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Introduction

The notion of foliation was first introduced by Ehresmann and Reeb
[ER] in 1944. The next years have brought intense progress in the study of
foliations. The theory of foliations developed in two main directions: the
quantitative and qualitative theories. The first one concerns the following
question: How many geometrically distinct foliations can be constructed on
a given manifold? The characteristic classes of foliations are a very useful
tool in the investigation of this problem. Several kinds of such classes have
been discovered (see for example [B], [H], [KT]). For a comprehensive
exposition of the quantitative theory we refer to [L2].

Properties of foliations are the object of the qualitative theory. One of
the most important notions here is the holonomy group of a leaf of a
foliation. For different definitions of holonomy we refer to [E1], [EMS],
[L2], [R], [T]. Basing on the notion of holonomy, in 1947 G. Reeb
formulated the Stability Theorem which is one of the most important in the
theory of foliations. Imitating Lawson [L2] we adopt the Stabiltty Theorem
in the following formulation:

Let & be a codimension q, C’ foliation (0 < r < w) on a manifold M, and
suppose Le F is a compact leaf with trivial holonomy. Then there exists a
saturated neighbourhood U of L in M and a C" diffeomorphism f: L xD*— U
such that f*(#F) = {Lx {x} }xem (D* being a disk in R9).

For the proof and other formulations see [L2], [R], [T].

Recent years have brought progress in the study of stable foliations,
especially in the case of codimension 1 foliations and of foliations with all
leaves compact. Epstein [E1] found several conditions equivalent to the
stability of foliations with all leaves compact. For various theorems and
examples connected with the problem of stability we refer to [E2], [EV],
[EMS], (S11], [S12] and [V]. A generalization of the Reeb Stability Theorem
was proved by Thurston [Th] for codimension 1 foliations.

For a more detailed exposition of the qualitative theory of foliations we
refer to [HH], [L1] and [Rh].

The notion of foliation with singularities in the sense considered here
was introduced by Stefan [S1], [S2] and [S3] in 1973. Stefan’s papers cited
above have its origins in control theory (see [He], [Lo], [N], [Sul], [Su2]
and [SuJ]).
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In this paper, we construct the holonomy group of a leaf of a foliation
with singularities and prove a theorem analogous to the Reeb Stability
Theorem. Chapter 1 contains basic definitions and facts concerning foliations
with singularities. Moreover, the notion of germ of a ¢-diffeomorphism is
introduced. We show that the set of all germs of ¢-diffeomorphisms forms a
group. In Chapter 2, we introduce the notion of chain of open sets and of
adapted charts along a curve in a leaf, and prove some facts of combinatorial
nature concerning chains. Chapter 3 is devoted to the study of topological
properties of foliations with singularities. In Chapter 4, the holonomy group
of a leaf of a singular foliation is defined and an example of a foliation with
a singular compact leaf with nontrivial holonomy group is given. Chapter 5
contains the proof of the main theorem of the paper ((5.15)). This theorem
states that if L is a compact leaf of a singular foliation # of M and the
holonomy group of L is trivial, then for every xe L there exists a neighbourhood
Vof Lin M and an adapted chart ¢ around x such that D, — V and the
inclusion mapping induces a homeomorphism of the quotient spaces:

D,(#|D,) = V/F|V).

In Chapter 6, we deduce the Reeb Stability Theorem from Theorem (5.15).

I would like to express my gratitude to Prof. Dr. Wlodzimierz Waliszew-
ski who called my attention to the theory of foliations, and to Dr. Grzegorz
Andrzejczak and Dr. Pawel Grzegorz Walczak for their helpful remarks
concerning this paper.

1. Preliminaries
Let M be a connected m-dimensional paracompact manifold of class C*.

(1.1) DeFINtTION ([S1], [S2]). A subset L of M is said to be a k-leaf of M
(where k is a nonnegative integer) if there exists a differential structure ¢ of
class C® on L such that
@) (L, o) is a connected k-dimensional immersed submanifold of M,
(ii) if N is an arbitrary locally connected topological space, and f: N
— M is a continuous function such that f(N) < L, then the function

f: Nap—f(p)eL

is continuous in the topology induced in L by the differential structure o.
We say that L M is a leaf of M if L is a k-leaf of M for some k.

(1.2) Remarks. (a) A leaf L of a nonsingular k-dimensional foliation & of
M is a leaf of M in the sense of the above definition. Indeed, the only
condition to be checked is (ii) of (1.1). Let N be an arbitrary locally
connected topological space and f: N — M a continuous mapping such that
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Sf(N)< L. Let peN and let V be an arbitrary neighbourhood of f(p) in L.
We can find local coordinates ¢ = (x!, ..., x™) on a neighbourhood of f(p)
distinguished by £ such that

{geD,; **1(g)=...=x"(g=0} < V.

If U is a connected neighbourhood of p such that f(U) = D, then f(U)c V
and condition (ii) is satisfied.

(b) The assumption of the local connectedness of N is essential. If we
omit it, then there exist leaves of nonsingular foliations which are not leaves
in the sense of (1.1). Indeed, let M = S xS! be the two-dimensional torus -
and let L be a submanifold of M consisting of all points of the form (&", &™),
where te R and a is a fixed irrational number. It is well known that L is a
dense leaf of a nonsingular foliation of M. Let N = {0} U {1/n; ne N} with
the topology induced from R. Let xeL and let T be an arbitrary one-
dimensional submanifold of M transverse to L such that xe T. Owing to the
density of L, there exists a sequence (x,) such that x,e Tn L for every ne N,
and x,—x as n—oo. We define f: N— M by f(1/n)=x, and f(0) = x.
Then f is continuous and f (N) < L. Yet, it is easily seen that f: N — L is not
continuous so L is not a leaf of M in the sense of (1.1).

(1.3) DerinmioN ([S1], [S2]). We say that & is a foliation of M with
singularities if & is a partition of M into leaves such that for every xeM
there exists a local chart ¢ of M with the following properties:

(i) ¢ is a surjection D, — U, x W,,, where U,, W, are open connected
neighbourhoods of 0 in R* and R™%, respectively, and k is the dimension of
the leaf containing x,

(i) ¢(x)=(0, 0), . '

(i) if Le &, then ¢(LnD,) = U, x1, where I = {we W,; ¢~ (0, w)eL}.

A chart ¢ which fulfils the above conditions is called a chart distin-
guished by % or an adapted chart around x.

If xe M, then the leaf of # containing x is denoted by L,.

From now on the words “foliation” and “nonsingular foliation” will
mean a foliation with singularities and a foliation without singularities,
respectively.

(14) Exampres. (a) Any nonsingular foliation is a foliation.

(b) It is easy to see that a foliation is nonsingular if and only if the set /
in Definition (1.3) is totally disconnected (i.e. every connected component of [
is a single point). ' '

(c) Let M be an arbitrary manifold and S its closed subset. Let
M\S ={),M, be the decomposition into connected components. For
every a, let %, be a nonsingular folhation of the manifold M,. Then the
family & = J, #F.u {{x}; xeS} is a foliation of M.
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(d) As particular cases of (c), we obtain the trivial examples presented
in Figure 1.

() Let M =S'xS' be the two-dimensional torus and % =
{S* x {1}, M\(§* x {1})}. Then & is a foliation of M.

(f) If # is a foliation of M and V is an open submanifold of M, then the
family # |V of all connected components of the sets L~ ¥, where Le &, is a
foliation of V.

Fig. 1

Let & be a foliation of M. Consider the function dgz: M3x
+—dim L, eR. From Definition (1.3) it follows that this function is lower

semicontinuous. Indeed, if xeM, ¢ is an adapted chart around x, Le # and
LnD, # @, then

dim(LnD,) = dim(U, x)) > dimU, =dimL,,
so the dimension of leaves cannot decrease in the neighbourhood of x. In

connection with this function we make the following definition.

(1.5) DerINITION. A leaf Le & is called nonsingular if there exists a neigh-
bourhood V of L in M such that the function dz |V is constant. Otherwise,
we say that L is singular. .

(1.6) Remark. A foliation # for which dg is constant is nonsingular.
Let ¢ be a chart distinguished by # around the point x.

(1.7) DeriNTiON. A plaque of the chart ¢ is a connected component of the
set LN D,. Equivalently, a plaque of ¢ is a set of the form ¢~ (U, x 1),
where [, is a connected component of some set ! from condition (iii) of (1.3).
Equivalently, a plaque of ¢ is a leaf of the foliation #|D,.

Let G be an arbitrary open neighbourhood of 0 in W,. Then it is easy to
sec that the mapping

¢ =@lo~ (U, xG)
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is an adapted chart around x. We define a relation ~,, . in G in the following
way: if w, weG, then w ~ec w' if and only if

(18) ¢ '(0,w) and ¢~ '(0, w) belong to the same plaque of ¢g
or, equivalently,

(19) w and w' belong to the same connected component of ! © G, where [
is a set from (iii) of Definition (1.3).

Obviously, ~ o6 is an equivalence relation in G. If we G, then the equivalence
class of w is denoted by [w],..

If # is a nonsingular foliation, then the relation ~, . is trivial for every
G (i.e. every equivalence class is a single point). :

(1.10) LemMA. Let G and G’ be neighbourhoods of 0 in W, such that G' < G.
If weG', then [w],. is a connected component of the set [w],. NG’

Proof. It is obvious that [w],. <[w],. NG' and since [w]%, is
connected, it is contained in a connected component of the set [w],. N G'.

Conversely, if w' is a point of a connected component of [w],. NG/,
then — in view of (1.8) — ¢~ '(0, w) and ¢~ (0, w) belong to the same
plaque Q of the chart ¢ as well as to the same connected component of the
set Q N~ (U, xG'). Therefore these points lie in the same plaque of ¢,
and so welw],... o

Let x and y be points of a leaf Le %, and ¢, § charts distinguished by
& around x and y, respectively. The following propositions are simple
consequences of the above lemma.

(1.11) ProvosiTiON. Suppose that c: {0, 1> =G is a continuous curve in a
neighbourhood G of 0 in W,,. If the image of c is contained in some equivalence

class of ~,. and

c((0,1) =G =G,

where G' is a neighbourhood of 0 in W, then the image of c is contained in
some equivalence class of ~, ..

(1.12) ProrosiTiON. Let G and H be open neighbourhoods of 0 in W,, and W,
respectively. Let f: G — H be a continuous mapping compatible with ~ . and
~yy (e for a_ll w,WeG, if w~, W, then f(w) ~,, fW). If G =G is an
arbitrary neighbourhood of 0 in W, and H' is a neighbourhood of 0 in W,, such
that f(G') = H', then the mapping f|G’: G’ — H' is compatible with ~ .. and

V"

Let ¢ and ¥ be as above. We denote by ,, the family of all
diffeomorphisms f satisfying the following conditions:
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(1) f: G — H is a surjection, where G and H are open neighbourhoods
of 0 in W, and W, respectively,

(ii) £(0) =0, ,

(iii) f and f~' are compatible with ~,.  and ~,,.

If ¢ =y, then we write &/, instead of <, .

(1.13) DeriniTiON. The elements of &/, are called ¢-diffeomorphisms.
In «/,, we define a relation = in the following way:

(1.14) DeriniTiON. Let f;: G, — H; (i = 0, 1) be two elements of &/, ,. Then
fo =f1 if and only if there exists a family {f; te <0, 1)} such that:

(i) for every te 0, 1), f;: G — Hyn H, is an immersion, where G is an
open neighbourhood of 0 contained in G, N G,.

(ii) for every te{0, 1, f, is compatible with ~

(i) fo =fol G and f, =16,

(iv) €0, 1>xG3(t, w— fi(wyeH, " H, is continuous,

(v) for every weG the image of the curve <0, 1>3t-f,(weHynH,
is contained in some equivalence class of ~

. and

~
?G YHorH,?

YHorHy '

We sometimes say that the homotopy f; realizes the relation f, =Jf,.

We wish to show that = is an equivalence relation. For the proof we
need
(1.15) LemMA. Let X and Y be topological spaces and F: (0,1>xX —Ya
continuous mapping. Let xe X and let V be an open subset of Y such that
F({0, 1) x{x}) € V. Then there exists a neighbourhood U of x such that
F(0,1)xU)c V.

Proof. Since F is continuous, F~!(¥) is open in (0, 1> xX and <0, 1)
x {x} = F~!(V). The projection pr,: <0, 1> xX — X is a closed mapping by
-the compactness of (0, 1). Consequently, the set

A:=pry((<0, 1) x X)\F~}(V))
is closed in X and x¢ 4. Let U:= X\A. Then for te({0,1) and yeU we
have y¢ A, and, consequently, F(¢, y)eV. =

From the above lemma, we get the following:

(11.16) ProrosiTiON. Let X, Y, and F be as in Lemma (1.15) and let V be an
arbitrary open set of Y. Then the set
A= () F(t, ) '(V)
te(0,1)
is open in X.

Proof. If xe A, then for every te (0, 1), F(t, x)e V. Thus, F({0, 1)
x {x}) = V. By Lemma (1.15), there exists a neighbourhood U of x such that
F(0,1>xU) <V, and then Uc 4. u
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(1.17) ProrosiTioN. The relation = in o, , is an equivalence relation.

Proof. The reflexivity and symmetry of = are obvious. We show that
= is transitive. Let fo, fl’ fz E:dw’w, f;: Gi —'Hi (l=0, 1,2), fOEfl,
fi=f,,and let §: G -HynH, and h: G' > H, nH, be the corresponding
homotopies. Set

G:= gr*(HonH)n N k7' (HonHy).
. 1ed0,1) te<0,1)
G is an open neighbourhood of 0 in W, because of (iv) of Definition (1.14)
and Proposition (1.16). We have
G<cGnG cGynG,.

On G we define

2 132 (w) for 0<t<1/2,
(1.18) Jiw) = {ﬁz,_,(w) for 1/2<t < 1.
‘Obviously, this definition is correct (see (iii) of Definition (1.14)). Observe that
f: G— HynH,. It is easily seen that for every te {0, 1), £, is an immersion
and, in view of Proposition (1.12), it is compatible with ~,. and

It is clear that f, =f,|G, f; = leé,_ and the mapping
0, 1) xG3(t, w—f,(weHynH,

A~
*Hoﬁﬂz'

is continuous.
It remains to prove condition (v) of (1.14). Consider the curve

c: 0,1>3¢ —, (W)

for weG. Observe that ¢(<0, 1/23) is contained in some equivalence class
of Vi, 2 well as in HonH; nH,, so in view of Proposition

(1.11) it les in some equivalence class of Analogously,

“VHGAH, AH
c(<1/2,1)) lies in some equivalence class of this relation. Since
c(€0, 1/2)) ne((1/2, 1)) # @, the set ¢(<0,1)) is contained in some
equivalence class of ~ and moreover in some equivalence class

of ~

YHGAH AHo

VR AH," Consequently, f; is a homotopy realizing the relation fosf =

(1.19) Remarks. (a) Condition (v) of Definition (1.14) implies the commuta-
tivity of the following diagram for every te (0, 1):

Go/~¢5 G/N% G1/""'¢G

1] 1

Ho/ ™y, <————————H"H/

————PH/"\-',
o H,

~
[ 4 1
Ho ™My
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Here the horizontal arrows are induced by inclusion maps and the vertical
arrows are induced by f,, f;, and f,, respectively.

(b) If # is a nonsingular foliation, then f, = f; is equivalent to the
equality of the germs at 0 of f, and f;.

(1.20) DerinitioN. The elements of the set «/,/ = are called germs of
o-diffeomorphisms for #. The germ containing a ¢-diffeomorphism f is de-
noted by [f].

The followjng is a simple consequence of the definition of =
(1.21) ProrosiTion. If (f: G — H)e o, satisfies f _——_idwo, then there exists
an open neighbourhood G, of 0 in G such that G' < H and w ~outS (W) for
every weG'.

Proof. It suffices to take for G’ the set G which is the domain of the
homotopy f, realizing the assumed equivalence. u
(1.22) Lemma. If fesdl,,, f: G- H and G' = G is a neighbourhood of 0,
then (f1G: G’ = f(G)e,, and = f|G".

Proof. The mapping f|G’ belongs to &/, , owing to Proposition (1.12)
and the continuity of f and f~!. It is easy to check that f;:=f|G": G’
—f(G) is the desired homotopy. =

Let y be an adapted chart around a point z of the leaf L. To prove the
main result of this chapter we need the following:

(123) LEMMA' If fO’ fledqp,w! fOEfl’ gOa‘ gl€dw.11 and Jdo =491, then
gofo=g:1/y in &,,

Proof. If fii Gi— H; and g¢;: Gi—H; (i=0,1), then g; f: f;~ 1(G)
—g,(H). Let f: G- HonH, and §,: G'— H, » H; be homotopies realizing
the equivalences f, = f; and gdo =41, respectively. Observe that the mapping

€0, 1>xG3(t, w— fi(weHy " H,

is continuous. Thus in view of Proposition (1.16) the set (,.co,15 fi7YG) is
an open neighbourhood of 0 in W,. By the continuity of the mapping

<0,1>>< ﬂ ﬁ"(G')B(t, w) g, fi(w)eHo N H}

and Proposition (1. 16) the set (ecosfe 1 Gr ‘(go(HO)ngl(Hl)) is an
open neighbourhood of 0 in W,. Thus
G:=f' @i G N NG

te(0,1)

N ﬂ f 'g l(go(Ho)f"gl(Hl))

10,1
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is an open neighbourhood of 0 in W, contained in fo '(G) nfy ' (GY), when
G’ < G, G;. Since

Gc N f;—l(G')h N fr’_lgl—l(QO(HO)mgl(Hl))’

te(0,1) te(0,1)

the mappings fi:= 4. J, are defined in G and have values in go(Ho) N g, (H,).
The mapping f, is an immersion in

Ge N f7'G)c6
te<0,1)>
and §, is an immersion in G’ (f{(G) = G') so £, is an immersion in G for every
te (0, 1. From Proposition (1.12), by the compatibility of f with ~og and

and the compatibility of g, with ~ . and it follows that

~wH0nH1 ~IHIO'-‘H’1’

f"is compatible with ~,, and Obviously, fy =g, fo!G,

fi =91 £11G, and the mapping

Xgo(Hg) rgq(H)"

€0, 1) xG 3(t, w) —f, (W) €go (Ho) N gy (H,)
1S continuous.
It remains to prove that the image of the curve

c: €0, 1>3t— f(wo)ego(Ho) Ngy (H,)
lies in some equivalence class of ~ Xoo(Horgy (Hy) TOT EVETY woeG. To this end,
it suffices to show that the image of
(1.24) €0, 1) x €0, 13(t, 8) -G, (/i (wo))e Ho N H;

is contained in some equivalence class of ~ and then to apply

XHoNHY’
Proposition (1.11) to the curve c¢. For any fixed s the image of the curve
- €0, 15314, fi(wo) e Ho N Hy

lies in some equivalence class of ~ X it by the compatibility of g, with the
corresponding relations and by condition (v) of Definition (1.14) applied to

fi. For any fixed ¢ the image of the curve

0, 1>3s—4; fi(wo)e Ho N H}

lies in some equivalence class of ~ because of condition (v) of

l"b”"i
Definition (1.14) applied to g,. Consequently, if (s, t) € <0, 1) x €0, 1), then
the image of the curve

<0, t+S>3t’ H{goj:' (~W0) for t, € <0’ t>’
ge-fi(wg) for t'edt, t+s)

joining §, f;(wq) to §o fo(w,) is contained in some equivalence class, which
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means that all points of the form g, f;(w,) belong to the same equivalence
class of ~ X oH We conclude that f, is a homotopy realizing the equival-

ence gofo=g,f,- »
Now, we can formulate the main result of this chapter.

(1.25) THEOREM. Let ¢ be a chart distinguished by % around x. The set
A,/ = with the multiplication defined by the formula

[f1-lg]l=[gof]
is a group.

Proof. In view of Lemma (1.23) this multiplication is correctly defined.
The associativity is obvious. The unit is [idWw]. The inverse of [fle #,/ =

is [f~1]. Indeed, if f: G — H then:
[f1-I/ 1=/ ""of ] = [id¢] = [idw,]

in view of Lemma (1.22) and similarly [f~!]-[f] = [idwq,]- This completes
the proof. m

2. Chains along a curve

Let % be a foliation of a manifold M, let Le #, and let y: (0, 1>— L
be a continuous curve,

(2.1) DeriNiTION. A couple (U, 1) is called a link on the curve y if U is an
open neighbourhood of y(t) in M.

For a link (U, t) on the curve v, let ;7 U and 7, U denote the infimum
and supremum of the set y~!(U),, respectively, where A, denotes the con-
nected component of a set A < R which contains ¢.

(2.2) DerinNiTION. Let (U, t) and (U, t') be two links on the curve y. We say
that these links overlap if

(23) Y U,y U # O,
or equivalently if
(2.4) Y, ) cUuU  (for t <t) (see Fig. 2).

(2.5) DeFINITION. By a segment of a chain of open sets along y we mean a
finite sequence

(26) (g=(U17t19, Ur: tr)
of links such that



2. Chains along a curve 15

Fig. 2

(i) (U, ), (Uisy, tj+y) overlap for i=1,...,r—1.
If, moreover,

(i) ty =0and ¢, =1,
then € is called a chain of open sets along y.

(2.6) will also be denoted by (U, t,)i-,.

If (2.6) is a segment of a chain along y, then the number r is denoted
by |%] and called the length of €.

Let U and U’ be arbitrary neighbourhoods of y(0) and y(1), respectively.
We denote by C} - the family of all chains (U, ;);2§ of open sets along y
such that Uy =U and U,,, = U'. In C} - we define a relation -3 in the
following way:

(2.7) Dermion. If
€=U, )28, €=U, )t
are elements of C} ., then € 3¢ if and only if

(28) r <r' and there exists an increasing function 6: {1,...,r} ={1,...,r}
such that U, = U; and t,4 =¢; for every i€{l, ..., r}.

It is easy to check the following:
(29) Lemma. The set C}y - is partially ordered by -3.
Now, we prove the following important fact:

(2.10) ProrosiTioN. The set C} . is directed by -3, ie. for all €, € €Cl .
there exists a chain ¢ €Cl, . such that € 36" and ¢ 3%".
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Proof Let ¥=(U,t)2 and ¥ =(U; )t. For every
€{0, 1, ..., r+1}, we define ,
Joi= {je{0, ..., r+1}; (U;, 1)) and (Uy, 1;) overlap}.
Observe that J;. # @ for every i'. Indeed, the family {y~ I(U,, 1525 is a

covering of (0, 1), so there exists j, such that ¢, ey~! (U,o), . Thus (Uy,, ;)
and (U;, t;) overlap.
Set j.:=minJ; and define

((Un t iso, (U1, 1Y), (U, ti)il=j1, Ui t; {io,
(Ulla t’Z)’ (U;’t ) (UU t)l =jp (Unt r+l)
It is clear that 4" is a chain of open sets from C} - and that ¥ 3% and
(g[ '—3(6". -

Now, if t: {1,...,r} = {1, ..., r} is an arbitrary permutation, then for
every positive integer 1 <k <r we define an injection 7;: {1, ..., k}
—{1,...,r} by

(1) = min {e(1), ..., 7(k)),
7+ 1) =min({c(1), ..., T\ {1 (1), ..., T (D)}).

Note that 7, = idy, ). Analogously, we can define 7, for pu<k<vifrisa
permutation of {u, u+1,...,v=1,v}.

(2.11) LeEMMA. Let
(2.12) (Ui, t)iZs

be a segment of a chain of open sets along y such that the links (U, t,),
(U, 41> t,+1) overlap. Then there exists a permutation t: {1, ...,r} = {1, ..., r}
such that for every positive integer 1 < k <r the sequence

((UO! tO) (Utk(l)’ Yk(l))l 15 (Ur+l’ tr+ l))
is a segment of a chain of open sets along 7.

Proof. Put I ={1,...,r}. Observe that since the links (U, to) and
(U,+1, t,+) overlap, we have

-y— ! (UO)IO N }J_ ! (Ur+ l)lr+ 1 # ®

and this intersection is an open interval in- (0, 1). We denote this interval
by (o, p) and divide the set I into the following parts:

Io:={iel; y~ ' (U), N(a, B) # @},

I,:=liel; y; U;<a},
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I:={iel; y; U; > B}.

From the definition of ;" U and y, U it is clear that the sets I, I,, I, satisfy
the conditions

(213) 10U11U12=1,
(2.14) Linly =0 forj,j=0,1,2,j#].

Let |I;| denote the number of elements in I; for j=0,1, 2.
Now we define a permutation t: I — I in the following way:

(215)  t|{1,...,Iol}: {1, ..., |Io|l} = I, is an increasing mapping,

(216) | llol+1, ..., Lol + 1} {iol+1, ..., Mol +]I}]} =1, is such that
)’:t(,-) U 2 7::(,-“) Ugi+ny for ie{llo|+1, ..., [Io|+|I,| -1},

@17 t|{Iol+IIl+1, .. 1} (Il +I,|+1,...,7} =1, is such that
: y':(i) U,(,')S')’,:(H_l) Ut(i+1) for lE”IoI“}'Illl‘f’l, vy r—l}

By (2.13) and (2.14), 7 is a well-defined permutation.
We show that this permutation satisfies our condition. Let kel. We
consider three cases:

1° kel ..., Il
2 ke {lgl+1, ..., Hol+I1,1},
3 ke {llo+I|+1, ..., 1)

In case 1°, we have 1, = r| {1, ..., k} because of (2.15), so we have to
prove that (Ug, to), (U, ti)i=1> (U, 41, t,+1)) is @ segment of a chain of
open sets along y. From the definition of I, it follows directly that the links
Wo, to), (Uea) Ly and (Uyyys tew)s (U,+1, t41) overlap. So it suffices to
show that (U,, trx) @0d (Uqpes 1ys Lo+ 1y) OVerlap for xe {1, ..., k—1}. This
is obvious if 1(x+1) =1(%)+1, by the assumption of the lemma. Thus we
assume that

T(x+1)>1(x0)+1.
Note that from the definition of Iy, I, and I, it follows easily that
(2.18) te)+1, 1) +2, ..., 1+ )=1} =1, or <I,.

In other words, if one of the numbers i and i+ 1 belongs to I;, then the other
cannot lie in I,_; (j =1, 2).
We assume that

{te)+1, .. szt D1} c I,

2 — Dissertationes Mathematicae CCLXVII
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(otherwise the proof is analogous). We show that
(2.19) aey ! (Uz(x))r,(,) Ny~ (U 1)):,(,¢+ 10
Indeed,
Vigy Jron < 'Y::(,,,H Ug+1 Sa < 7‘;(,,, Usim

since (Uyps twy) @D (Ugpg 415 temy+1) oOVerlap, t(x)+1el, and t(x)el,.
Thus aey_‘(U,(,,,),t(u). Similarly,

o= +
Peeie + “Ur(z+1) < Viee+ 1y-1 Ui+ 1)-1
+
SE <V Usie + 1)

and so “E)’_I(U:(Hn):,(, +1)- Thus we have (2.19), ie. the links (Usp, L)
and (Uyw+1), Lw+ 1)) Overlap for x =1, 2, ..., k—1. Hence the proposition
holds for ke {1, ..., |Io|}.

In case 2° we proceed by induction. Let k =|Io]+1 and

Ao:={(U;, ty); ieloy U {(Uo, to), (Ups s, t4 1)}
We wish to prove that the sequence

(2'20) ((UOa tO)’ (Uia ti)i’ (Ur+ 1» tr+ l))’

where i =1;5+1(1), .-, Tygi+1(Hol +1)

is a segment of a chain along y. We already know that

(221)  ((Uo, to), (Uyy &), (Uysy, t,44)),  Where i = Yrgl (1) -5 Trgi (Hol)

is a segment of a chain along y. Note that (2.20) differs from (2.21) in one
link, so this is the only point to be checked. Let

(2.22) (U, te; Usgys trgys Us, 1)

be the corresponding subsequence of (2.20). We have to show that (U,, t,),
(Ueys tewy) and (U, ), (Us, ty) are pairs of overlapping links. Let

(2.23) (Ui, )=

be the corresponding part of (2.12). Then (2.23) is obviously a segment of a
chain of open sets along y. Now, we prove that (U, t,) and (U, t)
overlap (for (U, t.ay) and (Uy, ts) the proof is analogous). Since t(k)el, in
view of (2.18) we have e+1,...,t(k)—1€l,. Since (U, t,), (Ug+1, t;+1)
overlap and (U,, t,)eA, and e+1€l,, we get

(224) YI: Ue < ‘)’1:4. 1 Uc+ 1-
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Next, by (2.16) we get

(2.25) C Wiy Ve <t Usi
(2.26) y,:'(k) Uy €
because t(k)el,. Finally, since (U,, t,)e Ao,
(2.27) e <y U,.

Putting (2.24)—(2.27) together, we get
Ve Ue < Vrgy Uewr <, Ues

therefore (U,, t,) and (U, t.4)) overlap. .
Now, assume that the proposition holds for some [Io|+1 < k < |Io| + 1]
-1, ie.

(2.28) ((Uo, to), (Ut.(i)’ trt(i)):"=l! Urs1s tr+l))
is a segment of a chain. Consider the sequence
(2'29) ((UO’ tO): (Urk+ 1) ttk+ 1), lh:lls (Ur+ 1> tr+ l))

Then (2.29) differs from (2.28) in one link, namely (U415 tr+ 1))
Let

(2.30) (Ue, 15 Uas1ys b+ 1ys Us, 1)

be the corresponding subsequence of (2.29). If either (U,,t)eA, or
(U,, tg)e Ay, then the required overlapping can be shown as in the case
k =|I,|+1. For that reason we can assume that ¢, del,. Let

(2.31) (U, 6=,

be the corresponding part of (2.12). Note that ¢+1el,. Since (U,,t,),
(U;+1, te+y) overlap and

Yo Ue 2 90,y Uees
by (2.16), we have

(2.32) ¥y, Ue < 7':+1 U1,
Next, in view of (2.16),

(2.33) Vopy Uer1 < V't(k+1) U+ 1)
(2.34) y,“:(k +1 Usts ) S Ve, Us.

Putting (2.32)—(2.34) together we obtain the required result — (U,, r,) and
(Uiw+1y» tzw+1)) overlap. In a similar way we find that (U y+,), tw+1)) and
(Us, t5) overlap. This completes the induction step in case 2°.
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Since in view of (2.18) the links with indices from I, cannot overlap with
those with indices from I,, the proof in case 3° is the same as in case 2°. »

(2.35) PROPOSlleN, Let %, %' €Cly and € 3. Then there exists a se-
quence (%o, %,, ..., 6)¢|—1¢) of chains of C} . such that
=% Ge-1q=%, %-3%,
|€) =1€1+j for j=1,...,1¥|-|4.
Proof. Let
€=U, )2, €=U, ).

By the assumption we have r <7 and there exists an increasing mapping
o: {1,...,r}—={1,...,r} such that for every je{l,...,r}, (Uyy, toy)
=(U,, t;). For the symmetry of notation let 6(0) =0 and o(r+1) =r'+1.
We shall apply Lemma (2.11) to the following segments of the chain ¥:

’ 1
(U )a(l)’ (Up’ t;);g)c(l)’ ey (Ups p);(i:(_lj)), ey (Upv p;+a(r)

In view of that lemma, there exist permutations:
@ {1, .., e()-1}={1,...,6(1)-1},
™ {ag()+1,...,6(-1} - {o(D)+1, ..., 6(2)—1},

W {e()+1,...,0(i+1)=1} 2 {e(D+1,...,0(j+ 1)1},

™ {o(N+1,...,r} = {o(n+1L, ..., r}

(possibly some of these mappings are empty) which fulfil the assertion of the
lemma.

Put ,:= % and let i be the smallest number in {0, ..., r} such that 7@
is a nonempty mapping. Set
(gl = ((Up’ tp)ip= 0> (U;’ t;)a (U‘,, tp);:-}*'l)’ Where
g=1+1(c@+1).

Then by Lemma (2.11) (U, t;; Uy, tg; Uisy, tivy) is a segment of a chain;
hence %, is a chain along y and [4,| = |%]+ 1.
Assume that %, 4,, ..., ¥, have already been defined and

% = ((Up, t)h=0,Ugymy ;‘(p,)‘;‘if,&)’ﬂ,(U,, tpp=i+1s

i'+1)- ’ r+1
(Uq.(p)’ q((p))p a(t)+l’ . (Uq,(p)’ q,(p))p v(l)+l'(Up’ p/p=1+1)

where g,(p) = t+1)-1(P), 4i(p) = Toh+4(p) and i’ is the next number in
{0, ..., r} such that t“) is a nonempty mapping. -
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Let us consider two cases:
1° 6(D+k =o(l+1)—1. Then by the deﬁnition of 1,

236) (1% en(0+1)s ..o, Wi 0(D+K) = (0D +1, ..., a1+ 1)=1).
Let I be the smallest number in {[+1, ..., r} such that t¥? is nonempty. Put
Giv1:=(Up tho=0s ---» (UG ta)pach + 15

(Up’ p)p-H‘l,(Uq ’ q ) (Up9 p’+}'+1 » Where q _Tg(})+l(o’(l’)+1)'

(If such a I’ does not exist, then é; = ¥’ and we get the assertion.) In view of
Lemma (2.11), %;,, is a chain along y.
2 a(D+k <o(l+1)—1. In this case we set

. i k+1
$i+1:= ((Up’ L)p=0s - (U;i'(p)’ t;}'(p));g);(l):-l’ Uy 1, ;+%+1)

where g;'(p) = T(ol()l)+k+ 1(p).

In view of Lemma (2.11), 4;,, is a chain along .
In both cases, the equality

|41 =161 +1 =]€]+j+1

follows directly from the construction of %, ,.
It remains to show that

Cer-19= .
From (2.36) with [ =0, ..., r it follows that
Ge-1¢ = (Uo, to), (Ugors qo(p)):(*—'l)l_ls Uy, 1),

2
Ugy o tql(pi);(=zr(1)+la Uy, t), ...y

U,, 1), (Ug,m> t;,(p));= on+1> (Ut 15 141))
— U, 2=,

where g,(p) is as above. =

(237) Remark. Note that 4,,, differs from %, only in one link. Thus, if
% 3%, then ¢’ can be obtained from % by adding a number of links, one
link at a time, so that each time we arrive at a chain.

In the sequel, we consider links and chains of charts distinguished by %
along a curve y on a leaf L.

(2.38) DeErINITION. A link on y is a couple (¢, 1), wherc ¢ is an adapted
chart around a point of L such that

pro(y(1) =0
(pry: U, xW, — W, is the natural projection).
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(239) DerINITION. A chain of adapted charts along y is a sequence
(@1, 115 .-.5 @y, 1), also denoted by (¢, £)]=, of links such that (D,,, t)i= is
a chain of open sets along 7.

Just as above, we define the family C} , for adaptea charts ¢, y around

points of L as well as the relation 3 in th]S family, additionally requiring in
the definition of 3 that

(pﬂ(l) ®;.

‘The above definitions and the combinatorial nature of Propositions
(2.10) and (2.35) permit us to formulate the analogous resuits for chains of
adapted charts along 7.

(2.40) ProrosiTION. The set C},, is directed by 3.

(2.41) ProrosrTioN. If €, €' €C),, and € 3 €', then there exists a sequence
(%o, €1, ..., €¢|- %) Of chains from C,, such that

=% Ce-1q=%€ €_-13%,
€|l =1€1+j for j=1,...,|€¢|—|49.

3. Some topological properties of
foliations with singularities

Let # be a foliation on a manifold M and let Le .

(3.1) LemMMA. Let x,yeL. Then there exists a chain of adapted charts
(@;, t])= such that @, and ¢, are charts around x and y, respectively and each
leaf L' intersects D, if it intersects D,

Proof. Let y: (0, 1> —> L be a curve Joining x to y. For every t €40, 1)
we can find an adapted chart ¢ around y(f) such that D, ny(<0, 1)) is
connected The covering |y~ (D (,,),},e«, 15 of €0, 1) has a finite subcovering

7" " (Dypk;)i=1 such that ¢, —0 t,=1 and

y"(Dw(,l,)),‘.r\y' (D(p(,..*_l,),',+l #Q fori=1,...,r—1.

(1)

In this way we obtain the chain (¢ *, t;;...; (p('", t,) of adapted charts

along y. Define
¢1:= 0",
D,,:= o2t (U g xPP2 9 ‘2D, 0 D ().
The set D,, is an open neighbourhood of y(t;) and the mapping

(ra)
@1:=¢ 2|D,,
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is a chart distinguished by & around y(t,). We have

‘y_l(D(pl)ll my_l(Dq)z)lz = Y—I(Dw(ll))il ny_l(Do(fz))lz # ®'

Let a leaf L' intersect D,,, and let zeL'n D, . Then z = o'?27!

(u, w), where
uelU , and w = pr, 0"?(2) for 2 €D, ND ,. Note that z’' € L. Therefore
@ ®

2 €D, "L, and so D, N L # @. Set
R ()
Dw,' =9 (U‘p(',‘) Xpry ¢ (D¢,'— 1 n Dq’(l.')))’
@i = ¢('i)|D¢i'

It is clear that ¢; is an adapted chart and that (¢;_,, t;_ ), (¢;, t;) overlap.
Analogously, we prove that if a leaf L’ intersects D,,, then it also intersects
D,,_,. This completes the proof. =

Let M/% denote the quotient space of the topological space M by
the equivalence relation determined by the decomposition of M into the
leaves of #.

(3.2) ProposiToN. The canonical projection mp: M — M/ F is open.

Proof. Let U be an open subset of M. We have to show that ny' 7\ (U)
is open in M. Let yeny' ny(U), ie. L,nU # @. Let xeL, nU. Applying
Lemma (3.1) to the leaf L, and its points x, y we observe that there exists a
chain (¢, t;;...; @, t,) such that xeD, <U, yeD, and each leaf L
intersects D, if it intersects D, . Thus D, < my' 7y (U) and my' mp (U) is
open in M. =

(3.3) ProrosiTiON. The union A of all nonsingular leaves of % is open in M.

Proof. Let xeA. Then L, is a nonsingular leaf of #, and so by
definition there exists an open neighbourhood V of L, such that the function
dg|V is constant. By Proposition (3.2), U:= ny' npy (V) is an open neigh-
bourhood of x in M. Since U is a neighbourhood of every leaf contained in
U and dg is constant on U, it follows that U is contained in 4. =

4. Holonomy group of a leaf

Let & be a foliation of M and let Le #. Let y: <0,1>— L be an
arbitrary curve and let (¢, s) and (y, u) be overlapping links on y. Thus the
set

4.1) 7™ (Do) 07”1 (Dy)y
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is nonempty; it is also connected being the intersection of intervals. Let P
and Q denote the central plaques of ¢ and i, respectively, i.e.

P=¢ 7 (U, x{0}), Q=y~'(U,x{0}.

Let x be an arbitrary point of the connected component of P nQ containing
the set y[y~'(D,), Ny~ !(Dy).). Denote this component by (PN Q)%; it is
uniquely determined because of the connectedness of (4.1).
Put
G:={weW,; ¢ '(pr; ¢(x), wje D,}.

Then G’ is obviously an open neighbourhood of 0 in W,. In G’ we define the
C® mapping
1 G'owspra Yot (pry (x), w)eW,.

The differential of f at 0 is a monomorphism. Indeed, if Xe T, W, and
J.X =0, then (o™ ' (pry ¢(x), ). Xe T, L, 50 X €T, o U,. Therefore X =0
since Ty W, N T, 4 Up = {0}. The equality dim G’ = dim W, implies that the
differential f, is an isomorphism. Thus there exists a neighbourhood G of 0 in
G’ and a neighbourhood H of 0 in W, such that f|G: G — H is a diffeo-
morphism. This diffeomorphism will be denoted by the same symbol f.

4.2) Lemma. fed,,.

Proof. The mapping f is a difftomorphism of an open neighbourhood
of 0 in W, onto an open neighbourhood of 0 in W,. A simple calculation
shows that f(0) =0, so it is sufficient to prove that f and f~! are
compatible with ~,. and ~,, . By Proposition (1.12), for the proof of the

compatibility of f it suffices to show that f is compatible with ~, . and
~y. Let [WleG/~, . Then the set V:= ¢~ '({pr, ¢(x)} x[w]) is contained
in some plaque of ¢, i.e. in some leaf of #. Since G — G, it follows that V is
contained in D,. Since [w] is connected and ¢~ ' is continuous, V is also

connected. Thus V is a subset of some plaque of y and f([w]) is contained in
an equivalence class of ~,. Therefore f is compatible with ~,. and ~, .

For the proof of the compatibility of f~!, take [w}e H/~,,. We have
S7HIw)) = {(WeG; prayo (pry 9 (x), w)e[wl}
= (weG; v (pry Yo~ (pry @ (x), W),
pr2¥o” " (pry @(x), w))ey ™' (U, x[w)}
= WeG; ¢~ (pr10(x), w)ey™ ' (Uy x[w]}
= {WeG; 97 (pryo(x), w)eL,
= {w'eG; ¢~'(0, w)eL,

- l(o,w)}

~1i0m) -
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Since f~!([w]) is connected, it is contained in some connected component
of {(weG; ¢~ (0, w)eL,_q, w)}. Consequently, f ~ ! ([w]) is contained in an
equivalence class of ~,.. »

Let xo, x;€(PNQ)) and let f: G;—H; (i=0,1) be elements of
s, obtained as above for the points x;.

(4.3) LemMA. The equivalence f, = f; holds.

Proof. The set (P nQ){) is arcwise connected. Let ¢ be a curve joining

Xo to x; in (PN Q). Let
A:={(t, we 0, 1) xW,; ¢~ '(pry c(t), w)eD,}.
Then A is open in <0, 1) x W, being the inverse image of an open set by a
continuous function. On 4 we define
(4.9) F: A3(t, w—f(w)eW,, F: A3(t,w)—J, feR,
where
Ji(w) = prayo~ ! (pry oc(r), w)

and J,f is the jacobian of f; at w. F and F' are continuous and
F(t,00)eHynH, and F'(r,0) # 0 for~every te {0, 1). Thus by Lemma (1.15)
there exists an open neighbourhood G of 0 in W, such that for te €0, 1) and
weG

(4.5) F(t,weH,nH,,
(4.6) F'(t, w) £ 0.
Set

G=G,nG,nG and f=f|C.

Then G < Gy~ G, and f (G:) c Hy~H, by (4.5), and f, is an immersion by
(4.6). The compatibility of f, with theAsuitableArelatiogs can bg shown just as
in the proof of (4.2). It is clear that f, = f,| G and f; = f,|G. The mapping

0, 1> x G 3(t, wy—~f,(w)eH, nH,

is obviously continuous.

It remains to prove that for every we G the image of the curve 0, 1)3¢
— f,(wye Ho n H, is contained in an equivalence class of ~VHgoH, " In view
of (1.11) it suffices to show that the image of that curve lies in an equivalence
class of ~,. But this is obvious, since ¢~ !(pr; ¢c(<0, 1)) x {w}) is a con-
nected set lying in D, and in a leaf of Z#. »

Let € =(¢;, t)i2 be a chain from C2,. For every i€{0,...,r}, we
choose a point x;e(P; N Py, ,)},, . Where Py is the central plaque of g, for
he{0,...,r+1}. Then for every i we get a well-defined diffeomorphism
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fie Ay, 0., Which depends on ¢;, ¢;+; and x;. The superposition

f?;xo.....xr =fr Of;— 1 O... OfO

is a nonempty element of &/, , by (1.23). In view of (1.23) and (4.3) the
equivalence class of fg. ... does not depend on X, ..., x,. Thus we can
write [fele A, /=.

Now we prove that [ f,] does not depend on the choice of % from C} .
Let %o, ¢,€C,,. By Proposition (2.40) there exists a chain ¥€C),, such
that 4, 3% and ¢, 3 €. Thus it suffices to prove that if ¥ 3 ¥, then [ f¢]
= [f¢]. In view of Proposition (2.41) it is enough to show the equality in the
case when ¢’ is obtained from % by adding one link. Finally, according to
Lemma (1.23) we only have to prove the following:

(47) LeMMA. Let 6 =(¢p, s; Yy, u) and € = (@, 5; X, v; ¥, u) be segments of
chains. Let fy: Gy — H, be a diffeomorphism defined by % and by a point
xe(PNnQ), where P and Q are the central plaques of ¢ and y, respectively.
Let fi: Gy, —H, be a diffeomorphism defined by % and by points
ye(PnR)), ze(RNQ)Y,, where R is a central plaque of x. Then f, = f,.

Proof. By Lemma (4.3) and the relation
7 D) Ny (D), Ny (D) # O

we can assume that x =y =z Then the diffeomorphisms f, and f; are
defined by

(4.8) Sow) = prayo™ ' (pry @(x), w),  weGo,
@9)  fiw =prayx” (pry x(x), pr2xe ' (pry @ (%), w)),  weG,.
Let K = Go NG, be an open ball centred at O such that for every we K
4.10) ¢~ (pr, ¢(x), w)eD,.
Define a continuous mapping a by
4.11) a: <0, 1) xKa(t, w—x~ ! [pryxe ™ (pr; @ (x), (1—t)w),

prz 20~ ' (pry @(x), w)]eD,.
Note that

a({0, 1yx {0}) = {x} =D, D,,

and by Lemma (1.15) there exists an open neighbourhood G of 0 in K such
that

4.12) a(<0,1>xG) =D, N D,.



4. Holonomy group of a leaf 27

Set
4.13) fi: Gawpr, Yalt, we W,

and observe that for every ¢t the mapping f, is an immersion at 0. Indeed, let
XeT,W, and (f).0X =0. Then a(t, )0 XeT,L and by (4.11), fo X =0,
where f denotes the diffeomorphism defined by (g, s), (x, v) and the point x.
Thus X = 0. Just as in the proof of (4.3) we can show that there exists an
open neighbourhood G of 0 in G such that for every te <0, 1) the mapping
fi:= fIG is an immersion and f;(G) < H, ~H,. Obviously, G < G, NG,
and f G— — HynH, is an immersion.

We prove that f; is compatible with ~oc and ~ . In view of the

¥YHorH,
continuity of (¢, -) and the connectedness of [w] €G/ ~ ¢ it suffices to show
that the image of [w] by a(t,-) is contained in some leaf of #. Since
pr2x¢~ ' (pr; ¢(x), -) maps [w] to an equivalence class of ~, it follows from
(4.11) that a(z, w') lies in a plaque of y for w' €e[w] and consequently in a leaf
of #. Therefore f, is compatible with ~,. and ~y¢, 50 by (1.12) it is also
compatible with ~_. and

®G
Remark that

¢

wHohﬂl .

Sow) = prayx ™ [pry 20~ ! (pry 0 (x), W),
praxe” ' (pry @ (x), w)]
= Ppr, '/’(P_l (Prl ®(x), W) = fo(w),

ie.
fo =fo|6,
and
Jiw) = proyx ™ [pry xo ™ (pry @(x), 0),
pr2xe” ' (pry 9 (x), w))
= proYx” ' [pri x (%), pr2xe ™! (pry (%), w)]
=fi(w),
1.€.

hi=hiG.
Obviously, the mapping
0, 1>xGa(t, wy— f,(weHonH,

is continuous.
It remains to prove that the image of the curve (0, 1)3t

— f,(we Hy n H; (weG) lies in some equivalence class of ~vagon, TO this
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end it suffices to show that for every weG the image of the curve <0, 1)t
— o (t, w) lies in a leaf of . But this is clear, since only the first coordinate
of the curve in the chart y depends on t. Therefore fy =f;. =

In this way we have proved

(4.14) ProrosiTION. If €, € €Cl,, then [ f¢] = [fe]

We may write [f,,,] instead of [f¢].
Now, we prove the following:

(4.15) ProrosITION. Let y, be a homotopy of curves yo and vy, in L such that
for every s€ 0, 1), 7,(0) = yo(0) and y,(1) = yo(1). If ¢ and Y- are adapted
charts around 74(0) and y4(1), respectively, then

Uvow.w] = [fvl o]
in o,,/=.
Proof. For every se (0, 1) we choose a chain 49¢C;, of the form
0 = (o, s
and numbers
7€y (Do) Ny ' (Do) )i |

fori=0,...,r(s). It is easily seen that for every se(0, 1) there exists ¢, > 0
such that if s'e (s—¢,, s+¢,), then
(4.16) %9 is a chain along y,.,

(4.17) the curve {s—g,, s+& )35 >y, (t?) €L lies in the connected com-
ponent of P® N P&, containing y,(t®) for i€’0, ..., r(s)},

where P{? denotes the central plaque of ¢{?. Moreover, there exists g, > 0
such that if s'e <0, ¢,), then

(4.18) % is a chain along y,,

(4.19) the curve <0, &) 35" -7, (5;V) €L lies in the connected component of
PO P9, containing y,({?) for i€{0, ..., r(0)).

Similarly, there exists &; > 0 such that if s'e {(1—¢,, 1), then
(4.20) %" is a chain along v,

(4.21) the curve {1—¢g;, 1)3s5 . (") eL lies in the connected com-
ponent of P{! n P{Y; containing y, (V) for i€{0, ..., r(1)}.

The open covering A of {0, 1) obtained above has a finite subcovering
{I}aca- Observe that <0, &o) and (1—eg,, 1) occur in {I,},., since they are
the only elements of U containing 0 and 1, respectively. We denote (0, ¢,) by
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I,. From those I, which contain ¢, we choose the one with greatest sup/,;
denote its centre by s,. Let I,:=(s;—¢,, 5, +¢&,). Assume that I,, ..., I;
of {I,}..4 have already been choosen. From those I, which contain Si &
we choose the one with greatest supl,; denote its centre by s;,,. Let
Livi:=(Si+1—&y, > Si+1+&;,,) In a finite number of steps we arrive at s,
such that 1—e¢; e(s;—¢,, 8;+¢&). Let I :=(1—g, 1)

In this way we get a finite covering {Io, I, ..., I}, I;+,} of <0, 1) such
that for every ie{l1, ..., [} the left end-point of l, belongs to I;_; and the
right one to I, ,. Moreover, the right end-point of I, belongs to I; and the
left end-point of I,,, belongs to I,.

Let so:=0 and s,,,:= 1 for the symmetry of notation. For i =0, ..., [
+1 denote by £ the diffeomorphism determined by the chain #* and

the points v, (t, ')) for je{0,...,r(s)} and for i=0,...,! denote by

Y the dlﬂ‘eomorphlsm determined by ¢“*! and Vo +ey, (~(s'“)) for

JE0, ooy P54 )}
Now we have the following sequence of equivalences:

(0) — (1 — 1
f:r'ovd'—f )= ’(l)
— — () — Fl+1
=..=f0=fi*D
= fli+1) = = f
TSy T Ty
=fi+1) —
/9 —fvl;cw

by (4.3), (4.14) and (4.16)—(4.21). Therefore
[f'/o;m.ll!] = [f:yl w,,p]- ]

Let xe L and let ¢ be a chart distinguished by &% around x. In view
of the above proposition, we get a well-defined mapping

h(x.w): Ty (L! x)a[y] H[f;,#_’]e-d‘,/ =,

where =, (L, x) is the fundamental group of L at x. It is easily seen that h
is a group homomorphism.

(4.22) DermniTioN. The homomorphism h, ,: =, (L, x) > &,/ = is called
the holonomy homomorphism and the group

X(x'w) (L) = im h(x_w)
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is called the holonomy group of the leaf L with respect to the adapted chart ¢
around x.

Let y be another point of L and let Y be a chart distinguished by %
around. y. Let ¢: €0, 1) — L be an arbitrary curve joining x to y.

(4.23) LemMMA. There exists an isomorphism

D: A, =,/

0l

such that the diagram

mLx) ————— (L)

r.
(4.24) b, 1 by

sty/m —— e /=

®

1

commutes, with I'.: [y]—[c'-y-c]

Proof. We define
O A, /= a[f]o—»[fw,*ofoj;_,”_w]edw/ =,

The definition is correct in view of Lemma (1.23). The mapping &, is a
homomorphism. Indeed,

@.(L/1 (gD = 8.0gof]
= [fiww©g0f0f -1, ]
= et 999 f,-1,, O fepw 0SS, ]
= iww 0SS -1, 1 Ufins©90S-1,,,]
= 2.(LfD 2.(g))

since in view of (4.15),
j;_lw.ooj;”'* = idWO'
It is clear that '
¥ o,/ =3[g][f-1,,000 fipyled,/ =

is the inverse homomorphism. Hence we only have to prove the commutati-
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vity of (4.24):
hiyay (Te([D) = by (™" -7+ €)
= [fc—l.,,.,_,,,“,]
=[fwyLs0.00/,.- 1#,”]
=@ (hxp) [7])- »
The following proposition is an easy consequence of Lemma (4.23).

(4.25) PROPOSITION. H(eg(L) = Ky, (L).

Thus the isomorphism class of (L) depends only on the foliation
# and its leaf L; hence we will write (L) instead of 5, (L).

(4.26) ExampLEs. (a) From the construction, it is easily understood that if #
is a nonsingular foliation, then # (L) is the classical holonomy group of the
leaf L (see [R] and [T])).

(b) If L is simply connected, then obviously 5 (L) is trivial. In particular,
if L= {x}, then (L) = 0. Thus the holonomy groups of all singular leaves
of the foliations presented in Example (1.4d) are trivial

(c) For the foliation in (1.4e) the holonomy group is trivial although L is
not simply connected.

(d) Now, we give an example of a foliation for which a singular compact
leaf has a nontrivial holonomy group.

Let

M={x,y)eR?; -1 <x<1}.

We take the following subsets in M:

]

= i(x, y); x =0},

={(x, y); y=1/x*+q, for qeR.

£

Let

L' = {(x, y,2)eR?; x>+2z2=0}.

Let M’ arise by rotating M x {0} around the straight line L’; hence
M ={x,y,2); x*+22 < 1}.
Let L, arise from Z,, in the same way; hence

L, ={(x,y,2); y>q+1 and x*+2% = 1/(y—q)}.
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We show that #' = {L'} U L}, g is a foliation of M’ with singularities
(see Fig. 3). It is easily seen that L' and L are leaves (L' is 1-leaf and L,

y A

1 Ly
!
0 Ly
1 x
1

z L;

LI

Fig. 3

are 2-leaves) and that & is a partition of M’ It is clear that {L},
is a nonsingular foliation of the manifold M'\L. Thus we have to prove
that there exist adapted charts around points of L'. Let

D, =1(x,y,2); —1/2 <y <1/2 and x*+2z? <2/2y+3)},

®0

Po(x, ¥, 2) = (v, X/ /1= (x*+2%)y, 2/ /1= (x*+2%)y), (X, y, 2) €Dy,
Obviously, ¢4(0,0,0)=(0,0,0) and ¢ is a diffeomorphism with inverse
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given by

0o~ (& m, ) = (WV1+@+DIE, & YT+ +00).

A simple calculation shows that

00(Dy) = (—1/2, 1/2) x {(n, 0); n*+{? < 2/3},

@5 (L) =(=1/2,1/2) x (0, 0)},
@o(Ly N Dgp) =(—1/2,1/2) x \(n, O); n* +{* = —1/q]
for g < —3/2(for ¢ 2 -3/2, Lyn D, = @). If (0, yo, 0) is an arbitrary point
of L', then we put
Dy, =i, y,2); (x, y=yo, 2) €Dy,
tp;o(x,'y, 2) = @o(x, y=yo, 2), (x,,2) €Dy .

The mapping ¢;, is a chart satisfying the conditions of Definition (1.3). Thus
F' is a foliation of M’.
Let the group Z act on M’ by
0. Z xM’'3(n, (x, y, 2))—(x, y+n, 2)e M".

It is easily seen that this action is properly discontinuous, hence M .= M'/Z
is a manifold (see [KN]). The foliation &%’ is invariant under this action,
since

0,(L) =L, Oa(Ly) = Lgsn,
and so 0 gives a foliation # of M which consists of
L={lx, y, 2)]; (x, y, 2)e L}
and
Ly = {[(x, y, 2}; (%, y, 2)e Ly}

for g€ €0, 1). An adapted chart around [(0, y,, 0)] is defined in the following
way:

'D'Uo] = {[(X, ¥, Z)], (X, Y, Z) EuLe)Z D9;0+"}:

(P(yO] [(X, Y, Z)] = ‘p;o+n(x7 Y, Z), (I, Y, Z)ED :

¢yo+n.

Obviously, L is compact since it is a manifold diffeomorphic to a circle.
We wish to compute the holonomy group of L at [(0, 0, 0)]. We know
that =, (L) = Z. Consider the curve

¥ €0, 1>2¢—[(0, t, O)] €L.

3 — Dissertationes Mathematicae CCLXVII
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This is a loop at [(0, 0, 0)] which represents a generator of =, (L). The
sequence (@po5, 05 @fy/2), 1/2; @p0), 1) is a chain of adapted charts along y. We
now exhibit a ¢ -diffcomorphism f for this chain and the points

[0, 1/4, 0)1, [(0, 3/4, 0)):
£, 0=/ J1+302+03, YJ1+1n*+ ),

where the domain of f is the disk D of radius /2/3 centred at (0, 0) and the

range of f is the disk D’ of radius ./4/7 centred at (0, 0). Hence D’ = D. Note
that if (1, {)e D’ and (5, {) # (0, 0), then

2 2

n 4 {
L+3(*+0%)  1+3(*+0%)
Hence the only point (1, {} of D' for which
(1, 8) ~ gy, S 1 0)

is (0, 0) since the equivalence classes are circles centred at (0, 0). Thus in view
of Proposition (1.21)

nt+{ £

f #idw
and so the holonomy homomorphism is an iSomorphism and

#(L) =Z.

ooy

5. A stability theorem

In view of the paracompactness of M, we can choose a Riemannian
metric g on M. This metric induces a Riemannian metric ¢; on L. Now, we
can give the following:

(5.1) DeriNITION. Let L be a k-leaf of a foliation #. A family .# of adapted
charts around points of L is called a family of coherent charts for L if for
every x €L there exists an (m—k)-dimensional submanifold T, of M contain-
ing x such that:

(1) L= U D,,

e M

(i) for every @€ .# the set D, n L is relatively compact and geodesically
convex with respect to g,

(ii)) for every ¢ € .# there exists an adapted chart ¢ 'around the same
" point such that D, < D;, D,nL<D;nL, $|D, = ¢, and

¢71(lpry §(0)} xWp) = T,
for every xeD; L (see Fig. 4).
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(5.2) Remark. Note that by (1) and (i)
xeD, = ¢ ' ({pry ()} xW,) = Ty
Jor every xe L and every ¢ M.

Fig. 4

(5.3) Lemma. If Lis a compact k-leaf of #, then there exists a family of
coherent charts for L.

Proof. Let (£, J) be a tubular neighbourhood of L in M, ie. ¢
= (E, p, L) is a vector bundle over L, J: E — M is an imbedding such that
J|L =id, (L on the left side is understood as the zero section of £), and J (E)
is an open neighbourhood of L in M (see [Hi]). Note that J(E,) is a
submanifold of M transverse to L for every xe L. In view of the compactness
of L, we can assume that J(E,)} is transverse to all the leaves of # for every
xeL. We set T.:= J(E)).

Take an arbitrary point xqe Land an arbitrary adapted chart y around
Xo. Define '

W:= {xeJ(E); JpJ '(x)e Dy} N D,.

Obviously, W is an open subset of M and xqe W since JpJ ~!(x) = x for all
xe L. Consider the mapping . _ ‘
F: Waxws(pryyJpJ 1 (x), proy(x))e R* x R™~.

We show that F,. is an isorhorphism. In fact, it suffices to prove that F

ﬁxo
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is a monomorphism. Let Xe T, W and F 4o (X)=0. Thus

(54) (PriYJIpJ ™)y (X) = 0,
(5.5 (Pr2¥).xy (X) = 0.
Since JpJ~!|L =id,, by (54) we have

(5-6) (Pri ¥)uso (X) = 0.

Owing to (5.5) and (5.6) we get ¥, (X) =0, and consequently X = 0.

By the Inverse Function Theorem there exists a neighbourhood W of x,
such that F| Wis a chart of M. We take a relatively compact neighbourhood
W, of x, such that W, = Wand W, N L is connected. By the compactness of
W, n L we can find an open neighbourhood G of 0 in W, such that for every
xe Wy, "L we have

(5.7) ¥~ ({pr1 ¥ (0)} xG) = W,
(5.8) : F~'({pr ¥ (%)} xG) = W.
Set

5= F U (pr g (LOWo) xG) = W, @:=F|D;.

The mapping @ is a chart distinguished by % around x,. Indeed, note
that

@ (Dg) = pry ¥ (L0 W) xG,

where pr, (L " W,) is an open neighbourhood of 0 in R* and G is an open
neighbourhood of 0 in R™* It is clear that

@ (x0) = F(x0) = Y (xo) = (0, 0).
Let L' be an arbitrary leaf of #. We have to show that

- @(LnDg) =UzxI'=priy (LN W) xI,
where I' = {weG; ¢~ 1(0, welL).
Let (u, w)e@(L' nDg). Then (u, w) = $(y) for some yeL nD;. Conse-
quently, _
(u, w) =@(y) =F(y)epriy (Ln W) xG.~

On the other hand, w = pro ¥ (y) e {w' eW,; Y ~'(0, w)eL'} since yeL and
is an adapted chart. Hence we{w' €G; y~1(0, w)eL’}. Let z:= @ ' (0, w).
Then

proy(z) =welweG; y~ (0, w)eL}.

Thus zeL'. In other words, wel'. Therefore (u, w)eU; x!'.
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Conversely, let (u,w)eUzxI. Then wuepryy(LnW,) and
we{weG; §'(0,w)eL}. Set z=@ '(u, w). Then ze L' n Dy, hence

(u, we@g(L' nDy).
Therefore ¢ is an adapted chart around x,.

Now, let U be an open neighbourhood of x, in L and suppose U is
geodesically convex with respect to g, (see [KN]). We assume that

(5.9) UcLnW,.
Set |
0:= G151 (pr, 5(U) xG).

We now define .# to be the collection of all charts constructed as above
for all points x,€ L, for all charts ¥ distinguished by # around x, and all
open geodesically convex neighbourhoods of x, in L satisfying the condition
(5.9).

The only condition of Definition (5.1) which is nontrivial and should be
checked is the last part of (iii). Let § be a chart obtained as above from the
~adapted chart § around x, and let xeLnD;. Let ye@™* ({pr, ¢ (x)} x Wj).
Then

pry $(v) = pryYJpJ ™ () = pri ¥ (x)
and obviously :
PrayJpJ =1 (y) = 0= pra Y (x).
Therefore x = JpJ~!(y). In other words,
yeJ(Ey) = T..
Consequently,
¢ ({1 @} x W)= T.. =

Let L be a compact leaf and .# be a family of coherent charts for L
obtained with the help of a tubular neighbourhood (&, J) of L.

(5.10) Lemma. Let §, ye #, y, ze D, nD,, and pryy(y) = pr, ¥ (2). Then
pry x (¥) = pry x(2).

Proof. It suffices to observe that for an arbitrary chart ¢e M and for
every xeD,NL

o071 ({pr 0(9} x W) = T, A D,
Therefore both equalities in the lemma are equivalent to
JpJ () =JpJ ' (2). =
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(5.11) LemMA. Let # be a far/nily of coherent charts for L, let ¢, ye .# and
D,nD,NL# Q. Then we can find a neighbourhood G of 0 in W, such that
Jor every neighbourhood G' of 0 in G and for every plaque P of g there exists
exactly one plaque Q of Y such that PnQ # Q.

Proof. In view of condition (iii) of (5.1) for every xeD—w_f\ Dy, N L there
exists a neighbourhood G, of 0 in W, such that

¢ ({pry 300} xGy) < ¥~ * (pry ¥ (1)} x W).
Hence there exists a neighbourhood G of 0 in W, such that for every
xeD,nDyNL '
(5.12) 31 ({pr; $(0} xG) = ¥~ ({pry ¥ (x)} x W)

since D, "D, N L is compact. In particular, for every xe D, "Dy, N L, (5.12)
holds. Let G' = G be a neighbourhood of 0 and P an arbitrary plaque of the
chart ¢g.. By the definition of G it is obvious that P n D, # (. Hence there
exists at least one plaque Q of ¥ such that PnQ # (. We show that

(5.13) PN D, is connected.
To this end, we prove that
E: ¢ (U,xG)nD,3y
(@~ (pr, @ (), 0), pry @ (»)e(D, "Dy, N L) xG’
is a homeomorphism. Indeed, it is clear that
(D, "Dy ML) xG' 3(z, w)— o~ (pry ¢(2), w)ep (U, xG) N D,

is the inverse and both mappings are continuous. If P = ¢~ !(U,, x ), where [
= {weG’; ¢ ' (0, wye P}, then

(5.14) E(PnDy)=(D,"DynL)xl.
Indeed, if (z, wye E(P n D), then for some ye PN D,,
z=¢ '(pr; (), 0) =¥ ' (pr, ¥(»), 0)e D, "Dy N L
since in view of Lemma (5.10) we have
pri@ (¥ (prov (v), 0)) = pry @ (3) = pry 9(2),

which implies that z =y~ ! (pr, ¥ (), 0). On the other hand, w = pr, ¢ (y)€l,
hence

(z, we(D,nDy, N L) xl.
Conversely, if (z, we(D, "D, n L) x!, then

Ele,w=¢ "pr;p(2), weo ' (U,x)=P
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and
@ '(pry 9(2), w)e D,
since we G’ = G. This completes the proof of (5.14).
By condition (ii) of (5.1) the set D, n D, N L is connected and — by the
definition of a plaque — so is I. Hence P D, is connected since Z is a

homeomorphism. Therefore there exists exactly one plaque Q of y such that
PnD, c Q. Consequently, PnQ # Q. u

Now, we can prove the main result of this paper — a stability theorem.

(5.15) THEOREM. Let L be a compact leaf of a foliation & such that # (L) =
Then for every x €L there exist a neighbourhood V of L in M and a chart
¢ distinguished by F around x such that D, < V and the inclusion mapping
#: D, =V induces a homeomorphism of the quotient spaces

D,/(F|D,) = V/(F|V).

Proof. First, we construct a neighbourhood ¥V and a chart ¢. Let xe L
and let .# be a family of coherent charts for L. Choose a finite subfamily
A" of .# such that

L< U D,.
oe N

Assume that one of the charts in .4 (say ¢,) is an adapted chart around x.
Let

(5.16) (00, 0), (@, t)=1, (90, 1)
be a chain of adapted charts along some loop with origin at x constructed
from all charts of .#'. For the chain (5.16), choose points y;; €D, ~ D, N L,
where i and j are integers such that 0 <i <j<n and D, mD,,ij;é Q.
Let @i, ..., @iy, be those ¢; for which

D, ,nD, NL# Q.
For every ae{l, ..., s(0)}, consider the ¢,-diffeomorphism

f(O) G(O) — H(O)

defined by the sequence (@o, @y, ..., ¢, Po) of adapted charts and by the
system (Vo1 Y125 -+ Vig- 1ig> Yoig): Smce H(L)=0, thcre exist homotopies
G x 0, 1> — H realizing the equivalences f{© = Wep' We set
s(0)
= () G©

=1

and

s(0)
(5.17) @:= ol 05 ' (U,, x t_)l HY).
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Assume that we have already constructed neighbourhoods G; of 0 in
%.- for i=0,1,...,h—1. Consider the chart ¢,. Let @jys -+ go}'(h)

be those of the charts ¢;= (ij G=0,...,h—1) for which
D,, N D,; r\L # @. In view of Lemma (5. 11), for every ﬂe{ ., r(h)} there

exists a nenghbourhood G"" of 0 in W, such that every plaque P of ¢y, with
G — GY, intersects exactly one plaque of the chart ¢j;. Set

r(h)
=NG
=1

Now take all charts ¢, .. ,(p,s(h) from {@p+1,..., @,) satisfying

D, nD,, nL #@. For every a€f{l, ..., s(h)} there exists a ¢,-diffeo-
morphjsm S GP > HP defined by the sequence (@4, Ph+1s ---> @iy» @4) Of
adapted charts and by the system of points (yj4+15 ..., ¥u,)- The domains

of these diffeomorphisms can be chosen in such a way that
s(h) -
U HY < G,.
. a=1
Since (L) =0, there exist homotopies G® x (0, 1> — H® realizing the
equivalences f» = =idw, . We put
s(h)
= m G(h)

a=1

Thus we have constructed neighbourhoods G; of 0 in W, for
i=0,1,...,n
For j=0, ..., n denote by ¢; the chart g¢;_ .
J

(5.18) LemMma. If h <K and D, D, NL# @, then every plaque P of the
chart ¢, ntersects exactly one plaque of the chart ¢,.

Proof. Observe that

s(k') s(h’)
(5.19) Gy = m ) < U H® <G, <GP,
where ' €{1, ..., r(H)} is such that Jjg- = h. Since every plaque of the chart

@»z> With G = G"" intersects exactly one plaque of ¢, it follows, in view
of (5.19), that every plaque of ¢; intersects exactly one plaque of ¢,. =

(5200 Remark. From (5.19) it follows that every plaque of ¢, |(p,, (U on

x g%} H") intersects exactly one plaque of ¢.
Let h <k, D,, "D, NL#@, and let P be an arbitrary plaque of ¢j,.

Then, by Lemma (5.18), P determines uniquely a plaque §, of ¢,. On the
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other hand, P determines uniquely a sequence (Qy._,, ..., Q,), where Q; is a
plaque of ¢ for i=h'—1, ..., h. '

(5.21) LemMma. There exists a plaqgue Q of the chart cp,,l(p,,“(U,,h
x Js®, HP) such that Q,u @, = Q.

Proof. Let weG, be an arbitrary point determining P, ie.
we pry @y (P). Then we have

@i (Pr1 O (Vaw)> W)€ O
In other words, the point
Wy = PI2 @), Oy ! (Pl'x @x (V) W)
determines the plaque §,, i.e.
[ﬁh]v, = pr; (Ph(éh)-
]

On the other hand, we can define inductively the following sequence of
points:
Wy (=W,

Wj_y:= szfpj—lij_l(Pri %()U—n,j), w), Jj= K,W—1,...,h+1.

Observe that iv,- determines the plaque Q;. In particular,

[Wh]q,;l = pry @5(Qw-
We show that
(5.22) 1P (wy) = Wy,

where o' {1, . s(h)} is such that i, = k.
To this end — in view of the definition of f¥ — it sufﬁces to prove that

W; = pr; ¢; (Pj——ll (Prl Q-1 (y;- 1,1), W_ 1)
for every je{h, h+1, ..., K'}). We have
pr; @; (Pj——ll (an ©i-1(yj-1.), Wj- 1) = pr; @y (pj_—ll (Pl'l Q- 1(y5-1.)s
Pr29;-1 @; ! (Prl 0;(y;- 1.1), Wj))
=Ppr, ¢; (pj_-ll (Pfx Pi-19; ! (pfl Q;(¥j-1.9)> Wj),
pr, ¢j— 19 ! (Prx ] (.VJ— 1.1), Wj))
=w,
since by Lemma (5.10)
Pri@j-1(¥j-1,) =Pr1 9195 ! (pr, @;(¥)-1.4)s WJ)-
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~ In view of (5.22), of the relation w, €G, G¥, and of Proposition (1.21)
we get
wy ~¢hﬁfv',,, With H = Hy"),
hence
s(h)

wy, with H= () H®.

a=1

Wy ~,. .
h (p’.H

Therefore the plaque

s(h)
Q:=(eulen ' (Uy, x U HO) ' (U,, x[wily, )
contains both @, and {,. =

Now, we define
V:i=D,u hgl or (U, XGy).

Consider the mapping .#: D, < V. It is clear that .# induces a continuous
mapping ¥ on the quotient spaces. Indeed, if PeD, (% |D,), then .9 (P) is
a connected set contained in V and in a leaf L' of .%; hence it is also contained
in a connected component of L' n V. Thus .#(P) is contained in some leaf
of #|V.

Now, we show that .# is a surjection. Let (L' V), e VAF | V). It suffices
to prove that (L'nV),nD,#@. By the definition of V¥, either
(L' nV),nD, # @ (and then the assertion holds) or there exists h such that
(L'nV),ney!t (U, xGy) # Q. Let Q, be an arbitrary plaque of ¢; contained
in this intersection. Then, by Lemma (5.18), there exist plaques Q; of ¢; (i=h
~1,h—=2,...,0) such that Q;nQ;_, # @ for i=1,..., h. Consequently,
Qo = (L' nV),. In other words, (L' V), nD, # Q.

Now, we show that .# is one-to-one. To this end, we prove that for
every (L'nV),eV/(F]|V) the intersection (L' nV),nD, consists of one
plaque of ¢. Assume that P and P’ are plaques of ¢ contained in
(L' nV),nD,. Owing to the connectedness of (L' n V), there exist plaques Q;
of @iy (i=1,...,7) such that

PnQ,#0,
0nQiy #0 fori=1,...,r-—1,
QNP #0Q.
Obviously, we may assume that A())# 0 for i=1, ..., r.
(5.23) LemMa. For every ief{l, ..., r} there exist plaques
(5.24) Pyof o), j=1,...,40),
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such that
PAP,#0Q,
PinPi #@ forj=1,..., A()—1,

PA(.‘) = Qi-

Proof. We use induction on i. Set P,;, =Q;. Let P;,j=A4(i)
—1,...,1,0, be the uniquely determined plaque of ¢} such that
PinP_y#@ for j=1,...,A%) (Lemma (5.18)). On the other hand,
PwnP= er\P;é(Z) hence in view of Lemma (5.21), P, < P. Thus
PnP, #0Q.

Assume that we have constructed a sequence (P, ..., Py;_) (i<r—1)
which fulfils the assertion of the lemma. Two cases can occur:

1° A(i) > A(i—1). Set P;y:=@Q; and let P4y, ..., Pyi-y) be the
uniquely determined plaques of the respective charts (Lemma (5.18)). On
the other hand, Pj;_,, is the unique plaque of ¢j);_,) such that
Py " Pyi-1y#@ since Py_y,=Q;_; and P, =0;. In view of
Lemma (5.21), there exists a plaque P;;_,, of

. ad-ty

- i

(pl(i—l)ltpl(i-l)(Uw;_(,-_l) x Ul H; )
a=

such that P;;_;) U Py;-1) < Pig-1). From Remark (5.20) it follows that the
plaque P;;_,, intersects exactly one plaque of the chart ¢;_-,. Hence
Pyi-1y N Pii-1)-1 # @, and we may set

’
P).(i—l)—l =P:1(i—1)—1, ooy Py =Py

2 i(l) < A(i—1). Set P,u,, = @,. In view of Lemma (5.21), there exists a
plaque PA(,) of the chart

(A
-1 a
01| 936y (U e < L=) HZO)

such that P, U Piy < P, By (5.20), Py intersects exactly one plaque
of @yi-1- Hence Py NPy # @, and we set

! — D
Pioy-1 = Pip-1 ooy Py=Pp. um

We use Lemma (5.23) for i =r to replace the sequence (@, ..., Q,) by
the sequence (P, ..., PA(")’ where P,,, = Q,. On the one hand, P, determi-
nes uniquely a plaque P’ = P’ of the chart ¢p, and on the other hand — via
the sequence (5.24) — a plaque P — P of the same chart. In view of (5.21),

there exists exactly one plaque of the chart ¢ which contains PuP.
Therefore P = P, and consequently .# is one-to-one.
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The mapping f is open, which follows immediately from (3.2) and from
the following obvious fact: if U is an arbitrary open set in D,/(# |D,), then

5(0) = my (15 0).

This completes the proof of Theorem (5.15). m

We have a simple

(5.25) CoroLLary. If L is a compact simply connected leaf of the foliation 9.",
then the assertion of Theorem (5.15) holds.

(5.26) Remark. Observe that if L is a single point x, then the assertion of
Theorem (5.15) is trivial. It suffices to set V= D, for an arbitrary chart ¢
distinguished by & around x.

(5.27) ExampLe. The assumption of triviality of »# (L) of (5.15) cannot be
omitted. Indeed, in the case of the foliation from Example (4.26d) LN D,
has a base of neighbourhoods in D, /[(#|D,) consisting of sets homeo-
morphic to the interval (0, 1), whereas L has a base of neighbourhoods in
V/(#| V) consisting of a single set homeomorphic to the topological space
X = (8" U {0}, 1), where S' is the circle and t = {S' L {0}} L {U cS'; Uis
open in S'}. -

6. The case of foliations without singularities

Let # be a k-dimensional nonsingular foliation. In this particular case,
we adopt all the constructions and notation of Chapter 5.

We wish to deduce the classical Reeb Stability Theorem from Theorem
{5.15). To this end, we prove the following

(6.1) LeMMa. Let Le &, let # be a Jfamily of coherent charts for L and let
@, Y€ A be such that every plaque of ¢ intersects exactly one plaque of Y. Let
P and P’ be plaques of ¢, and let Q be a plaque of Y. If

PrnQ#Q® and PnQ#0,
then P=P'.

Proof. Let P=¢ ' (U, x{w}), P'= ¢~ ' (U, x{w'}), and Q =y~ (U,
x{w}). If xe PnQ, then

x=¢ '(pr; ¢(x), w)ePNQ
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and we set
yi= ¢~ {pr1 pJpJ 7 (x), W)
ep'(pry (D, "D, NL) x {w'})
=E"'(D, "D, "L) x{w}) = P'~D,
=P nQ.
Observe that
pry @ (y) = pry @JpJ = (x) = pr; 9(x),
hence, by Lemma (5.10), pr, ¥ (y) = pr,¥(x) and, of course, proyy(y) =w
= pry Y (x). Therefore x =y and PN P’ # @, hence P=P. =
Obviously, Lemma (5.21) can be reformulated as follows:

(6.2) LemMa. There exists a plaque Q of the chart @y| @5 ' (U,, x Uz®, HP)
Such that Qh = Q = QII‘

Now, we denote by o, ¥4, ..., ¥, the charts ¢, ¢}, ..., @, constructed
in the proof of (5.15). We have

(6.3) Lemma. If L' nD, # @, then L' V.

Proof. Let yeL'nD, and let Q, be the plaque of ¥, containing y.
In view of Lemma (5.18), there exist uniquely determined plaques

Qn-1>0n-25 --., Qo of the charts ¥,_, ¥,_», ..., Yo, respectively, such that
0inQis1 #@ for i=0,...,n—1 :

Assume that L' ¢ V; take ze L'\V. Let ¢: (0, 1) — L' be a curve joining
y to z and
(6.9) to:=sup {te 0, 1); ¢(€0, t)) = V}.

Observe that

(6.5) cto)¢ V.

Obviously, t, >0, and there exist 6 >0 and he{0,...,n} such that
c((to—9, to)) = Dy,. Let Qi =¥y ' (Uy, x{w,}) be the plaque of y, such

that c((to—9, to)) = Qj. It is clear that c(to)eJ(E). Consider the point
x =JpJ 'c(ty) of L. There exists j # h such that

(6.6) xeD,, N L.

Observe that there exists & such that 6§>6 >0 and JpJ 'c(<{tp
=&, t)) < D, ’ Two cases can occur:
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1° j <h. Then Q, intersects exactly one plaque Q; of y;. Therefore
Ui ' (Pro¥nJpJ " elto—0', 1o) X {wh}) = QL N Dy, = 0L N Q;,
hence by (6.6), c(tp)eQ; < ij < V. This contradicts (6.5).

2 j > h. Take the plaque Q; =y ' (Uy, x{w;}). By (6.2), @;nQ, # Q.
Therefore Q) # Q, since otherwise (see above) c(tp)eQ; D,,,j < V. Thus we

obtain a contradiction. Observe that Q, and @} are contained in the same
leaf of % | V. Indeed, @, is joined to Q, by the sequence (Qy+1, ..., Qp—,) Of
plaques contained in ¥, and Qj is joined to Q, by the curve c| €0, t,—4') in
V. Therefore, if Q,_,, ..., Q, Qo are plaques of the charts ¥,_, ..., ¥, Yo,
respectively, and are uniquely determined by Q,, then by (5.15), Qy = Q,.
Thus there exists i€ {0, ..., h—1} such that

0i=0Q, Q+1#Qi+1, QnQ#0, QnQiy #0O.

This contradicts Lemma (6.1). =
Directly from Lemma (6.3) we get:
(6.7) CoRroLLARY. Ty (D ) = V.

(6.8) CoroLLARY. Every leaf L' for which L' nD, # @ has the following
property: for every he{0, ..., n} L' nD,, is a single plaque of y,.

Proof. Since L'nD, # @, we have L' < V in view of Lemma (6.3).
Consequently, by Theorem (5.15), L' n D, contains a single plaque P.

Assume that there exists he {0, ..., n} such that L’ N Dy, contains two
plaques Q, and Q). Then @, and @, determine uniquely sequences
Qh-15-.-, Qo) and (Qy_4, ..., Qo) of plaques of the respective charts. We
have Qo = P = Q, so there exists je {1, ..., h} such that Q; # Qj and Q;_,
= Qj_,. This contradicts Lemma (6.1). » '

(69) Remark. A simple calculation shows that the space D,(#|D,) is
homeomorphic to W, for every adapted chart ¢. The homeomorphism is
given by
(6100 &: W,aw—(L,nD,),eD,(F|D,), where y=¢"'(0,w).

Now, we can prove the Reeb Stability Theorem ([L2]).

(6.11) THEOREM. If L is a compact leaf of a nonsingular foliation # and the
holonomy group of L is trivial, then there exist a saturated neighbourhood U of
L in M, a neighbourhood D of 0 in R™* and a diffeomorphism q: U — Lx D
such that for every leaf L' < U

(6.12) ‘ q(L) = L x {w}

for any weD.
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Proof. Set U = my! iy (Dy ) By Corollary (6.7), U <« Vc J(E). Let

D:={weW,; ¥5'(0, weU}. Observe that & ! F lny(z)eD for zeU.
Indeed,

Flay(z) = F (L) =L, nD,,

since S is one-to-one. By (6.10), & '(L, "D, ) =w, where yo(L, "D, )
= Uy, x{w}. Therefore

| ¥5 (0, Wews  (Uyg x{w) = L, "Dy,  U.
Now, we define
q: Uaz(JpJ 7' (2), &7 I~ " mpy(2))e LxD.

Observe that g can be expressed locally in the following form: if zoe U and h
is an integer such that zoe D,,, then for zeD,, NU

(6.13) q(z) = ('»bh_l(Prx Vi(2), 0),fh(Pf2 ¥ (Z))),
where f,e o/, . is a diffeomorphism determined by the chain consisting of
the charts Y, ¥, 4, ..., Yo and by arbitrary intersection points of central

plaques of these charts. Hence g is smooth.

The mapping q is a bijection. Indeed, the inverse mapping is defined in
the following way: if (x, wye L xD, then, by (6.8), T, #®(w) contains a
single point, say y. Then ¢~ '(x, w) = y.

Locally, if Xo€Dy,, then

g (x, w) =¥, H(pry ¥a(x), i ' (W) for xeDy, NL,
and so g~ ' is smooth.

Since £ is bijective, it follows — in view of the definition of ¢ —
that the equality (6.12) holds. More precisely, ¢~ '(L x{w}) = L,, where

y=v%5'(0,w). n
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