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§ 0. Introduction. This paper is devoted to funetion semigroups
(here “function” means “partial transformation of a set”). The subject
of function semigroups and their connections with abstract semigroups
is the central theme of the whole theory of semigroups, which is & natural
algebraic tool to study systems of functions and transformations closed
under superposition. We are interested in fixed points of functions or,
to be more precise, in those functions in a function semigroup which have
the same fixed point (or which have some fixed point). If ¥ is a function
semigroup, then the set of all feF which have the same fixed point, say
a, is denoted by I', and the set of all feF which have some fixed point
is denoted by Fy. F, is called the stabilizer of a in F, F, is called the
stationary subset of F. We are interested in abstract algebraic properties
of stabilizers and stationary subsets. In other words, what necessary
and sufficient properties must a subset H of a semigroup § satisfy in
order that there exist an isomorphism P of § onto a function semigroup
and P(H) = P(8), for some a (or P(H) = P(8),)? This problem is a typical
problem in relation algebras (see [15], [16], [19]); by the fundamental
theorem on relation algebras, it possesses a solution which may be written
in the first order predicate language. This problem is solved in § 2. It
turns out that to solve this problem one must consider a natural genera-
lization of the group-theoretic concept of conjugacy. The problem of

_characterizing the stationary subsets of permutation groups is solved as
a corollary to more general semigroup results.

It is wellknown that every representation of an abstract group by
permutations or inverse semigroup by univalent functions is a sum
of uniquely defined transitive representations. However, this is not
true for representations of arbitrary semigroups by functions. In § 3,
we study transitive representations of semigroups by functions. There
is given a description of all such representations and special types thereof.

In §4, we consider symmetric representations (i.e., sums of tran-
sitive representations) of semigroups by functions. It turns out that
one can define a congruence x on every semigroup S which is the smallest
congruence such that the quotient semigroup S/ has an isomorphic
symmetrm representation. » is analogous to the Jacobson radical of a ring.
We give characterizations of » and consider “semisimple” and “radical”
semigroups (i.e., those semigroups fo1 which » is the identity relation or
the universal eqmvalence)
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All the results are obtained by the method of determinative pairs
devised in [7]. In § 1 we introduce some definitions and state some facts
concerning the method of determinative pairs.

We nuse some symbols of mathematical logic: A and \ are the
universal and the existential quantifiers; A, — and « are conjunction,
implication and (logical) equivalence respectively.

§ 1. Main definitions. A binary relation on a set A is any subset
o = AXA. Sometimes we consider binary relations as mulii-valued func-
tions: (ay, @) means that a, is an image of a, under g, o<{a) is the set
of all images of a under ¢. The set of all a such that p{a) #* O is denoted
by prie. If prie = A, then p ig called full. If ¢ {(a) contains at most one
element for every a.eA , then g is called a function or a partial transformation.
If 4 5 @, then full functions are called transformations. If o, 0 =« A XA,
then oo is the product of ¢ and o: (a, az)eaoege(v a) [(ay, a)eg A

A (6, a)ea]; g is the converse of g: (al,az)ega(az, a,) .

All concepts of the theory of semigroups which are not defined
here are defined in [2] or in [5].

Py F 4, T 4 and X, denote respectively the semigroup of all binary
relations on a set A and the subsemigroups of 2, consisting of all functions,
all transformations and all univalent (i.e., one-to-one) functions. The
operation in these semigroups is the multiplication of binary relations.

A represemiation of a semigroup S by multi-functions (functions,
transformations, univalent functions) is any homomorphism of § into
a Semigroup £, (into a semigroup % ,,7 ,, ¥ ,) for some set 4. An
isomorphic representation is called proper or faithful.

Thus, a mapping P: § = Z,, is a representation if P(st) = P(t)o P(s)
for all 8, t¢8. The form of the last equality is due to the fact that in the
product P(t)o P(s) the first factor is P(s), and in the product st the first
factor is s.

If P is a representation, then ¢p denotes the kernel of P: &p is a con-
gruence relation on § and s = t(ep) «» P(s) = P(t). Clearly, P is proper
if and only if £, = 4g, the identical equivalence. The quotient semigroup
S/ep is isomorphic to the image P(S) of § under P.

If P is a representation, then 7, = |J P(s) is the transitivity re-
8eS

lation of P: (@1, a,) eTp mmeans that (a,, a)e P(s) for some seS. P is called

transitive if vp = A X 4, the universal equivalence. Define a quasi-order

(ie., reflexive and transitive) relation {, on 8§ by the formula: s < #(5)
-1

«+ P(s) = P(t). Clearly, &p = {p N {p and P is proper if and only if ¢, is

an order relation. {p is called the fundamental quasi-order of P,

I F and H are subsets of a semigroup S, then FH is their global
product, i.e., the set of all products st where seF and teH. We write Hs
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instead of H {s}. A subset H is dalled stable (or a subsemigroup) it HH <« H.
By definition, @ is a subsemigroup. H is called quasi-siable if se H — s" e H
for all seS and all natural n. H is called reflewive [22] if steH — tseH
for all 5, teS8. A subsemigroup H is called left unitary [3] if ¢, steH —>teH
for all 8,te8; a subset H is called strong [3] if av, uv, uwyeH — xyeH.
ST denotes S with an adjoined identity I, 8' = § whenever § possesses:
an identity and §' = 87 otherwise. :

For every subset H — 8' one may define an equivalence relation e
by the formula: s =1t(eg) e (A #e8") [szeH - tpeH] and a subset
Wy by the formula: se Wg < (A 2¢8") [sz¢H]. Clearly, Wy is a right
ideal of §* and sy is right regular, ie., s =1(eg) — su = tu(eg) for all
8,8, ueS'. H is called right neat f Wy = @. f Wy +# O, then Wy is an
eg-class. Equivalences eg were introduced in {3] and studied in [21].

A determinative pair for a semigroup 8 is any pair (e, W) where & is
a right regular equivalence on §' and W is either empty or a right ideal
of §' and an e-class. In [7], where the determinative pairs were introduced,
we considered a semigroup § with an adjoined identity (even if § had
an identity) instead of 8. This difference is important; however, for our
present purposes we can consider S'. '

Let (e, W) be a determinative pair for § and § the set of all e-clagses
distinet from W. For every se8 define a binary relation P, 4,(s) on $:
(Hyy Hy)e P )(s) & Hys « H,. Then P, 1, i8 a representation of § by
functions [7] which is called the simple representation associated with
(¢, W). According to [13], the simple representation P, ., is called
elementary and denoted by P . Here H is an arbitrary subset of S

Let P and @ be representations of a semigroup § by binary relations
on sets A and B, and. let 6 be a bijection of 4 onto B. 6 is called a similarity
between P and @ (and P, Q are called similar) if

(a1, ag) e P(s) & (6(a), 8(as))eQ(s) for all seS and ay, ayed.

Olearly, the kernels and fundamental quasi-orders of similar represen-
tations coincide. -

Let (P,);.r be a family of representations of a semigroup § by multi-
functions acting on sets (4,);.;. Let A be the sum [1] of the family (4,),.r,
e, 4 = J (4;X{t})ier. Detfine ((an 11)y (as iz))‘P('g) iy =1y A (ay, ay)
eP; (s) for all (a,, 1), (a5, ;) e A and seS. Then P is a representation of §
by multi-functions acting on 4. P is called the sum of (P;);.; and denoted
by > (P);r. P(s) is the multi-function acting on the sum of (4,);.;, on
each A, P(s) acts as P,(s). Clearly, P is a representation by functions
(transformations, univalent functions) if so are P;.  The fundamental
quasi-order and the kernel of P are given by the formulas:

Cx@ier = n Crieri e3P = n (ep)ie
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A representation P is called symmetric if 7p is symmetrie, i.e., if
1; = 1p. If P(s) =@ for all se8, then P is called a null represen-

tation. A represeniation is symmetric zf and only if it is similar to a sum of
transitive and null representations [11].

If H c 8, then H* is a subset of S': A =Hvu {1}.

The kernel of an elementary representation Py is the congruence

¢ defined by the formula [7]: s =1t(e) « (A @,y e8") [wsyeHo sty cH].
H H

¢ is the largest congruence included in ey. A subset H < § is called
" :

disjunctive if ¢ = Ag. If H is right neat, then Py is a representation by
H

transformations; if H is disjunctive, then Py is a proper representation.

 Let P and Q be representations of a semigroup S by transformations
of sets A and B, and let 6 be a mapping of A onto B. § is called a repre-
sentative homomorphism of P onto @ if in order that (b,, by)eQ(s) it is
necessary and sufficient that (a,, a,)eP(s) for some a,, a,e4 such that
6(a,) = b; and 6(a,) = b, [26]. If 6 is one-fo-one on an element of 4
(i.e., if there exists an element aed such that 0(a) = 6(a;) > a =a,
for all a,eA), then 6 is called a principal representative homomorphism.
If 6 is a (prineipal) representative homomorphism, then ¢ is called a (prin-
cipal) representative homomorphic image of P.

A subset H is called saturated relative to an equivalence ¢ if H is
a union of e-classes.

Let o be a binary relation on a set A. An element a4 is called fiwed
by o if (@, @)eo. If F is a set of binary relations, then ¥, denotes the set
of all g« F which fix a, and F, denotes the set of all ge¥ which fix some
sed. Thus, Fy = ) (Folges-

A subset H of a semigroup § is called a multi-stabilizer if there exists
a representatmn P of S by multi-functions acting on a set A such that

H = P(P(S)a) for some aed (i.e., if seH < (a, a)eP(s)). This being the
case, H is called a stabilizer (full stabilizer, reversible siabilizer) if P is
a representation by functions (transformations, univalent functions).
If P is a proper representation, the stabilizer (multi-stabilizer, full or
reversive stabilizer) is called proper.

A subset H of a semigroup S is called (mulm) statwnary 1f there

exists a representation P of 8 by (multi-) functions such that H = P (P(8)g)
(i.e., seH < P(s) has a fixed point). If P is a representation by full (uni-
valent) functions, then H is called full (reversibly) stationary. If P is proper,
the corresponding stationary subset is called proper.

Thus, we have defined eight types of stabilizers and eight types of
stationary subsets of a semigroup. These definitions are not inner; they
use some objects (transformations ete.) which lie outside our semigroup.
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Inner characterizations of stabilizers and stationary subsets will be given
in § 2.

§ 2. Characterizations of stabilizers and stationary subsets,

TuEOREM 1. Let H be a subset of a semigroup 8. The following three
conditions are equivalent:

(1) H s a multi-stabilizer;
(2) H is a proper multi-stabilizer;
(3) H 18 a subsemigroup.

Proof. The implications (2) —» (1) — (3) follow from the definitions.
The only non-trivial part of the theorem states that every subsemigroup
is a proper mnulti-stabilizer of the semigroup.

Let H be a subsemigroup of a semigroup S and let A be the derlva-
tive ([9], [12]) of the canonical representation of § by right translations
of 81, Clearly, A is a proper representation by multi-functions. If seH,
then H's = Hs U {s} = HY, whence (HZ, H)ed (s). On the other hand
(%, BY)ed (s) means that H's < HY, whence s = IseH? and seH.

TEEOREM 2. Leét H be a subset of a semigroup S. The following five
conditions are equivalent:

(1) H is a stabilizer;

(2) H is a proper stabilizer;

(3) H is a full stabilizer; )
(4) H is a proper full stabilizer;

(6) H is a left unitary subsemigroup.

Proof. The implications (4) - (3) = (1) and (4) = (2) > (1) are
evident. If H is a stabilizer, then H is a multi-stabilizer and, by Theorem 1,
H is stable. Let s, ste  and let P be the representation of § by functiens

-1
such that H = P(P(8),) for some 4. Then (a, a)eP(s) and (a, a)<P(st)
= P(t)o P(s). It follows that a =(P()o P(s)}(a) = P(#)(P(s)(a)) = P(2) (a),
i.e., (a, a)eP(t) and teH. Therefore, (1) implies (5).

It remains to prove that (5) implies (4). Let H be a left unitary
subsemigroup of 8. Consider the simple representation P, 4 of § by
transformations. If s = f(eg1) then s =sleH' 1t =11 eH‘ It follows
that H' is saturated relative to ez. Let s, te H'. By left unitariness and
stability of H, sweH' implies zeH', which implies tzeH'. In the same
way tweH' — sweH?, i.e., s =t(eg). It follows that H' is an ez-class.
We have used the fact that H' is a left unitary subsemigroup of §*. Indeed,
if § = 8" and seH, then s, sleH, whence LeH and H = H'. If H = @,
then H' = {1}, which is a left unitary subsemigroup. If 8 s §' then the
left unitariness and stability of H' are verified by direct computation.
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Now H's = H' & seH" (the proof of this fact was given in the proof
of Theorem 1). Thus, seH' < (H', H') e Py, q)(8)- It follows that H is
a full stabilizer of §. Now let P, be any proper representation of § by
transformations. Then the sum of P, and P, 5) is a proper representation
P of § by transformations and H is a stabilizer for P, whence H is a proper
full stabilizer.

A subsemigroup H of a semigroup S is called unitary if H is left
unitary and right unitary (the latter means that s, iseH — {eH),

PROPOSITION 1. A non-emply subset H of a semigroup S is a unitary
strong subsemigroup of 8 if and only if H* is a strong subsemigroup of 8.

Proof. Let H be a unitary strong subsemigroup of §. Then H' is
a unitary subsemigroup of 8. Let v, v, uyeH'. If u, v, »,yeS then
o0, v, wyeH and zyeH < H' since if one of the elements v, uv, uy
equals 1, then 18, § = §' and, by the unitariness of H, 1eH. Let @ = 1.
Then v, uwveH', whence weH'. Now u, uyeH' implies 2y = y<H'. In the
same way ¥ = 1 —>ay = zeH'. Now let 4w = 1. Then «v, veH', whence
zeH' and y = uyeH'. Thus, sy H'. In the same way, v = 1 — ay<H"
Therefore, H* is a strong subsemigroup of S

Now let H' be a strong subsemigroup of §'. If F i3 a strong subset
of a semigroup § and @ is a subsemigroup of 8, then I’ N @ is a strong
subset of @ [7]. Hence H = H' N § is a strong subsemigroup of 8. Let
8,steH. Then 1-1,sl,steH, whence, t = 1teH and H is left unitary.
In the same way we prove that H is right unitary.

THEOREM 3. A subset. H of a semigroup S is a (proper) reversible
stabilizer if and only if H* is a strong subsemigroup of S* (and S has a proper
representation by univalent functions).

Proof. To prove necessity, let P be a representation of § by uni-

valent functions and (a, a)eP(xv) N P(uv) N P(uy). Then (a, a)eP(uy)o
-1 -1 -1

o P(uw)o P(zv) = P(y)o P(u)o P(u)oP(v)o P(w)oP(w) = P(y)odo0d 0
o P(w) = P(y)o P(z) = P(wy). It follows that reversible stabilizers are
strong. ' -

Now let H' be a strong subsemigroup of §'. In precisely the same
way as in the proof of Theorem 2, we may prove that H is the stabilizer
for the elementary representation Py of §. It is known [7] that Pgm
is a representation by univalent functions, since H' is strong. If § has
& proper representation P by univalent functions, then H is a stabilizer
for the sum of P and Pg, hence H is a proper reversible stabilizer.

Thus, among the eight types of stabilizers only four types are distinet.

A semigroup § is called a (left) nil-semigroup [14] if for every seS
there exists a natural » such that s” is a (left) zero of S. Clearly, 8 is a nil-
semigroup if and only if it is a left and right nil-semigroup.
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LEMMA 1. A semigroup possesses no proper (left) umitary subsemi-
groups if and only if it is o (left) nil-semigroup.

Proof. Let § be a left nil-semigroup and H be a non-empty left
unitary subsemigroup of 8. If s<H then s™¢H for all #, whence H contains
a left zero of S, say, i. For every weS {u = t<H, whence ueH and H = §.

Let 8 be an arbitrary semigroup and seS. Denote by 5 the set of
all te§ such that st = s" for some m, n. If #,, {,¢ 5, then s™¢, = s and
sPt, = s" for some natural m,m,p, q. Therefore, s"*?(1,t,) = sP(s™1,)1,
= §"5"ty = §"(sP1;) = 5”87 = "0 and {,4,e8. Lebt ¢, tues, ie., st = "
and s” (tu) = s? for some m, n, p, g. Then s**"y = §?*"¢y = s™*¢, whence
ue 5. Clearly, se 3. Thus, § is a non-empty left unitary subsemigroup of S.
Suppose § has no proper left unitary subsemigroups. Then 3 = § for
all se8, i.e., for every s, teS there exist m and » such that s™t = s™ Let
s = *. Then "t = ¢"”. Thus, for every teS and every natural p there
exist m and n such that "%} = ", It follows that ¢ is a periodical element.
Let b be the period of ¢ (i.e., 17*° =17 for all sufficiently large ¢, and b
is the smallest positive integer having this property). Then b is a divisor
of (mp+1)—np = (m—n)p-+1. This is impossible if b = 1 (suppose
p = b!). Therefore, b = 1 and #**' = ¢ for all sufficiently large ¢q. Now
let t's = #/. Then 1% = 17t%g = 7+7 =17 i.e., 17 i3 a left zero of §. Thus,
8 is a left nil-semigroup.

ProPOSITION 2. The following three conditions are equivalent for every
semigroup N: '

(1) for every representation P of 8 by transformations all the tramsfor-
mations from P(S) have a common fized point;

(2) for every proper representation P of S by tramsformations all the
transformations from P(8) have & common fized point;
(3) 8 is a left wnil-semigroup.

Proof. The implication (1) — (2) is clear. If (2) is satisfied, then
8 has no proper left unitary subsemigroups, By Lemma 1, (3) is satistied.
Now let (3) be satisfied and let P be a representation of § by transformations

-1
of a set A. If acA, then P(P(8),) is a left unitary subsemigroup of 8.
-1
If P(P(S),) = 8, then @ is a common fixed point for all transformations
~1

from P(8). Suppose P(P(8),) = @. Then P(S), = 9. Let s be a left
zero of §. Then s2 =s and P(s)oP(s) = P(s). If (a, a,)eP(s), then
(61y @) eP(s) and P(s)eP(8), # 9. Thus, a; is a common fixed point
for all transformations from P(S).

PROPOSITION 3. For every semigroup S the following two conditions
are equivalent:
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(1) for every proper representation P of 8 by functions all the functions
from P(8) have a common fized point;

(2) 8 is a left nil-semigroup which is not a nil-semigroup.

Proof. If (1) is satisfied, then condition (2) of Proposition 2 is satisfied
and § is a left nil-semigroup. If § is a nil-semigroup, then S possesses
a zero 0. Let P be the simplest representation of 8 corresponding to the
determinative pair (dg, {0}). Then P is proper and P(0) = @; thus,
condition (1) is not satisfied. Therefore, (1) implies (2).

Now let (2) be satisfied and let P be a proper representation of §

-1

by functions acting on a set 4. If aecd, then P(P(S),) is a left unitary
subsemigroup of S. By Lemma 1, S has no proper left unitary subsemi-
groups. Thus, either a is a common fixed point for all functions from
P(8), or P(S), = @. By (2), 8 possesses two distinct left zeros, say, s
and t. Suppose that P(s) = . Then P(f) = P(is) = BoP(t) = @ and
8 = t. Therefore, P(s) # @. It follows that (a,, @;) e P(s) for some a,eA.
Therefore, P(8), = P(S).

COROLLARY. For every semigroup S there exists such a representation
P of 8 by functions that the functions from P(S) have no common fixed
point.

Proof. Consider a null representation.

A corresponding result for representations by univalent functions
will be obtained in §4.

To characterize stationary subsets of gemigroups we need some
preliminary definitions. We are going to generalize for arbitrary semigroups
the concept of an invariant subset of a group. A subset H of a group @
is invariant if g~'Hg = H for all ge@. This definition is not applicable
to semigroups and an obvious equivalent Hg = gH for all g¢G does not
suit us.

Let 8 be a semigroup and s, teS. The element ¢ is called a conjugate
for ¢ if so = =t for some z8; ¢ is called a strong conjugate for s if sx —
for some x¢8" and xy = s™ for some y 8 and natural n. If ¢ is a conjugate
for s, we shall write s |- ¢. The strong conjugacy relation will be denoted

by F. Instead of s |- ¢ we shall write also (s, t)<f; instead of s k¢ we
shall write also (s, t)ef,.

Lenmaa 2. The relations of conjugacy and of strong conjugacy are quasi-
stable quasi-order relations and B, < f.

Proof. For every se ss = ss and ss = s?, whence s — s and 5 F s.
Let sti—t 1w (s kEt Eu). Then sz — xt and ty =yu (and za = s,
yb =" for some 4, beS and natural m, n) for some @, yeS™ Therefore,
$(wy) = aty = (ay)u, ie., s — u (and zyba = 2i™a — wt™ 'a = sxt™ ' a

. -3 —9 _
= 8(wt)i" e = 20" g = ... = " lgig = " g = s™*t™ +whence
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s Fu). Thus, {— and F are reflexive and transitive, i.e., they are quasi-
order relations. ' B

If st 17 then sy =t for some zeS'. Therefors,. s"z — s sz
=s""lot = " Peat = ... =" and " |- " I oy = o, then x(ys™»—™)
= g™, ie, © Fy =" l= y". Thus, — and F are quam-sta.ble subsets
of the semigroup §x 8. The inclusion 8, = § is evident. -

A subset H of a semigroup 8 is called (weakly) znfuamam if H containg
all (strong) conjugates for all of its elements, i.e., if

SeH Ast—t—>teH  (seH As Ft—1cH).

We are going to consider invariant subsets which contain all —
positive and negative — powers of each of their elements. In the case
of groups the statement about negative powers of an element has an
evident sense. However, we must define what we mean in the case of
arbitrary semigroups.

Let ¥ and y, be two binary relations on a semigroup 8. By defini-
tion, (s,?)ey means that sxt =a for some zeS; (s,1?)ey, means thab
swt = x, xy = §" for some 2, ye§ and natural n. y and y, are called the
inverse conjugacy relation .and the sirong inwerse conjugacy relation
respectively. A subset H of a semigroup S is called (weakly) inversely
invariamt if it contains all (strong) inverse conjugates for all of its ele-
ments, i.e., if

SeH A (s,t)ey —>teH (seH A (3,t) ey, > teH).

If 8 is a group, f = f, and y = ,, (s,t)ey means that s~ |~ i
H is inversely invariant if s 'Hs = H™' (here teH 't 'eH), ie.,
H is both invariant and symmetric, i.e., # = H~', Thus, in the case
of a group the invariance follows from the inverse invariance. This does
not hold for semigroups. E.g., every subset of a free semigroup is inversely
invariant but not every subset is invariant (a subset H of a free semigroup
is invariant if and only if H contains all elements obtained from the
elements of H by cyclic permutations of letters from which those elements
are constructed: s;8,...8,eH —> 8,88, ... 8,_;<H).

The relations of (strong) conjugacy and inverse conjugacy deserve
a more detailed study, which i3 beyond the scope of the present paper

We mention that y and y, are quasi-stable, y < B, yoc: Bo, y cy,
‘Vo < yo,y0ff = foy =y and .08, = f,0ye = y,. Here 9 = gog and

g = gopop. In a left cancellative semigroup f and f, are symmetric,
i.e., such a semigroup is partitioned into classes of mutually (strongly)
conjugate elements. If § is a group, then the congruence on S defined
by the commutator of § is precisely the smallest congruence containing
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B (i.e., such that conjugate elements are congruent). The smallest semi-
group congruence containing g (or f,) may be called the (weak) commutator
of the semigroup. The quotient semigroup of a semigroup by the (wealk)
commutator is commutative and has many other properties.

THEOREM 4. A subset H of a semigroup S is stationary if and only
if it 18 quasi-stable, weakly invariant, weakly inversely invariant and con-
tains every element which has a left zero in H — the laiter condition means

that
seH A st =8 —=>1ecH.

A subset H is proper stationary if and only if it is quasi-stable, weakly
imvariant, weakly inversely invariant and contains every element having
a left zero which is not a zero of 8 — the latter condition means that

St =8 %0 —>teH.

A subset H is full stationary if and only if H' is quasi-stable, invariant
and inversely invariant. Every full stationary subset is proper full stationary.

Proof. Necessity. Let H be a stationary subset of 8§, ie., H
-1
= P(P(S)s,) for some representation P of 8 by functions acting on a set A.
If seH, then (a, a)eP(s) for some aeAd. It follows that (a, a)eP(s") and
s"e¢H for all m. Thus, H is quasi-stable. If st = ¢ then (a, a)eP(st)
= P(t)o P(s) and. (a, a)eP(t), i.e., teH. Thus, H contains every element
having a left zero in H.

Now let sz = ot and seH* if P is a representation by transformations
and let sz = ot and 2y = §", seH if P is a representation by functions.
Then (a,, a,)eP(s) for some a,ed. If P(x) is a transformation (P(1) is
4, in the case where 1¢8), then a,epr,P(z). Otherwise, (a, a;)eP(s")
= P(zy) = P(y)o P(x) and a,epr,P(m). Thus, (ay, a,)eP(x) for some
@seA. Therefore, (a;,a,)eP(z)oP(s) = P(sz) = P(xt) = P()oP(x). It
follows that (a,, a,)eP(t) and teH. Thus, H is weakly invariant (H is
invariant if P is a representation by transformations).

Now let szt = @ for #<8 and seH and, if P is not a representation
by transformations, then let #y = s™ for some yeS and natural #. Then
(a1, a;}e P(s) for some a,eA. If P(z) is a transformation, then a, ¢pr; P(w).
Otherwise, (ay, a,)eP(s") = P(zy) = P(y)oP(x) and a,epr, P(x). Thus,
(a1, a,)eP(w) for some a,eA. Hence, (ay,a,)eP(x) = P(swt) = P(f)o
oP(x)o P(s). Since (ay, a,)eP(w)o P(s), we obtain (a,, a,)eP(t) and i<H.
Therefore, H is weakly inversely invariant (inversely invariant if P is
& representation by transformations).

If P is proper, then P(s) = @ implies that P(s) is a zero of P(S)
and s is a zero of §. Let st = s 5 0. Then P(s) % @, i.e., (ay, a,) e P(s)
for some a;, a,¢ A. Therefore, (a,, a,) e P(st) = P(t)o P(s) and (ag, ay) e P(t),
whence, teH.
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Sufficiency will be proved in a series of lemmas.

One can easily see that the intersection of any family of left unitary
subsemigroups of a semigroup § is a left unitary subsemigroup. Thus,
left unitary subsemigroups define a closure operation on the set of subsets
of §'. Let (H) denote the smallest left unitary subsemigroup of 8* con-
taining a subset H = 8, {8) = ({s}).

LeEMMA 3. tels) if and only if s™t = s* for some natural m and n.

Proof. In the proof of Lemma 1 we have seen that the set 3 of all ¢
such that st = s” for some #» and m is a left unitary subsemigroup con-
taining s. Thus, {s) = 3. Let H be a left unitary subsemigroup of S and
seH. Then s™eH for all m. If s™t = s", then s™, s™teH. Thus, te¢H and
5§ < H. Therefore, s = (s) and {s) =3.

' Let H be a left unitary subsemigroup of 8. In the proof of Theorem 2
we have seen that H is a class modulo ez. Let nz denote the smallest
right regular equivalence relation on § such that H is an 5g-class.

LEMMA 4. s =t(ng) if and only if there exist a chain of elements
‘hyy boy oovy hope H and a chain of elements s = oy, @y, ..., 2,,, = eS8 such
that hy®; = he®s, hey = hyay ooy by 18y = Ry @y 14

Proof. Let # be the binary relation defined as follows: (s, ?)en if
and only if there exist chains of elements connecting s and t in the way
mentioned in Lemma 4. Clearly, % is reflexive, symmetric and transitive,
i.e., 7 is an equivalence relation. Moreover, # is right regular since all
the elements »; may be simultaneously multiplied by the same element.
If seH, then @, = hy @, ¢H, whence @, e H. In the same way, ®,eH — w3 H
etc. As a result we have ¢t = ,,,eH. Now let s, te H. Then 1k, = I,1,
hyl = 1h,, whence (h,, hy) en. Therefore, H is an 7-class. Let ¢ be a right
regular equivalence relation, let H be an e-class and (s, #) en. Then h,;@;.,
= Rys 1%, (e) for all ¢ =1,2,...,n—1. Therefore, h @, = hy, 2, ,(e)
Since s = 1s = o, (e) and ?t = 1t = hy,t(c), we have s = {(¢), whence
n < & Thus, 1 = ng.

LEMMA 5. Let H be a left unitary subsemigroup of 8. Then Wg is
saturated relative to ng.

Proof. Let s =1(yg) and s¢ Wg. Then szeH for some zeS8'. It
follows that sz = tx(ng). Since H is an ng-class, toeH and t¢ Wg.
Thus, the complement of W is saturated relative to 7z and Lemma b
is proved.

Define vy, = 75z U (Wy X Wg). Thenvy is an equivalence relation on 8,
the classes modulo vg are Wg (if Wg # O) and all those n5-classes which
are not included in Wy. Since #g is right regular, Wg is a right ideal
saturated relative to 5z, we infer that »g is right regular and (vg, Wg).
is a determinative pair for 8. The simplest representation of § associated
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with this determinative pair will be denoted by I'y and called the principal
represemation of § associated with a left unitary gubsemigroup o,
LEMMA 6. § = t(wy) if and only if w Mg = w"t for some natural m andn,
Proof. If u™s = ™, then, by Lemma 4, § =i(fw,). Now let
8 = t(”y). Use Lemma 4 choosing shortest of the chains of elements
mentioned in Lemma 4. For every h; there exist natural m; and n; such
that w™h, = u™. Multiplying these equalities by u several times on the
left we obtain the equalities »™h; = 4P where m i3 the maximal among
the numbers m,, My, ..., My,. Multiplying all the equalities hy;_,=;
= hy3;,, by #™ on the left, we obtain u"-1z; = vz, ,. If »>1,
then the first two equalities imply wP1*P3z, = uP2*P3g, = wP2tPig,, ie,,
uPrtPigp = P2t Pag. and the first two equalities may be replaced by one
equality. This contradicts the minimality of #. Thus, n = 1 and «®1s = uP24.
Now let H be quasi-stable, weakly invariant and weakly inversely
invariant, and let it confain right identities of its elements (i.e., s¢H
A $t =8 —teH). Consider the representation P = 3 (I')serr Of S. If seH
then {(s)s = (s), i.e., {s) is a fixed point of Iy, (s). Thus, P(s) has a fixed

point and seP(P(S o) -
-1

Suppose that seP(P(S)y), i.e., that P(s) has a fixed point. Hence,
there exists an heH such that I'y,(s) has a fixed point, say, H,, i.e.,
Hysc H;. If sjeH;, then s,8 = s4(vq,). Since v,y < 74,, we obtain
808 = 84(nq,) or, by Lemma 5, h¥s,s = A%s, for some natural p and g.
Now 8¢ W, whence 8,8, (k) for some $,¢8'. By Lemma 2, h™s,s, = A"
for some natural m and =.

To prove se¢H we need some further lemmas.

LeMMA 7. Weakly imvariant subsets are reflewive.

Proof. If H is weakly invariant and steH, then (st)s = s(ts) and
8t = st, whence st Fis and steH.

LEMMA 8. A subset H of 8 is quasi-stable, weakly invariant and weakly
mwersely invariant, and contains right identities of its elemenis (i.e.,
seH A st =5 —>teH) if and only if for all natural m,n, p,q and all
hy s, 80, 8,€8 )

(%) heH A hPsy8 = h%s; A h™8,8;, = h™ - seH.

Proof. Necessity. Let the antecedent of (*) be trne. Consider three
possible cases:

Case 1. Let p < ¢. Multiplying the equalities in the antecedent
of (*) by % on the left a sufficient number of times, we obtain p = m.
Repeating this process, we may obtain for # a multiple of g—p, i.e.,
% = k(g—2p). This process does not alter the equality p = m and the dif-
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ference g¢—p. Then AS™P(R¥se) = (WPsy)s and (KPsg)s;, = (R<P), ie.,
2*? ks. Now heH — 2" PeH —seH, whence seH.

Case 2. Let p=¢. As in Case 1, we may consider p = m. Multiplying
WPsy8 = hPsy by s, on the left, we obtain s,/Ps,s = s,h%s,. Now h"eH,
i.e., hPs,8,eH. Since H is reflexive by Lemma 7, s,h?s,eH. The element
83k, 8, 18 & left zero for s. Thus, seH.

Case 3. Let p > ¢. We may consider m = p and » to be a multiple
of p—q: n =k(®—q). Then h*"9(h%sy)s = hPs;s = h%, and (h%sy)s,
= (W79, ie., (*7% s)ey,. Since H is quasi-stable and weakly inversely
invariant, " %¢H and seH.

Sufficiency. Let (*) be true. Suppose that heH,s = k¥, s, = b,
p+k=¢m=1,8 =h and n =3. Then, by (*), h*eH, ie., H is
quasi-stable.

Now let so = at, oy = " and seH, let s, =z if zef, 8, =y, and
let m,n,p,q be such that sPwt =%z A s"oy = s*. By (+), teH. If
# =1, then 8 = ¢ and teH. Thus, H is weakly invariant.

Now let hzs = » and ay = h*. Then the antecedent of (*) is true for
S =a,8, =y, m =g =1,p =2 and » = k+1. Therefore, seH and H
is weakly inversely invariant.

Suppose that st = seH. Then the antecedent of (*) is true if %, 4, s
and s; are replaced by s, s, ¢ and s respectively and if p = ¢, m4+2 = n.
Therefore, < H and H contains all right identities of its elements. Lemma 8
is proved.

Returning now to the argument preceding Lemma 7, we see that

-1 ,
seH, whence, H = P(P(S)“), i.e., H is a stationary subset.

Now suppose that H satisfies the condition st = s 7# 0 —{e¢H, which
is stronger than seH A st = s -teH. Let 4, be the canonical represen-
tation of § by the right tramslations of S'\{0} (i.e., 4, is the simplest
representation determined by the determinative pair (dg, {0})). Consider
the sum of P and 4,. Clearly (P+4,)(s) has a fixed point if and only if
either P(s) has (i.e., seH) or A,(s) has (i.e., #s = @ % 0 for some weS").
Thus, (P+4,)(s) has a fixed point precisely when se¢H. Thus, H is a proper
stabilizer.

Levma 9. A subset H* of S' i quasi-stable, invariant and inversely
invariant if and only if for all natural p and g and for all h, s,, 8¢S
(**) heH A hP8,8 = Ws, —seH.

Proof. Necessity. Let the antecedent of (**) be true. If » < ¢,
then h?~P(hPs,) = (hPs,)s, i.e., A?"? |~ s. Since H' is quasi-stable and
invariant, W ?e¢H and seH. If-psxq, then RP7I(R%s,)s = %8, 1.,
(P79, 8)ey. It follows that seH

2



18 Stationary subsets, stabilizers and transitive representations

Sufficiency. Let (**) be true. If heH, s, =k, s = h¥ and p+14-
+% = q+1, then W*eH, ie., H is quasi-stable. Suppose that hs, = ;s
and heH. If p =1 and ¢ = 2, we infer, by (**), that seH, i.e., H is in-
variant,

Suppose heH and hsys = §y. If p = ¢+1, then, by (**), seH and H
is inversely invariant.

Lemma 9 is proved.

Consider the representation P, which is the sum of A (here A
= Pg1,0)) 1.6,y 4 I8 the canonical replesenta.tlon of 8 by right translations
of §') and ot‘ the family (P(,,(h),‘,)),uH of representations. Clearly, P is
a proper representation of § by transformations. Let H* be quasi-stable,
invariant and inversely invariant. If seH, then (s) is a fixed point of
P, <s>-ﬂ)(s)’ whence P(s) has a fixed point. Suppose that P(s) has a fixed
point. Then either A(s) has a fixed point or P, (i) (8) has a fixed point,
say, H,, for some heH. In the first case, s = « for some eS8 If 2 =1,
then ¢ = 1e8; thus, eS. It follows that 1 — s. Since 1<H' and H* is
invariant, seH. In the second case, sy8 = so(n(,,>) or, by Lemma 6,

h?sy8 = hs,. By Lemma 9, seH. Thus, H = P(P(;S’)S,) and H is a proper
full stationary subset of S.

Theorem 4 is proved.

CororrLARY. A subset H of a semigroup S 1is stationary if and only
if H satisfies condition (*). H s full stationary if and only if H satisfies
condition (**),

ProPOSITION 4. For every semigroup S the following three conditions
are equivalent:

(1) for every representation P of 8 by transformations all the tramsfor-
mations from P(8) have fized points;

(2) for every proper representation P of 8 by transformations all the
transformations from P(8S) have fized points;

(3) for every element of S there ewists a left zero, i.e.,

(As) (V) [ts =11.

Proof. The implication (1) — (2) is clear, the implication (2) — (3)
follows from the consideration of the case P = A. Let (3) be satisfied
and let H be a full stationary subset of S. If #s = ¢, then 1 }— s. Since
LeH', seH" for all se8, i.e, A' = §'. Thus, § is the only full stationary
subset of 8§, ie. (1) is true

Proposition 4 hag been proved by E. 8. Ljapin [5].

PROPOSITION 5. For every semigroup 8 the following two conditions
are equivalent:
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(1) jor every proper representation P of 8 by functions all the functions
from P(8) have fized poinis;

(2) every element of S has a left zero, but § is a semigroup without
zero.

Proof. (1) means that § is the only proper stationary subset of §.
By Proposition 4, (1) implies (As)(V/#) [ts =¢]. If 8 has 0, then 4,(0) = @,
i.e., 4,(0) has no fixed point. Hence, (1) - (2).

Let (2) be true and H be a proper stationary subset of 8, then s
=1 —seH, by Theorem. 4. Therefore, H = § and (1) is true,

PROPOSITION 6. For every semigroup S the following two conditions
are equivalent:

(1) for every non-null representation P of 8 by functions all the functions
from P(8) have fized poinis; ’

(2) 8 is simple (i.e., 8 has no proper ideals) and every element of 8
has a left zero. ‘

Proof. (1) means that every homomorphic image of § satisfies con-
dition (1) of Proposition 5. It follows from Proposition 5 that every element
of § has a left zero and homomorphic images of § are semigroups without
zero, whence § is simple. Now (2) means that all homomorphic images
of § satisty condition (2) of Proposition b, whence (1) is satisfied.

ProOPOSITION 7. For every semigroup S the following two properties
are equivalent:

(1) for all proper representations P of 8 by functions all monempty
functions from P(8) have fized poinis;

(2) every non-zero element of S has a left zero which is not a zero of S,
e, (As)(V1)[s #0 —1ts =1t %01

Proof. Consider 4, as P in order to prove the implication (1) — (2).

Now let (2) be true. Suppose H to be a proper stationary subset of
8. I 0 ¢ H, then, by (*), H = 8. If 0 ¢ H then, by Theorem 4 and condition
2, H = 8\{0}. It follows that (1) is true.

Remark. If § has 0, then there exists a proper representation of §
by functions which maps 0 onto @ (e.g., 4, is such a representation).

PROPOSITION 8. The following two conditions are equivalent for every
semigroup S:

(1) for every representation P of 8 by functions all non-empty functions
from P(8) have fived points;

(2) for every element seS there exists a left zero (i.e., such an element
te8S that ts = 1) which generates the same principal ideal as s.

Proof. Condition (1) implies condition (1) of Proposition 7, whence
implies condition (2) of Proposition 7. Let I be an ideal of S, and let s ¢
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and S/I be the Rees quotient semigroup of § by I. Then s has a left zero
which is not included in I. It follows that (s) = (¢) for this left zero ¢
(here (s) is the principal ideal generated by s). But s = ¢ implies (f) < (s),
whence (8) = (t). Thus, (1) implies (2).

Now let (2) be satisfied. Then. (2) is satisfied for every homomorphic
image of S. It follows that every homomorphic image of § satisfies con-
dition (2) of Proposition. 7, whence (1) is true.

The axioms for stationariness, proper stationariness and full station-
ariness of a subset are infinite in number (since the quasi-stability of
H is equivalent to the infinity of axioms s<H — s" ¢ H for each natural =).
Clearly, invariance, inverse invariance and other conditions considered
in Theorem 4 may be written as formulas of the lower predicate calculus,
i.e., as elementary axioms.

THEOREM 5. Stationary subsets, proper stationary subsets and full
stationary subsels cannot be characterized by finite systems of elementary
axioms.

Proof. Let Fy be the free semigroup over an alphabet X, and let
the elements of ¥, be words over X. Let H, = I'x, aeH, if and only if
p is not a divisor of the length of « (here p is & prime). An equality of
the form afly = f is impossible sinee the length of «fy is more than the
length of B. Thus, the inverse conjugacy relation on Fx is empty, i.e.,
every subset of Fy is inversely invariant and weakly inversely invariant.
If ay = yB, then a and f have the same length. It follows that H, is in-
variant (and weakly invariant). Let ae<H,. Then o"¢H, if and only if »
is not a multiple of p. Denote by 4, the formula (As)[seH — s?<H].
Clearly, H is quasi-stable if and only if H satisfies A, for all prime p.
H, satisfies 4, for all prime ¢ # p. Thus, 4, does not follows from all
the other axioms characterizing (proper) invariance or full invariance.
It follows that the system of axioms characterizing invariance (proper
invariance, full invariance) is not equivalent to any finite subsystem of
itself. Theorem 5 follows from this fact and Gédel’s Completeness Theorem
for the lower predicate calculus.

PROPOSITION 9. Imvariance: sx = xt A seH — teH, inverse in-
variance: Srt =z A seH —teH, and quasi-stability: seH — s?<H for
each prime p constitute a system of independent elementary axioms charac-
terizing full stationary subsets.

‘Proof. In the proof of Theorem 5 we have seen that A, does not
follow from all the other axioms mentioned in Proposition 9. Now let
z,yeX and let H < Fy consist of all the words having the form (xy)™
Clearly, H is quasi-stable, i.e., satisfies A, for all prime p. H is inversely
invariant (as every subset of Fy). However, H is not invariant, since
2y = yz but yz ¢H. Let Z be the additive group of integers and N be the
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set of natural numbers. Clearly, N is quasi-stable and invariant but. not
inversely invariant.

One can define binary, ternary ste. stationary relations, e.g., a binary
relation a on a semigroup 8 is (proper, full) stationary if there existy
a (proper) representation P of S by (full) functions such that (s, t)ea
if and only if the functions P(s) and P(t) have a common fixed point.
The methods developed here to solve the problem of the characterization
of stationary subsets permit the characterization of these stationary
relations. This program has been effectuated by V. S. Garvackii.

Now we consider reversibly stationary subsets of semigroups.

Let, { be a guasi-order relation on a semigroup S'. ¢ is called stable
if (81, %) el and (s,, ty) el Imply (s8,8,, ti8)el. ¢ is called steady if (2, 2v)
el A (2,uv)el A (2,uy)el — (2, xy)el. The universal quasi-order relation
8! x 8" is steady. The intersection of all steady quasi-orders of 8" is a steady
quasi-order which is denoted by ¢ and called the strong quasi-order of

& [6], [7]. Instead of (s, )« we shall write also s 3 ¢. The strong quasi-
order of a semigroup is stable [6], [7]. The strong quasi-order may be
defined in an inner way: s <3 ¢ if and only if there exists a finite chain

of elements of ' which connect s and ¢ in a simple preseribed way [6].
-1

The symmetric part of ¢ is denoted. by '=Z‘ n ¢ and called the sirong
equivalence on S8'. A semigroup S is isomorphic to a semigroup of uni-

valent functions if and only if z is identical (or, which is the same, {is an
order relation) [7]. This condition is equivalent to an infinite system of
simple elementary axioms [6].

The infersection of any family of strong subsemigroups is again
-a strong subsemigroup. Thus, strong subsemigroups determine 2 closure
operation on the set of subsets of 8% If H < 8, then [H] denotes the
smallest strong subsemigroup of 8 which contains H; [s] = [{s}]. Semi-
groups [s] will play the same role as {s) in the proof of Theorem 4.
We consider [s] in more detail.

LEMMA 10. tels] if and only if s™ < s"ts" for some natural m and n.
One may consider only the case where m > .

Proof. The set of all ¢ such that s < ¢ is the smallest strong subset
confaining s [6], [7]. Therefore, [s] is majorantly closed, i.e., te[s] A ¢
< % —>ue[s]. Since s™e[s] for all m,s™ < s"is" implies s"is"<[s]. By
proposition 1, [s] is unitary, whence #s"e[s] and fe[s]. Let H be the set
of all ¢ for which there exist m and = such that m > n, s™ < s"#s". We
have proved that H < [s]. Clearly, seH, since s® <3 sss. Let {, ueH, i.e.,
$* 3 s%ts® and s° <3 s%us? for some matural a, b, ¢, d. Multiplying one of
these inequalities by s several times, we obtain a = ¢. Hence, we may
suppose at once that s* 3 sts° and s* 3 s?wus® where b, c, d, ¢ are less
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than . If a > o4 d, we may reduce our inequalities to the form s*=2-¢
3 sP1s? ¢, §20-0~¢ 3 *°yus’, multiplying our inequalities by s several
times. If @ < ¢+d, then in the same way we obtain s°*% 3 s**+a-04,
gt+e 2 gdysttotd—e Thus, we may consider only the case where a = c+d
since other cases ma.y be reduced. to this one. Since L' is steady, s* < s1s°,
8% 2 §%s%, 8% 3 stus® imply s 3 s’tus® and tweH. Thus, H is stable.

Now let zv, uv, uy e H. In this case one can choose na,tma.l numbers
a, b, ¢, d, p, ¢, * in such a way that s" 3 s° zvs®, 873 sCuvs®, s" 3 sSuys,
Multiplying the first inequality by s on the left and the second one on
the right by s several times, we obtain p =7 > ¢q. Let p—g = n. Then
P 3 Tyt P 3 gtHn gt P 2 g%t yys? By the steadiness
of C, P+ 2 ¢%zys® and ayeH. Thus, H is a strong subsemigroup of &
containing s. Hence [s] < H and H = [s].

THEOREM 6. A subset H of a semigroup S is reversibly stationary if
and only if for all natural m and n and all s,1, u, veS

() seH AS™ <3 uv A" 3 utv —teH.

H is a proper reversibly stationary subset if and only if H satisfies (*x*)
and the condition

(e %uk) 0 s£8 =3 uv A8 3 utv >teH

and the semigroup S has a proper represeniation by univalent fumctions
(.., ¢ = dg).
Proof. Necessity. Let P be a representation of S by univalent

-1

functions acting on a set A and H = P(P(S)y). Define s 3 t({p)
«P(s) c P(1),i.e., {pis the fundamental quasi-order of P. Then {pis a steady
quasi-order [13], whence ¢ = {p. Thus, s 3 ¢ — P(s) = P(i). Let the
antecedent of (***) be true. Then (a,, a,) e P(s) for some a,¢A. Therefore,
(@, a;) e P(s™) = P(ww) = P(v)o P(u) and (a,, a,) e P(s") < P(uiv) = P(v)o
oP(t)yo P(u). It follows that (a,, a,)eP(u) and (a,, a,)eP(v) for some
a,eA. Since P(u) and P(v) are univalent, (a,, a,) ¢ P(t), whence teH and
(***) is satisfied.

Now let P be a proper representation and let the antecedent of (*#**)
be true. Then P(s) # @, i.e., (ay, ay)eP(s) for some a,, a,eA. Thence,
(@y, @) e P(uv), i.e., (@, a)eP(u) and (a, a,)eP(v) for some acA. Since
(@, @) e P(ulv) = P(v)o P(t)o P(u), (@, a)eP() and teH.

Sufficiency. Let H be a subset of S satisfying (**+) and let P
= D' (Pia))ner be a representation of § by univalent functions (by definition
the sum of the empty family of representations is the null representation
on the empty set). If heH, then [h]h < [R], i.e., [k] is a fixed point of
P (k). Therefore, P(h) has a fixed point.
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Conversely, let P(f) have a fixed point. This means that Py (%) has
a fixed point, say, H,, for some seH. But H, = [s]".2 for some xeS*
(7], i.e., yeH; >yxe[s]. If yeH,, then ywe[s] and yteH,, ie., ylwe[s].
By Lemma 10, s™ 3 s?yxs” and s" < s%ytws?. Multiplying one of these
inequalities by s several times, we obtain p = ¢. Let w = s?y and » = zs”.
Then, by (**#), teH. It follows that H is a reversibly stationary subset.

Now let (*#+*) be satisfied and let § be the smallest strong subset
of 8 containing s. Let I" be the sum of all elementary representations
P; for se8,s 5 0. Then ey = & [7]. If ¢ = Agq, then I'is a proper represen-
tation of § by univalent functions. Suppose that I'(s) has a fixed point.
This means that P;(s) has a fixed point, say, Hl, for some ¢ 0. Then

H, =12 for some z¢8' and yeH, implies yz<t and yseH,, i. e., yswet.
But zéy means y | @ [7]; thence, t 2 yz and ¢ ) ysz. By (x***), seH.

Let P, be the sum of P and I'. Then P(s) has a fixed point if and only
if either P(s) or I'(s) has one, which means that seH. Thus, H is a proper
reversibly stationary subset.

COROLLARY 1. A subset H of an inverse semigroup S is a (proper)
reversibly stationary subset if and only if H contains inverse subsemigroups
of 8 generated by each element of H, (H contains all non-zero idempotents
of 8) and sts™'eH —teH.

Proof. Let P be a (proper) representation of § by univalent funetions.
If P(s) has a fixed point, then every element of the inverse subsemigroup
generated by P(s) has the same fixed point. If (a, a)eP(sts™?), then
(a, a;)eP(s) for some a,eA, whence (a,, a,)eP(t). If P is proper, then
P(s)is a non-empty identical function on a subset of A4 for every idempotent
seS,s # 0; thus, P(s) has fixed points.

To prove the sufficiency, suppose that H satisfies the conditions of
our Corollary and the antecedent of (***) is satisfied. Then H is major-
antly closed [8], i.e., (§ = ¢ A seH) — (teH). Indeed, if s 3 ¢ and seH,
then s =# for an idempotent i. Then (1)t(t)~" = (t)*(#) *«H and,
by our supposition, teH. If seH, then s"s "¢ H. Since s*s~™ < wtvo™ u™"
<3 utu™', te H. Therefore, (**+) is satisfied. By Theorem 6, H i3 a reversibly
stationary subset. If H contains all non-zero idempotents and 0 #s
<2 uv A8 3 utv, then ss'eH,ss ! R utvv 'u™! 3 wtu™?!, utu"'eH and
teH, i.e., (x**+) iy satisfied and H is proper.

COROLLARY 2. If H is a (proper) stationary subset of an inverse semi-
group, then H N H™* is a (proper) reversibly stationary subset. A (proper)
stationary subset H of an inverse semigroup is & (proper) reversibly stationary
subset if and only of H = H™%.

Prooif. Let P be a (proper) representation of an inverse semigroup

—1 -
8 by functions and H = P(P(S)y). Let P be the biunivalent of P [26]
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ie., 13(3 = P(s) n P(s7"). If P is proper, then P is proper [26]. Clearly,

P is a representation by univalent functions and H N H' = P (P(S st)
If H = H™', then H is a (proper) reversibly stationary subset. If H 1s
reversibly stationary, then H is stationary and, by Corollary 1, H = H!

Now we could easily characterize inverse semigroups Whose every
(proper) representation P by univalent functions has the following prop-
erty: for every seS, (s # 0) P(s) has a fixed point. Every non-zero
element of such inverse senugroups has an idempotent minorant distinet
from zero.

CoROLLARY 3. Let 8 be a group and H < 8. The following siz condi-
ttons are equivalent:

(1) H s stationary;

(2) H is proper staitonary;

(8) H 18 full stationary;

(4) H 4is reversibly stationary;

() H 18 proper reversibly stationary;

(6) H 1is quasi-stable, invariant and symmetric, i.e., H coniains cyclic
subgroups of 8 generated by the elements of H and H 18 invariant.

. Proof. Evident.

ProrosITION 10. Multi-stationary subsets are quasi-stable and reflexive.

Proof. Let P be a representation of a semigroup § by multi-fune-
tions acting on a set 4. If (a, a)eP(s), then (a, a)eP(s") for all n. If
(a, a)e P(st) = P(t)oP(s), then (a, a,)eP(s) and (a,, a)eP(i) for some
a,eA. Therefore, (a,, a;)eP(s)o P(t) = P(1s).

The problem of finding a characterization of multi-stationary and
proper multi-stationary subsets is still open. It is not known whether
quasi-stability and reflexivity are sufficient for a subset to be multi-
stationary.

§ 3. Transitive representations. A gubset H of a semigroup § is
a stabilizer of § relative to a representation P of § by functions acting

-1
on a set 4 if H = P(P(8),) for some aeA.
A subsemigroup I of §' is left unitary if and only if F' = H' where
H is a left unitary subsemigroup of S.

TEEOREM 7. Let P be a tramsitive representation of a semigroup S by
functions and let H be a stabilizer relative to P. Then P is a principal repre-
sentatively homomorphic image of the principal representation I'gr amd the
elementary representation Py is a principal representatively homomorphic
image of P. The elementary representation Pg amd the primcipal repre-
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sentation I'g1 are both transitive and H is a stabilizer velative to both of these
representations.

-1

Proof. Let H = P(P(8),). Then, by Theorem 2, H is a left unitary |
subsemigroup of 8'. In the proof of Theorem 2 we have seen that H*
is an ep-class and H's ¢ H' < seH. Let H, be an gp-class distinet
from Wm and 2e<H,. Then sye<H' for some yeS, ie, H,y = B Let
H, be an egi-class and zeH,. Then 1z¢H,, i.e., H'z =« H, and H,yz < H,.
Thus, the elementary representation Py is transitive for every left unita-
ry subsemigroup H of 8. P is similar to a simple representation of the
form P, 1) where s =1i(e) & P(s){(ad = P(t)<a) and se¢ W« a ¢pr, P(s)
[11]. Let § = (§"/ez))\N{Wyn}, i.e., § is the set on which act functions
Pyi(8) for seS. Now g1 is the largest right regular equivalence having
a class H' [21], whence ¢ = eg1. If se W, then a ¢pr, P(s), i.e., (a, a,) e P(s).
Since P is transitive, (a,, a)eP(?) for some t¢8; hence, (a, a)eP(st) and
ste H'. Therefore, s¢ Wg. If 8¢ Wy, then sz¢H' for some xeS8' and
(a, a) e P(sz). Therefore, acpr, P(s) and s¢ W. Thus, W = Wy1. Define
a mapping 6 of A onto $: 0(a;) = H, if and only if the e-class containing
all se8* such that (a, a,) e P(s) is included in H,. Since #(a) = H® and the
e-clags consisting of all s such that (a, a)eP(s) is H', we infer that 6 is
univalent at a. Let (H,, Hy)e Pep(s) for some H,, H,e$, ie., H;s c H,.
Since H,; = W, there exists an e-class H, such that H, < H,. Let
Hy,s < H,, where H,, is an e-class. Since Hy < H,, Hy, ¢ W. Let
(a, a,)eP(s) for seH, and (a,a,)eP(t) for te¢H,,. Then 0(a,) = H,,
8(a;) = H, and (a,, a,) < P(8), since Hys = Hy,. It follows that 8 is a prin-
cipal representative homomorphism of P onto Py.
‘ Since 5 is the smallest right regular equivalence with a class HY,
and Wg is an e-class, vz < &. One can easily verify that the canonical
map of S8'/yy;1 onto 8'/e restricted to »g-classes distinet from Wiy is
a univalent (at H') representative homomorphism of I'; onto P ).
Thus, there exists & principal representative homomorphism of Iz
onto P. Since H! is an vg-class, H is a stabilizer relative to I'y1. The
proof of the transitivity of I';1 is the same as in the case of the prineipal
representation Py.

CorROLLARY 1. Let P be a transitive representaiion of a semigroup
8 by transformations. Then every stabilizer relative to P is a right neat left
unitary subsemigroup of 8 and there ewist principal representative homo-
morphisms of I'en ondo P and P onto P for every stabilizer H relative to P.

Proof. If H is a stabilizer of 8 relative to P and P is similar to P, 4,
then H is a stabilizer relative to Py, . Since Wy = @ (see the proof
of the previous theorem), H' is right neat in 8' and H is right neat in 8.

Let 2 denote the kernel of the representation I';i. According to
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[7], s =t(») (A 28} [#s = at(vyn)]. If @ is a representatively homo-
H

morphic image of P, then sp c ¢o. It proves the first part of
COROLLARY 2. Let P be a iramnsitive representation of a semigroup

8 by functions and H is a stabilizer relative to P. Then e epC ;1 Moreover,

ep = [ ¢ where the intersection is taken for all stabilizers H relative o P.
H
Proof. Clearly, sp = [) e Let (s,1)e[)¢; then, for all H and all
I H

@, yeS, xsyeH o atyeH or, which is the same, for all aed and all
z,ye8Y, (a,a)eP(asy) o (a, a)eP(aty). Let (ay, a,)eP(s) and y =1,
Sinee P is transitive, there exists an z eS8 such that (a,, a;)eP(z). Then
(@5, as) e P(28y), whence (a,, a,) e P(xty) = P(at) = P(t)o P(x) and (a,, a,)
e P(t). Therefore, P(s) < P(t). In the same way P(t) = P(s), i.e., P(s) = P(2)
ant s =1(sp).

COROLLARY 3. A semigroup S has a proper transitive representation
by functions if and only if S contains a left unitary subsemigroup H such
that v = Ag. If S has a disjunctive left unitary subsemigroup, then S has

H

a proper tramsitive representation by functions.
Proof. If vy = Ag, then I'y: is a proper transitive representation
H

of 8. If 8§ has a proper transitive representation P by functions and H

is a stabilizer relative to P, then » = ¢p = 4g. If H is a disjunctive left
T

unitary subsemigroup, then Py is a proper transitive representation of S.
In the same way we may prove
COROLLARY 4. A semigroup S has a proper lransitive representation
by transformations if and only if 8 contains a right neat left unitary sub-
semigroup H such that 2= Ag. If 8 contains a right neat left unitary dis-

Jjunctive subsemigroup, then 8 has a proper transitive representation by
transformations.

A result inessentially different from Corollary 4 has been obtained
in [24].

THEOREM 8. Bvery tramsitive representation of a semigroup S by uni-
valent functions is similar to an elemeniary representation of S associated
with a strong subsemigroup of 8. Ewery representation associated with

a strong subsemigroup of 8 is a tramsitive representation of 8 by univalent
functions.

Proof. Let P be a transitive representation of § by univalent functions
-1
acting on a set 4, ac4 and H = P(P(8),). By Theorem 3, H' is a strong

subsemigroup of §'. All gp-classes distinet from W1 have the form
H" % for ze8". Let P be similar to a simple representation P, py where
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¢ and W are chosen as in the proof of Theorem 7. We have proved that
e e and W = Wy, Let H, be an egi-class distinet from . Then
H, = H" x. If seH,, then aepr,P(s), ie., (a, a,)eP(s) for some a,cd.
Since szeH', (a, a)eP(sx) = P(x)oP(s) and (a,, a)eP(x). If heH,, then
he<H', (a, a) e P(he) = P(z)o P(h) and (a, a,) e P(h) since P(z) is univalent.
It follows that P(s)(a) = P(h)(a), ie., 8 =h(e). Thus, egn < & and
Py = Pg1. Conversely, if H' is a strong subsemigroup of 8!, then
Py is a representation by univalent functions [7] which is transitive
by Theorem 7.

COROLLARY. A semigroup has a proper transitive representation by
univalent functions if and only if it contains a disjunctive sirong unitary
subsemigroup.

Proof. It follows from Theorem 8 and Proposition 1.

Theorem. 8 and Corollary are included in [2], where they are referred
to [7]. However, these results are not contained in [7] explicitly: they
easily follow from the results of [7] concerning determinative pairs and
strong subsets.

Applying Theorem 8 to inverse semigroups, we may easily develop
a theory of representations of inverse semigroups by univalent functions
(see [8], where such a theory is exposed).

§ 4. Symmetric representations and radicals. There exists an analogy
between the representations of semigroups and modules over rings.
Every right module 4 over a ring K may be considered as a representa-
tion of B by endomorphisms of the abelian group of A. If »eR, then
the transformation of 4A: y,(a) = ar is an endomorphism of the abelian
group A, and the correspondence I'(r) =y, is a homomorphism (i.e.,
a representation) of R into the ring of all endomorphisms of an abelian
group. Every representation of B by endomorphisms of an abelian group
may be considered as an R-module. This fact permits us to see a close
connection between modules over rings and representations of semigroups.
A semigroup is represented by transformations of a set; a ring is a semi-
group endowed with a structure of an abelian group; the corresponding
representations are by transformations of sets endowed with a structure
of an abelian group.

If 4 is a right R-module, then 4 has a distinct element 0 which is
fixed by all y,. Suppose P is a representation of a semigroup 8 by functions
acting on a set B. Let 0 be an element which does not belong to B and
B, = B U {0}. Define P,(s) = P(s) U ((prlP(s))' x{0}) where C’ is the
complementation of a subset ¢ < B, in B,. Thus, P,(s) is a transformation
of B, which coincides with P(s) on pr,P(s) and transforms all other ele-
ments into 0. P, is a representation of § and ep = ep, [25]. Conversely,
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let P be a representation of S by transformations of a set B and let 0B
be a common fixed point for all P(s), seS. Define P7(s) = P(s) N (B~ X B7),
where B~ = B\{0}. Then P~(s) is a function (P~(0) is P(s) restricted
to B~) and P~ is a representation of S by functions acting on B~. Moreover,
(P ) = P.

In particular, if A is an R-module, then I'" is a representation of the
multiplicative semigroup of R by functions acting on 4. Thus, all the
concepts of the theory of representations of semigroups by functions may
be transferred to modules.

This interconnection between the modules and the representations
of semigroups may be useful for both theories. Here we exploit only
some consequences of such an interconnection.

Quite clearly, transitive representations of semigroups by functions.
correspond to primitive modules: an R-module 4 is primitive ifand only
if the representation I'~ is transitive. Congruences on rings are in a natural
one-to-one correspondence with ideals. However, this does not hold for
semigroups: not every congruence on a semigroup possesses a class which
is an ideal and, generally speaking, every ideal is & class modulo many
distinct congruences. Thus, the theory of semigroup congruences cannot
be reduced to the theory of ideals. To preserve the analogy between
rings and semigroups we must keep this circumstance in mind.

The concept of radical is very important in the ring theory. Many
familiar radicals are defined in terms of some special modules over rings.
The typical situation is the following: let I be a class of modules (naturally,
I must satisfy certain conditions) and R be a ring. Let 3 be an R-module
in K. The kernel of If is the ideal I « R, rel « y, = y, (thus, I defines
just the congruence ¢,— on R). Let I be the intersection of all the kernels
of all E-modules belonging to K. Then I is the radical of R defined by the
class K. Ii.g., if K is the class of primitive modules, the radical obtained
is the Jacobson radical of the ring,

Let E be the set of conguences on a semigroup 8, e if and only
if ¢ is a kernel of a transitive representation of S by functions. Write
# = [ B. Then x is the semigroup analog of the Jacobson radical. We
call » the Jacobson radical of S. Moreover, let @ be the set of all funda-
mental quasi-orders on § associated with transitive representations of 8
by functions and 2 = n @. We call 2 the Jacobson quasi-order of S.

-1

Clearly, » = A n A The concept of the Jacobson quasi-order can be
introduced for rings but we are not aware of any attempts to do this.

Let K be the class of all R-modules M satisfying the property:
mr =nr %0 —~>m =n for all reR, m, ne M. The radical defined by K
is called the compressive radical [22]. Let @ be the set of all fundamental
orders on a semigroup § associated with all representations of S by uni-
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valent functions (clearly, representations by univalent funetiong correspbnd
to the class K of modules) We call ¢ = N Q the compr essive quasi-order
of 8. The intersection ¢ of all kernels of all representations of S by uni-
valent functions is the analog of the ring compresswe radical. ¢ may be
called the compressive radical of 8. By [7], [13], £ and & coincide with the
strong quasi-order and strong equivalence of 8.

In the same way, the intersection x of all the kernels of transitive
representations of § by univalent functions corresponds to the corpoidal
radical [22] of a ring. We call x the corpoidal radical of 8. The corpoidal
quasi-order of 8 is the intersection 4 of all the fundamental quasi-orders
for all transitive representations of § by univalent functions.

Thus, we have introduced three types of radical congruences and
radical quasi-orders for semigroups. Let « be a radical and f# a quasi-
order corresponding to a on a semigroup 8. § is called semisimple (or
a-semisimple) if ¢ = Ag. Clearly, § is «-semisimple if and only if § is an
order relation. 8 is called a radical semigroup (or an a-radical semigroup)
if a =8%x8.

Using the results of [7] and [11], we conclude that 8/x is the maxi-
mal homomorphic image of S having a proper symmetric representation
by functions, §/¢ is the maximal homomorphic image of S having a proper
representation by univalent functions and §/x is the maximal homomorphic
image of § having a proper symmetric representation by univalent
functions. In particular, S has a proper (symmetric) representation by
univalent functions if and only if 8 is (x-) é-semisimple.

A short summary of ideas and results in this direction may be found
in [18].

Explicit formulas for L‘ and & are given in [6]. Here we give such
formulas for A, %, 1 and =.

THEOREM 9. Let A be the Jacobson quasi-order of a semigroup S. The
following five statements are equivalent for all s, teS:

(1) s 3 t(A);

(2) for every xeS' there ewist natural numbers m and n such that
(sz)™s = (sx)"1;

3) for every el there ewist matural numbers m and n such that
(sz)™s = (sz)"1;

(4) for every weS' there ewists a matural nuwmber n such that (sz)"s
= (s2)"1;

(5) for every xe S there exists a natural number n such that (sz)"s = (sz)"1.

Proof. Let s = t(A). Then s <3 #({p) for every transitive represen-
tation P of § by functions. In particular, this is true for Pg,, heS. Since
tp is stable, s <3 @t(Lp) for all zeS". By [13], wse(h) — atelh). If b = s,
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we obtain atf<{wsd. By Lemma 3, (zs)"2t = (ws)? for some p and g. Multi-
plying this equality by s on the left, we obtain (sw)’*'? = s(xs)’zt
= s(28)? = (sz)?s, i.e., the implication (1) — (2) is verified. The implication
(2) — (3) is evident as well as the implication (4) — (5).

Let (2) be true. For every z¢S" there exist p and ¢ such that (sz)"s
= (sz)%t. Substitute here z(sx)*~! for 2 (e is a natural number).
Then (s2)°" s = (sw(sz)*"Y"s = (sw(s2)*"")"t = (s2)*"t for some m and =.
Multiplying the last equality Dby (sz)® on the left several times,
we obtain ma > ¢. Then (sz)™t! = (s&)™ sz = (sa)" e = (s2)*" " (sw)iz
= ()™ Ysz)’ s = (sz)"™ 2P+, I an+1 = am—q+p+1, then
g—p = a(m—n); hence, g—p is divided by any natural number q.
Thus, ¢ = p. If an+1+% am—q+p-+1, then the element sz is periodic.
Let % and o be the smallest numbers such that (sz)*t” = (sz)%. Then
the difference (an+1)— (am—gq+p+1) = a(n—m)+4g—p is divided by
v for any a. Suppose that a = v: then ¢—p is divided by ». It follows
that (s2)**?t = (sx)“t% = (sz)**?s. Therefore, (2) implies (4). In the
same way (3) implies (5).

Now suppose (5) to be true and P to be a symmetric representation
of § by functions. Let (ay, a,)<P(s). Since P is symmetric, there exists
an zeS8 such that (a,, a;)eP(x), whence (a, a;)<P(sz). Therefore,
(a1, @3) e P(s)o P((sz)*) = P(t)oP((sx)"). Sinece (ay, ay)eP((sz)"), (ay, a,)
eP(t). Thus, P(s) = P(t) and (s, t)elp. This is true for every symmetric
representation P, whence (s,t)eld. Thus, (5) implies (1). Theorem 9 is
proved.

COROLLARY 1. Let x be the Jacobson radical of a semigroup S. The
following five statements are equivalent for all s, teS:

(1) 8 = t(x);

(2) for every wxeS' there exwist matural numbers m,m,p, q such that
(sz)™s = (sz)*t and (tz)Ps = (Ix)%;

(3) for every wmeS there exist natural nwmbers m,n, p, q such that
(sz)"s = (s2)"t and (lz)’s = ({z)%;

(4) for every xeS' there exists a natural number n such that (sm)"s
= (s2)"t and (tz)"s = (lz)"t;

(6) for every m el there ewists a natural number n such that (sz)™s = (sz)™t
and (to)*s = (iz)"i.

The equivalence (1)« (2) in Corollary 1 was proved in [20], the
equivalence (1) < (4) was proved in [4] by other methods.

COROLLARY 2. A semigroup S is Jacobson semi-simple if and only
if (A2)(Vn) [(s2)"s = (sw)* 1 A(tz)'s = (tz)"t] > 8 =t where n is a vari-
able over the set of natural numbers and x is a variable either over S or
over 8.
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CoROLLARY 3. A semigroup 8 is Jacobson radical if and only if 8
is a left nil-semigroup.

Proof. If § is a left nil-semigroup, then for all s, ¢, <8 there exists
2 n@tm’a,l.n such that (sx)" and (tx)" are left zeros of §. By Corollary 2,
s = t(x), i.e., 8 is radical.

Suppose that § is a radical semigroup. If H is a proper left unitary
subsemigroup of §, then Py is a non-trivial transitive representation
of § by funections. Since » < ep, = L7 8 x 8, 8 cannot be radical. Thus,

7
v

8 contains no proper left unitary subsemigroups. By Lemma 1, § is a left
nil-semigroup. ~

Recall that § is Jacobson semisimple if and only if S has a proper
symmetric representation by functions.

COROLLARY 4. Ewery left cancellative semigroup is semisimple.

By Corollary 3, a left zero semigroup L containing precisely two
distinet elements is radical. Thus, right cancellative semigroups need
not be semisimple.

CorROLLARY 5. If 8 is a regular semigroup having no subsemigroups
isomorphic-to L, then S is semisimple.

Proof. Let s denote an inverse element for seS. Suppose that s = #(x)
and s* =s. Substitute # =1 in condition (4) of Corollary 1. Then
§ = (s1)"s = (s1)"t = st. Now substitute # =47 Then t = (t})*t = (#)"s
= tis since #f is an idempotent. If follows that {2 = ifst = tls =1, i.e.,
¢ is an idempotent. Supposing that = i, we obtain t = tis =1is. If s # ¢,
then {s, t} is a subsemigroup of § isomorphic to L. Therefore, s = {. By
Theorem 7.38 of [2], » = A5 and § is semisimple.

Note that a regular semisimple semigroup may well contain L as
a subsemigroup (consider as an example the full transformation semi-
group 4 4 over a set A containing at least three distinet elements).

COROLLARY 6. An idempotent semigroup S is semisimple if and only
if (A @) [ws = wswt A ot = wtws] -5 =1t. In particular, every wvestrictive
semigroup (i.e., an idempotent semigroup satisfying the identity xyz = yxz)
18 semisimple.

Proof. If § is vestrictive, then (A z) [ws = wswt A 2t = xizs] means
that s = st and ¢ = ts. Therefore, 8§ = st = st =1t =1 = 1.

A band of semigroups is a pair (8, &) where § is a semigroup and
e is a congruence on 8 such that the quotient semigroup §/e is idempotent
(which means that all the e-classes are subsemigroups of §). A band is
called semisimple if Sle is semisimple. If all e-classes are semisimple
semigroups, (S, &) is called a band of semisimple semigroups.

COROLLARY 7. If (8, &) is a semisimple band of semisimple semigroups,
then S is a semisimple semigroup.
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Proof. Let (S, ¢) be a semisimple band of semisimple semigroups
and s = t(e). Denoting the Jacobson radical of §/e by » and the images
of s, ¢t in 8/e by 5 and , we see, by Corollary 1, that 3 =#(x), i.e,, § =1
or, which is the same, s = ¢(¢). Denote the Jacobson radical of the semi-
group (s} by x,. Then, again by Corollary 1, s = 1(x,), i.e., s = ¢. There-
fore, § is semisimple.

Let & be a congruence on a semigroup S. The J acobson radical of e
is the smallest congruence x(e) on S such that & < x(e) and 8/x(e) is
semisimple. In particular, » = x»(4dg).

COROLLARY 8. Let ¢ be a congruence on a semigroup. Then s = t(x (s)
if and only if for every ze8 there ewists a natural number n such that (sv)"s
= (sx)"t(e) and (tz)"s = (tx)"t(e).

Proof. Apply Corollary 1 to the semigroup S/e.

THEEOREM 10. Let A be the corpoidal quasi-order of a semigroup S and
let ¢ be the strong quasi-order of 8. The following three statements are equiv-
alent for all s,1e8:

(1) s 3 t(4); |

(2) for all weS* there ewist matural numbers n such that (sw)+
3 (s2) 1w (sa)"(0);

(3) for all z<8 there exist natural numbers m such that (sz)*™t
=3 (sz)* 1z (s)™(2). )

Proof. Let s 3 z‘(l) Then s < t({p) for every symmetric represen-
tation P by univalent functions. Suppose that P = P, for he§. Then
sxye[h] - teye[h] for every wx,yeS'. If h = szy, then tmy e[sxy] and,
by Lemma 10, (szy)™ 3 (say)"tzy(szy)"” where 3 stays for l: Condition (2)
of our theorem follows from this fact and from

LeMMA 11. Let tze[sz] for all ze{l,s,s? ...}. Then "t 3 s"is"
for some natural n.

Proof. There exists a representation P of § by univalent functions
such that s < ¢« P(s) = P(t) for all s,¢e8 [13]. This fact and formula
(6) of [13] imply s™™™ 3t A " 3 t —s™™™ 3 s™. Using this formula
and supposing that §™*™" 3 1 A s™ <3t we obtain §”*" 3 s™, whence
grin g3 gminy gt 2 ¢™1 and ¢™t™ 3 ¢™s™. Since < is a steady quasi-
orcler,_ gmtn o gmingn __ gmtin B'll‘t gmtn 3 " implies gmtin 2 gntn,
Therefore, the following formula is true: §"™™ <3 ¢t A ™ < ¢ —»s™t"
= m+2ﬂ.(a)'

If s is an element of finite order, then s?*? = s¥ for some natural
» and ¢. The smallest possible ¢ is called the period of s. If the image of s
in the quotient semigroup §/e is of finite order, then let ¢ be its period.
The symbol = stays for & If ¢ exists, let a be a multiple of ¢ and
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a > |k—21—1| where §* 3 s'ts. If & = %!, then there exist natural
m and n such that s — (ssaﬂ)m_% (ssn—l)ntsa—l (ssa—l)n = g gtnta-1
Multiplying this inequality by s on the left and on the right several times,
we may make % >l Multiplying the inequality s* < s'ts’ by s several
times we obtain gftimmta—i-2l 5 anganta—l Mg cages arve possible.

Casel. Let am =k+42an4+a—1—21,ie.,a(m—20—1) = k—21—1.
This equality is possible only if m—2n—1 = 0 (since a is an arbitrary
multiple of ¢ or, if ¢ does not exist, a is an arbitrary natural number).
Thus, k—2l—1 = 0 and s**! < shsl.

Case 2. Let am # k4 2an+a—1—21. By the formula -which we
have just proved, g exists and the difference k+Z2an-+a—1— 21— am
=k—2l—1+a(2n-+1—m) is a multiple of ¢q. It follows that k2—21—1
is a multiple of g. Multiplying the inequality s* <3 s'ts’ by s several times,
we obtain 1> p. Then s* = s¥*+! and s**! 3 55,

Lemma 11 is proved.

This Lemma shows that (1) — (2) in Theorem 10. The implication
(2) — (3) is obvious. To prove (3) — (1) suppose that (3) is fulfilled and
let P be a symmetric representation of § by univalent functions over
a set A, If (a,, a,) e P(s), then (a@,, a,)eP(z) for some ze8. Thus, (a,, a,)
eP(sz). The fundamental quasi-order {p is steady [13]; hence, ¢ < Ip.
Therefore, (a,, a,) e P((s2)*"+Y) = P((s2)"iz(sw)") = P((sx)")o P (tx)o P((sz)").
Bince P((sz)") i a univalent function which contains the pair (ay, a,),
(ay, a;) e P(te) = P(x)o P(t). It follows that (a,, a,) e P(?) and P(s) = P(?),
ie., (s,1?)elp. Since it is true for every symmetric representation P by
univalent functions, s <% ¢(4).

OOROLLARY 1. Let # be the corpoidal radical of a semigroup 8 and ¢
the strong quasi-order of S. The following three statements are equivalent for
all 8,tef: '

(1) s =t(%);

(2) for every xeS' there ewists a natural number n such that (s
23 (sz)“tw(sz)™ and (fz)™+' <3 (tz)"sz(tz)"({);

(3) for every meS there exists a natural number n such that (sz
2 (sz)tx(sz)* and (tz)™+' < (tz)"sz(iz)*(£).

COROLLARY 2. A semigroup S is corpoidal semisimple if and only
if the emistence of a natural n for every zeS such that (sz)*"*' 3 (sz)" iz (sw)"
and (tz)*! < (tz)"sz(tx)" implies s = 1.

COROLLARY 3. Bvery cancellative semigroup is corpoidal semisimple.

Proof. T § is cancellative, then {s} is a strong subset of §' for every
seSL Tt follows that £ = Ag. By Corollary 1, s 3 (1) is equivalent to
8 = {» or to ¢ =t. Therefore, x = 4jg.

COROLLARY 4. A regular semigroup is corpoidal semisimple if and
only if it is an inverse semigroup.

)2n+1

)2n+1

3
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Proof. Let § be a corpoidal semisimple regular semigroup. Since
¢ c %, we infer that ¢ = 4g, i.e., that 8 is embeddable into an inverse
semigroup [6], [7]. It follows that § is an inverse semigroup.

On the other hand, every inverse semigroup has a proper symmetric
representation by univalent functions (in fact, every representation of an
inverse semigroup by univalent functions is symmetric [8]). Thus, inverse
semigroups are corpoidal semisimple.

COROLLARY 5. An idempotent semigroup is corpoidal seomszmple if
and only if it 18 commutative, i.e., if it is a semilattice.

Proof. Idempotent semigroups are regular. Apply Corollary 4.

A band of semigroups (S, ¢) is called a semilattice of semigroups
if §/e is a semilattice.

CorROLLARY 6. If (8, &) is a semilattice of corpoidal semisimple semi-
groups, then 8 is corpoidal semisimple.

Proof. Suppose s = t(x) for s, t¢S. Elementary formulas expressing
the fact that # <3 y({) [6] show that homomorphisms of semigroups are
isotone relative to the strong quasi-orders of the semigroups considered.
If z is the image of z¢S8 under the canonical homomorphism of § onto
8/e, then, by Corollary 1, § = #(x) in S/e, ie., § = and s = t(e). Since
£{s) is corpoidal semisimple and s = (%), we infer that s = #(%,) where »
is the corpoidal radical of £{s). Thus, s = ¢ and § is corpoidal semisimple,

COROLLARY 7. 4 senga oup S s corpoidal radical if and only if the
quotient semigroup S|t of 8 by the strong equivalence relation & is a nil-
semigroup.

Proof. If §' has proper strong subsemigroups, then S has transi-
tive representations with non-trivial kernels by univalent funections.
This being the case, § cannot be corpoidal radical. Therefore, if § is
corpoidal radical, then [s] = §' for all s¢S. By Lemma 10, for every
s and teS there exist m and n such that s™ <3 sts". If s = {% then
" 3 P9t If g % 1, then am # 2an<1. In the proof of Lemma 11
we have seen that this implies that the image f of ¢ in §/z is an element
of finite order ¢ which is a divisor of the difference am— (2an-1)
= a(m—2n)—1. If a = ¢, then the latter equality is possible only when
g ='1. Thus, ¢ = 1, i.e., **! = 1?(z). We will denote #* by #,. Multiplying
the inequality s™ <3 s"i#s" by s several times, we obtain s, < $§,ts, and,
since -3 is steady, s, 3 18y, 8, 3 848q, o =3 Sols, imply s, <3 ts,. It follows
that s, 3 tts,. Now the inequalities ts, 3 1is,, s, 3 tisy, 1, =3 13, imply
that sy 3 s,. Thus, 8, = #8,(¢). In the same way we may prove that
8o = $ot(£), i.e., 5, is the zero of 8/z and §/¢ is a nil-semigroup.

- If 8/ is a nil-semigroup and the image of s* is the zero of §/z, then
§" 3 s"ts" for all s,te8, i.e., s =t(x%) and 8 is corpoidal radical.
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