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INTRODUCTION

The present paper deals with systems of functional differential equ-
ations of the type:

0™y,
0%y ... 0,
=f'i(w1: vovy Bpy yl(?’il(mn ey By)y eeny @ (Bry orey wn))r
EEY) ym(‘ﬂnkm(wli vy By)y eeny (@, L, wn))) (i=1,...,m),

where f; and ¢° are known functions, with suitable initial boundary con-
ditions. We shall write such systems shortly in the form:

(2) (Dy) (@) = f@, y (p()).

Almost all our results are generally stated for integral equations coxres-
ponding to (2) with initial boundary conditions, or for a little more general
integral equations; for dectails see Chapter 0. If ¢°(z) = @ for every q,
then (2) reduces to a system of partial differential equations of the hyper-
bolic type; in this case the initial boundary conditions considered in
the present paper reduce to conditions of the Darboux type. If ¢” are
arbitrary, but #» = 1, then (2) reduces to a system of ordinary functional
differential equations, investigated in many papers, for various types of
@ = {¢‘}. In particular, if ¢*(z) = z—a® a > 0, then (2) is a system of
well-known differential equations with a retarded argument.

The bibliography concerning the one-dimensional cage (since in the
sequel m is practically always > 1, by the one-dimensional case we mean
the case of » = 1) is very rich. We shall give below (see the Bibliographical
Remarks) a very short and incomplete review of this bibliography; for
further information we refer to books and expository papers of other
authors.

The problems considered in the sequel are posed in Chapter 0; in
this chapter we give also some preliminary definitions and remarks.
Chapters I and II deal with questions of existence and unigueness of
solutions of the equations under the consideration, and also the conver-
gence of successive approximations. In Chapter IIT we prove some results
on the continuous dependence of solutions on given functions f, ¢ and
the initial boundary conditions. In Chapter IV we investigate some addi-
tional properties of solutions under suitable assumptions, Chapter V

(Bry evy @)

(1)



6 Some functional differential equations

deals with equations under the Carathéodory conditions; there are proved
theorems on existence of solutions, in a very general form, with respect
to equations which are some generalizations of (2) (more precisely, with
respect to integral equations corresponding to some generalizations of (2)
with given initial boundary conditions; for deatils of such correspondence
see Chapter 0). In Chapter VI we apply the retract theorem of T. Wa-
zewski (in a generalized form) to the theory of (2) in the one-dimensional
cage. The existence of extremal solutions and integral and differential
inequalities are discussed, under some assumptions of monotonity, in
Chapter VIII. Elements of the theory of stability are given in Chapter
VII. In Chapter IX, the last, some equations of the orientor type (follow-
ing certain results of A. Lasota and Z. Opial) are investigated. Almost
all the results stated in Chapters I-IV (and partly in Chapters VI- VIII)
for a continunous function f ean be generalized to functions of the Cara-
théodory type. Since, however, our purpose is to give an introduction to
the theory of partial functional differential equations of the hyperbolic
type (it does not seem to have been studied previously), we generally
limit ourselves to the simplest conditions of regularity of the known
functions, namely to the case of continunous functions given in the problems
considered here. Only one chapter (Chapter V, as was noted above) deals
systematically with equations under the Carathéodory conditions. Re-
sults are stated and proved (or signaled) pointing to the possibilities of
many generalizations, inspired by results known in the one-dimensional
case.

Bibliographical remarks

The present remarks concern practically only the one-dimensional
case of functional differential equations, because multi-dimensional
cases, generally, have not been investigated.

As is usual in the theory of differential equations, the fundamental
questions investigated by authors investigating functional differential
equations are: existence, uniqueness, continuous dependence on given
data and right-hand members, continuation (prolongations), asymptotic
behaviour and stability of solutions, convergence of successive approxi-
mations, and possibly some additional particular problems. In the present,
very short, review of the bibliography, we do not include all the particular
questions considered in the various papers, and we do not make any classi-
fication of the references from this point of view. We shall only divide
the bibliography into two parts; this division is made with respect to
the type of equation (2) (more precisely, with respect to the type of o),
which iy either of the type of delay equations (¢“(x) < «) or of the type
of advanced or neutral equations.



Introduction 7

Equations (2) of the delay type (lag equations, equations with a re-
tarded argument) and their generalizations, which are probably of the
most importance, have been discussed in a large number of books and
papers by various authors. We refer here in particular to the books by
R. Bellman and K. Oooke [1], A. Halanay [1], A. D. Myshkis [3],
A. Bielecki [2], E. Pinney [1] and the papers by A. Bielecki and T. Dlotko
[1], J. Blaz [1], T. Dlotko [2]-[5], R. D. Driver [2], S. E. Grossman [1],
J. K. Hale [1], [3], [4], J. K. Hale and I. Imaz [1], M. Kwapisz [1],
V. Lakshmikantham [1]-[2], Z. Mikolajska [1]-[9], A. D. Myshkis ]
C. Perello [1], G. Seifert [1], E. Winston [1], [2], J. A. Yorke [1], [3],
K. Zima [2], [3], [4], [6], [8]. Note that in many of the papers cited above
there are considered equations which are generalizations of (2) (every-
where for » =1 and ¢(e) < 2), namely equations of the type y'(x)

= [a(x, s)y(w—s)ds+b(z) (cf. for instance A. D. Myshkis [3]) or of the
0

type ¥'(#) = f(#, ¥°) (cf. for instance J. K. Hale [1]; for other similar
equations see K. Zima [4]). For such generalizations in the multi- dimen-
sional case see section 2.14 of Chapter IT and Chapter V of the present
paper. Some of the papers deal with general equations in the Banach
space (cf. for example M. Kwapisz [1]). J. A. Yorke [3] and E. Winston
[1], [2] investigate equations where ¢ depends also on y (namely ¢° are
of the form z—r» (m, y(2))). BR. D. Driver considers equations having the
right-hand member dependent on y'(p(2)).

A number of the results from the papers cited above are concerned
with the stability questions (for instance: J. K. Hale [1], J. A. Yorke
[3], Z. Mikolajska [6]-[8]; for further references see the first section of
Chapter VII). An iniportant questions of the existence of periodic and
almost periodic solutions is discussed by J. K. Hale [3], G. Seifert [1],
Z. Mikotajska [5] and others. Ifor further bibliography see the references
in the books and papers cited above, especially in the books and papers
by A. D. Myshkis [1], [3], A. Halanay [1], M. Kwapisz [1], E. Pinney
[1] (in the Russian version of the last'book a suplementary list of refe-
rences is given) and in the papers by R. Bellman, J. M. Danskin and J.
Glicksberg [1] and A. D. Myshkis [2], which are bibliographical reviews.
Additional bibliography can be found in the papers by A. M. Zverkin,
G. A. Kamenskii, 8. B. Norkin and D. E. Tlsgole [1]-[3].

Equations of the type (2) in the one-dimensional case, for ¢°(z) > =
(in particular, ¢"(2) = z+ a° a* > 0) and without any assumptions on the
relations between ¢*(z) and z, and their generalizations, are considered
in books and papers by A. Bielecki [1], R. Bellman and K. Cooke [1],
J. Blaz [2], [3], J. Blaz and K. Zima [1], T. Dlotko [1], [4], T. Dlotko
and M. Kuczma [1],S. Doss and S. K. Nasr [1], R. D. Driver [1], M. Kwapisz
[2], E. Pinney [1], K. Zima [8], [T], A. M. Zverkin, G. A. Kamenskii,
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S. B. Norkin and D. E. Elsgole [1]-[3] and other authors. For further bibli-
ography, the reader should consult the references given in these papers.
Note that some of the papers cited above are concerned with equations
having the right-hand member dependent on y'(p(»)) (cf. for example
M. Kwapisz [2]).

Our considerations are very often close to those usually applied in
the theory of partial differential equations of the hyperbolic type, espe-
cially such that their right-hand members depend on z and unknown
functions only. We do not cite here in detail the bibliography on such
equations. Note only that some theorems of W. Walter [1] (formed for
general hyperbolic equations with the right-hand members depending
also on derivatives of unknown funcfions) can be modified in order to
obtain ag corollaries certain results on equations considered here. Some
of our results on convergence of successive approximations are obtained
in & similar way. Some elements of the ideas of W. Walter [1], A. Bielecki
[1], [3] and T. Dlotko and M. Kuczma [1] are contained in thereasoning
presented in’ section 2.11. In the other sections containing the proofs of
existence theorems, we use various methods and fundamental theorems,
for instance successive approximations, method of L. Tonelli [1], [2] and
K. Zima [4], direct applications of J. Schauder [1] the fixed - point theorem.

As was noted in the first part of the Introduction, the paper end
with Chapter IX, containing some results on equations of the orientor
type, very close to the theory of optimal control. For questions concern-
ing this theory and relations between it and orientor fields, we refer
to the expository paper by T. Wazewski [4].

Other remarks and further details on the bibliography concérning
particular questions considered in the paper can be found in the sequel,
in the appropriate sections.

Added in proof. Three significant papers written by D. Mangeron [1] and by
D. Mangeron and L. E. Krivosein [1], [2] (see the list of references added in proof)
were not known, unfortunatelly, to the author during the preparation of the present
paper. Mangeron and Krivosein consider partial integro-differential cquations with
deviated arguments. Lately, some further papers and books on functional differential
equations were published; see for instance M. Kisielewicz [1]-[3] and H. Géreeki [1]
(the additional list of references). In particular, in the first paper of Kisielewicz, there
are investigated equations of the type: 2y, = f(w, ¥, 4 (z, ¥, 2), B(w, ¥, £a), O (x, 9, £)),
where 4, B and € are functionals defined for the first two real variables (z, y) and
the third functional variable, with initial boundary conditions of the Darboux type.



Chapter o
PRELIMINARIES

0.1. By capitals we denote spaces, sets and also some one-dimensional
and multi-dimensional constants. There is no danger of any confusion,
even where no explicit explanation is given, because everywhere it fol-
lows clearly from the text what is denoted by what.

Small Greek letters denote constants (usually “sufficiently” or
“arbitrarily’” small real numbers) and also mappings. The letters =, 4, o,
p, ¢ are reserved for mappings of some particular types. The letter a
is reserved for double-indexes. We use small Latin letters for mappings
and some special constants; in particular, f, g, k are reserved for mappings
only, m and n, being always integers, are reserved for denoting dimensions
(the dimension of a particular Euclidean space may be denoted also by
P, q) with one exeption: 7 may also be an index (» =1,2,.,.) — there
is no possibility of any confusion. The letters 2, s, ¢ are used for variables;
y usually denotes the unknown function; u,w, v, 2 are used usually for
certain functions; the first letters a, d, ¢, d are (with some exeptions)
used for some particular constants (for example, [a, b] is always a given
interval in an 7 - dimengional space). Usually # and y are equal to (x4, ..., %,)
and (yy, ..., ¥m), respectively. By k we denote multi-indexes: for given m,

m
k = (kyy..., k), k; are integers > 0. We put |k| = > k;. Some special
=1

sets are denoted by £, W, B and sometimes by other symbols.

The space of all mappings from a set 4 into B is denoted as usual
by B<. For some special spaces of mappings, however, we use particular
notation.

Let us notice that a function is cverywhere denoted by one letter,
for example f; f(z) denotes the value of f at the point z. The text is divided
into chapters and sections. Each section has a double number, for example
1.2, which means that this is the second section of the first chapter. In
some sections we introduce subsections denoted by i, ii, iii ete. Theorems,
definitions, corollaries and propositions are denoted by triple-numbers;
for example, Theorem 1.2.3 is the third theorem in section 1.2. The same
convention is adopted for formulas, with the only difference that the
numbers of formulas are in parentheses.

We shall use in the sequel the convention that all constants and sets
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(for example n = dim R", m = dimR™, k, & = £(k), U, [a, b], M, d, B etc.)
appearing in the assumptions of theorems, propositions, definitions,
conditions ete., are in each particular question given and usually fixed.
If they are not, this will be stated explicitly.

0.2. It A is a set and g is a positive integer, then A? denotes, as
usual, the Cartesian product 4 x X A (q-times). Thus, since B denotes
the space of real numbers, B" = {(#y, ..., #,): #;¢ B}. For n =1 we omit
the exponent. We put B, = {we R: &> 0}, By = B, U{0}, B} = (B,)",
Rl = (RW", N =1{1,2,..}. Let keN", (@y,...y %)y, (b1y...,],) and
(My, ..., M,)e R". We introduce the fcllowing notation and definitions:

a<bsa<bh for +1=1,...,n,
a<bea<b for i=1,..,n.

If a<b, then [a,d]* = [a,, 5,1 X [@ny by 1% (@, B)F = (ay, b))"1 %
X X (@, b,)*, where [a;, b;], (@;, b;) denote real intervals, closed and
open respectively. In an analogous way we define (a, b} and [a, b)~.
If £ =(1,...,1), then we omit the exponent k. We shall consider also
the intervals [a, o) = [a,, 00) X ... X [@,, ). By M|, Ma and M+ a
we denote the elements of R" which are of the form (|M,|,..., |I,]),
(M,ay,..., M,@,) and (M,+ay, ..., M,+ a,), respectively. If de R, then
dM = Md = (M,d, ..., M, d) (= (M, ..., M,)-(d,...,d)). If a, %= 0 for

. 1 1 1 .
every i, then = (-E—, cery a_) If {#™} is a sequence of elements belong-
1 n
ing to R" then lim 2™ = (lim &7, ..., lim 7). Using the same manner,
M—o0 m—o0 m—>oo
we define limsup#™ and liminfs™. Of course we suppose that all limits

ni—-00 m—ro0

considered here exist.

Remark 0.2.1. The relation ‘“‘<? introduced above differs frorq
the relation of strong inequality in the partially ordered space (R", <)
defined in the well-known way: a < b if and only if a <b and a #b.

0.3. If f: R" > R™, ie. f(@) = (f1(®1y ey @)y oevy i (@1y .-y 3,)), then

T T

1 Tn
ff(t)dt=(f ffl(th"')tn)dtl"'dtn)"
9 ) x)
. T T,
o [ [ falty s )t dty)
=y =

(Df)(m) = ((Eml—a‘gm_fl) ('7"11 Ty mn); ey (—Lfm) (mli sery wn))'

02y ... 0z,
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Df is called the mized derivative of f. We assume above of course that

f1y «--y i are sufficiently regular. If w: R* - R? and f: R"x R? > R™,
xe R", then

f(‘”’ '“'(m)) = (fl(mn ooy By Ug(Byy oeey @), ey Ug(Zyy - ony w‘ll))! xx
'-"fm(ml: ooy By Ur(Bry ooy Bp)y oony Ug(Dgyonny .’D,,))).

All these definitions and symbols are adopted in a natural way for fune-
tions defined only in some subsets of the Euclidean spaces of corresponding
dimensions.

In order to give further definitions and establish the nofation, sup-
pose that Me R}, ce R}, 4 < B*, u: R* - R™

DErINITION 0.3.1. We say that w fulfils in A the Lipschitz condition
with a constant Mcc if for every @, 2'«A and for each ¢« {1,...,m}, the
following inequality holds:

n
l ’
[ (Byy ooey @) — Wi (X1 00y Bp)| << Mich lwffm;l-
F=1

This is shortly noted in the form:
(0.3.1) lu(@) —u(2')| < (Moc)lz—2'|.

If ¢ =(1,...,1), then we say that u fulfils the Lipschitz condition with
a constant M.

DErFINITION 0.3.2. We say that « i increasing in 4 if

(@, 0" ed, 2 < o) = (u(z) < u(@)).
DErFINITION 0.3.3. Suppose that %, v: A - R™. Then

u<veu@ <o for zed,

u<v<eul@) <ov@ for xed. i
DErFINITION 0.3.4. sgtp @ = (s.l/l;t];m1 y eey sgpun). The same manner is

used for the definitions of infu, maxu, minwu.
4 4

4

DErINITION 0.3.5. If B = R®, then by C(B, R™) we denote the set
of all continuous functions u: B —R™ If M?!, M?*e R and & particular
norm ||-|| (fixed in each particular question) are given, then by
Oan, 32 (B, B™) (vesp. Cap,pp2 [B, E™]) we denote the set of we 0(B, B™) such
that M < |u| < M? (vesp. M'< |ull< M?). We shall shortly write
Ca (B, ™) (resp. Oy [B, B™]) in place of Cy, 3 (B, R™) (zesp. O,z [B, ™))
if N <0 (resp. N <0). {

Notation of the type introduced in Definition 0.3.5 is used for in-
stance by J. K. Hale [1].
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0.4. The general object of the present paper is, as has been said
in the Introduction, the investigation of equations of the type

(Dy)(2) = F(z, y(p(@))

with some initial boundary conditions, which are under some assump-
tions equivalent to certain integral equations. We ghall give some more
precise remarks concerning’this questions in the next section. Im order
to do this, we need some notation and fundamental assumptions.
Let [a, b] = R" (if some b; = oo, which may occur, then we congider
in the Cartesian product [a, b] the interval [a;, b;) in place of [a;, b,]).
Let @ be an open gset in R™ such that

(0.4.1) A(Q) =@nT°
where
(0.4.2) U0 = 0%a) = {(@1, ..., 2): [ | (@~ a) = o}

is equal to the set

U n[a, b]
and, moreover, for every ze@Q Nn[a,b], [a,2] = @ (see Definition 2.1.1
and Remark 2.1.1).

Consider R™ and & = (ky, ..., k,)e N™. Let & = 8(k) be a set of
doubleindices {11,...,1%,, ..., m1, ..., mk,}. Suppose that f: @ x R*! — R™,

P = {‘pa}aeﬂ
is a family of continuous functions from ¢ into R",

p: (B N\QN[a, d)UA(Q) - K", where K, = J ¢*(Q)
aef
is continuous.

We put
(0.4.3) A (zy,y ..., z,)

n
= (__1)n+1 "P(a‘lw trry an)-l—(—l)"z'rp(a,l, et a’i—l) wﬁ a’i+11 ey a"n)+
i=1

n

+(—1) 2 P(Lyyoory By_q,y Gy Digry oony Ly_yy Oyy Bypyy ooy Tp) +
%,J=1

n
+ 2'/’(“"11 vy By Oy By yy eny Tyy)o
i=1
Consider two groups of assumptions:
(I) a) The function f is continuous.
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b) The function 4, given by (0.4.3) has a mixed derivative DA, at
every point ze [a, b]. This is equivalent to saying that for every me U(Q)
(i.e. ; = ay for ¢ = jy, ..., j, for some p) the function ¢ has, as a function
of (n—p) variables x;, j % j,, ..., j,, @ mixed derivative at z. Again, this
is equivalent to saying that i,¢ D([a, b]) (see Definition 0.4.1 below).

(II) a) Thoe function f fulfils the Carathéodory conditions (ef. C.
Carathéodory [1], p. 665), i.e. f is for every fixed first variable ze¢Q con-
tinuous with respect to the second variable ze R'™, and for every fixed
second variable ze R measurable in @ with respect to the first variable z,
and there exists a function m: @ — RY summable in @ and such that
If (2, 2)] < m(z) for ze@.

Note that the measurability of f means the measurability of every f;.
b) The function 4, is absolutely continuous in [a, b].

Remark 0.4.1. Some conditions more general than (II) a) (being
of the local type) are introduced in Chapter V; they are also sufficient
for the validity of Theorem 0.5.1, given in the next section.

DEeFINITION 0.4.1. Let ae R" be fixed and let P = R" be such that
PnU® =[a,b]NnTU° for some be R", a < b, where U° = U’a) is given
by (0.4.2).

We say that a function u: P - R™ is of the class D = D(P) if:

a) « is continuous in PN\ (R"\ [a, o)),

b) « has in int(P\ (B [a, oo))) a confinuous mixed derivative .Du,

c) for each point #e PNU° = [a, b]nT° (and thus being of the
form ¢ = (%4, ...,®,), where »; = a, for 7 =3,,...,5, for some p) the
function % has at # continuous partial derivatives of the fisrt order g—;

for j #4ji,...,jp and continuous right-hand derivatives ey for

q

w .
g =Jj1y...,Jp; each derivative (right-hand derivative) . has a contin-
1

ou X .. .
(E) for s #j1,..+,Jp,j and a continuous
. 0 [Ou . : X
right-hand derivative T (Ez:_) for r =4y, ...,d,, ¥ #J, ete.; shortly,
” i

for every z¢ P n U° of the form (z,, ..., ,), Where #; = a,fori = j;, ..., Jp,
there exists a continuous Du, congidered as a mixed partial derivative
with respect to x,, where j s j;,...,j,, and a mixed right-hand partial
derivative with respect to a,, where ¢ = Jy, ..., Jp-

'We say that u is of the class D* = D*(P) if u is absolutely continuous
in int (P\ (B [a, oo))) and continuous in (P\(R”\ [a, o0))) and has
almost everywhere in (PN (E™ [4, c0))) a mized derivative Du.

Remark 0.4.2, If « fulfils the conditions b) and c¢) of the definition

uous partial derivative 5
wa
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of D(P), then we shall shortly say, as usual, that « has in the corresponding
set PN (R™\ [4, o)} & mixed derivative Du.

0.5. Consider the problem:
(0.5.1) (Dy)(z) = flz, y(e(@)), @<,
(0.5.2) y@) =p(a) for ze(B,\Q N[a,b])UAQ),

where @' = {z<@Q: [a, 2] c @} N[a, b] and f, p, v, a, b, @ being as in 0.4.
DerFInITION 0.5.1. By a local solution of (0.5.1)-(0.5.2) we mean
1° under assumptions (I) — a continuous function y defined in the set

(E,p\Qn[a,, b])UQ, hayving its values in R™, ‘where Q is a subset of Q

such that weQ = [a,v] = Q and 17 = U [ (Q), being of the class D(Q)

and fulfilling (0.5.1)-(0.5.2) for @’ replaced by Q and B, replaced by E
2° under a,ssumptlons (IT) — a continuous function y: (E‘,\Q N

A[a, b])UQ — R™, where Q and T, are as above, being of the class D*(Q),
and fulfilling (0.5.2) in ( q,\Qn[a, b1) UQI(Q) and (0.5.1) almost every-
where in @

The local solution is said to be a solution if Q =@’

TEEOREM 0.5.1. Assume (I). Then y is a local solutzon of (0.5. 1)-(0.5.2)
zf and only if y ts defined and continuous in a set (L‘,,,\Q N[a, b])uQ, where
Q and L‘ are as above, having the values in RE™ and fulfilling the equations

(0.5.3) y(@) = (@) for ze(B,\Q0[a,b])UA@Q),

(0.5.4) y(@) = A @)+ [f(t, y(e®))dt” for =eQ,

where A, i8 given by (0.4.3).

The proof proceeds by the classical method. By integration, we
prove that (0.5.1)-(0.5.2) imply (0.5.3)-(0.5.4). On the other hand, if y
is continuous and fulfils (0.5.3)-(0.5.4), then taking a mixed derivative
for. the right-hand side of (0.5.4) we obtain a mixed derivative for y (i.e.
the existence of Dy, being necessarily continuous) and, furthermore, the
verification of (0.5.1); the rest is trivial.

THEOREM 0.5.2. Assume (II). Then y is a local solution of (0.5.1)-
(0.5.2) 4#f gnd only if y is a continuous function defined in a set (if?,,,\@ N
Nla, b))V Q with its values in R™, and fulfilling (0.5.3)-(0.5.4).

The proof is quite similar to the preceding one. Using the well - known
theorems on Lebesgue integrals, we pass from (0.5.3)-(0.5.4) to (0.5.1)-
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(0.5.2) by derivation, and from (0.5.3)-(0.5.4) to (0.5.1)-(0.5.2) by inte-
gration.

CoroLLARY 0.5.1. If (I) are satisfied, then (0.5.1)-(0.5.2) has at least
one solution (resp. at most one solution, or exactly one local solution) if and
only if (0.5.3)-(0.5.4) has a solution (resp. at most one solution, or exacily
one solution) which is (see the precise definition below) a continuous function

(B\Q@N[a, b])u@ — R™. A similar proposition holds for (1I).
This makes it possible to replace differential problems of the type

(0.5.1)-(0.5.2) by corresponding problems concerning integral equations
of the type (0.5.3)-(0.5.4).

Thus, we shall consider in the sequel only integral functional equa-
tions, with very few remarks on -a possible correspondence between
them and some differential equations. Moreover, we shall consider integral
functional equations more general than the preceding. In particular,
we shall assume that in place of 1,, there is given an arbitrary — in a
certain sense — continuous function A. For such problems, one cannot
(generally) pass from integral equations to a differential one (even in
the sense of ‘‘almost everywhere’’) if A is not absolutely continuous. Of
course, all the results proved for such general equations, give under the
necessary additional conditions, corresponding results on differential
equations, but we shall not formulate them separately in each particular
case.

The reasoning given in the present section suggests the following
geperal and natural definition of a solution of a system of the type
(0.5.3)-(0.5.4).

DErINITION 0.5.2. Assume that two sets 4 and B are subsets of R™
Suppose that there exists an ae B" such that B ¢ {z: z > a}, BN U%a) = B
(see (0.4.2)), and [a, #] = B for cvery z«< B. Suppose that f: B x R* — R™
is such that for every continuous function 2z: B — R'™ the function
g: B—>R™ defined by the formula g(2) = f(z, 2(2)) is integrable on [a, 2]
for every e B. Suppose finally that A: B - R™, p: 4 - R™ and
¢°: B—>BUA, acQ, are continuous. By a solution of

(0.5.5) y(@) = (@), zc4,
(0.5.6) y(z) = Ma)+ [ f{t, y(p)))dt, weB,

we mean a continuous function y: AUB — R™ fultfilling (0.5.5) and (0.5.6)
in A and B, respectively.

We shall say very often that y is a solution of (0.5.5)-(0.5.6) considered
in A and B, respectively, or shortly, that y is a solution of (0.5.5)-(0.5.6)
(if A and B are fixed).
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Remark 0.5.1. The above definition we extend in a natural way
onto the case of functions f defined not necessarily for all ze R® but
only for z belonging to a fixed subset of R

Remark 0.5.2. In the sequel we shall consider functions f continuous
or fulfilling the Carathéodory conditions. In both cases the condition
of the integrability of the corresponding function ¢ is fulfilled. For details
concerning the Carathéodory condition, see Chapter V.

Finally we fix the notation concerning the notions of restrictions
and unions of functions, introducing the following

DrriniTioN 0.5.3. If 4: D - F and C < D, then by |, we denote
the restriction of w to the set C (that is ulq: C — F, uls(z) = u(z) for every
zeC). I w': D' =B, teT, Wit pe = uflpt,.ps for every t,seT, then

w = U is a function from D' into E defined as follows: u(z) = u(z)
ieT ' teT
for we D. If T = {1, 2}, then we write: ¥ = ulUul

We shall use unions of functions which are solutions (or local solutions)
of some integral equations, and we shall prove that these unions are
also solutions.



Chapter I

EXISTENCE AND UNIQUENESS OF SOLUTIONS
AND THE CONVERGENCE OF SUCCESSIVE APPROXIMATIONS
IN COMPACT SETS

1.1. Notation and definitions. In this chapter we ghall consider
integral equations in a fixed closed interval [a, b] = R" (a < b) everywhere,
except for section 1.5. Let ke N be fixed and let £ = £(k) be a set

n
of double indices {11, ..., 1%y, ..., ml, ..., mk,}. We put d = [] (b;— ).
=1
Let MeRY and ¢!, c?e R™. Let @ c R" be such that Qn U’ < [a,b]N T°
(0" = Ua), see (0.4.2)).

DerNITION 1.1.1. We say that a function f fulfils the condition

H,(Q, a, b, M, !, ¢?) (or briefly, if a, b, M, ¢t, ¢* are fixed, H,(Q)), if

f: B*xXBfx  xRmo@Qx[— Md+d, Mi+c]F —[— M, M]c B™
and f is continuous.

We shall also shortly say that fe H,(Q, a, b, M, ¢, c?).
DEerinNITION 1.1.2. Suppose that ¢*: @ — R*, ae &. Then

A°%%) = (@ {z: 2 Q, 2> a})UAQ)
(where U(Q) is given by (0.4.1)) and
492 4°%(p%).

aef

DEriNITION 1.1.3. We say that a family ¢ = {¢°},. o fulfils the condition
H,(Q, D) (for a set D = R™) if ¢*: @ - QU(R"\ D) and ¢" is continuous
for each a.

We shall say very often that pe H,(@Q, D).

DeriviTIoN 1.1.4. We say that a function 1 fulfils the condition
Hy(Q, ¢, ¢?) if 1: Q = R™, e < A(z)< c? for every ze @ and A is continuous.

If ¢!, ¢ are fixed in a particular problem, then we shall shortly write:
Ae Hy(@).

DernrrioN 1.1.5. Let ¢ = {¢"}e Hy(Q, D). We say that a funciion o
Sfulfils the condition H, = H,(Q, ¢, a, b, M) if:

a) w: Q %[0, 2Mal* - RY, BU

b) o is continuous, W

2 — Dissertationes Mathematicae C
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¢) for every fixed xe@, the function w(z, ) is increasing,
dy if w: QUAY - [0,2Md] is an increasing function fulfilling the

Lipschitz condition with the constant 2 Mdo and is such that

—a
(1.1.1) u(@) < [ ot ulp@))dt, w9,
and i
(1.1.2) (@) =0 for zed?,

then u(z) =0 in QU A2,

If ¢, a, b, M are fixed in a particular problem, then we will shortly
write: we H,(Q).

Remark 1.1.1. We shall consider also functions o defined in sets
different from @ x [0, 2MdJ¥, for instance in the set @ x [0, oo) = @ x R
ete. For general results and some complementary remarks on. differential
and integral inequalities (in particular of the type (1.1.1)) see Chapter
VIII.

DEFINITION 1.1.6. Let ¢ = {¢"} e H,(Q, D). We say that a function v
fulfils the condition Hg(Q, ¢, a, b, M, ¢!, ¢ (or shortly H,(Q)) if v: A%
- [— Md+c'y Md+ ¢*], and y i continuous.

We say that function y fulfils the condition Hj([a, b], {0}, M, ¢, c?)
or (if a, b, {a°}, M, ¢!, ¢* are fixed in a particular problem) shortly H,
if (for a"¢ R}; may be aj = oo for some o« and i), p: [a—d, b]\(a, b]
~[— Md+e¢Yy Md+c?], where a = max{a®}, and v is continuous. We

shall also write ype Hy (Hg(Q)) and we Hy, respectively.

1.2. Uniqueness.
THEOREM 1.2.1. Suppose that a, b, ¢*, ¢®, M, &k, & = £(k) be fized and
such as in section 1.1. Suppose that fe Hi([a, b]), pe Hy([a, b], (a, o)),

Ae Hg([a, b]), we Hy([a, b], ¢, @, by M), pe Hy([a, b]). Suppose, moreover,
that

(1.2.1) |f(z, 2)—f(@,2)| < w(z, ¢ —Z|)
for each xe[a,b], z,%2¢ [— Md+cl, Md+ c]* and
(1.2.2) Al = lu,

where A = A([a, b]) = [a, b]\ (a, b] (see (0.4.1)).
Under these assumplions, there exists at most one solution of

(1.2.3) y(@) =A@+ [F(t,y(e)) @, =ela,b),

(1.2.4) y(@) = yp(x) for we AW,
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In other words (see section 0.5), there exists at most one continuous function
y: [a, b]UASY . B™ fulfilling (1.2.3)-(1.2.4).

Proof. Put 4 = Al»". Let y and y be two functions defined and
continuous in [a,b]UA, with values in R™, fulfilling (1.2.3)-(1.2.4).

Hence |y — ¥| fulfils the Lipschitz condition with the constant 2 Mdo 5 1

and the function » defined by the formulas

(1.2.5) v(z) = max{ly()~y(@): te[a,al}, wela,b],
and
(1.2.6) v(z) =0 for @eAd

and is

fulfils the Lipschitz condition with the constant 2Mdo 7 1

increasing. Moreover, in [a, ], we have
] ) b

(1.2.7) v —i@i< | [7{t oo @) =£(t 3 (o)} et

L

< [olt ly(e() -3 (p))a

co(t v(p(t ))dt

hg‘& e

thus, for every ze[a, b], we have

(1.2.8) < (t) < max | f (t 'v(go(t)))dt a<s< m}

@
= fw(t,'v((p(t)))dt,
a
and, in virtue of the condition H,, d), »(z) = 0 in the set [a, 5] A. Hence
y = and the proof is finished.
Remark 1.2.1. It is easy to seec that in this proof we do not need

the assumption of the continuity of w. Hence it is sufficient to assume
only a), e) and d) of H,.

1.3. Existence and successive approximations.

THEOREM 1.3.1. Under the assumptions of Theorem 1.2.1, there exisis
exactly one solution y of (1.2.3)-(1.2.4), that is, there exists exactly one conti-
nuous function y: [a,b]JUA - R™, where A = A®YN fulfilling (1.2.3)-
(1.2.4).
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This solution is the uniform limit of the following sequence of successive
approrimations:

’(g) = p(@), wed,
y Az), a<z<gb,
(1.3.1)
p(w), wed,
y"i(@) =

M@+ [F(t v (1)) dt, a<a<h, n=0,1,2,..

Moreover, if A fulfils the Lipschitz condition with a constant (Nop), then
the solution y is ILipschitzian in [a, b] and thus fulfils almost everywhere
i [a,b] the equation

(1.3.2) (Dy)(z) = (D) (@) +f (2, y(p(2)))
with the initial-boundary condition
(1.3.3) y(x) = p(@w), wed.

1
FPinally, if v fulfils the Lipschitz condition with the constant (M do 2 a) +
+ (N op) (that is

(@) — (@) < (Mdo

1
b—a
then y fulfils the Lipschitz condition with the same constant in the whole
set [a, D]V A,

In order to prove this theorem, we shall first state and prove three
lemmas.

LeyMA 1.3.1. We can assume that

)lw—il-l-(NOP)Iw—i‘l)

(1.3.4) 0<w<2M,

that is, we can replace w by another function & having all the properties
of w and, moreover, fulfilling the inequality

0 d(e)y<<2M for @ela,b].
Indeed, it is sufficient to put @ = min(w, 2 M). Then, in the sequel, we shall
assume that (1.3.4) holds.
LEMMA 1.3.2. Let
(r) =2Md, wxela,bd],

x

(1.3.5) 4"*(x) = f'm (t,w”(qa(t)_))dt, zefa,b], n =0,1,...,

Q

(@) =0, zed, n=0,1,...
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Under the assumptions of Theorem 1.3.1, the sequence (1.3.5) is decreasing
and converges uniformly to zero in [a, b]UA.

Proof. It is easy to see that {v"} is bounded:
0 "(w)<2Md, ze[a,b]lUd, n=0,1,...

From the definition of (1.3.5) it follows that v!(z) < v°(z) for z¢ [a, b].
Suppose that v™ < v"!. Then, we have

(@) < [oft, 0 (p0) @< [ wft, " o)) dt = o"(x)

and thus {v"} is decrcasing. Every v" is an increasing function. Moreover,

each 9" fulfils the Lipschitz condition with the constant -(ZMdo 5 1 )
—a
Hence {v"} converges uniformly to a function v: [a, bJuAd — R™, which
) and is
—a

increasing. Passing to the limit as % — co, we obtain from (1.3.5), in
virtue of the continuity of w

fulfils the Lipschitz condition with the congtant (ZM do

&

(limo™) (z) = v(2) = j w(t, 'v(cp(t)))dt

4]
in [a,b] and v(z) = 0 in A. Hence (see H,, d)), v(2) = 0 in the whole
set [a, b]Ju A and the proof of Lemma 1.3.2 is finished.
LemMMA 1.3.3. Under the assumptions of Theorem 1.3.1, if {y"}, {»"}
are defined by (1.3.1) and (1.3.5) respectively, then
(1.3.6) W —y" <o, w=0,1,...

Proof. Obviously |y!—v° < 2Md = »°. Suppose that (1.3.6) holds
for n = p—1. Then we have

z

9P (2) — y® (2)] < f w(t, |97 (e (1) —3!"_1(4’@))') at

< [ oft, " (p(t)) @t = o7 (),

Qe Hn

which completes the proof of (1.3.6) for every =.

Proof of Theorem 1.3.1. From the definition of {y"} it follows
directly that

1.3.7) — Md+e<y*"(x) < Md+c> for xela,b]ud, n=0,1,...
hence
(1.3.8) — Md+2aa<y"(2)—A(x) < Md+2¢* for zela,db]JUuAd,

n=0,1,...,
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and, moreover,

(13.9)  [#"(@)—4(2)— [y (B®) —A(@)| < (Mdo b_a)'”—”””'
for z,Z%e(a,b], n=0,1,...

Then, putting

W (@) = (Y lop) @) —A(z) for wela,d], n=0,1,

and
w(x) =0 for wed,n =20,1,...

we obtain the sequence {w"} fulfilling: the assumptions of the Axrzela
theorem. Moreover, from Lemmas 1.3.2 and 1.3.8 it follows that |y"+' —y"|
= jw"t!—w" tends uniformly to zero in the set [a, b]JUA. Thus, for
every subsequence {w™} of {w"} there exists a subsequence {w"s} of {w™»}
uniformly convergent in [a, bJUA to a function w; the subsequence
{w*n='} converges also uniformly to the same limit w. Hence, the se-
quences {y"n} and {y*»~'} converge uniformly to the limit

Y = (W, +A)Vy.

Pasgsing to the limit as # — oo in the formulas defining the
sequence {y"} (for u, in place of n), we conclude that ¥y = lim y“» is a so-

n=+00

lution of (1.2.3)-(1.2.4): This procedure we can apply to every subse-
quence of {w"} (that is to every subsequence of {¥"}); a uniform limit
of an arbitrary convergent subsequence of {#"}, is equal to a solution of
(1.2.3)-(1.2.4). But, in virtue of Theorem 1.2.1, this solution is unique.
Hence, each uniformly convergent subsequence of {%"}, converges to
a limit which is independent of the choice of that subsequence; thus
the whole sequence {y"} converges uniformly to the unique solution y
of (1.2.3)-(1.2.4). Hence, the first fundamental assertion of Theorem
1.3.1 is proved. The other assertions are obvious in virtue of the well
known theorems on the derivability of absolutely continuous functions,
and the form of the equations considered here.

Remark 1.3.1. The method presented above in the proof of the

existence of a (unique) solution is generalized in A. Pelezar [4]. One can
apply here directly the general results from the cited paper.

1.4. Existence without uniqueness.

TomorEM 1.4.1. Suppose that a, b, c', ¢, M, k, & are as in the pre-
vious sections. Suppose that fe H,([a, b)), pe Hg([a,, bl, (@, o0)), Ae Hy([a, b]),
ve Hy([a, b], @, a, b, 6%, ¢*) and, moreover, (1.2.2) holds. Under these assump-
tions, there exists at last one solution of (1.2.3)-(1.2.4).
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Proof. Consider the set Y of all functions y: [a, b] — R™, such that

y — A fulfils the Lipschitz condition with the constant (Mdo ) and
—a
the condition of boundedness — Md+c'< y(z) < Md+c® for every

xze[a,b], and a transformation y — F(y) defined by the formula:
F(y)(@) =A@+ [t 7o) dt, @ela,b],

where ¥(z) = y(x) for ze[a, b] and ¥(z) = p(2) for med. It is easy to

see that I'(Y) c ¥, F' is continuous in the topology of uniform conver-

gence in [a, b]. The set Y is convex and closed in the space of continuous

functions from [ae, b] into R™, with the norm || = max[sup{ly;(x)|:
i

ze[a, b]}]. The set F(Y) is compact. Hence, applying the Schauder
fixed-point theorem, we obtain the existence of an element 7¢¥Y such
that F(7) = . This implies the existence of a solution y of (1.2.3)-(1.2.4);
in order to prove that, it is sufficient to put ¥y = yu7.

1.5. Some generalizations of the results from 1.2-1.4. Let us consider
[a, b] € R™ and let @ = R™ be such as in section 0.4, possibly with the
following change: the assumption that @ is open can be replaced by the
assumption that intQ =+ @. This is equivalent to saying that @ nfa, b]
is a pseudo-polyhedron (see Definition 2.1.1 in the next chapter).

The results given in sections 1.2, 1.3 and 1.4 can be generalized by
replacing [a, b] by @ N[a, b]. We shall formulate this in a detailed way
below. Note' that the discussion of the existence and uniqueness of so-
Iutions in sets of a type similar to @ N[a, b] is given in the sequel.

THBOREM 1.5.1. Suppose that, under the assumptions on Q and [a, b]
given  above, feH,(QN[a,bl, a,b, M, ¢!, c2), @eH,(QN[a,d], (a, o)),
Ae Hy(@ N [a, b)), we Hy(Q N[a,b], ¢, a,b, M), ye H(Q N[a,b], p,a, b, M,
cl, c®). Assume that (1.2.1) and (1.2.2) are satisfied. Then there exists exactly
one solution of (1.2.3)-(1.2.4) considered in Q N[a, d] and (Q N[a, b))V
U(Uq;"(Qm[a, b]))\(a, b1, respectively (in place of [a, b] and A). This

aell

solution is given as the uniform limit of the sequence (1.3.1) defined in the
set @ N[a, bJU AR (4 place of [a, D]UA).

THEOREM 1.5.2. Admit all the assumptions of Theorem 1.4.1 with only
one modification: the set [a, b] is replaced by @ N[a, bl. Then there exists
at least one solution of (1.2.3)-(1.2.4) considered in @ N [a,d] and AP
= (@ N[a, b])u (Unqo“ (@ N{a, b))\ (a, b], respectively.

The proofs Z:f both theorems proceed in the same way as the proofs

of Theorems 1.2.1, 1.3.1 and 1.4.1. The only change is that we consider
here all functions in @ Nn[a, b].
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1.6. Some suplementary remarks.

1.6.i. It is easy to see that the results from the preceding sections
can be modified in such a way that these modifications will give corres-
ponding results for the case where a > b, or a < b, but in place of integrals

T &
of the type [, integrals [ are considered. Namely, if ¢°: [a, b] — [a, b+ 5°],
a b

where b%¢ B and y: aUn([a, b+b"I\ [a, b)) ([a, b]\ [a, b)) — R™, 2:
[a, b] ~ R™ are continuous, then for f fulfilling the necessary conditions

we can state and prove, by using the previous results, theorems on the
existence and uniqueness of solutions of the following system of equations:

y(2) = p(w), o belongs to the domain of definition

of the function vy,
(1.6.1)

y(@) = @)+ [f(t,y(o(t))d, aela,b];
b

in order to do that, one can apply here the transformation & = —z and
reduce (1.6.1) to a system of the type (1.2.3)-(1.2.4).

“ We shall give below some supplementary remarks on the connections
between those two types of equations, considered simultaneously, without
any changes of variables.

1.6.i. Let ke N™ and let & = £(k) be a given set of double indices.
Suppose that p: [a, b] - R™ is continuous. Consider

(1.6.2) y(@) = p@+ [f(t,y(ew))dt, oc(a,b],

where ¢°: [a, b] — [a, b+D"] are continuous for ae g, e R, f: [a, b] X
X R* — R™ ig continuous.
Put

Bt (gf) = g% ([a, b))\ [a, 1), B = (BN (g,
ae

B = [a,b]\[a, b).

TueoREM 1.6.1. If y: [a, b]UBY — R™ 4s continuous and fulfils
(1.6.2), then there exist a continuous function y: B . R™ and o conti-
nuous function A: [a, b] - R™, such thai

(1.6.3) Mg = vls,
(1.6.4) y(@) =y(@), xeBY,

(1.6.5) y(@) =A@+ [f(t,y(p))dt, ze[a, b].
b
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Proof. We have
b
u®)—n@+y@+ [t ylo)) @+ [f(t, 9(p))at =y@),
T V.‘B

where V, = [a, b]\ ([a, 2]V [z, b]). Then

y(@) = y(B)—p®) +u@ — [f(t, yle@))a+ [ f(t,y(p))ar
Py b
and thus, putting
p =ylglens  and o) =y(b)—u®)+p@) — [f[t, y(p(t)dt,
Va:

we complete the proof.

THEOREM 1.6.2. If A: [a,b] - R™ and y: BI®Y _» B™ are continuous
and such that (1.6.3) holds and y: [a, b]U BI? . R™ fulfils (1.6.4)-(1.6.5),
then there ewists a continuous fumction u: [a, b] — R™ for which y fulfils
(1.6.2).

In order to prove this, we put

p@) = y(a)—a(@)+a@)+ [f(t,y(p))d.

1.6.iii.

THrOREM 1.6.3. Suppose that n =1 and [a,b] =« R. Let ¢ce R™ and
let ¢*: [a, b] — [a, b+7] be continuous for ae L, 7> 0. If y: [a, b+7] -~ B™
18 conlinuous, then the following two condilions are equivalent:

(*) the function y fulfils the equation
(1.6.6) y(@) = o+ [flt,y(p(t))dt, =< [a,b],

(**) there exists a continuous function vp: [b, b-+71]— R™ for which
the function y fulfils the following system of equations:

(1.6.7) y(@) =vy(@), @»elb,btr],

(1.6.8) y(@) =p®)+ [flt, y(e@))dt, @e[a,b],
b

(1.6.9) y(a) = ¢.

Proof. The implication (*) = (**) follows from Theorem 1.6.1 (the
condition (1.6.9) follows directly from (1.6.6)). Suppose now that (**)
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is satisfied. Then we have

y(a) = y(@)+ [F(t, (o)t

z

and thus

y(@) = y(@) + [f{t, ye@)a = o+ [ f(t, y(p(2))ar.



Chaopter II
LOCAL AND GLOBAL EXISTENCE AND UNIQUENESS

2.1. Notation and definitions. We recall that any set of the form
[a, b], where a,be R", a < b, is called a closed interval.

DEFINITION 2.1.1. A set B = R" is said to be a 0-pseudo- polyhedron
if

1° IntB # @, 2° B < R}, 3° 3¢ B = [0,2] = B.

Remark 2.1.1. It is easy to see that 3° is equivalent to the follow-
ing condition: putting

(21.1)  pgt B3 (@, 00y @) > (Byy ooy @1, 0, By, ...y @) € B7,
we have for every te [0, 1], every #e B and every e {l,...,n}
tw+(1—1)p;(x)e B.

DEFINITION 2.1.2. For a given B = R"™ which is a 0-pseudo-poly-
hedron, the set p;(B), where p; is the canonical projection (2.1.1) is called
an ¢-wall of -B. In other words i-wall B = Bn{x: x, = 0}.

DEFINITION 2.1.3. A set B < R" is said to be a pseudo-polyhedron
if there exist a 0-pseudo-polyhedron B’ and a vector se B", such that
B = T,(B"), where

(2.1.2) T;: R'52+>x+5¢ R".

The set T, (¢-wall of B®) is called an i-wall of B.

DrriniTioN 2.1.4. If B is a pseudo-polyhedron, then by S(B) we
denote the union of all i-walls of B, and by I(B) the set B\ S(B).

Remark 2.1.2. An example of a pseudo-polyhedron is an interval
[a, b]. In this case §([a, b]) =W, I([a, D]) = (a, b]. More general examples
are of the form @ N[a, b] or Q N[a, b), where § = R™ is such that @ N T°
=@QnNn[a,b] or QNnU® =Q N[a,b), respectively (see 0.4).

Remark 2.1.3. Directly from the definition of pseudo-polyhedra,
it follows that, for every pseudo-polyhedron B, there exists a minimal
element @ = a(B), i.e. a (unique) element a< B, such that ¢ < 2 for each
ze B. For instance, if B = [a, b] then a(B) = a, and if B° is a 0-pseudo-
polyhedron, then a(B%) = 0.
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DEFINTTION 2.1.5. For a given pseudo-polyhedron B, the minimal
element a(B) is called the origin of B.

2.2. Union of solutions.

2.2.i. Let m,n be fixed, and let ke N™ and & = (k) be given.

DEFINITION 2.2.1, We say that the triple (f, ¢, B), where ¢ = {¢%},.0
and B < R", fulfils the condition Z, if: 1° B is a pseudo-polyhedron, 2°
f: Bx R™ — R™ is continuous, ¢°: B — R" are continuous (ce L).

DEFINITION 2.2.2. We say that the pair (¢, B), where B = R" ful-
fils the condstion Z, if 1° B is a pseudo-polyhedron, 2° for every wze B,
¢ (@)e B, or ¢°(w)e B*\[a(B), co), that is pe H,(B, [a(B), o))

Remark 2.2.1, The last condition is fulfilled for every B if ¢ is such
that ¢°(z) < o for every ¢ and every a.

DEFINITION 2.2.3. Suppose that B « R" is a pseudo-polyhedron and
p°: B — R" for ae . We put

A%(#") = [o"(B)Na(B), o))US(B), 47 = U 47(")

(see the general Definition 1.1.2). ’

Remark 2.2.2, If B = [a, b], then

A} = .,L.é (¢°([a, b])\ (&, co)jUN

(see Chapter I). If B = [a, b] and ¢” are continuous, then 4% is compact.

DErFINITION 2.2.4. We say that a system (A, ¢!, A%, 4% B', B%, A!, A*
belongs to the class Z, (or fulfils the condition Z,) if

1° 4% 4 B, B* c R, 2° B', B® are pseudo-polyhedra, 3° B'UB*
is a pseudo-polyhedrvon, 4° §(B') c A*nF’, i =1,2, 5° A: B~ R",
¥t A" > R™, 6° V)gpy = Vs -

2.2.ii6

THEORDM 2.2.1. Suppose that (f, ¢, B) fulfils Z,, (¢, BU[4, b]), a(B) < @
fulfils Z,, (lB’ ¥e, A B, (a, bl Af: A; ), where A; =,A[q?'8]7 fulfils Z,.
Then, if y®: AE UB > R™ and ¥: A, U[d,b] - R™ are continuous and
such that
(22.1) y%(@) = 9(z) for med, n(AZUB),
(2.2.2) ¥2(z) = yP(@) Jor wedZ, -

T

(22.3) y%(2) = 2®(@)+ [ f(t,¥"(p))dt, xeB, where a = a(B),
(2.2.4) g(x) = p(@) for @ed]

[

(2.258) §(2) =A@+ [f(t, 9(ew))dt, we[a, b,
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then
(2.2.6) ¥y =9y%uy
18 a solution of

(2.2.7) y(2) = p(2), me.A.fUA;,

y(z) =M@ + [ flt,y(e(t)) @, @eBUIG, b]

(where, as in (2.2.3), a = a(B)), where p = pFuUyp, 1 = APUL.
Remark 2.2.3. The condition (2.2.1) implies that
Miaiyns =¥ a8y ¥ola = Ply, Where 4 = ABud,,

and 1%|gzou = Algmuu, where U = 8([d, d]). Hence the functions 2
and v in (2.2.7) are defined correctly.

Proof of Theorem 2.2.1 is immediate. One easily verifies, that the
function (2.2.6) is defined correctly and fulfils (2.2.7). The continuity of
y is obvious.

Remark 2.2.4. We shall need this theorem as a lemma for the other
results in the sequel, and then we will not state it in the strongest form.
It is not difficult to extend Theorem 2.2.1 to a more general case of two
arbitrary pseudo-polyhedra.

2.3. Global uniqueness. Let B « R® be a pseudo-polyhedron. We
shall consider here the question of the uniqueness of solutions of the
systems

z) = p(x reAl
(2.3.1) y(@) = p(@), €hg,

y(@) =A@+ [ f(t, y(p))dt, =eB,

under suitable assumptions on given functions f, ¢, 4, . We recall that
if B c [a,b] for an interval [a,b] c R*, where a = a(B) (that is, if B
is compact), then the uniqueness of solutions of (2.3.1) is given by Theorem
1.5.1. We shall state and prove below some other theorems concerning
more general cases.

In order to do that, we shall first give the following

DEFINITION 2.3.1. A function #: B - R™, where B < R" is a pseudo-
polyhedron, is said to De locally Lipschitzian if for every be B, there
exists an M (b)e Ry such that the restriction wu|y,; fulfils the Lipschitz

condition with the constant (M (b)do
n
= [[(b;—a,).

i=1
Note that the above definition of the local Lipschitz condition differs
a little from the usual one.

7, ), where, as usual, d =
—a
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LeMMA 2.3.1. If « and v are two continuous locally Lipschiizian functions
from B inlo R™, then w: B — R™ defined by

w(x) = max{|v(l)—u()|: te [a,2]}, a = a(B)

is also locally Lipschitzian. This follows immediately from the following
two observations: 1° the function |u—w| is locally Lipschitzian, 2° for every
locally Lipschitzian function w, the function w: @+ max{y(t): te [a, z]}
is locally Lipschitzian.

Leyyva 2.3.2. If y is a solution of (2.3.1) (for an arbitrary pseudo-
polyhedron B, mot mnecessarily containing in an interval (a, b]), then y is
locally Lipschitzian.

The proof is trivial.

TurOREM 2.3.1. Let B be a pseudo-polyhedron in R™, and let @ = a(B).
There are given ke N™ and & = 8(k). Let Q be a subset of R™™ such that
there is a subset Q' of R™ such that Bx Q' < Q. Suppose that f: Q — R™
is continuous, \pe Hy(B, (a, o)}, A: B —R™, y: B~ R™ are such that
Als@m = Vls@) ©: BXR™ —RY is continuous and fulfils one of the
following conditions:

(G,) for every fized we B, the function w(z, -) is increasing in R'™ and
if u: BUAZ —~ RY is such that

(2.3.2) wu|p 18 continuous, increasing and locally Lipschitzian,
(2.3.3) w(@) =0 for weAl,

(2.3.4) w(z) < f w(t, u(p(t))) @t for weB

then u(z) =0 in AZUB
or
(Gy)  if a function u: BUAE — R} is such that u|p is continuous, locally
Lipschitzian, and fulfils (2.3.3)-(2.3.4), then u(@) =0 in AZUB.
Assume, furthermore, that

If(z,2)—f(x,?)]| < w(x, |z2—3) for (v,2)eBx

Under these assumptions, there is at most one function y: AZUB — R™
fulfilling (2.3.1) and such that y|z— A is continuous and locally Lipschitzian.

Proof. Let y, ¥ be two such functions. Then |y—@||3 is continuous
and locally Lipschitzian. If (G,) is fulfilled, then we consider a function
defined by the formulas:

(2.3.5) w(e) = max{|ly(t)—g(t)|: te [a, 2]} for zeB,
u(@) =0 for wedZ.
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This function is obviously continuous, increasing, and locally Lipschitzian

(see Leminas 2.3.1 and 2.3.2) and fulfils (2.3.4). Hence «(z) = 0 in 45U B,

and thus y() = 7(#) in AZUB. If (G,) is fulfilled, then we easily prove

that w = |y — | fulfils (2.3. 3) (2.3.4) and thus u(zx) = 0 in AZUB, which
completes the proof.

THEOREM 2.3.2. Admit all the assumptions of Theorem 2.3.1 with the
following change: the alternative of the conditions (G;), (G,) is replaced by
the alternative of the following two conditions:

(GY)  for every fiwed xe B, the function w(x,.) is increasing in R™, and
for every be B, if u: [a, b]u dl»Y — R™ is such that (2.3.2)-(2.3.4)
hold for B replaced by the interval [a, b], then (@) =0 in A®Ply
vla, b],

or

(Gz)  for every be B, if u: [a,b]UAP®) > R™ is such that uly,y is conti-
nuous and locally Lipschitzian and (2.3.3) and (2.3.4) hold for B
replaced by [a, b], then u(z) = 0 in the set AL»"1 U[a, b].

Then the assertion of Theorem 2.3.1 lolds.

In order to prove this theorem we easily show that (G}) implies (G,)
fori = 1, 2. Indeed, if u: 47U B — R™ fulfils (2.3.2)-(2.3.4), then w4, Al
fulfils for every beB the assumptions considered in (G}) and thus
if (G}) is supposed, w(z) = 0 in every interval [a, b] = B. Hence, » must
be equal to zero in the whole B, and thus finally #(z) =0 in AEUB.

Thus, the implication (G}) = (G,) is proved. The proof of the sccond
implication is the same.

2.4. Definition of the condition (W) and some remarks.

DEFINITION 2.4.1. Let B be a pseudo-polyhedron and let ke N™
and £ = 2(%) be given. We say that a family ¢ = {¢"}..o fulfils the con-
dition (W) = (W (B)) if

a) ¢": B - R" are continuous (ae ),

b) for each # = (2,,...,2,)e B and each ae 2

¢1(%) < @,

c¢) for every ce B\ §(B), there exists a be BN [¢, oo) such that b; = ¢
and
¢"([a, b]) < [a, b]U(R"\[a, o))

for every ae , where a = a(B), that is pe Hy([a, b], [a, co)).
Remark 2.4.1. The condition (W) is fulfilled, for example, if ¢“(z) <
for ae¢ 8 and ze B.

Remark 2.4.2. If B < [a,, co) X [a,, 52] X X [a,, ?)n] where I;j < o0
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for j =2,...,n, then the condition ¢) in Definition 2.4.1 is equivalent
to saying that ¢°(B) = BU(R™\[a, oo)).

2.5. Local existence of solutions.

DEFINITION 2.5.1. We say that the hypotheses (H) are fulfilled if:

B < R* is a pseudo-polyhedron, a = a(B), keN™, L = L(k),
f: Bx R™ —~ R™ i continuous, pe H,(B, (a, o)), ¢ fulfils (W), i: B - E™
and yp: A7 — R™ are continuous and such that A|gm = plyg-

THEOREM 2.5.1. If the hypotheses (H) are satisfied, then there exists
an interval [a, b] = B for which there exists a solution y of

— [2,b]
(2.5.1) y () w(w), wE-Aq: ’

y(@) =A@+ [f{5,y(e))d, wela,b].

Proof. Let ceI(B) be arbitrarily fixed. Choose for ¢ an element

ieBn[a, oo) according to the condition ¢) of Definition 2.4.1. Hence
we have

¢ ([a, b]) < [a, B]U(B™\ [, ).
In the interval [a, i)] the function 4 is bounded; also y is bounded in AE;:I'?’]-
We put
C'(4) = min{A(2): ze[a,b]}, C'(y) = min{p(z): s>},

G*(A) = max{i(z): ze[a, i)]}, O*(p) = max{y(z): a:eAF,f"s]}
and
C' = min(C'(2), C'(y)), C* =max(C*(2), C*(y)).

Let MeR™ be fixed and put
M = max{|f(z, 2)|: ze¢[a, 5], ze[— Jlfci—{-O'l, Md‘-kC’]"},
where
& = n (b‘i i a,;) .
=1
Now, we can choose b,¢ (a,, 51], such that putting b = (b,, 52, ...,3,,)
we obtain
(i) Ma< Md,
(i1} 9“([a, b]) = [a, B]U AT < [a, B]U(R*\ [a, o))
The inequality (i) is obvious, because in virtue of the inequality a, < ¢, = 1;1,
we can choose for every » > 0, a number a, < b, < b,, such that (b, —a,) X
X(by~ag) ... (b, —a,)<7n. The condition (ii) follows immediately from the
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condition b) of Definition 2.4.1, because we change only the first coordinate,
for which we have ¢j(z) < ®,. Thus, we can apply here Theorem 1.4.1,
and we obtain the existence of a solution of (2.5.1) for [a, b] chosen above.
Using the same method, one can state and prove a modification of the
above theorem, namely the following

THEOREM 2.5.2. Assume (H) with the following changes:
f: Bx@Q¥ -~ R™ 1: B>@Q™, y: A% 5 ¢Q™,

where @ is an open set in R (in place of: f: Bx R* - R™ 1: B > R™,
p: AZ > R™, respectively). Then the assertion of Theorem 2.5.1 holds.
DeriniTION 2.6.2. Let B be a pseudo-polyhedron, and let ke N™
and £ = &(k) be given. We say that a family ¢ = {¢"},.o fulfils the con-
dition (V) if:
a) ¢": B — R" are continuous (ae ),

b) for every be B, there exists a ce [a, b], a = a(B), such that ¢°([a, ¢])
< [a, c]U(R"\ [a, °°))a that is tpeﬂz([a, 0]7 [a, °°))'

THEOREM 2.5.3. Suppose that the hypotheses (H) are fulfilled, with
only the following change: in place of the assumption that ¢ fulfils (W),
we assume that ¢ fulfils (V). Then, there exists an interval [a, b] ¢ B, for
which there ewists a solution of (2.5.1).

The proof is the same as in the case of Theorem 2.5.1 (even a little

simpler); we can choose [a, b] in such a way that, for given M , d and M
defined as in the proof of Theorem 2.5.1, we have (i) and (ii).
Remark 2.5.1. The above Theorem 2.5.3 can be modified, similarly
to0 Theorem 2.5.2.
Remark 2.6.2. For global existence, Theorems 2.5.1 and 2.6.2 are
useful. On the contrary, Theorem 2.5.3 does not imply any interesting

result on global existence (by using the method which we will give in
the sequel).

2060 Lemmﬂsa

LevMa 2.6.1. If {B,},.s denotes a family of pseudo-polyhedra in R™

(8 is an arbitrary set of indices) having a common origin a, then | ) B, and
aeS

() B, are pseudo-polyhedra in R™ and their origins are equal to a. If B is
oeS

a pseudo-polyhedron in R", then B is also a pseudo-polyhedron in R™.
The proof of this lemma is given directly by Definition 2.1.1.
LEMMA 2.6.2. Suppose that B, B' = R are pseudo-polyhedra such that

B' < B,a(B') = a(B), int B\B' 0. Let 7 > 0. Then, for each ceint B\B’
such that B N[a,c] = BN[a,c], there exists an interval K = [a,b]

3 — Dissertationes Mathernaticae C
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« Bnla,c¢] such that 3¢B’n[a, cl, Ab=(l*>1,c,,...,cn), B'U[ﬁ, b] s

n
a pseudo-polyhedrow and d = A(K) = [] (b;—a;) < 7.
i=l
Proof. Let o, = sup{o: (0, ¢s, ..., ¢,) ¢ B' N[a, c]}. Obviously o, < ¢,
(if not, then [a@,¢]< B') and € = (o4, 0s...,0,)e B, which means

that [a,¢] = B'. Bvidently, one can chodse a oe(oy,¢;) such that

d= (ﬁ(ci—a'i)) CETARE

i=1
Hence, putting K = [&, b], where & = (0, gy ..., @), b = (0 Cay ..., ),
we obtain d(K)< 1, b¢ B'M[a,c] and, since B'UK = B'UKU[a, ¢]
= B'U[a, b], B'UK is in virtue of Lemma 2.6.1 a pseudo-polyhedron,
the proof is completed.

LEMMA 2.6.3. Assume (H) and admit the following two hypotheses:
(K,) There exists a function M: B — R™, non-negative and summable

@
in [a,2'] and such that [ M(t)dt < oo for every ='< B, for which |f(z, 2)|
a
< M for (@, 2)e Bx RB™,
(K,) A set B' = B i3 a pseudo-polyhedron, a = a(B) = a(B’), a point
a® belongs to B'\ B, and there is-a point o' such that z° e[a, ') and B’ N [a,z']
c B.

Under these assumptions we have the following assertion.
(T) Bwvery solution y of

y(@) = p(@), AL,

(2.6.1) .
y(@) = @) + [ ft; y(®))@&, acB,

is bounded in B N[a,x'].
Proof. We have

ly ()] < max{|A(2)|: z¢ B N[a, a;']}-|-| | M(t)dt|

< const. for zeB N[a,z'].

LeMMA 2.6.4. Admit the hypotheses (H) and (X,) and the following
hypothesis .

(K,) there exist two sets B” and B such that B” is a pseudo- polyhedron,
a(B") = a(B) = a, B"N[a, 2] c [int(B)n[a, &) US(B), B< B, B is
bounded, for every we B N[a, #'NB" N[a, @'] and every acf, ¢°(z)e B.

Then the assertion (T) holds.

Proof. In the set B” N[a, #'] the function ¥, which is an arbitrary
solution of (2.6.1), is bounded, as a continuous function on a compact
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set. For a¢ B'N[a, a1\ B" N[a, '], the values f(z, y (¢(2))) are uniformly
bounded, because ¢ has values in a compact subset of B', and thus the
set of values ¥ (p(®)) is bounded. Hence, ¢ is bounded in B’ N[a, 2'] and
the proof is finished.

Remark 2.6.1. A sufficient condition for (K,) is the following con-
dition:

(K,) there exist 1 > 0 and a set B” which is a pseudo-polyhedron,
a(B") =a, B"n[a, &'} < (int(B')N[a, 2'))US(B’), such that for every
we B'n{a, ')\ B" N[a,#'] and every ae®, z— ¢ (%) > 1.

A special case of guch a situation is the case: ¢°(z) = v —a° a® > 0.

LeMMA 2.6.5. Consider the case n = 1, m arbitrary, and suppose that
fi (@, b) X B™ — R™, g H,([a,b), (a, b)), A: B—>R"™ y: 42D 5 B™ gpe
continuous, A(a) = y(a). Suppose, moreover, that ¢*(x) <z for a <z <b,
ae and that

ki
(2.6.2) (@, & < @)+ L) ( D) layl)

which means that

kg
ISy 241y ey 2apyy ooy Zmi,,)| < My(@) + Ly () 2 Iyl (2 =1,..., m)
I=1

o

where M: [a, b) - R™ is summable on every closed subinterval of [a, b),
and L: [a, b) - R™ is continuous.
Then, if y is a solution of

(2.6.3) y(@) = p(@), we APV

y@) =@+ [f{ty(p))d, ela,b)
where b' e (a, b), then y is bounded in [a, b’).

In order to prove this lemma, we first recall the following result
from the theory of differential inequalities:

LeMMA 2.6.6 (Lemma of Bellman). If w: [a, b') - R™ is continuous
and such that

(2.6.4) 0<w@) <ot [LHwM)d, a<z<V,
where L: [a, b’) - R™ is continuous, then
(2.6.5) w(2) < cexp (f L(t)dt), a<e<<b.

For the proof we refer to the book by J. Szarski [1], because this
lemma is a special case of the well-known theorem on differential ine-



36 Some functional differential equations

qualities. Note that one can easily prove it directly, putting
mm=@+fmemmh@(—fme
a a

and immediately proving that '(x) < 0; this implies that » is decreas-
ing, and thus «(a) > u(x) for = > a.

Proof of Lemma 2.6.5. Suppose that y is a solution of (2.6.3). Put
Az) = max{i(z), sup{lp(2)|: wedl*¥]}},
A =max{|A(2)|: ze[am, b ]},
w(x) = max{|y(t)|: te [a, ]} for ze[a,d’),
w(x) = max (1°, B(x)).

It is eaRy to see that w is defined, continuous and increasing in [a, b').
We have

2 kg km
o< y(@) < B@) <2+ [ IO Y [Be(@ )]s - Y | (o™ 1))
a i=1

j=1
and thus

T

w(a) < O+ [ L(t) bl w (1) dt

a

0

N

(because ¢"(z) < # and % is increasing). Moreover, since #(z) << w(x), we
have

w(x) <A+ fL*(t)'w(t)dt, where L*(t) = |k| L(1).
a
Furthermore, from the definition of w, it easily follows that
w(w)gl"-i—fL*(t)w(t)dt;
thus, using Lemma 2.6.6 we obtain, for ze¢ [a, b’) the inequality
0< Iy(o)] < (o) < ooxp [ L*(9)) < ooz | 2*() )
and thus y is bounded in [a, b’). ’ )

2.7, Limits of solutions on the boundary.
THEOREM 2.7.1. Assume (H) and suppose that y is a solution of

_ A
(2.7.1) y(@) = p(@), @47,

y(@) = M@+ [ f(t, y(p(0))dt, 2B
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where B' ¢ B is a pseudo -polyhedron such that & = a(B) = a(B'). Assume,

moreover, that for B, and a° the hypotheses (K,) are fulfilled. Then if Y5 e,

where ' is as in (Ky) (see section 2.6), is bounded and ¢*(B' N[a,2']) = B' N

N[a, &' JUAE, then there exists a limy(x) as o — 2% xe B and the funclion

y: AFUB' U{a"} — R™ defined as

(2.7.2) J(z) =y(w), =zeAFUPB,

(2.7.3) g(@*) =limy(z) as 2 —>2°, zeB’

fulfils (2.7.1) for AJ and B' replaced by AZVE and B'u{a®), respectively.
Proof. We first observe that limy(z) as # — a° ze B’ is equal to

limy(x) as ® -° and xe B N[a, #']. Furthermore, since ¢° are conti-

nuous, ¢°(B’ N[a, 2']) are compact, and thus the function  restricted to
the set 4% N Uﬂ(p“(B' N{a, #']) is bounded. Also 1 is bounded in the set

B n[a, o']. Put

N' = inf{y(z): z¢ B N[a, 2']},

N =sup{y(x): e B n{a,2']},

N = min {p(2): meAf'ﬂ U ¢*(B NJa, z'1)},
aefl

N* = max{yp(a): a:eAf‘ﬁ U ¢ (B nla, z'1)},
aefl

N° = min{A(x): ze B N[a,2']},

N® = max{A(z): ze B n[a, ']},

M' =min(N¥N*, N°), M* = max(N*, N*).

The function f is in the set B n[a,2']x [M 4N° M*+ NT* bounded
by a constant M. Hence (¥ —)|pniae) = ¥lpne2)— *onez 18 Lipschi-

g

n
tzian (the Lipschit tis M i — 0
zian (the Lipschitz constant is ( !:11 (;—a;)0 P

existy a limy (@) = ¢° as & —2° 2eB N[a,2']. The proof of the fact
that 7 defined by (2.7.2)-(2.7.3) fulfils the corresponding integral equa-
tion is trivial.

Lemmas 2.6.3-2.6.56 and the above Theorem 2.7.1 imply the following
theorems:

THREOREM 2.7.2. Admit the hypothesis (H), (K,), (K;) and assume
that ¢°(B') =« B'UAE. Then for amy solution y of (2.7.1), there exisis
a.].imo y = 9% and the function § = yu {(2°, ¥°)} 48 a solution of

=T
y(@) = p(@), wedZE,

and thus, there

(2.7.4) .
y(o) = AM@)+ [ flt, y(p0))dt, zeB'U{}.
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THEOREM 2.7.3. Admit all the assumptions of Lemma 2.6.4. Then the
assertion of Theorem 2.7.2 holds.

THEOREM 2.7.4. Admit all the assumptions of Lemma 2.6.5. Then the
assertion of Theorem 2.7.2 holds; this means in this case that there exists
a limy(z) =y and §=yU{(d',y')} is a solution of (2.6.3) considered in

z—b
z<b’

A% and [a, b'], respectively.

The proofs reduce to the application of Theorem 2.7.1 and the cor-
responding lemimas.

2.8. Prolongations, Assume (H) and suppose that B' is a pseudo-
polyhedron such that B’ < B, B'nB # B, a(B") = a(B) = a. We shall
consider the systems of equations

(2.8.1) y(@) =p(®), wzed,,
(2.8.2) y(@) = Aa)+ [ f(t, y(p))d@t, =eB;,

where A, and B, are sets fulfilling suitable assumptions (given precisely
below).

THEOREM 2.8.1. Assume (H) and suppose that B' is as above. Let y
be a solution of (2.8.1)-(2.8.2) for A, = AY, B, = B'. If, for every a°
¢ (B'\B') N B, there exists a lim y (o) Z §(a), then

T
xel’

1° the fumction 4, defined by
g(®) =y(z) for weB,
() =§(x) for z2¢(B'\NB)NB,
fulfils (2.81)-(2.8.2) for 4, = AFE B, — B'nB,
2° there ewisis a B' = B, B' =« B, B' #B", a(B") =a, and there

exists a function y: B"UAE’ — R™ which is a solution of (2.8.1)-(2.8.2)
for A, =AY and B, = B, such that Y|5,5 = 7.

Proof. The first part of the assertion is obvious (in virtue of Theorem
2.7.1). In order to prove the second part, we observe that we can assume
that intB\B' s @, because if intB\B = @, then the proof is trivial
(we put ¥(z) = A(2) for ze B—'nB). Hence, we can use Lemma 2.6.2 in
the sequel. Let ce int B\ B'. Choose (see the condition (W)) E’), such that
¢°([4, b]) = [a, bJU(B™\ [a, oc)). Of course b¢ B. Let us write

¢! = min(inf{y(z): 2eA“H UB'}, int{A(2): z¢ [a, b]}),
¢? = max (sup{y(2): zeA@H UB}, sup{A(x): ae[a, b]}).
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Let M be an element of RY. Let £> 0 be chosen in such a way that
Me < Md where

M = max{|f(z,2)|: me[a,b], ze[ —Md+c, Md+ *1%}

and
n

d = (l;i-—a,i).
i=1
We can choose (éee Lemma 2.6.2), for EemtB_ J [a, 5]\1_; an interval
[a’yb'] such that b’¢B [a,b]cBu[a, b], Bu[a b'] is a pseudo-
polyhedron, b; =b, for i =2,. ..y M, and ” (b;—a;) < e From the

im1

condition (W) (see b) in Definition 2.4.1) it follows that for every a', b’
chosen for b as above we have:

p*([a, ¥']) = [a', ¥']U(R"™\[&, o0))  [a/, B']UALBU B

Now, we apply Theorem 1.4.1 and we obtain the existence of a solution
% of the system

w(®) = y(z 2 AlYV]
(2.8.3) (@) = »(z), €4,

u(@) = M)+ [ f{t, ulp))at, we(a, b,

where

-~

Y= ?7|A‘[’;’"b']; A = FlFn@eY M v e\F

fulfil the inequalities ¢! < p < 2, et i < ¢ This solution satisfies in
the set [a’, b'] NB thé condition u(z) = y(«), and thus (see Theorem
2.2.1), the function § = 7U u is a solution of (2.8.1)-(2.8.2) for 4, = AFVI#P],
B, = B uUfa’, b'] and the proof is finished.

2.9. Global existence under the assumptions on uniqueness.

LevmA 2.9.1. Assume (H) and suppose that, for every te T, 4' is a so-
lution of (2.8.1)-(2.8.2) for A, = A5, B, = B,, where every B,c B is
a pseudo-polyhedron, such that ¢°(By) < BjuAPl, a(B,) =a(B). Under
these assumptions, if, moreover, there exists at most one solution of (2.8.1)-
(2.8.2) for A, = A¥', B, = B', for any pseudo-polyhedron B’ = B such
that ¢°(B') « B'UAL, then the function
(2.9.1) y=Uy

leT
is the wnique solution of (2.8.1)-(2.8.2) for 4, = A7, B, = U, where

U =UB,.
teT
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Proof. We first observe that (2.9.1) gives indeed a function conti-
nuous in TuAl; this follows immediately from the uniqueness

Vo, = ¥’lp,, Where Dy = [B,UAJIN[B,UAFs], s, teT.

Furthermore, from the definition of y it follows that it fulfils the system
of integral equations considered here, and thus the proof is finished.

Remark 2.9.1. As can easily be seen, it is sufficient to assume that
the uniqueness property is fulfilled for every pseudo-polyhedron of the
form B, NB;, but not necessarily for every pseudo-polyhedron B’ < B,

TuroREM 2.9.1. Assume (H) and assume that, for every pseudo-poly-
hedron B' = B such thai ¢®(B') « B'UAL, there ewists at most one solution
of (2.8.1)-(2.8.2) for 4, = AZ', B, = B'. Furthermore, assume that I(B)
is open and that, for every B' = B such that B’ is a pseudo-polyhedron,
a(B) = a(B) = a, B' # B, the following condition (L) is satisfied: (L)
If 4 (B\B)NB and § is a solution of (2.8.1)-(2.8.2) for A, = AT,
B, = B/, then, for some o'« B\B' such that o°¢[a, '), ¥ 8 bounded in
B nla,a']. Under these assumptions, there exists a unique solution y of
(2.8.1)-(2.8.2) for A, = AZ, B, = B.

Proof. Notice first that the assumption that I(B) is open implies

BcB B #B =B nNB #B.

‘Consider the family of all pseudo-polyhedra B, = B, a(B,) = a(B)
for which there exists a y* which is a solution of (2.8.1)-(2.8.2) (unique,
ag has been assumed) for A, = A%, B, = B,, and ¢*(B) = B,u A}
< B,UAL. This family is non-empty, since in virtue of (H) we have
local existence of solutions (see Theorem 2.5.1). Lemma 2.9.1 implies

that y = |, is a unique solution of (2.8.1)-(2.8.2)in 4Y and U = (J B,,
teT feT

respectively. If U = B, then the proof is finished. If U % B, then we
obtain directly from Theorem 2.8.1 a contradiction of the definition of
U, because from every pseudo-polyhedron fulfilling the assumptions
(L) one can extend the solution to another pseudo-polyhedron, contain-
ing the first one (and different from it).

From Theorems 2.7.2 and 2.7.3 we obtain, in virtue of Theorem 2.9.1
the following two theorems:

THEOREM 2.9.2. Assume (H) (see 2.5) and (K,) (see 2.6). Suppose
that 1(B) is open. If there exists at most one solution of (2.8.1)-(2.8.2) for
A, = Af and B; = B, then there exists exactly one solution of (2.8.1)-(2.8.2)
for A, = A% B, = B.

Proof. We must verify only that the condition (X,) is satisfied for

every B'c B, B' B and every z°¢ B\ B'. But this is obvious, because
I(B) is open.
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THEOREM 2.9.3. Assume (H) and suppose that I(B) is open. Assume,
moreover, that ¢°(x) = z—a® for xe B, where {a"} is a given family of ele-
ments belonging to R . Pinally, assume that there exists at most one solution
of (2.8.1)-(2.8.2) for A, = A7, B, = B. Then, there exists exacily one such
solution.

Proof. We use here Theorem 2.7.3, Remark 2.6.1 and Theorem
2.9.1.

2.10. Global existence without uniqueness.

2.10.1.

DrFINITION 2.10.1. Let B be a pseudo-polyhedron and let & = £(k)
be given for a fixed ke RY . We say that a family {¢"} fulfils the condition
(W*) if:
~ a) ¢": B — R" is continuous for ae @,

b) for each z = (%, ...,2,)¢ B and every aeQ, ¢j(x) <z,

¢) for every ce B\ §(B), there exists a be R", b > ¢, such that b, = ¢,
and ¢"([a, b]NB) = {[a, i)] NB}U(R™ [a, o)), for every ae & and every
b = (by, ..., b,) such that b, =b; for i = 2,...,n, bye [ay, ).

Remark 2.10.1. The conditions (W*) implies (W); the contrary is
not true.

In this section we shall consider pseudo-polyhedra which are finite
or infinite intervals, i.e. which are of the form:

(2.10.1) D, ={xeR": a>a, &, <u, i =1,...,0},

where a¢ R", u;e (a;, o], 4+ = 1,...,n. For such a pseudo-polyhedron B,
I(B) is open.

2.10.ii.

THEOREM 2.10.1. Let u be fized and let B = D,. Suppose that (H)
is satisfied amd that ¢ = {@"} satisfies (W*). Suppose, moreover, that
(L*) for every b> a, be B, and every solution y of

(2.10.2) y(@) = p(z), =zeAD,
(2.10.3) y(@) =A@+ [ f{t, yle®))dt, weD,

where D = D(b) = [a, b]\ {xe B: 2, = b,}, there exists a limy(z) as z - a°,
xe D, for each a°, such that z} = b,.
Under these assumplions, for every pseudo-polyhedron C of the form

(210.4) C =0, ={zeR™": x=0a, 2, <V, t =2,...,%, & = by}

where (vy,...,v,)e R* ™Y, v, <uy, © =2,...,n, there exists ai least one



42 Some functional differential equations

solution of

(2.10.5) y(@) = p(@), =zeAY,
(2.10.6) y(@) =A@+ [ f(t,y(p(M ), weC.

In order to prove this theorem, we first state and prove the following
two lemmas, giving results which are modifications of Theorems 2.5.1
and 2.2.1.

LemmA 2.10.1. Under the assumptions of Theorem 2.10.1, for each
V= (VgyeoryVp)e R, vy <y (¢ =2,...,n), there exist a bye(a,, u,) and
a function y: [a, b]uAE,"” — R, where b = (by, v9y ..., v,), being a solution
of (2.10.2)-(2.10.3) with D replaced by [a, b].

Proof. Let v = (vg, ..., 9,) and be (@,, ;) be fixed. Choose for the
point (b, v,, ..., ®,) a point (b}, b;, ..., b,) such that b =b and b, >,
(i =2,...,m) and ¢°([a,b']) < [4, b’V (R"\[a, o)) (aeQ); this is pos-
sible, since the condition (W*) is satisfied. Now, in order to finish the
proof, we apply the reasoning given in the proof of Theorem 2.5.1.

LEMMA 2.10.2. Under the assumptions of Theorem 2.10.1, if 7 and y
are solutions of the following two systems:

a (@) = p(@), wedf?,

§(o) = M)+ [ flt, gle@))dt, a<(a, B,

and
) j@) =y(@), o,
.
9(@) =M@+ [f{t, ¥ (p@))dt, wela,b],
a
respectively, where @; = G fori =2, ...,m, 8y, = by, b, =b,fori =2,...,m,

and Yly = lg, where B = ABP n([a, 5]u A%, then y = FUT is a so-
Lution of the system (III), which is obtained from (I) by replacing [a, b] by
(@, b).

We omit a very simple proof of Lemma 2.10.1.

Proof of Theorem 2.10.1. Consider v = (Vgy +..y v,). We can choose
(se¢ Lemma 2:10.1) an interval [a, b] in which is defined a solution of
(2.10.2)-(2.10.3) with D replaced by [a, b]. Moreover, the point b can
be chosen in such a way that for every interval [a,c¢], where ¢, = b,
for i =2,...,m, we have ¢%[a,c])< [a, c]U(R™\[a, )). Now let
p = sup {7: there exists a solution of (2.10.2)-(2.10.3) where D is replaced
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by [a, (7, bay +.., by)T}. The proof would be finished if p = u,, where u, is
the first coordinate of w defining. the set B = D,, (see (2.10.1)). Suppose
that p < %,. Consider the following system of equations:

(IV) y(w) = yp(w), -’DEA!;,(”'%--'-:%)M)’

x

y(@) =2@)+ [t y(e@))at,  we[@, 0y ... 00,8
where 2 = (p, @, ..., @,) and y? i an arbitrary solution of (2.10.2)-(2.10.3)
with D replaced by [a, (p, by, ..., b,)]. Using the reasoning given in the
proofs of Lemma 2.10.1 and Theorem 2.5.1, we can easily show that
there exists a x> 0 and a continuous function y: @, U 4% — R™, where
G, = [(p) a2y «..y @)y (D + u, byy ..., b)), being a solution of (IV) with
[(2, azy ..., an), u) replaced by G,. Hence, using Lemma 2.10.2, we obtain
a solution ¥y = y?U¥ of (2.10.2)-(2.10.3) with D replaced by the interval
[a, (p+ ¢ bgy ..., by)]. But this is impossible in virtue of the definition
of p. Hence p = u, and the proof is completed.

As a corollary, we obtain by Theorem 2.7.4, the following

TaEoREM 2.10.2. Let n =1, B = [a, b). Suppose that f: [a, b) x B™
— BR™ is contmuous, l B — R™ and p: A1%® — R™ are continuous, @ = {¢°}
¢ H,([a, b), (a, b)), ¢° <as for wze[a, b), ae L Suppose, moreover, that

|f(z, 2)| < M (@) + L( m)( 5’ z,,) (see Lemma 2.6.3), where M: [a, b) - R

s a function summable ¢ m e'very closed subinterval of [a, b), and L:[a, b) — Ry
is a continuous function. Then there exists at least one solution of

y(@) = p(@), @AD",

y(@) = A +ff,y(qot))) we[a, b).

(2.10.7)

2.11. Global existence without umiqueness, by the method of
A. Bielecki, T. Dlotko and M. Kuczma. In this section we shall consider
functions f fulfilling assumptions of the type which had hbeen discussed
by T. Dlotko and M. Kuezma [1]. In the proof of the existence of solutions,
we have to show that a set of functions is compact; in order to do this
we apply, as has been done in the cited paper by T. Dlotko and M. Kuezma,
some ideas and methods of A. Bielecki [1].

2.11.. Let ac R® be fixed. By C* we denote the vector space of all
continuous functions from [a, co) into R™ such that for tach je {1, ..., m}
and each ne C* we have

sup{lu,-(tl, ciey t,,)lexp(— il: t,-): te [a, 00)} < 00.
f=l
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We put, for-ue C*:
w

(2.11.1) llully = sup { o (1) exp (— 2 ti): te [a, o)},

el

(2.11.2) luli = (llllyy «oey lell)
(2.11.3) il = m?’x(”’u’”j)'

The space C* with the norm ||| |{| is complete. It is casy to see that
(u"—;’_:wu in the sense of the norm |[||-}]]) < (|u? —u] ey 0 in B™)
< (for every je{l,...,n} ”'"’p_'”’”ip.Tw’ 0 in R).

Let se [a, o) and let-h: [a, co) - RY be a function fulfilling the following
conditions:

(2.11.4)  hlg 4 is bounded,

(2.11.8)  Blig,c0p\(a,s7 18 COnstant, that is h;(z) = m; = const,
for every j and every ze[a, oo)\[a, s].
We put

(2.11.6) W) S {ueC*: |u < h).

It is obvious that W (k) is non-empty, bounded, closed and convex. in
the space (C%, ||| ]]).

2.11.i. Let ke N™ and £ = 2(k) be fixed and let ¢ be a family of
continuous functions ¢”: [a, o) — R™ and, finally, let A: [a, c0) — R™
and y: A% - R™ be continuous and such that Alp = w|g, Where
E =A% nla, o).

THEOREM 2.11.1. Assume all the conditions introduced in 2.11.i, and
above in 2.11.ii. Suppose, moreover, that f: [a, o) x R™ — R™ is continuous
and there exist P, @, Se¢ R, te [a, co) and a continuous function g: {a,t] — R7
such that

(a) @ > 8, g(z) > Q—8 for ze[a, 1], )

(b) for every z e [a, co) and every ze R™ such that |2| < max (@, @ — S +
+max{g(z): ze[a,s]}), the inequality

(2.11.7) fle,2)| <P

holds, |

(¢) for every continuous function u: A“Ula, co) - R¥ such that
lus ()] < h{z) for we[a, o) and w;(x) = y(@) for zedlP™), where u,(z)
= (uk’,_lﬂ(m), cery ukj(m))eR"J' (e A" Ula, ), j=1,...,m) and the
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function h: [a, oo) — R% is defined by the formulas:
(2.11.8) hiz) =g(®)—Q—8 for =ze¢la,t],
(2.11.9) hiz) =Q for xmela, c0)\[a,t],

the following inequalities hold:

(2.11.10) gl f(t,u(q:(t)))dt‘\{g(w) for  we[a, 1],

(2.11.11) | [ 1t ulpm) ] <8  for wela, co)\[a, 1],

(d) for we A% and xe[a, o) respectively:
(2.11.12) ly(z)| < max(Q, Q — 8+ max{g(z): ze [a,1]}),
(2.11.13) A(z) <Q-—8.

Under these assumptions, there exists at least one solution of

E — A[anm)
(2.11.14) Y (@) v(z), e ?

y(@) = M)+ [ flt, y(p@))dt, xe(a, o).
a
Proof. Put W = W(h) n{ue C*: u|z = A|p}, where B is defined as

in 2111, A is defined by (2.11.8)-(2.11.9), W(&) is defined by (2.11.6).
It 18 easy to see that W is non-empty, bounded, convex and closed in

(C*, 1111
Let we W and let » be defined as follows:
(2.11.15) v(z) = p(z), zeAl>™)
(2.11.16) v(z) = A(x) + ff(t,fn(qn(t)))dt, zela, o0),
where ’
(2.11.17) i = ypuu.
We put

From (2.11.10)-(2.11.13) we obtain the inclusion TW < W. Put V = TW.
Using arguments analogical to those given by T. Dlotko and M. Kuczma
[1] (Theorem 3), one proves that 1° 7' i3 continuous with respect to the
norm |||-||], 2° ¥V is compaet in the space (C* [||-{li). In the proof of 2°
we use the method of A. Bielecki [1]. In virtue of these properties of T'
and V, we can apply the fixed-point theorem of Schauder. Thus we
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obtain the existence of Fe¢ W such that § = T'y. Putting y =.9pU ¥, we
obtain a solution of (2.11.14), and thus the proof is finished.

2.12. Existence of solutions under the assumptions (Y) and (f().

DerFINITION 2,12.1. Let B be a pseudo-polyhedron, a = a(B). We
say that a family ¢ = {¢°} fulfils the condition (Y) if:

a) ¢*: B — R™ is continuous for ae g,
b) there exists a ceint B such that ¢, = a, and

(212.1)  ¢°(([81, 00) X [@5, 61X X [ay,6,]) N B)
e (—o0, 00) X [@y €3] X X [y, ¢,], aef.

We say that a family ¢ fulfils the condition (i’) if @ fulfils a) and
b’) for every be¢ int B such that b, = a,, there exists a ce int B such
that ¢, = a,, ¢; > b; for ¢ = 2, ..., n, for which (2.12.1) holds.

Remark 2.12.1. If ¢f(x) > x, for x¢ B and ae &, then (2.12.1) reduces
to the form

P (([011, )X [@gy Gl X X[y, ¢,]) nB)
< [@y, 0) X [@gy €3] X X [@y, ,].

Using the method given in the proof of Theorem 1.4.1, we can prove
—applying the Schauder fixed-point theorem—some results on local
existence of solutions. We shall only state here (in order to complete
the. theoréms on continuous functions) some theorems which are special
cases of the main result of section 5.5. It seems that these results are
important for the case of » = 1.

THEOREM 2.12.1. Suppose that ¢ fulfils (Y), and f: Bx R* — R™
At B~ R™ y: AZ - R™ are continuwous. Then there exists an interval
[a, b] = B for which there exists a solution y of

(2.12.2) y(x) = (), zeAl®?,

y(@) = Ma)+ [ ft, y(p(n))dt, aela,b],

Sfulfilling, moreover, the equation
(2.12.3) y(@) =y(by, %2y, @) for weB, @1>by, @;<b, 1=2,..., 0.

A simple modification of the above theorem is the following

THEOREM 2.12.2. Admit all the assumptions of Theorem 2.12.1 with
only one change: (Y) is replaced by ('5?). Then, for every ce intlB, ¢, = a4,
‘there exists @ beB, b, =¢;, = a,, b>¢, such that [a,b] < B and there
exists a solution y of (2.12.2) fulfilling (2.12.3).
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The global existence is given by the following

THEOREM 2.12.3. Admit all the asswmptions' of Theorem 2.12.2 and,
moreover, assume that y is bounded .and that |f(,?2)| < M (z) for ze B,
ze R, where M: B — R™ is continuous. Then, in every closed subinierval
[a, b] of B, there exists a solution y of (2.12.2)-(2.12.3).

For the proofs we refer to section 5.5.

2.13. Local convergence of successive approximations under the
assumption (V).

2.13.i. Assumptions. For simplicity we assume that B = [a, c0). We
assume that ¢ = {¢°} fulfils the condition (V) (see Definition 2.5.2).
Suppose that f: [a, co) X R* — R™ i3 continuous and w: [a, c0) X R¥ — RP
fulfils (G}) in B = [a, o) (see the assumptions of Theorem 2.3.2) and

(213.1)  |f(z,2)—f(z, 3)| < o(z, 2—2]), xela, o), z,2e R

Suppose, moreover, that y: A»*) — R™ ig continuous, and A: [a, co) - R™
is continuous and locally Lipschitzian in the sense that for every be [a, oo)
there exists an L = L(b) and a p = p(b), such that

(2.13.2) IA(z) — A(F)] < (L(b)op(b))w—m, T, Te[a,b]
and
(2.13.3) wlp = Alp, where B is defined in 2.12.ii.

Finally, suppose that tlere exists a b’ [a, oo) and there exists two conti-
nuous functions y° and 2° such t}lat

(2.13.4) y*: A%Y1y[a,b'] - RBR™,
(2.13.5) w: A1 Ula, b'] - RY,
(2.13.6) Y(@) =yp(@), wnecdP’,

218.7) (@) — 2@ — [ F{t, 2 (p0)) @] < (@), @e o, ],

(2.13.8) (@) > [ oft, ®(p@))dt, ela,D].

a

2.13.ii.

TaeOREM 2.13.1. Under the assumptions from 2.13.i, there exists an
interval [a, b] = [a, b'] such that there exists exactly one solution y of

z) = w(x 2 e A0
(2.13.9) y(z) = p(x), e )

y(@) = @)+ [ f{ty(e))at, ela,b]
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fulfilling the Lipschitz condition in [a, b], and being the wniform Uimit of
the following sequence of successive approximations:

n+1 z) = z ) A[a-b]
(2.13.10) y" () p(2), €tlp

yim) = Ma)+ [ f(t, v (p(t)dt, zela,b), n=0,1,..

Proof. Put
N, = sup{lp(x)|: zeAT"T},
N, =sup{|A(2)|: ze[a, d']},
N, = sup{ly°(@)|: @< [a, b']UALT,
N =max(N,, N,+1, N,).
Furthermore, we put M(N) = sup{|f(«, 2)|: ze[a, b'], |2| < N}. We can
now choose b e (a, b’'] in such a way that for d = ﬁ (l;,;— a;) the following

i=1

inequality M (N)-d+N,< N will hold. Of course
M = sup{|f(z, 2)|: ®e[a,b]UADV |2 < N} < M(N).
Now let be (a, b] be such that for every ae £
¢"([a, b]) = [a, b]U (R"\ [a, o))

(this is possible, since (V) holds). Consider now the sequence (2.13.10)

and denote by {u"} the sequence of the restrictions {y"|j}. It is easy
to see that

(2.13.11) w(z))<N for = =0,1,..., zela,b],

(2.13.12)  [u"(2) —u"(@)| < (Mdo b i a

) +(zwep B =
for =»=0,1,..., z,%e[a,b].
The proofs are by induction. Consider the following sequence:
" p) =0, wedld¥
z

" H(p) = fw(t, v“(fp(t)))dt, zela,b], n=0,1,...

a

(2.13.13)

As in the case of Lemmas 1.3.1 and 1.3.3, we can prove by induction
that

(2.13.14) W — U gy M =0,1,...
(2.13.16) {v"} is decreasing and converges uniformly to zero in
[a, b]u Al®D],
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Now, as in the proof of Theorem 1.3.1, we prove that (2.13.10)-(2.13.15)
imply- that {«"} converges uniformly in [a, b] to a funection % and then
{y"} converges also uniformly in [a, b]U.4%" to the funetion y = yuu.
Passing to the limit in (2.13.10) as n — oo, We obtain a solution of (2.13.9).
This solution is unique (see 2.3) and equal to p Uu. From the construction
of y we infer directly that u = y|y,,) satisfies the Lipschitz condition

1 :
with the constant (Mdo —b——a—) +(L(b)op(b)). Thus, the proof of the

theorem is finished.

Remark 2.13.1. From the above we have: the solution y of (2.13.9)
obtained as the uniform limit of (2.13.10) is the unique.solution (in the
sense ‘‘almost everywhere’’) of the functional differential equation

(Dy)(z) = (DA) (@) +f(z, y(p(#))), @« [a,b]
with the condition
y(w) =p(@), wedP

If 2 has a mixed. derivative D1 everywhere, then this solution is also a
solution in the classical sense.

2.14. Remarks on some generalizations. A very important case of ¢
is the following: ¢(2) = @ —h where & is constant. In this paper we con-
sider generally a certain type of generalizations of such linear ¢; other
types of generalizations of this case have been considered by many
authors. In this section we shall give a few remarks on one of them (for
n = 1 it is considered, for example, by J. K. Hale [1]). Let us consider
R", R} and R™and let P* = R™Dhenon-empty and such that (0, ...,0) = 0 <P*
By P we denote the set P*\ R". Consider O(P, R™) as the space with
the norm

llw]l = nlq,xmg.x{lui (2)1}.

If y: PURy — R™ and we R, then by y° we denote an element of C(P, B™)
defined by the formula
yo(t) =y(@+1), teP,

where 2+t means, as usual, (2341t ..., Z,+1,). Let @ = B% be such
that an interval [0, ¢] is contained in @. Let f: @ x C(P, R™) - R™ and
2: Q — R™ be continuous. Consider the following system of equations:

(2.14.1) y(z) = y(z), zeP,

y(@) = Ma)+ [ ft, 9 at,  weQ,

4 — Dissertationes Mathematicae C
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for a given function ye¢ C(P, R™) such that i|pA B = y| PARD: It is easy to

see that, for a given ye« C(R%, R™), the mapping & — 4° is.continuous
T

and thus, in virtue of the continuity of f, the integral [ f(¢, 4')dt is defined
0

for every continuous ¥.

TeEOREM 2.14.1. If ||A| = N, < M, then for any we Cp (P, B™) there
exists a function y defined and continuous in an interval [0, b] <= [0, ¢], and
fulfilling (2.14.1) 4n this inierval.

Proof. Let N° = sup{|f(z, ¥)|: (z,¥y)e[0,c]X Cp(P, B™)}. Since

i

pe Oy (P, B™), we have |lpll < M. Let b be such that K = N° [] b,+ N, < M
=1
and let us put ¥ = max(K, |y||). For ye C(PuU[a,b], B™) we put

P)@) =A@+ [ f6, 9@ for  we(a,b],

F(y)(z) =y(z) for aeP.

It is easy to see that 1° ¥ is continuous, 2° F(Cy[PU[a, b], ™)
cCM[Pu[a,, b], Rm]. Applying the Schauder fixed-point theorem, we
finish the proof.

Remark 2.14.1. One can prove some theorems on global existence
and uniqueness for (2.14.1). In particular, if f is locally Lipschitzian
with respect to the second variable in a neighbourhood of every point
of Ry x C(P,R™), then, for every we 0(P, R™), there exists at most one
solution of (2.14.1). Notice that this is well known in the one-dimensional
case.



Chapter III
CONTINUOUS DEPENDENCE OF SOLUTIONS ON GIVEN FUNCTIONS

3.1. Continuous dependence on 4, y, {¢"}.

3.1.i. Suppose that B — R" is a pseudo-polyhedron and B < [a, b].
for an interval [a, b]. Let ke N™ and & = £(%) be given and, furthermare,
let MeRY,c,c%c B™, a”e R} for ae 2\ ¢ and aj = oo for some ¢ and
ae®', where £ is a subset (fixed in the sequel) of & (it may be & =0
or & =8); we may also have, for some ae{, aj = co for every i).-

Suppose that

(3.1.1) fe H (B, a, b, M, ¢, c?

and for n =1, 2, ...

(3.1.2) " = ("} H, (B, (a, ),
(3.1.3) Af,:ac BU([a—a%, o)\ (a, o)),
(3.1.4) "¢ Hy(B, ¢, c?),

(8.1.5) v*e Hy ([, b1, {a°}, M, ¢!, c?).

We recall that lime¢" = {lim $“}.

TeEOREM 3.1.1. Assume the above conditions and, furthermore, suppose
that

L. there exist uniform limits (in corresponding sets):
p =limg", o =I1limy", 1=I1mi" as n — oo}
I1. for every m, there exists exvactly one solution y" of
w(z) = y"(a), @ela—a, w)\(a, o),
(3.1.6) g
w(e) = @)+ [f(t, u{g"(t)) @, weB;
a
II1. for every pe H,(B,I(B)), Ae Hy(B, ¢!, c?), pe Hg([a, b], {a°}, a, b,
M, e, ¢?), there exists at most one solution of

y(x) = p(®), 2zela—@&, c0)\(a, oo),

y(o) = @)+ [f[t,y(p))at, weB

(here and in II, @ = max{a’}).

(3.1.7)
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Under these assumptions, the sequence {y"} comverges umiformly .in
(& — &, o0)\(a, o0)) UB to a function y which is the unigue solution of (3.1.7)
with p = limyp", 1 =limi", ¢ =limg".

Proof. There exists a subsequence {y"»} of {y"} which converges
uniformly to a function v, dependent — a priori — on {p,}. It is easy
to see that this function is a solution of (3.1.7), where v, 4 and ¢ are the
limits of {y"}, {A"} and {¢"}, respectively. For any other subsequence of
{y™}, say {y™}, which converges uniformly, the limit % is also a solution
of the same equation (3.1.7). From the uniqueness we infer, however,
that % = », and thus there exists a unique limit of all the uniformly con-
vergent subsequences of {y"}. But, for every subsequence {y*»} of {y"}
we can find a subsequence of {y?}, which converges uniformly.

Hence, the whole sequence {y"} converges uniformly and the limit
is the unique solution of (3.1.7). The proof is completed.

Remark 3.1,1. The above theorem gives simultaneously two asser-
tions: 1° the limit of {%"} is a solution, 2° solutions are continuously de-
pendent on A, v, ¢.

3'1.ii.

TemOREM 3.1.2. Suppose (3.1.1) and the condition III of Theorem
3.1.1. Assume, moreover, that & =@ and, that for n =1,2,..., there
exists exactly one solution y" of (3.1.6) and assume that, for every n, A" ful-
Jils the Lipschitz condition with the constant (Nop). If {y"} converges umni-
formly in AFUB, where A = J Afa and the family {¢"} is the family

aeg ¥
n=1,2,...

of equicontinuous functions, then, for each compact pseudo - polyhedron B’ < B,
such that a(B') = a(B), there exist g, v, 2 fulfilling the corresponding con-
ditions H,, Hy and H, respectively and such that y = limy® is o solution of

y(@) =y@), wzAl,

3.1.8
328 y(@) =A@+ [f(t,y(o(t))dt, zeB.

This solution s obviously unmique.
Proof. We omit the details. We can choose uniformly convergent

subsequences of {¢"}, {¢"}, {A"}. Passing to the limits as n — oo we easily
obtain the theorem.

3.2. Continuous dependence on f.

3.2.i. Assumptions. Suppose that a pseudo-polyhedron B c [a, b]
is fixed as well as M, ¢, c2.

Letfe Hy(B, a, b, M, ¢, ¢?), pe H,(B, I(B)) andlet u: BUAZ x Q- R™,
where Q is a subset of R'™ such that [0, 4Md]* = 2, be continuous and
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increasing with respect to the second variable in Q for a fixed first variable
belonging to BUAZ. Suppese, moreover, that u fulfils the following
conditions:

(K;) For every continuous function ¥: [a, b] — [0, 2Md] vanishing
identically on U, there exists a solution % of

u(@) =0, zeAy,
(3.2.1) u(z) = N(m)+f,u'(ta u (tp(t)))dt, zeB,

such that if a function »: BuAf — R™ is continuous and satisfies the
following conditions:

v(e) =0, wedd,

3.2.2 £

( ) (@) < .N(a:)+fy(t, v(p(t))dt, weB,
then

(3.2.3) v(z) <%(x) for wedPUB.

(X;z;) The only solution u of (2.3.1) for N(z) = 0 in [a, b] is identi-
cally equal to zero.

We assume that ye Hy(B, ¢, a, b, M, ¢!, ¢?), 1e Hy(B, ¢*, ¢?). Further-
more, we suppose that a sequence {f"} is such that

(3.2.4) ffeH, (B, M,a,b,c',¢c*), =n=1,2,...,
(3.2.5) (2 2) =" (2, B)| < p(o, l2—2]), n=1,2,..,
2e BUAY, 2,Ze[— Md+o', Md+c2]
and
(3.2.6) f=Llmf" as % — oo (not necessarily uniformly).

Remark 3.2.1. From (3.2.5) and the conditions (K;)-(K;;) we can
eagily deduce that for every # there exists at most one solution of

y(x) = p(a), .'L'eAf,

3.2.7 .
&2 y(@) = A@@)+ [*(t, y (p())dt, @eB.

Moreover, since (3.2.5) (for all #) implies that this type of inequality holds
also for n = oo, i.e. for f = f*® = limf”, the uniqueness property stated
above is true also for (3.2.7), where n is replaced by oc.
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Remark 3.2.2. Some conditions sufficient for (K;) and (Kj;) are
given in Chapter VIIL

3.2.ii. THEOREM 3.2.1. Adwmit all the assumptions of 3.2.i.. If for every
n=1,2,..., co, there exists exactly ome solution y" (n =1,2,..., o) of
(3.2.7) (in virtue of Remark 3.2.1 this is equivalent to saying that there
exists at least one solution), then y = y™ is the umiform limit of {y"}.

Proof. We have for re¢ B

" (%) —y (@) I<flf“( 8, " (@ (1)) — (25 9 (p ()| at
< [ 11t 9" (o 0)) P {ts y (00 |-+
+f|f“(t ¥ (p)) —£{t, (o)) |at

< F™(a)+ f#(tf [y (@ (1) —y ()] a2,

where

@) = [y ()= 1(t v ()| dt,
and thus ’

" (@) —y (@) < N*(@) + [ty |y (9 (0) —9 (o(2))]) a8

where N"(z) = mi.n(ﬁ”(m), max(ﬁl(m), ...,ﬁ”(m))). It is easy to prove
that {N"} is decreasing and tends uniformly to zero. Furthermore,
ly™ (@) —y (x)] = 0 for weAS. Applying (K;), we obtain

(3.2.8) ™ (x) —y(2)| < w*(x) for zeAFUB,

where #"(z) = w"(x) is chosen for N™ according to (K;). Moreover, {u"}
is decreasing and, in virtue of (K;;) and the Arzela theorem, it converges
uniformly to zero. Hence, in virtue of (3.2.8), the sequence {y"} is uni-
formly convergent to y as # — oo, and the proof is finished.

3.2.iii. The case of the umiform convergence of {f"}.

TarorEM 3.2.2, If f, v, 4, @ are as in 3.2.1, {f"} is a sequence of functions
fulfilling (3.2.4) and suoh that: {f} converges uniformly to fin B x [ —Md + ¢,
Ma+ 2%, for each m =1,2, ... there exists at least one solution of (3.2.7)
and, moreover, f is such that there emists at most one solution of (3.2.7) for
N = co (that is, for f* replaced by f), then 1° there exists exactly one solution y
of (8.2.7) for n = oo, 2° every sequence {y®} of arbitrarily chosen solutions
of (3.2.7) for n =1, 2, ..., (athong all the solutions of (3.2.7) for a fized m
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we choose in an arbitrary way a solution y™) is uniformly convergent to the
unique solution y of (352:7 ) for n = oo,

Proof. Let {y"} be a sequence of solutions of (3.2,7) for » =1, 2, ...
Using the Arzela theorem, we can choose a subsequence of i, which
converges uniformly to a function y*. Let {y*} be a such sequence. Pagsing
to the limit as p - oo in (3.2.7) with » replaced by p, we eagily prove by
the classical methods that y* is a solution of (3.2.7) for #» = co. Thus 1°
is proved. The second part of the theorem follows from the uniqueness
of (3.2.7) for n = oo. The reasoning is the same as in the proof of Theorem
3.1.1. The proof is finished.



Chapter IV
SOME SPECIAL QUESTIONS

4.1. Some variational questions in the one - dimensjonal case. We shall
consider here the case of n = 1. Let [a,b] = R, re Ry, M, D, ke N7,
2 = 8(k), d = b—a. Suppose that

(4.1.1) feH,([a,b], M,a,b, —D, D).

Suppose that N, K, L, P belong to K.
We put
Yy ={ply: [a—r,0] > [—Md—D, Md+ D], Iy(a)l< D,
lp(z) —y(E)| < Nla—Z| for w,%e[a—7,al},
s = {p = {p°} for every ae @ ¢*: [a,d] = [a—7,b]N[—K, K]
and |¢°(z)— ¢*(%)|.< L|z—%| for @, Ze [, b1},
Adp = {816: [a,b] > [~D, D], 6(a) =0, |6(x)—d(@)| <Plr—7|
for o, Ze[a, b]}.

Consider the following system:
y@) =y(@), wela—r,a],

(4.1.2) @
y(@) = v(a)+8e)+ [F(t,y(p(0))dt, e [a,d],

where (1}), @, 6)6 ZNKLPg Y’N X ¢K,L X AP'
Agssumption 4.1.1. We assume that, for any (v, ¢, 8)¢ Zygrp, there
exists exactly one solution of (4.1.2). This solution is denoted by y**?.

Remark 4.1.1. Every solution of (4.1.2) (for (v, @, 6)e Zygrp) 18
a Lipschitzian function. In [a, ] it fulfils the Lipschitz condition with
the constant M + P, and in [a —r, ] with the constant N.

Furthermore, we define two sets:

8 = {se R™: there exist (v, ¢, 0)e Zygrp and z¢ [a, b]

such that y*®?(z) = s},
V ={{(y, 9, 8),8) ¢ Zygrp X 8 {we [a, b]: y®*)(z) = s} = B}.
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By ¢ we denote the mapping
(41.3) Vo ((1,0, @, 0), s) —min{ze [a, b]: y¥»*(2) = s}tefa, b].
The value of ¢ in ((y, @, &), s) we denote by &(y, @, 8; s).
Remark 4.1.2. The mapping £ is defined correctly, since
inf{we [a, b]: y**)(2) = s} = min{we [a, b]: y* " (1) = s}.

THEOREM 4._1.1. We assume all the above conditions and use the above
notation. Then, for every fized se S, the mapping

(4.1.4) &t (9, @, 0) > E(v, @, 8; )

18 lower semi- continuous, that is:
if (9"}, {9"}, {67} are uniformly convergent to vy, @, 8, respectively, then
(4.1.5) limint & (v, ¢" 8") > &(y, ¢, 9).

Proof. Let se § be fixed, and let {(y", ?z",na';)} < Zygrp be uniformly
convergent t0 (y, ¢, 6) e Zyzrp. Put y* = y¥"*"", p(s, n) = & (v", ¢", &)
Then:

(41.6) y"(@) =y (), @ela—r,al,

(41.7)  y™(@) = y"(@)+8"(@) + [f(t, 4" (o" ())&, @e[a,b],

x(3,n)
(41.8) 9"(w(s,m)) = s = y"(@)+ " (w(s, )+ [ ft, 9" (¢"(0))a

a
The sequence {z(s,n)} is bounded and thus there exists a subsequence
{@(8, p,)} which converges to a number x(s; {p,})- There exists a sub-
sequence {gq,; of {p,} such that {y%»} converges uniformly (see Remark
4.1.1 and use the Arzela theorem). Let y? be the limit of this sequence
of solutions. In particular, {y%(x(s,q,))} converges to y*((s; {pn})
Pagsing to the limit ag n — oo in (4.1.6)-(4.1.8) (where n is replaced by g,),
'we obtain

¥ (z) = p(@), wela—r,al,

Yy (2) = p(a)+ b(s +ff( v (p(1))dt, e [a, D],

z(8;(Ppl)
Y(a(s; {pa}) =5 = p(@)+oes; )+ [ 1t 9% (p(0)))at

a

and thus, in virtue of the uniqueness, y? = y®*%. Hence x(s; {p,})
= &(y, @, 8; s). This is true for every subsequence of {z(s, n)} (tha,t is, for
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every {r,} such that xz(s,r,) - #(s;{r,}) and thus the proof of (4.1.5)
ig finished.
THEOREM 4.1.2. Let
n: Va((p, @, 8),8) = (v, ¢, 85 8)
& max{ze [a,b]: ¥ () = s}e [a, b].
Then for every se S, the mapping

(4.1.9) 7 (9, @y 6) > 7(v, @, 05 8)
i8 upper semi-continuous.
The proof is analogous to that of Theorem 4.1.1.

TEEOREM 4.1.3. If ¥ c ¥y, @< Pg, 4 c Ap are closed in the
topology of uniform convergence, then for every se S such that

(4.1.10) VxPxdx{s}cV

(this means that, for every (v, @, 6)e ¥ X ® x 4, tZwra exists an ze[a,b)]
such that y'»?%) (») = s) there exists a triple (P, ¢, 8)e ¥ X D x A such that

E(D, 9, 8; 8) = inf{&(y, @, 6; 8): (p, @, 8)e ¥x Px 4}

Proof. The function £, is lower semi- continuous, ¥ x @ x 4 is com-
pact (in the topology of the Oartesian product). Hence there exists (v, ¢, 6)
e X P x A such that

E(Py 3y 8) = E(§, 9, 8; 8) = Inf{&(w, ¢, ) (9, @, 8)e X D x 4}
= in-f{f('l’z @, 0; 8): (v, @, 6)‘ij ® x A}'

THEOREM 4.14. If Y c ¥y, ®c Pgr, Ac dp are closed in the
topology of uniform convergence, then for every se S satisfying (4.1.10)
there ewists (P, g, 8)e ¥ X ® X A such that

1(p, @, 6; 8) = sup{n(y, ¢, 8; 8): (¥, ¢, 8)e ¥ x P x 4}.

The proof is similar to the proof of Theorem 4.1.3.

Remark 4.1.3. One can consider sets ¥, @, 4 containing only one
element each, namely y, ¢ and J, respectively. In this case we can assume
only the continuity of p, ¢ and 8, and not necessarily the Lipschitz con-
ditions. In particular, we have:

THEOREM 4.1.5. Suppose that a; b, v, M, D, k, f, x 1 are as in Theorem
4.1.4. Suppose that v: [a—r, a] — [ —D, D] is continuous. Finally, assume
that, for every pe g 1, there exists exactly one solution y°* of:

y(@) = (@), wxela—r,a],

(4.1.11 @
) y(@) =@+ [F(t,y(p)d, =e[a,b].
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Put
8% = {se B™: there exist pe Og;, and xe [a, b], such that y°(z) = 8},
V" ={(9,8)e g x 8*: {we[a,b]: y°(z) = s} # 0},
£: V*3(p, 5) > min{ze [a, b]: 4°(x) = s}e[a, b].
Under the conditions assumed above, the mapping &r: Pry — [a, b] defined

by the formula &X(p) = E*(g, s) is lower- semi - continuous.

One can state other theorems, analogous to Theorems 4.1.1-4.1.4,
concerning the special case discussed in Theorem 4.1.5.

Remark 4.1.5. The fact that a function (functional) is semi-conti-
nuous i8 typical in the theory of optimal control problems (variational
problems). For details see for example O. Olech [1], [2].

4.2. Existence of periodic solutions.

4.2.i. Notation and assumptions. In this section # is arbitrary. Let
[a, b] =« R™, re R" be such that r < u & b—a; dis as usual ﬁ (b; —a;).
Suppose that M, D, k, f are as in 4.1. Let Le R7. Put =
(421) & ={p = {¢"}ace: ¢*: [a,D] > [a—7,a]U[a, b], ae L},
(4.2.2) PP% = {ply: [a—7,a] > [—D, D], |y(z)—p(F) < Llz—3|

for @, Ze [a—r, al}.

If se R™, |s| < D, then
(4.2.3) YDLs — fye PPL: y(a—r) = s}.
Consider the following system:

y(m) =’P($)7 ze[a—r,al,

4.2.4 z
(24 y(@) = w(a)+ff(t,?/(¢(t)))dt, zela,d].
a

DEFINITION 4.2.1. Let @ < &°, We say that @ fulfils the condition (U)
it for every ye ¥?T and every ¢e @, there exists at most one solution
of (4.2.4).

Remark 4.2.1. If such a solution exists, then it must obviously be
Lipschitzian in [a—7, a]U[a, b].

DEFINITION 4.2.2. Let se¢ R™, |s| < D, and let F be a set of functions
from [a—7, a]U[a, b] into R™ closed in the topolegy of uniform conver-
gence. Finally, let @ be a subset of &°. We say that P satisfies the condition
(Up,) if, for every ype PP+2S, there exists exactly one pair (p,y) such
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that @e @, ye F, and ¥ is a solution of (4.2.4). This pair we denote by
(p[v], y[¥].

Remark 4.2.2. Using the notation of 4.1, we could write y“® in
place of y[v], where ¢ = @[], 0 is a function identically equal to zero.

DrrFINITION 4.2.3. Assume that F and & are as in Definition 4.2,2.
We say that @ fulfils the condition (Uy) if for every ye PP there exists
exactly ome pair (¢, y) = (¢[v], ¥[v]) such that pe P, ye F and y is a
solution of (4.1.4).

DEFINITION 4.2.4. Suppose that se R™, |s] < D.

B(s) 2 {w|u: [a—7r,alVa, b] > RBR™, y(b—r) = s},

(Ua) g (UF(E).S) .

4.2.1i,

THEOREM 4.2.1. Let F be a closed subset of (R™)@~"90 gnd Tet se R™
be such that |8| < D. If @ = @° is compact (in the uniform convergence to-
pology) and fulfils (Ug,), then the mapping

d
(4.2.5) pt PP sy s u(y) = (plpl, y[p])e O X F

<

is continuous, that is [p" — vy wuniformly] = [u(v"™) = u(y) uniformly].
Here, by the convergence of a sequence of pairs we mean of course the con-
vergence of ‘‘coordinates’.

Remark 4.2.3. Replacing ¥25 by WL and (Up,) by (Ugp), we
obtain a modification of Theorem 4.2.1, which is also true.

Proof of Theorem 4.2.1. Let {y"} = ¥P©* be uniformly conver-
gent to v, which obviously belongs to ¥2-4, Put

(4.2.6) (¢" ¥") = (p[¥"], y[¥"]).
We have:

y' (@) = y"(®), wela—r,a],
¥*(@) = y"(@)+ [f(t, v (" @))dt, @ecla,b], " eF, n=1,...

Because of the Arzela theorem, we can choose a subsequence {(¢?», y7»)}
of (4.2.6) uniformly convergent to (¢, y). Passing to the limit as n — oo,
we obtain

y(z) = y(z), wela—r,a], ye I,

y(@) =@+ [f(t,y(p))dt, @ela,d].
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From the uniqueness we obtain (¢,y) = (¢[y], ¥[%]). The reasoning
presented above is good for any other uniformly convergent subsequence
of (4.2.6). Hence, using the classical methods, we obtain as a conclusion:
(¢, y) = lim(¢", 4™) and the proof of the theorem is finished.

4..2Ciii.

THEOREM 4.2.2. Under the previous assumplions on a, b, M, D, L, r, f,
suppose that se B™, |s| < D and that M < L, Md+Lr+|s| < D. Assume,
moreover, that @ = @° is compact and fulfils (U) and (U,). Then, there exists
a pe P20 such that y = y[y], being the second member of the pair (p[v],
y[w]), fulfils the condition

(4.2.7) y(x) =y(z—wu), zelb—r,D]
where, as above, ¥ =b—a.
Proof. Consider the following transformations:
(4.2.8) T,: Rtszg+>z+ueR",
dt
(4.2.9) t: YOI sy s t[y] = y[plo(Ty lara)-

In other words: t[yp](x) = y[vl(z+u), ze[a—1r, a]. In virtue of (U),
the mapping

v: PPL X D5 (y, ) > y*7,

where y*? is the unique solution of (4.2.4), is continuous (see Theorem
3.1.1). Hence also the mapping

px; PhL X O 3(',0; 9’) — yw‘wo(Tul[a—-r,a])

is . continuous.

We have t[y] = v*o (Identity in Y2, pr,ou(yp)) where u is defined
by (4.2.5) and pr, is the projection (g, %) +>y. Thus the mapping ¢ is
continuous.

We shall show now that

(4.2.10) (PP De] « WDk,

Let pe P22 Dbo fixed. We put shortly (@, %) in place of (p[w], ¥ [v]).
We have:

y(@) = p(@), aela—r,al,
y(@) = p(a)+ [f(t, y(p))dt, aela,b]

and
ty](x) =y(@+u), xela—r,al.
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Then, since ¥(b—1r) = s, we have 1[yp](a —r) = s. Moreover, since [p| < D
for @e[a—r,a], the inequality |y(z)|<D holds. Furthermore, y(a)

z
<Ir+lsl, | [ flty(p)at| < Md and thus |y(z)| < Md+Ir+[s| <D

for z e [a, b]; this finally gives |y| < D. Since M < L, the function y fulfils
the Lipschitz condition with the constant L. Hence yo (Tulg_y,q) < ¥22*
and thus te ¥2%4, Thus, the proof of (4.2.10) is finished. The set PP+
is compact and convex. Hence, in virtue of the fixed-point theorem of
Schauder we have a fixed-point of ¢. Thus the proof of the theorem is
completed.

4.2.iv. Assume that 2 = R'™, Using the preceding notation, we put
(4.2.11) P, =[a+pu,b+pul, p =0,1,...
Suppose that ¢ = {¢p"}s.p 15 such that

=] o
(4.2.12) ¢ UPQJ'_)UPJJU[“'—"'ya’];
=0 p=0
(4.2.13) ¢"([a, b]) = [a—7, a]U]a, b],
(4.2.14) " (z+u) =gp(x)+u for every we ) P,.
p=0
We assume that ¢ are continuous and
(4.2.15) AU P,—~ R, is continuous
D=0
and
(4.2.16) Mzdu) = A(z) for axel) Py,
=0
(4.2.17) Ala) =0
and
(4.2.18) i UP,xQ2—>RK" is continuous
D=0

and such that

(4.2.19) flet+u,2) =f(w,2) for (2,2)e D P,x Q.

D=0

We define j’: E"x 2 - R™ in such a way that

(4.2.20) fle,2) =f(z,2) for (z,2)e Lj P,x 2,
p=0

(4.2.21) flw,2) =0 for z¢J P,.

P=0
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We assume that

(4.2.22) p: [a—7,a] - R™ is continuous.
Finally, we assume that the set § of solutions of

(4.2.23) y(@) =@, zela—r,al,

(4224)  y(@) =p(@+i@)+ [f(t,y(e®))dt, zela,b]

is non-empty.

4.2.v. THEOREM 4.2.3. Under the above conditions, the following three
conditions (A}, (B) and (C) are equivalent:

(A) there exists a ocomtinuous function y: [a—r,a]u UP, > R™
p=0
fulfilling (4.2.23) and

(42.25) (o) = p(@+1@) + [t y(p@)@t, weU P,

e »=0

(4.2.26) yle+u) =y(z) for every x,
(B) there exists a y°¢ S such that

(4.2.27) Y (z) =p@+u) for 2elb—r,d],
(C) there exists a y°¢ 8 such that

(4.2.28) p(®) =9 (x—u) for zela—r,al.

Proof. The equivalence of (B) and (O) is trivial (moreover, for every
Ye S, (4.2.27) is equivalent to (4.2.28)).

The implication (A) = (B) is also obvious. We shall prove that (B)
implies (A).

Let 4°¢ S be such that (4.2.27) is satisfied and let % be defined in
[a+u—7r,a+u]UP, by
(4.2.29) Y (z) = ¥ (z —u).
We have

Yy z) =P —u) = py@—u) for zelafu—r,atu]

(in particular, yl(a+4u) = ¥°(a+%—u) = y°(a) = p(a)) and for ze Py,
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E—1

(o) = P (@—u) = pla)+A@—u)+ [ F(t, 9 (p(0))as

—-u

= p(a)+Ae—u)+ [ Flt+u, 9 (p(t+u)—u))ds

T—U

=1p(a,)—|-),(w—q.c)+f f(t+u,y1(gu(t+u)))dt

=yla)+A@)+ [ fls, v (p(s)))ds

atu

Similarly, we define %? in [a+2u—7, a+2u]Up, by ¥3(2) = ¥y (z—u),
and by induction, having y® defined in [a+ pu—7, a+ pu]UP,, we define

y?*(z) = y?(w—u) for zelat+(p+1L)u—r,a-+(p+1)u]UP,,,,
and verify, as for p =1, that
¥ @) = plo—(p+1)u), zelat+(@+1u—r,a+(p+1)u]

and
T

P a) =p@)+i@) + [ f(t, v e))dt, @e P,
at(@+1)u

Putting y = U y?,we obtain the required function y fulfilling the con-
ditions of (A) The proof is completed

Remark 4.2.4. If ¢ is defined in UP only, then we can prove that
(B) 1s equivalent to the existence of a contmuous function 1 J [a—7, a]u
U UP — RE™ fulfilling (4.2.23), (4.2.25)-(4.2.27) with L_)P replaced

p=0 »=0
8

by UP,. If pis defined in (_J P,, then (B) is equivalent to a corresponding

D=0 Pu=—~co
oo

modification of (A): | P, is replaced by | JP,. We shall state separately

p=0 P=—rc0
the following special case of Theorem 4.2.3:

ToeorREM 4.2.4. Suppose that n =1, [a,b] < R, f: [a,b]X R - R,
p: B —~ R are continuous, f(+1u, y) = f(x,y), 9([a, b)) = [a, b], ¢(a) = a,
p(d) = b, pl@+u) = p(x)+u. Suppose, moreover, that for every cel,
where I is a closed interval in R, there exists a continuous function y°:
[a, ] — B fulfilling

(4.2.30) P(@) = o [ £{t, v (o(0))as
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Then the necessary amd sufficient condition of the existence of continuous
periodic solution (with the period u) of (4.2.30) on the whole set {x: z > a}
48 the existence of ¢' e I for which ¥° fulfilling (4.2.30) in [a, b] is such that
Yy (b) = ¢

Using Theorems 4.2.3 and 4.2.4, we can state and prove results on
the existence of periodic solutions, as corollaries of Theorem 4.2,1. Namely,

if A(z) = 0 and all the assumptions of Theorem 4.2.1 are satisfied, then (B)
is fulfilled and (A) holds also.

5 — Dissertationes Mathematicae C



ChapterV
EQUATIONS UNDER THE CARATHEODORY CONDITIONS

5.1. Preliminary remarks. The results concerning the existence and
uniqueness of solutions of integral functional equations in the classical
cases of continunous functions can be extended to & more general case,
where the given functions f are not necessarily continuous, but are such
that the integral operators defined by them map some sets of absolutely
equi-continnous functions into themselves. This is ensured for example
by the Carathéodory conditions (in a certain sense only by the
Crathéodory conditions, see Z. Opial [1]). Thus, one can generalize
the results from the preceding chapters to equations in which functions
f fulfil the Garathéodory conditions; the proofs of such generalizations
are the same as in the classical cases (or very slightly modified). Of
course, in the case of the Carathéodory conditions, we can consider
functional differential equations only almost everywhere (see 0.5).
In the present chapter we give, with all the details, some results on
local and global existence: in section 5.3 we apply the Schauder
fixed - point theorem, as in 1.4; in 5.4 we give some results on global
existence for very general equations, using the method which has been
used (in the one-dimensional case) by G. Sansone [1] and K. Zima [2],
[4] (this method essentially- originates from the papers by L. Tonelli
[1], [2]; for partial hyperbolic equations this idea had been used by R.
Conti [1], G. Arnese [1], L. Castellano [1] and others), and in the last
gection, 5.5, we give theorems on local existence in a general form. The
main results of the last section are, in the case of n = 1, generalizations
of known results; it seems that (for n = 1 also) they have one of the
stronger forms of existence theorems. Notice that, using the methods
of 5.3, we can consider also questions of global existence, as has been
done in Chapter II. We shall omit the details.

We do not consider the uniqueness question separately; we notice
only that on replacing the continuity of f and « in the assumptions of
the uniqueness theorems for the classical cases by the Carathéodory
conditions, we directly obtain the corresponding results for generalized
cases.

The Crathéodory conditions first introduced in C. Carathéodory [1]
(p. 865) for the case of n = 1. All the fundamental results necessary for



V. Equations under the Carathéodory conditions 67

us in the case of # = 1 one can be proved in the same way as the results
for » =1, by using the well-known theorems from the theory of real
functions and Lebesgue integrals.

5.2. Definitions, notation and assumptions.

5.2.i. Carathéodory conditions. 'We shall consider two versions of
the local Carathéodory conditions. Under conditions of the general type
we shall show in 5.3 the local existence of solutions, and under conditions
of a little more restrictive type we shall show in 5.4 and 5.5 the global
existence of solutions for some equations which are generalizations of
the equations considered in the proceeding chapters.

We recall that a function g: R" — RB™ is Lebesgue-integrable (mea-
surable) if, for each ie {1, ..., m}, g; is Lebesgue-integrable (measurable).

DEFINITION 5.2.1. We say that a function f: [a, o) X R? -~ R™ fulfils
the (local) Carathéodory conditions if:

(C,) for every fixed xe[a, oo), the function f(w,-): R? - R™ is
continuous,

(C,) for every fixed yeRP, the function f(-,¥): [a, o0) = R™ is
measurable in [a, oo),

(Cq) for every be [a, oo) and every Me RY, there exists a function

&
Nyt [a,d] - R™, summable in [a, b] and such that [ N, ,(f)dt < oo
and ¢

(5.2.1) |f(@, ) < Ny pe(®)  for  wela,b], yl< M.

We say that f fulfils strong (local) Carathéodory conditions if it fulfils
(C,) and (C,) and

(C¥) for every be[a, oo), there exists a function N,: [a, b] — R",

summable in @, and such that [ N,(t)dt < oo and
(5.2.2) If(@, )] < Ny(e) for ®ela,b], ye R

Remark 5.2.1. If f fulfils global Carathéodory conditions ((II) in
the section 0.4), then obviously f fulfils (C,)-(0,) and (o9).

Remark 5.2.2. Suppose that be(a, o) and consider the set
C =0([a,b], [—M, M]). From (C;) follows:
(C,) for every weC, the function g defined by: g(z) = f(=, u(2)),

X
ze [a, b] is summable in [a, b] and {f f(t, w(t)}dt: we O} is the family of
a
absolutely equi-continuous functions, uniformly bounded.

Z. Opial [1] proved (in the case of » = m = 1) that under the con-
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ditions (C,) and (0,), the condition (C,) is equivalent to (C,); the condi-

tion (C,) was congidered by G. Aquaro [1].
In the sequel we consider p = |k|, where % is a given element of N™,

5.2.ii. Conditions on ¢,y and A. In the section 5.3 we shall assume
that ¢ = {¢p"}s.o fulfils one of the following conditions:
(W) = (W([a, )): a) ¢": [a, o0) > R™ iz continuous, aeQ, b) for

every zela, o), ¢i(2) <@y, acl, ¢) for each ce(a, ), there exists
a be(c, oo) such that b, =e¢; and
(6.2.3) ¢°([a, b]) < [a, D]V (R"\ [a, o0)) for aeg,
(see Definition 2.4.1), or

(V): a) and b’) for every ce [a, oo), there exists & be [a, 6] such that
(5.2.3) holds for every a (see Definition 2.5.2), or

(W'): a), b) and ¢') there exists a be (a, o) such that (5.2.3) holds
for ae 8.

In the whole chapter we agsume that y: Al**) - R™ and i: [a, oo)
— R™ are continuous and such that y|p; = Alz where B = Al**) A [qg, o).

5.3. Local existence of solutions. \

TEEOREM 5.3.1. Suppose that v, @, 2 satisfy the conditions of B5.2.ii,
@ fulfils one of the conditions (W), (V) or (W), f: [a, co) x R™ — R™ fulfils
(Cy4)-(C,). Then there exists o be (a, cc) such that there exvists at least one
solution of

y(@) =y(@), wedl?,
(6.3.1) z
y(@) =A@ + [f{t, (o)) @, ze[a,b].
11

Proof. Let ce(a, o) be chosen according to the condition ¢') if
(W’) is satisfied, or according to the conditions (W) or (V), for a fixed
firstly be(a, oo) in such a way that

(5.3.2) ¢*([a, ¢]) « 4%IU[a, ¢] < [a, c]U (R™ [a, oo)).
Since ¢* are continuous, the set A™°) i3 compact, and thus
(5.3.3) P = sup{jp(2)}: Al < co.

Let M R7 be such that for

(b.3.4) A = max{|A(z)|: e [a,c]}

we have

(5.3.5) P< MA+Mn

Let us denote by Uy, the set
(8.3.6) Onrn(la, c], B™).
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Consider K, »r, 20 chosen according to (C,); we have
If(#, 2)] < K pppp0(@)  for  we[a,el, 2| < M2

(the last inequality means that |e,| < M+ 2] for i =k, ..., Teppr—1).
We now consider two cases.

1° If (W) or (W') are satistied, then we choose b« [a, c]in such a way
that

b
(8.3.7) [ Ko < M,

(5.3.8) b’i = c,:', 'f; = 2, g M,
From (W) and (or) (W’) we obtain
(5.3.9) ¢“([a, b)) = [a, b]U ALY 4 Q.

2° If (V) is satisfied, then we can choose a be [a,c] such that (5.3.7)
and (5.3.9) are satisfied. Hence in both cases we have a point be [a, 0]
for which (6.3.7) and (5.3.9) hold. Put

(5-3.10) V = {’M][a'b]: Ue 0‘31'+;.0}.

Congider the transformation F defined in V ag follows:

(5.3.11) for ocV, (Fo)(a) = A@)+ [f(t, B(p())dt, oela,b],
where ¢

(5.3.12) ;I-J = wIAEPa’b]U’D.

In virtue of the construction of 4, the definition of ¥ is correct. Moreover,

from (5.3.7) we infer that ¥V < V. The set V, being a subset of a linear

normed space of the functions defined in [a, b] with values in R™ for

which |ju| = sup{|u(z)|: ze[a,b]} < co and the norm is given by the

formula |||u|]] = max{|ju|;}, is non-empty, closed in the topology of
i

uniform convergence, convex and bounded. From Remark 5.2.2 follows
the compactness of F'V. Furthermore, F is continuous. Indeed, if {v"}
converges uniformly to o, then " = Tw" converges to w = Tv. The
function w—21 is absolutely continuous and |w— 4| is bounded (by M).
From the Arzcla theorem it follows that for every subsequence {w¥» — 1}
of {w"— A} there exists a subsequence {w% — 1} of {wP»— A} which conver-
ges uniformly to; but the limit is unique for all such subsequences and
is equal to w — 1. Hence {w"— 1} converges uniformly to w- A and then
{w"} converges uniformly to w.
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Using the fixed-point theorem of J. Schauder, we complete the
proof: there exists a fixed point of F, i.e. there exists a ue C([a, b], B™)
such that

w(@) = 2@+ [f{t, A(p@))dt, oe(a,b],

where # is given by (5.3.12). Putting y = pUu, we obtain a solution of
(6.3.1).

5.4. Extension of the methods of L. Tonelli, G. Sansone and K. Zima.
In this section we consider general systems of integral functional equations,
which are generalizations of the types considered by us in the previous
sections. We prove the global existence of solutions of such systems,
using the method of K. Zima [1], [2], with very slight changes and modi-
fications necessary for its adoption for multidimensional cases. Our results
reduce to the result of K. Zima [2] if » = 1 (see also G. Sansone [1]).
The method used here was firstly introduced by L. Tonelli [1], [2] (see
also Coddington, Levinson [1]).

5.4.i. Notation and assumptions. Assume that m, n, p are integers.
Let ¢; ( =1, ..., n) be real numbers or positive infinity (that is ¢; < o0);
we shall shortly write ¢ < oo. Let ae¢ (— oo, ¢) be fixed. We put 4™ = 4,
= (—o0, ¢)\ [a, ¢) (here the closure is usual; negative infinity is not
included). By € we-denote the set-C(( — oo, ¢), B™).

1
Let ze[a,c). We put for u =1, 2, o = (——-(ml—-al), Doyenny mu)
7

. . 1
and if he[z,¢), w(u;h) =8 —(0, hyy ..., hy,) ‘(=(—;(h1—a1), 0,..., 0)).

We shall consider a mapping E: (— oo, ¢) X C — R”. Suppose that

1° Functions y: A* — R™ and A: [a,c¢) -~ R™ are continuous and
}'IA'n[a,c) =Y lA‘n[a.c) .

2° A function f: [a,c) x R? — R™ fulfils (C,), (C,), (C3).

3° For every he [a, c), there exists an h'e [k, ¢) such that

{zela, W], @ =hyy 1 =2,...,n, y, ue c, Y(—o00] = '“’I(—eo,m]}

= E(w,y) eSS E($, u).

This means that for every we[a,h'], #, = hy, y¢C, E(z, y) does not
depend on the values of y in [a, V']\ [a, #].

4° For every yeC, the mapping E(-,y): [a, ¢) — R? is measurable
and finite almost everywhere in every closed subinterval of [a, ¢).
5° If {y"} = C converges uniformly in a subinterval (— oo, h) of
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(— o0, ¢) to a function y°, then almost everywhere in (— oo, b], lim & (@, ¥")
= E(z,9°) as u — oo.

5.4.ii. Definition of the problem and its solutions. We consider the
system

(5.4.1) y(@) =p(@) for wmed®,
(5.4.2) y(@) = A@)+ [flt, B¢, y))dt for me[a,c).

Let b be a point belonging to (4, ¢). By a solution of (5.4.1)-(5.4.2) in
(—oo,b] we mean a continuous function y: (—oo,b] - R™ such that
Y lia,57— 4 l(a,57 18 absolutely continuous, fulfilling (5.4.1) and (5.4.2) in the
interval [a, b].

5.4liii.
THEOREM 5.4.1. Under the assumptions of 5.4., for every be (a, c)
there exists at least one solution of (8.4.1)-(5.4.2) in [a, b].

Proof. Let be (a, ¢) be fixed and let he [b, ¢) be chosen for b according
with 3° Put x(u) = 2 (u; h) and

-

G(p; u)
= [a; (“1+(P+1)% (hy—ay)y by, ...y hn)]\[‘% (al+'§"(hl—al)) hyy «ovy h’n)]

and by G(p; u) the closure of G(p; p) for p =0, ..., 4—1, g =1,2,.:.
Now, for 4 =1,2,... we define

(5.4.3) y*(z) = p(@) for wxed,
(5.4.4) y* (@) = A(z) for @ela, 71,"+(a.1, 0,...,0)],

z—x(#)
(5.48)  y*(@) =A@+ [ f{t, B(t,9")d for weG(p; p),

p=1,..., u—1.

This definition is correct. Indeed, let us consider a fixed u; then: 1° y*
is defined directly by (5.4.3) in 4*; 2° also directly by (5.4.4) we define y*
in [a, *+(ay, 0,...,0)]. 3° If 2 belongs to G(1; u), then the variable ¢
in the integral in (5.4.5) varies in G(0; u) = [a, b*+(4;,0,...,0)] In
which y* is defined; in virtue of the assumption 3° we can consider H(t, ")
as the value of E for te G(0; u), *¢ 0, where ¥* is.an arbitrary extension
of y*, from the closed set A*UG(0; u) onto (— oo, ¢) (such an extension
exists of course). Thus y* is well defined in A* UG (0; p)UG(1; u). 4° Using
the above procedure, we define ¥* step by step in the whole set A*U[a, h].
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Then (5.4.3)-(5.4.5) define the sequence {y*} of functions belonging to C.
We shall show that {y”|,—Alqz} satisfies all the conditions of the
Arzela theorem. We have

h
(5.4.6) " (@)~ (@) < [ Ny(t)dt, we[a,h],

(5.4.7) |(v*(x) — A(@)) —(v*(®) — (0?))|< [ M@, =,ze[a,h]
where
D, (2, %) = {[a, s —x(p)\ [e, T—Z(w)]}v{la, T—F(u) I\ [¢, z—2(4)]},

and thus {y”gn—Al@rt 18 a family of equi-continuous, uniformly
bounded functions; hence (by the Arzela theorem) one can find a sub-
sequence {#%} of this sequence, uniformly convergent in [a, 1] to a func-
tion ¥ eC([a, h], R™). Hence {y%} converges uniformly in (—oo, h] to
P = {F+A)uypel. Put y* = y% By the assumption 5°, limE(z, 7*)
= B(, y°) almost everywhere in [a, h]. Thus f(z, B(x, y*)) tends almost
everywhere in [a, 2] to f(», B(», y%) and, in virtue of the Lebesgue the-
orem on the integration of summable and bounded functions, we obtain

(5.4.8) lim [ f(t, B(t, §*)dt = [ f(t, B(t,y")dt.

On the other hand,

z—z(n)

(5.49) [f{t, B(t,9*)at = f flt, B(t, 9%)) dt + f 1ty B(t, 9*)dt,

where ¢ = ¢(u) = (ml—(w(y))l, @gy enny an). Since #(u) tends to zero as u
tends to infinity, we have

(5.4.10) meh(t) dt -0 as pu— oo.

In virtue of the obvious inequality

(5.4.11) | f ft, B, 5+ at | < f N, (1) at

the relations (5.4.10) and (5.4.9) and (5.4.8) give
T—x(p)

im [ f{t, B@,§")dt = [f(t, Bt y)dt,

and thus #° is a solution of (5.4.1)-(5.4.2) in [a, k] (hence of course also
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in [a, b], because be [a, h]) since the verification of (5.4.1) is trivial in
virtue of (5.4.3). Thus the proof is finished.

5.5. Local existence of solutions of generalized integral functional
equations.

5.5.i. Assumptions. Let a< R* and ¢.= (¢, ..., ¢,)¢ (@, co] be fixed.
Let % be a mapping from (— oo, ¢) x C into R? (see the notation of 5.4.1).
We shall assume on I gome conditions (not necessarily always all of
them) of the following form.

(i) For every we C, the mapping H(-, %): [a, ¢) — R? i measurable
and finite almost everywhere in every finite closed subinterval of [a, ¢)
(formally, here we consider a resfriction of E(-, ), which is a mapping
from ( —oo, ¢) into R?, to the set [a, ¢); for simplicity we omit the sign
of the restriction).

(ii) If {#™} = C converges uniformly in a get § = ( — o, ¢;) X { — 00,6,] X
X (—o00,63]%X  X(—o00,¢,], where ¢; < ¢;, ¢, < oo for i =2,...,n to
49, then lim E(z, v*) = E(x, u?) almost everywhere in &§.

(iii) There exists a ¢, ¢, = a,, ¢; < ¢, ¢; < oo for 4 = 2,...,n, such
that if u,veC, then

(*) ’U"|D(2) = 2 |pg@) D(c) ={we(—o00,0): 2; < Gy 1 =2,...,n}
implies
(**) Bz, u) = B(z,v).

(iv) For every ¢e [a, ¢) such that ¢, = a,, there exists a ¢« [0, ¢),
such that ¢, = ¢, = a,, for which (*) = (**) (see (iii)).

(v) For every be(a, ¢), MeR™ the set B([a, b] x Oy [(— o0, ¢), B™))
is bounded.

(vi) For every be(a, ¢), M< R, the sets E([a, b] x C) and E([a, b] X
X Oy [( — o0, ¢), B™]) are compact.

Suppose that G: [a, ¢) >h — g;, Where g,: C([a, b], B™) - 0([a, o)\
\[a, k), R™) is such that

(vil) it hela,¢) is fixed and {u"} = O([a, h], R™) converges uni-
formly to u°¢ C([a, h], R™), then {g,(«™} converges uniformly to g (%)
and if ueC([a, h], R™) is such that |u| < M, then |g,(u)] < M.

9.5.ii.

TusorEM 5.5.1. Let a and ¢ be as in 5.5.i. Suppose that vy, A fulfil
the condition 1° of 5.4.1i, sup {|y (@)l weA*} < oo (see the notation of 5.4.1),
f satisfies the conditions (C,) - (C,). Assume, moreover, that B: (— oo, €) X C—R?
satisfies (i), (i), (v). Suppose finally that G is such that (vii) is satisfied.
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Then there exists am interval [a, b] < [a, ¢) such that there exists a solution of
y(x) = p(a), {DE-A-*’

y(@) = A@)+ [ f{t, B, 9))dt, we[a,d],
fulfilling the condition "

(5.5.2) y(@) = g(9)(2), e[a, co)\[a,b),
where g, = G(b).

Proof. Let ee(a, c) and M R7 be fixed in such a way that M,+M <M,
where

(5.5.1)

M, = sup{jA@)l: wela €]}, M, = sup{ip(a)|: ed").

Let K = max(|inf |, |sup &|), where B = B([a, b]x Cy[(— o0, ¢), E™]).
For ¢ and K we can find N, g: [a, ¢] = R™ according to (C;). We can now
choose be [a, ¢] such that

b
[N, e (Wdt+30,+M, < M.

We detine
Z: OM[[a, b], R’"] - 0([a, b], R™)

by the following formula:

Z(u)(a) = M@)+ [f{t, B(t,@)dt, =« a,b],

a
where
u(w) = y(x) for w2ed*NE([a, b]xCyl[a,b], B™|),
#(z) = u(z) for wel[a,b],

u(w) = gy(u)(w) for we[a, o)\ [a,Dd).
Tt is easy to see that Z(Cy[[a, b], B™]) = Cx[[a, b], B™], Z is continuous
(in the uniform convergence topology), O, = GM[[_a,, b], B™| is closed,
bounded and convex, and Z(C,,) is compact. Then we can apply the

fixed - point theorem of Schauder and the proof is finished, because any
fixed point of Z gives directly a solution y of (5.5.1) fulfilling (5.5.2).

THEOREM 5.5.2. Let a, ¢ be as in 5.5.1, and let v, A be functions fulfilling
1° of 5.4.1. Assume that f: [a, ¢) x R? — B™ fulfils (C;)-(Cs), B: (— o0, ¢) X
X 0 — R? satisfies (i), (ii), (vi), and G 4s such that, for every he [a, c),
¢, = G(h) satisfies (vii). Then there exists an interval [a,d] < [a, c) for
which there exists a solution y of

y(z) = y(2), w‘E([ayb]XO([ayb]yRm))\(a) 00),
y(@) = Aa)+ [f{t, B(t,y))at, we]e,b],
fulfilling (5.5.2). ’

(5.5.3)



V. Equations under the Carathéodory conditions 75

The proof is similar to the proof of Theorem 5.5.1; we omit the
details.

THEOREM 5.5.3. Suppose that y and 2 fulfil 1° of 5.4 1, f: [a, ¢) X R? - R™
satisfies (C1)-(Cy), E: (—o0,¢) x 0 - R? satzsfzes (1), (i), (i), (vi).

Then there exists an fmter'val [a, b] = [a, o) for which there exists a so-
lution y of

y(@) = p(z), @eB([a, b]x 0([a,b], R™)\ (g, ),
(5.5.4)  y(@) =A@+ [f{t, B@,y))dt, we/[a,b],

y(®) = y(by, ®ay ..., @,) for @, > by, 2, < b; 0t =2,..,n.

Proof. Let ¢ be chosen according with (iii), and let b be fixed in
such a way that b >ay, 6, =b;,1=2,. .., . Put

M, = sup{lA(2)|: we[a, b]},
M, = sup{ly()|: e B([a, bIx C([a, b], B™)

(in virtue of the continuity of 2 and y and the assumption (vi), M, +M < o0),
Let M e R be such that M A+Mq.< M. We can choose a b such that
b, = ¢ for i =2,...,m, bye(ay, b;], for which, putting

M, = sup{lp(2)|: ze E([a, b]x Cp]la, b], ™))},

we have

b
[Ny g(di+ M+ M, < M,
a

for K defined as in the proof of Theorem 5.5.1. In order to complete the
proof (using the fixed-point theorem of Schauder) we apply the reasoning
given in the proof of Theorem 5.5.1; here in place of g,(y)(#) we have
Y(byy Loy ooy By).

THEOREM b.5.4. Suppose that o, A fulfil 1° from 5.4., f satfisfies
(C1)-(Cy), and I satisfies (i), (ii), (iv), (V). Assume, moreover, that sup{hp
weA"'} < oo. Then for every Ce (d, o), ¢, = a,, there ewists a ce[o, c),
¢ > a, such that in the interval [a, ¢]there ewisis a solution of (5.5.4).

We omit the proof of this theorem, since it is similar to the previous
one.

5.5.iii. Remarks.
Remark 5.5.1. Let he(a, ¢) be fixed and let ze[a, oo)\ [a, k). IE
> h, then we put g,(u)(x) = u(h) for ue C([a, k], R™), if there exists
an i such that @, <h;, then we put g,(u)(z) = u(p(z)), where p(z)
= max {[a, h] N [a, x]}. It is easy to see that g defined in the above manner
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fulfils (vii). Hence we are able to state an existence theorem 5.5.1 in a
more concrete form for G(k) = ¢, defined as above. This is not a unique
possibility.

Remark 5.5.2. An example of E fulfilling (i)-(iii) (or (i)-(ii) and
(iv)) is E: (m,y) —y(p(x)), where ¢ satisfies (Y) (or respectively (S~[)).
Hence the results of 2.12 are special cases of the results of the present -
section (in this case, p = |k|).

Remark 5.5.3. It is easy to see that the questions of uniqueness
and prolongations (the last question especially) are in the cases considered
in the present section (generally, without any supplementary assumptions)
incorrect.









































































































