POLSKA AKADEMIA NAUK, INSTYTUT MATEMATYCZNY

5.9133
/029 ‘8]

DISSERTATIONES
MATHEMATICAE

(ROZPRAWY MATEMATYCZNE)

KOMITET REDAKCYINY

BOGDAN BOJARSKI redaktor
ANDRZEJ BIALYNICKI-BIRULA, ZBIGNIEW CIESIELSK],
JERZY LOS, ZBIGNIEW SEMADEN]I

CCXLVIII
WLADYSLAW SZCZOTKA

Joint distribution of waiting time and queue size
for single server queues

WARSZAWA 1986
PANSTWOWE WYDAWNICTWO NAUKOWE



5.7133

PRINTED IN POLAND

© Copyright by PWN — Polish Scientific Publishers, Warszawa 1986

ISBN 83-01-06690-3 ISSN 0012-3862

W R OC L A WS KA DRUIKARNIA NAUIKUOWA

BUW-E8{( 90} 415
atot,



CONTENTS

1. Introduction .

2. Preliminaries .

3. Departure process .

4. Joint distribution ol waiting time and queue size
5. New florms of Little's formula

References.

32

38

53






1. Introduction

1.1. Main problems under consideration. By a queue Q we mean the
following queueing model. At the service station there is only one server. If
at the moment of arrival of a unit (customer) the server is idle, the service of
this unit is started immediately. A unit which, at its arrival, finds the server
busy, joins the queue and waits for service. Whenever waiting units are
present and the server has completed the service of a unit, he immediately
starts the service of a waiting unit. The units are served in the order of
arrival. Later on we say that a queue Q is generated by a sequence {(v,, ),
k > 0} of pairs of nonnegative random variables defined on a common
probability space, where v,, k = 1, represents the service time of the kth unit,
u,, k > 1, represents the interarrival time between the kth and (k+ 1)th units,
u, represents the time up to the first arrival into the system and v, represents
the time a unit waits for service if it arrives at t = 0. We assume that vy = 0.

A queue Q is called GI/G/1 if the sequences {v;, k > 0} and {u, k > 0}
are independent and the random variables in each sequence {v,, k > 0} and
{uy, k = 0} are independent and identically distributed for k > 1. In this case
we introduce the notion of traffic intensity defined as ¢ = Ev,/Eu;,.

For a queue @ denote by D(t), W(t), L(t), t =0, the number of
departures from the system during the interval [0, t], the virtual waiting time
at time #('), and the number of units in the system at time ¢ (the queue size),
respectively. If the queue Q is in the state of equilibrium we denote by w,,
W(wxc) and L(oo) the time between the arrival moment of a unit and the
moment at which its service is started (the actual waiting time), the virtual
waiting time and the queue size respectively. If it does not lead to ambiguity
we will write w, W and L instead of w,, W(o) and L(oo) respectively.

In the paper we investigate the following problems: "

1. The joint asymptotic behaviour of the arrival process and the
departure process.

(*) The process |W(r), ¢ > 0} differs a little from the process {W*(r), t > 0} of the virtual
waiting time defined in [5] (see p. 170) where W*(¢), ¢ = 0, is equal to the time a unit waits for
service if it arrives at time t. The two processes satisfy the relation W(r) = W*(¢) if ¢ is not the
arrival moment of a unit, and W(r) = W*(t)+u, il ¢ is the arrival moment of the kth unit. Both
W(t) and W*(t) have the same limit distribution as t - oc.
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2. The distribution of (W (t), L(r)) for any queue and the distribution of
(W, L) for a GI/G/1 queue.

3. The behaviour of the distributions of (W, L) and .(W(t), L(t)) in"a
heavy traffic situation.

The first problem is important for a network of queues. In such a
situation the departure process of a queue can be the arrival process for
another one. The departure process is a renewal process only in a few cases.
Thus it is important to be able to characterize that process.

One of the characteristics of the departure process is its intensity in the
equilibrium state, i.e. the limit of ¢! D(t), in some sense, as t — oo. The

conditions for the-existence and the form of the limit are given in Chapter 3,
k

k
Theorem 3.1. It asserts that if k™' ) v, »pu 'and k™' ) u;— A~ ' in some

i=1 i=1
sense as k — oo, where u and A are some finite positive numbers, then
t~!'D(t) » min(u, 1) in the same sense as t— «o. As far as I know, the
result seems to be new. The last statement is formulated in Theorem 3.3 for
a sequence of departure processes D, from the queues Q,, n>=1. The
convergences mentioned above are called the laws of large numbers for
departure processes. The rate of that convergence is given by the functional
central limit theorem for departure processes in Section 3.2 (Theorem 3.4). As
far as I know, the resuits seem to be stronger than their analogues known in
the literature (see [9]). Theorems 3.3 and 3.4 are important from both the
practical and the theoretical points of view. We exploit them later on in
Chapter 5.

The departure process is completely described by the sequence {4,, k
> 0}, where 4, is the interdeparture time of the kth unit and the (k+ 1)th
unit, k > 1, and A4, is the time to the departure of the first unit. It appears
that if {4,, k> 0} obeys some law (the functional law of large numbers or
the functional central limit theorem) then so does the departure process.
Precisely this is given in Corollaries 3.6 and 3.7.

The queues for which {(v;, %), k > 1] is a stationary sequence have been
well investigated. Thus for studying networks of queues it is important to
know when {4,,k >0} is a stationary or an asymptotically stationary
sequence. Some results about the sequence [4,, k >0}, which are
consequences of the form (3.1.1) for the departure process and of Theorems
3.3 and 34, are given in the third part of Chapter 3.

The second problem, that of the joint distribution of the waiting time
and the queue size, is important when the stochastic dependence of these
random variables is taken into account. As far as I know, there exists no
formula for the joint distribution of Wand L whereas the separate forms for
the distributions of W and L as well as relations between them can be found.
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Chapter 4 deals with the distributions of random vectors (W(t), L(r)), t = 0,
and (W, L). The main result of Chapter 4 is given in Theorem 4.1, where the
form of the distribution of (W, L) for a GI/G/1 queue (see formula (4.1.10)) is
established.

Various consequences of the distribution forms of (W, L) and (W(z), L(¢))
are considered in Chapter 5. First of them is a relation between the
distributions of Land w+v (see formula (5.1.1)). Similar relations are known
in queueing theory (see [2], [8], [22], [15], [16]) but here we obtain them
immediately from the distribution of (W, L). We call them Little’s formulas
for the distributions of L and w+ v because they immediately yield Little’s
formula EL = AE(w+v).

The distribution of W for a GI/G/1 queue is given in the literature as the
solution of an integral equation. Its form, however, is not suitable for
effective numerical calculations. Thus we face an approximation problem for
the distribution. One approach concerns the heavy traffic theory for queues.
This theory deals with an asymptotic behaviour of queueing characteristics in
a situation where the probability of the immediate service is small. For a
GI/G/1 queue this means that 1 —¢ is a small positive number. The forms of
the distributions of (W, L) and (W (z), L(¢)) imply new results in the theory of
heavy traffic of queues. They are formulated in Theorems. 5.2-5.5. Theorem
5.2 asserts, under appropriate conditions for GI/G/l queues, that (1 —g)(L
—AW)5 0 as g ~ 1. Theorem 5.3 states, under appropriate conditions for
GI/G/1 queues, that E((1-g)L)"~E((1-¢)AW)" >0 as ¢ ~1. The
quantities L and W are defined for a queue Q with traffic intensity g. Thus in
the above convergences we ought to mark them by ¢ but for simplicity we
do not do so. Theorem 5.4 describes a class of queues such that if all queues
0, belong to it and the limit distribution of k, /> W, (k,t) is nondegenerate,
then

ky V2 (L, (k) — AW, (kp 1) B0 as k,— oo.

A functional analogue of the above statement is given in Theorem 5.5. The
random variables L,(t) and W,(t) are analogues of L(t) and W(t) for Q, and
the constant A has some queueing interpretation.

The paper is organized in the following way. Chapters 3, 4 and 5 deal
with the first, second and third problem respectively. Chapter 2 contains
auxiliary assertions, most of which are known in the literature. We give them
here for two reasons. The first is that they are compiled from many papers,
in which they are formulated in a form not suitable for us. The second
reason is the wish to make the paper clearer and more complete.

I wish to express my thanks to Professor Bolestaw Kopocinski for his
valuable comments. Qur many discussions have been extremely stimulating
and fruitful for me.
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1.2. Notation and conventions. All notation used in the paper may be
found in the cited literature.

Abbreviations:

r.v. — random variable or random vector,
re. — random element,

ae. — almost everywhere,

iid. — independent and identically distributed,

df. — distribution function.

Sets: R =(—o0, o), R, =[0, ), R — Cartesian product of ! copies of
the set R, 1 <I< 0.

Function spaces: the space D is defined as the family of all real-valued
right-continuous functions on R, with left-hand limits on (0, oc). This space
considered with the metric d defined in [12] is a Polish space. The space
D’ is defined as the set of all x belonging to the space D which are non-
negative and nondecreasing. This space considered with the metric d is a
Polish space. The space C is defined as the family of all real-valued
continuous functions on R,. By D' we denote the Cartesian product of [
copies of the space D, 1 <I< oo, and by d' the product metric in D.
We assume that subspaces of D are endowed with the relative topology and
product spaces are endowed with the product topology.

Denote by ¢ and &~ the Borel o-fields in (D,d) and (D7, d)
respectively. It may be shown that D" e, Ce %. Thus ¥~ = {4A: A <D’
and Ae 7}. Furthermore, if d(x,, x) > 0 and xe C then the sequence |x,, n
> 1) converges to x uniformly on compact sets in R, (see [12]).

Elements: By ¢, 1, 0 and §,, where a > 0, we denote elements of the
space D defined by e(r) =1, 1(t) =1, 0(t) =0fort 2 0and J,(t)=1fort > a
and 0 for 0 <t < a, respectively. By §,, where ae R, we denote the function
on R defined by §,(t) =1 for t > a and O for t < a, and 0 denotes the vector
in R' with all coordinates equal to zero.

Random elements: Let A be a topological space and ./ the Borel o-field
in A (the o-field generated by the open sets in 4 = the o-field generated by
the topology). A mapping Y of a probability space (2, #, P) into A such
that Y™ ' .o/ = # is called a random element of (A, /). If the topology of A4 is
fixed then instead of saying “Yis an r.e. of (4, .&/)” we say “Yis an r.e. of 4”.
The fact that two r.e’s X and Y have the same distribution is denoted by
X2Y

By 1B we denote a Wiener process which is an r.e. of D (see [1]). By a
two-dimensional Wiener process we mean an r.e. (I3,, I3,) of D? such that
(1B,, B,) is a Gaussian process with values in R2, B, and IB, are Wiener
processes in D and, for all r s belonging to R., EW, (1) W,(s)
= EM, (1) W, (s) = B min(s, t). The constant B is called the covariance of I,
and IB,. If # = 0 then MW, and I, are independent Wiener processes. Notice
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that for all t,, t,e R such that t?+2t,¢, +1t3 > 0 the process (t+2t,1, 8
+t3)7 Y2, I, 41, W,) is a Wiener ‘process in D.

Operations: For a set A, dA and x4 denote the boundary of 4 and the
indicator of A, respectively. For a real number x, [x] stands for the greatest
nonnegative number not greater than x and x, = max(0, x).

Sequences: Instead of {a,, k > 1} or {a, k > 0} we write {a,} if it does
not lead to ambiguity. Here a, can be real numbers or r.v.’s or r.e.’s.

. If {Z,, k >0} is a sequence of r.v.'s (or real numbers) then Z,, Z, and
Z,, k=1, denote the r.e’s of D (elements of D) defined by

Z ()= k™' Zyy, Z,()y=k" V2 (Ziy — 9 (1)), ék(t) =k~ Zyy

(t = 0) respectively, where 9,(t) = EZy,, t 2 0.
If {Z,,, k=0, n>1} is an array of r.v.’s (or real numbers) then Z,,,
Z",k and 2,,_,‘, n, k= 1, denote the r.e’s of D (elements of D) defined by

Zn,k (f) = k_ ! Zn.[kt]’ Zn.k (’) = k_ 1z (Zn,[ht] - 9n.k (I)), Zn.k (t) = k_ 12 Zn,[kt]
(t = 0) respectively, where 3,,(t) = EZ, ;. t 2 0.

_ Analogously, if Y={Y (1), t 2 0} is an r.e. of D (or element of D) then ¥,
Y, and Y,, k = 1, denote the r.e’s of D (elements of D) defined by

L=k 'Yk, T =k 2(Yk)=8%0), K0 =k V2Y(k)
(t = 0) respectively, where 3 (t) = EY(kt), t = 0

If {Y,,n>1} is a sequence of re’s of D (elcments of D) then ¥,,, ¥,,
and Y;,'k, n, k > 1, denote the r.e’s of D (elements of D) defined by

V() = k™' Yoke),  Tu(0) = k™ V2 (Y, (kt) = 8,,(0)),
Yo () = k™12 Y, (ki)

(t = 0) respectively, where 9, (1) = EY,(kt), k >

If k is an r.v. assuming positive integer values then 3, (t), 3,,(t), % (¢), 3, (1)

are defined as r.v’s assuming EZy,, EZ,;,, EMit), EY(it) on the set
tk =i}

In view of the above definitions the following relations hold:

Zo =K PZ AN = k2 Zy =k 24 8,0 = kT2,

B=k (G489 = k728, T =k (Rt %0 =k T,

Convergences: By —‘-'», % and > we denote convergence in D with
respect to the metric d, convergence in probability and convergence in

distribution, respectively. If & and ¢,, k > 1, are r.e’s of D (or D xD” or D),
we assume the notation

&G— ¢ ae, ék_p’éa Ctg’f
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for ae. convergence, convergence in probability and convergence in
distribution in (D, d) (in (D xD”, d?), or in (D', d"), respectively (see [1]);
GO > E() ae, &()DE(@) and & () > E(r) denote the convergence at the
point ¢ in an appropriate sense.

In the paper we also consider convergences with respect to pairs of
indices (n, k), e.g. a,, — a as n, k — oo. In such cases one has to specify the
manner in which the two indices tend to infinity. We use the following
notation:

(1 a,,—a as n, k— oo in the manner (#),

having in mind a fixed nonspecified manner (*). For example the notation
a,,— a as n, k > co g.m. (general manner) means that for each sequence {k,}
tending to infinity, a,, —a as n— oo and lim lim a,, = a. Here a,, and a

n—+w k—~m

can be real numbers or r.v.’s or r.e’s and convergence in (1) can be of one of
th¢ above-mentioned types.

Mappings: We define the mappings n,, h,, w,, f; and f on the space D,
where a > 0, by

U (x) = x(t),
hy(x) = sup x{(s),

0<t<a

w,(x) = sup [x(t)—x (=),

0<t1<a

fi()(@) = inf x(s), >0,

0ss<t

S()@) =x()— inf x(s), =0,

0<s<e

the mapping 7 on the space DxD” by
t{x, v)(1) =x(v(t)), t20, (x,v)eDxD’,
the mapping D" sx+—x"'eD” (inverse function) by
x~Y(t)=inf{s: x(s)>¢t}, >0,
and the mapping D3x+—x*eD by x* (1) =(x(¢))+, ¢ > 0. Obviously, the
mappings 7, h,, w, map D into R, f; and f map D into D, 7 maps D xD”
into D, the mapping x+—x~! maps D~ into D’ and the mapping x—x*
maps D into D.
The mappings mentioned above have the following properties.

ProPerTY 1 (see [24], Appendix). The mappings =,, h,, w, are measurable,
i.e. the inverse image of the Borel a-field in R under each of them lies in &.
Furthermore, they are continuous on the set of continuous functions.

ProPErRTY 2 (see [26], Theorem 6.1). The mappings fi and f are
continuous in (D, d) and have the following properties:

Nilax) =afi (x), f)) 20, f[flax)=daf(x) for a>0.
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ProPERTY 3 (see [24], Remark 5.1). The mapping 1 is measurable, i.e.
' ca(ZxP7), and continuous on the set {(x,v): xeC, veCnD”’}.
Furthermore, for any ae R and (x, v)e D xD”’, at(x, v) = t(ax, v).

ProPERTY 4. The mapping D>3x+—x"eD is measurable and it is
continuous on the set C.

ProPERTY 5 (see [20], Lemma 34). Let xeC, x,e D", n> 1, and a,— oo.
Then a,(x,—e) > x iff a,(x;'—e)> —x.

We frequently use the following property of addition in D.

ProperTY 6 (see [26], Theorem 4.1). Addirion in D, ie. the mapping
D xD3(x, y)x+yeD, is measurable, and it is continuous at those (x, y) for
which x and y have no common point of discontinuity.

Queueing systems: The symbols M/M/1, M/G/1 and GI/M/1 denote
GI/G/1 queues in which the interarrival times and the service times have
specified d.f’s. Thus in the first case the interarrival times and the service
times have some negative exponential d.f’s while in the next cases the
assumption about negative exponential df.'s concerns only the interarrival
times (in a M/G/1 queue) and the service times (in a GI/M/1 queue), the
other characteristics being arbitrary.

Convention: We assume that a sum for which the lower bound is greater
k
than the upper one is equal to zero. For example, if Z, = {; then Z_,
=0

=0.

J

2. Preliminaries

2.1. Functional law of large numbers. Let {{,, k > 0} be a sequence of
nonnegative r.v.’s defined on a common probability space and let {(,,, k
=0, n> 1} be an array of nonnegative r.v.’s such that, for each n > 1, {,,, k
= 0, are defined on a common probability space.

Introduce the notation:

k k
Zk = Z Cl" Z"'k = Z C"',‘, k 2 0, n 2 1.
i=0 i=0

Consider the processes Z, and Z,,, k > 1, n > 1 (for the definition see
Section 1.2). Since all {, and {,, are nonnegative r.v.s it follows that all
sample paths of Z, and Z,, are in D”. This property allows us to determine
relations between the convergence of the sequences {k™'Z,}, (k™' Z,,} and
that of the sequences {Z,}, {Z,,} respectively. However, we start with the
general facts.

ProrosimioN 2.1. If {n,} is a sequence of r.e’s of D” such that n,(t) - n(¢)
a.e. (in probability) as k — oo, for each t = 0, where ne D, then

(1) Wy =N ae. (in probability) as k— 0.
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Proof. In view of Theorem 1 from [12] it is enough to show that for
any nonnegative integer c

2 sup [n(t)—n(t)) >0 ae. (in probability) as k— 0.

Y Y4

By Lemma 1 in [1], p. 110, given m > 1, there exists a partition of
[0,c], 0=ty <t; < ... <h, =c such that
sup  |p(s)—n(t) <1l/m for i=0,1,..., k,—1.
SLS <t

Since all 5, have their sample paths in D" and n(t)—n(t) ae. (in
probability) for each ¢, it follows that 5 belongs to D”. Thus

ntis1—)—nt) <l/m fori=0,1,... k,—1.
Let te[0, c]; then te[t;_;, t;) for some i=1, 2, ..., k, or t =c. In any case

()= 1) < m(ti—)—n(ti— () < m(&;—)—n(t;—)+ 1/m,
M) =n(0) = n(t;— ) —n(t; =) = m(ti- 1) —n(t;- ) —1/m.

Hence

©)] sup |m(6)—n () < 1/m+3,,

0<€t<c
where 3, = 1131_3(7: max {|n (t; =) = n(t; =), |m(ti= ) —n(t;= 1)}

The converggnce () — n(t) ae. (in probability) and the inequality
n(tiv1—)—n(t;) <1/m imply that the upper limit of the right-hand side of
inequality (3) does not exceed 2/m. Since m is arbilrary we obtain the
convergence (2) and thus (1). =

If the processes 7, are of the form Z, or Z,,, then by Proposition 2.1
and by Lemma 2.1 in [24] we obtain

ProrpositioN 2.2. If Z,(1)— a a.e. (in probability) then Z, — ae, a.e. (in
probability) as k— oc. If, for each t >0, Z,,(t) 5> at as n, k= o0 in some
manner (%), then Z,, 5 ae as n, k— oo in the same manner (+). =

Now we give a wellknown fact concerning the convergence of a
composition of processes.

ProPoOSITION 2.3. For each fixed k, let £, and 0, be r.e’s of D defined on a
common probability space and let the sample paths of 0, be unbounded and
belong to D”. Furthermore, let 0, 5 ce and é,,B» & as k— o, where & is an re.
of D with continuous sample paths. Then

@) (G, 0) > 1(¢, ce)  as ko o,
(5) é,‘(t,‘)gé(s) as k— oo and 1, > s.

Proof. Since the metric space (D x D”, d?) is separable, (£, 6,) is an r.e.
of DxD’. By the assumptions and I'heorem 4.1 from [1] we obtain the
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convergence (&, 0,,)3(6, ce) as k — oo. Since the mapping 7 is measurable
and continuous on.the set C x(D” nC) the above convergence and Theorem
5.1 from [1] imply (4).

It is well known that if x,‘—d»x and x is continuous then, for each
sequence {1,} tending to s < oo, the convergence 7, (x) = X (8) = x(s)
=n,(x) holds as k — oc. This fact, together with the measurability of =,, its
continuity on C and Theorem 5.5 from [1], yields (5). m

The weak law of large numbers for arrays of r.v.’s is the basic condition
under which the assertions formulated in further sections hold. Thus, for
completeness, we give here one version of the law. We rewrite it from [18]
{Theorem 3, p. 315) in a simplified form.

PropPoSITION 24. For each n= 1, let {{,,, k> 1} be a sequence of
independent r.v.’s with a common mean such that

6) E{,,—~a as n— w0,

(7)  there exist finite positive numbers M and & such that
sup E(Ly% < M.

Then we have "

k
8) k™'Y (i Da asn koo gm =
i=1

2.2. Counting renewal process. The process N defined by a sequence
{Ckv k 2 0} as

0 if Zg>t,
max{k: Z,_, <t} if Z, <1,

ty N(t) = {

is called a counting renewal process generated by {(,, k > 0}.

Sometimes it is convenient to consider the process N° defined by N°(r)
=inf{k+1: k>0, Z, > t}. Obviously N and N° are r.e’s of D’ and N°(¢)
=N(@)+1, t=20.

It follows from formula (1) that the counting renewal process N depends
only on the sequence {Z,, k > 0}. Thus the behaviour of the sequence {Z,, k
> 0} determines the behaviour of N. Below we show that N obeys a certain
functional limit law (law of large numbers or functional central limit
theorem) iff {Z,, k > 0} obeys that law. First we show that property for the
law of large numbers.

For each n>1, let N, and N? be the processes generated
by {Cn.k’ k> 0}

ProrosiTION 2.5. For ae(0, o), the following conditions are equivalent:
(2) for each t >0, Z,,(t)> at,

(3) for each t >0, N,,(t)5 t/a,
as n, k— oo in the same manner (%).
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Proof. First we prove that (2) implies (3). Let ¢+ be a fixed positive
number and let ¢ be a number such that 0 < ¢ < t/a. Define b = t/a+¢ and
¢ = tfa—e¢. Notice that any counting renewal process N generated by [{,, k
> 0} has the properties
@ PINO)>x}=PIN®)>[x]}, P{N@®)=x}=P{N@®=[x+1]},

) PINO)>m < P{Z, , <t} =PIN@®)>m),

where x is a nonnegative number dnd m is a positive integer. Hence we
obtain

(6) Pick < N,(kt) < bk} = P{N,(kt) = [ck+1]} — P{N,(kt) > [bk]},
@) PN, (kt) > [ck+1]} = P{Z, k4 1y-1 < kt},
In view of (2) and the definitions of b and c, the expression on the right-hand
side of (7) tends to 1, and that on the right-hand side of (8) tends to 0. Since
¢ is an arbitrarily small number, by (6) and by the definitions of b and ¢ we
obtain the convergence (3) for every fixed r. Since r was arbitrary, we
conclude that (2) implies (3).

The inverse implication follows directly from the inequality

PN, (1) > ([ku}+ 1)/k} < P{Z,,(u) <t} = P{N,, (1) > ([ku]+ 1)/k}

for all u, t > 0. »

Now applying Propositions 2.1 and 2.5 we obtain

ProrosiTiON 2.6. For ac(0, o), the following convergences are equivalent:

Z
1

o L
N,—a ‘e,

P
Il,k - aea

with n, k — oo in the same manner (). =

We now apply Proposition 2.5 to a particular class of counting rene-
wal processes called stationary renewal processes. Let us first introduce the
definitions.

If the r.v.s in the sequence {{,, k > 0} are independent with a common
df F for k=1 (for k = 0), then the process N defined by (1) is called a
general renewal process (a renewal process).

If a general renewal process N is such that the d.f. F of {{,, k > 1}, has
the first moment u finite and the r.v. {, has the df F of the form F(x)

=pu~' [(1-F(s))ds, x>0, then the process N defined by (1) is called a
]

stationary renewal process and we denote it by N.

ProposITION 2.7. For each n > 1, let N, be a stationary renewal process
generated by (.., k=0} and let the array {{,;,k=1,n>1) satisf
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conditions (2.1.6) and (2.1.7) in which a > 0. Then cN,(t/c) > a™ 't as n,1/c
— o0 g.m. (general manner).

Proof. In the case in question, the r.v.s in the sequence {(,,, k > 0}
are independent and have a common d.f. F, with mean g, for k > 1. Hence,
in view of Proposition 2.4, (2.1.8) holds. Now using the form of the df. of

{no, the Chebyshev inequality, and conditions (2.1.6) and (2.1.7) we obtain
the following inequalities:

Picluo > e} = (i)™ ! | (1= Fo(x/c))dx

< (cua) "V EGT? [ (/) P dx < ¥ M (u, 067"

Now applying (2.1.6) we obtain the convergence c{,, > 0 as n, 1/c - cog.m.
Hence (2.1.8) gives the convergence Z,,(1) > a as n, k—» oo g.m. Thus, for
eacht>0, Z,,(t) > at as n, k » oo g.m. In view of Proposition 2.5 we obtain
the assertion. m

We now prove a fact which turns out to be useful for further
considerations.

ProposiTioN 2.8. If an array {{,,, k = 0, n > 1} satisfies the conditions of
Proposition 2.1, then there exist ¢ >0 and p > 0 such that for all n, k

©) Pl > €} > p.
Proof. Let ¢ and p be such that (9) holds for k = 1. Then
P{lno>¢/2} 2 eP{la1 > £} /2u,) = ep/2u,).

Hence (2.1.6) shows that (9) holds for k=0 and n> 1.

Now we shall show that there exist ¢ > 0 and p > 0 such that (9) holds
for n = 1, k = 1. Assume, on the contrary, that this is false. Then for each.
¢ > 0and p > O there exists n such that P {{,, > ¢} < p. Thus for ¢, — 0 and p,
— 0 there exists a sequence {n,]} tending to infinity such that
P{{, .1 > &} < p,. This means that {, , 5 0. In view of the uniform
integrability of {{,,, n > 1}, which follows from (2.1.7), we obtain E(, 1 — 0,
which contradicts (2.1.6) because of the assumption ¢ > 0. m

It is well known in renewal theory that the stationary renewal process N
has stationary increments. This allows us to give an upper bound for its
renewal function.

PrOPOSITION 2.9. For any stationary renewal process N and any positive
numbers ¢ <1, ¢ and m> 1,

(10) E(cN(t/e))" < ((c+t)/e)"EN(e)", t>0.
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Proof. Since {, > 0 a.e., we have N(0) = 0 a.e. Hence for each k > 1 we
have the equality

k A}
= Z (N@in—N((—Dt)) ae.
The nonnegativity of Y, = N(kt)— N((k—1)t), k > 1, the convexity of the

function x™ on R,, and the stationarity of the sequence {Y, k > 1} now
yield

™=

(11) Ek''*Nk))"=Ek™ Y Y)"<E(Kk™! i Y™) = EY.
i i=1

Since t/c < [(c+t)/(ce)]e we have N(t/c) < N(e[(c+t)/(ec)]). Now from (11)
we obtain the inequalities

E(cN(t/0)" < (c[(c+1)/(ec)])” EN (9™ < ((c+1)/e)" EN ()",
which finishes the proof. =

1

We now prove the elementary renewal theorem for series of stationary
renewal processes. First, let us introduce some notation. Let {{¥, k > 0} be
a sequence of independent r.v.’s with the common distribution P {{¥ = 0}
=1-p, P{{¥=¢=p k=20, where £ and p satisfy (9) and e< I
Furthermore, let N* be the counting renewal process generated by {(¥, k
> 0} (N* is a renewal process).

Prorposition 2.10. If an array {{,,, k > 0, n > 1} satisfies the conditions
of Proposition 2.7 then for all m > 1 and 0 <e <1 we have
" (12) E(cN,(t/o))" < ((c+t)/e)” EN*(e)™,
(13) E(cN,(t/c)" = (t/a" as n,1jc > w0 g.m.

Proof. The form of the distribution of {}¥ yields
(14 P{lu<x}<P{{E<x}, x>0
Hence we have P{N,(t) > k} < P{N*(t) >k} for all k > 0. Thus for each
m 2 1 and for sufficiently large 1/c and n it follows from Proposition 2.9 that

E(cN,(t/0)" < ((c+0)/e)" EN, (&)™ < (1 +1)/e)” EN*(e)™.

But for each m > 1 we have EN*(¢)™ < 0. Hence for each m > 1 the family
{(Na(t/0))", 0<c<1,n>1} is uniformly integrable. Now using Propo-
sition 2.7 we obtain (13). m

We now give a relation established by R. Serfozo (see [20], Theorem 2.8)
between the functional central limit theorem for {Z,,} and for {N,,}. Here

we formulate it in a modified form. Its proof is similar to that of Theorem
2.8 from [20].
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Introduce the notation:

k
G'l.kz Z ECu.i: kZO,HZI
i=0

ProrosiTION 2.11. Let n, k — oo in a manner (%) under which

(15) oA Ve, Jk(Gu—ite) S0,

G
where A and A,, n>1, are some finite positive numbers. Furthermore, let
Nt = = k(' Nyy—e)  and  NZ = - /k(G; ' N, —e)
Jor n, k = 1. Then the following statements are equivalent as n, k — o0 in the
manner (*):
(16) 07 Zpi > W,
(1n (6J/2) "NOIW  fori=1,2,
where ¢ is a finite positive number.

Proof. Denote by n, k “ o the convergence of n and k to infinity in the
manner ().

Notice that d(NY), N@) <k Y2i;'—>0as n kS . Thus for the
proof of the proposition it is enough to show the equivalence of (16) and (17)
for i = 2. Now notice that

Zn,k = i; ! \//E(ln Zn.lt—';tn((_;n,k_j'n_l e)—e).

Hence under condition (15) we find that, as n, k “ w0, the convergence (16) is
equivalent to the convergence

(18) 04 k(G Zpi—) > W as kB 0.

Thus it is enough to show the equivalence of the convergences (18) and (17)
as n, k “ 0.

Assume that (18) holds. The Skorokhod-Dudley a.e. representation (see
[20]) yields the existence of £,, and I, re’s of D defined on a common
probability space such that &,, = ,Z,,, T = 98, and

(19) (6A) ' Sk(Epi—e) > W ae. as nkS oo,
But in view of Property 5, (19) is equivalent to
(20) (a).,,)'l \/E(é;kl —e)—> —IW ae as nk “ 0.

Applying twice the mapping t we deduce that (20) is equivalent to
Q1) o k(A 1 (End, de)—e) > —T(W,le) ae. as n, kS o,

Applying the mapping D" 3xwsx"'eD’ to the process 1,,2,,_,( we obtain

2 — Dissertationes Mathematicae 24K
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(An Z,k)‘ () = N3, (tA; 1), t 2 0. Hence in view of A,,Z,,_,‘gé,,'k we have

enl 2 1(N2,. 27" e), which together with (21) implies (17) as nk S co.
Now assume that (17) holds as n, & “ o. Then the Skorokhod-Dudley

ae. representation gives the existence of n,,k and W, re’s of D defined on a

common probability space such that #,, 2 Ar NS, W 2 9 and

(22) 0/ Skt —e)»> —W ae. as kB oo

Applying the mapping D" 3x+sx"'eD” to the process A, 1 N2, we obtain
(A 1IV,?,‘)“(t)— Z,.(t2,), 1= 0. Hence in view of 7,, —ﬂ"Nok we have
Mok 2 t(Z,x, Ane), which together with (22) implies the convergence

(23) (02 Vk(t(Zpsr 2ne)—€) > —W ae.  as nk3 .

Now applying twice the mapping t we deduce that (23) is equivalent to

\/_(a\/—) Ajle)> —t(IW,1 'e) ae. as nk3 oo,

which in turn implies the convergence (18) as n, kS oo, u

As an immediate consequence of Proposition 2.11 and of the definition of
N,, we have

ProposiTiON 2.12. If the convergences in (15) and (16) of Proposition 2.11
hold as n, k — oo in a manner () and for each a =2 0

k=12 sup |EN,(kt)—A,kt| -0,

O0<1<a
as n,k — o in the same manner (), then (o . /,13)_1 1\7,,',(2» MWas n k— o0 in
the manner (%), = .

As an immediate consequence of the definition of general renewal
processes (and stationary renewal processes) and of Proposition 2.11 we have

ProposiTion 2.13. If {N,} is a sequence of general renewal processes or
stationary renewal processes such that

1;1iECM—>A"‘, Var({,, - ¢%, sup E{,, < ,

ElCn,l —ECn,l|2+d < M,

where 6, A, 6, and M are some finite positive numbers, then the following
convergences hold as n, k - o0 gm.;

6 ' Zu oW, (/N 'NRE®, (0 /)N, DB
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3. Departure process

3.1. Law of large numbers. Let a queue Q be generated by a sequence
{(vk, we), k = 0}. Introduce the following notation (k > 0):

w= sup S§,.
0sk<w

Denote by N the arrival process of the queue Q. It is of the form (2.2.1)
with Z, = U,, k =0. We say that N is generated by {u, k > 0}.

Let I° denote the idle time process, i.e. the process for which 1°(¢)
represents the total idle time during [0, ¢]. Furthermore, let I, k > 0, denote
the total idle time during [0, U,] (total idle time up to the arrival moment of
the (k+ D)th unit). It is well known that those quantities have the following
form:

1I°()= — inf (Vygy—s), 120,
O0<sst
Ik=u0_ mln Sj’ k?O
0<j<k

In view of this the departure process D has the form

0 if ug+vy >t,
supfk: i+, <t} if ug+v, <t,

(1) D(1) ={

and the virtual waiting time process W has the form
W(t) = Va—t+1°(), 1t=0.

In this chapter and also later on a sequence |Q,} of queues will be the
subject of our considerations. All quantities pertaining to the queue Q, are
then marked by the subscript n: v,,, u,,, etc. in place of v, u, etc.

We now give the relation between the law of large numbers for the
sequences (v}, {u,} and the law of large numbers for the sequence of the
total idle time.

LemMMA 3.1. If the following conditions hold:
(2) k™*V, > u~! ae (in probability) as k— oo,
(3) k™'U,— A"! ae. (in probability) as k— x,
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where pu and A are some finite positive numbers, then
@) I, > max(0,A"'—u~'Y)e ae. (in probability) as k— .

Proof. Consider the processes §,, k= 1. Obviously §, =V,—U,
+k 'ugl, k> 1. Using (2), (3), Proposition 2.2 and the fact that the
mapping D x D 3(x, y)—x—ye D is continuous in the metric d as x or y is
continuous, we obtain

1

S.—»(u '=i"Ye ae (in probability) as k- .

In view of the definition of I, we have

L) =k 'ug~ inf S, (s) =k 'us1()—f;S)(), t=0.

0<s<y
But the mapping f, is continuous in (D, d). Hence we obtain (4). =
Lemma 3.2, If the conditions of Lemma 3.1 are satisfied, then

5) I > max(0, 1 —i/we a.e. (in probability) as k— .

Proof. First we show that the convergences a.e. in (2) and (3) imply the
following ones: U,—» 47 'e, §;>(u '—i Ye and N, - de ae. as k- .
The first two of them are consequences of (2) and (3) (in the a.e. case) and of
Proposition 2.2 and the continuity of addition on the set C. To show the
third convergence let us note that U, — o a.e. as k — oo, which in turn gives
N(t)—> oo ae. as t —» 0. This together with the inequalities

1 t 1

WUW)< 1+N(t)< NG Ungp+: for t=0
yields
L Uno = ATh ae, _I—UN(IHI—’ A7V ae.
N() N

as t — oo, where 0 <A < ao. Hence t ! N(t) » A a.e. as t —» oo, which in turn
for each ¢ > 0 implies N,(t) —» At a.e. as k —» oco. Now using Proposition 2.1
we have N, —» e ae. as k— .
" If(2)and (3) hold in probability then the convergences U, > i~ ¢,§, > (u~!
—2"Y%e and N,5 le immediately follow from Propositions 2.2 and
2.5 and the continuity of addition on C.

Thus if conditions (2) and (3) hold then by the continuity of the
mapping t© on Cx(CnD”) and of the mapping w, on C we have the
convergences

T(Uh Nh)_'e9 T(gk’ Nk)—’(l/#—l)e;

© w,(t(U,, NJ)— 0 ae. (in probability) as k— oo.

Let us define the process y'(t) = t +uo— Uy, t = 0. From the definition
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of the counting renewal process N we obtain (1) < uy+uy, for t = 0. But
for each a> 0

k™1 sup uygy = @, (1 (U, Ny).

0<t<a

Hence in view of the inequality

sup Fi(0) <k tug+w,(1(0,, N,)
0<i<a
we obtain 7, — 0 a.e. (in probability) as k — x . Now the definition of I} gives
(7) R = —Oinf (T Sk N ()= TFi(s)-
<s<t
To finish the proof let us note that the assertion follows from the above
convergences and the continuity of addition on C and of the mapping f,. =
Using the relations
W) = SN(:)-V’(‘)—Oinf (Sne—7'(s), t=0,
EXEY
We=f(tS, No-%), k=1,
where y'(f) =t+uy— Uy, t 20, and the continuity of the mapping f, we
may prove in the same way as in Lemma 3.2 the following fact.
Lemma 3.3. If the conditions of Lemma 3.1 are satisfied, then

W, — max(0, A/u—1)e a.e. (in probability) as k— c. =
By considerations similar to those in the proof of Lemma 3.1 and
Lemma 3.2 we get
LEMMA 3.4. If the following condition holds:

®) for each t 20, WV, ()D>u't, U, ()Di 't

as n, k— oo in some manner (%), where u and A are some finite positive
numbers, then

) L5 max(0, 2" '—u e,

(10) 12, 5 max(0, 1—A/p)e

as nk— oo in the same manner (). =

Formula (1) for the departure process is similar to (2.2.1), which defines
the counting renewal process. Thus one can expect that the two processes
obey similar laws. The main result of this section gives the relation between
the law of large numbers for the sequences {v,), {u,! and the law of large
numbers for the departure process.

THEOREM 3.1. If the conditions of Lemma 3.1 are satisfied, then

(11 t~'D() > min(4, y) ae. (in probability) as t— x.

-
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Proof. We prove the a.e. convergence in (11) assuming the same type of
convergence in (2) and (3). Convergence in probability in (11) under the same
assumption in (2) and (3) will be an immediate consequence of Corollary 3.1
proved below.

Under our assumptions, V¥, —> oo and U,— o« ae. as k- oc. Thus
Vi+1,_, — o ae. as k — oo, which together with (1) implies the convergence
D(t)— x ae. as t »> oc. Hence (2), (3) and Lemma 3.1 yield

1
0]

1
Vo — U ae,

1

— I 1
D(t) Din-—1

- —min(0, p"'—4A"Y) ae.

as t — x . By the form of the departure process (see (1)) in the case D(t) = 1,
we have the inequalities

1 t 1
W(VD(n'HDm— A ) < W(me+1+1mn)-

Thus the left-hand side and the right-hand side of the above inequalities
converge ae., as 1 —> x, to

pu '—=min(0, g™ =AYy =max(u !, A7),

Hence we obtain the a.e. convergence in (11). =

As an immediate consequence of Proposition 2.1 and Theorem 3.1 we
have

THEOREM 3.2. If the conditions of Lemma 3.1 are satisfied, then D,
- min(/, ple ae. (in probability) as k— 7 . =

THeoreM 3.3. If the conditions of Lemma 3.4 are satisfied, then
(12) D, 5 min(2, pye

as nk — oc in the manner (*).

Proof. Let ¢t be a fixed positive number and let ¢ satisfy 0 <¢ <1a,
where ¢ = min(4, y). Define b = ta+¢, c = ta—e. From (1), for any k, m = 1,
we have

(13) P{D,(kt) >m} < P{Vym+1l,m 1 <tk = PD,(kt) > m).

Now from the fact that the departure process has nondecreasing sample
paths and they take only nonnegative integer values we have

(14) Pick < D,(kt) < bk} = P {D,(kt) = ck) — P (D, (kt) > bk}
= P D,(kt) = [ck+1]} — P \D,(kt) > [bk];.
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But [rom (13) we obtain

(15)  P{D,(kt) = [ck+ 1]} = P{V s 3+ Lo 11 < 1K)

= P{V, i (c+1/k)+ T, ((Cke + 11— 1)/k) <},
(16) P{D,(kt) > [bk]} < P{V, g+ Lnioig-1 < kt}

= P{V, (b)+1,,(([bk]1—1)/k) < t}.

Thus in view of (8), the definitions of b, c and Lemma 34, the expression on
the right-hand side of (15) tends to 1 and the expression on the right-hand
side of (16) tends to 0 as n,k — oo in the manner (). Since ¢t was arbitrary,
we conclude that for each t > 0, D, ,(t) > at as n, k —> oo in the manner ().
Now using Lemma 2.1 from [24] we obtain the assertion (12). =

Notice that the assertion of Theorem 3.2 concerning convergence in
probability is an immediate consequence of Theorem 3.3. Furthermore, by
Theorem 3.3 we get

CoroLLARY 3.1. If the conditions
k'S ut, k'UB AT as ko oo,
are fulfilled, where 'u and A are some finite positive numbers, then

t7'D@) D min(A, p) as t - .
Proof. Let a sequence {t,} tend to infinity and a, = [t,]. We have

1 _
—D(t)=%D, (tja) for t,> 1.
L 1 -

Hence Theorem 3.3 with D,, = D, and Proposition 2.3 give the assertion. =
As an immediate consequence of the relation I, = N, — D,, together with
Theorem 3.2 and Proposition 2.6, we have
~ CoroLLArY 3.2. If the conditions od Lemma 3.1 are satisfied, then
I'y— max(0, A—p)e a.e. (in probability) as k — .
3.2. Functional central limit theorem. Introduce the following notation
(ffor n=1, k= 0):

k k k
Bn.k = Z EU,,_,-, Cn.k = Z Eun,n‘a An,k = z EXn.i'

i=1 i=0 i=1
THEOREM 3.4. Let n, k — o0 in some manner (x) under which
() B, Sule, Jk(Bo—ui'e)S0,
2 Cos>27te,  Jh(Con—4710) 50,

-

3) @7 Voo 031 0,00 > (I, BWy),
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where 6., 6,4, 1, A, it,, A,, = 1, are some finite positive numbers and (1B,, WB,)
is a two-dimensional Wiener process. Furthermore, let

N(r:lz = \/I(e_}‘n_l Nn,k)’
Dinl;! = \/E(e—)‘n-1 Bn.k)v DLZII = \//I;(e_ﬂn—l Dn.k)a

nk = 1. Then the following convergences hold as n,k — oo in the manner (x):
@) (N, D> (02 /29y, (/21 (01 Wy —0; Wy +/2qe) /30, Wy)
fi=pand Jk(u;'~i;")—q, Iq] < o;

(5) (N, D) > (0, /A1, 0, /498,
if A <u;
(©6) (NG, D) S (02 /29, 01 /)
if Ai>p.

Proof. By n, k “ o we denote the convergence of pairs (n, k) to (oc, o0)
in the manner (x).

Define, for t > 0, the processes

Ok (1) = (Nas )= i/k)scs @Rh (1) = (D () — (1= i)/k).,

() = k=2 UL N =i

Eon () = k™2 (Vop o+ H mp i — (1 )

() =k 20, i
HO () = k712 (1=0)3,(1),  K§(n) = k™2id, (1),
where a = k™' (v, +u,0), b = k™ 'u,,; define also the functions
s = k(A= (7' =27 ") )
and the numbers
a=min(p, A),  au= ki =41,

where n,k>1, and i =0, 1, 2.
Notice that 63} and ¢l are r.e’s of D7, ¢@,, €9,y HY, and K, are
re’s of D, n,, belong to D and

H% %0, KO 50, 7,50 asnkSBo.
Notice also that for i =0, 1
S () = k172 (Sn.D,,(kn—(l —atapun-a-o T Unpyn-a-0)

YO () — o (HD () +ik™ 12 1(1)), t20.
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In this notation, we have the following relations for i =0, 1:
7 Btk =T (Ons 090 +7(Cos 000+t 0 (Ko —ik™121),
@®) & = ‘r(f(S K> (Pﬁ:)k) (Un ks (Pf:)k)+f(cn 0 Ok

+y O —u, o HD —ik ™12y, o 1.

Assumptions (1), (2) and (3) give the convergences U,, 51 le,
Ve >u'easnk % a0, which in turn by Theorem 3.3 and Proposition 2.6
give N, > e and D,, 5 ae as nkS o0. Thus for i=0, 1,2

©9) 09 B de, o Bae as kS .

Now the convergences (9) and assumptions (1)-(3) lead to the following
convergences as n, kS o

(10) t(Vk(Bri— 117 " €), 95) > 1(0, ae) = 0
(11) t(Vk(Coi— 2 '), 60) 50,
(12) t(Vk(Crx—n ' e), 00) 5 0.

Furthermore, if
MY =t(U,4, 090, RO =104, 08%), TR =184, @)
for i=0,1, nk =1, and
M, =1(c,,.4¢), M,=1(0,W,, xe), M;=1(0, W, —0,W,, ae),
then
(13) (Mﬁ.‘.’:l, M‘n‘;Z, 5.02, ﬁ.ll:, 7:2), 7}}(’)—>(M1, M, My, M, M3, M,).

In view of the relation V,,_k = V,,_k+\/I;B,,’,‘ we have for i=0,1 and for
each a >0

sup Y% (1) = 0, (t Vs 084 ) < @0, (2 (Vo 058 1)

0<t<a
+ 0, (t(VhBrs— it @)y 055 V) + otk e, gl M).
Hence (10)-(13) and the obvious inequality
o (t(Vhpg Ve, @) < k2!
yield for i =0, 1
(14) @50 asnkBaw
Notice that for each a>0 and i =0, 1
kD,, = t(a\/l;e o4%)+aHy,,
At Sk N =1(A7 1 Jhe, 09)+4, P K9,
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Thus for i =0, 1 we have

(15)  t(Cosr 08— A7 ' Sk Dy = 1(/k(Crs— A7 ' @), @) — 47 HEY,,
(16 1(C.s, 02’k)—1—1\/ﬁN w = T(Vk(Crs— 27 L), 89)— A7 K,
(A7) t(Coss 900+ tle, 08 —py * Sk Dy

=t (Vk(Cos= 1" 0), 95—ty ' HE.

Hence assumpllons (1), (2), the convergcnces in (9) and the convergences
HO 20, K9 20, yield, for i=0, 1 as n k% oo,

(18) t(Cotr 090 — A7 4 Jk Dy 5 0,
(19) 2(Crr @0+ i t(es 00)— ! Sk Doy 5 0,
(20) t(Crt 09) =271 Sk N, 2 0.

Now observe that S., =S,i—f.x—d.ce. Since 7,, >0 as nk3 o

assumption (3) together w:th the continuity of addition on C and Theorem
64 from [26] give, as n, kS @,

(21) (Uni f G > (02 3y, £ (01 B, — 7, 3B, +e))
if a,x— g, 14 < x;

(22) (Onse S Bai)) > (02 . 0)

if a,, > —©;

(23) (On.k,f(§n,k)_an,k e)g(az 1B,, 0, W, —0, W,)
if a,, — ©.

Now using the relation

T(f(§n.k), (p(r:.)k) - t(f(gn k) anke (P(‘) )+ankr(e (p(l)

and then relations (7), (8), convergences (9), (14), (18)—(23), the continuity of
addition on the set C and Theorem 5.1 from L ], we obtain the following
convergences in distribution in (D%, d*) as n, k3 oo

(24) (Mﬁlﬂ’ MSL R(nzl:’ R( )—’(Ml’ Mls M4+Ml" M4+Ml)
if A=y and a,,— ¢, |ql < ©;

(25) (M3, M3), R, R > (M,, My, M,, M,)
if A<u;
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(26) (M(nzl:s Mﬂ, R(n‘,tlza R;SI:) (MlaMl, M5+M65M5+M6)
if 4> u. where
MED = ¢ — a7t JkN,,, RED =9, — k Dy

R(’f‘:-”:ég.)k_lun—l kﬁn.k’ i=051, n,k>1
M, = r(f(al W, —a, W, +qe), ie),
Ms =1(0, W, —0,I,, pe),
M6 =T(UZ \1B2, ll(’).

Using the relation (t(2B,, ae), 1 (IB,, be))g(\/a :lB,,\/l_)‘le), where ¢
and b are any positive numbers, we obtain

(r(az W,, ie), 1(f(o, W, —0, W, +qge), ie)+1(0, W,, ie))

= (65 /Ay, /A S (0, B —0, W, +/2ge)+ /Ao, WB,),
(1(02 1By, 4e), t(0, W, — 0, W,, pe)+1(0, Wy, pe))

gv(o-Z \/}: mzv 0y \/; ml)

Hence the inequalities

W) < Jht <@ and  EQ) < Skt < EL()

and (24)-(26) imply assertions (4)=(6). =

Now we give the functional central limit theorem jointly for the arrival
process and the departure process for one single server queue Q. We get the
result as a consequence of Theorem 3.4, taking Q, = Q and n,k — oo in such
a manner that the limit is first taken for k — oo and then for n— oc.

Let B,, C, and A,, k = 0, be the numbers defined for the queue Q in the
same way as are B,,, C,, and A,, for the queues Q,. Then by Theorem 3.4
we get

CoRrOLLARY 3.3. Let the following conditions hold:

27) ‘k(B,—p~'e) S0,
(28) (C,, AT 1e)—>0
(29) (0'1 Vka 02 k)—’(‘le, 1m,),

where 0, 6,, i, A are some finite positive numbers and (13,, W,) is a two-
dimensional Wiener process. Furthermore, let

N = Jhe=A"T R, D = Jkte—1"'D), DR = Jk(e—pu D).



28 Joint distribution of waiting time and queue size
Then, as k — o, we have

(NY, D) B (0, /2B,, J4f (0, I, — 0, W)+ /26, 1,)
if A=y
(N, DY) D (0, A, 6, /498,)
if A<y,

(N, D) = (0, ﬁmZ’al \/;ml)
fA>u =

As a consequence of Theorem 3.4 we give the functional central limit
theorem for queue size in a sequence of queues.

Let L)) = \/I;(L,,,‘—(A,,—,u,,)e), where the numbers 4, and pu, are the
same as in the definitions of the processes N} and D'Z, n,k > 1. Hence the
following relation is obvious:

(30) L(n}z = —An Nﬁ-}:""{anlz—(in—#n)D(z) n, k = 1.

n,k>

Thus by Theorem 3.4 we get

CoRroLLARY 3.4. Let the conditions of Theorem 3.4 be fulfilled, let B be the
covariance of the coordinates of the two-dimensional Wiener process (I, IB,)
given in condition (3) and let

2 =o}p+2p0,0, /Ut A2 +02 3.

Then the following convergences hold as n, k —> oo in the same manner () as in
Theorem 3.4:

U;,;‘B»c‘m
if A>u, and
L) S f (cB+ A% ge)
if i=pand Jk(t,—2)—q,lql <. m

Notice that relation (30) and Corollary 3.3 allow us to obtain the
convergence of (N, D? L) as k— oo.

Using the well-known invariance principle for arrays of r.v.’s we obtain
CoroLLARY 3.5. Let {Q,} be a sequence of G1/G/1 queues such that
Ev,, —»u ', Eu,,—>A"', Varp,, >0}, Varu,, o3,
Elv,—Ev, "2 < M, Elun,l—Eun.llz+a<Ma
where u, A, 6,, 65, 6, and M are some finite positive numbers. Then, with p;
=Ev,,, A, ' = Eu,,, conditions (1}+3) of Theorem 3.4 are satisfied as n,k

— o0 g.m. (general manner) and the Wiener processes B, and W, are
independent. w
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By Corollary 3.3 we obtain separately the convergence in distribution of
N’ and DY’ to appropriate r.e.’s. The convergence of N{! to an appropriate
r.e. was obtained in [1] (see Theorem 17.3) and the convergences of D{’ and
LV separately were obtained in [9]. In [9] it is assumed that the sequences
{ve, k2 0} and {u, k >0} are independent and the counting renewal
processes generated by them satisfy the functional central limit theorem. Let
us notice that these assumptions together with conditions (27) and (28) imply,
in view of Proposition 2.11, that condition (29) holds, i.e.

(07 0 07 U) > (T, MW,)  as k- oo.

Furthermore, we note that in view of the independence of {v,, k > 0} and {u,, k
= 0} the Wiener processes I8, and B, are independent. Notice that in Theorem
3.4 and in Corollary 3.3 we do not assume that IB, and B, are independent. We
assume only that (IB,, IMB,) is a two-dimensional Wiener process. Such processes
are obtained as the limit in distribution of (¥, U,) when {(v,, w), k > 1}
is a stationary sequence of pairs of r.v.’s.

33. Interdeparture times. The intensity of the departure process does not
give too much information about it. Below we give some other properties of
the departure process in more specified cases. Some of them are well known
but we recall them here as an illustration of the usefulness of formula (3.1.1).

In view of formula (3.1.1) the departure moment of the kth unit is equal

to ty = Vy+uo— min S;, k> 1. Hence the interdeparture time of the kth
0<€jsk-1
unit and the (k+ 1)th unit is equal to

4, =v,4,—min( min §;, S,)+ min S;
0Kj<k-1 0€j<k—-1

=14+1—-Hﬁn(0,X14-Sk_l— nﬁn Sﬂ.
0<jsk~1

The r.v. 4o = ug+v, represents the time to the departure of the first unit.

It is easily seen that the departure process is the counting renewal
process generated by the sequence {4,, k > 0}. From Propositions 2.5 and
2.11 we now immediately obtain

CoroLLARY 3.6. For 0 <a< o, the following convergences are
equivalent :

P
d,>a as k- o,

™=~

1) k!

i=0
() D,ba'e ask-. m
CoRrOLLARY 3.7. Let the sequence of functions

(kt]

(Jk(k™'Y E4;—at), t =0}

i=1
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converge in (D, d) to 0. Then the following conditions are equivalent:
(kn)
(3) the sequence of processes (7! \/Z(k'l Y. 4;—at), t =0} converges in
i=1
distribution in (D, d) to a Wiener process,
(4)  the sequence of processes 6™ \/Ez(aD,‘——e) converges in distribution to a
Wiener process. m

We now show that under some conditions the sequence {4,,k =0} is
asymptotically stationary.

Let {(v, w), k = 1} be a stationary sequence and let {(v¥, uf), —o0 <k
< o0} be a double-ended stationary sequence such that {(v¥, u¥), k > 1} and
(vs> w), k =1} have the same distribution.

Introduce the notation:

Y=vf—uf, —ow<k<ow,

-1
Apy = vf—min(0, X+ max Y X¥), kz=z0,m>1.
—mSjsk-1 j=j+1
CoroLLARY 3.8. If {(vy, uy), k = 1} is a stationary sequence then for all
m=2land > 1therv. (Apix, Amsi+1s ---» Amsr+1) has the same distribution
as the rov. (Apy, Amis1s -+os Amu+t). Furthermore, if {(v., w), k= 1} is
stationary and ergodic and if EX, # 0, then for each | > 1 we have the
convergence

D
(Am,ka Am.k+1a R | Am.k+l)_"(Al’¢k’ A:+11 A Azw‘-l) as m— oo,

where in the case EX, >0 we have Af =v,,,, k=0, and in the case
EX, <0,

k—1
4t = v}, —min(0, X}+ sup Y X}, k=0
—w<jsk—1 j=j+1
Proof. The first assertion is an immediate consequence of the
stationarity of {(v,, %), k = 1} and the definition of 4,,. For the second
assertion observe that from the ergodicity of {(v, ), k =1} we have the

convergences S, (1) — EX, ae. as k—> oo, and k™' ) X*->EX, ae. as k

i==k
— o0, for each r. Hence for each k > 1 the r.v.’s

k—1

5) X¥+ max Y X¥, m>1,
-m<jSk=1 j=j+1

converge a.e. as m— oo, to infinity if EX, >0 and to

k—1
X+ sup > X if EX, <O.

—w<jsk—-1 i=j+1
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Now from the definition of 4,, and from the first part of the corollary we
obtain the second assertion. m

The above corollary has its analogue in [19], where it has been proved
that if {(v,, u), k > 1} is ergodically stable then so is {4,, k > 0}.

By the obvious relation

ri—1

6) PiD(s)=r,i=1,.. . ki=P {ZA s<zA,, =1,..., k)

and Corollary 3.8 we obtain

CoroLLARY 39. If (v, w), k = 1} is stationary and ergodic then in the
case EX, # O the finite-dimensional distributions of the processes (D, (t) = D (¢,
+1), t > 0}, where t, is the departure moment of the k-th unit, converge to
those of the counting renewal process N generated by {4F, k >0). =

Observe that for a GI/G/1 queue the r.v.’s defined by (5) converge a.e. as m
- oz, to infinity if EX, > 0. Hence we obtain

Coroirary 3.10. For a GI/G/1 queue, provided EX, = 0, we have the
following convergence for all k >0,1>1:

D
(Am,k$ Am,k+l’ teey Am,k+l)—‘>(v1, Uay oeny v’+1) as m—aoo. m

The above fact and relation (6) imply that for a GI/G/1 queue with EX,
= 0 the finite-dimensional distributions of the processes {D,(t) = D(t, +1¢), t
20}, k> 1, converge to those of the renewal process N generated by
{Uy+1, k = 0}. Here ¢, is the departure moment of the kth unit. For a
GI/G/1 queue this fact was proved in [5] (see p. 233), where ¢, is the arrival
moment of the kth unit.
From Corollary 3.8 by some calculations we obtain the following known
fact:

DCOROLLARY 3.11. For an M/M/1 queue in the case EX, <0 we have
AT = ul.
k
Proof. Write w* = sup Y X*,. If a queue is M/M/1 then the r.v.’s

0<k< j=1
oy, uf, —oo<k<oo, are mdependent and negative exponentially
distributed. Therefore the r.v.’s v}, X§, w* are also independent and w 2w
In this case we have (see [5])

P{w>x} =Au"texp(—(u—A)x), x20,

where A™!' = Eu,, u~! = Ev,. It is easy to calculate that for x <0

A exp(Ax).

PiXt¥<x) =
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Thus for x <0 we have

P{w*+X§<x} = (l ( ))exp(ix)

Now it is easy to calculate that for x > 0
P{v} —min(0, w* + X¥) = x} = exp(—4x). =

Now using Corollary 3.8 we prove by simple calculations the following
known fact:

CoroLLARY 3.12. If {(, w), k = 1} is a stationary and ergodic sequence
and EX, <0 and Ew* < o0 then EA¥ = Eu, .

Proof. E4A¥ = Evt — Emin(0, X§+w*) = Ev; — EX{§ — Ew* + Emax(0,
X¥+w*) = Ev, —Ev§+ Eu§ —Ew*+Ew* = Eu;. =

4. Joint distribution of waiting time and queue size

Introduce the following definitions:

() =t=Upngp-1, t=20,

. 1
y — r.v. with the df. P{y < x} =—
Eu,
W0=0, Wk+1 =S,‘— mln Sj’ k?O,
0<j<k

j
w™ = sup () Xnii), m=0 (if it exists).

0Sj<w =1

From the definitions of w (see Section 3.1) and w'™ it is obvious that w
= w!®. Recall that a sum for which the lower bound is greater than the
upper one is equal to zero. For instance, U_, = 0.

The following relation between the virtual waiting time and the actual
waiting time is obvious:

(n W (1) = (Waey + O —7(0)s,  1=0.

LeEmMA 4.1. For any Borel set A in the real line and for any nonnegative
integer m we have

2) P{W()eA, L({t)>m)

N@®—-1
= P{W(e A, vyy-m—7 () +Wrg-m— 2. 4;>0, N(@t) > m}.
j=N@®)-m
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Proof. Notice that L(t) = N(t)— D(t). Hence in view of formula (3.1.1)
we obtain

P{W()eA, L(t)>m} =P{W()eA, D(t) < N(t)—m}
= Z P{W(I)GA, Vk—m+1k—m—l >t, N(t)=k}
k=m+1
=P{Wt)eA, Vagy-m—t+Ing-m-1 >0, N(t) > m}
Ny— 1
=P{W(eA, vny-m— 7O+ WNey-m— Z u; >0, N(ty>m}. u

j=Nut)-m
Applying Lemma 4.1 for a GI/G/1 queue we obtain
LemMmA 4.2. For a GI/G/Y queue we have
() P{W(eAd, L)y>m)=P{ sup S;+oyy—7(1):€A4,

0<jEN(n—1

A, m—y(O)—- ) w+ sup i Xpei >0, N(1) > m},

i=1 OLjENt)— m~1 =1

where A is any Borel set in the real line, m is a nonnegative integer and
A(t, m) = vy 8o (—m)+ 0y o (m—1).

Proof. From formula (1) and Lemma 4.1 we obtain

4) P{W(@eA, L) >m}

= Y P sup (Si-1—S)+u—(t—U,_ 1))+ €4,

k=m+1 0<j<k-1
k-1
b-m—(—=Up_y)— ) “i+o Stlp l(Sl:—1—m_sj)>0a Up-1 St < Uy
i=k-m sjsk-m-—

Notice that the vector (v, uy, U5, tp, ..., Uy_1, Uy—,) has the same distri-
bution as the vector (v,_,, 4x—y, .-., Uy, 4;). Thus the right-hand side of (4) is
equal to

an
P{( Sup Sj+vh—(t—U,‘_l))+€A, U,‘go(—m)+v,,,50(m—-1)
k=m+1 0sj<k—1
m J
_t+U’t-l_Z u,-+ SLlp z Xm+i>0’ Uk—1<t<Uk}~
i=1 0sj<k—-m—-1 j=1

Hence we obtain (3). =

We now derive the limiting distribution of (W(t), L(t)) as ¢t — oo. First
we prove Lemma 4.3, which is a generalization of (5.100) from [5] (see p.
293). (5.100) states that wy,, the waiting time of the unit which arrives as the
last one before ¢, is asymptotically independent, as t — oo, of y(t), the length

3 - Dissertationes Mathematicae 248
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of the interval from the arrival moment of that unit to the moment ¢, i.e. y(t)
=t— Uy -,- We generalize this by proving that an r.v. Yy, which depends
on X;, X, ..., Xny-: and converges in distribution to Y with P{Y
=0} >0, is assymptotically independent of y(t) as t— oc. The proof of
Lemma 4.3 is similar to that of (5.100) from [5], although the basic formula
(7) for getting the convergence in Lemma 4.3 follows from other
considerations than its analogue (5.96) in [5].

LemMa 4.3. Let the sequence {(vi, u;), k = 0} generating a G1/G/1 queue
be such that u, has a nonlattice distribution and P {u, > 0} > 0. Define the
sequence (Y, k =0} of rv’sin R by Yo=Y, =0, Y, =£i(X,, X2, ..., X3-1),
k = 2, where, for some | > 1, f, is a measurable function from R~ into R'. If
Y, > Y ae. with P{Y=0} >0 and for each Borel set B in R' the function
P{Yy,€B} as a function of t on R, has a bounded variation then

(5) P{Yy,eB, y() <y} > P{YeB}P{y<y} ast— o,
where y is any nonnegative real number and B is any Borel set in R' such that
P{YeoB) =0.

Proof. The r.v’s wug, uy, u,, ... are independent and u,, u,,... are
identically distributed. Hence by the condition P {u; > 0} >0 we have the
convergence P {U, = 0} - 0 as k — co. Further, let ¢ be any sufficiently small
number. Then there exists n such that, for k > n, P{U, =0} <& Now
introduce the following definitions. Let g be a function on R defined as

9(0)=Plu, > 1} (1=30(t—y) for £>0

and zero otherwise, where y is a fixed nonnegative number. Further, for t > 0
and a Borel set B let

a k
Ho=1+Y P{Y u<t},
k=1

i=1

K(B, t)=P{YN(')€B, N(t)?n},
LB,t)= ) P{YeB, U_, <t}.
k=1
For y <t we have

P{YyneB, y(1) <y}
=P{YyneB, () <y, Nty <n}+P{YyyeB, y(t) <y, N(t) = n}

b

P{YyyeB,y() <y, N) 2 n} =} P{%eB, t-U, <y, Uy St < Uy
k=n

O 1
= Z “‘ P{KGB, Uk_ledS}P{uk>t—S} =
-y

k=nt

3' P{u, > t—s} L(B, ds).

t
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Thus for y <t we have

(6) P{YyyeB, () <y, N() = n} = (g« L(B, ))(1)

where * denotes the convolution operation.
Now for kK = n we have

a
P Y,eB, U,_ <t} =) P{Y,eB, U;_, <t <Uj.
j=k
For a fixed k > n, introduce the notation Z, = ) u;, r > k—1. Hence for j

i=k
> k we have

P{Y’kEB, Uj—l s < U]} = P{)’,‘EB, Uh—l+Zj—l S I < Uk_1+Zj_1+uj}

Oty ™ Oty =~

P{YeB, U_,+s<t< U +s+u;|Z;_, =s} P{Z;_eds)

P{Y%,eB, U, <t—s< U, +y|Z;_, =s} P{Z;_,eds].

The rv’s (Y, Uy-,) and (u, ty 4, ..., u;) are independent. Thus the right-
hand side of the above equality can be rewritten as

t
jP{},"GB, Uk—l <t—s< U,‘_1+uk}P{Zj_ledS}.
0

As a consequence we obtain

a t
PY,eB, U, <t} =) [P{Y,eB,N(t—s)=k}P|Z;_,eds)
i=k 0

J

t

= [P {Yy,_y€B, N(t—s) =k} H(ds).

(V]

From the definition of L(B, t) we thus have

(7)  L(B,t)= | P{Yy,_neB, N(t—s) = n} H(ds) = (K(B, -) » H)(1).
0

Now using formulas (6) and (7) we get

®) P{YyyeB, y(t) <y, N(t) = n} =(g+ K (B, -)« H)(1).

Notice that in the proof of formulas (7) and (8) we did not use the fact that u,
has a nonlattice distribution. Thus formulas (7) and (8) are valid if
t =na+o, 0 <o < a, whenever u; has a lattice distribution with period a.

The function g+ K(B, -) is of bounded variation. Thus using the key
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renewal theorem of Smith (see [5], Theorem 6.2) we deduce that the right-
hand side of (8) tends, as t » o0, to

1 a0
) E—u, E‘; g(t—s)K (B, ds)dt.

Ot 8

By Fubini’s theorem we have

]g ig(t—s)H(B, ds)dt = ? ? g(t—s)dt K (B, ds)
oo 00

® sty el
={ | Pluy>t~s}dtK(B, ds)= jP{u1>t}dt [ K(B, ds).
0 s 0
Since uy,u,, ... are ii.d. we have N(t) > o ae. as t > o. Hence in view of

the convergence Y, — Y ae. we have Yy, — Y ae. as t - co. Thus for any
Borel set B in R' such that P {Ye dB} = 0 we have the convergence K (B, 1)
- P|YeB} and

limsup K(B, t) < lim P{N(t) > n} = P{U, =0}.

t=0 t—0

In view of the above facts we have the inequality

P{y <y} (P{YeB}—¢) < lim P{Yy,eB, y(1) < y]

t—w

< P{y<y}P!{YeB]

for any y > 0 and any Borel set B < R' such that P{Ye 6B} = 0. Since ¢ was
arbitrary we obtain assertion (5). =

Applying a similar argument to that used in Section 1.6.3 of [5] (see the
derivation of 1.6.24) we come to

Remark 4.1. If, in Lemma 4.3, 4, has a lattice distribution with period
a then the convergence in (5) is valid as n - oc if t = na+o with 0 < g <a.

The main result of Chapter 4 is

TueoreM 4.1. For a GI/G/1 queue such that u, has a nonlattice
distribution and ¢ < 1, we have the convergence

(10) P{W()eA, L()>m)

m
= P{w+v—y). €4, v8o(—m)+v,8,(m—1)= Y u—y+w™ > 0}
i=1
as t — o, for any Borel set A in R, which is a continuity set of (Ml))+v—y)+
and any nonnegative integer m, where w, v, y are independent, v =v,, and
w™, v, 7, Uy, Us, ..., Uy are independent for any m.

Proof. We prove the convergence (10) separately in two cases: m > 1
and m=0.
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For a fixed m > 1, define Yand Y,, k > 1, to be the pairs Y=(Y', Y"),
Y, =(Y,, Y), where YV =w, Y'=w" Y=Y =Y =Y'=0,

j
Y= sup S§;, Y'= sup Xpri» k=22,
J

0<j<k—1 0<j<k-m~1 j=1
For m =0 define Yand Y, k>0, by Y=w, Y=Y, =0,
o= sup S§;, k=2
0<jSk—1
Since the r.v.’s X,, X,, ..., are iid. and EX, < 0 we have in both cases
the convergence Y, —» Y ae. as k— oc, and, in view of the convergence N(¢)
— o0 ae. as t— oo, also the convergence Yy, — Y ae. as 1 — .
Notice that the sample paths of the processes { Yy, t = 0} and { Yy, ¢
>0} belong to D”. Hence in both cases the function P{Yy,eB}, as a
function of t, is of bounded variation; here B is a Borel set in R? or in

R according as m>1 or m=0. Thus from Lemma 4.3 we have in both
cases the convergence

(1) P{Yyg€B,7() <y} > P \YeB] Py <y,

as t — oo, where B is such that P{Ye 0B} = 0.
Now it is easy to see that in both cases the r.v. (Yyq), 7(1)) and the r.v.

Uy are indépendent for each t > 0. From (11) we thus have in both cases the
convergence

(12) P{YyneB, y(t) <y, vy < x} > P{YeB} Py <y} P{v < x|

for B such that P{Ye 0B} = 0.

The mappings (x, y)—x+y and x—(x),, x, ye R, are continuous. Thus
for m> 1, Lemma 4.2 and (12), together with Theorem 5.1 from [1], give the
convergence

(13) P{W(t)e A, L(t) > m} - P{(w+v—7), €A, vp+w™—y— Y u; > 0)
i=1

as t — oo, for a Borel set A such that P{(w+v—1y), €04} =0. For m = 0 we
have

PiW()eAd, L(n>0} =P {(YN(U+UNUJ"'V(”)+€A,
Une — Y0+ Yo, > 0, N(1) > 0]

From (12) and Theorem 5.1 of [1], in the same way as before we obtain the
convergence

(14) P\W(ed, L(t) >0} > P{(w+v—9y),eAd, w+v—7 >0

as t— o, for a Borel set 4 such that P{(w+v—1y).edA] =0, which
completes the proof. m
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In the same way as in Theorem 4.1, except that we pass to infinity in the
manner { = na+o6 — o0 as n— a (where 0 < ¢ < a) and we use Remark 4.1
instead of Lemma 4.3, we obtain

Remark 4.2. If in Theorem 4.1 the r.v. u, has a lattice distribution with
period a then the convergence (10) is valid as n—> o if t =na+o,0< 0 <a.

5. New forms of Little’s formula

In 1961 Little observed that for a GI/G/1 queue the following relation
holds:

M) EL= AE(w+v),

where 47! = Eu,. Many papers connected with the relation between L

and w have appeared so far (see [3], [4], [6], [8], [10], [14], [21]). The
authors either give simpler proofs of (1), or weaken the assumptions (see [3],
[4], [21]), or modify (1) formulating a relation between factorial moments
(see [4], [11]), or put it in a new form in queueing theory ([4], [21]) or
in the theory of point processes (see [7]).

As consequences of Lemma 4.1 and Theorem 4.1 we obtain in this
chapter: the relation between the distributions of L and w+v for a GI/G/1
queue, an analogue of formula (1) for the mth moment of Lfor a GI/G/1
queue, the convergence (1—g)(L—AW) 50 and (1—o)"(EL"—A"EW™ >0
as ¢ ~ 1 for GI/G/1 queues satisfying some conditions, and the convergence
ky Y2(L,(k,ty— AW, (k,1)) > O for all queues Q, belonging to some class of
queues such that k; /2 W, (k,t) has nondegenerate limit distribution as k,
— oc. Here the quantities L and W are defined for a queue Q with traffic
intensity o.

5.1. Little’s formula for distributions. Directly from Theorem 4.1 and
Remark 4.2 we obtain the following relation between the df’s of L and w+o.

THEOREM S.1. For any GI/G/1 queue with ¢ <1,

k
(1) PIL<k)=Plw+v< ) u}, k=0,
i=0
’ ' . . D , D D .
where w, v, up, uy, ... are independent r.v.’s such that v =v,, ug =y, u; = u;, i
2l n

The problem of the relation between the distributions of L and w is

known in the literature (see [2], [9], [11], [17], [22]). Borovkov (se¢ [2], p.
208) gives the following relation:

k
(2) PiL>k+1}=P{w> Y u}, k=0.
i=0

Remark 5.1. Formulas (1) and (2) are equivalent.
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Proof. By (1) for k > 0 we obtain
k-1
3) P{L>k} =Piw+v—u > Y uj}.
i=0
Since the u, are nonnegative and (W+v—u ), 2 w for all k, it follows that
the right-hand side of (3) is equal to the right-hand side of (2). Hence we
obtain the assertion. m
We call formula (1) Little’s formula for the distributions of Land w+u.
By formula (1) we obtain a relation between the moments of L and w+v.

Immediately from the formula EL"=m Y k™ 'P{L>k}, m>0, and
k=1
from formula (1) we get the following result.

CoroLLARY 5.1. For a Gl/G/1 queue with EL™ < o0,
) EL"= | P{w+v > x}dE(N(x)",
0

where m is any positive real number and N is the stationary renewal process
generated by {u,, k >0}. =
Since EN(x) = Ax, formula (4) in the case m =1 is of the form (5.1).
Now integrating (4) term by term and using Proposition 2.9 we obtain
CoroLLary 5.2. For a GI/G/1 queue with EL™ < o0,

%) EL"= [ E(N(x)"dP{w+v<x}. »
V]

The corollary has its analogue for GI/G/k, e.g. Theorem 5 in [4], where
the following relation is given:

an
EL™ =4 | M™ " D(x)dP{w < x},
4]

where EI'™ is the mth factorial moment of L and

o

i—1 i
M™(x) =Y (m_l)P{z u; < x).
. &

Formula (5) and Jensen's inequality directly imply
CoroLLARY 5.3. For a GI/G/1 queue with EL™ < o0,

ELrZ A"E(w+v)" for m=21 (< for 0<m<). =

5.2. Asymptotic equality of L and AW in heavy traffic. For each n > 1,
let Q, be a GI/G/1 queue generated by a sequence {(v,,, U,,), k > 0}. Here
U« and u,, have the same interpretation as v, and u, for Q (see Chapter 1).
All the characteristics of @, occurring here are defined in Chapters 1, 3 and
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4. They ought to be written with the index n, but we drop it here for
simplicity. Thus, instead of .. Upxs Xnis Snks Cn Wi WO W, . W,(o0),
L,(x), we write v,, u,, Xy, Si, 0, W, w™, w, W, L. In this section we
consider only sequences {Q,} of GI/G/1 queues for which g, » 1. Thus,
instead of writing n— oo, we write ¢ ~ 1.

THeoreM 5.2. Let {Q,} be a sequence of Gl1/G/1 queues such that
(1)  there exist positive numbers M and & such that for all ¢
Evl*® <M, Eul*® <M,

) Ev, » A", Eu,—A"' aspo 1,
where A is some finite positive number,

3) (I—Q)WBZ as ¢ 7 1.
Then

(4 for each m>0, (1—g)(w—wtm1-aM) 2o 550 21,

(5) (1-0AW-0)20, 1-9(iw—L)>0 as o ~1.
Proof. In the proof we write 1 —¢ = a. By assumptions (1), (2) and by
Proposition 2.4 we obtain the following convergences as a \ 0:
(1/a] (L]
©6) a) p,oa" a u, H AL
k=1 k=1

We now show the convergence in (4). For this purpose notice that

w=max( sup S,, sup S)

Oksm m<k<m
k+m
=max( sup S,, S+ sup ) X))
0<k<m 05k<m j=m+1

Hence by the definition of w'™ (see Chapter 4) we have

w—w™ = max( sup S,—w"™,S,).

0<k<m
Thus
W) a(w—w™) = max( sup aSy,—aw'™?, as, ).
0<i<m

Using (6), the nonnegativity of v, and u, and Proposition 2.2 we deduce that
the sequence of processes {aS,,, t = 0} converges in probability in (D, d), as
a 0, to the function equal to zero. Thus (3), the relation w 2 w™. the
continuity of the mapping D3x— sup x(t) on C and (7) give the

OLtsm

convergence (4).
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For (5), observe that the following convergences hold:
(8) av; 50, ayH0 as a 0.

Indeed, the first follows from (1) and from Chebyshev’s inequality and the
second [rom (2) and

Play > ¢} < M(ae)*(8Eu,)™"!

(see the proof of Proposition 2.7).
Now (8) and (3) lead to the convergence

9) (aw+a(—y), —aw > (Z), —Z =0 as a~0.

Using formula (4.1.10) we have
(10) P{aWe A, aL<y} = Plaw+a((w+v—7y), —w)e A,

avyya) So([y/a]—1)+avdo(—[y/al)—ay
(y/al
+awPP —w)+aw—a Y u <0}
k=1
Using simultaneously (3), (8), (9) and (6) we deduce that the right-hand side
of (10) tends to P{Ze A, Z < y/A} if A and (- o0, y/A] are continuity sets of
Z. This means that (aW, al) 5 (Z, AZ), which leads to the convergence a(AW
—L)%0 as a\oO.
The convergence (1—g)(Aw—1L)>0 as a \0 is obtained from the
relation W= (w+v—7),, by (8) and the first convergence in (5). m
The following result of Kingman (see [23] or [24]) indicates a case for
which condition (3) holds.
KINGMAN'S RESULT. Let conditions (1) and (2) hold with 6 > 1 in (1).
Furthermore, let

(11) Varv, +Varu, - 6> as ¢ » 1, where 0 <¢? < .

Then (1—g)w 2 A4as ¢ 7 1, where A has a negative exponential df. with
mean ic?*/2. =

CoroLLARY 5.4. Let conditions (1) and (2) hold with 6 >1 in (1). If,
furthermore, condition (11) holds then A"'(1—o)L3 A as 9 7 1. »

Corollary 5.4 was obtained by Borovkov (see [2], p. 213) as a
consequence of the relation between the distributions of L and w. Here it
follows from a stronger result, namely from the convergence (5) in Theorem
4, where Z has a negative exponential distribution with mean ic?/2.

The assertions of Theorem 5.2 concerning convergence in probability
imply, under some obvious conditions, convergence in the mean.

THEOREM 5.3. Let {Q,) be a sequence of GIl/G/1 queues such that
conditions (2) and (11) hold and for some real number m > 1
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(13)  there exist finite positive numbers M and & such that for all ¢
Eul*® <M, ET"'* <M.

If, furthermore, the sequence !(1—g)w)", 0 <o <1} is uniformly integrable
then

(14) E(1-gW)"— EA™, E(1—g@w)"> EA™ as ¢ /1,
(15) E(1-L)"~E(1-@iW)" >0 as o ~1.

Proof. In the proof we write a = 1 —g. Conditions (13) and (2) imply
the convergences av > 0 and ay 5 0 as a \ O (see the proof of Theorem 5.3).
Hence a(v—y) >0 as a \ 0.

By Kingman’s result we have the convergences aw 34 aws= (aw+a(
=)+ B A asa~o0, where A is a r.v. having a negative exponential df.
with mean i62/2. Thus we have

(16) (aw)" 3 A™  (@W)" 3 A", E(aw)"— EA™ as a N 0.

It is well known that the sum of two uniformly integrable sequences
is also uniformly integrable. Using (13), the uniform integrability of {(aw)™,
0 <a <1} and the inequality (aw +av)” < 2™ ! ((aw)™ +(av)™), we obtain the
uniform integrability of {(aw+av)”, 0 <a <1]. Hence the inequality
P{W>x} < P{w+v>x} shows that {(aW)", 0<a <1} is uniformly
integrable. Thus from (16) we obtain (14).

Now in view of Corollary 5.2 we have

E(aLy" = | E(aN(x/a))"dP {aw+av < x} = Ef,(aw +av),
0

where f,(x) = E(al\.l(x/a))m, x 2 0. By Proposition 2.10 we have f,(x) = f(x)
= (Ax)™ as a \ O, for each x = 0. Let 4 be the set of all x from the real line
such that there exists a sequence {x,} tending to x as a \0, and
£.(x,) # f (x). Since f, is increasing for each a and f is continuous, it follows
that A is empty. Hence Theorem 5.5 in [1] gives the convergence f,(aw
+ av) B Amim as a N\ 0. By formula (2.2.12) for all x > 0 and sufficiently small
a we have the inequality f,(x) <(1+x/e)" EN*(c)", where EN*(¢g)" < o0.
Thus for sufficiently small a

folaw +av) < ((aw+av)/e+1)" EN*(g)™.

In view of the uniform integrability of {(aw+av)", 0 <a < 1} we obtain the
uniform integrability of | f,(aw+av), 0 < a < 1}. Thus Ef,(aw+av) > A" EA™
as a ~ 0. Hence (16) implies (15). =

5.3. Further asymptotic results in heavy traffic. For each n > 1, let Q, be
a queue generated by !{(v,,, 4,4), k = 0}. In this section all characteristics of
Q, are affixed by the index n. We use the symbols X,,, Spi> War> Vo> Unio
Nn, W,, L., Buox, Cox> Anx» k=20, n> 1, defined earlier. In addition, we
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introduce the processes w'!) and wiZ given by

wild (1) = k™2 Wa N s
w2 (1) = k™2 (Wan hty = WaNylir) ~ mg)
for t > 0, and the function C) defined by
Ca) =k~ Y2 (Cotky = Caiy-m)» 120,

where {m,} is some sequence of nonnegative integers. Notice that w{!) and
w2 are re’s of D and C{?) belongs to D.

Below we prove that under appropriate conditions
ky Y12 (AW, (kyt)— L,(kot)) >0 for each t > 0.
THEOREM 5.4. Let a sequence {k,), tending to infinity, be such that
te, /kn(Byi,—s'e)>0,
te,  Jo(Cop—ist 40,

(3) the convergence m,,/JE—» y, where y is a finite number, implies the
convergence C33 Sya,

) (@7 ks 631 Ui ) > (28, 18,

1 B

@ Cq,

d —
n,k,,_’”'
d ,_
nk"_"1

as n— ¢, where u, A, f,, A,, G1, G are finite positive numbers and (1B,, ;)
is a two-dimensional Wiener process with the covariance of its coordinates equal
to pB. Furthermore, denote ¢*=0}—20,0,8+03 and let (u,°®

—i ) /kn— 4, lal < oc. Then
(5 wi,>Z, wd o,
©) Wi, 2,
() for each t >0, Wy (0= Lni, (050,
as n— o, where Z=0 if 6=0, q<0, Z=4ge if 6=0, ¢>0, and
Z= ﬂof(m+a_lﬁqe) if 6 >0.

Proof. Introduce the processes (¢t = 0):

yn(t) = knt_ Un.N,,(knl)— 1>

9,,.-(r)=(Nn,kn(t)—ki> : %_.~(t)=(ﬁ,_k”(r)—"“;'"") :

1) _ 17 (2) _ 17
Un.i) = Un,ﬂ,,_k"—i’ Un.i = U"-Nn.kn—i—m"’
Uy =k, I/Z(Un,N,,(k,,r)-i— Unnykp—i—m,)>
Ag(t) = kg V2 Ap s

COlt) =k, ”2(Cn,N,,(h,,n—i —Congup-i-m)>
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where i =0, 1, n > 1 and the sequence {m,} is such that m,,/\/_ —yand yis
a finite number. The processes 6,; and ¢,; are re’s of D’ and U, U,
U, A,, C{) are re’s of D.

Using the obvious relation U,,=k '20,,+C,, and assumptions (2)
and (4) we obtain U,,k 5 27 'e, which together with Proposition 2.6 gives
N, Ky, 5 le as n— oe Hence the definitions of 0,.:, @, and the continuity of
the mapping x—x* on the set C give

(8) 0,i > Ae, @, D>Ae as n— oo, fori=0,1.

Now applying the definitions introduced above and those of the
mappings f and t we obtain the following relations:

%) U =URN-UZ+CY,

(10) UD =YD +2(Ops, 6,). U2 = Y2400, 02,
(11) CO =YP+1(CH, 0n).  An=1(Ans,y Ono)s

(12) Wiky = T(f Snry + Anic)s o),

(13) wh = wil —1(f Sppy+ Aus,)s Pn0),

where Y, j=1,23,i=0, 1, n> 1, are processes defined by
Yol (1) = ky V3 (Eu, 0 —u, 0)(1 ~ 0, (),
Yn(.ig)(t) = kn_ 12 (Eun.O_un.O)(l _5 -(r))a

Cn.i

Vi (1) = kg V2 Eu,o (8, (=0, (1), 120,

and b,;, c,; are rv.'s defined by b,;, =k, iu, o, c,; =k !
Notice that Y,” are re’s of D and Y 5 0 as n— x, for all i, .

Applying (8)~(13), assumptions (1)-(4), the continuity of the mapping ©
on the set C x(CnD”), the continuity of f on D, the continuity of addition on
C and Theorem 5.1 from [1] we obtain for i=0,1, as n— oo, the
convergences

mi+tmy—1:

(14) Uy -UR 2o,
(15) Cl 5 yA~ ',
(16) A, D Age,

(17 U s i1y,

and the assertions in (5) in both cases: ¢ =0 and ¢ > 0.
Now notice that for any a > 0 the following inequalities hold:

(18) sup k, '/? Un Nkt S Wg (U

O0<t<a
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1/2 -1/2
(19) k ! sup vnN(k,,l) mnskn / sup UnN(k,,r)

0<r<a 0<t<a

< (1),,(1’(17,,_,‘ ’ nO) +Cl) f(Bnk 1 e)’ en,O))

+a, (r<\/k', ta'e, 0,0)).

But wa(r(\/I;u;le, 0,.0)) < (knu,)~'. Thus using (17), (8), (4), (1) and the
continuity of the mapping w, on the set C we deduce that the right-hand
sides of (18) and (19) tend in probability to zero as n — co. Hence in view of
the inequality y,(f) < u, N . t 2 0, we have

(20) ky 1% 7, 5 0,
(21) ky'? sup v,y k) —my >0,
0<i1<a
(22) ki'? sup vuwn a0
0<t<a

Now applying the relation between the virtual waiting time and the
actual waiting time (see formula (4.1.1)):

vfln.k" (t) = (W;}ﬁ).n (I) + kn_ 2 (UH,Nn(knl) ~Vn (t)))+ > t 2 0’

assertion (5), the convergences (20)(22), Theorem 4.4 from [1], the continuity
of the mapping x+— x* on the set C and Theorem 5.1 from [1] we obtain
assertion (6) in both cases: 6 =0 and ¢ > 0.

For the proof of (7) notice that from Lemma 4.1 we have

P ks 112 Wy(ky )€ A, Ly(kyt) > y \/kn}
= P {(wil) (0+&, (1) € A, W () +n,(0) > O, Npy () > [y /ka)/kal,

where
En(®) = kg 112 (Un, N i — 7a(0)),
Ma(8) = kg V2 (On N i~ m — Y (D) = WR ()= U} (1)
for t >0 and m,=[y \/k_,,] Using (20)(22), assertion (5) and (17) we obtain
&0, 7,5 —-yA 'l as no .
Hence (8) and assertion (5) give
P{W,, (€A, L, (1) >y} > P{Z()e A, Z(t) > y/A}

for any Borel set A such that P {Z(r)e d4} = 0, which completes the proof. =
Now we give a functional analogue of the convergence (7).
THEOREM 5.5. If the conditions of Theorem 5.4 are fulfilled then

23) W —Los B0 asn— .
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Proof. Observe that assertion (7) of Theorem 5.4 yields the convergence
of the finite-dimensional distributions of ).W,,_,‘H—L,,_,‘" to that of the process
0. Thus for the proof of (23) it is enough to show that the sequence -{AW,,,,‘"
—l:,,,,‘n} is tight in (D, d). But assertion_(6) of Theorem 5.4 gives the
convergence in distribution in (D, d) of {4Vf{,_k"} and thus {lW,,_,,n} is tight in
(D, d). Hence it is enough to show that IA,,,,,," is tight in (D, d), which follows
from Corollary 34. =

As an immediate consequence of Theorem 5.5 and of the convergence
T, (x,) > m,(x) as t, > 1, x,> x, xe C, we obtain

CoroLLARY 5.5. If the sequence {k,), tending to infinity, is such that the
conditions of Theorem 5.5 are fulfilled then k; */2(AW,(t)— L,(t)) > 0 as n and
tend to infinity in such a manner that \ﬁ(,u,,_l—l,,_‘) tends to a finite
number. u

Let us turn our attention to the manner of the passage to the limit in
Theorems 5.4 and 5.2. In Theorem 5.2 we take the limit of (1 —0,) (AW, (0)
—L,()) as g, ~ 1, where the pair (W, (), L,(0)) has the same distribution
as the limiting distribution of (W,(¢), L,(t)) as t — oo. The scheme of this
passage is

(1) (AW, ()= Ly (1)), > (1 —2) (AW,(0)— L, (0)) 50 as g, # 1.

If we restrict ourselves to a GI/G/1 queue, the scheme of the passage to the
limit in Theorem 5.4 is the following:

(1= 0n) (AW, (8) = Lo(8)) > 0
as (@,, t) = (1, 00) in such a manner that (1 —p,) \/E tends to a finite number.

5.4. Examples. In this section we give a few examples of queues for
which the assertions of Theorem 5.4 hold. Here we assume that if a queue
belonging to a given class has index n then the same index marks all the
quantities which define the system and all its characteristics.

54.1. Queues generated by independent r.v.s v,, u,, k > 0. Consider the
class Q" of queues Q generated by {(v,, u,), k > 0} such that all r.v.’s in the
sequence {v;, u,, k > 0} are independent. Furthermore, let the following
conditions hold:

@i,) Evy,=b, Vary,=0f fork>=1, 0<b,e? <o,

(ii,) Eu,=c, Vary, =03 fork>1, 0<c o<,

(iii;)  there exist finite positive numbers 4 and M such that
Elo,—b*** <M, Elu,—c|>***<M for k> 0.

Lemma 5.1. Let {Q,, n > 1} be a sequence of queues belonging to the class
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QM. Furthermore, assume that the sequence {Q,) satisfies (iii,) uniformly in n,

1

bn_'ﬂ_ ’ C"—*i‘l, 02 2

2 2
mi1 =01, Op2—03,

and u, A, 6,, o, are finite positive numbers.

Then conditions (5.3.1){5.3.4) of Theorem 5.4 are fulfilled withu; ' = b,, A; !
=c¢,, for each sequence !k,} tending to infinity, and the Wiener processes
W, and W, in (5.34) are independent.

Proof. The fact that conditions (5.3.1){5.3.3) are satisfied for any
sequence |k,! tending to infinity follows immediately from the definitions of
B,x, Cox» C and the choice of p, and A,. Since for each n>1 the
sequences {v,,, k > 0}, {u,,, k = 0} are independent and the r.v.’s in each
sequence are independent, by using well-known theorems concerning the
convergence to a Wiener process (see e€.g. [24], Theorem 2.3) we obtain

@7 Wi 05 Up) > (2, ;) as n, k— oo gm,

and the Wiener processes IB, and B, are independent. This completes the
proof. =
As an immediate consequence of Lemma 5.1 and Theorem 5.5 we obtain
CoRrOLLARY 5.6. If the conditions of Lemma 5.1 are satisfied then for each

sequence \k,) tending to infinity in such a manner that chj(b,,—c,,).—» q, lq|
< o0 as n— o0, we have

(@A) Wi, 2 f (B+07" Jige),
Vi:/n,k" - i‘n,k,‘ —E’ 0

l=0gi{+03. ®

5.4.2. Queues generated by the stationary sequence {(v,, w), k > 0}. For
the second example let us introduce the following notion.

A sequence {(v, u), k > 1} defined on the same probability space
(@2, #, P) is called ¢-mixing with the function ¢ = {¢,}, ¢; — 0, if for the o-
felds #, and #* generated by the families of r.v.s {v;, u;, i <k} and
{vi, w;, i >k}, respectively, and for any E,e.#; and E,e #**' such that
P(E,) > 0 we have

as n— oo, where o

|P{E,] EIJ_P{EZ}I < @y

Consider the class Q'® of queues Q generated by {(v, u), k > 0} such
that

(i) the sequence {(v,, u,), k > 1} is stationary and ¢-mixing with ¢ = {¢,}
a
satisfying the condition ) /¢, < oo,
k=1

(ii,) Ev? < w, Eu? <o,
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By [1] (see Lemma 3, p. 172), under conditions (i,) and (ii;) the sequences
(Var ¥;} and {VarU,} have finite limits equal to

an
o} =Varv, +2 ) cov(v,, v,),
k=2

an
o3 =Varu; +2 Y cov(uy, i),
k=2

respectively. Assume that
(iii,) 62>0, ad2>0.
By [1] (see Lemma 1, p. 170) we have

(1) |E (v — Ev;) (w;— Euy)| < 2./ @y (Var vy Var u;)"/2.
Thus the numbers

an
%y, =%3cov(vy, u)+ Y, cov(vy, u),
k=2

an
%; =3cov(vy, u))+ Z cov(u,, vy)
k=2

are finite. Assume that

2

i i o y+xu
(iv,) the matrix A4 =[ 1 1 2

) is positive definite.
X, +x, o3

LemMma 5.2. If a sequence {(vy, uy), k = 1} satisfies (i,)}iv,) then
(01" Vi 07" U > (W, Wy),

where (B, , IB,) is a two-dimensional Wiener process with the covariance of its
coordinates equal to B = (%, +x,)/(0, a,).

Proof. By Theorem 20.1 from [1] we have ¢;'F, > and
03! U, > MW, which implies the tightness of {a;! ¥}} and {o; ' U,} in (D, d).
This in turn gives the tightness of {(a7' ¥}, a5 Uy)} in (D?, d?).

Now in the same way as in [1], p. 174, we find that {(¢7' ¥, 03 ' U))}
has asymptotically independent increments in the sense that for 0 <5, <t,
<5, <ty <...<s,<t, and for all Borel sets H,, H,,..., H, in R? the
difference

P{(al_l(i;;(([i)_r/k(si))! Uz—l(Uk(ti)_Uk(Si)))EHn i=1,2,..., "}
11 P (et (el - Futs), 03 (Ou(t—Oulsi) e H)

i=1
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converges to zero as k — co. Thus it.is enough to show that for any ¢t > 0
and ¢,, t,eR

Lo D@ +1,05 Up() D 1, W, () +1, I, (1) as k— .
But for t = 0 we have
[kl]

tlal ‘/t(t)+t20'21Uh(t)_k 12 Zf

where the sequence Xy =07'ty(y—Ev))+a3 t,(u—Euy), k>=1} is
stationary and @-mixing. Hence in v1ew of Theorem 20.1 from [1] and the

equality (17+2t5 ¢ (% +x,)/(a, o)) +12)"2 W2 ¢, W, +¢, W, it is enough to
show that

x
() k™'Var ¥ X, >} +2t,t;(¢, +3,)/(6, 6;)+13 > 0.

i=1

Writing &, = v,— Ev,, n, = uy— Eu,, we have

k
Var Z X _0'1 E(Z é +02 t2 (Z '7|
i=1

+2t,t5(0,0,5)" E(Z C)(Z n:).
But

k k k i—1
EY & Zl m= ) E&ni;
i=1 i=

i=2j=1

k-2
=[3(k—1)]E&n + Y k—DI(EE, ni+ E&ny).
i=2

a0
Now using inequality (1), the finiteness of ) /¢, and Kronecker's Lemma
k=1

we get
k k
k"'EY &Y miox +x, as k- oo.
i=1 i=1

Hence Lemma 3 in [1], p. 172 gives the convergence in (2). Using the fact
that the matrix A is positive definite we obtain the positivity of 17+ 21, t, (%,
+3,)(6, 65)+13 for all t; >0 and t, > 0, which completes the proof. m
CoOROLLARY 5.7 Let a queue Q belong to the class Q* and Ev, — Eu, < 0.
Consider a sequence |Q,} of queues such that v,, = v, +b, for k > 1, where b,
20 and b,» —E(vy—uy), up, =u, and u,o are r..’s such that sup Eu,,

n
< XC.
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Then for each sequence {(k,} tending to infinity in such a manner that

{\/k—,,(Evl—Eul +b,)} has a finite limit we have
).Piﬁ,_,,n—l:,,,,,‘" 50 asn-o oo

where .~! = Eu,.

Proof. Conditions (5.3.1)«5.3.3) of Theorem 54, with u, ' = Ev, +b,,
A, ! = Eu, and any sequence {k,} tendmg to mﬁmty, are obvnously satisfied.
For the proof of (5.3.4) observe that V,, = V,‘ , U,,k = U,, Hence Lemma
5.2 shows that (5.3.4) holds for each sequence { k n tendmg to infinity. This, in
view of Theorem 5.5, completes the proof. w

5.4.3. Regenerative queues. For each i > 1, let {v{), k > 1} and {u{’, k
} be independent sequences of independent nonnegatnve r.v.’s and let T;

=1
= {(v‘" uM, k= 1},i> 1, re’s of (R)=, be i.id. Furthermore, for all k,i > 1,

(i3) Ev®?=b, E@W)? =%, 0<b,x <own,
(ii3) Eu =c, EuP)?=1x, 0<c, %, <o,
(iii;)  there exist finite positive numbers 4 and M such that
Elf—b2** <M, Euf—c*** <M.
Define sequences of r.v.’s by

XP = -up, k=1,
S}.":}:X"’ iz1, k=20,
r,-=mm1k>0:S},"<0}, i>1,
R; = i ri, i=0,
j=1

m =max{i: R, <k}, k=1,

g+ 1) (ng+1)
P = k—R,,k, Ge=0,0 W=y
X,,=vk—~u,‘, k?l, vo=0.
Consider the class Q'¥ of queues Q generated by {(v,, u,), k = 0} formed

as above where u, is a nonnegative r.v. independent of {(v,, u), k > 1) and
Euy < 0. Queues of this type were considered in [2], [23], and [24]. Noucc
that v} is the service time of the kth unit in the ith busy period and u{’ is the
interarrival time between the arrival times of the kth and (k+ 1)th units in
the ith busy period. The queues described in this way were called in [24]
regenerative queueing systems. (Incidentally, [24] contains a misprint in the
definitions of #, and 7,).
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LEMMA 53. Let #, = {Q, Q} and let F, be the o-field generated by the

rU’S Dy, Uy, Vs, Us, .., U, Uy, k=1, defined above. Then for k = 1
€ E(| #F-)=b, E@w|F-)=c,

) E(W)’| Fi-1) =21,  E(w)’| Fe-1) = %2,

) E(vy | Fo-1) = be,

(6) Elo,—b**° <M, Elu—c®**<M.

Proof. To establish (3)«5) it suffices to show that for any set A
belonging to #,_, k> 1, we have

@) Evyxa = bP{A}, Eux,=cP{4},
@®) Ew)?xa =% P{A}, E@w)xs=xP{4},
) Evyu, x, = bcP{A4}.

If k=1, the equalities are obvious. For k > 1, observe that it suffices to
establish (7){9) for any set A of the form A = {v,e H;,, w,e H,, 1 <i< k—1},
where H;, H;, i > 1, are Borel sets in R.

Let i; and j,, [ > 1, be nonnegative integers which do not exceed I
Assume that X!® =0 for j>1. Let {X ~ O} denote any subset of Q on
which the r.v. X is either everywhere positive or everywhere nonpositive. Let
us consider a maximal set Be #,_, with the property X, = X"") on B, where
i, and j, are not random.

Each set B having this property can be expressed as a finite inter-
section of sets of the form

XIP+X[2 4 X <o),
which in turn leads to the fact that for each k > 1 the space 2 may be
expressed as a finite union of disjoint sets B. Since all r.v.’s o), 4, i, j > 1,
are independent we obtain
Ev® Y4p = bP{ANB}, Eu;? 3w = cP{ANB},
("“’)me =%, P{ANB}, E(u"*’)’xm =2 P{AnB},
Evi? ¥ v, p = bcP {ANB}.

The above relations and the fact that 2 may be expressed as a finite union of
disjoint sets B lead to (7){9). This in turn implies (3), (4) and (5). Relation (6)
may be proved in a similar way. =

LemMma 54. Let {Q,, n> 1} be a sequence of queues belonging to Q¥
with sup Eu, o < 0. Furthermore, assume that the sequence {Q,} satisfies (iii,)

n
uniformly in n and

-1 -1
bn_’ﬂ s C,,—Pj. s Opn1 0y, Op2 03,
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where p, A, 6, 0, are finite positive numbers and %, = x,, —b?, 62, =1x,,
—c2.

Then conditions (5.3.1)«5.34) of Theorem 54 are fulfilled for each
sequence {k,} tending to infinity with p,' =b,, A ' =c,, and the Wiener
processes W, and B, in (5.3.4) are independent.

Proof. Conditions (5.3.1)+5.3.4) follow from the definitions of B,,, C,,,
C2), Lemma 5.3, and from the choice of u, and 4,. Now we show that (5.3.4)
holds and the processes 1B, and 9B, are independent. For this purpose notice
that for each n > 1,

k k

(Y (Wai=by), Fas), k20 and  {(Y (uni—ca), Fai) k =0}
i=1 i=1
are martingales, where #,, = {Q, Q} and #,, is the o-field generated by
r.v.’s from the set {v,;, u,;, 1 <i<k}. Thus by Remark 24 from [24] and
by Theorem 2.3 from [24] we obtain o V,,,‘ 3 M, and o3’ U,,k — B, as
n— o, for any sequence {k,} tending to mﬁmty Thus for the proof of (534)
it 1s enough to show that for any 0 <, <t,, 0 <s; <s,, the r.v’s V,,,, (t3)

x,(t;) and U,,,, (s2)— U,,,‘ (sy) are asymptotically independent. But notice
thal for any z, and z, in R

k
{Z (Zl (Un,i—bn)+22 (un,i_cn))’ fn,h k = 0}
i=1

is a martingale. Thus by Remark 2.4 from [24] and Theorem 2.3 from [24]
we obtain

z 07! (i;;l.h,,(tZ)_ 17n,k,,(tl))*'zz oy’ (0..,&,,(32)— I7;.,)‘,,(51))
> (zf(tz—t1)+z§(s2—s1))‘“ W(1).

Together with the convergences o * V,,,‘ 2 9B and az U,,,‘ 2 as n— oo,
this implies the asymptotic mdependence of {a;'V, Vo, } "and {o;! ,,,"}
which in turn implies the convergence

(07! Yy 677 Ui ) > (T, 2By),
where the Wiener processes 3B, and 9B, are independent. This completes the
proof. m

As an immediate consequence of Lemma 5.4 and Theorems 5.4 and 5.5
we have the following

CoROLLARY 5.8. If the conditions of Lemma 5.4 are satisfied then for each

sequence {k,} tending to infinity in such a manner that \/IZ(b,,—c,,) —q and |q|
< o as n— o, we have

~

0\/— Wak, —'f WB+o~ lfqe W/n,k,,—

as n— o, where 6 = (6% +03)'/?%.

[wl]
3
L
<
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