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Introduction

The theme of this paper is the study of the internal structure of
continua. In particular, we are interested in a continuum M and in cer-
tain subcontinua of M which “lie at an end” of M, This basic idea has
interested many previous writers, notably Bing, Miller, Rosen, Sorgen-
frey, Thomas and Whyburn. They have formulated various notions of
“lying at an end” of a continuum; e.g., “E-continuum”, “end con-
tinnum”, and “terminal continuum.” One property which all of these
ideas sharc is that if K is a subcontinunm which “lies at an end” of a
continunm M, then A/ — K is connected; i. e., K is non-separating
in M. This is the weakest notion of “lying at an end” which we
shall study.

In Chapter I, we develop the implications between various ideas of
“lying at an end” of a continuum and examples are presented to show
that these implications cannot be reversed. We also show that combin-
ing several properties, each of which is wealker than one we are
interested in, will give ns some characterizations.

Given that a continuum M has a subeontinuum XK which “lies at
an end” of M, there is often a “large” subcontinuum of A which is irre-
ducible between a pair of points. We begin the study of irreducibility
in Chapter I and devote the whole of Chapter II to it. In addition to
new characterizations of irreducible continua, this chapter presents
alternative proofs for some well-known theorems of Sorgenfrey.

In Chapter IIT we study subcontinua of M which are both terminal
and non-cutting. Such continna are generalizations of FE-continua and
many known theorems on E-continua can be extended.

We have tried to keep our terminology in agreement with that of
previous authors. One place where we were unable to do so is the idea
of terminal continua as used in [2] and [5]. However, a way out of our
difficulty can be found by distinguishing between those subcontinua K
of M which “lie at an end” of M and those which “lie at an end” of each
subcontinunm of M properly containing I; e. g., between te minal and
absolutely terminal continua. Thus in Chapter IV, we study those con-
tinna K of J/ which are absolutely non-separating.

Finally, in Chapter V we investigate those subcontinua of M which
are minimal with respect to “lying at an end” of Jf. In some cases, these
continua must be degenerate or indecomposable.



0 Preliminaries

Preliminaries

In this paper a continuum is a compact connected metric space.
A continuum M is said to be decomposable if it i3 the union of two proper
subcontinua. Otherwise the continuum is indecomposable. If A and B
are proper subcontinua of 1 and the union of A and B is M, then we
will write M = A@®B, and say that A@B is a decomposition of M.
(This idea of decomposition is of course different from the usual decom-
position into mutually exclusive subsets. It should always be clear from
the context which kind of decomposition is meant.)

Let M be a continnum and K be a proper subcontinuum of M.
K is non-separating (non-cutting) in M if and only if M — K is connected
(continuum-wise connected). Clearly every mnon-cutting subcontinuum is
non-separating.

A continuum M is drreducible or irreducible between a pazfr of points,
if there are two points p and ¢ in M such that no proper subcontinuum
of M contains both p and ¢. Continua which fail to be Jrredumble are
said to be reducible.

If A is a subset of the continuum 37, then the closure of A in M
will be denoted by A, the interior of 4 in M by int(4), and the bound-
ary of 4 in M by Bd(A)

For terms and notation used but not defined herein, the reader is
referred to [9] and [15].



Chapter I

Basic types and properties of non-separating subcontinua

Terminal and end continua

DEFINITION 1.1. A proper subcontinuum X of I is said to be a
terminal conttnuum of M provided that if M = A®B and AnK
#+@ == BNK then M = A©K or M = B®K.

ExAMPLE 1.2. In each example below, the are K = [p, ¢q] is a ter-
minal continuum. ’

(a) (b
P

q

(c) (d)
r r

q q

THEOREM 1.3. Bach terminal continuum of M 1is non-separating in M.
Proof. Let K be a subcontinnum of M and suppose that U and
V are disjoint open sets such that ¥ —K = UUV. Then KUTU and
KUV are proper subcontinua of ¥ and M = (KwU)®(KEVV). Thus K
is not terminal. m '

THEOREM 1.4. A subcontinuum K of M is not a terminal continuum
of M if and only if there is a decomposition of M, M = A@®B, such that
K < AnB.

Proof. Suppose K is not terminal. There are subcontinua € and D
such that M =C@®D, CnK #0 %= DnEK, and CUK # M = DUK.’
Let A = CUK and B = DUK. Then M = A®B and K< AnB. B

It follows from the definition of terminal continuum that if the
condition holds, then K is not terminal.
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THEOREM 1.5. If K is a terminal continuum of M and L is a proper
subcontinuum of M which eontains K, then L is a terminal continuum
of M.

Proof. If L fails to be terminal, then the preceding theorem shows
that there is a decomposition of M, M = A@B, such that L =< AnB.
Olearly K = ANnB, so the preceding theorem shows that K is not ter-
minal, m .

CoRroLLARY 1.6. If K is a terminal continuum of M and L is a sub-
continuum of M which contains K, then L does not separate M.

A terminal continnum of M may or may not eut M as shown by
Example 1.2 (a) and (b). Conversely, a non-cutting continuum may fail
to be terminal (e. g., a subarc of a simple closed curve). However if, M
is irreducible this last situation cannot arise.

THEOREM 1.7. Suppose that M is irreducible. Then every non-cutling
continuum is terminal,

Proof. If M is irreducible from p to g and K is a non-cutting con-
tinuum of M, then I contains either p or ¢. In either case, Theorem 1.5
shows that K is a terminal continunm because {p} and {g} are terminal
continua. m .

THEOREM 1.8. Suppose that I is irreducible and K is a subcontinuum
of M. Then K is terminal if and only if M 1is irreducible between a pair
of points,.one of which belongs to K.

Proof. Let {p, ¢} = M such that M is irreducible from p to g. As-
sume K is terminal. If KN{p, ¢} = @, we wish to show that M is irreducible
from p to some point of K or from ¢ to some point of K. If this fails, choose
& point ze K. Then there are proper subcontinua A and B of M such that
{1, 2} = 4 and {g, 2} = B. Since I is irreducible from p to ¢, I = A@®B.
Now p¢BUK and ¢g¢AUK which is contrary to K being terminal.

For the converse assume peK. By Theorem 1.4, {p} is terminal.
Thus K is terminal by Theorem 1.5. m

DEFINITION 1.9. A proper subeontinuum K of I is said to be an
end continuum of M provided M is not the union of two proper subcon-
tinua each intersecting K.

In Example 1.2 (a) and (&) K is an end continuum, while in (b) and
(¢) K is not an end continuum. An immediate consequence of the defi-
nitions is the following theorem.

THEOREM 1.10 Each end continuum of M has void interior in M.
The relationship between terminal and end continua is given by the
following theorem.

THROREM 1.11. Let K be a subcontinuum of M. Then K is an end con-
tinuum if and only if K is a terminal continuwm with void interior.
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Proof. The necessity of the condition is an immediate consequence
of the definitions and Theorem 1.10.

Suppose that K is terminal, int(K) = @, but K is not an end con-
tinuum. Thus there is a decomposition of M, I/ = A@B, and ANK
# @ # BNK. Since K is terminal, 4 « KUBor B = Xu4. Assame that

—_——

A = KUB. Now M = KUB and since M = M — K, then B = M. This is a
contradiction, thus K is an end continuum of M. m

COROLLARY 1.12. A point peM is a terminal point of M if and only
if p is an end point of M.

Terminal continua and irreducibility

Examining the examples of 1.2 suggests that while a continuum M
having a terminal continnum K need not itself be irreducible, M — K
must be an irreducible continuum. The main result of this section, The-
orem 1.15, establishes that this is indeed the case. We then use this the-
orem to further study terminal and end continua and consider some
interesting examples.

In order to prove the principal result of this section, we need the
notion of a monotone upper-semi-continuous decomposition and the
lemma below.

Let K be a proper subcontinumn of A and ¢ be the monptone npper-
semi-continuous decomposition of Jf whose only non-degenerate element
is K. Let M |9 be the hyperspace of this decomposition. Then M /¥4 is
a continnum. .

LeaMa 1.13. K is a terminal subcontinuum of M if and only if K
18 an end point of M |¥.

Proof. Let =z: M —11|% denote the projection map. Suppose that K
is an end point of M /4. Then by Theoremn 4, page 192 of [9], there is
a point p eI /% such that I /% is irreducible from p to K. If K fails to be
terminal in 1/, then there are proper subcontinua 4 and B of I such
that K € AnB and [ = A@B. Suppose that 77 (p)ed and let be B—A.
Then = (b)e{x(B)—n(A)] so that =m(A) is a proper subcontinuum of M /¥
containing » and =(K) = K. This contradicts the irreducibility of M /¥
thus K is terminal in 17,

Conversely if I is not an end point of M /¥, then there are proper
subcontinua « and £ of M/9 so that Keo/n 4 and MU /¥ = 4D B.
Then n~ (=) and 2~ (&) are proper subcontinua of J/, each containing K.
Since M = =z~ ()P~ (#), K is not terminal in . m

COROLLARY 1.14. K is a terminal subcontinuum of M if and only
if M|% is irreducible from K to some point.
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Proof. The theorem cited above in [9] cssentially says that a point
p of a continuum ¥ is an end point of M if and only if M is irreducible
from p to some point ¢. m

Note that the preceding results give a sufficient condition that a
continnum have a monotone mapping onto an irreducible continuum.
Continua satisfying this condition (i. e., having a terminal subcontinuum)
are thus generalizations of the “Continua of type A" of Thomas [14].

The following theorem will be the principal tool in the proofs of
the irreducibility theorems of Chapter II.

TueorREM 1.15. Suppose that M is a continwum and K 1is a non-
separating subcontinuum of M. Then K is terminal if and only if there
i8 a point pedl — K such that M — K ds irreducible from p to each point
of M —KnKk.

Proof. Suppose that the condition holds, 4 and B are subcon-
tinua of M such that M = 4GB, AnK #@ # BAK, and ped. Let L
be the component of (AUl)—K which contains p. Since L <« M — K,
then L < M —1. Also since L meets I, P eL, and M — K is irreducible
from p to I'n M — K, it follows that L = M — K . Moreover L < 4, hence

L < A which implies that M — K < A. Therefore M = A@ K, so K is
terminal.

Conversely, suppose that K is terminal. Let ¢ he the monotone
upper-semi-continuous decomposition of A whose only non-degenerate
element is K. Then by Lemma 1.13, K is an end point of 1/ /¥, so there
is a point qel /¥ —{I} such that M /% is irreducible from ¢ to K. Let
P =a"'(g).

Asgertion. M —K is irreducible from p to each point of J[ K nK.
For suppose that there ix a proper subecontinuum N of W — K which
contains p and intersects K. If M —K < A, then M —K < N and N
is not proper. Thus M — K ¢ N, hence x(N) is a proper subcontinuum
of M |¥ containing z(p) = ¢ and a(K) = K. This contradiets the irreduc-
ibility of 31 /¢ and establishes the theorem. m

Using the preceding theorem and Theorem 1.11 we obtain immedi-
ately a charecterization of end continua, due to Rosen [11].

THEOREM 1.16. 4 subcontinuum K is an end continuum of M if

and only if there is a point peM — K such that M is irreducible from p to
each point of K.

Further consideration of the examples presented thus far suggests
t,ha,t_ if A is a terminal continuum of M, then Bd(K) = M — K nK is
a continuum. However this is not so, as shown by the following simple
example.
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ExAMPLE 1.17. A terminal continuum K such that Bd(K) is not
connected.

K is the arc from a to b which con-
tains p, Bd(X) = {a, b}.

b

We will return to the consideration of this example in Chapter III.

To say that a continuum X is terminal in 1/ means that M cannot
be decomposed in a specified way. With some restrictions, this is equiv-
alent to saying that M — K cannot be decomposed in a specified way.
Thus we establish the following result.

THEOREM 1.18. Let K be a non-separating subcontinuum of M and
suppose that M — I is decomposable. Then K is terminal if and only if
M — K is not the union of two proper subcontinua each intersecting K.

Proof. If X is terminal, then the condition follows from Theorem 1.15.
Now suppose that the - condition holds. Since M — K is decomposable,
M — K is the union of two of its proper subcontinua A and B. Only one
of these, say 4, can meet . Again applying this condition, it follows
that each point of M — K nK is an end point (i. e., terminal point) of
M — K. Choosing ge M — K N K, and using Theorem 1.16, there is a point
pel — K such that M —K is irreducible from p to ¢. Note that peB.

If we assume that the implication fails and that /{ is not terminal,
it follows from Theorem 1.15 that M — K isreducible fromp to KNI — K.
Thus there is a proper subcontinuum N of M — A which contains p and
meets K M — K. ‘Clearly, g¢N and so ¢¢NUB. It follows that M —K
is the union of NUB and A, each a proper subcontinuum of A — K meet-
ing K. This contradicts the condition and shows that I must be a ter-
minal continnum of M. m o

We wish to present an example to show that we cannot omit “M—K
is decomposable” from the hypothesis of the preceding theorem. This
example (1.20) is constructed by starting with an example of Cornette [3],
which we now describe informally.

EXAMPLE 1.19. An indecomposable continuum I having a closed

subset D such that (1) D meets each composant of 2f, (2) A ~D i3 con-
nected, and (3) D is homeomorphic to the Cantor ternary set.
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We commence with a well known indecomposable continnum M’,
formed by “winding on the Cantor set” in the plane (Fig. 4-5 p. 205 of

(91

JM'

We let D’ be the points of this continuum which lie on the ends of the
right hand collection of semi-circles. Note that D’ has properties (1)
and (3) but not property (2). Thus to obtain the continuum M we remove

1
the points of D' from J{" and replace each point by a “graph of y = sin " ,

.1
Let D be the set of upper end points of limit ares of the graphs of y = sin —.

o

EXAMPLE 1.20. Let M be the continuum described in Example 1.19

» . 1 ’ s
and let K be the “sm-; continuum”; e.g., X is a homeomorphic copy

_ J
that their intersection is the closed set D (satisfying (1), (2), and (3) of
the preceding example) and contained in the “limit are” of K.

v

T -
of {(az,sine): 0<e< 1‘, . Let &N be the union of M and K, joined so
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It follows from Theorem 1.15 that K is not terminal in N, since
N —XK = M is not irreducible from any point to N — K nK = D. However,

N —K is not the union of any two of its proper subcontinua each mest-
ing K.

Composants and E-centinua

DErFINITION 1.21. Suppose M is a continuum and peM. Then the
composant of p in M, denoted by C,, is {weM: there is a proper subcon-
tinuum of M contfaining p and x}.

It is well known that C, is connected and dense in M, and that
M —C, is connected; moreover a continuum is irreducible if and only
if M has a composant which is a proper subset of M ([9], p. 108). Using
these facts, it follows from Theorem 1.16 that any subcontinuum of M
which is contained in M —C, is an end continuum and that M—C,

= {x: M is irreducible from p to x}.

THEOREM 1.22. Suppose that M is a conlinuum and peM. The fol-
lowing are equivalent:

(1) M—C, is closed;

(2) M —C, s a continuum;

(8) M —C, is continuuwm-wise connected;

4) If K is a subcontinuum of M such that KEN(M —C,) # @ and
KnNC, #9, then K is decomposable.

Proof. Since M —C, is always connected, (1) implies (2) and (2)
implies (3).

We shall show that (3) implies (4). Suppose that (3) holds but (4)
fails. Then there is an indecomposable subcontinuum K such that
En(M—-C,) 93 and K ¢ M—C,. There is a proper subcontinuum
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L of M such that peL and LNK s @. Since LUK is a subcontinuum
of M containing p and intersecting M —C,, it follows that LUK = M.
Since L < C,, then M —C, < K. Also since M —C, is a continuum-wise
connected proper subset of K, there is a composant C of K such that
M—C, = C. There is a sequence N of proper subcontinua of K such

oo
that ¢ = | J N;. Since K is indecomposable, each N; is nowhere dense
i=1
in I. ,
There is a sequence J of proper subcontinua of M such that C,

= |J J;. For each i, (J;nK) is a proper closed subset of K.
T=1

Assertion. J;nK does not contain a set V open relative to K.
For suppose V is open relative to K and V < J;nK. Then ¥V, hence J;,
meets each composant of . Let T be a proper subcontinuum of K meet-
ing M —C, and meeting J,. Since K is indecomposable, T' contains no
subset which is open relative to K. Thus K—J; ¢ T which implies
that TuJ, is a proper subcontinnum of I} containing p and meeting
M —C,. This contradiction establishes the assertion, hence for each
positive integer ¢, J;NK is nowhere dense in K. Thus

K = (EnC,)u[(M—0,)nK] = [Kn(QJi)]U ¢ = Q(JihK)]u (_Dm).

=1

That is, K is the union of countably many closed nowhere dense sets
which is a contradiction to the Baire Category Theorem. Thus (3) implies

(4).
Now we show that (4) implies (1). Suppose that (4) holds but that

(1) fails. Then M —C, is a continuum properly containing M —C, . Then
by (41,_]![.—01, is decomposable so let M —C, = A@B. If M —-C, < 4,
then M —C,, < A which is false. Thus M —C, ¢ A and in like manner
M—C, ¢ B. Since M —C, properly contains M —C,, either A or B
intersects C,. Suppose that A NC, # @. There is a proper subcontinuum
D of M containing p and intersecting A. Note that D < C,. It follows.
that DUA is a subcontinuum of M containing p and meeting M —OC,.
Moreover DUA is a proper subcontinuum of M because (B—A)N(M —Cp)
# @ and D < C,. This contradiction establishes the desired implication. m

CorOLLARY 1.23 (Thomas [14]). Suppose that M is a continuum
such that each indecomposable subcontinuum has void interior. Then for
each pe M, M —C, is a continuum.

Proof. Any subcontinuum K satisfying (4) has non-void interior,

hence is decomposable. The corollary follows since (4) implies (2) in the
preceding theorem. m
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Following Miller ([10]), we shall call a continuwin which is the comp-
lement of a composant an E-continuum.

DEFINITION 1.24. A subcontinuum K is an E-continuum of M if
and only if M — K is a composant of M.

Of the examples presented thus far only in Example 1.2 (d) is K
an E-continuum. Clearly every E-continuum is an end continuum and
is also non-cutting. Thus we have the following implications.

E-conlinua——— end continua——— terminal conlinua—— non-separating continua

non-cutling continua

The examples presented thus far show that none of these impli-
cations may be reversed.

In the next few theorems we characterize E-continua by using the
non-separating continua previously studied.

THEOREM 1.26. A continuum K is an E-continuum of M if and only
if K is a mazimal end continuum of M (i.e., K is not properly contained
in any end continuum of M).

Proof. Suppose that K is an E-continuum. There is a point p e M — K
such that K = M—C,. If L is a subcontinuum of M which properly
contains K, then LNC, #*@. There is a proper subcontinuum N of M
such that peN and LNN = @. It follows that M = L@N, 8o int(L) = J.
By Theorem 1.10, L is not an end continuum, hence K is a maximal
end continuum.

-Now suppose that K is a maximal end continuum. According to
Theorem 1.18, there is a point p such that M is irreducible from p to
each point of K. Let C, be the composant of M determined by p; then
K< M—0,.

If K fails to be an F-continuum, then by Theorem 1.22 (4), there
is an indecomposable subcontinuum L of M such that LnC, # @ and
LN (M —C,) # @. It follows that M —C, < L, so K is a proper sub-
continuum of L. Thus K is contained in a composant of L. Since
composants are continuum-wise connected dense sets, there is a proper
subcontinuum J of L such that K < J. From Theorem 1.5, it follows
that J is a terminal continuum of M.

Since L is indecomposable, J has void interior in L, hence J has
void interior in M. By Theorem 1.11, J is an end continuum of M and
K is not a maximal end continuum. This contradiction establishes that
K is an FE-continuum. m
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THEOREM 1.26. Suppose that K is an end continuum of M. Then the
following are equivalent:

(1) K 48 an E-continuum;

(2) K is a maxzimal end continuum;

(8) K s a non-cutlting end continuum.

Proof. By the preceding theorem (1) and (2) are equivalent and
it is clear that (1) implies (3). We show that (3) implies (1). Let K be
a non-cutting end continuum of 3. Then by Theorem 1.16 there is a com-
posant C, of M sych that K <M — C,. Let ge} — K. Since M — K is con-
tinuum-wise connected there is a subcontinuum L of M — K such that
{p, ¢} = L. Thus ¢eC, and it follows that M —C, = K. Therefore K is
an FE-continuum. m

COROLLARY 1.27. A subcontinuum K of M is an E-continuum if
and only if K 1is terminal, non-cutting, and has void interior in M.

Proof. According to Theorem 1.11, end continua are exactly those
terminal continua which have void interior. m

CoroLLARY 1.28. Suppose that M is an irreducible continuum. Then
K is an E-continuum if and only if K is non-cutting and has void interior.

Proof. If K is an F-continuum, then the preceding corollary shows
that K is non-cutting and has void interior. Conversely, if K is non-
cutting and has void interior, then Theorem 1.7 shows that K is.a ter-
minal continuum and hence an E-continuum. m

DEFINITION 1.29. A continuum M is said to be locally connected
at a subcontinuum N if for each open set U containing N there is an open
connected set V such that N <« V < U. (Notice that this is quite different
from saying that M is locally connected at each point of N. The latter
condition implies the former; if N is degenerate, they are equivalent.)

THEOREM 1.30. The E-continua of a continuum M are exactly those
end continua at which M is locally connected.

Proof. First suppose that K is an end continuum of M and that
M i3 locally connected at K. Let a and b be distinct points in M — K
and let U be an open set such that K « U< U < M —{a, b}. There is
an open connected set V such that K « V < U. Then by Theorem 1.5,
V is a terminal continuum of M and by applying Theorem 1.3 we see
that M— ¥ is connected. Thus M — V is a subcontinuum containing
{a,b} and M — V¥ lies in the complement of K. This implies that K is
non-cutfing, so by Theorem 1.26 (3), K is an FE-continuum.

Now suppose that K is an E-continuum. Then it follows that K
is an end continuum. Let U be an open set containing K and let peM
such that K = M —C,. Let V be an open set such that K= Ve Ve U
and p¢V. Let J be the component of V containing K. Then J < 7,
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thus by Theorem 1.5, J is terminal. It follows that M —J is a proper
subcontinuum of M which contains {p}. Since {p} is terminal, M —J
is also terminal. Therefore M — (M —J) is connected (Theorem 1.3). Thus
we have K <« M —(M —J) < F = U, which implies that M is locally
connected at K. m

In Theorems 3.15 and 3.17 we will ger;era,lize and extend Theorems
1.26 and 1.30.

2 — Dissertationes Math, 149



Chapter 1I

Necessary and sufficient conditions for irreducibility

In this chapter we continue the study of irreducibility begun in
the second section of Chapter I. We begin by examining the role of ter-
minal continua.

Decompositions into terminal continua

The following theorem is an immediate consequence of Theorem 1.16.

THEOREM 2.1. A continuum M is irreducible if and only if M has
an end continuum.

Examples such as 1.2 (¢) and 1.17 show that we cannot replace “end”
by “terminal” in the above theorem. However, the next result does pro-
vide a characterization of irreducibility using terminal continua.

THEOREM 2.2. Let M be a decomposable continuum. Then M is wrre-
ducible if and only if there is a terminal continuum K of M such that M — K
8 terminal.

Proof. Suppose M is irreducible between the points p and g, and
let A and B be subcontinua of 3/ such that i = A@B. We may assume
that ped — B and geB— A. Thus by Theorem 1.16 p and g are end points

of M, hence terminal points of M. Now by Theorem 1.5, 4 is a terminal
continnum, hence M — A ig a subecontinuum eontaining ¢. Again apply-

ing Theorem 1.5, M — A is terminal.

Conversely, suppose that K is a terminal continnum of M such that
M—K is terminal. It follows from Theorem 1.15 that there is a point
peM — K such that If — K is irreducible from p to each point of M —EnK.
Also since M — K is terminal, there is a point ge — (M — K) such that
M — (M — K) is irreducible from ¢ to [(M —M —K)nM —K]< EnM—E.
Thus M = M- —E@M—K. Now M —M—K is irreducible from
gto[M —M —KnM—K]and M — K is irreducible from p to [M—,mn
NnM—-K].
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Agsertion. M is irreducible from p to ¢. For suppose that N is
a proper subcontintum of A containing p and ¢q. Without loss of gener-
ality, we may suppose that ¥ NM—K is a proper subset of M — K. It fol-
lows that Nn(M —K) is o proper subset of M — K. Let ¢ be the compo-
nent of p in Nn(M K). Since « NNM—K and NnM—K is a proper

subset of M — K C is a proper subcontinuum of ‘M —K containing p.
Also by the “to the boundary theorem” " ([9], Theorem 2, p. 172), CNnK #0.

This contrachcts the irreduecibility of M—E K and establishes the theorem [ |

COROLLARY 2.3. A continuum M is irreducible if and only if M con-
tains a pair of disjoint terminal continua.

COROLLARY 2.4. Let M be a decomposable irreducible continunum such
that each separating subcontinuum of M has void imterior. Then M is the
sum of two indecomposable terminal subcontinua.

Proof. Accor ding to Theorem 2.2 there is a terminal subcontinuum
K of M such that M — K is also terminal.

Assume M —K is decomposable, say M — M—K = A@B Then by
Theorem-1.18 one of these subcontinua, say 4, does not intersect K.
Thus AUK is a proper closed subset of M and since M —(4VK)< B,
it follows. that int(B) # @. Also M — B is contained in the union of the
two disjoint closed sets .4 and K but is contained in neither 4 nor K.
Thus M — B is not connected which implies that B separates M. This
contradiction implies that 1/ —K is indecomposable.

In a similar fashion, it follows that K is also indecomposable. m

THEOREM 2.5: A necessary and sufficient condition that the conti-
nuum M be irreducible is that if M = A@B, then both A and B are ter-
minal continua.

Proof. Suppose that M is irreducible from p to ¢ and M = A®B.
We may assume that peA and geB. It follows from Theorem 1.16 that
p and ¢ are terminal points; Theorem 1.5 guarantees that A and B are
terminal continua. |

Oonversely if the condition holds, we may assume that M is de-
composable. If M = 4@ B, then A is terminal which implies that M —A
is a continuum, Since M = A@M ~ A4, M — A is terminal and by Theo-
rem 2.2, M is irreducible. m .

According to Theorem 2.5, M is irreducible provided each decompo-
sition of M is a decomposition into terminal continua. We cannot
replace this by “there exists a decomposition of M into terminal continua,”
as is shown by the following example. '

ExaMpLE 2.6. Let M be the union of three arcs, [a, p], [b, p], and
[e, p] such that each pair intersect only in {p}. Then each of the arcs
[a, b] and [a, 6] is a terminal continuum of M.
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b

a P ¢

The reagon that this example fails to be irreducible is that M is &
triod. Because of the importance of triods in relation to irreducibility,
we denote much of the next section to them.

Triods and Sorgenfrey’s theorems

DEFINITION 2.7 (Sorgenfrey [12]). A continuum M is a fype 1
triod provided that M is the essential sum of three proper subcontinua
guch that all three have a poinf in common.

M is a type 3 triod if M is the essential sum of three proper subcon-
tinua such that all three intersect, the common part of each pair is the
common part of all three, and this common part is a proper subcontinuum
of each of them.

A type 3 triod is usually just called a #riod. If a continnum contains
no (type 3) triods, then it is said to be a-triodic.

Olearly every type 3 triod is a type 1 triod. Moreover, Sorgenfrey
has shown ([12]) that each type 1 triod contains a type 3 triod. It fol-
lows that in: the definition of “a-triodic” we may omit any reference to
(:type.77

ExAMPLE 2.8. A type 1 triod which is not a type 3 triod. This con-

tinuum is the union of an arc and a simple closed curve, intersecting
only in an end point of the arc.

M Q— Let K be the simple closed curve.

K.

Note that the simple closed curve, K, is a terminal continuum.

THEOREM 2.9. Let M be a oontinuum which is8 not a type 1 triod.
If M = A®B, then each of A and B is non-separating.

Proof. Suppose to the contrary that there is a decomposition of
M, M = A@®B, such that M — 4 is not connected. Let § and T be mu-
tually separated sets such that M — A = SUT., Then both § and T are
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connected. For if § is the union of mutually separated sets R and @, then
RuUA,Qud, and TuAd are all continua with a common point, which
contradicts our hypothesis.

Clearly, SNT =@, otherwise S, T, and 4 would be a forbidden
decomposition.

Assertion. No subeontinuum in AR intersects both S and 7.
For if L is a subcontinnum in ANB such that LNS # @ # LNT, then
SUL, TUL, and 4 would be a forbidden decomposition. This establishes
the assertion.

It follows that 4B is the union of the disjoint closed sets D and
E with (AnBnS)< D and (AnBNT) < E. Thus B = (DUS)u(BUT).
Since (DuUS) and (BEUT) are disjoint closed sets, this implies that B is
not connected which is a contradiction.

Therefore B, and likewise A, is non-separating. m

THEOREM 2.10 (Sorgenfrey [13]). A necessary and sufficient con-
dition that the continuum I be irreducible is that if I is the essential sum
of three proper subcontinua, then some pair fail to intersect.

~Proof. It is clear that the condition is necessary for the irreduc-
ibility of M. We shall assume that the condition holds and show that
M is irreducible.

Clearly we may assume that M is decomposable, and that M is
not the essential sum of three subcontinua such that all three intersect.
Applying Theorem 2.9 we conclude that each decomposition is a decompo-
sition into non-separating continua. By Theorem 2.5 we see that if M
is reducible, there is a decomposition of M, M = 4D B, such that one
of the continua, say A, fails to be terminal. It follows that there are
continua X and ¥ such that M = X®Y and A < XnY. Since X is
non-separating, M — X is a proper open connected subset of M —A.

It follows that the continuum M — A is decomposable. Applying The-
orem 1.18 we have proper subcontinua ¢ and E of M — A4 such that both

@ and R intersect 4 and M —A4 = QUR. However, @, B, and 4 now
form a decomposition of M of the type contrary to the condition. There- .
fore M is irreducible. m

DrrFmNiTION 2.11. A continuum M is said to be wunicoherent pro-
vided if M = A@®B, then ANB is a continuum. A continuum is heredi-
tarily unicoherent if every subcontinuum is unicoherent.

THEOREM 2.12 (Sorgenfrey [12]). If M is a wunicoherent continuum
which is not a triod, then M is irreducible.

Proof. Suppose that the theorem fails and M is reducible. Then
by the preceding theorem, M is the essential sum of subcontinua A, B,
and C such that AnB # @, BNC # @, and ANC #@. Since M is uni-
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coherent, 4 n (BUC) is connected which implies that ANBNC # @. Then
L = [An(BUC)JU[BN{AUC)Ju[CN(AUB)]

is'a continuum. Let 4’ = Lud, B’ = LUB, and ¢’ = LUC, Then M
= A'@B’'@®C'. Now L is a proper subcontinuum of 4’, B’ and ¢’ and
A'NB'NC" = A'nB’' = A'NnC' = B’'NnC’ = L. This implies that M is a
triod which is impossible. Thus M is irreducible. m

THEOREM 2.13. A continuum M s irreducible if and only if M is
not a type 1 triod and each non-separating subcontinuum with non-void interior
18 a terminal continuum.

Proof. Assume first that M is irreducible. Then by Theorem 2.10,
M is not 2 type 1 triod. Let K be a non-separating subcontinunm with
non-void interior. Then M —K i8 a proper subcontinuum of M and
M = K@M —I. Thus by Theorem 2.5 K is a terminal continuum.

Now assume that M is a decomposable continuum which is not a
type 1 triod and each non-separating subcontinuum with non-void in-
terior is terminal. Let .4 and B be subcontinua of M such that M = AP B.
Applying Theorem 2.9 we see that neither A nor B separates M. Clearly
both 4 and B have non-void interior, so by hypothesis 4 and B are ter-
minal continua. It follows from Theorem 2.4 that M is irreducible. m

The following example shows that one cannot replace “M is not
a type 1 triod” by “M is not a type 3 triod” in the preceding theorem.

ExAMPLE 2.14. Let A4, B, and C be indecomposable continua such
that each of 4, B, and C is irreduecible between the points p and ¢, and
ANB = An0 = BNC = {p, ¢}, Let M = AGBDC.

q

The only non-separating subcontinua of M with non-void interior are
those continua containing some pair of the subcontinua 4, B, and C.
So M is not a type 3 triod, each non-separating subeontinuum with
non-void interior is terminal, but clearly M is reducible.
THEOREM 2.16. Suppose that M a is continuum whioh is not a type

1 iriod, K s terminal in M, and M — K is decomposable. Then M is irre-
ducible.
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Proof. Let A and B be subcontinua of M such that  — K = = A®B
Then according to Theorem 1.18 one of these subcontinua, say A, does
not intersect K.

Assume that 4 is not terminal. Now ¥ = (KUB)@ A4, so Theorem
2.9 implies that M—4 is a continuum. Also since int(K) # @ (The‘owm
1.11) and K < ll[ 4, it follows that M —A A is decompos&ble Accord-
ing to Theorem 1.18, there is a decomposition of M— 4 A, say M—A
= S@T, so that AnS # 0 = AnT.

Now M = (BUS)U(BUT)U(4UB) and (BUS)Nn(BUT)Nn(AUB) g,
so this sum of subcontinua is not an essential sum.

Case 1. Suppose that M = (BuUS)U(BUT) = BUSUT and let
seM —(BUK). Clearly ¢ eint (A). But since I = BUSU T and x¢B, then
2eSUT = M —A. So this case leads to a contradiction.

Case 2. If M = (BUS)U(AUB) = SUAUB, then 8,4, and B is
an essential sum of subcontinua. Let zeSNA. Then zeM —ANA < B,
so SnANB # 3. This implies that M is a type 1 triod which is a contra-
diction. _

Case 3. If M = (BUT)U(AUB) = TUAUB, then as in case 2, the
subcontinua T, 4, and B form a type 1 triodic decomposition of M
which is contrary to the hypothesis.

Hence, in any case, a confradiction is reached so it follows that A
is @ terminal continuum. Thus according to Corollary 2.3, M is irredu-
cible. m

The following example shows that the theorem above does not hold
if M — K i3 indecomposable.
ExaMpPLE 2.16.

£
M =WuXuY, where W,X, and Y ,, q

are indecomposable continua.
\V

W is irreducible between any pair of {p, g, r};

X is irreducible between any pair of {p, q, s};

Y is irreducible between r and s, L

Let K = WuX. Then K is terminal and M — K is indecomposable.
Clearly M fails to be irreducible between any pair of points,

Note that Example 2.8 shows that the preceding theorem fails if
we replace “not a type 1 triod” by “not a type 3 triod.”
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CoROLLARY 2.17. Suppose that M is a continwum such that each
indecomposable subcontinuum of M has woid interior. M s irreducible if
and only if (i) M is not a type 1 triod, and (ii) M contains a terminal con-
tinuum.

" Proof. If Al is irreducible, then (i) and (ii) follow from Theorems
2.10 and 2.2. If (i) and (ii) hold, then M is irreducible according to the
preceding theorem. m

COROLLARY 2.18. Suppose that M is hereditarily decomposable. Then
M 1s irreducible if and only if (i) M is not a type 1 triod, and (ii) M contains
a terminal continuum.

CoroLLARY 2.19. Suppose that M is hereditarily decomposable. Then
M is irreducible if and only if (i) M is not a type 1 triod, and (ii) M has
a decomposition into terminal continua.

DEFINITION 2.20. A continnum M is said to be drreducible about
a subset 8 of M provided no proper subcontinnum of M contains 8.

Many of the results in this chapter can be extended in an obvious
way to a continuum which is irreducible about a finite subset.

According to Theorem 2.3, if A is a decomposable continuum which
is irreducible between a pair of points, then every decomposition of M
is a decomposition into terminal continua. We now show the existence
of terminal decompositions for continua which are irreducible about cer-
tain types of subsets.

THEOREM 2.21. Suppose that the decomposable continuum M is irre-
ducible about a subset S, s, and s, are distinot points of S, and M is not
irreducible about S —{8,} or 8 —{8,}. Then M can be decomposed into ter-
minal continua.

Proof. Let N be a proper subcontinuum of M such that s, ¢N-
and 8 —{s,} = N. Clearly N does not separate M, For if U and V are
mutnally separated sets such that ¥ — N = UuUV and s,¢U, then NUU
would be a proper subcontinuum of M econtaining S.

Agsertion. The continnum M — N is irreducible from s, to’ each

—

point of M — NNN. If this is not the case, there is a proper subconti-
nuum B of M — N such that s;eB and BNN # @. Then BUN is a proper
subcontinuum of M containing § which is contrary to the hypothesis.
Therefore N is a non-separating continuum and M — ¥ is irreducible
from s, to each point of M —~NNN. According to Theorem 1.15, NV is
a terminal continuum.
In a similar manner construct a terminal continuum L such that

$¢L and §—{s,} = L. Then the continuum NUL contains S which
implies that ¥ = NOL. m
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. CoROLLARY 2.22. Let M be a decomposable continuum. If M is irre-
ducible about a finite subset, then there is a decomposition, M = A@B,
such that both A and B are terminal continua.

COROLLARY 2.23. If the continuum M is irreducible about a finite
subset, then every point of M belongs to a terminal continuum.

Consider the following example of a continuum which is irreducible
about a countable closed subset.

ExAVMPLE 2.24.

ay

M is the union of a countable collection of
arcs [p, a;],te[1, o), with a common end point a
p and limit(dia[p, a;]) = 0; M

1—=00

M is irreducible about the countable closed set
8 = {a;}2,9{p}. a

Note that M can be decomposed into terminal continua.

QUESTION 2.25. Do the preceding two corollaries hold if the word
“finite” is replaced with the words “countable closed”?



Chapter 1II

Terminal and non-cutting continua

Properties of terminal non-cutting continua

In Chapter I (Corollary 1.27) it was established that a necessary
and sufficient condition for a subcontinnum to be an F-continuum is
that it be terminal, non-cutting, and have void interior. Thus “terminal
and non-cutting” is a reasonable substitute for “ZE-continuum.”

Considering Example 1.17, we see that a terminal continuum K of
M may have boundary which is not connected. However, if K is also
a non-cutting continuum of M, then this cannot happen. Indeed, the
following theorem shows that a terminal and non-cutting continuum
occurs by intersecting two continua along an E-continuum of one of
them.

THEOREM 3.1. A subcontinuum K of M is terminal and non-cutting
if and only if the boundary of K is an E-continuum of M — K.

Proof. Suppose that K is terminal and non-cutting in M. By The-
orem 1.15, there is & peM — K such that M — K is irreducible from p
to BAd(K) = KnM — K. Let C,, be the composant of p in M — K. Clearly
EnM—K < (M—K)—0, Since K is non-cutting, it follows that
M—Kc C, Also if z¢(M—-K)—-C,, then x¢M—K. Therefore
EnM—~-K =(M—K)—C,. Since M —K—C, is connected, this implies
that KNnM — K is an FE-continuum of M — K.

Suppose now that M — KnK is an E-continuum of M — K. There
isa geM — K such that ¥ —-KnK = M —K—C,. It follows from The-
orem 1.15 that K is terminal while it is clear that K is non-cutting in 2. m

THEOREM 3.2. Let K be a terminal non-cuiting continuum of M. Then
one and only one of the following holds:

(1) M 4s irreducible;

(2) K is decomposable and Bd(Kl) is not a terminal continuum of K,

Proof. Suppose that (1) fails. Then by Theorem 2.2, M — K fails
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to be a terminal continuum of JM. Applying Theorem 1.4, we obtain
a decomposition of M, M = A@B, such that M — K < AnB. Each com-
ponent of 4 —M —XK has a limit point in M — X and each such limit
point is a point of BA(K). Since BA(X) is a continuum by the preceding

theorem, A — 1 — K UBA (K) is a proper subcontinuum of K with interior.

In like fashion, B —3 — KUBA(X) is a proper subcontinuum of K with
interior. It follows that (2) holds.

Suppose now that (2) holds. By Theorem 1.4, K is the union of two
proper subcontinua D and F of K, each containing Bd(K). Then D, E,
and M —K form a type 1 triod, so M cannot be irreducible. m

CoroLLARY 3.3. If K 45 a non-cutting terminal subcontinuum of M
and K is indecomposable, then M is irreducible.

We note that in the preceding two theorems (Theorem 3.2 and
Corollary 3.3), we could have weakened our hypothesis by replacing
“K iz noncutting” with “Bd(K) is connected.”

THEOREM 3.4. Suppose that K is a terminal non-cutling continuum
of M and L is o subcontinuum of M properly containing K. Then K < int(L).

Proof. Assume that K &int(L), Then KNnM —L #@. Since L is
terminal, M —L is connected and K UM — L is a subcontinuum of M. Now
K is terminal and M = LU (K UM — L) which implies that TUM — L = M.
Thus int(L) < K.

Let peM — L such that M — L is irreducible from p to M —ILnNL.
Let qeL —K. Then ¢¢int(L) which implies that geLNM — L. Since XK
does not cut p from ¢, there is a subecontinuum N < M —K such that
{p,q} <« N. Now M = KUM—1L, thus ¥ « M — L. However, M —TL is
irreducible from p to ¢ so ¥ = M — L. This says that KnM—L =
KNN =@ which implies that M is not connected. This contradiction
establishes the theorem. m

COROLLARY 3.5. Suppose that K is an E-continuum of M and L 18
a subcontinuum of M properly containing K. Then K < int(L).

Proof. By Corollary 1.27 an E-continuum is terminal and non-
cutting so it follows from the preceding theorem that K < int(L). m

Local counectivity at K and K-aposyndesis

The concept of a continuum being locally connected at a subcon-
tinuum K was introduced in the third section of Chapter I. If K is a ter-
minal continuum of M, the following theorem relates this idea to that
of being a non-cutting continuum.
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THEOREM 3.6. Let K be a terminal continuum in M. Phen K is non-
cutting if and only if M is locally connected at K.

Proof. First assume that 3 is locally connected at K. Let p and ¢
be distinet points in M — K and let U be an open set such that K = U
c M —{p, q}. There is an open connected set, V such that K = V = ¥V < T.
Thus by Theorem 1.5, ¥ is terminal and it follows from Theorem 1.3

that M — ¥ is connected. Therefore {p,q}c M —V c M—K which
implies that X is non-cutting in Af.

Now suppose that K is non-cutting and let U be an open set contain-
ing K. By applying Theorem 3.1 we see that M/ —KnK is an FE-con-
tinuum of A — K. Thus by Theorem 1.30, M — K is locally connected at
M —-KnK.

There is a set W, open in Jf, such that finM —K < WNnM—K <
UNnM—K and WnM—K is a connected set which is open relative to
M—K. Let V = KUW. Clearly V -is connected and K = ¥V < U. Since
M-V =M—Kn(M-—-W), it follows that V is open in M and M is
locally connected at K. m

The above theorem is not true if I{ is not terminal. Consider the
following example.

ExamMPLE 3.7.

K is the arc [a,b] and is not terminal. Although K is non-cutting
in M, M is not locally connected at K.

DEerFINITION 3.8. Let M be a continuum and K be a proper subcon-
tinunm of 3. Then M is said to be K-aposyndetic provided that for each
xeM —K there is a subcontinuum N of M such that zeint(N)< N
c M-EK,

If for each meM, M is {m}-aposyndetic, then M is just said to be
aposyndetic [8].

It is easy to verify that if K is a subcontinuum of M then M is K-
aposyndetic if and only if M is semi-locally-connected at K. (i.e., if V
is an open subset of M containing K, then there is an open set U such
that K < U <« V and M — U has finitely many components).

The following examples show that neither “K-aposyndetic” nor
“locally connected at K" implies the other.
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ExAMPLE 3.9. An aposyndetic continuum M with a non-separat-
ing point p such that M is not locally connected at p. M is the union
of a square and a countable collection of intervals.

a

b

A non-aposyndetic example may be found on page 113 of [7].

ExAwmPLE 3.10. A continuum which is locally connected at a non-
separating point p, but not {p}-aposyndetic. This continunm, called the
Cantor swastika, is the union of four copies of C x [0, 1], where C is the
Oantor ternary set. The four copies are joined in an alternating manner
with the point p as the common part of the four copies.

THEOREM 3.11. Let K be a terminal non-cutting subcontinuum of M
and suppose that L is a subcontinuwm of M which properly contains K.
Then L 13 K-aposyndetic.

Proof. Let reL— K. By Theorem 3. 4 K < int(L) and by Theorem
3.6, M is locally connected at K. So there is a connected open set V" such
that K <« V< ¥ < int(L) and z¢7. We wish to show that L-T is
connected. Suppose to the contrary, that T separates L. Since K is a
terminal continuum of 3, Corollary 1.6 shows that V cannot separate M,
Thus M s L. Using this corollary again, we see that M — L is connected,
Thus M —L is a non-void continuum.

Now L—F is the union of two separated sets 4 and B. According
to Theorem 2, page 172 of [9], cach component of L— F has a limit
point in ¥, so AUT and BuUV are continua. Moreover, since int(L)
is an open set contaim‘ng V, Anint(L) # @ and sinc-e int (L) misses
M —T it follows that A ¢ M — L. Similarly, B¢ M — L. However, M—-L
meets L 5o M —L meets 4 or B. Say M— M—LAA #@. Then each of
M—LUAUT and BUT is a continuum contammg K. Moreover, each
is a proper sub subcontinuum of A, since B M — LU(AUV It follows
that M = M —Lu(AUT)®(BUT), and K is not terminal. This contra-
diction shows that L— ¥ is connected.

Hence L — V is a continuum containing # in its interior. Since K
cVeV, L—-VcIL-V<L-Kand L—-FcL-V<cL-K. Thus
ENL—V =@ and L is K-aposyndetic. m

COROLLARY 3.12. Let K be an E-continuum of M and L be a sub-
continuum of M properly containing K. Then L is K-aposyndetic.
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Note that example. 3.7 -shows that “terminal” cannot be dropped
in the hypothesis of Theorem 3.11.

COROLLARY 3.13. Suppose that K is terminal and non-cutting and L
is a subcontinuwm of M properly containing K. Then L—K is decompos-
able.

Proof. Let xeL— K. There is a set V, open in L, and a subcon-
tinuum X of I such that #¢ 7 < H < L— K. Thus L— K contains a proper
subcontinuum with interior. Hence L — K is decomposable. m

“We will conelude this section by proving two theorems which sum-
marize much of our work on terminal and non-cutting continua. We
require the following result, which is similar to a theorem of Whyburn
.(Theorem 4.1 page 30 of [15]).

THEOREM 3.14. Suppose K is a subcontinuum of M and M is K-
aposyndetic. Then K does not cut M if and only if K does not separate M.

Proof. Using the definition of K-aposyndetie, it is easy to see that '
each subset of M — K which is maximal with respect to being continuum-
wise connected is both open and closed in M —K. m

THEOREM 3.15. Suppose that K is a terminal continuum of M. Then
the following are equivalent.

(1) K i8 @ non-cutling continuum;

(2) M is locally connected at IT;

(3) M is K-aposyndetic.

Proof. By Theorem 3.6, (1) and (2) are equivalent and Theorem
3.11 shows that (1) implies (3). To gee that (3) implies (1) we note that
since K is terminal, I does not separate M. It follows from the preced-
ing theorem that XK is non-cutting. m

In the previous theorem if “non-separating” is substituted for
“terminal”, then neither one of (2) and (3) implies the other.

To see that (3) does not imply (2), in example 3.9 let K be the arc
from a to b which contains the point p. Then K is non-separating, I
is K-aposyndetic, but M fails to be locally connected at K.

To see that (2) does not imply (3), consider the following example.

ExAnMPLE 3.16.

4 ¢ M is the interval [a,c]

toge ther with the union

K of a countable collection

of intervals each with an
end point on [a, ¢].
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Note that I = [a,b] is a non-separating subecontinuum of M, Af
is locally connected at K, but M fails to be K-aposyndetic.

The following result extends Theorems.1.26 and 1.30.

THEOREM 3.17. Suppose that K is an end continuum of M. Then
the following are equivalent:

(1) K is a non-cutlting contihuu-m;

(2) K is an E-continuum;

(3) K is a maximal end continuum;

(4) M is locally connected at IU;

(5) M is K-aposyndetic.

Proof. Using Theorem 3.15, we see that (1), (4), and (5) are equiv-
alent. By Theorem 1.26, (1), (2), and (3) are equivalent. m

Arcs and monotone decompositions

We begin with a simple characterization of arcs.
THEOREM 3.18. A non-degenerate continuum M 18 an arc if and
only if each non-separating point of M is a non-cutting terminal point.
Proof. If M is an are, it is clear that the condition is satisfied.
To prove that the condition imiplies that M is an are, it suffices
to show that M has exactly two non-separating points. There exists
a non-separating point of M, say p (see [15], p. 54). Since p is a terminal
point, there is a point ¢ such that M is irreducible from p to g. Clearly ¢
is a terminal point so ¢ is also a mnon-separating point.
Let el — {p, g}. Since J it irreducible from p to ¢, r cuts p from ¢.
By hypothesis, » must separate ). Hence M is an arc. m
As we pointed out in Chapter I, if ./ is a continuum which has a
terminal continuwm, there is a meonotone upper-semi-continuous decom-
position of A such that the hyperspace is an irreducible continuum.
We will conclude this chapter by proving two theorems giving sufficient
conditions for the hyperspace to be an are. -
Lexnra 3.19 [1]. Suppose that M is a continuum with a decompo-
sition, M = IDN, such that I is irreducible from a point p to INN. If M
is aposyndetic, then I is an arc and N is aposyndetic.
Using this lemma we obtain the following theorem.
THEOREM 3.20. Suppose that M is an aposyndetic continuum and I
18 a terminal continuum of 3. Then M —K is an are.
Proof. If K has void interior in' 3/, then by Theorem 1.11, K is
an end continuum of J/. Applying Theorem 1.16, we see that M is irre-
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ducible from some point p«M — K to each point of K. Choosing ge K, M
is irreducible from 9 to ¢. Any point of M different from p and ¢
cuts M, and since M is aposyndetic, any such point separates M. Thus
M is an are.

Suppose that int(K)  @. Since M = K@M — K and K is terminal,
it follows from Theorem 1.15 that there is a point peM — K such that
M — K is irreducible from p to XN M — K. Thus by Lemma 3.19, ¥ — K
is -an arc. m

THEOREM 3.21. Suppose that M is an aposyndetic continuum and K
1s terminal in M. There is a monotone upper-semi-continuous decomposition
4 of M such that the hyperspace, M|%, is an arc.

Proof. Let ¢ be the monotone upper-semi-continuous decompo-
sition of M whose 'only mnon-degenerate element is K. Let = be the
projection of M onto M/¥.

Now by Theorem 3.20, M — K is an arc. Let {q} = KnM —K and
let peM — K such that I/ — K is irreducible between p and gq.
Suppose yeM |9 —{p, K}. Then yel — M—F— {p, ¢}. Thus vy Y Separates

M —K so let § and T be mutually separated sets such that M —K — {y}
= SUT. Then M |9 —{y} = =(8)un(T) and it follows that z(S) and =(T)
are mutually separated in M /4. Therefore p and K are the only non-
separating points of M/9. Thuy M/¥ is an arc. m

We next show that in the preceding theorem “aposyndetic” can
be replaced with “hereditarily decomposable” and the conclusion still
holds. (The decomposition, 2, in this case is not necessarily the same
as %, in Theorem 3.21). .

The following lemma by Miller is needed. The continum, T, de-
seribed in the lemma is called a C-continuum.

LeEMMA 3.22 [10]. Let N be an irreducible hereditarily decomposable
continuum, H and K be E-continua of N, and peN —(HUK). There is
a continvum T in N such that (1) peT, (ii) T <« N—(HUK), (iii) there are
mutually separated sets U and V such that N—1 = UUV, and (iv) N
= JuT.

THEOREM 3.23. Suppose the hereditarily decomposable continuum M
contains a terminal continuum. Then there is a monotone upper-semi-
continuous decomposition of M onto an are.

Proof. Let K be a terminal continuum in M. By Theoremn 1.15,
there is a,fpomt geM —K such that M —K is irveducible from q to
M —KnK. Let 4 be the E-continuum of ¥ —K containing ¢ and B

be the F-continuum of M—K K which contains M —KNK., Note that
BnK #@.
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1

Let 2 be the monotone upper-semi-continnous decomposition of
whose elements are K, 4, and all the C-continua of M —K.

Then by Theorem 2.2 of [10], the hyperspace M /2 is an arc. m

CorROLLARY 3.24. Suppose that M 1is a hereditarily decomposable
(aposyndetic) continuum and K is a terminal continuwum of M. There is
a terminal non-cutling continuum L of M such thai K < L.

Proof. By Theorem 3.23 (Theorem 3.21), M can be monotonially
decomposed onto an arec M /2 (M |¥). It follows that K is an E-continuum
of M /9. Let J be a proper subcontinuum of M (2 which properly contains
K and let = be the projection of M onto M /2. Then L = z~'(J) has
the desired properties. m
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Chapter IV

Absolutely non-separating continua

Basic types and properties

In this chapter we extend the mnotion of a subcontinuum K “lying
ab an end of M” to K “lying at an end of every subcontinuum of M which
properly contains K.” For terminal continua (points) this notion is equiv-
alent to that used in [2] and [H].

DEFINITION 4.1, A proper subcontinuum K of the continuum M
is said to be an absoluiely non-separating (terminal, end, I, non-cutting,
respectively) continuum if K is a non-separating (terminal, end, H, non-
cutting, respectively) continuum of each subcontinuum I of M which
properly contains K.

The subcontinuum K of M in Example 1.2 (b), (¢), and (d) is an
absolutely terminal continuum while in 1.2 (a), K is not such a continuum.

ExAMPLE 4.2,

K
M is the union of
J the indecomposable
continuum M’ and K

2) 1 X
¢ P ' (a “sin — continuum”)
r

M’ such that KnM' =
[P, q]

K is a terminal continuum but is neither an end continuium nor an ahsol-
utely non-separating continuum. .
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(b) . .

: M is the union of M’
1 . \

(a “sin - continuum”) and

the ray R in E, which
limits on M’. K is the arc

(2, q].

K is an absolute end continuum which fails to be non-cutting in i,

Other authors have generalized the notfion of “terminal” points, as
defined in [10], to “terminal eontinua.”

For example, in [6] Gordh studied “terminal subcontinua” of her-
editarily unicoherent compact connected Hausdorff spaces in which every
indecomposable “subeontinuum” (closed connected subspace) is irre-
ducible. His main result is that such a space is irreducible about the
union of its indecomposable “terminal” subcontinua. »

In [6] a “subcontinuum” (closed connected set) H is said to be
“terminal” in the compact connected Hausdorff space M if, (i) H is con-
tained in an irreducible “subcontinuum” of M, and (ii) every irreducible
“subcontinuum”; containing H is irreducible about Hu{z} for some zreM.

If 3 is a chainable metric continuum, then our notion of an absolutely
terminal continuum of M is equivalent to the definition of a “terminal
continnum?” in [6]. The definitions need not be equivalent in a continuum
which fails to be chainable as shown by the following example.

ExAMPLE 4.3.

: Let K be triod ¢  in M.
M b)\c

XK is “terminal” in the sense of [6] but K is not an absolutely terminal
continuum. ‘

Note in Example 4.3 that not only is K an end continuum of i
but also every subcontinuum L of M which K separates is an end con-
tinuum of M. We now show that this is always the case.
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LEMMA 4.4 Let K be an end continuum of M, L be a subcontinuum
of M containing K. If K separates L, then L is an end continuum of M.

Proof. Suppose that K separates L, and let C, be a composant
of M such that X <« M —C,. Let A and B be separated sets such that
L-K =4UB.

Assertion. L < M —~C,. For suppose this is not the case. Then
there is a ge(LNC,) and we may assume that gedA. There is a proper
subeontinnum N such that {p, ¢} = ¥. Since AUK is a continuum, then
M = NU(4AUK). Thus B © N which implies that B < N and NnK =+ 0,
Therefore M = NUK and K is not an end continnum. This contradiction
establishes the assertion. Thus L < M —C, which implies that L is an
end continuum’' of M. m

THEOREM 4.5, Let K be a non-culting subcontinuum of M. If K is
terminal, then K is an absolutely non-cutting continunm.

Proof. Suppose that I is a terminal continuum and let L be a
suboontinuum of M which properly contains K. Let ¢ be the monotone
upper-semi-continuous decomposition of M whose only non-degenerate
element is K. Let M /9 be the hyperspace of this decomposition and
let = be the projection from I/ onto M /¥.

According to Lemma 1.13, K is an end continuum of 3/ /¥4. Since K
is non-cutting in M, hence in M /¥, it follows from Theorem 1.26 that
K i3 an E-continuum in M/¥. Clearly =n[L] = I’ is a subcontinuum of
M |% which contains K. Now K is a maximal end continuum of M /¥
(Theorem 1.25) thus by the contrapositive of Lemma 4.4, K does not
separate L’.

It follows that KX does not separate I, hence K is an absolutely non-
separating continuum. Since I is K-aposyndetic (Theorem 3.11), it fol-
lows from Theoren 3.14 that K is an absolutely non-cutting continuum.

COROLLARY 4.6. A subcontinuum K of M is non-cutting and absolutely
terminal if and only if K is an absolutely mon-cutting and absolutely ter-
minal continuum.

CoroLLARY 4.7. Suppose that the continuum M is irreducible and K
s a subcontinuum of M. Then K is non-cutting in M if and only if K -is
absolutely non-cutiing.

Proof. Suppose M is irreducible between the points p and ¢ and K
is non-cutting in M. Clearly one of the terminal points p or ¢ must belong
to K. Thus by Theorem 1.5, K is a terminal continuum. It follows from
the preceding theorem that K is an absolutely non-cutting continuum. m

CoROLLARY 4.8. If K is an E-continuum of M, then K is an absol-
utely non-cutting continuum.
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Proof. It follows from Corollary 1.27 that E-continua are terminal
and non-cutting, hence absolutely non-cutting by the previous theorem. m

THEOREM 4.9. Let K be an E-continuum of M and L be a subcon-
tinuum of M which properly containg K. Then K is an E-continuum of L
if and only if K is a terminal continuum of L.

. LProof. If K 'Lis an E-continuum of L, then clearly it is also terminal
in L.

Suppose that K is a terminal continnum of L. According to Cor-
ollary 4.8, K is non-cutting in L. Let pel such that X = M —C, and
let geL— K. Then geC),, 50 let N be a proper subcontinuum of M con-
taining p and ¢. Clearly N < (. Since L— K is connected, L— K is a
subcontintum of L which contains ¢, and ¥ = N@PL— K. Therefore,

K < L—K which implies that A has void interior relative to L. Thus
by Corollary 1.27, K is an E-continuum of L. m

ExaMPLE 4.10.

» M

Let K = [p, q].

K is an E-continuum of M and is also an absolutely non-cutting
continuum. Note that K is not an absolutely terminal continuum.

COROLLARY 4.11. Let K be an E-continuum of M. Then K 1is an
absolute B-continuum if and only if K is absolutely terminal.

COROLLARY 4.12. Let K be an E-continuum of M and L be a sub-
continuum of M which properly contains K. Then K is an HB-continuum
of L if and only if L is irreducible.

Proof. If K is an E-continuum of L, then clearly L is irreducible.

Assume that L is irreducible between the points p and ¢. Since K
is an E-continuum of M, Corollary 4.8 implies that K is non-cutting in L.
Clearly one of the terminal points p or g of L belongs to K. Thus by
Theorem 1.5, K is terminal in Z and it follows from the preceding the-
orem that K is an KE-continuum of L. m

COROLLARY 4.13. Let K be an E-continuum of M. Then K is an
absolute E-continuum if and only if every subcontinuum of M, which prop-
erly contains K, is irreducible.

THEOREM 4.14. Let K be a non-cutiing terminal continuum in M and
L be a subcontinuum of M which properly contains K. If K is an end con-
tinuum of L, then K is an B-continuum of both L and M.
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Proof. Suppose that K is an end continuum of L. Then K has void
interior in I and hence in M. So by Corollary 1.27, K is an F-continuum

of M. :
- Rinee K is an end continuum, hence a terminal continuum of I,

it follows from Theorem 4.9 that K is an H-continuum of L. w

Hereditarily irreducible continua

DeFmNITION 4.15. The continuum M is said to be hereditarily irre-
ductble provided every subcontinumm of M is irreducible.

In [2] Bing defined a snake-like (chainable) continuum and proved
that such a continuum is hereditarily irreducible.

THEOREM 4.16. Let M be a continuum which is hereditarily irreduc-
ible and K be a non-cutting subcontinuum of M. Then K is an absolutely
non-cutting continuum if and only if K is an absolutely terminal continuum.

Proof. First suppose that K is absolutely terminal. Then, in par-
ticular, K is a terminal continuum of M so by Theorem 4.5 K is an abso-
Iutely non-cutting continuum.

Now assume that K is absolutely non-cutting and let I be a sub-
continuum of 3 which properly contains K. Since I is irreducible and
K is non-cufting in L, Theorem 1.7 implies that K is a terminal con-
tinuum of Z. It follows that K is an absolutely terminal continuum. =

OOROLLARY 4.17. Let M be a continuum which i8 hereditarily drre-
ducible. Then K 48 a non-cutting subcontinuum of M if and only if K is
absolutely non-cutting and 48 an absolutely terminal continuum.

THEOREM 4.18. Suppose that M is an a-triodic hereditarily wumico-
herent continuum and K is a termimal continuwum of M with int(K) +# @.
Then K is absolutely terminal.

Proof. Suppose to the contrary that there is a subcontinuum I
of M such that K < I and K is not terminal in L. Since L is unicoherent
and not a triod, it follows from Theorem 2.12 that L is irreducible. Then
Theorem 2.13 guarantees that K must separate L. So L — K is the union
of two separated sets A and B. Moreover, A UK and BUK are continua.

Claim: ¥ —LNLNEK # @.

If the claim fails, then M —LNL < AUB and since 4 and B are
separated, we may assume that M — LNL < A. Then BuU K and AUKU
UM — L are proper subcontinua of M containing K. Since K is terminal

in M and M = (BUK)®(AUKUM —I) this contradicts Theorem 1.4.
Thus the claim is established.
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Tt follows that 3 — Ln(Kud), M —Ln(KuUB), and K are all three
continua which intersect. Since int(K) # @, it follows that no one of
these continuna is contained in the union of the other two. Thus, the union
of these three continuna is a triod. This contradiction concludes the proof. m

COROLLARY. 4.19. If M is a chainable continuum, K is a termmal
contmmun, and int(H) # O, then K is absolutely terminal.

Proof. Chainable continua are a-triodic and hereditarily unico-
herent, as is shown in [2]. =

The proof of the following theorem may be found in [4]. (Note:
what we call “absolutely terminal continua” here are called “terminal
continna” in [4].)

THEOREM 4.20. If A is an a-triodic hereditarily unicoherent *con-
tinuum, K is an absolutely terminal continuum of M, and & is a chain of
open sets covering M, then there is a chain F of open sets covering M such
that F refines & and the last link of & meets K.

It follows from [2] and Theorem 2.12 that each of the following
classes of continua is a subclass of the next: chainable continua, a-triodie
and hereditarily unicoherent continua, hereditarily irreducible continua.
It follows from [10] that, in the case of hereditarily decomposable con-
tinua, the three classes coincide. Hence the following result follows im-
mediately from Theorem 4.18.

THEOREM 4.21. If M is a hereditarily decomposable and heredita-
rily vrreducible continuum and K is a terminal continuum of M with int(K)
9, then K is absolutely terminal.

If we delete “hereditarily decomposable” from the hypothesis of the
above theorem, then the statement is no longer true, as is shown by the
following example.

ExavrLE 4.22.

Both K and K’ are pseudo-arcs with only a pair A
of points {p, ¢}, in common. Let M = KUK’. P ‘ ’ ¢

M is hereditarily irreducible, K is a terminal continuum of M with
int(K) = @, but K is not absolutely terminal in M.

The following theorem appeared in [2] and the proof follows from
ouwr basic definition and Theorem 1.4 of Chapter I.

THEOREM 4.23 (Bing). A necessary and sufficient condition for the
continuum M o be indecomposable is for each point of M to be a terminal
point of M.
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The notion of an absolutely terminal continuum (point) gives the
following corollary.

COROLLARY 4.24. The continuum M 1is hereditarily indecomposable
if and only if each point of M is an absoluiely terminal point.

The following diagram shows the implications between the different
kinds of continua that we have considered. Examples presented through-
out this paper illustrate that none of the implications can be reversed.

absolute absolutely absolutely
E-con}inua_'_""enzbcsg:lll'il:u o — terminal — - non-separating
: .continua continua
1 A
F-continua— > end continua ——» terminal » fon-separating
continua continua
terminal and absolutely

non-cutting ——— non-cutting
continua continua



Chapter V

Minimal continua

Existence of certain minimal continua

According to Theorem 1.16 every subcontinuum of an end con-
tinuum is also an end continuum. Of course, this is not the case for ter-
minal continua as is shown by several examples in this paper. This
suggests the gtudy of “minimal” terminal continua and other subcon-
tinua of M which are “minimal” with respect to certain properties.

DEeFINITION 5.1. Suppose £ is a property and X is a subcontinuum
of M. Then K is said to be a minimal & continuum provided K has
property Z and no proper subcontinuum of K has property: 2.

Suppose, for example, that # is the property of being terminal.
Then the continaum K in Example 1.2(c) and K in Example 1.17 are
both minimal terminal continua.

The notion of an inducible property and the Brouwer Reduction
Theorem, stated below from [15], are useful tools in showing the exist-
ence of certain minimal # continua.

A property 2 is said to be inducible provided that when each set
of a monotone decwasmg sequence, .4;, 4,, 43, ..., of compact sets has

property 2 so does ﬂ A,

THEOREM 5.2 (Brouwer Reduction). Suppose 2 is an inducible prop-
erty and K is a non-void compact set having 2. Then K contains a non-
void closed set, K', such that II' has property 2 and no proper closed subset
of K' has property 2.

THEOREM 5.3. Each terminal continuum of M coniains a minimal.
tormmal com‘muum

- ———— Y —— ]

" Proof. (We show that the pmpelby of being terminal is mduclble)
Let A is a decreasing sequence of terminal continua of M and let L

ﬂ 4;. Suppose that the continuum L is not terminal in M. Then by
j=1

Theorem 1.4, there is ‘a decomposition of M, M = S@T, such that L
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=8N T. Let §¢8—(TUL) and teT — (SVL). Then M —{s,?} is open and
L © M —{s, t}. There is a positive integer j so that 4; = M — {s, t}. Clearly,
seS8—(TUA,), teT—(8UA;), and A, intersects both § and 7. This implies
that 4, is not terminal which is a contradiction. Thus L is terminal so
the property of being terminal is inducible.

Therefore, by Theorem 5.2, each terminal continuum of M contains
a minimal terminal continuum. m

Next we show the existence of a minimal continuum with respect
to the absolutely non-separating property.

THEOREM 0.4. Hach absolufely non-separating subconlinuwum of M
contains a minimal absolutely non-separating continuum.
Proof. Suppose K is a decreasing sequence of absolutely non-sepa-

=]

rating subeontinua of M and L is a subeontinnum such that N = (M) K|
' J=1

< L. Now for each positive integer ¢, K; does not separate LUK, which

oQ
implies that (LUK;)—K; = L—K; is connected. Thus L— () K,
=) i=1
= J (L—K,) is an increasing sequence of connected sets and hence is
i=1
connected so N does not separate L. It follows that N is absolutely non-
geparating. Therefore the property of being absolutely non-separating
is inducible. The conclusion follows from the Brouwer Reduction The-
orem. M
With the obvious modifications to the proof of the preceding two
theorems it is easily seen that all the subcontinuna which “lie at an end
of M” contain a minimal such continuum.

THEOREM 5.5. Bach non-separating (non-cutling, terminal, terminal and
non-outting, end, B, absolutely non-separating, absolutely non-cutting,
absolutely terminal, absolute end, absolute E, respectively) continuumn o6on-
tains a minimal such continuum. .

EXAMPLE 5.6.

Let K be the union of the arc

1
M . Irom a to b with the “sin;

/\/\/\[ continunm” which contains p.
P y .
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Then K is neither minimal terminal nor minimal non-cutting in M,
but K is minimal with respect to both properties simultaneously.

The structure of minimal continua

Recall in Chapter I (Theorem 1.25) that E-continua were charac-
terized as maximal end continua. It is necessary that E-continua are
also minimal non-cutting.

THEOREM 35.7. Let K be an E-continuum of M. Then K is minimal
non-cutting in M.

Proof. Let peM and C, be the composant of p in M such that
K = M ~—C,. Suppose J < K and J is non-cutting in M. Let ge K —J.
Since J does not cut M between p and ¢, there is a proper subcontinuum
of M containing {p, g}. This implies that geC, which is a contradicion.
Thus J cuts M and it follows that K is a minimal non-cutting subecon-
tinum of 1. m

_ 1
In the following example K, the limit arc of the sin—_; curves, is

a minimal non-cutting continuum but obviously is not an E-continuum.
So the converse of the above theorem is false.

ExAMPLE 5.8.

Since every subcontinuum of an end continuum is also an end con-
tinuum, it follows that minimal end continua are degenerate. While the
example above demonstrates that this is not the case for minimal non-
cutting continua, some of the other minimal continua are also degenerate.

THEOREM 5.9, Let K be a minimal non-separating continuum of M.
Then K is degeneraie.

Proof. Suppose that K is non-degenerate. Every non-degenerate
continnum containg at least two non-separating points (see [15], p.54)
80 let {p, ¢} = K such that neither p nor ¢ separates K. Since K is mini-
mal non-separating in I, it follows that both the continua {p} and {gq}
Reparate M.

Let S and T be disjoint open sets such that M —{p} = SUT and
assume that geS. Now K — {p} is connected and (K —{p})n 8+ @ which
implies that K —{p} < §.
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Case 1. If S—K = @, then it follows that 8 < K —{p}. Therefore
we have 8 = K —{p} which says that K = Su{p}. Then (SU{p})—{(qg}
= K —{g} is connected. Since T = TU{p} is also connected and intersects
K —{q}, then M —{g} = (K ~{q})u T is connected. This is a contradiction
since {¢} separates 1.

Case 2. If S—K # (J, then the non-empty open sets.T and S—K
are disjoint and M —K = TU(8—K). Since K does not separate I,
this is also a contradiction.

" Thus in either case a contradietion is reached so K must De de-
generate. m

TeEOREM 5.10. If M is irreducible, then the minimal terminal continua

of M are degenerate.

Proof. Suppose that M is irreducible and IC is & minimal terminal
continnum in 1. Acdording to Theorem 1.8, M is irreducible between
a pair of points one of which, say p, belongs to K. Then by Theorem
1.16 {p} is an end continuum, hence terminal continuum of M. Since K
is minimal terminal it follows that K = {p}. m

Note that if M does contain a terminal continuum, then the con-
verse of the preceding theorem holds.

CoroLLarY 5.11. Suppose M is not a type 1 triod, K is a minimal
terminal continuum in M and M — K 1s decomposable, Then K is degenerate.

Proof. According to Theorem 2.15, A is irreducible so the con-
clusion follows from the preceding: theorem. m

The continnum K in Example 2.16 is a non-degenerate minimal
terminal continuum, hence the corollary fails if f — K is indecomposable.
Note also that Example 2.8 demonstrates the preceding corollary
fails if we replace the words “not a type 1 triod” with “not a type 3 triod.”
The proof of the following theorem may be found in [5].

TuEOREM 3.12 (Fugate). Suppose that M is an a-triodic hereditarily
unicoherent continuum and K is an absolutely terminal continuum in M.

If K = A@®B, then either A or B is an absolutely terminal continuum
m M.

Applying Theorem 5.12 to minimal absolutely terminal continua of
M we obtain the following corollary.

CororLLARY 5.13. If M is a-triodic and hereditarily unicoherent, then
the non-degenerate minimal absolutely terminal continue of M are indecom-
posable.

Note that Theorem 5.10 and Corollary 5.11 demonstrate situations
where minimal terminal continua are (degenecrate) end continua. This
suggest the following question,
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QuEsTION b.14. Suppose that I/ is hereditarily decomposable and
K is a terminal continuum in M. If K is minimal non-cutting in M, does
it follow that K is an end continuum?

The answer to the question above is negative if A fails to be her-
ditarily decomposable. In the following example K is terminal and mini-
mal non-cufting, but of course is not an end continuum of M.

Exavrre 5.15.

K is the union of two indecomposable
continua which have only one point, p,
in common. ‘

M is the union of K and the arc [g, p].

QUESTION 5.16. Is there a hereditarily decomposable continuum M
with the property that every proper subcontinuum cuts?

If the answer to Question 5.16 is yes, let &L be such a continuum
and let M .= Ku[a, b] where [a, b] is an arc and Kn[a, b] = {a}. Then
K is terminal and minimal non-cutting in AL but fails to be an end con-
tinunm which implies the answer to Question 3.14 is negative.
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