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Introduction

This thesis summarizes the author’s research on convergence of solutions of finite-
dimensional stochastic differential equations (SDE’s) driven by general semimartingales.
We start with the following question. Let X be a solution of the Doléans-Dade and

Protter equation
t

(0.1) Xy =H,+\[(X,-)dzZ,, teRT,
0

where H is a d-dimensional initial process, Z is a d-dimensional semimartingale and
f: R4 — RY®R? is a continuous function satisfying linear growth condition. For every
n € N, let H™ be a perturbation of H and a semimartingale Z" be a perturbation of
Z. The problem is to find conditions on the convergence of the data {H™} and {Z"}
assuring the convergence of the solution X",

t
(0.2) Xp=Hp+\f(X[)dZ!, teR*, neN,
0

to the solution X of the SDE (0.1) in various topologies. In other words, we ask whether
the Doléans-Dade and Protter equation is stable under perturbations of the initial and
driving processes.

One cannot expect such a stability under the only assumption of the convergence
of {H™} and {Z"}, since such stability is not satisfied even in the deterministic case.
Therefore some additional condition on the sequence of driving semimartingales is indis-
pensable. We assume that the sequence of semimartigales {Z™} satisfies the condition
introduced by Stricker [Str85] (we call it after [JMP89] the condition (UT)), which means
that the sequence of semimartingales {Z"} satisfies uniformly the condition from the the-
orem of Bichteler, Dellacherie and Mokobodzki (see Chapter 1).

Chapters 2-4 are devoted to the solution of the above problem for SDE’s of the type
(0.1) and some generalizations.

In Chapter 5 we investigate stability of finite-dimensional Stratonovich SDE’s driven
by general semimartingales. As an easy application we obtain a generalization of the
results of Wong and Zakai. Let us recall that when Z is a Wiener process and Z™ are
obtained by its linear interpolation, then X™ are solutions of the SDE of the type (0.1),
while X is a solution of the equation with the so-called “correction term”. Therefore, the
results concerning the stability of Doléans-Dade and Protter equations are not directly
applicable to the important Wong—Zakai type of approximations.

In Chapters 6-10 the stability criteria are proved for finite-dimensional SDE’s with
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reflections on a very general domain D satisfying the assumptions (A) and (B) earlier
introduced by Lions and Sznitman [LiSz84].

In all three cases: the classical SDE’s of the Doléans-Dade and Protter type, the Stra-
tonovich SDE’s and the SDE’s with reflections on the boundary, the same approach has
been applied. First using (UT) and the functional limit theorem for stochastic integrals
given by [JMP89], we prove very general theorems on weak convergence of solutions. Then
by applying a change of probability idea from [Sto89] we deduce statements concerning
strong convergence.

This method has enabled us to address the following problems:

e existence and stability of weak solutions,
e stability of strong solutions for equations, whose coefficients need not be Lipschitz,

e existence, uniqueness and stability of solutions of Stratonovich equations with
jumps,

e approximation of Wong—Zakai type,

e existence, uniqueness and stability of solutions of SDE’s with reflection for very
general domains.

In particular, for all the three types of equations mentioned above there has been
obtained a theoretical basis for computer simulations of solutions. In some cases the rate
of convergence for those simulations can be determined as well.

Kurtz and Protter [KuPr91a, KuPr91b] showed that under a condition like (UT), it
was possible to arrive at similar results on the convergence of solutions of SDE’s (0.1).
However, the methods of proof used by Kurtz and Protter are completely different from
the ones used in our work. In Proposition 1.4 we prove that in the case of weakly conver-
gent sequences of semimartingales the condition considered in [KuPr91a] is equivalent to
(UT).

Definitions and required results from the general theory of stochastic processes and
SDE’s can be found in [DeMe80, JaSh87] and [Pro90].

Some of the results contained in this thesis have already been published in the series
of papers [Sto89, MéSH91, St093, Sto94, Sto95] and they are being included here for the
sake of clarity and completeness. The new theorems, to be found mainly in Chapters 3,
5 and 9, dealing both with the convergence of the flows of solutions and Stratonovich
equations with jumps, broaden the scope of the theory.

The most important results of the work are summarized in Chapter 0.
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0. Announcement of results

Chapter 1. Condition (UT)

In the late seventies Bichteler, Dellacherie and Mokobodzki characterized a semi-
martingale Z as a “good integrator”, i.e. as a process for which for every ¢ € R the

family of integrals of the form
q

S U, dZ,
0

over the set U of all uniformly bounded simple predictable processes is tight in R (we
will say throughout that a family of random elements is tight if the family of their laws
is tight). Later on the theory of “good integrators” was intensively developed (see e.g.
[Bich81, Pro90]).

Stricker [Str85] introduced a counterpart to the above condition for the sequence of
semimartingales {Z"} (we call it after [JMP89] the condition (UT)). It is satisfied if the
sequence of semimartingales {Z"} satisfies uniformly the condition from the theorem of
Bichteler, Dellacherie and Mokobodzki.

A simple characterization of (UT) is given in Theorem 1.1. Namely, for every a > 0
we may decompose a semimartingale Z™ into the sum of three processes

(0.3) Z" = J™% + M™* 4+ B™  peN,

where
J = Z AZI1 Az >a)

0<s<t

M™® is a locally square integrable martingale with M{"* = 0 and B™* is a predictable
process of bounded variation with Bjy** = 0. Theorem 1.1 asserts that {Z™} fulfills the
condition (UT) if and only if for some a > 0 and for every ¢ € RT the families of random
variables {Var(J™®),}, {Var(B™%),}, {[M™“],} are tight in R. This enables one to give
conditions assuring that the sequences of stochastic integrals driven by {Z"} as well as
the sequences of some other functionals of {Z"} satisfy (UT).

If it is known that if {Z"} satisfies some additional assumptions, then the char-
acterization of (UT) is even simpler. In Propositions 1.4-1.6 we examine sequences of
semimartingales {Z"} satisfying (UT) such that either

e {Z"} is weakly convergent in D(R*,R?) or
o sup,<, |20 — Zi| —=p 0, g € RF or
e Z" —p Z in D(RT,R?), where Z is a semimartingale with continuous trajectories.

Theorem 1.10 deals with the especially important case when {Z"} is a sequence of
solutions to stochastic differential equations. Some examples of sequences of semimartin-
gales satisfying (UT) are also given.

All results in Chapter 1 except Theorem 1.10 and examples from Section 1.4 are taken
from [MéS191].
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Chapter 2. Weak convergence of solutions

We consider the sequence {X"} of the solutions to the SDE (0.2), where f : R? —
RI®R? is a given Lipschitz continuous function. It is well known (see e.g. [Dol78, Pro77])
that in this case for every n € N there exists a unique strong solution of the SDE (0.2).

The main theorem (Theorem 2.1) gives sufficient conditions under which {X"™} is
weakly convergent in the Skorokhod topology J;. The above problem has been discussed
earlier by several authors. For example Emery [Eme78] and Protter [Pro78, Pro90] have
proved stability of solutions to (0.1) using a very strong topology in the space of semi-
martingales. In that approach a common probability basis (£2,F, (F;), P) is assumed,
i.e. all the processes are adapted to a common filtration. We omit this assumption. The-
orem 2.1 says that if {Z™} is a sequence of semimartingales satisfying (UT) then the
following implication holds:

(H",Z") — (H,Z) in DRT,R*) = (X", H", 2") — (X, H, Z) in D(R*,R*),

where X is a unique strong solution to the equation (0.2). In Corollaries 2.2-2.6 we
give modifications of Theorem 2.1 for some special classes of semimartingales like local
martingales and processes with bounded variation as well as for sequences of functions
{f"} instead of f.

The main tool in the proof of Theorem 2.1 is a new tightness criterion given in
Proposition 2.7. Let us remark that this criterion has recently been used to prove tight-
ness of solutions of stochastic difference-differential equations (see e.g. [FuKu92, Fuj92a,
Fujo2bl).

Theorem 2.1 is applicable directly to many problems of mathematical finance (see
e.g. [DoPr92], [F6Sc93]) or to investigation of the convergence rate of numerical schemes
for SDE’s (see e.g. [KuPr91b]). Other applications can be found in [Yam84, Yam86]).

All the above results are taken from [Sto89].

Chapter 3. Convergence in probability

In this chapter we study stability of solutions to the SDE’s (0.2) in the topology of
convergence in probability in the space D(RT, R?). More precisely, we start from Theo-
rem 2.1 to deduce that if {Z"} is a sequence of semimartingales satisfying (UT) then the
following implication is true:

(H",Z") — (H,Z) in D(R',R*) = (X", H", Z") — (X, H,Z) in D(R*,R3),

where X is a unique strong solution to the equation (0.1). In fact, we give a stronger
version of the above result. Namely, in Section 3.1 we study SDE’s of the form

t
(0.4) Xp=z+H+\f(X7)dz,, teRYzeR?
0

The flow of the above SDE (0.4) is a function R¢ 3 z — X% € D(R*,R?). We investigate
flows of SDE’s solutions driven by general semimartingales and their convergence. Let
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{X™*} be a family of strong solutions to the SDE

t
(0.5) XP=w+ HP +\ (X" dZ2, teRY, neN, zeR.
0

Let 6%(-,-) denote a distance on the space D(R*,R?) generating the topology .J;.
Theorem 3.1 asserts that if {Z"} is a sequence of semimartingales satisfying (UT)
then the implications given below are true:
o (H",2") — (H,Z) in DR, R?*) = sup 6**((X™*, H", Z"), (X", H, Z)) —0,
reK
for every bounded subset K C R?,
e sup |H]' — H;| — 0 and sup |Z' — Z;| — 0, € RT = sup sup | X;"" — X| —= 0,
t<q P t<q P zeK t<q P
for every bounded subset K C R¢, ¢ € R*.

If we assume additionally that f € C}(R? R? ® R?) then, as is well known (see e.g.
[Pro90]), the flow z — X[ (w) is differentiable and for k = 1,...,d the process Df
defined by 5

L) = o (XF ()
is a unique strong solution to the appropriate d-dimensional SDE. Using Theorem 3.1
we prove stability of solutions to that SDE and we show some results on convergence in
probability of derivatives of flows (see Theorem 3.4).

Let us consider an array {{t,i}} of nonnegative numbers such that in the nth row
the sequence T,, = {tnx} forms a partition of RT such that 0 = ¢, < tp1 < ...,
limy_ o0 tnr = +00 and

(0.6) m]?x(tnk —tpk—1) — 0 asn — +oc.

For the array {{{nx}} we define a sequence of summation rules ¢" : Rt — RT by
of = max{t,y : tox < t}. For every z € D(R*,R?) the sequence {z¢"} denotes the
following discretizations of x:

n

xf =xg =4,  fort€ [tun,tnr1), kENU{0}, neN.

In Section 3.3 we consider Euler and Euler-Peano schemes for the SDE (0.2), i.e. the
sequences of solutions to discrete SDE’s corresponding to the SDE (0.2)

t
Xp=H + | f(X1)dze",
0

¢
Xp=H+f(X)dZ,, teR* neN.
0
Due to Theorem 3.1 it is possible to prove the convergence in probability of these

schemes. Moreover, Theorem 1.10 allows us to discuss the rate of convergence.
The above results are generalizations of earlier ones proved in [Slo89).
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Chapter 4. SDE’s with past-dependent and non-Lipschitz coefficients

In Section 4.1 we consider convergence of solutions of SDE’s with memory of the form

t t
Xp=Hy +\ (s, X" dzy + | g"(X") dAT,  teRY,
0 0

where ™, g" are predictable functions from RT x D(R*,R) into R (with respect to the
filtration 7y = (5, 0(zy : u < s,2 € D(R',R)), Z™ is a local martingale and A" is a
process with nondecreasing trajectories.

Theorem 4.1 says that if f — f, ¢" — g in an appropriate sense, {Z"} satisfies
a condition slightly stronger than (UT) and (H",Z", A") —p (H,Z,A) in D(RT,R3?),
where H, Z, A are processes with continuous trajectories then

X"~ X inDR®R"R),

provided that the SDE

t t
Xy =Hy+\ f(s,X)dZ, + \g(s, X ) dA,, teRT,
0 0

possesses a unique weak solution X. This enables us to generalize earlier results of this
type proved in [Yam86, Yam87] and [Zan90]. Since the time change arguments are used
in the proofs, the results of Section 4.1 are essentially one-dimensional.

In Section 4.2 we consider stability of finite-dimensional SDE with memory. The
assumptions on {Z™} have been relaxed compared to the ones in Section 4.1. We consider
an arbitrary sequence of d-dimensional semimartingales {Z™} satisfying (UT). The main
result of the section, Theorem 4.2, asserts that if f — f in an appropriate sense and
{f™(-,X™)} is approximated by some arrays of semimartingales, where X" is a solution
of a d-dimensional SDE of the form

t
(0.7) Xp=Hy+\ (s, X" dzr, teRT, neN,
0

then
(H",2") — (H,Z) in DRV, B) = (X", H", 2") — (X, H,7) in D(R", R*),

provided that the SDE

t
(0.8) Xy =H,+\f(s,X)dZ,, teR,
0

has a unique weak solution X. Next, in Lemma 4.4 we describe some classes of coefficients
{f™}, f satisfying the assumptions of Theorem 4.2. As a consequence of Theorem 4.2 and
Lemma 4.4 we state in Corollary 4.5 conditions assuring existence of weak solutions to
the SDE (0.8).

The remaining part of Section 4.2 concerns convergence in probability of solutions to
the SDE’s (0.7). We assume additionally that a limit solution X to the SDE (0.8) satisfies
the following two conditions:
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e X is adapted to the natural filtration of (H, Z),
e pathwise uniqueness for the SDE (0.8) holds.

In Theorem 4.6 we give conditions under which X"” —p X. For example if f is
continuous, satisfies linear growth condition and

||f(t,x)—f(t,y)||2SQ(|w—y|2), t€R+7 x7y€Ru

where
(0.9) 0:RT — RY is strictly increasing and concave with ¢(0) = 0 and
du
0& w = +00,
and || - || denotes the usual norm in the space of linear operators from R into R?, then it

is possible to approximate in probability the solution of the SDE (0.8). Note that in this
case the function f need not be Lipschitz continuous.

All the results in Chapter 4 are taken or can be deduced from [MéS191]. Similar results
were proved also in [KuPr91a] by using different methods.

Chapter 5. Stratonovich SDE’s

In this chapter variants of Theorem 2.1 and Theorem 3.1 for finite-dimensional Strato-
novich SDE’s driven by general d-dimensional semimartingales are given. We begin with
Example 5.1 which shows that for this purpose we cannot use Stratonovich inegrals
driven by semimartingales with jumps introduced by Meyer [Mey76]. Instead of Meyer’s
definition, a definition proposed by Marcus [Mar78, Mar81] and in the general case by
Kurtz, Pardoux and Protter [KPP92] is adopted to the equation of the following form:

t
(0.10) X, = Xo + | f(X,) 0 dZ,
0
= Xo+ | 7%z, + 5\ £ FX) 2
0 0
+ 3 {p(fAZ Xoo) = Xoo — f(X,)AZ},  teRT,

s<t

[39eh)

(the notation “o” indicates that we do not deal here with a standard It6 type stochastic
integral), where for given g € C1(R%,R?), ¢(g, =) denotes the value at time u = 1 of the
solution to the ordinary differential equation

W) = glyw)),
y(0) =z € R%.

It turns out that the above definition has been properly chosen for obtaining the
stability results under (UT).
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Let {Z™} be a sequence of semimartingales and { X™} be a sequence of strong solutions
corresponding to {Z"}, i.e.

(0.11) X! =X} + Sf X" odZ"
0

]‘t / n njc
= X§ + §§f FXE) d[ 27

O ey

f ) dZ" +

+ Z{w (fAZ], X)) = X! — [(X[)AZ}}, teRY, neN.
s<t
If {Z"} satisfies (UT), f belongs to C1(RY,R?@RY) and f, f'f satisfy linear growth
condition then Theorem 5.2 asserts that the following implication holds:

(X§, 2") — (X0, Z) in R? x D(RT,RY) = X" — X in D(R*, RY),

provided that the SDE (0.10) has a unique weak solution X.

It is also possible to give a version of the above result for the convergence in prob-
ability. In Theorem 5.4 we prove that if {Z"} satisfies (UT), the function f belongs
to CL(RY,R?Y ® RY) and f, f'f satisfy a linear growth condition then the following two
implications are true:

* X§ — Xoand 2" — 7 in DRF,RY) = (X", Z") (X, 2)in D(RT, R*),
e X = Xg and sup|Z]' — Z;| = 0, e Rt = sup | X} — X;| = 0, ¢ € RT,
P t<q P t<q P

provided that the solution X to the SDE (0.10) is adapted to the natural filtration of
(X0, Z) and the pathwise uniqueness property for the SDE (0.10) holds (see (4.21)).

In Corollary 5.5 we approximate the solution X of the SDE (0.10) in probability by
solutions of discrete SDE’s.

Consider the sequence {T},} of partitions of RT satisfying the condition (0.6). Let
{2 "1 be a sequence of linear approximations of Z, i.e.

Z8 =7, + L(Ztn eir = Zenn)s € [tk tugia, n €N, ke NU{0}.
tn k+1 — tnk

Since the trajectories of Z 72" are continuous and have bounded variation, it is clear

that for every n € N there exists a unique strong solution to the SDE

t t
(0.12) VP =X+ \F(0) 0dZ8" = Xo+ \ F(Y2)dZ", teRY,
0 0

provided that f islocally Lipschitz continuous and satisfies a linear growth condition. The
above type of SDE’s was introduced by Wong and Zakai [WoZa65] for Z being a Wiener
process. Those authors have shown that Y™ tends to the solution of the Stratonovich SDE
(0.10). Kurtz, Pardoux and Protter [KPP92] have recently discussed Wong—Zakai type of
approximations for Stratonovich SDE’s driven by general semimartingales. In this case
the approximating sequence {Y™} is as before a sequence of continuous processes, but
the limit process X need not have continuous trajectories. Therefore the approximating
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solutions need not converge in the Skorokhod topology Ji. Using very subtle results on
Meyer—Zheng topology (see e.g. EtKu86, Ku91]) Kurtz, Pardoux and Protter have been
able to prove that

S/;n ;’ Xt7

except possibly for a countable set of ¢’s.

It turns out that the above result is an easy corollary of Theorem 5.2. In fact we
generalize it slightly. Theorem 5.6 says that if f satisfies the assumptions of Corollary 5.5
then

sup Y — Xy — 0, geRT,
t<q,teTy, P

where X is a unique strong solution of the SDE (0.10). In particular,
S/;n ;’ Xt7
provided AZ; =0 or t € liminf,,_, { oo T,.

Chapter 6. Skorokhod problem, deterministic case

In Chapters 6 we discuss existence, uniqueness and stability of solutions (X, K) of
d-dimensional Skorokhod problems on a domain D,

(0.13) T=ye+k, teRT,

where z; € D = DUJD, y € D(R*,RY) and k is a bounded variation function with
variation Var (k) increasing only, when x; € dD. The problem of existence and uniqueness
of solutions to (0.13) has been discussed for the first time by Skorokhod [Sko61] for
d=1and D =R". Later on, many attempts have been made to generalize Skorokhod’s
results to larger class of domains. The papers [ChKM80, KaCh78, TkWa81, McK63, Pro80,
Wat71] are devoted to the case of reflection in the half-space, i.e. D=R* x R~!. For the
first time the reflection in a more general domain was discussed by Tanaka [Tan79], where
D is a convex subset of R?. Then Lions and Sznitman [LiSz84] investigated domains
satisfying the conditions (A) and (B) given in Chapter 6 along with the admissibility
condition which means, roughly speaking, that D can be approximated in some sense by
smooth domains. Finally, Saisho [Sai87] has omitted the admissibility condition.

We assume as in [Sai87] that D is a general domain satisfying the conditions (A)
and (B), whereas y is any function from D(R*,R?). We prove existence and uniqueness
for such problems provided y has jumps bounded by some constant rq, rg € [0, +00],
depending on the region D only, i.e. |[Ay| < ry (for example if D is convex then we can
take rg = 00). Let us note that if D is a convex domain then problem (0.13) has been
recently considered by Anulova and Liptzer [AnLi89] in order to characterize the diffusion
approximation for processes with reflecting boundary. We also deal with the question of
convergence of solutions to equations of the type (0.13).

Chapter 7. Skorokhod problem, nondeterministic case

In Chapter 7 we consider a random case of (0.13). More precisely we assume that
Y = H+Z (where H is a process with trajectories in D(R*,R?) and Z is a semimartingale
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decomposed into the sum of a local martingale M and of a process with bounded variation
V'), and we investigate the property of the solution (X, K) of the Skorokhod problem

Xy =Y\ +Ki=Hi+Z+Ki=H,+ M+ V, + K, tERJr.
In particular, in Theorem 7.2 we discuss the conditions assuring an estimate of the type

Var(K), < Csup|Yy|.
t<q

Further, Theorem 7.3 allows us to estimate E sup, | Xs — X,|2, where (X, K) is a solution
of the Skorokhod problem corresponding to Y (Yt = H;+ Z;) and Z is a semimartingale

decomposed into the sum of a local martingale M and a process with bounded variation
V Le. Y = H; + Mt + V} In Theorem 7.3 we prove that under some assumptions on Y
and Y R e R

Eig; | X — Xy|* < CE{[M — M], 4 Var(V —V)?}.

These two estimates play a key role in Chapter 8.

We also discuss asymptotical behaviour of sequences of solutions to Skorokhod prob-
lems. Let {Y"} be a sequence of processes of the form Y = H" 4+ Z™ and let {(X", K™)}
be a sequence of solutions to the Skorokhod problems associated with {Y"}. Proposi-
tions 7.6 and 7.8 say that if |AY™| < ¢ < rg, n € N, and the conditions (A), (B) are
fulfilled then

e {H"} is tight in D(RT,R%), {Z"} satisfies (UT) = {Var(K™),} is tight in R,
o {H"}, {Z"} satisty (UT) = {X"} satisfies (UT), {Var(K™),} is tight in R,

o (H",Z") — (H,Z) in D(R*,R¥) = (H", 2", X") — (H, Z, X) in D(R*,R%).
All the results are taken from [Sto93].

Chapter 8. SDE’s with reflecting boundary

In Chapter 8 we investigate a d-dimensional SDE on a domain D with reflecting
boundary condition
t
(0.14) X, =H+\f(X,)dZ, + K, teRY,
0

where Z is a semimartingale, X is a reflecting process on D = DUJD and K is a bounded
variation process with variation Var(K') increasing only when X; € 9D.

Let {Z™} be a sequence of semimartingales satisfying (UT). We consider a sequence
{X"} of solutions to SDE’s of the form (0.14), i.e

t
(0.15) Xp=Hr+\f(X2)dzr + K, teRT, neN.

0
In Theorem 8.1, our main result in this chapter, we give some sufficient conditions under

which {X"} converges in law to the solution X of the SDE (0.14). As a consequence
in Corollary 8.2, we obtain existence of weak solution to the SDE (0.14) provided that f is
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continuous and bounded, i.e. ||f|| < L < 400 and |AY |+ L|AZ| < ro. If additionally f
is Lipschitz continuous, then using discrete approximations of the solution to the SDE
(0.14), which are constructed in a manner analogous to Euler’s formula, we prove Theo-
rem 8.3 on the existence and uniqueness of strong solution to the SDE (0.14). Then we
consider the convergence in law and in probability of strong solutions of the SDE (0.15).

Let us note that for D = Rt x R%"! the problem of existence and uniqueness of
solutions of SDE’s like (0.14) has been examined by Chaleyat-Maurel, El Karoui and
Marchal [ChKMS80], and Protter [Pro80]. Unfortunately their approach cannot be ex-
tended to domains satisfying only the conditions (A) and (B).

All these results were originally published in [St093].

Chapter 9. Flows of SDE’s with reflecting boundary

In Chapter 9 we discuss the SDE’s with reflecting boundary of the form
t
(0.16) Xf=w+H +\f(X2)dZ,+ Kf, teR" zeD,
0
where Hy = 0. The flow of (0.16) is the function D 3 z +— X* € D(R*,R%).
Theorem 9.3 says that if f is Lipschitz continuous and bounded, i.e. there exists
a constant L > 0 such that || f(z) — f(v)|| < Llz —y|, [|f(x)]| < L for all z,y € D
and |[AH| + L|AZ| < rg, then under the conditions (A) and (B) there exists a function
X (t,w,z) on RT x Q x R? such that:

e for each z € D the process X7 (w) = X (t,w, z) is a solution of (0.16),

e for almost all w € €, the flow x — X%(w) from D into D(R*, R?) is continuous in
the topology of uniform convergence on compact sets.

We also give a version of Theorem 3.1 Namely, let {Z™} be a sequence of (F}) adapted
semimartingales, and let { H"} be a sequence of (F}*) adapted processes, Hj = 0. Assume
{X™*} is a family of solutions to the SDE

t
(0.17) Xt = :v+Ht"+§f(X§f)dZ§+Kt"’””, teRT, neN, zeD.
0

Theorem 9.4 asserts that under (A), (B) and the assumptions on f from Theorem 9.3
the following implications are true:

o (H",Z") — (H,Z) in D(R*,R?9) and |AH|+ L|AZ| < 7o
P
= sup OM((X™T K™ H",Z"), (X", K", H,Z)) = 0,
zeKND P

for every bounded subset K C RY,

e sup |H' — H;| — 0, sup |Z]' — Z;] — 0, g € RT and |AH| + L|AZ| < ro
t<q P i<q P

= sup sup|X;"" — X —=0and sup sup|K;"" — K| —0,
zeKND t<q P zeKND t<q P

for every bounded subset K C R%, ¢ € R,
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Chapter 10. Numerical schemes for SDE’s with reflecting boundary

In Chapter 10 we investigate LP convergence as well as almost sure convergence of
time-discretization schemes for d-dimensional stochastic differential equation on a domain
D with reflecting boundary condition. Given a function f : D = D UdD — RY ® R,
f(z) = {fij(x)}ij=1,..a we consider the SDE

t t
(0.18) Xy = Xo + | f(X,)aW, + \g(X,)ds + K, t€RT,
0 0

where W, is a d-dimensional Wiener process, X; is a reflecting process on D and K,
is a bounded variation process with variation Var(K'); increasing only when X; € 9D.
In the paper [Sai87] it is proven under the conditions (A), (B) that if f, g are Lipschitz
continuous and bounded on D then there exists a unique strong solution to the SDE
(0.18) (this fact can be also deduced from the general Theorem 8.3).

Let us consider an array {{t,x}} of nonnegative numbers such that in each nth row
the sequence T}, = {t,1} forms a partition on RT such that

mgx(tnk —tnk-1)<1/n, neN.

In this chapter we assume that D is either a convex set or a general domain satisfying
the conditions (A) and (B) and we consider Euler and Euler—Peano schemes for the SDE
(0.18). More precisely, we investigate the approximations { X"} and {X"}, which are the
solutions to the appropriate SDE’s with reflecting boundary conditions

t t

(0.19) Xp=Xo+ | f(X0)awe” +\g(X0)do? + K7, teRT,
0 0

and
t t

(0.20) Xp=Xo+ | FX2 ) aw, + g(X2" ) ds + K, t € RY.
0 0

Note that if D = R? then X} = )A(Zl 2" and (0.19) is a classical Euler scheme considered
for the first time by Maruyama [Mar55] (see also Section 3.3). In the case D # R?

the equality X7 = X/*¢" need not be satisfied. In this case the rate of mean-square
convergence in the above schemes has been earlier examined only if D = RT x R?~! by
Chitashvili and Lazrieva [ChLa81], Kinkladze [Ki83] (the scheme (0.19)) and Lépingle
[Lép93] (the scheme (0.20)). We give the rate of LP as well as almost sure convergence
for the schemes (0.19), (0.20) for a broader class of domains than the half-space.

Let D be a convex domain in R%. For the Euler scheme we show that there exists a
sequence {7, } of stopping times with 7, —p +00 such that

(0.21) Esup | X}~ —X{"|2”=(’)(1/np/2_8), >0, geRT, peN,

t<q

and
(0.22) M4 Csup | X7 — X" =0 P-as.,e>0, g€ RY.
t<q
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In this case for the Euler—Peano scheme we obtain

(0.23) Esup| X} — X = O(1/n?), qeR", peN,
t<q
and R
(0.24) nt* fsup | X — Xi| = 0  P-as.,e>0, g€ RY.
t<q

For a large class of convex domains we are able to strengthen (0.21) and (0.22). If D is
a convex subset of R? satisfying the condition () which is automatically fulfilled for D
bounded or d < 3, then we prove that

Esup |X? — X|* = O(1/nP/?7%), e>0, geR*, peN,

t<q

and

nt4Csup | X? — X;| - 0 P-as., e >0, ¢geRY.
t<q

If D is a convex polyhedron, i.e. D = ﬂﬁl D;, where D; is a closed half-space, we
can prove even more, namely that

(0.25) Esup | X} — X = O(1/nP™%), >0, geRT, peN,
t<q
and
(0.26) n/?~sup| X7 — Xy| -0 P-as.,e>0, geRT.
t<q

Let us mention that in the case of the half-space some results similar to (0.25) have been
obtained in [ChLa81, Ki83], while (0.23) was announced in [Lép93].

Now let D be a general domain satisfying the conditions (A) and (B). For the Euler
scheme we show that (0.21) and (0.22) are also true. In the case of the Euler-Peano
scheme we prove that there exists an array {{7%}} of stopping times such that

lim limsupP(r% < ¢) =0

k—+00 n—+toco
and . N
Esup|X;"™ — X/"|** =0(1/n?), k€N, gecR", peN.
t<q

We can also find a sequence {7,,} of stopping times with 7,, —p 400 such that

nl/2—e Sip |)?Zl»7n - X" -0 P-as,e>0,q¢c R™.
t<q

In Section 10.4 we prove convergence of numerical schemes for slightly more general
sequences {{t,r}} of partitions satisfying the condition

(0.27) ml?x(tnk —tnk-1) <1/n% mneN, a>0.

The above results are taken from [Slo94, Sto95].
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1. Condition (UT)

1.1. Main criterion. Let ({2, F,P) be a complete probability space and let (F;) be
a filtration on (§2, F,P) satisfying the usual conditions. A process Z is called an (F;)
adapted semimartingale if Z = M + V', where M is an (F;) adapted local martingale
and V is an (F;) adapted process with locally bounded variation. The famous theorem
of Bichteler, Dellacherie and Mokobodzki [DeMe80, Theorem 2.5] provides an equivalent
definition: Z is an (F;) adapted semimartingale if and only if the following condition is
satisfied:

(T) for every ¢ € RT the family of random variables

q
{SUstS Ue Uq} is tight in R,
0

where Uy, is the class of predictable processes of the form

k
US = UO + Z Uil{ti<s§ti+1}
i=0
such that 0 =ty < #1 < ... < t; = q and every U; is F;, measurable, |U;| < 1 for
every i € NU{0}, k e N.

Now, let {Z™} be a sequence of semimartingales defined possibly on different prob-
ability spaces (£2",F",P"), n € N, and adapted to different filtrations (F*), n € N.
We will assume that the sequence {Z"} fulfills the above condition (T) uniformly with
respect to n € N. More precisely, we will investigate the sequences of semimartingales
satisfying the condition (UT) introduced by Stricker [Str85]:

(UT) for every q € R the family of random variables
q
{SUS"dZ;‘ neN,U" e Uj;} is tight in R,
0

where UZ is the class of predictable processes of the form

k
U =Uy + ZUinl{ti<S§ti+1}
i=0
such that 0 =ty <t; < ... <ty = ¢ and every U}* is F{* measurable, |U"| <1
for every i e NU {0}, n e N, k € N.

The condition (UT) appeared very fruitful in the theory of limit theorems for stochas-
tic integrals. Under this condition Jakubowski, Mémin and Pages [JMP89] proved a
functional limit theorem for stochastic integrals. The main results of Stricker [Str85]
and Jakubowski, Mémin and Pages [JMP89] under the condition (UT) are described in
Appendix B.

We start with a simple characterization of (UT). For every a > 0, the process Z",
Zy =0 can be decomposed into the sum of three processes

(1.1) Zn = Jme 4 M 4 Bre peN,
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where J;"" = 37 ., AZI1azn|5a), M™® is a locally square integrable martingale,
Mg* =0 and B™* is a predictable process with bounded variation, By = 0.

THEOREM 1.1. The following four conditions are equivalent:

(i) {Z"} satisfies the condition (UT),
(ii) there exists a > 0 such that for every q € RT the families of random variables
{Var(J™?)s}, {Var(B™®).}, {{M™%]4} are tight in R,
(iii) for every q € R the family of random variables

q

{SU:dZ?:nEN,UnGU"} is tight in R,
0

where U™ denotes the class of predictable processes U™ such that sup,<, |[U'| <1, n € N,
(iv) for every q € RY and € > 0 there ewists a > 0 such that for every n € N and
every predictable processes U™,

t

Plsup|U| > o] < a=>73[sup SUS"ng
t<gq t<q 0

>€] < €.

Proof. It is clear that (iii)<(iv) and (iii)=(i). We show (i)=-(ii) and (ii)=-(iii).
(ii)=-(iii). Since {Var(Z"™ — M™%),} is tight in R, it is obvious that
¢
{sup {vraz — mme),

t<q 'y

} is tight in R.

On the other hand, for every € > 0 there exists a constant K > 0 such that P[[M™?], >
K] < e,n € N. Define 7" = inf{s > 0: [M™%)s > K} Aq. Then P[r" < ¢] < € and from
the sequence of inequalities

t t
P[Sup Vo dreze >K} gp[sup {urdreze >K}+g
t<q 0 t<rm 0
t
< KB sup | U ane] ]+
t<rn 0

we deduce that {sup,, | Sto UM dM™*|} is tight in R.
(i)=(ii). Due to Theorem (B.1), {[Z"],} is tight in R. Hence for every a > 0,

{Var(J"’“)qz > |AZ?|1{|AZg\>a}}

0<s<q

is also tight in R. Moreover, it is obvious that { B™® + M™®} satisfies (UT). Using once
more (B.1) for every ¢ > 0 there exists K > 0 such that P[[B™* + M™%], > K] < ¢,
n € N. Define 7" = inf{s > 0: [B™* + M™%, > K} Aq. Then P[t" <q] <e,n €N
and by [DeMe80, Chap. 7, Theorem 55] we get

PlIM™], > K] < K 2E[M™;n] + & < K 2E[[B™" + M™% ;x] + ¢
<K (K +d?) +e,
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and thus {{M™"]} is tight in R. As a consequence also { B™*} satisfies (UT). Since B™* is
predictable, we can approximate Var(B™®) by the sums of the form Y- Uj' (B, — B,.*),

where Uj* = £1. Therefore (UT) for {B™*} implies that {Var(B™%),} is tight in R. m
The following two corollaries are easy consequences of Theorem 1.1.

COROLLARY 1.2. If {Z"} satisfies (UT), and {U™} is a sequence of predictable pro-
cesses such that {sup,<, |U{'|} is tight in R, then the sequence of stochastic integrals

{SO UrdZ"} also satisfies (UT).

Proof. For every ¢ > 0 there exists a constant K and a stopping time 7" such
that P[r" < q] < ¢/2 and sup,, |U;"" | < K,n € N. Now, the proof is immediate by
Theorem 1.1(iii). m

COROLLARY 1.3. Assume F : RT x R? — R, F € CY2. If {Z"} satisfies (UT) then
{(F(t,Z"))} also satisfies (UT).

Proof. The proof follows by It6’s formula, Theorem 1.1 and Corollary 1.2. m

1.2. Convergence of semimartingales and (UT). It is possible to give a slightly
simpler characterization of (UT) in the case when the sequence {Z"} of semimartingales
is weakly convergent.

PROPOSITION 1.4. Assume Z" —p Z in D(R',RY).

(i) {Z"} satisfies (UT) if and only if there exists a > 0 such that for every q € RT
{Var(B™*),} is tight in R.
(i) If {Z"} is a sequence of local martingales such that for every q € RT,

sup E[sup |AZY[] < 400,
neN t<q

then {Z™} satisfies (UT).
(i) {Z™} satisfies (UT) if and only if there exists a > 0 and a family of stopping
times {12}, a > 0, n € N, such that P[? > o] > a~ ! and for every ¢ € R,

sup E{[M™*]grnrn + Var(B™*)garm } < 0.
neN

Proof. (i) See [JMP89, Lemma 3.1].

(ii) See [Jac79b, p. 342].

(iii) Assume that the condition described in (iii) is satisfied. Then in particular
{Var(B™%),} is tight in R and due to (i), {Z"} fulfills (UT). Conversely, assume that
{Z"} satisfies (UT). Define 77" = inf{s > 0 : [M™*], V Var(B™%); > ¢}, n € N, ¢ > 0.
By Theorem 1.1(ii) there exists ¢, such that P[> o] > o~ ! and (iii) is satisfied. m

In the sequel the following assumption will sometimes be considered:

(1.2) sup |Z]' — Zy| = 0, qeRT.
t<q P

If we know that the sequence of semimartingales {Z"} is adapted to the same filtration
(F:) and {Z™} fulfills (UT) it is possible to describe (1.2) more precisely.
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PROPOSITION 1.5. Let {Z"} fulfil (UT) and be adapted to the same filtration (Fy).
Then the condition (1.2) is satisfied if and only if for every a > 0,

sgp{lB?’a—Bfl+|M?’G—Mf|+|Jf’a—Jt“|};>0, g € R,
t<q

where Z™ = J™ 4 M™@ 4 Ba Z = Jo 4 M + B® (see (1.1)).

Proof. Due to Bichteler, Dellacherie and Mokobodzki’s theorem Z is an (F;) adapted
semimartingale and as a consequence the sequence {Z™ — Z} satisfies (UT). By [Jac79b,
p. 342], [Z" — Z], —p 0, g € RT. Since

sup |J;"" = JP| =0, qeRT,
t<q P

we also have the convergence [B™*+ M™®* — B*— M*], —p 0, ¢ € R". By the Lenglart—
Rebolledo inequality for every e, n > 0,

P[M™* — M), > ¢] < e 'E[[M™* — M®+ B™" — B, An + 4d?]
+ P[[M™®* — M* + B™* — B, > 1.

Hence we deduce that [M™*—M*|, —p 0, ¢ € R*, which is equivalent to the convergence

sup [M;"* — M} — 0, q€R".
t<q P

Since

sup |By"* — BY'| <sup |Z]' — J{"" — Zy + J}'| +sup [M{"" — M7|, g €RT,
t<q t<q t<q

the proof is complete. m

Let {Z"} be a sequence of semimartingales. Until the end of Section 1.2 we assume
that Z" —p Z, where Z is a process with continuous trajectories. Let us consider the
canonical decomposition of Z™ of the form (1.1) for fixed a > 0. For simplicity we will
write briefly Z™ = J" + M™ + B™, n € N. We will also write v"[dt, dz| for the dual,
predictable projection of the measure of jumps of Z”, n € N. A sequence of processes
{Y"} is C-tight in D(RT,R?) if it is tight in D(R*,R?) and each of its limit points has
continuous trajectories.

PROPOSITION 1.6. Let {Z™} be a sequence of semimartingales satisfying the condition
(UT). If Z" —p Z in D(RT,RY), where Z is a semimartingale possessing continuous
trajectories, then

{(z", M, [M"),B")} s C-tight in D(R*, R**+1),

and every limit point is of the form (Z,M',[M’'], B"), where M’ is a local martingale
adapted to the natural filtration of (Z, M') such that [M'] = [Z] and B’ is a process with
locally bounded variation.

Proof. Since Z has continuous trajectories it is clear that sup,, [J;'| —» 0 and
sup;<, |AZ{'| —p 0. On the other hand, for every € > 0,

21<1p|ABt"| <e+ ZV"[{t} x{z:|z] >e}] <e+av™[[0,q] x {z:|z] >e}]
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Therefore, in view of the convergence v™[[0,q] x {x : |z| > €}] —» 0 and [JaSh87, Lem-
ma 4.22] we have sup,, |[AB}'| —p 0 and sup,<, |[AM;*| —p 0.

Now, we show that
(1.3) {[M™} is C-tight.
Due to the convergence sup,, |AM{'[* —p 0 it is sufficient to check that {[M"]} is
tight in D(RT, R?). We use the well known Aldous criterion [Ald78a, Theorem 1]. By
Theorem 1.1, {[M™]} is tight in R. Let {d,} and {6™} be two sequences of constants and
of stopping times, respectively, such that 6, | 0 and ¢ < ¢,n € N. By the Lenglart—
Rebolledo inequality for every €, > 0 we have

PIM g ynrn — (M ornre > <]
< e 'E[[M" + B"(onts,)nrn — [M™ 4+ B (on 45,00 AT+ 07
+ PIM" + B"|(on 45,)nrn = [M"™ + B"|(gn 45,)n7n > 1),
where 77 = inf{¢t : [M™ + B"]; > K} A (g + 1) and K is such that P[7" < ¢ +1] < e.

Since {[M™ + B"]} is C-tight and the constants £, > 0 are arbitrarily small we deduce
from the above inequality that

[M"Jgn 5, = (Mo 0,

and the proof of (1.3) is finished.

Due to (1.3), {M"} is C-tight in D(R*,R?). Hence the sequence { B"} is also C-tight
in D(R*,R9). In view of (UT) and Theorem 1.1, every limit point of it is a process with
locally bounded variation. m

Remark 1.7. If {Z"} is a sequence of local martingales satisfying (UT) and Z™ —p

Z then Z need not be a local martingale, as the following example shows (see [JaSh87,
nt|

p. 454)). Let Z} = Lzl U}, where UJ' are independent identically distributed random
variables such that
. 1 . 1 1
P[Uk:n]zﬁ, PUk:—m :l_ﬁ, 7’L22
Then Z;' —p —t and for a = 1, By = Y ") E[Uf1{yp—n)). Therefore By —p —t,

Var(B™); —p t, t € RT, and due to Theorem 1.1, {Z"} satisfies (UT).

COROLLARY 1.8. If {Z™} is a sequence of semimartingales satisfying (UT) and {B™}
is C-tight then the following two conditions are equivalent:

(i) {Z"} is C-tight,

(ii) {[Z"]} is C-tight.

Proof. (i)=(ii). This implication is a consequence of [Jac79b].

(ii)=(i). In this case sup,<,|J{*| —» 0, ¢ € R, and as a consequence {[M" + B"|}
is C-tight. By the arguments from the proof of (1.3), {[M™]} is C-tight, too. Hence
C-tightness of {M™} follows. m

PROPOSITION 1.9. Assume that {Z™} is a sequence of semimartingales such that
{Var(B™),} is C-tight and Z™ —p Z, where Z is a process with continuous trajectories.
Let {U™} be a sequence of uniformly, locally bounded and predictable processes. Then
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the sequence of stochastic integrals {SO Urdz?} is C-tight. If additionally Var(B™); —p
0,t € R, then every limit point of {So UrdZ} is a continuous, local martingale.
Proof. Since {Z"} satisfies (UT), due to Proposition 1.5,

{(M™ B, [M™)} is C-tight in D(R", R2%1).

Moreover, for every € > 0 there exists a constant K and a stopping time 7" such that
Plr" < q] < ¢/2 and sup,, |U"" | < K, n € N. Therefore the following implications
are true:

{[M™)} is C-tight = {SU: d[M”]g"} is C-tight = {SU: dM;”n} is C-tight,
0 0

and

{Var(B").} is C-tight = {SU: ngvT"} is C-tight.
0
Since € > 0 is arbitrarily small the sequences {SO UrdmMr}, {SO U™ dB"} are C-tight, and
the proof of the first assertion follows.
If Var(B"); —p 0, ¢ € RY then sup,<, | §; U2 dB?| —p 0, ¢ € R*. On the other hand,
we deduce from Proposition 1.6 that every limit point of the sequence {SO U dM?!} has
to be a local martingale and the proof of the second assertion is finished. m

1.3. Solutions of SDE’s and (UT). In this section we consider SDE’s of the form

t
(1.4) Xp=Hy+\f(s, X" dz!, teRT, neN,
0

where {Z™} is a sequence of (F}*) adapted semimartingales, Z§ = 0, {H"} is a sequence
of (FI') adapted initial processes, f : R x D(R*,RY) — R¢ ®R? is predictable and such
that
(1.5) 1£(t, )]l < L(1+supla,)), = € D(RT,RY).

s<t

THEOREM 1.10. Let {Z™} be a sequence of (FJ') adapted semimartingales, and let
{H"} be a sequence of (F}*) adapted processes. Assume that f satisfies (1.5) and {X™}
is a sequence of strong solutions to the SDE (1.4).

(1) If {supy<, | H{'|} is tight in R and {Z"} satisfies (UT) then {sup,<, |X['[} is tight

m R.

(ii) If {H"} and {Z"} satisfy (UT) then {X™} satisfies (UT).

Proof. (i) Define

T = inf{t : sup |H*| vV Var(J™), V [M™]y V (M™%)s V Var(B™%), > k} Ak,
s<t

n,k € N. It is clear from Theorem 1.1 that

(1.6) lim limsupP[r} <¢] =0, g¢qeR".

k—+00 n—+4oo
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On the other hand, for every stopping time ¢,

t
Vris,xm)dzy
0

2
sup |X"|2§2{ sup |HP'*+ sup }
t<o™ AT t<o™ AT t<om AT

§2k2+60(k,d){ sup | |1 £(s, X™)|2 d Var(J™),

t<om AT 0

o+

t
+ sup YIIf(s, X2 avar(B™), |
t<cr”/\‘rg‘0
t

2
+6 sup S F(s, Xy dM™e

t<o™ AT

By the Doob type inequality proved in [MéPe77],

t 9 (" AT )—
B s V(s XM <A Y XTI M+ (M),
AT 0

and we have
E sup |X[]?
t<U"/\TI?
t
< 2k2 + 6C(k, d)L2{2k +2E sup {sup X7 P d(Var(J™?) + Var(B”’“))S}

t<o™ AT 0 u<s

t
+24d12{2k+ B sup [oup X7 2 d((M™e) + (M), ).

t<o™ AT 0 u<s
Therefore for every stopping time o”,

E sup | X™7E |2
t<om™
n

o —

S 2K+ Ok, d, L)B | sup X777 d(Var () + Var(B™) + [M"] 4 (M")),
0

In view of Lemma C1,

E sup | X7'|? < 2k? exp{4kC(k,d,L)}.
<
This and (1.6) ﬁnlsh the proof of (i).
(ii) By (i) and (1.5), {sup,<, [[f(t, X")||} is tight in R, ¢ € R*. In view of Corol-
lary 1.2, {S f(s,X™)dZ"} satisfies (UT) and {X™} is a sum of two sequences of processes
satisfying ( T). =

1.4. Some examples. It is clear that a sequence {Z" = (Z™, ..., Z"9)}, cn of
d-dimensional semimartingales satisfies (UT) if and only if (UT) holds for every sequence
{Z"}, i =1,...,d. Therefore, without loss of generality, we may and will consider only
one-dimensional processes.
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EXAMPLE 1.11. Let {Uy} be a sequence of independent identically distributed random
variables such that EUy = 0, EUZ = 1, k € N. Define

[nt]
Zh=—> U, teRT neN.

By Donsker’s invariance principle, Z™ —p W, where W is a standard Wiener process. If
we denote F,, = (U1, ...,Ux) and F{* = Fp,y) for t € R, n € N then {Z"} is a sequence
of (F*) adapted local martingales such that

1 1/2 1 [nt] 1/2
Esup|AZ!| < [ E( = max U? <(E(=) U}? <Vt
t<q n k<[nt] n —1

By Proposition 1.4(ii), {Z™} satisfies (UT).
The next example shows that if we disturb the sequence {Z"} slightly then (UT)
need not be satisfied.

EXAMPLE 1.12. Let {Uy} be defined as above. Define

[n]
5 Ulnt)+1
Zr=—=Y Up+ (nt—[nt])—=—, teRt nel.
ton ; NG

Then {2 "1} is a sequence of continuous processes with bounded variation. Therefore the
predictable and bounded variation part in the decomposition (1.1) of Z™ is exactly equal
to Z", i.e. Z" = B™“. Since sup,<, |Z}' — Z}'| —p 0, it is clear that B™* —p W. Hence
Var(B™®), —p +0o and by Theorem 1.1, (UT) is not satisfied for the sequence {Z"}.

Similar examples can be constructed by using a sequence of discretizations of a given
semimartingale.

EXAMPLE 1.13. Let Z be an (F;) adapted semimartingale. Consider the sequence
{T,} of partitions of R satisfying (0.6). Define

Ztgn = Ztnk’
F =F, . fort€ltnk,tnrs1), k€NU{O}, neN.

Then {Z9"} is a sequence of (}.tg") adapted processes with bounded variation. Due to
the theorem by Bichteler, Dellacherie and Mokobodzki {Z¢"} satisfies (UT).

EXAMPLE 1.14. Let Z be an (F;) adapted semimartingale and let {Z¢"} be a sequence
of linear approximations of Z, i.e.

t— tnk

Zi =Zy,
tn,kJrl - tnk

(Ztyosr = Ztor), L€ [tnk,tnp1[, n €N, k€ NU{0}.
Then {Eé’n} is a sequence of processes with bounded variation and with continuous
trajectories adapted to the same filtration (F;). In this case, similarly to Example 1.12,

we have B™@ = Z¢". Due to Theorem 1.1, {Z¢"} satisfies (UT) if and only if Z is a
process with bounded variation.
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2. Weak convergence of solutions

2.1. Main results. Let Z be an (F;) adapted semimartingale, Zy = 0, and H an
(F:) adapted process. Assume that f: R? — R @ R? is a Lipschitz continuous function
with a constant L, L > 0, i.e.

£ (@) = @I < Llz —yl,  ,y € R

(in the sequel we write for simplicity f € L(L)). It is well known by theorems of [Dol78,
Pro77] that there exists a unique strong solution of the SDE

t
(2.1) X, =H +\f(X,)dz,, teR".
0

Now, let {Z"} be a sequence of (F}") adapted semimartingales, Zg§ = 0, and let {H"} be
a sequence of (F}') adapted processes. Then for every n € N there exists a unique strong
solution X™ corresponding to Z™ and H", i.e.

t
(2.2) Xp=Hp+\f(X1)dzZ!, teR, neN

0

The purpose of this chapter is to give some sufficient conditions under which {X"}
converges in law to X.

THEOREM 2.1. Let {Z™} be a sequence of (F}*) adapted semimartingales, and let
{H"™} be a sequence of (F}') adapted processes. Assume that {X"} is the sequence of
strong solutions to the SDE (2.2) and {Z™} satisfies (UT). If

(H",Z") — (H,Z) in D(R",R*)

then
(X", H",Z") — (X,H,Z) inDR",R™),

where X is the unique strong solution to the SDE (2.1).

We defer the proof of Theorem 2.1 to Section 2.3.

Our method allows obtaining a stability theorem for strong solutions of SDE’s which
are slight modifications of the SDE’s (2.1), (2.2).

Let {X™} be the sequence of unique strong solutions of SDE’s

¢ t
Xp=Hp +\f(Xr)dM? +\g(X2)dBE, teRY, neN,
0 0

where f € L(L), g : R? — R? is also a Lipschitz continuous function and {M"},{B"}
are sequences of local martingales and of processes with locally bounded variations, re-
spectively (M§ = By = 0).

COROLLARY 2.2. Assume that sup,, Esup,<, |AM}'| < +o0, ¢ € R, and for every
q € RY, {Var(B"),} is tight in R. If (H", M™, B") —p (H, M, B) in D(R*,R3?) then

(X", H",M", B") p= (X,H,M,B) inDR",R),
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where X is the unique strong solution of the SDE

t t
X, = H+ | f(X,)dM, + \g(X, ) dB,, teR".
0 0

Another type of SDE which can be examined by our method is

t t
xp=Hy+\r(xryazr +\g(X2) dv[Z2,,  teRT, neN,
0 0
where f, g are as above and v[Z"] = ([Z™],...,[Z"?]), n € N.

COROLLARY 2.3. Assume that {Z™}, {H™} satisfy the assumptions of Theorem 2.1.
Then
(X" H"2") = (X,H,Z) inD(R",E),

where X is the unique strong solution of the SDE

t t
X, = H + | f(X,)dz, + [g(X, ) dv[2],,  teRT.
0 0

It is also possible to generalize slightly the above results by using a sequence of
functions {f"}, f* : RT x R — R? @ RY, instead of f. We restrict our attention to the
sequences of functions { f”} satisfying the following condition (L):

DEFINITION 2.4. We say that a sequence of functions f” : RT x R — R? @ RY,
satisfies the condition (L) if and only if the three conditions below are fulfilled:

(i) f7(t,-) €L(L), t eRF, n €N,

(ii) for every w € R?, f"(-,w) is left continuous and admits right-hand limits,

(iii) for every sequence {(z,, 2,)} CD(RT, R2?), (z,2) € D(R*,R2?) such that (z,,, 2,)
— (z,2) in D(RT,R?*)) we have (yn,2z,) — (y,2) in D(RT,RYHD) where y,(s) =
f™(s+,2n(s)), s€ RT, neN.

Assume that f: Rt x R — R? @ R?, f(-,w) is continuous for every w € R?. Then
in view of Lemma A.l every sequence {f™} of functions satisfying the conditions (i)
and (ii) and such that f™(s,,w,) — f(s,w) as n T 400, and (sp,w,) — (s,w) for all
(s,w) € RT x R? fulfills the condition (L).

COROLLARY 2.5. Assume that {f™} satisfies the condition (L). If {X™} is a sequence

of strong solutions to the SDE (2.1) with f™ instead of f, then the conclusion of Theo-
rem 2.1 is also true.

Let IL!°¢ denote the set of functions f which are locally Lipschitz continuous, i.e. for
each f there exists a sequence of constants {Lj} and domains {Dy} such that D 1 R?
and

||f($)_f(y)”§l’k|x_y|u x7y€Dku keN.

We consider the functions satisfying the linear growth condition, i.e.

(2.3) If(t o) < L1+ |z), teRF, zeR
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COROLLARY 2.6. Assume that the sequence {f™} of functions satisfies the conditions
(i), (iii) from Definition 2.4. Additionally, suppose that for every n € N, f™ € L1°° and
™ fulfills (2.3). If {X™} is a sequence of strong solutions of the SDE (2.1) with ™ instead
of f, then the conclusion of Theorem 2.1 is true.

2.2. Tightness criterion. The following tightness criterion will be our main tool in
the proof of Theorem 2.1.

PROPOSITION 2.7. (i) Let {X™} be a sequence of processes. Assume that there exist
three families of positive constants, {5'}, {{05}}, {¢;}, where 6 — 0, ¢} — 0 as i T +oo0,
qj — +00 as j 1 +oo and for fized i € N there exists a sequence {{o®, }} of partitions of

Rt by stopping times, 0 = oly < ohy < ..., limg_ 400 0F, = +00, such that
(2.4) lim limsup P[ max ( fzk+1 —oly)>61=0,
i—+400 n—-+oo k}EDn] ’
(2.5) lim limsup P| HllIl ( flkJrl —ol) < g;] =0, jE€N,
i5400 notoo k€D :

where we set Dflj = [k: 031,k+1 < qj], i,7,n € N. If, additionally,

(2.6) {sup |[X['|} is tight in R, j €N,
t<gq;
(2.7) lim limsupP[sup |X}'| >¢] =0, >0,
i—=+00 n—too <G

(2.8)  lim limsupP[ max sup | X{ =X | >¢e]=0, >0, jeN,
1—+00 p—to00 kGDn] a’ W <t<op ki1 nk
then { X"} is tight in D(RT,R?).

(ii) Conversely, if a sequence {X™} is weakly convergent in D(R* R?), then there
exist families {6}, {{05}}, {¢;} of constants and arrays {{o},.}} of stopping times such
that the condition (2.4)—~(2.8) are fulfilled.

Proof. The moduli w, w’, w” considered in [Bil68] are essential for the proof (the

precise definitions are given also in Index of Symbols).
(i) Suppose that the conditions (2.4)—(2.8) are fulfilled. Then

win (05,45 — 0") < 2wxn (i, 5)

; (i i i
on the set [mlnkeD;j (07, k41 — Ong) > 03], where

wxn (i,¢;) = max sup | X — X7
n

,  1,j5,n€eN.
k Dn' i e St<on k41 k

Hence for §* < 1 we have

Ploka (g0 = 1) 2 &) < Pl (i) 2 /2] + P min (0h ey = i) < g}

Now, (2.5) and (2.8) imply that for every e > 0 and j € N,
(2.9) lim limsup Plwin (0}, q; — 1) > €] = 0.

1—+00 p—too

Therefore the assumptions of Theorem 15.3 in [Bil68] are satisfied. As a consequence
{X™} is tight in D(R*, R%).
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(ii) Now, assume that X" —p X in D(RT,R?). We construct the arrays {{o?,}} of
stopping times as in Stominiski [S1o86]. Let {§} be a sequence of constants §° | 0 such
that P[|AX;| = 8%t € RY] =0, i € N. We define, for fixed i € N,

(210) U:LO = Oa Ufz,kJrl = min(ailk + 6;@5 lnf{t > O'fizk : |AX?| > 5i})7

where {8} } is a sequence of constants such that

(2.11)  8'/2<6;, <6 and PlAX,i 5 =0=1, neN, keNU{0}

By simple calculations _ _

(2.12) wien (i,0) < 6 + 20 (6, q),

Let {¢;}, ¢j — +00, be a sequence of continuity points of X, i.e. {¢;} C Cont X = {q:
P[AX, = 0]}. Since

(2.13) lim limsup Plwi.(6',q;) > €] =0, >0, j€N,

1—=+00 n oo

by (2.12) the condition (2.8) is satisfied. Using [Bil68, Theorem 15.3] once more we obtain
the conditions (2.6) and (2.7). On the other hand, it is easy to see from the definitions
of {{c?,}} that for every i € N,

(2.14) (X vUnOanjvanle 21"") = (X,UO,Xgé,al,Xai,...)

in (D(R*,R%) x R)>.
Hence for fixed j € N,

lim sup P[ min (o? —01) < 04 < Plmin(al,, — i) < o]
n—»-i—og) [kED;j(Un’]H_l Unk) = Q]] = [keD;(ok-l-l Uk) = Q]]

Since 0 = 0 < 0} < ... and max{k : k € D’} < +00 a.s., we can choose a sequence
{0’} with ¢! — 0 as i | +o00 such that the condition (2.5) is fulfilled. Now the proof is
complete. m

From the above very general criterion we can easily deduce the following corollary.

COROLLARY 2.8. Let {X"}, {Z"} be two sequences of (F{*) adapted processes. Assume
that (X™,Z") —p (X, Z) in D(RT,R24). Then for every i € N there exists a sequence
{X™} of (F}') adapted processes such that

(i) for every i €N, q € RT,
{Var(X™),} s tight in R,
(ii) for every i € N,
(X", X™, Z™) — (X X' Z) inD(RT,R),
(iii) for every ¢ € RT and e > 0,
lim limsup P[sup | X;* — X["| > ¢] =0,

i—+00 p— 4o t<q
(iv) if {U"} is a sequence of predictable processes such that {sup,<, |U['|} is tight in
R then

{(SUS" dxgi,X",X"i,Z")} is tight in D(RY,R3+1), j € N.
0
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Proof. Define X = X", for ol <t <o} ,,.,,t€ R, neN, ieN, where
X nk ’
{{o}}} are the same as in (2.10). By (2.14) and additionally Proposition 2.7(i) in the
case (iv), the results follow. m

Remark 2.9. Proposition 2.7 has also been used as a main tool in the proof of
tightness of solutions for stochastic difference-differential equations (see e.g. [FuKu92,
Fuj92a, Fujo2b]).

2.3. Proofs. To prove Theorem 2.1 we use a standard technique (see for example
Stroock and Varadhan [StWa79] and Yamada [Yam84]. The proof is performed in several
steps.

Proof of Theorem 2.1.

1. We replace the original processes X™ and H™ by stopped ones. For fixed N € RT
we define a sequence {74} of stopping times by

[ X 5 N o [Xp |+ | | 2 )
N or +oo0 if{...}=0,neN

If for simplicity we set X™N = X'~ H»N = g™~ 7N = 78 n e N, then XV is a
strong solution of the SDE

t
(2.15) xpN = PN |

o dz®, teRT,
0

XN+ HDN <N}

or equivalently,
t

xpN = PN 4+ pxNydzeN, e RE
0

2. We show the tightness of {(X™N, H", Z™)} in D(R*,R3?). Since we consider the
pairs of processes {(H™, Z™)}, our definition of stopping times {{o?, }} must be different
from (2.10). Let us set

oho =0, Ufz,k+1 = min(o},;, + 0, inf{t > o} : |AH}| + |AZ]| > 6'}), i,k €N,

where {6}, {6.} are two sequences of constants such that §° | 0, §°/2 < §i < ¢ and
Pl|AH |+ |AZ| =6t € RT| =0, PllAH: 51 [+|AZgi 4501 = 0] = 1,4 € N, k € NU{0}.
By Lemma A.1 and by the continuous mapping theorem (see e.g. [Bil68, Theorem 5.1])

12"+ [H"| - |Z] + |H]

and as a consequence of Proposition 2.7(ii), the conditions (2.4)—(2.8) are satisfied. Now,
for every i € N, we define new sequences { H™}, {Z™*} of processes by
H?’Z:H::zk for O';le St<0—’fl,k+17

n,g __ rrn % @
Zt —Ha,:lk for Onk St<0—n,k+l7

forall : € Nyn € N and k € NU{0}. Then using the continuous mapping theorem once
more, we obtain the convergence (H", H™") —p (H, H') and (Z", Z™%) —p (Z,Z").
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Moreover, Lemma A.2 implies that

sup |H — H"'| = sup |H, — H{| inR, q € Cont H.
t<q D i<q

Hence for every € > 0 and every g € Cont H,

hmsup’P[sup |H' — H"'| > €] < Plsup |H; — H}| > €].
n—-+o0 t<q
Finally, by (2.12), . ‘ .
sup |Hy — Hi| < wy(i,q) < 0" + 2w (0, q)

t<q
and ‘
(2.16) lim limsup P[sup |H]* — H;"'| >¢] =0, &>0, geR".
i=+00 ntoo  1<g

Observe that arguing in the same way we obtain

(2.17) hm limsup Plsup |21 — Z["'| > e] =0, &>0, ¢eR*.

1t n—+oo t<q
Now our aim is to show a similar property for the sequence of processes {X™"}:

(2.18) lim limsup P[sup [ XN — XNV > =0, >0, e R,
1— 400 n—-+400 tSq
where by definition X! —X"N for o), <t <o, 4, ni €N, ke NU{0}.
First let us observe that if ¢ € [ b Oh y1| then by (2.15) we have
XN XN < N
2
n,N n,N,i n
+ 3‘ S (f(Xs— ) - f(Xs— ))1{\XSTLLN\+|H:;N\<N} dZs

(G':Lkvt]

n,N,i n2
+3‘ VP e v vy 42

(G':Lkvt]

Assume 6° < a. If we apply the two equalities
n,N,i _ n,N n,N n,N
S JX )1{\x:iN\+|H:iN\<N} dzi = f(Xg;k N2 = Zg;k )
(Uzlk’t]
and
n n _ n,a n,a
2 Zg;izk =4 - Zg;izk,
which are true on the interval [0, 0}, ;1 [, We obtain
XN XN < gl B

2
n,N n,N,i n
w3 PO = SNV <y 42

(I

+3|f( ) {|XnN\<N}( Zy an)|2-

Tnk
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Hence for every stopping time o™,

(219) sup [ X7 — XN <3 sup [HPY — B
t<om t<on
t

. 2
+12 sup | J(F(XD2Y) = F(xX2NN (XN N <y A28

t n
<o 0

+3(LN+ (O

2 sup (27 — 2"
t<o™

Let us fix M € RT and define for every n € N,
ARy = inf{t : max([M™?);, (M™®),, Var(B™),, |H"~ — H™N|, |20 — Z]"']) > M}.

Since the jumps of the processes considered in the above definition are uniformly bounded,
it is easy to observe that there exists K > 0 such that these processes stopped at v}, are
bounded by K. Let us fix ¢ € R*. By Theorem 1.1, {Var(B™*),} and {[M™*]} are tight
in R. By the Lenglart type inequality proved in [Reb80] for every D, G > 0,

PUM™®)q 2 G] < GTLE(M™"y A (D + a*)) + P[[M™*], > D].

Therefore, the sequence {(M"™®),} is also tight in R. Combining the above properties
with (2.16) and (2.17) we obtain
(2.20) lim limsupP[yf, <q] =0, g¢geR".

M—+00 p—+tco
Below we discuss only the processes stopped at the stopping time 3, Ag. For simplicity we
write XN H™N | ZN instead of X Nonra groNanna - znNawAe - Applying (2.19)
we get
E sup |Xt"’N — X,Zz’N’i|2
t<o™
< 3E sup |HfN — ]'17,5"’1\[’i|2

t<o™
¢ 2
n,N n,N,i n,a
+24E sup ey = px DL x|y e <y 4B
7o
¢ 2
n,N n,N,i n,a
+24F sup ey - px DL xcm) e <y A2
7o

+3(LN + ||f(0)||)2ts<ug |Z; = 2P,

By the Doob type inequality proved by Métivier and Pellaumail [MéPe77],

t

. 2
E sup S(f(X:iN) - f(X:iNﬂ))lﬂxj;N|+\H:;N|<N} dM*

t n
<o 0

o"

<4dBE | FCET) = FOXNDIPL con g geov oy A, 4+ (™)),
0
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Since f € L(L), we have

E sup |th,N - X,Zl’N’i|2

t<o™
< 24L2EVar(B"")gn | sup | XN — X"V d Var(B™),
0 u<s
2 O n,N n,N,1|2 n,a n,a i
+96L%dE | sup | XN — X2 A(M™) 4+ (M™),) + €,
u<s
where

e = 3 sup [H" = BP0 2 4 3(LN + | f(O))? sup |2 = 20",

t<o™ <o

If we put
Y} = sup | XN — X N2 g = 2402 (M +2)K + 96 L2 d(K + K),
Y2 = 247L2(M +2) Var(B™%); + 96 L? d([M™"); + (M™®);), ag =¢€’,
then by Lemma C.1(ii) we have

E sup |[XMN - XmNi2 <gien g e RY M eRT.
t<vyy N\

Since lim;— 4o limsup,, | €, = 0, it follows from (2.20) that (2.18) is satisfied.
Finally, we show that the conditions (2.6) and (2.7) in Proposition 2.7 are satisfied.
It is clear by (2.15) that

sup | XN < N+ sup |[AX]Y
t<q t<q

< N +sup |AH"N |+ (LN + IIf(O)II)igp |AZ}|
=q

t<q

and that the expressions on the right-hand side of the above inequality are tight in R.
Quite similar arguments imply (2.7).

The tightness of {(X™,H" Z™)} follows now from a suitably adjusted version of
Proposition 2.7 with D(R*, R3?) instead of D(R*, R%).

3. We prove that every subsequence {n’'} C {n} contains a subsequence {n"} such
that

(Xn//7 Hn//7 Zn//) 5) (X7 H7 Z) ’Ln ]D)(RJF,RSd)-
Let {N;} be a sequence of positive constants, N; T 400. Let us fix i € N.

Since {(X™™N1, H" Z™)} is tight, from every subsequence {n'} C {n} we can choose
a further subsequence {n}} such that

(XN g zm) = (Y,H,Z) inDR",R3?),
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where L(H,Z) = L(H,Z), where (Y,H,Z) are defined on some probability space
(2,F,P). In view of Lemma 12 of [StWa79] there exists M with Ny — 1 < M < N;
such that inf{t : |H¢| + |Ys| > M or [H,—| +|Yi—| > M} = inf{t : [Hy| + |[Yi| > M
or |[H;_|+1|Y:_| > M} almost surely. Then by the continuous mapping theorem and by
Corollary A.6 (Appendix),

(XM oM g zmy o (YMOEM T, Z)  in DRT, RAEH),
D
where U"ll, U are defined as follows:

’ /,M _ —M
o1 =PI et o s = L gwanman <any-

Due to the functional limit theorem for stochastic integrals proved by Jakubowski, Mémin
and Pages (see Theorem B.2) we have

(Xn;,M7 M o dz:’l) E (?M, Y\ T, dZs) in D(R*, R%),
0 0

Hence Lemma A.2 implies the convergence

— sup 71{‘/[ —H,{w —SUS, dZ,

t
n' M n' M n' n’
sup | XM — gt (U dz
t<q
- 0

t<q 0

for every q € Cont vV N Cont H M N Cont Z. As a consequence,
t
VM =HY +\fTM)dZ
0
On the other hand, on (£2,F,P) there exists a strong solution X such that
t
Xo=H+\/(X.)dZ,, teRr".
0
By simple calculations Y; = X for t < 7);. However, since L(H, Z) = L(H, Z) it follows
by standard arguments that

M

S

, teRT.

E(‘Y7H)Z):E(X?H7Z)’ ‘C(‘Y 5H7Z):L(XM5H5Z)
Therefore ) ) ,
(XM gm zm) pe (XM H,Z) in DR, R3).

Again, since X"/I’NZ,H"II,Z"/1 is tight, there exists a subsequence {n5} C {n]} such
g g q 2 1
that

(Xt gme, 77%) — (V! H',Z') in D(RY,R™),
where L(H',Z") = L(H, Z) and by the same arguments there exists M’ with M’ > M,
Ny —1 < M’ < Ny for which

(X7 M fre zn2) = (XM H,7Z) in DR’ R,

This procedure may be continued. Next, by the diagonal procedure we can choose a
subsequence {n”} such that there exists a sequence {Mj} of constants with M 1 400
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and

(XM gtz — (XM H,Z) inD®R"RY), keN.
Finally, we recall that 7, = inf{t : |X7'|+[H| > My or [X_|+[H{| > Mj}. In order
to finish the proof it is sufficient to show that

(2.21) lim limsup Py, < ¢/ =0, qeR".

k—+00 n—+toco

Fix ¢ € Cont X N Cont H. Since
Plriy, < ) = Plsup(| X7 + [H}) = My] = Plup(| X, 4 [H) = My
>q =q

it follows from the convergence |X™Me+1|  |HMit1| —p | X Me+1| 4 | HMe+1| that

lim sup Py, < ¢ < Plsup(| X, |+ [H]) > My] = Plsup(| Hy| + X > My,
n— oo t<q t<q

Hence (2.21) holds and limy,_ 4o limsup,, o, Plsup,<, |X7* — X;""*| > €] = 0 for all

€ >0, ¢ € RT. The proof is complete. m

Proof of Corollary 2.2. Note that the sequence {M"} satisfies the condition
(UT) by Proposition 1.4. Since {Var(B"),} is tight in R, {B"} also satisfies (UT). Define

Ono =0, 0 1 = min(oy, + 0, inf{t > o7« |AHT| + |ABY| + |AM]| > &)
for n,k,i € N, where {6}, {6} are two sequences of constants such that 5810682 <
8r < 8" and P[|AH| + |AB| + |AM,| = ", t € RT] =0, PHAHU;JF(;Q + |ABU;;+5; +
|[AM,i y5:] = 0] =1,i €N, k € NU{0}. Finally, we use the arguments similar to those
in the proof of Theorem 2.1. m

Proof of Corollary 2.3. Due to Theorem 1.8 in [Jac79b] the condition (UT)
implies (H", Z",v[Z"]) —p (H, Z,v[Z]) in D(R*,R3?). We complete the proof arguing
as in Corollary 2.2. m

Proof of Corollary 2.5. The proof is also very similar to the proof of Theo-
rem 2.1. Some additional arguments are necessary in Step 2 only. Let us return to the
estimate (2.19). We have additionally to prove that

. . N
lim limsup P| max sup ‘ S (s, X2 dZ;“N‘ > g} =0,
1—+00 keD? . ;i i
n—-4o0o € nj ‘T:Lk<t<‘7;,k+1 (U;le!t]

for every ¢ € R*, £ > 0, but this easily follows from the condition (L). =

Proof of Corollary 2.6. By Theorem 1.10, {sup,<, |X}'[} is tight in R, ¢ € R*.
Therefore we can apply Corollary 2.5. m

3. Convergence in probability

3.1. Flows and strong convergence of solutions. In this section we study SDE’s

of the form ,

(3.1) Xf=a+H +\f(X2)dZ, teR", zeR’,
0
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where Z is an (F;) adapted semimartingale, Zy = 0, and H is an (F;) adapted pro-
cess. The flow of the above SDE (3.1) is a function R? > z — X% € D(R*, R?). Tkeda,
Watanabe [TkWa81] and Bally [Bal89] considered the convergence in probability of flows
of solutions to diffusion equations. In the present section we investigate flows of so-
lutions to SDE’s driven by general semimartingales and their convergence. With the
help of Theorem 2.1 we obtain the following theorem on the uniform convergence of
flows.

THEOREM 3.1. Let {Z"} be a sequence of (F[') adapted semimartingales satisfying
(UT), Z§ =0, and let {H"} be a sequence of (F{*) adapted processes. Assume f € L(L)
and that {X™"} is a sequence of strong solutions of the SDE

t
(3.2) XP=a4 HP +\f(X27)dZ),  teRY, zeRY
0

() If (H", Z") —p (H,Z) in D(R*, R24) then

sup &34((X™®, H", Z™),(X®, H,Z)) — 0,
zeK P

for every bounded subset K C R%,
(ii) If sup,<, |H{ — Hi| —p 0 and sup,<, | Z{ — Z;| —p 0, ¢ € RT, then

sup sup | X" — XF| = 0 for every bounded subset K C RY, ¢ € RT.
rzeK t<q P

Proof. (i) In the first step we show that

(3.3) (X™,H", Z") — (X", H,Z)  in DR, R3), z ¢ RY

Let us assume that Q is another probability measure on ({2, F), absolutely continuous
with respect to the measure P, i.e. @ < P. It is well known that if Z is a semimartingale
on (£2,F,P) then also Z is a semimartingale on (§2, F, Q) (see e.g. [DeMe80]). Here we
can obtain more:

LEMMA 3.2. Let {Z™} be a sequence of semimartingales on (£2,F,P) satisfying the
condition (UT). If Q < P then {Z™} is a sequence of semimartingales on (2, F, Q) such
that the condition (UT) holds, too.

Proof. Let {{U}} be a family of processes as in (UT). Assume that {{U}} is tight
on (£2,F,P). Then for every € > 0 there exists N > 0 such that sup,, , P[|U}| > N] <e.
Since on (2, F, Q) the discrete processes in the condition (UT) are exactly the same
(with respect to the probability Q), we have

d
sup Q[|U%| > N] = sup S <£)d73.

n,o
lUZ1>N]

The result follows because (dQ/dP) is integrable with respect to dP. m
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Now, let us fix B € F, P(B) > 0. Define Qp = P(A|B) for every A € F. Obviously
Op < P and (dQ/dP) =1p/P(B).

Let {H"}, {Z™} be two sequences of processes satisfying the assumptions of The-
orem 3.1(1). By Lemma 3.2, {Z"} is a sequence of semimartingales on (2, F, Qp) for
which (UT) is fulfilled. Moreover, the stochastic integral

Jr(xe)dzy

calculated with respect to P is for Qp-almost all w € {2 equal to the integral calculated
with respect to Q. Thus

H™ 7" H,Z) inDR', R,
( )D@;)( ) ( )

and
t

X =zt HP + \f(X1)dZ?,  t€RY, Qp-ae.
0
As a consequence, by Theorem 2.1,

(Xnymanvzn) — (XI,H,Z) inD(R+7R3d)a
D(QB)

and hence for all bounded and continuous mappings @ : D(RT, R3?) — R,

(3.4) lim {oxme g,z dop = \ o(x*, H, 2)dQp,
(] 2

or equivalently
(3.5) lim | @(x™, B, 2")dP = \ &(X*, H, Z) dP.
n—-+4oo 3
Since (3.5) holds for all B € F with P(B) > 0 and all bounded continuous mappings
@ : D(R*,R3?) — R, the proof of (3.3) is complete.

In the second step we will prove the following lemma:

LEMMA 3.3. Assume that {Z"} satisfies (UT), f € L(L) and that for every x € R%,
{X™*} is a sequence of strong solutions to the SDE (3.2). Then there exist arrays {{7;' }}
of stopping times and {{C}}} of constants such that

lim limsupP[r} <¢]=0, g¢e€RT,

k—+400 n—too

and
limsup E sup | X" — X[Y[® < CPlz —y|*, z,yeR? peN.

n—-4oo t<71?

Proof. Define, for fixed a € R*, 7' = inf{¢ : Var(J™), V [M™], V (M"™*), V
Var(B™*), > k} Ak, n,k € N. Tt is clear from Theorem 1.1 that

lim limsupP[r] < ¢/ =0, ¢€R".

k—+00 n—+4oco

On the other hand, for every stopping time o”,
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n,x n,y(2p
sup |Xt - Xy |
t<om AT

t
<o lo—yPr+ s |0 - px) az;

t<o™ AT 0

"

< 2P g — P

t
+6 K sup (I F(XIT) = X dVar(J™),

t<anAT£O

+ k1 sup
t<om AT

£ (X5) = FX)|PP d Var(B™),

2p}
By the Doob type inequality proved by Pratelli [Pra83] there exists a constant C), such

that
B sup |X{T o XPU

t<om AT

O ey

t

+ sup | fopxn) = pxi) amp

t<a’"/\7';‘ 0

t
<2 Mo —yP PP TILPE sup {|XDT— XY d(Var(J™") + Var(B™)),
0

t<on AT

o~

+60 71 LC(p,d)E sup \[XI2T = XY d([M™] 4 (M),

t<o'"/\7')? 0
Therefore
n,z, T — nY, T — 1 2p
E sup [ X, - X |
t<om

<2°7 Yo —y[** + C(p,d, k, L)

o —

X B\ sup [ XDTTET - XU PP A(Var(J7) + Var(B) + [M™] + (M),

0 u<s B
and due to Lemma C.1,

E sup [ X" = XY < 2P — y[*PCY (p, d, K, L).
t<Tt
The proof of Lemma 3.3 is complete. m
It is obvious that similarly we can define a sequence {74} of stopping times such that
limg 400 Pl < q] =0, ¢ € RT, and

Esup X7 — X} < CPlz—y[*, z,yeR) peN.
t<Tg

Now we are able to finish the proof of Theorem 3.1(i). Let S(k) denote the set of
points of K with coordinates of the form j27%, j € Z. Assume that {r;} and {{7]'}} are
exactly as in Lemma 3.3. Then by (3.3),
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lim sup P[sup sup 6°(X™*, H", Z"), (X", H, Z)) > €]
n—-+400 zeK t<q
< limsupP[ sup supd®((X™* H" Z"),(X", H,Z)) > ¢/3]
n—+oo  zeS(k) t<g

+limsupP[ sup sup|X;"" — X;""| > ¢/3]
notoo lo—y|<2-k t<q

+P[ sup sup|X} — X[| > ¢e/3]

le—y|<27k t<q

IN

limsupP|[ sup sup |X;"" — X" > ¢/3]
n—-+o00 |lz—y|<2-ktlT]}

+P[ sup sup | X} — X[| > ¢/3] + limsup P < q] + Pl < ¢
|z—y|<2—k t<T n—+oo
In order to estimate the right hand side of the above inequality we use Lemma 3.3 and
the arguments from the proof of Proposition 2.2 of [IkWa81] (see also [Bal89, Proposi-
tion 5.2]).
(ii) Tt is clear that (H", Z") —p (H, Z) in D(R*,R2?). Therefore the condition (3.5)
is satisfied. Now, let us note that

(3.6) AXY = AHy + f( X )AZ;,
and if AX} # 0 then AH; # 0 or AZ # 0. Due to Corollary A.4 we obtain

sup | X["" — XF| =0, qeR" zeR.
t<q P

Finally, we use Lemma 3.3 and repeat the arguments from the proof of (i). m

3.2. Convergence of derivatives of flows. In this section we assume additionally
that f € C}(R?, R?®@R?). Tt is well known that in this case the flow z +— X¥(w) is differ-
entiable (see e.g. [Pro90]). Given the function f: RY — RY @ RY, f(z) = {fir}ik=1

..... ds
we rewrite the SDE (3.1) in the form
dt
Xi=a'+H+Y \fij(Xo)dzl, i=1,....d teR"
Jj=10
where H; = (H}, ..., H) is an (F;) adapted initial process Zy=(Z},...,Z3) is an (F)
adapted semimartmgale Zy=0and x = (z1,...,2%) € RL.

If we define, for k =1,...,d,

F0) = o (XF(W), weRY

then the process Dy, is a unique strong solution to the following SDE:

d d t
Dzt =5+ 3OS (Dt azi, i=1,.. 4, te R,
j 0

where 8. = 1if i = k and 0 otherwise. In [IkWa81, page 429] convergence of derivatives
of flows of It6 SDE’s has been considered. We give some parallel results for SDE’s with
respect to general semimartingales.
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THEOREM 3.4. Let {Z"} be a sequence of (F[') adapted semimartingales satisfying
(UT), and let {H™} be a sequence of (F}*) adapted processes. Assume f € CLH(RY, RI@RY)
and let {X™*} be a sequence of strong solutions of the SDE (3.2).

(i) If (H", Z") —p (H, Z) in D(RT,R2) then

(DY*,..., D" X" H™ Z™) —(DY,....Dg. X" H,Z) in D(R*, RUT),

(i) If (H", Z") —p (H, Z) in D(RT,R2) then

sgg&ﬂd”)((l);‘@, DY XM {7, (DY, ..., D% X% H, Z)) —0

for every bounded subset K C R?,
(iii) If sup;<, |Hf* — Hi| —p 0 and sup,, |Z} — Zi| —p 0, ¢ € R, then

xT
sup sup |Dk " Dk)t| — 0,
zeK t<q P

for every bounded subset K C R ¢ e Rt k=1,....d.
Proof. (i) It is clear that {D;""} are the solutions to

d d t
DZfz—ék—i-ZZSaf” (X" Dyt dzrd
0

l

d t
=0+ > \Dprtazet, i=1,....d, teRT,

0

Therefore now it is enough to use Theorem 2.1. Analogously we deduce (ii) and (iii) from
Theorem 3.1(i), (ii). m

3.3. Euler schemes for SDE’s driven by general semimartingales. Let X be
a strong solution to the SDE of the form (2.1), i.e

t
Xy =H,+\ (X, )dzZ,, teRY,
0

where f € L(L), Z is an (F;) adapted semimartingale, Zy = 0 and H is an (F;) adapted
process only. It is well known that if Z is a Wiener process then the solution X can be
uniformly approximated by solutions of discrete SDE’s (see e.g. [Mar55, Ku71, PaTa85,
KIP192]). In this section we discuss such an approximation without any restrictions on
the semimartingale Z.

Let us consider the sequence {T},} of partitions of R* satisfying the condition (0.6). In
this section we investigate Euler and Euler—Peano schemes for SDE (2.1). In the classical
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Euler scheme the approximations { X"} are solutions to the SDE’s

t
(3.7) Xp=H +\f(X1)dzg", teR', neN

0
Since for every n € N both processes Z¢" and H?" have locally bounded variation, they
are semimartingales and there is no problem with the existence and uniqueness of a
solution to (3.7). Moreover, the special form of H¢" and Z¢" implies that

(3 8) T Hy ift e [0, tnl[;
' Xnn P f(X? e 1)(Ztnk - Ztn,k—l) ift € [tnka tn,kJrl[v

for all k € NU {0}.

THEOREM 3.5. Assume f € L(L). Let X be a strong solution of the SDE (2.1) and

let {X™} be a sequence of solutions to discrete SDE’s (3.7). Then
(1) (X", H",Z°") —p (X, H,Z) in D(RT,R3?),

(ii) sup<q [ X7 = X7 | —p 0, ¢ € RY.

Proof. Asisobserved in [Sto87], H?" — H and Z¢" — Z almost surely in D(R*, R%).
Moreover, in view of Lemma A.1, (H?", Z¢") — (H, Z) almost surely in D(R*, R??). The
conclusion (i) is true since due to the theorem of Bichteler, Dellacherie and Mokobodzki
the sequence {Z2"} of discrete semimartingales satisfies (UT) and Theorem 3.1(i) can be

used. Lemma A.1 implies (X", X¢") —p (X, X), and by Lemma A.2 the conclusion (ii)
follows. m

Sometimes the Euler-Peano scheme is more convenient. It concerns the following
sequence of approximations:
¢
(3.9) Xp=H+\ (X1 dz,, teR*.
0
It is clear that X™¢" = X" n €N, and that X" are adapted to the same filtration (F3),
n € N.

THEOREM 3.6. Assume f € L(L). Let X be a strong solution of the SDE (2.1) and let
{X"™} be a sequence of solutions of SDE’s (3.9). Let {a,} be a sequence of positive con-
stants diverging to infinity. If the sequence {cau, S'O(Z;; — 7% YdZ3} N of (Fi) adapted
processes satisfies (UT) fori,j =1,....d, then also {an(X" — X)}nen satisfies (UT).

Proof. Define Y* = an()A(t” — X;), t € RT,n € N. For simplicity, assume d = 1. By
the Lipschitz continuity of f,

¢

— J(Xoo)) dZy + Jan(F(X1") = F(XIL)) dZ,

OM

0
t t
SY" Urdz, +\ (X0 Wian(Ze- — 280)dZ,,  tERT,
0

where U™, V™ are predlctable processes such that {sup,<, [U{'|},en and {sup,<, [V* |} eN
are tight in R. Since |f(z)| < L(1 + |z]), = € R, also {sup,, (X7 ) Ve s tight
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in R. Therefore, by Corollary 1.2,

t

(V& Wi an(z,- - 28 dz,} . satisfies (UT).
ne

0

Finally, it is enough to use Theorem 1.10(ii). m

Remark 3.7. Assuming additionally that the sequences {av, § (Z:_ — 72" dZi} are
weakly convergent and f € C'(R?,R? @ RY) it is possible to characterize the limit points
of {a,(X™ — X)} (see [KuPr91b)).

COROLLARY 3.8. Under the assumptions of Theorem 3.6 we have the following con-
vergences:
(i) for every g € Rt &> 0,

k== sup | X' — X3 — 0,
t<q P
(ii) for every ¢ € RT, & > 0,

~

azis[th - Xt]q ;} 0,

(iii) for every g € RT, € > 0,
o C[X} — X 0.

Proof. According to Theorem B.1 the sequences {sup,<, |¥;"|} and {[Y"]} are tight
in R. Since a,, — +00, the proof of (i) and (ii) is complete. In order to prove (iii) it is
sufficient to observe that the condition (UT) being satisfied for {Y™} implies the same
condition for {Y™¢"}. m

COROLLARY 3.9. Assume f € L (L). Let W be a standard Wiener process and

mgx(tnk —tpk-1)<1/n, mneN

Then the sequences {n'/2(X™ — X)}, {n*/2(X™ — X¢")} satisfy (UT), and the conditions
(i)-(iii) from Corollary 3.8 are satisfied with c, = n'/?.

Proof. Define
t
Mp =nt2\(Wi-w2 AW, teR*, neN.
0

Then {M"} is a sequence of continuous martingales such that

t
M)y = M = n (Wi - W )2ds,  teR* neN
0

Since E[M"]; <t, {[M™]:} is tight in R and {M"} satisfies (UT) in view of Theorem 1.1.
Finally, by Theorem 3.6 and Corollary 3.8 the result follows. m
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4. Stability of SDE’s with past-dependent
and non-Lipschitz coefficients

4.1. Convergence to the solution of SDE driven by a continuous semi-
martingale. Let f, g be two predictable mappings from Rt x D(R™,R) into R such
that
(4.1) sup(|f(s,z)| + |g(s,7)]) < K(1 +sup|zs]) =€ DRT,R), t € RT.

s<t s<t
In this section we discuss stability of SDE’s with memory when a limit process X has

the form
t t

(4.2) Xy = Hy+\ f(s,X)dZ, + \g(s, X ) dA,,  teRT,

0 0
where Z is an (F;) adapted continuous semimartingale, H, A are two (F;) adapted pro-
cesses with continuous trajectories and additionally the trajectories of A are nondecreas-
ing, ZO = AO =0.

We say that the SDE (4 2) has a weak solution if there exists a probability space
(Q f ’P) with a filtration (.7-}) satlsfylng the usual conditions and (.7-',5) adapted processes
X,H,Z, A such that £L(H,Z, A) = L(H, Z, A) and (4.2) holds for X,H,Z, A in place of
H, X, Z, A If any two weak solutlons X and X’ of SDE (4.2), possibly defined on different
probability spaces, are such that £(X ) = E()/f ") we say that the weak uniqueness holds
for (4.2).

Assume that f™, g™ are predictable functions from RT x D(R™,R) into R satisfying
the condition (4.1) and such that

(43) fn(Sn,iEn) - f(S,I), gn(Sn,In) —’g(S,.I),

as n | +oo, and (s,,z,) — (s,z) in R x D(RT,R) for all (s,z) € RT x D(RT,R). For
each n € N denote by X™ the solution of (4.2) with the coefficients ™, g™, i.e.

3

t t
(4.4) Xp=Hp +\ (s, X" dz7 + | g"(X") dAZ,  teRY,
0 0
where Z" is a local martingale and A™ a process with nondecreasing trajectories, ZJ =
Af =0.
THEOREM 4.1. Let {X"™} be the solutions of the SDE (4.4), where {f™},{g™} satisfy

the conditions (4.1), (4.3). If S{\z\>a} |z|v™[[0,t] x dx] —p 0, t € RT, and

(H", 2", A") — (H,Z,A) in D(R",R?)

then

(i) {(X™, H", Z", A™)} is C-tight in D(R*) and every limit point is a weak solution
of the SDE (4.2),
(ii) 4f additionally the SDE (4.2) has a unique weak solution X then

X"~ X inDR',R).
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Proof. (i) Since {Z"} and {A"} satisfy (UT) we can use the results from Sections 1.2
and 1.3. Define By = g"(s, X" dA?, Ly = f"(s,X")dZ?, for every t € R, n € N.
Due to Theorem 1.10 the sequences

{sup [X{'[}, {sup[f™ (¢, X™)|}, {sup|g"(t, X")|} are tight in R.
t<q t<q t<q
By Proposition 1.9 the sequence {L™} is C-tight and each of its limit points is a local
martingale. Moreover, we can deduce that
{(H",B™, L™, [L"],[L", Z"], X", Z", A™")} is C-tight in D(R",R®)

Without loss of generality we assume that

(Hn,Bn,Ln, [Ln], [Ln,Zn],Xn,Zn,An)

— (H, B L, [L), [, 2], X', 7/, A") in D(R*,R?).

The proof of (i) will be finished if we show that X’ is a weak solution to (4.2), i.e.

(4.5) B =\g(s,X)dA, and L'=|f(s,X!)dZ..
0 0
By the Skorokhod representation theorem we may and will assume that
(Hn,Bn,Ln, [Ln], [Ln7zn]7Xn7zn7An)
— (H',B',L',[L'],[L',Z",X",Z',A") P-as. in D(R",R®).

Define g"(s) = ¢g™(s,X™), g(s) = g(s,X!), s € RT. Then by the arguments from the
paper by Yamada [Yam86] we have

t Ay
Vom(s, xm)day = | gn(c)ds,
0 0
where C}' = inf{s : A? > ¢}, and
¢ At
Va(s, X)) dA, = | g(Cy) ds,
0 0

where C; = inf{s : A; > t}. Next, from the convergence sup,, A} — A;| — 0 P-a.s. we
deduce that

Ay Ay
sup S g"(C7)ds — S g(CS)dS‘ —0 P-as.
t<a’ 0
Exactly the same way we can prove that
¢ ¢
LM =\ (s, X™)2 2" — \(F(s, X])2d[Z). P-as.
0 0
¢ ¢

1L,z =\ s, xmyd(zm)s = { (s, X)) d2')s - P-as,
0 0
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uniformly with respect to ¢ on every compact subset of RT. On the other hand, [L"] — [L/]
and [L", Z™] — [L', Z']. Therefore
t

L =\(fs. X227, [, 2=\ (s, X)) d[2');,

which implies that L} = Sg f(s,X!)dZs and completes the proof of (4.5).
(ii) This is an obvious consequence of (i). m

4.2. General case. In the present section we consider convergence of solutions of
d-dimensional SDE’s with memory when a limit process X has the form

¢
(4.6) X, = Hy+\f(s,X)dz,, teRY,
0
where Z is an (F;) adapted semimartingale, Zy = 0, H is an (F;) adapted process and
[ RY x D(RT,R?Y) — RY @ RY satisfies (1.5). Let {Z"} be a sequence of (F) adapted
semimartingales, Z§ = 0, and {H"} a sequence of (F}*) adapted processes. Similarly to
Section 4.1 we consider the solutions X" corresponding to Z™ and H™, i.e.
¢
(4.7) xXp=Hy+\ (s, X" dzr, teRT, neN,
0
Here the assumptions on {Z"} have been relaxed compared with the ones in Sec-
tion 4.1. We assume only that {Z"} satisfies (UT). This generalization is possible because

the class of the functions { f"} has been thinned down. Now we demand that {f™(-, X™)}
is approximated by some arrays of semimartingales and {f™} satisfies:

(4.8)  f(-, ) is left continuous and admits right-hand limits, z € D(R*,RY), n € N,
and for every sequence {(z,,2,)} C D(R*,R??) and (z,z) € D(R*,R??) such
that (z,,,2,) — (z,2) in D(R1, R??) we have (yy, z,) — (3, z) in D(RT, R44+D),
where y,(s) = f"(s+, xn).

THEOREM 4.2. Let {X"} be a sequence of solutions of the SDE (4.7). Assume that

for {f™}, the conditions (4.1), (4.8) are true and there exists a family of semimartingales
{{Y™}} such that for every i € N, {Y™} fulfills (UT),

(4.9) lim limsup P[sup |V} — (s, X")|| >¢] =0, >0, ¢eR".
t<q

k=400 n—to0

If {Z™} is a sequence of semimartingales satisfying (UT) and
(H",Z") — (H,Z) in DR, R2)

then

(1) {(X™, H™, Z™)} is tight in D(RT,R3?) and every limit point is a weak solution of
the SDE (4.6),
(ii) 4f additionally (4.6) has a unique weak solution X, then

X" =X in D(R*,R%).
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Proof. We start with a very general tightness criterion for a sequence of stochastic
integrals, which is a consequence of Corollary 2.8.

LEMMA 4.3. Let {Y"™},{Z"} be two sequences of semimartingales satisfying the condi-
tion (UT). If {H™} is a sequence of processes such that {(H™, Z™)} is tight in D(R*,R2%)
then also

{(H”, S Y dZ7, Z")} is tight in D(RT, R24H1),
0
Proof. Without loss of generality we assume that
(H".Z") — (H.Z) nDR",R*).

Let {{Z"}} be a family of processes defined in Corollary 2.8, i.e.

(4.10) {(H",Syg_ dZm Z™ Z™)} s tight in D(RT, R34+1)]
0
(4.11) lim limsupP[sup |Z] — Z"| >¢] =0, >0, ¢gcR".
=400 nojoo  t<g

(4.12) {Z™ — Z™}  satisfies (UT), i € N.
Integration by parts leads to the formula

t t
413) \vrdzr - zm), =vzp - zpy+ \(zie = z0tyayy + (27 — 27y,

0 0

It is clear by Theorem 1.1 that

t
lim limsup P [sup S(Z;l_ —Z")dy!
1—=+00 n—too t<q 0

Ze}:(), £>0, geR".

By the Kunita—Watanabe inequality,
sup [[Z" — 2™, Y™ < 2" = Z™]g[Y "],

t<q
= {1z = 272 - 2\(zz - zzy a2z - 2, f v,
0

From Theorem B.1, {[Y"],} is tight in R. Therefore using once more Theorem 1.1 we
obtain ‘
(4.14) lim limsup Pfsup |[Z2" — Z™,Y"];| > ] =0, &>0, q€R".

—+00 p—+too t<q
The condition (UT) for {Y™} implies also that {sup,,|Y;"|} is tight in R (see Theo-
rem B.1). As a consequence it follows by (4.11) and (4.13) that
t
(4.15)  lim hmsupp[sup (v azn -z,

1—+00 n—+4oo t<q 0

Ze}:(), £>0, g€ R".

Combining (4.15) with (4.10) we complete the proof of the lemma. m
(i) According to the above lemma {(H™,{ Y"'dZ!,Z™)} is tight in D(R*,R3).
Therefore by (4.9) also {(X™, H",\ | f*(s, X"")dZ}, Z")} is tight in D(R*,R*?). Assume
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that

(X”,H”,Sf”(s,x,")dzg,zn) = (X, H,Y",7') in DRY,RY).
0
Then it is clear by Theorem B.2 that Y, = Sg f(s, X dZ! and

t
X =H{+\f(s,X)dZ,, teR,
0
where L(H',Z') = L(H, Z), i.e. X' is a weak solution to the SDE (4.6).
(ii) easily follows from (i). m

LEMMA 4.4. Assume that g : Rt x R4 — R? @ R? is continuous and there exists a
constant K > 0 such that

lgt. )l < KA+ 1yl),  yeR?, teR™.
If f™ and f have one of the following forms:
(i) f*(s,2) = f(s,2) = g(s,25-), v € D(RT,R?), s e RT, n €N,

(i) f"(s,2) = f(s,2) =\ g(t, 3, ) dt, x € D(RT,R?), s e RT, n € N,

(i) f™(s,2) = f(s,2) = sup,c, g(t, x¢—), © € D(RT,R?), s € RT, n € N.
Then the assumptions (4.1), (4.8) and (4.9) of Theorem 4.2 hold.

Proof. (i) It is clear that here the assumptions (4.1) and (4.8) are satisfied. We
will restrict our attention only to the proof of (4.9). It is well known that for continuous

g € C(RT x R* R? ® RY) we can construct a sequence {g‘} of functions such that for
every i € N, g € CL3(RT x R4, RY @ RY) and

(4.16) sup sup ||lg*(t, z) — g(t,z)| — 0,
zeK t<q
for all compact subsets K of R? and ¢ € Rt.

Since H" —p H, by Corollary 2.8 there exists a family {{H"}} of processes such
that

(4.17) lim limsup P[sup |[H' — H| > ] =0, >0, g R".
1—+00 p—+too t<q
(4.18) {H™} satisfies (UT), i € N.

Define for every n, k € N,

Xpi=H" + \g(s, X2 )dz2, Y™ =gl (t, X7,
0
We know by Theorem 1.10 that {sup,.,|X{'|} is tight in R. Therefore by (4.18) and
Corollary 1.2, {X™} is a sum of two sequences of processes satisfying (UT). Thus for
{X™} the property (UT) holds, too. Moreover, since ¢g° € C1?(RT x RY RY @ R?), by
Corollary 1.3 for every i € N,

(4.19) {g"(X™")} satisfies the condition (UT).

Also the second property in (4.9) easily follows due to (4.16) and (4.17).
(i), (iii) We use exactly the same arguments as in (i). m
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COROLLARY 4.5. Assume that [ is of the form considered in Corollary 4.4(i)—(iii).
Then there exists a weak solution to the SDE (4.6).

Proof. Let {T}} be a sequence of partitions of RT satisfying (0.6). Put Z" = Z¢",
n € N. For every n € N there exists a strong solution of (4.7). Since {Z¢"} satisfies (UT)
and (H?",Z9") — (H, Z) P-a.s., Theorem 4.2 and Corollary 4.4 complete the proof. m

In the sequel we consider convergence in probability of solutions of SDE’s. We as-
sume that the limit solution X of the SDE (4.6) additionally satisfies the following two
conditions:

(4.20) X is adapted to the natural filtration of (H, Z),
(4.21) pathwise uniqueness holds for (4.6).

i.e. for any two weak solutions )A(, X' of the SDE (4.6) corresponding to processes (ﬁ, 2),
(H',Z"), and defined on a probability space (£2,F,P) with filtration (F;) the following
implication holds:

Pl(Hy, Z)) = (Hl,Z));t e R =1 = P[X, = X};t e RT] = 1.

THEOREM 4.6. Let {Z"} be a sequence of (F}') adapted semimartingales satisfying
the condition (UT) and {H"} a sequence of (F}*) adapted processes. Assume that {X"}
is a sequence of strong solutions of the SDE (4.7), where { f™} fulfills the conditions (1.5),
(4.8) and (4.9) and additionally (4.20) and (4.21).

(i) If (H", Z") —p (H, Z) in D(RT,R??) then
(X", H" Z") = (X,H,Z) inDR"T,R3?).

(i) If Supy<q | HP — Hi| —p 0,5up,<, |27 — Zi| —p 0, q € R then

sup [ X' — X4| =0, ¢eRT,
t<q P

where X is a unique strong solution of the SDE (4.6).

Proof. (i) We follow the method used in the proof of Theorem 3.1. Since we assume

the convergence in probability, all the processes are defined on the same probability space
(2, F,P). We should show that

(4.22) lim | @(x, H", 2")dP = \ &(X, H, Z) dP,
for all bounded and continuous mappings @ : D(RT,R?¢) — R, and all B € F(#:%) By

a standard approximation of measurable functions we can replace (4.22) by
(4.23) lim \w(H,2)p(x", H", 2")dP = \ w(H, 2)®(X, H, Z) dP,

n—oo

2 2

for all bounded and continuous mappings ¥ : D(R*,R??) — R and ¢ : D(RT, R3?) — R.
On the other hand, (4.21) implies weak uniqueness for (4.6) and due to Theorem 4.2,
(4.24) lim \w(H", z")@(X", H", 2" dP = \ W (H, 2)B(X, H, Z) dP.

n—oo

£2 2
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By the continuity of ¥, W(H",Z") —p W(H, Z), and it follows by the boundedness of ¥
and @ that (4.24) implies (4.23).

(ii) We deduce the result from (i) using exactly the same arguments as in the proof
of Theorem 3.1(ii). m

COROLLARY 4.7. Assume that f is of the form considered in Corollary 4.4 and the
conditions (4.20) and (4.21) hold. Let X be a strong solution of the SDE (4.6) and let
{T,} be a sequence of partitions of RT satisfying (0.6). If {X™} is a sequence of solutions
to discrete SDE’s (4.7) with Z™ = ze" H™ = H®" n eN, then

(i) (X, H?",Z2°") —p (X, H, Z) in D(RT,R3?),

(i) supye, |X7 — X' —p 0, g € R

Proof. We repeat the arguments from the proof of Theorem 3.5. m

The classical example of non-Lipschitz coefficient f which however assures pathwise
uniquness, was given by Yamada and Watanabe [YaWa71] in the case of diffusion equa-
tions (a larger class of coefficients was considered in [Tani92]). It was proved by Tudor
[Tud84] that this example works also for SDE’s driven by general semimartingales. By
using Lemma C.3 we can give the following version of his result.

EXAMPLE 4.8. Assume that f is continuous, satisfies (1.5) and

If(t.2) = FE I < el —yl?), teR', z,yeR?
where ¢ : Rt — RT is strictly increasing and concave with ¢(0) = 0 and
S du

olw)

0+

Then the assumptions (4.8) and (4.9) are satisfied, as are (4.20) and (4.21). m

5. Stability of Stratonovich SDE’s

5.1. Weak and strong convergence of solutions. In the present section we give
versions of Theorem 2.1 and Theorem 3.1 for Stratonovich SDE’s driven by general semi-
martingales. Let U, Z be two (F;) adapted processes with trajectories in D(R*, R%) such
that Z is a semimartingale, Zy = 0 and their mutual quadratic variation process [U, Z|
exists. Meyer [Mey76] has defined the Stratonovich integral for general semimartingales

as follows:
t t

S)\U.—dz, =\U,_dz, + %[U, 7%, teR*.
0 0

Using this definition we can consider a Stratonovich SDE of the form

Xy = Xo+ ()| r(x.0) dz,,

t
= Xo + | f(X,)dZ, + %Sf’f(xs,) dZ)¢, teR",
0
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provided that f € C'(R%,R? ® R%) or in an equivalent form, for every i =1,...,d,

i+ 3

j=1

d

Bz + 3373 S

j=1I=1 m=1

af”flm S ) [Z] Zm]c

e R
O!/ar»

Obviously if f, f’f are Lipschitz continuous (we will say throughout that f, f’f have some
property if the coefficients f;;, 0fi;/0xi fim possess this property for 4,j,1,m =1,...d),
then there exists a unique strong solution to the above SDE. Let us consider a sequence
{Z™} of semimartingales and the corresponding sequence { X"} of solutions, i.e.

t t
1
Xp = Xp + \pa)dzy + SV P H) diZ), e RT ne N,
0 0

A natural question arises whether under (UT) it is possible to obtain stability results
similar to the ones for Doléans-Dade and Protter equations. The answer is negative as
the following simple counterexample shows.
ExaMPLE 5.1. Let {T,,} be a sequence of partitions of RT satisfying (0.6). Assume

that for every n € N, Z” is of the form Z]' = Z¢ . Then [Z2"]° = 0 and

t t

xp =\ r(xydze =\f(xX)dzr,  teR*
0 0

By Theorem 3.1, X™ —p Y, where Y is a unique strong solution to the following equation:

Yi=\f(Yi)dz,, teR",

O ey

and of course X # Y, provided that [Z]¢ # 0.

One may ask whether it is possible to define a Stratonovich SDE for which stability
theorem would be true. Marcus [Mar78, Mar81] has proposed the following form of the
equation:

(51)  Xe=Xo+|F(X)0dZ, = Xo+ | F(X,0)dz, +§§f F(Xo)d[2)
0 0 0
+ Z{(p(fAZme—) - Xs— - f(Xs—)AZs}a

where for given g € C*(R%, R?), ¢(g,z) denotes the value at time u = 1 of the solution
to the following ordinary differential equation:

W) = gly(u)),  (0) =z € RY.

(The notation “o” is used to indicate that we do not deal with a standard It6 type
stochastic integral). More precisely, for i = 1,...,d,

d d d t
Xi=Xi+y D)D) S LY ME PP "
0

j=1 j=11=1 m=1

fij(Xs-)dZd +

l\D|P—‘

[ I
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+> {(fAZ, X, wa _)AZI}, teR*.

s<t

Let us note that the definition of Stratonovich SDE given by Marcus coincides with the
definition given by Meyer if Z has continuous trajectories. In his paper [Mar81], Marcus
has restricted himself to the case of semimartingales with a finite number of jumps on
every interval [0,¢]. Recently, Kurtz, Pardoux and Protter [KPP92] have proved that
Marcus’ definition is correct for general semimartingales. They have shown that there
exists a unique strong solution to the SDE (5.1), provided that f, f’f are Lipschitz
continuous. It turns out that the above definition is a suitable one for obtaining stability
results, under (UT).

Let {Z™} be a sequence of semimartingales, ZJ' = 0 and let {X™} be a family of
strong solutions corresponding to {Z"}, i.e.

t
(5.2) xp=xg+\r(xpodzy
0
t t
n 1 ! n nic
= X§ +§f ydzy + 5\ £ 1) dlzn);
0
+ Z{sa JAZI XD ) = X1~ [(XI)AZD}, teRY,
s<t
or in an equivalent form, for i =1,...,d,
_ 1l taf _
in — Z fl] dZnJ + 5 ZZ S ZJf Xn )d[anjznm]z
j=10 j:l I=1 m=10
+> e (fAZy X ) - X — Zf” YAZMY,  teRt, neN.

s<t
In the sequel we assume that the function f belongs to C*(R¢, R¢ @ RY) and
(5.3) f, f'f possess the linear growth property.

We say that the SDE (5 1) has a weak solution if there exists a probability space
(.Q F,P) with filtration (F;) satisfying the usual conditions and (ft) adapted processes
X, Z such that £(X, Z) = ﬁ(XO, ) and (5.1) holds for processes X, Z instead of X,
Z. 1f any two weak solutions X and X' of SDE (5.1), possibly defined on two different
probability spaces, are such that £(X ) = L(X ), we say that the weak uniqueness for the
SDE (5.1) holds.

Now, we are ready to formulate our main theorem.

THEOREM 5.2. Let {Z"} be a sequence of (F™) adapted semimartingales satisfying
(UT) and such that (X3, Z") —p (Xo,Z) in RY x D(RT,RY). Assume that {X"} is a
sequence of strong solutions to the SDE (5.2). If f € CY(RY,R% @ R?) and satisfies (5.3)
then

(i) {(X™, Z™)} is tight in D(RY,R29) and every limit point of { X"} is a weak solution
of the SDE (5.1),
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(ii) if additionally the SDE (5.1) has a unique weak solution X then
X"~ X in D(R*, RY).
Proof. Let {cx} be a sequence of constants, ¢ T +00 such that P[|AZ,| = cx;t €
R*] =0, k € N. Define
=inf{t > 0:|AZ}| > ¢t} and 7, =inf{t >0:|AZ| > ¢k}, n,keN.
By Proposition 2.7 in [JaSh87],

(9, 277 7) — (6, 2™7)  inRx D(R*, RY).

and limy,_. 4 o lim,, 1 oo P[] < ] = 0, ¢ € R*. Since for every k € N, {Z™ 7~} satisfies
(UT), we may and will assume that there exists a constant ¢ > 0 such that
|AZ™" <e, neN.
Similarly to [KPP92] we define
h =
(52) azP /
It has been observed in [KPP92] that the equation (5.2) can be rewritten in the form
t
xp=xg+\f(xr)azr +
0

(s,z) e Rt x R% neN.

t
FFXrydzms + \an(s, X1L) d[2m)e.
0

Unfortunately, in the present case
(5.3) and by Gronwall’s lemma,

|h"(s, X0 ) < sup |f'f(fAZ,, X7, 0))]
0€[0,1]

need not be Lipschitz continuous. However, by

<C(1+ sup |o(fAZ,, X ,0)])
0€[0,1]

<O+ |X!|e), seRT, neN.
Therefore by the arguments from the proof of Theorem 1.10 we deduce that

(5.4) {sup |X{'|} is tight in R.
t<q

On the other hand, we know due to [Jac79b] that
(2",112") — (2.[12])  in D(RF,RUHD),
Hence
(5:5) {(Z"[12")°, (2% [[2"])} s tight in D(RY, RO,
Moreover, by (5.4),

(5.6) {( S FRX) Sh" )d[Z")? )} is tight in D(RT, R3%).
0

t
(5.7) Xp =Xy +\f(Xr)dzZ; + HP, teRY, neN,
0



Stochastic differential equations 53

where {(Z", H")} is tight in D(RT, R*?). By a simple extension of Theorem 2.1,
{(X™, Z" [[Z"]))} is tight in D(RT, RICT),

In view of (5.3) and (5.4) without loss of generality we may assume that f, f'f, h™ are
bounded by some constant C' > 0 and

(5.8) (X" 2", [[2"))  (R.Z[[Z]) in DR RICHD)
The proof will be finished if we show that X is the solution to the following SDE:
t t
~ ~ 1 ~ ~
Xo=Xo+ | f(Xo0)dZ, + 3\ £ 1(Xi0) dI 20
0 0
+ Z{%’(fAZSvaf) = X = f(Xsm)AZS}
s<t

Let {ex} be a sequence of constants with g | 0 such that P[|AZ;| = gx;t € RT] =0,
k € N. Define Jtnik = 2;\0<s§/t\AZgl{|AZ;‘\>8k}’ Jf’“ = 20<s§t AZS]_{‘AESDE;C}’ gnek —
Zr — J"%F and Z¢% = Z, — J;* k,n € N.

Since

(5.9) (X" 2" [[Z"]) (I = (X, Z, (127, [T*]) i D(RT,RICGHDT)

and R N
Y IAZNP 1 azejsey — (2]} P-as., t€RT,
s<t

we can find a sufficiently slowly increasing sequence k,, T +0o such that
(5.10) (X7, 2% ([Z% ), (I ]) — (X, Z,[1Z))°,[Z)") in DR, RICTOH),
For the sake of simplicity define

Qb(yaI) :<P(fyax) —.I—f(I)y, €,y ERd'
Then due to the condition P[|AZ;| = £4;t € RT] = 0,k € N, and (5.10) we have the

convergence

(511) (Xn,Zn7[[Zn7€k" J’nEkn Z(b Azn 1{\AZ"\>87€})
. + wd(3+d)+1
~ (%21 Z¢> 1447, 50y) i DRTR )
s<t

By the boundedness of f’f,
Z |p(AZS, X&) e, >1azn 560, ) < CZ |AZL PLic,>1a20 52, }-

s<t s<t

Since ) ., |AZS|21{E sjaz.y VO Pas, te R*, and

> 1Aazy 1{€k>|AZn}—>Z|AZ °1,, 52z, ©DDER"R),

s<-
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we deduce from (5.11) that

(5.12) (X7, 27,120, S0 (AZ2, X2 ) azy e, )

s<-

= (f( 2,025 ¢(AZ,, X:,)) in D(R+, RUG+D),

In view of Theorem B.2,

(37§ 1) a2, | 10 ) 270, 3 6 AZE X2 L a2 e, )
0 0 s<-

K (X,§f<)?s_> dZ., § fHXo) 2y, ; o(AZ,, %)) in DR, RY),

Therefore it remains to check that

-
1" = S\ F X A2+ HAZL X)L azsi e, )
0 <.

\rrcerydizre]. —o.
0

N =

For fixed n € N we have

sup |17 < S| 6(AZ2, X1 ) — S/ (X1 ) Az AZD"
s<t 2

lazzi<en,

s<t
<> sup (' f(p(FAZY, XD ,0) — [/ F (XD )AZEAZI 1 azr <z, )
s<t 0€[0,1]
< sup sup |f/f((p(fAZ?,X;L, 9)) - flf(Xg7)|1{|AZ?‘SEkn} Z |AZ:|27
s<t 0€[0,1] s<t
and by (5.3),
sup sup [p(fAZY, X ,0) — X |1azr <e,, )
s<t 6¢€[0,1]

< ep,Csup sup {1+ |p(fAZF, X, 0)[} < e, C{1 +sup | X |e“}.
s<t 0€[0,1] s<t
Thus the continuity of f’f implies the convergence sup,<,, |I}*| —» 0 and the proof of (i)
is complete.
(ii) Follows immediately from (i). m

COROLLARY 5.3. Let Z be an (F;) adapted semimartingale. If f € C1(R4 R? @ RY)
and satisfies (5.3), then there exists a weak solution of the SDE (5.1).

Proof. Let {T},} be a sequence of partitions of R* satisfying (0.6). We put 2" = Z¢".
For every n € N there exists a unique strong solution to the SDE (5.1). Since ze" —
Z as. in D(RT,RY) and {Z¢"} satisfies (UT), the result is an obvious consequence of
Theorem 5.2(i). m

It is also possible to give a version of Theorem 4.6.
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THEOREM 5.4. Let {Z"} be a sequence of (F[') adapted semimartingales satisfying
(UT) and {X"} the sequence of strong solutions of the SDE (5.2). Assume that f €
C' (R4, RY @ R?) and satisfies (5.3). If a solution X of the SDE (5.2) is adapted to the
natural filtration of (Xo,Z) and the pathwise uniqueness property for (5.2) holds (see
(4.21)) then the following two implications are true:

(i) if X —p Xo and Z" —p Z in D(RT,R?) then

(X", 2") — (X, Z) in D(R*,R*),
(ii) if X§ —p Xo and sup,<, |Z}* — Z;| —p 0, ¢ € RT, then
sup|Xt"—Xt|;>O, q € RT.

t<q

Proof. (i) We use Theorem 5.2 and follow the proof of Theorem 4.6(i).
(ii) Let us note that
(513) AXt = QD(Ath, Xt,) — th

and if AX; # 0 then AZ # 0. By Corollary A.3,

sup | X' — Xy| = 0, qeRT.
t<q P

and we repeat the arguments from the proof of (i). m

COROLLARY 5.5. Let Z be an (F;) adapted semimartingale. Assume feC! (R, RIQRY)
satisfies (5.3) and a solution X to the SDE (5.2) is adapted to the natural filtration of
(X0, Z) and the pathwise uniqueness property for (5.2) holds. Then

(i) there exists a unique strong solution of the SDE (5.2),
(ii) of {Tn} is a sequence of partitions of RY satisfying (0.6) and {X"} denotes a
sequence of solutions of (5.3) corresponding to Z™ = Z°" Xy = Xo then
sup | X' — X£'| =0, gqeRT
t<q P
Proof. Follows from Corollary 5.3 and Theorem 5.4(i). m
Note that there exist examples of functions such that f’f need not be Lipschitz

continuous and satisfy the hypothesis of Corollary 5.5, for example, if f € C*(R¢, RIQR?),
satisfies (5.3) and

/@) = TP <ellz—yl*), zyeR,
where o : Rt — R is strictly increasing and concave with 0(0) = 0 and
S du

Q(u) = +00.

0+

5.2. Approximations of Wong—Zakai type. Let us consider a sequence {7}
of partitions of Rt satisfying the condition (0.6). Let {Z¢"} be a sequence of linear
approximations of Z, i.e.

t—thk

Zig = Ztnk +
tn,k-{-l - tnk

(Ztn,k+1 - Ztnk)’ te [tnkatn7k+1[a neN, ke NU {O}
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It is clear that Zgn — Z; P-a.s. provided AZ; = 0. If f is locally Lipschitz continuous
and satisfies (2.3) then it is also obvious that for every n € N there exists a unique strong
solution to

t t
(5.14) V7 =Xo+ ()| r(vaze" = xo+ {f(v)dze", teR* neN
0 0

The above type of SDE’s was introduced by Wong and Zakai [WoZa65] in the case
when Z was a Wiener process W. They showed that {Y"} tends to the solution of
a Stratonovich SDE (5.1). Their result has been generalized in many papers (see e.g.
[Mar81, Pro85, Mac87]), where the authors have considered convergence of approximating
solutions in the Skorokhod topology .J;. Recently, Kurtz, Pardoux and Protter [KPP92]
have discussed Wong—Zakai type approximations for Stratonovich SDE’s driven by general
semimartingales. In this case the approximating sequence {Y"} is as before a sequence
of continuous processes, but the limit process X need not have continuous trajectories.
Therefore the approximating solutions need not converge in the Skorokhod topology J;.
With the use of very subtle results on Meyer—Zheng topology Kurtz, Pardoux and Protter
have proved that
}/tn g Xt7
P
except possibly for a countable set of t’s.

It turns out that the above result is an easy corollary of our Theorem 5.2.

THEOREM 5.6. Let {Y"™} be a family of solutions of SDE (5.14). Suppose that f €
CY(R*, R? @ R?) and satisfies (5.3). If a solution X of the SDE (5.2) is adapted to the
natural filtration of (Xo, Z) and the pathwise uniqueness property for (5.2) holds, then

(i)
sup V" — Xy =0, gqeRY,
t<q,t€Ty P

where X is a unique strong solution of the SDE (5.2). In particular,
}/tn - Xtv
P

provided AZy =0 ort € liminf,,_, o Ty,
(ii) of Z is a semimartingale with continuous trajectories then

sup|Y;" — X¢[ =0, geR".
t<q P
Proof. (i) Assume that { X"} is a family of strong solutions corresponding to { 72"},
ie.

t t

1

(5.15) X =Xo+ \fx)aze” + S\ P dize);
0 0
+D {p(fAZE X1 ) = X1 — f(X[)AZE"}

s<t

=Xo+ > {p(fAz¢" X1 ) - X'}, teRfneN.

s<t
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By Corollary 5.5,
sup | X — X" =0, q€R".
t<q P

Since Y;* = X7 for ¢ € T, the proof of (i) is complete.
(ii) In this case the solution X has continuous trajectories as well. Therefore
sup | X; — Xf'| -0 P-as., g€ RT.
t<q
Similarly by the continuity of trajectories of Z we deduce sup,, |Aan| — 0 P-as.,

which implies that
SU.p |}/;7l _ l/;n79n| N 0, q c R"l"
t<q P

Now (ii) is an easy consequence of (i). m

5.3. Convergence of Stratonovich stochastic integrals. At the very beginning
we recall a definition of Stratonovich integral proposed in [KPP92]. Let Z be an (F;)
adapted semimartingale. Assume that f € C'(R?, R®R?) and that X is a strong solution
to the Stratonovich SDE (5.1).

DEFINITION 5.7. Let g€C(R?,R?). We define the Stratonovich integral of g(X) with
respect to Z as follows:

t t 1t ) .
§g<xs> 0 dZ, = §g<xs_> dZ: + 5§ f(Xoo) i

1

+3 (Wote(rAZ, Xoo ) — g(Xi0)} du AZ,), e R,

s<t 0

where we used the notation
t

ng( iii

0 j=11=1 m=1

> fin (Xs-) d[Z7, 2.

O ey

99;
0x;

Now, let {Z"} be a sequence of semimartingales and {X™} denote the sequence of
strong solutions of the SDE (5.2), corresponding to {Z"}.

THEOREM 5.8. Assume that f €C1(RY,RI@R?), g € CL(RY, R?) and f satisfies (5.3).
Let {Z™} be a sequence of semimartingales satisfying (UT).

(1) If (X", Z") —p (X, Z) in D(RT,R2?) then X is a solution of the Stratonovich
SDE driven by a semimartingale Z and

X",. (XM odz", Z" X,. (X5)o0dZs, Z n D(RT, R24H),
(e Jotxz) 002, 27) 5 (oo 002.,2)

(ii) If (X, Z") —p (X0, Z) in R? x D(RT,R?) and f satisfies additionally the as-
sumptions from Corollary 5.5 then

(X”,SQ(XS)OdZ?,Z")g(X,Sg(XS)odZS,Z) in DR+ R24+1).
0 0

where X is a unique strong solution of Stratonovich SDE driven by Z.



58 L. Stominski

Proof. (i) Due to Theorem 5.2(i), X is a solution of the Stratonovich SDE driven
by the semimartingale Z. Let {{Z™+}}, {{J™*}} be two families of processes defined
in the proof of Theorem 5.2. Since the map

R* 3 (y,2) = ¢(fy.x,") €C[0,1]
is continuous in the topology of uniform convergence, we deduce from (5.10) that

(X",SQ(XS_) azy, Sg’f(Xg_) d[Z™mn],,
0 0
1

> (Votetrazy, X ) = g(X2)} du) AZI azg e, )

s<- 0

—>(X,§g dZs,ng( -)dlZ]°,
0 0

> Wole(raz, x._, ))—g(XS_)}duAZS) in D(RT, RI*3).
-0

S

Define for every n € N and t € R,

=Y {aaz xn) - Lo re) Az Az sz, .
s<t

The proof will be f{nished if we show that sup,, [I}'| —=p 0.

Since the map

Rov— 1ig(cp(fAZ?,X;l, uw))du AZ? € R

belongs to C? it follows from Ta(;flor’s theorem that there exists 6 € (0, 1) such that

ig(w(fAZ?X?a w)duAZY = g(X7)AZ] + 59' f(o(fAZY, X, 0))AZTAZ™ .
Tthefore

sup |17 < ) sup [(¢/f(p(FAZD, X ,0)) — g f(XI)AZIAZI 1 az0 <0,
s<t s<t P€10,1]

< sup sup |g'f(p(fAZY, XI,0) — ¢ F(XI ) azpi<en ) O IAZEP.
s<t 0€l0,1] s<t
The continuity of ¢’ f completes the proof.
(ii) In view of Theorem 5.2, (X", Z") —p (X, Z). Next we apply (i). m
By the arguments from the proof of Theorem 5.4 we can deduce from Theorem 5.8

the appropriate the results on the convergence in probability. In particular, we can ap-
proximate Stratonovich integral using the processes considered in Section 5.2.

COROLLARY 5.9. Let {Y™} be a sequence of solutions of the SDE (5.14), where f satis-
fies the assumptions of Corollary 5.5 and g € C1(R?,R?). Then the following convergences
hold:
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t t
swp | {gri)aze ~\g(X,)odz| 0, qer?,
0

t<q,teT, 0
where X is a unique strong solution of the SDE (5.2), and as a consequence,
t t
Vovr)aze = Vo(xom) 0 dz,
0 0
provided AZy =0 ort € liminf,,_, . T,,.
(ii) If Z is a semimartingale with continuous trajectories then
t t

sup Sg(st_) dze" - Sg(XS_) odZg
t<a g 0

—0, gcR'. =
P

6. Skorokhod problem, deterministic case

6.1. Existence and basic properties of solutions. Let D be a domain in R<.
Define the set A, of inward normal unit vectors at x € D by

N, = LJ/\[IJ7 New={neR: n|=1,B(x —rn,r)ND =0},
r>0

where
B(z,r)={yeR¥: |y —z|<r}, zecR% r>0.

Following Lions and Sznitman [LiSz84] and Saisho [Sai87] we introduce two assump-
tions.

(A)  There exists a constant rg > 0 such that
Ny =Nywy #0  for every z € dD.

(B)  There exist constants 6 > 0, § > 1 such that for every x € D there exists a unit
vector 1, with the following property:

1
(I;,n) > = for every n € U Ny
6 yeB(z,6)NdD
where (-,-) denotes the usual inner product in R.
Remark 6.1 ([LiSz84, Sai87]). (i) n€ N, if and only if (y — z,n) + |y — x> >0
for every y € D,
(ii) if dist(«, D) < ro, ¢ D then there exists a unique [z]s € D such that |z —[z]s| =
dist(x, D) and moreover ([z]s — z)/|[x]o — x| € N,
(iii) if D is a convex domain in R then ry = +o0.
The Skorokhod deterministic problem is stated in the following manner.
DEFINITION 6.2. Let y € D(R*,R%) and yo € D. We will say that a pair (z, k)
€ D(R*,R??) is a solution of the Skorokhod problem associated with y if

(l) (Et:yt-i-k‘t,tER—i_,
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(i) =, € D, t € RT,
(iii) & is a function with bounded variation on each finite interval such that ky = 0

and
t t

k= Sns dVar(k)s, Var(k), = 81{%66[)} dVar(k)s,
0 0
where ng € N, if z, € 0D,

(iv) |Axy| < |Ayy|, t € RT.

Remark 6.3. Notice that we have added the condition (iv) to the classical definition
of the Skorokhod problem. However, it is known that if either D is convex or the condition
(A) holds, then for every pair (x, k) satisfying (i)—(iii) we have also (iv) (see e.g. [Sai87,
Tan79]). On the other hand, if D is not connected then under (i)—(iii) alone, the solution
of the Skorokhod problem associated with fixed discontinuous y is in general not unique.
Moreover, the set of solutions need not be relatively compact in D(R*,R%) nor locally
bounded, as the following example shows.

EXAMPLE 6.4. Put D = (—o00,0) UU;—,(4n — 2,4n) and y, = t — 9/8 for t < 1
and y; = 1/8 for t > 1. Then the conditions (A), (B) are satisfied with ro = 1 and one
can check that the function z; = y; for ¢ < 1 and x; = 0 for ¢ > 1 solves the problem
associated with y. Moreover, for each n € N the function 2™ defined as 2} =y, for t < 1
and 2} = 4n — 2 for ¢t > 1 is a solution of the problem, too.

We start with the following simple lemma:

LEMMA 6.5. Assume the condition (A). If yo € D and |Ay| < ro then the Skorokhod
problem has at most one solution.

Proof. We will use the inequality proved by Saisho (see [Sai87, 2.6]). Let y, § €
D(R*,R?) and let (x,k), (Z,k) be the solutions associated with y and 7, respectively.
Then

¢
~ ~ 1 N ~
(6.1) xy — Te* < |ye — e* + o S |z — Z|? d(Var(k)s + Var(k),)
0

t
+ 2\ =y — B+ 50) d(ks — ko).
0

First assume |Ay| < ro/4. Suppose that (z, k), (7, E) are two solutions of the Skorokhod
problem associated with y = 7. By (6.1),

t—
. 1 N ~ 1 R ~
|y — 22 < — S |zs — Z4)% d(Var(k)s + Var(k),) + T—|xt — 2|2 (| Aky| + | Aky)).
0 0
0

Since |Azy|, |AZ| < |Ayy| and |Ayy| < ro/4, it is clear that |Ak,| + |Ake| < ro/2 and as

a consequence
t—

2 ~
o —@f* < = | o = 20[? d(Var(k), + Var(k),).
0
0

Therefore by Gronwall’s lemma (see e.g. Lemma C.2) x = Z.
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Now, let |Ay| < rg. Define
sy =inf{t > 0:|Ay| > ro/4}, Sm =1nf{t > spm_1 : |Ay| > ro/4}, m>2.

Obviously, on each finite interval there exists only finitely many jumps greater than rq /4.
By the arguments used previously x; = Z; for ¢ € [0,s1) and in particular x5, — = Zs, .
Therefore using the notation from Remark 6.1(ii) and setting [x]s = x for every x € D
we can write

Lsy = Z["\81 = [‘Tsl_ + Aysl]a'
Hence z; = Z; for ¢ € [0, s1]. Analogously we obtain the equality = Z on every interval
[$m—1,8m]. The proof is finished. m

PROPOSITION 6.6. Let D satisfy the conditions (A) and (B). Assume that (x,k) is
a solution of the Skorokhod problem associated with y € D(R*,RY), |Ay| < ¢ for some
constant ¢ < ro. If sup, |y:| < a then there exists a constant C depending on a and ¢ (and
also on 1o, 0, B) such that

Var(k),, — Var(k).,, , < Cwyltm—1,tm]

provided that t,, < +oo, where tg = inf{t : &, € OD}, 10, = inf{t > t,,_1 : |2y — ¢, _,
>0}, ty, = inf{t > 5 : 2, € 9D}, m € N.

Proof. Ift € [ty 1,t),[and 1 =1 , then by (B) we have

<17 :Et - "Etm71> - <17 yt - ytwn—1> + <]'7 kt - kt7n71>
1
2 <17 Yt — yt7n—1> + B(Var(k)t - Var(k)tmfl)'

Therefore,

(6.2) Var(k);s — — Var(k)e,, , <B{ sup |zg—ay, |+ Wyltm—1,2,[}.

tm—1<t<td,

On the other hand, by the inequality 2.7 in [Sai87] for ¢ € [t;,_1,t3

m[

¢ t
1
|zt — 2o 2 < |yt — Y |* + — S \ws — 0, |2 d Var(k), + 2 S (ye — ys) dks

t7n71 t7n71

17

< wyltmory [+ — | fos =@, [P dVar(k),

0

tm—1

1
+ %|1’t — 24,, 4 2| QK| + 2wy [tim—1, tfn[(Var(k)tgn_ — Var(k)s,,_,)-

Hence for t € [t,,_1,t°

m[7

t_
To 5 1
e C{wj[tml,tmw o § e P Varth,
m—1

+ 2wy [tm—1, tfn[(Var(k)t;s%_ — Var(k)tml)}
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and by Gronwall’s lemma,

2
sup |zt — 24, |
tm—1 <t<ts,

A
S 0

Ot 2 s, B (Var (k) — = Var(R), )

X exp { - L —(Var(k)ys, — Var(k)tml)}.

Therefore using (6.2) and putting,

b= wy[tmflv tfn[a

moal

w = sup |z — x
tm—1 <t<ts,

we have )
2 To 2
< —{b*+2b b o b) ¢.
w” < ro—c{ + 2bB(w + )}exp{ro_cﬁ(w—l— )}

By easy calculations w < ¢ and b < 2a. Hence it is clear that there exists a constant C
such that
w? < Cy(b% + 2bw).

Since b, w > 0, there exists also a constant Cs for which w < Cyb. Thus, using (6.2) once

more we get
Var(k)s — — Var(k)i,, , < B(C2 + Dwy[tm-1, 1.

Thus
Var(k)s — Var(k)y,,_, < B(Ca + Dwy[tm—1, to,[ + Ak |
< B(Co + Dwyltim—1, [ + | Ay |
<{B(C2 + 1) + LJwy[tm—1,t2,].

Therefore if ¢, = tfn the proof is complete. Assume now tfn < tm_1. Since k is constant
in the interval Jt8 ¢, 1],

Var(k)y,, — Var(k),,, , <{B8(Co+1) + 1ywyltm—1,t5,] + |Aky,,|
S {5(02 + 1) + 2}wy[tm—lu tm]
and it is enough to put C = 3(Cy +1)+ 2. u

6.2. Convergence of solutions
COROLLARY 6.7. Under the assumptions of Proposition 6.6 there exists a constant C
depending on a and c such that

6 < |It§n - xtm71| < Owy[tm,17t6

m]a

provided that t}, < 4+00, m € N.

Proof. This follows easily from the definition of tfn and the estimate w < Cqb from
the proof of Proposition 6.6. m

COROLLARY 6.8. Assume the conditions (A) and (B). Let {y"} C D(RT,R%), |Ay"|
< ¢ < 1o, for every n € N. Let {(z™, k™)} be a sequence of solutions of the Skorokhod
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problem associated with the sequence {y™}. If {y"™} is relatively compact in D([0, q], RY)
then

(i) there exists a constant C' depending on q, ¢, sup,, sup,<, |y;'| and on the modulus
of continuity wy. on [0,q] such that
Var(k™), — Var(k™)s < Cwyn[s,t], mneN, 0<s<t<g,
(if) Var(k")q < 2Csup,<, 97,
(iii) {(z™,y", k™, Var(k™))} is relatively compact in D(]0, q], R*9).
Proof. (i) By the version of the Arzela—Ascoli theorem in D([0, ¢], R?) [Bil68, The-

orem 14.3], the sequence {y"} is relatively compact in D([0, q], R?) if and only if the
following two conditions are satisfied:

(6.3) supsup |yy'| < +0o0,
n t<q

6.4 li ! w(h,q) = 0.

(6.4) lim supwy (h, q)
It is obvious that we can rewrite (6.4) in the form

(6.5) Ves03y50,(s0)  WyrlSho1,8k[ <&, k=1,...,m, n€N,
where 0 = s < ...<sp =gq, sp—sy_; >, k=1,...,r,. Similarly to t,,, t0 we define
the times 7, t™9 for ", n,m € N. By Corollary 6.7 there exists a constant C' depending

on ¢, ¢ and a = sup,, sup,, |y;'| (and also on rg, d, 3) such that

(6.6) o< |$&6 - 552;;71| < Cuwyn [Tﬁl_l’t%‘;],

provided that ¢":° < ¢. Hence for such m and £ = §/C,
0<e<wyn [Tﬁi_lvt%‘;] < wyn[r st

As a consequence every interval [s}'_,, s}'[ in (6.5) contains at most one point ¢, for every
n € N. Therefore by Proposition 6.6,

Var(k™); — Var(k™)s < (2 + 1>Cwyn [s,t], s,t<gq,
v

which yields (i).
(ii) is a trivial consequence of (i) and of the estimate

wyn [0, ¢] < 2il<1p|y?|-
=q

(iii) By (i) and (ii) we can estimate sup,, [}'|, sup,<, |k}'|, Var(k™), by sup,, v/,
and the moduli of continuity wyn[s,t], win[s,t], Wyar(kn)[s,t] by wyn[s,t], s,t < q. Thus,
by simple calculations we deduce that the conditions (6.3), (6.5) are satisfied for {(z", y",
k™, Var(k™))} € D([0, ¢], R*?) instead of {y"} C D(R*,RY). m

THEOREM 6.9. Suppose that a domain D satisfies the conditions (A) and (B). Let
{y"} C D(RT,RY), y» € D and let {(x™,k™)} be a sequence of solutions to the Skorokhod
problem associated with {y"}. If y" — y in D(R*,RY) and |Ay| < ro then

(", k" y") — (2,k,y)  in D(RT,R3?),

where (x,k) is a solution of the Skorokhod problem corresponding to y.
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Proof. Let {ci} be a sequence of constants, ¢ T ro such that |Ay,| # ¢ for all
t € RT, k € N. Define

sp=inf{t > 0:|Ay| > ¢} and sp=inf{t >0:|Ay;| > ek}, n,keN.

By Proposition 2.7 of [JaSh87], s — s; and y™**~ — y*~ in D(RT,RY). Let us fix
q € RT such that Ay, = 0. Then y™*~ — y**~ in D([0, ¢], RY). Since |Ay™*:~| < ¢y,
by Corollary 6.8(iii),

[ s Van(k), o))
is relatively compact in ([0, ¢], R3?*1). On the other hand,
kETm ngg-loo sy, = +00.
Therefore letting ¢ T +00 we deduce that
(6.7) {(z™ k™, Var(k™),y™)} is relatively compact in D(R*, R34+1),
Now, assume that there exists a subsequence {n'} C {n} such that
(6.8) (@™, k™, Var(k" ), y"') — (z,k,b,y) in D(RT, R34+,

Since |Ay| < 7g, according to Lemma 6.5 we only have to check that (x, k) is a solution of
the Skorokhod problem associated with y. Therefore all we have to show is the following:

(6.9) Var(k); = \li; copydVar(k)s, te€ RT,

O Sty F O ey

(6.10) ky n,dVar(k)s, wheren, € N, ifz, € 0D, tcR".

By Remark 6.1 for every continuous z with values in D and every n/ € N,
t 1t

(6.11) Voo — oy aky” + — [z — a2 Pd Var(k™), > 0.
o 27“0 b

Since z is continuous, by (6.8),
(z—a" |z — 2" 2k, Var(k™)) — (z — @, |z — 2|2, k,b)  in D(RT,RI2),
and it follows by Corollary 6.8(ii) and Corollary B.3 that (6.11) implies

t ¢
1
(6.12) S(ZS —x5)dks + _S|ZS — 2,2 dbs > 0.
h 2T0 h

The last part of the proof follows the proof of [LiSz84, Theorem 1.1] and we give it below
for completeness only. By the definition of b, k; — ks < Var(k), — Var(k)s < by — bs for
s < t and hence there exists a bounded measurable function hs with |hs| < 1 such that
dks = hs dbs, Var(k)s = |hs| dbs. Therefore by (6.12),

1
—|zs — 3735|2 >0 dbs-a.e.

1 s S;hS
(6.13) (zs — x Y+ 50
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Let D° = D\OD and let {¢,,} be a sequence of continuous functions ¢,, : R? — R with
bm 1 1po, ¢ = 0 on R4\ D°. Since by Definition 6.2,

t
Y\ o (X0)dVar(k™), =0,
0

it follows by Lemma B.3 that Sg 1, epeoydbs = 0, which yields z, € D d Var(k),-a.e.
and (6.9). On the other hand, by (6.13),

1
—|zs —xs|? >0 dks-ae.

(6.14) (zs — x5, hs) + 57

In order to finish the proof it is sufficient to deduce from (6.9) that
n; = hs/|hs|  dVar(k)s-a.e.

Indeed, we have
t

t t
h
ke =\ hydby = | o= |hs| dby = | n, d Var(k),,
0 0 [hs] 0

which gives (6.10). The equality ny = hs/|hs| is trivial by Remark 6.1 if |hs| = 1. Assume
that 0 < |hs] < 1 and define z = x5 — rohs,C = |z — [2]s]|, where [z]s is uniquely
determined by Remark 6.1. Then |z — 5| = ro|hs| and by (6.14),

Ty — 2 1
0< ( |zl — x5, >+ 26—5652
(o =20 ot ) + gl =
Zs

—z 1
= —7T hs + z —Z, + z —1'52
ol <[]a T0|hs|> ot —
1

- _ hs - .2 _ 52

rolhol + gl = 2f? + 12 = )
1
2T0|hs|

= —rolhs| + (C2 +r5|hsl?).
Hence C >rg|hs| and again using Remark 6.1, x4 = [z]g. Since [z]o—z/|[z]o—z| = hs/|hs],
the proof is finished. m

It is proved in Saisho [Sai87] that if y is continuous then the solution of the Skorokhod
problem corresponding to y can be approximated by the solutions of discrete Skorokhod
problems. Now, we discuss such a problem for y € D(R™, R?). Let us consider a sequence
{T,,} of partitions of R satisfying the condition (0.6). It is easy to see that

(6.15) vy —y inDRT,RY.

Now, let us fix n € N. It is observed in [Sai87] that if | Ay| < r¢ then for sufficiently large
n € N the solution (2™, k™) of the Skorokhod problem associated with a discretization
y?" € D(R*,R?) has the form

616 o =" e 0. tu).
' [:L.?;L,k—l + Yt — ytn,kfl]a ift e [tnkv tn7k+1)7 k€N,
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and
0 if t €0, tn),
(6.17) kit = k&,;ﬁl +x} — le,k—l
Ytk + Yt o1 ift e [tnkvtn,kJrl)v keN.

COROLLARY 6.10. Assume the conditions (A) and (B). Let y € D(RT RY), |Ay| <
ro and yo € D. Then there exists a unique solution (x,k) of the Skorokhod problem
associated with y. Moreover, if {(z™, k™)} is a sequence of solutions to the Skorokhod
problem corresponding to the sequence of discretizations {an} then

(i) (2" k", y") = (z,k,y) in DRT,R*),
(ii) sup;<, |2} — 22" | = 0 and sup;<, |k — k| =0, g e RY.

Proof. The uniqueness was proved in Lemma 6.5. The existence part and property
(i) follow immediately from Theorem 6.9 and (6.15). To see (ii) first observe that by (i)
and, for example, by Lemma A.1,

(z",2¢") = (z,2) in D(RT,R?).

Hence 2™ — 22" — 0 in D(R*, R?), which leads to (ii). m

COROLLARY 6.11. Assume the conditions (A) and (B). Let {y"} C D(R*,R?) and
let {(z™,k™)} be a sequence of solutions to the Skorokhod problem corresponding to the
sequence {y™}. If sup,<, [yf —y:| — 0,q € R, where |Ay| < 7o then sup,<, |z} —x¢] — 0
and sup,<, |ki" — k| — 0,q € R, where (x,k) is a solution of the Skorokhod problem
associated with y.

Proof. Since the uniform convergence on compact subsets of R is stronger than
the convergence in D(R*, R9), it follows by Theorem 6.9 that in particular

(z",y") = (z,y) in DRT,R*).

On the other hand, if |Az;| > 0, then by the nature of the Skorokhod problem |Ay,| > 0.
Using Lemma A.3 we complete the proof. m

Now, let 4 be a probability measure on R* which is equivalent to the Lebesgue
measure. For x,y € D(R*,RY) write

dy(z,y) =inf{e > 0: p{t e RT : |2y —ys| > e} <&}

So d,, metrizes the topology of convergence in measure, which is weaker than the usual
topology J; on D(R*T RY). For y",y € D(R*,R?) we will write y" —, y if and only if
d,(y™,y) — 0. This kind of convergence turns out to be very useful in many problems
connected with convergence of semimartingales and SDE’s (see e.g. [Ald89, MeZh&4,
Mey89, Str85]). There arises the problem whether it is possible to obtain some stability
results for the sequence of solutions to the Skorokhod problems with the use of the notion
of the convergence in measure. The answer is negative. It is not true even in the classical
case d=1,D =RT,
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EXAMPLE 6.12. Define

—nt ifte0,nt),
yp =<nt—2 iftent2n"t),
0 if t € 2n71, +00).

Then it is well known that

nt ifte0,n),

ki = supmax(0, —yy) =
¢ b ( vs) {1 otherwise.

s<t

In this case y" —, y = 0 but " —, 1 and 2" —, 1. On the other hand, it is obvious
that the solution of the Skorokhod problem associated with y = 0 is of the form (0,0). m

7. Skorokhod problem, nondeterministic case

7.1. Main estimates. Let ({2, F, P) be a probability space and let (F3) be a filtration
on (2, F,P) satistying the usual conditions.

DEFINITION 7.1. Let Y be an (F;) adapted process and Yy € D. We say that a
pair (X, K) of (F;) adapted processes solves the Skorokhod problem associated with ¥
if and only if for every w € 2,(X(w),K(w)) is a solution of the Skorokhod problem
corresponding to Y (w).

Let us note that as a consequence of Corollary 6.10 for every process Y such that
Yy € D, |AY| < 79, there exists a unique solution of the Skorokhod problem associated
with Y.

In this section we will give some estimates for the solution (X, K) assuming Y is of
the form
(7.1) Y, =H;+ Z; = H;+ M; +V;, teR"

where H is an (F;) adapted process, Z is an (F:) adapted semimartingale, Zy = 0,
decomposed into the sum of a local martingale M and of a process with bounded variation
V,Moy="Vy=0.

THEOREM 7.2. Assume the conditions (A) and (B). Let Yy € D, |AY| < ¢ < 1
and let Y be as in (7.1), where sup, |Z:|, sup, |Ht| are bounded by some constant a, and
M,V are a square integrable martingale and a process with square integrable variation,
respectively (i.e. E[M|s, E Var(V)%, < 4+00). Then for every (F;) stopping time o there
exists a sequence {o;} of (F;) stopping times and a sequence {C;} of constants such that

Var(K)sno < Cj sup |Y;|  on the set [0 < 4o,
t<o;No

where Plo; < 0,0 < 4+00] — 0 and for every j € N the constant C; depends only on
o,a,¢, E[M]s, EVar(V)2, and on the modulus of continuity w';.

o0

Proof. Without loss of generality we assume P[0 < +00] = 1. Define

(7.2) =0, iy =min(vyp + b}, inf{t > ) |[AH| > b'}),
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where {b'}, {{bi}} are two families of constants such that b* | 0, b"/2 < bi < b and
P[|AH;| = b',t € RT] = 0, P[AH,; ;i = 0] = 1. With this notation we introduce a
sequence of discretizations of the process H. We set

(7.3) Hj =H, ift€ [y ), ke NU{0},
=Y (Hy—Hy ), teR".

7 <t

Let g; be such that Plg; < o] < 1/j and P[AH,; A, = 0] = 1. By simple calculations (see
e.g. [Sto89]), |A(H — H?)| < b and
sup |(H — H");| <b' + 2w (b, g5 A o).
t<gjAo
Obviously if 7 T +o00 then supy<, 1, |(H—H?");| — 0 P-a.e. Analogously to Proposition 1,
we define 79 = inf{t: X, € D}, 70, = inf{t > 7,1 : | X¢ — X, _,| > 8}, T = inf{t >
78 : Xy € dD}. By Corollary 6.7, there exists a constant C' depending on a such that

(7.4) 6 <|X,s — Xr, | < Cwy|rm_1,75], provided that 7, < 0.

For e =4/C set & = inf{t: |(H — H');| > e/8 or |(H — H');_| > &/8},i € N. It is easy
to see that ‘ .
(7.5) sup |(H — H")¢| <e/8+10".
t<EiNgi AT
Therefore we can choose i = i(j) so large that b*) < ¢/8 and

PlSiy < aj Aol =P[ sup |[(H - H")| >¢/8] <1/j.
t<g;No
Also we can choose h; so small that Plwi(hj,q;) > b)) < 1/j. Now, observe that if
why(hj, q;) < b0 then every interval of length less than or equal to h; contains at most
one jump of H greater than b"). Hence on the set w';(h;,q;) < b9, ”y;g(])
k > k(j), where

> q; for
. d;
) [hNW] .y

and 7} is defined by (7.2). On the other hand,

).
Plnl) < 0] < Plg; < o] + Pluyy(hy, ;) > D) < 2/

and Plg; A&y A < 0 < 3/5.

Put o = q; A&y /\’ylz(é)) By (7.4) and (7.5),
0<e/2 <wrlTm—1,T%] + Writh 4y [Tm—1,75]  if 75 < aj Ao,
In the sequel we consider only processes stopped at «; A o. For simplicity we write M,
H'9) |V for the stopped processes M®i"? HH3)@iNo iAo e have for every m € N,
1{T%S0¢jAU}52/2 < Wi[Tm—1, 7] + W?{i(juv[Tm—la o]

<2 sup [M,— M, |*+2(Var(H'D) s — Var(H'D), )

Tm—1<s<T],

+ 2(Var(V),s — Var(V),, )%
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Define L = M, 44, — M, _,,m € N. Then L™ is an (F,,,_,+.) adapted square inte-
grable martingale and 7,, = 79 — 7,,,_1 is an (F,, _, 1) stopping time. Hence, summing
up to n and integrating the above inequalities we get

Pl < aj Aolne?/2 < Z{2E sup |L'* +2(Var(H'0)), s — Var(H'D)), )2

m=1 uSNm

+ 2(Var(V),s — Var(V),,_,)?}

> 8E|L}! [+ 2E Var(H'Y))2 + 2E Var(V)2,

m=1

IN

< 37 SE(Mlyg — [M]r,.) +2(2ak(7)) + 2B Var(V)E,

< 8E[M]w + 8a%k?(5) + 2E Var(V)2,

Since the right hand side of the last inequality is finite, for sufficiently large n = n(j),
P[n(J)<aJ/\o]<1/j and P[r? yNaj <o) <4/j.

Finally, if we define 0; = 70 ni) N by Proposition 6.6 we conclude that for a constant
C in (7.4), we have

Var(K)o,no < (n(j) +1)2C sup |Y;| =C; sup [V,

t<ojNo t<ojNo

which is our claim. m

Assume now that there is given another (F;) adapted process Y such that l/}o € D,
|AY| < 1o and Y admits the decomposition

(7.6) Yi=H +Z =H,+M+V, teR",

where Z is an (Fr) adapted semimartingale, Zy = 0 and M is an (Fr) adapted local
martingale, My =0 and V is an (F:) adapted process with bounded variation, VO = 0.
Assume that (X, K) is a solution of the Skorokhod problem corresponding to Y. In
Theorem 7.3 below we estimate Esup, | X, — XS|2, which is the crucial step in proofs of
uniqueness in Section 8.2.

THEOREM 7.3. Assume the conditions (A) and (B). Let Yy, Yy € D, |AY|, |AY] <
ro/4 and let processes Y, Y satisfy (7.1) and (7.6), respectively, where M, M are square
integrable martingales and V, V are processes with square integrable variation. If ro <
+oo we assume additionally that there exists a constant a such that Var(K ), Var(K)e <
a. Then there exists a constant C depending on a (and also on ro, 8, 0) such that for
every (Ft) stopping time o,

Esup|X, — X;|? < CE{[M — M], + Var(V — V)2}.
t<o
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Proof. For simplicity we only consider the processes stopped at ¢. First we discuss
the more complicated case rg < +o00. By (6.1) for every t € RT,
t7

~ ~ 1 ~ ~
Xe = Xi* <2{12— 2o + — | 1X. = X2 d(Var(K), + Var(K),)
0
0

t
+2\(2— 2, - Z, + Z,) d(K, - K,)}.
0

Since Ky = IA(O = 0, by the integration by parts formula we obtain,
t t
2\(Z— 2, - Zi+ Z) d(K, - K,) = 2\(K,— - K, )d(Z, - Z,)
0 0

Il
o

NXee =X )d(Zs — Z) + [Z = Z)s — |20 — Z4)2.

O ey O ey

Hence for every stopping time 7,

~ 1 T ~ .
Esup|X, — X)|? < 2{—E | 1Xs = X2 d(Var(K), + Var(K),)
t<rt To
- 0

t
+2Bsup\(X,- — X, )d(Z, — Z:) + E[Z — Z]T}.

t<t
="0
By simple calculations based on Burkholder-Davies—Gundy’s and Schwarz’s inequalities

T

! ~ —~ ~ — \1/2
Esup | |(X, = X, )d(M, — M,)| < OOE(S X — X |2d[M — ]S)
t<t 0 0
< Co(Esup | X — X |)/*(E[M — M],)V2,
s<T
and
t
Esup S(Xs_ — X )d(Vy = Vy)| < Esup | Xs— — Xs_ | Var(V = V),

t<t 0 s<T

< (Esup|Xs— — )A(sf|2)1/2(E Var(V — ‘7)2)1/2-

s<T

On the other hand,

E[Z — Z), < 2E[M — M), + 2E[V — V],

< 2E[M — M), + 2E Var(V — V),.

If we set

r = (Esup|X; — )A(|2)1/2,

t<t
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by = (E[M — M], + EVar(V — V)2)'/2,

1g | 1Xs = X. 2 d(Var(K), + Var(K),),
To
0

ba

then by the above calculations we deduce that there exists a constant C; such that
(7.7) 22 < Cy(bg + 2byz + b3).

Since z,b; > 0 it is clear that 22 < Ca(by + b3) for some constant Co. If we set in
Lemma C.1(i), ¥;' = sup,<, | Xs — Xs[%, V2 = Cy(Var(K), + Var(K);) < C52a + 1 and
as = CoE{[M — ]\7]0 + Var(V — V)2} then the proof in the case 7o < oo is complete.

Finally, let us note that in the case rg = 400 instead of (7.7) we obtain a simpler
inequality, namely 22 < C; (2b1x + b%). Hence there exists a constant Cy such that 22 <
C5b% and we get the desired result putting 7 = 0.

Since X =Y + K it is easy to obtain from Theorem 7.3 the following result.

COROLLARY 7.4. Under the assumptions of Theorem 7.3, there exists a constant C
such that for every stopping time o,

Esup|K, — K;|> < CE{[M — M], + Var(V — V)2}. u
t<o
The estimates proved in Theorem 7.3 and Corollary 7.4 are very similar to those ob-
tained previously by Chaleyat-Maurel, El Karoui and Marchal [ChKM80, Proposition §]
in the case D = RT x R4~ Moreover, using their method based on [MéPe77, Theorem 1]
we can deduce from Corollary 7.4 estimates on the interval [0, o[ in place of [0, o].

COROLLARY 7.5. Under the assumptions of Theorem 7.3, there exists a constant C
such that for every stopping time o,

Esup|K, — K> < CE{[M — M]o— + (M — M)g_ + Var(V = V)2_}. m
t<o

7.2. Tightness and convergence of solutions to Skorokhod problems. Now,
we will discuss applications of Theorems 6.9, 7.2 and 7.3 for sequences of solutions to
the Skorokhod problems. Let {Y™} be a sequence of (F}*) adapted processes and let
{(X™, K™)} be a sequence of solutions to Skorokhod problems associated with {¥Y™}. We
will assume that Y™ is of the form

(7.8) Y"=H"+ 2",

where {Z"} is a sequence of (F}') adapted semimartingales, Z}' = 0, satisfying the
condition (UT). Let for every n € N, Z" be decomposed into the sum of three processes,

(7.9) Z"=J"+ M" + B,

where J{' = ZO<s<t AZI1{Azn 51y, M™ is a locally square integrable martingale, Mg =
0 and B" is a predictable process with bounded variation, B = 0. Then in view of
Theorem 1.1, {Z™} satisfies (UT) if and only if for every ¢ € R* the families of random
variables {Var(J"),}, {Var(B™)q}, {[M"]q} are tight in R. The following proposition
plays the key role in the proof of existence of solutions to the SDE’s.
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PROPOSITION 7.6. Assume the conditions (A) and (B). Let {Y"} be a sequence of
(F) adapted processes, |AY™| < ¢ < 19, and let {(X™, K™)} be a sequence of solutions
to the Skorokhod problem associated with {Y™}. Assume that every Y™ is of the form
(7.8), where {H™} is a tight (in D(R*,RY)) sequence of (F}*) adapted processes and {Z™}
is a sequence of (F*) adapted semimartingales satisfying (UT). Then

(i) for every ¢ € Rt the family of random variables {Var(K™),} is tight in R,
(ii) of H™ =Y then {X"} satisfies (UT).
Proof. (i) Define 7% = inf{t : |H}*| V |Z})| > a}, a € RT, n € N. Since by

Theorem B.1, {sup,<, |Z/'|}, ¢ € R*, is tight in R, and by the tightness of {H"} in
D(R*,R?), {sup,<, |[H['[}, ¢ € R, is tight in R, it is clear that

(7.10) lim limsupP(7™* < q) =0, gq¢€R".

a—00 oo

Further, by easy calculations

Wygnioma (@) < Wy (hyg) and  sup [ H| <sup|HP|, g € RY,
t<q t<q
and hence the sequence {H™7"“~} is tight in D(R*,R?), too. On the other hand, by
the definition of (UT) also the sequence {Z™7" "} satisfies (UT). But

nﬂ_n,ai . nﬂ,n,a n . nﬂ,n,a n
Zt == Zt —_ AZTn,a].{tZTn,a} == Zt + ‘/t 3

where Var(V"), < 2sup;<, |2, ¢ € R*. Thus using once more Theorem B.1 and the
definition of (UT), it is clear that {Z™7 "~} satisfies (UT), too. Therefore by (7.10),
without loss of generality, we can assume Z" = Z™7 "~ H"™ = H™7""~ and sup, | 7| <
a, sup, |H*| < a for some constant a € RT. Analogously to (7.9) we decompose Z" as a
sum of J", M™, and B". We define y** = inf{t : Var(J"), V [M"]; V Var(B"), > b}. By
Theorem 1.1(ii),
lim limsupP(y"* <¢q) =0, gqeR",

and as before we can assume H" = H""Vn’b7 J" = J""V"’b,M” = M""Vn’b,B” - g’
for some constant b. Now we can write Z" = M™ + V" V" = J" 4+ B", where [M"]o <
b+ 4, Var(V™)2, < 2Var(J")2, + 2 Var(B")% < 2(b + 4a?) 4+ 2(b? + 1). It is enough to

use Theorem 7.2._Indeed, setting o = ¢ we have
(7.11) Var(K")gjr_LAq <y tj;&q V" < Cfa, jmeN.

By the definition of o7, C7, we have

lim lim sup’P(U;-I <q¢)=0 and limsupC} < +o0
J70 n—oo n— o0
for every j € N, which together with (7.11) gives (i).
(ii) The sequence { K™} of processes satisfies (UT) by (i). Since {Y;'} is bounded in
probability and {Z"™} satisfies (UT), the sequence {X™ = Y + Z"™ 4+ K"} satisfies (UT),
too. m

Assume for the moment that a sequence {Y™} of processes is of the form considered
in (ii), i.e. {Y™} satisfies (UT). From the theory of convergence in Meyer and Zheng’s
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sense ([MeZh84, Str85]) we conclude by (ii) that there exist processes X, K, Y, a subse-
quence {n'} C {n} and a set A of full Lebesgue measure such that the finite-dimensional
distributions of (X", K", Y" )iea converge to those of (X, K¢, Yi)tea. Since the con-
vergence in Meyer and Zheng’s sense is given by the topology of convergence in measure,
Example 6.12 in Section 6.2 shows that (X, K) need not be a solution associated with
Y. Therefore the notion of convergence in Meyer and Zheng’s sense is not appropriate
in stability theorems for solutions of the Skorokhod problem. This kind of convergence
seems to be too weak.

Now let us assume additionally that all the semimartingales Y™ = Y + Z™ are
adapted to the same filtration (). If Y™ tends to Y in the space of semimartingales H?
(see e.g. [DeMe80]) then by Theorem 7.3, E sup, | X' — X;|> — 0 and Esup, |KJ'— K;|* —
0, where (X, K) is a solution corresponding to Y, i.e. the convergence in the space S?
holds. The following example from [Sha88] shows that this kind of convergence cannot
be strenghtened to convergence in H2.

EXAMPLE 7.7. Let d = 1, D = RT and let M be a continuous square integrable
martingale. Then from the definition of local time we have

M, 1{M3>0} dMS + %L?(M)7

(Mt — Qn

t
F=
0
t
)“r = S]‘{Ms>an} dMS + %L?n(M),
0

where an, > 0,a, | 0. It is clear that ((M.—ay)™, 3L (M)) is a solution of the Skorokhod

problem associated with §| 11a7,5a,} dMs, (M, 2 L9(M)) is a solution of the Skorokhod
problem associated with So 14p, >0y dM, and

| §200<rt, 00y ant,
0

o 1/2
o (E § L{o<M. <a.} d[M]s) —0
On the other hand,
|LO(M) — L (M), — 2LY(M)  P-ae.

and hence the convergence ||(M — a,)™ — MT||2 — 0 does not hold. =

What we can do is to give convergence results in law and in probability in the Sko-
rokhod topology, which is stronger than Meyer and Zheng’s topology.

PROPOSITION 7.8. Assume the conditions (A) and (B). Let {H"},{Z"},{Y"} be
three sequences of processes, YJ' € D and let {(X™, K™)} be a sequence of solutions of
the Skorokhod problem associated with {Y™}. If

(H",Z"Y") — (H,2,Y) in D(RT, R3?)
(resp. (H", Z™,Y") —p (H,Z,Y)) in D(RT,R3)), and |AY | < ry then

(H", 2", X" K" Y") = (H,Z,X,K\Y) in DR, R
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(resp. (H",Z", X", K", Y") —p (H,Z,X,K,Y)) in D(R*, R%?)), where (X,K) is a
solution of the Skorokhod problem associated with the process Y .

Proof. The statement easily follows from Theorem 6.9 and the Skorokhod represen-
tation theorem. m

By Corollaries 6.10 and 6.11 we have the next

COROLLARY 7.9. Assume the conditions (A) and (B). Let (X, K) be a solution of the
Skorokhod problem corresponding to a process Y, Yy € D, |AY | < rg.

(i) Let {(X™,K™)} be a sequence of solutions to the Skorokhod problem associated
with a sequence of processes {Y"}. If sup,, |Y* = Yi| —=p 0, ¢ € RY, then

sup | X} — X;| = 0 and sup|K}'— K| =0 for every q € RT.
t<q P t<q P

(i) Let {T,} be a sequence of partitions of RT satisfying the condition (0.6) and for
every n € N, let Y™ be of the form Y¢". Then

sup [ X' — X&' | =0 and sup|K!'—K£'| >0 foreveryqeRT. m
t<q P t<q P

8. SDE’s with reflecting boundary

8.1. Existence and stability of weak solutions. Let (£2,F,P) be a probability
space and let (F;) be a filtration on ({2, F,P) satisfying the usual conditions. Given a
function f: D — RY®@ R, f(x) = {fir}ik=1....a we consider the following SDE:

d t
(8.1) X;=m+Y \fa(Xo)dZi+ K], i=1,....d teRT,
k=10
where H, = (H},..., H{) is an (F;) adapted process and Z; = (Z},...,Z{) is an (F;)
adapted semimartingale, Hy € D, Zy = 0. For simplicity of notation we write briefly
¢
Xe=H+\[(X.)dZ, + K, teR".
0

We say that the SDE (8.1) has a strong solution if there exists a pair (X, K) of (F3)
adapted processes satisfying the conditions

(8.2) X is D-valued,

(8.3) K is a process with locally bounded variation such that Ko = 0 and
t t
Kt :SnSdVar(K)s, Var(K)t :Sl{xseaD}dVar(K)s,
0 0

t € R, where n, € Ny, if X, € 0D,
(84) |AXt| < |AHt + f(Xt_)AZt|, teRT.
If any two (F:) adapted solutions (X, K), (X', K’) on (£2,F,P) of the SDE (8.1)

satisfy P[(Xy, Ki) = (X}, K]),t € RT] =1 then we say that strong uniqueness holds for
(8.1).
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We say that the SDE (8.1) has a weak solution if there exists a probability space
(2, F,P) with filtration (F;) satisfying the usual conditions and (F;) adapted processes
)?, I?, ﬁ, Z such that L(ﬁ, 2) = L(H,Z) and (8.1)—(8.4) hold for the processes )A(, I?, I;T,
Z taken instead of X, K, H, Z. If any two weak solutions ()?, IA() and ()?’, I?’) of SDE
(8.1), possibly defined on different probability spaces, are such that E()? , K )= L()? " K’ )
we say that weak unigqueness holds for (8.1).

Assume {Z"} is a sequence of (F™) adapted semimartingales and let {H"} be a
sequence of (F™) adapted processes, Hy € D, Z§ = 0. We consider a sequence {X"} of
solutions of SDE’s of the form (8.1), i.e.

t

(8.5) Xp=Hp+\f(Xr)dZ; + KP, teRY, neN.
0

Now, we are ready to formulate our main theorem.

THEOREM 8.1. Assume the conditions (A) and (B). Let {Z™} be a sequence of (F™)
adapted semimartingales satisfying (UT) and let {H"} be a sequence of (F™) adapted
processes. Let {(X™, K™)} be a sequence of strong solutions to the SDE (8.5). If f is
continuous, || f(z)|| < L < +oo, x € D and

(H",Z") — (H,X) in DR, R*),

where |AH| + LIAZ| < rg, then

(1) {(X™, K", H", Z")} is tight in D(RY,R*) and every limit point of {(X", K™)}
is a weak solution of the SDE (8.1),
(ii) 4f additionally the SDE (8.1) has a unique weak solution (X, K), then

(X" K") = (X,K) in D(R*, R24),

Proof. (i) First let us note that the joint weak convergence of (H",Z™) to (H,Z)
and the continuous mapping theorem imply

(8.6) (H", 2" |H"| + L|Z") = (H, Z,|H |+ L|Z]) in D(RT, R1?).

Let {ci} be a sequence of constants with ¢ T ro such that P[|AH| + L|AZ| = ¢, t €
R*] =0, k € N. Define
o =inf{t > 0:|AH;| + LIAZ;| > ¢}, op =inf{t > 0:|AH| + LIAZ]| > e},
k,n € N. By (8.6) and [JaSh87, Proposition 3.15] for every k € N,
(H™OR=, 208 o}t) — (H77, 277 03)  in DR, R*) x R.

Since |AH| + L|AZ| < ro, ok T +00 P-a.e. and as a consequence

lim limsup Ploy; < ¢] =0.
—0© n—oo
Therefore without loss of generality we may assume that there exists a constant ¢ < rg
such that
|AH"|+ L|AZ"| <e¢, neN.
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Due to Corollary 1.2 the sequence of stochastic integrals {SO F(XP )dZ!} satisfies (UT),
hence by Proposition 7.6 and Corollary 7.9, the sequences of random variables

{Var(K"™),}, {sup | X'|} are tight in R,q € RT.
t<q

Now, assume that {b'}, {b%} are exactly the same as in (7.2). Put
WE=0, Aty =min(yy + by, inf{t >y [AH| > b,
and
H"=Hloifte [y, i |
- n  _pn. +
- Z (Hml H.), teR™.
Vi <t
As observed in the proof of Theorem 2.1, for every i € N,
(Hi, gi,Hgyi,W, o) = (Hoi3760, Hygs 2ty --2) in R
As a consequence, for every i € N,
(8.7) H™ p H® in D(R*,RY),
(8.8) Var(H™), > Var(H%), in R, provided that ’P[|AH;| =0]=1, ge R".
On the other hand, it is well known that for continuous f : R — R? ® R%, we can

construct a sequence {f’} of functions such that for every i € N, f* € C?(R%,R¢ ® R9)
and

(8.9) sup || f*(«) — f(@)]| — 0,
rzeK
for all compact subsets K of R%. For n,i € N, define
X = 1Y 4\ f(X]) dZ + K
0
yr= H )z
0
Y= H" 4| f(X0) dz)
0

By simple calculations based on (2.12),
lim limsup Plsup |H}" — H'| >¢] =0, &>0, g€ R,
q

100 n—oo t<

Therefore due to (8.9) and Theorem 1.1 we have

(8.10) lim limsup Plsup |Y;" —V;"| >¢] =0, &>0, g€ R".
v t<q

—X0 n—oo

On the other hand, by (8.8), {Var(H™),} is tight in R. Hence {X™} is a sum of three
sequences of processes satisfying (UT). As a consequence { X"} satisfies (UT), too. More-
over, since f! € C2(R% R? ® R?), by Corollary 1.3 for every i € N,

(8.11) {fH(X™)} satisfies the condition (UT).
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Therefore due to Lemma 4.3 for every ¢ € N,
{(H" zn \ rix) dzg)} is tight in D(R*, R%).
0

Hence by (8.10) also {(H", Z™,Y™)} is tight in D(RT, R34).
Assume that there exists a subsequence {n'} C {n} such that

H", 72", Y") = (H,Z,Y) in DR R?),

where £(H,Z) = L(H,Z). Then by Proposition 7.8,

P N PN

where ()? , K ) is the solution of the Skorokhod problem corresponding to Y. Moreover,
by using Theorem B.2,

-~

(' x k" N pxeyaze) — (8, %R, f(R.-)dZ,) - in DR, RY).
0

Finally, by the continuous mapping theorem, we conclude that (X , K ) is a solution of
the SDE (8.1).

(ii) follows immediately by (i). m

COROLLARY 8.2. Assume the conditions (A)—(B). Let f be continuous and bounded,
| f(z)|| < L < +oo,z € D. If |AH| + LIAZ| < ro and Hy € D then there exists a weak
solution of the SDE (8.1).

Proof. Let {T},} be a sequence of partitions of R satisfying the condition (0.6). By
simple calculations we can prove that for sufficiently large n there exists a unique strong
solution of the following discrete stochastic differential equation:

t
(8.12) xp=HE +\ f(x1)dze" + K.
0

Moreover, the special form of H¢" and Z¢" implies that

HO ifte [O,tnl[,
(8.13) X] = [thl,kfl +Hi — Hipyos
+f(XtZ,k,1)(Ztnk - Ztn,k—l)]a ift e [tnkvtn,kJrl[v k€N,
and
0 if t € [0,tn1],
(8.14) K[ = K‘Z’kfl + X - Xﬁh’cfl
_{thk - th,k—l+
(X8 ) Dt — Zty )} M EE [tk tapia [, K EN
By Lemma A.1,

(He",2°") — (H,Z) P-ae. inD(RT,R?).
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Since according to Bichteler, Dellacherie and Mokobodzki’s theorem the sequence {Z2¢"}
satisfies the condition (UT), the conclusion follows easily by Theorem 8.1(i). m

8.2. Existence, uniqueness and stability of strong solutions

THEOREM 8.3. Assume the conditions (A) and (B). Let f be Lipschitz continuous and
bounded, i.e. there exists a constant L > 0 such that || f(z)— f(y)|| < Llz—yl, || f(z)|| < L
forallz,y € D. If|[AH|+L|AZ| < ro, Hy € D, then there exists a unique strong solution
of the SDE (8.1).

Proof. By Corollary 8.2 there exists a probability space (2, F,P), a filtration (F;)
and (F,) adapted processes H, Z, X defined on (£2, F,P) such that £(H,Z) = L(H, Z)
and (8.1)—(8.4) hold. Assumlng the Lipschitz continuity of f, we will show a little more,
namely that there exists a measurable map F : D(RT,R??) — D(R*,R??) (depending
only on f) such that
(8.15) (X,K)=F(H,2),

which shows the pathwise uniqueness for (8.1) on (!AZ,j-: ; 73) Moreover, if we return
to our basic probability space (2, F,P) with the filtration (F;) and with (F;) adapted
processes H, Z, then defining (X,K) = F(H,Z) we obtain a strong solution on the
space (£2,F,P). This also means that the solution of (8.1) on (§2,F,P) is unique in
the strong sense. Without loss of generality we may assume that the solution (X, K)
of (8.1) is defined on the basic probability space (2, F,P) and satisfies (8.1)—(8.4). Let
{(X™, K™)} be a sequence of solutions to the discrete SDE (8.12) defined by (8.13) and
(8.14). We will show that

(8.16) (X", ™) — (X, K) in D(R*, R%),

which leads to (8.15) for (X, K) and (H, Z) in place of (X, K) and (H, Z).
The proof of (8.16) is long, so it is divided into two steps. But first let us define ¥ =
Sb f(Xs-)dZs and let {(X™, K™)} be a sequence of solutions to the Skorokhod problem

associated with the sequence {Y¢"} (we recall that for sufficiently large n, (X", K") is
defined by (6.16) and (6.17)). By Corollary 7.9(ii) for every g € RT,

(8.17) sup | X7 — X&' | -0  P-ae.,
t<q

and ;

(8.18) sup|Ki' = KZ | -0 P-ae.
t<q

Step 1. We assume additionally that sup, |H¢|, sup, |Z:| are bounded by the con-
stant ST T +1) A 1. By our assumption Z is a special semimartingale. Hence Z is uniquely
decomposed into the sum

Z=M+V,

where M is a locally square integrable martingale, My = 0, and V is a process with
bounded variation, Vo = 0. Define 7% = inf{t > 0 : |M;| vV Var(V); > a}. Obviously
7% 1 400 and we can assume that the processes H, M, V are stopped at 7 for some
fixed a € RT.



Stochastic differential equations 79

For n, 7 € N let us define

t on(t)
=it {e>0: [y aze | v § rxo)az,
0

0

VM2 v (M"Y, V Var(Ve ), > z}

Then it is clear that for every ¢ € RT,
(8.19) lim limsup P[r} < ¢] =0,

1—00 oo

and the processes || f(XI)dZ¢", Sg"(') f(Xs_)dZ,, [M2"], (M?"), Var(Ve"). stopped
at 7¢ are uniformly bounded in n by some constant Kj. In view of (8.19) we can restrict

our attention to the processes stopped at 7. By Theorem 7.2 for fixed ¢ € RT, there
exists a sequence {0} of (]—"tgn) stopping times and a sequence {C7} of constants such
that
(8.20) lim limsup P[o? < ¢] =0,

J7O0 n—oo
(8.21) lim limsup C¥ < +o0,

)70 n—oo

and Var(K™), Var(f_(n)qmz; < CJ(K; + sto7y)- In the sequel due to (8.20) and

(8.21), we can and will assume that every (ffn) adapted process is stopped at g Ao AT
and

J
Noy?

Var(K™) Var(K™) < K.

gAGh AT qnThATE
Now, suppose that 7, is an (]—"tgn) stopping time. Then

K 2
Vr(xm) - pxzyaze”

0

+ 3E sup |K} — K;'> + 3e, = 317 + 315 + 3c,,
t<vn

Esup | X} — XJ'|> < 3E sup
t<vyn t<vn

where ¢, = Esup,, | Sg"(t) f(Xs-)dZs— S; F(X™ )dZe"|?. We recall that by the Doob

type inequality proved in [MéPe80],

o
i< c@{E | IF(X0) = [P (M ]+ (M"),)
0
Yn— .
+ BVar(Ve ), - | IR = F(X) P avar(ve'), |
0
.
<C(d, L, K\)E | sup|Xi_ — X7 [2d((M®"]s + (M), + Var(Ve"),)
u<s
) s
On the other hand, by Corollary 7.5,
Tn

1< C@{E | 170 - FOC) P A, + (Me"),)
0
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+ EVar(Ve'),, - | [f(X) = F(XI)|2 dVar(Ve"),
0

POy dr, = | () anrg'|

0 Yn—

—}
In
Yn—

<C(d, L, K\)E | sup X — X[ [2d([M®"]s + (M), + Var(Ve"),)

0 u<s

+ 2C(d) (el +€2).

F(Xo)av, =\ (X ) ave”
0

Therefore for every (ffn) stopping time -,
Esup | X} — XJ|? < C(d, L, Ky)

t<vn
Yn—

x B | sup X0 — X0 Pd(M], + (M), + Var(Ve"),)

u<s
+ 3, + C(d)el + C(d)e2.
If we define e(n) = 3¢, + C(d)e), + C(d)e2, then due to Lemma C.1(ii),
E  sup |XP?—XP]><e(n)exp{C(d,L,K)3K,}.

t<qAo)ATL

Finally, let us observe that by simple calculations based on (8.17) and by the arguments
from the proof of [DeMe80, Theorem 15, VIII], e(n) — 0. Hence

E sup |X}?-X/|—0, j,i€N, geR".

t<gAod AT
Since
E  sup |I?: — K'?
L<qNAoH AT
ano ATl
<Ci(d,LK)E | sup | X — X2 d([M ")y + (M) + Var(Ve"),)
o uss

+ Ci(d)(ey +en),
it follows by (8.17)—(8.20) that
sup | X' — X7'| =0, geRT,
t<q P

and

sup |[K' = K¢'| >0, qeRT,
t<q P

which give (8.16).
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Step 2. We show how to omit the assumption sup, |H¢|, sup, |Z;| < s M- Define

00 =0, Opr = nf{t > op: |Hy — Hoy + Xo | V120 = Zoy| 2 0 A1}, keN

(L+1)
By the arguments used in Step 1,

(8.22) sup | xmen(o)= — x| =0, g€ R,
and as a consequence
(823) X;l;(gl)7 ;’ X(T1—7

where o} (t) = inf{tnr : tnr > t} (observe that in contrast to g, (o1), o} (01) is an (}_th)
stopping time!). By simple calculations,

(8.24) x[en() _ xon

_ n,0;, (01)— o1 — n
oniy = X0 T = X+ (AX G (1) = AXo ) Lz s (1))

On the other hand,

n

n . n Qn n o n
AXpr o) = KXoy o) T AX s (00) T T (X i 00)-)AZ s ()0 = Xt (o) -

*
On

and
AX(H = [X<71— + AH(H— + f(Xm—)AZm]@ - Xoi—-

Therefore by (8.23) and by the convergence AHgf(Ul) — AH,,, AZQQ:L(Q) — AZ,, P-ae.
we get AXC, ) = AX,, P-a.e. Due to (8.24),

03, (o1

"79:1(‘7)_ _ Yo1 +
ingt Xgn(t)|;>o, geR™.
If we replace the processes H, Z by Hy, . — Hy, + Xo, and Z,, . — Z,,, respectively,
we can deduce the convergence X" to X on the interval [o1, o2[, etc. Since oy, 1 +00, the
proof is complete. m

The proof of Theorem 8.3 implies immediately the following:

COROLLARY 8.4. Assume the conditions (A) and (B). Let |AH|+ L|AZ| < ¢ and
let (X, K) be a unique strong solution of the SDE (8.1), where f is Lipschitz continuous
and bounded, i.e. ||f(z)|| < L,||f(x) — f(y)| < Lz —y| for z,y € D. If {(X", K™} is a
sequence of solutions to the discrete SDE (8.12) defined by (8.13) and (8.14) then

(i) sup,<y | X7 = X¢'| =p 0 and sup,<, | K} = Kf'| =p 0, g € RY,

(i) (X", K" HE", 2¢") —p (X, K, H, 7) in DR*, ™). »

COROLLARY 8.5. Assume the conditions (A) and (B). Let {Z™} be a sequence of (F}*)
adapted semimartingales satisfying the condition (UT) and let {H™} be a sequence of (F}")
adapted processes. Let {(X™, K™)} be a sequence of strong solutions to the SDE (8.5),

where f is Lipschitz continuous and bounded, i.e. || f(x)| < L, || f(z) — f(y)|| < L]z — y|
for x,y € D. Then

(i) if (H™, Z") —p (H,Z) in D(R*,R??) and |AH| + L|IAZ| < ro then
(X", K", H",Z") p= (X,K,H,Z) inDR",R),
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(ii) if (H™, Z") —p (H, Z) in D(RT,R29) and |AH|+ LIAZ| < ro then
(X", K", H", Z") = (X,K,H,Z) inDR",RY),

(iii) if supy<, |Hy* — Hi| —p 0, supy<, |Zf = Zi| —p 0, ¢ € RT and |AH|+ LIAZ| <o
then
sup | X]' — X¢| =0 and sup|K}—Ki =0, gqeR",
t<q P t<q P
where (X, K) is a unique strong solution of the SDE (8.1).

Proof. (i) Due to Corollary 8.4(ii), the SDE (8.1) has a unique weak solution. Thus
by Theorem 8.1(i),
(X" K") — (X,K) in D(RT, R??).

Moreover, in this case the joint law of (X, K, H, Z) is uniquely determined. Therefore we
can strengthen the conclusion of Theorem 8.1(ii) to the convergence

(X", K",H",Z") = (X,K,H,Z) inDR",RY.

(if) We use the method of the proof of Theorem 3.1. Since we assume the convergence
in probability, all processes are defined on the same probability space (£2,F,P). Let
B e F,P(B) > 0. Define Qp(A) = P(A|B) for every A € F. By Lemma 3.2, {Z"} is
a sequence of semimartingales on (§2,F, Qp) for which the condition (UT) is satisfied.
Then

n n : + 2d
(H™,Z™) D(Z;) (H,Z) inDRT R*),

and
t

Xp=Hp +\f(X1)dZ! + K, t€RY, Qp-ae.
0
As a consequence, by (i),

(X", K", H",Z") — (X,K,H,Z) inD(R", R*),
D(QB)

Hence for all bounded and continuous mappings @ : D(R*, R4?) — R,

(8.25) lim S@(X",K",H",Z")dQB - S@(X, K,H,Z)dQp.

2 2
Since (8.25) holds for all B € F with P(B) > 0 and all bounded continuous mappings
¢ : D(RT,R*) — R, we have
(8.26) (X", K", H",Z") P (X,K,H,Z) inD(R", R
(iii) It is clear by the part (ii) that the condition (8.26) is satisfied. Now, let us note

that
(8.27) AX; = AHy + f( X )AZ, + AK,

and if AK; # 0 then AH; # 0 or AZ # 0. Using Corollary A.4 we obtain

sup |[K}' — K| =0, q€R".
t<q P
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Finally, let us observe that by (8.26) we have

(X" K" [H"| + L|Z") — (X, K, |H|+ L|Z])  in D(RT, R*).

Since it is clear that if AX; # 0 then |AH;| + L|AZ;| # 0 or AK; # 0, using once more
Corollary A.4, we get

sup| X' — Xi| » 0, ¢q€eRT,
t<q P

and the proof is complete. m

9. Flows of SDE’s with reflecting boundary

9.1. LP-estimates for solutions of Skorokhod problems starting from dif-
ferent points. Let (X* K¥) be a solution to the Skorokhod problem associated with a
process Y® of the form

(9.1) Y =z+H +M+V,, teR" z€D,

where M is an (F;) adapted local martingale, V' is an (F;) process with bounded variation
and H is an (F;) process such that Hy = My = Vp = 0. Assume also that there is given
another (F;) adapted process Y¥ which admits the decomposition

(9.2) VY =y+H +M+V, teR, yeD,

where M is an (F) adapted local martingale Mo =0 and V is an (F:) adapted process
with bounded variation, Vo = 0. Let (X¥, K¥) be a solution of the Skorokhod problem
corresponding to yv.

THEOREM 9.1. Assume D satisfies (A) and (B). Let x,y € D and let processes Y,
Yv fulfill (9.1) and (9.2), respectively, where M, M are square integrable martingales and
V, V are processes with square integrable variation. If ro < +o00 assume additionally that
|AY*|, |AYY| < ro/4 and there exists a constant a such that Var(K®)s, Var(K¥) < a.
Then for every p € N there exists a constant C, depending on a and ro such that for
every (F) stopping time o,

6) Bsupyc, |X7 — XY < Gyl — yl?? + B(IM — Mg + Var(V — V)2}}

(i) Esupyc, | K7 — KY* < Cpfla —yl* + E{(M — Mt + Var(V — V)2}}

(it}) Bsup,o, [K7 — K}/ < Cyflx —y* + B{(M — M)+ [M ~ M];_

+ Var(V — V)2 }}.
Proof. (i) By [Sai87, Lemma 2] for every ¢t € RT,

t
~ ~ 1 ~ ~
9.3) | XF-X/)P< {|Yt”” Y2+ — S |XZ — XY[?d(Var(K®)s + Var(KY),)
0
0
t

+ 2§ - v - Y+ Ty dikE - Ry}
0
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Since |AK®|, |AKY| < r¢/4, it follws that
t—
~ N 1 ~ N
X7 - RIP < 2{|y; SR+ L [ IXT - RY2d(Var(K®), + Var(R?),)
To
0
¢

20 -y - T T aK: - RN}
0

On the other hand, by the integration by parts formula,
t

2\(V - Ve = VY 4+ YY) d(KE - KY)
0

t
=o\(xz - XV )d(M, - M) +2
0

(X2 — XV )d(Ve = Vi) + Y7 = VY], — [V = V)2

O ey

Hence for every stopping time 7 and p € N,

T—

~ 1 ~ ~ p
Bsup X7 - XY < 2”4”1{E<% | 1xz - Ry d(var(K7), + Var<Ky>s>>
t<rt
- 0

t
A~ —_ p
+ 2PEsup S(Xf_ — XY )d(Ms — M,)
t<t 0
¢ P
+ 2PE sup S(XSI* - XY )d(V, = Vy)| +E[Y® - Yy]g}-
t<t 0

Next by the Burkholder—Davis—Gundy and Schwarz inequalities

t

—

~ p
Esup| (X2 - X¥)d(M, - M,)
t<rt 0
T Sy 1o —— \P/2
< ep)B( JIx2 - XV 2a[v - M),
0
< c(p)(Esup | X7 — XY_[*P)V2(BIM — M]2)'/2,
s<Tt
and
¢ P
Esup | (X2 = XV )d(V, - V.)| < Esup|XZ — X |P Var(V — V)2
t<rt s<T

< (Bsup X7 — XL_[PP)2(B Var(V - V)2)!/2,
s<Tt

By simple calculations
E[Y® - VY2 < 3*{Jx — y|** + E[M — MI2 + B[V — V]?}
< 37{|z — y|*’ + E[M — M]? + E Var(V — V)?}.
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If rg < 400, then there exists a constant ¢(p, a,ro) such that,

17 = - P
(— | X2 = XY d(Var(K*), + Var(Ky)s)>
To
0
<c(p,a,mo) | [X7 = XV d(Var(K™), + Var(KY),).
0

If we define

u= (Esup|X} — )?y|2p)1/2,
t<t
by = (Jz — y|>" + E[M — M)? + E Var(V — V)22)1/2,

1 ~ ~
by=—E | [XZ = XV d(Var(K?), + Var(KY),),
To
0

then from calculations we deduce that there exists a constant C; such that
u? < Oy (bg + 2byu + b7).

Since 0 < by, u < +oo it is clear that u? < Cy(by + b?) for some constant Cy. To finish
the proof it is sufficient to use Lemma C.2 of the Appendix. If we set in Lemma C.2,
Y} = supgepn, | XE — XY|?P, Y2 = Co(Var(K®)ino + Var(K¥)in,) < C22a + 1 then the
proof of (i) is complete.

(ii) follows from (i) and the Burkholder-Davis—-Gundy inequality.

(iii) can be deduced from (ii) with the use of the version of Metivier—Pellaumail
inequality proved in Pratelli [Pra83] and the arguments from the paper of Chaleyat-
Maurel, El Karoui and Marchal [ChKM80]. =

COROLLARY 9.2. Assume D is a convex subset in R%. Let Yy, f’oy €D and let processes
Y””,l/} fulfil (9.1) and (9.2), respectively, where M, M are square integrable martingales
and V, V are processes with square integrable variation. Then the estimates (i), (i) and
(iil) are true.

Proof. It is clear that in this case the condition (A) is satisfied with g = +o0.
Let 7, = inf{t € R" : | XZ| or |[X?| > k}, k € N. Then of course X"™~, X!~ € Dy,
where Dy, = DN {x € R¢: |z| < k}. Next, due to Theorem 9.1(iii), for every k € N (the
condition (B) is satisfied for every bounded and convex set) we have

E sup |Kf— K[>
t<TpNo

o~

< Cylz —y[* + E{(M — M)? +[M — M)

(TeNo)— (TeNo)—

+Var(V - V)?* 1

(T No)—
Since C}, does not depend on § and 5 and 7, T +o0, letting k T +00 we get (iii) for every

convex set in R%. Similarly,

Esup|K? — K}/|* = lim Esup |K)7 — KJ)7?P
t<o k—+oc0 t<Tg
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Tk— Tk —

< Cplla —y* + lim E{(M7 — M)+ (M7~ M)

+ Var(Ve — V)2 _}}
= Cp{lz — y[** + E{(M — M) + [M — M2 + Var(V — V)%}}
< (Cp + pP){|x — y|* + E{[M — M2 + Var(V — V)?}}

and we obtain (ii). Finally, the estimate (i) is an obvious consequence of (ii) and of the
Burkholder-Davis—-Gundy inequality. m

9.2. Flows of solutions. In this section we discuss the SDE’s with reflecting bound-
ary of the form

t
(9.4) Xf=a+H +\f(X2)dZ,+ Kf, teR*, zeD,
0

where Z is an (F;) adapted semimartingale and H an (F;) adapted process, Zyg = Ho = 0.
The flow of SDE (9.4) is a function D > z — X* € D(R*,R9).

THEOREM 9.3. Assume the conditions (A) and (B) are satisfied. Let f be Lipschitz
continuous and bounded, i.e. there exists a constant L > 0 such that || f(z) — f(y)]| <
Lz —yl|, | f(z)|| < L for all z,y € D. If |AH| + L|AZ| < ro, Hy € D then there exists a
function X (t,w,z) on RY x 2 x RY such that

(i) for each x € D the process X (w) = X (t,w, x) is a solution of (9.4);
(ii) for almost all w € §2, the flow x — X*(w) from D into D(RT,R?) is continuous
in the topology of uniform convergence on compact sets.

Proof. By Theorem 8.3 we know that for every 2 € D there exists a unique strong
solution to the SDE (9.3).

Assume we are able to prove that there exists a sequence {7} of stopping times such
that limg 1o Pl < q] =0, ¢ € RT, and

(9.5) Esup | X} — X} <CPlz —y|*, =z,y€R, peN,
t<Tg
Then Kolmogorov’s lemma (see e.g. [Pro90, Theorem 53, Chap. IV]) implies the result.
It remains to show that {75} in (9.5) exists. First, let us note that by the arguments
from the proof of Theorem 7.2 and Proposition 7.6 for every compact set K C R? there

can be found a sequence {ox} of stopping times such that limg_, o Plor < ¢] = 0,
g € RT, and
(9.6) sup sup Var(K®); < k.

zeK t<oy

Define for fixed a € R,

T = o Anf{t; Var(J*), V [M°]s V (M%), V Var(B*), > k}
Ainf{t : |AH,| + L|AZ| > ro/4}, keN.

The inequality (9.5) can be shown with the use of Theorem 9.1 and the methods from
the proof of Lemma 3.3. m
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Let {Z"} be a sequence of (F}*) adapted semimartingales, and let { H"} be a sequence
of (F]") adapted processes, Z = Hj = 0. Assume {X"™*} is a family of solutions to the
following SDE:

t
(9.7) X" :x+H?+Sf(X§f)dZQ+K;W, teR", neN, zeD.
0

THEOREM 9.4. Assume the conditions (A) and (B). Let {Z™} be a sequence of (F{")
adapted semimartingales satisfying the condition (UT) and let {H"} be a sequence of (F}')
adapted processes. Let {(X™%, K™7%)} be a family of strong solutions to the SDE (9.7),
where f is Lipschitz continuous and bounded, i.e. ||f(x)|| < L, || f(z) — f(y)|| < L|z — y]
for x,y € D. Then

(i) if (H™, Z") —p (H,Z) in D(RT,R?) and |AH| + LIAZ| < rq then

sup d((X™T K™ H™ Z"),(X® K* H,Z)) — 0,
z€KND P

for every bounded subset K C R?,
(i) f supye, | By — Hy| —p 0, suppe, |2 — Zi] —p 0, q € R*, and |AH| + L|AZ)|
< 1o then
sup sup|X;"* = X[| =0 and sup sup|K;"" — K| =0,
z€KND t<q P z€KND t<q P

for every bounded subset K C R, q € R*, where (X*, K®) is a family of strong solutions
to the SDE (9.4).

Proof. (i) By Corollary 8.4,
(9.8) (X™* K™* H" Z") = (X*,K* H,7Z) inDR",R), zeD.

On the other hand, by the arguments from the proof of Theorem 9.4, there exist arrays
{{7'}} of stopping times and {{C}}} of constants such that

lim limsupP[r}’ < ¢ =0, gqeRT,
k—+00 n—+4oo
and
(9.9) limsup E sup |X;"" — X"Y|? < CPlz —y|**, x,y€R, peN.
n—-4oo t<7';‘

Finally, we repeat the arguments from the proof of Theorem 3.1.
(ii) In view of (9.9) we deduce (ii) from (i). m

10. Numerical schemes for SDE’s with reflecting boundary

10.1. Euler schemes for SDE’s with reflecting boundary. In this chapter we in-
vestigate LP convergence as well as almost sure convergence of time-discretization schemes
for d-dimensional stochastic differential equation (SDE) on a domain D with reflecting
boundary condition. Given a function f : D = DUOD — RI@R?, flx)={fij(®)}i =1, .4
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we consider the following SDE:

t t
(10.1) Xi = X5+ >\ i (X)) awi + \ gi(X,) ds + K,
0

Jj=1 0

i=1,...,d, t € R, where Wy = (W},...,W2) is a d-dimensional Wiener process,
Wo =0, X; = (X},..., X{) is a reflecting process on D and K; = (K},..., K@) is a
bounded variation process with variation Var(K), increasing only when X, € 9D (the
precise definition was given in Section 8.1). In [Tan79] and [Sai87] it is proven that if f, g
are Lipschitz continuous and bounded on D, i.e. there exists a constant L > 0 such that
for every x,y € D,

(10.2) 1 (@) = FW)ll +lg9(x) —g(y)| < Llz —yl,  [[f (@), lg()] < L,

where || - || denotes the usual norm in the space of linear operators from R? into R?, and
the conditions (A), (B) from Section 6.1 are satisfied, then there exists a unique strong
solution to the SDE (10.1).

Let us consider the sequence {T},} of partitions of R* with the property

(10.3) mgx(tnk —tnk-1)<1/n, neN.

In the present chapter we assume that D is either a convex set or a general domain
satisfying the conditions (A) and (B), and we consider Euler and Euler-Peano schemes
for the SDE (1). More precisely, we investigate the approximations { X"} and {X"} which
are the solutions to the appropriate SDE’s with reflecting boundary conditions

t t

(10.4) Xp=Xo+ | F(X0)awe” + \g(X0)do? + K7, t R,
0 0

and
t t

(10.5) Xp=Xo+ | F(X2yaw, + \g(X") ds + K, teRY.
0 0

It has been observed in Chapter 8 and [Sai87, pp. 473-474] that

sup|)??—Xt|—>O, g €RT,
t<q P

and

sup [ X]' — X¢| =0, q€R",
t<q P

respectively. Note that if D = R? then X7 = X™¢" and (10.4) is a classical Euler
scheme first considered in Maruyama [Mar55] (see also Section 3.3). In the case D # R?

the equality X7 = xp " need not be satisfied. In this case the rate of mean-square
convergence in the above schemes was considered before only if D = Rt x R?~! by
Chitashvili and Lazrieva [ChLa81], Kinkladze [Ki83] (the scheme (10.4)) and Lépingle
[Lép93] (the scheme (10.5)). Let us observe that in this case we can write down the
explicit formulas for the solutions X™ and Xn.

EXAMPLE 10.1. Assume D = RT x R?1. Then the solutions X" and X™ have the
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following forms:

i _ {?’;*1 —OAInfac, Y if =1,

Y ifi=2,....d,
where
X(Z) ift e [O,tnl[,
Nt N, d n j i
Yt - Ytn,k—l + ZjZl fij(Ytn,kfl)(Wgnk - th,k—l)
+0i(YT, )tk — tn—1)} if t € [tokstn k1],
and N R
i _ Y — 0 Ainf,c, VU if i =1,
Loy ifi=2,...,d,
where _
Xi if ¢ =0,
Un.i o on,i d on ] j
i =qY, +2j:1 Fi (Y )WY = Wi )
+gi(Y;Zk)(t—tnk)} ifte ]tnkutn,k-l-l]' [ ]

In this chapter we give the rate of LP as well as of almost sure convergence for
the schemes (10.4), (10.5) for domains more general than the half-space. Apart from
the conditions (A) and (B), we will consider the following condition (3) introduced by
Tanaka [Tan79]:

(8)  There exist constants ¢ > 0 and § > 0 such that for every x € 9D we can find
xo € D such that B(zg,e) C D and |z — xo| < 4.

Remark 10.2 ([Tan79]). If D is a convex domain in R? with nonempty interior then
ro = +0o and the assumptions (3), (A) and (B) are satisfied for d = 1,2. For d > 2 there
exists a sequence { Dy} of bounded convex sets satisfying the conditions (3), (A) and (B)
such that Dy 1D. In this case (3)=(B) and we can put Dy = DN {z € RY : |z| < k},
ke N.

Now, let W be an (F;) adapted Wiener process. We will say that the SDE (10.1) has
a strong solution if there exists a pair (X, K) of (F;) adapted processes such that (X, K)
is the solution of the Skorokhod problem associated with

Xo+ | F(X0) dW, + | g(X,) ds.
0 0
If any two (F;) adapted solutions (X, K), (X', K’) on (£2, F, P) of the SDE (10.1) satisfy
Pl(X,K)=(X',K') : te R*] =1 then we say that strong uniqueness holds for the SDE
(10.1). Similarly we will say that the SDE (10.5) has a strong solution if there exists a pair

(X", K™) of (F;) adapted processes such that (X™, K™) is the solution of the Skorokhod
problem associated with

Xo+ | X2 dw, + | g(X20") ds.
0 0
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Let (]—"tgn) be a discretization of (F%), i.e. ]__tgn =Fiwr t € [tnk, tnkr1[. We will say that
the SDE (10.4) has a strong solution, if there exists a pair (X", K™) of (F£") adapted
processes such that (X™, K™) is the solution of the Skorokhod problem associated with

Xo+ | F(X0)dwe" +{g(X) dob.
0 0

It is easy to prove that the pair (X", K™) defined by the recurrent formula

Xo ift €10,tn1],
Xy = QIXp A )Wy = We )
(X7 bk —tos-Dlo i 1€ [tk tust [
and
0 if t €10,tn1],
Kl =qKp ,  +X7—-X7

_{f(X?n,k,l)(thk - th,k—l) + Q(X?n,k,l)(tnk - tn,k—l)} ift e [tnkv tn,k-‘rl[
is a strong solution to (10.4) on the interval [0, y,[, where v, = inf{t : |[AWE | + 1/n >
ro/L}. If D is a convex domain then due to [Tan79] strong uniqueness for the SDE (10.4)

holds, too. L N
Now we use recurrence to construct (X", K™). We put Xy = X, and then for ¢ €

[0, tn1], ()A(f, IA(,?) is a solution to the Skorokhod problem associated with
Xo + f(Xo)We + g(Xo)t

(we know that under our assumptions on the domain D the solution really exists and is
unique). If we have defined (X[, K) for t € [0, t,,x] then for t € [tnk, tn k+1], (X7, KJY) is
a solution to the Skorokhod problem associated with

X T FXE)We = We ) + 9(XT ) = )

By construction, strong uniqueness for (10.5) holds for every D which is either convex or
satisfies both (A) and (B).

10.2. Convex domains. In this section we assume that D is a convex domain in
R?. We would like to stress that in this case, due to Corollary 9.2,

Esup |X; — Xo|*? < CpdPL*(¢” + ¢°F).
t<q

Let (X™, K™) be a solution of the Skorokhod problem associated with

n n

Xo+ | SO AW, + | g(x.)ds
0 0

Using once more Corollary 9.2 and the Burkholder—Davis—Gundy inequality gives

J

n n

Bsup|x; — ol < C,B{[ | f(X)dw] "+ | ] otx.)ds
0 0

t<q
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p}
oq

< C(p, d)E{ sup | | £(X,)

t<eg 'y

2p )
7 | Satx as
0

= C(p7 d7 L7 Q) < +OO
Notice that Corollary 9.2 implies also integrability of

sup | X7 — Xo|*? and sup |)?t” — Xo|?.
t<q t<q

PROPOSITION 10.3. Assume D is a convex domain in R:. Then for every sequence
{Tn} of stopping times
Esup| X" ™ — X% = O(Esup | X/ — X"™7|*!), q¢€R', peN.
t<q

t<q

Proof. For every ¢ € R?,
Esup|X]"™ — X, %

t<q
t
<3 B sw |{xm) - f(Xe))awe”
t<gNATy 0
t
2p —=n12
+\(o(x L))dol|T B sup K- KP4l
0 t<gNATn
1{11 + 13 + T},
where
oy or 2
L= B swp | | (F(X0) = FX)) AWy + [ (9(X) = g(XT)) ds
AT g 0

By the Burkholder—Davis—Gundy inequality,
t

< B sup |[70X) - £ W + (90X — g(X2 ) ds|
qN\Tp, 0 0
< Bsup | {(FOX) = X2 W, + (o) — g ) as|
<q'y 0

< C(p,d,L,q)Eigp | X7 — X = Cop, d,L,q)Eggp | X7 — X
=q q

d
arn t t .
i< { sw |§XE) — ) AW+ f(o(X0) —o(X2))ds| |
qN\Tn 0 o
q q
SC(p,d,L,q)E{(SngX”T" Xor [ ds)” +(§sup|X"T" —)Tgfﬂds)%}
OU s Ou s

q
< C(p, d,L,q)SEsup | X — YZ’T"7|2P ds.
0

u<s
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For every 7, define
opn = min{t,g : thg > Tn}-

Then by simple calculations o, is an (F¢") stopping time such that for every (F¢")
adapted step process Y (i.e. of the form ;=Y ,,t € [tnk, tn k+1]) we have Y™ =Y~
and sup;  n-,. |Yi|=8up; 4o, [Yi]- Therefore by using Corollary 9.2 and the Burkholder—

Davis—Gundy inequality we get
Iy = sup |KP— K[

< O(p)E{ H(f(Xs"—) - f(X70) dng”Kqun%
0
+ <§(f(Xg) - f(X1) dngn>z()an),
. \§<g<xg> x|’ e
< O(p,d,L,q)E{ H(f(XgLf"*) - f(X27)) dWs"nE

0
q
+ SESLip | X7 X2 g ag}
0 u<s
t

< Cp.d. L) E{ sup | {(£(X177) = F(X0T7)) dW,

t<q 'y

2p
q

u<s

q
+\ Esup | X2 - X0 PP ds + eg}
0

q
< C(p.d. L){ | Esup | X7~ = X7~ ds 423 |
0

u<s
where
= EHE F(X,) dW —§f(X”_)dW£”qu)_
+ <§ F(X3)dW, — §f<X§> de”any
" E‘ Qg 9(Xs)ds — §g(X§_)d9? j:m>,}

< C(p,d,L,q)Esup |X]" — X" |*P.
t<q

From the above estimates, it is clear that there exist two constants C; and Cy such that
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for every q € RY,

Bsup | X[7" = Xpm
t<q
q
< CiEsup | X[ — X" PP 4 Cy S Esup | X"~ — XM~ |2P s,
t<q 0 u<s
To finish the proof we use Lemma C.2 of the Appendix. If we set in Lemma C.2, hy =
Esup,, | X{"™" = X" ?P, kq = Caq we obtain

Esup|X;"™ — X} 7| < C1Esup | X[ — X7 |* exp{Caq}
t<q t<q

and the proof is complete. m
THEOREM 10.4. Assume f, g satisfy (10.2) and {T,} satisfies (10.3).
(i) If D is a convex polyhedron then

Esup | X} — X’ = O(1/nP™¢), &>0, g€ R, peN.
t<q

(ii) If D is a convex domain satisfying the condition (3) then

Esup | X — X,|* = O(1/nP/?7%), >0, geRT, peN.
t<q
(iii) If D is any convexr domain then there exists a sequence {T,} of stopping times
such that T, —p +00 and
Esup | X" — X[ > = O(1/nP/?7%), >0, g€ RY, peN.
t<q
Proof. (i) Due to Proposition 10.3 (with 7,, = +00,n € N) it is sufficient to prove
that
Esup | X' — X¢|*? = O(1/n?"¢), &>0, g€ R".
t<q
Next, by [Duls91, Theorem 2.2] there exists a constant ¢(p) > 0 such that

t t
2p
(10.6) sup [ X7 — X, < c(p)sup | | F(X) dW, + | g(X,) ds

t< t<
>~q >q or

o
and therefore in order to prove (i) it is enough to use the following simple lemma:

LEMMA 10.5. Let H, G be two predictable processes with values in R ® R? and RY,
respectively, such that sup,<, || H¢||,sup,<, |G¢| < L < 400 for some constant L > 0 and

let Y be a process with continuous trajectories of the form Y, = Sg H,dW, + Sg Gs ds,
t € Rt. Then

Esup|Y; — V2| < Bwy(1/n,q) = O(1/nP™%), q€R", peN, £>0.
t<q

Proof. Without loss of generality we may and will assume that d =1, g = 0. Then
S(t) H;dWs = B o A, for some standard (possibly stopped) Wiener process B and A

defined by A; = Sg HZ2ds. Hence Ay — As < L2(t — s), A, < L?q and
wpoa(8,q) < wp(6L?, Lq).
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Since

Plwp(8L2, L2q)% > y) < 16LV5((q + 26)/6) - (_ yl/p>

- w/277y1/17 85[/2

(see e.g. [Ute81]), we can write

o0 L2 2p
P~ Bwp(L?/n, [P < 1+nP~¢ | 73<wB <7,L2q> > y> dy

n—pte

T 16L 2
<14n"°¢ S Mexp<—i)ypldy

-, V2my 8L2
<1+4C(p,L,q,m)n S exp(—i>yp1dy
— b) b) ) 8L2

77,*5/?

8L2

(ii) For a general convex domain we have the following inequality [Tan79, Lemma
2.2]:

<14+ C(p,L,q,m)nexp ( - n_) =0(1). m

t t

2p

sup | X7 — X, < C(p){ sup | | £(X0) dw, + | g(X,) ds

t<q t<q or or
t t

+sup| | F(X) aw, + | g(x.)ds
t<q ' n
Oy [

(Var(K™)p + Var(K)1) |

instead of (10.6). Therefore by Schwarz’s inequality we have

2p

t<q

t t
Esup X[ = X, < Co){ Esup| | (X0 aW, + | g(X,) ds
=g oy
¢ ¢ 2p\ 1/2
+ (Bsw | | rex)aw, + § g(x,)ds| ")
=gy oy
x (E Var(K™)% + EVar(K)gp)1/2}.

To finish the proof in view of Proposition 10.3 (as before with 7, = +o00,n € N) and
Lemma 10.5, it is enough to show

(10.7) EVar(K)? < +00
and
(10.8) supEVar(K")gp < +o00.

Now, let Y be a process with continuous trajectories and let (X, K) be a solution of
the Skorokhod problem associated with Y. Due to [Tan79, 2.11(b)] there exist constants
c¢,h > 0 such that if n is so large that wy(,)(1/n,q) < h then

(10.9) Var(K(w)), < (ng + 1)cilip Vi (w)], wen.
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Define
N =inf{n e N:wy(1/n,q) < h/2} — 1.
Then if N > 1 we have

(10.10) h/2 <wy(1/N,q) < h

and

(10.11) Var(K) < c(p)(Ng + 1)% sup Y|P
=~q

By Lemma 10.5 and (10.10),
EN?" < (h/2) " EN*wy (1/N, q)%"

= (h/2)"% Z En**wy (1/n,q)*1{n_n)

n=1
< (h/2)7% Zn72p+sn4p75Ewy(l/n,q)8p < 400
n=1

for every p € N. In view of Schwarz’s inequality, (10.7) is immediate from (10.11). On the
other hand, it is known that (10.9) is true also if w () (1/n,q) < h and Y is any process

with trajectories in D(R*, R?) (see e.g. [AnLi89]). Since by simple calculations
wg/en (hu Q) S WY(}L, q)u
it is clear that
Var(K")? < e(p)(Ng + 1) sup [V [, n €N,
t<q
and by the arguments used previously the property (10.8) easily follows.
(iii) Define 7% = inf{t € R* : | X;| + | X*| + |X?| > k}, n,k € N. Then of course
(10.12) lim limsupP(tF < ¢) =0

k—400 n—4oo0

and for fixed k € N, X;’I‘C,X:’TTI‘C_,)_(?’TS_ € Dy.. Since Dy, satisfies the condition (3) (see
Remark 10.2(ii)), from the proof of (ii) we deduce

k k
Esup |X;"™" — X" =O01/nP/*7%), £>0,qeR", keN, peN.
t<q

Hence, due to Proposition 10.3, also

R Sk B
Esup | X" — X" =01 /nP/*7%), >0, qeR", keN, peN.
t<q

Since € > 0 can be chosen as small as desired, we have in fact the convergence

D) =n,7F— Tk 20
(10.13) sup nP /2 Esup | X} — X["|* =0
p'<p t<q

for every e > 0, k € N, g € R* p e N. Set

, .k k
ank(et,q,p) = sup n? P Esup | X} — X[ P+ P(rF < q)
p/<p t<q

for every e >0,k € N, g € RT, p € N. Now we use the following lemma:
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LEMMA 10.6. Let S = Hé’:l Sj, where S; are N or RT. Assume that for every a € S,
{{ank(@)}} is an array of nonnegative numbers such that

(10.14) lim limsup ani(e) =0, @€,

—X n—oo

(10.15) a<ad = ank(@) < ank(a).
Then there exists a sequence {kn} with k, T +oo sufficiently slowly for which

ank, (@) =0, «a€S.
Proof. For every m € N there exists a number ¢(m) > ¢(m —1) (¢(0) = 1) such that

for all k > ¢(m),

lim sup apk((m,m,...,m)) < 1/m,
n—-+4oo

where (m,m,...,m) € S. Set ag, = (m,m,...,m) if k € [e(m),c(m + 1)[, m € N Then

LN
and ay T 4o00. Similarly, for every m €N there exists a number b(m) > b(m—1) (b(0) = 1)
such that for n > b(m),

U () < 21im sup appm (@ ).
n—-+o0o

Finally, if we set k, = m for n € [b(m),b(m + 1)[ then a, , (ax,) — 0 and the desired
result follows by (10.15). m

By (10.12), (10.13) and Lemma 10.6 we can choose sequence {k,} with k, T 400
sufficiently slowly such that

Qnk,, (Eilaqvl)) — 0 and Tflfn ;’ +o0.

Thus, setting 7, = 7%

Remark 10.7. As observed in [Duls91, Prop. 4.1], the estimate (10.6) is true only
for a convex polyhedron with nonempty interior. Therefore it seems to be impossible to
obtain the rate of convergence O(1/nP~¢) for other convex domains in R9.

COROLLARY 10.8. Assume f, g satisfy (10.2) and {T,,} satisfies (10.3).
(i) If D is a convex polyhedron then

n n € N, we complete the proof. m

nt*Fsup | X7 — X;| =0 P-a.s., € >0, g€ R
t<q

(ii) If D is a convex domain satisfying the condition (3) then

n'/4=% sup X7 — X4 -0 P-as.,e>0, geR".
t<q

(iii) If D is any convexr domain then there exists a sequence {T,} of stopping times
such that 7,, —»p +00 and

nt/4—¢ sup X7 - X" =0 P-as,e>0, g€ R,
t<q
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Proof. (i) Due to the Borel-Cantelli lemma it is sufficient to find a sequence {a,}
with a,, | 0 such that

oo
> P2 sup X - Xi| > o) < +oc.
n=1 t<q

Let p be so large that 2pe > 1. Set &’ = (2pe —1)/4, aty = n~<'/22. Then by Chebyshev’s
inequality and Theorem 10.4(i) used for ¢’ in place of ¢,

oo oo

_ 1 _
> PP sup X7 - Xi| > an) <) —— EnP e sup X7 - X[
n=1 t<q n t<q

n=1

oo

<C(p,d,L,q) )

n=1

= O(p’ d7 L’ q) Z n_2p8+2€/ *

n=1

1 np72ps

n=¢ np=¢

Since —2pe + 2¢’ < —1, the proof is finished.
(ii), (iii). It is enough to use Theorem 10.4(ii), (iii), respectively and to follow the
proof of (i). m

COROLLARY 10.9. Assume f, g satisfy (10.2) and {T,} satisfies (10.3). If D is a
conver domain then
(i) Esup,<, | X7 — X -0, g€ RT, peN,
(i) n'/4 = sup,c, | X7 — X¢| =p 0, ¢ € RT, £ > 0.
Proof. In view of Corollary 10.8(iii),

np/z_asup|)_(f—Xt|2p—>O, geRT, peN, € >0,
t<q P

and we get (ii). Then to prove (i) it is enough to observe that by Corollary 9.2,

sup Esup | X} — X/’ < +o0, peEN. m
n t<q

THEOREM 10.10. Assume f, g satisfy(10.2) and {T),} satisfies (10.3). If D is a convex
domain then R
Esup |X;" — X|** = O(1/nF), q€RT.

t<q

Proof. For every t € RT,

t t
~ ~ ~ 2p
BIXp - X7 <3 B[ {(F(R), — F(X0) W, + {(9(X2) - 9(X,)) ds|
0 0
+ E|K! — K, |*
t

+ B Ry = F(R2) W, + ((g(R1) = g(R2)) ds
0 0

”

=3I+ 1D +e,).
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It is clear that .

I{l < C(p7 daLaq)SEL)?: - XS|2p ds
0

and
t

en < Clp,d, L,q) | EIX"" — XI™ ds.
0

Let s € Jtnk, tnk+1],8 < g. Then of course X:f’n = X{flk. By Corollary 9.2 for F; , +.
adapted processes we have

2p

)

EIX" —X"® < O,E xeyaw, | ey
%7, - %o < o B{[ § ey aw] + | §a@pe) as
tnk tnk

S C(pa d7 L7 q)/np

Hence for every s < gq,
(10.16) B|IX" - X' < C(p,d, L,q)/n”.
On the other hand, by Corollary 9.2 once more,

I3 < Esup |Kp — K|
t<q

Zp}
q

< @{E[S(f(fc:f") ~ ) aw] + x| f(o(%2") — () ds
0 0
<C(p,d, L, q){ §E|)?s” — X, |*" ds + §E|)?§f’” — X ds}_
0 0

Putting the above estimates together we see that for every ¢t < ¢ there exist constants
C1,C5 > 0 such that

t
BIX] = X" < Oy /n? + Co | EIXD — X[ ds,

0
hence by Lemma C.2 of Appendix C,
S C
(10.17) sup E|XI — X% < =X exp{Caq},
t<q np
which, when combined with (10.16), yields
(10.18) sup B| X" — X,|? = O(1/n?), qe€R".

t<q
Finally, by the Burkholder-Davis—Gundy inequality and (10.17),
t

VFXme) = £(X)) aws

<
t<q 0

—~ 2p
Esup | X — X < 3”_1{Esup

t<q

t
n

+ Esup| {(g(X7") - g(X,)) ds

2p ~
s +Esup|Kf—Kt|2p}
t<q 'y

t<q
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q
Cp,d, L, ){ | BIXY = X, ds + Bsup| K} — Kif*}
0 t<q
q N q N
C(p,d, L,q {SE|X:;9 ~ X7 ds+ | EIX7 - X, ds}—i—(?(l/np),
0
and thus, in view of (10.17) and (10.18) the result follows. m

By using the arguments from the proof of Corollary 10.8 we can easily deduce from
Theorem 10.10 the following rate of almost sure convergence.

COROLLARY 10.11. Assume f, g satisfy (10.2) and {T,} satisfies (10.3). If D is a
convexr domain in R? then

n'/?=% sup |)?f — Xy =0 P-a.5,e>0 gcR". m
t<q

10.3. General domains. In this section we assume that D satisfies the conditions
(A) and (B). In that case, if rg < +00, the processes | X; — Xo|??, | X7 — Xo|?, | X — Xo|?P,
and |)A(t”—X0|2p are not necessarily integrable. Therefore the results are weaker than their
analogues in Section 10.2.

THEOREM 10.12. Assume f, g satisfy (10.2) and {T},} satisfies (10.3). If the conditions
(A) and (B) are satisfied then there exists a sequence {T,} of stopping times with T, —p
oo such that

Esup | X" — X[|>P = O(1/n?/?7%), >0, g€ RY, peN.

t<q

Proof. Define
r,’j_inf{ |K|t+|K"|t+|K”|t>kor|AWf|+ >4L} k,n €N.

Due to [Sai87, Proposition 3.1],
(10.19) lim limsupP (7% <¢) =0, qeR".

—00 n—oo

By using the arguments from the proof of Proposition 10.3 we show that

k _ k_ ok nork_
(10.20) Esup |X;"™" = X" |* = O(Esup | X" — X" |?).
t<q

t<q

On the other hand, since |AK™n T ~| < ro/4, it follows by [Sai87, Lemma 2.3(i)] that

t<q

t t
n,7k— 7k 2p
sup X7 = X7 < o sup | § ) aw 4 ) ds
t=a oy oy
t

tsup| | F(X)dWs + § g(Xo) ds| (V™08 4 Var(K7))

t=a o; oy
1 o n, 7k — k b
+<T— | 1xem - X v (i), +Var(KT")S)) }
0

0
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By the definition of 7%, Var(K"’T:f_) < k and Var(KT:f) < k. Therefore by using
Lemma C.2 we have

t t
(10.21)  sup |X;"™" = X[ < Clp, k) sup| | F(X,)aw, + | g(X,) ds
t<q

t<
=q oy

2p

+ sup
t<q

Because of Lemma 10.5 and (10.21),

k k
Esup X" — X" =O1/nP/*7%), >0, qeR", keN, peN.
t<q

Next, in view of (10.20)

—n R ok _
Esup | X" — X[ =O01/nP/*7%), >0, qeR", keN, peN.
t<q

Hence

/2 n ‘rk— ‘1"c 2
(10.22) sup P /2 CEsup | X} — X["|* =0
pI<p t<q

for every € > 0, k € N, ¢ € RT, p € N. Finally, the result follows from (10.19), (10.22)
and Lemma 10.6. m

From the above theorem we can deduce easily

COROLLARY 10.13. Assume f, g satisfy (10.2) and {T,} satisfies (10.3). If the con-
ditions (A) and (B) are satisfied then

i) there ezists a sequence {T,} of stopping times with T, —p +00 such tha
i) th St q topping ti ith h that

nt4 " sup | X — X" -0 P-as, keN, >0, geRT,
t<q

(i) n1/4*5sup|)_(?—Xt| -0, keEN, >0, ¢gcR". u
t<q P

THEOREM 10.14. Assume f, g satisfy (10.2) and {T},} satisfies (10.3). If the conditions
(A) and (B) are satisfied then there exists an array {{TF}} of stopping times such that

lim limsupP (7% < ¢) =0, g¢q€R",

—00 n—oo

and
Esup|)A(f’T”:_—X;S|2p:(9(1/np), g€RT keN.

t<q
Proof. It is sufficient to put 7%F = inf{t : Var(K"); + Var(K); > k} and use the
arguments from the proof of Theorem 10.12. m
Theorem 10.14 and Lemma 10.6 immediately lead to the following

COROLLARY 10.15. Assume f, g satisfy (10.2) and {T,} satisfies (10.3). If the con-
ditions (A) and (B) are satisfied then
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(@) there exists a sequence {Tn} of stopping times with 7, —p +00 such that

n'/2=Csup | X" — X["| -0  P-as,keN, e>0, geR",
t<q

(ii) n*/?>“sup | X' = X;| =0, keN, >0, gcR". »
t<q P

10.4. Some generalizations. In the present section we discuss more general se-
quences of partitions on R*. Let us consider an array {{¢,x}} of nonnegative num-
bers such that in the nth row the sequence T}, = {t,i} forms a partition of RT with
0=1tno <tpn1 <..., limp_ o tpr = +00 and

(10.23) max(tng — tnx—1) <1/n% neN, a>0.

In the sequel we restrict our attention to the Euler scheme for the SDE (10.1). However,
by using more general sequences of partitions of RT satisfying (10.23), one can obtain
analogues of our results for the Euler—Peano scheme, too.

THEOREM 10.16. Assume f, g satisfy (10.2) and {T,} satisfies (10.23).
(i) If D is a convex polyhedron then

oo
an(o"s)Esup IXT — X4 < 400, e>0, e R p>1/e.
n=1 t<q

(ii) If D is a convex domain satisfying the condition (3) then

o0
an(o‘fs)/zEsupp_(?—XtFp<+oo, e>0,ge R p>2/e.
n=1 t=q

(iii) If D is any convexr domain then there exists a sequence {T,} of stopping times
such that T, —p +00 and

o0
an(o‘fs)ﬂEsup X7 — X[ <400, €>0, geRT, p>2/e
n=1 t<q

Proof. (i) Due to Proposition 10.3 (with 7, = +o00,n € N) it is sufficient to prove
that

Z nP@= ) Bsup | X] — X3/ < +00, ¢€R'.
n=1 t<q
By (10.6) in order to prove (i) it is enough to show that for p > 1/e,
¢
2p
| F(x)aws + | g(X,)ds| " < +oo,

om

oo t
(10.24) > e Esup
n=1 t<q K oy

Without loss of generality we may and will assume that d = 1, g = 0. Then Sf) f(Xs) dWs

= B o A; for some standard (possibly stopped) Wiener process B and A defined by
A = Sf) f(X5)?ds. Hence Ay — As < L?(t — s), Ay < L?>q and

t
sup S f(Xs) dWy

t<
=q or

S WBOA(niaa q) S wB(niaL27 LQQ)
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Let p be so large that pe > 1. Set § = (pe — 1)/2. Since
16Ly/n—e (122 ) yl/p
\/ 2myt/p P 8n—*L?

Pwp(n™“L? L%q)*? > y) <

(see e.g. [Ute81]) we can write

Z np(afs)EwB (’rLiO‘LQ, L2q)2p
n=1
<> ety " pplee) S P(wp(n™*L* L*q)* > y)dy
n=1 = n—pratd
oo - oo - 00 1 y -
< pe+0 C L a—pe I p—1 d
= ;n + (p7 7q)ngln §/ \/mexp 8L2 Y Y

o]
<Zn P+ C(p, L, g, ) Z n) exp(—n’/?) < 400,

n=1
where P(n) is some polynomial in n € N.
(ii) For a general convex domain we have the following inequality [Tan79, Lemma 2.2]:

t t
2p
sup | X7 = X, < C(p){ sup | | F(X,) W, + § g(X,)ds

t<q t<q

oy

t t
+sup| | F(X) W, + | g(X.)ds

t<q

(Var(K™)p + Var(K)p) |

instead of (10.6). Therefore by Schwarz’s inequality we have

Esup | X} — X < C(p){ Esup

‘Qp
t<q t<q

t t

| rxyaw, + | g(x.)ds
oy oy

t t

2p\ 1/2
+(Eswp S FX0) W, + § g(xX,)ds| ")

x (E Var(K™)% + EVar(K)gp)1/2}.
On the other hand, from the proof of (10.24) it is clear that for p > 2/e,

1/2
) < +o00.

[e’e) t t 9
(10.25) > w92 (Bsup| | f(X) AW, + § g(X,)ds 3
n=1 t<gq

n

o oy

Therefore to finish the proof in view of Proposition 10.3 (as before with 7, = +00,n € N)
it is enough to observe that

(10.26) EVar(K);? < 400, supE Var(K")?? < +oc.

(iil) Tt is sufficient to use (10.25) and to follow the proof of Theorem 10.4(iii). m
Theorem 10.16 immediately leads to the following
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COROLLARY 10.17. Assume f, g satisfy (10.2) and {T,} satisfies (10.23).
(i) If D is a convex polyhedron then

nla—e)/2 Sup<, |IX? — X¢| =0 P-as, €>0, g€ R,
np(a_a)ESUPtSq |)_(?_Xt|2p _)07 €> 07 qERJ’_? pEN

(ii) If D is a convex domain satisfying the condition (3) then

nla—e)/4 SUps<y | X7 — X¢| =0 P-as., >0, geRT,
np(a*‘f)/QEsuptSq | XT — X4|?P — 0, e>0, g€ R, pe N.

(i) If D is any convexr domain then there exists a sequence {T,} of stopping times
such that 7,, —=p +o0 and

nla—e)/4 SUp; <, X7 -~ X" =0 P-as.,e>0, ¢g€RT,
np(o‘_g)ﬂESuPtgq X7 = X[ — 0, e>0,¢€R", peN. u

Now we assume that D satisfies the conditions (A) and (B). In this case, if ro < +oo,
the processes | X; — Xo|?”,| X — Xo|?? and | X} — X,|?P are not necessarily integrable.

THEOREM 10.18. Assume f, g satisfy (10.2) and {T,,} satisfies (10.23). If the con-
ditions (A) and (B) are fulfilled then there exists a sequence {1,} of stopping times,
Tn —p 00, such that

an(o‘*s)ﬂEsup X7 — X7"?P < 400, £>0, geRT, p>2/e.
n=1 t<q

Proof. We follow the proof of Theorem 10.12. m

From the above theorem we can deduce

COROLLARY 10.19. Assume f, g satisfy (10.2) and {T,,} satisfies (10.23). If the con-
ditions (A) and (B) are fulfilled then there exists a sequence {1,} of stopping times,
Tn —p 00, such that

WO supy [XP™ = X[ 0 Peas, €30, g € B,
np(a_a)/QEsuptSq (X = X[ =0, €>0,¢eR", peN. u

Appendix A. Convergence in the Skorokhod topology J;

In this section we consider in detail the basic properties of the convergence of elements
of D(R*,R?) in the Skorokhod topology J;. It is well known that there exists a distance
5% on D(R*, R%) under which D(R*,R?) is a Polish space (e.g. [Bil68, JaSh87]). We say
that 2" — x in D(R*, RY) if and only if §%(2", ) — 0. The equivalences given below can
be easily obtained from [Ald78b, Proposition 29.2] (see also [JaSh87, Chapter VI.2]).

LEMMA A.1. Assume that 2™ — x in D(RT,RY) and y" — y in D(RT,R?). Then the
following four conditions are equivalent:

(i) (a",y") = (z,y) in DR, R*),
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(ii) for every t € RT there exists a sequence {tn}, tn, — t such that z} — xy,
= T, Y =y and yg - — Yi—,

(i) 2" +y" — x4y in D(RJF,RCI),

(iv) 2" + [y — |z] + |y| in D(RT,R). =

Let us denote by x! the element x stopped at t € RT, i.e. 2t = 415, s € RT. By
Lemma A.1 we can obtain the following result.

LEMMA A.2. Suppose that (z",y™) — (z,y) in D(RT,R2?). Then:

(i) for every continuity point ¢ € R™ of x and y and for every sequence {g,} with
G — g, (@™, y") — (27, y) in DR, R*) and sup,<,, |7 =yl — sup,<g |2 — i,

(i) for every discontinuity point ¢ € RY of x or y and for all sequences {u,},
{wp} with u, — q, wy, — ¢, Uy < g < wy, n € N, where {qn}, gn — ¢q is de-
fined in Lemma Al(ii), we have the convergences (z™%» y™) — (x9,y) in D(R* R2),
SUDy <y, |27 — Yi'| = suDi<y [T — wel, and sup,<,,,, 2 — 7’| — supycy [Ti- —yi—|. m

LEMMA A.3. Suppose that (z",y") — (z,y) in D(RY,R*) and sup,, |y;" — y| —
0,q € RY. If the implication

Axy #0= Ay #0

is true, then
sup [z} — x| — 0, q€RT.
t<q
Proof. Observe that it is enough to show that
(A1) xy —x,, —0

Un
for all sequences {vy,} with v, — ¢. First assume that ¢ is a continuity point of . Then
by the nature of Skorokhod convergence xj; — w;. Since in this case x,, — w;, the
property (A.1) is obvious. Now, suppose that Az; # 0. Then by the hypothesis Ay; # 0,
too. Let {v,/} be a subsequence of {v,} satisfying v, > ¢, and let {v,~} be another
subsequence for which v, < t,~, where {t,} is defined in Lemma A.1(ii). Then yZ};, — Yy
and y{}”“ — 1y;—. Since we have in fact the uniform convergence of y,, to y, it follows that
Yo, — 3;1," — 0. Combining the above properties we get y, , — ¥, y»_, — ys—. Hence for
almost all n’ and n”,

(A.2) U >t and v, <t

On the other hand, by (A.2), z, , — z; and x, , — x;—. Now, arguing exactly in the
— x; and P x¢— . Therefore the

’ Vptt

same way as for the sequence {y,}, we obtain :CZ};
conclusion (A.2) follows. m

COROLLARY A.4. Suppose that (z7,y", z") — (x,9,2) in D(RT,R3?) and that
sup;<, [yl =yl — 0,¢ € RY and sup,, |2f* — z| — 0, ¢ € RY. If the implication
Axy £ 0= (Ay £ 0 or Az #0)

is true, then

sup |z} —x¢| -0, g€eR". m
t<q
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LEMMA A.5. Suppose that (z™,y") — (z,y) in D(RY,R24). If we denote t% = inf{t :
|z} > N or|zp | > N}, ty = inf{t : [z;| > N or |z,—| > N} and t};, | = inf{t : |z}| > N
or |xf_| > N}, tyy = inf{t : x| > N or |x,—| > N}, for some N >0, n € N, then
under the assumptions ty = tny, |Try—| # N we have:

(i) (@&, y") — (2", y) in DRT,R*),

(ii) (z™N+,y") — (2N, y) in D(RT, R?9).

Proof. We start with the proof of (i). For simplicity we write x
By Lemma A.2 it is sufficient to show that
(A?)) t?[ — tN,

(A.4) if ty is a discontinuity point of x and {¢,} is defined in Lemma A.2(ii), then for
almost all n, t%, > t,,.

. "
N instead of x™N .

Let us fix € > 0 and let sy, so be two continuity points of = for which s1 < ty < s2
and s3 — $1 < €. By hypothesis and by Lemma A.2,
sup |z;'| — sup || = Ny < N < sup |z¢| = No
t<si t<si t<tn
and
sup |zi'| — sup [2¢| = No > No > N.
t<si t<sa

Assume that t?vl < 81 for countably many n’. Then we have the following contradiction:

N < sup |z}| < sup |z} | — Ny < N.
t<n/ t<s1

As a consequence s; < t}; for almost all n € N. On the other hand, suppose that t%, >S9
for countably many n”. Then
N> sup |z | > sup |z} | — Ny > N.
t<tn’ t<s3
Therefore, s; <t} < s for almost all n € N. Since we can take € > 0 arbitrarily small,

the conclusion (A.3) follows. Now, assume that ¢y is a discontinuity point of x and for
countably many n’, t% < ¢"™ . By Lemma A.2 it is clear that

N < sup |z} | — sup |z_| < N.
<t t<tn
Hence (A.4) is satisfied. It is easy to see that for {t’_ } the proof is exactly the same as
N+ y
for {t%}. m
COROLLARY A.6. Suppose that (z™,y", 2") — (x,y,2) in D(RT,R3?). Define t3, =
inf{t : |of| +lyp'| = N or |z | + |y | = N}, and ty, = inf{t : |27[ + |yi'| > N or
|zt | + |yt | > N}, kY = L(en|yyni<ny and tn,tn, ke for @ and y, respectively. Then
under the assumptions ty = tn4, |Tiy—| # N we have
(xn,N7k,n,N7yn,N,Zn) N ({EN,kN,yN,Z) in D(R+,R3d+l),
and
(@ N RN T 2 — @V RNy, 2) i DRY, R,

where the elements x™,y™, k™ are stopped al t'y and t%;, , respectively. m
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Appendix B. (UT) and convergence of stochastic integrals

In this chapter we present earlier results obtained under (UT) on the convergence of
semimartingales and stochastic integrals proved by Stricker and Jakubowski, Mémin and
Pages.

THEOREM B.1 (see e.g. [Str85]). Assume that {Z™} is a sequence of semimartingales
satisfying (UT).

(i) For every q € RT the families {sup,<,|Z}'|}, {[Z"]4} of random variables are
tight in R.

(ii) If additionally Z™ —p Z in D(RY,RY) then Z is also a semimartingale adapted
to its natural filtration. m

THEOREM B.2 (see e.g. [JMP89, Théoreme 2.6]). Assume that {Z"} is a sequence
of semimartingales satisfying (UT). If {Y"}, {U™} are two sequences of (FJ*) adapted
processes such that

(Y, un,zm p (Y,U,Z) in DR',R3),

then Z is a semimartingale adapted to the natural filtration of (Y,U,Z) and

(Y",U",Z",SUS"_ dzg) = (Y U.2\U. dZS) in D(RT, R3*1).
0 0

COROLLARY B.3 (see e.g. [JMP89, Proposition 2.9]). Let {f"}, {g"} C D(R*,R%)
and for every ¢ € R* sup,, Var(g"), < +oo. If (", g") — (f,g) in DR, R2d) then

(g V1 dgt) = (£.0.§fudg)  in DR R+, w
0 0

Appendix C. Gronwall’s lemma

LEMMA C.1. Let Y', Y2 be two increasing processes with trajectories in D(RT,R)
such that EYL < +o0, Y =0, Y2 < a; for some constant ay. If one of the following
two conditions is satisfied:

(i) for every stopping time T,
—
EY} <ay+E | v}!dy?,
0

(ii) for every stopping time T,

EY! <ay+E | vl avZ
0

for some constant as > 0, then EY01o < age®.
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Proof. (i) We provide the proof of part (i) for the sake of completeness only. We
define 7, = inf{s : Y2 > t}. Then by [DeMe80, VI, Theorem 55| we have

Tt — 00

BYE<E | V}!dv?+as=E | Y (cry dV2 + as
0

0
o0
<FE S Yq—{bl{ﬂb<‘rt,‘ru<+oo} du + as < EYTlu du + as
0

O ey

and it is sufficient to use the classical Gronwall lemma for f(t) = EY}. Hence EY}! < age!
and assuming ¢ T a3 we obtain our claim.
(ii) See [Mac87, Lemma 2]. m
From the proof of part (i) we deduce that the result is true for every increasing
and adapted process Y such that EYl < +oco (i.e. Y need not have trajectories in
D(RT,R)).
LEMMA C.2 ([Sai87, Lemma 2.2]). Let k € D(RT,R) be a nondecreasing function with
ko =0, kq < a1 and let h be a nonnegative Borel measurable function on RY. If
g
hy < ag+ S hedks, q€RT,
0
for some constant az > 0 then hy < aze®.

Proof. Define ;' = sup,.; hs,Y;? =k, t € RT. By Lemma C.1 the conclusion of
Lemma C.2 follows. m

By using the methods from the proof of Lemma C.1 we can easily obtain the following:

LEMMA C.3. Let Y, Y2 be two increasing processes with trajectories in D(RT,R)
such that EY! < +oo, Y02 =0, Y2 < ay for some constant a;. Assume that o : R — R
is a strictly increasing and concave function such that o(0) =0 and

du
S — = +o00.

(C.1) o(0)

o+
Define the function o : (0,4+00) x R* — RT as the solution of

o(z,y)
— =Y ($7y> € (0,—|—OO) X RJr'

If one of the following two conditions is satisfied:
(i) for every stopping time T,
BY) <a+ B | o(vhav?
(ii) for every stopping time T, ’
BY) San+ B | olvl)dv?,
for some constant az > 0, then EYL < 9(as, 21). n



108

L. Stominski

Remark C4. It is clear by (C.1) and by the definition of g that

lim o(z,y) — 0,y € (0, +00).

Note that if o(u) = u then g(x, y) = ze¥, i.e. Lemma C.1 can be deduced from Lemma C.3.
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Index of symbols

N set of natural numbers 5
R+ set of nonnegative real numbers 5
R? set of d-dimensional real vectors, where d € N 5
xy, (x,y) usual inner product in R?, z,y € R? 7
|| Euclidean norm in R¢, 2 € R4 7
A* transposition of the matrix A 54
I A] usual operator norm on the space of linear operators 11
L(L) set of functions which are Lipschitz continuous 26
with a constant L, L > 0
[Lloc set of functions which are locally Lipschitz continuous 27
CF(R4,R™) set of functions f : R? — R™ which are continuous and 11
have continuous derivatives up to order k € N
CF(RY,R™) set of functions f : RY — R™, which are continuous and 9

bounded and have continuous and bounded derivatives

up to order k € N
D(R*,R?) or space of all mappings z : R — R? (or z : [0, q] — RY) 7
D([0,¢],R%)  which are right continuous and admit left-hand limits

equipped with the Skorokhod J; topology

54 distance on the space D(RT, R?) 9
Az T — 24—, * € D(RT,RY) 11
{H{tnr}} array of nonnegative numbers {t,; : n € N,k € NU{0}} 9
{T,} sequence of partitions of R 9
{0"} sequence of summation rules o = max{t,i : tnr <t} 9
{z"} sequence of discretizations of = € D(R*,R9) 9
¢ = Tgn = ¢, for t € [tpg,tn k1), K€NU{0}, n €N
{X"} sequence {X" :n € N} 5
(F) filtration satisfying the usual conditions 18
X7 X7~ stopped processes X.or and X.A,_, respectively 17
[X] [X], = 3% [X 7, where X = (X,..., X4 7
is a semimartingale and [X?] is the quadratic variation
process of X%, i=1,...,d
v[X] vector ([X1],...,[X9]) 27
(X) (X)) = Zf:1<Xi>t, where (X) is a predictable compensator 24

of X7, i=1,....d



Index

[[X]) matrix {{[X*, X/]}}; =1, .4

v[dt,dx] dual, predictable projection of the measure of jumps of X

Var(k)  Var(k), = Y%, Var(k?);, where Var(k?); is the total variation

of K on [0,t],i=1,...,d

w wpA = sup, ¢ 4 |z — 24|, where z € D(RT,R?), A C R*
w' wy (7, q) = inf4, ) max) <p<, weltr—1, tx[, where
O=ty<...<tr=q,tp —tp—1>v,k=1,...,r

w wy (7, q) = supmin([ze, — 1, |, [z,

— Z4,]), where

the supremum extends over all t1,ta,t3 € R, t; <ty < t3,
0<ty, <qg,m=1,23such that t3—1t; <~

—D convergence in law
—p convergence in probability
O, o0 usual Landau symbols

Index of terms

condition
condition

(A), 59

(
condition (

(

(

A)
B), 59
B), 89

condition (L), 27

condition (T), 18

condition (UT), 1

convex polyhedron, 17

C-tightness, 21

Doléans-Dade and Protter equation, 5

Euler scheme, 9

Euler—Peano scheme, 9

flow of SDE, 8

local Lipschitz continuity, 27

linear growth condition, 27

martingale, 7

Meyer—Zheng topology, 13
pathwise uniqueness, 11
predictable function, 10
predictable process, 7
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21

28
28

28

EN|

process of bounded variation, 7

Skorokhod problem, 59
Skorokhod topology Ji, 8
semimartingale, 7
Stratonovich SDE, 11
Stratonovich integral, 57
strong solution, 8

SDE with memory, 10
tightness, 7

weak solution, 43

weak uniqueness, 43
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