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§ 1. Introductory. In this paper we shall determine the original
function whose Laplace transform is

(1) pkl2—-ll2n—1 _Km[aIIanllzn] _Kn"[alﬂnplﬂn] ,

where p, as usual, is complex, R(p) > 0, E(a) > 0, K,(z) is the modified
Bessel function of the second kind and » is any positive integer. The
original function whose Laplace transform is the function (1) is not known
in the main literature [1]. All that is known is the special case when n =1
(see [1], p. 285). When k=4, n=1, g = v—1, function (1) is

(2) p”zK,[a”"’p”'“’]K,_1[a"'2p1’2] ,

and the original function is known (see [1], p. 285, equation 61). It is in
fact the function

(3) 2 —-1/2 1I2t—l —aI2iW (a/t) (1) ,

where W, ,_i(aft) is the known Whittaker function (see [2], p. 351)
defined by

@) W&»—i(?) ra— 2v)() amF(r—%;d/t)_i_

I'(z—»)
Fremnl) ()
where

o g o B} — (a5 7)...(ap; 7)
rFq(P; ar; 5 Qs %) = ;T!(gl; ,r)."(gq; 7) &,

(a; n) = a(a+1)...(a+n—-1), =n=1,2,3,.., (¢0)=1.

() There is an error in 27** in equation 61, p. 285 in [1].
q
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In § 2, it will be shown that the original function of function (1)
is the function

(5) 4—1ﬂ-112(2n)1—nnnk—s/2a1/2n—k/2 %

B nk+nv+nu—1 nk—nv+ nu—1 N
a( 3=, 4l ),
1 ) nk—n,u+nv—1) ( _nk—'n,u—nv—l)_e':g
% ;@,E J(n, 5 , A n; > ere
A(n; nk_z—-l)’ A(n; -’;—k)

where D means that in the expression following it i is to be replaced
=i

by —¢ and the two expressions are to be added. Also the symbol 4(n; a)

represents the set of parameters

a a+1 a+2 a+n—1

n’ n n ' 77 n

The function appearing in (5) is MacRobert’s E-function, whose de-
finitions and properties are to be found in [2], pp. 348-358. Thus the
major result of this paper is a generalization of the Laplace transform
relationship between the funetions (3) and (2) to expressions in which the
parameters of the Bessel functions are different and, moreover, in which
the argument of the Bessel function in (2) is a'2rp'/2» where n =1, 2, 3, ...

In § 3, it will be shown how (3) can be derived from (5) and also
many other particular cases are deduced. The following formulae are
required in the proofs:

(2], p. 352): I p<q

(6) E(p; a,: q; 0s° 2) =%ﬁ—§:§ﬁ’(?; a:: q; @s; —1/?)

(2], p- 353): If p > g+1

(1) B o g5 00:2)= D, || Tas—an{ [] Fler—an)} " Iar)arx

r=1 g=1 t=1
o plor ar—eit1, ey e —egt+1; (—1)77%)
a—a+1,.. . %.,a—a+1 J’
([3], p. 749, equation (2)):

(8)  E(p; ma,: g; mos: 26X™)
m-1

= (2ﬂ)_(m_l)(p‘Q'“1)/2 mm(zuy—Zw,)—l(p_q+l) 2
1=0

mp—a-1\3
B
z
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A Ad+m—1 )
a1+ﬁ, vy O ———— 5 ap-i—ﬁ, veey Gpt
_ —g-1
+l+m 1:(mp a—)me&:iﬂ
& m K
X
A+1 At+m A At+m-—1
";l;,;_'""*'"’—,m—_’ 91+R’"" 91+'_,m—; LR
A A+m—1
9u+ﬁ7"-7 Qq+_m_

where R(a,) > 0 and the asterisk denotes that the parameter m/m is
omitted. Now if the last notation 4 (n, a) is introduced and we take p = 2
and ¢ = 3, write » for m and use the relation between the ¥ and F func-
tions, then (8) in combination with (6) gives

4 (n; npt +z) , A (n; ”—”;””+1+1); em’_:%

2

n—1

o Sty

A=0

A
,...*...,—:1", A(ny v+ A+1), A(n; nu+1+1),

L A(n; nu+nv+14+1)

How+np)+ 3, Hny +np)+
+ 1: a1/np1/n ,

14+nv,14nu,14+mv+nu

A+1

n

In’ﬂ‘l +nu

A 4m) (14 np) :Fs

= (2m)' "

where the symbol 4(n; a) and the asterisk have the same meaning as before.
Also the two trignometric identities are required:

(10) sin XF gin BH DT G EFR=DT g1 G ger ,
n n n
(11) sin = gin 27 .. sin WD _ giomy,
non n

Other equations which we shall use are

(12) F, (“Qz) — &, F, (9 —% ),
= (2/2)"* ) CA (o) ‘ s
(14)  oFy(0; #)oF1(0; 2) = Fale+ %0, fe+3to—%5 0,0, 0+0—-1;542],

and ([2], p. 394, ex. 106): If R(aps1) > 0

o0

—Aqapia— 2
fe e lE(p;ar:q;«3317)¢M=E(P-H;czzr: q; 0s: %) .

0

(15)
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§ 2. The Laplace transform theorem. We shall now establish
the following Laplace transform relationship in which the original function
is a function of ¢, p is the Laplace transform parameter whose real part
is greater than 0.

16) [ e Pf()dt

—_ 41:1/2(2,":)1;-1 ”alz-nk ak/z-l/m:pklz-llzn—l Km[ allzn pllim] KM[ allznpuzn ,

where
A(n; nk-}-nv;—ny—l)’d(n; nk+nv2—ny—1)’
1 ' nk+mu—nv—1 nk—nww—nu—1\ exitg
an f= D} B| afn; EETEZZY (g, ey, o
'_‘ nk—1 nk
4 5) 4 ) l

and the symbol 4 and ) have the same meanings as before.
1,—1

To prove (16) put ¢t = A/p and apply (15), in which the value of a,;
is set equal to one. This yields

(-]

(18) f e~Pif () dt
0 -1,4(”5 nk+ny2+nv—1)’4(m nk+m2—n'u_1), -
=11—)g%17} A(”’;”k-l-n‘uz_m—l),d(n;nk_mz—”l‘—l):@t:::p
o5, e

Now expand each E-function on the right side of (18) in terms of
the value given by (7) and combine the two resulting expressions, obtained
from ), by factoring out common terms and simplyfing the remaining

=i

two terms which result from [(eti"ap)/n**}f and [(e—*~ap)/n** by means
of the simple relations

I'(z)I'(1 —2) = n/sinnz
and

enf —e—imp = 2¢8innf .

Here B stands for any one of the above parameters in the E-function
appearing in (18). We also use the definitions of the generalized hyper-
geometric function ,F¢( ; z) to cancel factors in the sets of the above and
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lower parameters. Again we use (6) to transform the resulting hyper-

geometric functions of the type 2,.F4,,_1( ;

we utilize (10)

ﬂ) to E-functions. Lastly

’ n?'n

and (11) to substitute for the products of sines, and the

right-hand side of (18) becomes

2n 2 2n(np)

k1

ap 2 2zn
&)

sinngrsinnyr
( ( nv+np+1 ( _nv+np ) *mn_%
XZ Aln e + 1), N +i+1 ap +
Tl Bl 2
_:_*, T A(n; v+ A+1), A(n; np+A+1);

-nm'i—ny[ap/n ]([‘+ »){2 Z [ lln l/n]

An;ny+np+i+1) |

ko1
+22n-27t2n('np)—] [_‘l}l]z ™ o

nzﬂ

8in

[ 4(n, P —nut+1 Y — gt P ]
XZ Al n; + 4|, 4|n; 5 +i+1):e ap

»,—»

nm~np[ ap /nzn](v—y)l- Z lln lln a
in (— nur)sinnmy

Eyi+1 A4n
n

2

R R A(n;mv+A+1),4(n; —np+241),
An;nv+1+1—np) l_

k1

= 2”“17:“‘?:”*?-1 2-2]5_2—1; X

x 2,

y,—¥

+2n—lﬂn+=n§p—‘l

x 2
v,— P

nin

nm+ np(ap/n2n)(p+v)lz

2™ gin (nur)sin (nyx) I'(1 +nv) (1 4-np)

wtnp 1 wptwv+2 +
N I A A
L 14nv,1+nu,14+nv+nu J

E_ 1

'ﬂ)_ 2 2n

anﬂ
o nnv—n.u(aplnm)(f—p)lz -
2™ ™M gin(—nur)sinnyre I'(1 4+ nv) (1 —nu)

mwonptl w—npt2 L, by (9).
21’13 2 ? 2 b p
L 14+nv,1—nu,1+4+nr—npu J

Annales Polonici Mathematici XIV [



82 F. M. Ragab

Now substitute for each ,F; in the last expression from (14). Thus
the right side of (18) becomes

LA

dmd(@m) i nkgdE g HEIER Tl T .
TSINnuT
( % llzn 1[2n —-nu 1 ) al/nplln
1/2n 1/27; m 1n_1/n
a

(ia"z" 1[2n —-ny ( - a'llnplln
x{ Ti— nv) off1| 5 1—my; —4—|—

% 1/2n 1/2n ny

—‘_——oF ; 1+nv; ”'lmplm)}
| T +ny) ¢\ Y1y
=41:”2(21:)’5"1”3’2—“kaklz—llznpklz—llzu—le[allznpll%] KM[a}mn 1[21&] by (13)

Thus (16) is proved.

§ 8. Particular cases. To obtain the original function of the
function (2) we take in (5) ¥ =4, n =1, u= »—1. Thus the original
function is

=47 ”“’221 (1+v,2 1,2—v: 2 3-3""-‘5)

e 137 ¢ 3
1 a
= 47 gV E(v,l 1—»: 5 e"‘—)
r{—2») vy —2
-1 iz, -1zt » T
a0 e
2v
r@v—1)(ap-r - (3 3
+ =D 5 by (7),
2—2y
ra—g y—1,8
=927r 12 —ll2t-16_am IS(‘E—:;)( ) -a/ﬂlFl( 27 t)+
2y
1 a
_— 1—» — — Y. -
+ I}(iv—;))( ) a2 (2 ’t) by (12),
2—2v

- - - a
— 27 1 ll2 llt e aﬂlWllzw_llz (t_) by (4);

which is the desired result.
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In (5) take n = 1, write 2» for » and take u = 2» and proceed as
before, so getting the original function of the function

(19) p*{Ky[a'pii]}

in the form
(20) 9~ lﬁlli’.a/v—llzt—3v—l/26—a[2t Wv.v (‘{') ’

where R(a) > 0. This is also a known result (see [1], p. 285, equation 59).
We obtain many other particular cases by giving different values to »
and to the parameters in (5).
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