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1. Introduction

In the paper we shall give'a‘ unified definition of a few different symbols of
an operator in R" with tempered Schwartz kernel. A symbol will always be
thought of as a function or distribution on the phase space. It will depend on
a matrix parameter. Several important known symbols can be obtained by a
proper choice of the parameter.

Let R” denote the n-dimensional Euclidean space and let R, be its dual.
The value of a functional £e R, on a vector xe R" is denoted by x¢.

The Lebesgue measures in R" and R, are denoted by dx and d¢. We also
put @& =(2n)”"d¢. ’

The space W = R" xR, (called the phase space) is a symplectic space
with the form

WxWs((x, &), (y, M)~ —xn+yteR.

For any finite-dimensional vector space V with a scalar product, & (V)
denotes the Schwartz space of rapidly decreasing functions and %' (V) (the
dual of & (V)) is the space of tempered distributions with the weak topology

([Sz)).

In the paper V will be R", R,, R"xR, or R”xR".

The spaces #(R") and #(R,) are connected by the Fourier transform
isomorphisms:

F: SR)— F(R), F(N):=[e ™f(x)dx,
F L FR)>SR), F o) := [ g(Qal.
We will also need the partial Fourier transform:
Fu=F,.:: L(R"xR)— Z(R"xR,),
Fy-e(Nx, &= [e™™ [ (x, y)dy,
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Fu'l=F 5 L(R"xR,)— S (R"xR",
Fin@)(x, y) 1= [e¥g(x, §)at.

The symplectic structure on R" x R, enables us to define the symplectic
Fourier transform:

(1.1) *#: (R"xR,)— L(R"xR,),
Fla)(x, &)= [fe TP a(y, ndy = F, . @F 2, (aly, m) =:d(x, ).
It is obvious that
(@) =a,
Feoyd(x, &) = F,caly, 0,
Fegalx, &)= F,ca(y, n).
An injection ¥(R"xR,) < ¥ (R" xR,) will be defined by
a[b] = ”a(x, Eb(x, )dxdE, a,be.

The Fourier transforms defined above for functions are extended in the
standard way for tempered distributions.

2. T-symbols

Let TeGL(R"xR") be a linear automorphism of R” x R". Define
Ir =F,0T: #(R"xR" — ¥(R" xR,),
Ir(A)(x, &)= [e 2 A (T(x, y))dy, oeF (R xR".

Obviously I is a continuous isomorphism and I7! = T !0 % !. Thus for
ac S(R"xR,)

IF1@(x, y) = [T M afm, T~ (x, y), &)

where n,(x, y) = x, n(x, y) = y.
Define also

1¥: (R"xR,) — Y(R"xR"),
I£(@)(x, y) = |det T|1 [e ™27 "M g(n, T-1(x, y), &)t

ac (R"xR,).
It is easy to show that

I (L)[b] = L[1}(b)], HeFL(R"xR"),beF(R"xR).
This formula gives a continuous extension of Iy to tempered distributions,

I;: ' (R"xR"Y) — % (R"xR,).
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Let 4: (R")— S (R") be a continuous linear operator and let
A e S (R"<R") be the Schwartz kernel of A ([Ma]). In that situation we
write A = Op(), o =SK(A).

DerFnITION. The distribution I-(o/)e & (R" x R,) is called the T-symbol
of the operator A and will be denoted by a,(A).

If a =07(A) we also write 4 = Opy(a).

According to the definition we have the formuilas

Ay ®¢l =Ao[y], ¢, ¥veS(R),

(2.1) or(A)(x, &) = F,.(# (T(x, y),
2.2) A )= F L i, (oD T (x, ), &),
(2.3) ApY) = or (AU W R0)), 0, ¥e LR,

Jr(0)(x, &) = [det T| [ y(T(x, y))dy, xe F(R"xR").
If o/ ¥(R"xR") we obtain

4)  Ap(9 = [[e™T o (A)n, T (x, y), o) dy L.

For more general &/ it is possible to interpret the integral above as an
oscillatory integral, but we shall not use this here.

From (1.1) and (2.2) we get an interesting relation between the T-symbol
or and its symplectic Fourier image 6.

ProrosiTionN 1.
01 = OTov
where v: R" xR"3(x, y)+—(y, x)e R" xR".
Proof.
67(%, &) = Fy oy Frasor () = Fy g Fr2x Fo (A (T, 2)))
= Z, (A (T, 9) = F, (L (TN, V) = 070, (x, &).

Remark. It follows easily from (2.1) that ¢,.;(4) =67(A") where AF
denotes the formal adjoint operator.

Now we shall show that various known symbols of operators are
T-symbols for suitable T chosen in GL(2) = Aut(R" x R").

3. Weyl symbol

Let Ty(x, y) =(x+y/2, x—y/2), x, ye R". The T,-symbol of an operator is
the well-known Weyl symbol (see: [HG], [Sh], [Re]). We shall write ay,(A)
:=0or,,(4). We have Ty ' (x, y) = ((x+)/2, x—y) and formulas (2.1)+2.4) take
the following form:

3.1) aw(A)(x, §) = Fy (A (x+y/2, x~y/2)),
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3.2) A (x,)) = Fie-, (Gw (4) (x;y, é))
(3.3) Ao V] = ow(HJw (Y ®9)],

Jo (@) (x, &) = [ Y (x+y/2) o (x—y/2)dy,
(34) Ap(x) = [ €= oy, (4) (5‘—;1 e‘)tp(y)dydf-

4. Mikhlin-Giraud symbeol

Let Tyg(x, y) =(x, x—y). The T,,;5-symbol of an operator 4 is the usual
symbol of the (pseudodifferential) operator A (see: [Ho6], [Sh], [Ta]). It is
also called the polarized symbol ((Hw]). We shall denote it by a,,;(4) and
call the Mikhlin=Giraud symbol of A.

We have T, (x, y) =(x, x—y) and

(41) aMG(A)(x! 6) = *g;y—'ﬁ(‘d(x’ x_y))’
(42) 'd(xv y) = *g"-{_—}x—y(oMG (A)(x> é)),
(4.3) A [y] = oy (A) I (¥ ®9)],

Iuc W @) (x, &) = [ Y (x) @ (x—y)dy = €~y (x) @ (£).
If o/ #(R"xR") we have the well-known formula
(4.4) Ap(x) = [ [ M ayc(A)(x, O @ (y)dyds
=_‘.eixédMG(A)(x9 He)de, ¢e.

5. Kohn-Nirenberg symbol

Let Tyn(x, y) ={(x+y, x). The T;\-symbol of an operator A will be called the
Kohn—Nirenberg symbol and denoted by oy {A4). It is also called the dual
symbol ([Sh]).

We have T4 (x, y) =(y, x—y) and

(5.1} oun(A)(x, &) = F, (A (x+y, %)),
(52) &f(x’ y) = g—g—}x*y(UKN(A)(ya i))s
(5.3) Ap[¥] = oyn(4) [Jun (¥ ®9)],

Jin (W ®@0)(x, &) = (74 (x+y) o(0)dy = e ™ ()P (=)
If e £(R"xR") and pe ¥ we get
(54 Ap(x) = § [ Mo (AN, O @ (y)dydE
= yé_—ax F}'y—'{(aKN(A)(ya 6)(9()}))
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6. Shubin t-symbol

Let 7€[0, 1] and T(x, y) = (x+1y, x—(1—71)y), x, ye R". The T,-symbol was
considered by M. A. Shubin (e.g. [Sh]). We shall call it the Shubin t-symbol
and denote by g,(A).

Since T,” '(x, y) =((1 —1) x+1y, x—y) we have, as above, the formulas:

(6.1) o, (A)(x, &) = ﬁy_.vg(ﬁ(xery, x—(1-1)y)),
(6.2) A (x, y) = Fiieoy(o (DA 1) x+7Y, &),
(6.3) Aoly] = 6. (ALJ.(y ®9)],

J. (W @) (x, &) = [e”* Y (x+1y) p(x+(r—1)y)dy.
For /e #(R"xR") and ¢ec ¥(R") we have
(6.4) Ap(x) = [ [P a (A)(1-7) x+1y, &) @ () dydE.

Let us observe that o, = 6xy, 0o = Oyg, 012 = Oy,

7. Segal symbol

Let Ti(x, y) =(x+y, y): the resulting T-symbol will be called the Segal
symbol. 1t is known in quantum mechanics as the Weyl transform ([Se],

[Hw]).
We have T, '(x, y) =(x~y, y) and

(7.1) os(A)(x, &) = F (L (x+y, ¥),
(1.2) oA (x, y) = F; L (05(A)(x~y, &),
(7.3) Ap[¥] = o5(A) [Js (¥ ®e)],

JsW®e)(x, &) = [ Y (x+y) oV dy, ¢, ¥eSL(R.
For .o/ tempered we have
Agp(x) = [[e” as(A)(x~y, O @ (y)dydL.
From Proposition 2.1 it follows that ag(A4) = 6\ (A).

8. Howe symbol

Let Ty(x,y) =(x/2+y, —x/2+y). The T,;-symbol was considered by R.
Howe in [Hw]. We shall denote it by o, (A).
The Howe symbol is related via the symplectic Fourier transform to the
Weyl symbol: o,(A4) = 6 (A4). This follows at once from Prop. 2.1.
Formulas (2.1}24) now take the form

(8.1) ou(A)(x, &) = F, (A (x/2+y, —x/2+Y)),
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(82) "d(x’ y) = '?é_—}(x+y)/2 (O.H(A)(x—yy é))s
8.3) ApY] = oy (A[Ju (¥ ®9)],
T @) (x, &) = [* ¥ (x/2+y) o(—x/2+ y)dy.

For an operator A with tempered Schwartz kernel o/ we have

(8.4) Ag(x) = [ [P gy (A)(x~y, () dyde.

9. Relation between different T-symbols

It is easy to give a formula 'relating the T-symbols of an operator for
different T

ProPoSITION 2.
or,(A)(x, &) = F, (T} Tz)-@.,‘ly(ar,(A)(x, m)
= Fy s Ty et 110 (07 (D) (1 T T (x, p), 1))

Proof. We use (2.1) and obvious calculations:

o1, (A)(x, &) = F, - (# (T (x, ),

(T (x, y)) = ——}y(GTl(A)(x ),

s (x, y) = q—'nle 1(xy)(°'Tl(A)(7T1 Ty '(x, y), '7))

(Tz(x Y)) rr—szl sz(xy)(aTl A)(’H T ' Th(x, y), )),
o7, (A(x, &) = Fy ot F e, ri 1150 (01, (A Ty T(x, 1), 1))
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