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Abstract

New linear topological invariants are introduced and utilized to give an isomorphic classifi-

cation of tensor products of the type Euo(a) ® E’_(b), where Eo(a) is a power series space of

infinite type. These invariants are modifications of those suggested earlier by Zahariuta. In par-

ticular, some new results are obtained for spaces of infinitely differentiable functions with values

in a locally convex space X. These spaces coincide, up to isomorphism, with spaces L(s’, X) of

all continuous linear operators into X from the dual space of the space s of rapidly decreasing

sequences. Most of the results given here with proofs were announced in [12].
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0. Introduction

Let C% denote the space of all infinitely differentiable functions defined on the interval
[—1,1] with values in a given locally convex space X. Usually C¥ is endowed with
the topology of uniform convergence of functions on the interval [—1,1] with all their
derivatives in every continous seminorm of X (cf. [14]). We have [14] the isomorphisms

CF ~s®@X ~L(s, X).

Here and throughout, s is the space of all rapidly decreasing sequences, X ® Y is
the complete projective tensor product and L(X,Y) is the space of continuous linear
operators from X into Y equipped with the topology of uniform convergence on bounded
subsets of X. In particular, X’ stands for L(X, K), where K is the scalar field.

Our purpose is to characterize the isomorphism C¥ ~ C§° in terms of the spaces X
and Y. Valdivia has shown in [23] that if C'§ is isomorphic to a complemented subspace of
Cy° and C§F is in turn isomorphic to a complemented subspace of C¥, then C¢ ~ C3°.
Using this result a simple application of the decomposition method of Aytuna, Krone
and Terzioglu [1] gives C¥ ~ s whenever X is a complemented subspace of s.

In contrast, it was shown in [32], [34] that even in the simple case of a nuclear finite
type power series space X = Ey(a), the structure of C as a Fréchet space depends on
X in a quite delicate way. This case will be treated in Section 2. Those two diverse
answers indicate that to study the general case, even if we restrict our attention to the
class C%, with X a nuclear Fréchet space, would not be very promising. Therefore we
confine ourselves mainly to some natural classes, such as C'§ for X a nuclear power series
space or X ~ E’ _(a). In the latter case we have

(0.1) C¥ ~s® E' (a) ~ L(Ex(a),s),

which gives us extra motivation to study this case. Related to this class, we also consider
the class
(0.2) s' ® Ex(a) ~ L(s, Ex(a)).

In a more general setting we consider the problem of isomorphic classification of the
class of tensor products of the form

(0.3) Ess(a) ® Bl (b),

which covers both classes (0.1) and (0.2).

To classify the spaces (0.3) we introduce new linear topological invariants based on the
idea suggested by Zahariuta in [31], [32], [34]. This may be roughly summarized as follows:
starting from a given collection of absolutely convex bounded subsets, we construct in



6 A. Goncharov et al.

a particular invariant manner another collection of absolutely convex sets and to this
collection we apply the classical invariants.

This approach yields the invariant characteristics for Kéthe spaces, considered earlier
in [26], [28], [29], [30] and initiated by Mitiagin’s results [18], but in a form more convenient
for our purpose.

Here we use as a fundamental one a collection of absolutely convex sets in X ® Y,
which corresponds (in our case) to some basis of equicontinuous sets in L(Y™*, X). It is
useful to compare this view with previous results [13] on necessary conditions of isomor-
phism of spaces Eq(a) & E’B(b) which were based on more traditional considerations,
dealing with neighborhoods of zero.

To construct an isomorphism or an isomorphic imbedding for a given pair of spaces
X = Ex(a) ® E'_(b) and Y = E,(a) ® E'_(b), we use here the method suggested
in [29] but in a considerably simplified form (in the spirit of [34] in its revised English
version).

We also refer to the following results closely connected with our present considerations:
[2-11], [15—20], [22], [24], [25].

Acknowledgements. The authors are thankful to Prof. P. Djakov and Prof. M.

Kocatepe for discussions and useful remarks. The third author also thanks METU and
TUBITAK for their support.

1. Preliminaries

1.1. Let A = (aix)ier, aea be a Kothe matrix, where I is a countable set (often
I =N), Ais a directed set and a;» > 0. We also have a;y < a;, if A < p and sup{a;x:
A€ A} >0, i € I. By K(A) we denote the Kothe space generated by A, i.e., the locally
convex space of all sequences x = (§;) such that for every A € A,

(L1) jalr = Y leilain < oo,

icl

equipped with the seminorms (1.1). As usual, (e;) denotes the canonical basis of K (A).
In particular, for a = (a;), by Eo(a) and by Fx(a) we denote the power series space of
finite and infinite type, which are Kéthe spaces generated by the matrices (exp(—p~'a;))
and (exp(pai)), p € N, respectively (see, for example, [14]).
If A = (aix)ier,aeas B = (bju)jer, uem are two Kéthe matrices, then the tensor
product can be written as
K(A) ® K(B) ~ K(C),

where C' = (C(i,j),(k,u))v Ci,5),(A\p) = ai)\bj# with (Z,j) €l xJ and (/\,,u) € Ax M. The
above ismorphism is obtained by identifying the basis sequence (e; ®e;) of K(A) ® K(B)
with the natural basis (e;;) of K(C).

1.2. A continuous linear operator T : K(A) — K (B) is said to be quasidiagonal if

(1.2) T(e;) = ti€s(i), € 1,
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where o : I — J and ¢; is a scalar. In particular, T is diagonal if I = J and o is the

identity. If o : I — J is a bijection and ¢; = 1, then T  is said to be permutative. For Kothe
d d

spaces X = K(A), Y = K(B) we use the notation X LY, X ~Y and X 2 Y if there is

an isomorphism 7" : X — Y which is respectively quasidiagonal, diagonal or permutative.

We use the notation X = Y if there is an isomorphic imbedding 7' : X — Y. If T is also
qd

quasidiagonal we write X = Y. In this context we need the following fact, which was

stated in [29] but was considered earlier in [18] in an implicit form.

qd qd
ProposITION 1.1. If K(A) = K(B) and K(B) = K(A), then K(A) o« K(B).

1.3. We identify the inductive limit
E!_(a) = limind ' (exp (—pa;))
with the Kothe space K(A), A = (aix), where
air = exp(—m;a;)
and 7 = (m;) runs along the directed set
II*° = {r = (m) : imm; = oo}.

The set II*° has the natural order A < u defined by p; < A; for all ¢ € I. In case Ex(a)
is nuclear, E* (a) can be naturally identified with E/_(a) ([14]).

1.4. For a given sequence a = (a;), a; > 1, we consider the following counting
functions:
(1.3) ma(T,t) = [{i: 7 < a; <t}
(1.4) me(t) = [{i:a; <t}

where |A| denotes the cardinality of a finite set A and equals 400 for an infinite A, and
0 < 7 < +00. We also use the following characteristic of lacunarity:

n (T t):{l ifma(T,t)>O,
o 0 otherwise.

We write m, =~ my or n, ~ nyp if a constant ¢ > 0 exists such that
(1.5) mq(t) < myp(et), ma(t) < mp(ct), ¢>1,
or, respectively,
(1.6) na(7,t) <mp(t/c,ct), np(r,t) <ng(r/c,ct), 1<7<t<o0.

For non-decreasing sequences a = (a;), b = (b;) the relation (1.5) is equivalent to the
following condition:
(17) bi/CgaiSCbi, i €N,

with the same constant c. If for arbitrary sequences a and b the relation (1.7) holds for
some constant ¢, we say a and b are weakly equivalent and use the notation a; < b; or
a < b in this case. If (1.6) holds, we say a and b have the same lacunarities or are identical
in lacunarity.
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The following simple result about the characteristic of lacunarity will be useful.

PROPOSITION 1.2. Let a = (a;), b = (b;) be sequences with a; > 1, b; > 1. The
following statements are equivalent:

(i) There is A > 0 such that
(1.8) ne(7,1) <mp(1/A, At), 1< 7<t< 0.
(ii) For every A > 1 there is B > 0 with
ng(t/A, At) < ny(t/B,Bt), t>1.
(iii) There exists A >1 and B > 0 with
ng(t/A, At) < ny(t/B,Bt), t>1.
(iv) There exists A > 1 and B > 0 with
N (AZP1 A2y < (BTL AP B AP e 7

Proof. Since (i)=(ii)=(iii)=-(iv) are obvious, we will show that (iv) implies (i). We
choose m,l € Z such that

A2m71 <7< A2m+1 A2(m+l)71 <t< AZ(erl)Jrl
and use the following chain of inequalities:
na(7'7 t) < na(A2m717A2(m+l)+1) < sup na(AQ(m+U)71,A2(m+U)+1)

v=0,...,1
< sup ny(BTrAAMAVIZL B AAmA)EL

< ny(B7TAPTE BAXMADFY) <y ((BA?) U7, (BA?)).

Thus we get (i) with A = BA®. m

2. Power series space-valued case

We will consider in detail the isomorphic classification of the spaces CY when X is
a power series space of infinite or finite type. First, we deal with the infinite type, which
is quite simple.

In fact we shall consider C where X is a complemented subspace of s. It is not
known if X has a basis, but if it does, then X is a nuclear power series space of infinite
type [1].

ProrosiTION 2.1. If X is a complemented subspace of s, then C¢ ~ s.

Proof. ¢ ~ s ® X is a complemented subspace of s ~ s ® s. Further, the
diametral dimensions of C§ and s are equal. We conclude by referring to [1]. m

In contrast to the above, the spaces C§ for X = Ejy(a) have more intricate topological
structure. Here the characteristic of lacunarity distinguishes isomorphic classes.
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PROPOSITION 2.2 [32, 34]. Let Ey(a) be nuclear. Then
S @ Eo(a) ~Ss (§) Eo(b)

if and only if the following two conditions hold:
(1) Eo(b) is nuclear,
(2) ng = np, i.e. a and b are identical in lacunarity.

It is of interest to compare the preceding result with the proposition in [19] on page
309.

3. Main results

Here we state our main results. Most of them will be proved in the sections to come.
However, some will be demonstrated here.

THEOREM 3.1. Let Eo(b) and E(b) be two nuclear power series spaces where b and
b are non-decreasing. Then s @ E'_(b) ~ s & E'_(b) if and only if the sequences b and b
are identical in lacunarity.

We say that a sequence b = (b;) is non-lacunary (shift-stable [10]) if b and (i) are
identical in lacunarity. For a non-decreasing sequence b = (b;) this is equivalent to

bi+1

lim sup < 00.

2
Hence the following statement is an immediate consequence of our theorem.

COROLLARY 3.2. Let b be as in Theorem 3.1. Then
sREL (D) ~s® s

if and only if b is shift-stable.

As we shall discuss later, classification of the products s’ ® Eu(a) depends on a in
a more intricate fashion than in the case we have discussed. However, when the non-
decreasing positive sequences a = (a;), a = (a;) satisfy the following stronger condition:

(3.1) Ini =o0(a;), Ini=o(a;)

we have an analog of Theorem 3.1.

THEOREM 3.3. Let a and @ satisfy (3.1). Then X = s’ ® Ex(a) is isomorphic to
Y =5 ® Ex(a) if and only if a and @ have the same lacunarities.

For ¢ = (i), the space E(c) is isomorphic to the space of entire functions O(C), ¢
satisfies the condition (3.1) and is shift-stable. Therefore we have

COROLLARY 3.4. Let a satisfy (3.1) and be shift-stable. Then
s'® Ex(a) ~ s’ ® Ex(c) ~ s & O(C).

Although (In4) is shift-stable, obviously it does not satisfy (3.1). In fact s’ ® s has
an exceptional position in the class of spaces s’ ® Fu(a).
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THEOREM 3.5. For the isomorphism s’ @ s ~ s’ ® FEa(a), it is necessary and
sufficient that s ~ Ex(a).

COROLLARY 3.6. We have L(s,s) ~ L(s, Foo(a)) if and only if s ~ E(a).

The preceding results will be derived in Sections 9 and 10 from the following more
general and rather technical result, dealing with the isomorphism of spaces Eu(a) ®
E!_(b), which will be proved in sections 6-8.

THEOREM 3.7. Let X = Eoo(a) ® E/(b), Y = Eo(d) ® B/ (b) and T : Y — X be
an isomorphism. Then JA V€ Je V§ 30 such that the following inequalities (3.2)—(3.5)
are true:

. b;
(3.2) H(z,g):agaiibj <e, TSai—FbjSt}‘

- by -
SH(k,Z):ég l~§€~,i§5k+bl§4t}‘, T 2> 7o,
ar + by A

(3.3) H(z’,j):ég bi ,T§a¢+bj§tH

ai—f—bj

7- ~ ~
—Sak+bl§AtH, T > To,

. b;
(34) H(%J) wtp, S TS +b; tH

< ’{(kul) D= bl~ <E, %Sak + b Sﬂt}'7

ar + b
(3.5) {(i,§) : 7 < ai +b; <t} < H(k,l) : % <Gp+b < At}‘.

Some quantifiers before absent parameters need to be omitted; the constant 7y de-
pends on all participating parameters.

Remark. If ¢ depends on 7, i.e. t = ¢(7), 7 > 1, then the restriction 7 > 79 can
be removed everywhere in Theorem 3.7. Indeed, let, for example, the relation (3.3) hold

with ¢ = ¢(7) and 7 > 75. Then we choose instead of § some smaller constant 0/ > 0
such that 8’ Ap(rp) < 1 and get the inequality (3.3) with §’ instead of & without any
restriction on 7.

The last theorem has the following partial converse. The notation Y* means Y x ...
... x Y, k times.

THEOREM 3.8. Let X,Y be as in Theorem 3.7 and let the conditions (3.2), (3.3) and
qd
(3.4) be valid. Then X = Y?9.

With some restrictions on X, Y we get the following criterion of isomorphism.

d d
THEOREM 3.9. Let X, Y be as in Theorem 3.7 and X S X2 Y L Y2, Then the
following statements are equivalent:

(i) X =Y,
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d
(i) X Ly,
(iii) the inequalities (3.2), (3.3) are true together with the inequalities which are ob-
tained from these inequalities by interchanging a, b, (i,7) with a,b, (k,1) respectively.
Proof. Because (ii)=(i) is obvious and (i)=-(iii) follows from Theorem 3.7, we need

d d
only prove (iii)=(ii). Since X ~ X2 implies X ~ X% we get by Theorem 3.8 that
qd d qd qd
vy = x9 & X,ie. Y = X. By symmetry we get also X = Y. Hence Proposition 1.1

. . qd
implies X ~* Y. m
COROLLARY 3.10. Let X, Y be the same as in Theorem 3.7 and additionally the
conditions
(3.6) az; =X Aj, Goi X a4
or the conditions

(37) bgj = bj, ggj ng
hold. Then X £y (and all the more X ~Y).

Proof. Indeed, both (3.6) and (3.7) imply X © x2andy & Y2, hence we can apply
Theorem 3.9. m

THEOREM 3.11. Let X = &' @ Ex(a) and Y = s’ ® Eo(a) be nuclear. Then the
following statements are equivalent:

0 x Ly,
(i) X ~ Y,
(iii) 3A Vv > 0 37y such that
(expyt)ma(T/A, At), 10 <7 <H,
(expyt)ma(T/A, At), 710 <7 <H,

(3.10) ma(t/A, At)
(3.11) ma(t/A, At)

(GXp"yt)ma(t/B, Bt)a t> 70,
(GXp"yt)ma(t/B, Bt)a t> 70,

and AF > 1 such that

(3.12) Ma(t)

(3.13) ma(t) < (exp Et)mq(Et), t>1.

4. - and DF-subspaces

Let X = Eo(a) ® E’_(b) and M be an infinite subset of N2, By X, we denote the
closed subspace of X which is generated by the basic sequence {e; ®e; : (i,5) € M}. We
now determine when X s is an F-space or a D F'-space.
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LEMMA 4.1. X is an F-space if and only if

b

(4.1) lim -2 =0.
(i,J)EM a5

X is a DF-space if and only if there exists 6 > 0 with

b
(4.2) 2> (i,5) € M.
a;
Proof. Identifying X with the Kothe space K(A), where
A = {exp(pa; — m;b;)}, peN, mell*,

we see that X/ can be considered as the space of all doubly indexed sequences x = (& ;),
(i,7) € M, endowed with the locally convex topology defined by the norms

(4.3) |zl .= > [&;lexp(pa; — mib;) < oc.
(i,5)eM

The inequality
|2llpx < > 1€l exppa;

(i,7)eM

is obvious. On the other hand, if (4.1) holds, we set
m; = inf{a;/b; : (i,7) € M}.
For 7 € II*° satisfying m; = O(7;) and p € N we have
Y l&ylexp(p = Aai < [allp.n,
(i,5)eM

where A = sup{m; /75 }. Hence Xy is a Fréchet space if (4.1) holds.
Assume (4.2). Then for p € N and 7 € IT* we have the inequalities

> 1l exp(=miby) < llall, . < Y 1€ exp(—7;b;),
(4,5)EM (i,5)eM
where 7;b; = m; — p/d. Hence the topology of X, is defined by the system of norms
257 = > leslexp(=mby),  we T,
(i,5)eM
Thus the space X can be represented as the inductive limit
lim ind 1}, (exp(—gb;)).

Hence X is a D F-space.

Let us consider the converse situation. If X is an F-space but (4.1) is not true, then
we can find a subsequence M’ C M for which (4.2) holds. But then X, is a DF-space
by what we have already proved. This is impossible. In exactly the same manner we can
prove that if X, is a DF-space then (4.2) is true. m
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5. Quasidiagonal isomorphism

We consider a criterion for the existence of quasidiagonal isomorphism between spaces
Ex(a) ® E(b).

PROPOSITION 5.1. For E,(a) ® E’_(b) to be quasidiagonally isomorphic to Es (a) ®
E’_(b) it is necessary and sufficient that a bijection o = (01,02) : N> — N? exists such
that the following conditions hold:

(i) a; +b; = ar + by, where (k,1) = o((3, 7).
(ii) For any subsequence M C N2, we have
by

b
li L =0 if and only i li — =0.
(iyjl)IgM a; ¥ and only if (k,l)IGI?(M) ag

First we note that it is not necessary to consider diagonal isomorphism at all, because
the existence of a diagonal isomorphism means automatically that the spaces coincide.
By Proposition 1.1 it is enough to show the following:

PROPOSITION 5.2. Let 0 : N> — N? be an injection. Then the operator T : Es(a) ®
E (b) — Exo(a) ® E.(b) defined by

(5.1) Te;@ej) =ex@er, (k1) =0((4,7)),

is an isomorphic imbedding if and only if the conditions (i) and (ii) of Proposition 5.1
are satisfied.

Proof. Suppose that the operator T' defined by (5.1) is an isomorphic imbedding.
Since an isomorphism preserves the F- or DF-character of subspaces, the condition (ii) of
Proposition 5.1 is true by Lemma 4.1. To obtain the condition (i), we use the continuity
of T and its inverse. By Grothendieck’s factorization theorem [14], I, p. 16, we choose
natural numbers p; < r; <12 < p2 < g2 < S2 < 81 < ¢q1 and a constant ¢ such that the
following inequalities hold for every (i, j) € N2

exp(piax — q1gl) < cexp(ria; — sib;),  exp(roay — 5251) < cexp(p2a; — q2b;),
exp(pra; — q1bj) < cexp(riar — s1by),  exp(rea; — s2b;) < cexp(paar — q2by).

Here and in what follows, (k,1) = o ((¢,5)). From the above we get

(ro = r1)ag + (s1 — s2)by < (p2 — p1)ai + (1 — g2)bj +21ne,
(re —r1)a; + (s1 — s2)bj < (p2 —p1)ar + (¢1 — g2)b; + 21ne,

and so (i) is true.
Conversely, let ¢ : N? — N? be an injection, so that the conditions (i) and (ii) are
satisfied. We want to show that the formula (5.1) generates an isomorphic imbedding.
Suppose T generated by o is not continuous. This means that 3p Vr 3s Vg 3(iq, jq) €
N2 such that _
(5.2) exp(pax, — qbi,) > exp(ra;, — sb;,),

where (kq,lq) = 0(iq, Jq)-
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Further, if
a; + bj

v = inf =
ar + b

let 7 be chosen so that ry > p.
Without loss of generality, we may assume the existence of the following limits:

: bi, : bj,
lim —=— =aq, lim —2— = 3.
q—c a’kq + blq oo aliq + qu

Let us take the logarithm of inequality (5.2) and, after dividing by ay, +El, let ¢ tend to
infinity. Then we get a = 0, since otherwise —oo > (r(1 — ) — s3)~, which is impossible.
This means that

. /i
lim=% =0
akq

and so by condition (ii) we have

b.
lim . = 0.
Qi

Therefore 3 = 0 as well. Hence, from (5.2) we have p > rv, which contradicts the original
choice of 7. =

6. Sufficiency

6.1. Here Theorem 3.8 will be proved. By Theorem 3.7 we can assume that a constant
A and a non-decreasing function ¢ : (0,1] — (0, 1] exist such that for any 7 > 1 and
t = At the conditions (3.3), (3.4) are valid with A, Ve € [0,1], e = ¢(&), Vo € (0,1] and
6 = ¢(8); (8) — 0if § — 0. Define the sequence (g) by e_y = ep = 1 and &5 = @(ex_1),
k € N. Let us represent the set N? as the union of families of disjoint subsets:

N2: [j GNm"S: [j GMm,57

m=0 s=0 m=0 s=0

where, for s,m € Z,

b.
Nm={<zyj>eN2:sm+1< i o, ASS@ﬁbﬁAS“}’
’ CLl'—Fbj

b -
Mmysz{(k,l)eN2:5m+1< L < Em; Asgak+bl<As“}.
ay + b

For the sets

2 2
Mvm,s = U U Mm—l-{-a,s—l-{-ﬁ

a=0 =0

b -
:{(k,l):5m+2< L < éEm_1; AS‘lgak+bl<As+2}, s,m € Ly,
ar + b



Classification of Eoo(a) ® Eho(b) 15

the following estimates arise from the conditions (3.3), (3.4) with the above choice of
parameters:

|Nm75| < |Mvm,s|7 57m€Z+.

It is clear that Y & B (@)? & B (0)* L Ew(c) & E/_(d), where ¢ = (c,), d = (d,)
and
cp=aku; H=3k—-—0o, =012, k€N,

dy=b.,; v=31—8, =012 LleN.
By construction the sets

M, s =Bk —a,3l =) : (k1) € Mm—11a,s-1+5, @, 3=0,1,2}

are disjoint and .
|an,s| = |Mm,s| > |Nm,5|, m,s € L.

Then by construction,
1
Az A et AT

= A2
S AT T o td, AT

and

c b,
. 2 Emt2 = 902(5771) > ‘Pz (—]>7

cy + d, a; + bj
b 2 2 Cu
2 Em41 2 m—1) 2 )
ai—l—bj_a +1_@(E 1> 7 Cu—f'du

where ¢? means the composition with itself. Hence, we have

i S M S A27 CN Z 802 b] , b] 2 s02 CH
A2 T ¢, +d, cp+dy a; +b; a; +b; ey +dy

for each (i,7) € N? and (u,v) = o((i, 7))
So, the permutation operator T : X — Fo(¢) ® E!_(d), generated by the injection o:

T(e; ® ej) =eu ey, (1, v) = a((i,5)), (i,4) €N27

must be an isomorphic imbedding by Proposition 5.2.
Because of symmetry, using the conditions which can be obtained from the conditions

~ qd
(3.3), (3.4) by interchanging a, b, (i, j) with @, b, (k, 1), we analogously get Y = X (under
similar assumptions on the choice of parameters).

6.2. Taking into consideration Theorem 3.7 and the proof of Theorem 3.8, we can
derive the following refinement of Theorem 3.9.

PROPOSITION 6.1. Under the conditions of Theorem 3.9 the following statements are
equivalent:

(i) X ~Y.
(i) X L.
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(iii) A strongly decreasing sequence €, — 0, €9 = 1, and a constant A > 0 exist such
that

b,
(61) ‘{(i,j)€N2ZEm+1< J < em; Asgai—l-bjSASHH
ai—i—bj

b -
S‘{(k,Z)GN2ZEm+2<N—l~§5m1; As_lgak+bl<As+2}‘
ax + by

and

b -
H(k,Z)EN255m+1< L < Em; Asgak+bl<AS+1H

ap + b

b.
<R(,7) EN? iepyo < —L— <gpg; A< + by < A2
ai—l—bJ

for every s,m € Z (pute_1 =1).

6.3. The condition (iii) in Proposition 6.1 is only necessary if we consider spaces X,Y
from Theorem 3.7 without any additional restriction. It is useful to compare Proposition

d

6.1 with the following criterion of the quasidiagonal isomorphism X LY in the general
case; this fact can be proved similarly to [5] by using the Hall-Koenig Lemma about
representatives.

PROPOSITION 6.2. Let X = Exo(a) ® El(b) and Y = Eoo(@) & EL(b). Then the
following statements are equivalent:

d

() X 2.

(ii) A strongly decreasing sequence e, — 0, 0 = -1 = 1, and a constant A > 1 exist
such that

. b;
U {(Za.]) "em(a)+1 < @ _i bj < Em(a); As(a) <a;+ bj < As(a)-l—l}‘
acA ¢

b -
< U {(kul) P Em(a)+2 < l ~ < Em(a)—15 As(a)fl <ap+b < As(a)+2}’

acA ay + by

for each finite collection {(em(a), s(a)) : a € A}, with m(a), s(a) € Zy..

7. Linear Topological Invariants (LTI)

7.1. We shall exploit here the idea, suggested in [31], [32], [34], to use some very well
known classical invariant characteristics, but considered for special (“synthetic”) sets,
which should be constructed in some invariant geometric manner from a fixed system of
subsets (for instance, a basis of absolutely convex neighbourhoods of zero or a basis of
bounded absolutely convex sets in a locally convex space X). As a fundamental charac-
teristic we shall use the following simplest function of a pair of absolutely convex subsets
in X:

(71) B(Wl,Wg) = sup{dimL WinNLC WQ},
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where L stands for a finite-dimensional subspace of X. The function S(Wy,tWs) =
B(t~1W1, W3) is the inverse function (counting function) for the sequence {1/b;(Wa, W1)},
where

(7.2) bi(Wa, W1) = sup sup{a > 0:aW73 NL C Wy},

LeLl;

L; being the collection of all i-dimensional subspaces in X. The numbers in (7.2) are
the so-called Bernstein diameters (we use them instead of more traditional Kolmogorov
diameters d;(Ws, W7) for our convenience only), and the relation between (7.1) and (7.2)

is described by
1
i —— <t
{ bi(Wa, W1) H

For a given quadruple of absolutely convex sets W;, ¢ = 1,2, 3,4, the following char-
acteristics can be constructed by using the simplest function ([29, 31, 32]):

BW1,tWs) =

5(W1,W2, Wi, W4) = Q(W(Wl U WQ);Wg N W4)

(7.3)
LW, Wa, W3) := B(Wr1, Wa, W3, W)

If we put some parameters in these characteristics, for example, if we consider the
function B(7~1W7, Wa,tW3), we can obtain considerably more information about the
space X than the classical one-parameter characteristics could provide.

The following fact, very useful for construction of invariants, is an immediate conse-
quence of the definitions.

ProrosITION 7.1. If W1 C Vi, Wa C Vo, W3 D V3, Wy D Vy, then
ﬁ(vla‘/?7‘/37 V4) S ﬁ(WhW?aW?n W4)7 ﬁ(vlu ‘/3) S ﬁ(Wlaw?))'

7.2. Now we describe a way to estimate the general characteristics (7.3) for weighted
I*-balls, generated by a fixed absolute basis in X.

Let X be a locally convex space with an absolute basis {e;},, I being a countable set,
and let {e}} be a biorthogonal system in X*. We use the notation

B(a) = B%(a) := {:v €X: Z lef(z)]a; < 1},

iel
for any sequence a = (a;) of positive numbers.
p=1,2,3,4. Then

a; a;
{i:ﬁgl;ﬁgl}',

a2 (4251

a; a;
{izi’gz i‘ng.

a2 (4251

Proof. (a) First we show that for a pair b(!) = (b;), b = (bso),

PROPOSITION 7.2. Let a® = (aip),.,,

(74)  B(B(aM),B(a®), B(a!), B(a®))) >

(7.5)  B(B(aM), B*(a®), B*(a!), B(a™)) <

[

(7.6) B(BE (M), B (b)) = Hz el: b; < 1}‘

(=l
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We put
|x|q:Z|eg(:zr)|biq, g=1,2; N={ie€l:bp<by}t, Lo=spanie;:ic N}
iel
By definition (7.1),
(7.7) BB(M), B(b?)) = dim Lo = |V].
It remains to prove
(7.8) BB (M), B* (b)) < |N.

Consider the natural projection P : X — Lo, defined by Pz = ). _,-ei(z)e;. Let L be
an arbitrary finite-dimensional subspace in X which satisfies the condition

(7.9) LnB®bW) c BE(1b@).

To show (7.8) it is enough to prove that the linear operator T'= P|L : L — L is an
injection, because this implies immediately that dim L < dim Ly = |A]. Ad absurdum,
suppose that an element z € L exists such that |z|, = 1 but Pz = 0. Then, from (7.9)
it follows that 1 = [z[z < [z]1, and from Pz = 0 we have [z]1 = ;o p\n [€j(2)[bin <
Yienw €i(2)[biz = [z]2 = 1, therewith the strong inequality has been realized, because
at least one of the coefficients e}(z) must be non-zero, since z # 0. The discovered
contradiction proves (7.8) and together with (7.7) implies (7.6).
(b) Now we use the following obvious geometric relations:

(7.10) comv(B¢(aM) U B¢(a?)) = B¢ (aV A a?),
(7.11) B¢(a® va®) c B¢(a®)nB¢(a?) c 2B(a'® v a¥),
where a) A a® = (min{a;1, ain})icr, a® V a® = (max{a;3, ais})ic;. Denote by £ the

left side of (7.4). Then by Proposition 7.1 and the relation (7.6) we get, applying (7.10),
(7.11), the estimate (7.4) as follows:

£> BB (a® A a®), B (0 v a®)) = H, , max{ain, ai} 1}

min{a“ y aiQ}

{il%SL %Sl}‘
;2 a;1
The last equality is true, because one of the omitted inequalities is trivial, and the other

is a consequence of the two remaining ones.
Denoting by £’ the left side of (7.5) we analogously get the estimate (7.5) as follows:

L < 6(Be(a(l) A CL(2)),2B€(CL(3) V. CL(4)))

2~ max{a;s3, a; a; a;
—Hi: : {ais, 14}§1}§Hi:ﬁ§2;i*§2}‘.-
min{a;1, a2} a2 a1

a; a; a; a;
_Hi;ﬁgl; T2 o OB <y, ﬁgl}‘_
a;1 a2 a1 ;2

7.3.  For a pair of sets Uy = B*(a?), U; = B¢(a")) we define the one-parameter
family of sets
Uy = (Uo)' " (U1)" := B(a), —o0<a< oo,

where a(®) = (a(-a)), az(-a) = (az(-o))lfo‘(az(-l))o‘, el

K3
This construction can be used to compose invariants, due to the following simple

interpolational statements.
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PROPOSITION 7.3. Let T be a linear bounded operator from 1*(a®) to I'(b?) and
from 11(aM) to 1M(bM), with both norms < 1. Then T is a linear bounded opera-

tor from 1'(a'®) to I*(b\)) with norm < 1; here a® = ((aEO))l_O‘(al(-l))o‘)iej, ble) =
(O B")ier, 0 S @ < 1.

COROLLARY 7.4. Let e = (e;), f = (f;j) be two absolute bases in a locally convex space
X and B¢(a'®) c BY (b)), a =0,1. Then B*(a'®)) c B (b(®), where 0 < a < 1.

7.4. Let us consider two spaces X = Eoo(a) ® E.(b), Y = Eoo(a) ® E'_(b) and an
isomorphism 7' : Y — X.

Then we can consider two absolute bases in X: the canonical one e; ® ¢;, (4, 7) € N2,
and the image of the canonical basis of Y: fi = T'(ex, ® €;), (k,1) €N?. Hence each z€ X

has two basis expansions:
T = Z&jei ®ej = anszl-

Consider two systems of sets, defined respectively by those expansions (p, ¢ € N):
(7.12) Apg = { € XY Il exp(pa; — ab) < 1},

(7.13) By = {;v eX: Z k1| exp(pax — qby) < 1},

By [14], II, p. 113, we have X = limproj, limind, I'(exp(pa; — qb;)) and X ~ (X)*,
where X = lim ind, lim proj, ¢o (exp(—pa; + b)), and the analogous representations for
Y hold. Hence by Grothendieck’s factorization theorem ([14], I, p. 16) we derive that the
systems (7.12), (7.13) are equivalent in the following sense:

Vr dp Vg ds dc: By g C cAy s, Apg C cBy .
Therefore we can consider some chains of indices (as long as we need, but finite),
M <p1<...<Tm < DPm<Qqm<Syp<...<q <sj,
such that the following imbeddings are valid:

(714) APu7¢Zu C CVBTu;Su7 B C CVApU7qU7

Tv+4+1,Sv+1

where the constant ¢, does not depend on the parameters q,,, s, with p < v, v =2,...,m.
So we will assume that those indices are taken sufficiently far apart:

(7.15) win {222, B D I By
P Tm Pm Q4m q1

Those systems of sets are good raw material to construct some new linear topological
invariants, which are natural for the class of spaces considered here. Namely, we apply the
functions (7.3) to the following artificial “synthetic” absolutely convex sets, constructed
with the sets taken from the two fixed collections (7.12), (7.13):

Wy = COHV((Apz,qz)1/2(Ap7,q7)1/2 U (exp 7)(Apr,q7))s

We =Wy =Ap,q,

W3 = (Ap1,q1)1/2(Aps,qs)l/2 N (expt)(Apg,q0):
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1 1
V= conv( (BTSSS)l/Q(BTSSS)l/2 U (— expT) BTSSS),
Ca2C7 cr
Vo = iB
2 — 2C4 T5859

Vs = V ClCG(BT151)1/2(BT656)1/2 N (CG exp t)BTGSm
V4 = 264BT454,

therewith we assume that (7.14) and (7.15) hold.
So, we get two families of functions:

ﬁp(t,T) = B(W17W27W37W2)7 P = (plaql;' .. ;p77q7)7
Br(t,7) = B(V1, Va, V3, Vi), R =(r1,81;...;78,78)-

The first carries some information on the space X, as does the second about the space
Y. By Proposition 7.1 we can compare these data:

(7.16) Br(t,7) < Br(t, 7).
In view of symmetry we can arrange the corresponding estimates in the opposite direction:
(7.17) B (t,7) < B (t,7),

after some analogous preparation of appropriate “synthetic” sets V{, Vi = V, V4 and
W1, W3, W3, Wy, constructed from the same material (7.10) and (7.11).

After some calculations, based on Proposition 7.2, we can give necessary conditions
for the isomorphism X ~ Y in terms of the sequences a, b, a, b. These conditions will be
given in the following section.

8. Necessary conditions

Here we give the proof of Theorem 3.7. We need to estimate the functions Gp, B r by
some characteristics of the sequences a, b, @, b. Denote by a(*) = (az(-;)), () = (b;;l')) the
weight sequences, corresponding to the sets A, ., and B, s,:

al(-jjj) = exp(pa; — qbj), (i,j) EN? v=1,....7,
b,(cljl) = exp(r,ar — s,,gl), (k,) eN?* v=1,...,8.

Then by Proposition 7.2 the following estimates hold:

JENE D0 o
N ij i . ij i o Qg o Gy
Q;; ij Q;; a;;
Br(t,T) <
(1),,(6) (3)1,(8)
(kl)'M<c c1C6; bklbkl> L 'ﬁ<ccex t'ﬁ>exp7’
) . 6) >~ C4 166, b;ﬁ) - C4m7 bg) > C4Cq pt; b;;;) = caCr .

The simple estimates below, following from assumptions (7.15), are useful now, if we
try to work with the concrete form of a(*), b(*):
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ptps o @1tds @, p2tpr P72t
92 P4 > De; 2 q4_47 ) p4_47 92 d4 = 423
pr q4 pr
D6 —Pa < P6 < qa;  qa— g6 < q4; p7—p425; q4—q72327,
6 T1+T6 S1 81+56
— < —r5 <1rg;  — < — 85 < 813
1= 2 P10 =T b=
S T3+T8 S3 83+Sg
— < —rg <rg; — < — 84 < 833
1= 2 =08 =T =
s < s .55 <
—_ Te — T T6;5 — S — S S5 — S X Ss,
5 =76 5 < T6 9 9 5 6 5
s S4
?STS—T4ST8§54§ ?§54_58§54-

With these relations the next estimates will be obtained:

o + +
Bp(t,T) > {(%J)? <p1 2p6 —p4>ai— (ql 5 1 _Q4>bj < 0;

(W _p4>ai — (Q2;‘Q7 —Q4)bj > 0;

(p6 — pa)ai + (qa — g6)b; < t; (p7 — pa)a; + (qa — q7)bj > TH

>H(zj) 4ps L<ﬂ'2—7<a +b; <i}'
- q _ai+bj_8<J2 p7 a |

Br(t,T) < H(kf l): (Tl ;Tﬁ - T5>5k - <Sl ;SG - 55>gl < Inecgq/cics;
(Tg Trs ) (83 R 84)51 > —lInegy/cacr;

(r¢ —rs)ak + (s5 — Sﬁ)bl < t+1Incycs;
(

(rg —rq)ak + (s4 — Sg)gl >7— 1n0407}’

b 8 At
{(k,l):r—ﬁg L <E,L<ak+bl<_}’,
851 &k+bl sz 4sy T6

where the last inequality is true for 7 > 79, and 79 depends on all the parameters r,,, s,.
Thus we have, after replacing 27/ps by 7 and t/q4 by ¢,

4p6 b; D7 }
7 <—; 7<a;+b; <t
H( J): an _ai+b T8¢ T !

gH(k,D:T—GS b <8ﬁ,w<k+bl<@t}
8s1 ak"l‘bl 53 84 Te

Fixing the parameters pg, p7, ps, 76, T's, G4, S4 and leaving the rest of them free, we get
assertion (3.2) of Theorem 3.7 with

A = max{4q4/r¢,8s4/p7},

but asymptotically, i.e., for 7 > 7y, where 7y depends on all the parameters. The relations
(3.3)—(3.5) can be proved similarly, but in a considerably simpler fashion.
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9. Spaces s ® E’_(b)
Proof of Therrem 3.1. We shall app/l\y Theorem 3.7 and Proposition 6.1 to the
spaces X = Ex(a) ® El_(b) and Y = Ew(a) ® E. (b) with
a; =a; = max{1l,Ini}, ieN
(note that s~ F(a)). Without loss of generality, we can assume the following conditions:
a; <b, @<b, €N,
or, what is the same,
my(t) < ma(t), my(t) <ma(t), =1,
Note that m,(t) = ma(t) and
(9.1) e <l —1<my(t) <el, t>1.

Suppose that X ~ Y. Then, by Theorem 3.7, 3A V& 3¢ Vo 36 such that the inequality
(3.2) is valid. We denote by I and I, respectively, the left and right sides of (3.2) with
t = 7A. It can be assumed that all the parameters are chosen in such a way that A > 5,
A < e < . Then, applying (9.1), the following estimates are true:

I = [ma(7(A =€) = ma(7)][mus(e7) — my (0AT)]
T(A =€)
2
ma (A7) [mg (FA%T) — my(67/A)] < (exp 24%7)ny (67/A,EA%T).

v

exp —expT7|np(0AT, eT) > (exp T)np (JAT, e7T);

1

IN

Therefore, B
(9.2) (exp T)np(S AT, e7) < (exp(24%7))ng (07/A,EA%T).

From this it follows that
(9.3) np(0 AT eT) < ng(gT/A7§A27), T>1;

otherwise, for some 7p, the left side of (9.2) would be positive, but the right side would
be equal to zero. Putting ¢ = VedAr, from (9.3) we get

(9.4) ny(t/A, At) < ng(t/B,Bt), t>1,

[ e ~ A3 VedA3
A= E>1, B—ma,X{E g, T}

Because of symmetry we also have the inequality obtained from (3.4) by exchanging b
and b. By Proposition 1.1 this means that b and b are identical in lacunarity.

On the other hand, with b and b identical in lacunarity, this means that for arbitrary
A > 1 and some B = B(A) the condition (9.4) holds together with the above-mentioned
symmetric inequality. We choose a constant A and a sequence &,,, m € Z4, in such a
way that
(9.5) A>8  Aepi<em, meZg,

where
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and
2

. € EmE
(9.6) Aey, < A%, 11, B < min m-1l =~ Im 72n+1 , MmEZy.
Acmems1 A3el, 1o

Let us now show that, after choosing all the parameters, condition (iii) of Proposition
6.1 is valid. Because of symmetry, only (6.1) needs to be proved.

By I(m, s) and I(m, s), respectively, we denote the left and right sides of (6.1). The
assumption taken at the beginning of this proof, together with (9.5), ensures the following

inequalities:

I(m, ) < ma (A% [my(em A*Y) — my(emi14%)]
< (exp(2A% )y (em41 4%, 6, AT,

I(m,8) > [ma(A%2 — £, 1 A%7Y) = ma (A Dng(emsa A2, £y 1A%)
> (exp(2A°T 1)) (Emga A2, 61 A%).

Taking into account (9.6), from this we get

I(m,s) <I(m,s), m,s€Zy.

d
So, by Proposition 6.1, X Ly (the more so as X ~Y)).

10. Spaces s’ ®@ E(a)

10.1. Proof of Theorem 3.11. Since (i)=(ii) and (iii)=(iv) are obvious, we
need to prove (ii)=-(iii) and (iv)=-(i). First we show (ii)=-(iii). For this purpose we use
Theorem 3.7. Denote by I and I the left and right sides of (3.2), respectively, and assume

that 46 .
> -2 — F< =,
=15 ¢ E(g)<€<2

Then

2 Y fmtea) (e | 2 maa -2 - o), 72

T<a;<t(l—e)

since

(e7) 1) S eT €T>1
my(eT) — My 1_57 _exp2 exp4 > 1,

if 7 > 79. Further,

I < (expEAt) {ma(At) — Mg <1 — 57)] :

A

Therefore, from (3.2) it follows that (3.8) is satisfied with y = £A/(1 —¢), A = 2A and
7o defined as above. Because of symmetry (3.9) can be obtained in the same way.

(iv)=-(i). By Theorem 3.9, and for reasons of symmetry, it is enough to prove the in-
equalities (3.2) and (3.3) with the corresponding quantifiers and 7 > ¢ for some constant
to, depending on all parameters.
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First, we deal with (3.2). Let (iv) hold. Take some D > 2. Without loss of generality
it can be assumed that

(10.1) b<d<e<

where r will be fixed later.
Let us introduce some notation:

g
16D4(r+1) ’

b; =max(1,Inj), b;=b;, jeN;

b.
N(S)—{(’L,j)eN25< a‘—i ‘SE; D2571 Sai+bj <D2s+1}7
4 J

ay + b
I(s) =N (s)], J(s)=IM(s)], s€ZLy,

I(s0,51) = ‘ D N(s)‘ = SZI I(s), J(s0,51) = ‘ LSIJ M(s)‘ = SZI J(s), so < s

S$=S8po S$=S80 S$=S80 S$=8po

Put A = D? and choose r € N in such a way that the constant B = B(A) in (iv) satisfies
the condition B < D?". Then with the assumption (10.1) and the condition (iv),

-3 -
M(s)_{(k,Z)EN2:6< L <& D251§Ek+bl<D25“},

D2sfl
I(s) < [my(eD** ) — my(6D* 1) [ma(DQSJrl) — ma( ) >}
< expeD*H [mg (D)) — i, (D)
< exp 2eD¥H mg(D?CH)) — g (D267
for D?**1 > 745(¢). On the other hand,

J(s):=J(s—r—1, s+r—+1)

~ D2(s+r+1)
> [mg(gDQ(sfrfl)) — mg(éDQ(errJrl))] |:md (f) _ md(DZ(srl))]
~D2(sfr71) _
> | exp Ef — eXp(5D2(5+r+l)):| [m&(Dz(err)) _ md(DQ(sfr))]
{E‘VD2(57’“71)

> exp [ma (D7) —mg (D))

4
for D2* > 1/4. Therefore the inequality
1

10.2 I(s) < ——Ji > S
( ) (8) — 2(T+ 1) (8)7 sz ?
would be true with an appropriate constant S if the following inequality held:
1 §D2(5*’”*1)
2 D25+1 < >R
exp 2¢ _2(r+1)exp 1 , S>R,

with some constant R. But the last inequality follows from the assumption (10.1) if
D2E+L > (In2(r 4+ 1))/(2¢), so (10.2) is proved. Hence

51 2(r+1)

1 SLA 1
1(50,51)§mZJ(5):mZ Z Js—7—1+a)

s=sg s=sg a=0
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R
S2@+&);:J@O_r_1”°+T+1):J@0—T—1ﬁo+r+1)

=5s0

Putting to = D?~1, we choose for ty) < 7 < t < 0o two natural numbers sy and s; such
that
2s0—1 2 2 281+1
D07l <7 < Do D1 <t < DL

Then we get (3.2) with A = D20+D+1 and 7 > t,. To prove (3.3) we use the conditions
(3.12), (3.13). Denote by I and .J the left and right sides of (3.3), respectively. Without

loss of generality, we can assume 5 <68 <1. Put A=16E. Then

I <mp(t)my(t) < (expt)mq(t) < exp((E + 1)t)ma(Et) < (exp 2Et)ma(Et),
T > [ma(At2) — mg(At/8)}ma(At/2)
> (exp At/8)mg(At/2) > (exp 2Et)mg(Et), t>1.

Thus we get (3.3). m

10.2. Proof of Theorem 3.3. Let a and a be identical in lacunarity, i.e., 34 > 1
such that

(10.3) na(t,7) < ng(r7/A, At), na(t,7) <n.(17/A,At), 1<7<t<o0.
Then, due to (3.1), we have for each v > 0,
me(7,t) < (expyt)ng(r,t), 7> 10="10(7).
Using (10.3), from this we get
ma(7,t) < (expyt)na(t/A, At) < (expyt)ma(T/A, At), 1> 710,

i.e., (3.10); by symmetry we also have (3.11). Therefore, by Theorem 3.11 we get X ~ Y.

On the other hand, let X ~ Y. Then condition (iii) of Theorem 3.11 holds. Suppose
that the left side of (3.10) is not equal to zero; then the right side of (3.10) is not equal
to zero either, which means that

ng(t,7) < na(r/A, At).

Similarly we get ng(t,7) < no(7/A, At). So the sequences a and @ are identical in lacu-
narity. m
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