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0. Introduction

In 1946, S. Eilenberg and D. Montgomery [10] made the important
observation that, by using an old theorem of L. Vietoris [41], [1] as a tool,
several results of fixed point theory for singlevalued mappings can be carried
over to the case of multivalued acyclic mappings (i.e. maps for which the
image of every point is an acyclic compact set (e.g. a compact convex set)).
The Lefschetz Fixed Point Theorem for compact ANR’s was extended by
these authors to arbitrary acyclic mappings. As in the singlevalued case, fixed
point theorems for multivalued mappings prove useful in many branches of
mathematics. These theorems are applicable, for instance, in game theory (see
[3], {12])) and more recently also in ordinary differential equations [27] and
optimal control theory [28].

Later, similar generalizations of the Lefschetz Fixed Point Theorem and
of other topological theorems were given by several authors (see [4], [17],
[18] for further references). A class of admissible mappings (see [18])
containing all compositions of acyclic mappings proved to be quite useful.

Constructing a fixed point index theory for multivalued mappings is a
more general problem than obtaining some fixed point results. First results
concerning the fixed point index for multivalued mappings were given in [7]
and [25] where a fixed point index for admissible maps was obtained.
Unfortunately, it is still not known whether this index satisfies the
commutativity property. Therefore it cannot be carried over to arbitrary
ANR’s. Recently, Siegberg and Skordev [38] have proposed an index theory
for acyclic mappings of polyhedra which does satisfy the commutativity
property. Later, by using the results of [38] the index theory was extended to
compact acyclic mappings of complete metric ANR’s (see [39]). Note that the
Siegberg-Skordev method is completely different from those presented by
Calvert and Kucharski. In fact, the method used in [7] and [25] generalizes
Dold’s approach for singlevalued mappings (see [8]), and so it is a
consequence of the Eilenberg—Steenrod axioms for homology. On the other
hand, in [38] the older Lefschetz—O’Neill simplicial methods are used (cf.
[30], see also [14]). It is quite interesting that the simplicial methods are
more convenient for multivalued mappings.

In 1957 B. O’Neill introduced a class of continuous mappings for which
the images of points consist of one or m acyclic components (with m fixed)
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and he proved the Lefschetz fixed point theorem for such mappings from a
vcompact polyhedron into itself. The class of mappings considered by O’Neill
contains in particular the m-valued transformations considered in [32]. In
1978, L. Gorniewicz posed the problem whether O’Neill’s theorem can be
generalized to ANR’s. He also asked whether an index theory can be
constructed for this class of mappings. In the present work we positively
answer these two questions. We introduce a class # of multivalued mappings
which contains finite compositions of acyclic or O’Neill’s mappings. The aim
of this paper is to present a fixed point index teory for 2 and a Nielsen
theory for some maps in 2.
The main results of this work are the following:

1. The fixed point index theory for maps é: X —» X from the class 2
where X is an arbitrary metric ANR-space and & is a map of compact
attraction (see Ch. II for the definitions).

2. The Lefschetz fixed point theorem for a compact attraction map in 2
of an arbitrary metric ANR into itself (Theorem 8.11). This gives an answer
to Problem 9 in [17] and generalizes the result of [15].

3. Using our fixed point index theory we deduce:

— the existence of common fixed points for multivalued semiflows (a
generalization of the result of [19)),

— the existence of nonrepulsive and nonejective fixed points (an extension of
the results of [13] and [20]),

— the Lefschetz theorem for pairs of spaces (an extension of the results
obtained in [S] and [26]).

All the above results are presented in Chapter VIII.

4. In the last chapter of this paper we describe, a Nielsen theory for
some class contained in #. This is a generalization of the results of [23],
[34] and [35].

It remains an open problem whether a Nielsen theory can be
constructed for all O'Neill's mappings. Another open problem is whether the
index described here is equal to the one given in [7] and [25] in the case of
admissible mappings.

Let us remark that some other applications of the fixed point index are
possible, but this will be the subject of another paper. For a more complete
bibliography we recommend [4], [17], [18].

The author is very indebted to Professor L. Gorniewicz for great help
and many valuable discussions.

I. Homology

In this chapter we consider the Cech homology functor with coefficients
in a field F. The general reference for this material is [11]. We make only
a few remarks concerning this subject which will be necessary in the material
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which follows. All spaces considered are assumed to be Hausdorff
topological.

1. Coverings and Cech homology. Let X be a compact space. By Cov X
we denote the family of all open finite coverings of X. Let A < X. The star of
A with respect to a covering a is defined by

St(A,a):={J{Uea: UnA # Q).
The k-th star is defined inductively:

St*(4, a) := St(St* "1 (4, ), a).

One associates with a given covering a an abstract simplicial complex
N (a) called the nerve of a. The vertices of N(a) are the sets A€a. The sets
Ag, Ay, ..., A, form a simplex in N(a) provided 40N A4, Nn...NA, # Q.

If 6 = {Ao, ..., A,} is an n-simplex in N (a) then the support of ¢ is the

set supp o:= {J 4;. Let C,(N(a)) be the complex of oriented chains. Then
i=0
we define the support of a chain ce C, (N (a)) by supp ¢ := | supp o;, where

c= Zk,- o; i1s a nondegenerate representation of ¢ (ie. k; # 0 for each i).

Let a, feCov X and assume that f§ is a refinement of « . Then there is a
simplicial map nf: N(B) » N(a) defined on vertices as follows: because f
refines a, for each vertex w, of N(8) we can find a vertex v, of N(a) such
that supp wy < supp v,; we fix for any vertex w of N(f) such a vertex v of
N(x) and put nf(w):= v. Of course, nf is not unique, but all such maps are
contiguous (see [11]) and therefore they induce the same homomorphism of
homology groups.

The set Cov X is directed with the quasi-order relation:

azpf il a refines f.
The Cech homology groups of X are defined as the inverse limit

H,(X): =‘cﬁﬂx H,(N(a)).

If A is a closed subset of X then every covering & Cov A can be obtained
from a covering aeCov X satisfying U,ed iff U, = AnU,, where Uea.
It is known that

H,(4) = lim H (N @).

Now, we would like to describe H,(A4) using coverings in Cov X only. If B
is a subset of X then by N(a)l; we denote the subcomplex of N(a) which
consists of all simplexes ¢ with supp ¢ = B. We shall prove the following
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1.1. ProrosiTion. H,(A4) = 11?; Hy (N (@)lsia,a)-

Before the proof of 1.1 we need

1.2. LeMMaA. Let a = {Uy, ..., U,} be an open covering of X and let A be
a closed subset of X. Then there exists a finite refinement B = (V,)7., of «
which satisfies the following property for each p=1,2, ..., n:

p
121, If V,, ..., V,e B are such that V. A # Q for each i and (\ V, # @,
A

14
then N V.nA # Q.

i=1
Proof. We will correct the given covering a in a number of steps.

First step: p=2 Let U nd#Q, U;nA#®, U nU,#* @ and

Cy Cy

A A

Fig. 1 Fig.2

If Uy nU, ndA =@ (see Fig. 1), then we define

Uvl:.=U,, Ui:=U,-U;,nU,
(U denotes the closure of U and 0U its boundary).

If U, nU; n34 # @ (see Fig. 2), then we consider the sets

k
C;:={x: xedAnU;and x¢ Y U;}, j=1,2.
i=3

Let W, be an open neighbourhood of C, in X such that W, c U, and
W, nU,; A = @. Define then

UZ:=(U,nInt A)u W,.

Let W, be an open neighbourhood of C, such that W, < U, and W, n U?
=@. We put

Ul:=(U,;nInt A)u W,.
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Now, define
Vii= N UL, .., V= N UG,
i#1 i#k
Vii1:=U n(X=A), ..., Visr:= U n(X = A).
The covering a; = {V}, ..., V3,} is a refinement of a and satisfies 1.2.1 for
p=2

Second step: p=3. Assume that V, nV,nV; £ @, Viea,, ,nA#Q
fori=1,2,3,and V, nV,nV3nA =@ We can repeat the same trick as in
the first step for the sets U; =V, nV, and Uy =V,. f Uy nU; ndA =0
then we put V:=V,, V;:=V, and Vi:=Vy—VinV,nl;. If
U, nU,;N0A # @ then Vi :=(V; nint A)yu W,, V;:=(V, nInt A)u W, and
V3 :=(VanlInt A)u W,. The same correction is done for every triple of sets
Vi, V;, Vi(1 <i <j <1< k). Taking the intersections of such V}, one obtains a
covering a, = [V, V3', ..., Vi1, ..., V3i} which is a refinement of «; and
satisfies 1.2.1 for p < 3. After k—1 such steps we obtain the desired cover-
ing f. =

Proof of 1.1. Let I' denote the family of all coverings which satisfy
1.2.1. Lemma 1.2 states that I' is a cofinal subfamily in Cov X. If aeT" and if
we consider the induced covcering &€Cov A then 1.2.1 ensures that the
simplicial complexes N (@) and N(a)is4,q are simplicially isomorphic.
Therefore H, (N (@) = H, (N (a)ls,4.o)) Hence

H* (4) =<_li_m H* (N(E)) =ﬁ_“‘ H* (N (a)ISl(A,a)) = lim H* (N (a)lsm«i,u))
D g Toux

and the proof is finished. m
In the above the coefficient group was inessential. From now on we
assume that the coefficient group is a field F. A compact set A is acyclic
provided
. 0 for g>0,
H_ (A) =
+(4) {F for ¢ =0.
Denote by H(X) the reduced homology vector space of X (see [11]).

1.3. ProrosiTiON. Let A be a closed acyclic subset of X. Then for every
covering o€ Cov X there exists a refinement BeCov X of a such that the
homomorphism

ng* : Ht (N (ﬂ)ls@(.a,ﬂ))_’ ﬁ* (N (a)lm(A.a))

is a trivial homomorphism of vector spaces.

Proof. We recall that the coefficients are in a field F. Hence H, (N («))
are finite-dimensional graded vector spaces. Since H,(4) = 0, by [29], 11.27.13
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and 1.1 we can find a covering ye Cov X such that the homomorphism

Tin: H. (N ()’)|s:(4.w) I H. (N (a)|Sl(A,a))

is trivial. Let 8 be a star-refinement of y (i.e. for each Bef there is U €y such
that St(B, f) = U). Then

Stz(Av ﬂ) < St (A’ )’)» 755 (N(ﬂ)ISIZ(A,ﬂ)) < N(?)ISI(A,V)-

Therefore nf, = n}, onf, is trivial on H,(N(B) .

Stz(A.ﬂ))'

2. Cech homology with compact carriers. By a pair of spaces (X, X,) we
understand a pair consisting of a Hausdorff topological space and its subset
X,o. A pair of the form (X, @) will be identified with the space X. Let
(X, Xo), (Y, Yy) be two pairs; if X < Yand X, = Y, then we say that (X, X,)
is a subpair of (Y, Y,) and write (X, X,) = (Y, Yo). A pair (X, X,) is called
compact if X is a compact space and X, is a closed subset of X. By a map
[ (X, X,) = (Y, Y,) we understand a continuous map f: X — Y satisfying the
condition f(X,) = Y,. Denote by 7 the category of all pairs. We will denote
by % the full subcategory of % consisting of all compact pairs. By H we
denote the Cech homology functor with coefficients in a field F from the
category ¢ to the category o/ of graded vector spaces over F and linear
maps of degree zero. We recall that the functor H satisfies the Eilenberg—
Steenrod axioms for homology (see [11]).

Let (X, X,) be an arbitrary pair in 4. Denote by .# = {(4,, Aq,)} the
directed set of all compact pairs such that (4., Ag) = (X, X,) for each a,
with the natural quasi-order relation defined by inclusion. If (A4,, Ag,)
< (Ag, Agg) then we shall denote by i,5: (A,, Ags) = (Ag, Agg) the inclusion
map. The family {H,(A,, Aq,), ixpe) is @ direct system in the category o
over .#. We define the graded vector space

H.(X’ XO):_—-li_rn,{ﬁt(Aa) ADa)’ iaﬂ‘}'
Let f: (X, Xo) > (Y, Yy) be a map. Consider the directed sets .#

= {(A,, Aos)} and A& = {(B,, B,,)} for (X, X,) and (Y, Y,), respectively. We
define F: .# — A4 by the formula

F((Ag, Aod) = (f(A,), f(Ao,)) for each (A4,, Ag,)€ A.

For each a, by f;: (A,, Ao = (f(Aa), f(Ao)) We denote the map given by
fa(x) = f(x) for each xe 4,. Then the map F and the family {f,,} is a map of
directed systems {H,(A,, Ao,), ipy} and {H,(B,, By,), i,,,}. We define the
induced linear map by

H(f) =f,:=lmf,.

Then we have f,, = lim f,,, for every q. From the functoriality of lim we
a —
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deduce that H: ¢ — o/ is a covariant functor. The functor H is said to be
the Cech homology functor with compact carriers. We note that if (X, X,) is
a compact pair then the family consisting of the single pair (X, X¢) is a
cofinal subset of .# and hence H, (X, X,) = H, (X, X). The properties of H
follow from the Eilenberg-Steenrod axioms for H and the simple properties

of lim.
—

An arbitrary space X is acyclic (F-acyclic) provided

0 for g>0,

H,(X) = {F for g =0.

II. Multivalued maps

This chapter is devoted to the definitions and basic properties of
multivalued maps which will be considered in the following. The general
references are [2] and [18].

1. Some generalities. Let X, Y be two spaces. We say that #: X - Yis a
multivalued map if for every point x€ X a nonempty subset @(x) of Yis given.
The multivalued map ¥: X - Y is a selector of &: X — Y provided
¥ (x) = P(x) for each xe X. We will indicate it writing ¥ < .

The image of a subset 4 = X under & is the set

d(A4):= | P(x).

xeA

The small counterimage of a subset B < Y under & is

& !(B):={xeX: &(x) = B}

and the big counterimage under & is the set
®*1(B):={xeX: &(x)n B # Q).

A point x€X is a fixed point of & provided xe®(x).

A multivalued map @: X — Y is upper-semicontinuous (us.c.) (resp. lower-
semicontinuous — ls.c.) provided

(i) for each xe X, ®(x) is a compact subset of Y,

(ii) for every open set V — Y the set &~ !(V) is an open subset of
X (resp. #**(V) is open in X).

We say that @ is continuous if it is both us.c. and ls.c.

Now, we list some elementary properties of us.c. and ls.c. maps. The

proofs are omitted since they are well known and can be found for instance
in [2].
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2.1. ProrosiTION. If . X — Y is an u.s.c. map then

2.1.1. The image of any compact set under @ is compact;
2.1.2. The graph Ty:={(x, e X xY: ye®(x)} is a closed subset of
X xY;

2.1.3. The fixed point set of @, Fix @ := {xeX: xe®(x)}, is a closed
subset of X in the case Y=X. =

2.2. PROPOSITION.

2.2.1. The restriction of an us.c. (Isc) map @: X - Y to a subspace
Ac X is an us.c. (ls.c.) map.

2.22. The composition ¥: X - Z of us.c. (Isc) maps &,: X - Y and
®,. Yo Z defined by ¥(x):= ®,(P,(x)) for each xe X is usc. (Ls.c).

2.2.3. The cartesian product ¥: X, xX,— Y, xY, defined by ¥(x, y)
=@, (x) x P, (y) is us.c. (ILs.c).

224, If &, P,: XY are usc. (lsc) then the maps &(x)
=@, (x)uP,(x) and VY (x):= P, (x)n P,(x) are also us.c. (Ls.c.).

2.25. Let E be a topological vector space. If &,, ®,: X - E are
us.c. (Is.c.) then the maps ®(x):= @, (x)+P,(x) and ¥ (x):= k®,(x) are also
us.c. (Isc) (k is an element of the scalar field).

2. Maps of compact attraction. A multivalued map &: X — Yis compact
provided @(X) is a relatively compact subset of Y. Evidently, if #: X - X is a
compact us.c. map then by 2.1.3 the set Fix @ is compact. We say that a
map ®: X =Y is locally compact if for every point xe X there exists a
neighbourhood U of x such that the restriction @|,: U — Y is compact. Let
&. X—> X. Denote by @" the nth iteration of @ defined by P"(x)
=@ (" (x)).

2.3. DEerFINITION. Let @ X =+ X be usc, xeX, Kc X, 4 < X.

23.1. A absorbs K if there is an integer noeN such that ¢"(K) < A4
whenever n = ng.

23.2. A attracts x if for each neighbourhood U of A4 there is ne N such
that ¢"(x) < U.

23.3. A is an attractor for @ if it attracts all points in X.

2.34. A is a stable compact attractor for @ if it is a compact attractor for

& and if A has arbitrarily small neighbourhoods U such that ¢ (U) = U and
the restriction @|,: U —~ U is compact.

23.5. @ is of compact attraction if it has a compact attractor and is
locally compact.

24. Remark. Observe that if @: X = X is an us.c. map of compact
attraction then Fix @ is compact since it is contained in every attractor.

The following fact is of importance (see Prop. 5.6 in [15]):
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2.5. PROPOSITION. Let @: X —» X be an u.s.c. map of compact attraction
and let A be a compact attractor for ®. Then there is an open neighbourhood

U of A in X such that ®(U) is a compact subset of U. u

2.6. CoroLLARY. Under the assumptions of 2.5 there is a stable compact
attractor Ao for @ such that A < A,.

Proof. Put 4,:= Au ®(U), where U is given by 25. =

3. Decompositions of multivalued maps. An usc. map ¢: X — Y is said
to be acyclic provided the set @(x) is acyclic for every xe X. Let us denote
the class of acyclic maps by «/,(X, Y). Let m be a positive integer.

2.7. DeriNITION. A multivalued map @: X — Y is in the class &/,,(X, V)
provided

(i) @ is continuous,

(ii) for each x€ X the set @(x) consists of one or m acyclic components.

Note that ./, (X, Y) c &/y(X, V).

2.8. EXAMPLES.

28.1. Let C be the complex plane. Define a map ¢: C -~ C by ¥(x)
:={z: z" =x]. It is clear that ®e.«,(C, C).

2.8.2. Let p: X — B be a finite covering with B connected. Define the
inverse map ¥Y: B—X by Wb :=p '(h). Since p is a local
homeomorphism, ¥ is a continuous map and thus ¥ e.«/, (B, X), where n is
the number of elements in p~*(b).

2.8.3. Consider the map ¢: [—1, 1] = [—1, 1] defined by

{1, —1} for x =0,

{1, x+1)} for xe[—1, 0),
(b(x):=%
(—1,x—1' for xe(0, 1].

Then @ is us.c. and is 2-point-valued but not ls.c. and hence &
¢./,([—1,1],[—1, 1]). Observe that ¢ has no fixed points.

It is evident that the classes .«/,, are not closed under the operations
mentioned in 2.2. So we shall introduce some broader but more sophisticated
classes.

2.9. DEFINITION. A decomposition (@, ..., #,) of a multivalued map
d: X > Y is a sequence of maps
X=X, hx, 2x, 2, 2Ly, Bx, =y,
where ¢, € &/, (X;_,, X;), ® = ®,0...0®,. One can also say that the map ¢
is determined by the decomposition (@,, ..., @,). The number n is said to be
the length of the decomposition (&, ..., #,). We will denote the class of
decompositions by 7.«/(X, Y).
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2.10. Remark. We will identify the two decompositions

® ® >, o ¢ D,
Xo—r Xi =S Xy Xo— B, (X)) = @, (0, (Xo)) > ... X,,

because they determine the same map @. But we do not identify a decom-
position with the multivalued map it determines. The same map & may be
determined by different decompositions.

2.11. ExampLE. Let f: X — Y be a singlevalued continuous map. It admits
the following decomposition:

¢l: X XX{O, 1}, ¢] (X):= {(x) 0), (x1 1)},
Dy X x{0,1) > X, Dy(x, 1):=f(x).

Here &,e o,(X, X x {0, 1}) and ®,e .o, (X x {0, 1}, X).

2.12. Remark. Elements of the classes ./;(X, Y) can be identified with
decompositions of length one. Therefore .«/;(X, Y)= ¢.&/ (X, Y).

The restriction of (®,, ..., P)eZ.A (X, Y) to a subset A = X and the
composition of (P, ..., P)e v (X,Y) and (¥,,..., ¥)e 7.4 (Y,Z) are
defined in an obvious way. Now we introduce the notion of homotopy in
249X, Y).

2.13. DeFiNrrioN. Two decompositions (@4, ...,P,), (¥,,...,¥Y)e 7. (X, Y)
are homotopic if there exists (@, ..., 0,)e ¥4 (X x[0, 1], Y) such that
O, s Olxxioy =(Py,....P,) and (O, ..., O)x .y, = (¥, ..., V)

2.14. ProrosiTioN. If ®; is homotopic to ¥; in o, (X;_,, X;) for each
i=1,...,n then the decompositions (®,,...,P,) and (¥,,..., ¥, are
homotopic.

Proof. Let H;: X; ; x[0, 1]—> X;e.o/, (X;-, x[0, 1], X;) be a ho-
motopy joining &; and ¥,. Define a map #,: X,., x[0, 11— X, x[0, 1]
by the formula #;(x, t):=(H;(x,t),t). Then (#,,..., #,_,,H,) is a
homotopy joining (®,, ...., ®,) and (¥,, ..., ¥,) (comp. 2.10). =

4. Permissible maps. Let X, Y be two spaces.

2.15. DerINITION. An usc. map @: X — Y is permissible provided it
admits a selector ¥: X - Y which is determined by a decomposition
(¥, -, ez (X, Y). If @ itself is determined by a decomposition
(P, ..., P,) then it is strongly permissible (s-permissible).

We will denote the class of permissible maps from X into Yby 2(X, Y)
and the class of s-permissible maps by s-#(X, Y). An usc. map ¢: X =Y is
admissible if it admits a selector ¥: X — Y which is a composition of acyclic
maps (see [7] and [18]). The following simple examples show that the above
classes are essentially different.
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2.16. EXAMPLES.

2.16.1. The map &: [—1, 1] =[—1, 1] defined in 2.8.3 is an us.c. map
which is not permissible.

2.16.2. Consider the map ¥: [—1,1]—[—1,1] defined by ¥(x)
:= @(x) U {x}, where @ is the map from 2.8.3. Then ¥ is permissible because
it admits the identity map as a selector. But it is not strongly permissible.

216.3. Let §':={zeC: |z| =1}. The map &: S'> §!, &(z):={w: w?
=z}, is s-permissible (it is in the class .«/,(S', $')), but not admissible.

2.17. PROPOSITION.

2.17.1. The composition of two permissible maps @: X »Yand ¥: Y- Z
is permissible.

2.17.2. The product of permissible maps is permissible.

Proof. The first part is evident. We prove 2.17.2. Observe that if
de A, (X,Y) then &Ixided, (X xI, YxI). Let the decomposition
@ ®n .
onl—> X,—z»...—>X,, determine a selector & of #: X,— X, and the
v v ¥ . -
decomposition Yo—l* Y, SN Y, determine a selector ¥ of ¥: Y, - Y,.
Then the decomposition

I3 5 b P ¥ P
Xox Yo'_l’xl X Yoo—z’...ﬁxnx YOW_I’X"X Yl_2’..._X")( Ym’

where &;(x, y) 1= ®;(x) x {y}, P;(x, y):= {x} x ¥;(y), determines a selector of
PxY¥. u

2.18. DerinrTioN. Two permissible maps @, ¥: X — Y are homotopic if
there exists a permissible map @: X x[0, 1] = Y such that €(x, 0) c #(x)
and @(x, 1) c ¥(x) for xe X.

2.19. ProrositioN. If two permissible maps @, ¥: X — Y are homotopic
then they have selectors ¥, ® which are determined by homotopic
decompositions.

Proof. Let ©: X x[0, 1] = Y be a homotopy. Assume that there is a
selector & c @ determined by a decomposition (8, ..., ©,). Then the
restrictions (@4, ...,0,)xx o, anfi (14, ..., O)lx«y, are homotopic and
determine the desired selectors ¥ and &. =

IIl. Chain approximations and index

In this chapter we recall the results obtained in [38] which we will use
in the next chapters.

1. Notation. Let (K,7) be a compact polyhedron with a fixed
triangulation 7. Its nth barycentric subdivision is denoted by t". A subset

U c K is polyhedral provided there is an integer | such that 7' induces a
triangulation of the closure U of U in K.
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Let B= K be a subset. The k-th closed star of B in K 1s defined
recursively by

St'(B,1)=St(B,1):= {ocet: e nB# @},
St“(B, 1):= St(St*" (B, 1), 7).

Simplexes are always assumed to be closed.

Let | be a natural number and F a field. We denote by C, (K, 7) the
oriented chain complex C,(K,t'; F) (see [22]). The carrier of
ceC,(K, 1) (carr ¢) i1s the smallest polyhedral subset X < K such that
ceC, (X, 7). Note that there is a close relation between carr ¢ and supp ¢
defined in Ch.L It will be explained in Ch.V. By b: C (K, 1) = C,(K, 1) we
denote the subdivision chain mapping which maps each chain into its Ith
barycentric subdivision (see [12]). By x: C,(K, t) = C, (K, 1) we denote any
chain mapping which is induced by a simplicial approximation of the map
id: (K, ) =~ (K, 1).

2. Approximation systems. Let ¢: (K, 7) — (L, p) be an u.s.c. multivalued
mapping.

3.1. DermniTioN. Let k,! be natural numbers. A chain mapping
¢: C,(K, ) > C (L, 4" is called an (n, k)-approximation of ¢ provided the
following condition holds: for each simplex o €t' there exists a point y(s)€ K
such that

o < St"(y(0), ),  carr o = St"(®(y(0)), 1)

3.2. DeriNnmioN. A graded set A(P) = |A(P);) v, Where A(P)
< hom(C, (K, v)), C (L, 1)), is called an approximation system (A-system)
for @ provided there is an integer n = n(A) such that

3.21. If pe A(®); then ¢ = @,0b, where ¢, is an (n, jl-approximation
of @;

3.2.2. For every je N there exists j, € N such that for m > | > j, and for
all ¢ =@, 0beA(P), and ¥ = Y, 0be A(P),, the diagram

?:

CelKe ) —T1 >, (L, uh)

V4 V4

Culk,z™) —5—>CulL, ")
1

with m; = |, is homotopy commutative with a chain homotopy D satisfying
the following smallness condition:

3.2.3. For any simplex get™ there exists a point z(6)€K such that

o = St"(z(a), ¥Y),  carr Do < St"(®(z(0)), &).
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3.3. DeFiNiTION. Let @, @,: K — Lbe us.c. maps and let H: K x{0, 1]
— Lbe an us.c. homotopy joining @, and @,. Let A(®,) and A(P,) be A-
systems for @, and &,, respectively. They are H-homotopic provided there is
an integer me N such that the following condition holds:

3.3.1. For every jeN there is j, € N such that for any [ > j, there are ¢
= g,0be A(®,), and ¥ =y, 0be A(®,), such that ¢, ¢,: C,(K, 1)
- C,(L, ') are chain homotopic with an H-small homotopy D, ie.:

3.3.2. For oget' there is a point d(6)eK such that

o < St™(d(s), ), carr Do < St™(H (d(0) x I), i).

34 ProrosiTion. Let &,: K—L, &, LM be usc. maps and let
A(D,), A(D,) be A-systems for ., D,, respectively. Then the graded set A
= {A;}, where

A; = A(¢2)jOA(¢l)j:: {(P = @00, Q’zEA(‘Dz)ja @, eA(¢l)j}
is an A-system for the composition ®,0®d,. m

A simple example of an A-system is the family of all chain mappings
induced by simplicial approximations of a given singlevalued continuous
map (cf. [38]).

3. Index of an A-system. Let U — K be open and polyhedral and let
@: U - K be an us.c. map such that x¢ #(x) for xeoU. Let A(P) be an A-
system for @. Then the index I,(K, @, U)eF is defined as follows:
Let us denote by py: C,(K, ™ —C,(U,7% the natural linear
projection. Let @€ A(P),. Then the “local Lefschetz number”
dim K

Alpyo @)= Z (—1)'tr(pyo o)

i=0

is defined. It has been proved in [38] that for sufficiently large k, the above
element of F is independent of the choice of ¢ e A(P), (k = k,), because all
the approximations are small homotopic (see 3.2.2).

3.5. DeFiNtTION. 1, (K, @, U):= A(pyop) for peA(P), k = ko.

3.6. ProprosITION (Additivity). Let U,, U, be open, disjoint and polyhedral
subsets of U and ®: U — K an u.s.c. mapping such that Fix # c U, v U,. If
A(D) is an A-system for ® then

I,K,®,U)=1,K,®, U)+1,K,®,U,). u

3.7. CoroLrrary (Excision). Let U, = U be open and polyhedral subsets of
K and Fix @ c U,. Then

a

LK, &, Uy =I (K, ® U, n

2 — Dissertationes Mathematicae CCLITI
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3.8. ProrosiTioN (Homotopy invariance). Let H: U x[0, 1] =K be an
u.s.c. homotopy such that x¢ H(x, t) for xedU and te[0, 1]. Let Ay, A, be
H-homotopic A-systems for Hy = H(-,0), H, = H(-, 1), respectively. Then

IAO(K’ Ho, U) =IA1 (K, Hl’ U) s

39. Remark. Because of 3.7 one can define I,(K, @, V), where V is
open and not polyhedral, if ¢: L— K, Vo Lc K, and Lis a subpolyhedron
of K. Then one puts I,(K, @, V):=1,(K, ¢, U) where U < Vis polyhedral
and Fix ®|y = U. '

The above properties remain true for arbitrary open sets. The proofs are
given in [38] only for maps @: K — K, but one easily checks that @ need

not be defined on the whole K.

3.10. ProrositioN (Commutativity). Let W < K be open and let &,: K
—L, &, L—>K be us.c. maps. Assume that x¢ &,0®d,(x) for xeoW and
y¢E D, 0®,(y) for yed(P;'(W)). Assume further that if yeFix &,0®,—
— &, (W) then ®,(y))nFix ®,0P,|y =Q. Then for any A-systems
A, = A(P), A; = A(P,)

IA10A2(£‘9 ¢lo ¢2’ ¢;l(W)) = IAzoAl(K’ ¢20 (bl! W) L]

3.11. ProrosiTiON (Mod-p property). Let F = Z,, p prime. Let W — K be
open and @: K — K an u.s.c. map such that x ¢ ®?(x) for x e éW. Assume that

if yeFix ®"—W then ®*(y) "Fix &7y = Q for k < p. Then
1K, ®, W)=1 ,(K, ¢", W). =
The detailed proofs of the above properties are given in [38].

IV. Chain approximations of decompositions of maps

In this chapter we use nerves of coverings for constructing chain
approximations of decompositions of multivalued maps, defined in Ch.IIL
The approximations will be a basic tool for the definition of an index. The
ideas of proofs are taken from [1], [38], [39]. All spaces considered are
assumed to be compact.

1. Chain approximations of maps in .»7;(X, Y). We will use here the
notation introduced in Ch.I. The symbol =3 will stand for the simplicial map
N(x) > N(f) defined there as well as for the induced map of chain
complexes. Let us prove the following technical lemma:

4.1. LeMMA. Let ®e A, (X, Y), ageCov X, BoeCov Y, neN. There exist
sequences of coverings a;eCov X, p;eCov Y,

Upry 20> .. 2o, oy 2> ... = Fo,
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such that for each simplex se N(x;) there are a point a(s)e X and a covering
Bi_y(9)eCov Y (2 B, ,(s) = B;_,) with the following properties:

4.1.1. supps< St(a(s), o)

4.1.2. ®(St(supp s, a)) = St(P(a(s)), Bi- 1 (5));

4.13. If C;(a(s)) are the components of P(a(s)) then the sets
St2(C;(a(s)), Bi-1(s)) are pairwise disjoint;

4.14. For yeSt(supps,a) and j=1,...,m

®(y) NSt(C;(als)), Bi- 1 () # D

-~

4.1.5. ﬂg:: ;(:’: H* (N (ﬂi-‘ 1 (S))ISIZ(Cj(a(S)),ﬂ[— l(s)))
- H* (N(ﬁi— 1)|Sl(0(a(s)),ﬂi_ 1))

is a zero homomorphism.

Proof. Let n=0. Let xeX. Since every component C; of &(x) is
acyclic, by 1.3 there is f = By(x)eCov Y such that the sets St*(C;, f) are
pairwise disjoint and the homomorphisms

nﬁot ﬁ* (N(BHS[Z(CP,,,)—’ FI* (N(ﬂ0)|51(a>(x).ﬁ0))
are trivial. By the continuity of & there is a neighbourhood ¢, of x such that:
(i) D(¢,) = St(@(x), ),
(i) for each yeC,, ®(y) " SH(C;, f) # D,
(iii) the covering {(,}..x is a refinement of a,.
We choose a finite subcovering {€,.1¥_,. Let «, be a star-refinement of {0,,}.
For a simplex seN(a;) we define a(s):=x; if suppsc ¢, and fo(s)

:= fo(x;). Let B, be a common refinement of all §4(x;). The above procedure
can be continued inductively. »

Such sequences (a;, f;) of coverings as in Lemma 4.1 will be called
squeezing sequences for (@, ay, o).

Recall that the Kronecker index of a O-chain ¢ =) ¢;0; is the sum Y ¢
(see [22]). Let us denote by N'”(a) the n-skeleton of the simplicial complex
N (@).

4.2. DeriNITION. Let a, 8€Cov X, ., feCov Y and let de.o#, (X, Y). A
chain map ¢: C,(N"™(@)— C, (N (B) is called an (x, f)-approximation of
provided

4.2.1. ¢ multiplies the Kronecker index by m;

4.2.2. For each simplex se N (&) there is a point p(s)e X such that

supp s = St(p(s), a), supp ¢s = St(®(p(s)), B);

423. If dim s = 0 then for every component C; = C;(p(s)) of ®(p(s)),
supp ¢s = St(C;, ) # @.
43. THEOREM. Let Pe.o/, (X, Y), acCov X, BeCov Y. For every neN
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there exist a refinement & of o and an (x, f)-approximation ¢: C, (N (&)
- C,(N™(p)) of .

Proof. From 4.1 we obtain a squeezing sequence (o;, ;) with ay =«

and B, = f. Define & :=a,,,. We will construct the desired chain map ¢
inductively.

k =0: Let s, be a vertex of N(&). By 4.1 we obtain a point a(s,)e X. If
the set @(a(so)) is connected then we define ¢gso:=ma, where a is an
arbitrary vertex of N(f,.,) with supp @ < St(®(a(so)), Ba(s0) If ®(a(so))
consists of m components then ¢qs,:=a, + ... +a,, where g, are vertices of
N(B,.1) such that supp a; = St(C;(a(so)), Ba(s0))- So we have defined
©o: Co(N(ap+1) = Co(N(B,+1)) We would like to extend it to 1-chains.

Let s be a 1-simplex in N(&). Then ds =s, —s,. Since a(so) and a(s,)
belong to St(supp s, a,),

@ (a(so))w ®(a(s,)) = St (®(a(s)), Bo_1(5)-

Let @o0s =Y a;,—) b; with a;, b;e Co(N (B,+,)). If ®(a(s)) is connected then
by 4.1.5

Tt (Y (a~b)) = Yoc;,  where c;e Cy (N(B,-1)).
If ®(a(s)) = C) C;(a(s)) then for each pair a;, b;
i=1
supp(a; —b;) = St (C.' (a (S)), Bn-1 (5))
Thus by 4.1.5 we obtain
nﬁ:fi (a;i—h) = 0c;

for some ¢;eC,(N(f,_,) such that supp ¢; = St(Ci(a(s)), Ba-1). Let us
define ¢,s:=) ¢;. Hence we have obtained the following commutative
diagram:

.Bnq-l
I
CO(N(O‘nH)) _%—> Co(N(ﬁnu))—ﬁ"—q’ Co (N (/gn-\))

3 0
Ci(N(ex, )

7 > Cy(N(8,-y)

Therefore a chain map ¢;: C,(N®(a,+;)) = C, (N (B,-,)) is defined (on 0-
chains ¢, ¢:=n@y0).

Now, assume that ¢ ;: C,(N* V(o)) 2 C (N* PV (B,_r+1) s
defined and satisfies conditions 4.2 with « = a,,, and 8 = B,_.+,. As in the
step 0= 1, we will define ¢,: Ci(N(2,+,)) = Co(N(B,-1)- Let se N(a,.,) be
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::jiﬂ(s). From 4.1 we obtain a point a(5) and a

covering B,_,(5). Let ds =) s;; dim s; = k—1. By our inductive assumption
we have points p(s;) such that

Supp s; < St(P(Si), %y_k+1)  SUPP @4, S; = St (‘I’(P(Si)), Bn—k+l)‘
But we also have the following inclusion:

D(p(s)) = St(P(a(s), Bu-i(5))-

a k-simplex and s:==x

Therefore
SUpp @ 05 < Stz (d) (a(s)), ﬂnAk(E))'

Because of our assumption, ¢, _; ds€C,_(N(B,-x+1)) is a cycle. Hence by
4.1.5 there is a chain ce Cy(N (8- )lsqaan.s,- ») Such that

ﬂg"_kﬂ Qy_y 0s = 0c.

n—k
Let us define ¢, s:=c and p(s):= a(5). For chains of lower dimension we
put @, :=mno@,_,. Then ¢, is the desired approximation ¢. =
4.4. DEFINITION. An (a, f)-approximation ¢: C, (N (&) — C, (N (p)) of

the map @ is n-close provided there is a squeezing sequence (x;, B;)!Z4 such

that oy, =a, (i’o =f and ¢= n:g“ofe, where  @: C, (N™ (@)
- C,(N™(B,+,) is an (a,+,, Bn+q)-approximation of @.

4.5. THEOREM. Let de o/ ,(X, Y). For all xeCov X, feCov Y and neN
there is an n-close (&, B)-approximation ¢: C, (N (&) — C,(N™(B)) of ® for
some X =a = a.

Proof. From 4.1 we obtain a squeezing sequence (;, f;) with ay, = 2,
Bo =P8 Let & =a,,,. By 4.3 there are & > & and an (&, B, )-approximation
of &, p: C,(N™(@)—> C,(N(B,+,)) Putting ¢ = ng"“o?p we obtain the
desired n-close (&, f)-approximation of &. =

4.6. DeriniTion. A chain homotopy D: C,((N(@®@)— C,(N(B) is
(P, o, B)-small provided for each simplex se N (%) there exists a point c(s)e X
such that

supp s = St(c(s), @),  supp Ds = St(®(c(d)), B).
Let dec.s/,,(X, Y). Let us prove the following

4.7. ProrosiTION. For every two n-close («, B)-approximations nﬁ"“ o,
" oy of @ with the same squeezing sequences (a;, B)24 the diagram is

'8

CalN @) ———> Ca(N'(Bris) __ s
s Co(N'(8)
C,(N(")(a» —v)__) C*(N(n)( ﬂn-H)) :c;nﬂ

homotopy commutative with a (®, a, f)-small homotopy D.
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Proof. Let s, be a wvertex in N(&@ and let 5,:=m5(s,),

So:=m; ., (so). Since ¢ and ¥ are (,.q, B,+;)-approximations of &, we
have points p(sy), p(50) from 4.2. From 4.1 we obtain a point a(5,). Since

supp so < supp 5o < supp 3o, it follows that p(se), p(So)e St(supp 3o, &, ).
Therefore

@ (p(s0) U p(50)) = St(P(a(So)), Ba(50))-
Since ¢ and Y are approximations of @,
supp @so <= St(®(p(so)), Bu+1).  SUPP ¥so = S{B(P(50), Bus1)-
Therefore
SUPp @So U Supp ¥rso < St2(¢(a(§0)), B ("s'o)).

Moreover, conditions 4.1.3 and 4.14 ensure that if ¢so = Y a; and Y5,
i=1

™a

b; then there are m cycles of the form a;—b; with

i=1

supp(a;—b;) = StZ(C,- (a Go)), B. (50))-
Because of 4.1.5 there is a chain ceC,(N(f,)) such that

supp ¢ = St(®(a(3))), B.) oc = .Zm:l (a;— b)) = @so—Y5,.

We define Dgysq:=c¢ and c¢(sg):=a(5,). The construction of the chain
homotopy  follows  inductively:  Assume  that  D;: C;(N™ (@)
= Civ 1 (N™(Bn-x+1)) are defined for i < k and satisfy the conditions:

B
471 mth goc—ng:iiﬂ ynic =0D;c+D,_, éc;

4.7.2. For each simplex se N (&), dim s = i, there is a point c(s)e X such
that

supp s = St(c(s), a,-;), supp D;s = St(®(c(s), B,-:)-

Let se N(&) be a k-simplex. We consider the simplexes 5:= nfs and

§:= nf"_kﬂ s. From 4.2 we obtain points p(s) and p(5). From 4.1 we have
a(3). They satisfy

p(S), P(E)e St (Supp Ea Ay o+ 1)’ ‘p(P(S) o p(g)) < St ((p (a (‘E))’ ﬂn—k(‘g))'

Therefore

supp "t ! o5 < St2(@(a @), u-i (),
supp mg)* . S < St (& (a(3)), B,y (5))-

Let ds=)s;, dim sij=k—1. By the inductive assumption we obtain
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supp $; < St(c(s;), ,—x+;). Hence c(s;)eSt(supp 3, a,_r+;) and thus
®(c(s;) < St(®(a(3)), Ba-«(3)). Therefore

supp Dy 5; < St(@(c(s;)), Ba-s+1) = S2(@(a (), Bk (3)).
Let us consider the chain
c:= nf,’:fiﬂ (ps—ng:f,:ﬂ Y5—D,_, 0s.
We deduce from the above that
supp ¢ = St (D (a(3)), B.—« (3)).

On the other hand, we have

dc = dnps—Oonyns—0D,_ és = ndps—noyns —aD,_, Os
= npds —mynds—0D,_, s = dD,_, s+ Dy_, d0s—8D,_, 0s = 0.

Therefore by 4.1.5 there exists a chain ¢€C,,, (N (B,-,)) such that é¢ = ¢ and
supp ¢ < St(®(a(3)), B,-i)- We define D, s:=¢ and c(s):= a(3). For i <k we
compose D; with 75" ** . Since 7 can only enlarge supports, the D; satisfy
471 and 4.7.2. In the nth step one obtains a desired (&, a, f)-small
homotopy D. =

4.8. ProrosiTioN. For arbitrary two n-close (a, f)-approximations
o: C.(N®@) = C, (N®(B) and ¢: C (N (@) C,(N™(B) of ® there
exists o' Cov X such that pont: and Yyon are (9, a, B)-small homotopic.

Proofl. Let ¢ =1r£”“o<p1 and ¢ =n§"“o¢l. There exist common
refinements: & of &, &, 0+, &,.,, and B of B,.., B,~1. We construct an
(@, P)-approximation ¢: C, (N («))— C,(N"(B)) of & using 4.3. From 4.7
we deduce that ponZ is small homotopic to nfog with a homotopy D,
Yong is small homotopic to nf 0g with a homotopy D,. Therefore D, + D,
is a small homotopy joining ¢onZ and Yyoni. =

49. Remark. Note that the only place where the continuity of the map
¢ is important is the proof of 4.1.3 and 4.14. If @ is an acyclic map then we
can assume it to be us.c. only (cf. [38]).

2. Chain approximations of decompositions of maps.

4.10. LEMMA. Let &,: X, - X,, ®,: X, = X, be usc. maps, X, X5, X,
compact spaces and a € Cov X, yeCov X;. There exists f€Cov X, such that
for each ye X, there is a point u(y)€ X, such that

yeSt(u(y), a),  @,(St3(®, (), B)) = St(® 00, (u(y), 7).

Proof. The set St (@509, (»), 7) is a neighbourhood of the compact set
$,00,(y) in X;. Thus for every xe®,(y) there exists a covering
B(x)eCov X, such that @,(St(x, B(x))) = St(®,0®,(y), 7). So the set
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U:={) ISt(x, B(x)): xe®,(y)} is a neighbourhood of &,(y) such that
®,(U) = St(¢,0@,(y), y). Since @,(y) is a compact set, there is
B(yyeCov X, such that St*(®,(y), f(y)) = U. Hence

D, (St* (2, (»), B)) = St(D,0 D, (), 7).

Now, it is sufficient to show that there is feCov X, such that for every
yeX, there is u(y)e X, such that

yeSt(u(y), a),  St3(P,(y), B) = St* (&, (u(y), B(u(»)).

Suppose on the contrary that for every feCov X, there is y;€ X, such that
for each zeSt(y;, a)

4.10.1. St2(®, (y,), B) & S (P, (2). B(2).

We can assume that the net |y;} converges to y,, because X is compact.
The set St(®, (yo), Bl)o)) is a neighbourhood of @, (y,) in X,. Since @, is
usc., there is a covering ao > a such that @, (St(y,, o)) = St(®, (yo), B(¥o))-
There exists 8, €Cov X, such that, for every § > B, yg€St(yo. 2p), and
consequently

D, (yp) = St(Py (vo), B(vo))-

Hence
St2(d, (yp), B) < St (D, (o), B(¥o))

and yo€St(yg, ag) = St(yz, ®). We have arrived at a contradiction with
410.1. u

4.11. DerFiNiTioN. Let (@4, ..., ®)e 79 (Xo, X)), Pie oy (Xi-y, X)).
Leta, ae Cov X,, B, e Cov X,. A chain map ¢: C,(N™(&@)— C,(N™(B))
is an (a, f)-approximation of (®,, ..., #,) provided

4.11.1. ¢ multiplies the Kronecker index by m =m,...m,;

4.11.2. For each simplex se N (&) there is a point p(s)e X, and re N such
that

supp s = St"(p(s), ), supp ¢s < St’((b(p(s)), ﬁ),

where @ is the map determined by (P, ..., ®,).

4.12. ProposiTION. Let @,e24(X,, X,), ®,€624(X,, X3). Let the
coverings acCov X, and yeCov X5 be given. There is a covering
peCov X, such that if ¢: C,(N”@)—C,(N"B) is an (a,p)-
approximation of @, and Y: C,(N"(B)—>C (N®() is a (B,v)-
approximation of @, then yoe is an (a, y)-approximation of
P,00,e24(X,, X;).

Proof. 4.11.1 is evident. We prove 4.11.2. For simplicity we assume that
ry=ry=1.Let feCov X, be obtained from 4.10. If ¢ is an (a, f)-
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approximation of &,, then for each simplex se N (&) there is a point p(s)e X,
such that

supp s < St(p(s), @), supp ¢sc< St(d51 (p(9), ﬁ).
From 4.10 we obtain a point u =u(p(s))€ X, such that

p)ESt(u, @),  B,(St2 (@, (p(s)), B)) = St(®; 09, (u), ).
Therefore supp s < St*(u, a).
Let @s = Y a;s;. For every s; there is p(s)e X, such that

supp s; = St(p(s,), B),  supp ¥s; = St(®,(p(s)), 7)-

Hence

pls)eSt? (@, (p(s)), B).
supp ¥s; < St (tbz (St2(p(s), B)), y) < St?(P,0 P, (u), ).
Since Yos = Y ays;, we obtain
supp s = St¥(u, @),  supp Yos < St* (P, 0P, (u), 7).

The proof is finished. =

4.13. CoroLLARY. Let (®,,...,P)eZ A (Xy, Xy). Let oeCov X,
BeCov X,, neN. Then there exists an (x, B)-aproximation ¢: C,(N" (&)
= C,(N™(B)) of (P, ..., ®;) which is a composition of chain approximations
of the ¥;.

Proof. The proof proceeds by induction on the length k. For k = 1 the
assertion follows from 4.3, and 4.12 is used in the inductive step. m

4.14. ProrosiTioN. Compositions of small homotopic and sufficiently fine
chain approximations are also small homotopic.

Proof Let ¢, e 24 (X,, X,), ¢, D4 (X,, X3) and let a, deCov X,
B, BeCov X,, yeCov X,. Assume that the following diagram is given:

@) —P s ¢, (v @) — T ¢, (v )
id 1 id o id

q(N‘"’(o‘c))—»C.(N‘"’<ﬁ))—¢—>6.(N‘"’(7>)

1 2

where I is homotopy commutative with a (®,, a, f)-small homotopy D,
and II is homotopy commutative with a (&,, §, y)-small homotopy D,
(cf. 4.6). Let the covering # be fine enough to satisfy 4.10. We prove that
D:=y,D,+D,p, is a chain homotopy joining ¢, ¢, and ¥, ¥, and that it
is (@, a, y)-small, where ® = @,09,.
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Let se N™ (%) be a simplex. Then
Yol S— Q2018 =YY S 015+Y20,5- 0,05
=y,(0D,s+D,; 0s)+ D, ¢, s+D, 0, s
=&Yy, D,s+D,,8)+(y, D, + D, ¢p,)0ds.

Therefore D is a chain homotopy. Now, we check the smallness condition.
From 4.6 we obtain a point ¢(s)€ X, such that

supp s = St(c(s), @),  supp Dy s < St(®, (c(s)), B)-
By 4.10 we find a point u = u(c(s))€ X, such that
c(s)€St(u, @),  @,(St* (P, (c()), B)) = St(P, 09, (), ).

Thus supp s < St?(u, a). We show that supp Ds < St*(&,0 &, (u), y). But
supp Ds = supp ¥, Dy susupp D, ¢, 5. Let Dy s =) a;s;. For each s; there is
p(s;)e X, such that

supp s; < St(p(si), B),  supp ¥, 5; = St(®,(p(s)), 7).
Hence p(s) eSt* (@, (c(s)), B) and
Supp ¥ 5; < St(®, St?(®, (c(s)), B), 7) = S*($, 0P, (u), 7).
Therefore

supp ¥, Dy s =) supp ¢, 5, < St2(¢20¢1(u), 7).

Note that supp ¢, s < supp D, s. Let ¢; s = ) b;s;. By 4.6 for each s;€ N (f)
there is a point c(s;) € X, such that

supp s; = St(c(s), B), sup D,s; = St(®,(c(s)), 7).
But we note that c(s;e St*(®, (c(s)), B), and consequently
supp D, s; < St2($, 0P, (u), 7).
Therefore

supp D, ¢y 5 = U supp D, 5; < St* (@, 00, (1), 7)
J

and our proof is finished. w

V. Index of decompositions for compact polyhedra

In this chapter we use the previous results to construct a fixed point
index theory on compact polyhedra.

1. The induced homology homomorphism. Let X and Y be two compact
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spaces. Let (¥y,..., P )ev (X, Y) Then each chain approximation
¢: C,(N™(a)) = C,(N™(B) of (¥,, ..., ¥,) induces a homomorphism

¢y Hy (N () = H (N™(B)).

Assume that the chain approximations considered are compositions of n-
close approximations of the &;. From 4.8 and 4.14 we deduce that for
sufficiently fine coverings «, f§ the diagram

Hy V(&) — 2 1, (N B)
5 F
”in xﬁ'{—

H,(N‘"’(&))T»H.(N‘“’( A)
*

commutes, where & > a > o, f > B > f and ¢, ¥ are («, f)-approximations of
(P4, -.., ®). Therefore one can define the induced homomorphism

(D, ey Pyt Ho (X)) H (Y)
by the formula
51. (P4, ..., By :=lim (Quqt Hy(N? () — Hq(N(")(ﬂ))}

for ¢ < n. This homomorphism is nontrivial in the sense of O’Neill (see [31]),
ie. it is a nonzero homomorphism of the O-th homology vector spaces.

Let (X, A) and (Y, B) be compact pairs and let ¢ be a map determined
by (@, ..., ®)e 7 (X, Y) such that $(4) < B. Let acCov X and feCov Y
be such that @(St?(4, ) < St(B, f). Let feCov Y be a star-refinement of
. Consider a chain map ¢: C,(N"(@)— C,(N"(f)) which is an (x, f)-
approximation of (@4, ..., ®,).

If a chain ceC,(N™(&) is such that suppc cSt(4,a) then
supp ¢c < St>(B, ) = St(B, f). This follows from 4.11.2 (without loss of
generality we can assume that ¢ satisfies 4.11.2 with r = 1). Therefore @
= ngogo is a chain map of the relative chain complexes:

p: Co(N™(@), N @lsuam) = Cx (N (B), N (Blsia.g)-

Now, a formula similar to 5.1 gives the definition of the relative induced
homomorphism (cf. [11]):

52 (D, ..., D, H (X, A)—H,(Y, B).

Let (X, A),(Y, B) be arbitrary pairs. If & is determined by
(P, ..., P)eZA (X, Y) then by 2.1.1 the image @(C) of any compact set
C < X is a compact subset of Y. Assume that ¢(4) = B. Then the procedure

given in Section 2 of Chapter I can be applied. Therefore we obtain the
induced homology homomorphism (@, ..., ®,),: H,(X, 4A)— H,(Y, B),
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where H is the Cech homology functor with compact carriers and coefficients
in the field F.

2. Induced A-systems. Let (K, 1) be a polyhedron with a fixed
triangulation 1. The covering associated with the triangulation 17 is (1)
:= fst(t;, 1) := Int St(r;. )], where v; are vertices of t. There are simplicial
maps 0: (K, 1) = N(x(t)) and 4i: N(x(1)) = (K, 1) defined on vertices by
O(v):=st(v,7) and A(st(v,7)):=v. These maps define the canonical
simplicial isomorphism between the complexes (K, 1) and N («(t)). Moreover,
carr s < supp 0s and supp ¢ c St(carr g, a(7)).

Let (@4, ...,P)eLA(K,L). Let t be a triangulation of K
and p a triangulation of L. We define 4;(®,, ..., ®,) to be the set of
chain maps ¢: C,(K,v)—>C,(L ) which are of the form ¢
=Ao0@0...0¢0,000b, where b is the standard subdivision map (cf. Ch. III),
4 and 0 are induced by the above-named isomorphism for p/, 1/ respectively,
and ¢; are n-close chain approximations of &;; n = dim K.

5.3. ProposITION. The graded set {A;(®,, ..., D))}, is an A-system for the
map & determined by (®,, ..., D).

Proof. For 4.5 and 4.13 we deduce that the sets 4;(®,, ..., ;) are
nonempty for arbitrarily large j. Condition 3.2.2 follows from 4.8 and 4.14. =

5.4. DerFinrrioN. The above A-system is said to be an induced A-system
of the decomposition (@,, ..., ;). We denote it by 4, (P, ..., D).

Since every element ¢ of A;(®,,...,d,) induces a homology
homomorphism, using 3.2.2 we obtain the induced homomorphism,
(Ae(@y, ..., D))y H (K)— H,(L). A straightforward consequence of defini-
tions is given by

5.5. ProrostTioN. If X and Y are compact polyhedra and (@, ..., @)
€EYA(X,Y) then

(@yy ooy D)y =(Ag(Py, ..., D))y w

3. A fixed point index. Let X be a compact polyhedron and let @ be a
map determined by a decomposition (@, ..., ®,)e 77 (X, X). Let U be an
open subset of X such that x¢ @ (x) for xe AU.

5.6. DeriniTION. We define the fixed point index i(X, (P, ..., ®), U) of
(P, ..., &) with respect to U by

i(X, (@1, ... D), U)i= Ly (a,,..0p(X, @, U).

5.7. ProrosITION. Definition 5.6 does not depend on the triangulation
T of X.

Proof. Let A,(®,,...,¥) and A, (P, ..., #,) be constructed for
triangulations t and 14, respectively. Given je N there is an integer j, such
that a(th) > a(t)). Let

y: C, (N (a(zd))) = Cy (N (a(h)))
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be an approximation of ¢ such that
iloyobBobe A; (Py, ..., D).
Let | be an integer such that «(7) > a(tg’), We define a chain map
0 Co(NO(a(e)  Co (N®(a (o))

by the formula
i1 .
a(tg ) a(t’)
=7, oyom i .
4 a(z)) w ,(,01)

It is also an approximation of ¢ and
Aogolobe Aj(Dy, ..., Py).

Note that the only difference between ¢ and ¢ is in the natural maps =.
Therefore one easily verifies that A, and /T* have the same index (cf. {38]). =

5.8. LeMMA. Let H: X xI — Ye o (X xI, Y) be a homotopy (I =[0, 1))
Then for every pair acCov X and feCov Y there are (a, B)-approximations
@o of Hy and ¢, of H, which are chain homotopic with an (H, a, fi}-small
homotopy D (see 3.3.2).

Proof. For every xe X there is a neighbourhood ¢, = X of x such that
H(C,xI) = St(H({x} xI). B). We can assume that the covering {(,!..x
is a refinement of a. Let {¢'.})f-, be a finite subcovering of {¢}. Let &
be a star-refinement of {(‘"x,-}- Now, we consider a covering y of X xI,
y:={UxI, Uea}. There exists a (y, f)-approximation of H,
y: C (N"*D(H)) > C,(N"*D(B)). We can assume that § consists of sets of
the form U x Vwhere U « X and V < I. Then N(5) = N(& x N(n), where &
={U}, #={V} and 7= {UxV}. We can also assume that the complex
N(n) is 1-dimensional. Let us define, for i =0, 1, ¢;:= Y|yg g, Where I
are such that ie V. Obviously N (@) x {V;} ~ N(&@) and one easily verifies that
the ¢; are (a, f)-approximations of H;, i =0, 1.

Let se N(& be a simplex and consider the chain s x1 = ) s; where s; are
simplexes of N (7). We define Ds:= (s xI). Since ¥ is an approximation of
H, for each s; there is a point p(s;)e X xI such that

supp s; = St(p(s), y),  supp ¥s; = St(H(p(s)), B).
Since & > &, there is a set ¢, such that St(supp s, @) = 0,,. Therefore
H(St(supp s, & xI) = St(H ({x;} x 1), B).
Let p(s;) = (p;. t;). Then p;eSt(supp s, &) and hence

supp ¥s; = St(H ({x;} x 1), p).
We put d(s):= x; (see 3.3.2) and the proof is complete. =
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59. ProrosiTioN. Let X and Y be compact polyhedra and let
(P, ... D) (Py. ... YIe s A (X, V) be homoropic. If H: X xI > Y is the
map determined by the joining homotopy then the induced A-systems
A @y, ..., ¥) and A (¥,, ..., V,) are H-homotopic (see 3.3).

Proof. Without loss of generality we can assume that &, =¥, ...,
&, =Y, and &, is homotopic to ¥, in ./, (X, X,). By 58 there are
arbitrarily fine approximations of ¢, and ¥, which are h,-small homotopic
(where H is determined by (h,, ..., #)). We obtain the desired H-small
homotopic approximations of (&,, ..., ¥,) and (¥,, ..., ¥,) by composing
those from 5.8 with the approximations of the maps h,, ..., h;. =

5.10. THEOREM. The fixed point index satisfies the following properties:

5.10.1. Additivity. Let & be determined by the decomposition
(P, ..., D)e 24 (X, X), where X is a compact polyhedron. Assume that U,
and U, are open disjoint subsets of an open set Uc X and
Fix §|g c U, u U,. Then

i(X, (@, ..., B, U)=i(X, (D, ..., B, U)+i(X, @y, ..., B, Uy).

5.10.2. Homotopy invariance. Let (®,,...,®P,) and (¥,,..., ¥,) be
homotopic and let the map H: X x{[0, 1] — Y determined by the homotopy
satisfy x¢ H(x, t) for xe dU and te[0, 1]. Then

(X, (P, .., ) U)=i(X,(Py. ..., PO U).

5.10.3. Normalization. If (®,, ..., ®)e ¥/ (X, X) and

l(¢1, vy d)k)* = Z(—l}llr((q’l, PRI (pk)*)j
then
i(X, (D, ..., D), X) =4SPy, ..., DY),

5.104. Commutativity. Let X,Y be compact polyhedra and
bPec2A(X,Y), YePAd(Y, X). Denote by the same letters the maps
determined by @ and ¥. Let W be an open subset of X such thar x¢ ¥ o ®(x)
for xe W, y¢do W (y) for yeé(¥ 1 (W)) and

Y(Fix oV — ¥ ' (W))nFix Yod|y = Q.
Then
i(X,¥Yo®, W)=i(Y, o ¥, ¥ 1 (W)).

5.10.5. Mod-p property. Let F =Z,, p prime. Let ®e ./ (X, X) and
denote by the same letter the map determined by ®. Let W < X be open and
assume that x¢ ®P(x) for xe W and

*(Fix @? — W) Fix %y = Q@  for k < p.
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Then
(X, o, W)=i(X, &*, W).

Proof. 5101 is an immediate consequence of 3.6 (see 3.9). The
homotopy invariance follows from 3.8 and 5.9. The normalization property is
a consequence of 5.5 and the Hopf Trace Theorem (see [6] or [9]). The last
two properties follow from 3.10 and 3.11, respectively. m

VL. Index of decompositions for tompact ANR’s

In this chapter we extend the index theory to the case of compact ANR’s.
We try to do it in a way similar, as far as possible, to the one in [6].

1. Preliminaries. Let X and Y be two spaces. We say that the space X e-
dominates Y provided there are continuous mappings r: X - Yand s: Y- X
such that ros: Y— Yis e-homotopic to the identity map, i.e. there is a map
H: YxI- Y such that H(x, 0) =ros(x), H(x, 1) = x and diam(H ({x} x I))
< ¢ for each xe X. The following well-known fact will be a crucial tool for
this chapter.

6.1. Tueorem ([6], p41). Given X, a compact metric ANR, and € > 0,
there exists a compact polyhedron P which e-dominates X. a

Let d: X x X — R be a metric in X and let A, B = X. We will denote the
distance between 4 and B by d(A, B).

6.2. LEMMA. Let A be a closed subset of a compact metric space X. Let
@: X - X be an us.c. mapping without fixed points in A. There exists &
=&(P, A) > 0 such thar

if d(x,A)<d then d(x, d(x))>$.

Proof. Because of 2.2.2 and 2.2.3 the mapping do(®, idy): X =R is
us.c. Since A is compact, the set do(®, idy)(A) = (0, oo) is compact, hence
contained in some interval [a, b], where a, b > 0. Let

Vi=[do(®, idy] ! ((a/2, 2b)).
Then A < V and Vis open in X. We define §:=min {a/2, d(4, X—V)}. =

Let us introduce the following useful notion. If 4 is a subset of a metric
space X then the e-neighbourhood O,(A) of A is the set O,(A)
= {xe X: d(x, A) <¢).

6.3. ProposiTION. Let U be an open subset of a compact ANR X and let
®: X - X be an us.c. map such that Fix @ ¢U = Q. If ¢ < §(P, dU) and
the poiyhedron P e-dominates X with maps v: P— X and s: X = P then the
map ¥ =so®or: P— P has no fixed points in 0(f ' (U)).

Proof. Suppose yed(r~!(U)) is such that ye¥(y). Then r(y)ero ¥(y).
By the definition of e-domination we obtain ro¥(y) < O,(®or(y)) and
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hence d(r(y), o r(y))< ¢ But yed(r~'(U)) implies that r(y)edU, so
d(r(y), Por(y) > (¢, dU) > ¢

and we have arrived at a contradiction. =

The following is a metric version of 4.10.

6.4. LEMMA. Let X, X,, Xy be compact metric spaces, ;. X, = X, and
®,: X, = X5 usc. maps, and ¢y > 0. There exists ¢ >0 such that for every
point ye X, there is a point u(y)e X, such that

ve 0, (u(y), @:(0(®,() < 0,,(P,0 P, (u(y)). »

6.5. LemMA. Let X, X, be two compact metric spaces and let ®,: X,
- X, and @, X, » X, be us.c. maps. Then for each ¢ > 0 there is ¢4 > 0
such that for n€(0, &o) and us.c. maps @,,: X; - X,, &,,: X, > X, with
P,,(x) < 0,(P;(x)) we have

Fix @,,08,,  0,(Fix ¢,0,). =

We omit the proof of 6.5 since it is an easy exercise. The following
lemma is also elementary.

6.6. LEMMA. Let U be an open subset of a metric space Z and let C  Z
be such that CnU = Q. For 6 <d(C, U) and a continuous singlevalued map
fi Z - Z such that d(x, f(x)) <& we have f " "(U)nC =Q. a

2. Index in &.o/(X, X). In this section we will denote with the same
letter a decomposition ¢ € 7.o/(X, X) and the map ¢: X — X it determines.
Usually the assumptions are for the map, but the index is defined for
decompositions.

Let X be a compact metric ANR and @€ &.o/(X, X). Let U be an open
subset of X such that Fix ® noU = Q.

6.7. DeriNiTION. Let ¢ <}6(®, dU). Let P be a finite polyhedron
e-dominating X with maps r: P — X and s: X — P. We define the fixed point
index of the decomposition @ with respect to U by

(X, o, U):=i(P, P, r ' (U)),

where ¥ =so@or.

Lemma 6.3 ensures that the right side is defined.

6.8. ProrosiTiON. Definition 6.7 does not depend on the choice of an e-
domination.

Proof. Let ¢,,&, <46(®, oU) and let r;: P, > X, 5;: X = P; be such
that r,0s; is g-homotopic to idy, i =1, 2. We shall prove that

i(Pl,SIO¢Or1,r1_l(U))=i(P2, SZOCDOI‘Z, r;l(U))

in four steps.
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6.8.1. i(P,,s,0®0r,, r; (U))=i(Py, T, r; ' (U)),
where T:=s,or,0s,o@or,0s,0r,.

Let H: X xI - X be an g,-homotopy with H(x, 0) = x and H(x, 1)
=r, 05, (x). Consider the composition

PyxIBXx <1 x 152 > x x1%x 2P,

where r), =(r,,id), H' =(H,id), & =(&,id). In order to apply the
homotopy property 5.10.2 we have to show that for each t€[0, 1] the map

IP:=520H,O¢OH,O"2: Pz —’Pz
has no fixed points in the set é(r;'(U)). Note that d(r;'(U)) < r3 ' (@U).
Actually, we will prove that y¢ ¥(y) for ye X such that d(r,(y), 2U)

< 30(®, 0U). First, note that if xedU is such that d(r,(y), oU) =d(r,(y), x)
then

d(H,or,(y), 8U) < d(H,or,(y), x) < d(H,ory(y), ra(n)+d(r,(y), x)
<& +56(@, V) <35(P, V).
From 6.2 we obtain d(®oH,or,(y), H,or,(y)) > (P, éU). Since
d(Hory(y), r2(y)) < &, <46(®, 3U),

we have d(®cH,or,(y), r,(y)) > 36(P, dU). For every ze PoH,or,(y) we
have

d(H,(2), z) <&, <§6(®, oU)

and therefore
(%) d(H,(2), r,(y)) > 36(®, oU).
Now, suppose that for some y such that d(r,(y), dU) < 8(®, dU) we have
yeW(y). Then ry(y)er, o0 ¥(y). But for each zedoH,or,(y) we have
(%) d{r,0s,0H,(2), H,(2)) <&, <33(®, 0U).
Now (xx) together with (x) imply that

d(r,05,0 H,(2), r;(y)) > $6(®, 0U) > 0.

Therefore d(r, 0 ¥ (y), r,(»)) > 0 which is impossible because r,(y)er, o ¥(y).
So the homotopy property 5.10.2 gives 6.8.1.

68.2. i(P,, T,r; ' (U)) = i(Rz, T, S~ Y(U)),
where T:=s,0r,08,0®0r, 0s,0r,, S:=r,0s,0r,.

For the proof of 6.8.2 we apply the additivity 5.10.1. First we show that
the map T: P, — P, has no fixed points in the set 4 :=r; ' (U)—S~ ' (U). Let

i
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ye A. Then ry(y)e U but S(y)¢ U. Consider the map ¢: [0, 17— X, c(1)
:= H(r,(y), t). The path c([0, 1]) meets U at ¢(0) and X —U at ¢(1). So there
is 15€[0, 1] such that c(ty)e dU. But

d("z()’), H{ry(v), 'o)) <& <36(®, oU),

hence d(r,(y), dU) < §3(®, dU). The argument from the first step implies
that y¢ T(y). By the additivity property 5.10.1 one obtains

i(Py, Try ' (U) =i(Py, T, ry ' (U)nS™H(V)).
The same argument used for the set B:= S~ '(U)—r; '(U) implies that
i(Py, T, STY(U) = i(P,, T, r; 1 (U)nS™1(U)).
The last two equalities imply 6.8.2.
6.83. i(P,, T, S"'(U))=i(P,, R, r{ ' (U)),
where R:=s5s,0r,0s,0r,05,0P0r,.

For the proof of 6.8.3 we apply the commutativity 5.104. Let
K: Xx[0,1]-X be an ¢g,-homotopy such that K(x,0) =x and
K(x, 1)=r,0s,(x). We wish to show that the map

R :=s,0K,0oH,odor,: P, > P,
has no fixed points in the set ¢ (ry ' (U)) for te [0, 1]. Let ye P, be such that
ri(»edU. Then d(r (y), Por,(y)) > 8(P, 8U). For each ze bor, (y) we have
d(K,oH,(z), z) <d(K,0H,(2), H/(z))+d(H,(2), 2)
<ey+e <36(P, U).
Since 0(®, OU) < d(r,(y), z) < d(z, K,0H,(2))+d(r, (), K,0 H,(z)), we have
(%%%) d(ry(»), K,oH,o®or (y)) > $6(®, aU).

Suppose that for some yer;!(éU) we have ye R,(y). Then r,(y)er, oR,(y).
But for each ze®or,(y) we have

d(ryos,0K,0H,(z), K,oH,(2)) <&, <15(®, dU).
Combining this with (x**) we obtain
d(rl OR! (y)’ rl (y)) > %6(¢5 aU) > 0’

which establishes the contradiction- with our assumption. In particular,
taking ¢ = 1, we have shown that the map R = R, has no fixed points in the
set d(ry '(U)).

Let us consider the compositions h:=s,or,o0s,0®or,, k:=s,0r,.
We have just shown that koh has no fixed points in the set o(r; ' (U)). Now
we check the last two assumptions for the commutativity property 5.104.
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Denote W;=r ' (U). Let yed(k"' (W) =k '(aW). If yehok(y)= T(y)
then k(y)es, or,oT(y) =kohos,or,(y) and s, or,(y)e d(r; ' (U)), which is
impossible.

Let yeFix hok—k~'(W). We have to prove that k(y)e Fix koh|p" But
this follows from Fix koh|y < k™' (W). Therefore 5.10.4 implies 6.8.3.

684. i(Py, R, ri (U))=i(P,s,0Pory, ri ' (U)).
We take the homotopy
L P X sl o x xS xx1% x4 py,

where r; = (ry, id), @ = (@, id), H' = (H, id). We have already proved in the
third step that y¢ L(y, ) for yed(r;'(U)) and tel. By the homotopy
property 5.10.2 we obtain 6.8.4 and this completes the proof of 6.8. m

Now we verify the properties of the index.

6.9. ProrosITION. Let U be an open subset of a compact ANR X. Let
be v (X,X) and let U,,U,cU be open, disjoint and such that
Fix | c U, wU,. Then

i(X,o, U)y=i(X, d, U)+i(X, @, U,).

Proof. Applying 6.2 to the map @ and A: = U—-U,uU, we find §
which is smaller than 6(®, dU) and &(®, 6U,;). Let ¢ <16 and let P be a
compact polyhedron which ¢-dominates X with maps r: P— X and s: X
— P. Then

i(X,®, Uy=i(P, ¥, r "(U), (X, U)=i(P,¥,r "(U))

where ¥ =sod®or, j =1, 2. We have to show that ¥ has no fixed points in
the set r '(U)—r " (U;ulUy) =r ' (U~U,uU,). Suppose ye ¥(y) for
yer " (U=U,uU,). Then r(y)ero¥(y), ie. there is ze®or(y) such that
r(y) = ros(z). Therefore

d(r(y), @or(y) <d(r(y), z) =d(ros(z), z) <e < /4

and we have arrived at a contradiction with 6.2. Hence the additivity 5.10.1
implies our assertion. m

6.10. ProrosiTiON. Let He .o/ (X x1, X). If U is an open subset of the
compact ANR X such that the maps H,: X — X have no fixed points on dU
for tel, then

i(X, Hy, Uy=i(X, H, U).
Proof. Let # =(H,id): X xI - X xI. If xedU then #(x, 1) =(x, 1)
means that H(x, t) = H,(x) = x contrary to the assumption, and so ¥ has

no fixed points in the set U xI. Apply 6.2 to the map # and A = oU x1,
with the natural cartesian metric ' in X xI. We find § such that

d((x,t), U xI)< 6 imples d'((x, 1), #(x, 1)>9.
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But &'((x, 1), 0U xI) =d(x, 8U) and d'((x, t), #(x, 1)) = d(x, H(x, 1))
= d(x, H,(x)). Therefore we may assume that §(H,, dU) is the same for all
tel. Denote it by 4. For ¢ < §/4 we have a polyhedron P e-dominating X
with maps s: X—-P and r: P—-X. By definition, i(X, H,, U)
=i(P, soH,or, r ' (U)). By 6.3 the family so H,or satisfies the assumption
of the homotopy property 5.10.2. =

6.11. ProposITION. Let X be a compact ANR and ®e 24 (X, X). Then
(X, ®, X)=A(2,).
Proof. The assertion follows from 5.10.3 and from the fact that r, os,
=id, (see [6], p3). =
6.12. ProPosITION. Let X, X' be compact ANR’s and e 7o (X, X'),

Ye P4 (X', X). Let U be an open subset of X such that x¢ ¥ od(x) for
xedU, y¢Po¥(y) for ye d(¥ ' (U)) and

W(Fix ®0¥— ¥~ (U)) ~Fix Yod|y = 0.
Then
(X, o ¥, ¥~ (U) =i(X, Pod, U).

Proof. From 6.2 we obtain 6 (¥ o®, dU) and 5((150 v, 6('1"1(U))). Let
0 be the smaller of the two. Next, we find ¢ for ¢, = /4 from 6.4 (& < g)
with &, = @ and &, = ¥. Again from 6.4 we find ¢ for ¢ =¢ and ¢, = ¥
and &, =¢. Let P be a polyhedron e-dominating X with maps r,: P
— X, 5,: X > P; let P be a polyhedron ¢-dominating X with ry: P> X,
s;: X = P. Since ¢ < 6/4 <5 (¥Yod, dU),

i(X,¥Yo®, U)y=i(P,s,0o¥Podor,, r; ' (U)).
Since &' < 36(®o ¥, (¥ (V))),
i(X, PoW, Y1 (U)) =i(P,s,0P0Por,, (Yory) (U)).

We have to prove that the right sides of the above equalities are equal
We will do it in four steps:

6.12.1. i(P,s,o¥o®ory, ri (V) =i(P, ¥,0®,, ri ' (V)),

where ¥, =s,o¥or,, &, =s,odor,.
6.122. i(P, ¥, 0@, r; (U)) =i(P, ®,0%¥,, (r,0¥,) ' (U)).
6.123. (P, ®,0¥,,(r,0¥,) ' (U)=i(P, P 0¥, (¥ory) ™" (U)).
6.124. i(P,®,0¥,,(¥Vor,) 1 (U)=i(P,s,0P0¥or,, (Yory) ' (U)).
Proof of 6.121. We apply the homotopy property 5.10.2. Let

H': X xI — X be an ¢-homotopy such that H'(x, 0) = x, H'(x, t) = r, 05, (x),
and H,(x):= H’(x, t). We have to prove that @,:=5, 0 WYoH,o®or, has no



VI. Index of decompositions for compact ANR’s 37

fixed points in the set r; ! (8U). Let yer; !(2U) be such that ye®,(y). Then
ri(»)er, 00,(y) and therefore

ri(y)er, 05,0 Y’(Oal (Por, (y))).
By the definition of ¢ there is a point u = u(r,(y)) such that

ri(y)er, 05y (054 (¥ 0 P () = 05, (¥ 0 D (u)).
Therefore ue 0354 (¥ o®(u)) and d(u, 6U) <& which contradicts the choice
of é.

Proof of 6.12.2. We verify the assumptions of the commutativity
property 5.104. First, note that the map ¥,o®; has no fixed points
in A(r7'(U)), as has been proved above (t=1). Now, denote
B, :=Fix Yo |y, B, :=Fix ®o ¥|,_,,,, By:=Fix Po ¥ —¥~ 1 (U). Since
B; are compact, there exists ¢; such that

d(O (Bl) X-0) —61 > 0
d(0,,(By), X' =¥~ (U)) = 6,
( (Ba) v 1(U)) 53 > 0
d( 0,,(By)), U) =6, > 0,
d('P(Oel(Bz)) X-U)=65>0.
Let &, < 3minle,, 8y, 85, 3, 84, 85}. Let €3 < e, satisfy 64 for g =c¢,.
Without loss of generality we can assume that ¢ and ¢ are smaller than ;.
Suppose yed, 0¥, (y). Then r,(y)eFix r,o®,0s, and therefore

r1(y)€0,, (Fix ®0¥) = 0,,(By) U 0,,,(Bs).

Let C:=¥(0,,(Bs)). We have &<e, <4d(C,U) and from 66
we obtain (r, osl) luyncC=0. Hence 0,,(By)n V=0, where
Vi=(ry05,0¥)" ! (U), and therefore d(0,,( V)> 0.

Let D:= ¥(0,, (B,)). Since & <7d(D X U), by 6.6 we obtain
(ryos) ' (X=-U)n D= ® and thus D c(r,0s,) '(U). Therefore

0,,(B,) = V. Hence we deduce that r,(y)¢2V and therefore y¢d(rz LW)).
It remains to prove the following implication:

= Y,(y)n Fix '{’10¢ll,1—1(u) =0Q.
Actually we prove a stronger one:
@) = Yi()nri'(U)=0.

Suppose y satisfies ([J). Then r,(y)eFix r,o®,0s,=V. Therefore
r2(»)€0,,(B3) © 0,,(By). But ¥(0, (B;))nU =0 and by the choice of
¢ < 8, we obtain r,0s,0¥(0, (B3))n U =0Q. Therefore &, (y)nri'(U)
=@ and applying 5.104 we finish the proof of 6.12.2.
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Proof of 6.12.3. Note that we have just proved above that the map
®,0 ¥, has no fixed points in the sets A,:=r;(V)—(¥or,) (V) and
Ay:=(Yory) M (U)—=r; (V).

So applying twice the additivity property 5.10.1 one obtains 6.12.3.

Proof of 6.12.4. We apply again the homotopy property. We only have
to show that the map @;:=s,0®o0H,0 ¥ or, has no fixed points in the set
r; ' (8(¥1(U)). Let ye ©;(y). Then ry(y)er,00;(y) and therefore, by 6.5,
r2(y)e O, (Fix @ o ¥). The considerations in the proof of 6.12.2 imply that
ry(y)¢ (¥~ ' (U)). This finishes the proof of 6.12. w

6.13. ProposiTioN. Let F = Z, p a prime number. Let ®e .o/ (X, X) and
let U be an open subset of X such that Fix #* noU = Q and

&*(Fix *—U)nFix &*|p =@  for k< p.

Then
X, ¢?, U)y=i(X, &, U).

Prool. As in the proof of 6.12 we choose ¢ so small that for the
polyhedron P g-dominating X with maps r: P— X and s: X — P, the map
so@or satisfies the assumptions of 5.10.5. We omit the details.

VII. Index of decompositions for arbitrary ANR’s

1. Index for decompositions of compact maps. Let us recall the following
result of J. Girolo [16]}:

7.1. THEOREM. Let U be open subset of a normed space E and let K < U
be a compact set. Then there exists a compact ANR M such that
KcMcU. =

We will use the following consequence of the above result:

7.2. ProposITION. Let C be a compact subset of a metric ANR X. Then
there exists a compact ANR N such that C = N < X.

Proof. It is well known that X may be homeomorphically embedded as
a closed subset into a normed space E. Then the image h(X) is a retract of
some open set U < E (see e.g. [18]). Let r; U — h(X) be the retraction.
By 7.1 there exists a compact ANR M such that h(C) =« M < U. Define
N :=r(M). We have h(C) c N' < h(X) and N’ is a compact ANR, being
the retract of a compact ANR M. Therefore N:=h"'(N’) is the desired
compact ANR such that CcNc X. =

Let X be an arbitrary metric ANR and let ®¢ .o/ (X, X) determine a
compact map &: X —» X (see Ch. II).

7.3. DeFINITION. Let U < X be an open subset such that Fix & noU
= (. We define the index of the decomposition @ with respect to U by

i(X, d, U)y:=i(N, &y, U N),
where N is a compact ANR such that ¢(X)c N c X.
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The above definition does not depend on the choice of N. Let N' = N
be another onme. Then by the commutativity property 6.12 we obtain
i(N, ®, UnN)=i(N, jod, U~N)=i(N', doj, UnN)=i(N, ®|y, UN),
where j: N'— N is the inclusion mapping.

Now, we recall the notion of the generalized Lefschetz nufhber. Let u: E

— E be an endomorphism of an arbitrary vector space. Put N(u)
=!{xeE: u"(x) =0 for some n! where u" is the nth iterate of u, and E
= E/N (). Since u(N (u)) = N(u), we have the induced endomorphism i: E
— E. We call u admissible provided dim E < co. Let u = {u,}: E—E be an
endomorphism of degree zero of a graded vector space E = ‘E . Wecallua
Leray endomorphism if

(1) all u, are admissible,

(1) almost all Eq are trivial.

For such u we define the generalized Lefschetz number:
A@) =) (= 1)"tr (i)

74. ProrposiTion (see [15], Prop. 1.3). Suppose we are given a
commutative diagram in the category of graded vector spaces:

T

lp

Then, if one of the two maps u', u” is a Leray endomorphism, so is the other;
in that case A(u)=Au"). u

7.5. ProposiTiON. The index satisfies the following properties:
75.1.1f U,, U, = U are open and disjoint and if Fix ®|g < U, U U, then

i(X,®,U)=i(X, P, Up+i(X, &, Uy).

752 Let He G/ (X x1, X) determine a compact homotopy H: X x I
— X such that x¢ H(x, t) for all xedU and tel. Then

tn—»n-.

i(X, Ho. U) = i(X, Hy, U).

753. Let WcX be open and let dc7d4(X,Y), VYeod(Y, X)
determine compact maps. Assume that x¢ Yo @(x) for xedW, y¢ ®o ¥ (y) for
yed (¥~ (W) and

Y(Fix po¥—¥Y ' (W))nFix Yod|y = Q.
Then
i(X, Yo, W)=i(Y, do ¥, ¥~ (W)).
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754. Let F =12, p prime. Let W < X be open and such that
*(Fix - W)nFix ??|y =Q for k<p
and Fix &7 oW = Q. Then
i(X, o, W)y=i(X, o*, W).

155. If e ¥4 (X, X) determines a compact map ®: X — X then &, is
a Leray endomorphism and

i(X, ®, X) = A(D,).

Proof. Properties 7.5.1-7.54 are straightforward consequences of
Definition 7.3 and the respective properties of the index for compact ANR’s.
For the proof of 7.5.5 we consider the commutative diagram

,N—i—>X

o

N—L.—>X

where i is the inclusion map. Applying 7.4 to the induced homomorphisms of
homology vector spaces we obtain

A(D,) = A(Ply)s
and, by 6.11, A(®P|y), = i(N, ®|y, N). Therefore 7.5.5 is proved. =

2. Index of decompositions of compact attraction maps. Let X be a
metric ANR and let $c & .o (X, X) determine a map ¢: X — X which is of
compact attraction (see 2.3.5). By 2.6 there exists a stable compact attractor
for @. Let Y be an invariant neighbourhood of the stable attractor given by
234

7.6. DerFiniTION. Let U be an open subset of X such that x¢ ¢(x) for

xe fU. Then we define

i(X,®, U):=i(Y, ®y, UnY}),
where Yis a neighbourhood of the stable compact attractor for @ such that
d|y: Y- Yis a compact map.

We verify the independence of the choice of Y. Let Z be another set with
the same properties. Consider the set P:=Z nY. Evidently ®|p: P - P is
compact and directly from the definition 7.3 of the index we obtain

Y, e, UnY)=i(P, o, UnP)=i(Z, &, Un2Z).

7.7. ProposiTiON (Additivity). Let U be an open subset of a metric ANR
X and let & ¥/ (X, X) determine a map of compact attraction. Assume that
U,, U, c U are disjoint open sets such that Fix ®|g < U, uU,. Then

i(X,®, U)y=i(X,®, U)+i(X,d, U,).
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7.8. ProrosiTioN (Homotopy invariance). Let He .o/ (X x I, X) be such
that the map # =(H, id): X xI— X x1I is of compact attraction. If U < X is
open and for each tel the map H,: X — X has no fixed points in dU then

i(X,Hy, Uy=i(X,H,U). m
Propositions 7.7 and 7.8 are easy consequences of 7.5.1 and 7.5.2,

respectively. The next one follows from 7.54.

7.9. ProrosiTioN (Mod-p property). Let @< 2./ (X, X) determine a map
of compact attraction and let W < X be open and such that the assumptions of
7.54 are satisfied. Then

(X, o, W)y=i(X,d?, W). u

7.10. ProposiTioN (Commutativity). Let X and Y be metric ANR’s and let
Pc 24X, V), Ye 24 (Y, X) determine locally compact maps. Let U < X be
open and assume that x¢ ¥ o ®(x) for xe U, y¢ o ¥(y) for ye (¥~ 1(V)),

Y(Fix po¥—¥ '(U)) nFix Podlg =0
and Yo & has a compact attractor. Then ®o ¥ has a compact attractor and
i(X, P00, U)=i(Y,po ¥, ¥ 1 (U)).

Proof. Let A be an attractor for Yod. We prove that @(A4) is an
attractor for ®o ¥. Let V be a neighbourhood of #(A4). Then &~ !(V) is a
neighbourhood of A. If ye Y then for every ze ¥(y) there is ne N such that
(Yod)"(z) = d~ ' (V). Hence there is n such that (Yo ®)"(¥(y) < ®™ (V)
and therefore

(PP () cP(P" (V)< V.

Now, let W< X be open and such that Yo®|,: W— Wis a compact map
and W absorbs compact sets (see 2.3). For each xe ¥ o ®(W) choose U, ¢ W
such that @(U,) is compact. Let

k A~
Yodp(W) < ij =: Wc X.
j=1
We also have -‘i’—otb(W) c Yod (W) < Wand W absorbs compact sets in X.
Let Z:= ¥~ 1(W). Since ¥ o ® (W) = W, we have ¥ (& (W)) = Wand therefore
(W) < ¥~ (W)= Z. Thus

DoV (Z)c Do ¥ (¥ ' (W) c ®(W) < Z.

Let K be a compact subset of Y. There is an integer n such that
(Y o®)"(¥(K)) = W. Hence

(Po¥)"* (K)=Po(Yod)"o¥P(K)= &(W)c W.
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Therefore
i(X, %o, U)=i(W, Pod|y, WnlU)=i(Z, do¥|,, V"' (UnW))
=i(Z,Po ¥, Y L (U)nZ)=i(Y,do ¥, ¥ 1 (U)).

The proof of 7.10 is complete. =
7.11. ProrosiTiION. Let X be a metric ANR and let ®e .o/ (X, X)
determine a map of compact attraction. Then @, is a Leray endomorphism and

i(X, ®, X) = A(®,).

Proof. Let U be a neighbourhood of an attractor such that &|.: U
—- U i1s a compact map and U absorbs compact sets. Then we have
three homomorphisms: @,: H, (X)- H (X), &,: H,(U)— H,(U) and
®,: H, (X, U)- H,(X, U). From the exactness axiom for Cech homology
with compact carriers (coefficients are in a field F) and 5.1.4 we deduce that
if two of the above endomorphisms are Leray endomorphisms then so is the
third and

A(Py) = A(D,)— A(P,).

Moreover, @, is weakly nilpotent (i.e. for each we H (X, U) there is n such
that (@,,)"(w) = 0). Thus by [15], 14, A(®,) = 0. Hence we obtain A(P,)
= A(P,) and, by 7.5.5, i(U, ¢, U)=A(P,). =

VIII. Applications of the index to multivalued maps

1. The index theory for permissible maps. Let X be a metric ANR and let
@: X — X be a permissible map which is of compact attraction. Then every
selector of @ is a map of compact attraction. Thus, if a decom-

position (®,,..., ¥ )e ¥4 (X, X) determines a selector of ¢ then
(Py, ..., B)y: H,(X)—> H,(X) is a Leray endomorphism (see 7.11) and the
generalized Lefschetz number A(®, ..., ®,), is defined.

8.1. DeFiNiTION. We define the Lefschetz set of the map ¢: X — X by
L(D):= A(Py, ..., D) (Py, ..., PYe 24 (X, X) and
(P, ..., ¥,) determines a selector of &}.

8.2. DeFiNITION. Let U be an open subset of X such that Fix & n oU
= @. Then we define the index set of ® by

F(X, @, U):={i(X, (P, ..., B, U): $,0...00, b},

8.3. ProrosiTiON (Selectors). Let X be a metric ANR and
& c ¥Ye (X, X). Assume that ¥ is a map of compact attraction and U = X
is open and such that Fix Y~ oU = Q. Then

S(X, D, Uyc #(X, ¥, U). =
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8.4. ProposiTion (Additivity). Let X be a metric ANR and ®c (X, X} a
map of compact attraction. Let U <= X be open and let U, U, < U he open,
disjoint and such that Fix ®|p < U, 0 U,. Then

ﬁ(xa d), U)Cﬁ(X, ¢’ U1)+](X, (D, UZ) -

8.5. ProrosiTioN (Localization). Let U, c U < X be open subsets of a

metric ANR X and let & 2(X, X) be a map of compact attraction such that
Fix @|g c U,. Then

S(X, P, U)=5(X,®,U,). u

8.6. CoroLLArY (Fixed points). Let X be a metric ANR and ®#c 2(X, X)
a map of compact attraction. If #(X, &, U) # |0} then & has a fixed point
inU. =

8.7. ProrosiTioN (Homotopy). Let H: X x[0, 1] > X be a permissible
map such that # = (H,id): X x[0,1] > X x[0, 1] is a map of compact
attraction. If U < X is open and such that H,: X - X has no fixed points in
oU for any te[0, 1] then

IS(X,Hy, UynF(X,H,, U) £ D. »

8.8. ProrosimioN (Commutativity) Let Uc X be open and let
dec (X, Y), Ve (Y, X) satisfy the assumption of 7.10. Then

I(Y, 0¥, P L {U)n I(X, Pod, U) = D. u

89. ProrosiTioN (Mod-p property). If deP(X, X) satisfies the
assumption of 7.9 then

F(X, D, W) (X, PP, W). u

8.10. ProrosiTioN (Normalization). If X is a metric ANR and
dbe 2(X, X) is of compact attraction, then

JX, P, X)=%(®). n

All the above properties are easy consequences of the definition and of
the results of Chapter VIL

As a coroliary of 8.6 and 8.10 we obtain the following generalization ol
the Lefschetz fixed point theorem (see [18] for admissible maps and [31] for
o/, for a compact polyhedron).

8.11. THEOREM. Let X be a metric ANR and ®: X — X a permissible map
of compact attraction. Then ¥ (®) # {0} implies that Fix ® # Q. =
Since the induced homomorphisms (¥, ..., @,), are nontrivial (cf. [31]),

we obtain:
8.12. CoroLLARY. If X is an acyclic metric ANR then every permissible

map ®: X — X which is of compact attraction has a fixed point. =
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2. The Lefschetz theorem for pairs of spaces. Let X and A be metric
ANR’s, A < X. Let & 2(X, X) be a map of compact attraction and assume
that @(A) < A. If a selector ¥ < @ is determined by a decomposition
(P, ..., P)e 2 (X, X), then ¥Y(4) < A and we have an endomorphism
(Py, .oy Do)yt Hy (X, A)— H (X, A). Since @ and P|,: A » A are maps of
compact attraction,

(P, ooy Plex: Hy(X)> Ho (X) and (D, ..., ®eq: Ho(A) > H (A)

are Leray endomorphisms (cf. 7.11). Therefore by [5], 14, (®,, ..., D)), is

also a Leray endomorphism. Thus we can define the relative Lefschetz set of &
by

Lxa @) =14y, ..., P (D4, ..., D), H (X, A)> H (X, A)
and ¢,0...09, c P}.

The following theorem generalizes 4.4 in [5] (see also [26] for admissible
maps).

8.13. THeoReM. Let A be an open subset of a metric ANR X and
d: (X, A)—> (X, A) a permissible map of compact attraction. Then
Lx.4(P) # |0} implies that & has a fixed point in X — A.

Proof. Let (®,, ..., #,) determine a selector and A(®P,, ..., @), # 0.
Consider three homomorphisms

(¢1’ ey ¢k)*4\’: H*(X)_' H*(X)7 (¢l, OEEEY ¢k)*A: H*(A)—) H*(A)

and (P, ..., @), H (X, A)> H_ (X, A). In view of [5], 1.4, their Lefschetz
numbers satisfy the equality

A(¢l, ey ¢k)* = A(¢l’ caey ¢k)*X_A(¢1! ey ¢k)*A'

We can assume that & has no fixed points in (X — A). Then by 7.7 and 7.11
we obtain

APy, ..., Pphux = i(X, (D, ..., D), A)+i(X, (Py, ..., D), X —A).
But it is clear from the definition of the index that

I(X, (¢|, ceey ¢k)’ A) = A(¢l’ PR (p,()*A'
Therefore
03 A(Dy, ..., B, = i(X, (D4, ..., DY, Int(X — A))

and, by 8.6, @ has a fixed point in Int (X —A4). =

The next theorem generalizes 4.5 in [S]. The proof is the same as the
proof of 8.13.

8.14. THEOREM. Given a permissible map &: (X, A) - (X, A) of compact
attraction. where X and 4 are metric ANR's and A is closed in X. the
condition ¥ x 4(P) # |0} implies that & has a fixed point in X—A. =
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3. Multivalued semiflows. Let us denote by R, the set of nonnegative
real numbers.

8.15. DErFINITION. A multivalued semiflow is a map ®: R, x X — X such
that

8.15.1. @ is permissible;

8.15.2. ®(ty, P(ty, X)) = D(t;+1,, x) for 1y, t,eR,, xe X;

8.153. #(0, x) = {x} for xeX.

8.16. TueoreMm (cf. [19], or [40] for singlevalued case). Let X be a
compact ANR with Euler characteristic y(X) # 0. Then for every multivalued
semiflow ®: R, x X —> X there is a point xoe X such that xq,e @(t, x,) for
each te R, .

Proof. Since @, =idy and A(idy) = x(X) # 0, 0¢ L (P,). Every &, is
homotopic to ¢, with the homotopy H: X x[0,1]- X, H(x,s)
=@ ((1—s9)t, x). In view of 8.7 we have #(®,) # {0} and therefore, by 8.11,
Fix @, # @ for each teR,.

Denote B, := Fix &,_,. We prove that B,,, < B,. Let xe (27" 1, x).
Then xe ®(27"—27""1, #(27"" ', x)) and from 8.15.2 we obtain

XE ¢(2—n_2—n—1+2—ﬂ_1’ x) = d’(z_", X).

Therefore the set B:= () B, is nonempty. From 8.15.2 we deduce that, for

n=1
every xeB, xcFix @, where t =m-2"", m,neN. Let t >0 be a real
number and xe B. Since @ is an us.c. map, for every neighbourhood U of
@(t, x) there is a neighbourhood V of t such that @(t, x)c U for t'eV.
Therefore we obtain xe®d(m-27" x) <« U and thus xe @(r, x). The proof is
complete. m

The Euler characteristic of a pair (X, A) is defined to be the Lefschetz
number of the identity on (X, A):

(X, A):= }»(id(x.A))-

Using 8.14 instead of 8.11 we obtain the relatiVe version of the preceding
theorem, which generalizes 5.3 in [5].

8.17. TurorREM. Let (X, A) be a pair of compact metric ANR’s with
(X, A)#0. If &: (R, xX, R, xA)—> (X, A) is a multivalued semiflow, then

there exists in X —A a common fixed point for all &,. =

4. Repulsive and ejective points. Let X be a topological space, ¢: X — X
an u.s.c. map, xo€ Fix ¢ and let U be a neighbourhood of x,. Then x, is a
repulsive fixed point with respect to U if for any neighbourhood V of x, there
is nge N such that ¢"(X —V) < X — U whenever n = n,. The point x, is an
ejective fixed point with respect to U if for any xe U—{x,} there is ne N
such that @"(x) « X —U. The. point x, is a repulsive (ejective) fixed point of
& provided it is repulsive (ejective) with respect to some neighbourhood U
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(cf. [13]). We denote by Fix, ¢ and Fix, @ the sets of all repulsive and ejective
fixed points of &, respectively.

8.18. ProrosiTioN ([13], p. 484). Let X be a metric space and ®: X — X
an u.s.c. map of compact attraction.

8.18.1. If xqe X is a repulsive fixed point of ® with respect to U, and V is
a neighbourhood of x, such that V< U, then ®lx_ X—1{x0} > X —{x0)
has a stable compact attractor A < X —V.

8.18.2. Let (X —{xq}) = X — {xo). Then x, is an ejective fixed point of ®
if and only if the map P|x_ ;) X — X0} = X —{xo} is of compact attraction.

8.19. ProrositioN (cf. [13], p. 480). Let X be a metric ANR and
d: X > X a strongly permissible map of compact attraction. Let
(P,, ..., D)e v/ (X, X) determine ®. Let F — Fix @ be open and closed in
Fix &. Assume that ®( X —F)c X —F and the map ®|x . X—F > X —F is
of compact attraction. Let W be a neighbourhood of F such that W (Fix @ —
—F)=@. Then

(X, (D, ..., D), W)= A(Dy, ..., D)yex— APy, ... Puyx-r-
Prool. From 7.7 and 7.11 we obtain
A@y, ..., P)ux = i(X, Py, ..., B, W)+i(X, (Dy, ... D), X—W).
Since #(X-W)c X—F and X—W c X —F,
HX, (Do ..r D), X—W) = i(X—F,(®,, ..., D), X—W).
Now. since there are no fixed points in (X —F)—(X — W),
(X —F (@, ....0). X=W)= AP, ..., Pux_-
Hence we obtain the desired equality. m

8.20. THEOREM (cl. [13], p.481). Let the assumptions of 8.19 be fulfilled
and let A be a stable compact attractor for ®|y_p. Assume that one of the
following conditions holds:

8.20.1. H (X, X-F)=0;

8.20.2. There is a neighbourhood U of F such that UnA=Q and
H (X, X-U)=0;

8.20.3. There is a neighbourhood V of A such that VAF =Q and
H (X, V)=0.

Then i(X,(®,, ..., ®), W) =0. If in addition A(®P,. ..., D),x # O then
& has a fixed point outside F.

Proof. The assumption 8.20.1 implies that the right side of the equality
in 8.19 is zero.

Assume 8.20.2. Choose a neighbourhood Y of 4 such that YnU = Q,

cb(Yj is a compact subset ol Y and Y absorbs compact sets in X —F. Then
we obtain
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APy, ..., Pex = i(X, (Dy, ..., B), U)+i(X,(Dy, ..., D), Y)
= i(X, (¢1, ceey ¢k)7 W)+A((Dl, “eny ¢’()*Y'

On the other hand, since @: (X, Y)— (X, Y), by [5], 1.4 we have
A(‘pl, caey (pk)*x = A(¢1, ey ¢k)*lX,Y)+A(¢1’ ceey (pk)*)"

But the assumption 8.20.2 ensures that the endomorphism (P, ..., D). x.r)
is weakly nilpotent, since Y absorbs compact sets in X —F and the inclusion
j: (X=U, Y)> (X, Y) induces isomorphisms in H, (see [13] for details).
Therefore, by [15], 1.4, A(Dy, ..., Pyx.yy = 0.

A similar argument works if we assume 8.20.3. The second assertion

follows from 8.11. =
Now, we note that a repulsive or an ejective fixed point of ¢ must be

isolated (because it is a unique fixed point in U). Since we are interested in
the existence of nonejective and nonrepulsive points, we can assume without
loss of generality that @ has a finite number of such points. Then Fix, ¢ and
Fix, @ are closed and open in Fix @. Summing up we obtain

8.21. ProrosiTiON. Let X be a metric ANR and ®: X - X a map of
compact attraction determined by (@, ..., P Ve (X, X). If for every
ejective fixed point of & we have

D(X—Ix))c X—1{xo} and H, (X, X—Ix,)=0,

then A(Py, .... D)x # 0 implies that & has a nonejective fixed point. w
See [13] and [20] for some special situations where the assumptions
of 8.21 are satisfied.

8.22. ProposITION. Let X be a metric ANR and &: X - X a map of
compact attraction determined by (®,, ..., ®)e ¥/ (X, X). Assume that for
every fixed point of @ which is repulsive with respect to U there is a
neighbourhood 'V such that V<cU and H(X,X—-V)=0. Then
A(D@y, ..., Pyx # 0 implies that @ has a nonrepulsive fixed point.

We recommend [13] and [20] for further literature concerning this
interesting subject.

IX. The Nielsen theory

It is difficult to construct the Nielsen relation for multivalued maps in
general. We cannot do this for the whole class .# and even for .</,. But if one
considers a special class of maps tn ./, called n-acyclic, i.. such that the
images of points consist of exactly n acyclic components, then this can be
done. The results of this chapter are closely related to those of [23], [35]. In
the proofs we also follow [34]. The general references concerning the
material of this chapter are also [6] and [24].
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1. The Nielsen relation in Fix &. Let us start with the following lemma:

9.1. Lemma (see [35], [36]). Let &: X —» Y be an n-acyclic continuous
map. If X is path connected and simply connected then @ splits into n disjoint
us.c. acyclic maps (i.e. such that ®;(x) " ®;(x) = @ for each xe X whenever
i # ).

Proof. By [31], Lemma 4, graphI'y, — X x Y has exactly n components
C;. Denote by py, py the projections of X x Y onto X and Y, respectively.
The continuity of ¢ implies that the restriction p; of py to each C; is closed
and surjective. Thus @ = §, U...u ®, with &;(x) = py(p; ' (x)) is the desired
splitting. =

9.2. DEeFINITION. An n-acyclic continuous map #: X - Y is called a
Nielsen n-map provided for each xe X every component A;(x) of @(x) has a
neighbourhood U’ such that every loop from UL is contractible in Y.

For example, if Y is 1-connected then every n-acyclic map is a Nielsen n-
map. If n =1 then we call them simply Nielsen maps; the u.s.c. assumption
can be dropped in this case (see [23]).

If X is a connected ANR, then it admits a universal covering p: X — X
(see [40]). Let &: Y X be a Nielsen map. A Niclsen map #: Y— X such

that the diagram
X
/ Jp

Y—_)QS X

commutes will be called a lift of the map &. We will use the following
9.3. ProrosiTioN ([23]). If Y is path connected and 1-connected then for
any Nielsen map ®: Y— X and points yoe Y, Zoe X such that p(Xy)e @ (y,)
there is a unique lift &: Y— X satisfying Zoe ®(y,). m
94. CoroLLARY ([23]). Let X be a connected ANR and &: X - X a
Nielsen map. Let %, %,€ X be such that p(X,)e ®(p(X,)). Then there is a
unique Nielsen map &: X — X for which %,e ®(X,) and the diagram

~

X————>X

commutes.
Proof. Apply 9.3 to the map dop: X > X. =

If #: X — X is a Nielsen map then we have the Nielsen relation in Fix @
(introduced 1in [23])):
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95. x~yy iff there is a lift #: X —» X such that x, ye p(Fix ).
Note that a Nielsen n-map &: X — X need not be globally splitted. But
if X is an ANR then ¢ can be locally splitted into n disjoint Nielsen maps.
As an example, consider @: S' — S defined by ®(z):= {weS': w" =1z}
9.6. LEMMA. Let X be an ANR and &: X — X a Nielsen n-map. For each
xeFix @ there is a neighbourhood V, of x in X such that if ® =@, u...uP,
is the splitting of ®ly_ then xe ®;(x) implies that V,nFix® = V,nFix&,.
Proof. Let @(x) = P, (x)ud,(x)u...uP,(x) and xe P, (x). Since the
sets &;(x) are compact and disjoint, there are neighbourhoods V, of ¢;(x)
such that ¥,nV; =@ for i+ j. Let ¥ be a neighbourhood of x such that

P, =P, u...uP, Then we define V,:= ) &7 1(V). u
i=1

Now, let us consider the map #op: X — X. By 9.1 we have the splitting
dop=@P,u...uP, where &, are distinct Nielsen maps.

9.7. DermNiTION. Let x, ye Fix @. We define the Nielsen relation: x ~y
iff there is a lift &: ¥ - X of one the maps &;: X - X such that
x, ye p(Fix &,).

9.8. LEMMA. If xe Fix &, then there is a neighbourhood V, of x such that
x ~yy for yeV,nFix d.

Proof. Let U, =Ulu...uU" be a neighbourhood of ®(x) given by
9.2. We can assume that U. " UL =@ for i #j and xe UL. Let V, be given
by 9.6 and consider the local splitting @y, = @7 U...u P,. Assume that
&, (V) = UL. We take V, to be any path connected neighbourhood of x
contained in Uy n V.. If ye V, nFix ® then ye V, nFix @). Note that if ¢, is
chosen from the splitting of ®op then <D’10p|p_1(yx) = <D1|p_ 1wy Fix a point
%ep !(x). By 94 we have a lift #,: X - X such that %e &, (X). We now
consider the restriction &,: p~!(V,) » p~*(U}). The last two sets are disjoint
sums of connected components, each of them homeomorphic by p with V,

and U}, respectively. Denote by V., and U! the components containing X.
We obtain the commutative diagram

Obviously, if ye ¥, "Fix®; and jeV, with p(y) =y, then je&, (). Thus
x, ye p(Fix®,) and the proof is complete. m

9.9. CoroLLARY. If Fix @ is compact then the number of Nielsen classes is
finite. =

4 — Dissertationes Mathematicae CCLIII
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9.10. LemMma. Let H: X x[0,1]—> X be a Nielsen n-map and K
=(H,id): X x[0,1]—> X x[0,1]). Let A be a Nielsen class of #. For
te[0, 1] the set A, = {x: (x, t)e A} is empty or is a Nielsen class of H,: X
- X, H,(x) = H(x, 1).

Proof. This follows easily from the fact that (X x[0,1])~ = X x
x[0,1]. =

9.11. CoroLLaRY. If H is a homotopy and F is a Nielsen fixed point class
of H, for some te[0, 1], then there is a unique Nielsen fixed point class F of
H such that Fx{t} =F nXx{t]. =

2. The Nielsen number. Let X be a metric ANR and let #: X - X be a
Nielsen n-map of compact attraction. Then the set Fix & is compact and by
9.9 the number of Nielsen classes is finite. Let F be a Nielsen class of Fix &.
We can choose an open set U such that F = U and Fix®@ AU = F. Thus the
index i(X, @, U) is defined (P regarded as a decomposition of length 1) and
is independent of the choice of U by 7.7. So we can simply write it i(F). We
call the class F essential provided i(F) # 0; otherwise it is inessential.

9.12. DeFiniTioN. The Nielsen number N(®) of @ is the number of
essential fixed point classes.

In the case of a singlevalued map this is the usual Nielsen number (see
[23] and [24]). The following is an immediate consequence of 7.7.

9.13. Tueorem. If &: X —» X is a Nielsen n-map of compact attraction
then it has at least N(®) fixed points. m

9.14. LEMMA. Let H: X x[0, 1]> X be a Nielsen n-map such that #
=(H, id): X x[0, 1] — X x[0, 1] is a map of compact attraction. Let F be a
Nielsen class of #. Then i(Fy) =i(F,), where F, = F n X x {t}.

Proof. Since 4 is of the form (H, id), every invariant neighbourhood of
an attractor must be of the form U x[0, 1], where U is an open subset of X
invariant for H, for each te[0, 1]. Thus without loss of generality we can
assume that H is a compact map, because Fix.# < U x[0, 1]. Choose an
open set V< X x[0, 1] such that FcV and VnFix# = #. If te[0, 1]
then F, = V, and also V,nFixH, = F,. Thus i(F,)) = i(X, H,, V). Let px: X x
x[0, 1] — X be the projection. Consider the compact set K = py(F)— V..
There is 6 > 0 such that d(H,(x), x) > 6 for each xe K. Since K is compact,
there is ¢ >0 such that if |t—s| <& then H(x,s) < O;(H(x,t)) for xeK.
Therefore H, has no fixed points on K for |t—s| <e&. Since F, < py(F), we
must have F,c ¥V, and V,nFixH; = F,. Thus i(F,) =i(X, H,, V). By the
homotopy property 7.8 we obtain

i(F)=i(X, H,, V) = i(X, H,, V) = i(F).

Now, the connectedness of [0, 1] implies the desired equality. w
9.15. THEOREM. Let H: X x[0,1]— X be a Nielsen n-map such that
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H# =(H,id): X x[0,1]—> X x[0, 1] is a map of compact attraction. Then
N(Ho) = N(Hl)-

Proof. For a Nielsen class F, of H, we find a unique Nielsen
class #Z of # using 9.11. In view of 9.14 we have i(Fg) =i(F,), where
Fy=7nXx{l]. Therefore N(H,) < N(H,). Analogously one obtains
N(H,))< N(Hy). =

We have just noted that the relation ~ for singlevalued maps is the
same as the one in [6] (see also [34]). If & is an n-valued continuous map
then it coincides.with the one defined in [35]. It remains an open question
whether a Nielsen relation can be introduced for the class .«7,(X, X). But it
seems that the technique of splitting is not applicable in this case. Consider
the map with the following graph:

L
>

Obviously it cannot be splitted into two disjoint continuous maps. If one
wants to split it into not disjoint maps, then the splitting is nonunique.
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