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Abstract. This paper provides isomorphisms of a space of analytic functions onto spaces of
functional R-shifts introduced by the author in [13]. The space contains all functions analytic in
aring {h € C:0 < |h| < p}, 0 < p < 400, do not having an essential singularity at the origin.
The results obtained include and extend some of those in the author’s works [5], [7].

0. Let X be a linear space over the field C of the complex numbers. Denote by
L(X) the set of all linear operators with domains and ranges in X and by Lo (X)
the set of those operators from L(X) which are defined on the whole space X.
An operator D € L(X) is said to be right invertible if there exists an operator
R € L(X) such that DR = I. The set of all right invertible operators belonging
to L(X) will be denoted by R(X). For an D € R(X) we denote by Rp the set
of all its right inverses. In the sequel we shall assume that dimker D > 0, i.e. D
is right invertible but not invertible, and that the set Rp C Lo(X). An operator
F € Ly(X) is said to be an initial operator for D corresponding to an R € Rp if

F?=F FX=kerD and FR=0.

This definition implies that F' is an initial operator for D if and only if there is an
operator R € Rp such that F = I—RD on dom D. The set of all initial operators
for a given D € R(X) is denoted by Fp. One can prove that any projection onto
ker D is an initial operator for D. If we know at least one right inverse R, we can
determine the set R p of all right inverses and the set Fp of all initial operators for
a given D € R(X). The theory of right invertible operators and its applications
is presented by D. Przeworska-Rolewicz in the book [18].
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Here and in the sequel we admit that 0° := 1. We also write N for the set of all
positive integers, Ny := {0} UN and H(G) for the class of all functions analytic
on a set G C C.

For a given operator D € R(X) we shall write (cf. [18]):

(0.1) S = U ker D",

i=1
If R € Rp then the set S is the linear span P(R) of all D-monomials, i.e.
(0.2) S = P(R) :=1in{Rz: 2 € ker D, k € Ng}.

Evidently, the set P(R) is independent of the choice of the right inverse R.

1. In this section, 2 will stand for a ring K, := {h € C : 0 < |h| < p},
0 < p < +o00. A non-empty set K C (2 is arbitrarily fixed. Write:

(11)  He(2):= {f €H(Q): f(h)= Y aph* forallhe Q} neN,
k=—n
ie. if f € H_(f2) then f not does have an essential singularity at the origin.
Suppose that a function f € H._({2) has the following expansion:
(1.2) f(h)= Y axh* forallhe 0,
k=—n

where n € Ny.

DEFINITION 1.1. Suppose that D € R(X),dimkerD > 0 and R € Rp is
arbitrarily fixed. A family Tk = {Th}rex C Lo(X) is said to be a family of
functional R-shifts for the operator D induced by a function f € H-({2) and R if

oo n

(1.3) Thx := Zakthk:L‘ + Za_kh_kRkac forallhe K, x € S,
k=0 k=1

where S, f, are determined by Formulas (0.1), (1.2), respectively.

We should point out that by definition of the set S, the last sum has only a
finite number of members different than zero.

Some fundamental properties of functional R-shifts for right invertible oper-
ators are given in the author’s work [13]. Functional R-shifts which are induced
by functions analytic on the set 2U{0} have been called functional shifts (cf. [4],
[5]). The theory of functional and sequential shifts induced by a right invertible
operator is presented in detail in the author’s works [1]-[12]. Evidently , the
definition of functional shifts for D € R(X) is independent on R € Rp. Shifts
induced by the function e” for right invertible operators have been investigated
by D. Przeworska-Rolewicz: [17]-[22]. Note, that properties of functional R-shifts
induced by functions analytic in a ring having an isolated essential singularity at
the center are recently studied by the author [14].
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PRrROPOSITION 1.1 (cf. [13]). Suppose that D€ R(X) and RERp. Let Ty k=
{Ttntnex be a family of functional R-shifts for the operator D induced by a
function f € H-({2) and the operator R. Then

(i) The operators Ty, (h € K) are uniquely determined on the set S.

(i) If X is a complete linear metric space, S = X and Tt are continuous
or h € K. Then Ty are uniquely determined on the whole space.
f?

(iii) For all h € K the operators T, commute on the set S with the operator D.

THEOREM 1.1 (cf. [13]). Suppose that D € R(X) and dimker D > 0, F is an
initial operator for D corresponding to an R € Rp and a family Tk = {Th}herx C
Lo(X) is given. Then following two conditions are equivalent:

a) Tk is a family of functional R-shifts for the operator D induced by the
function f and R € Rp,

b) TWRFF = Y2040 ay_jh*~IRIF for all h € K, k € Ny.

EXAMPLE 1.1 (cf. [13]). Let X = H(U) and K = U\{0}, where U is the unit
disk. If T, ={Th } hex is a family of functional R-shifts for the Pommiez operator
D € Lo(X):

a(t) — 2(0)

(Dx)(t) = ; forze X, teU,

where

induced by the function f(h) =1/h(1 —h) € H=(K) and the operator R € Rp:
(Rx)(t) =tx(t) forze X, tel.
Then the operators T;, (h € K) are uniquely determined on X by the formula

t2a(t)—h?w(h)
(Ty)(t) = h(t—h) for t # h,
%[tZ'T(t)] ‘t:h = 2hx(h) + h%x'(h) for t = h,

where ¢t € U. The operators T}, (h € K) are continuous.

Let Tk be the set of all families of functional R-shifts for an operator D €
R(X) induced by an R € Rp and by the members of the set H(2), i.e.

(14) Tk = {Tg,K g c H<:(Q)}

Let Tt i, Ty, k € Tk, where f,g € H(f2) have the following expansions:

(15)  f(h)= > aph®, g(h)= Y bh* forallhe 2, n,m € N,.

k=—n k=—m
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If n =m = 0 then on the set S (cf. [5])
(16) Tf’thﬁ = Tg,hTf,h = ng,h for all h € K.
In general, the equalities (1.6) do not hold. For an example, let 2 = K = K; and
let
f(Ry=r*+n"" gh)=h+1+h"% heckK.
Then by the definition we have on the set S
TipTyn = (R*D* +h 'R)(hD + I + h™*R?)
=mD*+ D>+ I+ RD+h 'R+ h3R?,
Ty 1Ty =h*D* + h*D? + 1+ R*D* + h 'R+ h *R?,
Tign=h’D*+h*D* +2I + h" 'R+ h™3R*® forall h € K.
This shows that for all h € K we have on S
TrnTyn # LonTrn,  TrnTon # Trgn,  TonTrn # Trgn-

LEMMA 1.1. Suppose that D € R(X) and an R € Rp is arbitrarily fized.
Let Ty i, Ty x € Tk, where f,g € H(f2) have the expansions (1.5). Define the
following operation

(1.7) TpoTyp:=D"" T, Ty nR™™  for h € K.
Then on the set S

(1.8) Tenolgn=Tyno0Tsy forallhe K.
(1.9) TipoTyn=Trgn forallhe K.

Proof. Let h € K be arbitrarily fixed. Our assumptions and Theorem 1.1
together imply that the operators D, R, T, Ty, € Lo(S). We have on the set S

TypoTygn—TgnoTyn
o0 n
= D" (Y akhDF 4 Y awhTHRY)
k=0 k=1

( i bkthk + i b_kh_kRk>Rm+n
k=0 k=1

_ pmn ( i beh*DF + i b_kh_’“R’“>
k=0 k=1

( S ahtDF 4+ a,kh_kRk>Rm+”
k=0 k=1

_ Dm+”{(§akthk ki;obkthk)
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- (ki;obkthk goakthk) f R

+ Dm+"{ ( Zn: a_wh F R i b_kh"“R"’>
k=1 k=1

_ - —k pk - —k pk m4+n

(;b_kh R ;a_kh R )}R +

+ Dm+n ( i akthk zm: b_khfkRk)Rern
k=0 k=1
+iDm+n(§:a_khfkRkE:bkh@Dk)Rm+n
k=1 k=0
pmtn ( Z beh* D Z a_ph kRk>Rm+n
k=0 k=1
_ pmn ( Z b_ bk RF Z akthk>Rm+n
k=1 k=0
= Z (Z ak_]b_k>hijj
Jj=1 k=j
3 (Y asab i)W D7 43 (Db )n R

We assume that m > n > 2. Then

e} k n k—1
TrnoTyn= 3 (D asbey)W*DF + 3" (D agbjs ) R"
0 k=2 =1

k=0  j=
m n

+ Y (Yagba)n R
k=n+1  j=1
m—+n n

+ 3 (X asbi)n R

k=m+1 j=k—m
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+i<§:aj wb_ ) kRk—l—Z(ZaJJrkb )thk
1 j=k k=0  j=1
(

i: a_jb;_ k) hFRE 4 Z (Z a by )" D"

k=1 j=k k=0 gj=1

M8
N
M -
“9
s
1
M)z
jw)
i
0l
+
NgE
£
QO“
i
N—
D‘
S
=

k=0 ;=0 j=k =1
—i—Z(Za] kb_ ) kR’“%—Z(Zaﬂby k) h~FRF
k=1 j=k k=1 j=k
n k—1
+ Z ( a_Jb]_k)h_k’Rk
k=2 j=1
m n m—+n n
+ 3 (Xasb)n B > (Y asb)n iR
k=n+1 j=1 k=m+1 j=k—m

k=0 j=0 J=1 J=1

+ (Y 1b_j+za_]bj AR
j=1 j=1

3 (Y asbg > agbi )b RE
k=2 j=k Jj=1

+ 3 (Y aiwbs+ Y asb )R
k=n+1 j=k j=1
m-+n n

0o -1 m—+k
S(Y abe ]—I—Za]bk Y agbe ) hFDH
k=0 j=—n j=k+1
m+n
+ Z ( Z a3 )" R*
j=—n

m+n

o0
= chthk + Z C_kh_kRk,
k=0 k=1
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where
m+k

(1.10) C 1= Z a;by—; for k> —(m+n).
j=—n

One can prove that fg € H-(f2) and has the following expansion:

o0

(1.11) ft)g(t) = Z cth fort € 02,
k=—(m+n)

where ¢ [—(m +n) < k < 400] are determined by Formula (1.10). Clearly, for
the coefficients ¢ we have

o0

L = Z ajbr—; (k> —(m+n)).

j=—o00
This implies that Tt o Ty, = Ttg . Similar proofs can be given for the other
cases. m

It is easy to observe that the set H.({2) is a commutative linear ring with
the following algebraic operations:

f(h)+g(h) = (f+9)(h), af(h)=(af)(h), [(h)g(h)=(fg)(h),
where f,g € Ho(f2), a € C, h € £2.

Lemma 1.1. implies

PRrOPOSITION 1.1. The set Tk of all families of functional R-shifts for D €
R(X) induced by the set H(12) and an operator R € Rp defined on the set S is
a commutative linear ring with the operations
(112)  Tyx +Tox = Trrgx, oTpx = Tapr, TrroTyr = Trek,

where f,g € H=(2), a € C.
The neutral elements and units of the commutative linear rings He(§2) and
Ty are

0(h)=0, 1(h)=1 on £,
ORFz=0, IR*2=RFz forallkeNy, zckerD, Re Rp,

respectively.

Observe that
TO,h = 07 Tff,h = _Tf,h) Tl,h = -[7 h e K) f € HC(Q)

Moreover, if f € Ho({2) then f and 1/f are meromorphic in the set £ U {0}
and the function 1/f has singular points in {2 only at zeroes of f. These singular
points are poles for 1/f. So that, if f(h) # 0 on {2 then 1/f € H(2) and by
Lemma 1.1,

I'=Tiw=T/nn=TrnoTh/pn,  heK
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This implies that
[Tyn] = Thypn forallh e K.

By the definition, if f,g € H(f2) and T}, = T, for all h € K on the set S
then f =g on K.

It is well-known that if f,g € He(£2), f(hy)
sequence {hy,} has a limit point in 2, then f(h)
H_(£2), K C 2 is an open set and Tt = Ty 5, for all
the set 2. This implies

g(hy) for n € N and the
(h) in £2. Thus, if f,g €
h e K on S then f=gon

THEOREM 1.2. Suppose that D € R(X), an R € Rp is arbitrarily fived, K C {2
s an open set and Tk is the set of all families of functional R-shifts for D defined
on the set S induced by the set H(§2) and the operator R. Then the rings H(2)
and T are isomorphic. The mapping T : f = Ty k is an isomorphism of H.(S2)
onto Tk .

Clearly, Theorem 1.2 implies

COROLLARY 1.1 (cf. [5]). Suppose that all assumptions of Theorem 1.2 are
satisfied and Ty, denotes the set of all families of functional shifts for D defined
on S induced by the set H(2U{0}). Then

(i) The set T} is a commutative linear ring with the operations

Trx +Tox = Thrgrs oThx=Toprs ThaTyx = Trox
where f,g € H(2U{0}), a € C.
(ii) The rings H(£20{0}) and Ty are isomorphic. The mappingT" : f = T}
is a ring isomorphism of H(2U{0}) onto T} .

2. In this section we assume that X is a linear topological space. As before, {2
is a ring K,(0 < p < 400), an open set K C (2 is arbitrarily fixed, the function
f € H() has the expansion (1.2).

Let D € R(X) and F be an initial operator for D corresponding to an R € Rp.
Write (cf. [7], [18], [23]):

(2.1) Do := () Dk, where Dy :=X,Dj :=domD*(k € N),
keNy

(2.2) E) := ker(D — \I), XeC,

(2.3) E:= | Ex
AeC

(2.4) E*R) := ker(I — AR), \e€C,

Sj(cn)(D) = {x € Dy : Zakthk+"x is convergent for all h € K}, n € Ny,
k=0
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(25)  Sp(D):=S(D),
(26)  S¥(D):= () (D).

neNg

It is obvious that S C Ds C S3°(D) C Sy(D), where the set S is defined by
Formula (0.1).

In a similar way as in Section 1, we make

DEFINITION 2.1. Let X be a linear topological space and let f € H.({2) have
the expansion (1.2). Suppose that D € R(X),dimkerD > 0 and R € Rp. A
family Tt x = {Tfnthex C Lo(X) is said to be a family of R-functional shifts
for the operator D induced by the function f and R if Formula (1.3) holds for all
h e K, x € S§(D), where the set S§(D) is defined by Formula (2.5).

This definition immediately implies

PROPOSITION 2.1.  Suppose that D € R(X), R € Rp and Tt x = {Tfn}nek
is a family of R-functional shifts induced by a function f € He({2) and R. Then

(i) The operator Ty, of the functional variable f € H(f2) and the complex
variable h € K as an operator acting in the space Lo(Sf(D)) is linear, i.e.

Trfipgh = Nl +puTyn  forall f,g € He(82); A\ pueC.

(ii) For all h € K the operators Ty, are uniquely determined on the set S¢(D).

iii) If S¢(D) = X and Ty are continuous for h € K then Ty are uniquely
f /s I
determined on the whole space X.

THEOREM 2.1 (cf. [13]). Suppose that D € R(X),F is an initial operator
for D corresponding to an R € Rp and Ty x = {Ttnther is a family of R-
functional shifts induced by a function f € H-(2) and R. Let Ex # {0}, let
AK = {Ah:he K} C 2, where A € C and let Ey be defined by Formula (2.2).
Then

(i) E, C Sf(D)
(ii) For all h € K and x € Ej,

n—1 —k—1

(2.7) Tynz = fA)e — Y ( 3 aj()\h)j))\kRkFx.
k=0

j=—n
In a similar way as in the author’s work [7] (see also [14]) we prove

PROPOSITION 2.2. Suppose that D € R(X) and Ey = ker(D — \I) # {0} for
A € C with A\K C (2. Let Ty |, be the set of all families of functional shifts for
D induced by the set H(£2U{0}) defined on Ex. Then
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(i) The set Ty |g, is a commutative linear ring with the operations defined by
Formula (1.13).

(ii) The rings H(2U{0}) and T} |, are isomorphic. The mapping T' : f —
T} x is a ring isomorphism of H(2U{0}) onto Ty |g, .

Proposition 2.2 implies (cf. [7])
COROLLARY 2.2. Suppose that D € R(X), 2U{0} = KU{0} =C and Ty |g

denotes the set of all families of functional shifts for D defined on E induced by
the set H(C). Then

(i) The set Tj;|g is a commutative linear ring with the operations defined by
Formula (1.13).

(ii) If E # ker D, then the rings H(C) and Tj;|g are isomorphic. The mapping
T": f T} i is a ring isomorphism of H(C) onto Ty | k.

Suppose that all assumptions of Theorem 2.1 are satisfied. Then
E*R) = ker(I — AR) C E)
and
Tinz = f(AR)z  forall h € K, x € E*(R)

(cf. [13]). This implies that, in a similar way as in [7], we can prove

PROPOSITION 2.3. Suppose that all assumptions of Theorem 2.1 are satisfied
and EX(R) # {0}. Let Tk |pa(r) be the set of all families of functional R-shifts
for D defined on EX(R) induced by the set H—(2) and R. Then

(i) The set Tx|pr(r) is a commutative linear ring with the operations defined
by Formula (1.13).

(ii) The rings H=(§2) and Tk |gr(g) are isomorphic. The mapping T : f
Ttk is a ring isomorphism of H(§2) onto Tk|px(r)-

We need the following
LEMMA 2.1. Suppose that all assumptions of Theorem 2.1 are satisfied. Then
RP(Ey) C S§(D), peN,
and

(2.8) Tfthp.Z'

n—1 —k-1 -1 k+n
=3[y = 3 (3 W )R~ ST au iR
k=0 j=-n k=0  j=0

forallhe K, x € E), p€ N.
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Proof. Let h € K, x € E) be arbitrarily fixed. Observe that

p—1
(2.9) )prp:E:a:—Z)\kRka for p e N.
k=0

Indeed (by induction), if p = 1 then by the definition
ARz = R(A\x) = RDx = x — Fx.
Suppose Formula (2.9) to be true for an arbitrarily fixed p > 1. Then

p—1

NPHLRPHL = AR(APRP )2 = )\R(.r -y AkRkFx)
k=0

p—1 P
= ARz — Z NAIRE Py — ¢ — Fg — Z N RF 2

k=0 k=1

p
=z — Z MNeRFF2.
k=0

This proves Formula (2.9) for all positive integers.
Formula (2.9), Theorem 1.1 and Theorem 2.1 together imply

1 —1
TynB'w = Ty (A 72 = A7 pz NREFr) = A7 (Ty e pz Ty RV Fa)
k=0 k=0
n—1 —k—1
AP [f(Ah)x -y ( 3 ()\h)jaj))\kRkFa:
k=0 j=-n

Y ARy ak_jhk*JRﬂFx} for all p € N. m
k=0 =0

PROPOSITION 2.4. Suppose that D € R(X) and R € Rp. Let Eyx = ker(D —
M) # {0} and let A\K C §2, where A € C. Then the set Tx|g, of all families of
functional R-shifts defined on E) induced by the set H—({2) and R is a commu-
tative linear ring with the operations defined by Formula (1.12).

Proof. Let Ty k,Tyx € Tk|g, where f,g € H(f2) have the expansion
(1.5). Clearly, it is enough to show that for = € E)

TinoTypx=D""Ts ) Ty W R e =T, 0Ty px  forh€ K
and
TipoTynx =Trgpxe for h e K.
Let h € K, z € E) be arbitrarily fixed. By F' we denote an initial operator for D
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corresponding to R. Lemma 2.1, Formula (2.7) and Theorem 1.1 together imply

(Tyn 0 Tp)(x) = (D™ Ty 5Ty p) (R ")
n—1 —k-—1

= Dy, A0 [z = 3 (3 (e ) N REFa
m+n—1 k+n o

SNy ak_jh’“*jRjF-’L'} }
k=0 Jj=0
n—1 —k-—1
_ )\—(m-l-n)Dm-‘rn |:f(>\h)Tg,hx _ Z ( Z ()\h)jaj>)\kTg,thFﬂf
k=0

j=-n
m4n—1 k+n

> N ap B IT, W RIFa
k=0 7=0

m—1 —k—1

- )\_(m+”)Dm+”{f( [ Z ( 3 (AR )A’CR’“F@«}

n—1 —k-1 k+m —
= Z (D nYag)Ar > by kPR Fa
=—n =0
m-+n— Jl k+n pj-‘rm
>0 N ap b by PRI
k=0 j=0 p=0
m—1 —k—1
- x<m+”>{ FOR)gAR) D™ " — f(AR) 3 ( 3 (Ah)jbj)AkDm+”RkFx
k=0 j=—m
n—1 —k—1 k+m
- Z (D" na; ) A" 3 by b D Ry
=—n =0
m4n— jl k+n pj+m

ST N ap BTN by P DT R P |
k=0 j=0 p=0

- A—(m+n>{ FOR)gAR) AT+

m+4n—1 k+n Jj+m
Z )\kZak TN by kPR R
=n p=m-+n

m+n—1k+n j+m

= f(\h Z oY Aemenpkra b, JRPTTFa

k=0 j=np=m+n
m+n—1 k 7

= f(\h Z SN NemmenpkmmenTrg, b RP P

= j=0p=0
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m+n—1 k

B T Sy o S SN

k=0 p=0j=p
m+n—1 m+n—1 k

= f(Ah)g Z (> SO P by ) VR Fa

k=p j=p
m+n—1 m+n—1 k
= fORgOR)z — Y ( 3 (Ah)k—m—“—P(Zak_n_jbj_p_m))ApRpr
p=0 k=p Jj=p
m+n—1 —p—1 _ Jj+m
= FORgz — ( 3 (Ah)f( 3 aj,k,nmbkm,m))v}zpm
=0 j=—n—m k=—n
m:)—n—l ! —k—1 ' j+n
= FOR)g)e — 3 ( 3 (Ah)”( 3 bpaj_p))AkR’fo.
k=0 j=—n—m p=—m
Hence,
m+n—1 —k—1
(210)  Typ o0 Trpz = f(AR)g( Z ( 3« j))\kRkF:E,
j=—n—m
where ¢; = Z;—:zm bpaj_p, for j = —1,-2,...,—m — n. This proves that T, ; o

T¢px = Ty 0Ty pe. Formula (2.10),Theorem 2.1 and Formula (1.11) together
imply that T, , o Ty px = Tg pz. m

In a similar way as Theorem 1.1 we prove the following

THEOREM 2.2. Suppose that all assumptions of Proposition 2.4 are satisfied.
Then the rings H(12) and Tk |g, are isomorphic. The mapping T : f +— T} i is
a ring isomorphism of H(£2) onto Tk|g, -

Remark 2.1. In the author’s work [8]:

— an isomorphism of a ring of analytic functions onto a ring of functional
shifts defined on the space of D-analytic elements (cf. [19], [18]) is established,

— applications of rings of functional shifts to obtain summation formulas of
the Euler-Maclaurin type (cf. [15], [21]) are given.

References

[1] Z.Binderman, Complex R-shifts for right invertible operators, Demonstratio Math. 23
(1990), 1043-1053.

[2] —, On some properties of complex R-shifts, ibid. 25 (1992), 207-217.

[3] —, Some properties of operators of complex differentation and shifts, Scientific Bulletin
of L6dz Technical University, Matematyka, 24 (1993), 5-18.

[4] —, Cauchy integral formula induced by right invertible operators, Demonstratio Math. 25

(1992), 671-690.



18]
[19]

[20]
21]

[22]

23]

Z. BINDERMAN

Z. Binderman, Functional shifts induced by right invertible operators, Math. Nachr.
157 (1992), 211-224.

—, On periodic solutions of equations with right invertible operators induced by functional
shifts, Demonstratio Math. 26 (1993), 535-543.

—, A unified approach to shifts induced by right invertible operators, Math. Nachr. 161
(1993), 239-252.

—, On summation formulas induced by functional shifts of right invertible operators,
Demonstratio Math. 28 (1995), to appear.

—, Periodic solutions of equations of higher order with a right invertible operator induced
by functional shifts, Ann. Univ. M. Curie-Sktodowska 46 (1992), 9-22.

—, On some functional shifts induced by operators of complex differentation, Opuscula
Math. 14 (1994), 53-65.

—, Some remarks on sequential shifts induced by right invertible operators, Funct. Ap-
prox. 22 (1993), 71-84.

—, Applications of sequential shifts to an interpolation problem, Collect. Math. 44 (1993),
47-57.

—, Some fundamental properties of functional R-shifts for right invertible operators, Com-
ment. Math. 33 (1994), 9-22.

—, A note on functional R-shifts for right invertible operators, Discussiones Math., to
appear.

J. B. Miller, The standard summation operator, the Fuler—Maclaurin sum formula and
the Laplace transformation, J. Austral. Math. Soc. 39 (1985), 376-390.

Nguyen van Mau, Boundary value problems and controllability of linear systems with
right invertible operators, Dissertationes Math. 316 (1992).

D. Przeworska-Rolewicz, Shifts and Periodicity for Right Invertible Operators, Re-
search Notes in Math. 43, Pitman Adv. Publ. Program, Boston-London-Melbourne,
1980.

—, Algebraic Analysis, PWN — Polish Scientific Publishers, and D. Reidel, Warszawa—
Dordrecht, 1988.

—, Spaces of D-paraanalytic elements, Dissertationes Math. 302 (1990).

—, True shifts, J. Math. Anal. Appl. 170 (1992), 27-48.

—, Generalized Bernoulli operator and Fuler—Maclaurin Formula, in: Advances in Opti-
mization, Proc. 6-th French-German Colloquium on Optimization, Lambrecht, 2-9 June,
1991, Lecture Notes in Econom. and Math. Systems, 382, Springer, Berlin, 1992, 355—
368.

—, The operator exp(hD) and its inverse formula, Demonstratio Math. 26 (1993), 545—
552.

H. von Trotha, Structure properties of D-R spaces, Dissertationes Math. 180 (1981).



