 16, we give a short survey of the properties of nuclear groups and stress
the dichotomy between infinite-dimensional Banach spaces and nuclear vector spaces.

The definition of a nuclear group involves the Kolmogorov diameter. Therefore, we
gather (in Chapters 17, 18, and 19) auxiliary results which make a treatment of nuclear
groups possible.

Finally, in Chapter 20, we provide proofs for the following facts:

• Every nuclear group is locally quasi-convex ((8.5) in [8] or 20.15).

• Every character of a subgroup of a nuclear group can be extended to a character of
the whole group ((8.3) in [8] or 20.13).

• A topological vector space is a nuclear group if and only if it is a nuclear vector
space ((8.9) in [8] or 20.20).

The group C(X,T) is a nuclear group if and only if all compact subsets of X are finite
(20.31). We show that every Čech-complete nuclear group is reflexive (20.40). Hence, only
in the trivial case when K is finite, the main result of Chapter 13 is a consequence of the
above theorem.

In Chapter 21, we show that every nuclear group can be embedded into a product of
complete metrizable nuclear groups (21.3). As a consequence we deduce that the comple-
tion of every nuclear group is nuclear (21.4) and that for every complete nuclear group
G, the canonical homomorphism αG is an open isomorphism (21.5).

At the end, we give an analytic application. More precisely, a simpler proof of the
Bochner Theorem for nuclear groups than the one given by W. Banaszczyk in [8] is
presented.

I wish to thank Prof. Banaszczyk for many helpful suggestions which prevented me
from losing my way, for his invitation to  Lódź, and for the hospitality I enjoyed there.

I am indebted to Helge Glöckner for pointing out some errors in the previous version
of the paper.

Thanks are due to Prof. Heyer for very useful references and for his support in order
to receive a scholarship of the Landesgraduiertenförderung. This scholarship enabled me
to work on my dissertation on a full-time basis.
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I am indebted to Prof. Salzmann for having agreed to be my thesis adviser and for
helpful comments.

Last but not least I am very grateful to Dr. Turnwald for having been constantly
willing to talk about mathematical problems, for giving numerous helpful suggestions
and for his permanent encouragement.

Notation

N {1, 2, . . .}, the set of natural numbers

N0 N ∪ {0}
T the multiplicative group {z ∈ C : |z| = 1}
UX(x) the neighbourhood filter of x ∈ X in the topological space X

C(X,Y ) the set of continuous functions between the topological spaces X and Y

G = H1 ⊙H2 the inner direct product (2.1)

(S,U) {f ∈ C(X,Y ) : f(S) ⊆ U} for S ⊆ X and U ⊆ Y
Hom(G,A) the group of continuous homomorphisms between abelian topological

groups G and A

Homp(G,A) the group Hom(G,A) endowed with the topology of uniform convergence
on all finite subsets of G

Homc(G,A) the group Hom(G,A) endowed with the compact-open topology

Homtb(G,A) the group Hom(G,A) endowed with the topology of uniform convergence
on all totally bounded subsets of G

G∗ the character group of the abelian topological group G

G∗
p the character group endowed with the topology of uniform convergence

on all finite subsets of G

G∗
c the character group endowed with the compact-open topology

G∗
tb the character group endowed with the topology of uniform convergence

on all totally bounded subsets of G

αG αG : G→ G∗∗, x 7→ (χ 7→ χ(x)) (for a topological group G)

R {z ∈ T : Re z ≥ 0}
P (S, V ) {χ ∈ G∗ : χ(S) ⊆ V } for a subset S of the abelian topological group G

and V ⊆ T

S0 P (S,R)

Vn {e2πit : |t| ≤ 1/(4n)} (n ∈ N)

qc(A)
⋂
χ∈A0 χ−1(R)

co(B) the convex hull of a subset of a vector space

A(X) the free abelian topological group over X (12.1)

L(X) the free locally convex vector space over X (12.4)

dk(X,Y ) the k-th Kolmogorov diameter of X w.r.t. Y , k ∈ N (cf. 18.1)

Gl(n,R) the group of invertible n× n matrices

Bp {x ∈ V : p(x) ≤ 1} where p is a seminorm on a vector space V
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1. Auxiliary results in topology

In this chapter we recall some facts on hemicompact spaces, k-spaces, Nachbin–Shirota,
Dieudonné complete, almost metrizable, and Čech-complete spaces.

Definition 1.1. A Hausdorff space X is called hemicompact if there exists an increasing
sequence (Kn)n∈N of compact subsets such that every compact subset of X is contained
in one of them.

Let (X,O) be a Hausdorff space. Ok :={O ⊆ X : O∩K is open with respect to K for
every compact K ⊆ X} is called the k-refinement of (X,O). The space (X,O) is called
a k-space if O = Ok.

Remarks 1.2. (i) Ok is a topology with O ⊆ Ok.
(ii) The compact subsets of (X,O) and (X,Ok) coincide. [For every compact subset

K ⊆ X (with respect to O) the topologies induced by O and Ok are the same.]
(iii) (X,Ok) is a k-space. [This follows directly from (ii).]
(iv) Every σ-compact locally compact space is hemicompact. [Considering the Alek-

sandrov compactification, Theorem (3.3.4) in [26] implies the assertion.]

Examples 1.3. Every metrizable and every locally compact space is a k-space. [See e.g.
[26], Theorems (3.3.20) and (3.3.18) on p. 152.]

Theorem 1.4 (Whitehead). The product of a k-space and a locally compact space is again

a k-space.

Proof. This is Theorem (3.3.27) in [26].

Proposition 1.5. Let X be a k-space. A function f from X into a topological space Y
is continuous if and only if f |K is continuous for every compact subset K ⊆ X.
Proof. See e.g. [26], p. 152, Theorem (3.3.21).

Corollary 1.6. Every continuous mapping f : (X,O) → (Y, Õ) between Hausdorff

spaces induces a continuous function fk : (X,Ok) → (Y, Õk). In particular , the k-

refinement of a homogeneous Hausdorff space is again a homogeneous space.

Proof. The continuity of fk is a consequence of 1.2(ii)–(iii) and 1.5. The rest of the
assertion follows immediately.

Proposition 1.7. Every hemicompact k-space is normal.

Proof. Let A and B be disjoint closed subsets of X and (Kn)n∈N an increasing sequence
of compact subsets of X as in the definition. Put An := A ∩Kn and Bn := B ∩Kn. Since
K1 is normal, there exists (by the Urysohn Lemma) a continuous function f1 : K1 → [0, 1]
such that f1(A1) ⊆ {0} and f1(B1) ⊆ {1}. Suppose we have constructed continuous
functions fj : Kj → [0, 1] (j ∈ {1, . . . , n}) such that fj|Kj−1

= fj−1 (j ∈ {2, . . . , n})
and fj(Aj) ⊆ {0} and fj(Bj) ⊆ {1}. Since (An+1 ∪ Bn+1) ∩Kn = An ∪ Bn and both
An+1 ∪ Bn+1 and Kn are closed (in Kn+1) there exists, by construction, a continuous

function f̃n+1 : (An+1∪Bn+1)∪Kn → [0, 1] extending fn such that f̃n+1(An+1) ⊆ {0} and

f̃n+1(Bn+1) ⊆ {1}. According to the Tietze extension theorem, there exists a continuous

function fn+1 : Kn+1 → [0, 1] extending f̃n+1. The function f : X → [0, 1] defined by
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f(x) := fn(x) for x ∈ Kn is therefore well defined. Since X is a hemicompact k-space, f
is continuous. This shows that X is normal.

Corollary 1.8. Every hemicompact k-space X is paracompact.

Proof. According to 1.7, X is regular and it is obviously a Lindelöf space. The assertion
follows from Theorem (5.1.2) in [26], p. 300.

Definition 1.9. A subset B of a topological space X is called functionally bounded in
X if, for all f ∈ C(X,R), the image f(B) is a bounded subset of R.

A completely regular space X is called a Nachbin–Shirota space if every closed func-
tionally bounded subset B ⊆ X is compact.

In 1954, it was proved by Nachbin and Shirota (cf. [56] and [75]) that for a completely
regular space X , the function space C(X,R) endowed with the compact-open topology is
barrelled if and only if X is a Nachbin–Shirota space.

Remark 1.10. By Tietze’s extension theorem, we have for a normal space X : a closed
subset B ⊆ X is functionally bounded in X if and only if it is functionally bounded in
itself.

Lemma 1.11. Let (Ui)i∈I be a locally finite family in the topological space X. For every

compact subset K ⊆ X , the set {i ∈ I : Ui ∩K 6= ∅} is finite.

Proof. For every x ∈ K, there exists Ux ∈ U(x) such that Ix := {i ∈ I : Ux ∩Ui 6= ∅} is
finite. For a finite subset F ⊆ K such that K ⊆ ⋃

x∈F Ux we get {i ∈ I : K ∩ Ui 6= ∅} ⊆⋃
x∈F Ix. Hence the assertion follows.

Lemma 1.12. Let (Ui)i∈I be a locally finite family in the topological space X and let

fi : X → R be continuous functions satisfying fi(X \ Ui) ⊆ {0}. Then f :=
∑

i∈I fi is

also continuous.

Proof. Let x ∈ X and let U ∈ U(x) be open such that U ∩ Ui = ∅ for all i ∈ I \ F
where F is a finite subset of I. For y ∈ U we have fi(y) = 0 for all i ∈ I \ F and hence
f |U = (

∑
i∈F fi)|U . This shows that f is continuous.

Proposition 1.13. Every paracompact space X is a Nachbin–Shirota space.

Proof. Since X is normal (cf. Theorem (5.1.5) in [26], p. 300), we may assume that X
is functionally bounded (1.10).

Let (Uj)j∈J be an open cover of X . By assumption, there exists an open, locally finite
refinement V = (Vi)i∈I . It suffices to show that V has a finite subcover. Suppose the
contrary. Inductively, we construct sequences (Vn)n∈N in V , (xn)n∈N in X , (fn)n∈N in
C(X,R) and a sequence of open sets (Wn)n∈N satisfying the following conditions:

(i) xn ∈ Wn ⊆ Vn,
(ii) Wn intersects only finitely many Vi non-trivially,

(iii) Wn ∩ (
⋃
k<nWk) = ∅,

(iv) fn(xn) = n, and X \Wn ⊆ f−1
n ({0}).

Suppose the first n ∈ N0 members of the sequences have been chosen. Since
⋃
k≤nW k

intersects only finitely many Vi non-trivially and, by assumption, V has no finite subcover,
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there exists xn+1 ∈ X \
⋃
k≤nW k. Choose Vn+1 ∈ V containing xn+1. By hypothesis,

there exists an open Wn+1 satisfying (i) to (iii). Since X is completely regular, there
exists a continuous function fn+1 satisfying condition (iv).

Because of (i), (Wn)n∈N is a locally finite family of open subsets, and it is a conse-
quence of (iv) and 1.12 that f :=

∑
n∈N

fn is (well defined and) continuous. But f(X) is
not bounded, which contradicts our hypothesis.

Examples 1.14. (i) Every metrizable space is paracompact. [See e.g. [26], p. 300, Theorem
(5.1.3).]

(ii) Every σ-compact locally compact space is paracompact. [Every σ-compact locally
compact space is a hemicompact k-space. (This follows from 1.2,(iv) and 1.3.) According
to 1.8, it is paracompact.]

Proposition 1.15. The category of Nachbin–Shirota spaces is closed under forming

closed subspaces , products , and topological sums.

Proof. Let X0 be a closed subspace of the Nachbin–Shirota space X and let B be a
closed and functionally bounded subset ofX0. ThenB is functionally bounded inX since,
otherwise, it could not be functionally bounded in X0. By assumption, B is compact.

Let Xi (i ∈ I, where I is a non-empty index set) be Nachbin–Shirota spaces and
let B be a closed and functionally bounded subset of X :=

∏
i∈I Xi. By the Tikhonov

theorem, it suffices to show that πi(B) is a compact subset of Xi if πi : X → Xi denotes
the canonical projection. By assumption, it suffices to show that πi(B) is functionally
bounded in Xi (for all i ∈ I). For fi ∈ C(Xi,R) the composition fi◦πi belongs to C(X,R)
and, by the continuity of fi, the image fi(πi(B)) ⊆ fi(πi(B)) is bounded.

Let Xi (i ∈ I) be Nachbin–Shirota spaces and let B =
⋃
i∈I Bi be a closed functionally

bounded subset of
⋃
i∈I Xi. If infinitely many Bi are non-empty, then B cannot be

functionally bounded. Since all Bi are closed and functionally bounded in Xi, they are
compact and so is the finite union of the non-empty Bi.

Remarks 1.16. (i) For every subset A ⊆ R which is not (functionally) bounded, there
exists an infinite discrete family (Ui)i∈I of open sets such that Ui ∩A 6= ∅ for all i ∈ I.

(ii) Inverse images of discrete families of open sets under continuous mappings are
discrete families of open sets.

(iii) For every subset A of a topological space which is not functionally bounded, there
exists an infinite discrete family (Ui)i∈I of open sets such that Ui ∩ A 6= ∅ for all i ∈ I.
[This is a direct consequence of (i) and (ii).]

Definition 1.17. A completely regular space X is Dieudonné complete if its topology is
induced by a complete uniformity.

Remark 1.18. It was shown in [23] that every Dieudonné complete space is homeomor-
phic to a closed subspace of a product of metrizable spaces. Hence, according to 1.14(i),
1.13 and 1.15, every Dieudonné complete space is a Nachbin–Shirota space. Below we
give an elementary proof.

Proposition 1.19. Every Dieudonné complete space is a Nachbin–Shirota space.
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Proof. Let U be a complete uniformity on X . Since a subset of X is compact if and only
if it is closed and totally bounded (cf. Theorem (8.3.16) in [26]), we have to show that
every functionally bounded subset of X is totally bounded. Assume that A ⊆ X is not
totally bounded. This means: There exists a (symmetric) member U of the uniformity
such that for every finite subset F ⊆ X we have A 6⊆ {y ∈ X : ∃x ∈ F such that

(x, y) ∈ U}. Inductively, we can find a sequence (xn)n∈N in A with xn 6∈
⋃n−1
k=1{x ∈ X :

(xk, x) ∈ U}. There exists a symmetric member W of U such that W 4 ⊆ U . Hence
Wn := {x ∈ X : (x, xn) ∈W} are disjoint neighbourhoods of the xn. Moreover, (Wn)n∈N

forms a discrete family in X . [For x ∈ X and Wx := {y ∈ X : (x, y) ∈ W} we get
|{n ∈ N : Wx ∩ Wn 6= ∅}| ≤ 1. Indeed, suppose there exist yn ∈ Wx ∩ Wn and ym ∈
Wx∩Wm. This means (xn, yn) ∈ W , (yn, x) ∈W , (x, ym) ∈ W and (ym, xm) ∈W , which
implies (xn, xm) ∈W 4 ⊆ U and hence n = m.]

Furthermore, there are continuous functions fn ∈ C(X,R) such that fn(xn) = n and
fn(X \Wn) ⊆ {0}. According to 1.12, f :=

∑
n∈N

fn is a continuous function such that
f(A) is not bounded. This completes the proof.

Lemma 1.20. Let ω1 denote the first uncountable ordinal number , put Ω1 := {ω ≤ ω1}
and set X := (Ω1 × Ω1) \ {(ω1, ω1)}. Every equicontinuous pointwise bounded family S

in C(X,R) is the restriction to X of an equicontinuous pointwise bounded family S̃ in

C(Ω1 ×Ω1,R).

Proof. Consider

(∗) ∀n∈N ∃γn<ω1 such that |s(γn, γn)−s(α, α′)|≤1/n ∀γn≤α, α′<ω1 and ∀s∈S.
Suppose (∗) is correct. If γ0 (< ω1) denotes the least upper bound of the γn, we get
s(α, α′) = s(γ0, γ0) for all α, α′ ≥ γ0 and all s ∈ S. This implies the assertion.

If (∗) does not hold, then there exists n0 ∈ N such that for all γ < ω1 there are
α, α′ ≥ γ and sγ ∈ S such that |sγ(α, α′)− sγ(γ, γ)| ≥ 1/n0. Inductively, we can find an
increasing sequence (γn)n∈N and sequences (αn)n∈N and (α′

n)n∈N such that γn ≤ αn, α′
n

and γn+1 ≥ αn, α
′
n and satisfying |sn(αn, α

′
n) − sn(γn, γn)| ≥ 1/n0 (for all n ∈ N) for

suitable sn ∈ S. Let γ0 be the least upper bound for γn, αn, α
′
n. Every neighbourhood

of (γ0, γ0) in X contains almost all (γn, γn) and (αn, α
′
n). Since {(α, α′) : |s(α, α′) −

s(γ0, γ0)| < 1/(2n0) ∀s ∈ S} is a neighbourhood of (γ0, γ0) which contains at most one
of the points (αn, α

′
n) or (γn, γn), this leads to the desired contradiction.

Example 1.21. There exists a locally compact space X which is not a Nachbin–Shirota
space. [Let X be as in 1.20. It is well known that Ω1 \ {ω1} is not compact and hence
X is not compact. According to 1.20, X is functionally bounded (in itself). Hence X is
a locally compact space which is not a Nachbin–Shirota space.]

Definition 1.22. A Hausdorff space X is called almost metrizable if every x ∈ X is
contained in a compact subset having a countable neighbourhood basis in X .

Examples 1.23. (i) Every metrizable and every compact space is almost metrizable.
(ii) It is a consequence of the Aleksandrov compactification that every locally compact

space, being an open subset of a compact space, is Čech-complete (which means it can
be represented as a countable intersection of open subsets of a compact space).
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Proposition 1.24. Every almost metrizable space is a k-space.

Proof. Let A be a subset of an almost metrizable space X such that the intersection
of A with every compact subset of X is compact. Suppose there exists x ∈ A \ A. By
assumption, there is a compact set K having a countable neighbourhood basis (Un)n∈N

such that x ∈ K. Since A ∩K is compact and x 6∈ A ∩K, there exists U ∈ UX(x) such
that ∅ = U ∩ A ∩ K. For every n ∈ N, there exists xn ∈ A ∩ U ∩ ⋂n

j=1 Uj ⊆ A ∩ U.
This implies xn 6∈ K. For B := {xn : n ∈ N}, the set K ∪ B is compact. [Every
open cover of K ∪B contains a finite family that covers K and which therefore contains
Un ⊇ {xm : m ≥ n} for suitable n ∈ N. This implies thatK∪B is compact.] Furthermore,
B = A∩U ∩B = (A∩U ∩K)∪(A∩U ∩B) = A∩U ∩(K∪B) is, by assumption, compact.
Hence X \ B is an open superset of K. This leads to the contradiction Un ⊆ X \ B for
suitable n ∈ N and xn ∈ B ∩ Un.

Proposition 1.25. (i) Every Čech-complete space is a Baire k-space.
(ii) A metrizable space is completely metrizable if and only if it is Čech-complete.

(iii) Every countable product of Čech-complete spaces is Čech-complete.

Proof. (i) follows from (3.9.3) and (3.9.5) in [26] and (ii) is a consequence of (4.3.26) in
[26]. (iii) is Theorem (3.9.8) in [26].

Proposition 1.26. Let X and Y be completely regular spaces and let f be a perfect

mapping of X onto Y. Then X is Čech-complete if and only if Y is Čech-complete.

Proof. This is Theorem (3.9.10) in [26].

Lemma 1.27. Let (Ki)i∈I be a family of compact subsets of the topological space X and

let O be an open superset of
⋂
i∈I Ki. Then there exists a finite subset F ⊆ I such that⋂

i∈F Ki ⊆ O.
Proof.

⋂
i∈I Ki ∩ (X \ O) = ∅ implies the existence of a finite set F ⊆ I such that⋂

i∈F Ki ∩ (X \O) = ∅. The assertion follows.

Lemma 1.28. Let K be a compact subset of the Hausdorff space X having a countable

neighbourhood basis (Un)n∈N. For an arbitrary x ∈ K and every sequence (Wn)n∈N in

UX(x), there exists a sequence (W̃n)n∈N in UX(x) such that

(i) W̃n+1 ⊆ W̃n,

(ii) K ∩ W̃n+1 ⊆ K ∩ W̃n, and

(iii) W̃n ⊆ Un ∩Wn.

For each such sequence (W̃n)n∈N, the set K0 :=
⋂
n∈N

W̃n is a compact subset of
⋂
n∈N

Wn,

(W̃n)n∈N is a neighbourhood basis of K0, and x ∈ K0 =
⋂
n∈N

(K ∩ W̃n) =
⋂
n∈N

W̃n.

Proof. Suppose first that we already have a sequence (W̃n)n∈N in UX(x) with the

properties (i) to (iii). Then K0 =
⋂
n∈N

W̃n

(iii)

⊆ ⋂
n∈N

(Un ∩ Wn) ⊆ K implies K0 =
⋂
n∈N

(K∩W̃n)
(ii)
=

⋂
n∈N

(K∩W̃ n). So K0 is compact. (iii) implies K0 ⊆
⋂
n∈N

Wn. Since

K ∩ W̃n ↓ K0, it is a consequence of 1.27 that for every U ∈ UX(K0) there exists an

n0 ∈ N such that K∩W̃n ⊆ U for all n ≥ n0. Hence K ⊆ U ∪(X \W̃n0
). By assumption,



16 L. Außenhofer

there exists k ≥ n0 such that Uk ⊆ U ∪ (X \ W̃n0
) and hence W̃k ⊆ Uk ⊆ U ∪ (X \ W̃n0

),

which implies W̃k ⊆ U . This shows that (W̃n)n∈N forms a neighbourhood basis of K0.
Since X is a Hausdorff space and K0 is compact, every y ∈ X \K0 can be separated from
K0 by open sets. This implies that the intersection of all closed neighbourhoods of K0

equals K0. So we get K0 =
⋂
n∈N

W̃n.

It remains to construct a sequence (W̃n)n∈N satisfying (i) to (iii). Choose an arbitrary

W̃1 ∈ UX(x) contained in U1 ∩W1. Suppose now that W̃1, . . . , W̃n have already been

constructed. Since x∈ K andX is a Hausdorff space, we have W̃n ⊇ {x} =
⋂
V ∈UX(x) V =

⋂
V ∈UX(x)(V ∩K). As a consequence of 1.27, we get V ∩K ⊆ W̃n for a suitable V ∈ UX(x).

This implies that W̃n+1 := V ∩ Un+1 ∩Wn+1 ∩ W̃n has the desired properties.

Proposition 1.29. Every closed subspace and every union of Gδ subsets of an almost

metrizable space X is again almost metrizable.

Proof. Let A be a closed subspace of X and x ∈ A. Let K ⊆ X be a compact set
containing x and having a countable neighbourhood basis (Un)n∈N in X . Then x belongs
to the compact set A ∩ K and (A ∩ Un)n∈N is a neighbourhood basis of A ∩ K. [Let
U ⊆ X be open such that A∩K ⊆ U . Then K ⊆ U ∪ (X \A) and hence (by assumption)
Un ⊆ U ∪ (X \A) (for suitable n ∈ N). This implies A∩Un ⊆ U ∩A.] The first assertion
follows.

To prove the second, consider open subsets Wn of X (n ∈ N) and x ∈ ⋂
n∈N

Wn.
Let K ⊆ X be a compact set containing x and having a countable neighbourhood basis
(Un)n∈N in X . It is a consequence of 1.28 that x belongs to a compact set K0⊆

⋂
n∈N

Wn

which has a countable neighbourhood basis in X and hence in every subspace contain-
ing K0. This implies that any union of Gδ subsets of X is almost metrizable.

Corollary 1.30. Every Čech-complete and , in particular , every locally compact space

is almost metrizable.

Proof. This follows from the definition of Čech-complete spaces, 1.23(ii), and 1.29.

Theorem 1.31. Every continuous open mapping f : X → Y of a Čech-complete space X
onto a Hausdorff space Y is compact-covering. (This means that every compact subset of

Y is the image of a compact subset of X under f.)

Proof. This is Theorem 1.2 in [3], p. 207.

Theorem 1.32 (Arzelà–Ascoli). Let C be a subset of the function space C(X,Y ) endowed

with the compact-open topology where X is a k-space and (Y,U) is a uniform space.
C is compact if and only if it is closed , equicontinuous , and for every x ∈ X the set

{f(x) : f ∈ C} is contained in a compact subset of Y.

Proof. See [26], p. 443, Theorem (8.2.10).

Notes 1.33. 1.7 was proved by Warner (cf. [86], p. 267, Lemma 1.2). Nachbin and Shi-
rota mentioned that paracompact spaces are Nachbin–Shirota spaces (cf. [56] and [75]).
The proof given here was motivated by Proposition 2 in [4]. The formulations of 1.19
and Example 1.21 were pointed out to me by K. Yamada. The proof of 1.20 is similar to
Example (3.1.27) in [26], p. 130. The statements on Čech-complete and almost metrizable
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spaces are a modification of a manuscript by G. Turnwald. Literature concerning this topic
can be found in [19] and [69], Chapter 13.

2. Auxiliary results for topological groups

In this chapter we collect some basic facts on topological groups. Besides that, we use the
results on almost metrizable and Čech-complete spaces proved in the last section to give
a characterization of almost metrizable and of Čech-complete groups (2.20 and 2.21).

Definition 2.1. Let H1, H2 be subgroups of a topological group G. If H1 ×H2 → G,
(x1, x2) 7→ x1 + x2, is a topological isomorphism then G is named the inner direct sum

of H1 and H2. We write G = H1 ⊕H2. (If the operation of G is written multiplicatively
then G is said to be the inner direct product of H1 and H2 and we use the notation
G = H1 ⊙H2.)

Theorem 2.2. Let K be a closed subgroup of Rn. There exists a maximal subspace V
contained in K. Moreover , for every linear subspace W ≤ Rn such that Rn = V ⊕W we

have K = V ⊕ (K ∩W ) and K ∩W is a discrete subgroup of Rn.

Proof. This is Theorem 2 in Chapter VII, §1.2 of [18].

Proposition 2.3. Let H be a subgroup of an abelian group G and let D be an abelian

divisible group. For every homomorphism ϕ : H → D there exists a homomorphism

ϕ′ : G→ D extending ϕ.

Proof. This is (A.7) in [34].

Lemma 2.4. Let H1 and H2 be subgroups (linear subspaces) of an abelian group (of a

vector space). For all homomorphisms (linear functions) ϕj : Hj → G into an abelian

group (a vector space) G (j ∈ {1, 2}) satisfying ϕ1|H1∩H2
= ϕ2|H1∩H2

the function ϕ :
H1 + H2 → G, h1 + h2 7→ ϕ1(h1) + ϕ2(h2) (hj ∈ Hj), is a well defined homomorphism

(linear function) extending ϕ1 and ϕ2.

Proof. This follows by a straightforward calculation.

Lemma 2.5. Let G be an abelian group and let U be a non-empty subset of the power set

of G satisfying

(i) e ∈ U for all U ∈ U ,
(ii) ∀U ∈ U ∃V ∈ U such that −V ⊆ U ,

(iii) ∀U ∈ U ∃V ∈ U such that V + V ⊆ U , and

(iv) ∀U, V ∈ U ∃W ∈ U such that W ⊆ U ∩ V.
Then there exists a unique group topology O on G such that U is a neighbourhood basis

of the unit element. (G,O) is a Hausdorff space if and only if
⋂
U∈U U = {e}.

Proof. See e.g. [17], Chapter III, §1.2, Proposition 1 on p. 222.

Proposition 2.6. For every Hausdorff space X and every abelian Hausdorff group A,
the group C(X,A) of continuous functions endowed with the compact-open topology Oco
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is an abelian Hausdorff group. The sets of the form

(K,U) := {f ∈ C(X,A) : f(K) ⊆ U},

where K is a compact subset of X and U ∈ UA(e), form a neighbourhood basis of the

unit element of C(X,A).

Proof. According to 2.5, the sets (K,U), where K ⊆X is a compact subset and U ∈
UA(e), form a neighbourhood basis for a group topology Ogr on C(X,A). It suffices to
show that Oco = Ogr.

Let f ∈ ⋂n
j=1(Kj , Oj) where n ∈ N, Kj ⊆ X is compact and Oj ⊆ A is open.

There exists a symmetric neighbourhood V ∈ UA(e) such that f(Kj) + V ⊆ Oj for all
j ∈ {1, . . . , n}. Then

f ∈ f +
( n⋃

j=1

Kj, V
)
⊆

n⋂

j=1

(Kj , Oj).

[For f ′ ∈ (
⋃n
j=1Kj, V ) and x ∈ Kj we have (f + f ′)(x) ∈ f(Kj) + V ⊆ Oj .]

Conversely, let f ∈ C(X,A), let K ⊆ X be compact, and let V ∈ UA(e) be open

and symmetric. There exists an open symmetric Ṽ ∈ UA(e) such that Ṽ + Ṽ ⊆ V .

Furthermore, for x ∈ K, there exists Ux ∈ UK(x) such that f(x) − f(x′) ∈ Ṽ for all
x′ ∈ Ux. For finite F ⊆ K such that K ⊆ ⋃

x∈F Ux, we get

f ∈
⋂

x∈F

(K ∩ Ux, f(x) + Ṽ ) ⊆ f + (K,V ).

[For f ′ ∈ ⋂
x∈F (K ∩ Ux, f(x) + Ṽ ) and x′ ∈ K, there exists x ∈ F such that x′ ∈ Ux.

Hence (f ′ − f)(x′) ∈ f(x) + Ṽ − f(x′) ∈ Ṽ + Ṽ ⊆ V .]

Proposition 2.7. A topological group is metrizable if and only if it is a Hausdorff space

and the unit element has a countable neighbourhood basis.

Proof. See (8.3) in [34].

Proposition 2.8. For every hemicompact space X and every abelian metrizable group

A, the group G := C(X,A) (endowed with the compact-open topology) is metrizable.

Proof. Because of 2.7, it is sufficient to show that G is a Hausdorff space having a
countable neighbourhood basis of e.

Let f1, f2 : X → A be continuous functions and let x0 ∈ X be such that f1(x0) 6=
f2(x0). Since A is a Hausdorff space, there exist disjoint open neighbourhoods Uj ∈
UA(fj(x0)) (j ∈ {1, 2}). Hence ({x0}, Uj) (for j ∈ {1, 2}) are disjoint open neighbour-
hoods of f1 and f2.

Let (Kn)n∈N be an increasing sequence of compact subsets of X (as in the definition)
and let (Um)m∈N be a countable neighbourhood basis of e in A. It is easy to see that
the sets (Kn, Um) (where n,m ∈ N) form a neighbourhood basis of the unit element of
G. Hence the assertion follows.

Notation 2.9. Let (Gi)i∈I (where I is a non-empty index set) be a family of abelian
Hausdorff groups and put
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G :=
∑

i∈I

Gi =
{

(xi)i∈I ∈
∏

i∈I

Gi : xi = e for almost all i
}
.

Fix Ui ∈ UGi
(e) and let

U(Ui)i∈I :=

{
(xi)i∈I ∈

∑

i∈I

Gi: ∃F ⊆ I finite: xi = e ∀i 6∈ F

∀i ∈ F ∃ki ∈ N: kxi ∈ Ui ∀k ∈ {1, . . . , ki} and
∑

i∈F

1

ki
< 1

}
.

It was proved in [40] (pp. 652ff.) that the above sets form a neighbourhood basis of e
of a Hausdorff group topology on G (cf. 2.5). It is called the asterisk topology and is, in
general, finer than the rectangular topology on G. If I is countable, it coincides with the
rectangular topology ([40], p. 654).

Remark 2.10. The asterisk topology on sums of Hausdorff groups is the analog of the
locally convex direct sum of locally convex vector spaces. [Cf. [74], p. 55.]

Notation 2.11. A net (xj)j∈J in an abelian topological group G is named a Cauchy

net if for every U ∈ UG(e) there exists j0 ∈ J such that xj − xj′ ∈ U for all j, j′ ≥ j0.
An abelian Hausdorff group G is called complete if every Cauchy net converges. (This is
equivalent to: the uniformity generated by the neighbourhoods of e is complete.)

Remark 2.12. The topology of a complete abelian metrizable group is generated by a
complete metric. [Cf. Theorem (8.21) in [34], p. 68.]

Theorem 2.13. For every abelian Hausdorff group G, there exists a complete abelian

Hausdorff group G̃ and a homomorphic embedding ϕ : G → G̃ such that ϕ(G) is dense

in G̃. Up to topological isomorphism, G̃ is unique. If G is metrizable, so is G̃.

G̃ is called the completion of G.

Proof. See e.g. Theorem (10.15) in [69], p. 181.

Lemma 2.14. Every completely metrizable subset M of a metrizable space X is a Gδ
subset of X.

Proof. See e.g. Theorem (4.3.24) in [26].

Corollary 2.15. The intersection of two dense completely metrizable subsets of a non-

empty metrizable space X is not empty.

Proof. Since every completely metrizable space is a Baire space and 2.14 holds, it is
sufficient to show that the intersection of a dense Baire space B ⊆ X with a dense Gδ
subset A ⊆ X is not empty.

Let Un ⊆ X be open subsets such that A =
⋂
n∈N

Un. Since B and Un are dense in X ,
the intersections B ∩ Un are dense open subsets of B. Hence A ∩B =

⋂
n∈N

(Un ∩B) is
not empty.

Theorem 2.16. If G is an abelian metrizable group such that its topology is induced by

a complete (not necessarily invariant) metric ̺, then G is a complete group.
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Proof. Let G̃ denote the completion of G, which is metrizable according to 2.13. We
are to show that G = G̃.

We observe that for every x ∈ G̃ the completely metrizable space xG is dense in G̃.
Corollary 2.15 implies that xG∩G 6= ∅ for every x ∈ G̃, which means that x ∈ G. Hence
the assertion follows.

Proposition 2.17. Every continuous homomorphism ϕ : H1 → G2, where H1 is a sub-

group of the abelian Hausdorff group G1 and G2 is a complete abelian Hausdorff group,
can be extended to a continuous homomorphism H1 → G2.

Proof. The idea of the proof is pointed out in (23.30) in [34], p. 369.

Proposition 2.18. Let K be a compact subgroup of the abelian Hausdorff group G. The

canonical projection π : G→ G/K is perfect and closed , and the inverse image under π
of each compact subset of G/K is a compact subset of G.

Proof. This is a consequence of (5.18) in [34] and (3.7.2) in [26].

Remark 2.19. Let (Un)n∈N be a decreasing set of symmetric neighbourhoods of a topo-
logical group such that Un+1 + Un+1 ⊆ Un for all n ∈ N. Then

⋂
n∈N

Un is a subgroup.

Proposition 2.20. An abelian Hausdorff group G is an almost metrizable space if and

only if there exists a compact subgroup H ≤ G such that G/H is metrizable.

Proof. Assume first that G is almost metrizable. There exists a compact set K contain-
ing e which has a countable neighbourhood basis (Un)n∈N. It is possible to find symmetric
neighbourhoods Wn ∈ UG(e) such that KWn ⊆ Un (cf. (4.10) in [34]) and W 2

n+1 ⊆Wn =

W−1
n . Then we get Wn+1 ⊆Wn and H :=

⋂
n∈N

Wn =
⋂
n∈N

Wn is a closed subgroup of
G (2.19). As a consequence of 1.28 (setting Wn = G = X), H is compact and (Wn)n∈N

is a neighbourhood basis of H . Let π : G → G/H denote the canonical projection. For
each open neighbourhood W ∈ UG/H(e) the inverse image satisfies H ⊆ π−1(W ) and
hence Wn ⊆ π−1(W ) for suitable n ∈ N. Since π is open, the sets (π(Wn))n∈N form a
neighbourhood basis of eG/H . Now, 2.7 implies that G/H is metrizable.

Conversely, assume there exists a compact subgroup H such that G/H is metrizable.
Let π : G → G/H denote the canonical projection and let (Wn)n∈N be a countable
neighbourhood basis of π(e). For an open set W including H we get π(W ) ∈ UG/H(e),
since π is open. Hence Wn ⊆ π(W ) for suitable n ∈ N. This shows that (π−1(Wn))n∈N

forms a neighbourhood basis of H . The assertion follows, since G is homogeneous.

Corollary 2.21. An abelian Hausdorff group G is Čech-complete if and only if there

exists a compact subgroup H such that G/H is complete and metrizable.

Proof. By assumption, or according to 1.30 and 2.20, there exists a compact subgroup
H of G such that G/H is metrizable. The canonical homomorphism π : G → G/H is
perfect (2.18). Hence G is Čech-complete if and only if G/H is Čech-complete (1.26).
The assertion follows from 1.25(ii) and 2.12 and 2.16.

Notes 2.22. 2.6 generalizes Lemma 1.7 in [59]. The characterization of Čech-complete
and of almost metrizable groups as well as 2.16 and 2.15 (due to Pasynkov [60] and [61];
cf. also [19]) are taken from a manuscript of G. Turnwald.
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3. Elementary properties of homomorphism groups

The aim of this chapter is to establish some elementary facts on homomorphism groups.
Assume that (G,+) and (A,+) are abelian topological groups and further that A is a
Hausdorff space.

Let Hom(G,A) denote the set of all continuous homomorphisms G→ A. Let S be a
family of subsets of G which is closed under forming finite unions. According to 2.5, the
sets of the form

P (S, V ) := {χ ∈ Hom(G,A) : χ(S) ⊆ V }

where S ∈ S and V ∈ UA(e) form a neighbourhood basis of the unit element for a group
topology on Hom(G,A); it is named the topology of uniform convergence on all elements

of S.
This topology is Hausdorff if

⋃
S∈S S = G.

By Homp(G,A) (Homtb(G,A)) we denote the homomorphism group endowed with
the topology of uniform convergence on all finite (totally bounded) subsets of G. By
Homc(G,A) we denote the group endowed with the compact-open topology. (Even if G is
not a Hausdorff space, the compact-open topology is a Hausdorff topology on Hom(G,A)
and the group operations are continuous with respect to this topology.) If no confusion
can arise, we write Hom(G,A) instead of Homc(G,A).

Remark 3.1. (i) If G is a Hausdorff group then the compact-open topology on Hom(G,A)
coincides with the topology of uniform convergence on all compact subsets of G. [Since
Hom(G,A) is a subgroup of C(G,A), this is a consequence of 2.6.]

(ii) Homp(G,A) can be considered as a subgroup of AG (endowed with the prod-
uct topology). [Let Gd denote the group G endowed with the discrete topology. Since
Homp(G,A) can be identified with a subgroup of Homc(Gd, A), the assertion follows from
(i).]

Notation 3.2. Suppose now that A is a locally compact abelian group which has a
compact symmetric neighbourhood U0 that contains only the trivial subgroup. Put S0 :=
P (S,U0).

In the sequel, the following two cases will be important:

• A = T and U0 = {z ∈ T : Re z ≥ 0}, and
• A = R and U0 = [−1, 1]

Remark 3.3. Let A and U0 ∈ UA(e) be as above.

(i) The sets Un := {x ∈ U0 : kx ∈ U0 ∀k ∈ {1, . . . , 2n}} form a neighbourhood basis
of e ∈ A. [Fix an open neighbourhood U ∈ UA(e). The sets Un are compact, symmetric
and decreasing. For x ∈ ⋂

n∈N
Un we get 〈x〉

Z
⊆ ⋂

n∈N
Un and hence

⋂
n∈N

Un = {e}.
1.27 implies Un ⊆ U for a suitable n ∈ N.]

(ii) For every subgroup H ≤ G, we have H0 = {χ ∈ Hom(G,A) : χ(H) = {e}}. In
particular, if G is compact then Homc(G,A) is discrete. [For χ ∈ H0, we see that χ(H)
is a subgroup of A contained in U0. By assumption, it must be trivial.]
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(iii) It is a consequence of some structure theorems for locally compact abelian groups
that A ∼= Rn × Tm × D where n,m ∈ N0 and D is a discrete abelian group. [Cf. [42],
p. 518 and Theorem (9.8) in [34].]

Proposition 3.4. (i) For every abelian Hausdorff group G, the sets of the form S0 where

S is a finite (compact , totally bounded) subset of G form a neighbourhood basis of e in

Homp(G,A) (Homc(G,A), Homtb(G,A)).
(ii) A homomorphism χ : G → A of the topological group G into A is continuous if

and only if there exists W ∈ UG(e) such that χ ∈W 0.

Proof. (i) For V ∈ UHom(G,A)(e), where Hom(G,A) is endowed with the topology of uni-
form convergence on all finite (compact, totally bounded) subsets of G, there exist a finite
(compact, totally bounded) subset S ⊆ G and U ∈ UA(e) such that P (S,U) ⊆ V . Further-
more, there exists n ∈ N such that Un ⊆ U (3.3(i)) and hence P (S,Un) ⊆ P (S,U) ⊆ V .

The set S̃ := (S∪{e})2n

:= {∑2n

j=1 xj : xj ∈ S∪{e}} is finite (compact, totally bounded)

and for χ ∈ S̃0 and x ∈ S, we get χ(
∑k

j=1 x) ∈ U0 for k ∈ {1, . . . , 2n}, which means

χ(x) ∈ Un. Hence S̃0 ⊆ P (S,Un) ⊆ V .
(ii) The condition is obviously necessary. To prove the sufficiency, we only have to show

that χ−1(Un) ∈ UG(e) for all n∈N (3.3(i)). By assumption, there exists W ∈ UG(e) such

that W 2n ⊆ χ−1(U0). For x ∈ W we get χ(
∑k

j=1 x) ∈ U0 for k ∈ {1, . . . , 2n}, which
implies χ(W ) ⊆ Un (3.3(i) again).

In the sequel, we will often need the assumption that

(∗) G is a Hausdorff group and A is compact, or G contains no proper open subgroup.

Proposition 3.5. Suppose (∗) holds. Let W ∈ UG(e). Then W 0 is a compact subset of

Homtb(G,A) (and hence of Homc(G,A) and Homp(G,A)).

Proof. The following canonical homomorphisms are continuous:

Homtb(G,A)→ Homc(G,A)→ Homp(G,A)→ AG.

The last homomorphism is an embedding (3.1(ii)). The image of W 0 in AG is {χ : G→
A : χ is a homomorphism and χ(W ) ⊆ U0} (3.4(ii)). It is closed in AG, since U0 is closed
in A and the set of homomorphisms of G into A is a closed subgroup of AG. If A is
compact then {χ(x) : χ ∈ W 0} has compact closure in A for all x ∈ G. On the other
hand, if G contains no proper open subgroup, then each x ∈ G can be represented in the
form x =

∑n
j=1 xj (for suitable n ∈ N and xj ∈ W ∪ (−W )) and hence {χ(x) : χ ∈ W 0}

is contained in the compact set Un0 . Now it is a consequence of the Tikhonov Theorem
that W 0, considered as a subset of AG or Homp(G,A), is compact.

Hence it suffices to show that the topologies on W 0 induced by Homtb(G,A) and
Homp(G,A) coincide. Let therefore χ0 ∈ W 0 and V ∈ UHomtb(G,A)(χ0). According to
3.4(i), there exists a totally bounded subset S ⊆ G such that V ′ := (χ0 + S0)∩W 0 ⊆ V .
According to 3.3(i), there exists n ∈ N such that Un + Un + Un ⊆ U0. For W ′ ∈ UG(e)
such that (W ′)2

n ⊆ W , there exist s1, . . . , sm ∈ S such that S ⊆ ⋃m
j=1(sj + W ′). Then

we have (χ0 + P ({s1, . . . , sm}, Un)) ∩W 0 ⊆ V ′. [Choose any χ in the set on the left.
Since χ, χ0 ∈ W 0, it is a consequence of 3.3(i) that χ(W ′) ⊆ Un and χ0(W ′) ⊆ Un.
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Since each s ∈ S is of the form s = sj + w for suitable j ∈ {1, . . . ,m} and w ∈ W ′, we
get (χ − χ0)(s) = (χ − χ0)(sj) + χ(w) − χ0(w) ∈ Un + Un + Un ⊆ U0.] This proves the
assertion.

Example 3.6. Set A := R and G := Rd (the reals with the discrete topology). Then
{0}0 = Hom(G,A) (3.3(iii)), which cannot be compact, since {χ(1) : χ ∈ {0}0} = R is
not totally bounded. This shows that the assumption (∗) in 3.5 cannot be omitted.

Notes 3.7. The special cases of 3.4 and 3.5 where A = T are standard.

4. Homomorphism groups of abelian metrizable groups

In this chapter we examine the case of homomorphism groups Hom(G,A) where G is an
abelian metrizable group.

As in the last chapter, let A be a locally compact abelian group which has a compact
neighbourhood U0 that contains only the trivial subgroup. We retain condition (∗).

Lemma 4.1. Let H be a dense subgroup of the abelian Hausdorff group G and let ι : H→
G be the canonical embedding. Then ι∗ : Homc(G,A) → Homc(H,A), χ 7→ χ ◦ ι, is a

continuous isomorphism.

Proof. Since ι is continuous and has dense image, ι∗ is a continuous monomorphism.
The surjectivity of ι∗ follows from 2.17. (A, being a locally compact abelian group, is
complete!)

Lemma 4.2. Suppose (∗) holds. Let W2⊆W1 be open neighbourhoods of e in an abelian

Hausdorff group G, let V ⊆ Homc(G,A) be an open neighbourhood of e in the k-

refinement of Homc(G,A), and let D be a dense subspace of G. For every M ⊆ G satisfy-

ing (M∪W1)0 ⊆ V , there exists a finite subset F ⊆W1∩D such that (M∪F ∪W2)0 ⊆ V.

Proof. Let F be the set of all finite subsets of W1 ∩D. Assume VF := (M ∪F ∪W2)0 ∩
(G∗ \ V ) = M0 ∩ F 0 ∩ (G∗ \ V ) ∩W 0

2 6= ∅ for all F ∈ F . Since VF is a closed subset
of the compact set W 0

2 (3.5) and, for F1, . . . , Fn ∈ F , we have
⋂n
j=1 VFj

⊇ V⋃n

j=1
Fj

, we

get
⋂
F∈F VF 6= ∅. From

⋂
F∈F F

0 = (
⋃
F∈F F )0 = (W1 ∩ D)0 = W 0

1 (since W1 ∩ D is
dense in W1) we obtain ∅ 6= M0 ∩ (

⋂
F∈F F

0) ∩W 0
2 ∩ (G∗ \ V ) = M0 ∩W 0

1 ∩ (G∗ \ V ),
contradicting the assumption.

Theorem 4.3. Assume (∗) holds. Let G be an abelian metrizable group. For every neigh-

bourhood V of e in the k-refinement of Homc(G,A) and every dense subspace D ⊆ G,
there is a sequence (an)n∈N in D converging to e such that {an : n ∈ N}0 ⊆ V.

Proof. We may assume that V is an open neighbourhood of e in the k-refinement. Let
(Wn)n∈N be an open neighbourhood basis of e in G such that W1 = G and Wn+1 ⊆Wn

(for all n ∈ N). Since {e} = W 0
1 ⊆ V (3.3(ii)), we can inductively find finite subsets

Fn ⊆ D ∩Wn such that (
⋃
k<n Fk)0 ∩W 0

n ⊆ V (4.2). Since D ∩Wn 6= ∅ for all n ∈ N

we may assume Fn 6= ∅ as well. Hence there exists a sequence (an)n∈N in D converging
to e and satisfying {an : n ∈ N} =

⋃
k∈N

Fk. From V ⊇ ⋃
n∈N

((
⋃
k<n Fk)0 ∩ W 0

n) ⊇
(
⋃
k∈N

Fk)0 ∩⋃
n∈N

W 0
n = {an : n ∈ N}0, the assertion follows.
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Corollary 4.4. Suppose (∗) holds. Let D be a dense subspace of the abelian metrizable

group G. The sets of the form {an : n ∈ N}0, where (an)n∈N in D tends to eG, form a

neighbourhood basis of e in Homc(G,A).

Proof. This is a direct consequence of 4.3.

Corollary 4.5. Suppose (∗) holds. Let ι : H → G denote the canonical embedding

where H is a dense subgroup of an abelian metrizable group G. Then ι∗ : Homc(G,A)→
Homc(H,A), χ 7→ χ ◦ ι, is a topological isomorphism. In particular , Homc(G,T) ∼=
Homc(H,T) and , if G is connected , Homc(G,R) ∼= Homc(H,R).

Proof. Because of 4.1, it is sufficient to show that ι∗ is open. Therefore, let V ∈
UHomc(G,A)(e). According to 4.3 (or 4.4), there exists a sequence (hn)n∈N in H converging
to e such that {hn : n ∈ N}0 = ({hn : n ∈ N} ∪ {e})0 ⊆ V . Since {hn : n ∈ N} ∪ {e} is
compact, the assertion follows.

Example 4.6 (Turnwald). Let H denote the set of integers endowed with the weak
topology. (This is the group topology induced by the homomorphism Z → TT, k 7→
(zk)z∈T.) G, the completion of H , is a compact group and hence Homc(G,T) is discrete
(3.3(ii)). According to the Glicksberg theorem on weakly compact sets (cf. [30] and [14]),
Homc(H,T) ∼= Homc(Z,T) ∼= T is compact (and not discrete).

This example shows that in the above corollary “metrizable” cannot be replaced by
“compact”.

Corollary 4.7. Under the assumptions of the theorem we have: For every abelian metriz-

able group G, the homomorphism group Homc(G,A) is a hemicompact k-space. In par-

ticular , Homc(G,T) and , if G is connected , Homc(G,R) are hemicompact k-spaces.

Proof. 4.3 implies that for every neighbourhood W of e in the k-refinement of
Homc(G,A) there is a compact subset K ⊆ G such that K0 ⊆W . Since the k-refinement
of Homc(G,A) is homogeneous (1.6) it coincides with the given topology.

According to 1.3 and 1.32, every compact subset of Homc(G,A) is equicontinuous and
hence contained in W 0 for a suitable W ∈ UG(e). Since G has a countable neighbourhood
basis (Wn)n∈N of e, it follows from 3.5 that the polars (W 0

n)n∈N form a cobasis for the
compact subsets of Homc(G,A).

Remark 4.8. If G is an abelian Hausdorff group and a hemicompact space then
Homc(G,A) is metrizable. [This follows immediately from 3.4(i) and 2.7.]

Lemma 4.9. Assume (∗) holds. If G is a k-space then the compact subsets of Homc(G,A)
and Homtb(G,A) coincide.

Proof. It suffices to show that every compact subset K of Homc(G,A) is contained in a
compact subset S of Homtb(G,A). By 1.32, K is equicontinuous, which means that there
exists a neighbourhood W ∈ UG(e) such that K ⊆ W 0. Now, 3.5 implies that W 0 is a
compact subset of Homtb(G,A).

Theorem 4.10. Let H be a dense subgroup of the abelian metrizable group G. Suppose

that A is compact or that H and G are connected. Then

Homtb(H,A) = Homc(H,A) ∼= Homc(G,A) = Homtb(G,A).
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Proof. Because of 4.5, it suffices to show that Homc(G,A) = Homtb(G,A) is valid.
Therefore, let S be a totally bounded subset of G. It is a consequence of 4.9 that S0

is a neighbourhood of e in the k-refinement of Homc(G,A) and hence, because of 4.7, a
neighbourhood of e with respect to the original topology.

Proposition 4.11. If G is an abelian Hausdorff group and a k-space then Homc(G,A)
is complete; in particular , Homc(G,T) is complete.

Proof. Let (χj)j∈J be a Cauchy net in Homc(G,A). It converges uniformly on every
compact subset of G to a homomorphism χ : G→ A. Since the restriction of χ to every
compact subset is continuous, 1.5 implies that χ ∈ Hom(G,A) and hence it is the desired
limit.

Notes 4.12. 4.1 is a standard result, 4.2 and 4.3 generalize the Lemma on p. 150 and the
Theorem on p. 151 of [74]. (Cf. also [23].) 4.6 is taken from [82]. For the case A = T, the
assertion in 4.7 concerning hemicompactness and 4.8 have been proved by Noble ([58]).
4.10 and 4.11 generalize (17.4) and (1.11) in [8].

The results of this chapter for A = T have been found independently by M. Chasco
and they have recently been published ([21]).

5. Some results in duality theory

In this chapter we recall the basic definitions and facts of duality theory. Using the
notation of the last chapter, we put for an abelian topological group G,

G∗
p := Homp(G,T), G∗

c := Homc(G,T), G∗
tb := Homtb(G,T).

G∗ is called the character group of G and the continuous homomorphisms χ : G→ T are
named characters. If no confusion can arise we write G∗ instead of G∗

c .
Taking into consideration 3.4(i), a neighbourhood basis of eG∗ for a Hausdorff group

G is given by the sets

K0 := P (K, {z ∈ T : Re z ≥ 0})

where K ⊆ G is compact.
We use the abbreviation

R := {z ∈ T : Re z ≥ 0}.
Since G∗ is an abelian Hausdorff group (this follows from the remarks preceding

3.1), we are able to form the character group of G∗. This gives rise to the canonical
homomorphism

αG : G→ G∗∗, x 7→ (χ 7→ χ(x)).

Observe that G∗ → T, χ 7→ χ(x), is a character of G∗ for all x ∈ G since {x} is a compact
subset of G. Hence αG is well defined.

Definition 5.1. A topological group G is called (Pontryagin) reflexive if αG is a topo-
logical isomorphism.

As a consequence of 4.11 and 4.7 we have:
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Proposition 5.2. Every reflexive metrizable group is complete.

We will see in 8.11 that there exist reflexive groups which are not complete.

Theorem 5.3. Every locally compact abelian group is reflexive.

Proof. This is the famous Pontryagin–van Kampen theorem. See e.g. Theorem 52 in
[67], p. 273 or Theorem (24.8) in [34], p. 378 or Theorem 23 in [55], p. 84 or Theorem
(1.7.2.) in [72], p. 28.

Theorem 5.4. Products of reflexive groups are reflexive. Moreover , for abelian Hausdorff

groups Gi (i ∈ I), the following mappings are topological isomorphisms:
( ∑

i∈I

Gi

)∗

→
∏

i∈I

G∗
i , χ 7→ (χ ◦ ϕi)i∈I ,

where ϕi : Gi →
∑

j∈I Gj denotes the canonical embedding and
∑
i∈I Gi is endowed with

the asterisk topology; and
(∏

i∈I

Gi

)∗

→
∑

i∈I

G∗
i , χ 7→ (χ ◦ ψi)i∈I ,

where ψi : Gi →
∏
j∈I Gj denotes the canonical embedding and

∑
i∈I G

∗
i is endowed with

the asterisk topology.

Proof. This is the main theorem of [40].

In the case of vector spaces there exists an important connection between the character
group and the topological dual:

Proposition 5.5. Let V be a topological vector space. The mapping ̺ : V ′ → V ∗, f 7→
e2πif , is an isomorphism. Moreover , if V is a Hausdorff space and both the topological

dual V ′ and the character group V ∗ are endowed with the compact-open topology then ̺
is a topological isomorphism.

Proof. A proof can be found in [8], p. 18, Proposition (2.3). See also [77], Lemma 1.

Theorem 5.6. Every Banach space is a (Pontryagin) reflexive group.

Proof. This was first proved by Smith (cf. [77]). Another proof can be found in [8],
p. 140, Proposition (15.2). (Cf. also 8.18.)

Notation 5.7. Let G be a topological group and let H be a Hausdorff group. Every
continuous homomorphism ϕ : G → H gives rise to a continuous homomorphism ϕ∗ :
H∗ → G∗, χ 7→ χ ◦ ϕ. It is called the dual homomorphism of ϕ.

For a subgroup G0 of a topological group G we put G⊥
0 := {χ ∈ G∗ : χ(G0) = {1}}

(cf. 3.3(ii)); G⊥
0 is called the annihilator of G0 (in G∗).

Remark 5.8. For a topological group G we have α∗
G ◦αG∗ = idG∗ . [For χ∈G∗ and x∈G

we have α∗
G ◦ αG∗(χ)(x) = αG∗(χ)(αG(x)) = αG(x)(χ) = χ(x).]

Proposition 5.9. The character group of a reflexive group G is reflexive.

Proof. The assertion follows from 5.8.

Proposition 5.10. For a Hausdorff group G, the canonical homomorphism αG is con-

tinuous if and only if every compact subset of G∗ is equicontinuous.
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Proof. αG is continuous if and only if for every compact subset of K ⊆ G∗ and every
V ∈ UT(1) the inverse image α−1

G (P (K,V )) belongs to UG(e). This is equivalent to:
For every compact K and every V there exists U ∈ UG(e) such that αG(U) ⊆ P (K,V )
(⇔ χ(x) = αG(x)(χ) ∈ V for all χ ∈ K and x ∈ U). The assertion follows.

Proposition 5.11. For every Hausdorff group G, the restriction of αG to compact

subsets of G is continuous.

Proof. See e.g. Lemma 1 in [46], p. 68 or Theorem 2.3 in [58], p. 556.

Corollary 5.12. If an abelian topological group G is a k-space then αG is continuous.
In particular , if G is metrizable then αG is continuous.

Proof. This follows from 5.11 and 1.5. Alternatively: This is a consequence of 1.32 and
5.10. Observe that every metrizable space is a k-space (1.3).

Proposition 5.13. Let G be a Hausdorff group. If αG is an open isomorphism, then

αG∗ is continuous.

Proof. We have to show that every compact subset K of G∗∗ is equicontinuous (5.10).
Fix V ∈ UT(1). By assumption, α−1

G (K) is a compact subset of G. Since P (α−1
G (K), V ) ∈

UG∗(e), it remains to observe that K ⊆ P (P (α−1
G (K), V ), V ): let αG(x) ∈ K and χ ∈

P (α−1
G (K), V ). Then αG(x)(χ) = χ(x) ∈ V .

Definition 5.14. A subgroup H of a topological group G is called dually closed in G if
for every x ∈ G \H there exists a character χ ∈ H⊥ such that χ(x) 6= 1.

H is named dually embedded in G if every character of H can be extended to a
character of G.

Remark 5.15. Every dually closed subgroup is closed.
Let H be a subgroup of a Hausdorff group G. Then H is dually closed in G if and

only if αG/H is injective.
If ι : H → G denotes the embedding, then H is dually embedded in G if and only if

ι∗ is surjective.
Every open subgroup H of an abelian topological group G is dually closed and dually

embedded. [This is an easy consequence of the fact that αG is injective for every discrete
abelian group G and 2.3.]

Proposition 5.16. For a continuous homomorphism ϕ from the abelian topological group

G into the Hausdorff group H , we have ϕ(G)⊥ = kerϕ∗.

Proof. This follows immediately from the definitions.

Lemma 5.17. Let ϕ : G→ H be a continuous homomorphism between abelian Hausdorff

groups. If ϕ is compact-covering then ϕ∗ is an embedding.

Proof. Since ϕ is a continuous surjection, ϕ∗ is a continuous monomorphism (5.16).
So it remains to show that ϕ∗ is open with respect to its image. Let therefore KH be
a compact subset of H and let V ∈ UT(1). For a compact subset KG ⊆ G satisfying
ϕ(KG) = KH we get ϕ∗(P (KH , V )) ⊇ ϕ∗(H∗) ∩ P (KG, V ), which implies the assertion.
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Theorem 5.18. Let ϕ : G → H be a continuous open homomorphism with compact

kernel between the abelian Hausdorff groups G and H. Then ϕ∗ is a continuous open

homomorphism with compact kernel.

Proof. This is Lemma (2.5) in [13].

Definition 5.19. A topological group G is called a c-group if αG is continuous. It is
named a c∞-group if all successively formed character groups are c-groups.

Proposition 5.20. The character group of an abelian almost metrizable group G is a

k-space and G∗∗ is Čech-complete.

Proof. According to 2.20, there exists a compact subgroup H ≤ G such that G/H is
metrizable. It follows from 2.18 that the canonical projection π : G→ G/H is compact-
covering and it is a consequence of 5.17 that π∗ is an embedding. One easily verifies that
the image of π∗ is the open subgroup H⊥ (3.3(ii)). Hence H⊥ is topologically isomorphic
to the k-space (G/H)∗ (4.7). Topologically, G∗ is the sum of translates of H⊥ and hence
a k-space. (Cf. Theorem (3.3.26) in [26].)

According to 5.18, the dual homomorphism of the embedding H⊥ → G∗ is a con-
tinuous open homomorphism with compact kernel H⊥⊥ (5.18 and 5.16); furthermore,
it is surjective (5.16 and 5.15). Hence G∗∗/H⊥⊥ ∼= (H⊥)∗ ∼= (G/H)∗∗. It follows from
4.7, 4.8 and 4.11 that (G/H)∗∗ is a complete metrizable group. Hence the assertion is a
consequence of 2.21.

Corollary 5.21. Every abelian almost metrizable group is a c∞-group.

Proof. According to 1.24, every abelian almost metrizable group G is a k-space. It
follows from 5.20 that G∗ is a k-space. According to 5.12, αG and αG∗ are continuous.
The assertion is a consequence of 5.20 and 1.30.

Proposition 5.22 (Vilenkin). Let G be a topological group such that αG and αG∗ are

continuous. Then G∗∗∗ = αG∗(G∗)⊙ αG(G)⊥.

Proof. Consider the mapping π : G∗∗∗ → αG∗(G∗), η 7→ αG∗(α∗
G(η)). By assumption,

π is a continuous homomorphism. 5.8 implies α∗
G(αG∗(χ)) = χ (for all χ ∈ G∗). Hence

we get π(αG∗(χ)) = αG∗(χ). This means π|αG∗ (G∗) = idαG∗ (G∗). Since η ∈ kerπ if and

only if α∗
G(η)(x) = η(αG(x)) = 1 for all x ∈ G we get kerπ = αG(G)⊥. This implies the

assertion.

Remark 5.23. I am not aware of any topological group G where αG(G)⊥ 6= {eG∗∗∗}.
Proposition 5.24. Let H be a dually closed subgroup of a Hausdorff group G such that

αG is an open isomorphism. Let ι : H → G denote the embedding. Then αH is an

open isomorphism if and only if ι∗∗ is injective. Moreover , if αH is continuous , then

H∗∗ = αH(H)⊙ ker ι∗∗.

Proof. Consider the following commutative (!) diagram:

H G

H∗∗ G∗∗

ι //

αH

��
αG

��

ι∗∗
//
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Since αG is injective, so is αH . For U ∈UG(e) we get αH(U ∩H)=αH(H)∩ ι∗∗−1(αG(U)).
[“⊆” is trivial. For x ∈ H such that ι∗∗(αH(x)) ∈ αG(U) we get αG(x) ∈ αG(U) and
hence x ∈ U , which implies “⊇”.] This shows that αH is open with respect to its image.

Assume that αH is onto. For x ∈ H such that αH(x) ∈ ker ι∗∗ we have αG(x) =
ι∗∗(αH(x)) = eG∗∗ . Hence x = e and ι∗∗ is injective.

Conversely, assume that ker ι∗∗ is trivial. Fix κ ∈ H∗∗. By assumption, there exists
x ∈ G such that αG(x) = ι∗∗(κ). It suffices to show that x ∈ H . Otherwise, there exists
χ ∈ H⊥ such that 1 6= χ(x) = αG(x)(χ) = ι∗∗(κ)(χ) = κ(ι∗(χ)) = κ(χ|H) = 1, which
gives the desired contradiction.

Assume now that αH is continuous. Since H is dually closed in G, we have α−1
G (H⊥⊥)

= H and (in general) ι∗∗(H∗∗) ⊆ H⊥⊥. By assumption, the mapping π : H∗∗ → αH(H),
τ 7→ αH(α−1

G (ι∗∗(τ))), is a (well defined) continuous homomorphism. For x ∈ H , we get
ι∗∗(αH(x)) = αG(x); this implies that π|αH (H) = idαH (H). Since αH is injective, we get
kerπ = ker ι∗∗, which implies the assertion.

Corollary 5.25 (Noble). Let H be a dually closed and dually embedded subgroup of a

topological group G. If αG is an open isomorphism, then so is αH .

Proof. Let ι : H → G denote the embedding. By assumption, ι∗ is surjective (5.15) and
hence ι∗∗ is injective (5.16). Now, the assertion follows from the above proposition.

Proposition 5.26. Let (an)n∈N be an orthogonal system in ℓ2. Then H := 〈an : n ∈ N〉
Z

is a dually closed subgroup which is reflexive.

Proof. Let Y ⊂ ℓ2 be an orthonormal system such that {an/‖an‖ : n ∈ N} ∪ Y is a
complete orthonormal system. Then we get

H = {x ∈ ℓ2 : x · y = 0 ∀y ∈ Y and x · an ∈ ‖an‖2 · Z ∀n ∈ N}

(where x ·y denotes the standard inner product). “⊆” is trivial. To prove the converse in-
clusion, observe that every x ∈ ℓ2 has the form x =

∑
n∈N

(x·an)an/‖an‖2+
∑

y∈Y (x · y)y.
Now it follows easily that H is dually closed.

Let ι : H → ℓ2 denote the embedding. Because of 5.24 and 5.16, H is reflexive if
we can show that the image of ι∗ is dense. For χ ∈ H∗, there exists ε > 0 such that
χ(H ∩ εB) ⊆ R (where B denotes the closed unit ball of ℓ2). According to 4.4, it suffices
to show that for every sequence (xm)m∈N in 〈an : n ∈ N〉

Z
tending to 0, there exists

y :=
∑N
n=1 ηnan ∈ ℓ2 such that exp(2πiy · xm)χ(xm) ∈ R. Let xm =

∑
n∈N

km,nan (and
km,n ∈ Z). Then xm → 0 is equivalent to

∑
n∈N

k2
m,n‖an‖2 → 0 as m→∞; hence, there

exists m0 ∈ N such that

∑

n∈N

k2
m,n‖an‖2 ≤ ε2 ∀m ≥ m0

and there exists N ∈ N such that
∑

n>N

k2
m,n‖an‖2 < ε2 ∀m ∈ {1, . . . ,m0}.

For ηn ∈ R such that e2πiηn = χ(an) and y =
∑N
n=1(ηn/‖an‖2)an, we get
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exp(2πiy · xm)χ(xm) = exp
(

2πi

N∑

n=1

ηnkm,n

)∏

n∈N

χ(an)km,n

= χ
( ∑

n>N

km,nan

)
∈ R,

since
∑

n>N km,nan ∈ H ∩ εB for all m ∈ N.

Remark 5.27. The above proposition shows that the closure of H := 〈(1/√n)en〉Z is a
dually closed subgroup of ℓ2 which is reflexive. But H is not dually embedded in ℓ2:

χ : H → T,
∑

n∈N

kn√
n
en 7→ exp

(
2πi

∑

n∈N

kn
n

)
,

is a character, since |∑n∈N
kn/n| ≤

∑
n∈N

k2
n/n=‖∑

n∈N
(kn/
√
n)en‖2. Since

∑
n≥2 1/n

= ∞, there exists no sequence (ηn) ∈ ℓ2 such that exp(2πiηn/
√
n) = exp(2πi · 1/n) =

χ((1/
√
n)en) for all n ∈ N. According to 5.5, H is not dually embedded in ℓ2.

It follows from 4.5 that H∗ ∼= H
∗
. This shows that there exist reflexive, dually closed

subgroups of reflexive groups which are not dually embedded.
Observe further that H is a compactly generated subgroup.

Lemma 5.28. For every projective system {Gi, ϕi1i2 , I} of topological groups Gi having

the property that αGi
is injective, the projective limit G0 is dually closed in

∏
i∈I Gi.

More precisely, G0 is the intersection of the kernels of all characters of the form (xi) 7→
χi1(ϕi1i2 (xi2)− xi1 ) where χi1 ∈ G∗

i1 and i1 ≤ i2 ∈ I.

Proof. Let (yi)i∈I ∈
∏
i∈I Gi \ G0. There are i1, i2 ∈ I such that ϕi1i2(yi2) 6= yi1

and, by assumption, a character χi1 ∈ G∗
i1

such that χi1(ϕi1i2(yi2) − yi1) 6= 1. Hence

χ : (xi)i∈I 7→ χi1(ϕi1i2(xi2 ) − xi1) is a character belonging to G⊥
0 and χ((yi)i∈I) 6= 1.

Conversely, G0 is contained in the kernel of each of these characters.

Notes 5.29. I am indebted to W. Banaszczyk for providing me with a translation of [85]
which was originally published in Russian. This led to 5.22; the proof given here is much
simpler. 5.8, 5.9, 5.10, 5.15 and 5.16 are standard results. 5.25 is a consequence of the
proof of Theorem (3.1) in [58], p. 558. 5.24, which generalizes this result, is new. 5.26
and 5.27 show that 5.24 is really stronger than 5.25. The first parts of 5.20 and 5.21 were
obtained jointly with G. Turnwald.

6. Locally quasi-convex groups

In the realm of topological vector spaces it is important to consider locally convex spaces.
Since it is not clear how to define linear combinations in an arbitrary topological group, we
use the description of convexity given by the Hahn–Banach Theorem to define something
similar for topological groups. Vilenkin was the first who defined locally quasi-convex
groups ([85]) for abelian groups with a boundedness (cf. §18 in [8]). Afterwards, W. Ba-
naszczyk generalized this setting to arbitrary topological groups and pointed out its
importance in connection with duality theory.
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Definition 6.1. A subset A of a topological group G is called quasi-convex if for every
x ∈ G \A, there is a χ ∈ A0 such that χ(x) 6∈ R.

A topological group G is called locally quasi-convex if it has a neighbourhood basis
of e consisting of quasi-convex sets.

If we had taken another (symmetric and sufficiently small) neighbourhood of 1 ∈ T,
the quasi-convex sets would change. The setting of local quasi-convexity does not depend
on the neighbourhood selected.

Obviously, local quasi-convexity is invariant under topological isomorphisms.

Proposition 6.2. (i) A ⊆ G is quasi-convex if and only if A =
⋂
χ∈A0 χ−1(R). In

particular , every quasi-convex set is closed , symmetric and contains kerαG.
(ii) The intersection of any family of quasi-convex subsets of a group is quasi-convex.

(iii) Let ϕ : G → H be a continuous homomorphism where G and H are topological

groups. For every quasi-convex subset A ⊆ H the inverse image ϕ−1(A) is a quasi-convex

subset of G.
(iv) For arbitrary A ⊆ G, the set qc(A) :=

⋂
χ∈A0 χ−1(R) is the smallest quasi-convex

set containing A; it is called the quasi-convex hull of A.
(v) For every A ⊆ G, we have A0 = (qc(A))0.

Proof. (i) to (iii) are trivial.
(iv) Let C ⊇ A be quasi-convex. For x 6∈ C there exists χ ∈ C0 (⊆ A0) such that

χ(x) 6∈ R. Hence x 6∈ ⋂
χ∈A0 χ−1(R). According to (ii) and (iii), the latter set is quasi-

convex. (Observe that R ⊂ T is quasi-convex.) Hence (iv) follows.
(v) Since A ⊆ qc(A), “⊇” is clear. The other inclusion follows from (iv).

Lemma 6.3. For Vn := {e2πit : |t| ≤ 1/(4n)} (n ∈ N) we have: z ∈ Vn if and only if

zk ∈ V1 = R for all k ∈ {1, . . . , n}.

Proof. The first condition is obviously sufficient for the second. So, choose any z = e2πit

(t ∈ [−1/2, 1/2]) such that zk ∈ R for k ∈ {1, . . . , n}. We have |t| ≤ 1/4 since z ∈ R. We
may assume t 6= 0. Hence there existsm ∈ N such that 1/(4(m+ 1)) < |t| ≤ 1/(4m). This
implies zm+1 6∈ R and hence m ≥ n. This in turn shows that |t| ≤ 1/(4n) and z ∈ Vn.

Example 6.4. The connected quasi-convex neighbourhoods of 1 ∈ T are exactly Vn
(n ∈ N) and T. [Obviously, T is quasi-convex. Since Vn =

⋂n
k=1{z ∈ T : zk ∈ R} (6.3)

these sets are quasi-convex (and connected). Conversely, let V 6= T be a quasi-convex
connected neighbourhood. Being homeomorphic to a real interval (and symmetric and
closed) it must have the form {e2πit : |t| ≤ x} for a suitable x ∈ ]0, 1/2[. One easily verifies
that {e2πit : |t| ≤ y} cannot be quasi-convex for y ∈ ]1/4, 1/2[. Hence we have x ≤ 1/4.
Let k ∈ N be maximal with the property that x ≤ 1/(4k). Since V is connected, we have
V 0 = {χj : |j| ≤ k} (where χj : T → T, z 7→ zj). This implies V =

⋂
|j|≤k χ

−1
k (R) = Vk

(see 6.3).]

Proposition 6.5. A Hausdorff topological vector space is locally convex if and only if it

is a locally quasi-convex group.

Proof. This is Proposition (2.4) in [8].
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Proposition 6.6. Every character group of a Hausdorff group G endowed with the topol-

ogy of uniform convergence on all compact (or totally bounded or finite) subsets is locally

quasi-convex. In particular , every reflexive group is locally quasi-convex.

Proof. According to 6.2(ii) and (iii), the polar S0 =
⋂
x∈S αG(x)−1(R) of an arbitrary

subset S of G is quasi-convex. The assertion follows from 3.4(i), 6.2(ii) and (iii).

Lemma 6.7. For every finite family (Nj)j∈F ∈ NF such that
∑
j∈F 1/(Nj + 1) ≥ 1, there

exists a subset F0 ⊆ F such that

1 ≤
∑

j∈F0

1

Nj + 1
<

∑

j∈F0

1

Nj
≤ 2.

Proof. Let F0 ⊆ F be minimal with the property that
∑
j∈F0

1/(Nj + 1) ≥ 1 (this
means that

∑
j∈F ′ 1/(Nj + 1) < 1 for every proper subset F ′ ⊂ F0). We claim that F0

has the desired properties. Put F1 := {j ∈ F0 : Nj = 1}.
If F1 = ∅, then Nj ≥ 2 (for all j ∈ F0) and hence

∑

j∈F0

1

Nj
≤ 3

2

∑

j∈F0

1

Nj + 1
<

3

2

(
1 +

1

3

)
= 2

(by the minimality of F0).
Let |F1| = 1. One easily checks that

∑
j∈F0\F1

1/(Nj + 1) ≤ 2/3 and hence

∑

j∈F0

1

Nj
≤ 1 +

3

2

∑

j∈F0\F1

1

Nj + 1
≤ 2.

If |F1| = 2, the assertion is trivial since this implies F0 = F1.
By the minimality of F0, the case |F1| > 2 cannot occur. This completes the proof.

Proposition 6.8. (i) Every subgroup H of a locally quasi-convex group G is locally

quasi-convex.
(ii) Every product of locally quasi-convex groups is locally quasi-convex.

(iii) Every sum of abelian locally quasi-convex Hausdorff groups (endowed with the

asterisk topology) is locally quasi-convex.

Proof. (i) For every quasi-convex subset U ⊆ G the set U ∩ H is quasi-convex in H .
Hence (i) is obvious.

(ii) It suffices to show that the product of quasi-convex sets Cj ⊆ Gj is quasi-convex
in the product

∏
j∈J Gj . For (xj)j∈J ∈

∏
j∈J Gj \

∏
j∈J Cj there exists j0 ∈ J such

that xj0 6∈ Cj0 . By assumption, there is a character χ ∈ G∗
j0 such that χ(Cj0) ⊆ R

and χ(xj0 ) 6∈ R. Hence χ ◦ πj0 , where πj0 is the canonical projection, has the desired
properties.

(iii) Let Gj be locally quasi-convex and put G :=
∑
j∈J Gj . The assertion follows if

we can prove that for arbitrary quasi-convex neighbourhoods Wj ∈ UGj
(e) and W̃j :=

Wj +Wj ,

qc(UW ) ⊆ U
W̃

where UW and U
W̃

are the neighbourhoods in the asterisk topology associated with
(Wj)j∈J and (Vj)j∈J (cf. 2.9).
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Identifying G∗ with
∏
j∈J G

∗
j (5.4), we get

(∗)
∏

j∈J

W 0
j ⊆ U0

W

6.2(v)
= (qc(UW ))0.

[For (yj)j∈J ∈ UW there exist a finite set F ⊆ J and (nj)j∈F ∈ NF such that
∑

j∈F 1/nj
< 1, yj = e for j ∈ J \ F and kyj ∈ Wj for k ∈ {1, . . . , nj} and j ∈ F . Hence, for
χj ∈ W 0

j , χkj (yj) = χj(kyj) ∈ R for k ∈ {1, . . . , nj}, which implies χj(yj) ∈ Vnj
(6.3).

For arbitrary χj ∈ W 0
j , we get

∏
j∈J χj(yj) =

∏
j∈F χj(yj) ∈

∏
j∈F Vnj

⊆ R. (The
last inclusion is an easy consequence of the functional equation of the exponential map-
ping.)]

Fix (xj)j∈J ∈ qc(UW ). For arbitrary j0 ∈ J and χj0 ∈ W 0
j0

and χj = eG∗

j
for

j ∈ J \ {j0}, we see as a consequence of (∗) that
∏
j∈J χj(xj) = χj0(xj0) ∈ R. Hence,

Nj := sup{n ∈ N : χj(xj) ∈ Vn ∀χj ∈ W 0
j } ∈ N ∪ {∞} is well defined. Obviously,

F ′ := {j ∈ J : Nj < ∞} is contained in the finite set F := {j ∈ J : xj 6= e}. We get∑
j∈F ′ 1/(Nj + 1) < 1.
[Suppose the contrary. According to 6.7, there exists a subset F0 ⊆ F ′ such that

1 ≤
∑

j∈F0

1

Nj + 1
≤

∑

j∈F0

1

Nj
≤ 2.

By the definition of the Nj , we can find χj ∈ W 0
j for j ∈ F0 such that χj(xj) = e2πitj

where
1

4(Nj + 1)
< tj ≤

1

4Nj
.

Letting χj be the trivial character for j 6∈ F0, we get

∏

j∈J

χj(xj) =
∏

j∈F0

χj(xj) = exp
(

2πi
∑

j∈F0

tj

)
6∈ R

since
1

4
≤

∑

j∈F0

1

4(Nj + 1)
<

∑

j∈F0

tj ≤
∑

j∈F0

1

4Nj
≤ 1

2
.

By (∗), (χj)j∈J belongs to (qc(UW ))0. This leads to a contradiction.]
Trivially,

∑
j∈F ′ 1/Nj < 2. For j ∈ F \ F ′, it is possible to choose Nj ∈ N such that∑

j∈F 1/Nj < 2. For j ∈ F and k ∈ {1, . . . , Nj} and χj ∈ W 0
j we get χj(kxj) = χkj (xj)

∈ R (according to 6.3), which implies kxj ∈ Wj , since the Wj are quasi-convex. Hence

kxj ∈ W̃j for 1 ≤ k ≤ 2Nj. This proves the assertion.

Remark 6.9. For every subset A ⊆ G we have αG(qcA) = A00∩αG(G). [This is a direct
consequence of 6.2(iv).]

Proposition 6.10. Let G be an abelian locally quasi-convex Hausdorff group. Then αG
is injective and α : G → αG(G), x 7→ αG(x), is open. Moreover , the mapping γ : G →
(G∗

tb)∗c , x 7→ (χ 7→ χ(x)), is open with respect to γ(G).
Conversely: If G is an abelian Hausdorff group such that αG is an embedding, then

G is locally quasi-convex.
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Proof. Obviously, αG is injective. Let U ∈ UG(e) be quasi-convex. Since αG(U) =
U00 ∩ αG(G) and U0 is a compact subset of G∗ (3.5) and hence U00 ∈ UG∗∗(e), the first
assertion follows.

Analogously, γ(U) = γ(G) ∩ U00. According to 3.5, U0 is a compact subset of G∗
tb

and hence U00 ∈ U(G∗

tb
)∗c

.
Conversely, assume that αG is an embedding. For each U ∈ UG(e) there exists a

compact subset K ⊆ G∗ such that αG(U) ⊇ K0 ∩ αG(G) (3.4). Since αG is continuous,
K is equicontinuous (5.10) and hence K ⊆ V 0 for a suitable V ∈ UG(e). We get αG(U) ⊇
V 00 ∩ αG(G) = αG(qc(V )) (6.9). Hence qc(V ) ⊆ U and the assertion follows.

Remark 6.11. In 8.27 we will give an example of a complete metrizable abelian topolog-
ical group G which has sufficiently many characters (this means αG is injective) which is
not locally quasi-convex.

Proposition 6.12. Let G be a complete locally quasi-convex Hausdorff group such that

αG is continuous. Then αG : G→ G∗∗ is an embedding with closed image.

Proof. It follows immediately from 6.10 that αG is an embedding. This implies that
αG(G) is a complete and hence closed subgroup of G∗∗.

Corollary 6.13. Let G be a complete locally quasi-convex Hausdorff group with contin-

uous αG. Then G is locally compact if and only if G∗ is locally compact.

Proof. Obviously, the condition is sufficient. Let therefore G∗ be locally compact. Then
G∗∗ is locally compact. Hence G, being topologically isomorphic to a closed subgroup of
G∗∗ (6.12), is locally compact as well.

Lemma 6.14. Let A and B be subsets of an abelian Hausdorff group G. Then (A∪{e})+
(A ∪ {e}) ⊆ B implies qc(A) + qc(A) ⊆ qc(B).

Proof. Let x1, x2 ∈ qc(A) and χ ∈ (qc(B))0. According to 6.3, χ(A) ⊆ V2 and, as a
consequence of 6.2(iii) and 6.4, we get χ(qc(A)) ⊆ V2. Hence χ(x1 + x2) ⊆ V2 · V2 = R,
which implies the assertion.

Lemma 6.15. Let H be a dense subgroup of the abelian Hausdorff group G. The sets

(W
G

)W∈UH (e) form a neighbourhood basis of e in G.

Proof. This is standard. (Cf. Theorem (1.3.6) in [26].)

Lemma 6.16. Let H be a locally quasi-convex group which is dense in the abelian Haus-

dorff group G. Then G is also locally quasi-convex.

Proof. (1) For every quasi-convex neighbourhoodW ∈ UH(e), we haveW
G ⊆ qcG(W ) ∈

UG(e) and qcG(W ) ∩H = W . (Here, qcG denotes the quasi-convex hull formed with re-
spect to G.) [The first inclusion is a consequence of the fact that qcG(W ) is closed in G.
Now, 6.15 implies qcG(W ) ∈ UG(e) and it is a consequence of 2.17 that (qcG(W )) ∩
H =

⋂
χ̃∈G∗ : χ̃(W )⊆R

(χ̃−1(R) ∩ H) =
⋂
χ∈H∗ :χ(W )⊆R χ

−1(R) = W (since W is quasi-

convex).]
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(2) For arbitrary U ∈ UG(e), we have U ⊆ (U + U) ∩H . [Let x ∈ U and let Ũ ∈ UG(e)

be arbitrary such that Ũ ⊆ U . Then (x + Ũ) ∩ (U + U) ∩H = (x + Ũ) ∩H 6= ∅, which
implies (2).]

Now, let U ∈ UG(e) be arbitrary. By assumption and according to 6.15, there exist

quasi-convex neighbourhoods W,W1 ∈ UH(e) such that W
G ⊆ U and W1 + W1 ⊆ W .

Hence, qcG(W1)
(1), (2)

⊆ ((qcG)W1 + (qcG)W1) ∩H
6.14
⊆ (qcG)W ∩H (1)

= W ⊆ U . The
assertion follows from (1).

Corollary 6.17. The completion of each abelian, locally quasi-convex Hausdorff group G
is again locally quasi-convex.

Proof. This is an immediate consequence of (2.13 and) 6.16.

Proposition 6.18. Let (G,O) be an abelian Hausdorff group. The sets of the form

(qc(U))U∈UG(e) form a neighbourhood basis of a locally quasi-convex group topology Oqc

of G which is coarser than the given one and which coincides with O if and only if (G,O)
is locally quasi-convex.

(G,Oqc) is a Hausdorff space if and only if αG is injective.
Algebraically, the character groups of (G,O) and (G,Oqc) are the same. If G is

metrizable and αG is injective, then (G,O)∗ = (G,Oqc)
∗.

Proof. Since every quasi-convex set is symmetric and contains {e}, it follows from 6.14
and 2.5 that the sets (qc(U))U∈UG(e) form a neighbourhood basis of a group topology
Oqc on G. (Observe that qc(U1 ∩ . . . ∩ Un) ⊆ qc(U1) ∩ . . . ∩ qc(Un).) This topology is
obviously coarser than O. They coincide if and only if G is locally quasi-convex.

The equality

⋂

U∈UG(e)

qc(U) =
⋂

U∈UG(e)

( ⋂

χ∈U0

χ−1(R)
)

=
⋂

χ∈G∗

χ−1(R) = kerαG

and 2.5 imply that (G,Oqc) is a Hausdorff space if and only if αG is injective.
6.2(iii) implies that, algebraically, the character groups of (G,O) and (G,Oqc) are the

same. This shows that (G,Oqc) is locally quasi-convex.
Assume now that G is metrizable and that αG is injective. Then, according to 2.7,

Oqc is also metrizable. Obviously, (G,Oqc)
∗ → (G,O)∗ is a continuous isomorphism.

It is a consequence of 4.7 that both character groups are k-spaces. Hence it suffices
to show that every compact subset K of (G,O)∗ is compact with respect to (G,Oqc)∗.
According to 5.12 and 5.10, K is contained in the polar U0 for a suitable U ∈ UG(e).
Since (qc(U))0 = U0 by 6.2(v), the assertion follows from 3.5.

Notes 6.19. Similar results as treated in this section can be found in [85]. 6.2 is a
standard result. Our exposition of 6.3 is taken from a lecture on “Duality theory of
abelian topological groups” (in German) from G. Turnwald. The assertions of 6.6 and
6.8(iii) can be found in [8] on p. 2 and p. 10. The first assertion of 6.10 is Lemma (14.1)
in [8]. Corollary 6.17 is taken from [15], the proof of 6.16 is very similar to the proof given
there. 6.18 generalizes Section 3 of [20].
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7. Properties of the quasi-convex hull

In this chapter we examine the quasi-convex hull of a singleton (7.8), a finite set (7.11)
and of totally bounded and compact subsets (7.12) of locally quasi-convex groups.

Notation 7.1. Let Zl < T be the group of l-th roots of unity. Then Zl ∼= Z/lZ.

Theorem 7.2. Let G be an abelian topological group such that αG is injective. For torsion

free elements x1, . . . , xn and torsion elements y1, . . . , ym (n,m ∈ N0) satisfying

n∑

k=1

kjxj +
m∑

j=1

αjyj = 0 (kj ∈ Z, 0 ≤ αj < ord yj)⇒ kj = αj = 0 ∀j

the mapping

ϕ : G∗ → Tn × Zl1 × . . .× Zlm , χ 7→ (χ(x1), . . . , χ(xn), χ(y1), . . . , χ(ym)),

has dense image.

Proof. Let ϕ∗ : Zn×Zl1×. . .×Zlm→G∗∗, (k1, . . . , km, α1, . . . , αm) 7→(χ 7→∏n
j=1 χ(xj)

kj ·∏m
j=1 χ(yj)

αj ) (where lj := ord yj), be the dual homomorphism of ϕ (composed with
the canonical identifications). Since every closed subgroup of Tn × Zl1 × . . . × Zlm
is dually closed and kerϕ∗ = (imϕ)⊥ (5.16), it suffices to show that ϕ∗ is injective.
ϕ∗((k1, . . . , kn, α1, . . . , αm)) = eG∗∗ means

χ
( n∑

j=1

kjxj +
m∑

j=1

αjyj

)
=

n∏

j=1

χ(xj)
kj

m∏

j=1

χ(yj)
αj = 1

for all χ ∈ G∗. Since αG is injective the last equality implies
∑n

j=1 kjxj +
∑m
j=1 αjyj = 0

and the assumption yields kj = αj = 0. Hence ϕ∗ is injective and the assertion follows.

It will be tacitly used that every subgroup of a compact group is dually embedded
and that every closed subgroup is dually closed.

Lemma 7.3. For z ∈ T and w ∈ T \ {1, z, z} there exists k ∈ Z such that Re zk ≥ 0 and

Rewk < 0. (This is equivalent to: There exists χ ∈ T∗ such that χ(z) ∈ R and χ(w) 6∈ R.)

Proof. Let x, y ∈ [0, 1[ be such that z = exp(2πix) and w = exp(2πiy).

1. If x is rational then 〈z〉
Z

is finite and hence a closed subgroup of T.

(a) Let w 6∈ 〈z〉. There is a χ ∈ T∗ such that χ|〈z〉 ≡ 1 and χ(w) 6= 1. Hence χk, for
suitable k ∈ N, has the desired properties.

(b) Let w ∈ 〈z〉 and put l := |〈z〉|. The cases l ∈ {1, 2, 3} cannot occur. Let therefore
l ≥ 4. There exists χ ∈ T∗ such that χ(z) = exp(2πi/l) and m ∈ {2, . . . , l − 2} such
that χ(w) = exp(2πim/l). Replacing w by w (if necessary) we may assume m ≤ l/2. If
m > l/4 the assertion follows. Since m≥2, we may assume m ≤ l/4 and l ≥ 8. Let k∈N

be minimal with the property that k ·m > l/4. Suppose that k > l/4. This would imply

m · (k − 1) > m · (l/4− 1) ≥ l/2− 2 ≥ l/4

contradicting our assumption. Hence χk has the desired properties.
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2. Let x be irrational. Assume there exist (k, l) ∈ Z2 \ {(0, 0)} such that

kx+ ly = m ∈ Z and gcd(k, l,m) = 1.

We must have l 6= 0.

(a) Let y be rational. We have y = m/l and k = 0 since x is irrational. There exists
n0 ∈ N such that n0y ∈ ]1/4, 3/4[+ Z. Since lx is irrational (observe that l 6= 0) there is,
according to 7.2, an n ∈ N such that n · (lx) + n0 · x ∈ ]−1/4, 1/4[ + Z. Hence n · l + n0

has the desired properties.

(b) Let y (and x) be irrational. This implies k 6= 0.

Assume that gcd(k, l) = 1. Replacing w by w, we get zk = wl. Hence |k| = |l| = 1 is
not possible. We first show that there exists u ∈ T such that ul = z and uk = w.

There is a ũ ∈ T such that ũl = z and hence ũkl = zk = wl. Hence ũk · ζl = w for
a suitable l-th root of unity ζl. Since gcd(k, l) = 1, there exists an l-th root of unity ζ̃l
such that ζl = (ζ̃l)

k. This implies (ũ·ζ̃l)k = w and, of course, (ũ·ζ̃l)l = z. Hence u := ũ·ζ̃l
has the above properties.

Let n > |l|+ |k| be an odd number and V ∈ UT(1) be such that for each ζ ∈ Zn ∩R
we have ζ · V n ⊆ R and for each ζ′ ∈ Zn \ R we have ζ′ · V n ∩ R = ∅. Let ζn be a
primitive n-th root of unity. Since ζln and ζkn satisfy the assumptions of part 1, there is
an r ∈ {1, . . . , n− 1} such that ζlrn ∈ R and ζkrn 6∈ R. According to 7.2, there is an s ∈ Z

such that us ∈ ζrn · V . This implies zs = ul·s ∈ ζl·rn · V |l| ⊆ R and ws = uk·s ∈ ζk·rn · V |k|,
which means ws 6∈ R.

Let k = dk′ and l = dl′ where gcd(d,m) = gcd(k′, l′) = 1. If wd 6∈ {1, zd, zd} we can
apply the above argument. Otherwise, we may assume wd = zd. Hence there exists a
primitive d′-th root of unity ζ with d′ | d such that w = ζz. Choose n0 ∈ {1, . . . , d′} such
that ζn0 6∈ R. According to 7.2, there exists n1 ∈ N such that zn1d

′+n0 is very near to 1,
more precisely, such that wn = znζn0 6∈ R and zn ∈ R for n := n1d

′ + n0.
3. Let x and y be irrational numbers such that kx + ly ∈ Z implies k = l = 0.

According to 7.2, the sequence {(zn, wn) : n ∈ Z} is dense in T2.

Now the assertion follows.

Lemma 7.4. (i) For all z∈ T\{1} there exists k∈ Z such that zk∈ {e2πit : t∈ [1/3, 1/2]}.
(ii) For each z ∈ T \ ({−1} ∪ Z5) there exists k ∈ Z such that zk ∈ {e2πit : t ∈

[1/4, 1/3]}.

Proof. Let x ∈ ]0, 1[ be such that e2πix = z. If x is irrational, the assertion follows
from 7.2. Otherwise, there are k, n ∈ N such that x = k/n and gcd(k, n) = 1. This means
that z is a primitive n-th root of unity. Hence, for n ≥ 6 (or n ≥ 12), (i) (or (ii)) is trivial.
For 2 ≤ n ≤ 5 (or 3 ≤ n ≤ 11, n 6= 5) the assertion follows from an easy computation
since there are m and l ∈ Z such that lk +mn = 1 (⇔ lk/n ∈ 1/n+ Z).

Corollary 7.5. (i) For all z1, z2 ∈ T \ {1} there exist k1, k2 ∈ Z such that zk11 zk22 ∈ R
and zk11 6∈ R.

(ii) For all z1, z2 ∈ T \ {−1, 1} there exist k1, k2 ∈ Z such that zk11 zk22 ∈ R and

zk11 z−k22 6∈ R.
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Proof. (i) According to 7.4(i), there are k, l in Z such that zk1 , z
l
2 ∈ {e2πit : t ∈

[1/3, 1/2]}. Setting k2 := l if zk1z
l
2 ∈ R and k2 := 2l otherwise and k1 := k, it is easy to

see that k1, k2 have the desired properties.
(ii) It is a consequence of 7.4(ii) that there exist k1, k2 ∈ Z such that zk11 ∈ {e2πit :

t ∈ [2/3, 3/4]} if z1 6∈ Z5 and zk11 = e2πi·4/5 otherwise, and zk22 ∈ {e2πit : t ∈ [1/4, 1/3]}
if z2 6∈ Z5 and zk22 = e2πi·2/5 otherwise. An easy computation shows that k1, k2 have the
desired properties.

Lemma 7.6. For all z = (z1, z2, z3) ∈ T3 and w = (w1, w2, w3) ∈ T3 \ {(1, 1, 1), z, z−1}
there exist (k1, k2, k3) ∈ Z3 such that

∏3
j=1 z

kj

j ∈ R and
∏3
j=1 w

kj

j 6∈ R.

Proof. If

(∗) ∃j ∈ {1, 2, 3} such that wj 6= 1, zj, zj ,

is valid, the assertion follows from 7.3. Renumbering, and considering w−1 instead of w,
we may assume that

1 6= w1 = z1 and w2 6= z2.

Assume first that w2 = 1. According to 7.5(i), there exist (k1, k2, 0) ∈ Z3 with the
desired properties.

According to (∗), we may assume now that 1 6= w2 = z2 6= z2. Furthermore, w1 = −1
implies w3 6= z3. If w3 = 1, the assertion follows similarly to the case w2 = 1.

It remains to consider the case

1 6= w2 = z2 6= z2 and 1 6= wj = zj 6= zj for j = 1 or j = 3.

7.5(ii) implies the existence of k2, kj ∈ Z such that z
kj

j z
k2
2 ∈ R and w

kj

j w
k2
2 6∈ R. Hence

the assertion follows.

Theorem 7.7. For an abelian topological group G, the following assertions are equivalent:

(i) αG is injective.
(ii) For all x ∈ G and y ∈ G \ {e, x, x−1}, there exists χ ∈ G∗ such that χ(x) ∈ R

and χ(y) 6∈ R.

Proof. (ii)⇒(i) is trivial. (Set x = e.)
(i)⇒(ii). By hypothesis, there are χ1, χ2, χ3 ∈ G∗ such that χ1(y) 6= 1, χ2(x) 6= χ2(y)

and χ3(x) 6= χ3(y) = χ3(−y). The assertion follows from Lemma 7.6 since, for kj ∈ Z,

the mapping g 7→∏3
j=1 χ

kj

j (g) is a character of G.

In terms of quasi-convex hulls, the above theorem reads as follows:

Theorem 7.8. Let G be an abelian Hausdorff group. The following assertions are equiv-

alent:

(i) αG is injective.
(ii) For every x ∈ G we have qc({x}) = {e, x, x−1}.

(iii) {e} is quasi-convex.

Example 7.9. qc({−1, e2πi/3}) =
⋂
k∈6·Z{z ∈ T : zk ∈ R} = {e2πik/6 : k = 0, 1, . . . , 5}.
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This example shows that the quasi-convex hull of a finite subset F ⊆ T is in general
strictly larger than F ∪ F−1 ∪ {1}.
Lemma 7.10. Let A be a non-empty index set. Consider a finite subset F ⊆ TA. Then

qc(F ) is a finite subset contained in 〈F 〉
Z
.

Proof. For (kα)α = K ∈ Z(A) and (zα)α = z ∈ TA we set zK :=
∏
α∈A z

kα
α . Since 〈F 〉

Z

is a finitely generated subgroup, there exist z1, . . . , zl ∈ TA (l ∈ N0) and a finite torsion

group T such that 〈F 〉
Z

= 〈z1, . . . , zl〉Z · T (algebraically) and
∏l
j=1 z

kj

j = (1) (kj ∈ Z)
implies kj = 0 for j = 1, . . . , l. Set

m1 := |T | and m2 := max
{ l∑

j=1

|kz,j | : z ∈ F and z ·
l∏

j=1

z
kz,j

j ∈ T
}
.

Then F ⊆ T ·{∏l
j=1 z

kj

j :
∑l
j=1 |kj |≤ m2}=: F̃ . If suffices to show that F̃ is quasi-convex.

Let w 6∈ F̃ .

1. Assume first that |〈w〉
Z
| < ∞. Since w 6∈ T , there exists K0 ∈ Z(A) such that

tK0 = 1 for all t ∈ T and wK0 6∈ R. It is a consequence of 7.2 that there exists K̃ ∈ Z(A)

such that zKj ∈ {e2πit : t ∈ ]−1/(4m2), 1/(4m2)[} for K := m1 · ordw · K̃ + K0 and

j ∈ {1, . . . , l}. For z ∈ F̃ , we have zK ∈ R and wK 6∈ R.
2. If |〈w〉

Z
| =∞ and 〈w〉

Z
∩〈F 〉

Z
= {(1)} then (w, z1, . . . , zl) satisfies the hypotheses

of 7.2. Hence there exists K ∈ Z(A) such that wm1K 6∈ R and zm1K
j ∈ {e2πit : t ∈

]−1/(4m2), 1/(4m2)[}. So m1 ·K has the desired properties.
3. Now, let |〈w〉

Z
| = ∞ and assume that 〈w〉

Z
∩ 〈F 〉

Z
6= {(1)}. Let µ be minimal

with the property that there are µ1, . . . , µl ∈ Z such that o := ord(s) < ∞ for s :=

wµ
∏l
j=1 z

µj

j . If µ |µj for all j then µ = 1. (Otherwise, ord(w
∏l
j=1 z

µj/µ
j ) < ∞, which

contradicts the choice of µ.)

(a) Assume first µ = 1.

If s∈ T then
∑l

j=1 |µj | > m2. There exists K ′ ∈ Z(A) such that for K := m1 ·K ′ and

I :=

]
1

4
∑l
j=1 |µj |

,min

(
1

4m2
,

1

2
∑l
j=1 |µj |

)[

we have zKj ∈ {e2πit : t ∈ I} if µj < 0 and zKj ∈ {e−2πit : t ∈ I} if µj ≥ 0. Hence

wK =
∏l
j=1 z

−µjK
j , which means wK 6∈ R. For z =

∏l
j=1 z

kj

j · t ∈ F̃ (t ∈ T ), we have

zK =
∏l
j=1 z

kj ·K
j ⊆ {e2πit : |t| < 1/(4m2)}m2 and hence zK ∈ R.

If s 6∈ T , then we can find K0 ∈ Z(A) such that sK0 6∈ R and tK0 = 1 for all t ∈ T .

There exists a symmetric open neighbourhood V ∈ UT(1) such that (sK0V

∑
l

j=1
|µj |)∩R

= ∅ and V m2 ⊆ R, and further, K ′ ∈ Z(A) such that zKj ∈ V for K := K0 + om1K
′

and j = 1, . . . , l. We get wK = sK0
∏l
j=1 z

−Kµj

j ∈ sK0V

∑
l

j=1
|µj | hence wK 6∈ R. For

z =
∏l
j=1 z

kj

j · t ∈ F̃ (t ∈ T ), we have zK =
∏l
j=1 z

kjK
j ∈ V

∑
l

j=1
|kj | ⊆ V m2 ⊆ R.

(b) Now we may assume that µ does not divide µ1. There exists a µ-th root of
unity ζ ∈ T such that ζ−µ1 6∈ R. Let V ∈ UT(1) be open and symmetric such that

(ζ−µ1V

∑
l

j=1
|µj |) ∩ R = ∅ and V µm2 ⊆ R. According to 7.2, there exists K ′ ∈ Z(A)
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such that zom1K
′

1 ∈ ζV and zom1K
′

j ∈ V for j = 2, . . . , l; put K := om1µK
′.Then

wK =
∏l
j=1 z

−µjom1K
′

j ∈ ζ−µ1V |µ1| · V
∑

l

j=2
|µj | ⊆ ζ−µ1V

∑
l

j=1
|µj | implies wK 6∈ R. For

z =
∏l
j=1 z

kj

j · t ∈ F̃ (t ∈ T ), we get zK =
∏l
j=1 z

kjom1µK
′

j ⊆ V µ
∑

l

j=1
|kj | ⊆ R.

Now the assertion follows.

Theorem 7.11. Let G be a topological group such that αG is injective. Then the quasi-

convex hull of every finite set is finite.

Proof. Let F ⊆ G be a finite subset. By assumption, β : G→ TG
∗

, x 7→ (χ(x))χ∈G∗ , is a
continuous monomorphism. Since qc(β(F )) is a finite subset of β(G) (7.10), the assertion
follows from 6.2(iii).

Theorem 7.12. Let G be an abelian locally quasi-convex Hausdorff group. The quasi-

convex hull of every totally bounded set is totally bounded. If , in addition, G is complete,
the quasi-convex hull of every compact set is compact.

Proof. Let S ⊆ G be totally bounded. S0 ∈ UG∗

tb
implies that S00 is a compact subset

of (G∗
tb)∗c . For γ as in 6.10, we get qc(S) = γ−1(S00) = γ−1(γ(G) ∩ S00). According to

6.10, the mapping γ(G) → G, γ(x) 7→ x, is well defined and continuous. Hence qc(S) is
totally bounded.

If G is complete, a subset of G is compact if and only if it is totally bounded and
closed. Hence the assertion follows.

Notes 7.13. 7.2 is a strengthening of Kronecker’s Approximation Theorem (cf. [34],
Theorem (26.14)). I wish to thank G. Turnwald for helpful discussions which led to 7.3.
Observe that an analogue to 7.12 holds for locally convex vector spaces.

8. Reflexivity of locally convex vector spaces

The aim of this chapter is to examine Pontryagin reflexivity of real locally convex spaces.
Since every (Pontryagin) reflexive group is locally quasi-convex (6.6) and every locally
quasi-convex Hausdorff topological vector space is locally convex (6.5), we consider locally
convex spaces only.

Since there exists a non-equivalent definition of reflexivity in the realm of locally
convex spaces, we call, in order to avoid ambiguities, a locally convex space Pontryagin

reflexive if αV is a topological isomorphism. Besides that, we use the term reflexive vector

space in the meaning of [44], p. 304, or [74], p. 144.
Moreover, the following inclusion holds:

Theorem 8.1. The additive group of every reflexive linear space is Pontryagin reflexive.

Proof. See e.g. [8], (15.3) or [77].

In the sequel, we tacitly use the equivalence of norms on every finite-dimensional
vector space.

Definition 8.2. We call a subset A of a vector space radial if it absorbs every finite
subset F ; this means there exists λ0 > 0 such that F ⊆ λ · A for all λ ≥ λ0.
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A subset C is named circled if λ · C ⊆ C for every |λ| ≤ 1.
A closed, convex, circled, radial subset B of a locally convex space is called a barrel.
A locally convex Hausdorff vector space in which every barrel is a neighbourhood of 0

is called barrelled.

Proposition 8.3. Let (V,O) be a real locally convex Hausdorff vector space and let

Vk := (V,Ok) denote the k-refinement. Then we have:

(i) The addition Vk × Vk → Vk is separately continuous. (This is equivalent to: The

translations are homeomorphisms.)
(ii) The scalar multiplication R× Vk → Vk is continuous.

(iii) Every neighbourhood of 0 in Vk is radial.

(iv) There exists a neighbourhood basis of 0 in Vk consisting of circled sets.

Proof. (i) follows from 1.6.
(ii) According to 1.4, the space R × Vk is a k-space. Since the restriction of the

scalar multiplication to compact subsets is continuous, the assertion follows from 1.5
(and 1.2(ii)).

(iii) Let F be a finite subset of V and let K be a compact neighbourhood of 0 in
the finite-dimensional space 〈F 〉

R
(endowed with the topology induced by O). For every

U ∈ UVk
(0), there exists M > 0 such that K ⊆M · U . Since K absorbs F , so does U .

(iv) Fix U ∈ UVk
(0). According to (ii), there exist δ > 0 and U0 ∈ UVk

(0) such that
δ′ ·U0 ⊆ U for all δ′ ∈ ]−δ, δ[. The union U1 :=

⋃
δ′∈]−δ,δ[ δ

′ ·U0 is a circled neighbourhood
of 0 in Vk contained in U .

Lemma 8.4. Let V be a vector space and let U be a filter basis in V satisfying:

(i) for all U ∈ U , there exists V ∈ U such that V + V ⊆ U ,
(ii) every U ∈ U is radial and circled.

Then U is a neighbourhood basis of 0 of a vector space topology on V . This topology is a

Hausdorff space if and only if
⋂
U∈U U = {0}.

Proof. This follows from 2.5 and Lemma (1.2) in [74], p. 14.

Proposition 8.5. Let (V,O) be a real locally convex Hausdorff vector space. The convex

hulls co(U) of all circled neighbourhoods of 0 in Vk form a neighbourhood basis of a locally

convex Hausdorff vector space topology Ock on V . The topology Ock is the finest locally

convex vector space topology having the same compact subsets as (V,O).

Proof. Let U0 denote the set of all circled neighbourhoods of 0 in Vk. In order to prove
that Ock is a vector space topology, it suffices to verify that (co(U))U∈U0

satisfies the
conditions of 8.4. Since U ∈ U0 implies 1

2U ∈ U0 (8.3(ii)) and 1
2co(U) = co

(
1
2U

)
, we

get co
(

1
2U

)
+ co

(
1
2U

)
= co(U), which shows (i). Condition (ii) follows immediately from

8.3(iii).
Because of 8.3(iv), the identity mappings (V,Ok)→ (V,Ock)→ (V,O) are continuous.

This shows that Ock is a Hausdorff topology on V . Because of 1.2(ii), the compact subsets
of (V,Ok) and (V,O), and hence of (V,Ock), coincide. By construction, Ock is the finest
locally convex vector space topology with this property.
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Notation 8.6. A real locally convex Hausdorff space (V,O) is called a ck-space if O and
Ock coincide.

Example 8.7. Examples of non-trivial ck-spaces can be found in Section 5 of [29].

Definition 8.8. A barrelled space V in which every closed bounded set is compact is
called a Montel space.

Theorem 8.9. Every Montel space is a reflexive vector space.

Proof. See [44], §27, 2(1), p. 372.

Theorem 8.10. There exists a real Montel space which is not complete and in which

every compact subset is contained in a finite-dimensional subspace.

Proof. See [1] or [45].

Corollary 8.11. There exists a (Pontryagin) reflexive group which is not complete.

Proof. This follows from 8.1, 8.9 and 8.10.

Corollary 8.12. There exists a locally convex vector space V (more precisely, a Montel

space) such that αV is continuous but V 6= Vck.

Proof. Let (V,O) be a Montel space having the properties stated in 8.10. Since V is a
reflexive vector space (8.9), its additive group is Pontryagin reflexive (8.1). Hence αV is
continuous.

Let A denote the set of all symmetric convex radial subsets in V . According to 8.4, A
forms a neighbourhood basis of 0 of a locally convex vector space topology on V which
induces the same topology as O on every finite-dimensional subspace and hence on every
compact subset of V . This topology is the finest locally convex vector space topology on
V , hence, it must coincide with Vck. Since (V,O) was assumed not to be complete, it
remains to prove that Vck is complete.

Therefore, let (xj)j∈J be a Cauchy net in Vck and let (bi : i ∈ I) be a Hamel basis of V .
For (ni)i∈I ∈ NI , there exists j(ni) such that xj − xj′ ∈ A(ni) := conv{±(1/ni)bi : i ∈ I}
for all j, j′ ≥ j(ni). For xj =

∑
i∈I βijbi, this is equivalent to

∑
i∈I ni|βij − βij′ | ≤ 1 for

all j, j′ ≥ j(ni). In particular, the limit βi := limj∈J βij exists. Let I0 := {i ∈ I : βi 6= 0}.
Choose (ni)i∈I ∈ NI such that 1/ni < |βi| for all i ∈ I0. For j0 := j(ni) (as above) and
i ∈ I0 we get 1/ni < |βi| ≤ |βij0 − βi|+ |βij0 | ≤ 1/ni + |βij0 |. This implies that βij0 6= 0
for all i ∈ I0. Hence I0 must be finite. For arbitrary A ∈ A, there exists (ni)i∈I ∈ NI

such that A(ni) ⊆ A. For j, j′ ≥ j(ni) we have xj − xj′ ∈ A(ni), which is equivalent to∑
i∈I ni|βij − βij′ | ≤ 1. This yields

∑
i∈I ni|βij − βi| ≤ 1. Hence

∑
i∈I βibi is the limit

of the given Cauchy net.

Proposition 8.13. For every ck-space V , the evaluation mapping αV is continuous.

Proof. Consider the following diagram:

V V

(V ′
c )′c V ∗∗

id //

βV

��
αV

��
ϕ

//
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where βV : V → (V ′
c )′c, x 7→ (f 7→ f(x)). Applying 5.5 to V and V ′, we see that the

diagram commutes and that ϕ is a topological isomorphism. Hence, αV is continuous if
and only if βV is continuous.

We have to show that for an arbitrary compact subset K ⊆ V ′
c and every η > 0 the

set K0 := {x ∈ V : |f(x)| ≤ η ∀f ∈ K} is a neighbourhood of 0. (Replacing, if necessary,
K by (1/η) · K, we may assume that η = 1.) Obviously, K0 is closed, symmetric and
convex. It remains to prove that K0 is a neighbourhood of 0 in the k-refinement. We
show that W := {x ∈ V : |f(x)| < 1 ∀f ∈ K} is an open neighbourhood of 0 in the
k-refinement. Suppose the contrary. This means that there exists a compact subset S⊆V
and x ∈ S ∩W such that for every neighbourhood U ∈ US(x) we have U 6⊆ W . This is
equivalent to

∀U ∈ US(x) ∃xU ∈ U and fU ∈ K such that |fU (xU )| ≥ 1.

Since (xU )U∈US(x) converges to x and the net (fU )U∈US(x) belongs to the compact set
K, the net (xU , fU )U∈US(x) has an accumulation point (x, f) where f ∈ K. It follows

from x ∈ W that ε := 1 − |f(x)| > 0. Hence, Ũ := {x̃ ∈ S : 1 − |f(x̃)| > ε/2} is

an open neighbourhood of x in S. Since S is compact, the set P (S, ε/2) := {f̃ ∈ V ′ :

f̃(S) ⊆ ]−ε/2, ε/2[} is an open neighbourhood of 0 in V ′
c . Hence, there exists an open

neighbourhood U ∈ US(x) such that U ⊆ Ũ and fU ∈ f + P (S, ε/2). By definition,
|fU (xU )| ≥ 1. On the other hand, |fU (xU )| = |(fU − f)(xU ) + f(xU )| < ε/2 + |f(xU )| <
ε/2 + 1− ε/2 = 1, contradicting the choice of xU and fU . This completes the proof.

Remark 8.14. It was claimed by Kye ([47]) that αV is continuous if and only if V is a
ck-space. This contradicts 8.12.

Proposition 8.15. Let U be a symmetric radial subset of a vector space V . For every

homomorphism χ : V → T satisfying χ(U) ⊆ R, there exists a unique linear functional

f : V → R such that e2πif = χ and sup{|f(x)| : x ∈ U} ≤ 1/4.

Proof. This follows from Proposition (2.2) in [8].

Proposition 8.16. Let V be a real locally convex space. αV is surjective if and only if

the closed convex hull of every compact subset is weakly compact.

Proof. This is Proposition (15.1) in [8]. Cf. also Theorem 3.2 of [47].

Corollary 8.17. For every complete locally convex space V , the canonical homomor-

phism αV is surjective.

Proof. Since both the convex hull (cf. Theorem (3.20)(b) in [73]) and the closure of
every totally bounded set are again totally bounded, it remains to observe that a subset
is compact if and only if it is totally bounded and closed (cf. Theorem (8.3.16) in [26]).
So the closed convex hull of every compact set is compact and hence weakly compact.

Theorem 8.18. Every complete real locally convex Hausdorff vector space V such that

αV is continuous is a Pontryagin reflexive group. In particular , every Banach space is a

Pontryagin reflexive group.

Proof. According to 6.5, V is locally quasi-convex. Hence 6.10 and 8.17 imply that αV
is an open isomorphism. By assumption or according to 5.12, αV is continuous.
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Theorem 8.19 (Hahn–Banach). Let p be a seminorm on a vector space E and let E0 be a

linear subspace of E. For every linear functional f0 : E0 → R satisfying s := sup{|f(x)| :
x ∈ E0∩Bp} <∞, there exists a linear functional f : E → R extending f0 and satisfying

s = sup{|f(x)| : x ∈ Bp} (where Bp := {x ∈ E : p(x) ≤ 1}).
Proof. This is Theorem 1 in §7 of [16], p. 101.

Proposition 8.20. Every finite-dimensional subspace U and every closed finite-codimen-

sional subspace W of a locally convex vector space V is an inner direct summand.

Proof. This is Lemma 4.21 in [73].

Corollary 8.21. For linearly independent vectors (x1, . . . , xn) (and n ∈ N0) of a Banach

space V , the group V/〈x1, . . . , xn〉Z is reflexive.

Proof. According to 8.20, there exists a closed subspace V0
∼= V/〈x1, . . . , xn〉R of V

such that V = V0 ⊕ 〈x1, . . . , xn〉R. Obviously, V0 is a Banach space. It is easily checked
that V/〈x1, . . . , xn〉Z is topologically isomorphic to V0⊕Tn and hence reflexive (8.18 and
5.4).

As an application of the above theory, we prove that the dual of a Banach space
endowed with the weak (vector space) topology is Pontryagin reflexive.

Theorem 8.22 (Krein–Shmul’yan). The closed convex hull of every weakly compact

subset of a Banach space is weakly compact.

Proof. See e.g. [24], p. 434, or [87].

Proposition 8.23. For every Banach space E, the identity mapping ϕ : (En)′b → (Ew)′c
(where En denotes the Banach space with its norm topology, Ew stands for the weak

vector space topology on E, and the index b denotes the strong dual) is a continuous

isomorphism. It is open if and only if E is a reflexive vector space.

Proof. It is clear that ϕ is an algebraic isomorphism. Since every weakly compact set is
weakly bounded and, due to the Mackey Theorem (cf. 3.18 in [73]), also bounded in the
original topology, it follows that ϕ is continuous.

Recall that En is a reflexive vector space if and only if the closed unit ball (and hence
every closed bounded subset) is compact in Ew (cf. Satz 70.4 in [33]).

Assume first that E is a reflexive vector space. The above characterization implies
immediately that ϕ is open. Conversely, assume that for every bounded set B in En,
there exists a weakly compact set K such that ϕ(B0) ⊇ K0. This implies co(B) ⊆ co(K).
According to 8.22, co(K) is weakly compact and so is co(B). The assertion follows again
from the above characterization.

Proposition 8.24. Let Ew be an infinite-dimensional Banach space endowed with the

weak vector space topology. Then αEw
is an open isomorphism which is not continuous.

Proof. According to 8.23, the identity mapping ϕ : (En)′b → (Ew)′c is a continuous
isomorphism. Since (En)′b is an infinite-dimensional Banach space, it contains a compact
subset which is not contained in a finite-dimensional subspace (e.g. a suitable conver-
gent sequence). On the other hand, since every neighbourhood of 0 in Ew contains a linear
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subspace of finite codimension, every equicontinuous subset of (Ew)′c is contained in a
finite-dimensional subspace. 5.10 and 5.5 imply that αEw

cannot be continuous.
The surjectivity of αEw

is a consequence of 8.22 and 8.16. (Observe that the weak
topology on Ew is again Ew.) Since Ew is locally convex, the assertion follows from 6.5
and 6.10.

Lemma 8.25. Let ϕ : G1 → G2 be a continuous homomorphism between abelian Hausdorff

groups. Suppose that ϕ and ϕ∗ are surjective, αG1
is continuous , and αG2

is an open

isomorphism. Then G∗
2 is reflexive.

Proof. Because of 5.13, 6.6 and 6.10, it suffices to show that αG∗

2
is surjective. Consider

the following commutative diagram:

G1 G2

G∗∗
1 G∗∗

2

ϕ //

αG1

��
αG2

��

ϕ∗∗
//

For η ∈ G∗∗∗
2 , the composition η ◦ ϕ∗∗ ◦ αG1

belongs to G∗
1. By assumption, there exists

χ2 ∈ G∗
2 such that η ◦ αG2

◦ ϕ = η ◦ ϕ∗∗ ◦ αG1
= ϕ∗(χ2) = χ2 ◦ ϕ. Since ϕ is surjective,

we get η ◦αG2
= χ2

5.8
= αG∗

2
(χ2) ◦αG2

. The surjectivity of αG2
implies that η = αG∗

2
(χ2).

This completes the proof.

Theorem 8.26. Let Ew denote a real Banach space with the weak vector space topology.

The dual space (Ew)′c is a Pontryagin reflexive group.

Proof. Let En be the Banach space endowed with the norm topology. For G1 = En,
G2 = Ew, and ϕ = id, the hypotheses of 8.25 are satisfied (8.24, 8.18, and 5.5). Hence
(Ew)∗ is Pontryagin reflexive and the assertion follows from 5.5.

Example 8.27. There exists a complete metrizable group which has sufficiently many
continuous characters and which is not locally quasi-convex: The sequence space ℓp for
p ∈ ]0, 1[ has these properties. [It is well known that ℓp is a complete metrizable vector
space which has sufficiently many continuous characters and which is not locally convex.
According to 6.5, ℓp is not locally quasi-convex.]

Remark 8.28. Since every reflexive group is locally quasi-convex, the above example
gives a negative answer to two questions:

Noble asked (in 1970) whether every complete k-group G such that αG is injective
is reflexive. In [57], Nickolas proved that the group A([0, 1]) (the free abelian group
generated by [0, 1]) has these properties and is not reflexive.

In 1995, Pestov strengthened the above question: Is every Čech-complete group G
with sufficiently many characters a reflexive group?

In 11.15, we give an example of a complete metrizable group G which is locally
quasi-convex but αG is not surjective.

Notes 8.29. ck-spaces were examined by Frölicher ([29]). The example given in 8.12
was also motivated by [29]. The formulation of 8.13 is weaker than Lemma 2.2 in [47].
The proof is considerably different. The part concerning the continuity in 8.24 is taken
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from [8], (15.9); it is due to Mackey and a proof can be found in [2]. I am indebted to
G. Turnwald for an inspiring discussion which led to 8.27.

9. Locally convex vector groups

In this chapter we introduce locally convex vector groups. These objects are important to
characterize locally quasi-convex groups (10.1). Besides other things, we prove that every
locally convex vector group is locally quasi-convex and we give an example of a locally
convex vector group which illustrates the connection with locally convex vector spaces.

Definition 9.1 (Răıkov). Let V be a real vector space and let O be a Hausdorff group
topology on V . (V,O) is called a locally convex vector group if there exists a neighbour-
hood basis of 0 consisting of symmetric convex sets.

Example 9.2. (Rn,O) (n ∈ N) is a locally convex vector group if and only if there exist
a basis (x1, . . . , xn) of Rn and m ∈ {0, . . . , n} such that O induces the usual topology on
〈x1, . . . , xm〉R and the discrete topology on 〈xm+1, . . . , xn〉R. [Cf. Proposition 3 in [41],
p. 533 or Satz 2 in [50], p. 15.]

Remarks 9.3. (i) Let V be a locally convex vector group. For every λ∈R, the mapping
V → V, x 7→ λx, is continuous and for λ 6= 0 it is a homeomorphism. [It suffices to
show that the function is continuous for λ > 0. Let n ∈ N0 be maximal with n ≤ λ.
For U ∈ UV (0), there exists a symmetric convex neighbourhood Ũ ∈ UV (0) such that

(n + 1)Ũ ⊆ U (this means that u1, . . . , un+1 ∈ Ũ implies
∑n+1
j=1 uj ∈ U). Hence, λŨ =

(n+ (λ− n))Ũ ⊆ nŨ + (n− λ)Ũ ⊆ nŨ + Ũ ⊆ U .]
(ii) The class of locally convex vector groups is closed under forming subspaces,

quotients by closed subspaces, and arbitrary products.
(iii) Every real locally convex Hausdorff vector space is a locally convex vector group.

Theorem 9.4 (Kenderov). For every subspace V0 of the locally convex vector group (V,O)
and every continuous linear functional f0 : V0 → R, there exists a continuous linear

functional f : V → R extending f0.

Proof. Since f0 is continuous, there exists a symmetric convex neighbourhood U ∈UV (0)
such that f0(U ∩ V0) ⊆ [−1, 1]. The family

(
1
nU

)
n∈N

forms a neighbourhood basis of 0

in 〈U〉
R

of a (not necessarily Hausdorff) vector space topology OU (8.4) which is coarser
than the topology induced by O (9.3(i)). With respect to this topology, the mapping
fU := f0|V0∩〈U〉

R
is continuous (3.4(ii)). According to the Hahn–Banach Theorem, there

exists a continuous linear functional f̃U : 〈U〉
R
→ R extending fU . Furthermore, f̃ :

〈U〉
R

+ V0 → R, x + y 7→ f̃U (x) + f0(y) (where x ∈ 〈U〉
R

and y ∈ V0), is a well defined

linear mapping (2.4) which is continuous since f̃ |〈U〉
R

is continuous (with respect to OU
and hence with respect to O) and 〈U〉

R
is an open subspace of V . An arbitrary linear

extension f of f̃ has the desired properties.

Corollary 9.5. Every closed subspace V0 of a locally convex vector group V is dually

closed.
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Proof. Fix x0 ∈ V \ V0. Since V/V0 is a locally convex vector group (9.3(ii)), there
exists, according to 9.4, a linear form f : V → R such that f(V0) = {0} and f(x0) = 1/2.
Hence χ := exp(2πif) has the desired properties.

Proposition 9.6. Every subspace V0 of a locally convex vector group (V,O) is dually

embedded.

Proof. Let χ0 : V0 → T be a character. There exists a symmetric convex neighbourhood
U ∈ UV (0) such that χ(V0 ∩ U) ⊆ R. Proposition 3.4(ii) implies that χ0|V0∩〈U〉

R
is

continuous with respect to the topology induced by the vector space topologyOU on 〈U〉
R

which is determined by the neighbourhood basis
(

1
nU

)
n∈N

(8.4). According to 5.5 (or

8.15), there exists a linear functional fU : 〈U〉
R
∩V0 → R which is continuous with respect

to OU and such that exp(2πifU ) = χ0|V0∩〈U〉
R
. By the Hahn–Banach Theorem, there

exists a linear functional f : 〈U〉
R
→ R extending fU which is continuous with respect

to OU and hence with respect to O. According to 2.4, the mapping χ̃ : V0 + 〈U〉
R
→ T,

x+y 7→ χ0(x) ·exp(2πif(y)) (for x ∈ V0 and y ∈ 〈U〉
R

), is a well defined homomorphism.
It is continuous since its restriction to the open subspace 〈U〉

R
is continuous. Hence an

arbitrary homomorphism χ extending χ̃ (2.3) is the desired extension of χ0.

Proposition 9.7. Let U be a symmetric convex neighbourhood of 0 in a locally convex

vector group V . If σ(V, V ′) denotes the weak topology on V (this is the topology induced

by all continuous linear functionals) then 1
2U

σ(V,V ′)
⊆ U. In particular , the weakly closed

symmetric convex neighbourhoods form a neighbourhood basis of 0.

Proof. This is Proposition 4 in [41], p. 535.

Proposition 9.8. Every weakly closed symmetric convex neighbourhood U of 0 in a

locally convex vector group V is quasi-convex.

Proof. For x0 6∈ U , there exist f1, . . . , fn ∈ V ′ and ε > 0 such that {y ∈ V : |fj(x0) −
fj(y)| < ε for all j ∈ {1, . . . , n}} ∩ U = ∅. Put F : V → Rn, x 7→ (f1(x), . . . , fn(x)).

Obviously, F (U) is a symmetric convex subset in Rn and F (x0) 6∈ F (U). Hence, there
exists a linear form h : Rn → R satisfying h(F (U)) ⊆ [−1/4, 1/4] and h(F (x0)) ∈
]1/4, 3/4[. The character χ := exp(2πi(h ◦ F )) satisfies χ(U) ⊆ R and χ(x0) 6∈ R.

Corollary 9.9. Every locally convex vector group V is locally quasi-convex.

Proof. The assertion follows from 9.7 and 9.8.

Remark 9.10. The reals endowed with the weak (group) topology are a locally quasi-
convex group (6.2) which is not locally compact. Hence it is not a locally convex vector
group (9.2). This shows that a vector space V endowed with a locally quasi-convex Haus-
dorff topology need not be a locally convex vector group! Cf. 6.5 and 20.20.

Proposition 9.11. Let (V,O) be a locally convex vector group. The set of all symmetric,
convex and radial neighbourhoods of 0 in O forms a neighbourhood basis of a locally

convex vector space topology OV on V . This is the finest locally convex vector space

topology which is coarser than O.

For every locally convex vector space F and every linear functional ϕ : V → F we

have: ϕ is continuous with respect to O if and only if it is continuous with respect to OV .
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Proof. This is almost clear. See also [50], p. 23 or Behauptung (2.1) in [51].

Example 9.12. Let V0 be a closed subspace of a real locally convex vector space (V,O).
If W denotes the set of all closed subspaces of finite codimension including V0 and if
U is a neighbourhood basis of 0 in V consisting of symmetric convex sets then U0 :=
(U ∩W : U ∈ U and W ∈ W) forms a neighbourhood basis for a locally convex vector
group topology OV0

on V . [Applying 2.5, it remains to observe that the intersection of
two closed finite-codimensional subspaces of V containing V0 is of the same type.]

Since the topologies on V0 induced by O and OV0
coincide, it is clear that V0 is

connected. On the other hand, for every x ∈ V \ V0, there exists W ∈ W such that
x 6∈W . Hence V0 is the component of 0 in (V,OV0

).
Moreover, it follows easily from 8.20 that the finest vector space topology on V which

is coarser than OV0
is again O.

The above construction enables us to reduce questions concerning locally convex vec-
tor groups to locally convex spaces; for instance:

Applications 9.13. (i) There exists a locally convex vector group (V,O) such that the
component V0 is not an inner direct summand. [It is well known that there exists a Banach
space V which has a closed subspace V0 which is not an inner direct summand. (See e.g.
[73], p. 136.) For OV0

as in 9.12, the assertion follows from 9.11.]
(ii) If (V,O) is a complete locally convex vector space and if V0 is a closed subspace

of V then the locally convex vector group (V,OV0
) is also complete. [Let (xj)j∈J be a

Cauchy net in (V,OV0
). Obviously, (xj)j∈J is also a Cauchy net in (V,O). By assumption,

there exists x ∈ V such that xj → x in O. Since x has a neighbourhood basis in OV0

consisting of sets which are closed with respect to O we find that (xj)j∈J converges to x
in OV0

.]

Note 9.14. 9.4 is taken from [41].

10. Two representations of locally quasi-convex groups

In this chapter we give two representations of locally quasi-convex groups. The first
asserts that every locally quasi-convex group is topologically isomorphic to a Hausdorff
quotient of a subgroup of a locally convex vector group (10.1). Secondly, we prove that
every locally quasi-convex group can be embedded into a product of complete metrizable
locally quasi-convex groups (10.6). Applying this embedding theorem to locally convex
vector groups, we prove that αV is an open isomorphism for every complete locally convex
vector group V (10.8).

Theorem 10.1. For every locally quasi-convex Hausdorff group G with a neighbourhood

basis U , there exist: a locally convex vector group V , a subgroup H of V , and a closed

subgroup K ≤ H such that G ∼= H/K. Moreover , V can be chosen so that 0 ∈ V has a

neighbourhood basis of the cardinality of U .
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The construction in the following proof will be taken up again in the proof of 20.32.

Proof. We may assume that U consists of quasi-convex sets. For U ∈ U , we put

XU := {κ ∈ RG
∗

: (∃x ∈ U : ̺(κ(χ)) = χ(x) and |κ(χ)| ≤ 1/4) ∀χ ∈ U0}
and YU := coXU where ̺ : R→ T, t 7→ e2πit, is the canonical projection.

Observe that

(∗) |κ(χ)| ≤ 1/(4n) for all κ ∈ YU and all χ ∈ P (U, Vn).

[Since {χ, χ2, . . . , χn} ⊆ U0, we get |κ̃(χ)| ≤ 1/(4n) for arbitrary κ̃ ∈ XU (see 6.3).]

For Ũ , U ∈ U such that Ũ + Ũ ⊆ U we have Y
Ũ

+ Y
Ũ
⊆ YU . [It suffices to show that

X
Ũ

+X
Ũ
⊆ XU . For κ1, κ2 ∈ XŨ

, there exist x1, x2 ∈ Ũ such that

̺(κj(χ̃)) = χ̃(xj) and |κj(χ̃)| ≤ 1/4 for j ∈ {1, 2} and all χ̃ ∈ Ũ0.

Since U0 ⊆ P (Ũ , V2) (by 6.3), (∗) implies |κj(χ)| ≤ 1/8 and hence |(κ1 + κ2)(χ)| ≤ 1/4
for all χ ∈ U0. Furthermore, ̺((κ1 + κ2)(χ)) = χ(x1) ·χ(x2) = χ(x1 + x2), which implies
the assertion, since x1 + x2 ∈ U .]

Obviously, for Ũ , U ∈ U such that Ũ ⊆ U we have Y
Ũ
⊆ YU . Since all U ∈ U are

symmetric, so are the YU . It is a consequence of 2.5 that (YU )U∈U forms a neighbourhood
basis of (0)χ∈G∗ of a group topology O on V := RG

∗

. For κ 6= (0), there exists χ ∈ G∗

such that κ(χ) 6= 0. If |κ(χ)| > 1/4 then κ 6∈ YU for all U . Otherwise, for n ∈ N and
U ∈ U such that κ(χ) ∈ ]1/(4n), 1/4] and χ(U) ⊆ Vn, we conclude from (∗) that κ 6∈ YU .
This shows that (V,O) is a Hausdorff space and the above construction yields that it is
a locally convex vector group.

The induced mapping α : G→ αG(G), x 7→ αG(x), is an isomorphism (6.10). Let ˜̺ :
RG

∗ → TG
∗

, (xχ) 7→ (̺(xχ)), be the canonical epimorphism and put H := ˜̺−1(αG(G));
then K := ˜̺−1({(1)χ∈G∗}) is a closed subgroup of H . Let π : H → H/K denote the
canonical projection. The homomorphism ̺′ : H/K → αG(G) induced by ˜̺ is an isomor-
phism.

H

G αG(G) H/K

˜̺|H
��

π

IIIIIIII$$
α

//
̺′

oo

In order to prove that α−1 ◦ ̺′ is a topological isomorphism, it is enough to show

(∗∗) (̺′(π(H ∩ YU ))) = ˜̺(H ∩ YU ) = α(U)

for all U ∈ U , since π is a continuous open epimorphism.
Fix U ∈ U and x ∈ U . For κ ∈ H such that ˜̺(κ) = α(x) and χ ∈ U0, we get

̺(κ(χ)) = ˜̺(κ)(χ) = α(x)(χ) = χ(x) ∈ R. In addition, we may assume that |κ(χ)| ≤ 1/4
for all χ ∈ U0. This shows that κ ∈ XU and “⊇” follows.

Let κ ∈ YU ∩ H . There exists x ∈ G such that ˜̺(κ) = α(x). For χ ∈ U0 we get,
according to (∗), χ(x) = α(x)(χ) = ˜̺(κ)(χ) = exp(2πiκ(χ)) ∈ R, which implies x ∈ U
since U was assumed to be quasi-convex. This completes the proof.

Lemma 10.2. Let G be an abelian Hausdorff group and let U be a neighbourhood basis of

the unit element. Assume that for each U ∈ U , there exist
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(i) a closed subgroup HU ⊆ U such that U = U +HU , and

(ii) a group topology OU on G/HU which is coarser than the quotient topology (this
means that the canonical projection πU : G→ (G/HU ,OU ) is continuous) and such that

πU (U) is a neighbourhood of πU (e) with respect to OU .

Then the mapping

Φ : G→
∏

U∈U

(G/HU ,OU ), x 7→ (πU (x))U∈U ,

is an embedding and Φ(G) is dually embedded in the product.

Proof. Since all πU are continuous, so is Φ.
For x ∈ G \ {e}, there is a U ∈ U such that x 6∈ U and hence x 6∈ HU , which implies

πU (x) 6= πU (e). So Φ is injective.

Fix V ∈ U . Since πV (x) ∈ πV (V ) if and only if x ∈ V + HV
(i)
= V we get Φ(V ) =

{(πU (x))U∈U : x ∈ G, πV (x) ∈ πV (V )} = Φ(G)∩ (πV (V )×∏
U∈U\{V }G/HU ). Hence (ii)

implies that Φ is an embedding.
For each χ ∈ Φ(G)∗ the composition χ ◦ Φ belongs to G∗ and hence there is a V ∈ U

such that χ(Φ(V )) ⊆ R. This implies χ ◦ Φ ∈ H⊥
V (3.3(ii)). Hence χ̃ : G/HV → T,

x + HV 7→ χ(Φ(x)), is well defined and it follows from (i), (ii) and 3.4(ii) that χ̃ is
continuous with respect to OV . Let ΠV :

∏
U∈U G/HU → G/HV denote the canoni-

cal projection. Then χ̃ ◦ ΠV ∈ (
∏
U∈U G/HU )∗ and, for (πU (x))U∈U ∈ Φ(G), we have

χ̃(ΠV ((πU (x))U∈U )) = χ̃(πV (x)) = χ(Φ(x)). This means χ̃ ◦ ΠV |Φ(G) = χ and hence
Φ(G) is dually embedded in

∏
U∈U G/HU . This completes the proof.

Lemma 10.3. Let G be an abelian topological group and let U =
⋂
χ∈S χ

−1(Vn) (for some

n ∈ N and S ⊆ G∗) be a quasi-convex subset of G. Then HU :=
⋂
χ∈S kerχ is the largest

subgroup contained in U ; it is closed and U = U +HU . If πU : G→ G/HU denotes the

canonical projection then πU (U) contains no non-trivial subgroup of G/HU .

The set W := {x ∈ U : x + x ∈ U} is quasi-convex and equals
⋂
χ∈S χ

−1(V2n);
furthermore, W +W ⊆ U . If U is a neighbourhood of the unit element , so is W .

Proof. Obviously, HU is a closed subgroup of G and a subset of U . Let H̃ ≤ G be
contained in U . For all χ ∈ S we get χ(H̃) = {1} (3.3(ii)), which implies H̃ ≤ HU .

U⊆ U+HU is trivial. For each χ∈ S we have χ(HU )={1}. This implies χ(HU +U)=
χ(U) ⊆ Vn and hence U =

⋂
χ∈S χ

−1(Vn) ⊇ U +HU .

For every subgroup A ≤ G/HU contained in πU (U), the subgroup π−1
U (A) of G is

contained in U and hence in HU , which implies that A = {eG/HU
}.

By the definition of U , we have x ∈ W if and only if χ(x) ∈ Vn and χ(x + x) ∈ Vn
for all χ ∈ S; this is equivalent to χ(x) ∈ V2n for all χ ∈ S. Hence, according to 6.2(iii),
(ii) and 6.4, W =

⋂
χ∈S χ

−1(V2n) is quasi-convex. For x, y ∈ W and χ ∈ S we have
χ(x+ y) ∈ V2n · V2n = Vn, which implies x+ y ∈ U . The assertion follows easily.

Proposition 10.4. Let U =
⋂
χ∈U0 χ−1(V1) be a quasi-convex neighbourhood of the unit

element of the abelian Hausdorff group G. For HU as in 10.3, there exists a coarsest

group topology TU such that (G/HU , TU ) is a locally quasi-convex Hausdorff group and

such that the image of U under the canonical projection is a neighbourhood of eG/HU
.
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A neighbourhood basis of eG/HU
in TU is given by the sets (

⋂
χ∈U0 χ−1(V2n ))n∈N0

. In

particular , (G/HU , TU ) is a metrizable group.

Proof. Put U0 := U and, inductively, Un+1 := {x ∈ Un : x + x ∈ Un}. According
to 10.3, the Un are quasi-convex neighbourhoods containing HU and satisfying Un =⋂
χ∈U0 χ−1(V2n ). Hence

⋂
n∈N0

Un = {x ∈ U : χ(x) = 1 ∀χ ∈ U0} = HU . Let πU : G→
G/HU denote the canonical projection. Applying 2.5, 10.3 and 2.19, it is easy to check
that (πU (Un))n∈N0

is a neighbourhood basis of πU (e) of a Hausdorff group topology TU
on G/HU . Furthermore, (G/HU , TU ) is locally quasi-convex. [Let πU (x) 6∈ πU (Un) for

some n ∈ N0. Hence x 6∈ Un + HU
10.3
= Un, and therefore there is a χ ∈ G∗ such that

χ(Un) ⊆ R and χ(x) 6∈ R. Since HU ≤ kerχ (3.3(ii)), there is a continuous (with respect
to the quotient topology) homomorphism χ̃ : G/HU → T satisfying χ̃ ◦ πU = χ. Since
χ̃(πU (Un)) ⊆ R, it follows that χ̃ is also continuous with respect to TU (3.4(ii)).] Having
a countable neighbourhood basis (πU (Un))n∈N0

and being a Hausdorff space, (G/HU , TU )
is a metrizable group (2.7).

Now, let O be any group topology on G/HU such that πU (U) is a neighbourhood of

πU (e). For a neighbourhood Ṽ of πU (e) (in O) satisfying Ṽ 2n ⊆ πU (U), we get π−1
U (Ṽ )

⊆ Un (by 6.3) and hence πU (Un) ⊇ Ṽ . The assertion follows.

Lemma 10.5. Let U be a weakly closed (cf. 9.7) symmetric convex neighbourhood of a

locally convex vector group G. Then HU := {x ∈ U : λ · x ∈ U ∀λ ∈ R} is a subspace

and the largest subgroup contained in U . If πU : G → G/HU denotes the canonical

projection then πU (U) contains only the trivial subgroup and (πU ((1/2n)U))n∈N forms a

neighbourhood basis of a metrizable locally convex vector group topology TU on G/HU .

Moreover , (G/HU , πU , TU ) satisfies the assumptions of 10.2 and G/HU is topologically

isomorphic to the product of a metrizable locally convex space and a discrete vector space.

Proof. Let ψU : 〈U〉
R
→ R, x 7→ inf{λ > 0 : x ∈ λU}, denote the Minkowski functional

corresponding to U . Since every subgroup contained in U is mapped onto {0} under ψU ,
we see that for the unionHU of all subgroups in U , HU ⊆ ψ−1

U ({0}). Conversely, ψ−1
U ({0})

is a vector space contained in U . This shows that equality holds. It is a consequence of
9.8 and 10.3 that HU is closed and that U = U + HU . For every subgroup A ≤ V/HU

contained in πU (U) the subgroup π−1
U (A) is contained in U +HU = U and hence in HU ,

which implies that A is trivial.
HU being a subspace, the canonical projection πU : G→G/HU is a linear operator.

Hence πU (U) is symmetric and convex and the sets (πU ((1/2n)U))n∈N0
form a neighbour-

hood basis of a group topology TU on (the vector space) G/HU (by 2.5). It follows from
2.19 and 10.3 that (G/HU , TU ) is a Hausdorff space. By construction, it is a locally convex
vector group. The open subspace πU (〈U〉

R
) is a metrizable locally convex vector space

(2.7 and 8.4). Hence, any subspace FU ≤ G/HU complementing πU (〈U〉
R

) algebraically
and endowed with the discrete topology is a topological inner direct summand.

Theorem 10.6. Every locally quasi-convex Hausdorff group (locally convex vector group)
G can be embedded into a product of complete metrizable locally quasi-convex Hausdorff

groups (of complete metrizable locally convex spaces and discrete spaces) such that the

image is dually embedded. If G is complete the image is dually closed.
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Proof. Let U be a neighbourhood basis of e in G consisting of quasi-convex (weakly
closed symmetric convex) sets. According to 10.3 and 10.4 (10.5), the sets U , HU and TU
satisfy the conditions of 10.2. Hence Φ : G→∏

U∈U (G/HU , TU ), x 7→ (πU (x))U∈U , is an
embedding into a product of metrizable locally quasi-convex groups (metrizable locally
convex vector groups which are topologically isomorphic to the product of a metrizable
locally convex vector space and a discrete vector space) and Φ(G) is dually embedded.

Assume first that G is a locally quasi-convex group. For V ⊆ U , V, U ∈ U , we put
πUV : G/HV → G/HU , x + HV 7→ x + HU . By the definition of HU (cf. 10.3), this
mapping is well defined. For n ∈ N0, we have

π−1
UV

(
πU

( ⋂

χ∈U0

χ−1(V2n)
))

=
⋂

χ∈U0

{πV (x) : χ(x) ∈ V2n} ⊇
⋂

χ∈V 0

{πV (x) : χ(x) ∈ V2n}

= πV

( ⋂

χ∈V 0

χ−1(V2n )
)
∈ UG/HV

(e).

Hence πUV is continuous. It follows from 2.13 and 6.17 that the completion G̃/HU exists
and that it is locally quasi-convex.

Let π̃UV : ˜G/HV → G̃/HU denote the continuous homomorphism extending πUV (see

2.17) and let ι :
∏
U∈U G/HU →

∏
U∈U

˜G/HU be the canonical embedding. Obviously,
ι ◦ Φ is an embedding. Since ι has dense image, it is a consequence of 2.17 (or 4.1) that

ι(Φ(G)) is dually embedded in
∏
U∈U

˜G/HU .

Assume now that G is complete. Put P := lim←−(G/HU , πUV ,U) and P̃ := lim←−( ˜G/HU ,

π̃UV ,U). It is clear that Φ(G) ⊆ P and that ι(P ) ⊆ P̃ . In order to prove that G is dually

closed in
∏
U∈U

˜G/HU , it suffices to show that the other inclusions also hold (6.10 and
5.28). Therefore, let (xU + HU )U∈U ∈ P . The net (xU )U∈U is a Cauchy net in G. [For
U ∈ U and V, V ′ ∈ U contained in U , we get xV −xV ′ = (xV −xU )− (xV ′ −xU ) ∈ HU −
HU = HU ⊆ U .] One easily checks that x := limU∈U xU satisfies Φ(x) = (xU +HU )U∈U .

This shows that Φ(G) = P . In order to prove ι(P ) = P̃ , it suffices to check that ι(P ) is

dense in P̃ since ι(P ) = ι(Φ(G)) is complete and hence closed.

The sets (
∏
U∈U\{U0}

˜G/HU ×πU0
(U0))∩ P̃ (where U0 ∈ U and the closure is taken in

˜G/HU0
) form a neighbourhood basis of e in P̃ . [According to 6.15, the sets (

∏n
j=1W j ×∏

U∈U\{U1,...,Un}GU/HU ) ∩ P̃ , where Wj is a neighbourhood of e in (G/HUj
, TUj

) and

n∈N, form a neighbourhood basis of e in P̃ . For U0 ∈ U contained in
⋂n
j=1(π−1

Uj
(Wj)∩Uj),

we have π̃UjU0
(πU0

(U0)) ⊆ πUjU0
(πU0

(U0)) ⊆W j . This shows that the above neighbour-

hood contains (
∏
U∈U\U0

˜G/HU × πU0
(U0)) ∩ P̃ .]

For (x̃U )U∈U ∈ P̃ and U0 ∈ U , there exists x ∈ G such that πU0
(x) − x̃U0

∈ πU0
(U0);

so we get ι(Φ(x)) − (x̃U )U∈U ∈ (
∏
U∈U\U0

˜G/HU × πU0
(U0)) ∩ P̃ .

Assume now that G is a locally convex vector group. Changing the notation, we
write the above embedding Φ : G→∏

U∈U (VU × FU ) where VU is a metrizable locally
convex vector space and FU is a discrete vector space. According to 1.5 in [74] and

2.7, the completion ṼU of VU is a complete metrizable locally convex vector space. Let
ι :

∏
U∈U (VU × FU ) → ∏

U∈U (ṼU × FU ) denote the canonical embedding. Since both Φ
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and ι are continuous linear operators, ι(Φ(G)) is a linear subspace and hence, according
to 9.6, dually embedded. If G is complete, so is ι(Φ(G). Hence ι(Φ(G)) is closed and it
follows from 9.5 that ι(Φ(G)) is dually closed in the product.

Combining 10.1 and 10.6 yields:

Proposition 10.7. Every locally quasi-convex Hausdorff group G is topologically isomor-

phic to a Hausdorff quotient group of a subgroup of a locally convex vector space and a

product of discrete (vector) spaces.

Corollary 10.8. For every complete locally convex vector group V , the evaluation map-

ping αV is an open isomorphism. In particular , every complete metrizable locally convex

vector group is reflexive.

Proof. According to the above theorem, V can be considered as a dually closed and du-
ally embedded subspace of a product of complete metrizable locally convex vector spaces
and discrete spaces. According to 5.4, 8.18, 5.12 and 5.3, the product is a Pontryagin
reflexive group. The assertion follows from 5.25 and 5.12.

Remark 10.9. In the next chapter we give an example of a complete metrizable locally
quasi-convex group which is not reflexive. This shows that the linear structure of locally
convex vector groups is essential for the validity of 10.8.

Notes 10.10. 10.1 is the first part of the proof of Theorem (9.6) in [8]. The statement
is new. The assertion of 10.8 is Theorem (15.7) in [8] and the proof given here is a
modification of the arguments given there.

11. The character groups of Lp
Z
([0, 1]) and Lp([0, 1])

In this chapter we give an example of a closed subgroup H of a completely metrizable
(locally quasi-convex) reflexive group G (more precisely, a locally convex space) which
is not the whole group but the dual homomorphism ι∗ : G∗ → H∗ is a topological
isomorphism. This means that H and G have the same character group. In particular,
this example shows that αH need not be surjective if H is a locally quasi-convex and
completely metrizable abelian group (cf. 20.38).

Let H := Lp
Z

([0, 1]) be the subgroup of G := Lp([0, 1]) consisting of all almost every-
where integer-valued functions where p ∈ ]1,∞[ and let S := 〈1B : B ∈ B([0, 1])〉

R
be the

vector space spanned by all indicator functions of Borel measurable sets.

Remarks 11.1. (i) H is closed in G. [Let (xn)n∈N be a sequence in H converging to
x ∈ G. By the Riesz–Fischer theorem, we can choose a subsequence (xnk

)k∈N converging
almost everywhere to x. Hence the values of x are almost everywhere in Z.]

(ii) H = S ∩H. [“⊇” follows from (i). Each x ∈ H has the form x =
∑

k∈Z
k · 1Bk

for suitable Bk ∈ B. It is a consequence of the dominated convergence theorem that∑
|k|≤n k · 1Bk

→ x in Lp as n→∞.]

(iii) G = S. [See [71], p. 69, (3.13).]

Remark 11.2. For positive numbers a, b we have (a+b)p ≤ 2p·(max(a, b))p ≤ 2p·(ap+bp).
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Lemma 11.3. The mapping

σ : [0, 1]×G→ G, (t, x) 7→ 1[0,t] · x,

is continuous , x 7→ σ(t, x) is , for fixed t ∈ [0, 1], a homomorphism, and σ([0, 1] × H)
⊆ H.

Proof. Since ‖x ·1[0,t]‖p ≤ ‖x‖p for all x ∈ G and t ∈ [0, 1], σ is well defined. Obviously,
σ([0, 1]×H) ⊆ H and σ(t, ·) is a homomorphism.

So it suffices to prove the continuity of σ. Let therefore (tn, xn)n∈N be a sequence in
[0, 1]×G converging to (t0, x0). For all n ∈ N such that tn > t0, we get

1

T
0
|xn · 1[0,tn] − x0 · 1[0,t0]|p dλ =

t0
T
0
|x0 − xn|p dλ+

tn
T
t0
|xn|p dλ

≤
t0
T
0
|x0 − xn|p dλ+

tn
T
t0

(|xn − x0|+ |x0|)p dλ
11.2
≤

1

T
0
|x0 − xn|p dλ+ 2p

tn
T
t0

(|xn − x0|p + |x0|p) dλ

and for n ∈ N such that tn ≤ t0,

1

T
0
|xn · 1[0,tn] − x0 · 1[0,t0]|p dλ =

tn
T
0
|x0 − xn|p dλ +

t0
T
tn
|x0|p dλ.

Now the continuity of σ is a consequence of the dominated convergence theorem.

Corollary 11.4. H is pathwise connected but contains only the trivial one-parameter

subgroup.

Proof. It follows immediately from 11.3 that H is pathwise connected.
Let f : R→ H be a continuous homomorphism. Suppose there exists x0 ∈ R such that

f(x0) 6= 0. Since H is torsion-free, this leads to the contradiction f(tx0) = tf(x0) 6∈ H
for suitable t ∈ Q ∩ ]0, 1[.

Theorem 11.5. Let G be a topological space and let ϕ : [0, 1]×G→ T be a continuous

mapping such that ϕ(0, ·) ≡ 1. Then there exists a continuous lifting Φ : [0, 1]×G → R

such that e2πiΦ = ϕ and Φ(0, ·) ≡ 0.

R

[0, 1]×G T
��

ϕ
//

Φvvvvvvvv::

If G is a topological group and ϕ(t, ·) is a homomorphism for each t ∈ [0, 1], then Φ(t, ·)
is a homomorphism as well.

Proof. For the existence of Φ, see [78], pp. 66ff.
Assume now that G is a topological group and that ϕ(t, ·) is a homomorphism for

all t ∈ [0, 1]. For x, y ∈ G, put ψxy : [0, 1] → R, t 7→ Φ(t, x + y) − Φ(t, x) − Φ(t, y).
Obviously, ψxy is continuous and ψxy(0) = 0. By assumption, we have e2πiψxy(t) =
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ϕ(t, x + y)ϕ(t, x)−1ϕ(t, y)−1 = 1. Since ψxy([0, 1]) is connected and contained in Z, it
must be trivial. This completes the proof.

Theorem 11.6 (Nickolas). If G is an abelian topological group and a k-space then the

path-component Cp of eG∗ is the union of all one-parameter subgroups of G∗.

Proof. Since the union of all one-parameter subgroups of G∗ is contained in Cp, it has
to be shown that for every χ ∈ Cp, there exists a continuous homomorphism f : R→ G∗

satisfying f(1) = χ. By assumption, there exists a continuous mapping ϕ̃ : [0, 1] → G∗

such that ϕ̃(0) = eG∗ and ϕ̃(1) = χ. This gives rise to the mapping ϕ : [0, 1]× G → T,
(t, x) 7→ ϕ̃(t)(x). Since [0, 1]×G is a k-space (1.4), ϕ is continuous if and only if ϕ|[0,1]×K
is continuous for every compact subset K ⊆ G (see 1.5). Therefore, fix t0 ∈ [0, 1], x ∈ K
and V ∈ UT(1). There exist U ∈ UG(e) such that ϕ̃(t0)(U) ⊆ V and ε > 0 such that
ϕ̃(t0)ϕ̃(t) ∈ P (K,V ) for all t ∈ [0, 1] satisfying |t − t0| < ε. Hence, ϕ(t0, x0)ϕ(t, x) =
ϕ̃(t0)(x0−x) ·(ϕ̃(t0) · ϕ̃(t))(x) ∈ V ·V for all x ∈ x0 +U . This shows that ϕ is continuous.
According to 11.5, there exists Φ : [0, 1]×G→ R satisfying e2πiΦ = ϕ. Furthermore, Φ(t, ·)
is a continuous homomorphism for every t ∈ [0, 1]. Put Φ1 := Φ(1, ·). The homomorphism
f : R → G∗, t 7→ exp(2πit · Φ1), satisfies f(1) = ϕ(1, ·) = χ. Fix a compact K ⊆ G and
ε > 0. Since Φ1(K) is compact, there exists δ > 0 such that Φ1(K) ⊆ ]−ε/δ, ε/δ[. This
implies f(]−δ, δ[) ⊆ P (K, {e2πit : |t| ≤ ε}). So f is continuous and hence it is the desired
one-parameter subgroup.

Corollary 11.7. If G is a reflexive group such that G∗ is a k-space, then the path-

component of e ∈ G is the union of all one-parameter subgroups of G.

Proof. This is an immediate consequence of 11.6.

Corollary 11.8. The path-component of the unit element of every almost metrizable

reflexive group is the union of all one-parameter subgroups.

Proof. This follows directly from 11.7 and 5.20.

Example 11.9. H is not reflexive. [H is a metrizable and hence an almost metrizable
group (1.23(i)). Hence the assertion follows from 11.8 and 11.4.]

Lemma 11.10. ̺ : Hom(H,R)→ H∗, ψ 7→ e2πiψ , is a topological isomorphism where the

groups are endowed with the compact-open topology.

Proof. Obviously, ̺ is a continuous homomorphism.
Since H is connected (11.4), the kernel ker ̺ = {ψ ∈ Hom(H,R) : ψ(H) ≤ Z} is

trivial and hence ̺ is injective.
̺ is surjective. Let χ ∈ H∗. The mapping ϕ : [0, 1]×H → T, (t, x) 7→ χ(σ(t, x)), is a

well defined continuous mapping and ϕ(t, ·) is a homomorphism (11.3). Since ϕ({0}×H)
= {1}, there exists a continuous lifting Φ : [0, 1]×H → R of ϕ such that ψ : x 7→ Φ(1, x)
belongs to Hom(H,R) (by 11.5). Since e2πiψ = χ, the surjectivity of ̺ follows.

̺ is open. Let K ⊆ H be compact and let ε > 0. Because of 11.3, K̃ := σ([0, 1]×K) ⊆
H is compact. For V := {e2πit : |t| < ε} (and ε ∈ ]0, 1/2[), we get ̺(P (K, ]−ε, ε[)) ⊇
P (K̃, V ). [Let e2πiψ ∈ P (K̃, V ) where ψ : H → R is a continuous homomorphism;
since ̺ is an epimorphism, each character is of this form. Fix x ∈ K. Since [0, 1] → R,
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t 7→ ψ(σ(t, x)), is continuous (11.3), the image is connected. By assumption, ψ(σ([0, 1]×
{x})) ⊆ ]−ε, ε[ + Z. This implies ψ(x) = ψ(σ(1, x)) ∈ ]−ε, ε[ ].

Lemma 11.11. Let (an)n∈N be a sequence of non-negative numbers such that
∑
n∈N

an
= ∞. For n0 := min{n ∈ N : an > 0} and sn :=

∑n
k=1 ak we have

∑
n≥n0

an/sn = ∞
and , for p > 1,

∑
n≥n0

an/s
p
n <∞.

Proof. For k > m ≥ n0 we have

k∑

n=m

an
sn
≥

k∑

n=m

an
sk

=
sk − sm−1

sk

k→∞−−→ 1,

which shows that (
∑k

n=n0
an/sn)k≥n0

cannot be a Cauchy sequence.
Fix p > 1. For 0 < a ≤ b we get by the Mean Value Theorem

b1−p − a1−p ≤ (b − a)(1− p)b−p or
b− a
bp
≤ 1

p− 1

(
1

ap−1
− 1

bp−1

)
.

This implies

k∑

n=n0

an
spn

=

k∑

n=n0

sn − sn−1

spn
≤ a1−p

n0
+

1

p− 1

k∑

n=n0+1

(
1

sp−1
n−1

− 1

sp−1
n

)

= a1−p
n0

+
1

p− 1

(
1

sp−1
n0

− 1

sp−1
k

)
.

The assertion follows.

Lemma 11.12. If y ∈ Lq([0, 1]) (where 1/p+ 1/q = 1) satisfies |T1
0 x · y dλ| ≤ 1 for all

x ∈ H such that ‖x‖p ≤ ε, then ‖y‖q ≤ 4(4/ε)p + 6.

Proof. Put y+ := max(y, 0). There exist disjoint measurable sets Bn such that z :=∑
n∈N

n·1Bn
≤ y+ ≤ z+1. We may assume that ‖z‖qq =

∑
n∈N

nq·λ(Bn) > 0. (Otherwise,
‖y+‖q ≤ 1.) Observe that ‖z‖q ≤ ‖y+‖q ≤ ‖y‖q < ∞. For n ∈ N, there exist kn ∈ N0

such that
∣∣∣∣
nq−1

‖z‖q−1
q

− kn
∣∣∣∣ ≤

1

2
.

Put x+ :=
∑

n∈N
kn · 1Bn

. As a consequence of

∑

n∈N

kpn · λ(Bn) ≤
∑

n∈N

(
nq−1

‖z‖q−1
q

+
1

2

)p
· λ(Bn)

11.2
≤ 2p

∑

n∈N

(
npq−p

‖z‖pq−pq

+
1

2p

)
· λ(Bn)

= 2p
∑

n∈N

(
nq · λ(Bn)

‖z‖qq
+

1

2p
· λ(Bn)

)

≤ 2p
(

1 +
1

2p

)
= 2p + 1 ≤ 2p+1 ≤ 22p,

we deduce that x+ ∈ H and ‖x+‖p ≤ 4. Furthermore,
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1

T
0
y · x+ dλ =

1

T
0
y+ · x+ dλ ≥

1

T
0
z · x+ dλ =

∑

n∈N

kn · n · λ(Bn)

≥
∑

n∈N

(
nq−1

‖z‖q−1
q

− 1

2

)
· n · λ(Bn) =

∑

n∈N

nq

‖z‖q−1
q

λ(Bn)− 1

2
‖z‖1

≥ ‖z‖q −
1

2
‖z‖q =

1

2
‖z‖q.

(The last inequality is a consequence of the Hölder inequality.)
On the other hand, according to 11.3, there exists a partition 0 = t0 < t1 < . . . <

tn = 1 such that ‖x+ · 1[tj ,tj+1[‖p ≤ ε. Observing that ‖x+‖pp =
∑n−1

j=0 ‖x+ · 1[tj,tj+1[‖pp,
we may assume that n ≤ (4/ε)p + 1. Hence

∣∣∣
1

T
0
x+ · y dλ

∣∣∣ ≤
n−1∑

j=0

∣∣∣
1

T
0
x+ · 1[tj,tj+1[ · y dλ

∣∣∣ ≤ n

(by assumption). Combining these estimates yields

1

2
‖z‖q ≤

∣∣∣
1

T
0
x+ · y dλ

∣∣∣ ≤ n ≤
(

4

ε

)p
+ 1

and hence ‖y+‖q ≤ ‖z‖q + 1 ≤ 2(4/ε)p + 3.
The analogous estimate for y− := −min(0, y) implies the assertion.

Lemma 11.13. For p > 1, γ : (Lp([0, 1]))′ → Hom(H,R), Ψ 7→ Ψ |H , is a topological

isomorphism.

Proof. Obviously, γ is a continuous homomorphism.
γ is injective. Let Ψ ∈ Lp([0, 1])′ be such that Ψ |H ≡ 0. Then Ψ(1B) = 0 for all

B ∈ B([0, 1]) and since Ψ is linear, we get Ψ(S) = {0}. Since S is dense (11.1), Ψ ≡ 0
and hence γ is injective.

γ is surjective. For ψ ∈ Hom(H,R), the mapping µ : B([0, 1]) → R, B 7→ ψ(1B),
defines a signed measure which is absolutely continuous with respect to the Lebesgue
measure λ|[0,1]. By the Radon–Nikodym Theorem (cf. [71], p. 121), there exists y ∈
L1([0, 1]) such that µ = y·λ. This means ψ(1B) = µ(B) = T

1
0 1B ·y dλ for all B ∈ B. Since

both sides are additive, we get ψ(x) = T
1
0 x · y dλ for all x ∈ H ∩ S. We now show that

y ∈ Lq([0, 1]) where q satisfies 1/p+ 1/q = 1. This is equivalent to y+ := max(0, y) and
y− := −min(0, y) belong to Lq([0, 1]). There exist Bn ∈ B such that z :=

∑
n∈N

n ·1Bn
≤

y+ ≤ z + 1. Put sn :=
∑n

k=1 k
q · λ(Bk) and kn := [nq−1/sn] for those n where sn is

positive and kn := 0 otherwise. (For t > 0 the largest integer smaller than or equal to
t is denoted by [t].) Suppose (sn)n∈N is not bounded. Let n0 := min{n ∈ N : sn > 0}.
According to 11.11, we get

∑

n∈N

kpn · λ(Bn) ≤
∑

n≥n0

npq−p

spn
· λ(Bn) =

∑

n≥n0

nq

spn
· λ(Bn) <∞

and
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N∑

n=1

n · kn · λ(Bn) ≥ −
∑

n∈N

n · λ(Bn) +

N∑

n=n0

nq

sn
λ(Bn)

N→∞−−→ ∞,

since ∑

n∈N

n · λ(Bn) = ‖z‖1 ≤ ‖y+‖1 ≤ ‖y‖1 <∞.

This shows that xN :=
∑N

n=1 kn · 1Bn
∈ H tends to

∑
n∈N

kn · 1Bn
∈ H but

ψ(xN ) =
1

T
0
xN · y dλ =

1

T
0
xN · y+ dλ ≥

N∑

n=1

kn · n · λ(Bn)

does not converge, in contradiction to the continuity of ψ. Hence (sn)n∈N is bounded,
which implies y+ ∈ Lq([0, 1]). Analogously, y− and hence y = y+−y− belong to Lq([0, 1]).
By the Hölder inequality, Ψ : G → R, x 7→ T

1
0 x · y dλ, is continuous and hence it is the

desired extension of ψ.
γ is open. Lemma 11.12 implies that, for ε > 0, there exists δ > 0 such that (εB ∩H)0

⊆ (δB)0 (where B denotes the unit ball of G). According to 1.3 and 1.32, every compact
subset of Hom(H,R) is compact with respect to Hom(G,R). Since both are k-spaces
(4.7 and 11.4) and since γ is continuous, the topologies of Hom(H,R) and Hom(G,R)
coincide, which completes the proof.

Theorem 11.14. Let ι : Lp
Z

([0, 1])→ Lp([0, 1]) denote the embedding and let p > 1. Then

ι∗ is a topological isomorphism.

Proof. This follows immediately from 11.10, 11.13 and 5.5.

Corollary 11.15. For p > 1, H := Lp
Z

([0, 1]) is a complete metrizable locally quasi-

convex group such that αH is an embedding which is not surjective; in particular , Lp
Z

([0, 1])
is not reflexive.

Proof. Trivially, H is a complete metrizable group and, being a subgroup of the reflexive
(8.18) group Lp([0, 1]), it is locally quasi-convex (6.8(i)). According to 5.12 and 6.10, αH is
an embedding. Since G is reflexive, we deduce from 11.14 that H∗∗ ∼= G∗∗ ∼= G. It follows
from 11.4 that H is not topologically isomorphic to G. This shows that αH cannot be
onto.

Notes 11.16. The statement that Lp
Z

([0, 1]) is not reflexive was pointed out to me by
W. Banaszczyk. Helpful discussions with him and G. Turnwald led to 11.3 and 11.11.
The results 11.5, 11.6 and 11.7 are taken from [57].

12. Free abelian topological groups

Theorem 12.1. Let X be a completely regular space. There exists an abelian Hausdorff

group A(X) (resp. A2(X)) which is algebraically the free abelian group generated by X
such that the canonical mapping ηX : X → A(X) (resp. ηX : X → A2(X)) is an embed-

ding with closed image and every homomorphism f ′ : A(X)→ G (resp. f ′ : A2(X)→ G)
into an abelian (resp. abelian Hausdorff ) topological group G is continuous if and only if

f := f ′ ◦ ηX is continuous.
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In other words, A(X) is the topological analog of the free abelian group. This means
that every continuous mapping f : X → G can be extended to a continuous homomor-
phism f ′ : A(X)→ G and A(X) contains X as a closed subspace.

Proof. We prove both cases simultaneously and write A(2)(X) instead of A(X) and
A2(X).

Let G be the set of topological isomorphism classes of all abelian (Hausdorff) topo-
logical groups of cardinality smaller than or equal to max(|X |, |R|), let Φ be the set of
continuous mappings ϕ : X → G (where G ∈ G), and let Φ′ be the set of homomorphisms
ϕ′ : A(X) → G (G ∈ G) satisfying ϕ′ ◦ ηX = ϕ for suitable ϕ ∈ Φ. If O denotes the
initial topology on A(2)(X) generated by Φ′, then (A(2)(X),O) is a topological group. By
construction, ηX is continuous. For an arbitrary homomorphism f ′ from A(2)(X) into an
abelian (Hausdorff) topological group we have |f ′(A(2)(X))| ≤ max(|X |, |R|) and hence
f ′(A(2)(X)) ∼= G for suitable G ∈ G. So, by construction, f ′ is continuous if and only if
f ′ ◦ ηX is continuous.

For 0 6= ∑n
j=1 kjηX(xj) ∈ A(2)(X) where n ∈ N, kj ∈ Z\{0}, and xj ∈ X , there exists

a continuous function f : X → R such that f(xj) = δ1j . The (continuous!) homomorphic
extension f ′ separates 0 and

∑n
j=1 kjηX(xj), namely f ′(0) = 0 and f ′(

∑n
j=1 kjηX(xj)) =

k1 6= 0. This shows that A(2)(X) is a Hausdorff space.

Since every Hausdorff group is completely regular, so is ηX(X). In order to prove
that η is an embedding, it is therefore sufficient to show that X and η(X) have the
same continuous real-valued functions. Let f : X → R be a continuous function. By
construction, f ′|ηX (X) is continuous. The other inclusion is clear. Hence, η is an embed-
ding.

Let
∑n
j=1 kjηX(xj) ∈ A(2)(X) \ ηX(X). Suppose first that n = 1 and |k1| > 1.

Let f : X → R be a continuous function such that f(x1) = 1 and f(X) ⊆ [0, 1]. Then
f ′−1(]−∞,−3/2[∪]3/2,∞[) is a neighbourhood of k1ηX(x1) missing ηX(X). Now suppose
n ≥ 1. There exists a continuous function f : X → R such that f(xj) = sign(kj) (for j ∈
{1, . . . , n}) and f(X) ⊆ [−1, 1]. Again, f ′−1(]−∞,−3/2[∪]3/2,∞[) is a neighbourhood of∑n

j=1 kjηX(xj) having empty intersection with ηX(X). Hence, the image of ηX is closed
and the theorem is proved.

Corollary 12.2. For every completely regular space X we have A(X) = A2(X).

Proof. Let f : X → A(X) and f2 : X → A2(X) be the canonical mappings. Since
A(X) and A2(X) are abelian Hausdorff groups, we get continuous homomorphisms f ′ :
A2(X)→ A(X) and f ′

2 : A(X)→ A2(X). Obviously, f ′ and f ′
2 are the identity mappings

and hence the assertion follows.

Definition 12.3. A(X) is called the free abelian topological group over X .

Theorem 12.4 (Răıkov). Let ϑX : X → L(X) be a mapping of a completely regular

space X into a vector space L(X) such that ϑX(X) is a basis of L(X). There exists a

locally convex Hausdorff vector space topology on L(X) such that for every continuous

mapping f of X into a real locally convex vector space F , there exists a continuous linear

functional f̃ : L(X)→ F satisfying f̃ ◦ ϑX = f .



60 L. Außenhofer

Let S denote the set of subsets of C(X,R) which are equicontinuous and pointwise

bounded and let S̃ be the associated linear forms. Then a neighbourhood basis of 0 ∈ L(X)

is given by the sets {x̃ ∈ L(X) : |s̃(x̃)| ≤ 1 ∀s̃ ∈ S̃} where S̃ runs through S̃.

Proof. It is a consequence of 8.4 that the above sets form a neighbourhood basis of a
(real) locally convex vector space topology O on L(X). For x̃ :=

∑n
j=1 λjϑX(xj) 6= 0,

there exists a continuous function f : X → R such that f(xj) = sign(λj). The associated

linear functional f̃ satisfies f̃(x̃) =
∑n

j=1 |λj | and f̃(0) = 0. This implies that (L(X),O)
is a Hausdorff space.

ϑX : X → L(X) is continuous. [Fix x0 ∈ X , S ∈ S and ε > 0. Since S is equicontin-
uous, there exists U ∈ UX(x0) such that |s(x)− s(x0)| ≤ 1 for all s ∈ S and x ∈ U . Now,
s̃(ϑX(x) − ϑX(x0)) = s(x) − s(x0) implies ϑX(U) ⊆ ϑX(x0) + {x̃ ∈ L(X) : |s̃(x̃)| ≤ 1

∀s̃ ∈ S̃} and hence the continuity of ϑX .]
ϑX is injective, since ϑX(X) is linearly independent.
For x0 ∈ X and U ∈ UX(x0), there exists a continuous function f : X → R such that

|f(x)| ≤ 1 implies x ∈ U . Hence we get ϑX(U) ⊇ ϑX(X)∩{x̃ ∈ L(X) : |f̃(x̃)| ≤ 1}. This
shows that ϑX is an embedding.

Every continuous mapping f : X → F (where F is a real locally convex vector space)
gives rise to a continuous mapping f∗ : F ′ → C(X,R), ϕ 7→ ϕ ◦ f , where the topological
dual F ′ and C(X,R) are endowed with the compact-open topology. Let U be a closed
symmetric convex neighbourhood of 0 ∈ F . Then U0 := {ϕ ∈ F ′ : ϕ(U) ⊆ [−1, 1]} is an
equicontinuous pointwise bounded subset of F ′, and so is S := f∗(U0). For x̃ ∈ L(X)

such that |s̃(x̃)| ≤ 1 for all s̃ ∈ S̃ we get f̃(x̃) ∈ U , since otherwise there exists (by the

Hahn–Banach theorem) a linear functional ϕ ∈ U0 such that ϕ(f̃(x̃)) > 1. Since ϕ is

linear, we get ϕ ◦ f̃ = ˜f∗(ϕ) and hence ϕ ◦ f̃ ∈ S̃, contradicting our assumption. Hence

f̃ is continuous and the assertion follows.

Theorem 12.5 (Tkachenko). ϑ′X : A(X) → L(X) is an embedding and ϑ′X(A(X)) is

closed in the locally convex vector space L(X).

Proof. This is Theorem 3 in [80].

Corollary 12.6. Let S denote all equicontinuous pointwise bounded subsets of C(X,R)
and , for S ∈ S, we write S′ for the associated continuous homomorphisms. Then the sets

of the form {x′ ∈ A(X) : |s′(x′)| ≤ 1 ∀s′ ∈ S′} form a neighbourhood basis of 0 ∈ A(X).

Proof. For every continuous function f : X → R we have f̃ ◦ϑ′X = f ′. Now the assertion
is an easy consequence of 12.4 and 12.5.

Proposition 12.7. For every abelian Hausdorff group G, the mapping id′ : A(G) → G
is a continuous open epimorphism.

Proof. Since every Hausdorff group is completely regular, id′ is well defined and, clearly,
a continuous epimorphism. Let S ⊆ C(G,R) be equicontinuous and pointwise bounded.
From id′(ηG(x) − ηG(e)) = x we get id′({x′ ∈ A(G) : |s′(x′)| ≤ 1 ∀s′ ∈ S′} ⊇ {x ∈ G :
|s(x)− s(e)| ≤ 1 ∀s ∈ S}. Since S is equicontinuous, the latter set is a neighbourhood of
e ∈ G. The assertion follows from 12.6.

The following result generalizes 10.7.
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Theorem 12.8. Every abelian Hausdorff group is topologically isomorphic to a Hausdorff

quotient of a closed subgroup of a locally convex vector space.

Proof. This follows from 12.5 and 12.7.

Proposition 12.9. For every completely regular space X , the free abelian topological

group A(X) is locally quasi-convex. Every abelian Hausdorff group is a quotient of a

locally quasi-convex Hausdorff group.

Proof. The first assertion is a direct consequence of 6.5, 6.8(i) and 12.5 or an easy
consequence of 12.6. The second one follows from 12.7.

Proposition 12.10. If X is a compact space then A(X) is a hemicompact k-space. The

sets X(n) := {∑x∈X kxηX(x) : (kx) ∈ Z(X),
∑

x∈X |kx| ≤ n} form a cobasis for the

compact subsets of A(X).

Proof. This is Corollary 1 of [52].

Corollary 12.11. For every compact subset K ′ of A(X) where X is a completely

regular space, sup{∑x∈X |kx| : (kx) ∈ Z(X),
∑
x∈X kxηX(x) ∈ K ′} <∞.

Proof. The embedding of X into the Stone–Čech compactification β : X → βX
gives rise to a continuous homomorphism β̌ : A(X) → A(βX),

∑
x∈X kxηX(x) 7→∑

x∈X kxηβX(β(x)), and hence β̌(K ′) is a compact subset of A(βX). By 12.10, β̌(K ′) is

contained in (βX)(n) for suitable n ∈ N. This implies sup{∑x∈X |kx| :
∑

x∈X kxηX(x) ∈
K ′} ≤ n.

Notation 12.12. For x′ =
∑

x∈X kx · ηX(x), let l(x′) :=
∑
x∈X |kx| be the length of x′

and put S(x′) := {x ∈ X : kx 6= 0}. For Y ′ ⊆ A(X) the union S(Y ′) :=
⋃
y′∈Y ′ S(y′) is

called the support of Y ′. (This is well defined, since every finite set is closed.)

Lemma 12.13. For every compact subset K ′ ⊆ A(X) where X is a completely regular

space, S(K ′) is a functionally bounded subset of X.

Proof. Suppose the contrary. According to 1.16(iii), there exists an infinite discrete
family (Ui)i∈I of open sets in X such that S(K ′) ∩ Ui 6= ∅ for all i ∈ I. Inductively, we
now construct sequences (in)n∈N in I, (fn)n∈N in C(X,R), (x′n)n∈N in K ′, and a sequence
of open sets (Wn) with the following properties:

(i) For every n ∈ N, there exist xn ∈ S(x′n) and an open neighbourhood Wn ∈ U(xn)
such that Wn ⊆ Uin , S(x′n) ∩Wn = {xn} and

⋃
k<n S(x′k) ∩Wn = ∅, and

(ii) {x ∈ X : fn(x) 6= 0} ⊆Wn and |f ′
n(x′n)| ≥ n+ |∑k<n fk(x′n)|.

Assume we have already constructed the tuples (i1, . . . , in), (f1, . . . , fn), (x′1, . . . , x
′
n),

and (W1, . . . ,Wn) for n ∈ N0 satisfying the above conditions. Since
⋃
k≤n S(x′k) is finite,

since
⋃
k≤nW k intersects only finitely many Ui non-trivially, and since (Ui)i∈I is infinite

and discrete, there exists in+1 ∈ I such that

Uin+1
∩

( ⋃

k≤n

S(x′k) ∪
⋃

k≤n

W k

)
= ∅.

Furthermore, there exists x′n+1 ∈ K ′ such that S(x′n+1) ∩ Uin+1
6= ∅. Choose xn+1 ∈
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S(x′n+1) ∩ Uin+1
and an open set Wn+1 ∈ U(xn+1) which satisfies condition (i). Since X

is completely regular, there exist fn+1 which satisfies (ii).
Since fn(X \Wn) = {0} and (Wn)n∈N is a discrete family, f :=

∑
n∈N

fn is continuous
(1.12).

Taking into consideration that both sums have only finitely many entries 6= 0, we
get

∑

n∈N

f ′
n

( ∑

x∈X

kxηX(x)
)

=
∑

n∈N

∑

x∈X

kxfn(x) =
∑

x∈X

kxf(x),

which implies f ′ =
∑
n∈N

f ′
n. For n > k, we have f ′

n(x′k) = 0 (by construction) and
hence

|f ′(x′k)| =
∣∣∣
k∑

n=1

f ′
n(x′k)

∣∣∣ ≥ |f ′
k(x′k)| −

∣∣∣
k−1∑

n=1

f ′
n(x′k)

∣∣ ≥ k

(by (ii)), which contradicts the compactness of K ′.

Corollary 12.14. If X is a Nachbin–Shirota space then the support of every compact

set K ′ of A(X) is compact.

Proof. This follows immediately from 12.13.

Example 12.15. There exists a locally compact space X and a compact subset K ′ ⊆
A(X) such that S(K ′) is not compact. [In the notation of 1.20 we put K ′ := {0} ∪
{ηX(ω, ω1) − ηX(ω1, ω) : ω < ω1}. We prove that the bijection g : Ω1 → K ′ defined by
g(ω) := ηX(ω, ω1)−ηX(ω1, ω) for ω < ω1 and g(ω1) := 0 is continuous. One easily verifies
that g|Ω1\{ω1} is continuous. Let C ⊆ C(X,R) be an equicontinuous pointwise bounded
family. According to 1.20, C is the restriction of an equicontinuous pointwise bounded
family C̃ in C(Ω1 ×Ω1,R). Hence

{ω ≤ ω1 : |f ′(g(ω))| ≤ 1 ∀f ′ ∈ C′} = {ω < ω1 : |f(ω, ω1)− f(ω1, ω)| ≤ 1 ∀f ∈ C} ∪ {ω1}
= {ω < ω1 : |f̃(ω, ω1)− f̃(ω1, ω)| ≤ 1 ∀f̃ ∈ C̃} ∪ {ω1}
= {ω ≤ ω1 : |f̃(ω, ω1)− f̃(ω1, ω)| ≤ 1 ∀f̃ ∈ C̃}

is a neighbourhood of ω1 in Ω1. This shows that g is continuous (12.6). Hence, K ′ being
a Hausdorff space, it is compact. But S(K ′) = {(ω, ω1) : ω < ω1} ∪ {(ω1, ω) : ω < ω1} is
not compact.]

Notes 12.16. Free (abelian) topological groups were introduced by Markov in 1945 ([53])
and generalized by Graev in 1948 ([31]). Theorem 12.1 was first proved by Markov ([53]).
The proof given here is a mixture of those of (1.4) in [79] and of (8.8) in [34]. 12.4 is due
to Răıkov. The proof is similar to that of Theorem 1′ in [68]. The assertion of 12.6 was
formulated in the proof of Theorem 2 in [63]. Proposition 12.7 was proved by Markov
([53]); the proof given here is similar to that of Remark II on p. 596 in [68]. 12.11 is Propo-
sition 2.2 in [27]. Example 12.15 was motivated by K. Yamada. 12.13 is a specialization
of Proposition 2 in [4]. I am indebted to D. Elsenhans for translating some relevant parts
of [68] from Russian into German.
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13. C(K,T) for compact K

We now prove that the group C(K,T) endowed with the compact-open topology is re-
flexive if K is compact.

Since C(K,T) is metrizable (2.8), αC(K,T) is continuous. It is shown in 13.13 that
C(K,T) is locally quasi-convex. The crucial point is the surjectivity of αC(K,T). Several
lemmas precede the main theorem 13.15.

Notation 13.1.

K a non-empty compact space
(Kj)j∈J the family of components of K
F the set of finite subsets of J
W the set of closed-and-open subsets of K
WF {W ∈ W : W ∩ (

⋃
j∈F Kj) = ∅} for F ∈ F

G C(K,R) endowed with the compact-open topology
H {f ∈ G : f(K) ⊆ Z}
C C(K,T)
GF 〈1W : W ∈ WF 〉R (F ∈ F)
HF H +GF (F ∈ F)
π G→ G/H the canonical projection
πF G→ G/HF the canonical projection
Vε {e2πit : |t| ≤ ε}

Remark 13.2. Observe that G,GF and G/GF are Banach spaces and that H, C, and
G/H are topological groups.

Lemma 13.3. For every neighbourhood U ∈ U(Kj), there exists W ∈ W such that Kj⊆
W ⊆ U .

Proof. See [73], p. 371.

Lemma 13.4. Let K be a compact subset of the completely regular space X and let f :
K → R be a continuous function. For every ε > 0, there exist η > 0 and a finite set

H ⊆ C(X,R) such that |f(x)− f(y)| < ε for all x, y ∈ K for which |h(x)− h(y)| < η for

all h ∈ H.

Proof. Since X is completely regular, the sets U(x,H, δ) := {y ∈ X : |h(x) − h(y)| < δ
∀h ∈ H}, where H is a finite subset of C(X,R) and δ > 0, form a neighbourhood basis of
x ∈ X .

Let ε > 0. For x ∈ K, there exists a finite set Hx ⊂ C(X,R) and δx > 0 such that
|f(x) − f(y)| < ε/2 for all y ∈ K ∩ U(x,Hx, δx). Since K is compact, we can find a
finite subset K0 ⊆ K such that K ⊆ ⋃

x∈K0
U(x,Hx, δx). Put H :=

⋃
x∈K0

Hx. For
every x ∈ K, there exist ηx > 0 and x0 ∈ K0 such that U(x,H, ηx) ⊆ U(x0,Hx0

, δx0
).

Furthermore, there exists a finite subset K1 of K such that K⊆⋃
x∈K1

U(x,H, ηx/2). Put

η := 1
2 min(ηx : x ∈ K1). Let x, y ∈ K be such that |h(x)−h(y)| < η for all h ∈ H; we can

find x1 ∈ K1 such that x ∈ U(x1,H, ηx1
/2), which implies x, y ∈ U(x1,H, ηx1

/2 + η) ⊆
U(x1,H, ηx1

) ⊆ U(x0,Hx0
, δx0

) for suitable x0 ∈ K0. The assertion follows.
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Proposition 13.5. Let K be a compact subset of the completely regular space X and let

g : X→T and f :K→R be continuous mappings such that e2πif = g|K . There exist a

neighbourhood U of K and a continuous extension fU :U→R of f such that e2πifU =g|U .

Proof. Let 0 < ε < 1/3. Since g is continuous and K is compact, we can find finite
subsets Hx ⊆ C(X,R), δx > 0 and a finite subset K0 ⊆ K such that K ⊆ ⋃

x∈K0
Ux,

where Ux := U(x,Hx, δx), and g(Ux)g(x) ⊆ Vε. In addition, we may assume that δx<η/2
and H ⊆ Hx (for all x ∈ K0) where η and H are chosen as in the above lemma. There
exist continuous liftings fx : Ux → R of g|Ux

which extend f such that |fx(x)−fx(y)| ≤ ε
for all y ∈ Ux. [Since g(x) 6∈ g(Ux), there exists a continuous lifting fx : Ux → R such
that fx(x) = f(x) and |fx(y) − fx(x)| ≤ ε for all y ∈ Ux. For y ∈ K ∩ Ux ⊆ U(x,H, η)
we have |f(y) − f(x)| < ε. It follows from fx(y) − f(y) ∈ Z ∩ [−2ε, 2ε] = {0} that fx is
the desired extension.]

For y, z ∈ K0 and x ∈ Uy ∩ Uz, we have fy(x) = fz(x). [Since fy and fz are
liftings, we have fy(x) − fz(x) ∈ Z and x ∈ U(y,H, η/2) ∩ U(z,H, η/2) implies y ∈
U(z,H, η). Hence, |f(y) − f(z)| < ε. Since fy(y) = f(y) and fz(z) = f(z), we get
|fy(x) − fz(x)| ≤ |fy(x) − f(y)| + |f(y) − f(z)| + |f(z) − fz(x)| ≤ 3ε < 1.] Hence, the
mapping f :

⋃
x∈K0

Ux → R given by y 7→ fx(y) for y ∈ Ux is well defined, continuous,
and has the desired lifting property.

Corollary 13.6. Let K be a compact space and let g : K → T be a continuous mapping

with the property that the restriction of g to every component Kj can be lifted to R. Then

g can be lifted to R. In particular , every continuous mapping of a totally disconnected

compact space into T can be lifted to R.

Proof. According to 13.5 and 13.3, for every j ∈ J , there exist Wj ∈ W such that
Kj ⊆ Wj and a continuous lifting fj : Wj → R of g|Wj

. Let
⋃n
k=1Wjk be a finite

subcover of K by members of (Wj : j ∈ J). Then f : x 7→ fjk (x), where k ∈ {1, . . . , n} is
minimal with x ∈ Wjk , defines a continuous mapping K → R (observe that the Wjk are
closed-and-open) which is (by construction) the desired lifting.

Remark 13.7. (i) W is closed with respect to forming finite unions and intersections
and complements.

(ii) Every W ∈ W is a union of components.
(iii) For every F ∈ F , there exist (by the normality of K and 13.3) pairwise disjoint

Wj ∈ W such that Kj ⊆Wj for all j ∈ F .

Lemma 13.8. (i) H = 〈1W : W ∈ W〉
Z
.

(ii) Every f ∈ H satisfying f(
⋃
j∈F Kj) = {0} belongs to GF .

(iii) GF = {f ∈ G : f |Kj
= const for all j ∈ J and f(

⋃
j∈F Kj) = {0}}.

(iv) HF = {f ∈ G : f |Kj
= const for all j ∈ J and f(

⋃
j∈F Kj) ⊆ Z}.

Proof. (i) This is obvious, since f(K) is a finite subset of Z for every f ∈ H .
(ii) is an easy consequence of (i) and 13.7.
(iii) and (iv). It is easy to see that that the right-hand sides are closed. Because of

13.7(ii), “⊆” follows directly in (iii). In (iv), this inclusion is a consequence of this part
in (iii) and (i).
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Conversely, let f be an element of the right-hand side and fix ε > 0. Choose xj ∈ Kj

arbitrarily. Because of 13.3, there exist Wj ∈ W (j ∈ J) such that Kj ⊆ Wj and
|f(x) − f(xj)| < ε for all x ∈ Wj . For j ∈ F , we may assume that the sets Wj are
pairwise disjoint (13.7(iii)). Let

⋃
j∈F Wj ∪

⋃n
i=1Wji be a finite subcover of

⋃
j∈J Wj

of K. Let W ′
1, . . . ,W

′
n be recursively defined by W ′

i := Wji \(
⋃
j∈F Wj∪

⋃
k<iW

′
k). Then

W ′
i ∈ WF (13.7(i)) and K is the disjoint union of W ′

1, . . . ,W
′
n,

⋃
j∈F Wj . For j ∈ F , we

have f(xj) = 0, respectively f(xj) ∈ Z, in case (iii), respectively (iv). Hence the function

fε :=
∑

j∈F

f(xj)1Wj

︸ ︷︷ ︸
∈H

+
n∑

i=1

f(xji)1W ′

i

︸ ︷︷ ︸
∈GF

belongs to the left-hand side and satisfies |f(x) − fε(x)| < ε for all x ∈ K. It remains
to observe that GF and HF are closed. [This is true for GF by definition. For sequences
(hn)n∈N in H and (fn)n∈N in GF such that (hn + fn)n∈N converges in G, there exists
n0 ∈ N such that hn(

⋃
j∈F Kj) = (hn + fn)(

⋃
j∈F Kj) is independent of n for all n ≥ n0.

(Recall that f(
⋃
j∈F Kj) = {0} for f ∈ GF .) Hence hn−hn0

∈ GF (by (ii)) and the limit
of hn + fn = hn0

+ (hn − hn0
+ fn) is a member of H +GF . The assertion follows since

G is metrizable (2.8).]

Lemma 13.9. G/HF is reflexive.

Proof. Consider the canonical mapping ψ : G/GF → G/HF . For j ∈ F and disjoint
Wj ∈ W containing Kj (13.7(iii)), we have

(∗) kerψ = 〈1Wj
+GF : j ∈ F 〉

Z
.

[Let h ∈ H . For kj ∈ Z such that h(Kj) = {kj} the function h −∑
j∈F kj1Wj

belongs
to H and is 0 on

⋃
j∈F (Kj); hence, it belongs to GF (13.8(ii)). This shows that every

f ∈ HF can be written in the form
∑

j∈F kj1Wj
+ f̃ for kj ∈ Z and f̃ ∈ GF , which implies

“⊆”. The other inclusion follows immediately.]
Observe that ψ is an open continuous homomorphism. Since (1Wj

+GF )j∈F is linearly
independent and G/HF

∼= (G/GF )/ kerψ, the assertion follows from 8.21 (and 13.2).

Lemma 13.10. For every infinite subset J0 ⊆ J , there exists a sequence (jn)n∈N in J0

and pairwise disjoint Wn ∈ W such that Kjn ⊆Wn for all n ∈ N.

Proof. (We tacitly use 13.3 and 13.7(iii).) Assume first that there exists j0 ∈ J0 such
that for every W ∈ W containing Kj0 the set {j ∈ J0 : Kj ⊆ W} is infinite. For
j1 ∈ J0\{j0}, there exist disjoint V1,W1 ∈ W such thatKj0 ⊆ V1 andKj1 ⊆W1. Suppose
we have j1, . . . , jn ∈ J0 and V1, . . . , Vn,W1, . . . ,Wn ∈ W such that Kj0 ⊆ Vn ⊆ . . . ⊆ V1,
Kjk ⊆ Wk, Vk ∩ Wk = ∅ for k ∈ {1, . . . , n} and Wk ⊆ Vk−1 for k ∈ {2, . . . , n}. By
assumption, we can find jn+1 ∈ J0 such that Kjn+1

⊆ Vn and disjoint Vn+1,Wn+1 ∈ W
contained in Vn such that Kj0 ⊆ Vn+1 and Kjn+1

⊆ Wn+1. Inductively, we are able to
construct sequences (Kjn)n∈N and (Wn)n∈N having the desired properties.

Otherwise, for every j0 ∈ J0, there exists W ∈ W containingKj0 such thatKj∩W = ∅
for all j ∈ J0\{j0}. Inductively, we can find a sequence (jn)n∈N in J0 and pairwise disjoint
Wn in W such that Kjn ⊆Wn. Hence the assertion follows.
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Lemma 13.11. For every continuous linear form ψ : G → R satisfying ψ(H) ≤ Z, there

exists an F ∈ F such that GF ≤ kerψ.

Proof. We first show that

(∗) F := {j ∈ J : ∀U ∈ U(Kj) ∃W ∈ W : Kj ⊆W ⊆ U and ψ(1W ) 6= 0} ∈ F .
[Suppose the contrary. Because of 13.10, it is possible to find components (Kjn )n∈N and
pairwise disjoint Wn ∈ W such that Kjn ⊆Wn and ψ(1Wn

) 6= 0. Since

k∑

n=1

1

n · ψ(1Wn
)
1Wn

∈ G

converges uniformly to
∑

n∈N

1

n · ψ(1Wn
)
1Wn

∈ G

but

ψ

( k∑

n=1

1

n · ψ(1Wn
)
1Wn

)
=

k∑

n=1

1

n
,

the set F must be finite.]
(∗) and 13.3 imply

(∗∗) ∀j ∈ J \ F ∃Wj ∈ W : Kj ⊆Wj and ψ(1W ) = 0 ∀W ∈ W : Kj ⊆W ⊆Wj .

Since ψ is a continuous linear form, it is sufficient to prove that

(∗∗∗) ψ(1W ) = 0 ∀W ∈ WF .

[Let W ∈ WF . For j ∈ J such that Kj ⊆W we have j 6∈ F . According to (∗∗), there
exists Wj ∈ W such that Kj ⊆ Wj ⊆ W and ψ(1W ′) = 0 for all W ′ ∈ W such that
Kj ⊆ W ′ ⊆ Wj . Since W is compact, there are j1, . . . , jn ∈ J such that W =

⋃n
k=1Wjk

(13.7(ii)). Furthermore, there are pairwise disjoint Vk ∈ W satisfying Kjk ⊆ Vk ⊆ Wjk

(13.7(iii) and (i)). For k ∈ {1, . . . , n}, we define recursively

W ′
k := Wjk \

( ⋃

i<k

W ′
i ∪

⋃

i>k

Vi

)
.

Then Vk ⊆ W ′
k and, for k > i, we have W ′

k ∩W ′
i ⊆ (Wjk \W ′

i ) ∩W ′
i = ∅. Hence the

(W ′
k) are pairwise disjoint. Moreover,

⋃n
k=1W

′
k =

⋃n
k=1Wjk = W since Vk ⊆ W ′

k. This
implies 1W =

∑n
k=1 1W ′

k
and ψ(1W ) =

∑n
k=1 ψ(1W ′

k
) = 0 (since Kjk ⊆ Vk ⊆ W ′

k ⊆ Wjk

and W ′
k ∈ W).]

Corollary 13.12. For every χ ∈ (G/H)∗, there exist F ∈ F and χF ∈ (G/HF )∗ such

that χ(f +H) = χF (f +HF ) for all f ∈ G.

Proof. χ is induced by a character χ′ of G which is trivial on H . According to 5.5,
there exists a continuous linear form ψ : G→ R such that χ′ = e2πiψ. Obviously, we have
ψ(H) ≤ Z. Hence the above lemma implies that HF ≤ kerχ′ and so χ(f +H) = χ′(f) =
χF (f +HF ) for suitable F ∈ F and χF ∈ (G/HF )∗.
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Lemma 13.13. ̺ : G/H → C, f + H 7→ (x 7→ exp(2πif(x))), is a continuous open

monomorphism. There exists a discrete group D ≤ C such that C = ̺(G/H)⊙D. Both

G/H and C are locally quasi-convex.

Proof. It is clear that ̺ is a well defined continuous monomorphism. For 0 < ε < 1/2
we have ̺({f + H ∈ G/H : f(K) ⊆ [−ε, ε]}) = {g ∈ C : g(K) ⊆ Vε}. (Observe that
every continuous non-surjective g : K → T can be lifted to R.) Hence ̺ is open and G/H
is topologically isomorphic to an open subgroup of C. Next, G and hence ̺(G/H) are
divisible. Thus ̺(G/H), being an open subgroup of C, is an inner direct factor of C.
Hence there exists a discrete subgroup D ≤ C such that D ⊙ ̺(G/H) = C.

For every n ∈ N, the sets Un := {g ∈ C : g(K) ⊆ Vn} are quasi-convex. [For g0 6∈ Un,
there exist x ∈ K and k ∈ Z such that g0(x) 6∈ Vn and g0(x)k 6∈ R but (Vn)k ⊆ R (by
6.4). The character χ : C → T, g 7→ g(x)k, belongs to U0

n and χ(g0) 6∈ R.]
Hence C is locally quasi-convex, and so is G/H (6.8(i)).

Corollary 13.14. If K is a totally disconnected compact space, then the characters of

C(K,T ) are exactly products of point evaluations. More precisely: For every χ ∈ C(K,T)∗,
there exist n ∈ N, x1, . . . , xn ∈ K, and k1, . . . , kn ∈ Z such that χ(g) =

∏n
j=1 g(xj)

kj .

Proof. According to 13.6 and 13.13, we may consider a character χ of (G/H)∗. Let ψ :
G→ R be a continuous linear form such that exp(2πiψ) = χ◦π (see 5.5). Since ψ(H) ≤ Z,
there exists F ∈ F such that GF ≤ kerψ (by 13.11). By assumption,

⋃
j∈F Kj =

{x1, . . . , xn} for suitable xj ∈ K, and hence GF = {f ∈ C(K,R) : f({x1, . . . , xn}) =
{0}} (13.8(iii)). There exist continuous functions hj : K → Z such that hj(xi) = δij
(i, j ∈ {1, . . . , n}) (by 13.3). Since every f ∈ C(K,R) can be written in the form f =∑n

j=1 f(xj) · hj + f̃ where f̃ ∈ GF , we get ψ(f) =
∑n

j=1 f(xj)ψ(hj). Since ψ(hj) ∈ Z,
the assertion follows.

Theorem 13.15. The groups G/H and C are reflexive.

Proof. Since C = ̺(G/H) ⊙D for a discrete group D (see 13.13), it suffices to prove
that G/H is reflexive (5.3 and 5.4).

Since G is metrizable, so is G/H (by 2.8), and hence αG/H is continuous (5.12).
According to 13.13, G/H is locally quasi-convex and, because of 6.10, only the surjectivity
of αG/H remains to be proved. Therefore, consider

ϕ : G/H → GF , f +H 7→ (f +HF )F∈F ,

where GF :=
∏
F∈F G/HF . Obviously, ϕ is a continuous homomorphism.

For F1 ⊆ F2 ∈ F , we get HF2
≤ HF1

. Hence, the canonical projection ΠF1,F2
:

G/HF2
→G/HF1

is well defined; let G0 denote the projective limit lim←−{G/HF , ΠF1,F2
,F}.

For κ ∈ (G/H)∗∗, consider the following diagram:

G∗
F T

(G/H)∗

//

ϕ∗

��
κxxxxxxx <<

(1) There exists (fF +HF )F∈F ∈ G0 such that αGF
((fF +HF )F∈F ) = κ ◦ ϕ∗.
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[Since GF is reflexive (13.9 and 5.4) and κ ◦ϕ∗ ∈ (GF )∗∗, there exists (fF +HF )F∈F

∈ GF such that αGF
((fF +HF )F∈F ) = κ ◦ϕ∗. Suppose (fF +HF )F∈F 6∈ G0. According

to 5.28 (and 13.9 and 6.10), there exists χ̃ := χF1
◦ (ΠF1,F2

◦ΠF2
−ΠF1

) ∈ G⊥
0 (where

F1 ⊆ F2 ∈ F , ΠFj
denotes the canonical projection, and χF1

∈ (GHF1
)∗) such that

χ̃((fF +HF )F∈F ) 6= 1. We have ϕ∗(χ̃)(f+H) = χ̃(ϕ(f+H)) = χ̃((f+HF )F∈F ) = 1 (for
all f ∈ G) and hence κ(ϕ∗(χ̃)) = 1, but αGF

((fF +HF )F∈F)(χ̃) = χ̃((fF +HF )F∈F) 6= 1,
contradicting our assumption.]

(2) The mapping g : K → T, x 7→ exp(2πifF (x)), for x ∈ ⋃
j∈F Kj, is well defined

and continuous.

[For x ∈ (
⋃
j∈F1

Kj) ∩ (
⋃
j∈F2

Kj) we get fF1
(x)−fF2

(x) ∈ Z, as (fF +HF )F∈F ∈ G0

(13.8(iv)). Hence g is well defined.
According to 1.31, every compact subset of G/H has the form π(S) where S is a

compact subset of G.
Since κ is continuous, we can find for each ε > 0 a compact subset S ⊆ G such that

κ(P (π(S), R)) ⊆ Vε (3.4(i)). It is a consequence of (1) that

αGF
((fF +HF )F∈F ) ∈ P

(
P

(∏

F

πF (S), R
)
, Vε

)
.

Indeed, note that ϕ∗(P (
∏
F∈F πF (S), R)) ⊆ P (π(S), R), as for χ̃ ∈ P (

∏
F∈F πF (S), R)

and s ∈ S, we have ϕ∗(χ̃)(s+H) = χ̃((s+HF )F∈F ) ∈ R.
Due to the Arzelà–Ascoli Theorem (1.32), S is equicontinuous. This means that for

each x ∈ K, there exists U ∈ UK(x) such that |s(x)−s(y)| ≤ 1/4 for all y ∈ U and s ∈ S.
For y ∈ U and F0 ∈ F such that {x, y} ⊆ ⋃

j∈F0
Kj, χF0

: G/HF0
→ T, f + HF0

7→
exp(2πi(f(x)−f(y))), is a character and χ̃ := χF0

◦ΠF0
belongs to P (

∏
F πF (S), R). This

implies g(x)g(y) = exp(2πi(fF0
(x)− fF0

(y))) = χ̃((fF +HF )F∈F ) = αGF
((fF +HF ))(χ̃)

∈ Vε. Since ε and y were arbitrary, g is continuous.]

(3) g = e2πif for a suitable f ∈ G and f − fF ∈ HF for all F ∈ F .

[Since g|Kj
can be lifted to R for every j ∈ J (g|Kj

= exp(2πif{j}|Kj
)), it follows

from 13.6 that g = exp(2πif) for suitable f ∈ G.
Fix F ∈ F . For j ∈ F and x ∈ Kj we have

e2πi(f(x)−fF (x)) = g(x)e−2πifF (x) = e2πifF (x)e−2πifF (x) = 1.

Hence (f−fF )(
⋃
j∈F Kj) ⊆ Z. It follows that, for arbitrary j ∈ J, the functions f |Kj

and
fF∪{j}|Kj

differ only by an integer. Since fF∪{j}−fF ∈ HF , we have (f−fF )|Kj
≡ const

(13.8(iv)); it follows from 13.8(iv) that f − fF ∈ HF .]

Part (3) means (f + HF )F∈F = (fF + HF )F∈F . For arbitrary χ ∈ (G/H)∗, we can
find F0 ∈ F and χF0

∈ (G/HF0
)∗ such that χ(f ′ + H) = χF0

(f ′ + HF0
) for all f ′ ∈ G

(13.12); this implies χ = ϕ∗(χF0
◦ΠF0

). Hence

κ(χ) = κ(ϕ∗(χF0
◦ΠF0

)) = αGF
((fF +HF )F∈F )(χF0

◦ΠF0
)

= (χF0
◦ΠF0

)((fF +HF )F∈F ) = (χF0
◦ΠF0

)((f +HF )F∈F )

= χF0
(f +HF0

) = χ(f +H) = αG/H(f +H)(χ)

and so αG/H(f +H) = κ, which completes the proof.
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Notes 13.16. It is a consequence of results of V. Pestov (cf. [63]) that C(K,T) is a
reflexive group if K is a totally disconnected compact space. The whole chapter is based
on ideas mentioned in [63]. 13.4 and the proof of 13.5 were suggested by G. Turnwald.
The assertion of 13.10 was stated in [63] and a generalization of 13.14 was proved there
by other methods.

14. The group C(X,T)

The aim of this chapter is to generalize the previous result to more general spaces X .

Proposition 14.1. For each completely regular space X and every compact subset K of

X , the restriction mapping ϕK : C(X,R)→ C(K,R) is a continuous epimorphism.

Proof. Obviously, ϕK is a continuous homomorphism. Since, by Tietze’s Theorem, every
f ∈ C(K,R) can be extended to a continuous function F : βX → R, we get ϕK(F |X)
= f .

Notation 14.2. For K ⊆ X and ε > 0 we put (K,Vε) := {g ∈ C(X,T) : g(K) ⊆ Vε} (cf.
2.6).

Proposition 14.3. For every completely regular space X and every character χ : C(X,T)
→ T, there exists a compact subset K of X and a character χK : C(K,T)→ T such that

χ = χK ◦ ψK , where ψK : C(X,T)→ C(K,T) is the restriction mapping.

Proof. (Observe that ψK is a continuous homomorphism.) Since χ is continuous, there
exist a compact subset K ⊆ X and ε > 0 such that χ((K,Vε)) ⊆ R; in particular,
kerψK ≤ kerχ. This implies that χ0 : ψK(C(X,T))→ T, ψK(g) 7→ χ(g), is well defined.
We conclude from χ0(ψK(C(X,T)) ∩ {g ∈ C(K,T) : g(K) ⊆ Vε}) ⊆ R that χ0 is con-
tinuous. It is a consequence of 14.1 that {e2πifK : fK ∈ C(K,R)} ≤ ψK(C(X,T)), and
therefore ψK(C(X,T)) is an open subgroup of C(K,T) (see 13.13). Any homomorphism
χK : C(K,T) → T extending χ0 (cf. 2.3) is continuous and satisfies χ = χK ◦ ψK . This
completes the proof.

Lemma 14.4. For every compact subset K of a completely regular space X , there exists

a continuous open epimorphism ϕ : C(X,T)→ C(K,R)/C(K,Z).

Proof. Consider

ϕ : C(X,T)
ψK−→ C(K,T)

p−→ ̺(C(K,R)/C(K,Z))
̺−1

−→ C(K,R)/C(K,Z)

where ψK is the restriction mapping, p denotes a projection onto the inner direct factor
(13.13) and ̺−1(exp(2πif)) := f + C(K,Z) (cf. 13.13). It is clear that ϕ is a continuous
homomorphism. Because of 14.1, ϕ is surjective. For every compact subset S⊆X which
contains K and for every ε ∈ ]0, 1/2[, we get ϕ({g ∈ C(X,T) : g(S) ⊆ Vε}) ⊇ {f +
C(K,Z) ∈ C(K,R)/C(K,Z) : f(K) ⊆ [−ε, ε]}, according to Tietze’s Theorem (and 14.1).
This shows that ϕ is open.

Definition 14.5. A Hausdorff space X is called punctiform if the cardinality of every
compact connected set is smaller than or equal to 1.
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Remark 14.6. There do exist connected metrizable spaces which are punctiform. [Cf.
[76] or [54] or Problem (6.3.24) in [26], pp. 380ff.]

Corollary 14.7. If X is a punctiform completely regular space X , then the characters

of C(X,T) are products of point evaluations.

Proof. Since every compact subset K of X is totally disconnected, this is a consequence
of 13.14 and 14.3.

Theorem 14.8. Let X be a completely regular k-space. Then αC(X,T) is an open isomor-

phism.

Proof. Let K denote the set of all compact subsets of X and let ψK : C(X,T)→ C(K,T),
for K ∈ K, be the restriction mapping. Then

ψ : C(X,T)→
∏

K∈K

C(K,T), g 7→ (ψK(g))K∈K,

is a continuous monomorphism. ForK0 ∈ K and ε > 0, we have ψ((K0, Vε)) = ψ(C(X,T))
∩(

∏
K 6=K0

C(K,T)×{g ∈ C(K0,T) : g(K0) ⊆ Vε}), which implies that ψ is an embedding.
For K,K ′ ∈ K such that K ⊆ K ′, let ψK,K′ : C(K ′,T) → C(K,T) denote the

restriction mapping. Since X is a k-space and according to 1.5, it is easily checked that
ψ(C(X,T)) = lim←−{C(K,T), ψK,K′ ,K}. Since αC(K,T) is injective for all K ∈ K (cf. 13.15),

the above description implies that ψ(C(X,T)) is dually closed in
∏
K∈K C(K,T) (see 5.28).

The group
∏
K∈K C(K,T) is reflexive (13.15 and 5.4).

Because of 5.25, it suffices to show that ψ(C(X,T)) is dually embedded. Let χ ∈
(ψ(C(X,T)))∗. It follows easily from 14.3 that there exist K ∈ K and χK ∈C(K,T)∗ such
that χ ◦ ψ = χK ◦ ψK and hence χ = χK ◦ pK |ψ(C(X,T)) where pK :

∏
K′∈K C(K ′,T) →

C(K,T) denotes the canonical projection. This shows that ψ(C(X,T)) is dually embedded
and the assertion follows.

Theorem 14.9. For every hemicompact k-space X , the group C(X,T) is reflexive.

Proof. Since X is hemicompact, C(X,T) is metrizable (2.8) and hence αC(X,T) is con-
tinuous (5.12). The assertion follows from 1.7 and 14.8.

Notation 14.10. Let X ′ denote the k-refinement of the completely regular space X . We
put G := C(X,T), G′ := C(X ′,T), and G0 := {g′ ∈ G′ : g′|K ∈ ψK(G) for all compact
subsets K ⊆ X}.

Lemma 14.11. (i) The canonical mapping ϕ : G→ G′ is an embedding.

(ii) For every compact subset K ⊆ X , the image ψK(G) is an open subgroup of

C(K,T).
(iii) ϕ(G) = G0.

(iv) G0 is dually closed and dually embedded in G′.

Proof. (i) follows directly from the fact that the compact subsets of X and X ′ coincide
(1.2(ii)).

(ii) ψK(G) includes the open subgroup {e2πif : f ∈ C(K,R)} (13.13 and 14.1).
(iii) Let ψ′

K : G′ → C(K,T) denote the restriction mapping. The assertion follows
from



Duality theory and nuclear groups 71

ϕ(G) = {g′ ∈ G′ : ∀ compact K ⊆ X and ∀ε > 0, ψ′
K(g′) ∈ ψ′

K(ϕ(G)) · (K,Vε)}
(ii)
= {g′ ∈ G′ : ψ′

K(g′) ∈ ψK(G) for all compact K ⊆ X}.
(iv) 14.3 ensures that every χ ∈ G∗ has the form χ = χK ◦ψK (for a suitable compact

K ⊆ X and χK ∈ C(K,T)∗). This implies that χ′ := χK ◦ ψ′
K ∈ (G′)∗ extends χ ◦ ϕ.

According to (iii) and 4.1, G0 is dually embedded as well.
For g′ ∈ G′ \ G0, there exists a compact subset K ⊆ X such that ψ′

K(g′) does not
belong to the open ((ii)) and hence dually closed (5.15) subgroup ψK(G). Hence there
exists a character χK ∈ C(K,T)∗ such that χK(ψK(G)) = {1} and χK(ψ′

K(g′)) 6= 1. It
is a consequence of (iii) that χ′ := χK ◦ ψ′

K ∈ G⊥
0 and that χ′(g′) 6= 1. The assertion

follows.

Corollary 14.12. With the above notation, for every hemicompact completely regular

space X , the space X ′ is a hemicompact k-space and the groups C(X,T), C(X ′,T) and

G0 are metrizable. Furthermore, G0 is reflexive and G∗
0
∼= C(X,T)∗.

Proof. According to 1.2(i), X ′ is a hemicompact k-space and hence completely regular
(1.7). It follows from 2.8 that C(X,T), C(X ′,T) and G0 are metrizable groups. Due to
5.12, αG0

is continuous. According to 5.25 and 14.9, G0 is reflexive. The assertion follows
from 14.11(i), (iii), and 4.10.

Theorem 14.13. For every hemicompact completely regular space X , the character group

of C(X,T) is reflexive.

Proof. (We use the above notation.) According to 14.12, G∗
0
∼= C(X,T)∗. Since G0 is

reflexive (by 14.12), so is G∗
0 (5.9). Hence the assertion follows.

Example 14.14. LetH be the group of integers endowed with its weak topology. (Observe
that H is completely regular.) As a consequence of the Glicksberg Theorem, the compact
subsets of H are finite and hence H is hemicompact. The k-refinement of H is Z with the
discrete topology and it follows from 14.1 (in the above notation) that G0 = G′. Since H
and Z cannot have the same T-valued continuous functions, G 6= G0 but G∗

0
∼= G∗ (see

14.12). This shows that C(H,T) is not reflexive. Hence the k-space assumption cannot be
dropped in 14.9.

Notes 14.15. 14.1 is a standard result and 14.7 generalizes Theorem 5 in [63].

15. Duality theory for free abelian topological groups

Throughout this chapter, X denotes a completely regular space and A(X) the free abelian
topological group over X .

Proposition 15.1. The restriction mapping ψ : A(X)∗ → C(X,T), χ 7→ χ ◦ ηX , is a

continuous isomorphism. If X is a Nachbin–Shirota space then ψ is a topological iso-

morphism.

Proof. Obviously, ψ is well defined and, by the definition of the free abelian topological
group, it is an isomorphism. Let K be a compact subset of X and let ε>0. The continuity
of ψ is a consequence of ψ({χ ∈ A(X)∗ : χ(ηX(K)) ⊆ Vε}) ⊆ (K,Vε).
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Now, let X be a Nachbin–Shirota space and let K ′ ⊆ A(X) be compact. According
to 12.14, S(K ′) is a compact subset of X and it follows from 12.11 that K ′ is contained
in {∑x∈X ηX(x) : (kx) ∈ Z(S(K′))

∑
x∈X |kx| ≤ n} for suitable n ∈ N. Hence, ψ((K ′)0) ⊇

{g ∈ C(X,T) : g(S(K ′)) ⊆ V1/(4n)}, which shows that ψ is open.

Proposition 15.2. If X is a k-space then αA(X) is continuous.

Proof. By the definition of A(X), it suffices to prove that αA(X) ◦ ηX is continuous.
Since X is a k-space, we only have to show that αA(X) ◦ ηX |K is continuous for every
compact subset K ⊆ X (cf. 1.5). But this is a consequence of 5.11.

Lemma 15.3. Let K be a compact and connected space of cardinality > 1. Then the

character group of C(K,R)/C(K,Z) contains a non-trivial one-parameter subgroup.

Proof. For x1 6= x2 ∈ K, there exists a continuous function f0 : K → R such that
f0(x1) = 0 and f0(x2) = 1/2. Further, f0 does not belong to 〈C(K,Z)〉

R
, since this set

consists exactly of all constant functions. By the Hahn–Banach Theorem, there exists
a continuous linear form ψ : C(K,R) → R such that ψ(f0) 6= 0 and ψ(〈C(K,Z)〉

R
)

= {0}. Hence, for all λ ∈ R, the mapping χλ : C(K,R)/C(K,Z) → T, f + C(K,Z) 7→
exp(2πiλψ(f)), defines a character. It remains to show that γ : R→ (C(K,R)/C(K,Z))∗,
λ 7→ χλ, is a continuous homomorphism. Obviously, γ is a homomorphism. According
to 1.31, every compact subset of C(K,R)/C(K,Z) has the form {s + C(K,Z) : s ∈ S}
where S is a compact subset of C(K,R). For every compact subset S ⊆ C(K,R), there
exists M ∈ R such that ψ(S) ⊆ [−M,M ]. The continuity of γ is a consequence of
{λ ∈ R : γ(λ)(s + C(K,Z)) ∈ R for all s ∈ S} ⊇ {λ ∈ R : |λψ(s)| ≤ 1/4 for all
s ∈ S} ⊇ [−1/(4M), 1/(4M)]. Since γ(1)(f0) 6= 1, the assertion follows.

Theorem 15.4. For every punctiform Nachbin–Shirota space X which is a k-space, A(X)
is reflexive. Conversely, if A(X) is reflexive, then X must be punctiform.

Proof. Assume first that X is a punctiform Nachbin–Shirota space and a k-space. Be-
cause of 15.2, αA(X) is continuous. Since A(X) is locally quasi-convex (12.9), it is a conse-
quence of 6.10 that αA(X) is an embedding. It follows from αA(X)(

∑
x∈X kxηX(x))(χ) =∏

x∈X((χ ◦ ηX)(x))kx , 15.1, and 14.7 that αA(X) is surjective.
Conversely, suppose that A(X) is reflexive and that there exists a compact connected

subset K ⊆ X of cardinality > 1. According to 15.1 and 14.4, the composition A(X)∗
ψ→

C(X,T)
ϕ→ C(K,R)/C(K,Z) is a continuous epimorphism. The dual homomorphism of

ϕ◦ψ is injective (5.16) and 15.3 implies that A(X)∗∗ contains a non-trivial one-parameter
subgroup, which is obviously divisible. But A(X), being algebraically a free abelian group,
contains no non-trivial divisible subgroup and, in particular, no non-trivial one-parameter
subgroup. This shows that A(X) and A(X)∗∗ cannot be algebraically isomorphic, which
completes the proof.

Notes 15.5. V. Pestov [63] has proved results analogous to 15.1, 15.2, and 15.4. But he
endowed the character group of A(X) with the topology of uniform convergence on all
functionally bounded subsets. 15.3 is a generalization of Corollary 4 in [57].



Duality theory and nuclear groups 73

16. A short survey of the theory of nuclear groups

In this introductory chapter we give a short report on the theory of nuclear groups.
They were defined by W. Banaszczyk in [8], and several deep results which stress the
importance of this class were proved there.

Roughly speaking, a nuclear group is an abelian Hausdorff group which has the prop-
erty that for each neighbourhood of the unit element, there exists another neighbourhood
which is considerably smaller (cf. 20.4). (If the group is a vector space these neigh-
bourhoods can be compared by the Kolmogorov diameter.) The class of nuclear groups
contains all nuclear locally convex vector spaces (20.6(i)) and all locally compact abelian
groups (20.8). It is closed under forming (arbitrary) products, countable sums, subgroups,
and Hausdorff quotient groups. In particular, every Hausdorff quotient of a subgroup of a
nuclear vector space is a nuclear group. We prove that the completion of a nuclear group
is nuclear (21.4). (The metrizable case was treated in [8], Theorem (9.8).) Every group
which is locally isomorphic to a nuclear group G is nuclear ((7.15) in [8]). Moreover, every
nuclear group G is locally quasi-convex ((8.5) in [8] and 20.15). This implies that αG is
injective and that every closed subgroup of a nuclear group is dually closed. Furthermore,
every subgroup of a nuclear group is dually embedded ((8.3) in [8] and 20.13).

This is a possibility to characterize nuclear vector spaces: Let E be a metrizable
locally convex space. If E is not nuclear, then it contains a discrete subgroup K such
that 〈K〉

R
/K admits only the trivial character ((6.1) in [8]; cf. also [5] and [6]).

Another result which elucidates the dichotomy between infinite-dimensional Banach
spaces and nuclear groups is the following generalization of the Lévy–Steinitz Theo-
rem: For a convergent series

∑
n∈N

gn in a metrizable group G, let S((gn)n∈N) be the
set of sums of rearrangements of

∑
n∈N

gn. If G is a metrizable nuclear group then
S((gn)n∈N) −∑

n∈N
gn is a (not necessarily closed) subgroup of G. If G is complete,

metrizable and nuclear, then the above subgroup is the image of a nuclear Fréchet space
under a continuous homomorphism ((10.3) in [8]). On the other hand, it was proved
by Kadets (cf. [38] and also [10]) that every Banach space contains a convergent series∑

n∈N
gn such that S((gn)n∈N)−∑

n∈N
gn is not a linear subspace.

The character group of each metrizable nuclear group is again nuclear ((16.1) in [8]
and 20.35). (This is not correct without the assumption of metrizability: e.g., (RI)∗∼=R(I)

is not nuclear (20.27).) Furthermore, every complete metrizable nuclear group is strongly
reflexive ((17.3) in [8]) and so is every countable product of locally compact abelian
groups ([7]). We extend the last two results to Čech-complete nuclear groups.

For locally compact abelian groups many analytic results have been proved. Since
each locally compact abelian group is nuclear, it is natural to ask which of these results
extend to nuclear groups. We give a proof of a version of the Bochner Theorem for
nuclear groups which simplifies the proof of (12.1) in [8].

17. Ellipsoids

In this chapter we establish some basic facts on ellipsoids. Let Bn denote the closed unit
ball in Rn (with respect to the metric induced by the standard inner product 〈·, ·〉). If
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the dimension is clear we write B instead of Bn. We denote by (e1, . . . , en) the standard
basis of Rn.

Definition 17.1. D ⊆ Rn is called an ellipsoid if there exists an invertible matrix
A ∈ Gl(n,R) such that D = AB (= {Ax ∈ Rn : x ∈ B}).
Lemma 17.2. For A ∈ Gl(n,R), there exist orthogonal matrices O1, O2 and a diagonal

matrix C with positive entries such that A = O1CO2. The family of diagonal entries of

C is unique.

Proof. The existence is proved in [28], p. 14. It follows from (tA)A = (tO2)C2O2 that
((tO2)e1, . . . , (

tO2)en) is a basis of eigenvectors for (tA)A. Hence the diagonal elements
of C are exactly the positive square roots of the eigenvalues of the symmetric positive
definite matrix (tA)A.

Lemma 17.3. For every ellipsoid D, there exists an orthonormal basis (ξ1, . . . , ξn) and ,
if the basis is fixed , a unique tuple (d1, . . . , dn) of positive numbers such that

D =

{ n∑

k=1

xkξk :

n∑

k=1

(
xk
dk

)2

≤ 1

}
= O(dkδkl)k,lB where O = (ξ1 . . . ξn).

d1, . . . , dn are called the principal semiaxes of the ellipsoid D.

Proof. Let A ∈ Gl(n,R) such that D = AB and let O1, O2 and C = (dkδkl)k,l be as in

17.2. Since D = O1CB, the existence is clear. For orthogonal matrices O, Õ and diagonal
matrices C, C̃ satisfying ÕC̃B = OCB, we get (OC)−1ÕC̃B = B. Hence, there exists an

orthogonal matrix O′ such that ÕC̃ = OCO′. The assertion follows from 17.2.

Proposition 17.4. (i) For every ellipsoid D, there exists an inner product p on Rn such

that D = Bp := {x ∈ Rn : p(x, x) ≤ 1}.
(ii) Conversely, for every inner product p, the closed unit ball Bp is an ellipsoid.

Proof. (i) Let (d1, . . . , dn) and (ξ1, . . . , ξn) be as in 17.3. Then O := t(ξ1 . . . ξn) is an
orthogonal matrix and C = ((1/d2

k)δkl)k,l is a diagonal matrix. Further, p : (x, y) 7→
tx(tOCO)y defines a symmetric bilinear form. It follows from p(ξk, ξk) = 1/d2

k > 0 that
p is an inner product. Hence (i) is a consequence of

Bp =
{ n∑

k=1

xkξk : p
( n∑

k=1

xkξk,

n∑

l=1

xlξl

)
≤ 1

}
=

{ n∑

k=1

xkξk :

n∑

k=1

(
xk
dk

)2

≤ 1

}

and 17.3.
(ii) Since A := (p(ek, el))k,l is a symmetric positive definite matrix, there exists an

orthonormal basis (ξ1, . . . , ξn) of eigenvectors of A (cf. [48], p. 585). Let (d1, . . . , dn)
denote the corresponding eigenvalues. Hence

Bp =
{ n∑

k=1

xkξk :
n∑

k,l=1

xkxlp(ξk, ξl) ≤ 1
}

=
{ n∑

k=1

xkξk :

n∑

k,l=1

xkxl(
tξk)Aξl =

n∑

k=1

x2
kdk ≤ 1

}

is an ellipsoid with principal semiaxes (1/
√
d1, . . . , 1/

√
dn).
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Proposition 17.5. For every positive semidefinite symmetric bilinear form p in Rn,
there exists a matrix A such that p(x, y) = 〈Ax,Ay〉 for all (x, y) ∈ Rn × Rn.

Proof. Let S := (p(ek, el))k,l be the positive semidefinite symmetric matrix associated
with p. There exist an orthogonal matrix O and a diagonal matrix C = (dkδkl)k,l (where
dk ≥ 0) such that S = (tO)CO (cf. [48], p. 585). The matrix A := (

√
dkδkl)k,lO has the

desired properties.

Proposition 17.6. Let D be an ellipsoid in Rn and let π : Rn → M be the orthogonal

projection onto the linear subspace M . Then π(D) and D ∩M are ellipsoids in M .

Proof. Let A ∈ Gl(n,R) be such that D = AB. Choose orthonormal bases (ξ′1, . . . , ξ
′
m)

and (ξ1, . . . , ξm) (m := dimM) of A−1M and M , respectively. There exists a linear
mapping ̺ : Rn → M such that ̺(ξ′k) = ξk for k ∈ {1, . . . ,m} and ̺(A−1(M⊥)) = {0}.
Furthermore, the isomorphism C : M → M determined by C(ξk) = A(ξ′k) satisfies
C ◦ ̺ = π ◦A. It follows from ̺(B) = B ∩M that π(D) is an ellipsoid in M .

Let p be an inner product on Rn such that D = Bp (17.4(i)). Since p|M×M is an inner
product on M and D ∩M = Bp|M×M

, the assertion follows from 17.4(ii).

Note 17.7. The material of this chapter is standard.

18. Properties of the Kolmogorov diameter

In this chapter we collect some properties of the Kolmogorov diameter. They are impor-
tant for the treatment of nuclear groups.

Definition 18.1. For symmetric convex subsets X,Y of a vector space E and k ∈ N,
we put dk(X,Y ) := inf{c > 0 : there exists a subspace Lc ≤ E such that dimLc < k and
X ⊆ cY +Lc} ∈ [0,∞]. Then dk(X,Y ) is called the k-th Kolmogorov diameter of X and
Y in E.

If T : E1 → E2 is a linear operator between the normed spaces E1, E2, we put
dk(T ) := dk(T (BE1

), BE2
) where BEj

(for j ∈ {1, 2}) denotes the closed unit ball.

Remark 18.2. (i) For each convex subset C of a vector space E and all a, b > 0 we have
(a+ b)C = aC + bC.

(ii) For symmetric convex subsets X,Y, Z,W of a vector space such that Z ⊆ X and
Y ⊆W , for all k, l ∈ N, and λ > 0 we have

dk(Z, Y )≤dk(X,Y ) and dk(X,W )≤ dk(X,Y ),

dk(λX, Y ) =λdk(X,Y ) and dk(X,λY ) =
1

λ
dk(X,Y ).

Proposition 18.3. Let X,Y, Z be symmetric convex subsets of the vector space E.

(i) dk+l−1(X,Z) ≤ dk(X,Y ) · dl(Y, Z).
(ii) dk+l−1(X + Y, Z) ≤ dk(X,Z) + dl(Y, Z).

The proof is straightforward.

Remark 18.4. Let p and q be seminorms on E such that d1(Bp, Bq) <∞ (where Bp and
Bq denote the closed unit balls). Then:
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(i) q ≤ d1(Bp, Bq) · p.
(ii) Each q-open set (i.e., open with respect to the topology Oq induced by q) is

p-open. [This follows directly from (i).]
(iii) The identity mapping (E,Op) → (E,Oq) is continuous. [This is a direct conse-

quence of (ii).]

Lemma 18.5. (i) For each linear operator ϕ : E1 → E2, for all symmetric convex subsets

X,Y ⊆ E1, and for all k ∈ N, we have dk(ϕ(X), ϕ(Y )) ≤ dk(X,Y ).
(ii) If ϕ : E1 → E2 is a homomorphism then for symmetric convex subsets X,Y ⊆ E2

and k ∈ N we have dk(ϕ−1(X), ϕ−1(Y )) = dk(X ∩ ϕ(E1), Y ∩ ϕ(E1)).
(iii) Let ϕj : Ej → Ej+1 (j ∈ {1, 2, 3}) be continuous linear operators between normed

spaces. For k ∈ N we have dk(ϕ3 ◦ ϕ2 ◦ ϕ1) ≤ ‖ϕ3‖ · dk(ϕ2) · ‖ϕ1‖.

The proof follows directly from the definitions.

Definition 18.6. A seminorm p : E → R on a vector space E is called a pre-Hilbert

seminorm if the parallelogram law holds:

p(x+ y)2 + p(x− y)2 = 2p(x)2 + 2p(y)2 ∀x, y ∈ E.

Notation 18.7. For a seminorm p on a vector space E, the set Np := {x ∈ E : p(x) = 0}
is a subspace of E. Further, p induces a norm on the quotient Ep := E/Np → R,
x+Np 7→ p(x). It is denoted by p again. Let ψp : E → Ep be the canonical projection.

The seminorm p satisfies the parallelogram law if and only if the induced norm does.
If q is another seminorm on E such that d1(Bp, Bq) < ∞ then Np ≤ Nq, and hence

Λp,q : Ep → Eq, ψp(x) 7→ ψq(x), is well defined and continuous (18.4(iii)). The following
diagram commutes:

(E,Op) (E,Oq)

Ep Eq

id //

ψp

��
ψq

��

Λp,q

//

Moreover, dk(Λp,q) = dk(Bp, Bq). [Since BEp
= {x + Np : x ∈ Bp} = ψp(Bp) (and

BEq
= ψq(Bq)), we get

dk(Λp,q) = dk(ψq(BEp
), ψq(BEq

))
18.5(ii)

= dk(Bp +Nq, Bq)
18.2(ii)

≥ dk(Bp, Bq);

next Nq ⊆ c ·Bq for every c > 0 implies dk(Bp+Nq, Bq)
18.3(ii)

≤ dk(Bp, Bq)+d1(Nq, Bq) =
dk(BpBq).]

Remark 18.8. For every pre-Hilbert seminorm p on E, there exists a positive semidefinite
symmetric bilinear form p̃ such that p(x)2 = p̃(x, x) (for all x ∈ E). [This is an easy
consequence of Lemma 20.6 in [36], p. 85, and 18.7.]

If E is a topological vector space then p is continuous if and only if p̃ is continuous.
[This follows immediately from the polar identity.]

Recall that a subset A of a seminormed space (E, p) is called bounded if p(A) is
bounded in R.
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Lemma 18.9. Let p be a seminorm on the vector space E. Every closed subset A ⊆ E
satisfies A+Np = A. Furthermore, if A is closed and bounded , then A+L is closed (in
(E, p)) for every finite-dimensional subspace L ≤ E.

Proof. First, let a ∈ A and x ∈ Np. Since a ∈ a+ x+ εBp for every ε > 0, “⊆” follows.
The other inclusion is trivial.

Hence, in order to prove the second assertion, we may assume that L ∩ Np = {0}.
Let an ∈ A, ln ∈ L be such that (an + ln)n∈N converges to x ∈ E (with respect to p).
Since (an + ln)n∈N and (an)n∈N are bounded sequences, so is (ln)n∈N. Moreover, (ln)n∈N

belongs to the finite-dimensional normed space (L, p|L). By the equivalence of norms,
there exists a convergent subsequence (lnk

)k∈N which tends to l ∈ L. This implies that
(ank

)k∈N converges to x− l ∈ A (since A is closed). The assertion follows.

Lemma 18.10 (Auerbach). For every finite-dimensional normed space (E, ‖ ·‖) of dimen-

sion d, there exists a basis (x1, . . . , xd) of normalized vectors such that BE⊆{
∑d
k=1 αkxk :

|αk| ≤ 1} and there are linear forms ϕ1, . . . , ϕd of norm 1 satisfying ϕk(xl) = δkl for all

k, l ∈ {1, . . . , d}.

Proof. See [70], p. 173 or [64], p. 135, (8.4.1).

Corollary 18.11. Let L be a finite-dimensional subspace of the normed space E. There

exists a projection π : E → L of norm ≤ dimL.

Proof. Let (x1, . . . , xd) (d := dimL) be a basis in L and let ϕ1, . . . , ϕd be linear forms in
L as in the above lemma. According to the Hahn–Banach Theorem, there exist normalized
linear functionals ϕ′

1, . . . , ϕ
′
d on E which extend the corresponding ϕk. Hence π : E→L,

x 7→∑d
k=1 ϕ

′
k(x)xk, is the identity on L and ‖π‖ ≤ d.

Remark 18.12. It was proved by M. J. Kadets and G. Snobar (cf. 28.2.6 in [65], and
[37]) that for every normed space E and every finite-dimensional subspace L ≤ E, there
exists a projection π : E → L such that ‖π‖ ≤

√
dimL. This constant is optimal.

Lemma 18.13. Let E be a linear subspace of the vector space Ẽ, let q be a seminorm

on Ẽ and let X̃ be a symmetric convex subset of Ẽ. Put B̃q := {x ∈ Ẽ : q(x) ≤ 1},
Bq := E ∩ B̃q, and X := X̃ ∩ E.

(i) If B
(q)

q ⊇ B̃q and d1(X̃, B̃q) <∞, then dk(X,Bq) ≤ dk(X̃, B̃q) for all k ∈ N.

(ii) Let p be a seminorm on Ẽ and let Y be a symmetric convex subset of Ẽ such

that X̃ ⊆ Y (p)
. If Op is finer than Oq, then dk(X̃, B̃q) ≤ dk(Y,Bq).

Proof. (i) By assumption, dk(X̃, B̃q) < ∞ for all k ∈ N. Let L̃ ≤ Ẽ be a finite-

dimensional subspace and c > 0 such that X̃ ⊆ c · B̃q + L̃. We may assume that L̃∩Nq =

{0}. (Otherwise, we replace L̃ by a suitable subspace L′ satisfying L̃ = L′ ⊕ (L̃ ∩ Nq)
algebraically.) If L̃ = {0} then X ⊆ c · Bq. So, let L̃ 6= {0}. Since q|

L̃
is a norm, there

exist, according to 18.10 and 8.19, a basis (l̃1, . . . , l̃m) of L̃ such that q(l̃k) = 1 and linear

forms ϕ1, . . . ϕm ∈ Ẽq (where Ẽq denotes the space Ẽ endowed with the topology induced

by q) such that ϕk(l̃j) = δjk and sup{|ϕk(x)| : x ∈ B̃q} = 1 (for all j, k ∈ {1, . . . ,m}).
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By assumption, for ε > 0 and d > d1(X̃, B̃q), there exist l1, . . . , lm ∈ Bq such that

q(lk − l̃k) <
c

2(d+ c)m
ε.

Put L := 〈l1, . . . , lm〉R. For x ∈ X , there exist ỹ ∈ B̃q and α1, . . . , αm ∈ R such that

x=cỹ+
∑m

k=1 αk l̃k. We get |αk|= |ϕk(x− cỹ)|≤d+ c. For y∈Bq such that q(ỹ−y)<ε/2
and

z := (ỹ − y) +
1

c

m∑

k=1

αk(l̃k − lk),

we get x = c(y + z) +
∑m

k=1 αklk and z ∈ E. Moreover,

q(z) ≤ ε

2
+

1

c
m(d+ c)

c

2(d+ c)m
ε = ε

implies X ⊆ c(1 + ε)Bq + L and hence (i).
For the proof of (ii), we may assume that dk(Y,Bq) < ∞. Let c > 0 and let L be

a subspace of E of dimension < k such that Y ⊆ cBq + L. This implies X̃ ⊆ Y
(p) ⊆

cB̃q + L
(p)

. If Op is finer than Oq, then cB̃q + L
(p)

⊆ cB̃q + L
(q)

18.9
= cB̃q + L. This

completes the proof.

Remark 18.14. Let p be a seminorm on a vector space Ẽ and let E be a dense subspace

of Ẽ with respect to p. Using the notation of the above lemma, we have B̃p = B
(p)

p .

[“⊇” is trivial. Conversely, let x ∈ B̃p and ε > 0. We are to show that (x+ εB̃p)∩Bp
6= ∅. There exist δ > 0 and x′ ∈ Ẽ such that p(x′) < 1 and

(∗) x′ + δB̃p ⊆ (x+ εB̃p) ∩ B̃p.
This is trivial if p(x) ∈ [0, 1[. If p(x) = 1 then p|〈x〉 is a norm and hence there exists

x′ ∈ 〈x〉 ∩ (x + εB̃p) such that 1− ε < p(x′) < 1; now (∗) follows easily.

It remains to observe that x′ + δB̃p has non-empty interior.]

Corollary 18.15. Let p and q be seminorms on a vector space Ẽ satisfying d1(B̃p, B̃q)

<∞. For every subspace E of Ẽ which is dense with respect to Op, we have dk(Bp, Bq) =

dk(B̃p, B̃q).

Proof. According to 18.4, E is also dense in Ẽ with respect to Oq. Putting X̃ := B̃p in
18.13(i), we get “≤” from 18.14 (and 18.13(i)).

For the proof of “≥”, we put X̃ = B̃p and Y = Bp in 18.13(ii). The assertion follows
from 18.14 (and 18.13(ii)).

Corollary 18.16. Let Ẽ and F̃ be normed spaces and let T̃ : Ẽ → F̃ be a continuous

linear mapping. For all dense subspaces E of Ẽ and and all dense subspaces F of F̃
containing T̃ (E), we have dk(T̃ ) = dk(T ) where T : E → F denotes the induced mapping.

Proof. Using the notation of 18.13, we put X̃ := T̃ (B
Ẽ

) and q = p the norm on F̃ .

Then we get dk(T ) = dk(T (BE), BF )
18.2(ii)

≤ dk(T̃ (B
Ẽ

) ∩ F,BF )
18.13(i)

≤ dk(T̃ (B
Ẽ

), B
F̃

) =

dk(T̃ ). Because of T̃ (B
Ẽ

)
18.14
= T̃ (BE) ⊆ T (BE), the other inequality is a consequence of

18.13(ii) (for X̃ = T̃ (B
Ẽ

) and Y = T (BE)).
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Lemma 18.17. Let ϕ : E1 → E2 be a continuous linear operator between the normed

spaces E1 and E2. If E2 is a subspace of an inner product space H such that E2 has

an orthogonal complement in H , then dk(ϕ) = dk(ϕH) where ϕH denotes the induced

mapping E1 → H.

Proof. “≥” follows from 18.2(ii). Conversely, let ϕ(BE1
) ⊆ c · BH + L (c > 0, L ≤ H

such that dimL <∞). If π : H → E2 denotes the orthogonal projection then ϕ(BE1
) =

π(ϕ(BE1
)) ⊆ c · π(BH) + π(L) = c · BE2

+ π(L), which implies “≤”.

Lemma 18.18. Let p and q be seminorms on the vector space E such that d1(Bp, Bq)<∞.

Assume further that q is a pre-Hilbert seminorm. For every subspace M of E and every

k ∈ N, we have dk(M ∩Bp,M ∩Bq) ≤ dk(Bp, Bq).

Proof.We use the notation of 18.7. We denote by r and s the restrictions of p and q onto
M . Let Λ̃r,s : M̂r → M̂s denote the continuous extension of Λr,s onto the completions M̂r

and M̂s of the spacesMr and Ms (2.17). (M̂r and M̂s can be embedded in the completions

Êp and Êq of Ep and Eq, respectively.) Since Êq is a Hilbert space and M̂s is a complete

and hence closed subspace of Êq, we get

dk(M ∩Bp,M ∩Bq) = dk(Br, Bs)
18.7
= dk(Λr,s)

18.16
= dk(Λ̂r,s)

18.17
= dk(Λ̂r,s : M̂r → Êq)

18.5(iii)

≤ dk(Λ̂p,q : Êp → Êq)
18.16
= dk(Λp,q)

18.7
= dk(Bp, Bq).

Proposition 18.19. Let D be an ellipsoid in Rn with principal semiaxes d1 ≥ . . . ≥ dn
and let B be the closed unit ball. Then dk(D,B) = dk and dk(B,D) = d−1

n−k+1.

Proof. By 17.3 and 18.5(ii), we may assume that D={(x1, . . . , xn) :
∑n

i=1(xi/di)
2 ≤ 1}.

For Lk := 〈e1, . . . , ek−1〉R (and L1 := {0}) we have D ⊆ dk · B + Lk, which implies
dk(D,B) ≤ dk. Conversely, let D ⊆ c ·B + L (c > 0, dimL < k). Then

{
(x1, . . . , xn) :

k∑

i=1

(
xi
dk

)2

+

n∑

i=k+1

(
xi
di

)2

≤ 1

}
⊆ D ⊆ c ·B + L.

For dimensional reasons, there exists an x ∈ Lk+1 ∩ L⊥ of norm ≤ 1. Hence dkx ∈ D,
which implies that dkx = cb + l for suitable b ∈ B and l ∈ L. From this we get c2 ≥
‖cb‖2 = ‖dk · x− l‖2 = d2

k + ‖l‖2 ≥ d2
k, which implies “≥”.

For A := (d−1
k δkl)k,l ∈ Gl(n,R) from 18.5(ii) we get dk(B,D) = dk(AB,AD) =

dk(AB,B). Since the principal semiaxes of the ellipsoid AB are d−1
n ≥ . . . ≥ d−1

1 , the
assertion follows from the first part.

Corollary 18.20. Let M be an m-dimensional subspace of Rn. If π : Rn → M de-

notes the orthogonal projection then we have, for every ellipsoid D in Rn and every

k ∈ {1, . . . ,m},
dk(D,Bn) ≥ dk(π(D), π(Bn)) ≥ dn−m+k(D,Bn),

dk(D,Bn) ≥ dk(D ∩M,Bn ∩M) ≥ dn−m+k(D,Bn).

Proof. First consider the projection of D; the first inequality is a consequence of 18.5(i).
Since π(D) is an ellipsoid in M (see 17.6), for k ∈ {1, . . . ,m} (and B := Bn) we get
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1

dk(π(D), π(B))

18.19
= dm−k+1(π(B), π(D))

18.5(i)

≤ dm−k+1(B,D)
18.19
=

1

dn−m+k(D,B)
.

As to the intersection: the first inequality is a consequence of 18.18. For k ∈ {1, . . . ,m},
we get

1

dk(D ∩M,B ∩M)

18.19
= dm−k+1(B ∩M,D ∩M) ≤ dm−k+1(B,D)

18.19
=

1

dn−m+k(D,B)
.

(The inequality is a consequence of 17.4(i) and 18.18.)

Remark 18.21. Observe that in the second part of the above proof only an application
of 18.18 to the finite-dimensional case, which is easier to prove, was used.

Lemma 18.22. Let (H, p) be a Hilbert space. For every closed subspace H0, H1 := H⊥
0 , and

all pre-Hilbert seminorms r and q satisfying r(H0) = q(H0) = {0} and d1(Bp, Br) <∞
and d1(Br, Bq) <∞, we have:

(i) dk(Bp, Br) = dk(Bp ∩H1, Br ∩H1), and

(ii) dk(Br, Bq) = dk(Br ∩H1, Bq ∩H1).

Proof. In both cases “≥” is a consequence of 18.18. We have Br = (Br ∩H1)+H0 (and
analogously for q).

(i) Since H1 is the orthogonal complement of H0 with respect to p, we get Bp ⊆
(Bp ∩ H1) + H0. Hence, Bp ∩ H1 ⊆ c · (Br ∩ H1) + L (c > 0 and L ≤ H1) implies
Bp ⊆ c · ((Br ∩H1) + H0) + L = c · Br + L, which shows (i).

(ii) Br ∩ H1 ⊆ c · (Bq ∩ H1) + L (c > 0 and L ≤ H1) implies Br ⊆ c · Bq + L and
hence (ii).

Lemma 18.23. Let p be an inner product and let q be a pre-Hilbert seminorm on Rn. For

every ε > 0, there exists an ellipsoid D ⊆ Bq such that dk(Bp, D) ≤ dk(Bp, Bq) + ε for

k ∈ {1, . . . , n}.
Proof. Because of 18.5(ii), we may assume that p is the standard inner product. There
exists an orthonormal basis (ξ1, . . . , ξn) of Rn with respect to p with Bq = {∑n

k=1 tkξk :∑m
k=1(tk/dk)2 ≤ 1} for suitable m ≤ n and positive numbers d1 ≥ . . . ≥ dm (18.7

and 17.3). It follows from 18.19 and 18.22 that dk(Bp, Bq) = dk(Bp ∩M,Bq ∩M) for
M = 〈ξ1, . . . , ξm〉R, and hence dk(Bp, Bq) = d−1

m−k+1 for k ∈ {1, . . . ,m} and 0 for k > m.
The assertion follows for D := {∑n

k=1 tkξk :
∑n
k=1(tk/dk)2 ≤ 1} and sufficiently large

dm+1, . . . , dn (from 18.19).

Corollary 18.24. Let p and q be pre-Hilbert seminorms on Rn satisfying d1(Bp, Bq)
<∞. There exist sequences of pre-Hilbert norms (pn)n∈N and (qn)n∈N on R such that

(i) qn ≥ q, (pn)n∈N decreases ,
(ii) η · Bp ⊆

⋃
n∈N

Bpn
for every η ∈ ]0, 1[, and

(iii) inf{dk(Bpn
, Bqn

) : n ∈ N} = dk(Bp, Bq) (for all k ∈ N).

Proof. For M := N⊥
p we deduce from 18.22(ii) that dk(Bp ∩M,Bq ∩M) = dk(Bp, Bq).

For n ∈ N, there exists a pre-Hilbert norm q̃n on M satisfying dk(Bp ∩ M,B
q̃n

)

≤ dk(Bp, Bq) + 1/n and B
q̃n
⊆ Bq ∩M (18.23, 17.4). For an arbitrary decreasing se-

quence (p′n)n∈N of pre-Hilbert norms on Np satisfying
⋃
n∈N

Bp′n = Np, there exists a
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sequence (q′n)n∈N of pre-Hilbert norms on Np with d1(Bp′n , Bq′n ) < 1/n. For x ∈M and

y ∈ Np we put pn(x + y) :=
√
p(x)2 + p′n(y)2 and qn(x + y) :=

√
q̃n(x)2 + q′n(y)2. One

easily checks that pn and qn define pre-Hilbert norms on Rn. Furthermore

dk(Bpn
, Bqn

) ≤ dk(Bp ∩M +Bp′n , Bqn
)

18.3(ii)

≤ dk(Bp ∩M,Bqn
) + d1(Bp′n , Bqn

)

18.2(ii)

≤ dk(Bp ∩M,B
q̃n

) + d1(Bp′n , Bq′n) ≤ dk(Bp, Bq) +
1

n
+

1

n
.

Let η < 1, x ∈ M and y ∈ Np be such that p(x+ y) = p(x) ≤ η. There exists n ∈ N

such that p′n(y) ≤
√

1− η2 and hence pn(x + y) ≤ 1. Since Bqn
⊆ B

q̃n
+ Np ⊆ Bq, the

assertion follows.

Theorem 18.25. (i) Let (H, 〈·|·〉) be a Hilbert space. For every self-adjoint compact

operator T : H → H , there exist an orthonormal system (xk)k∈N and a family (λk)k∈N of

positive numbers where N = {1, . . . , n} for suitable n ∈ N or N = N satisfying λk+1 ≤ λk
for all k, k + 1 ∈ N (and λk ↓ 0 if N = N) and such that T (x) =

∑
k∈N λk〈x|xk〉xk for

all x ∈ H.

(ii) Each continuous linear operator S : H → H which belongs to the closure (with

respect to the usual operator norm) of the continuous operators having finite rank is

compact.

Proof. (i) This is the assertion of Satz 30.1 in [33], p. 202.
(ii) is a consequence of part (a) and (c) of Theorem 4.18 in [73], p. 104.

Lemma 18.26. (i) Let (H, 〈·|·〉) be a real Hilbert space and let q be a continuous pre-Hilbert

seminorm on H. Assume that dk(BH , Bq)→ 0. Then there exists a compact self-adjoint

operator Q : H → H such that 〈Q(x)|x〉 = q(x)2.
(ii) Let (H, 〈·|·〉) be a real inner product space which has an orthogonal basis (xk, yi :

k ∈ N, i ∈ I) (N = {1, . . . , n} or N = N and I is a suitable (possibly empty) index

set) and let (λk)k∈N be a decreasing sequence of positive numbers. Then Q : H → H,
x 7→ ∑

k∈N λk〈x|xk〉xk, is a continuous linear operator. Further , q : x 7→
√
〈Q(x)|x〉

defines a pre-Hilbert seminorm on H for which we have dk(B,Bq) =
√
λk for k ∈ N

and 0 for k ∈ N \N .

Proof. Put B := BH .
(i) Let q̃ be the continuous positive semidefinite bilinear form associated with q (see

18.8). For x ∈ H , the mapping y 7→ q̃(x, y) is a continuous linear form. Hence, there
exists a unique Q(x) ∈ H such that 〈Q(x)|y〉 = q̃(x, y) for all y ∈ H . Since q is bilinear,
Q is linear. For d > d1(B,Bq) we have sup{|q̃(x, y)| : x, y ∈ B} ≤ d2 sup{|q̃(x, y)| : x, y ∈
Bq} ≤ d2 (by the Cauchy–Schwarz inequality; cf. Satz 20.3 in [36], p. 84). This shows
that Q is continuous. It is self-adjoint since q̃ and 〈·|·〉 are symmetric.

Moreover, Q is a compact operator. [For ε > 0 there exists k ∈ N such that dk(B,Bq)
< ε/(2d) (where d > d1(B,Bq)). This implies B ⊆ (ε/(2d))Bq + L for a suitable finite-
dimensional subspace L of H . Since Q(L) is also finite-dimensional and hence closed,

there exists an orthogonal projection π : H → Q(L) of norm ≤ 1. Hence Q̃ := π ◦ Q
is continuous and has finite rank. For x ∈ B, there exist x̃ ∈ Bq and l ∈ L such that
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x = (ε/(2d))x̃+ l, which implies

‖Q(x)− Q̃(x)‖ =

∥∥∥∥Q
(
ε

2d
x̃

)
− π

(
Q

(
ε

2d
x̃

))∥∥∥∥

≤ ε

2d
· 2 · ‖Q(x̃)‖ =

ε

d
sup{q̃(x̃, y) : y ∈ B} ≤ ε

d
· d.

It follows from 18.25(ii) that Q is compact.
(ii) It is easy to see that Q is a self-adjoint linear operator and that q̃ : H ×H → R,

(x, y) 7→ 〈Q(x)|y〉, is a continuous positive semidefinite bilinear form. Hence q defined as
above is a pre-Hilbert seminorm.

We may assume that N = N. (Otherwise we put λk = 0 for k ∈ N \ N and choose
arbitrary xk ∈ H .) It remains to prove that dk(B,Bq) =

√
λk. Fix k ∈ N and put

Lk := 〈x1, . . . , xk−1〉. For x ∈ B we have

q̃
(
x−

k−1∑

j=1

〈x|xj〉xj , x−
k−1∑

j=1

〈x|xj〉xj
)

=
〈∑

j≥k

λj〈x|xj〉xj ,
∑

j≥k

〈x|xj〉xj +
∑

i∈I

〈x|yi〉yi
〉

=
〈∑

j≥k

λj〈x|xj〉xj
∣∣∣
∑

j≥k

〈x|xj〉xj
〉

=
∑

j≥k

λj〈x|xj〉2

≤ λk
∑

j≥k

〈x|xj〉2 ≤ λk‖x‖2 ≤ λk,

which implies B ⊆
√
λk ·Bq +Lk. To show “≥”, we may assume that λk > 0. According

to 18.18, we have dk(B,Bq) ≥ dk(B ∩ Lk+1, Bq ∩ Lk+1). Since the principal semiaxes of

the ellipsoid Bq ∩ Lk+1 = {x ∈ Lk+1 : 〈Q(x)|x〉 ≤ 1} = {∑k
j=1 αjxj :

∑k
j=1 λjα

2
j ≤ 1}

are 1/
√
λ1 ≤ . . . ≤ 1/

√
λk, the assertion follows from 18.19.

Lemma 18.27. Let (ak)k∈N , (bk)k∈N and (dk)k∈N be decreasing sequences of positive

numbers such that dk ≤ ak · bk for all k ∈ N and N = {1, . . . , n} or N = N. Then there

exists a decreasing sequence (ck)k∈N of positive numbers such that (dk/ck)k∈N is also

decreasing, ck ≤ ak and dk/ck ≤ bk for all k ∈ N .

Proof. (i) Let N = {1, . . . , n}. Put cn := an and suppose that cn, . . . , ck+1 (1 ≤ k ≤
n− 1) have already been constructed. Define

ck :=

{
(dk/dk+1)ck+1 if dk ≤ ak(dk+1/ck+1),
ak if dk > ak(dk+1/ck+1).

It is easy to see that dk/ck ≥ dk+1/ck+1. From (dk/dk+1)ck+1 ≥ ck+1 and ak ≥ ak+1 ≥
ck+1 we get ck ≥ ck+1. In the first case we have dk/ck = dk+1/ck+1 ≤ bk+1 ≤ bk and in
the second dk/ck = dk/ak ≤ bk. This implies that the sequence (ck)k∈N can be defined
recursively.

(ii) Now, let N = N. For each n ∈ N, there exists, according to (i), a sequence (cnk )k∈N

such that cnk = 0 for k > n and (cnk )k∈{1,...,n} has the desired properties for the truncated

sequences. The sequence ((cnk )k)n (in the compact metric space [0, a1]N) has a convergent
subsequence ((cnm

k )k)m∈N. Let ck := limm∈N c
nm

k . Obviously, ck ≤ ak and dk/ck ≤ bk
(⇔ ck ≥ dk/bk > 0). Since cnm

k ≥ cnm

k+1 for all m ∈ N, the sequence (ck)k∈N is decreasing
and hence the assertion follows.
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Theorem 18.28. Let p and q be pre-Hilbert seminorms on the vector space E such that

d1(Bp, Bq) < ∞ and dk(Bp, Bq) → 0. For all decreasing sequences (ak)k∈N, (bk)k∈N

of positive numbers such that dk(Bp, Bq) ≤ akbk (k ∈ N), there exists a pre-Hilbert

seminorm r on E such that dk(Bp, Br) ≤ ak and dk(Br, Bq) ≤ bk.

Proof. We use the notation of 18.7. Therefore, it suffices to show that there exists
a pre-Hilbert seminorm r on Ep having the desired properties. Hence we may assume

that p is a norm. Let p̂ denote the norm on the completion Êp which extends p. Since

q is continuous with respect to p̂ (18.4(ii)), there exists a continuous norm q̂ on Êp
extending q. Obviously, p̂ and q̂ satisfy the parallelogram law. This means that (Êp, p̂) is
a Hilbert space. Since q̂ is continuous with respect to p̂, we get d1(B

p̂
, B

q̂
) <∞ and hence,

according to 18.15, dk(Bp, Bq) = dk(B
p̂
, B

q̂
). If r̃ is the desired pre-Hilbert seminorm on

Êp, then r := r̃|Ep
satisfies the required conditions on Ep because of 18.18. This means

that we may assume that (Ep, p) is a Hilbert space.
For q, there exists, according to 18.26(i), a compact self-adjoint operator Q : H →

H satisfying q(x)2 = p(Q(x), x) (for all x ∈ H). Let (xk)k∈N and (λk)k∈N be as in
18.25 and let (ck)k∈N be as in 18.27 with dk := dk(Bp, Bq). If p̃ denotes the inner
product associated with p, then R : Ep → Ep, x 7→

∑
k∈N c

2
kp̃(x, xk)xk, is a continuous

self-adjoint operator which gives rise to an inner product r̃ : (x, y) 7→ p̃(R(x)|y) =∑
k∈N c

2
kp̃(x, xk)p̃(y, xk). Put H1 := 〈xk : k ∈ N〉 and H0 := H⊥

1 . Then r : x 7→
√
r̃(x, x)

defines a continuous pre-Hilbert seminorm on Ep. Hence we get dk(Bp, Br)
18.26(ii)

= ck
≤ ak for k ∈ N , and 0 otherwise. Because of 18.4(ii), (xk/ck)k∈N is an orthonormal
basis of (H1, r|H1

). The linear operator Q : H → H, x 7→ ∑
k∈N d

2
kp(x, xk)xk, satisfies

Q(xk/ck) = (d2
k/ck)xk = (d2

k/c
2
k)R(xk/ck). Since d2

k/c
2
k ≤ b2k and (b2k)k∈N is bounded, it

follows that Q is continuous with respect to the topology induced by r. Hence we get

dk(Br, Bq)
18.22(ii)

= dk(Br ∩H1, Bq ∩H1)
18.26(ii)

= dk/ck ≤ bk for k ∈ N and 0 otherwise.
This completes the proof.

Definition 18.29. Let E1, E2 be normed spaces and let T : E1 → E2 be a continuous
linear operator. Then ak(T ) := inf{‖S−T ‖ : S : E1 → E2 is a continuous linear operator
such that dimS(E1) < k} is called the k-th approximation number of T .

Proposition 18.30. Let T : E1 → E2 be a continuous linear operator between the normed

spaces E1 and E2; then dk(T ) ≤ ak(T ) ≤ k · dk(T ).

Proof. For every continuous operator S : E1 → E2 we get

T (BE1
) ⊆ ‖S − T ‖BE2

+ S(E1),

which shows the first inequality.
Now, let T (BE1

) ⊆ c ·BE2
+L (for c > 0 and a finite-dimensional subspace L ≤ E2).

According to 18.11, there exists a projection π : E2 → L such that ‖π‖ ≤ dimL. For
S := π ◦T , x ∈ BE1

, y ∈ BE2
and l ∈ L such that T (x) = c · y+ l we get ‖(S − T )(x)‖ =

c · ‖y − π(y)‖ ≤ c · (1 + ‖π‖) ≤ c · (1 + dimL), which implies the assertion.

Theorem 18.31. Let T : E1 → E2 be a continuous linear operator between the normed

spaces E1 and E2. Suppose there exists r ∈ ]0, 1] such that
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( ∑

k∈N

ak(T )r
)1/r

<∞.

Then we can find ϕk ∈ E′
1, yk ∈ E2 and λk ∈ R such that ‖ϕk‖, ‖yk‖ ≤ 1 (for all k ∈ N),

T (x) =
∑
k∈N

λkϕk(x)yk, and (
∑

k∈N
|λk|r)1/r ≤ 22+3/r(

∑
k∈N

ak(T )r)1/r.

Proof. This is Proposition (8.4.2) in [64].

Lemma 18.32. Let m ≥ 3 be a natural number. There exists c = c(m) > 0 with the

following property: for every vector space E and all symmetric convex subsets X,Y
⊆ E and all λ > 0 such that dk(X,Y ) ≤ λ · k−m (for all k ∈ N), there exist pre-Hilbert

seminorms p and q on 〈X〉
R

such that X ⊆ Bp, Bq ⊆ Y and dk(Bp, Bq) ≤ c · λ · k−m+3.

Proof. Fix m ≥ 3. We may assume λ = 1 (18.2(ii)). Let NX := {x∈ X : tx∈ X ∀t∈ R}
be the largest subspace contained in X . Endow EX := 〈X〉/NX with the norm which is
induced by the Minkowski functional of X and let ψX : 〈X〉

R
→ EX denote the canonical

projection. (We use analogous notation with respect to Y .)
Λ : EX → EY is well defined since d1(X,Y ) < ∞ and hence NX ≤ NY . As in 18.7

we get dk(Λ) = dk(X,Y ) and it follows from 18.30 that ak(Λ) ≤ k · dk(Λ) ≤ k−m+1. For
r := 1/(m − 3/2) < 1, the above estimate yields (

∑
k∈N

ak(Λ)r)1/r < ∞. According to
18.31, there exist ϕk ∈ E′

X , yk ∈ EY and λk ∈ R such that ‖ϕk‖ ≤ 1, ‖yk‖ ≤ 1, and

( ∑

k∈N

|λk|r
)1/r

≤ 22+3/r
( ∑

k∈N

ak(Λ)r
)1/r

≤ 4 · 23·(m−3/2)
( ∑

k∈N

k−(m−1)/(m−3/2)
)m−3/2

=: c′m,

and Λ(u) =
∑

k∈N
λkϕk(u)yk. We may assume that (|λk|)k∈N decreases. Then k|λk|r ≤∑k

j=1 |λj |r ≤ (c′m)r, which implies

(∗) |λk| ≤ k−1/rc′m = c′mk
−m+3/2 (k ∈ N).

Let (ek)k∈N denote the canonical orthonormal basis of ℓ2; we put

cΦ :=
1√∑

k∈N
k−3/2

, cΨ :=
1

2
cΦ, c∆ :=

1

cΦ · cΦ
;

Φ : EX → ℓ2, u 7→ cΦ
∑

k∈N

k−3/4ϕk(u)ek,

∆ : ℓ2 → ℓ2,
∑

k∈N

µkek 7→ c∆
∑

k∈N

µkk
3/2λkek,

Ψ : ℓ2 → EY ,
∑

k∈N

µkek 7→ cΨ
∑

k∈N

µkk
−3/4yk.

We have

EX EY

ℓ2 ℓ2

Λ //

Φ

��

∆
//

Ψ

OO
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Hence we get ‖Φ‖ ≤ cΦ

√∑
k∈N

k−3/2 = 1 and the Cauchy–Schwarz inequality im-

plies ‖Ψ‖ ≤ cΨ

√∑
k∈N

k−3/2 = 1/2. It follows from (∗) that sup{k3/2|λk| : k ∈ N} ≤
c′m sup{k−m+3 : k ∈ N} ≤ c′m, which shows that ∆ is continuous. Moreover, we get
Ψ ◦∆ ◦ Φ = Λ: let u ∈ EX ; then

Ψ(∆(Φ(u))) = cΦΨ
(
∆

( ∑

k∈N

k−3/4ϕk(u)ek

))
= cΦc∆Ψ

( ∑

k∈N

k3/4ϕk(u)λkek

)

= cΦc∆cΨ
∑

k∈N

ϕk(u)λkyk = Λ(u).

Obviously, p(x) := ‖Φ(ψX(x))‖ and q(x) := ‖∆(Φ(ψX(x)))‖ define pre-Hilbert seminorms
on 〈X〉. For x ∈ X we have p(x) ≤ 1 and hence X ⊆ Bp and for y ∈ 〈X〉

R
we get

‖ψY (y)‖ = ‖ΛψX(y)‖ = ‖Ψ∆ΦψX(y)‖ ≤ ‖Ψ‖ · q(y) ≤ 1
2q(y), which shows that Bq ⊆

Y (∩〈X〉). Furthermore,

(∗∗) dk(Bp, Bq) ≤ dk(∆).

Indeed,

dk(Bp, Bq) = dk(ψ−1
X (Φ−1(B)), ψ−1

X (Φ−1(∆−1(B))))

18.5(ii)
= dk(Φ−1(B), Φ−1(∆−1(B)))

18.5(ii)
= dk(B ∩ Φ(EX ), ∆−1(B) ∩ Φ(EX))

18.18, (3)

≤ dk(B,∆−1(B))
18.2(ii)

≤ dk(∆−1(∆(B)), ∆−1(B))

18.5(ii)
= dk(∆(B), B ∩∆(ℓ2))

18.18
≤ dk(∆(B), B) = dk(∆).

((3): Observe that ∆−1(B) = Br for the pre-Hilbert seminorm r : ℓ2 → R, x 7→ ‖∆(x)‖.)
Since dk(∆) ≤ c′mc∆k

3−m (observe that ∆(B) ⊆ |λk|k3/2 · B + 〈e1, . . . , ek−1〉R and
that |λk|k3/2 ≤ c′mk−m+3), the assertion follows for cm := c′mc∆.

Remark 18.33. Applying 18.12 instead of 18.11 would have yielded a better estimate,
namely dk(Bp, Bq) ≤ λk−m+2. This is the formulation of Lemma (2.14) given in [8].

Theorem 18.34. Let p, q be pre-Hilbert seminorms on E with d :=
∑
k∈N

dk(Bp, Bq)
2 <

1/4. For every subgroup K of E we have

dk(conv(K ∩Bp), conv(K ∩Bq)) ≤ 2dk(Bp, Bq).

Proof. This is Theorem (3.2) in [8].

Notes 18.35. The assertions of 18.1 to 18.8 are either simple or taken from Section 2
in [8]. 18.9, 18.13, 18.14, 18.15, and 18.16 have been established in order to prove 18.18
((2.13) in [8]).

The assertions of 18.19 and 18.20 can be found in [8] on p. 26 and p. 27 (Lemma
(3.3)).

18.27 was proved by G. Turnwald. 18.26 and 18.27 were necessary to give a proof of
18.28, which is (2.15) in [8]. 18.30 is Lemma (9.1.6) in [64].

I am very grateful to W. Banaszczyk for sending me a proof of 18.32 by e-mail.
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19. Gaussian-like measures

In this chapter elementary properties of the measure σL (defined below) are proved. It
can be considered as a Gaussian measure on the lattice L. The main result is Lemma
19.14, which will enable us to prove in the following chapter that closed subgroups of
nuclear groups are dually closed and dually embedded.

Let n be a fixed natural number; for x, y ∈ Rn, we put x · y := 〈x, y〉 and x2 := x · x.

Notation 19.1.

̺(A)
∑

x∈A

e−πx
2

(A ⊆ Rn)

L the set of all lattices in Rn

C the set of all non-empty compact symmetric convex subsets of Rn

σL
1

̺(L)

∑

x∈L

e−πx
2

εx (where L ∈ L and εx is the Dirac measure)

ϕL(u)
1

̺(L)

∑

x∈L+u

e−πx
2

(L ∈ L, u ∈ Rn)

L̂ {x ∈ Rn : x · y ∈ Z for all y ∈ L} (L ∈ L), the dual lattice of L
pU the Minkowski functional of U (U ∈ C)
dU the metric generated by pU
d the standard metric of Rn

α(U) sup
L∈L

̺(L \ U)/̺(L) = sup
L∈L

σL(L \ U) (U ∈ C)
β(U) sup

L∈L
sup
u∈Rn

̺((L+ u) \ U)/̺(L) (U ∈ C)

ζ(U, V ) sup
L∈L

sup
u6∈L

inf
v∈L̂: u·v 6∈Z

pV (v) · dU (u, L)/d(u · v,Z) (U, V ∈ C)

For each lattice L in Rn and u ∈ Rn, we have 0 < ̺(L + u) < ∞. [Clearly, we have
0 < ̺(L+ u). Let A ∈ Gl(n,R) be a matrix such that AZn = L and u′ := A−1u. Then

∑

x∈L+u

e−πx
2

=
∑

y∈Zn

e−π(A(y+u′))2 ≤
∑

y∈Zn

e−c·π(y+u′)2 <∞

for suitable c > 0.]

Theorem 19.2 (Poisson summation formula). Let L be a lattice in Rn and let f : Rn → C

be a continuous integrable function satisfying:

(i) u 7→∑
x∈L |f(x+ u)| converges uniformly on compact subsets, and

(ii)
∑

y∈L̂
|f̂(y)| <∞ where f̂(y) := TRn e−2πix·yf(x) dx. Then

∑

x∈L

f(x) =
1

m(L)

∑

y∈L̂

f̂(y)

where m(L) := det(x1 . . . , xn), the mesh of L, is the determinant of a basis (x1, . . . , xn)
of L.

Proof. See [25], p. 40.



Duality theory and nuclear groups 87

In the next proof, we make use of the following two integrals:

T
Rn

e−2πiaxe−πx
2

dx = e−πa
2

, T
Rn

e−2πiaxx2
ke

−πx2

dx = e−πa
2

(
1

2π
− a2

k

)

(they can be computed by the residue theorem).

Corollary 19.3. Let L ∈ L, k ∈ {1, . . . , n}, and v ∈ Rn. Then

(i)
∑

x∈L

e2πix·ve−πx
2

=
1

m(L)

∑

y∈L̂

e−π(y−v)2 ,

(ii)
∑

x∈L

e−2πixvx2
ke

−πx2

=
1

m(L)

∑

y∈L̂

e(−π(y+v)2)

(
1

2π
− (yk + vk)2

)
.

(iii)
1

̺(L)

∑

x∈L

e2πix·ve−πx
2

= ϕ
L̂

(v).

(iv) ϕL is a positive definite function and hence ϕL(x) ≤ ϕL(0) = 1.

Proof. (i) and (ii). Fix v ∈ Rn and put f1 : Rn → C, x 7→ e2πix·ve−πx
2

, and f2 :

x 7→ e−2πixvx2
ke

−πx2

. Obviously, both functions are continuous and integrable. Since
every lattice is the homomorphic image of Zn under a suitable matrix A ∈ Gl(n,R),
it is easy to verify that u 7→ ∑

x∈L |fj(x + u)| converges uniformly on compact subsets
for j ∈ {1, 2}. Hence condition (i) of 19.2 is satisfied. Using the above integrals, we see

that f̂1(y) = e−π(y−v)2 and f̂2(y) = e−π(y+v)2(1/(2π) − (yk + vk)2). Hence the sums∑
y∈L̂
|f̂j(y)| are convergent. This enables us to apply 19.2, which yields

∑

x∈L

e2πix·ve−πx
2

=
∑

x∈L

f1(x)
19.2
=

1

m(L)

∑

y∈L̂

f̂1(y) =
1

m(L)

∑

y∈L̂

e−π(y−v)2 ,

and analogously,

∑

x∈L

e−2πixvx2
ke

−πx2

=
1

m(L)

∑

y∈L̂

e−π(y+v)2
(

1

2π
− (yk + vk)2

)
.

(iii) From (i) we get

∑

x∈L

e2πix·ve−πx
2

=
1

m(L)

∑

−y∈L̂

e−π(y+v)2 =
1

m(L)
· ̺(L̂) · ϕ

L̂
(v).

For v = 0, we obtain ̺(L) = 1
m(L) · ̺(L̂), which implies (iii).

(iv) The following functions are positive definite:

1. x 7→ e2πix·v ([84], p. 189, Example 1),

2. x 7→ e−πx
2

([84], p. 189, Example 3),

and so are sums (this is trivial) and products ([84], p. 188, Proposition 1.1(d)) of positive

definite functions. Hence the assertion follows from (iii) and the fact that
̂̂
L = L.

Corollary 19.4. The function Rn → C, v 7→∑
y∈L e

−π(y+v)2(1/(2π)− (yk + vk)2), is

positive definite for every lattice L.
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Proof. Consider the positive measure µ :=
∑

x∈L̂
x2
ke

−πx2

. It is an easy consequence of

19.3(ii) that the above function equals µ̂ (for the definition, see 22.1) composed with the

projection Rn → L̂∗ up to a positive constant. Hence the assertion follows.

Lemma 19.5. (i) ̺ is invariant under orthogonal transformations.

(ii) α and β are invariant under orthogonal transformations.

(iii) ÂL = (tA)−1 · L̂ (for A ∈ Gl(n,R) and L ∈ L).
(iv) ζ(A−1U, (tA) · V ) = ζ(U, V ) (for U, V ∈ C and A ∈ Gl(n,R)).
(v) ζ(tU, tU) = t−2ζ(U,U) for all t > 0 and all U ∈ C.

Proof. (i) is trivial and (ii) is a direct consequence of (i).

(iii) follows from ÂL={v ∈ Rn : v · (Au)∈Z ∀u∈L}={v ∈ Rn : (tAv) · u∈Z ∀u∈L}
= (tA)−1L̂.

(iv) From u · v = (Au) · ((tA)−1v) and pA−1U (v) = pU (Av) and (iii) we get

ζ(A−1U, (tA)V ) = sup
L∈L

sup
u∈Rn\L

inf
v∈L̂:u·v 6∈Z

ptAV (v) · dA−1U (u, L)

d(u · v,Z)

= sup
L∈L

sup
u∈Rn\L

inf
v∈L̂:u·v 6∈Z

pV ((tA)−1v) · dU (Au,AL)

d((Au) · t(A−1v),Z)

= sup
AL:L∈L

sup
Au6∈AL

inf
tA−1v∈tA−1L̂: (Au)·(tA−1v) 6∈Z

pV ((tA)−1v) · dU (Au,AL)

d((Au) · t(A−1v),Z)

= ζ(U, V ).

(v) We calculate

ζ(tU, tU) = sup
L∈L

sup
u6∈L

inf
v∈L̂:u·v 6∈Z

ptU (v) · dtU (u, L)

d(u · v,Z)

= sup
L∈L

sup
u6∈L

inf
v∈L̂:u·v 6∈Z

t−2pU (tv) · dU (t−1u, t−1L)

d((t−1u) · (tv),Z)

= t−2 · sup
t−1L∈L

sup
t−1u6∈t−1L

inf
tv∈=tL̂:(t−1u)·tv 6∈Z

pU (tv) · dU (t−1u, t−1L)

d((t−1u) · (tv),Z)

= t−2ζ(U,U).

Lemma 19.6. For U, V ∈ C such that 2β(U) + 3α(V ) ≤ 1 we have ζ(U, V ) ≤ 6.

Proof. Let L ∈ L, u ∈ Rn \L, and ε > 0 be arbitrary. We have to find v ∈ L̂ such that
u · v 6∈ Z and pV (v) · dU (u, L) ≤ 6 · (1 + ε) · d(u · v,Z). It suffices to consider the case of
dU (u, L) = 1 + ε. Otherwise, we replace u by tu, L by tL and v by (1/t)v for suitable

t > 0. (Observe that dU (t · u, t · L) = t · dU (u, L).) So we have to find v ∈ L̂ such that
u · v 6∈ Z and pV (v) ≤ 6 · d(u · v,Z). Notice that

(∗) u ∈ Rn \ (L + U) implies ϕL(u) ≤ β(U).

[For L+ u = (L+ u) \U we get ϕL(u) = ̺(L+ u)/̺(L) = ̺((L + u) \ U)/̺(L) ≤ β(U).]
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Hence we get

β(U) ≥ ϕL(u)
19.3
=

1

̺(L̂)

∑

v∈L̂

exp(2πiu · v) exp(−πv2)

=
1

̺(L̂)

∑

v∈L̂

cos(2πu · v) exp(−πv2) (L̂ is symmetric)

=
1

̺(L̂)

( ∑

v∈V ∩L̂

cos(2πu · v) exp(−πv2)

+
∑

v∈L̂\V

cos(2πu · v) exp(−πv2)
)

≥ s · σ
L̂

(L̂ ∩ V )− σ
L̂

(L̂ \ V )

= s− (1 + s)σ
L̂

(L̂ \ V ) ≥ s− (1 + s)α(V )

for s := min
v∈L̂∩V

cos(2πu · v). This implies s(1− α(V )) ≤ α(V ) + β(U) ≤ 1
2 (1 − α(V ))

(by assumption). Furthermore, we have α(V ) ≤ 1/3 < 1 and hence s ≤ 1/2. So, there

exists v ∈ L̂ ∩ V such that cos(2π(u · v)) ≤ 1/2, which means d(u · v,Z) ≥ 1/6. The
assertion follows.

Lemma 19.7. For L ∈ L, u ∈ Rn and xk := ek · x (x ∈ Rn) we have:

(i)
∑

x∈L x
2
ke

−πx2 ≤ ̺(L)/(2π), and

(ii)
∑

x∈L+u x
2
ke

−πx2 ≤ ̺(L)/π.

Proof. Recall the function

ϕL : Rn → R, u 7→ 1

̺(L)

∑

x∈L+u

e−πx
2

.

According to 19.3(iv), ϕL is positive definite and hence

|ϕL(u)| ≤ ϕL(0) = 1 ∀u ∈ Rn.(1)

Observing that the sums of the derivatives converge uniformly on compact subsets, the
second derivative of ϕL in the k-th direction is

DkkϕL(u) =
1

̺(L)

∑

x∈L+u

e−πx
2

((−2πxk)2 − 2π)(2)

= −2πϕL(u) +
4π2

̺(L)

∑

x∈L+u

x2
ke

−πx2 ≥ −2πϕL(u)

(where xk denotes the k-th coordinate of x). According to 19.4, −DkkϕL is positive
definite (and not the zero function), hence

DkkϕL(u) ≤ −DkkϕL(0) ∀u ∈ Rn(3)

and DkkϕL(0) < 0. For

ψ(u) :=
1

̺(L)

∑

x∈L+u

x2
ke

−πx2

,
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we get

ψ(u) =
1

4π2
(DkkϕL(u) + 2πϕL(u))

(1),(3)

≤ 1

4π2
(−DkkϕL(0) + 2πϕL(0))

(2)

≤ 1

4π2
(2πϕL(0) + 2πϕL(0))

(1)
=

1

π
.

Since DkkϕL(0) < 0, for u = 0 we get

ψ(0) =
1

4π2
(DkkϕL(0) + 2πϕL(0)) <

1

4π2
2πϕL(0)

(1)
=

1

2π
,

which was to be shown.

Lemma 19.8. Let D be an ellipsoid in Rn with principal semiaxes d1, . . . , dn. Then

(i) α(D) ≤ 1

2π

n∑

k=1

d−2
k , and

(ii) β(D) ≤ 1

π

n∑

k=1

d−2
k .

Proof. We give the proof for (ii). Using 19.7(i) instead of 19.7(ii) and putting u = 0,
we get (i).

Because of 19.5(ii) we may assume that D = {(xk) ∈ Rn :
∑n

k=1(xk/dk)2 ≤ 1}. The
assertion follows from

̺((L+ u) \D) =
∑

x∈(L+u)\D

exp(−πx2) ≤
∑

x∈(L+u)\D

n∑

k=1

(
exp(−πx2) ·

(
xk
dk

)2)

≤
n∑

k=1

d−2
k

∑

x∈L+u

x2
k exp(−πx2)

19.7(ii)

≤ ̺(L)
1

π

n∑

k=1

d−2
k .

Theorem 19.9. For every ellipsoid D ⊆ Rn with principal semiaxes d1, . . . , dn we have

ζ(D,B) = ζ(B,D) ≤ (21/π) ·∑n
k=1 d

−1
k .

Proof. Put d := (
∑n

k=1 1/dk)−1. By 19.5(iv), we may assume that D = {(xk) ∈Rn :∑n
k=1(xk/dk)2 ≤ 1}. For A := (δkl

√
dk)k,l ∈ Gl(n,R) we get AB = A−1D = {(xk) :

∑n
k=1 x

2
k/dk ≤ 1}=: C. Since A is a diagonal matrix we get ζ(B,D)

19.5(iv)
= ζ(C,C)

19.5(iv)
=

ζ(AC,A−1C) = ζ(D,B). For t :=
√

7/(2πd) we deduce from 19.6 that ζ(C,C)
19.5(v)

=
t2ζ(tC, tC) ≤ 6t2 = 21/(πd), since

3α(tC) + 2β(tC) ≤ 3

2πdt2
+

2

πdt2
= 1.

This completes the proof.

Remark 19.10. For U, V ∈ C, L ∈ L and u 6∈ L, it is possible to find v ∈ L̂ such that
u · v 6∈ Z and pV (v) · dU (u, L) ≤ ζ(U, V ) · d(u · v,Z). [We may assume ζ(U, V ) < ∞.

There exists a sequence (vk)k∈N in L̂ such that u · vk 6∈ Z and pV (vk) · dU (u, L) ≤
(ζ(U, V ) + 1/k) · d(u · vk,Z). This implies that the sequence (vk)k∈N is bounded; since it

is contained in the discrete set L̂, it is eventually constant. The assertion follows.]
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Remark 19.11. For x ∈ R\Z, let k be the smallest natural number satisfying d(kx,Z) >
1/4. Then d(kx,Z) = k ·d(x,Z). [Since j ∈ Z implies d(x+j,Z) = d(x,Z) we may assume
0 < |x| ≤ 1/2. If 1/4 < |x| then k = 1 and the assertion is trivial. So, let 0 < |x| ≤ 1/4.
Then k satisfies (k − 1)|x| ≤ 1/4 < k|x| ≤ 1/2, which implies the assertion.]

Lemma 19.12. For each u ∈ Rn, every subgroup K of Rn, and every ellipsoid D with

principal semiaxes d1, . . . , dn such that K ∩ (u+D) = ∅, there exists a linear functional

f : Rn → R such that f(K) ≤ Z, d(f(u),Z) ≥ 1/4, and ‖f‖ ≤ (21/(2π)) ·∑n
k=1 d

−1
k .

Proof. (1) Suppose first that K = L is a lattice. Since u 6∈ L, there exists v ∈ L̂ such
that u · v 6∈ Z and

‖v‖ · dD(u, L)

d(u · v,Z)
≤ ζ(D,B) ≤ 21

π
·
n∑

k=1

d−1
k

(according to 19.10 and 19.9). For k∈N which is minimal with the property that k(u·v)∈
]1/4, 3/4[ + Z, we get kd(u · v,Z)

19.11
= d(u · (kv),Z) > 1/4. By assumption, dD(u, L) ≥ 1.

Hence,

‖kv‖ ≤ 21

π
· d(u · (kv),Z)

dD(u, L)
·
∑

d−1
k ≤

21

2π
·
∑

d−1
k .

It follows easily that the linear mapping f : x 7→ x · (kv) has the desired properties.
(2) If K is a discrete group then it is contained in a lattice L which misses u + D.

Hence the assertion follows from (1).
(3) Let K be a closed subgroup of Rn. According to 2.2, there exist a linear subspace

V ≤ Rn and a discrete subgroup L ≤ V ⊥ such that K = V ⊕ L. If π : Rn → V ⊥

denotes the orthogonal projection then we get π(u + D) ∩ π(K) = π(u + D) ∩ L = ∅
since l ∈ π(u + D) ∩ L implies l + v ∈ u + D (for suitable v ∈ V ) contradicting the
assumption. According to (2), there exists a linear form f ′ : V ⊥→ R satisfying f ′(L)≤ Z,
d(f ′(π(u)),Z) > 1/4 and

‖f ′‖
18.19
≤ 21

2π

dimV ⊥∑

k=1

dk(BV ⊥ , π(D))
18.20
≤ 21

2π

n∑

k=1

d−1
k .

Hence, f := f ′ ◦ π has the desired properties.
(4) Now, let K be an arbitrary subgroup of Rn. We may assume 〈K〉

R
= Rn.

(Otherwise, we may replace D by D ∩ 〈K〉
R

, taking into consideration 18.18.) Since
K ∩ (u + λD) = ∅ for all λ ∈ ]1/2, 1[, there exist (according to (3)) linear forms fλ sat-
isfying fλ(K) ≤ Z, d(fλ(u),Z) ≥ 1/4, and ‖fλ‖ ≤ 21

2π · 1
λ ·

∑
d−1
k . (In the last step we

made use of 18.19 and 18.2(ii).) For each increasing sequence λn → 1, the norms of the
corresponding fλn

are bounded. Hence the sequence (fλn
)n∈N has an accumulation point

which has the desired properties.

Lemma 19.13. For each subgroup K ≤ Rn and each ellipsoid D with principal semiaxes

(d1, . . . , dn) and each character χ : K → T satisfying χ(K ∩D) ⊆ R, there exists a linear

function f : Rn → R such that exp(2πif |K) = χ and ‖f‖ ≤ (21/(2π))
∑n
k=1 d

−1
k .

Proof. (1) Assume first that K = L is a lattice. There exists x0 ∈ Rn such that

χ(y) = exp(2πi(x0 · y)). It suffices to show that d(x0, L̂) ≤ (21/(2π)) ·∑n
k=1 d

−1
k . [For
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x ∈ L̂ such that ‖x − x0‖ = d(x0, L̂), the linear function f : y 7→ (x0 − x) · y has the

desired properties.] We may assume x0 6∈ L̂. According to 19.9 and 19.10, there exists
y0 ∈ L such that x0 · y0 6∈ Z and

pD(y0) · d(x0, L̂)

d(x0 · y0,Z)
≤ 21

π
·
n∑

k=1

d−1
k .

If y0 ∈ D then d(x0 · y0,Z) ≤ 1/4 (by assumption). So, let k ∈ N be minimal with the
property that d(x0 · (ky0),Z) > 1/4. This implies ky0 6∈ D. Using 19.11, we get

d(x0, L̂) ≤ 21

π
· d(x0 · y0,Z)

pD(y0)
·
n∑

k=1

d−1
k =

21

π
· d(x0 · (ky0),Z)

pD(ky0)
·
n∑

k=1

d−1
k ≤

21

2π
·
n∑

k=1

d−1
k .

(2) An arbitrary discrete subgroup K is contained in a lattice L such that K ∩D =
L ∩ D. Applying (1) to L and an arbitrary homomorphism extending χ (2.3), we obtain
the assertion for K.

(3) Every closed subgroup K ≤ Rn has the form K = V ⊕ L where V is a linear
subspace of Rn and L is a discrete subgroup of V ⊥ (see 2.2). There is an increasing
sequence (Lm)m∈N of discrete subgroups of V such that their union is dense. Since Lm⊕L
is a discrete subgroup of Rn, there are, according to (2), linear functionals fm : Rn → R

satisfying exp(2πifm(x)) = χ(x) and ‖fm‖ ≤ (21/(2π))
∑n

k=1 d
−1
k . Hence the sequence

(fm)m∈N has an accumulation point with the desired properties.
(4) Let K be an arbitrary subgroup of Rn. For every λ ∈ ]0, 1[, we have K ∩ λD ⊆

K ∩ int(D) ⊆ K ∩D. Since χ is continuous, there exists a continuous homomorphism
χ′ : K → R extending χ (cf. 2.17). Hence χ′(K ∩ λD) ⊆ R and, according to (4), there
exists a linear form fλ satisfying exp(2πifλ|K) = χ′ and ‖fλ‖ ≤ (21/(2π))λ−1

∑
d−1
k

(18.19 and 18.2(ii)). The estimate of the norm shows that the sequence (f(n−1)/n)n≥2

has an accumulation point with the desired properties.

Lemma 19.14. Let p and q be pre-Hilbert seminorms on the vector space E such that∑
k∈N

dk(Bp, Bq) <∞ and let K be a subgroup of E.

(i) For every u ∈ E \ (K + Bq), there exists a linear form f : E → R such that

f(u) ∈ [1/4, 3/4] + Z and sup{|f(x)| : x ∈ Bp} ≤ (21/(2π))
∑

k∈N
dk(Bp, Bq).

(ii) For every homomorphism χ : K → T satisfying χ(K ∩ Bq) ⊆ R, there exists

a linear form f : E → R such that exp(2πif |K) = χ and sup{|f(x)| : x ∈ Bp} ≤
(21/(2π))

∑
k∈N

dk(Bp, Bq).

Proof. We use the notation of 18.7.
Because of 18.2(ii), we may assume that

∑
k∈N

dk(Bp, Bq) = 1. (Otherwise, we replace
p by a suitable multiple.)

For each x ∈ K, the set Ax := {h ∈ E′
p : exp(2πih(ψp(x))) = χ(x)} is closed with

respect to the weak∗ topology on Ep.
For x1, . . . , xn ∈ K, we put M0 := 〈ψq(x1), . . . , ψq(xn)〉

R
and M1 := 〈M0, ψq(u)〉

R
.

According to 18.7, the set ψq(Bq) is absorbing and the corresponding Minkowski func-
tional satisfies the parallelogram law. Hence Mj ∩ ψq(Bq) are dimMj-dimensional ellip-
soids for j ∈ {0, 1} (17.4(ii)).
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(i) Observe that kerψq ⊆ Bq implies ψq(u) 6∈ ψq(K) + ψq(Bq). According to 19.12,
there exists a (continuous) linear form f1 : M1 → R such that f1(ψq(K) ∩M1) ≤ Z,
f1(ψq(u)) ∈ [1/4, 3/4] + Z and

‖f1‖
18.20
≤ 21

2π

dimM1∑

k=1

dk(ψq(Bp) ∩M1, ψq(Bq) ∩M1)
18.18
≤ 21

2π
.

Next, f̃1 : Λ−1
p,q(M1)→ R, ψp(x) 7→ f1(ψq(x)) (Λp,q as in 18.7), is a well defined continuous

linear form which has a continuous extension F1 to Ep such that ‖F1‖ = sup{|f̃1(ψp(x))| :
ψp(x) ∈ Λ−1

pq (M1) ∩ Bp} ≤ 21/(2π) (8.19) and, of course, F1(ψp(u)) ∈ [1/4, 3/4] + Z.
Hence the sets of the form (21/(2π)) · B(E∗

p ) ∩ P ∩⋂
x∈F Ax, where F is a finite subset

of K and P := {h ∈ E∗
p : h(ψp(u)) ∈ [1/4, 3/4] + Z}, are weak∗-closed and not empty.

According to Alaoglu–Bourbaki (cf. [73], p. 68, Theorem (3.15)), the set (21/(2π))·B(E∗
p )

is weak∗-compact. Hence the intersection of the above sets is not empty. This shows (i).
(ii) Since χ(K∩Bq) ⊆ R implies K∩Nq ≤ kerχ (3.3(ii)), the mapping κ : ψq(K)→ T,

ψq(x) 7→ χ(x), is a well defined homomorphism satisfying κ(ψq(K) ∩BEq
) = χ(K ∩Bq)

⊆ R. Due to 19.13, we get a linear form f0 : M0 → R such that exp(2πif0|ψq(K)) = κ
and

sup{|f0(x)| : x ∈M0 ∩Bp} ≤
21

2π

dimM0∑

k=1

dk(BEp
∩M0, BEq

∩M0)
18.18
≤ 21

2π
.

Hence f̃0 : Λ−1
pq (M0) → R, ψp(x) 7→ f0(ψq(x)), is a continuous linear form which has a

norm preserving extension F0 : Ep → R; this means ‖F0‖ = sup{|f̃0(x)| : x ∈ Λ−1
pq (M0) ∩

BEp
} ≤ 21/(2π). For every finite subset F of K, the sets of the form

⋂
x∈F Ax∩(21/(2π))

·B(E∗
p ) are not empty and weak∗-compact (since BE∗

p
is weak∗-compact due to Alaoglu-

Bourbaki). Hence
⋂
x∈K Ax ∩ (21/(2π)) · B(E∗

p) 6= ∅, which implies (ii).

Notes 19.15. 19.1 to 19.9 establish some results of [11] and [9] more explicitly. 19.11
was pointed out to me by G. Turnwald. W. Banaszczyk informed me by e-mail that 19.9
enables one to get improved versions of (3.11) and (3.14) in [8] (19.12 and 19.13). Besides
that, I am indebted to the referee for improving the constant in 19.13 and for providing
me with a proof of 19.7. The result 19.14 is (8.1) and (8.3) of [8] where the improved
version of Lemma (3.11) and (3.14) in [8] have been used.

20. Nuclear groups

Nuclear vector spaces have been introduced by Grothendieck in [32] by means of the tensor
product. Recall first that a locally convex space V is called nuclear if for every symmetric
convex neighbourhood U ∈ UV (0), there exists a symmetric convex neighbourhood U ′ ∈
UV (0) such that dk(U ′, U) ≤ 1/k for all k ∈ N. This enables us to define nuclear vector
groups and, afterwards, nuclear groups. We prove some permanence properties (20.7) and
show that every subgroup of a nuclear group is dually embedded (20.13) and that every
nuclear group is locally quasi-convex (20.15). We give a proof of the following fact: a
locally convex vector space is a nuclear group if and only if it is a nuclear vector space
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(20.20). At the end of the chapter we show some kind of structure theorem for nuclear
groups (20.32).

Definition 20.1. A locally convex vector group V is called a nuclear vector group if for
every U ∈ UV (0), there exists a neighbourhood U ′ ∈ UV (0) such that dk(U ′, U) ≤ 1/k
for all k ∈ N.

It is clear that every nuclear vector space is a nuclear vector group. For examples of
nuclear vector spaces see [64], Chapter 6.

Lemma 20.2. Let V be a nuclear vector group. For U ∈ UV (0), m ∈ N and c > 0, there

exists a neighbourhood U ′ ∈ UV (0) such that dk(U ′, U) ≤ ck−m (for all k ∈ N).

Proof. Inductively, we can find a sequence (Un)n∈N0
of symmetric convex neighbour-

hoods with U0 := U and dk(Un, Un−1) ≤ 1/k for all k ∈ N (and n ∈ N). Hence, for
m ∈ N, we get

dmk−(m−1)(Um, U0)
18.3(i)

≤ dk(Um, Um−1)d(m−1)k−(m−2)(Um−1, U0)

18.3(i)

≤ . . .
18.3(i)

≤
m∏

l=1

dk(Ul, Ul−1) ≤ k−m.

For l ∈ N, there exists k ∈ N such that m(k − 1) + 1 ≤ l ≤ mk (< mk + 1). By
the monotonicity of (dl(Um, U0))l∈N, we get dl(Um, U0) ≤ dm(k−1)+1(Um, U0) ≤ k−m ≤
mml−m since l ≤ km. This shows that (1/(cmm))Um has the desired properties (cf.
18.2(ii) and 9.3(i)).

In order to define something like the Kolmogorov diameter for abelian groups we
compare the group with a vector space; more precisely:

Notation 20.3. Let G be an abelian topological group. For U, V ∈ UG(e) we use the
symbol (dk(V, U))k∈N ≤ (ck)k∈N if there exists a tuple (E,H,ϕ,X, Y ) where E is a
vector space, H is a subgroup of E, ϕ is a homomorphism H → G, and X and Y are
symmetric convex subsets of E such that dk(X,Y ) ≤ ck for all k ∈ N (where dk is the
usual Kolmogorov diameter), ϕ(H ∩X) ⊇ V and ϕ(H ∩ Y ) ⊆ U .

Definition 20.4. An abelian Hausdorff group G is called nuclear if for every U ∈ UG(e),
m ∈ N, and c > 0, there exists V ∈ UG(e) such that (dk(V, U))k∈N ≤ (c · k−m)k∈N.

An abelian Hausdorff-group G is called quasi-nuclear if for every U ∈ UG(e), there
exists V ∈ UG(e) such that

(dk(V, U))k∈N ≤
(

1

12π2 · c(6)
k−6

)

k∈N

(with c(6) as in 18.32).

Remark 20.5. It will be proved in 20.33 that every quasi-nuclear group is nuclear.

Example 20.6. (i) Every nuclear vector group and, in particular, every nuclear vector
space is a nuclear group. [This follows immediately from 20.2.]

(ii) Every discrete group is nuclear. [Put V = {e} and H = E = X = Y = {0} and
let ϕ be the trivial homomorphism.]
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(iii) Rn is a nuclear group. [Let U = Y be a compact symmetric convex neighbourhood
of {0}. Fix c>0 and m ∈ N. Put H = E = Rn and ϕ = id. It follows easily from 18.2(ii)
that X := ck−nY satisfies the above conditions.] Besides that, Rn is a nuclear vector
space and hence, according to (i), a nuclear group.

Proposition 20.7. (i) Every subgroup of a nuclear group is nuclear.

(ii) Every Hausdorff quotient of a nuclear group is nuclear.

(iii) Every product of nuclear groups is nuclear.

(iv) Every countable direct sum of nuclear groups is nuclear.

(v) Every abelian group which has an open nuclear subgroup is nuclear.

Proof. Let G be a nuclear group.
(i) LetH≤G. For U, V ∈ UG(e) such that (dk(V, U))k∈N ≤ (ck)k∈N we get (dk(V ∩H,

U ∩H))k∈N ≤ (ck)k∈N. [Let E,K,ϕ,X, Y be as in 20.3. If we put KH := ϕ−1(H) and
ϕH := ϕ|KH

, then the tuple (E,KH , ϕH , X, Y ) satisfies the conditions for V ∩ H and
U ∩H .] This implies (i).

(ii) Let H be a closed subgroup of the nuclear group G and let π : G→ G/H denote
the canonical projection. If we replace the tuple (E,K,ϕ,X, Y ) for U, V ∈ UG(e) by
(E,K, π ◦ ϕ,X, Y ) for π(U), π(V ) ∈ UG/H(e) we get the desired properties.

(iii) (and (iv)) Let Gi be nuclear groups and let I be a non-empty (countable) index
set. G :=

∏
i∈I Gi (G :=

∑
i∈I Gi) is an abelian Hausdorff group. Choose Ui ∈ UGi

(e)
such that Ui = Gi for all i ∈ I \F where F is a finite subset of I (Ui ∈ UGi

(e) arbitrarily)
and put U :=

∏
i∈I Ui (U :=

∑
i∈I Ui). For i ∈ F (i ∈ I), choose ki ∈ N such that∑

i∈F 1/ki < 1 (
∑

i∈I 1/ki < 1). By assumption, for every i ∈ F (i ∈ I), we can find
Vi ∈ UGi

(e) such that (dk(Vi, Ui))k∈N ≤ ((c/kmi )k−m)k∈N with a corresponding tuple
(Ei, Hi, ϕi, Xi, Yi). For i ∈ I \ F we choose a vector space Ei, a subgroup Ki and an
epimorphism ϕi : Ki → Gi. [One may take Ki as a free abelian group and Ei the
corresponding direct sum of copies of R.] For i ∈ I \F we put Xi = Yi = Ei and set E :=∏
i∈I Ei (E =

∑
i∈I Ei), K :=

∏
i∈I Ki (K =

∑
i∈I Ki), X :=

∏
i∈I Xi (X :=

∑
i∈I Xi),

Y :=
∏
i∈I Yi (Y :=

∑
i∈I Yi) and ϕ = (ϕi)i∈I . It is clear that E is a vector space, K is

a subgroup of E, and ϕ : K → G is a homomorphism satisfying ϕ(K ∩ X) ⊇ V where
V =

∏
i∈F Vi ×

∏
i∈I\F Gi (V :=

∑
i∈I Vi) and ϕ(K ∩ Y ) ⊆ U .

Hence it suffices to show that dk(X,Y ) ≤ c · k−m. Fix k ∈ N. For i ∈ F (i ∈ I), let
li := [k/ki] denote the integer part of k/ki. Then dli+1(Xi, Yi) < c · (1/kmi ) · (ki/k)m =
c · k−m. Hence, there exists a subspace Li ≤ Ei such that Xi ⊆ ck−mYi + Li where
dimLi ≤ li ≤ k/ki. Put Li := {0} for i ∈ I \ F and let L =

∏
Li (L =

∑
Li). Then

X ⊆ ck−mY + L and dimL =
∑
i∈I dimLi < k, which implies (iii) (and (iv)).

(v) is trivial.

Theorem 20.8. Every locally compact abelian group is nuclear.

Proof. (1) Since T ∼= R/Z we find as a consequence of 20.6(iii) and 20.7(ii) that T is
nuclear.

(2) Since every compact abelian group K can be embedded into a product of tori:
K → TK

∗

, x 7→ (χ(x))χ∈K∗ , it follows from (1) and 20.7(i) and (iii) that K is a nuclear
group.
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(3) Since every locally compact abelian group G has an open subgroup which is topo-
logically isomorphic to Rn × K where K is a compact group (e.g. Theorem (24.30) in
[34], p. 389), it is a consequence of 20.6(iii), (2) and 20.7(iii) and (v) that G is nu-
clear.

Remark 20.9. We will show in 20.27 that R(I) is not nuclear if I is an uncountable index
set.

Lemma 20.10. An abelian Hausdorff group G which is (quasi-) nuclear satisfies the fol-

lowing condition: for every U ∈ UG(e), every m ∈ N and every c > 0, there exist a

vector space E, two pre-Hilbert seminorms p and q on E such that dk(Bp, Bq) ≤ ck−m

(dk(Bp, Bq) ≤ (1/(12π2))k−3), a subgroup H ≤ E such that E = 〈H〉
R

and a homomor-

phism ϕ : H → G satisfying ϕ(H ∩Bp) ∈ UG(e) and ϕ(H ∩Bq) ⊆ U .

Proof. Let G be a (quasi-) nuclear group, let U ∈ UG(e), m ∈ N and c > 0. By
the definition, there exist: a vector space E′, a subgroup H ′ ≤ E′ and two symmet-
ric convex sets X,Y ⊆ E such that dk(X,Y ) ≤ (c/c(m+ 3))k−(m+3) (dk(X,Y ) ≤
(1/(12π2 · c(6))k−6) with c(m) as in 18.32; furthermore, there exists a homomorphism
ϕ′ : H ′ → G such that ϕ′(H ′ ∩ X) ∈ UG(e) and ϕ′(H ′ ∩ Y ) ⊆ U . According to 18.32,
we can find pre-Hilbert seminorms p′ and q′ on 〈X〉 such that dk(Bp′ , Bq′) ≤ c(m + 3)
× (c/(c(m+ 3)))k−m = ck−m (dk(Bp′ , Bq′) ≤ c(6)(1/(12π2 · c(6)))k−3 = (1/(12π2))k−3)
and X ⊆ Bp′ and Bq′ ⊆ Y . For E := 〈H ′ ∩Bp′〉R and H := 〈H ′ ∩Bp′〉Z, we get
〈H〉

R
= E. If we put p := p′|E , q := q′|E and ϕ := ϕ′|H then ϕ(H ∩Bq) ⊆ ϕ(H ′∩Bq′ ) ⊆

U . Furthermore, H ∩ Bp = 〈H ′ ∩Bp′〉Z ∩ Bp = 〈H ′ ∩Bp′〉Z ∩ Bp′ = H ′ ∩ Bp′ implies
ϕ(H ∩Bp) = ϕ′(H ′ ∩Bp′) ∈ UG(e). The assertion follows from 18.18.

Remark 20.11. Observe that

∑

k∈N

1

12π2
k−3 ≤ 1

12π2

∑

k∈N

k−2 =
1

12π2

π2

6
=

1

72
.

Theorem 20.12. Let H be a subgroup of the quasi-nuclear group G. Every equicontinuous

subset S ⊆ H∗ is the image of an equicontinuous subset of G∗ under ι∗ where ι : H → G
denotes the canonical embedding.

Proof. Let W ∈ UH(e) and U ∈ UG(e) be open neighbourhoods such that S ⊆W 0 and
W = H ∩ U . According to 20.10, there exist: a vector space E, a subgroup K ≤ E, two
pre-Hilbert seminorms p and q on E such that

∑
k∈N

dk(Bp, Bq) ≤ 1/15 and a homo-
morphism ϕ : K → G such that ϕ(K ∩ Bp) ∈ UG(e) and ϕ(K ∩ Bq) ⊆ U (cf. 20.11).

Obviously, S̃ := (ϕ(K ∩ Bp))0 is an equicontinuous subset of G∗. So it suffices to show

that ι∗(S̃) ⊇ S. For χ ∈ S and K ′ := ϕ−1(H) ≤ K, the mapping x 7→ χ(ϕ(x)) defines
a homomorphism K ′ → T which satisfies χ(ϕ(K ′ ∩ Bq)) ⊆ R. It is a consequence of
19.14(ii) that there exists a linear function f : E → R such that e2πif |K′ = (χ ◦ ϕ)|K′

and sup{|f(x)| : x ∈ Bp} ≤ (21/(2π))
∑

k∈N
dk(Bp, Bq) ≤ 1/4. Since kerϕ ≤ K ′, the

homomorphism χ̃ : ϕ(K) → T, ϕ(x) 7→ exp(2πif(x)), is well defined. By construction,
χ̃(ϕ(K ∩Bp)) ⊆ R, which shows that χ̃ is continuous (3.4(ii)). Next, χ′ : ϕ(K)+H → T,
ϕ(x) + h 7→ χ̃(ϕ(x)) +χ(h), is a well defined homomorphism (2.4) which satisfies χ′|ϕ(K)

= χ̃ and χ′|H = χ. Let χ′′ be an arbitrary homomorphism G→ T extending χ′ (cf. 2.3).
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Since ϕ(K) is an open subgroup of G, we see that χ′′ is continuous and, by construction,

it is an element of S̃.

Corollary 20.13. Every subgroup H of a nuclear group is dually embedded.

Proof. The assertion is equivalent to the surjectivity of the dual homomorphism of the
embedding. Since every one-point set of H∗ is equicontinuous, this is a direct consequence
of 20.12.

Remark 20.14. Leptin constructed a closed subgroup H of a group G which is a product
of discrete groups such that αH is not continuous ([49]). Because of 20.6(ii) and 20.7(iii)
and (i), G and hence H is nuclear. According to 5.4, G is reflexive and, in particular, αG
is continuous. This means that every compact subset of G∗ is equicontinuous (5.10). If
ι∗ were a compact-covering then every compact subset of H∗ would be equicontinuous.
But this is equivalent to the continuity of αH (cf. 5.10). Hence, in 20.12 “equicontinuous”
cannot be replaced by “compact”.

Theorem 20.15. Every quasi-nuclear group is locally quasi-convex.

Proof. For U ∈ UG(e), there exist, according to 20.10 and 20.11: a vector space E, a
subgroup H ≤ E, two pre-Hilbert seminorms p and q such that

∑
k∈N

dk(Bp, Bq) ≤ 1/30,
and a homomorphism ϕ : H → G such that ϕ(H ∩ Bp) ∈ UG(e) and ϕ(H ∩ Bq) ⊆ U .
It suffices to show that the quasi-convex hull U0 of ϕ(H ∩ Bp) is contained in U . This
is equivalent to: For every x 6∈ U , there exists χ∈G∗ such that χ(ϕ(K ∩ Bp)) ⊆ R and
χ(x) 6∈ R. If x is not a member of the open subgroup ϕ(H), then the assertion is trivial.
Let therefore x∈ϕ(H) and let u∈H\(kerϕ+Bq) satisfy ϕ(u) = x. According to 19.14(i),
there exists a linear function f : E → R such that f(kerϕ) ≤ Z, f(u) ∈ [1/4, 3/4] + Z

and sup{|f(y)| : y ∈ Bp} ≤ (21/(2π))
∑

k∈N
dk(Bp, Bq) ≤ 1/8. The homomorphism

χ′ : ϕ(H)→ T, ϕ(y) 7→ e2πif(y), is continuous since χ′(ϕ(H ∩Bp)) ⊆ V2 (3.4(ii)). Let χ′′

be a character of G extending χ′ (observe that ϕ(H) is an open subgroup of G and use
2.3). If χ′′(x) 6∈ R then we put χ := χ′′, otherwise we set χ := (χ′′)2. Then χ(x) 6∈ R and
χ(ϕ(H ∩Bp)) ⊆ R, which implies the assertion.

Corollary 20.16. For every nuclear group G, the evaluation mapping αG is injective.

Proof. This is an immediate consequence of 20.15 and 6.10.

Corollary 20.17. Every closed subgroup H of a nuclear group G is dually closed.

Proof. According to 20.7(ii), G/H is a nuclear group and it follows from 20.16 that
αG/H is injective.

Lemma 20.18. Let K be a subgroup of Rn, let V be a locally convex Hausdorff space and

let ϕ : K → V be a continuous (group) homomorphism. Then there exists a continuous

linear operator Φ : Rn → V which extends ϕ. If 〈K〉
R

= Rn, then Φ is unique.

Proof. We may assume that 〈K〉
R

= Rn (see 8.19). Let V denote the completion of V
and let ϕ be the composition of ϕ with the canonical embedding of V into V . Because
of 2.17, ϕ can be extended to a group homomorphism ϕ′ : K → V where K denotes
the closure of K in Rn. Suppose we have already proved that ϕ′ has an extension to a
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linear functional Φ′ : Rn → V . Then ϕ(K) ⊆ ϕ′(K) ⊆ Φ′(Rn) is contained in a finite-
dimensional subspace of V . Hence there exists a finite-dimensional (and hence complete)
subspace of V which contains ϕ(K). This shows that Φ′(Rn) =Φ′(〈K〉

R
) = 〈ϕ(K)〉

R
and

hence Φ′(Rn) lies in V . So we may assume that K is a closed subgroup of Rn.
According to 2.2, there exists a basis (x1, . . . , xm, ym+1, . . . , yn) of Rn (where m ≤ n)

such that K = 〈x1, . . . , xm〉R⊕〈ym+1, . . . , yn〉Z. Since V is torsion-free, we have ϕ(λx) =
λϕ(x) for all x ∈ 〈x1, . . . , xm〉R =: V0 and λ ∈ Q. By the continuity of ϕ, the restriction
ϕ|V0

is a continuous linear mapping. Now we may suppose that m = 0 and that K is a
lattice. Φ :

∑n
j=1 λjyj 7→

∑n
j=1 λjϕ(yj) is obviously a well defined linear mapping which

is continuous, since dimΦ(Rn) ≤ n. The uniqueness of ϕ is clear.

Lemma 20.19. Let (E, s) be a seminormed space and let V be a locally convex Hausdorff

space. For every subgroup K ≤ E and every continuous (with respect to the topology

induced by s) homomorphism ϕ : K → V , there exists a linear mapping Φ : 〈K〉
R
→ V

extending ϕ.

Proof. It must be proved that for arbitrary x1, . . . , xn ∈ K (and n ∈ N), there exists a
unique linear mapping ϕ′ : E2 := 〈x1, . . . , xn〉R → V extending ϕ|E2∩K . Let E0 := {x ∈
E2 : s(x) = 0} and let E1 be a subspace of E2 such that E2 = E0 ⊕ E1 (algebraically).
For any norm r on E0, the mapping S : E0 ⊕ E1 → R, x0 + x1 7→ r(x0) + s(x1) (where
xj ∈ Ej for j ∈ {0, 1}), defines a norm on E2. It is clear that ϕ|K∩E2

is also continuous
with respect to the topology induced by S. The assertion follows from 20.18.

Theorem 20.20. Every topological vector space (locally convex vector group) V which is

also a nuclear group is a nuclear vector space (nuclear vector group).

Proof. Assume first that V is a topological vector space and a nuclear group. It follows
from 20.15 and 6.5 that V is a (Hausdorff) locally convex vector space.

Hence, according to 9.7, we have to show in both cases that for each weakly closed sym-
metric convex neighbourhood U ∈ UV (0), there exists a symmetric convex neighbourhood
W such that dk(W,U) ≤ 1/k for all k ∈ N (see 9.7). Fix a weakly closed symmetric convex
neighbourhood U and let s denote the Minkowski functional associated with U which is
defined on 〈U〉

R
(cf. the proof of 10.5). Let ψs : 〈U〉

R
→ 〈U〉

R
/{x ∈ 〈U〉

R
: s(x) = 0} =:

Vs denote the canonical projection and let Vs be endowed with the topology determined
by the norm induced by s. According to 20.10 and 20.7(i), there exist: a vector space
E, a subgroup H ≤ E such that 〈H〉

R
= E, a homomorphism ϕ : H → 〈U〉

R
, and two

pre-Hilbert seminorms p and q on E such that dk(Bp, Bq) ≤ 1
3k

−1, ϕ(H ∩Bp) ∈ U〈U〉
R
(0)

and ϕ(H ∩Bq) ⊆ U .
Since ψs ◦ ϕ is continuous with respect to the topology induced by q, there exists,

according to 20.19, a linear operator Φ : E → Vs which extends ψs ◦ ϕ.
For X := ψ−1

s (co(Φ(H ∩Bp))) and Y := ψ−1
s (co(Φ(H ∩Bq))), we get

dk(X,Y )
18.5(ii)

= dk(Φ(co(H ∩Bp)), Φ(co(H ∩Bq)))
18.5(i)

≤ dk(co(H ∩Bp), co(H ∩Bq))
18.34
≤ 2dk(Bp, Bq) ≤ k−1.

(Observe that
∑

n∈N
d2
n(Bp, Bq) ≤ π2/54 < 1/4.)
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The symmetric convex sets X and Y satisfy X ⊇ ϕ(H ∩ Bp) ∈ UV (0) and Y =
ψ−1
s (co(ψs ◦ϕ(H ∩Bq))) = ψ−1

s (ψs(co(ϕ(H ∩Bq)))) = co(ϕ(H ∩Bq)) + s−1({0}) ⊆ {x ∈
〈U〉

R
: s(x) ≤ 1} = U ; hence the assertion follows.

Corollary 20.21. A (real) Banach space V is a nuclear group if and only if it is finite-

dimensional.

Proof. If V is of finite dimension, then it is topologically isomorphic to Rn for a suitable
n ∈ N0 and hence, according to 20.6(iii), nuclear.

Conversely, assume that the normed space V is a nuclear group. As a consequence of
20.20 we deduce that V is a nuclear vector space. Exercise 2 in [88], p. 291, implies that
V has finite dimension.

Lemma 20.22. Every infinite-dimensional Banach space E contains a compact set K hav-

ing the following property: for every sequence (Ek)k∈N of subspaces satisfying dim(E/Ek)
< k, the set

⋃
k∈N

(Ek ∩ k ·K) is not bounded.

Proof. Let (Fn)n∈N be an increasing sequence of subspaces of E satisfying dimFn = n.
Let B denote the closed unit ball of E. Then

K :=
⋃

n∈N

(
1√
n
B ∩ Fn

)

is compact. [It is sufficient to show that
⋃
n∈N

((1/
√
n)B ∩ Fn) is totally bounded. For

ε > 0, there exists k ∈ N such that 1/
√
k ≤ ε. Hence

⋃
n≥k((1/

√
n)B ∩ Fn) ⊆ εB and⋃

n∈N
((1/
√
n)B ∩ Fn) ⊆ (εB ∩ Fn) ∪ (Fk ∩ B). Since Fk ∩ B can be covered by finitely

many translates of ε · B, the same is true for
⋃
n∈N

((1/
√
n)B ∩ Fn).]

Now, let (Ek)k∈N be a sequence of subspaces satisfying dim(E/Ek) < k. For dimen-
sional reasons, there exist 0 6= xk ∈ Ek∩Fk (for all k ∈ N). We may assume ‖xk‖ = 1/

√
k,

which implies xk ∈ K. But
⋃
k∈N

(Ek ∩ k ·K) ⊇ {k · xk : k ∈ N} is not bounded, which
completes the proof.

Proposition 20.23. The dual space of an infinite-dimensional Banach space E endowed

with the compact-open topology is not a nuclear group.

Proof. Since E′
c is a locally convex vector space, it is sufficient to show that it is not

a nuclear vector space. Being a nuclear vector space is equivalent to: for every compact
subset K ⊆ E, there exists a compact subset S ⊆ E such that dk(S0,K0) < 1/k (see
20.2) where K0 = {f ∈ E′ : |f(x)| ≤ 1 ∀x ∈ K}. Assuming this condition holds, we can
find subspaces Lk ≤ E′ satisfying dimLk < k and S0 ⊆ (1/k)K0 + Lk = (k ·K)0 + Lk.
Putting Ek := {x ∈ E : f(x) = 0 ∀f ∈ Lk}, we get

Ek ∩ k ·K ⊆
⋂

f∈(k·K)0+Lk

{x ∈ E : |f(x)| ≤ 1} ⊆
⋂

f∈S0

{x ∈ E : |f(x)| ≤ 1} = co(S ∪ −S).

The last equality holds by the Hahn–Banach Theorem. Hence
⋃
k∈N

(Ek ∩ k · K) ⊆
co(S ∪ −S). For K as in 20.22, this set is not bounded (observe that dim(E/Ek) < k)
and hence it cannot be contained in the closed convex hull of the compact (and hence
bounded) set S ∪ −S. This gives the desired contradiction.
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Lemma 20.24. For all subsets X,Y of an abelian Hausdorff group G with (dk(X,Y ))k∈N≤
(c · k−m)k∈N where m ≥ 6 is a natural number and c > 0, we have (dk(Y 0, X0))k∈N ≤
(100 · c · c(m) · k6−m)k∈N where c(m) is the constant from 18.32.

Proof. This is Lemma (16.4) in [8].

Proposition 20.25. For every nuclear group G such that αG is continuous , the second

character group G∗∗ is also a nuclear group.

Proof. For every neighbourhood W ∈ UG∗∗(e), there exists (according to 3.4, 5.10
and by assumption) a neighbourhood U ∈ UG(e) such that U00 ⊆ W . Fix m ∈ N and
c > 0. Since G is nuclear, there exists V ∈ UG(e) such that (dk(V, U))k∈N ≤ (c · 10−4 ·
c(m+ 12)−1 · c(m+ 6)−1 · k−m−12)k∈N. Applying 20.24 twice, we obtain

(dk(U0, V 0))k∈N ≤ (c · 10−2 · c(m+ 6)−1 · k−m−6)k∈N,

(dk(V 00, U00))k∈N ≤ (c · k−m)k∈N,

which implies the assertion.

Example 20.26. Let Ew be an infinite-dimensional reflexive Banach space endowed with
its weak vector space topology. According to 8.24, αEw

is not continuous. Since Ew

can be considered as a subspace of a product of the reals, it is a nuclear group and,
according to 20.20, even a nuclear vector space. It is a consequence of 5.5 and 8.23 that
(Ew)∗ is topologically isomorphic to the infinite-dimensional Banach space (En)′b. Hence,
according to 20.23, the group (Ew)∗∗ is not a nuclear group.

This example shows that the condition “αG is continuous” cannot be omitted in 20.25.

Example 20.27. For each uncountable index set I, the topological vector space R(I)

(endowed with the asterisk topology) is not a nuclear vector space and, according to
20.20, not a nuclear group. [Since R(I) is a locally convex vector space (2.10), it suffices
to prove that R(I) is not a nuclear vector space. Let (εi)i∈I be a family of positive numbers
and let U be the asterisk neighbourhood associated with (]−εi, εi[)i∈I . We are to show
that for arbitrary δi > 0 (and i ∈ I) the asterisk neighbourhood V associated with
(]−δi, δi[)i∈I does not satisfy dk(V, U) ≤ 1/k for all k ∈ N. Therefore, put In := {i ∈ I :
δi/εi ∈ ]1/n, 1/(n− 1)] for n ≥ 2 and I1 := {i ∈ I : δi > εi}. Since I =

⋃
n∈N

In, there
exists n0 ∈ N such that In0

is uncountable. We now show that for any finite-dimensional
subspace L of R(I),

V 6⊆ 1

2n0
· U + L.

So, let L be a finite-dimensional subspace. There exists an index i0 ∈ In0
such that

Ei0 := {(xi)i∈I ∈ R(I) : xi = 0 ∀i 6= i0} ∩ L = {(0)i∈I}. Let xi = 0 for i 6= i0 and
xi0 = δi0/2. Then x = (xi)i∈I ∈ V . But x ∈ (1/(2n0)) ·U +L would imply δi0/2 = xi0 ∈
]−εi0/(2n0), εi0/(2n0)[ contradicting δi0/εi0 > 1/n0.]

Definition 20.28. Topological groups G and H are called locally isomorphic if there
exist open neighbourhoods U ∈ UG(e) and V ∈ UH(e) and a homeomorphism ϕ : U → V
which satisfies ϕ(x + y) = ϕ(x) + ϕ(y) whenever x, y, x+ y ∈ U .
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Example 20.29. Let G be an abelian Hausdorff group and let H be a discrete subgroup
of G. Then G and G/H are locally isomorphic. [One may take an open neighbourhood
U ∈ UG(e) which satisfies (U + (−U)) ∩ H = {e} and define ϕ to be the canonical
projection restricted to U .]

Theorem 20.30. If G and H are locally isomorphic abelian topological groups then G is

nuclear if and only if H is nuclear.

Proof. This is Proposition (7.15) in [8].

Corollary 20.31. For a completely regular space X , the group C(X,T) is nuclear if and

only if all compact subsets of X are finite.

Proof. If all compact subsets of X are finite then C(X,T) can be considered as a
subgroup of TX . Hence the assertion in this case follows from 20.7(i) and 20.8.

Conversely, suppose that C(X,T) is a nuclear group. Let K be an arbitrary compact
subset ofX . According to 14.4, there exists a continuous open epimorphism ϕ : C(X,T)→
C(K,R)/C(K,Z). Hence, C(X,T)/kerϕ ∼= C(K,R)/C(K,Z). This implies that the nuclear
group C(X,T)/kerϕ (20.7(ii)) is locally isomorphic to the Banach space C(K,R) (20.29).
So 20.30 and 20.21 imply that C(K,R) must be finite-dimensional. This is equivalent to
the fact that K is finite. Since K was arbitrary, the assertion follows.

Theorem 20.32. For every quasi-nuclear group G, there exist: a nuclear vector group

V , a (not necessarily closed) subgroup H ≤ V and a closed subgroup K of H such that

G ∼= H/K. The group V can be chosen so that the cardinalities of a neighbourhood basis

of G and V coincide.

Proof. We make use of the notation and construction established in the proof of 10.1.
According to 20.15, G is locally quasi-convex. As a consequence of 10.1, there exist a

locally convex vector group V , a subgroup H of E and a closed subgroup K of H such
that G ∼= H/K and the assertion concerning the cardinality of the neighbourhood bases
is satisfied.

So, it suffices to show that V is a nuclear vector group. Let U be a fixed quasi-convex
neighbourhood of e in G. Since G is a quasi-nuclear group, there exist a vector space
E, two pre-Hilbert seminorms p and q on E such that dk(Bp, Bq) ≤ (1/(12π2))k−3, a
subgroup G0 ≤ E and a homomorphism ϕ : G0 → G satisfying ϕ(G0 ∩Bp) ∈ UG(e) and
ϕ(G0 ∩ Bq) ⊆ U (cf. 20.10). According to 18.28, there exists a pre-Hilbert seminorm r
on E such that

dk(Bp, Br) <
1

3
k−1 and dk(Br, Bq) <

1

4π2
k−2.

For χ ∈ U0, we have (χ ◦ ϕ)(G0 ∩Bq) ⊆ R. As a consequence of 19.14(ii), there exists a
linear mapping fχ : E → R such that exp(2πifχ)|G0

= χ ◦ ϕ and

sup{|fχ(x)| : x ∈ Br} ≤
21

2π

∑

k∈N

dk(Br, Bq) < 6 · 1

4π2

π2

6
=

1

4
.

For χ ∈ U0, let fχ be an arbitrary but fixed linear functional as above; for χ 6∈ U0,
we put fχ ≡ 0. Then

Φ : E → RG
∗

, u 7→ (fχ(u))χ∈G∗ ,

defines a linear mapping. Furthermore,

P : RG
∗ → RG

∗

, (xχ)χ∈G∗ 7→ (1U0(χ) · xχ)χ∈G∗ ,
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is a projection which satisfies

(1) P (H) ∩ Φ(Br) ⊆ P (XU ).

[For κ̃ = Φ(u) = P (κ) (where κ ∈ H and u ∈ Br), there exists x ∈ G such that
αG(x) = ˜̺(κ). Hence, for χ ∈ U0, we get χ(x) = αG(x)(χ) = ̺(κ(χ)) and κ(χ) =
P (κ)(χ) = Φ(u)(χ) = fχ(u) ∈ [−1/4, 1/4] since u ∈ Br. This shows that χ(x) ∈ R for all
χ ∈ U0 and hence x belongs to U , since U is quasi-convex. Hence κ belongs to XU and
(1) follows.]

According to 20.15, there exists a quasi-convex neighbourhood W ∈ UG(e) such that
W ⊆ ϕ(G0 ∩Bp). Then

(2) P (XW ) ⊆ P (H) ∩ Φ(Bp).

[For κ ∈ XW , there exists x ∈ W such that |κ(χ)| ≤ 1/4 and exp(2πiκ(χ)) = χ(x)(∈ R)
for all χ ∈ W 0. By assumption, there exists u ∈ G0 ∩ Bp such that ϕ(u) = x. Since
W ⊆ ϕ(G0 ∩Bp) ⊆ ϕ(G0 ∩Bq) ⊆ U we get U0 ⊆ W 0. For an arbitrary χ ∈ U0, we get
|κ(χ)| ≤ 1/4 and exp(2πiP (κ)(χ)) = exp(2πiκ(χ)) = χ(x) = χ(ϕ(u)) = exp(2πifχ(u)) =
exp(2πiΦ(u)(χ)). Since both |P (κ)(χ)| ≤ 1/4 and |Φ(u)(χ)| = |fχ(u)| ≤ 1/4 (the second
inequality holds since u ∈ Bp ⊆ Br), we get P (κ)(χ) = Φ(u)(χ) for all χ ∈ U0. For
χ ∈ G∗ \ U0 we have P (κ)(χ) = 0 = Φ(u)(χ) and hence P (κ) = Φ(u). This shows that
P (XW ) ⊆ Φ(Bp).

Since ˜̺ is surjective, there exists (ηχ)χ∈G∗ ∈ H such that ˜̺((ηχ)χ∈G∗) = αG(x). This
means exp(2πiηχ) = χ(x) (for all χ ∈ G∗). In addition, we may assume that |ηχ| ≤ 1/4
for all χ ∈ U0(⊆ W 0). Since we have |P (κ)(χ)| ≤ 1/4 and exp(2πiP (κ)(χ)) = χ(x) (for
χ ∈ U0), we get P (κ) = P ((ηχ)χ∈G∗) and hence (2) follows.]

Taking into consideration that

∑

k∈N

dk(Φ(Bp), Φ(Br))
2

18.2(i)

≤
∑

k∈N

dk(Bp, Br)
2 =

π2

54
<

1

4

and applying 18.34, we get

dk(co(P (H)∩Φ(Bp)), co(P (H)∩Φ(Br))) ≤ 2dk(Φ(Bp), Φ(Br))
18.5(i)

≤ 2dk(Bp, Br) < k−1.

Furthermore, we have XW ⊆ P−1(P (XW )) and XU = P−1(P (XU )). [“⊆” is trivial in
both cases. For κ ∈ RG

∗

such that P (κ) ∈ P (XU ), we have P (κ)(χ) = κ(χ) for all
χ ∈ U0, which yields “⊇”.] This implies YW ⊆ P−1(P (YW )) and YU = P−1(P (YU )), and
hence

dk(YW , YU )
18.2(ii)

≤ dk(P−1(P (YW )), P−1(P (YU )))

18.5(ii)
= dk(P (YW ), P (YU )) = dk(co(P (XW )), co(P (XU )))

18.2(ii),(1),(2)

≤ dk(co(P (H) ∩ Φ(Bp)), co(P (H) ∩ Φ(Br))) ≤ k−1.

This completes the proof.
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Corollary 20.33. Every quasi-nuclear group is nuclear.

Proof. This follows from 20.32, 20.7 and 20.6(i).

In [8], Theorem 20.32 was used to prove

Theorem 20.34. The completion of every metrizable nuclear group is a (metrizable)
nuclear group.

Proof. This is Theorem (9.8) in [8].

Theorem 20.35. The character group of a metrizable nuclear group G is again nuclear.

Proof. Theorem (16.1) in [8] states that G∗
tb endowed with the topology of uniform

convergence on totally bounded sets is nuclear. According to 4.10, we have G∗ = G∗
tb.

This implies the assertion.

Corollary 20.36. The character group of every Čech-complete nuclear group G is nu-

clear.

Proof. According to 2.21, there exists a compact subgroup H of G such that G/H
is complete and metrizable. Since G/H is also nuclear (20.7(ii)), the above theorem
states that (G/H)∗ is nuclear. H being compact implies that (G/H)∗ → G∗, χ 7→ (x 7→
χ(x+H)), is a continuous open monomorphism (5.16, 5.18). So, G∗ has an open subgroup
which is nuclear. The assertion follows from 20.7(v).

Definition 20.37. A topological group G is named strongly reflexive if every closed
subgroup and every Hausdorff quotient group of G and G∗ is a reflexive group.

Theorem 20.38. Every complete metrizable nuclear group is strongly reflexive.

Proof. This is a special case of Corollary (17.3) in [8].

Theorem 20.39. Let H be a compact subgroup of a Hausdorff group G which admits

sufficiently many characters. If G/H is strongly reflexive, so is G.

Proof. This is Corollary (3.4) in [13].

Combining the last two results we are able to improve Corollary (17.3) in [8]. (Observe
that every countable product of Čech-complete spaces is again Čech-complete (1.25(iii)).)

Theorem 20.40. Every Čech-complete nuclear group G is strongly reflexive.

Proof. According to 2.21, there exists a compact subgroup H ≤ G such that G/H is
complete and metrizable and, because of 20.7(ii), nuclear. Since G/H is strongly reflexive
(20.38) and αG is injective (20.16), the assertion follows from 20.39.

Notes 20.41. 20.2 is similar to Proposition (7.1.1) of [70] (cf. also (2.17) of [8]). 20.6,
20.7, and 20.8 can be found in Section 7 of [8] (cf. also [81]). 20.10 is (7.2) in [8]. 20.12
to 20.17 are taken from Section 8 of [8]. 20.18 and 20.19 have been established in order
to give a more detailed proof of 20.20. The part concerning topological vector spaces was
formulated in (8.9) in [8], the assertion referring to locally convex vector groups is an
answer to a question I was asked by H. Glöckner. 20.27 has been mentioned in Remark
(16.2) in [8] and 20.32 is Theorem (9.6) in [8].
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21. An embedding theorem for nuclear groups

Remark 21.1. For U, V ∈ UG(e) such that (dk(V, U))k∈N ≤ (ck)k∈N where c1 < 1/2, we
have V + V ⊆ U . [Let E,H,ϕ,X, Y be as in 20.3. Since X is convex we get X + X =
2X ⊆ Y and hence V + V ⊆ ϕ(H ∩X) + ϕ(H ∩X) ⊆ ϕ(H ∩ Y ) ⊆ U .]

Proposition 21.2. Let G be a nuclear group and let U be a quasi-convex neighbourhood

of e. There exists a group topology NU on G/HU (HU as in 10.3) which is metrizable

and nuclear and such that the canonical projection πU : G→ (G/HU ,NU ) is continuous

and πU (U) is a neighbourhood of πU (e).

Proof. Since HU is a closed subgroup of G (10.3), the quotient group G/HU (endowed

with the quotient topology) is nuclear (20.7(ii)). According to 20.15, there exists for Ũ2 :=

πU (U) a quasi-convex neighbourhood Ũ3 of πU (e) (in the quotient topology) such that

(dk(Ũ3, Ũ2))k∈N ≤
(

1
2k

−2
)
k∈N

. Inductively, we can find quasi-convex neighbourhoods

Ũn+1 satisfying dk(Ũn+1, Ũn) ≤ (1/n)k−n. It is a consequence of 21.1 that Ũn+1+Ũn+1 ⊆
Ũn and it follows from 2.19 that

⋂
n∈N0

Ũn ⊆ Ũ0 is a subgroup of πU (U) which must be

trivial (10.3). According to 2.5, the sets (Ũn : n ∈ N0) form a countable neighbourhood
base of a Hausdorff group topology NU on G/HU . One easily verifies that NU is nuclear.
According to 2.7, it is metrizable. Since NU is coarser than the quotient topology, the
assertion follows.

Theorem 21.3. Every nuclear group G can be embedded into a product of complete metriz-

able nuclear groups such that the image of G is dually embedded. If G is complete then

the image is dually closed.

Proof. Let U be a neighbourhood base of e ∈ G consisting of quasi-convex sets (20.15),
let HU be as in 10.3, and let NU be a metrizable group topology as in 21.2. Then GU ,
the completion of (G/HU ,NU ), is nuclear and metrizable (20.34). It is a consequence of
10.2 that

Φ : G→
∏

U∈U

GU , x 7→ (ιU (x +HU ))

(where ιU : G/HU → GU denotes the canonical embedding), is an embedding. Since
each GU is a complete and nuclear group, so is the product

∏
U∈U GU (20.7(iii)). Hence,

according to 20.13, Φ(G) is dually embedded in the product. If G is complete then Φ(G)
is a closed subgroup of the product and hence dually closed (20.17). The assertion fol-
lows.

Corollary 21.4. The completion of a nuclear group is nuclear.

Proof. Let G be a nuclear group and let Φ : G→∏
GU be an embedding into a product

of complete metrizable nuclear groups (21.3). Obviously, Φ(G) is a closed subgroup of the
complete nuclear group

∏
U GU and hence complete and nuclear (20.7).

Corollary 21.5. If G is a complete nuclear group then αG is an open isomorphism.
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Proof. According to 20.38, every complete metrizable nuclear group is reflexive and so
is every product of reflexive groups (5.4). Hence G is a dually closed and dually embedded
subgroup of a reflexive group. The assertion follows from 5.25.

Notes 21.6. The material of this chapter is new.

22. The Bochner Theorem for nuclear groups

The aim of this chapter is to prove a version of the Bochner Theorem for nuclear groups
which generalizes the Bochner Theorem for locally compact abelian groups and the Minlos
Lemma for nuclear vector spaces.

We use the notation introduced in 19.1.

Definition 22.1. Let G be an abelian topological group and let ν be a finite measure
on a σ-algebra on G which makes all characters measurable. Then

ν̂ : G∗ → C, χ 7→ T
G
χ(x) ν(dx),

is called the Fourier transform of ν.
For a finite measure µ on a σ-algebra of G∗ which makes the point evaluations mea-

surable,

µ̌ : G→ C, x 7→ T
G∗

χ(x)µ(dχ),

is called the inverse Fourier transform of µ.

Lemma 22.2. Let L be a lattice in Rn.

(i) For all u, z ∈ Rn such that ‖z‖ ≤ 1 and for all t > 0 we have ̺({x ∈ L + u :

|x · z| ≥ t}) < 2e−πt
2

̺(L).

(ii) If χ ∈ L∗ \
(

1
4B ∩ L

)0
then σ̂L(χ) < 2e−π.

Proof. (i) Let x0 := x · z. We deduce from

∑

x∈L+u

e−πx
2 1

2
(e2πtx0 + e−2πtx0) ≤ 1

2
eπt

2
∑

x∈L+u

(e−π(x−tz)2 + e−π(x+tz)2)

=
1

2
eπt

2
( ∑

x∈L+u−tz

e−πx
2

+
∑

x∈L+u+tz

e−πx
2
)

19.3(iii)

≤ eπt
2

̺(L)

and
∑

x∈L+u

e−πx
2

cosh(2πtx0) ≥
∑

x∈L+u: |x0|≥t

e−πx
2

cosh(2πtx0) ≥cosh(2πt2)
∑

x∈L+u: |x0|≥t

e−πx
2

that

̺({x ∈ L+ u : |x · z| ≥ t})
̺(L)

≤ eπt
2

1
2 (e2πt2 + e−2πt2)

< 2e−πt
2

.

This proves (i).
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(ii) Let χ ∈ L∗ \
(

1
4B ∩ L

)0
. There exist v ∈ Rn such that χ(x) = e2πix·v for all

x ∈ L (cf. [34], p. 366, (23.27)(b) and p. 362, (23.18)) and y0 ∈ 1
4B ∩ L such that

v · y0 ∈ ]1/4, 3/4[ + Z. So, for each y ∈ L̂+ v, we have |y0 · y| > 1/4, which implies

σ̂L(χ)
19.3(ii)

= ϕ
L̂

(v) =
1

̺(L̂)
· ̺({y ∈ L̂+ v : |y · (4y0)| > 1})

(i)
< 2e−π.

This completes the proof.

Lemma 22.3. Let D be an ellipsoid and let L be a lattice in Rn. For each Borel probability

measure µ on L∗ and each ε ∈ ]0, 1[ such that Re µ̌(x) ≥ 1− ε for all x ∈ L∩D, we have

µ

((
1

4
B ∩ L

)0)
≥ 1− 2e−π − ε− 2α(D)

1− 2e−π
.

Proof. Put Z :=
(

1
4B ∩L

)0
. Since Z is symmetric, we may assume that µ is symmetric

as well. This implies that µ̌ is real-valued. We

T
L∗

σ̂L(χ)µ(dχ)
Fubini

= T
L
µ̌(x)σL(dx) = T

L∩D
µ̌(x)σL(dx) + T

L\D
µ̌(x)σL(dx)

≥ (1− ε)σL(D)− σL(L \D) = (1− ε)− σL(L \D)(2 − ε)
≥ 1− ε− 2α(D).

On the other hand,

T
L∗

σ̂L(χ)µ(dχ) = T
Z
σ̂L(χ)µ(dχ) + T

L∗\Z
σ̂L(χ)µ(dχ)

22.2(ii)

≤ µ(Z ∩ L∗) + 2e−π(1− µ(Z ∩ L∗)) = µ(Z ∩ L∗)(1 − 2e−π) + 2e−π.

The assertion follows.

Lemma 22.4 (Minlos Lemma for lattices). Let p and q be pre-Hilbert seminorms on Rn,
let L be a lattice in Rn, let µ be a Borel probability measure on L∗, and let ε ∈ ]0, 1[ be

such that Re µ̌(x) ≥ 1− ε for all x ∈ L ∩Bq. Then

µ

((
1

4
Bp ∩ L

)0)
≥ 1− 2ε−

∑

k∈N

dk(Bp, Bq)
2.

Proof. Put Z :=
(

1
4Bp ∩ L

)0
. In the case when p is the Euclidean norm and q is an

arbitrary pre-Hilbert norm, we have

µ(Z)
22.3
≥ 1− 2e−π − ε− 2α(Bq)

1− 2e−π

19.8, 18.19

≥ 1− ε+ (1/π)
∑n
k=1 dk(Bp, Bq)

2

1− 2e−π

> 1− 2ε−
∑

k∈N

dk(Bp, Bq)
2,

since e−π < 1/4.
If both p and q are pre-Hilbert norms, there exists A ∈ Gl(n,R) such that ABp = B; if

we replace Bq by ABq, L by A·L and µ by (ϕ∗)−1(µ) where ϕ∗ is the dual homomorphism
of the topological isomorphism ϕ : L → A · L, x 7→ Ax, then the assertion follows from
the first case. (Observe that the inverse Fourier transform of (ϕ∗)−1(µ) equals µ̌ ◦ ϕ−1.)
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Now, suppose p and q are arbitrary. Let (pn)n∈N and (qn)n∈N have the properties
stated in 18.24. Since Bqn

⊆ Bq, for each η ∈ ]0, 1[ we get

µ(Z) ≥ µ
({
χ ∈ L∗ : Reχ(x) ≥ 0 ∀x ∈

⋃

n∈N

Bη·pn
∩ L

})

≥ µ
( ⋂

n∈N

{
χ ∈ L∗ : Reχ(x) ≥ 0 ∀x ∈ Bη·pn

})

= lim
n∈N

µ({χ ∈ L∗ : Reχ(x) ≥ 0 ∀x ∈ Bη·pn
})

≥ sup
n∈N

(
1− 2ε−

n∑

k=1

dk(Bη·pn
, Bqn

)
)
≥ 1− 2ε− 1

η

n∑

k=1

dk(Bp, Bq).

This completes the proof, since η was arbitrary.

Corollary 22.5. Let K be a finitely generated subgroup of a vector space E and let

p and q be pre-Hilbert seminorms on E. For each Borel probability measure µ on the

character group of the discrete group (K,D) and each ε ∈ ]0, 1[ such that Re µ̌(x) ≥ 1−ε
for all x ∈ K ∩Bq, we have

µ

({
χ ∈ (K,D)∗ : Reχ(x) ≥ 0 ∀x ∈ K ∩ 1

4
Bp

})
≥ 1− 2ε−

∑

k∈N

d2
k(Bp, Bq).

Proof. We may assume that d1(Bp, Bq) <∞. Let (x1, . . . , xn) be a generating system
of K. We define a homomorphism f : Rn → E by f(ej) := xj (where (e1, . . . , en) is the
standard basis of Rn). Obviously, f(Rn) = 〈K〉

R
. Let fK : Zn → K denote the induced

epimorphism. Then p̃ := p ◦ f and q̃ := q ◦ f are pre-Hilbert seminorms on Rn satisfying

B
p̃

= f−1(Bp), Bq̃ = f−1(Bq) and dk(B
p̃
, B

q̃
)

18.5(ii)
= dk(Bp ∩ 〈K〉R, Bq ∩ 〈K〉R)

18.18
≤

dk(Bp, Bq). Put ν := f∗
K(µ). An easy computation shows that ν̌ = µ̌ ◦ fK (cf. (11.2) in

[8]) and hence Re ν̌(x) ≥ 1−ε for all x ∈ Zn∩B
q̃
. Lemma 22.4 implies that ν

({
χ ∈ (Zn)∗ :

Reχ(x) ≥ 0 ∀x ∈ Zn∩ 1
4Bp̃

})
≥ 1−2ε−∑

k∈N
dk(B

p̃
, B

q̃
)2 ≥ 1−2ε−∑

k∈N
dk(Bp, Bq)

2.

The assertion follows from

(f∗
K)−1

({
χ ∈ (Zn)∗ : Reχ(x) ≥ 0 ∀x ∈ Zn ∩ 1

4Bp̃
})

=
{
ψ ∈ K∗

d : Re(ψ ◦ fK)(x) ≥ 0 ∀x ∈ Zn ∩ 1
4Bp̃

}

=
{
ψ ∈ K∗

d : Reψ(y) ≥ 0 ∀y ∈ K ∩ 1
4Bp

}
.

(Note that fK
(
Zn ∩ 1

4Bp̃
)

= K ∩ 1
4Bp.)

Definition 22.6. Let X be a Hausdorff space and let µ be a finite measure on a σ-algebra
A which contains the Borel σ-algebra.

(i) µ is called regular if for every A ∈ A and every ε > 0, there exists a closed set
F ⊆ A such that µ(A \ F ) < ε.

(ii) µ is called a Radon measure if for every A ∈ A and every ε > 0, there exists a
compact subset K ⊆ A such that µ(A \K) < ε.

(iii) If X = G∗ is the character group of an (abelian) topological group G then µ
is called strongly regular if for every A ∈ A and every ε > 0, there exists a compact
equicontinuous subset K ⊆ A with µ(A \K) < ε.
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Remark 22.7. (i) If G is an abelian topological group such that αG is continuous, then
every compact subset of G∗ is equicontinuous (5.10) and hence every Radon measure on
G∗ is strongly regular. (The converse is always true.)

(ii) A measure µ on G∗ is strongly regular if and only if it is a Radon measure and
sup{µ(K) : K ⊆ G∗ is compact and equicontinuous} = µ(G∗).

(iii) Let f : X → Y be a continuous mapping between the Hausdorff spaces X and Y .
For every Radon measure µ on B(X), the image measure f(µ) is a Radon measure on
B(Y ).

Corollary 22.8. Let p and q be pre-Hilbert seminorms on a vector space E and let

K be an arbitrary subgroup of E. For each Radon probability measure µ on (K,D)∗

and every ε ∈ ]0, 1[ such that Re µ̌(x) ≥ 1 − ε for all x ∈ K ∩ Bq, we have µ(ZK) ≥
1− 2ε−∑

k∈N
dk(Bp, Bq)

2 for ZK :=
(
K ∩ 1

4Bp
)0

.

Proof. Let U be an open set containing ZK and let F be the set of all finitely generated

subgroups of K. For ZL := (K,D)∗ ∩
(
L ∩ 1

4Bp
)0

(and L ∈ F) we have
⋂
L∈F ZL =

ZK ⊆ U . Since ZL is compact (being a closed subset of the compact space (K,D)∗) and
since L1 ≤ L2 implies ZL2

⊆ ZL1
, there is an L ∈ F such that ZL ⊆ U (1.27). Since

µ is a Radon measure, it suffices to show that µ(ZL) ≥ 1 − 2ε −∑
k∈N

d2
k(Bp, Bq). If

ιL : L → K denotes the embedding (where both groups are endowed with the discrete
topology) and µL := ι∗L(µ) then µL satisfies the hypotheses of 22.5 (22.7(iii)). Hence,
µL

({
χ ∈ (L,D)∗ : Reχ(x) ≥ 0 ∀x ∈ L ∩ 1

4Bp
})
≥ 1 − 2ε −∑

k∈N
d2
k(Bp, Bq). Since

ZL = (ι∗L)−1
({
χ ∈ (L,D)∗ : Reχ(x) ≥ 0 ∀x ∈ L∩ 1

4Bp
})

(see 2.3), the proof is complete.

Remark 22.9. Let E be a generator of a σ-algebra A on Ω and let Ω0 be a subset of Ω.
Then the σ-algebra Ω0 ∩ A is equal to the σ-algebra generated by Ω0 ∩ E where the
intersections are defined “pointwise”.

[“⊇” trivially holds. Since E ⊆ {A ∈ A : A ∩Ω0 ∈ σ(Ω0 ∩ E)} and the latter set is a
σ-algebra, the other inclusion follows.]

For every (abelian) topological groupG we deduce from the definition of the pointwise-
open topology that the following Borel σ-algebras coincide: B(G∗

d) ∩G∗
p = B(G∗

p).

Lemma 22.10. For every closed subgroup H of an abelian topological group G we have

(G/H)∗p
∼= H⊥

p .

Proof. Let π : G → G/H denote the canonical projection. We have to prove that
π∗ : (G/H)∗p → G∗

p is an embedding with image H⊥. It is clear that π∗ is injective

(5.16) and that π∗((G/H)∗) = H⊥. For x1, . . . , xn ∈ G and an open subset V ⊆ T, we
get π∗(P ({x1 + H, . . . , xn + H}, V )) = {χ ∈ H⊥ : χ(xj) ∈ V for j = 1, . . . , n}. This
completes the proof.

Lemma 22.11 (Prokhorov). Let G be an abelian topological group and let T be a group

topology on G∗ which is finer than the pointwise-open topology. If µ is a Radon probability

measure on G∗
p such that for each ε > 0, there is a compact subset of (G∗, T ) with

µ(G∗ \K) < ε then there exists a unique extension of µ to a Radon measure on the Borel

σ-algebra of (G, T ).

Proof. This is an easy consequence of Theorem 3.4 in [84], p. 39.
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Proposition 22.12. Let G be an abelian topological group, and let T be a group topology

on G∗ which is finer than the topology of pointwise convergence. Then the inverse Fourier

transform of every strongly regular measure µ on the Borel σ-algebra of (G∗, T ) is a

continuous positive definite function on G.

Proof. In ([35], p. 291, (33.1)) it is proved that µ̌ is positive definite.
It suffices to show that µ̌ is continuous at e. We may assume that µ(G∗) = 1. By

hypothesis, for each ε > 0, there exists a compact equicontinuous set K ⊆ G∗ such
that µ(G∗ \ K) < ε. Furthermore, we can find a neighbourhood U ∈ UG(e) such that
|1− χ(x)| < ε for all x ∈ U and χ ∈ K. The assertion follows from

|µ̌(e)− µ̌(x)| =
∣∣∣ T
G∗

(1 − χ(x))µ(dχ)
∣∣∣

≤ T
K
|1− χ(x)|µ(dχ) + 2µ(G∗ \K) ≤ ε + 2ε (x ∈ U).

Lemma 22.13. Let G be an abelian topological group and let T be a topology on G∗ which

makes the point evaluations continuous. Two Radon measures on the Borel σ-algebra of

(G∗, T ) whose Fourier transforms coincide, are equal.

Proof. This is Proposition (11.3) in [8].

Definition 22.14. A Hausdorff group topology T on the character group G∗ of an
(abelian) topological group G is called admissible if T is finer than the pointwise-open
topology and has the property that for each U ∈ UG(e) the polar U0 is compact in T .

Example 22.15. It is a consequence of 3.5 that, for an abelian Hausdorff group G, the
topology of uniform convergence on all finite or compact or totally bounded subset of G
is an admissible topology for G∗.

Theorem 22.16 (Bochner Theorem for nuclear groups). Let G be a nuclear group and let

T be an admissible topology on G∗. Then µ 7→ µ̌ is a bijection from the set of all strongly

regular measures on the Borel σ-algebra of (G∗, T ) onto the set of all continuous positive

definite functions on G.

Proof. Because of 22.12 and 22.13, it suffices to prove that every continuous positive
definite function ϕ on G is the inverse Fourier transform of a strongly regular measure
on G.

By 20.32, we may assume G = H/K where K is a closed subgroup of H and H
is a subgroup of a nuclear vector group F . Without loss of generality, we may assume
ϕ(0) = 1. Then ϕ̃ := ϕ ◦ π, where π : H → G is the canonical projection, is a continuous
positive definite function on H . By the Bochner Theorem (for discrete groups), there
exists a Radon probability measure ν on (H,D)∗ such that ν̌ = ϕ̃.

Since ϕ̃ is continuous, for each ε > 0 there exist: a subspace F0 ≤ F and pre-
Hilbert seminorms p and q on F0 satisfying Bp, Bq ∈ UF (0),

∑
k∈N

d2
k(Bp, Bq) < ε/4,

and Re ϕ̃(x) ≥ 1 − ε for all x ∈ H ∩ Bq (18.32 and 20.2). Put H0 := H ∩ F0 and
ϕ0 := ϕ̃|H0

. Let ι : H0 → H denote the inclusion and let ι∗ : (H,D)∗ → (H0,D)∗ be the
dual homomorphism. For ν0 := ι∗(ν) we get ν̌0 = ν̌|H0

. Corollary 22.8 (and 22.7(iii) and
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18.2(ii)) imply

(∗) 1− 3ε ≤ ν0({ψ ∈ (H0,D)∗ : Reψ(x) ≥ 0 ∀x ∈ H0 ∩Bp})
= ν({χ ∈ (H,D)∗ : Reχ(x) ≥ 0 ∀x ∈ H ∩Bp})

because of H0 ∩ Bp = H ∩ Bp and 2.3. Since B0
p := {χ ∈ (H,D)∗ : Reχ(x) ≥ 0

∀x ∈ H ∩ Bp} consists of continuous homomorphisms only (observe that H ∩ Bp ∈
UH(0) and 3.4(ii)), and ε > 0 was arbitrary, there exists a measurable set A ⊆ H∗

with ν(A) = 1. Hence H∗ belongs to the completion of B((H,D)∗) with respect to
ν (where H∗ is the set of all continuous (!) characters). Let µ̃ denote the restriction
to B(H∗

p) = H∗ ∩ B(H∗
d) (22.9) of the extension of ν onto the completion. For B ∈

B((H,D)∗), there is a compact subset K ⊆ B such that ν(B \ K) < ε. Condition (∗)
implies µ̃((B ∩ H∗) \ (K ∩ B0

p)) ≤ ν(B \ K) + ν(H∗
d \ B0

p) ≤ 4ε. Hence µ̃ is a Radon

measure. Furthermore, ˇ̃µ(x) = TH∗ χ(x) µ̃(dχ) = T(H,D)∗ χ(x) ν(dχ) = ϕ̃.
If j : K → H denotes the canonical embedding and j∗ : H∗

p → K∗
p the dual homomor-

phism where the character groups are endowed with the pointwise-open topology, then
the Fourier transform of j∗(µ̃) equals ˇ̃µ|K ≡ 1. Since j∗(µ̃) is a Radon measure (22.7(iii)),
22.13 yields j∗(µ̃) = ε0 and µ̃(K⊥) = µ̃((j∗)−1({0})) = ε0({0}) = 1. Hence µ̃ may be con-
sidered as a Radon probability measure on K⊥. (Observe that K⊥ is closed.) According
to 22.10, there is a Radon measure µ′ on B((H/K)∗p) such that π∗(µ′) = µ̃. It follows from

µ̌′ ◦ π = ˇ̃µ = ϕ ◦ π that µ̌′ = ϕ. Since (π∗)−1((H ∩ Bp)0) = {χ ∈ (H/K)∗p : Reχ(x) ≥ 0
∀x ∈ π(H ∩Bp)} =: C, condition (∗) implies

(∗∗) µ′(C) ≥ 1− 3ε.

Since C is a compact subset of (G∗, T ), it is a consequence of 22.11 and (∗∗) that µ′ can
be extended to a Radon probability measure µ on the Borel σ-algebra of (G∗, T ).

The equicontinuity of the set C, (∗∗) and 22.7(ii) imply that µ is strongly regular. It
is easy to see that µ̌ = ϕ, which shows that µ is the desired measure.

Corollary 22.17 (Minlos Lemma). For a nuclear vector space V , the inverse Fourier

transform µ 7→ µ̌ is a bijection of the set of all strongly regular measures on V ′ (endowed

with the compact-open topology) onto the set of all continuous positive definite functions

on G.

Proof. This is a direct consequence of 5.5, 20.6(i) and the above theorem.

Corollary 22.18. Let G be a reflexive group such that G∗ is nuclear. Then µ 7→ µ̂ is

a bijection of the set of all Radon measures on G onto the set of all continuous positive

definite functions on G∗ where G∗ is endowed with the compact-open topology.

Proof. It follows from 5.9 that αG∗ is continuous. Hence, we can conclude from 22.7(i)
and 22.16 that the mapping ν 7→ ν̌ of all Radon measures on G∗∗ onto the set of all
continuous positive definite functions on G∗ is a bijection. An easy computation shows
that, for a (Radon) measure µ on G, we get α̌G(µ) = µ̂. This implies the assertion.

Examples 22.19. Every Čech-complete nuclear group and, in particular, every locally
compact abelian group is a reflexive group having the property that the dual group is
nuclear as well (20.36 and 20.40).
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Moreover, R(I) is (for an arbitrary non-empty index set I) a reflexive group (5.4) and
its character group, being topologically isomorphic to RI , is nuclear.

Corollaries 22.17 and 22.18 and Examples 22.19 show that the Bochner Theorem for
nuclear groups generalizes the usual Bochner Theorem for locally compact abelian groups
and the Minlos Lemma for nuclear vector spaces.

Notes 22.20. 22.2 to 22.4 are taken from [12]. I am indebted to W. Banaszczyk for
stimulating suggestions which enabled me to simplify his proof of the Bochner Theorem
((12.2) in [8], 22.16). This approach no longer uses the technique established in [43].
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