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Summary

In 1979 the second named author proved, in a joint paper with J.  Lawrynowicz, the existence
of a foliation of a bounded domain in Cn by complex submanifolds of codimension k + p − 1,
connected in some sense with a real (1, 1) C3-form of rank k and the pth power of the complex
Hessian of a C3-function u with imu plurisubharmonic and the property that for every leaf of
this foliation the restricted functions imu, reu and (∂/∂zj) imu, (∂/∂zj) reu are pluriharmonic
and holomorphic, respectively.

Now the theorem is extended in two directions: to holomorphically decomposable (k, k)-
forms, k < n, of class C3, and to exterior products of the complex Hessians of p plurisubharmonic
C3-functions. This vast generalization gives rise to considerable extensions of the existence
theorem of J.  Lawrynowicz and M. Okada on a natural Markov process associated with the
foliation as well as to the study of some of its properties. The main result is that the diffusion
Xθt uniquely determined by a foliation has the property that the sample paths of Xθt remain to
diffuse on leaves. Next, the convex case is examined and some examples depending on special and
arbitrary holomorphic functions are presented. Since the foliations and canonical diffusions can
be constructed in those cases effectively, we arrive at some properties of holomorphic functions
on hypersurfaces, eliminating the inconvenient notions of foliations and canonical diffusions.
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1. Introduction and an outline of results

The paper is based on suitable extensions of a result on foliations by complex
manifolds, mentioned in the Summary and proved in [20, 21].

A real (k, k)-form Ω on a complex manifold M is called holomorphically de-
composable if for every x ∈M there is an R-linearly independent system of forms
aj and Jaj , aj ∈ T ∗xM , j = 1, . . . , k, and J being the complex structure on M ,
with the property

(1)
k∧
j=1

aj ∧ Jaj = ±Ω(x).

In Section 4, after some preliminaries on the generalized complex Monge–Ampère
equations (Section 2) and foliations (Section 3), the following result will be proved:

Theorem 1. Suppose that D is an arbitrary domain in Cn and u : D → C
is a function of class C3(D) with imu plurisubharmonic in D. Let further Ω be
a holomorphically decomposable (k, k)-form, k ≤ n, of class C3(D) such that , at
every point of D, the following conditions hold :

(2) Ω ∧ (ddcu)p = 0, 2 ≤ k + p ≤ n,
(3) Ω ∧ (ddcu)p−1 6= 0, dΩ ∈ ideal(Ω, ddc reu, ddc imu) if k = 1,
(4) dΩ = 0 if k 6= 1.

Then there exists a foliation Lk+p−1 of D by complex submanifolds of D of codi-
mension k+p−1 with the property that for every leaf M ∈ Lk+p−1 the functions
imu|M and reu|M are pluriharmonic, but ∂(imu)/∂zj |M and ∂(reu)/∂zj |M
are holomorphic on M for each j = 1, . . . , n.

R e m a r k 1. Let M be a C∞ manifold,
∧
T ∗M the Grassmann bundle over

M , I an ideal in the sheaf of sections of
∧
T ∗M , and Ix the ideal in the fibre∧

T ∗xM of
∧
T ∗M over x ∈ M , defined by I. Let further O(x) be the subspace

of TxM consisting of all vectors Xx ∈ TxM such that the inner product i(Xx) in
the exterior algebra

∧
T ∗xM , applied to Ix, is included in Ix. It is known that O

is completely integrable. Assume that I is generated by a set of differential forms
{ω1, . . . , ωk} of the same degree. In this case

O(x) = {Xx ∈ TxM : Xxcωs = 0 for s = 1, . . . , k}.
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If the forms ωs have different degrees, then, in general,

{Xx ∈ TxM : x,Xxcωs = 0 for s = 1, . . . , k} 6⊆ O(x).

Throughout the paper we assume that

Ann I = O(x) := {Xx ∈ TxM : Xxcωs = 0 for s = 1, . . . , k}.
If the forms have different degrees, we assume, in general, that the ωs are closed,
which implies that O is completely integrable provided that it has a constant
dimension. In fact, let X and Y belong to O, i.e., let

Xcωs = Y cωs = 0 for s = 1, . . . , k.

We have to show that

[X,Y ]cωs = 0 for s = 1, . . . , k.

Let LX be the Lie derivative with respect to the vector field X. Since

[X,Y ]cωs = [LX , (Y c·)]ωs = −Y cLXωs, LX = (Xc·) ◦ d+ d ◦ (Xc·),
we see that LXωs = 0 and, consequently, we arrive at the desired relation which
proves the complete integrability of O.

In connection with Theorem 1, or rather with its particular case mentioned
in the Summary, it is natural to ask whether the hypotheses: ω of type (1, 1) and
C3, u plurisubharmonic, ωk ∧ (ddcu)p = 0, and dω ∈ ideal(ω, ddcu) imply

(5) d(ωk ∧ (ddcu)p−1) ∈ ideal(ωk ∧ (ddcu)p−1).

It is clear that (5) is satisfied if

(6) dω ∈ ideal(ω).

Thus a counter-example has to be looked for among the situations where (6) fails
to hold. Let p = k = 1 and n = 2. The function f(y1, y2) = log(y1/y2) satisfies
df ∧ df ∧ ∂∂f = 0 and is plurisubharmonic in {z ∈ C2 : y1/y2 > 0}. In order
to prove that in our case, for ω = ∂f ∧ ∂f , the condition (6) fails to hold, we
consider the distribution

Annω = span{X,Y },
where

X = (∂/∂x1) + [log(y1/y2) + 1](y2/y1)(∂/∂y1),
Y = (∂/∂x2) + [log(y1/y2) + 1](y2/y1)(∂/∂y2).

Since X,Y ∈ Annω and [X,Y ] 6∈ Annω, the distribution is not integrable, and
this suffices to conclude the proof.

In Section 5, we modify Theorem 1 so that (ddcu)p in (2) can be replaced by

(7) (ddcu)p
[
j1, . . . , jp
u1, . . . , up

]
:= (ddcu1)j1 ∧ . . . ∧ (ddcup)jp , j1 + . . .+ jp = p,

with 0 ≤ jk ≤ p, k = 1, . . . , p, 2 ≤ p ≤ n, and (ddcu)p−1 in (3) by

(8) (ddc)p−1
r [u1, . . . , up] := ddcu1 ∧ . . . ∧ ddcur−1 ∧ ddcur+1 ∧ . . . ∧ ddcup.
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Unfortunately, we have to suppose that u1, . . . , up are plurisubharmonic them-
selves. The modified Theorem 1 reads as follows:

Theorem 2. Suppose that D is an arbitrary domain in Cn and uj : D → R,
j = 1, . . . , p, 2 ≤ p ≤ n, are plurisubharmonic functions of class C3(D) satisfying
in D, for every sequence (j1, . . . , jp) of integers, 0 ≤ jk ≤ p, j1 + . . . + jp = p,
the conditions

(9) (ddc)p
[
j1, . . . , jp
u1, . . . , up

]
(z) = 0, (ddc)p−1

r(z)[u1, . . . , up](z) 6= 0

with the notation (7) and (8), where the integer r(z) may , in general , depend
on z ∈ D. Then there exists a foliation Lp−1 of D by complex submanifolds
of D of codimension p − 1 with the property that for every leaf M ∈ Lp−1 the
functions uk|M are pluriharmonic, but (∂/∂zj)uk|M are holomorphic on M for
each j = 1, . . . , n and k = 1, . . . , p.

By combining Theorem 1 with Theorem 2 we obtain a corollary which, because
of its importance, will be called Theorem 3. Generally speaking, we consider D
and uj , j = 1, . . . , p, as in Theorem 2, but we multiply (9) by an arbitrary
holomorphically decomposable (k, k)-form Ω, k < n, of class C3(D), restricted
only by the generalized conditions (9). If

(10) u1 = . . . = up ≡ u,

then we adopt the hypotheses of Theorem 1. Our result reads as follows:

Theorem 3. Suppose that D is an arbitrary domain in Cn and

(11) uj : D → C, j = 1, . . . , p, 2 ≤ p ≤ n,

are functions of class C3(D) with imu plurisubharmonic in D. Apart from the
case (10) we assume that uj(D)⊂R and uj , j = 1, . . . , p, are themselves plurisub-
harmonic functions of class C3(D). Let further Ω be a holomorphically decom-
posable (k, k)-form, k < n, of class C3(D), satisfying in D, for every sequence
(j1, . . . , jp) of integers, 0 ≤ jl ≤ p, l = 1, . . . , p, j1 + . . .+ jp = p, the conditions

(12) Ω ∧ (ddc)p
[
j1, . . . , jp
u1, . . . , up

]
(z) = 0, 2 ≤ k + p ≤ n,

(13) Ω ∧ (ddc)p−1
r(z)[u1, . . . , up](z) 6= 0,

(14)
dΩ ∈ ideal(Ω, ddc reu1, dd

c imu1, . . . , dd
c reup, ddc imup) if k = 1,

dΩ = 0 if k 6= 1

with the notation (7) and (8), where the integer r(z) may , in general , depend on
z ∈ D. Then there exists a foliation Lk+p−1 of D by complex submanifolds of D
of codimension k + p − 1 with the property that for every leaf M ∈ Lk+p−1 the
functions ul|M are pluriharmonic, but (∂/∂zj)ul|M are holomorphic on M for
each j = 1, . . . , n and l = 1, . . . , p.
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In Section 6, Theorems 1–3 are used to prove the existence of natural Mar-
kov processes associated with foliations. They are of the form of special integrals
which, within the probabilistic potential theory, are interpreted as canonical dif-
fusions: in Theorem 4 we state not only their existence, but also uniqueness.
Section 7 is devoted to the properties of the diffusions; the main result, formula-
ted in Theorem 5, is that sample paths of the diffusion stay in each leaf of the
foliation. After some preliminaries on the Laplace–Beltrami operator on Rieman-
nian manifolds (Section 8) and an account of the harmonic theory on compact
manifolds (Section 9), the Laplace–Beltrami operator of the foliation is defined
and investigated in Section 10. Under suitable hypotheses, in Theorem 6 the exi-
stence of a canonical diffusion is proved, whose generator is the Laplace–Beltrami
operator on each leaf and the sample paths of the diffusion remain to diffuse on
each leaf associated with the admissible positive current in question. Theorem 6
is then used to construct the symmetric conformal diffusion. Sections 6–10 give a
considerable generalization of the results obtained in [28].

In Section 11 it is remarked that the concept of the Laplace–Beltrami operator
can naturally be extended to a more general context of Clifford analysis [23, 7],
for instance in the cases of the sphere and hyperboloid.

Next, Theorem 3 is applied in Section 12 to study complex Hessians invol-
ving convex functions. The main result is formulated as Theorem 7 which is also
illustrated in Section 13 by two examples. The (final) Section 14 is devoted to
the investigation of a particular case depending on two holomorphic functions
in D ⊂ C3. Since the foliations and canonical diffusions can be constructed in
those cases effectively, we arrive at some properties of holomorphic functions on
hypersurfaces, eliminating the inconvenient notions of foliations and canonical
diffusions. The most impressive case, considered in Section 14, gives rise to the
formulation of Theorem 8.

The present research can be considered, in some sense, a continuation of the
papers [24, 25, 12, 8].

2. Capacities on hermitian manifolds and the
generalized complex Monge–Ampère equations

Let M be a complex manifold of complex dimension n endowed with an her-
mitian metric h and a C1 tensor field H of type (1, 1). In particular, we may let
H depend on h or take as H an almost complex structure of the tangent bundle
TM , for instance the complex structure of M . Let further D be a condenser on
M , i.e. a domain whose complement consists of two distinguished disjoint closed
sets C0 and C1 (the condenser plates), q : M → C a continuous mapping (the in-
homogeneity function), and p a real number ≥ 1. Consider the class admD of all
plurisubharmonic C2-functions u on clD satisfying the conditions 0 < u(z) < 1
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for z ∈ D, u|∂C0 = 0 and u|∂C1 = 1. Let (see [26])

(15) Capp(D, q) = inf
ũ∈admD

∣∣∣ ∫
D

q[h(dcũ, dcũ)]p/2−1 detHdũ ∧ dcũ ∧ (ddcũ)n−1
∣∣∣,

where h(dcu, dcu) = hjku|ju|k, u|j = (u◦µ−1)|j ◦µ in any local coordinate system
µ = (µj) on M . Let further Γ be a homology class of D with real coefficients
and dimΓ = r. Consider all currents of Γ (more precisely: corresponding to
the elements of Γ ) in the sense of de Rham, and a locally finite open covering
U = {Uj : j ∈ I} of M . Denote by adm(D,U) the family of all plurisubharmonic
C2-functions uj on Uj ∈ D defined in each member of the covering which satisfy
the following conditions:

(i) the oscillation of uj in Uj ∈ D is less than one,
(ii) duj = duk in Uj ∩ Uk ∩D 6= ∅.
Condition (ii) describes a closed real one-form in D. Similarly Dcuj and ddcuj

are also well defined in D. Without ambiguity, we can write them omitting the
indices. Let (see [23])

(16) Capp(D, q, Γ, U) = sup
u∈adm(D,U)

inf
T∈Γ
|T [q{h(dcu, dcu)}p/2−1 detHDru]|,

where

Dru =
{
dcu ∧ (ddcu)(r−1)/2 for r odd,
du ∧ dcu ∧ (ddcu)r/2−1 for r even.

For a detailed description of the capacities (15) and (16) we refer to [25], and for
an example of their application to [27].

When looking for a complex analogue of the principle of Dirichlet (cf. e.g. [26])
a natural procedure is to take in (16) for Γ the (2n − 1)-dimensional homology
class of level hypersurfaces {z ∈ clD : u(z) = const}. (In analogy, for a complex
counterpart of the principle of Thomson (cf. e.g. [26]) we had to take in (16) for
Γ the orthogonal 1-dimensional homology class.) One should expect that under
some reasonable conditions, in particular if we take in (16) for admissible functions
only u defined globally with 0 < u(z) < 1 for z ∈ D (we write u ∈ admD), both
capacities (16) and (15) will coincide.

The above idea, as well as both definitions in the case where H = J (the
complex structure of M), p = 2, and q = const, is due to Chern, Levine and
Nirenberg [6], but the affirmative answer is known only in very special subcases
[6, 19, 4]. In the case mentioned the functional minimized attains its minimum
for ũ = u if and only if u satisfies the complex Monge–Ampère equation

(ddcu)n ≡ 4nn! det[u|jk̄]dV = 0

involving the complex Hessian [u|jk̄] = [(∂2/∂zj∂zk)u], where dV is the volume
element. This equation is a special case of the generalized complex Monge–Ampère
equations
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ddc(Fu) ∧ (ddcu)n−1 = 0, F ∈ C2(clD),
or

(17) d(Gdcu) ∧ (ddcu)n−1 = 0, G ∈ C1(clD),

which play an analogous role for the general capacity (15) with

dc(Fu) = Gdcu, G = q[h(dcu, dcu)]p/2−1 detH.

In the general case the function u is replaced by a system satisfying the condi-
tion (ii). We quote the following two propositions due to Andreotti and  Lawry-
nowicz [1, 2]:

Proposition 1. Suppose that :

(α) D has a piecewise C1-smooth boundary and compact closure,
(β) n ≥ 2, p = 2, and q is of class C1,
(γ) u belongs to admD and satisfies (17), where G = q detH,
(δ) d(Gdcu) = fddcu, f ≥ (n− 1)−1G, f being of class C1.

Then the infimum in (15) is attained for the u in question.

R e m a r k 2. Proposition 1 remains valid for n = 1. In this case the condition
(δ) is superfluous.

Proposition 2. Suppose that (α) and (β) hold and that :

(ε) the infimum in (15) is attained for some u,
(η) d(Gdcu) = fddcu, G = q detH, f being continuous.

Then u satisfies (17).

R e m a r k 3. Proposition 2 remains valid for n = 1. In this case the condition
(η) is superfluous.

3. Foliations

We give some preliminaries on foliations. Here we refer to [5] and [29].
By a p-dimensional Cr-foliation of an m-dimensional Cr-differentiable man-

ifold M we mean a decomposition of M into a union of disjoint connected
subsets {Lj : j ∈ I} (I always uncountable) called the leaves of the foliation,
with the following property: Every point of M has a neighbourhood U and a
system of local Cr-differentiable coordinates x = (x1, . . . , xm) : U → Rm such
that for each leaf Lj the components of U ∩ Lj are described by the equations
xp+1 = const, . . . , xm = const.

Foliations arise naturally in various situations in mathematics and it is in-
structive to give some examples.

Example 1. Submersions. Let M and N be Cr-differentiable manifolds of
dimension m and n, m ≥ n, respectively, and let f : M → N be a submersion,
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that is, suppose that rank(df) ≡ n. It follows from the Implicit Function Theorem
that f induces on M a Cr-foliation of codimension n whose leaves are defined to
be the components of f−1({y}) for y ∈ N . Also differentiable fibre bundles are
examples of this sort.

Example 2. Subbundles of the tangent bundle of a Cr-differentiable manifold
M . We say that a smooth subbundle E ⊂ TM is integrable if and only if for any
two smooth sections X and Y of E the section [X,Y ] is also a section of E. By the
Frobenius theorem the set of all maximum integrals E0 of E (i.e. submanifolds of
M such that TxE0 is contained in the fibre over x of the subbundle E for every
x ∈ E0) forms a foliation of M .

A foliation also appears as the family of solutions for some nonsingular system
of differential equations [30] (cf. Example 2). The study of foliations is relevant to
the global behaviour of solutions. For instance, a nonsingular system of ordinary
differential equations, when reduced to a first order system, becomes a nonvan-
ishing vector field. The local solutions (orbits of the local flow generated by the
vector field) form a 1-dimensional foliation.

One can consider analogously ordinary differential equations in the complex
case (where dependence on the variables is holomorphic). One obtains nonsingular
holomorphic vector fields and the corresponding foliations by complex curves.

Let now M be a 2n-dimensional C∞-differentiable manifold and let TM be
its tangent bundle. Let J denote an almost complex structure on M . The spaces
TM1,0 and TM0,1 may be defined by the splitting TM ⊗R C ' TM1,0 + TM0,1,
where α = 1

2 (α− iJα) + 1
2 (α+ iJα). Hence also T ∗M ⊗R C ' T ∗M1,0 +T ∗M0,1.

Under this splitting, d = ∂ + ∂. We shall use the notation ∂j = ∂/∂zj and
∂j = ∂/∂zj . We denote by

Ap,qM = Λp(T ∗M1,0) ∧ Λq(T ∗M0,1)

the space of forms of type (p, q) on M , and the space of k-forms on M is given
by

AkM =
⊕
p+q=k

Ap,qM.

We also extend J∗ (the adjoint of J) to

A(M) =
⊕
k

AkM

by the rule J∗f = f if f is a 0-form and, in general, by J∗(ξ ∧ η) = J∗ξ ∧ J∗η.
If X ∈ TM ⊗R C is any tangent vector, then Xc : Ak → Ak−1 is the contraction
by X defined by

(Xcω)(Y1, . . . , Yk−1) = ω(X,Y1, . . . , Yk−1),

where ω ∈ AkM and c stands for the inner product. If F ⊂ A(M) is an ideal,
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then
AnnF = {X ∈ TM : Xcω ∈ F for all ω ∈ F}.

The following lemma can easily be established [3]:

Lemma 1. Let F = (ω1, . . . , ωk) be the ideal of AM generated by q-forms
ω1, . . . , ωk. If dF ⊂ F, then AnnF is involutive, i.e. for X,Y ∈ AnnF we have
[X,Y ] ∈ AnnF .

P r o o f. The assertion easily follows from the identities [X,Y ]c = [LX , Y c]
and LX = d ◦Xc+Xc ◦ d.

We also have (see [3])

Lemma 2. If F = (ω1, . . . , ωk) is an ideal of A∗D, D ⊂ Cn, generated by real
(1, 1)-forms, then AnnF is J-invariant.

P r o o f. The conclusion follows from the observation that every real (1, 1)-
form ω may be diagonalized into the form ω = ±b1 ∧Jb1± . . .± bn′ ∧Jbn′ , where
b1, . . . , bn′ are real 1-forms.

The following lemma is important for our considerations:

Lemma 3. Let ω1 and ω2 be real (1, 1)-forms with ω2 ≥ 0, and let there
exist aj , bj ∈ T ∗D, D ⊂ Cn, such that ω1 =

∑
±aj ∧ Jaj , ω2 = −

∑
bj ∧

Jbj. Then dim span{aj , Jaj , bj , Jbj} = 2p if and only if (ω1 + iω2)p 6= 0 and
(ω1 + iω2)p+1 = 0.

For the proof we refer to [3].

R e m a r k 4. There are situations in which the condition ω2 ≥ 0 is unnecessary.
For instance, if ω1 and ω2 can be simultaneously diagonalized, then the conclusion
remains valid.

4. Proof of the existence theorem in the holomorphically
decomposable case

We prove Theorem 1. The ideal in question,

F = ideal(Ω, ddc reu, ddc imu),

is d-closed and invariant under J , the complex structure of the tangent bundle
TD. It follows from (3) that the annihilator of F ,

AnnF = {X ∈ TD : XcΩ = Xcddc reu = Xcddc imu = 0},
has complex codimension at least k+ p− 1. To show that it is exactly k+ p− 1,
for every z ∈ D we select forms cκ, aκ, bκ ∈ T ∗zD such that

Ω = ±
k∧
j=1

cj ∧ Jcj , ddc reu =
r∑

κ=1

±aκ ∧ Jaκ, ddc imu =
s∑

λ=1

±bλ ∧ Jbλ.
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We claim that the real dimension of the real span of

{cj , Jcj , aκ, Jaκ, bλ, Jbλ} = V ∗

is exactly 2(k + p − 1); we already know that it is at least 2(k + p − 1). Let us
choose a J-invariant complementary subspace of

V ∗0 = span{cj , Jcj}, i.e. V ∗ = V ∗1 ⊕ V ∗0 .
Thus we have

aκ = ακ + γκ, bλ = βλ + δλ, ακ, βλ ∈ V ∗1 , γκ, δλ ∈ V ∗0 .
By definition of V ∗, span{ακ, Jακ, βλ, Jβλ} = V ∗1 . Therefore

ddc reu =
r∑

κ=1

±ακ ∧ Jακ +
k∑
j=1

(cj ∧ sj + Jcj ∧ σj),(18)

ddc imu =
s∑

λ=1

−βλ ∧ Jβλ +
k∑
j=1

(cj ∧ tj + Jcj ∧ τj).(19)

We have dimR V
∗≥2(k+ p− 1). If dimR V

∗≥2(k+ p), then we would obtain
dimR V

∗
1 ≥ 2p. On the other hand, Lemma 2.3 in [3] states the following: Let

ω1 and ω2 be real (1, 1)-forms with ω2 ≥ 0, and let there exist ακ, βλ ∈ T ∗D,
D ⊂ Cn, such that

(20) ω1 =
∑
±ακ ∧ Jακ, ω2 = −

∑
βλ ∧ Jβλ.

Then dim span{ακ, Jακ, βλ, Jβλ} = 2p if and only if

(ω1 + iω2)p 6= 0 and (ω1 + iω2)p+1 = 0.

Hence, in our case we would get, in particular,(∑
±ακ ∧ Jακ − i

∑
βλ ∧ Jβλ

)p
6= 0

since {ακ, Jακ, βλ, Jβλ} spans V ∗1 . But this would imply, by (18) and (19), that

Ω ∧ (ddcu)p =
(
±

k∧
j=1

cj ∧ Jcj
)
∧
[∑

±ακ ∧ Jακ − i
∑

βλ ∧ Jβλ

+
k∑
j=1

(cj ∧ sj + Jcj ∧ σj + icj ∧ tj + iJcj ∧ τj)
]p

=
(
±

k∧
j=1

cj ∧ Jcj
)
∧
(∑

±ακ ∧ Jακ − i
∑

βλ ∧ Jβλ
)p
6= 0,

which contradicts (2). Thus indeed dimR V
∗ = 2(k + p− 1).

Consequently, the complex codimension of Ann F is exactly k+p−1. On the
other hand, by (4), F is d-closed, so it is integrable and, by the classical theorem
of Frobenius, this gives the required foliation Lp+k−1.
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If we denote by ı : M → D the inclusion mapping (the holomorphic mapping
of the leaf M in question into D), then ı∗u = u|M and hence

∂M∂M (u|M) = ∂M∂M (ı∗ reu) + i∂M∂M (ı∗ imu)(21)
= ı∗∂∂ reu+ i(ı∗∂∂ imu) = 0,

since TM ⊂ Ann(ddc reu, ddc imu). This proves that the functions imu|M and
reu|M are pluriharmonic.

Finally, we have to show that the functions

(22) (imu)|j |M and (reu)|j |M, where f|j = ∂f/∂zj ,

are holomorphic. Consider an arbitrary vector field

(23) X =
n∑
j=1

Cj(∂/∂zj) ∈ TM1,0.

The bundles TM and JTM are contained in Ann(ddc reu, ddc imu). Hence
Xcddc reu = Xcddc imu = 0; but this is equivalent to

n∑
j=1

Cj reu|jk̄ =
n∑
j=1

Cj imu|jk̄ = 0 for every system (C1, . . . , Cn),

Cj being real numbers, so reu|jk̄|M = imu|jk̄|M = 0 for each j. This proves that
the functions (22) are indeed holomorphic, and so concludes the proof.

R e m a r k 5. There are situations in which the condition ω2 ≥ 0 in Lemma 2.3
in [3] is unnecessary. As is noticed there, if the forms (20) can be simultaneously
diagonalized, then the conclusion remains valid.

R e m a r k 6. If the domain D in Theorem 1 is bounded and u is, in addition,
continuous on clD, then the functions reu, imu, |(reu)|j | and |(imu)|j | satisfy
the weak maximum principle in clD, i.e. the maximum of reu on clD is equal to
the maximum of reu on ∂D etc.

5. Proof of the existence theorem
in the exterior product case

Now we prove Theorem 2. As mentioned before, the method is essentially
different from that applied for Theorem 1. Consider the ideal

F = ideal(ddcu1, . . . , dd
cup).

It is d-closed and invariant under J , the complex structure of TD. Unfortunately,
in contrast to Theorem 1, it is not obvious now that

AnnF = {X ∈ TD : Xcddcuj = 0 for all j = 1, . . . , p}
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has complex codimension at least p−1. To show that it is exactly p−1, for every
z ∈ D we select forms asjs , js = 1, . . . , ks, s = 1, . . . , p, such that

ddcus = −
ks∑
js=1

asjs ∧ Ja
s
js , s = 1, . . . , p.

The possibility of decomposing each ddcus in the form as above follows from the
plurisubharmonicity of us and, in particular, from its positive definiteness.

We claim that the real dimension of the real span of

{ajj1 , Ja
1
j1 , . . . , a

p
jp
, Japjp : j1 = 1, . . . , k1; . . . ; jp = 1, . . . , kp} = V ∗

is at least 2(p− 1). In order to prove this, consider, at every z ∈ D, the 2p-vector

(24) ω = al1j1 ∧ Ja
l1
j1
∧ . . . ∧ alpjp ∧ Ja

lp
jp
, 1 ≤ ls ≤ p, 1 ≤ js ≤ kls , s = 1, . . . , p.

If it is not zero, then it is built from linearly independent vectors which form
a basis of a J-invariant subspace of TzD of (complex) dimension p − 1. If ω′ is
another 2p-vector of the form (24) generating the same subspace, then

(25) ω′ = tω with t of the form t = det
[
A B
−B A

]
> 0.

Now, from the second relation in (9) it follows that at the z in question, there is
a 2(p− 1)-vector

ωr = a1
j1 ∧ Ja

1
j1 ∧ . . . ∧ a

r−1
jr−1
∧ Jar−1

jr−1
∧ ar+1

jr+1
∧ Jar+1

jr+1
∧ . . . ∧ apjp ∧ Ja

p
jp

(with r = r(z)) which is not zero, so it is built from linearly independent vectors
that form a basis of a J-invariant subspace of TzD of (complex) dimension p− 1,
in general different from the previous (p−1)-dimensional subspace of TzD. Hence
dimR V

∗ ≥ 2(p− 1).
Now we claim that dimR V

∗ = 2(p− 1). Suppose the contrary. In view of the
previous conclusion this would mean that dimR V

∗ = 2m ≥ 2p, m being a positive
integer. Thus there would exist a system of linearly independent vectors

(26) (a1
t11
, Ja1

t11
, . . . , a1

t1s1
, Ja1

t1ts1

, . . . , ap
tpsp
, Jap

tpsp
)

with s1 + . . .+sp = m ≥ p and 0 ≤ sj ≤ m, j = 1, . . . , p. Consider the differential
form

ϕ = (ddc)p
[
s1, . . . , sp
u1, . . . , up

]
.

Since the vectors of the system (26) are linearly independent, the 2m-vector ω0,
defined as the wedge product of all the vectors of (26), would not be zero. Next,
regarding ϕ as a vector, we would observe that the totality of its addends different
from zero would form a C-basis of the vector space V ∗, so according to (25) they
would differ from ω0 by a factor t > 0. Therefore we would have ϕ = (

∑
tj)ω0,

where each tj > 0. This would mean that ϕ 6= 0, but ϕ = 0 by the first relation
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in (9), where we can take j1 = s1, . . . , jp = sp because of the arbitrariness of
(j1, . . . , jp). Thus indeed dimR V

∗ = 2(p− 1).
Consequently, the complex codimension of AnnF is exactly p−1. On the other

hand, however, F is d-closed, so it is integrable and, by the classical theorem of
Frobenius, this gives the required foliation Lp−1.

If we denote by ı : M → D the inclusion mapping (the holomorphic mapping
of the leaf M in question into D), then ı∗u = uk|M for k = 1, . . . , p and hence,
in analogy to (14), we get

∂M∂M (uk|M) = ∂M∂M (ı∗uk) = ı∗∂∂uk = 0, k = 1, . . . , p,

since TM ⊂ Ann(ddcu1, . . . , dd
cup). This proves that the functions uk|M are

pluriharmonic.
Finally, we have to show that the functions uk|j |M are holomorphic. Consider

an arbitrary vector field (23). The bundles TM and JTM are contained in
Ann(ddcu1, . . . , dd

cup). Hence Xcddcuk = 0, but this is equivalent to
n∑
l=1

Cluk|jl̄ ≡
n∑
l=1

Cluk|l̄j = 0 for every system (C1, . . . , Cn),

Cj being real numbers, so uk|jl̄|M = 0 for each j. This proves that the functions
uk|j |M are indeed holomorphic, and so the proof is complete.

R e m a r k 7. If the domain D in Theorem 2 is bounded and the functions uj ,
j = 1, . . . , p, are in addition continuous on the closure clD, then the functions uj
and |uk|j | satisfy the weak maximum principle in clD in the sense of Remark 6.

P r o o f of Theorem 3 is a minor modification of Theorem 1 in the case (10),
and of that of Theorem 2 in other cases.

R e m a r k 8. Theorem 3 can still be generalized by using the complex variant
of the theorem of Frobenius, due to Nirenberg [30, p. 175, Th. 1], instead of the
classical theorem. This will be the subject of a separate study of the second named
author.

6. Natural Markov processes connected
with the foliation Lk+p−1

Theorems 1–3 may give complex foliations that generate some natural Markov
processes. From now on we suppose the form Ω in Theorem 3 to be nonnegative.
We consider D and uj , j = 1, . . . , p, as in that theorem. Let θ be the positive
current of type (n− 1, n− 1) defined by

(27) θ := (ddc|z|2)n−k−p ∧Ω ∧ (ddc)p−1
r [u1, . . . , up]

where (ddc)p−1
r is given by (8) and the integer r is supposed to be independent

of z ∈ D.
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We associate with (27) the Dirichlet form Eθ defined by

(28) Eθ(ϕ,ψ) :=
∫
D

dϕ ∧ dcψ ∧ θ for ϕ,ψ ∈ C2
0 (D).

We note that, by Stokes’ theorem, we have

(29) Eθ(ϕ,ψ) = −
∫
D

ϕddcψ ∧ θ +
∫
D

ϕdcψ ∧ dθ,

which means that ψ is Eθ-harmonic if and only if

(30) (Lθψ)dV := ddcψ ∧ θ − dcψ ∧ dθ = 0,

where dV is the canonical Kähler form of Cn.

Lemma 4. Eθ is closable on L2(D, dV ), which implies that Lθ has a self-
adjoint extension on L2(D, dV ).

P r o o f. We proceed in analogy to the proof of Lemma 1 in [11]. By [10], pp.
4–5, it is sufficient to show that for any sequence ψk ∈ C2

0 (D) with

Eθ(ψj − ψk, ψj − ψk)→ 0 as j, k →∞
and ∫

D

ψ2
kdV → 0 as k →∞,

we get
Eθ(ψk, ψk)→ 0 as k →∞;

yet this is obvious since θ and dθ have continuous coefficients.
Now we follow the general line of correspondence of the diffusion, a specific

Markov process, to our Dirichlet form; cf. [10–12]. Firstly, for any ϕ,ψ ∈ C2
0 (D),

we have

(31) Eθ(ϕ,ψ) = −(ϕ,Lϕψ)L2 .

Secondly, by Lemma 4, Lθ can be considered a self-adjoint operator on L2(D, dV )
in the sense that Lθ has a closed extension which is self-adjoint on L2(D, dV ).
Thirdly, as in [28], for any complex number γ with |arg γ| ≤ π − ε, ε being fixed
and positive, we get

‖(λI − Lθ)−1‖ ≤ const /(|λ|+ 1),

where I is the identity operator. By the Hille–Yosida theory of semi-groups, espe-
cially Corollary 2 in [34], p. 249, Lθ − λI is the infinitesimal generator of an
equicontinuous semi-group {Tt : t ≥ 0} of class (C0) such that

T0 = I, Tt = exp(tLθ) for t > 0.

Summing up, since, by construction, Tt inherits the Markov property (cf. e.g.
[10], p. 88), it yields a family of transition functions

(32) {pθt (x, y) : t > 0, x, y ∈ D}
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with the property

(33) Ttf(x) =
∫
D

pθt (x, y)f(y) dV (y) for f ∈ L2(D, dV ),

which gives the desired diffusion Xθ
t , that is, a Markov process with continuous

sample paths, associated in a natural way with the corresponding foliation Lk+p−1

whenever this foliation exists by Theorem 3. Therefore we have proved

Theorem 4. Consider an arbitrary domain D, arbitrary functions (11), and
an arbitrary nonnegative form Ω, satisfying all the hypotheses of Theorem 3. In
addition, suppose that the integer r = r(z) in (13) is independent of z ∈ D. Then
to any positive current θ of type (n− 1, n− 1), defined by (27), there corresponds
a unique diffusion Xθ

t determined by a family of transition functions (32) with
the property (33).

Moreover, we have the following corollary to this theorem, which is obtained
immediately, by Theorem 3:

Corollary 1. Under the hypotheses of Theorem 4, to any foliation Lk+p−1

described in Theorem 3 there corresponds a unique diffusion Xθ
t , that is, a Mar-

kov process with continuous sample paths, determined by a family of transition
functions (32) with the property (33).

R e m a r k 9. The current θ given by (27) is not always d-closed. For instance,
as proved in [28] (Proposition 1), if u and φ are real smooth functions such that
we have, on D,

du ∧ (ddcu)p = 0, φ 6= 0, dφ ∧ du ∧ dcu ∧ (ddcu)p−1 6= 0,

then u and Ω = φdu ∧ dcu satisfy the hypotheses of Theorem 1.

R e m a r k 10. If we take u and Ω as in Remark 9, then

θ = (ddc|z|2)n−1−p ∧ φdu ∧ dcu ∧ (ddcu)p−1.

Let us normalize θ taking θ0 = φ−1θ. Then, as noticed in [28],

(Lθψ)dV = ddcψ ∧ θ − dcψ ∧ dθ = φ[(Lθ0ψ)dV − dcψ ∧ d log φ ∧ θ0],

soXθ
t is a diffusion which differs fromXθ0

t by a drift force due to−dcψ∧d log φ∧θ0,
up to time change caused by φ.

7. Properties of canonical diffusions

Consider the sample paths [18] of the diffusion Xθ
t , determined uniquely in

Theorem 4. We prove the following generalization of Theorem 3 of [28]:

Theorem 5. Consider any foliation Lk+p−1 determined in Theorem 3 and let
M be its arbitrary leaf. Then the sample paths of the diffusion Xθ

t , determined
uniquely in Theorem 4 by that foliation, remain invariant on M .
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The proof is based upon four lemmas. Firstly, we have

Lemma 5. With any foliation Lk+p−1 determined in Theorem 3 we can asso-
ciate the annihilator

(34) AnnF = {X ∈ TD : Xcα = 0
for α = Ω, ddc reuj , ddc imuj , j = 1, . . . , p}

of the corresponding ideal

(35) F = ideal(Ω, ddc reu1, dd
c imu1, . . . , dd

c reup, ddc imup);

(34) is the set of J-invariant involutive tangent vector fields of constant real
dimension 2(n− k − p+ 1), where J is the complex structure of TD.

The proof is obvious. Secondly, by the classical theorem of Frobenius, we get

Lemma 6. Under the hypotheses of Theorem 3, there locally exist q := 2(k +
p− 1) real-valued functions fj , j = 1, . . . , q, such that each leaf M of Lk+p−1 is
given by

(36) {z ∈ D : fj(z) = Cj , j = 1, . . . , q},
where the Cj are real constants and

(37) span{dfj : j = 1, . . . , q} = (AnnF )⊥.

Further, we have

Lemma 7. Fix a point of the domain D in question, D ⊂ Cn, and its suffi-
ciently small neighbourhood D0 ⊂ D, D0 6= D, where all the functions fj of (36)
are defined. Select forms

(38) cj , a
s
js , b

s
js , j = 1, . . . , k, js = 1, . . . , ks, s = 1, . . . , p,

such that

Ω = ±
k∧
j=1

cj ∧ Jcj , ddc reus = −
ks∑
js=1

asjs ∧ Ja
s
js ,

ddc imus = −
ks∑
js=1

bsjs ∧ Jb
s
js , s = 1, . . . , p,

where J denotes the complex structure of TD and , for any r 6= r′, cr and cr′ resp.
ar and ar′ resp. br and br′ are mutually orthogonal with respect to the Kähler
metric of Cn. Suppose (without any loss of generality) that

{cj , Jcj , asjs , Ja
s
js , b

s
js , Jb

s
js : j, js and s as in (38), s < p}

is a basis of

V ∗1 := span{cj , Jcj , asjs , Ja
s
js , b

s
js , Jb

s
js : j, js and s as in (38), s ≤ p}.

Choose V ∗3 as a J-invariant complementary subspace of

V ∗2 := span{asjs , Ja
s
js , b

s
js , Jb

s
js : j, js and s as in (38), s < p},
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i.e. V ∗1 = V ∗2 ⊕ V ∗3 so that

cs = c′s + a′sjs or cs = c′s + b′sjs , where a′sjs resp. b′sjs ∈ V
∗
2 and c′s ∈ V ∗3 ;

if k < p, we set c′s = 0 for s > k; if k ≥ p, we set

a′sjs = 0 or b′sjs = 0 for s > p.

Next , take k mutually orthogonal elements c′′1 , . . . , c
′′
k of V ∗3 such that

V ∗3 = span{c′′1 , Jc′′1 , . . . , c′′k , Jc′′k}.
Then

(39) (AnnF )⊥

= span{c′′1 , Jc′′1 , . . . , c′′k , Jc′′k , a1, Ja1, b1, Jb1, . . . , ap−1, Jap−1, b1, Jbp−1}.

P r o o f. The verification of (39) is straightforward. Note that dimR V
∗
1 = q.

Lemma 8. Fix z0 ∈ D and its sufficiently small neighbourhood D0 ⊂ D,
D0 6= D, where all the functions fj of (36) are defined. Then

(40)
dfj ∧Ω ∧ (ddc)p−1

r(z)[u1, . . . , up](z) = 0,

dcfj ∧Ω ∧ (ddc)p−1
r(z)[u1, . . . , up](z) = 0,

z ∈ D0, j = 1, . . . , p,

with the notation (8), where the integer r(z) may , in general , depend on z ∈ D0.

P r o o f. By Lemmas 6 and 7, in particular the formulae (32) and (39), we
have, on D0, for each j = 1, . . . , p,

dfj ∧Ω ∧ ((ddc)p−1
r(z)[u1, . . . , up](z))

= const dfj ∧
(
±

k∧
j=1

cj ∧ Jcj
) p−1∧
s=1

( ks∑
js=1

asjs ∧ Ja
s
js

)
∧
( ks∑
j′s=1

bsj′s ∧ b
s
j′s

)

= const dfj ∧
(
±

k∧
j=1

c′′j ∧ Jc′′j
) p−1∧
s=1

( ks∑
js=1

asjs ∧ Ja
s
js

)
∧
( ks∑
j′s=1

bsj′s ∧ b
s
j′s

)
= 0.

Moreover, dcfj = −J(dfj) and, by J-invariance of (37),

span{J(dfj) : j = 1, . . . , q} = J [(AnnF )⊥] = (AnnF )⊥,

so we also get the latter equality in (40).

P r o o f o f T h e o r e m 5. By applying the operator d to the latter equality
in (40), we have, on D,

(41) ddcfj ∧ θ − dcfj ∧ dθ = 0, j = 1, . . . , q,

that is, by (30), fj is Eθ-harmonic, i.e. Lθfj = 0. Next, we observe that, by (40)
and (41),

Lθ(f2
j ) = 2fjLθ(fj) + 2(dfj ∧ dcfj ∧ θ)/dV = 0.
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Hence, by applying the Dynkin formula (cf., e.g., [18], p. 232) to [fj−fj(z0)]2(Xθ
t )

with Xθ
0 = z0, we get

Ez0{[fj(Xθ
t∧ζ)− fj(z0)]2}

= Ez0 [f2
j (Xθ

t∧ζ)]− 2fj(z0)Ez0 [fj(Xθ
t∧ζ)] + f2

j (z0)Ez0 [1]

= f2
j (z0)− 2f2

j (z0) + f2
j (z0) = 0

with ζ being the first hitting time ([10], p. 91) of ∂D0, by virtue of the Dynkin
formula, applied again to f2

j (Xθ
t ) and fj(Xθ

t ). Therefore fj(Xθ
t∧ζ) = fj(Xθ

t ) for
any t > 0, j=1, . . . , q, that is, Xθ

t∧ζ does not quit the level surface of fj . Since this
fact holds locally at any point of D, the sample paths of the diffusion Xθ

t , uniquely
determined in Theorem 4 by the foliation Lk+p−1, remain indeed invariant on M .

Theorem 5 yields

Corollary 2. If a positive current θ of type (n− 1, n− 1), of the form (27),
is d-closed , i.e. dθ=0, then holomorphic functions are Eθ-harmonic, that is, Xθ

t

is a symmetric conformal diffusion.

8. Laplace–Beltrami operator on Riemannian manifolds

Let M be a Riemannian manifold of dimension m with a Riemannian scalar
product g. There exists a unique connection ∇ on M , the so-called Riemannian
connection for g, which is torsion free and for which g is parallel (∇g = 0).

The curvature tensor R of ∇ is defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

for arbitrary vector fields X, Y , Z. The Ricci tensor is the trace

Ric(X,Y ) = trace(Z → R(Z,X)Y ).

The scalar product g may be extended onto the whole tensor algebra of M , in
particular, onto the exterior algebra of smooth differential forms on M ,

A(M) =
m⊕
p=1

ApM.

For example, if x ∈M , and v, w ∈ T ∗xM , we get

g(v, w) = g(v], w]),

where v], w] are tangent vectors dual to v and w, respectively. If, now, v1 ∧ . . .∧
vp, w1 ∧ . . . ∧ wp ∈

∧p
T ∗xM , then

g(v1 ∧ . . . ∧ vp, w1 ∧ . . . ∧ wp) =
∑
π

ε(π)g(v1, wπ1) . . . g(vp, wπp
),

where the sum is taken over all permutations π = (π1, . . . , πp) of {1, . . . , p}.
Assuming that the spaces Ap and Aq are orthogonal for p 6= q we extend q onto
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the whole A(M). The use of the same letter q for the extended product should
not be confusing.

For any two smooth forms λ, µ ∈ A(M) we define the global scalar product
〈 , 〉 by

(42) 〈λ, µ〉 =
∫
M

g(λ, µ)VolM ,

where VolM is the volume of the metric g (M is assumed to be compact and
oriented).

Now, take one of the simplest and most natural first order differential operators
d : A(M)→A(M). We are interested in finding its formal adjoint d∗. To this end
let us introduce the Hodge-star homomorphism ? : Ap → An−p. It is uniquely
determined by the condition

(43) g(λ, µ)VolM = λ ∧ ?µ, λ, µ ∈ Ap.
The homomorphism ? may be extended onto the whole algebra A.

The properties given below follow directly from the definition (43):

(44) ??|Ap = (−1)p(n−p)

and

(45) g(?λ, ?µ) = g(λ, µ).

By (42) and (43) we get

(46) 〈λ, µ〉 =
∫
M

λ ∧ ?µ, λ, µ ∈ Ap.

When applying the Stokes theorem to 〈λ, ν〉 we get, by (44)–(46),

〈dλ, ν〉 = 〈λ, ω ? d ? ων〉,
where ω and ω restricted to Ap denote multiplication by (−1)p and (−1)p(n−p),
respectively.

Consider the operator
d∗ = ω ? d ? ω.

Then d∗ is formally adjoint to d in the sense that

(47) 〈dλ, ν〉 = 〈λ, d∗ν〉.
It is a first-order linear differential operator on M .

By the definition (47), the properties (43) and (44) of ? and the well-known
properties of d one can easily check the following properties of d∗:

(i) d∗ : Ap → Ap−1, in particular d∗f = 0 on functions f ,
(ii) d∗d∗ = 0,
(iii) d∗λ = (−1)n(p+1)+1 ? d ? λ, λ ∈ Ap,

in particular, if n is even,
(iv) d∗ = − ? d?.
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Now, using d and d∗ we can build the Laplace–Beltrami operator as follows:

(48) ∆ = d∗d+ dd∗.

Proposition 3. The Laplace–Beltrami operator ∆ is a second-order linear
differential operator and it has the following properties:

1o ∆ : Ap → Ap, while ∆ = −
∑
i ∂

2/(∂xi)2 on functions in M = Rn,
2o ?∆ = ∆?,
3o ∆ = (d+ d∗)2,
4o 〈∆λ, µ〉 = 〈λ,∆µ〉,
5o if ∆µ = 0, then 〈∆λ, µ〉 = 0,
6o ∆λ = 0 if and only if dλ = 0 and d∗λ = 0.

P r o o f. 1o is evident. 2o is numerical. 3o is a consequence of the fact that
d2 = 0 and d∗2 = 0.

4o: By (47) and (48), we get 〈∆λ, µ〉 = 〈(d∗d + dd∗)λ, µ〉 = 〈d∗dλ, µ〉 =
〈dd∗λµ〉 = 〈λ, dd∗µ〉+ 〈λ, ddµ〉 = 〈λ,∆µ〉. 5o is a consequence of 4o.

6o: The implication “⇐” is evident, so if ∆λ = 0 then 0 = 〈∆λ, µ〉 = 〈(d∗d+
dd∗)λ, λ〉 + 〈dλ, dλ〉 + 〈d∗λ, d∗λ〉. This implies that dλ = 0 and d∗λ = 0, and
completes the proof.

9. Harmonic theory on compact complex manifolds

Let M be a compact connected hermitian manifold of complex dimension
n = 2m. We wish to find canonical representatives for the Dolbeault cohomology
groups Hp,q

∂
(M). To do this, we copy the development in the real case replacing

d by ∂ and adding complex conjugate signs in various places.
First, the hermitian metric on M induces a hermitian inner product ( , )x on

each space
∧p,q

T ∗cx (M) and hence it induces a “global” hermitian inner product
on Ap,q(M) by

〈ψ, η〉 =
∫
M

(ψ(x), η(x))x dV (x) for ψ, η ∈ Ap,q

making Ap,q a complex pre-Hilbert space. The star operator ? : Ap,q → Am−p,m−q

is defined by the requirement that ψ(x) ∧ ?η(x) = (ψ(x), η(x))xdV (x). By the
above it is easy to verify that ? ? η = (−1)p+qη for every η ∈ Ap,q. We recall the
following

Proposition 4. The formal adjoint ∂
∗

: Ap,q → Ap,q−1 of ∂ : Ap,q−1 → Ap,q

is given by
∂
∗

= − ? ∂ ? .
The ∂-Laplacian ∆∂ : Ap,q → Ap,q is defined by ∆∂ = ∂

∗
∂+∂∂

∗
. A (p, q)-form

ψ is said to be ∂-harmonic if ∆∂ψ = 0.
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Let us denote by Hp,q = Zp,q/Bp,q the (p, q)-cohomology group in the sense
of Dolbeault. Now let a Dolbeault cohomology class [ψ] ∈ Hp,q be represented by
a (p, q)-form ψ. Then each ∂-closed (p, q)-form in this cohomology class is of the
form ψ + ∂η, where η ∈ Ap,q−1. Thus, the set of ∂-closed (p, q)-forms in a given
cohomology class is an affine subspace S ⊂ Ap,q. A natural question is whether
there exists a form which has a minimum norm in S. Since Ap,q is not complete
there may not be such an element. To study this we find a criterion for ψ to have
a minimum norm. First note that ‖ψ+ ∂η‖2 = ‖ψ‖2 + ‖∂η‖2 + 2 re〈ψ, ∂η〉. Then
we again recall a few well-known propositions.

Proposition 5. A ∂-closed form ψ is of minimum norm within its Dolbeault
cohomology class if and only if ∂

∗
ψ = 0.

Proposition 6. ∆∂ψ = 0 if and only if ∂ψ = 0.

Define Hp,q

∂
(M) = {ψ ∈ Ap,q(M) : ∆∂ψ = 0}. We have

Proposition 7 (the Hodge decomposition). For any integers p and q with
0 ≤ p ≤ m, 0 ≤ q ≤ m, Hp,q

∂
is finite-dimensional and the following orthogonal

direct decomposition holds:

Ap,q = Hp,q

∂
⊕∆∂(Ap,q) = Hp,q

∂
⊕ ∂(Ap,q−1)⊕ ∂(Ap−1,q).

If we denote by π(Hp,q

∂
)⊥ the orthogonal projection on (Hp,q

∂
)⊥ then by the

Hodge decomposition we can define the operator G = (∆∂ |(H
p,q

∂
)⊥) − π(Hp,q

∂
)⊥ :

Ap,q → (Hp,q

∂
)⊥. It is bounded, self-adjoint and compact. Moreover, it has the

following properties:

∂ ◦G = G ◦ ∂ and ∂
∗ ◦G = ∂

∗ ◦G,
id = πHp,q

∂

+∆∂ ◦G on Ap,q.

G is called the Green operator for ∆∂ and, by the definition, G(α) is the unique
solution of ∆∂ω = α− πHp,q

∂

α in (Hp,q

∂
)⊥.

Corollary 3. Each Dolbeault cohomology class contains a unique harmonic
representative, i.e.

ker∆∂ ' H
p,q

∂
.

On a compact Hermitian manifold we define a number of operators on the
space A such as d, ∂, ∂, their adjoints δ, ∂∗, ∂

∗
and the associated Laplacians

∆d = dδ + δd, ∆∂ and ∆∂ , respectively. We define three more operators:

1) dc = (i/4π)(∂ − ∂);
2) L : Ap,q → Ap+1,q+1 by the formula L(η) = η ∧ ω, where ω is the funda-

mental form;
3) Λ = L∗ : Ap,q → Ap+1,q+1, formally adjoint to L.



Foliations by complex manifolds involving the complex Hessian 25

Note that dc (like d) is a real operator and

ddc = −dcd.
On a general Hermitian manifold there are no simple relations between these
operators. In the Kähler case, however, we shall establish some of Hodge identities
joining them together.

Lemma 9.
(i) [Λ, d] = Λ ◦ d− d ◦ Λ = −4πdc∗, (iii) [Λ, ∂] = −i∂∗,

(ii) [L, d∗] = 4πdc, (iv) [Λ, ∂] = i∂
∗
.

P r o o f. For the proof see [17].

From the above lemma we easily get the following

Lemma 10. On a compact Kähler manifold

[L,∆d] = 0 and [Λ,∆d] = 0.

P r o o f. Since ω is closed,

d(ω ∧ η) = ω ∧ dη or [L, d] = 0 and [Λ, d∗] = 0.

Then Λ(dd∗ + d∗d) = (dΛd∗ − 4πdc∗d∗) + d∗Λd = dΛd∗ + 4πd∗ + dc∗ + d∗Λd =
(dd∗ + d∗d)Λ.

Lemmas 9 and 10 enable us to prove the following fundamental fact about the
complex Laplace–Beltrami operator.

Proposition 8. On a compact Kähler manifold

∆d = 2∆∂ = 2∆∂ .

P r o o f. First, we show that ∂∂
∗

+ ∂
∗
∂ = 0. Since

Λ∂ − ∂∆ = i∂
∗
,

it follows that

i(∂∂
∗

+ ∂
∗
∂) = ∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂ = ∂Λ∂ − ∂Λ∂ = 0.

Then
∆d = (∂ + ∂)(∂∗ + ∂

∗
) + (∂∗ + ∂

∗
)(∂ + ∂).

Finally, we show that ∆∂ = ∆∂ :

−i∆∂ = ∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂ = ∂Λ∂ − ∂∂Λ+ Λ∂∂ + ∂Λ∂

and

i∆∂ = ∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂ = ∂Λ∂ − ∂∂Λ+ Λ∂∂ + ∂Λ∂ = i∆∂ ,

which proves our proposition.

Corollary 4. On a compact Kähler manifold , ∆d preserves bidegree.
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Now let us see what this implies on cohomology. To avoid confusion, set

Hp,q
d = Zp,qd /Bp,qd , Hp,q

d = {η ∈ Ap,q : ∆dη = 0}, Hr
d = {η ∈ Ar : ∆dη = 0},

and, similarly, for ∂ and ∂. Since ∆d = 2∆∂ , we immediately see that

Hp,q
d = Hp,q

∂
.

We also have

Hr
d =

⊕
p+q=r

Hp,q
d .

Indeed, all (p, q)-components of a harmonic form are harmonic since [∆d, πp,q] = 0
(∆d preserves type). Since ∆d is real we also have Hp,q

d = Hq,p
d . If η is a closed

form of type (p, q) then

η = H(η) + dd∗G(η),

where H(η) is the harmonic part of η which is also of type (p, q). Hence Hp,q
d '

Hp,q
d . When combining them with the Hodge isomorphism H∗DR ' H∗, where DR

stands for de Rham, we get

Hodge decomposition. For a compact Kähler manifold we have the following
isomorphisms for complex cohomologies:

Hr(M,C) '
⊕
p+q=r

Hp,q
d '

⊕
Hp,q

∂
'
⊕

Hq(M,Ωp)

and

Hp,q
d = Hq,p

d .

As a special case of this decomposition we have

Hp,0 ' H0(M,Ωp) (the space of holomorphic p-forms).

In fact, we have the following

Proposition 9. The holomorphic p-forms on a compact Kähler manifold are
the harmonic (p, 0)-forms for any Kähler metric.

P r o o f. We have to prove equality of the spaces in question, and not only
isomorphism. Since ∆d = 2∆∂ , we have Hp,0

d =Hp,0

∂
. In the Hodge decomposition

we have, in general,

Zp,q
∂

= Hp,q

∂
⊕Bp,q

∂

with

Bp,q
∂

= ∂Ap,q−1.

Hence, for q = 0, we have Zp,0
∂

= Hp,0

∂
, and Zp,0

∂
is precisely the space of

holomorphic p-forms.
The positive numbers hp,q = dimC H

p,q

∂
are called the Hodge numbers.

On a Kähler manifold they satisfy various conditions.
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Proposition 10. On a compact Kähler manifold ,

br =
∑
p+q=r

hp,q, hp,q = hn−p,n−q, hq,p = hp,q.

Corollary 5. The odd Betti numbers of a compact Kähler manifold are even.

P r o o f. b2s+1 =
∑2s+1
p=0 hp,2s+1−p = 2

∑s
p=0 h

p,2s+1−p.

We now pause to consider a few examples. Since Betti numbers are indepen-
dent of the metric, we can compute them by picking a simple metric and counting
the number of harmonic forms with respect to this metric.

Example 3. Consider S6 with the standard metric of constant curvature. It
is not difficult to show that with respect to this metric the only harmonic forms
are the constant functions and multiples of the volume form. Thus, b0 = b6 = 1,
bi = 0 for i = 1, 2, . . . , 5, and the Euler number χ = 2.

Example 4. Consider S3×S3 with the metric induced by the standard metric
on S3. Since the volume form on S3 is harmonic, it follows that χ = 0.

Example 5. Consider S2 × S2 × S2. Now we have b0 = b6 = 1, b2 = b4 = 3,
b1 = b3 = b5 = 0, and χ = 8.

Example 6. Consider T 6. All the constant forms are harmonic. Hence b0 =
b6 = 1, b1 = b5 = 6, b2 = b4 = 15, b3 = 20, and χ = 0.

We also know that S6 is not a complex manifold; S3×S3 is a complex manifold
but does not admit any Kähler metric; S2 × S2 × S2 admits a Kähler metric but
not a Ricci flat one; while T 6 admits a Ricci flat Kähler metric.

10. Laplace–Beltrami operator as the generator
of a canonical diffusion

With the help of the operator Lθ, given by (30) and generating Eθ-harmonic
functions, we are going to define the normalized operator Lθ which is the Laplace–
Beltrami operator on each leaf M of the foliation Lk+p−1: On the one hand, it
appears to be equal to the “tangential part” ∆L, L = Lk+p−1, of the usual
Laplacian ∆ on Cn = R2n (Proposition 1); on the other hand, under suitable
hypotheses, it appears to be the generator of a canonical diffusion whose sample
paths remain to diffuse on each leaf associated with the admissible positive current
θ (Theorem 6).

Precisely, let (X1, . . . , X2n−q), q := 2(k + p − 1), be a family of orthonormal
vector fields of (34) with respect to the canonical Kähler metric of Cn, where the
ideal F is given by (35). Then we can add complementary orthonormal vector
fields X2n−q+1, . . . , X2n such that

span{X1, . . . , X2n} = TD0,
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where D0 is a sufficiently small neighbourhood of an arbitrarily chosen, fixed
point z0 of the domain D in question, D ⊂ Cn. Then the adjoint vector fields X∗j
are naturally defined by∫

D0

(X∗j f)g dV =
∫
D0

fXjg dV for f, g ∈ C1
0 (D0),

where dV is, as before, the canonical Kähler form of Cn. Hence,

X∗j = −X∗j −
2n∑
k=1

(∂/∂xk)akj for Xj =
2n∑
k=1

akj (x)(∂/∂xk)

and, consequently, we get

Lemma 11.
∑2n
j=1X

∗
jXj = −∆, where ∆ is the usual Laplacian on R2n.

Now, for any foliation L = Lk+p−1 of D corresponding to the annihilator (35),
we set

(49) ∆L = −
2n−q∑
j=1

X∗jXj

and define (Xj |M)∗, the adjoint vector field on a leaf M ∈ L, by∫
U

[(Xj |M)∗a]b dvM =
∫
U

a(Xjb) dvM for a, b ∈ C1
0 (U),

with U being an open neighbourhood of z0 in M , where dvM is the induced
volume form. We have

Lemma 12. (Xj |M)∗ = X∗j |M for j = 1, . . . , 2n− q.

P r o o f. The lemma is a direct consequence of the classical theorem of Frobe-
nius.

Next, we have

Lemma 13. The operator ∆L has a natural restriction ∆M := ∆L|M to each
leaf M ∈ L, with the property ∆M = ∂M∂M .

P r o o f. Firstly, Xj and X∗j are tangent to M . Secondly, by Lemma 12 the
sum

∑
X∗jXj defines normalized self-adjoint operators on M and this suffices to

conclude the proof.

Now suppose we are given functions uj , j = 1, . . . , p, and a nonnegative form
Ω which satisfy the hypotheses of Theorem 3. Let θ be the positive current of type
(n− 1, n− 1), defined by (27), where (ddcu)p−1

r is given by (8) and the integer r
is supposed to be independent of z ∈ D. Then we define the normalized operator
Lθ by

(50) (Lθφ)dV = ddcφ ∧ hθ − dcφ ∧ d(hθ), where h−1dV = ddc|z|2 ∧ θ;
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here φ ∈ C2
0 (D) and dV is the canonical Kähler form of Cn. For each leaf M of

L, where L = Lk+p−1 is any foliation determined in Theorem 3, Lθ|M is called
the Laplace–Beltrami operator on M . The name is motivated by

Proposition 11. Under the hypotheses of Theorem 3, if the form Ω is non-
negative and the integer r does not depend on z ∈ D, we have Lθ = ∆L,
where L = Lk+p−1 is any foliation determined in that theorem and ∆L is gi-
ven by (49).

P r o o f. First, by definition, Lθ and∆L are self-adjoint operators on L2(D, dV ).
Furthermore, at every point of D, they have, as is easily seen, the same second
order differential term, and hence Lθ = ∆L.

By Lemma 13 and Proposition 11, from Theorems 4 and 5 we directly obtain

Main Theorem 6.Consider an arbitrary domain D, arbitrary functions (11),
and an arbitrary nonnegative form Ω, satisfying all the hypotheses of Theorem 3.
In addition, suppose that the integer r = r(z) in (13) is independent of z ∈ D.
Let , further , θ be any positive current of type (n − 1, n − 1) of the form (27).
Suppose that

θ ∧ (ddc)p−1
r [u1, . . . , up](z) = 0, θ ∧ (ddc|z|2) 6= 0, z ∈ D.

Then there exists a unique diffusion Xθ
t determined by a family of transition

functions (32) with the property (33). The diffusion Xθ
t is the canonical diffusion

with generator Lθ defined by (50) which is the Laplace–Beltrami operator on each
leaf M of any foliation L = Lk+p−1 determined in Theorem 3. Moreover , Xθ

t is
uniquely determined by L and the sample paths of Xθ remain to diffuse on M ,
i.e. they remain invariant on M .

11. Laplace–Beltrami operator in the case of the sphere
and the hyperboloid

It seems interesting to consider the Laplace–Beltrami operator in a more ge-
neral context of Clifford analysis [23, 7]. We concentrate on the cases of the sphere
and hyperboloid.

Let γ1, . . . , γ2n+1 be generators of the Clifford algebra C(2n+1,0). We can as-
sume that

(i) γ+
j = γj ,

(ii) γj ∈ U(2n) for each j = 1, . . . , 2n+ 1.

Let us define matrices S1, . . . , S2n+1 as follows:

Sj = iγj , j = 1, . . . , 2n+ 1.
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From the fact that Sj is antihermitian for each j = 1, . . . , 2n + 1 it follows that
(Sj) is a hermitian pre-Hurwitz system [22].

Next we introduce the Clifford variable Z so that

(51) Z = y0I2n +
2n+1∑
j=1

yjsj ,

where yα, α = 0, . . . , 2n+1, are arbitrary real constants. We can easily check the
identity

Z+Z =
2n+1∑
α=0

(yα)2I2n .

Let u and v be complex vectors in C2n

, satisfying

(52) u = Zv.

Then we immediately get the equation

〈〈u,v〉〉 = 〈y,y〉〈〈v,v〉〉,
where y denotes the real vector in R2n+2 defined by yT = (y0, . . . , y2n+1), and
〈〈 , 〉〉 (resp. 〈 , 〉) denotes the hermitian (resp. usual) scalar product in C2n

(resp.
R2n+2). This means that the system (sj) is associated with the Hermitian pre-
Hurwitz pair ((C2n

, I2n), (R2n+2, I2n+2)); cf. [22].
Let us introduce the Laplace–Beltrami operator on the sphere S2n+2 relative

to the conformal metric

guv := 4δµν/(1 + 〈y,y〉), µ, ν = 0, . . . , 2n+ 2,

by the formula

(53) ∆S2n+2 := 4(1 + 〈y,y〉)2(∂/∂yµ)
[

δµν

(1 + 〈y,y〉)2n
∂/∂yν

]
.

Then we get the following

Proposition 12. The operator P (Z) defined by

P (Z) :=
1

1 + 〈y,y〉

[
I2n Z+

Z 〈y,y〉I2n

]
satisfies the conditions

(54) P (Z)2 = P (Z), P (Z)+ = P (Z)

and

(55) [P (Z), ∆S2n+2P (Z)] = 0.

P r o o f can be carried out by direct computation.

The operator P (Z), which appears to be a projector due to (54), parametrizes
a point of the Grassmannian manifold U(2n+1)/U(2n)×U(2n). Furthermore, the
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equation (55) can be derived from the variation of the action S(P ) given by

S(P ) :=
1
2

∫
|g|1/2Tr((∂P/∂yµ)(∂P/∂yν)gµν) dy0 . . . dy2n+1.

This indicates that P defines a harmonic mapping between S2n+2 and the Gras-
smannian manifold U(2n+1)/U(2n)× U(2n). For n = 0,

P : Z 7→ P (Z)

defines a harmonic mapping between S2 and U(2n+1)/U(2n) × U(2n) ' CP 1.
For n = 1 it defines a harmonic mapping between S4 and HP 1. The latter space
has been introduced in [33], where it has been used to construct the Yang–Mills
instanton solution in the de Sitter space.

Thus we have related Proposition 12, which was first pointed out by Fujii [9],
to the framework of Hermitian pre-Hurwitz pairs. The latter enables us now to
generalize the results of Fujii to the noncompact cases.

Suppose that n is a nonzero integer and γ1, . . . , γ2n are generators of the
Clifford algebra C(2m,0) having the properties

(i) γ+
j = γj ,

(ii) γj ∈ U(2n) for each j = 1, . . . , 2n.

Then we can choose γ2n+1 so that

(56) γ2n+1 =
[
I2n−1 02n−1

02n−1 −I2n−1

]
.

Thus γ1, . . . , γ2n+1 generate the Clifford algebra C(2n+1,0).

Define the matrices S1, . . . , S2n+1 by

Sj = γj , j = 1, . . . , 2n; S2n+1 = iγ2n+1.

Set κ̃ := γ2n+1. Then we get the equations

S+
j = −κ̃Sj κ̃, j = 1, . . . , 2n+ 1.

This shows that (Sj) is an hermitian pre-Hurwitz system, that is, the set of all
generators of an hermitian pre-Hurwitz pair.

Now we introduce the Clifford variable Z so that (51) holds. Using the notation
Z = κ̃Z+κ̃, it can easily be checked that

ZZ =
[
(y0)2 + (y2n+2)2 −

2n∑
j=1

(yj)2
]
I2n

identically. In the sequel we shall use the notation

(y0)2 + (y2n+1)2 −
2n∑
j=1

(yj)2 = nµνy
µyν = 〈y,y〉η = yT ηy.
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Let u and v be vectors in C2n defined by (52). Then we immediately check
that

〈〈u,v〉〉κ̃ = 〈y,y〉η〈〈v,v〉〉κ̃.
Here 〈〈 , 〉〉κ̃ denotes the pseudo-hermitian scalar product defined by

〈〈w1,w2〉〉κ̃ = w+
1 κ̃w2

for arbitrary vectors w1 and w2 in C2n. This shows that the system (Sj) is related
to the hermitian pre-Hurwitz pair ((C2n, κ̃), (R2n+2, η)).

Let us now introduce the Laplace–Beltrami operator �H2n+2(3,2n) on the hy-
perboloid

H2n+2(3, 2n) ' SO(3, 2n)/SO(2, 2n)
of equation

(x1)2 + (x2)2 + (x3)2 −
2n+3∑
j=4

(xj)2 = 1.

Relative to the conformal metric

gµν := 4ηµν/(1 + 〈y,y〉η), µ, ν = 1, . . . , 2n+ 1,

this operator is given by

(57) �H2n+2(3,2n) := 4(1 + 〈y,y〉η)2 ∂

∂yµ

[
ηµν

(1 + 〈y,y〉η)2n

∂

∂yµ

]
.

Then we arrive at

Proposition 13. The operator P̂ (Z) defined by

P̂ (Z) :=
1

1 + 〈y,y〉η

[
I2n Z
Z 〈y,y〉ηI2n

]
satisfies

(58) P̂ (Z)2 = P̂ (Z), P̂ (Z)] = P̂ (Z),

where P̂ (Z) := P̂ (Z)T , and

(59) [P̂ (Z), �H2n+2(3,2n)P̂ (Z)] = 0.

P r o o f follows by straightforward computation.

The operator P̂ (Z) parametrizes a point of the Grassmannian manifold

(60) U(2n, 2n)/U(2n−1, 2n−1)× U(2n−1, 2n−1).

Then from the equation (59) we can immediately see that P : Z 7→ P (Z) defines a
harmonic mapping between the hyperboloid H2n+2(3, 2n) and the manifold (60).

For n = 1 we get the mapping P̂ : H4(3, 2)→ U(2, 2)/U(1, 1)× U(1, 1). The
unitary group U(2, 2) is precisely the isometry group of the twistor space (which
is C4 endowed with the hermitian form of signature (+,+,−,−)).
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12. Complex Hessian involving convex functions

We now apply Theorems 3–6 to the study of the complex Hessians of convex
functions.

Proposition 14. Consider p convex functions vj : D̃ → R, j = 1, . . . , p,
D̃ ⊂ Rn, n ≥ p, and the mapping π : D → D̃, D ⊂ Cn, defined by

(61) π(z1, . . . , zn) := (log |z1|, . . . , log |zn|), (z1, . . . , zn) ∈ D.
Then

p∏
j=1

ddcπ ∗ vj = 0

if and only if , for each {m1, . . . ,mp} ⊂ {1, 2, . . . , n}, m1 < . . . < mp, we have

(62)
∑
σ,τ

sgnσ sgn τ
∂2v1

∂xσ(m1)∂xτ(m1)
· . . . · ∂2vp

∂xσ(mp)∂xτ(mp)
= 0,

where the summation is over all permutations σ, τ of (m1, . . . ,mp).

P r o o f. Since

ddcvj = 2i∂∂vj = 2i∂
(∑
k,l

vj|kxk|kldzl

)
= i∂

(∑
l

vj|lz
−1
l

)
=

1
2
i
∑
k,l

vj|klz
−1
k dzk ∧ z−1

l dzl,

where xk = log |zk|, k = 1, . . . , n, we get, with the notation
∑j1,...

k1,...
:=
∑
j1,...,k1,...

,

p∏
j=1

ddcvj = ( 1
2 i)

p

j1<...<jp∑
k1<...<kp

v1|j1k1 · . . . · vp|jpkp
· z−1
j1
dzj1 ∧ z−1

k1
dzkp

= ( 1
2 )p

j1<...<jp∑
k1<...<kp

v1|j1k1 · . . . · vp|jpkp
dxj1 ∧ dθk1 ∧ . . . ∧ dxjp ∧ dθkp ,

where θk = arg zk, k = 1, . . . , n. Since dxj and dxk, j, k = 1, . . . , n, are linearly
independent, we conclude that

(63)
p∏
j=1

ddcvj = ( 1
2 )p

∑
j1<...<jp

dv1|j1 ∧ . . . ∧ dvp|jp ∧ dθj1 ∧ . . . ∧ dθjp .

Thus the above form vanishes if and only if the condition (62) holds.

Proposition 15. Suppose that D is an arbitrary domain in Cn, n ≥ 2.
Consider p convex functions

(64) vj : D̃ → R, j = 1, . . . , p; D̃ ⊂ Rn, 2 ≤ p ≤ n,

and the mapping π : D̃ → D defined by (61). Suppose that
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(i) For each {m1, . . . ,mp} ⊂ {1, 2, . . . , n}, m1 < . . . < mp, we have∑
σ

sgnσdv1|σ(m1) ∧ . . . ∧ dvp|σ(mp) = 0,

where the summation is over all permutations of (m1, . . . ,mp).
(ii) For every x ∈ π[D] there exist a number r ∈ {1, 2, . . . , p} and a sequence

{n1, . . . , np−1} ⊂ {1, 2, . . . , n}, n1 < . . . < np−1, such that∑
τ

sgn τdv1|τ(n1) ∧ . . . ∧ dvr−1|τ(nr−1) ∧ dvr+1|τ(nr) ∧ . . . ∧ dvp|τ(np−1) 6= 0,

where the summation is over all permutations τ of (n1, . . . , np−1).

Then there exists a foliation Lp−1 of D by complex submanifolds of D of
codimension p − 1 with the property that for every leaf M ∈ Lp−1 the functions
π∗vk|M are pluriharmonic, but (∂/∂zj)(π∗vk)|M are holomorphic on M for each
j = 1, . . . , n and k = 1, . . . , p.

P r o o f. Proposition 15 follows directly from Theorem 2 and Proposition 14.

R e m a r k 11. In Proposition 15, π[Lp−1] can be taken as a real foliation of
π[D].

By Theorem 3 and the formula (63), Proposition 15 can be generalized as
follows.

Theorem 7. Suppose that D is an arbitrary domain in Cn, n ≥ 2. Consider p
convex functions (44) and the mapping π : D → D̃ defined by (61). Let further Ω
be a holomorphically decomposable (k, k)-form, k < n, of class C3(D) satisfying
in D the conditions:

(a) For each {m1, . . . ,mp} ⊂ {1, 2, . . . , n}, m1 < . . . < mp, we have

Ω ∧
∑
σ

sgnσdv1|σ(m1) ∧ . . . ∧ dvp|σ(mp) = 0, 2 ≤ k + p ≤ n,

and

dΩ ∈
∑
σ

ideal[Ω, dv1|σ(m1) ∧ d arg zσ(m1), . . . , dvp|σ(mp) ∧ d arg zσ(mp)]

if k = 1,
dΩ = 0 if k 6= 1,

where the summations are over all permutations σ of (m1, . . . ,mp).
(b) For every x ∈ π[D] there exist a number r ∈ {1, 2, . . . , p} and a sequence

{n1, . . . , np−1} ⊂ {1, 2, . . . , n}, n1 < . . . < np−1, such that

(65) Ω ∧
∑
τ

dv1|τ(n1) ∧ . . . ∧ dvr−1|τ(np−1) ∧ dvr+1|τ(nr) ∧ . . . ∧ dvp|τ(np−1) 6= 0,

where the summation is over all permutations τ of (n1, . . . , np−1).
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Then there exists a foliation Lk+p−1 by complex submanifolds of D of codi-
mension k+ p− 1 with the property that for every leaf M ∈ Lk+p−1 the functions
π∗vl|M are pluriharmonic, but (∂/∂zj)(π∗vl)|M are holomorphic on M for each
j = 1, . . . , n and l = 1, . . . , p.

P r o o f. Theorem 7 follows directly from Theorem 3 and Propositions 14
and 15.

R e m a r k 12. In Theorem 7, π[Lk+p−1] can be taken as a real foliation of
π[D].

Now, Theorems 4 and 7 yield

Corollary 6. Consider an arbitrary domain D, arbitrary functions (64)
and (61), and an arbitrary nonnegative form Ω satisfying all the hypotheses of
Theorem 7. In addition, suppose that the integer r = r(x) and the sequence
(n1, . . . , np−1) appearing in the condition (b) of that theorem are independent of
x∈π[D]. Then to any positive current θ of type (n−1, n−1), defined , for z∈D,
by

θ := ( 1
2 )p(ddc|z|2)n−k−p ∧Ω(66)

∧
∑

j1<...<jp

dv1|j1 ∧ d arg zj1 ∧ . . . ∧ dvp|jp ∧ d arg zjp ,

there corresponds a unique diffusion Xθ
t determined by a family of transition

functions (32) with the property (33).

Corollary 7. Under the hypotheses of Corollary 6, to any foliation Lk+p−1

described in Theorem 7 there corresponds a unique diffusion Xθ
t , that is, a Mar-

kov process with continuous sample paths, determined by a family of transition
functions (32) with the property (33).

Similarly, Theorems 5 and 7 and Corollary 6 yield

Corollary 8. Consider any foliation Lk+p−1 determined in Theorem 7 and
let M be its arbitrary leaf. Then the sample paths of the diffusion Xθ

t , determined
uniquely in Corollary 6 by that foliation, remain invariant on M .

Corollary 9. Under the hypotheses of Theorem 7, if the form Ω is nonne-
gative and the integer r as well as the sequence (n1, . . . , np−1) do not depend on
x ∈ π[D], then Lθ = ∆L, where L = Lk+p−1 is the foliation determined in that
theorem and ∆L is given by (49).

Corollary 10. Consider an arbitrary domain D, arbitrary functions (64),
and an arbitrary nonnegative form Ω satisfying all the hypotheses of Theorem 7.
In addition, suppose that the integer r = r(x) and the sequence (n1, . . . , np−1) in
(65) do not depend on x ∈ π[D]. Let , further , θ be any positive current of type
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(n− 1, n− 1) of the form (66). Suppose that

θ ∧
∑
τ

sgn τdv1|τ(n1) ∧ . . . ∧ dvr−1|τ(nr−1)

∧ dvr+1|τ(nr) ∧ . . . ∧ dvp|τ(np−1)(z) 6= 0, z ∈ D.

Then there exists a unique diffusion Xθ
t determined by a family of transition

functions (32) with the property (33). The diffusion Xθ
t is the canonical diffusion

with the generator Lθ defined by (30) which is the Laplace–Beltrami operator
oneach leaf M of any foliation L = Lk+p−1 determined in Theorem 7. Moreover ,
Xθ
t is uniquely determined by L and the sample paths of Xθ

t remain invariant
on M .

13. Some examples of applications

Example 7. Consider the function

u(z1, z2, z3) = log(|z1|2 + |z2|2) + |z3|2

in D = {(z1, z2, z3) ∈ C4 : |z1|2 + |z2|2 6= 0}.
With the notation R2 := |z1|2 + |z2|2 we get

ddcu = 2i∂∂u = 2i∂∂ logR2 + 2i∂∂|z3|2

= 2i∂[r−2(z1dz1 + z2dz2)] + 2idz3 ∧ dz3

= 2i[R−2(dz1 ∧ dz1 + dz2 ∧ dz2 +R2dz3 ∧ dz3)
−R−4(z1dz1 + z2dz2) ∧ (z1dz1 + z2dz2)],

i.e.,

(67)
ddcu = 2iR−4(|z2|2dz1 ∧ dz1 − z2z1dz1 ∧ dz2

− z1z2dz2 ∧ dz2 + |z1|2dz2 ∧ dz2 + dz3 ∧ dz3).

Hence

(ddcu)3 = −8iR−12

∣∣∣∣R2 − |z1|2 −z2z1

−z2z2 R2 − |z1|2
∣∣∣∣ dz1 ∧ dz1 ∧ dz2 ∧ dz2 ∧ dz3 ∧ dz3 = 0

in D. On the other hand, by (67), in D, we have

(ddcu)2 = − 4R−8(|z2|2dz1 ∧ dz1 − z2z1dz1 ∧ dz2

− z1z2dz2 ∧ dz1 + |z1|2dz2 ∧ dz2)dz3 ∧ dz3 6= 0.

Thus, in order to find the corresponding foliation L we have to determine the
annihilator of ddc. Let X be as in (23) with n = 3 and Xcddcu = 0. The latter
relation is equivalent to

C1[(R2|z1|2)dz1 − z2z1dz2] + C2[−z1z2dz1 + (R2 − |z2|2)dz2] + C3R
4dz3 = 0,

and hence

C1|z2|2 − C2z1z2 = 0, −C1z2z1 + C2|z1|2 = 0, C3 = 0,
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so C2 = C1z2/z1, C3 = 0, and

X = C1

(
∂

∂z1
+
z2

z1

∂

∂z2

)
in D for z1 6= 0,

while C1 = C2z1/z2, C3 = 0, and

X = C2

(
z1

z2

∂

∂z1
+

∂

∂z2

)
in D for z2 6= 0.

In the first case C1 is an arbitrary complex constant and we get leaves MC2/C1,C3

of the foliation L, satisfying the equations

(d/dt)z1 = 1, (d/dt)z2 = z2/z1, (d/dt)z3 = 0,

i.e.,

(68) MC2/C1,C3

= {(z1, z2, z3) ∈ D : z1 = t+ C0, z2 = (C2/C1)(t+ C0), z3 = C3}.
In the second case C2 is an arbitrary complex constant and we get, correspond-
ingly,

(d/dt)z1 = z1/z2, (d/dt)z2 = 1, (d/dt)z3 = 0,
so the leaves are

(69) M ′C1/C2,C3

= {(z1, z2, z3) ∈ D : z1 = (C1/C2)(t+ C0), z2 = t+ C0, z3 = C3}.
The foliation L coincides with the foliation L2 provided by Theorem 7.

Next, for

(70) θ = (ddc|z|2) ∧ ddcu
we have dθ = 0, so the condition (30) for the Eθ-harmonicity of a form ψ ∈ C2

0 (D)
reduces to

(71) (Lθψ)dV = ddcψ ∧ θ = 0.

Explicitly,
ddc|z|2 = 2i(dz1 ∧ dz1 + dz2 ∧ dz2 + dz3 ∧ dz3),

so, by (67), we get

θ = − 8R−4[R2dz1 ∧ dz1 ∧ dz2 ∧ dz2 + (R4 + |z2|2)dz1 ∧ dz1 ∧ dz3 ∧ dz3

− z2z1dz1 ∧ dz2 ∧ dz3 ∧ dz4 − z1z2dz2 ∧ dz1 ∧ dz3 ∧ dz3

+ (R4 + |z1|2)dz2 ∧ dz2 ∧ dz3 ∧ dz3].

Therefore the condition (71) for the Eθ-harmonicity of ψ reads

(Lθψ)dv = 8iR−1[(R4 + |z1|2)ψ|11 + z1z2ψ|12

+ z2z1ψ|21 + (R4 + |z2|2)ψ|22

+R2ψ|33]dz1 ∧ dz1 ∧ dz2 ∧ dz2 ∧ dz3 ∧ dz3 = 0,
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where, as before, ψ|j = ∂ψ/∂zj and ψ|j = ∂ψ/∂zj . Consequently, the associated
operator Lθ is given by

Lθ =
2
R4

[
(R4 + |z1|2)

∂2

∂z1∂z1
+ z1z2

∂2

∂z1∂z2
+ z2z1

∂2

∂z2∂z1

+(R4 + |z2|2)
∂2

∂z2∂z2
+R2 ∂2

∂z3∂z3

]
.

The process associated with Lθ, given by the expression in square brackets, is
the solution to the following system of stochastic differential equations:

(72) dz1t = z1tdbt, dz2t = z2tdbt, dz3t = 0,

where bt is the stochastic complex Brownian motion. The system (72) can be
solved effectively:

z1t = C ′1 exp bt, z2t = C ′2 exp bt, z3t = C ′3,

where C ′1, C
′
2 and C ′3 are arbitrary complex constants. This means that the sample

paths of the unique diffusion Xθ
t = (z1t, z2t, z3t), described in Corollary 10, remain

to diffuse on the leaf (68) of the foliation L of D for z1 6= 0 and on the leaf (69)
of L for z2 6= 0.

Example 8. Consider the function

u(z1, z2, z3) = [(log |z1|)2 + (log |z2|)2 + (log |z3|)2]/ log |z3|

in D = {(z1, z2, z3) ∈ C3 : |z3| > 1, z1z2 6= 0}.
With the notation

v(x1, x2, x3) := u(z1, z2, z3), xj = log |zj |, j = 1, 2, 3,

we get

v(x1, x2, x3) = (x2
1 + x2

2)x−1
3 + x3, det[v|jk] = 64|z1z2z3|2 det[u|jk],

and

(73) [v|jk] =

 2x−1
3 0 −2x1x

−2
3

0 2x−1
3 −2x2x

−2
3

−2x1x
−2
3 −2x2x

−2
3 2(x2

1 + x2
2)x−3

3

 .
Hence

det[v|jk] =

∣∣∣∣∣∣
2x−1

3 0 −2x1x
−2
3

0 2x−1
3 −2x2x

−2
3

0 −2x2x
−1
3 2x2

2x
−3
3

∣∣∣∣∣∣
=

∣∣∣∣∣∣
2x−1

3 0 −2x1x
−2
3

0 2x−1
3 −2x2x

−2
3

0 0 0

∣∣∣∣∣∣ = 0 in D,
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so (ddcu)4 = 0 in D. On the other hand, (ddcu)2 6= 0 in D. In fact, ∂u =∑
j,k v|jxj|kdzk and

ddcu = −2i
∑
j,k,m

(∑
l

v|jlxl|mxj|k + v|jxj|km

)
dzk ∧ dzm,

xl|m = 1
2z
−1
m δlm, xj|k = 1

2z
−1
k δjk, xj|km = 0,

where δjk is the Kronecker symbol, and

v|1 = 2 log |z1|/ log |z3|, v|2 = 2 log |z2|/ log |z3|,
v|3 = 1− [(log |z1|)2 + (log |z2|)2]/(log |z3|)2.

Hence ∑
j,l

v|jlxl|mxj|k = 1
4v|km(zkzm)−1

and ∑
j,k,m

v|jxj|kmdzk ∧ dzm =
∑
k,m

[2(log |z1|/ log |z3|)(− 1
2δ1kδkm)

+ 2(log |z2|/ log |z3|)(− 1
2δ2kδkm)

+ {1− [(log |z1|)2 + (log |z2|)2]/(log |z3|)2}
· (− 1

2δ3kδkm)]z−2
k dzk ∧ dzm = 0.

Consequently, by (73),

(ddcu)2 =
1
4

(∑
j,k

v|jkz
−1
j dzj ∧ z−1

k dzk

)2

6= 0 in D.

Thus, in order to find the corresponding foliation L we have to determine the
annihilator of ddcu. Let X be as in (23) with n = 3 and Xcddcu = 0. The latter
relation is equivalent to ∑

j,k

Cjv|jk(zjzk)−1dzk = 0

and hence, as zk 6= 0 in D,∑
j

Cjv|jkz
−1
j = 0 for k = 1, 2, 3,

so, with the notation Aj = Cj/zj for j = 1, 2, 3, we get

2x−1
3 A1 − 2x1x

−2
3 A3 = 0, 2x−1

3 A2 − 2x2x
−2
3 A3 = 0,

−2x1x
−2
3 A1 − 2x2x

−2
3 A2 + 2(x2

1 + x2
2)x−3

3 = 0.

This yields

A2 = (x2/x3)A3 = (x2/x1)A1.
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Thus

C2 = C1
z2x2

z1x1
= C1

z2 log |z2|
z1 log |z1|

, C3 = C1
z3x3

z1x1
= C1

z3 log |z3|
z1 log |z1|

and

X = C1

(
∂

∂z1
+
z2 log |z2|
z1 log |z1|

∂

∂z2
+
z3 log |z3|
z1 log |z1|

∂

∂z3

)
,

where C1 is an arbitrary complex constant.
Let X̃ = z1 log |z1|X. Then

X̃ = C1[z1 log |z1|(∂/∂z1) + z2 log |z2|(∂/∂z2) + z3 log |z3|(∂/∂z3)],

so for k = 1, 2, 3 we have (d/dt)zk = zk log |zk|, i.e.,

(1/ log |zk|)d(log zk) = dt.

Further, let t = r+is and log zk = αk+iβk. Then we get dαk = αkds, dβk = βkds,
which gives

αk = er+ck and βk =
∫
er+ckds+ c′k

with real constants ck and c′k. Thus

log zk = er+ck + i
( ∫

er+ckds+ c′k

)
= eck

(
er + i
∫
erds

)
+ ic′k.

Hence
e−c1(log z1 − ic′1) = e−c2(log z2 − ic′2) = e−c3(log z3 − ic′3),

so, with z1 = ζ, we obtain

log z2 = ic′2 + ec2−c1(log ζ − ic′1), log z3 = ic′3 + ec3−c1(log ζ − ic′1).

Therefore, we finally get

z2 = eiαzγ1 , z3 = eiβzδ1 ,

where α, β, γ, and δ are positive real constants. The equations describe leaves of
the foliation L which coincides with the foliation L2 provided by Theorem 7.

Next, for θ we have dθ = 0, so the condition (30) for the Eθ-harmonicity of a
form ψ ∈ C2

0 (D) reduces to (71). Explicitly,

θ = −4(dz1 ∧ dz1 + dz2 ∧ dz2 + dz3 ∧ dz3) ∧ 1
4

∑
j,k

v|jkz
−1
j dzj ∧ dz−1

k dzk,

and hence

θ = − 2
x3

[(
1
|z1|2

+
1
|z2|2

)
dz1 ∧ dz1 ∧ dz2 ∧ dz2

+
(

1
|z1|2

+
x2

1 + x2
2

x2
3

· 1
|z3|2

)
dz1 ∧ dz1 ∧ dz3 ∧ dz3

+
(
x2

1 + x2
2

x2
3

· 1
|z3|2

+
1
|z2|2

)
dz2 ∧ dz2 ∧ dz3 ∧ dz3

]
.
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Therefore the condition (71) for the Eθ-harmonicity of ψ reads

(Lθψ)dV

=
4i
x3

[(
1
|z2|2

+
x2

1 + x2
2

x2
3

· 1
|z3|2

)
ψ|11 + 2

x1

x2
3

· 1
z3z1

ψ|13

+
(

1
|z1|2

+
x2

1 + x2
2

x2
3

· 1
|z3|2

)
ψ|22 + 2

x2

x2
3

· 1
z3z2

ψ|23 + 2
x1

x2
3

· 1
z1z3

ψ|31

+ 2
x2

z2z3
ψ|32 +

(
1
|z1|2

+
1
|z2|2

)
ψ|33

]
dz1 ∧ dz1 ∧ dz2 ∧ dz2 ∧ dz3 ∧ dz3.

Consequently, the associated operator Lθ is given by

Lθ = − 1
log |z3|

{[
1
|z2|2

+
(log |z1|)2 + (log |z2|)2

(log |z3|)2
· 1
|z3|2

]
∂2

∂z1∂z1

+ 2
log |z1|

(log |z3|)2
· 1
z3z1

· ∂2

∂z1∂z3

+
[

1
|z1|2

+
(log |z1|)2 + (log |z2|)2

(log |z3|)2
· 1
|z3|2

]
∂2

∂z2∂z2

+ 2
log |z2|

(log |z3|)2
· 1
z3z2

· ∂2

∂z2∂z3
+ 2

log |z1|
(log |z3|)2

· 1
z1z3

· ∂2

∂z3∂z1

+ 2
log |z2|

(log |z3|)2
· 1
z2z3

· ∂2

∂z3∂z2
+
(

1
|z1|2

q +
1
|z2|2

)
∂2

∂z3∂z3

}
.

14. Hypersurfaces in C3 depending
on two holomorphic functions

Finally, we shall investigate a particular case of Theorem 7 and Corollary 10,
depending on two holomorphic functions in C3. We have

Proposition 16. Suppose that D is an arbitrary domain in C3 and u : D →
R is a function of the form

(74) u = |f |2 + |g|2,
where ddc|f |2 ∧ ddc|g|2 6= 0, f and g being holomorphic.

(i) Then the foliation L with leaves having , for a point z0 ∈ D, the form

(75) Mz0
C1

0 ,C
2
0

= {z ∈ D : f(z) = C1
0 , g(z) = C2

0}con,

C1
0 = f(z0), C2

0 = g(z0),

where { }con denotes the convex component of the set { } containing z0, has
the property that for every leaf M ∈ L the function u|M is pluriharmonic, but
(∂/∂zj)u|M are holomorphic on M for each j = 1, 2, 3.
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(ii) Let , further , θ denote the positive current (70). Then there exists a unique
diffusion Xθ

t determined by a family of transition functions (32) with the property
(33). The diffusion Xθ

t is the canonical diffusion with generator Lθ defined by (40)
which is the Laplace–Beltrami operator on each leaf M of L. Moreover , Xθ

t is
uniquely determined by L and the sample paths of Xθ

t remain to diffuse on M ,
i.e. they remain invariant on M .

P r o o f. Clearly, u|jk = f|jf|k + g|jg|k and det[u|jk] = 0 in D, so (ddcu)3 = 0
in D. By (74) and ddc = 2i∂∂ we have

ddcu = ddc|f |2 + ddc|g|2 = 2i(∂f ∧ ∂f + ∂g ∧ ∂g)

and

(76) (ddcu)2 = −8(∂f ∧ ∂f) ∧ (∂g ∧ ∂g) 6= 0 in D.

Thus, in order to find the corresponding foliation L we have to determine the
annihilator of ddcu. Let X be as in (23) with n = 3 and Xcddcu = 0. The latter
relation is equivalent to

(77)
∂f [∂f(X)] + ∂g[∂g(X)] = 0, i.e.

f|j [∂f(X)] + g|j [∂g(X)] = 0, j = 1, 2, 3.

Hence

C1(f|jf|1 + g|jg|1) + C2(f|jf|2 + g|jg|2) + C3(f|jf|2 + g|jg|2) = 0.

The determinant of this system is equal to det[u|jk]=0. Since, by (74), ∂f and ∂g
do not vanish in D, it follows by (77) that |∂f(X)|2 + |∂g(X)|2 = 0, so ∂f(X) = 0
and ∂g(X) = 0. This means that

C1f|1 + C2f|2 + C3f|3 = 0, C1g|1 + C2g|2 + C3g|3 = 0.

Since, by (74), |gradCf |2 6= 0 and |gradCg|2 6= 0 in D, we see that

X⊥ span{gradCf, gradCg}.

Moreover, by (74), for every z ∈ D, gradCf and gradCg are linearly independent:

gradCf =
3∑
j=1

f|j(∂/∂zj).

Therefore the required foliation L has the form (75) for every point z0 ∈ D, which
completes the proof of (i).

The assertion (ii) is a consequence of Corollary 10. We can prove it directly.
By applying the Dynkin formula (cf., e.g., [18], p. 232) to |f − f(z0)|2(Xθ

t ) with
Xθ
t = z0, we get

Ez0 [|f(Xθ
tζ)− f(z0)|2] = Ez0

{ t∫
0

[ddc|f(z)− f(z0)|2 ∧ (ddcu)2(Xθ
s )/dV ]ds

}
= 0
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with ζ being the first hitting time ([10], p. 91) of ∂D0, where D0 ⊂ D, D0 6= D, is
a sufficiently small neighbourhood of z0, by virtue of the Dynkin formula, applied
again to f2(Xθ

t ) and f(Xθ
t ). Yet,

ddc|f − f(z0)|2 ∧ (ddcu)2 = ddc|f − f(z0)| ∧ ddc|f |2 ∧ ddc|g|2 = 0 in D,

so we also have Ez0 [|g(Xθ
tζ)− g(z0)|2] = 0, and this suffices to conclude the proof

of (ii).

Since the foliation L and the canonical diffusion Xθ
t are constructed in Pro-

position 16 effectively, we arrive at some properties of holomorphic functions on
hypersurfaces, eliminating the incovenient notions of foliations and canonical dif-
fusions. (The same concerns Examples 7 and 8 in Section 13.) The corresponding
equivalent reformulation of Proposition 16 reads:

Theorem 8. Suppose that D is an arbitrary domain in C3 and u : D → R is
a function of the form (74).

(i) Then u is pluriharmonic on every hypersurface of D of the form (75),
where { }con denotes the convex component of the set { } containing z0, z0 ∈ D,
but (∂/∂zj)u are holomorphic on every such hypersurface for each j = 1, 2, 3.

(ii) Let , further , θ denote the positive current (70). Consider any family of
transition functions pθt of the form (32) with the property

(78) Iθt (z) :=
∫
D

pt(z, w)φ(w)dV (w) = Ttφ(z)

for z, w ∈ D, t > 0, φ ∈ L2(D, dV ),

where {Tt : t > 0} is the equicontinuous semigroup of class (C0) with the infinite-
simal generator Lθ−λI such that T0 = I, Tt = exp(tLθ) for t > 0, Lθ is given by
(30), ψ in (30) ranges over C2

0 (D), dV is the canonical Kähler form on C3, I is
the identity operator , and λ is an arbitrary complex number with |arg λ| ≤ π− ε,
ε being fixed and positive. Then all the integrals (78) are independent of t, i.e.,

Iθt (z) = Iθ0 (z) or , equivalently , Itφ(z) = φ(z) for z ∈Mz0
C1

0 ,C
2
0

on every hypersurface Mz0
C1

0 ,C
2
0

of the form (75) whenever φ is holomorphic on
that hypersurface.
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