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Summary

In 1979 the second named author proved, in a joint paper with J. Lawrynowicz, the existence
of a foliation of a bounded domain in C"™ by complex submanifolds of codimension k + p — 1,
connected in some sense with a real (1,1) C3-form of rank k and the pth power of the complex
Hessian of a C3-function w with imu plurisubharmonic and the property that for every leaf of
this foliation the restricted functions imu, reu and (9/0z;) imu, (8/0z;) reu are pluriharmonic
and holomorphic, respectively.

Now the theorem is extended in two directions: to holomorphically decomposable (k, k)-
forms, k < n, of class 03, and to exterior products of the complex Hessians of p plurisubharmonic
C3-functions. This vast generalization gives rise to considerable extensions of the existence
theorem of J. Lawrynowicz and M. Okada on a natural Markov process associated with the
foliation as well as to the study of some of its properties. The main result is that the diffusion
Xf uniquely determined by a foliation has the property that the sample paths of Xte remain to
diffuse on leaves. Next, the convex case is examined and some examples depending on special and
arbitrary holomorphic functions are presented. Since the foliations and canonical diffusions can
be constructed in those cases effectively, we arrive at some properties of holomorphic functions
on hypersurfaces, eliminating the inconvenient notions of foliations and canonical diffusions.
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1. Introduction and an outline of results

The paper is based on suitable extensions of a result on foliations by complex
manifolds, mentioned in the Summary and proved in [20, 21].

A real (k,k)-form {2 on a complex manifold M is called holomorphically de-
composable if for every x € M there is an R-linearly independent system of forms
aj and Jaj, a; € T;M, j =1,...,k, and J being the complex structure on M,
with the property

k
(1) /\ a; N Jaj = £02(x).
j=1
In Section 4, after some preliminaries on the generalized complex Monge—Ampére
equations (Section 2) and foliations (Section 3), the following result will be proved:

THEOREM 1. Suppose that D is an arbitrary domain in C™ and u : D — C
is a function of class C3(D) with imu plurisubharmonic in D. Let further (2 be
a holomorphically decomposable (k,k)-form, k < n, of class C3(D) such that, at
every point of D, the following conditions hold:

(2) QA (ddu)? =0, 2<k+p<n,
(3) QA (dd°u)P~ #0, df2 € ideal($2,dd° reu,dd®imu) if k=1,
(4) A =0 if k#1.

Then there exists a foliation Lyip—1 of D by complex submanifolds of D of codi-
mension k-+p—1 with the property that for every leaf M € Ly 4,1 the functions
imu|M and reu|M are pluriharmonic, but O(imu)/0z;|M and O(rew)/0z;|M
are holomorphic on M for each j =1,...,n.

Remark 1. Let M be a C*° manifold, A T*M the Grassmann bundle over
M, I an ideal in the sheaf of sections of A T*M, and I, the ideal in the fibre
NTEM of NT*M over x € M, defined by I. Let further O(x) be the subspace
of T, M consisting of all vectors X, € T, M such that the inner product i(X,) in
the exterior algebra A\ T, M, applied to I, is included in I,,. It is known that O
is completely integrable. Assume that I is generated by a set of differential forms
{w1,...,wg} of the same degree. In this case

Ox)={X, €T, M : X;|ws =0 for s=1,...,k}.
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If the forms ws have different degrees, then, in general,
{X, €T, M :2,X,;|ws =0 for s=1,...,k} < O(x).
Throughout the paper we assume that
Annl =0(z) :={X, € .M : X, Jws =0 for s=1,...,k}.

If the forms have different degrees, we assume, in general, that the w, are closed,
which implies that O is completely integrable provided that it has a constant
dimension. In fact, let X and Y belong to O, i.e., let

X|lws=Y|ws=0 for s=1,...,k.
We have to show that
[X,Y]Jws =0 for s=1,... k.
Let Lx be the Lie derivative with respect to the vector field X. Since
(X, Y]Jws = [Lx, (Y] )]ws = =Y [Lxws,  Lx = (X])od+do(X]),

we see that £Lxw,; = 0 and, consequently, we arrive at the desired relation which
proves the complete integrability of O.

In connection with Theorem 1, or rather with its particular case mentioned
in the Summary, it is natural to ask whether the hypotheses: w of type (1,1) and
C3, u plurisubharmonic, w® A (dd°u)P = 0, and dw € ideal(w, dd®u) imply

(5) d(w® A (ddu)P™1) € ideal(w”® A (dd°u)P™1).
It is clear that (5) is satisfied if
(6) dw € ideal(w).

Thus a counter-example has to be looked for among the situations where (6) fails
to hold. Let p = k =1 and n = 2. The function f(y1,y2) = log(y1/y2) satisfies
df Ndf ANOdf = 0 and is plurisubharmonic in {z € C? : y;/y2 > 0}. In order
to prove that in our case, for w = df A df, the condition (6) fails to hold, we
consider the distribution

Annw = span{X, Y},
where
X = (0/0z1) + [log(y1/y2) + 1(y2/y1)(0/0y1),

Y = (0/0x2) + [log(y1/y2) + 1](y2/y1)(9/Oya).
Since X,Y € Annw and [X,Y] € Annw, the distribution is not integrable, and
this suffices to conclude the proof.
In Section 5, we modify Theorem 1 so that (ddu)P in (2) can be replaced by

(7) (dch)p [Ziy,iﬁ] = (ddcul)jl A A (ddcup)jp7 jl + ... +jp =p,
y ooy Up

with 0 <jr. <p, k=1,...,p, 2 <p<n, and (dd°u)?~! in (3) by
(8) (dd)P g, ..., up) i= ddus A ... Addup—y AddUpiy A ... A ddu,.
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Unfortunately, we have to suppose that uq,...,u, are plurisubharmonic them-
selves. The modified Theorem 1 reads as follows:

THEOREM 2. Suppose that D is an arbitrary domain in C" and u; : D — R,
j=1,...,p, 2 < p<n, are plurisubharmonic functions of class C3(D) satisfying
in D, for every sequence (j1,...,Jp) of integers, 0 < ji, < p, j1+ ...+ Jp =D,
the conditions
(9) mfy[ﬁf“wﬁ(@:o, (dd°)? N, - up)(2) # 0

Ury ...y Up
with the notation (7) and (8), where the integer r(z) may, in general, depend
on z € D. Then there exists a foliation L,_1 of D by complex submanifolds
of D of codimension p — 1 with the property that for every leaf M € L,_1 the
functions ug|M are pluriharmonic, but (0/0z;)ug|M are holomorphic on M for
each j=1,....,nandk=1,...,p.

By combining Theorem 1 with Theorem 2 we obtain a corollary which, because
of its importance, will be called Theorem 3. Generally speaking, we consider D
and uj, j = 1,...,p, as in Theorem 2, but we multiply (9) by an arbitrary
holomorphically decomposable (k, k)-form 2, k < n, of class C?(D), restricted
only by the generalized conditions (9). If

(10) Uy =...=up = u,

then we adopt the hypotheses of Theorem 1. Our result reads as follows:
THEOREM 3. Suppose that D is an arbitrary domain in C" and

(11) uj:D—-C, j=1,...,p, 2<p<n,

are functions of class C3(D) with imu plurisubharmonic in D. Apart from the
case (10) we assume that u;(D)CR and uj, j = 1,...,p, are themselves plurisub-
harmonic functions of class C3(D). Let further 2 be a holomorphically decom-
posable (k,k)-form, k < n, of class C3(D), satisfying in D, for every sequence
(J1s---.Jp) of integers, 0 < j; <p,l=1,...,p, j1+ ...+ jp = p, the conditions

(12) Q/\(ddc)p[jl""’j”](Z)ZO, 2<k+p<n,
Ury ..., Up
(13) QA AV s up)(2) # 0,

df? € ideal(£2,dd reuy, dd®imuy, . ..,dd°reuy,dd imu,)  if k=1,
d2 =0 ifk#1

with the notation (7) and (8), where the integer r(z) may, in general, depend on
z € D. Then there exists a foliation Lyp,—1 of D by complex submanifolds of D
of codimension k + p — 1 with the property that for every leaf M € Lyyp,—1 the
functions w|M are pluriharmonic, but (0/0z;)u|M are holomorphic on M for
each j=1,...,nandl=1,...,p.

(14)
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In Section 6, Theorems 1-3 are used to prove the existence of natural Mar-
kov processes associated with foliations. They are of the form of special integrals
which, within the probabilistic potential theory, are interpreted as canonical dif-
fusions: in Theorem 4 we state not only their existence, but also uniqueness.
Section 7 is devoted to the properties of the diffusions; the main result, formula-
ted in Theorem 5, is that sample paths of the diffusion stay in each leaf of the
foliation. After some preliminaries on the Laplace-Beltrami operator on Rieman-
nian manifolds (Section 8) and an account of the harmonic theory on compact
manifolds (Section 9), the Laplace-Beltrami operator of the foliation is defined
and investigated in Section 10. Under suitable hypotheses, in Theorem 6 the exi-
stence of a canonical diffusion is proved, whose generator is the Laplace—Beltrami
operator on each leaf and the sample paths of the diffusion remain to diffuse on
each leaf associated with the admissible positive current in question. Theorem 6
is then used to construct the symmetric conformal diffusion. Sections 6-10 give a
considerable generalization of the results obtained in [28].

In Section 11 it is remarked that the concept of the Laplace—Beltrami operator
can naturally be extended to a more general context of Clifford analysis [23, 7],
for instance in the cases of the sphere and hyperboloid.

Next, Theorem 3 is applied in Section 12 to study complex Hessians invol-
ving convex functions. The main result is formulated as Theorem 7 which is also
illustrated in Section 13 by two examples. The (final) Section 14 is devoted to
the investigation of a particular case depending on two holomorphic functions
in D C C3. Since the foliations and canonical diffusions can be constructed in
those cases effectively, we arrive at some properties of holomorphic functions on
hypersurfaces, eliminating the inconvenient notions of foliations and canonical
diffusions. The most impressive case, considered in Section 14, gives rise to the
formulation of Theorem 8.

The present research can be considered, in some sense, a continuation of the
papers [24, 25, 12, 8].

2. Capacities on hermitian manifolds and the
generalized complex Monge—Ampere equations

Let M be a complex manifold of complex dimension n endowed with an her-
mitian metric h and a C* tensor field H of type (1,1). In particular, we may let
H depend on h or take as H an almost complex structure of the tangent bundle
T M, for instance the complex structure of M. Let further D be a condenser on
M, i.e. a domain whose complement consists of two distinguished disjoint closed
sets Cp and Cy (the condenser plates), q : M — C a continuous mapping (the in-
homogeneity function), and p a real number > 1. Consider the class adm D of all
plurisubharmonic C2-functions v on cl D satisfying the conditions 0 < u(z) < 1
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for z € D, u|0Cy = 0 and u|0Cy, = 1. Let (see [26])

c~ /2—1 c~ c\n—
(15) Cap,(D,q) ue;glan) fq u, du)? det Hdu A d°u A (dd“w) ,

where h(du, d“u) = hjkuuul%, u)j = (uo,ufl)U o in any local coordinate system
p = (u?) on M. Let further I' be a homology class of D with real coefficients
and dimI" = r. Consider all currents of I' (more precisely: corresponding to
the elements of I') in the sense of de Rham, and a locally finite open covering
U={U,:jel}of M. Denote by adm(D, U) the family of all plurisubharmonic
C>-functions u; on U; € D defined in each member of the covering which satisfy
the following conditions:

(i) the oscillation of u; in U; € D is less than one,
(ii) duj = duy in U; N U, N D # 0.

Condition (ii) describes a closed real one-form in D. Similarly Du; and dd“u;
are also well defined in D. Without ambiguity, we can write them omitting the
indices. Let (see [23])

(16)  Cap,(D,q, I U) = sup inf |T[q{h(d°u, d°u)}?/?>~* det HD"u]],
u€adm(D,U) Ter

where
Dy — {dcu A (ddeu) (=172 for r odd,
u = —
du A du A (dd°u)™/?>=1  for r even.
For a detailed description of the capacities (15) and (16) we refer to [25], and for
an example of their application to [27].

When looking for a complex analogue of the principle of Dirichlet (cf. e.g. [26])
a natural procedure is to take in (16) for I" the (2n — 1)-dimensional homology
class of level hypersurfaces {z € cl D : u(z) = const}. (In analogy, for a complex
counterpart of the principle of Thomson (cf. e.g. [26]) we had to take in (16) for
I' the orthogonal 1-dimensional homology class.) One should expect that under
some reasonable conditions, in particular if we take in (16) for admissible functions
only u defined globally with 0 < u(z) < 1 for z € D (we write u € adm D), both
capacities (16) and (15) will coincide.

The above idea, as well as both definitions in the case where H = J (the
complex structure of M), p = 2, and g = const, is due to Chern, Levine and
Nirenberg [6], but the affirmative answer is known only in very special subcases
[6, 19, 4]. In the case mentioned the functional minimized attains its minimum
for w = u if and only if u satisfies the complex Monge—Ampere equation

(ddu)™ = 4"nldet[u ;z]dV =0
involving the complex Hessian [u;z] = [(8*/02;0Z)u], where dV is the volume

element. This equation is a special case of the generalized complex Monge—Ampére
equations
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dd®(Fu) A (dd°u)""t =0, F e C?*clD),
or
(17) d(Gd°u) A (dd°u)""t =0, G e C*clD),
which play an analogous role for the general capacity (15) with
d°(Fu) = Gd°u, G = q[h(d°u, d°u)]P/?>~1 det H.

In the general case the function u is replaced by a system satisfying the condi-
tion (ii). We quote the following two propositions due to Andreotti and Lawry-
nowicz [1, 2]:

PROPOSITION 1. Suppose that:

(o) D has a piecewise Ct-smooth boundary and compact closure,
(B) n>2,p=2, and q is of class C!,

(7) u belongs to admD and satisfies (17), where G = gdet H,
(0) d(Gd°u) = fddu, f > (n—1)"1G, f being of class C1.

Then the infimum in (15) is attained for the u in question.

Remark 2. Proposition 1 remains valid for n = 1. In this case the condition
(6) is superfluous.

PROPOSITION 2. Suppose that () and (3) hold and that:

(€) the infimum in (15) is attained for some u,

(n) d(Gd°u) = fdd°u, G = qdet H, f being continuous.
Then u satisfies (17).

Remark 3. Proposition 2 remains valid for n = 1. In this case the condition
(n) is superfluous.

3. Foliations

We give some preliminaries on foliations. Here we refer to [5] and [29].

By a p-dimensional C"-foliation of an m-dimensional C"-differentiable man-
ifold M we mean a decomposition of M into a union of disjoint connected
subsets {L; : j € I} (I always uncountable) called the leaves of the foliation,
with the following property: Every point of M has a neighbourhood U and a
system of local C"-differentiable coordinates = = (x!,...,2™) : U — R™ such
that for each leaf L; the components of U N L; are described by the equations
2PT1 = const, ..., z™ = const.

Foliations arise naturally in various situations in mathematics and it is in-
structive to give some examples.

EXAMPLE 1. Submersions. Let M and N be C"-differentiable manifolds of
dimension m and n, m > n, respectively, and let f : M — N be a submersion,
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that is, suppose that rank(df) = n. It follows from the Implicit Function Theorem
that f induces on M a C"-foliation of codimension n whose leaves are defined to
be the components of f~!({y}) for y € N. Also differentiable fibre bundles are
examples of this sort.

EXAMPLE 2. Subbundles of the tangent bundle of a C"-differentiable manifold
M. We say that a smooth subbundle £ C T'M is integrable if and only if for any
two smooth sections X and Y of E the section [X, Y] is also a section of E. By the
Frobenius theorem the set of all maximum integrals Ey of E (i.e. submanifolds of
M such that T, Fy is contained in the fibre over z of the subbundle E for every
x € Fy) forms a foliation of M.

A foliation also appears as the family of solutions for some nonsingular system
of differential equations [30] (cf. Example 2). The study of foliations is relevant to
the global behaviour of solutions. For instance, a nonsingular system of ordinary
differential equations, when reduced to a first order system, becomes a nonvan-
ishing vector field. The local solutions (orbits of the local flow generated by the
vector field) form a 1-dimensional foliation.

One can consider analogously ordinary differential equations in the complex
case (where dependence on the variables is holomorphic). One obtains nonsingular
holomorphic vector fields and the corresponding foliations by complex curves.

Let now M be a 2n-dimensional C'*°-differentiable manifold and let T'M be
its tangent bundle. Let J denote an almost complex structure on M. The spaces
TMY0 and TM®! may be defined by the splitting TM @ C ~ TM'° + T M,
where a = 1(a—iJa) + 1 (a+iJa). Hence also T*M ®g C ~ T* M0 +T*MOL.
Under this splitting, d = 9 + 9. We shall use the notation 9; = 9/9z; and
0; = 0/0z;. We denote by

APIM = AP(T* M) A AY(T* M)

the space of forms of type (p,q) on M, and the space of k-forms on M is given
by

AFM = € APIM.
pFq=k
We also extend J* (the adjoint of J) to

AM) = AFm
k

by the rule J*f = f if f is a O-form and, in general, by J*({ An) = J*E A J*n.
If X € TM ®p C is any tangent vector, then X | : A¥ — A*~! is the contraction
by X defined by

(ij)(Yl, ooy kal) = w(X, Yl, ceey kal),
where w € A¥M and | stands for the inner product. If F C A(M) is an ideal,
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then
AmF ={Xe€TM: X|weF foral we F}.
The following lemma can easily be established [3]:

LEMMA 1. Let F = (w1,...,wk) be the ideal of AM generated by q-forms
Wi, ...,wg. If dF° C F, then Ann F is involutive, i.e. for X,Y € Ann F we have
[X,Y] € Ann F.

Proof. The assertion easily follows from the identities [X,Y]| = [Lx,Y]]
and Lx =do X |+ X | od.

We also have (see [3])

LEMMA 2. If F = (w1,...,wk) is an ideal of A*D, D C C", generated by real
(1,1)-forms, then Ann F is J-invariant.

Proof. The conclusion follows from the observation that every real (1,1)-
form w may be diagonalized into the form w = +b; A Jby £...£ b, A Jb,, where
bi,...,by are real 1-forms.

The following lemma is important for our considerations:

LEMMA 3. Let wy and wo be real (1,1)-forms with we > 0, and let there
exist a;,b; € T*D, D C C", such that wi = Y +aj A Jaj, we = —> b; A
Jb;. Then dimspan{a;, Ja;,bj, Jb;} = 2p if and only if (w1 + iwz)? # 0 and
(wl + iwg)p+1 =0.

For the proof we refer to [3].

Remark4. There are situations in which the condition wy > 0 is unnecessary.
For instance, if wy and ws can be simultaneously diagonalized, then the conclusion
remains valid.

4. Proof of the existence theorem in the holomorphically
decomposable case

We prove Theorem 1. The ideal in question,
F =ideal(£2,dd re u,dd® imu),

is d-closed and invariant under J, the complex structure of the tangent bundle
TD. It follows from (3) that the annihilator of F,

AmF ={X e€TD: X |2 =X|ddreu =X |dd°imu = 0},

has complex codimension at least k + p — 1. To show that it is exactly kK +p — 1,
for every z € D we select forms ¢, ay, b, € T D such that

k r s
Q:i/\cj/\ch, ddcreu:Zj:a,.@/\Jam ddcimu:Zib,\/\JbA.

j=1 k=1 A=1
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We claim that the real dimension of the real span of
{¢j, J¢j,an, Ja, by, Jbr} =V*

is exactly 2(k + p — 1); we already know that it is at least 2(k +p — 1). Let us
choose a J-invariant complementary subspace of

Vo =span{c;, J¢;}, ie. VI =V"a V7.
Thus we have
Ur = O +Yes  bx=Pr+0x, OBy €VY, 9s,00 €V
By definition of V*, span{a, Jay, Bx, JOr} = Vi*. Therefore

T k
(18) ddcreu:Zian/\Jozn+Z(cj/\sj—i-ch/\aj),
k=1 j=1
s k
(19) ddcimu:Z—ﬁ)\/\Jﬂ)\—i—Z(Cj/\tj—l-JCj/\Tj).
A=1 j=1

We have dimg V*>2(k+p—1). If dimg V* >2(k + p), then we would obtain
dimg V¥ > 2p. On the other hand, Lemma 2.3 in [3] states the following: Let
w1 and we be real (1,1)-forms with wy > 0, and let there exist a,, B\ € T*D,
D c C™, such that

(20) (,ul:Z:l:oz,.i/\Jam wgz—Zﬁ,\/\JﬁA.
Then dim span{a, Jay, Bx, JOr} = 2p if and only if
(w1 +iwa)? #0 and  (wy + iwe)P T = 0.
Hence, in our case we would get, in particular,
(Z:ia,.C A Jay, —iZﬂ,\ A Jﬂ)\>p #0
since {au, Jau, Bx, JOx} spans Vi*. But this would imply, by (18) and (19), that

k
21 (ddeuy = (£ N\ ¢ 7 Jes) A D Fan Adaw — i By A JBy
j=1

k
p
+Z(Cj/\Sj+JCjAUj+iCj/\tj+iJCj/\Tj)]

which contradicts (2). Thus indeed dimg V* = 2(k +p — 1).

Consequently, the complex codimension of Ann F'is exactly k+p—1. On the
other hand, by (4), F is d-closed, so it is integrable and, by the classical theorem
of Frobenius, this gives the required foliation £, 1_1.



14 J. Lawrynowicz, J. Kalina and M. Okada

If we denote by ¢ : M — D the inclusion mapping (the holomorphic mapping
of the leaf M in question into D), then +*u = u|M and hence

(21) 8M5M(u\M) = 6M5M (Z* re u) + Z@MEM (’L* im u)
=1*90reu +i(1*00imu) = 0,
since TM C Ann(dd®rew,dd®imu). This proves that the functions imu|M and

reu|M are pluriharmonic.
Finally, we have to show that the functions

(22) (imw);|M and (rew);|M, where f; =0f/0z,
are holomorphic. Consider an arbitrary vector field
(23) X =Y C'(0/0z) € TM.

j=1

The bundles TM and JTM are contained in Ann(dd°reu,dd®imwu). Hence
X |dd®reu = X |dd®imu = 0; but this is equivalent to

n n
ZCj reuy;; = ZC’j imuy;; =0 for every system ct,...,cm),
j=1 Jj=1

C7 being real numbers, so re up;5| M = imuy;z|M = 0 for each j. This proves that
the functions (22) are indeed holomorphic, and so concludes the proof.

Remark 5. There are situations in which the condition ws > 0 in Lemma 2.3
in [3] is unnecessary. As is noticed there, if the forms (20) can be simultaneously
diagonalized, then the conclusion remains valid.

Remark 6. If the domain D in Theorem 1 is bounded and wu is, in addition,
continuous on cl D, then the functions rew, imwu, |(rew));| and |[(imw);| satisfy
the weak mazximum principle in cl D, i.e. the maximum of reu on cl D is equal to
the maximum of reu on 0D etc.

5. Proof of the existence theorem
in the exterior product case

Now we prove Theorem 2. As mentioned before, the method is essentially
different from that applied for Theorem 1. Consider the ideal

F =ideal(dduy, ..., ddu,).

It is d-closed and invariant under J, the complex structure of T'D. Unfortunately,
in contrast to Theorem 1, it is not obvious now that

AmF ={X e€TD:X|ddu; =0 forall j =1,...,p}
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has complex codimension at least p — 1. To show that it is exactly p— 1, for every
z € D we select forms ai,js=1,...,ks, s=1,...,p, such that

kS

ddug = — a? ANJal

o G s=1,...,p.

js:]-
The possibility of decomposing each ddus in the form as above follows from the
plurisubharmonicity of us and, in particular, from its positive definiteness.
We claim that the real dimension of the real span of
j 1 . .
{Q;I,Jajl,...,afp,g]a?p =1k g =1, k) =V

is at least 2(p —1). In order to prove this, consider, at every z € D, the 2p-vector

! ! l 1 .
(24) w=aj, NJaj, ANooohap Naf, 1<Il;<p, 1<js<k, s=1,....p.

If it is not zero, then it is built from linearly independent vectors which form
a basis of a J-invariant subspace of T.D of (complex) dimension p — 1. If ' is
another 2p-vector of the form (24) generating the same subspace, then

A B

! . _
(25) w =tw with ¢ of the form ¢ = det [—B A

>0
Now, from the second relation in (9) it follows that at the z in question, there is
a 2(p — 1)-vector

_ 1 1 r—1 r—1 r+1 r+1 P
wr =aj ANJaj Ao Na; T NJag T Nag TN Jag TN N ag

A Ja¥
P

(with = r(z)) which is not zero, so it is built from linearly independent vectors
that form a basis of a J-invariant subspace of T, D of (complex) dimension p — 1,
in general different from the previous (p —1)-dimensional subspace of T, D. Hence
dimg V* > 2(p — 1).

Now we claim that dimg V* = 2(p — 1). Suppose the contrary. In view of the
previous conclusion this would mean that dimg V* = 2m > 2p, m being a positive
integer. Thus there would exist a system of linearly independent vectors

1 1 1 1 P P
26 a,q,Jag, ..., a Ja e Ja
( ) ( i1 17 ’ t_glv t%SI’ ’ tgp’ té’p)

with s1+...+s,=m >pand 0 <s; <m, j=1,...,p. Consider the differential
form

wz(ddc)p[sl,...,sp}

Ury ..., Up

Since the vectors of the system (26) are linearly independent, the 2m-vector wy,
defined as the wedge product of all the vectors of (26), would not be zero. Next,
regarding ¢ as a vector, we would observe that the totality of its addends different
from zero would form a C-basis of the vector space V*, so according to (25) they
would differ from wy by a factor ¢ > 0. Therefore we would have ¢ = (3 t;)wo,
where each t; > 0. This would mean that ¢ # 0, but ¢ = 0 by the first relation
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in (9), where we can take j; = s1,...,j, = s, because of the arbitrariness of
(41s---,Jp)- Thus indeed dimg V* = 2(p — 1).

Consequently, the complex codimension of Ann F is exactly p—1. On the other
hand, however, I is d-closed, so it is integrable and, by the classical theorem of
Frobenius, this gives the required foliation £,_.

If we denote by ¢ : M — D the inclusion mapping (the holomorphic mapping
of the leaf M in question into D), then *u = uy|M for k = 1,...,p and hence,
in analogy to (14), we get

8M5M(Uk‘M) = 8M5M(z*uk) = z*@guk = 0, k= 1, ey Dy

since TM C Ann(ddus,...,dd°u,). This proves that the functions uy|M are
pluriharmonic.

Finally, we have to show that the functions uy,;|M are holomorphic. Consider
an arbitrary vector field (23). The bundles TM and JTM are contained in
Ann(dd®uy, . ..,dd°u,). Hence X |dd“u;, = 0, but this is equivalent to

n n
Z Cluklj[ = ZClukﬁj =0 for every system (C',...,C"),
=1 =1

C7 being real numbers, so uy;71M = 0 for each j. This proves that the functions
uy|;|M are indeed holomorphic, and so the proof is complete.

Remark 7. If the domain D in Theorem 2 is bounded and the functions u;,
Jj =1,...,p, are in addition continuous on the closure cl D, then the functions u;
and |ug);| satisfy the weak maximum principle in cl D in the sense of Remark 6.

Proof of Theorem 3 is a minor modification of Theorem 1 in the case (10),
and of that of Theorem 2 in other cases.

Remark 8. Theorem 3 can still be generalized by using the complex variant
of the theorem of Frobenius, due to Nirenberg [30, p. 175, Th. 1], instead of the
classical theorem. This will be the subject of a separate study of the second named
author.

6. Natural Markov processes connected
with the foliation £;,_;

Theorems 1-3 may give complex foliations that generate some natural Markov
processes. From now on we suppose the form {2 in Theorem 3 to be nonnegative.
We consider D and uj, j = 1,...,p, as in that theorem. Let 6 be the positive
current of type (n — 1,n — 1) defined by

(27) 0 := (dd°|2[)""F P A QA (dd)P u, - up)

where (dd®)P~! is given by (8) and the integer r is supposed to be independent
of z€ D.
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We associate with (27) the Dirichlet form Ey defined by

(28) Eo(p, ) := [ dpndy A0 for o9 € C}(D).
D
We note that, by Stokes’ theorem, we have

(29) Eg(p,v) = — [ wddp A0+ [ ody A db,
D D

which means that i is Ey-harmonic if and only if
(30) (Loyp)dV :=dd N0 — d N df =0,
where dV is the canonical Kéahler form of C™.

LEMMA 4. Ey is closable on L?(D,dV), which implies that L¢ has a self-
adjoint extension on L*(D,dV).

Proof. We proceed in analogy to the proof of Lemma 1 in [11]. By [10], pp.
4-5, it is sufficient to show that for any sequence 1, € C2(D) with

Eo(j —Yr,pj — ) =0 as j,k— o0

and
fw,%dV—M) as k — oo,
D

we get
Eo(Yr, k) — 0 as k — oc;
yet this is obvious since 6 and df have continuous coeflicients.
Now we follow the general line of correspondence of the diffusion, a specific
Markov process, to our Dirichlet form; cf. [10-12]. Firstly, for any ¢, € C3(D),
we have

(31) Eo(p,9) = = (¢, L) 12

Secondly, by Lemma 4, Ly can be considered a self-adjoint operator on L?(D,dV)
in the sense that Ly has a closed extension which is self-adjoint on L?(D,dV).
Thirdly, as in [28], for any complex number v with |arg~y| < 7 — €, € being fixed
and positive, we get

(AL = Lo) ™! < const /(|A] + 1),

where [ is the identity operator. By the Hille-Yosida theory of semi-groups, espe-
cially Corollary 2 in [34], p. 249, Ly — Al is the infinitesimal generator of an
equicontinuous semi-group {7} : t > 0} of class (Cp) such that
To=1, Ti=-exp(tly) for t>0.
Summing up, since, by construction, 73 inherits the Markov property (cf. e.g.
[10], p. 88), it yields a family of transition functions

(32) {p?(z,y):t>0, 2,y € D}
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with the property

(33) Tif(@) = [ pl(z,y)f(y)dV(y) for fe L*(D,dV),
D

which gives the desired diffusion X7, that is, a Markov process with continuous
sample paths, associated in a natural way with the corresponding foliation Ly,—1
whenever this foliation exists by Theorem 3. Therefore we have proved

THEOREM 4. Consider an arbitrary domain D, arbitrary functions (11), and
an arbitrary nonnegative form (2, satisfying all the hypotheses of Theorem 3. In
addition, suppose that the integer r = r(z) in (13) is independent of z € D. Then
to any positive current 6 of type (n—1,n— 1), defined by (27), there corresponds
a unique diffusion X? determined by a family of transition functions (32) with
the property (33).

Moreover, we have the following corollary to this theorem, which is obtained
immediately, by Theorem 3:

COROLLARY 1. Under the hypotheses of Theorem 4, to any foliation Lyyp,—1
described in Theorem 3 there corresponds a unique diffusion X, that is, a Mar-
kov process with continuous sample paths, determined by a family of transition
functions (32) with the property (33).

Remark 9. The current € given by (27) is not always d-closed. For instance,
as proved in [28] (Proposition 1), if u and ¢ are real smooth functions such that
we have, on D,

du A (ddu)? =0, ¢#0, doAduAduA (ddu)P~ #£0,
then u and 2 = ¢du A d°u satisfy the hypotheses of Theorem 1.
Remark 10. If we take v and {2 as in Remark 9, then
0 = (dd°|z|>)" 1P A pdu A d°u A (ddu)P?.
Let us normalize 6 taking 0y = ¢~'6. Then, as noticed in [28],
(Low)dV = dd°y N — d°t A df = ¢[(Lg,00)dV — d°¢ A dlog ¢ A bo),

so X! is a diffusion which differs from Xf ° by a drift force due to —d“w¥Adlog ¢Aby,
up to time change caused by ¢.

7. Properties of canonical diffusions

Consider the sample paths [18] of the diffusion X?, determined uniquely in
Theorem 4. We prove the following generalization of Theorem 3 of [28]:

THEOREM 5. Consider any foliation Lyy,—1 determined in Theorem 3 and let
M be its arbitrary leaf. Then the sample paths of the diffusion X?, determined
uniquely in Theorem 4 by that foliation, remain invariant on M.
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The proof is based upon four lemmas. Firstly, we have

LEMMA 5. With any foliation Lyy,—1 determined in Theorem 3 we can asso-
ctate the annihilator

(34) AmF={XeTD:X|a=0
for a =2, dd°reu;, dd°imu;, j=1,...,p}
of the corresponding ideal
(35) F =ideal(£2,dd°reuy,dd® imuy, ..., dd° reu,, dd®imu,);
(34) is the set of J-invariant involutive tangent vector fields of constant real
dimension 2(n — k —p+ 1), where J is the complex structure of TD.
The proof is obvious. Secondly, by the classical theorem of Frobenius, we get

LEMMA 6. Under the hypotheses of Theorem 3, there locally exist q := 2(k +
p — 1) real-valued functions fj, j =1,...,q, such that each leaf M of Lyip—1 is
given by

(36) {zeD:fi(z)=C;, j=1,...,q},
where the C; are real constants and
(37) span{df; : j =1,...,q} = (Ann F)=.

Further, we have

LEMMA 7. Fiz a point of the domain D in question, D C C", and its suffi-
ciently small neighbourhood Dy C D, Dy # D, where all the functions f; of (36)
are defined. Select forms
(38) cj,aj ,b; j=1,...0k, js=1,... ks, s=1,...,p,

js 77 )s?
such that

k ks
N=+ N\e¢nJe, ddreu,=-Ya; AlJaj,

Jj=1 Jjs=1

kS
ddcimuS:—ijsAijs, s=1,...,p,
jszl
where J denotes the complex structure of TD and, for any r # ', ¢, and ¢, resp.
ar and a. resp. b, and by are mutually orthogonal with respect to the Kdhler
metric of C"™. Suppose (without any loss of generality) that

{ej, Jej, a5, Jai b3, JbS 1 j,js and s as in (38), s < p}

s a basis of

Vi" == span{c;, Jcj, aj , Jaj b5 , Jb5 i, js and s asin (38), s < p}.

Choose V3 as a J-invariant complementary subspace of

Vg = span{a; ,Jaj ,b; ,Jb; :j,js and s as in (38), s < p},
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t.e. V' =V @ V5 so that
cs=c,ta or co=c b7, wheread resp. V € V5 and ¢, € V3
if k < p, we set ¢, =0 for s >k; if k > p, we set

ay =0 or b =0 fors>p.

Neat, take k mutually orthogonal elements ¢, ..., ¢} of V5 such that
V5 =span{c, Je{,... ¢}, Jci}.
Then
(39)  (AnnF)*
=span{c/, Jc{,...,c, Jcp, a1, Jay, by, Jby, ... ap—1, Jap—1,b1, Jbyp_1}.

Proof. The verification of (39) is straightforward. Note that dimg V}* = q.

LEMMA 8. Fiz zg € D and its sufficiently small neighbourhood Dy C D,
Dy # D, where all the functions f; of (36) are defined. Then

dfy A2 A (dd)E s up)(2) = 0,

d°f; A2 A (ddC)f(; [u1, ..., up)(z) =0,

with the notation (8), where the integer r(z) may, in general, depend on z € Dy.

(40)

ZED(), jzlv"'vpa

Proof. By Lemmas 6 and 7, in particular the formulae (32) and (39), we
have, on Dy, for each j =1,...,p,

&y A2 A (R ) (2)

k p—1 ks ks
zconstdfj/\(:t/\cj/\.]cj> (Zajs/\JajS)/\(Zb‘;;/\bj;)
s=1 j.s‘:]- J.;zl

p—1

j=1
k ks ks
= constdf; A (£ \fnadf) N\ (D as ndas ) (D, An) =0
j=1 =

s=1  jo=1
Moreover, d°f; = —J(df;) and, by J-invariance of (37),

span{J(df;):j=1,...,q} = J[(Ann F)*] = (Ann F)*,
so we also get the latter equality in (40).

Proof of Theorem 5. By applying the operator d to the latter equality
in (40), we have, on D,

(41) dd°f; NG —d°f; AdO =0, j=1,...,q,

that is, by (30), f; is Ep-harmonic, i.e. Lgf; = 0. Next, we observe that, by (40)
and (41),

Lo(f?) = 2f;Le(f;) + 2(df; A d°f; A 0)/dV = 0.
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Hence, by applying the Dynkin formula (cf., e.g., [18], p. 232) to [f; — f;(20)]?(X?)
with X§ = 29, we get
EZO{[fj (Xte/\g“) - fj(zo)]2}
= B [f7 (X)) = 2£5(20) Bxo Lfi (XEn)] + £7(20) Bz [1]

= f3(20) — 2/} (20) + f7(20) = 0
with ¢ being the first hitting time ([10], p. 91) of 0Dy, by virtue of the Dynkin
formula, applied again to ij(Xf) and f;(X?). Therefore fj(XtH/\() = f;(X?) for
anyt >0,j=1,...,q, that is, XfAC does not quit the level surface of f;. Since this
fact holds locally at any point of D, the sample paths of the diffusion X?, uniquely
determined in Theorem 4 by the foliation £ ,_1, remain indeed invariant on M.

Theorem 5 yields

COROLLARY 2. If a positive current 0 of type (n —1,n — 1), of the form (27),
is d-closed, i.e. df=0, then holomorphic functions are Eg-harmonic, that is, X}
s a symmetric conformal diffusion.

8. Laplace—Beltrami operator on Riemannian manifolds

Let M be a Riemannian manifold of dimension m with a Riemannian scalar
product g. There exists a unique connection V on M, the so-called Riemannian
connection for g, which is torsion free and for which ¢ is parallel (Vg = 0).

The curvature tensor R of V is defined by

R(X,Y)Z =VxVyZ -VyVxZ —Vixy|Z
for arbitrary vector fields X, Y, Z. The Ricci tensor is the trace
Ric(X,Y) = trace(Z — R(Z,X)Y).

The scalar product g may be extended onto the whole tensor algebra of M, in
particular, onto the exterior algebra of smooth differential forms on M,

A(M) = P AP M.
p=1
For example, if z € M, and v,w € T; M, we get
g(v,w) = g(v*, wh),

where v¥, w! are tangent vectors dual to v and w, respectively. If, now, vi A...A
Vp, w1 A ... ANwy € AP TFM, then

g A AV WL AL A Wy) = Zs(ﬂ)g(vl,wm) o g(vp, wr, ),

s

where the sum is taken over all permutations m = (my,...,m,) of {1,...,p}.
Assuming that the spaces AP and A? are orthogonal for p # ¢ we extend g onto
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the whole A(M). The use of the same letter ¢ for the extended product should
not be confusing.
For any two smooth forms A\, € A(M) we define the global scalar product

(,) by
M

where Vol is the volume of the metric g (M is assumed to be compact and
oriented).

Now, take one of the simplest and most natural first order differential operators
d: A(M)— A(M). We are interested in finding its formal adjoint d*. To this end
let us introduce the Hodge-star homomorphism * : AP — A" P. It is uniquely
determined by the condition

(43) g\, pw)Volpyr = AA*p, A € AP,

The homomorphism x may be extended onto the whole algebra A.
The properties given below follow directly from the definition (43):

(4) a0 = (1D
and
(45) g *p) = g(A, ).
By (42) and (43) we get
(46) M)y = [ Anwp,  Ape AP
M

When applying the Stokes theorem to (\,v) we get, by (44)—(46),
(d\, vy = (\,W*d*wv),

where w and @ restricted to AP denote multiplication by (—1)P and (—1)P(»=P),
respectively.

Consider the operator

d"=U*xd*w.

Then d* is formally adjoint to d in the sense that
(47) (dX\,v) = (\, d*v).
It is a first-order linear differential operator on M.

By the definition (47), the properties (43) and (44) of * and the well-known
properties of d one can easily check the following properties of d*:

(i) d* : AP — AP~! in particular d* f = 0 on functions f,
(i) d*d* =0,
(iil) d*\ = (=1)"PTDFL  dx X X € AP,
in particular, if n is even,

(iv) d* = — x d*.
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Now, using d and d* we can build the Laplace—Beltrami operator as follows:
(48) A=d"d+dd".

PROPOSITION 3. The Laplace—Beltrami operator A is a second-order linear
differential operator and it has the following properties:

1° A: AP — AP, while A = —3%,9%/(0z")? on functions in M = R™,
2° ¥ A = Ax,

3° A= (d+d*)?,

4° (AN, ) = (A, Ap),

5° if Ap =0, then (AX, u) =0,

6° AN =0 if and only if dX =0 and d*A =0

Proof. 1° is evident. 2° is numerical. 3° is a consequence of the fact that
d? =0 and d*? = 0.

4°: By (47) and (48), we get (AN, u) = ((d*d + dd*)\,p) = (d*d\, p) =
(dd*Ap)y = (N, dd*p) + (A, ddp)y = (N, Au). 5° is a consequence of 4°.

6°: The implication “<” is evident, so if A\ = 0 then 0 = (A\, u) = (
dd* )X\, \) + (dA,dN\) + (d*\,d*A). This implies that dA = 0 and d*\ =
completes the proof.

(d*d +
0, and

9. Harmonic theory on compact complex manifolds

Let M be a compact connected hermitian manifold of complex dimension
n = 2m. We wish to find canonical representatives for the Dolbeault cohomology
groups Hg’q(M ). To do this, we copy the development in the real case replacing
d by 0 and adding complex conjugate signs in various places.

First, the hermitian metric on M induces a hermitian inner product (, ), on

each space A\”?T}¢(M) and hence it induces a “global” hermitian inner product
on AP9(M) by

(W)= [ ((x),n(@))sdV(z) for v,y € AP

M

making AP>? a complex pre-Hilbert space. The star operator x : A7 — A™~Pm—4
is defined by the requirement that ¥ (z) A *n(z) = (¢¥(x),n(x)).dV (z). By the
above it is easy to verify that xxn = (—=1)PT4y for every n € AP*4. We recall the
following

PROPOSITION 4. The formal adjoint 8 : AP9 — AP9=1 of 9 : AP9=1 _, AP
s given by
9 = —x0x.
The O-Laplacian Ag 0 APT — AP s defined by Az = 00+ . A (p, q)-form

1 is said to be 9-harmonic if Az = 0.
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Let us denote by HP*9 = ZP-1/BP:? the (p, q)-cohomology group in the sense
of Dolbeault. Now let a Dolbeault cohomology class [¢)] € HP'? be represented by
a (p, q)-form 9. Then each d-closed (p, ¢)-form in this cohomology class is of the
form 1 + On, where nn € AP9~1. Thus, the set of d-closed (p, q)-forms in a given
cohomology class is an affine subspace S C AP*4. A natural question is whether
there exists a form which has a minimum norm in S. Since AP*? is not complete
there may not be such an element. To study this we find a criterion for ¢ to have
a minimum norm. First note that |9 + dn||> = [|¥]|? + ||0n]|> + 2 e, In). Then
we again recall a few well-known propositions.

PROPOSITION 5. A O-closed ]E)*rm ¥ 15 of minimum norm within its Dolbeault
cohomology class if and only if 0 ¥ = 0.

PROPOSITION 6. Agyp = 0 if and only if O = 0.
Define Hg’q(M) = {¢ € API(M) : Az2p = 0}. We have

PROPOSITION 7 (the Hodge decomposition). For any integers p and q with
0<p<m0<qg<m, Hg’q 18 finite-dimensional and the following orthogonal
direct decomposition holds:

AP = HPY @ Ag(AP) = HPY & 9(AP9™!) & O(AP~19),

If we denote by W(ngq)L the orthogonal projection on (ng)J_ then by the
Hodge decomposition we can define the operator G = (A (Hg’q)J—) — (D)L
AP — (Hg’q)L. It is bounded, self-adjoint and compact. Moreover, it has the
following properties:

9oG=God and 9 oG=0 oG,
id:ﬂ'Hg,q +Az0G  on AP,

G is called the Green operator for Az and, by the definition, G(c) is the unique
solution of Azw = a — Tyrea in (Hg’q)i.
o)

COROLLARY 3. Fach Dolbeault cohomology class contains a unique harmonic
representative, i.e.

ker Az ~ Hg’q.

On a compact Hermitian manifold we define a number of operators on the
—_— -k
space A such as d, 0, 0, their adjoints §, 9*, 9 and the associated Laplacians
Ag=dd+dd, Ap and Ag, respectively. We define three more operators:

1) d° = (i/4m)(0 — 9);

2) L: AP9 — APTLa+l by the formula L(n) = n A w, where w is the funda-
mental form;

3) A= L*: AP9 — AP+LatL formally adjoint to L.
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Note that d¢ (like d) is a real operator and
dd® = —d°d.
On a general Hermitian manifold there are no simple relations between these

operators. In the Kahler case, however, we shall establish some of Hodge identities
joining them together.

LEMMA 9.
(i) [A,d] = Aod—do A= —4rd®™, (iii) [4,0] = —i0*,
(ii) [L,d*] = 4md®, (iv) [A,0] = iD .

Proof. For the proof see [17].
From the above lemma we easily get the following

LEMMA 10. On a compact Kahler manifold
[L,Aq) =0 and [A,Aq] =0.

Proof. Since w is closed,
dwAn)=wAdn or [L,d]=0and][A,d]=0.

Then A(dd* + d*d) = (dAd* — dxd®*d*) + d*Ad = dAd* + dnd* + d°* + d* Ad =
(dd* + d*d)A.

Lemmas 9 and 10 enable us to prove the following fundamental fact about the
complex Laplace—Beltrami operator.

PROPOSITION 8. On a compact Kdhler manifold
Ag =245 =24,.
Proof. First, we show that 90 +9 0 =0. Since
A0 —9A =48,
it follows that
i(@g* + 5*8) = 0(A0 — 9A) + (AQ — 0N)0 = dAD — IAD = 0.
Then
Ag=0+0) (0 +d )+ (0*+0)(0+0).
Finally, we show that Ay = Agz:
iy = B(AT — DA + (AT — TAYD = DAT — JIA + ATD + DAD
and
iAy = O(AD — OA) + (A0 — 0A)D = A — DOA + ADD + OND = i,

which proves our proposition.

COROLLARY 4. On a compact Kéihler manifold, Ay preserves bidegree.
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Now let us see what this implies on cohomology. To avoid confusion, set
HYY =799/BY HE? ={ne A7 : Agn = 0}, n=4{ne A" : Ayn =0},
and, similarly, for 9 and 0. Since Ay = 2A5, we immediately see that
HY? = H%’q.
We also have
H; = (P HL"
pt+q=r
Indeed, all (p, g)-components of a harmonic form are harmonic since [Ag, 7p 4] = 0

(Aq preserves type). Since Ay is real we also have HY? = HYP. If 7 is a closed
form of type (p,q) then

n=H(n) +dd"G(n),
where H(7) is the harmonic part of 7 which is also of type (p,q). Hence H}? ~

H"“. When combining them with the Hodge isomorphism H},, ~ H*, where DR
stands for de Rham, we get

Hodge decomposition. For a compact Kéhler manifold we have the following
isomorphisms for complex cohomologies:

H'(M,C)~ @ HY ~ P HE! ~ P HI (M, Q)
p+q=r
and
HYY = HIP.
As a special case of this decomposition we have
HP® ~ H°(M, ")  (the space of holomorphic p-forms).
In fact, we have the following

PROPOSITION 9. The holomorphic p-forms on a compact Kdhler manifold are
the harmonic (p,0)-forms for any Kdhler metric.

Proof. We have to prove equality of the spaces in question, and not only
isomorphism. Since Ay = 245, we have HZ’O :H%’O. In the Hodge decomposition
we have, in general,

qu — H%q fan B%q
with
BLA — gara-t,

Hence, for ¢ = 0, we have Zg’o = Hg’o, and Zg’o is precisely the space of
holomorphic p-forms.

The positive numbers h?'¢ = dim¢ H2? are called the Hodge numbers.

On a Kahler manifold they satisfy various conditions.
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PRroPOSITION 10. On a compact Kahler manifold,
b, = Z RPA pPd = pPnTd pOP — P,

p+q=r
COROLLARY 5. The odd Betti numbers of a compact Kahler manifold are even.

We now pause to consider a few examples. Since Betti numbers are indepen-
dent of the metric, we can compute them by picking a simple metric and counting
the number of harmonic forms with respect to this metric.

EXAMPLE 3. Consider S% with the standard metric of constant curvature. It
is not difficult to show that with respect to this metric the only harmonic forms
are the constant functions and multiples of the volume form. Thus, by = bg = 1,
b, =0fori=1,2,...,5, and the Euler number y = 2.

EXAMPLE 4. Consider S3 x §3 with the metric induced by the standard metric
on S3. Since the volume form on S is harmonic, it follows that y = 0.

EXAMPLE 5. Consider S? x S? x S2. Now we have by = bg = 1, by = by = 3,
b1:b3:b5:0, andx:&

ExAMPLE 6. Consider 76. All the constant forms are harmonic. Hence by =
b6:1, b1:b5:6, b2:b4:15, b3:20, andsz.

We also know that S is not a complex manifold; S® x S is a complex manifold
but does not admit any Kéhler metric; S? x S? x S? admits a Kihler metric but
not a Ricci flat one; while 7% admits a Ricci flat Kihler metric.

10. Laplace—Beltrami operator as the generator
of a canonical diffusion

With the help of the operator Ly, given by (30) and generating Eg-harmonic
functions, we are going to define the normalized operator L? which is the Laplace-
Beltrami operator on each leaf M of the foliation L£j4,—1: On the one hand, it
appears to be equal to the “tangential part” Az, £ = Lp4p—1, of the usual
Laplacian A on C" = R?" (Proposition 1); on the other hand, under suitable
hypotheses, it appears to be the generator of a canonical diffusion whose sample
paths remain to diffuse on each leaf associated with the admissible positive current
6 (Theorem 6).

Precisely, let (X1,...,Xon—q), ¢ :== 2(k+ p — 1), be a family of orthonormal
vector fields of (34) with respect to the canonical Ké&hler metric of C™, where the
ideal F is given by (35). Then we can add complementary orthonormal vector
fields X9, —g+41,..., X2, such that

span{Xl, . ,Xgn} = CT.D()7
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where Dy is a sufficiently small neighbourhood of an arbitrarily chosen, fixed
point zo of the domain D in question, D C C". Then the adjoint vector fields X7
are naturally defined by

[ (X;f)gdv = [ fX;9dV  for f.g € Ca(Dy),
DO DO

where dV is, as before, the canonical Kéhler form of C". Hence,

omn 2n
X5 =—X; =Y (0/0xp)ak  for X; = a¥(x)(9/0xy,)
k=1 k=1

and, consequently, we get
LEMMA 11. Zjil X7 Xj=—A, where A is the usual Laplacian on R27,

Now, for any foliation £ = Lj4,_1 of D corresponding to the annihilator (35),
we set
2n—q

(49) AEZ_ Z X;X]
j=1
and define (X;|M)*, the adjoint vector field on a leaf M € L, by

[ (XjIM) albdvy = [ a(X;b)dvy  for a,b e CHU),
U U
with U being an open neighbourhood of zg in M, where dvy; is the induced
volume form. We have
LEMMA 12. (X;|M)* = XZ|M for j=1,...,2n —q.

Proof. The lemma is a direct consequence of the classical theorem of Frobe-
nius.

Next, we have

LEMMA 13. The operator Ar has a natural restriction Apy := Ar|M to each
leaf M € L, with the property Ay = OpOps-

Proof. Firstly, X; and X7 are tangent to M. Secondly, by Lemma 12 the
sum » X ;X defines normalized self-adjoint operators on M and this suffices to
conclude the proof.

Now suppose we are given functions u;, j = 1,...,p, and a nonnegative form
{2 which satisfy the hypotheses of Theorem 3. Let 8 be the positive current of type
(n —1,n — 1), defined by (27), where (dd°u)P~! is given by (8) and the integer r
is supposed to be independent of z € D. Then we define the normalized operator
LY by

(50)  (LP¢)dV = dd°¢ A hO — d°é Ad(hf),  where h1dV = dd°|z|> A 0;
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here ¢ € CZ(D) and dV is the canonical Kihler form of C*. For each leaf M of
L, where L = Lj4p,—1 is any foliation determined in Theorem 3, LY|M is called
the Laplace—Beltrami operator on M. The name is motivated by

PROPOSITION 11. Under the hypotheses of Theorem 3, if the form (2 is non-
negative and the integer r does mot depend on z € D, we have L’ = Ag,
where L = Lyyp—1 5 any foliation determined in that theorem and Az is gi-
ven by (49).

Proof. First, by definition, LY and A/ are self-adjoint operators on L?(D, dV).
Furthermore, at every point of D, they have, as is easily seen, the same second
order differential term, and hence L? = Ap.

By Lemma 13 and Proposition 11, from Theorems 4 and 5 we directly obtain

MAIN THEOREM 6. Consider an arbitrary domain D, arbitrary functions (11),
and an arbitrary nonnegative form (2, satisfying all the hypotheses of Theorem 3.
In addition, suppose that the integer v = r(z) in (13) is independent of z € D.
Let, further, 6 be any positive current of type (n — 1,n — 1) of the form (27).
Suppose that

O A (dd)P uy, ..., up)(2) =0, OA(dd°|z]*) #0, z€D.

Then there exists a unique diffusion X? determined by a family of transition
functions (32) with the property (33). The diffusion X is the canonical diffusion
with generator LY defined by (50) which is the Laplace—Beltrami operator on each
leaf M of any foliation L = L+,—1 determined in Theorem 3. Moreover, X? is
uniquely determined by L and the sample paths of X% remain to diffuse on M,
i.e. they remain invariant on M.

11. Laplace—Beltrami operator in the case of the sphere
and the hyperboloid

It seems interesting to consider the Laplace—Beltrami operator in a more ge-
neral context of Clifford analysis [23, 7]. We concentrate on the cases of the sphere
and hyperboloid.

Let v1,...,%2ns1 be generators of the Clifford algebra C(?**+1.9) We can as-
sume that

(i) 7 =
(ii) v; € U(2") for each j =1,...,2n + 1.
Let us define matrices S1,..., 52,41 as follows:

Sj:i’}/j, i=1....2n+ 1.
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From the fact that S; is antihermitian for each j = 1,...,2n 4 1 it follows that
(S;) is a hermitian pre-Hurwitz system [22].
Next we introduce the Clifford variable Z so that

2n+1
(51) Z=y"In + Y _ ¢sj,
j=1
where y*, a = 0,...,2n+1, are arbitrary real constants. We can easily check the
identity
2n+1

ZYZ =Y (y*) I
a=0

Let u and v be complex vectors in C2", satisfying
(52) u=2v.
Then we immediately get the equation

<<u7 V>> = <Y7 Y><<V7 V>>7
where y denotes the real vector in R?"*2 defined by y© = (3°,...,y , and
((,)) (resp. (,)) denotes the hermitian (resp. usual) scalar product in C2" (resp.
R?7*2). This means that the system (s;) is associated with the Hermitian pre-
Hurwitz pair ((C?", Ion), (R?"2, I5,15)); cf. [22].
Let us introduce the Laplace—Beltrami operator on the sphere S*"*2 relative
to the conformal metric

Guv ‘= 46,uu/(1+<y7y>>7 M7V:O7"'72n+27

2n+1)

by the formula

oH
53 Agont+2 :=4(1 + (y, 288“[88”].
Then we get the following

PROPOSITION 12. The operator P(Z) defined by

o 1 I Zt
P2):= 17 (y,y) [ Z <y7y>12n]
satisfies the conditions
(54) P(Z)*=P(Z), P(2)"=P(Z)
and
(55) [P(Z), Ag2n+2P(Z)] = 0.

Proof can be carried out by direct computation.

The operator P(Z), which appears to be a projector due to (54), parametrizes
a point of the Grassmannian manifold U (2"*1)/U(2") x U(2"). Furthermore, the
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equation (55) can be derived from the variation of the action S(P) given by
1
S(P) =5 [ lol'*Te(@P/0y")(0P/0y")g" ) dy° ... dy>" .

This indicates that P defines a harmonic mapping between 5272 and the Gras-
smannian manifold U (2"*1)/U(2") x U(2"). For n = 0,

P:7Z— P(2)

defines a harmonic mapping between S? and U(2"*1)/U(2") x U(2") ~ CP".
For n = 1 it defines a harmonic mapping between S* and HP'. The latter space
has been introduced in [33], where it has been used to construct the Yang-Mills
instanton solution in the de Sitter space.

Thus we have related Proposition 12, which was first pointed out by Fujii [9],
to the framework of Hermitian pre-Hurwitz pairs. The latter enables us now to
generalize the results of Fujii to the noncompact cases.

Suppose that n is a nonzero integer and ~,...,72, are generators of the
Clifford algebra C(®*™0) having the properties
(i) 7 =
(ii) v; € U(2") for each j =1,...,2n.
Then we can choose 2,11 so that

I2n71 02n—1 :|

Thus 71, . ..,Y2n+1 generate the Clifford algebra C'(27+1.0),
Define the matrices Sy, ..., S2n4+1 by

S]:’YJ7 3:1,,2’)1, SQTL+1 :i72n+1-
Set K := Y2n41. Then we get the equations
Sy =-kRS;k, j=1,....2n+1.

This shows that (S;) is an hermitian pre-Hurwitz system, that is, the set of all
generators of an hermitian pre-Hurwitz pair.

Now we introduce the Clifford variable Z so that (51) holds. Using the notation
7 = RZTEK, it can easily be checked that

2n
72 = |4 + (%) = 3 ()2 o
j=1
identically. In the sequel we shall use the notation

2n

W2+ (P2 =D () = nuwyy” = (v, )y =y 0y
j=1
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Let u and v be vectors in C?" defined by (52). Then we immediately check
that

((u,v)z = (v, ¥)n (v, V))&
Here ((, ))z denotes the pseudo-hermitian scalar product defined by

(w1, wa))z = Wi Fwy

for arbitrary vectors wi and wo in C2". This shows that the system (S;) is related
to the hermitian pre-Hurwitz pair ((C*", &), (R*"2 p)).

Let us now introduce the Laplace—Beltrami operator Ugzn+2(3 2y on the hy-
perboloid

H?*"2(3,2n) ~ SO(3,2n)/S0(2,2n)

of equation
2n+3
@)+ (@72 + (%) = Y (2))’ =1
j=4

Relative to the conformal metric

uv ‘= 477uu/(1+<Y7Y>77)7 M,I/:L...,27’L—|—1,

this operator is given by

0 nHv 0
57 Opgznt2(z.on = 4(1 LY )m)? :
(57) H2n+2(3,2n) 1+ y,y)n) Ay {(1 I I 8y“}

Then we arrive at

PROPOSITION 13. The operator ﬁ(Z) defined by

Sion 1 Ion Z
PO =13 (y,¥)n [ Z <Yay>n12"}
satisfies
(58) P(2)*=P(2), P(2)"=P(2),

=~

where P(Z) == P(Z)T, and
(59) [P(Z), Opansaz o0 P(2)] = 0.

Proof follows by straightforward computation.

The operator JB(Z ) parametrizes a point of the Grassmannian manifold
(60) U@2r,2m/uett vy xuent 2n ).

Then from the equation (59) we can immediately see that P : Z — P(Z) defines a
harmonic mapping between the hyperboloid H?"2(3,2n) and the manifold (60).

For n = 1 we get the mapping P : H*(3,2) — U(2,2)/U(1,1) x U(1,1). The
unitary group U (2,2) is precisely the isometry group of the twistor space (which
is C* endowed with the hermitian form of signature (4, +, —, —)).
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12. Complex Hessian involving convex functions

We now apply Theorems 3-6 to the study of the complex Hessians of convex
functions.

PROPOSITION 14. Consider p convex functions v; : D — R, 7 =1,...,p,
D C R™, n>p, and the mapping w : D — D, D C C", defined by
(61) (21, .., 2n) = (log|z1], ..., log|znl),  (21,...,2,) € D.
Then
p
H dd°m xv; =0
j=1
if and only if, for each {mq,...,mp} C {1,2,...,n}, m; <... < myp, we have
0?v; 0?v,

O%o(m)0Tr(my)  OTo(my,)0Tr(m,)

(62) ngnasgnT =0,

where the summation is over all permutations o, 7 of (my,...,my).
Proof. Since
ddcvj == Qzé‘@vj == 228( ZUJ‘]CZIJk‘Eld?[)
Kl

. __ 1. _ 1
= z@(Zvj”zl 1) = izZUﬂklzk Ydzi A Z Laz!,
! k,l

where zy = log |2x|, k = 1,...,n, we get, with the notation Zfl =
P J1<...<Jp
Coy. — (L;\P e ey a2 g Az
Hdd vj = (51) E Vljaky * oo Upliphy * 25, d2jy N2y, dZk,
=1 k1<...<kp
J1<...<Jjp
)p E U1|j1k1 '..."UpUPkdeL‘jl /\dﬁkl /\.../\dﬂi’jp /\dep,
k1<...<kp

= (

D=

where 0}, = arg 2z, k = 1,...,n. Since dr; and dzy, j,k = 1,...,n, are linearly
independent, we conclude that

p
63)  [[ddv; =GP Y. dvyy Al Aduy, AdOs AL AdD;,.
j=1

j1<~'-<jp
Thus the above form vanishes if and only if the condition (62) holds.

PROPOSITION 15. Suppose that D is an arbitrary domain in C", n > 2.
Consider p convex functions

(64) v;:D—R,  j=1..,p; DCR" 2<p<n,
and the mapping 7 : D—D defined by (61). Suppose that
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(i) For each {m1,...,mp} C {1,2,...,n}, my < ... < my, we have

ngnadvug(ml) VANPA dl)p|g(mp) =0,

where the summation is over all permutations of (my,...,mp).
(ii) For every x € w[D] there exist a number r € {1,2,...,p} and a sequence
{ni,...,np—1} C{1,2,...,n}, n1 <...<np_1, such that

Z sganvlh(m) VAN dvrflh_(nril) A d’Urr-Jrl‘T(nr) VANIAN dvp\r(np,l) #£0,

where the summation is over all permutations T of (n1,...,np_1).

Then there exists a foliation L,—1 of D by complex submanifolds of D of
codimension p — 1 with the property that for every leaf M € L, the functions
ok | M are pluriharmonic, but (0/0z;)(m*vi)|M are holomorphic on M for each
j=1....nand k=1,...,p.

Proof. Proposition 15 follows directly from Theorem 2 and Proposition 14.

Remark 11. In Proposition 15, m[£,_1] can be taken as a real foliation of
w[D].

By Theorem 3 and the formula (63), Proposition 15 can be generalized as
follows.

THEOREM 7. Suppose that D is an arbitrary domain in C", n > 2. Consider p
convez functions (44) and the mapping m: D — D defined by (61). Let further 2
be a holomorphically decomposable (k,k)-form, k < n, of class C3(D) satisfying
in D the conditions:

(a) For each {mq,...,mp} C {1,2,...,n}, my <...<my, we have

Q/\ngnadvl|o(ml)/\.../\dvp‘,,(mp) =0, 2<k+p<n,

and

df e Zideal[(), dV1jg(my) A dATE Zo(my)s - - AVplo(my) N AATE Zg(m,)]

if k=1,
a2 =0 ifk#1,
where the summations are over all permutations o of (mq,...,my).
(b) For every x € w[D] there exist a number r € {1,2,...,p} and a sequence
{n1,....,np—1} C{1,2,...,n}, nqy <...<mny_1, such that

(65) 02N Z d2}1|.,.(n1) AN A dUT—IIT(np_1) A dvr+1|~r(n,.) VANRRAN dvp|.,.(np_1) #0,

where the summation is over all permutations T of (n1,...,np_1).
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Then there exists a foliation Lii,—1 by complex submanifolds of D of codi-
mension k+p —1 with the property that for every leaf M € Ly y,—1 the functions
v | M are pluriharmonic, but (0/0z;)(m*v;)|M are holomorphic on M for each
j=1....nandl=1,...,p.

Proof. Theorem 7 follows directly from Theorem 3 and Propositions 14
and 15.

Remark 12. In Theorem 7, 7[Ly4p—1] can be taken as a real foliation of
w[D].

Now, Theorems 4 and 7 yield

COROLLARY 6. Consider an arbitrary domain D, arbitrary functions (64)
and (61), and an arbitrary nonnegative form (2 satisfying all the hypotheses of
Theorem 7. In addition, suppose that the integer r = r(x) and the sequence
(n1,...,np_1) appearing in the condition (b) of that theorem are independent of
xem[D]. Then to any positive current 0 of type (n—1,n—1), defined, for z€ D,
by
(66) 0= (%)p(ddﬂzlz)"_k_p A2

A Z dvy)j, Ndargzj, A...Advy;, Adargz;,,
j1<~~~<.j;n

there corresponds a unique diffusion X{ determined by a family of transition
functions (32) with the property (33).

COROLLARY 7. Under the hypotheses of Corollary 6, to any foliation Lyy,—1
described in Theorem 7 there corresponds a unique diffusion X, that is, a Mar-
kov process with continuous sample paths, determined by a family of transition
functions (32) with the property (33).

Similarly, Theorems 5 and 7 and Corollary 6 yield

COROLLARY 8. Consider any foliation L4 ,—1 determined in Theorem 7 and
let M be its arbitrary leaf. Then the sample paths of the diffusion X?, determined
uniquely in Corollary 6 by that foliation, remain invariant on M.

COROLLARY 9. Under the hypotheses of Theorem 7, if the form {2 is nonne-
gative and the integer r as well as the sequence (ni,...,n,—1) do not depend on
x € n[D], then L = Ap, where £ = Lj.,_1 is the foliation determined in that
theorem and A is given by (49).

COROLLARY 10. Consider an arbitrary domain D, arbitrary functions (64),
and an arbitrary nonnegative form §2 satisfying all the hypotheses of Theorem 7.
In addition, suppose that the integer r = r(x) and the sequence (ni,...,np_1) in
(65) do not depend on x € w[D]. Let, further, 6 be any positive current of type
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(n—1,n—1) of the form (66). Suppose that
A ngn Tdv1|7_(n1) VANIVAN dvr_1|.r(nr_1)

A dUr+1\T(n,.) VANV dvp|T(np_1)(z) #0, z€eD.

Then there exists a unique diffusion X! determined by a family of transition
functions (32) with the property (33). The diffusion X? is the canonical diffusion
with the generator LY defined by (30) which is the Laplace-Beltrami operator
oneach leaf M of any foliation L = Ly p—1 determined in Theorem 7. Moreover,
X9 is uniquely determined by L and the sample paths of X? remain invariant
on M.

13. Some examples of applications

ExAMPLE 7. Consider the function
u(z1, 22, z3) = log(|z1? + |z2?) + |23]?

in D = {(21,22,23) € C* : |21]* + [22]* # 0}.
With the notation R? := |z1|? + |22|? we get

ddu = 2i00u = 2i09log R? + 2i90)|z3|?
= 2i0[r?(21dZ) + 22dZs)] + 2idz3 A dZ3
= 2i[R™2(dz1 A dZ; + dzo A dZy + R%dz3 A dZs3)
— R4 (Z1dzy + Zadze) A (21dZ) + 22d73)),

ie.,
(67) ddu = 2’L'R_4(|22‘2d21 ANdZ1 — z9Z1dz1 N\ dZo
— z21Z9dz9 N dZo + ’21|2d22 ANdzZo + dzz A dfg)
Hence
2 12 =
(ddeuy® = —gip—12 [T~ 120 =2 e A g A dEs A deg A dEs = 0
—Z2229 R — |2’1|

in D. On the other hand, by (67), in D, we have
(ddcu)2 = — 4R_8(|22‘2d21 AN d?l - zgfldzl AN dzg
— z1Z9dz9 NdZ1 + ’21’2d22 A d?g)ng A dZs 7é 0.

Thus, in order to find the corresponding foliation £ we have to determine the
annihilator of dd®. Let X be as in (23) with n = 3 and X |ddu = 0. The latter
relation is equivalent to

Cl[(RQ‘Zl‘Q)dfl — Zgzldzz] + CQ[—Zlfzdfl + (R2 - ‘22’2)d§2] + 03R4d§3 =0,
and hence
01’22|2 — (92129 =0, —Clz0z1 + 02|2’1|2 =0, (C3=0,
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SO 02 = 0122/21, Cg = O, and
X =0 i—l—zji in D for z; # 0,

821 Z1 82'2
while Cl = CQZl/ZQ, C3 = O, and
X =0, <Z1 0

0
—+ — in D f )
P + 322) in or zo #0

In the first case C1 is an arbitrary complex constant and we get leaves M¢, /¢, ¢,
of the foliation £, satisfying the equations
(d/dt)zy =1, (d/dt)ze = 29/z1, (d/dt)zz3 =0,
ie.,
(68)  Mc,/c,.cs
={(z1,22,23) € D : 21 =t + Cp, 20 = (Co/Ch)(t+ Cy), z3 =Cs}.
In the second case Cs is an arbitrary complex constant and we get, correspond-
ingly,
(d/dt)z1 = z1/22, (d/dt)ze =1, (d/dt)zs =0,
so the leaves are
(69) Mg, c,.c4
={(21,22,23) € D: 21 =(C1/C2)(t + Cy), 22 =t+ Cpy, z3=C3}.

The foliation £ coincides with the foliation Lo provided by Theorem 7.
Next, for

(70) 0 = (dd°|z|?) A ddu

we have dff = 0, so the condition (30) for the Eg-harmonicity of a form ¢ € C2(D)
reduces to

(71) (Le))dV = dd A 6 = 0.
Explicitly,
dd®|z|* = 2i(dz1 A dZy + dza A dZ2 + dzs A dZ3),
so, by (67), we get
0 = —8R*[R*dz NdZ; Ndzy A dZs + (R* + |22|*)d2y A dZy Adzs A dZs
— 29Z1dz1 NdZa Ndz3 NdZy — 21Z2dzo N dZ1 N dzg N\ dZ3
+ (R* + |21|*)d2z2 A dZa A d23 A dZ3).
Therefore the condition (71) for the Eg-harmonicity of ¢ reads
(Lo)dv = 8iR™ (R + |21 *)4yy7 + 21729 15
+ 20211 + (R + |Z2|2)¢\2§
+ R2w|3§]dz1 AdZ1 Adzo A dZa Adzs A dzs =0,
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where, as before, 1|; = 01/0z; and wg = 01 /0%;. Consequently, the associated
operator Ly is given by

L—i(R4~I—|z|2) > +z§872+z§ o
o= R4 ! 021071 ! 2621852 2 1822621
0? 0?
4 2 2
+(R + |22| )8228§2 i 0230%3 .

The process associated with Ly, given by the expression in square brackets, is
the solution to the following system of stochastic differential equations:

(72) dz1y = z14dby,  dzy = z94dby, dzzs = 0,

where b; is the stochastic complex Brownian motion. The system (72) can be
solved effectively:

! ! !
z1p = Crexpby, 2o = Chexpby, 23 = Cj,

where C1, C% and C% are arbitrary complex constants. This means that the sample
paths of the unique diffusion X¢ = (214, 2o¢, 23¢), described in Corollary 10, remain
to diffuse on the leaf (68) of the foliation £ of D for z; # 0 and on the leaf (69)
of L for zo # 0.

ExAMPLE 8. Consider the function
u(z1, 22, 23) = [(log |z1])* + (log |22])* + (log |23])?] / log | 3]

in D ={(21,22,23) € C3:|z3] > 1, 2122 # 0}.
With the notation

v(z1, z2, x3) 1= u(z1, 22, 23), xzj; =loglz;|, j=1,2,3,
we get
v(xy, T2, 23) = (x% + x%)x;l + x3, det[v‘jk] = 64|2122z3|2 det[uljg],
and
2x5 " 0 —2z 152
(73) (V5] = 0 2x3 " Y
—2ry15%  —2mows? 2(x} 4 ad)ag®
Hence
225" 0 —21‘11:52
detfv;jr] =| 0 2x3 ! —2z913 2
0 —2zowyt  223x3?
2:3;1 0 —2m1m§2
=| 0 2z3' —2ma3%| =0 inD,
0 0 0
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so (dd“u)* = 0 in D. On the other hand, (dd°u)? # 0 in D. In fact, du =
Zj,k v);Z;kdzx and
ddu = —21 Z (Zv|jl$l|ﬁ$j\k + v|jajj|km)dzk ANdZp,,
7,k,m l
Tifm = 3% Otm, Tk = 525 Ok, Tjpm =0,
where ¢, is the Kronecker symbol, and
vjp = 2log|z1|/log 23], w2 = 2log|zz|/log|z3],
vz =1 = [(log|21])* + (log|22)*]/(log |3]).
Hence
D VT = 1 0m (22m)
Jil
and

> wyrjpmdak A dZm =Y _[2(log |21/ log | 2s]) (— 361k 0km)

Jsk,m k,m
+ 2(log |22/ 1og | 3] ) (— 5 02k km)
+ {1 — [(log |21])* + (log |2[)?]/ (log |23])*}
. (_%53k5km)]zlz2d2k ANdz,, = 0.
Consequently, by (73),
1 2
(dd°u)? = Z(Zu,jkzj*ldzj AE,;%@) £0 in D.
ik
Thus, in order to find the corresponding foliation £ we have to determine the

annihilator of dd°u. Let X be as in (23) with n = 3 and X |ddu = 0. The latter
relation is equivalent to

Z ij‘jk(ZjEk)_ld?k =0
ik

and hence, as Z # 0 in D,

Zijljk'Z{l =0 fork=1,23,
J

so, with the notation A; = C;/z; for j =1,2,3, we get
2x§1A1 — 2m1x§2A3 =0, 2:E§1A2 — 2x2x§2A3 =0,
—22 25 2 Ay — 2x0x5 2 Ag 4+ 2(2% + 2d)a3® = 0.
This yields
Ag = (x9/x3)As = (x2/x1)A7.
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Thus

2% ., z2log |z z3x3 ., z3log |z

C’ngl CBZCl

- 1 ) — 1
2121 z1 log | 21| 2171 z1 log |21 |

and

chl<8+zglog]z2|8 2310g|2’3‘8>7
0z1  zloglz1| 0z z1log|z1| Oz3
where (1 is an arbitrary complex constant.
Let X = z1log|z1|X. Then
X = Cy[z1log |21](8/021) + 22 10g |22|(0/022) + 23 10g |23|(0/D23)],
so for k =1,2,3 we have (d/dt)zr, = 2z log |2k, i.e.,
(1/1og|zx|)d(log i) = dt.
Further, let t = r+is and log 2z, = ag+i0;. Then we get day, = ards, dB = Brds,
which gives
ap=¢€"T% and G = f e’ ds + ¢},

with real constants ¢ and ¢},. Thus
log 2, = e" T + z( f e"tords + ck) = e (e’" +1 f e”ds) +ic),.
Hence
e “(logz1 —icy) = e~ *(log 2o — ich) = e~ (log z3 — ic}),

so, with z; = (, we obtain

log zo = ich + e~ (log ¢ —ic}), logzs =ich+ e (log¢ —ic)).
Therefore, we finally get

=€),  23= ei’ng,

where «, (3, v, and  are positive real constants. The equations describe leaves of
the foliation £ which coincides with the foliation Lo provided by Theorem 7.

Next, for 6 we have df = 0, so the condition (30) for the Ep-harmonicity of a
form + € CZ(D) reduces to (71). Explicitly,

1
0 = —4(dzy A dzy +dzy N dZa + dzs AdZs) A 5 > vz Nz A dzydz,
j’k
and hence

2 1 1
9: — |:<2+2>d21/\d21/\d22/\d22
EANES]

1 2 2 1
+ +«T1+$2 : dzy NdzZ1 Ndzz N\ dzZ3
|21/ x5 |zs)?

2 2 1 1
+ IE1+.’E2. =+ dZQ/\CkQ/\ng/\dEg.
3 |zl 22



Foliations by complex manifolds involving the complex Hessian 41

Therefore the condition (71) for the Eg-harmonicity of ¢ reads
(Lov)dV

4i 1 ai4a23 1 z 1
373[<|Z2|2 19?§ - !23!2>¢|H+29€§.23Z1w13
1 2 + 23 1 x 1 T 1
i (\zlP " 1x§ B 123l2>w22+2w§, ' @%ﬁﬂé oz
T9 1 1 _ _
+ 2;1&‘35 + <\z2 + W>wl33} dz1 NdzZy Ndzo NdzZa A dzs A dzs.
273 1 2
Consequently, the associated operator Ly is given by
L1 {[ 1 (logla)? + (log|])? 1 } o
log|zs] | [ |22/? (log |23])? |23]|2 | 021071
19 log |21 ) { ) 827
(log |z3])2 2321 0210Z3
N [ 1 (log|z1])® + (logzo|)® 1 } 0
Bk (log|z3])? |23]? | 022072
log|zo] 1 0? 5 log|z| 1 0?
(log|zs]|)? 2322 0220%3 (log|zs])? z1Z3 023071

+2log|22| 1 0? N 1 N 1 0?
(10g’23|)2 2253 823852 |Zl‘2q |2’2|2 823823 '

14. Hypersurfaces in C?> depending
on two holomorphic functions

Finally, we shall investigate a particular case of Theorem 7 and Corollary 10,
depending on two holomorphic functions in C2. We have

PROPOSITION 16. Suppose that D is an arbitrary domain in C3 and u: D —
R is a function of the form

(74) w=|f*+|gl,
where dd°|f|? A dd°|g|?> # 0, f and g being holomorphic.
(i) Then the foliation L with leaves having, for a point zg € D, the form
(15) Mg o ={z€D: f(:) = Chr 9() = Ci}eon.
Cy = f(20), C§ = g(0),
where { }con denotes the conver component of the set { } containing zo, has

the property that for every leaf M € L the function u|M is pluriharmonic, but
(0/0zj)u|M are holomorphic on M for each j =1,2,3.
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(i) Let, further, 6 denote the positive current (70). Then there exists a unique
diffusion X{ determined by a family of transition functions (32) with the property
(33). The diffusion X{ is the canonical diffusion with generator LY defined by (40)
which is the Laplace-Beltrami operator on each leaf M of L. Moreover, X{ is
uniquely determined by L and the sample paths of X? remain to diffuse on M,
i.e. they remain invariant on M.

Proof. Clearly, U = me+ 9159k and det[uljg] =0in D, so (dd°u)® =0
in D. By (74) and dd® = 2i00 we have

ddu = dd°| f|* + dd°|g|* = 2i(Df A Of + Bg A Dg)
and

(76) (dd°u)® = —8(0f NOf) A (DgADg) #0 in D.

Thus, in order to find the corresponding foliation £ we have to determine the
annihilator of dd‘u. Let X be as in (23) with n = 3 and X |ddu = 0. The latter
relation is equivalent to

If10f(X)] + 0glog(X)]
Filof(X)] + gi109(X)]

0, ie.
0

77
(77) . j=1,2.3.

Hence

C (Fisfin +T591) + C*(Fis fio + T5012) + C*(Fy fia + 5912) = 0.
The determinant of this system is equal to det [ule] =0. Since, by (74), df and dg
do not vanish in D, it follows by (77) that |0 f(X)|*+|0g(X)|*> = 0,50 0f(X) =0
and 0g(X) = 0. This means that
le|1+02f|2+03f|320, Clg|1+C’2g\2+ng|3:0.
Since, by (74), |grad¢ f|? # 0 and |gradcg|? # 0 in D, we see that
X 1 span{grad f, gradcg}.
Moreover, by (74), for every z € D, gradcf and gradcg are linearly independent:

3
gradef =Y _ £;(0/0%;).
j=1

Therefore the required foliation £ has the form (75) for every point zy € D, which
completes the proof of (i).

The assertion (ii) is a consequence of Corollary 10. We can prove it directly.
By applying the Dynkin formula (cf., e.g., [18], p. 232) to |f — f(z0)|*(X?) with
X9 = 2, we get

t
B lF(XE) = f(20) 2] = Euf{ [ 1dd°1£(2) = £(20)® A (dd°u)* (X2)/dV]ds | = 0

0
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with ¢ being the first hitting time ([10], p. 91) of Dy, where Dy C D, Dy # D, is
a sufficiently small neighbourhood of zg, by virtue of the Dynkin formula, applied
again to f2(X?) and f(X?). Yet,

dd°| f — f(z0)[* A (dd°u)? = dd°|f — f(z0)| A dd°|f|* Add°|g|* =0  in D,
so we also have F, [|g(Xf<) —g(20)|?] = 0, and this suffices to conclude the proof
of (ii).

Since the foliation £ and the canonical diffusion X¢ are constructed in Pro-
position 16 effectively, we arrive at some properties of holomorphic functions on
hypersurfaces, eliminating the incovenient notions of foliations and canonical dif-

fusions. (The same concerns Examples 7 and 8 in Section 13.) The corresponding
equivalent reformulation of Proposition 16 reads:

THEOREM 8. Suppose that D is an arbitrary domain in C> and u: D — R is
a function of the form (74).

(i) Then u is pluriharmonic on every hypersurface of D of the form (75),
where { }con denotes the convex component of the set { } containing zo, zo € D,
but (0/0z;)u are holomorphic on every such hypersurface for each j =1,2,3.

(ii) Let, further, 6 denote the positive current (70). Consider any family of
transition functions p? of the form (32) with the property

(78)  I0(2):= [ pi(z,w)p(w)dV (w) = Tig(z)
i for z,w € D,t >0, ¢ € L*(D,dV),

where {Ty : t > 0} is the equicontinuous semigroup of class (Cy) with the infinite-
simal generator Lo — NI such that Ty = I, T; = exp(tLg) for t > 0, Ly is given by
(30), ¥ in (30) ranges over CZ(D), dV is the canonical Kdhler form on C3, I is
the identity operator, and X is an arbitrary complex number with |arg \| < 7w —¢,
e being fized and positive. Then all the integrals (78) are independent of t, i.e.,

I%(2) = 18(2) or, equivalently, I,4(z) = ¢(z) forze MZ o
0°’~0
on every hypersurface M) . of the form (75) whenever ¢ is holomorphic on
0°'~0

that hypersurface.
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