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Let X be the canonical resolution of one of the 3-dimensional singularities
A,, D,, E, and E its exceptional locus. We show how to find the Picard
group of the 3-dimensional formal scheme X; in terms of the “resolution
diagram”. More precisely, let E,, ..., E, be the irreducible components of E,
ue Z™ J; the ideal of E; in ¢y and J* = J{'-...-Jo™ the ideal of the divisor
pE on the smooth 3-fold X.

0.1. THeorem. If we choose p such that puE © X is a (symmetric)
negative embedding, then

Pic uE ~ PicE

(here E =(1,..., 1) E denotes the reduced exceptional locus) via the canonical
homomorphism.

The term on the right hand may be expressed as a subgroup of
PicE, x ... x PicE,,, given by conditions arising from [17], pp. 306, 312-315.

1. Proof of the theorem

For ;> 1 (ie{l, ..., m}) consider the exact sequence
L= LR JHI T S (O T )% o (yfTH* = 1
of sheaves of abelian groups on E. Obviously, 1+J*J""% is isomorphic
JHJEE
11. Remark. H'(J'|E)=H*(J*|E) =0 implics
Pic(u+e¢;) E = Pic uE.
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Therefore, if u is given, it is sufficient to find a sequence

S:-[il,-.., is]! ijE{l,..., m}.
such that
H'(J"°|E) = H*(J*"|E) =0

(WP =p—e —...—¢)foralt=1,...,s and u® =(1, ..., ).

1.2. DeriniTION. A sequence S with the above properties is said to be
admissible for u. For simplicity, write

[il’ LAAS ir]+[ir+1’ sty ls] = [ila s ls]
and

n-[iy, ...,i) =iy, ..oy i)+ ... +{iy, ..., iy] (n terms).

Now consider e.g. the case of the canonical resolution for A4,, n odd,
n>1. We have m=(n+1)/2, E,~...~E, ~F, (the ruled surface
P(0,,(—2)) with the Picard group generated by a fibre f and the section Co)

E,~P'xP and

JYNEy ~ 0}:1((2#1“#2) Co+2u, f),

JU|E; ~ G)E,-((zui'_#i—l —M+1)Co+2(#i—#i—x)f), i=2,...,m—1,

‘]“IEM = U)Em(.u'm—.u'm—la #m_#m—l)s
and the embedding uE < X is negative iff J*|E; is ample for all i,
16y < pp <... <y,

Byt ey <2, 1=2,...,m—1,
B2 < 2p.

Using this, it is possible to verify

1.3. Admissible sequences. Let u be such that uE is negatively embed-
ded. Then

) S = (m—time ) [l + oo 4G — g ) [y ooy M+
s — 1) T3y ooy Ml (2 — 1) [2, .oy Ml (= 1)L, ..., m]

is admissible for p in the case of 4,, n > 1, n odd. For the remaining cases,
we adopt the notations of [1], pp. 341-345, and complete our list (in (i),
(iv) we assume u symmetric).

(i) In the case of 4,, n even, n > 1, the following sequence is admissi-
ble:
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S = (tm—2ptm- 1) [M]+(ttm- 1 — - 2) ((M]+[m—1, mD) + ...
v (=) ([my+ 0L i+, o m—1, m]+ .
et (=) (M) +[2, o, mD+(py ~ 1) (Im] + (1, ..., m])+[m].
(1) For D,

3
S=) (—p)[l+@—-1-[1,2,3, 1,17,
i=1
and for Ds
S=208,[2]+6, [1, 2]+ [3]+(a—1)-[2,1', 1, 2, 3, 1"]+[2]

are admussible.
Doy, k2 3:
k-2
S=94,-[2]+4, (1, 2]+ Z ((gj+1—0;+2—1)-S;+(gje 1 — 1) ([+ 2] +S5)+S))

=
(e—Bes1—1) Sy g+ ex— 1) (Tk+ 1148 )+[2, ..., kI
here §; is defined by
S, =[2,1,1,2,3,17, S=0+1,7,j+2/"1+5,_,.
Dy, k2> 3:

k-2
S=94,-[1]+6,-[2]+ Z (gj+1=8j42=1)S;+(E+ — 1) ([+2]+S)+S))

j
H(Ee— 0k — 1) Se— g+ — 1) ([k+134+S,-)+[3, ..., k];
S; is defined by
S, =[1,1,2,3,1"], S§;=[0+1),j+2,j"1+8;-,.
(iv) The case of E,:

E6
S=Ss(A)+@—1)-[1,3,2,1,3,2, 3, 1"]+[3, 2, 31;
E'I
S =8¢, B+(as—1)-S+[1,2,3, 1,17, 1, 2;
Eg

S=8s(4, B+ (a3 —ay) S +(ag—1)(S"+S5)+ S
+[2,17,3,3,4,27,1,2,1',1'1,2,3,1”, 1, 3, 4].
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2. Calculation of Pic E in the case of A,

For lij, ..., <11, ...,m}, put J=J; -...-J;, E the divisor of X corres-
ponding to J. Consider the exact sequence

(2.1) 1 - (g, 2 (Fx(F =05 g —1.

We obtain
HO(€}) x HO () 5> HO((},g) = Pic(E+E)
— Pic E x Pic E; = Pic(E N E;).

If the condition
2.2) H(Cge) = k
is satisfied, then B is surjective. Therefore,

Pic(E + E;) = ker (Pic(E) x Pic E; — Pic(E N E))).
Applying this stepwise for the A, -resolutions, we get

PlCE = PiCEl XP'ICElﬁEZ P]CEZ X ... XPiCEm_l xPicEm_lr\Em PICEM

For (L,, ..., L,)e PicE put

L‘i=(9F2(aiC0+bi.f)s i=11"':m—1’

L _ {mpl .« pl (ams bm) for n Odd,
) @,2 (am) for n even
and obtain

2.1. Picard groups (m = int ((n+ 2)/2)).
n odd:

"PicE = {(a;, by, ..., Gy, b ) €Z®™, —2a,+b, = by, —2a,+b, =b,, ...
oy =20y _3+bp_;=b,_,, ~2a,_,+b,_, =a,+b,};
n even:
PicE = {(a;, by, ..., Gp-1, bm—;, ) €Z*™" ', —2a,4+b, = b,,
~2a,+b, =b,, ..
vies —20p-24bp_2=bp_y, —28p_,+b,_, =2a,}.
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