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1. Introductory remarks. The semi-inverse technique was intro-
duced by Saint Venant to deal with the problem of finding the stress
function which would selve a specifie boundary value problem of elastic-
ity.. Since the original problem appeared: insolva,ble', Saint Venant pro-
posed the following approach:

Choosing a specific form of a stress: functlon, he. 'worked back to
discover to what particular boundary value problem this stress function
corresponded.

By experimenting with various stress functions and using the super-
position principle, the engineers were able to solve important problems
of linear elasticity. This note points out the fact that this technique is
readily available to experiment with a much simpler problem of oscilla-
tory behavior of solutions of linear' second-order ordinary differential
equations.

It is well known that a Kummer type transformation is available,
which transforms any equation of the form

1) (ay’) +cy =0, aeC%ceC,a>0,
into an equation
-(2) ' +o(t)r = Q’ te[ty, o),

preserving the oscillatory properties of the-solutions.
Hence, it is sufficient to consider only the equationgs of form (2).
(See, for example, an expository articie of Willett [2] for the details.)
It was known to Kamke, and was rediscovered at regular intervals
later on, that the behavior of solutions of equation (2) is closely connected
with the properties of solutions of the equation

(3) e'+o(t)e—e’ =0, o(t)>0, o(t)eC? te[ty, o).
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In particular, the solutions of (2) are oscillatory if and only if the
solutions of (3) have the property

J (917 = +oco.

to
(For justification of this statement see, for example, either Willett [2]
or Rab [1].)

2. Explanation of the procedure. Let us choose an arbitrary function
o(t)eC?*[t,, 00), 0(t) > 0 on [t, ), and satisfying either

(4a) [ le(917%ds =
to

or

(4b) J le(17%df < oo.
to

Writing % (t) = o’'/e, we compute the function —u’' —u2+ p* = a(?).
Then, with this choice of o(t), equation (2) is oscillatory if (4a) is satisfied,
and non-oscillatory if (4b) is satisfied. (This statement is known to be
true, moreover, the proof of it follows directly from our previous remarks. )
Alternately, we could observe that x(f) is a solution of (2) if and only
if w(t) = o~ '(t)x(t) is a solution of the equation
(5) (0%’ (t)) + 0w (t) = 0,

which has a general solution
¢
w(t) = Acos(B+ ] 9-2(s)ds).
to

Clearly, w(t) and «(f) must have an identical oscillatory behavior.
3. Results of some experiments.
Example 1. The equation

o+ AL =Nt e =0, t>1,

18 oscillatory if and only if A < 1/2. (This is, of course, easily deduced from
the criterion of Kneser and Hille.)
Proof. We choose ¢ =t. Then u = At™!, and we have —u' —uZ
= M"2—At"? and o(t) = A(1—A)t"2+t*. Since
f o (E)dE — J -2 gy < o0 ff_ A>1/2,
1 1 = 00 if 2 < 1/2,

our claim is confirmed.
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Example 2. The equation
" 1 —4] 42
'’ + —4—+K(logt) =0, 1>2,

is non-oscillatory for any constant K > 0.

Proof. Choose o = at*logt, where a is any non-zero constant. Then:
we have

w = —‘;— — i (tlog 8)?,
—u = M4t (log t)" +t72(log t)72,
o) = —uw' —ut+o™* = A(L—2A)t7 2+t %(log t)~!
—2it2(log t)" ' 4+ a*t"*(log t)~*
=12 [A(1 —A)+ (1 —24)(log t) 11+ a*t~**(log t)~*.
Putting A = 1/2, we obtain

a(l) = 1

_It—2 +a*t"*(log t)~*.

Since we have
1 o0 o0
;{f o~ (€)dE = f t-1(log t)2dt = — (log t)~'|* < oo,
2 2

the claim is proved.
Example 3. The equation
v sin? o
x + m-l—(K—l—Slnt) 4].’”:0, t}?,
is oscillatory for any K > 1.
Proof. Choose ¢ = K +sint and check that

f (K +sint)~2dt = oo.
J

Other examples are easily constructed including the following result =
Let c(t) be of the form

c(t) = —¢"" —(¢")?+exp(—4¢p) for some pe C*[1,, oo].
Then o’ +c(t)x = 0, t > T, is oscillatory if and only if

(o]

f exp(—2¢)dt = oo.
T

Proof. Choose o = exp(p(t)).
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