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1. Thermodynamic processes

a. Objective of thermodynamics of mixtures of fluids. The objective
thermodynamics of mixtures of v fluids is the determimations of the fields

0.(x,, 1) — densities,
(1.1) vi(x,, t) — velocities,
T(x,, t} — temperature

at all points of the body and at all times.

In order to achieve this objective, we need field equations and
thermodynamics it is customary to derive these from the equations
balance of mechanics and thermodynamics.

b. Equations of balance.

of
of

In
of

a. General. Il ¥ is any additive property of the body we may write the
balance of ¥ in a material volume V consisting of regular parts R* and R~

and of a singular surface s in the form

(1.2) j %dw H (&vi+ési)dai—fjt¢]u,-daf— j (c+8)dv

Rt +R™ st+s~ RY+R™

d s s T s s
=?d-; J‘J\wda— J@iridS+J(U+S)(ia.

s i s
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|/1 and zJ/ dre the volume density and surface density of ¥, respecuvely, and

similarly &, S and S, S are the densities of production and supply in the

volume and on the surface. cD and d—’ are the densities of the non-convective
flux of ¥ through §°, S~ and ¢, respectively. y; is the normal velocity of the
singular surface and t; is a unit tangent vector on s which is normal to the
line ¢s. The square bracket [y] stands for ¢ —y~ as usual.

Singular surfaces play an impoﬁanl role in thermodynamics of mixtures
since they represent walls separating different bodies. As far as possible we
shall neglect the surface densities and in particular we shall always consider

LY

¥ and S as zero.
In reguiar points of the body equation (1.2) implies the differential

equation

(1.3) N’

+——(q//v +@)=0c+3,
ox;

whereas on the singular surface it implies the jump condition
(14) [¥ (0 —u)+ D] e; = hm ( j«b T; ds+jf

where A is an infinitesimal area on s.

B. Equations of balance for mass, momentum and energy. The conservation
laws of mass, momentum and energy are special cases of the general
equation of balance with properties and definitions that are summarized in
the table

v v v v s s
w ¥ , o s @, o
Mass 0 0 0 0 0
(1.5) N N
Momentum ov; —1; 0 o —&;;
Energy ole+307) — ;v +g; 0 e(fivi+n —;uU.—‘*‘:h 0

3$ — Banach Center Publications 15
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All productions are zero since mass, momentum and energy are conserved in
: " . v 5
“closed bodies”. Moreover the non-convective mass fluxes @;, @; as well as

the mass-supply S are zero, because there is no flux of mass through a
material surface nor is there any supply of mass.

It follows that the equation of mass in regular points and on singular
surfaces reads

' do Oov;
(1.6) 5f+7§—: =0, [o(ti—uple;=0.
Similarly, simply by insertion, we obtain the equation of balance of momen-

tum in regular points and on singular surfaces

dov;  © .
ﬂ_t-r -é;-j(Qvi v;— ;) = of,
(1.7
1 s °
Lot;(v;—u)—1;;]e; = hm - "(j’u Tj ds)-
A—-0 A

[ 2]

t;; is the stress tensor in the body and ¢;;1; is the force per line element on

the singular surface. f; is the specific body force, usually gravitational. In a
non-internal frame f; contains the specific inertial forces

(1.8) i; = 2Q, (v, — 5&) - Qizk (xx—by) + Qik (xx—by) — b}

consisting of Coriolis force, centrifugal torce, Euler force and force of relative
translation. £, is the matrix of angular velocity of the non-inertial frame
with respect to an inertial one and b; is the radius vector between the
origines of the two frames.

Finally, we write the balance of energy in regular and singular points

~

co(e+3v’) ¢

P +a‘(Q(E+%UZ)Uj"fU v +q;) = e(fivi+0),
. ./J'

(1.9) 1
[Q(s+%v2)(vj_uj)—t,-j v:q;]e; = lin:)z j(tu ;T —q;T;)ds.
4 24
£ and g; are the specific value and the flux of internal energy respectively and
or is the density of its supply due to radiation. ¢; is the flux of internal
energy along the singular surface which we shall always neglect.
The reason for splitting the energy into two parts, viz. integral energy ge
and kingtic energy $gv? is that these contributions have different transform-

ation properties as we shall sec. The same is true for the decomposition of
the fluxes and the supply ol energy.

v. Equations of blance of moment of momentum, kinetic energy and
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internal energy. Multiplication of the blance of momentum by ¢,,; x; leads to
the equation

0 0
110) O (o x V= o) = g+ O x
J

which has the form of an equation of balance for moment of momentum
whose density is o(x x v),. Therefore, ¢,;; t;; must be interpreted as the density
of production of moment of momentum and if we assume that moment of
momentum is conserved, which is a valid assumption in non-polar fluids, we
conclude that the stress must be symmetric:

Multiplication of the belance of momentum by v; leads to the equation
a'i'QUz 6 3!),-
(1.12) 2 +a_xj(%902 it b) = —fij‘-_,,__xj‘*"in Ui

which is the balance of kinetic energy, whose density is 3ov?. The term

-—-tija'— is the density of production of kinetic energy.
]

Subtraction of the balance of kinetic energy from the balance of energy
(1.9) leads to the balance of internal energy, also called the first law of

thermodynamics.
0
(1.13) —+T(Qevj+qj) =t;;—

whose production density is t;; dv;/0x;.

The balance of internal energy on a singular surface results from
combining the jump conditions (1.9), and (1.7),. It is necessary for this to
assume that the velocity on the singular surface element 4 is the same
everywhere and is equal to u;, the normal velocity of the surface. In that
case, (1.9); can be written as (')

. 1 .
(1.14) [e(e+5v3)(v;—u)—t;;v;+q,)e; = lim Z(u‘ Jt,?jtjds)
A-0
b4

and now the limit of the integral may be eliminated between (1.14) and (1.7)
with the result

(1.15) [g,—ti; (i —u)lej+ [e+ 5 (0 —w) (v, —w)] e (v;—u;) e; = O,

where the mass balance on the surface has also been used. This is the
balance of internal energy on the singular surface.

(') Recall that g is neglected here.
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In particular, for an impermeable surface and if the tangential velocities
vanish on both sides, (1.15) reduces to the simple statement that the normal
component of the flux of internal energy has no jump on the singular surface.

8. Equations of balance for the constituents. The equations of balance of
mass, momentum and energy of the constituents of a mixture have the same
forms as those for a single body, except that the productions are not zero,
because the partial quantities need not be conserved. We have

00, .
(1.16), ‘f+a (e.75) =
do, v ¢ -
(116)2 Q(/f +_(Qa ’al’ _tu)_m +Qaju
do, (e, +303) 0
(116} ,Q‘*a’L’+5—((m+&uﬂﬁ—4&ﬂ+qﬂ=~a+eAﬁﬂf+ay

a

Here t°, m} and e, are the production densities of the constituents due to
chemical reaction and to the exchange of momentum and energy between the
constituents.

The production densities must obey the conditions

(1.17) Y 1,=0. Y m=0, Z e, =0,

which express the conservation of mass, momentum and energy of the
mixture as a whole.

The production densities 7z, of mass are further restricted by
stoichiometric requirements, by which only so many are independent as there
are independent chemical reactions. Let the index a (a =1, 2, ..., n) denote a
chemical reaction, of which there are n independent ones and let y; be the
stoichiometric coefficient of constituent o with molecular weight M, in
reaction a. Then the observation of mass in each reaction requires

(1.18) Y iM,u=0
a=1

where p is a relerence mass which we take to be the mass of a hydrogen
atom. The number density of chemical reactions of type a occurring per unit
time is called the reaction rate density and is denoted by A°. The mass
production ol constituent a is then easily seen to be given by

(1.19) = Y (2 M)A

Thus, indeed, the number of independent mass productions is equal to n, the
number of reaction rate densities.
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The partial equations of balance of mass, momentum and energy on a
singular surface are somewhat problematic because of the production terms.
Indeed, in general there will be production of mass, momentum and energy
on those surfaces and in that case the jump conditions provide no useful
information, unless we know how big the production is. Therefore, we shall
avoid using the partial equations of balance on the surface with one
exception, the balance of mass.

For most singular surfaces of thermodynamics we can salely say that
there is no mass production on them, and in that case the conservation of
mass requires

(1.20) Lo, (c] —u)]}e =0,
.which states that the mass of constituent x that flows into the surface on one
side, comes out on the other side.

. Equations of balance for the mixture. Summation of all equations of
balance of mass leads to

a=1 v :
- L a) = 0
(af ("xj(,gl Qu‘;)
With the definitions
(1.21) e=Y e and =Y 2
=1 =1 0

for the density and the velocity of the mixture we obtain the equation of
balance of the mixture
(1.22) e ey,

ot CX;
which has the same form as the equation of balance of mass for a single
body.

We shall now proceed to do the same to the equations of balance of
momentum and energy of the mixture, namely make them formally identical
to the corresponding equations in a single body. And we shall choose the
definitions of stress, internal energy and flux of internal energy accordingly.

First of all we define a diffusion velocity uf = v} —¢; which, by (1.21),
satisfies the identity

(1.23) Y e.uf=0.
a=1
If we define the stress of the mixture by

v

(1.24) ty= Y (—e.fu),

a=1
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we obtain from (1.16), by summation over all 2 the babance of momentum
of the mixture, viz.
dot;

(125) ‘é;?"l' Q'(Qvl .J lj) = ;I Qd./;'a'

Similarly the definition of the specmc internal energy ¢ and of the flux of
internal energy ¢; by

(1.26) ¢ = Z g;j(ga'*'%uaz) and q;, = Z (q?+9a(5a+7u2)u _tl J)
2= 2=1

and summation over all equations (1.16); leads to the balance of energy [or

the mixture, viz.

P

_(.Q(f.+jl ), ¢

at

(1.27) Yo o—;00q) = Y 0, (SR eE+ry)

2=1 -
which again has the same form as the energy balance for a singel body. The
equations of balance of internal energy can be obtained [rom (1.25) and (1.27)

in the same manner as is a single body and the result is also the same:

,
(1.28) coe +-—(gev;+q;) =

o RPN

lj a
except that there is a supply of internal energy due to body forces, viz. the
power of the body forces on the diffusive motion.

On a singular surface the equations of balance for the mixture have the
same form as those for a single body and, in particular, the balance of mass
and the balance of internal energy reads

[o(0,~u)]e; = 0

(1.29)
[q;—ti;(v;—u))e;+[e+ 30— ) (0, — )] o(v;—uj)e; = 0.

¢. Constitutive relations

a. Thermodynamic processes. We recall that we wish to determinate
4v+1 fields ¢,, v7 and T and for that we need 4v+1 field equations. These
arc usually based upon the equations of balance of mass and momentum of
the constituents and upon the equation of balance of internal energy of the
mixture.

PQ, .
f (Qal')_ Z(‘yaMrnu)A
co, v} 6
] 0 =T 4 = X o = e
(1 3 ) (5’ ‘3 (Qa f ml +Qaf| * (a 1# 2’ ’ V),
éor

K LIRS
bU + l - —+ a ia u?+ra .
ot (Q q) = t; a, ,; e.(f; )
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But clearly these equations are not field equations for g,, vf, Tin the present
form. For one, they contain the body forces f;* and the radiative supplies r,;
these quantities we suppose to be given functions of x, ¢ ignoring the
difficulties which the determination of r, may make. More importantly, even
with f and r,, equations (1.30) contain the new quantities

(1.31) A% 5, miL g, q;.

ij
These are called constitutive quantities and experience tells us that they are
related to the thermodvnamic fields o,(x,. 1). v:(x,, 1) and Tix,.t) In a
maienally dependent manner by what we call constituive relations.
In particular, if the constitutive relations have the general forms

A= A%(0p 0B, T.T)  (a=1,2...., n),

13 ¥

a=1 r=]
1.32 v
(1.32) m! =mi(...) with Y m=0,
a=1
£e==z(...)
4 =g;(...)

we say that they characterize a simple mixture of inviscid fluids. (*)

If the constitutive functions were known explicitly, we could eliminate
A% t;, mi, £ and g; between the balance equations (1.30) and the constitutive
relations (1.32) and thus obtain a set of explicit field equations. Every
solution g,(x,, t), vj(x,, t), T(x,.t) is called a thermodynamic process.

If indeed the constitutive functions were known, the determination of a
thermodynamic process g¢,(x,, 1), ti(x,,t), T(x,, t) would be a purely
mathematical problem. However, there is no matecrial, for which the con-
stitutive equations are indeed known and therefore the main task of thermo-
dynamics is to find restrictions on the generality of the constitutive functions,
and, if possible, to reduce them to a number of coefficients which, maybe, the
experimenter can measure.

In this effort thermodynamics makes use of universal physical principles
of which the most important two are the principle of material objectivity and
the entropy principle.

B. Objective scalars, vectors and tensors under Galilei transformations.
Under a Galiler transformation

(].33) f, =0”x)+R,I

(?) In mixtures of viscous fluids we should have to add velocity gradients to the list of
variables. Alsc in non-simple mixtures the constitutive equations may depend on gradients of
the densities. Both additions offer but slight complications to the theory, however here, where 1
am mostly interested in a systematic presentation of ideas, I prefer to forego these complications.
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a quantity is called a scalar, vector or tensor, respectively, if it transforms
according to the laws

(1.34) g—S, VT:OU l/j‘ T;_,=0‘k0_,t. ’1;‘.

Among the variables the densities ¢, and the temperature T are scalars,
therefore the gradient of temperature is a vector, but the velocities are not,
since we have by (1.33)

(1.35) ; = 0;;v;+ R,

LY )

but the relative velocities are vectors, eg. uf = 19—y,

Among the conslitutive quantities the reaction rate densities and the
internal energy ¢ are scalars, the flux of internal energy ¢; is a vector (°) and
the stresses are tensors. Also the body forces f;* are vectors while the radiative
energy supplics are scalars.

That leaves the density of momentum production which presents sorme-
thing of a problem. Indeed. the momentum balance (1.30), may be written as

My oer\ o

(1.36) &(%f+w§§é)—§€—aJ?=wﬁ—4,#.

All terms on the left hand side are vectors under Galilei transformations and
since the momentum balance is valid in all Galilei [rames, its right-hand side,
viz. mif — 1,07 must also be a vector. Thus m! is not a vector. Roughly
speaking, we may say that the production of momentum m] contains two
parts: the momentum production that goes along with chemical production
and which is not objective, and an interaction force between the constituents
which is objective. We prefer objective quantities as constitutive quantities
and therefore we shall f[ormulate a constitutive equation for m{ — 7, v} rather
than for ni.

Also we prefer to write constitutive equations for

M I7)
— Z =x 2
g =t— == U,

=1

(1.37) o
#E%—Zi&ﬁ#

a=1
rather than for ; and ¢;. The reason for this preference is that we shall
formulate constitutive equations that are linear in relative velocities and
temperature gradients and we wish to be able to say that there are fluids for
which these equations are exact. Therefore the explicit non-linear terms
included in ¢ and ¢; by their definitions (1.26) must be subtracted before a
linearity assumption on ¢ and ¢; makes sense.

(*) Indeed this is the sole reason why the energy and the energy flux are split into internal
and kinetic parts. The first ones are scalars and vectors while the second ones are not.
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With all this the constitutive relations for a simple inviscid mixture have
the general forms

A”=A"(Q,,.,v,‘-j, T, T) (a=1,2,....n),

o=15(...) with Y =% 1},
2=1 a=1
v v—1

(1.38) m—t,.vf = Mi(...) with Z M} = — Z T, (v — v,

=1 a=1

g =45(...),

g =q(...).

v. Principle of material objectivity. The principle of material objectivity
with respect to Galilei transformations states that the constitutive functions
have the same form in all Galilei frames. Thus if

(1.39) C="1lp, !, T, T)
stands for any one of the constitutive relations (1.38) we must have
(1.40) C=7(g 0 T,T)

in the new frame. Note that the constitutive function 7 is the same one while
its value has changed, unless C means a scalar.

The above relation for scalar, vectorial and tensorial constitutive quant-
ities reads

S(eg. v/, T, T,;)) = S(ey. O;;ef +R;, T. 0;; T,

1"

O Vi) =Vi(.), 0;04Ty(...)=Ti(...).

(1.41)

These relations must hold for all O;; and R; and in particular they must hold
for O;; = ¢0;; and R, = —v;. In this case the rclations may be summarized in
the form

C(Qﬂa viﬂY T’ Tll) = (Qﬁ! Urpv T’ Tli)'

whence we conclude that the constitutive quantities cannot depend on all v
veiocities independently, but only on the v—1 relative velocities

(142) V=

which are objective vectors.
The requirement (1.41) of material objectivity may therefore be written
in a reduced form as

S(es. V2, T, T})) = S(gy, O; VL. T, O;; T)).
OijVj(---)=V.'(-~-), Oikojlnl(---)=7;j(~--)s

(1.43)
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and we express this by saying that the constitutive functions must be scalar,
vectorial and tensorial isotropic functions, respectively.

There are general representation theorems for isotropic functions, i.c.
solutions of the above functional equations. We do not need these here, since
we shall only be interested in those parts of the constitutive functions that
are linear in ¥/ and T,;. In other words we shall disregard all products of ¥}*
and T,, among each other. In this case the most general form of the
constitutive equations compatible with the isotropy requirement (1.43) is

A% = A%gp, T), 155 = —P(gp, Ty,

v—1

M-t =Y MPVI+M;T,

(1.44) ,,g, T
v-1

g = 3 @V kT, & =:'(gp T).
B=

1

p” is called the partial pressure and k is the heat conductivity. The coefficients
M, M%, 4 and k may all depend on g; and T. The values M}? and M7 are
not all independent, because of the restrictions (1.17) on m! and 7,. These
imply

(1.45) Y M¥=0 and ¥ Mj=0.

a=1 a=1

Equations (1.44) are the most general linear constitutivc relations that are
compatible with the principle of material objectivity. We conclude that this
requirement has reduced the 12v+n+2 unknown functions of 4v+4 vari-
ables each of equations (1.38) to v(v+1)+n+1 functions of only v+1
variables each. For small values of v is a considerable and enormously useful
reduction.

2. Entropy principle

a. Purpose of the entropy principle. Drastic as the restrictions of the
principle of material objectivity on the constitutive functions may be, they
still leave us with the large number of coefficient-functions of equations
(1.44). The Entropy Principle is used to acquire some knowledge of these
coefficient functions.

For this purpose it is unnecessary to include the external supplies f;* and
r* in the analysis, because the restrictions on the constitutive equations are
unaflfected by the presence or absence of those supplies.

b. The entropy postulate. 1 state the entropy postulate in 4 parts:



THERMODYNAMICS OF SIMPLE MIXTURES OF FLUIDS 555

i. (Entropy balance) There exists an additive quantity, the entropy, whose
equation of balance in regular points of the body we write as

don

ct
ii. (Constitutive property) The specific entropy n and the entropy flux @
are an objective scalar and vector, respectively, for Galilei transformations
and both are given by constitutive relations that obey the Principle of
Material Objectivity. In particular, in a simple mixture of inviscid fluids we
have

v-1
(22) n= '1(93, T)v ¢i = Z (vog ViB+¢T T.‘i’
g=1

where ¢f and ¢ may be functions of g,, T

(2.1) +—(—C— (onv;+ &) =o.

iti. (Entropy inequality) The entropy production ¢ is non-negative for all
thermodynamic processes, so that the inequaliity

don ¢
23 — = )=0
(23) ot e )

holds.

iv. (Ideal diathermal walls) An ideal wall has no entropy production so
that we have

(24) [Pie]+[n]o(v;~u)e; =0,

if the ideal wall is modelled by a singular surface. If the wall is also
diathermal, temperature is continuous across it

(2.3) [T]=0.

The key to the evaluation of the entropy principle is the statement that
the entropy inequality must be satisfied for all thermodynamic processes;
that is to say that the entropy inequality need not hold for all fields of g,, v}
and T, but only for those that are solutions of the field equations. We may
say that the field equations provide constraints upon the fields that must
satisfy the entropy inequality.

[-Shih Liu has shown that we may get rid of these constraints by the use
of Lagrange multipliers: Liu showed that the new inequality

do, 0 ¢ ( 00, . 00, 1]
. Eni 2 (e,0+9) a Lk
26 ta@nt ;1 Tl ax,- a

> v? aga Ui

de ;i
e . U+ ; =20
(_or +— (a v+ gt a{))
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must hold for all fields 0, (Xqs 1) U7(x,. t), T(x,, t) rather than only for

thermodynamic processes. The coefficients A% A% and A° may be functions
of the variables that occur in the constitutive equations (1.32).

We recall our objective, viz. 1o find restrictions on the coefficient
functions on (1.44). The entropy inequality is supposed to help us in this; but
at present it seems that we are moving away {rom this goal, because we have

introduced the new quantities # and ®; and the Lagrange multipliers A1*, A"
and A". These are merely auxiliary quantities and we must remove them from
the final results.

c. Evaluation of the entropy principle.

a. Results from the entropy inequality. Insertion of the constitutive
equations 7, @;, t;, A%, mi —1,¢}, £ and ¢; into inequality (2.6) leads to an
inequality whose left-hand side is explicitly linear on the derivatives.

cT cop fuf

(27) e ’rika ) 2.

B
, U
a’ " oa Ot

[N

Since the inequality must hold for all fields ¢,, vf and T, it must hold in
particular for arbitrary values of the derivatives (2.7). Therefore we could
violate the inequality if the term with these derivatives were present on its
left-hand side. It follows that the coefficients of the derivatives must vanish
and this argument leads to the following conditions

_ cn Ce
. ___AC*J = 09
(28), eT T
oP; 0q,;
28 _Az e 0,
(28): T eT;
511 e 1 ] e 1 v”
(28); ——A—+-(n—A)—-AP—— 1 A =0,
00p dep ¢ 0 Y
o, on; 2 0 v 2 (p° 1
(28), -_\—’—Ati—g(zi—/i”ﬁ—a)uf— Z A‘J'(p +A€r‘-j—uf=0,
Qg (g C0p (0g z=1 00y ¢
cn e g f
28 ——AF—="EA" =0 =1,2, ..., 1),
v—1 ﬁn (‘)S Q [
. — A — |-2=A% =0,
(2 8)6 ﬂgl ((ﬁlvfi ('11,:8) )
é oe \ . 1 (09, g\ 1 =
(28)7 ‘\" _AE_E_ bu_— T-’_A”f& __ALl u?._
‘g, 00, 0.0\ 5} i) e
__2/15[..1.:0 (a=1, 2, ,V"l),
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on e | (("(Dj ("qj) | |
28 A" =)o+ — — A= - AU ——= A, =0,
(2.8) { 3 fJQr) T oo ﬁ)::] b ) o i j
There reimains the residual inequality
(‘(pj
T

29 | “’J z A9 a”’) T+ A1+ Y AmE 0.
a=1 a=1 =1

We proceed to evaluate these conditions and start with (2.8)s . We note
lhdt n is independent of Vf and in & it is only the explicit term
Z : —142 that depends on V. By use of the identities

v—1 v—1
210 =Y (aay—-gl) /' and K=Y (a,,ﬂ+g")
. B=1 [

Ce

eVip
g

(2.11) A% = —A%ub,

_9%

we find - uf and thus the equations (2.8); , can be written as

8 .
so that the Lagrange multipliers A" are now reduced to A°.
Equations (2.8), ; may be written as

con EQFI con COEr | o I,
——=A- — = A= AP+ A~ uf - A,
oT eT’ Qo fop 277 R

L4

and thus it is obvious that A° can only spend on g, and T. Also 4™ can be
decomposed into a velocity dependent part and a part A% that depends on
¢ and T only:

1
A% = A7 (05 T+ A (ef uf =2 45).

We may then summarize the two equations for don/cT and ¢égn/ces in the
form

(2.12) d(on) = 2 2% dT+ y (A‘ (;98'4—/1‘,’“):191.
a=1

If we multiply (2.8); by g, and (2.8); by ¢, and sum over all of these
equations, we obtain

d > ¢ Ce
A* ;l P.=—Y 00 (_E—AEETQL) or by (2.12)

(2.13) \.
AY po==Y g AP +on—A¢).
2=1 2=1 .
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On the other hand, when we subtract (28), from (28), we get

op, . fq Qs ¢a \ [ Con 6981)
L = 8. — ST e =1,2,...,v=1).
Ve avF ,; "0 N\ e, 0 @ =

If we combine that with (2.8), we obtain by integration

‘ _0p0: \f{don . Oo
@. = AE + (Q () - )( Ar )l/l”s
! ﬂzl ,; \ #78 0 691 6Qa
. [ Con CoE;
®, = A q) —Ar =1
(2.14) :
con o
@, = Sy
q’+az 0t (r’ez ce,)

&, =Ayq +zga w A

There remain the equations (2.8), which, by (2.14) and previous results may
be rewritten in the form

aA );( oA Aaggj)u;:o,

)’ QY

whence follows

on° oA op”
: =0 and — 4 A —— =
dep Ca oo, 00.,

(2.15) 0,

since this relation must hold for ali T; and «.(*) Thus A depends only on T.
With the knowledge so far gleaned from the entropy inequality the residual
inequality assumes the form

0¢
I

dA v )
(2.16) ( q,+z( + A ;;)"?)Tr

- A Zv: (mf — 1, v uf + z": (zv: (A‘,?"—%A‘uf))y‘;M,uA“ = 0.

a=1 a=1 a=1

B. Results from the entropy inequality for a single fluid. The results (2.11)

(*) Proper account must be taken of the identity Y e.uf =0 but still (2.15), comes out
z=1]

as written when we make use of (2.13).
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through (2.16) exhaust the restrictions that can be obtained from the entropy
inequality. In particular, for a single fluid these results reduce to

8
A% =0,
c
d{en) = A’ég%dﬂ- (AZ;LG%A@)dQ,
(2.17) ¢
A'p = —gA®+eo(n—A%),
oA* dd
— At . - = —a: T. = 0.
¢, = Agy, 2% 0, qu, y
Equations (2.17), ; may be combined to give
c p
(2.18) dn=A1 (a'a——dg)
(174

which shows that A° is an integrating factor of the Pfaffien- form de—
—(p/oz)dp. This fact provides the easiest possibility to identify A°® in a single
fluid. Since thermostatics defines the absolute temperature as the integrating
denominator that depends on temperature only. Thus, since A° is only a
function ol temperature, we obtain

1
T
Y. An integrability condition and an inequality on a transport coefficient

Jor a single fluid as prototypes of thermodynamic restrictions. Equations (2.17)
and (2.18) when combined with (2.19) inciude

1f p
dn = }(ds—?dg),

(2.19) AF =

(2.20) q;
¢; = TIJ:,
-q; T}; = 0.

The first one is called the Gibbs equation, the second one relates the entropy
flux to the heat flux and the third one is the dissipation inequality for heat-
conduction. The Gibbs equation (2.20), implies an integrability condition for
N, ViZ

0c op
2 —p—T-E
(2.21) p TBT’

and the inequality (2.20), together with the constitutive equation (1.44), for g;
simplified for a single flmd implies »T; T; > 0 so that we conclude

(2.22) x=20.



560 I. MOLLER

The two conditions (2.21), (2.22) are typical for the kind of restrictions which
we may obtain from thermodynamics:

(2.21) provides a restriction on the two constitutive functions ¢(¢, T) and
p(o, T) by equating two derivatives. That relation permits us to calculate
e(e, T) if only p(g. T) has been measured for all ¢ and T, and if the specific
heat ¢¢/¢T has been measured for one ¢ and all T Once ¢(¢, T) has been
calculated, we may calculate n(o. T) by integration of the Gibbs equation
(2.20), . Thus the determination of £(¢, T) and n(g. T) requires only measure-
ments of pressure and specific heat and we may assume that we have thus
determined the functions (o, T) and n(¢, T) for all fluids of interest to us.

Inequality (2.22) implies that the Aux of internal energy is always
opposite to the temperature gradient in a single fluid.

8. A° and A% in mixture, chemical potentials. Before conditions (2.11)
through (2.16) become useful restrictions on the constitutive functions of a
mixture we must determine A° and A7* for a mixture. This is done by making
use of the jump condition {2.4) at an ideal diathermal wall.

First we apply this jump condition to an impermeable ideal diathermal
wall which separates a mixture [ {from a single fluid 11. By (2.5) and (2.4) we

11

NN
77

have [T] =0, [®,¢,] =0 and @, = A°q; on both sides, since the wall is
impermeable. Hence [A°(T)¢q;]e; = 0, but since [g;¢;] = 0 as a consequence
of the balance of internal energy (see (1.15)), we obtain -

(2.23) [4°(D] =0 or AN(T) = Au(T).

Thus A*(T) is a universal function and since we already know that A = 1/T
in a single fluid, we conclude that

(2.24) A= 1T

also holds in a mixture. Next we apply the jump condition (2.4) to a semi-
permeable ideal diathermal wall. Let this wall be permeable for constituents 7y
so that we have

(2.25) =w (@) and v = u+ 2] +u).
0
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The jump condition reads
[(Pi]e;+[n)e(vi—u)e; =0

and with ¢, as determined in (2.14),, since T is continuous, we get

(2.26) [qll ei] + T [n + i (6yp - Q?ﬂ) Agﬂ]g(vl— u,) e = 0.

=1
On the other hand, the balance of internal energy on the wall has the form

(1.15), viz.
lije;e; 1
[4:e] _|:—_Q _8+'I(vk—uk)(vk—uk)]9(vl_ul)er =0,

v v
or, if we introduce g/ and ¢ and make use of t;; = Y p,d;— D @ uft}
a=1 z=1

Zv:pﬂ

(2.27) AR [ﬂ_:lg_' +e + 50l —u)(v]—u) |le(w—u)e =0.

Thus, in (2.26) and (2.27) we have two relations for [gf¢;]. We eliminate this
quantity between the two equations and obtain

)3
[s, - Tn+%(”k—"t)(l’a‘“t)+a=; -TY («5w —%)A:":I =0.
p=1

To simplify this expression we can make use of (2.13) and obtain
(2.28) [— TAY + 4 (0] —u) (v} —u)] = 0.

We conclude that the quantity in square brackets is continuous across a
semi-permeable ideal wall. This quantity is therefore quite important and it is
given a name of its own, namely chemical potential of constituent y, usually
denoted by .

(2.29) W= — TAY + 3(0] —w) (v] —wy).
The part of p’ which is independent of velocity is denoted by i:
(2.30) | w = —TAD.

€. Summary of results from the entropy principle. No that we have

identified the Lagrange multipliers A° and A% as the inverse of the absolute

36 — Banach Center Publications 15
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temperature and the chemical potentials, respectively, we may rewrite our
results (2.12) through (2.16) in terms of these quantities. We get

1 v
d(en) = —T(d(eel)— Y. e do,),
a=1

_ a=1
P, T ,
(2.31)
o _ 1o
do, 0, 0o,
[ l%_qj_ _(Mr_Mz\ (1dp._1¢p, +-
T 2| T 0 0, T ¢, éT
6#7—;11“

1 1 /M MY . 0.0
E[m] _?(‘_—_) Z (Q:oay_ )

-;.:l

v ’I;.i 7;1' __1_ i (vil pa_‘uv_’__%vz)paM 1A° = 0.
Vja V,'a T I 1 a a a

z=1 a=1

To express the results in terms of chemical potentials is recommended,
because the chemical potentials can be measured by virtue of their continuity.
at a semi-permeable wall since they are known in a single fluid. Indeed, from
(2.31), we conclude that in a single fluid the chemical potential is equal to
¢—Ti+ pfe and thus can be determined from measurements of pressure -and
specific heat as explained before.

(2.31), is called the Gibbs equation for mixtures and (2.31), is the Gibbs—
Duhem equation. (2.31), gives the relation between the flux of entropy, the
flux of internal energy and the diffusion fluxes g, u?. (2.31), is a relation that
is specific to simple mixtures, i.e., it does not hold for nonsimple mixtures
where gradients of density are among the variables.

But the implications of (2.31), are drastic indeed. If we differentiate that



THERMODYNAMICS OF SIMPLE MIXTURES OF FLUIDS 563

equation with respect to g4, the right-hand side must be symmetric in § and
7 since obviously the left-hand side is. This leads to the condition

ot . opf
(sdﬂ T = 2y .
do. Cop

We choose 2 = B # 7 and obtain ép*/dg, for a % 7. Thus p* depends only on
¢, and not of any other density. By (2.31), the same is true for uf and
therefore (2.31), requires

’ole—Ty)

0 for a#y,
0g, 0@, ’

whence follows by integration

(2.32) ele=Tn) = ), eValea, I,
a=1

so that the free energy density ¢(¢— Tig) is a sum of parts of which each
one is a function of only one density and temperature. Since gn = —
—(do(e— Tin)/aT holds, the same decomposition is valid for gn and gg:

(2.33) o= @t TV and g =), 0.8 T).
a=1

a=1

I repeat that this is a special property of simple mixtures.

The left-hand side of the residual inequality (2.31)s may be considered
the production density of entropy; it consists of several parts:

1) a term due to chemical reactions,

i) a term due to heat conduction, this is the one which is quadratic
in 1:1”

iii) a term due to diffusion which is the term that is quadratic in ¥y,

iv) a mixed term with gradients of temperature and relative velocities.

(2.31)s implies a number of inequalities which follow from the require-
ment that the matrix in (2.31); be non-negative definite. The conclusions
from this requirement are cumbersome to write and therefore we constder

only the case of a binary mixture, i.c., two constituents. In this case the
matrix

1_,2 |
1 1 2 a(p_l_&) aEl =
+_’i _1 gv_+QIQZ MT_MT _ \&1 @ T T }
T? 2T o 01  0: oT oT
1 1
~={m} —~— MN
[ 2! T A
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must be positive definite and we must have

(234 k=0, MI'<0 _%_léﬁ_*_glgz[(M'}'—M%)_
’ = * v ~ ) T Q

a(f’_l__l’_z) Plainl.
__\% @ +T T % >0
oT oT T

This means that a temperature gradient creates a heat flux in the opposite
direction and that a diffusion velocity creates a force opposite to its own
direction. The least inequality is difficult to interpret, but we shall yet find

some use for it.

The law of mass-action. The entropy production on the left-hand side of
the residual inequality (2.31); may be considered to be a function of
Ay, Agy ooy Apy @uirs -y 00 T, T;, v]. That function has a minimum, namely
zero value, in equilibrium, which is the state where the temperature is
uniform, no diffusion occurs and the reaction rates are zero. Thus we may

write
Z(Al An’ Qn+l Qv’ T; Tj‘ I/EG)IE = 2(09 09 Qn+1s Qm 7: 01 0) = 0

Necessary conditions for this minimum are the vanishing of the derivatives of
2 with respect to T;, ¥ and A? in equilibrium. The first two conditions are
identically satisfied and the vanishing of the derivative of Z with respect to
A® leads to the condition

(2.35) Y HleyaM, =0 (a=1,2,....n).
a=1

This condition is called the law of mass action. It provides as many
restrictions upon the v densities ¢, and temperature T as there are indepen-
dent reactions.

Because of the conservation of mass in the reaction which by (1.18) can

be expressed as ) yaM, =0 the law of mass action reads

a=1
(2.36) Y (l-meviM, =0 (a=1,2,...,n).
z=1

Thus, in particular, in a binary mixture we conclude that in equilibrium the
chemical potentials of the two constituents must be equal.
d. Transport equations for diffusion and heat condition.

o Constitutive equations for q, and mi —1,v?. Despite of all the thermo-
dynamic development of the previous sections the gain of knowledge of the
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constitutive coefficients in g; and m! —1,0v? is minimal. We recall the con-
stitutive equations for these quantities

v—1

mi—t0f =) MPVE+M;T,
(2.37) -
q = Z q V.’*’CT.;-

g=1
Inequalities (2.34) restrict the generality of the coefficients, but that is all we
know about them.

B. The phenomenological equations of linear irreversible thermodynamics.
Linear irreversible thermodynamics is an alternative theory of mixtures
which formulates constitutive equations, so-called phenomenological equations,
for the flux of internal energy and the diffusion-fluxes. Theses fluxes come
out as linear combinations of the gradient of 1/T and the gradients of
(W — )T viz.

L oW~ 1) T)\ 4 &)
Q. U; = ﬂgl laﬂ( (‘)‘xi )+L axi ’

(2.38)

0x; ox

Equations (2.38), for the diffusion fluxes are sometimes called Fick’s law of
diffusion. :

The coefficients in these equations are called as follows

L,; — diffusion coefficients,

I, — coefficients of thermal diffusion,

Ly — diffusion-thermocoefficients,
and linear irreversible thermodynamics postulates symmetry relations for
these coefficients, namely

(2.39) Lg=1, and T=1.

1

v-1 I
g=7Y 1,(_"((" #)/T))Hﬁ(l/ﬂ_
=1 .

These symmetry relations are also called Onsager relations.

Linear irreversible thermodynamics is not quite equivalent to the theory
of mixtures presented here, in fact the present theory is superior in one
important aspect which concerns the speed of propagation of disturbances in
the density of the constituents and we come back to this point in the next
section. However, there is a large class of processes where the two theories
lead to the same results and I shall proceed to show under what conditions
my equations (2.37) can be rewritten in the form (2.38) of linear irreversible
thermodynamics. After that I shall show that the present theory can derive
the symmetry relations (2.39), which are postulated by linear irreversible
thermodynamics for a subclass of simple-inviscid mixtures of fluids.
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y. Fick’s law of diffusion as a mutilated form of the equations of balance of
partial momenta. We recall the equation of balance of momentum of constitu-
ent o from (1.16),

a9, 2 1
¢ Ui ¢ a.a a a
o ta e t) = m

J

By use of the equation of balance of mass of constituent a we rewrite this
in the form '

I

20 P | ] ol |
cv; cr; Ccti;
1 ¢ 2] X a
Qa ( a—t + Uj F_)_ —_ 'n’_ _ T‘: l,l_

J
or with o, = v§/¢t +v; (v}/¢x; as the acceleration of the constituent « in the
[rame where the mixture is at rest.

aud o

(2.40) U Hu ot =mi -t (a=1,2,...,v)

(YJ X

We insert the constitutive equations (1.44) for ¢; and mf —1,¢i and delete the

term u} 0vj/dx; which is considered small in near-equilibrium process since

both the relative velocities and the velocity gradients are small. Thus we
obtain after division by

a v-1 M::ﬂ MJ

f’?+iii = Z —Vt+ T

02 CX;  g=1 a Oy

T;.

ol

Furthermore we ignore the acceleration (*) and we subtract the v" equation
from all others: we use (2.31), and obtain

NV
‘j i —
O — ( ) ot — o (M MY M3 My
U U ( @ 0 _(.u 1 )Tl,: Z (_____)V‘ﬂ+( T T)T:,'

+ —
(F\xi N cT T p=1\ Ca oy (0 Qv

or after a slight reshuffling of terms

v—1 M:ﬁ Mv/l
Z ( v v )V,ﬂ
=1 Ca Qy

a__ v a__ v o v 1
RF_T”— M;  M; o Tu 3(9__5) °T
=T- +T2[( T T)_'_T @z Oy ]

0 O arT ¢T ox;

(*) Note that this cannot be justified by assumptions of linearity but is an additional
assumption, which is needed, if we wish to compare equations (2.37) and (2.38). In my opinion
the necessity of this assumption is the gravesl shortcoming of linear irreversible thermodynamics.



THERMODYNAMICS OF SIMPLE MIXTURES OF FLUIDS 567

v~ 1

We recall that My¥ = — ) M’ holds (°) and rewrite the last equation in the
=1

form — 1
v o T# T
241 FMPVP=T—+T?*D,—,
( ) ﬂ},z:l Y L ] ax' + a (‘!_Yl
where we have defined [or abbrevation
(2.42)
A (o
1. 1 ‘MZ2 M T ’ .
F,y=(—é,).+—) and D,z( t——1)+T M &)
Oa 0, 0, 0, cT cT

v—1
With (2.42), we have V/ = — ) Fg;0,ul from (2.10), and thus the left-hand
=1
side of (2.41) reads
v—1
Z FayMif/ﬂFﬂaQa“?-
Byb=1
We solve that equation for g;u¢ and obtain
N

v—1 f

5 L B SRS T
(243) Qa u,- = Z (‘- T z F‘j? M {/ﬂ Fﬂa —"—E—‘ +
=1 cng

1=1

Comparison of (2.43) with the phenomenological equations (2.38), shows that
the coefficients I,, and I, must be identified as indicated by the brackets in
(2.43).

It remains to rewrite the equation (2.37), in the form (2.38),. This is
easily done by inverting (2.41) to get ¥# and insert that into (2.37),. We
obtain

N
v—1 v—1 -1 —1 (j—?_
(244) =Y (-T Y 4qf MY} F,) -+
a=1  By=1 ) oX;
L pl
’ A T T
+HT? Y MY FuD,+T*k)—.
afy=1 X
A

(%) This is true unless there are chemical reactions which we shall exclude for the present
argument.
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We compare this with the phenomenological equation (2.38), and conclude
that the coefficients I, and 2 must be identified as indicated by the brackets.

3. Symmetry relations. In equations (2.43) and (2.44) we recognize the
two phenomenological equations of linear irreversible thermodynamics, the
first one being Fick’s law of diffusion. We have derived these equations here
under restrictive assumptions, the most important one being that the accel-
eration is neglected. As a consequence of this systematic development we
know a little more about the coefficients L,; and L,, L, than linear
irreversible thermodynamics does and we shall use this knowledge to derive
the symmetry relations (2.39) which are ordinarily postulated as Onsager
relations.

This ist not possible in general but we shall now make some reasonable
assumptions on the coefficients M} and ¢? which will allow us to derive
(2.39).

Truesdell has shown that under certain conditions L,, = L,, can be
proved. We noticed from (2.43) that this symmetry will hold, if M?¢ is
symmetric and that can be proved from the conservation of momentum. The
argument runs as follows: (°)

v—1

We introduce My’ = — ) My and rewrite the constitutive equation

g=1
(1.44) in the form

v—1
(2.45) mi=Y Myf@f-u))
p=1
Y MPub—)- T MYl
=1 =1

= ¥ MP Wb,
B=1

The advantage of this form of the constitutive equations for m? is that the
coefficients M3# (including M}f) now have a very suggestive meaning, because
they determine how the relative motion of constituents @ and f affects
constituent «. In particular, it is then reasonable to assume, that for a large
subclass of simple mixtures the following special properties hold

(i) M3® independent of ¢, (y # a, f),

(i) M3? -0 for g, 0. '

Truesdell says that the mixture exhibits binary drags only, if (i) is true.

And (ii) states that there 1s no drag on constituent « from constituent B, if the
latter is absent. '

(°) Without loss of generality we may disregard temperature gradients for this argument.
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Because of momentum conservation we must have
v v
Y MF@-vh)=0, or ¥ MWy=0,
zf=1 a=1
or, since this must hold for all z,

v

Y M@ =0,

B=1
This means that the sum of all elements in a row (and in a column) of the
matrix MI**) must be zero. In particular, in a binary mixture we have Mi>f
0 a .
=[ 0] and since all rows must add up to zero, we get «a=0. In a
—a
mixture of theree constituents we have

0 o —a
M#—| —a 0 «
a —x 0

Now if the above conditions (i) and (ii) hold for M?* they must also hold for
the symmetric and antisymmetric parts of M2%. Thus M!!-?) s independent of g,,
M3 is independent of g, and M!?-% is independent of g,. But they are all
the same. Hence a is a constant and by condition (ii) that constant is zero.

Mixtures of more than three constituents can be reduced to the case of
three by condition (ii). Thus we have shown the symmetry of the diffusion
coefficients L,,.

Next we investigate the symmetry relation (2.39),. A comparison of
(2.43) and (2.44) shows that we have to prove

v-1 -1, -1 L S I
~T Y g My F,=T* Y F, M}y FgD,.

B.v=1 B.y.é=1

-1
F,,, as well as F,, = (g, ,,—¢,0,/0), is a symmetric matrix and we have just

proved, under the conditions (i) and (ii), that M3’ is symmetric. Therefore we
may write the above condition in the form

v—1 -1 -1 v—1 -1 M& M
(2.46) Z F,, M [q€+T Z Fy, ((_"_ T)+
=1 _ 6=1 s gy
Nt N Y
¢

T g O
— =0.
T 7 aT )J

Obviously, this cannot be proved without further special assumptions. I
believe though that it is reasonable to suppose that there is a large subclass
of simple mixtures for which
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(i)) M% = 0 holds, so that the temperature gradient does not affect the
interaction force m{ —1,tf, and
(iv) g% is given as

v v—1

qe’ = Z Qa(£a+pa/91) Z (6aﬁ—gﬂ/9)
a=1 2=1

hd -1 . YLo-1
= Z (ex + Pa/02) Faﬂ with Z Filﬂ =0,
a=1

a=1
v-1 -1 -
= Z Fﬂ&(%“%*‘["’/Qa—P‘/Q\-)-
3=1

This assumption is motivated by definition (1.26) of g; and it is tantamount
to assuming that the partial flux of internal encrgy ¢ does not depend on
the relative velocities.

Together the two conditions (iti) and (iv) severely restrict the thermo-
mechanical interaction. If they are valid, (2.46) reads

e T s ATy el
247 Y F M F;é[% P 20T eudes)

yfé=1 Qs oT oT
0T e
(Lv + o +T 3T T 3T )

We have seen that in a simple mixture p* and y* depend only on g, and T
and that gn and ge¢ are sums of terms g, n, and g, ¢,, respectively, that depend
only on ¢, and T Thus the constituents behave like single fluids and there
must be a Gibbs equation of the form (2.20), for each of them

Ha

1
dn, = }ds, o do,.

x

This implies an integrability condition g de,/¢o, = p, — T'Cly/¢T and if that is
introduced into in (2.47), we get

L S SR W I/ a(u’/T)
(248) Fa;! M 78 F, |: = + T2 —
M’Eﬁ::l ps 00, oT

ooy &, o’/ T)
- T2 L L2 =,
( 0o, + oT )]

Once again, since we have seen that a simple mixture is but the sum of single
fluids the Gibbs equation (2.31), falls apart in v independent equations of the
form

1 I
= —do, 6, —2d
d (0. 1) 7. 8.~ de,
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which can be rewritten in the form

1 ] Ha
d(Qa Na _}Qa Ea) = ?5 Oq EadT—?an'
00, & C
This equation implies the integrability condition Ag’ ta_ 72 “2# -and thus
(45

we see that (2.48) is satisfied, 1.e. we have proved the symmetry relations
(2.39) of linear irreversible thermodynamics under the conditions (i) through
(iv) of p. 568 and p. 570. It is to be stressed that in the proof no recourse was
taken to statistical arguments which usually considered the basis for Onsager
relations of the type (2.39).

3. Diffusion and wave propagation in simple mixtures

a. Alternative form of field equations in mixtures. We have seen that the
field equations for

Qa(xm I)a Ui:[(xn, [)s T(xnv l)
for mixtures are based upon the equations of balance of masses and

momenta of the constituents and upon the balance of internal energy of the
mixture, viz. for a non-reacting mixture

do, © Co, Vf .
—5I—+ i (u =0, a (0 vi 5 —t) = m§
(3.1)
0@5 ¢ ——(oerj+4;) = vy
o ax, 9 = NG,

These equations must be supplemented by constitutive relations which we
have reduced by linearity, material objectivity and the entropy inequality in
the previous chapter, so that we have (°)

Pa(Qa: ) us
v—1
m:= ) MyPVF with
p=1

-t -

L p_") =

k g2 [\, o TP 0.0

o _ v - S (a1 -T _Yaly

T’ % T+[ oT T JZ (9’5"“ ) )} ‘

y=1 [

1 1 /M®  M¥\"Z! 0,0
R R
2 T\ ¢ o ) Voo

[ y=1

(°) We investigate the subclass of simple mixtures here, for which in the last section we
have proved the symmetry relation (2.38), i.e. in particular M% = 0.
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v—1 v—1 ] v
qi = Z qe V-‘ﬁ—kTu with g} Z (Qp‘spo—gﬂggd)(ﬁa—”——(Ev—u—)),

=1 é=1

_—y i 0e op,
g = Z] %Ea(gza T) with Qa% ﬁg =P T 6pT

It is often useful in the theory of mixtures to replace the sct of variables
0, UV, T(@a=1,2,...,v) bytheset g,¢, v;,J5, T (a=1,2,...,v-—1),

where ¢, = g,/o is the concentration ol constituent a and J? =g, uf is its
diffusion flux. This change of variables is useful, if ¢ and v; are constant as
they very nearly are in a diffusion process. Thus with the new choice two
variables drop out, while with the old choice we have merely an awkward
constraint on the variables.

With this new choice of variables it is appropriate to rewrite the
equations of balance so that the new variables occur explicitly. We obtain

de Oov;
=0
a e,
dov; 6
dge ¢ ot;
3.3) 6—t+ j(stj+q1') =1 ;q;;,
oc, o\, oIy _
Qa(ar +Djﬂ—xj)+ax'. =0 (a-—l, 2,...,V 1),
orr @ oc, ov;
o +5;;_( —(t5—c, 1) = "’ax, "’6 ,

It is also useful to rewrite the constitutive equations in the new variables and
we obtain

r‘l'zj = _pa(Q'CC) T)(sija

v—1 1 1
"‘[?:_—. Z M:,ﬂ(-é—éﬁy+3—)"2,,

(3.4) prv=1

1
qv 5 )JY_kT.',
hzn (g, ot e.)” l

& = z C,BG(Q'CG, T)a
a=1
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where ¢, p= Y p, and y* are related to each other by the fact that the
2=1

Gibbs equation (2.31); holds which now ought to be written in the form

l v=1
(3.5) dn = }(de.—ﬂde— Y () dc,).
@2 a=1

This implies the following integrability conditions

e op oe /T
2V =p—T-—": 1 = —u—-T :
Q 2o 4 T a, Hr— oT
(3.6) .
op _ o2 =

éc, o
Also gf and M$f must obey the inequalities that were implied by the positive
definiteness of the matrix in (3.2).

b. Linear wave equations for a binary mixture. Even though the field
equations that result from a combination of (3.3) and (3.4) are fairly much
simplified it is not easy, of course to solve initial and boundary value
problems with them.

However, one type of solution can always easily be had, namely small
amplitude waves, the so-called sound waves. We shall investigate these now
and it is then appropriate to make the following further simplifications.

(i) We linearize the equation of balance around a state in which all
velocities vanish and densities and temperature are uniform. Thus we shall
ignore non-linear terms in the gradients of densities, velocities and tempera-
ture as well as products of relative velocities among themselves and with
those gradients.

(ii) For simplicity we consider only a binary mixture.

(i11) We shall consider only adiabatic sound propagation.

As 1s well known from sound propagation in single fluids, the assum-
ption of adiabaticity is a very good one. Its mathematical expression is
vanishing heat conductivity, e, k = 0 and therefore the inequality (2.34),
implies :

@1 02 0(p1/0, —Pz/Qz)_ T? d(#ll _.ulz)/T)
0 oT oT )

(3.7) qy=T

We denote quantities that refer to the uniform reference state by a super-
posed zero and derivatives such as de/de and ¢Jp,/0T by ¢, and uf, respec-
tively. Moreover, we abbreviate u' —pu® by pu.
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Insertion of the constitutive relations (3.4) into the equations of balance
(3.3) and use of the restrictive conditions (3.6) leads to

de 0y 0 N Y

5+Qa—xi= ’ Q§+ax,. o
o, ,d  ,d (T
QO-FT-+P05;+Pc5§;+PT'5;:=O’
(3-8) ) o s o - P o1 02 T
Vi g &, i (ﬁgig—+ﬁc4€—+(‘:r“1¥)i“')=0=
ot 01 @3 0 ﬂx,- P‘xi Q1 02 (")Ci

T o 1—~ o1 o2 ° )
T Lo Thrae T(g_ghﬂ_ﬁr)i’_-:o,
01 €2 T ox;

From (3.8); we conclude that curl v is constant in time and (3.8), implies that
the time derivative of curl J is proportional to curl J itself. Thus, if we
assume that curl v and curl J are zero initially, they will continue to be zero.

It is an easy matter within in hinear theory to eliminate J;, v; and Tfrom
the field equations (3.8) and thus we obtain after some calculation

i Tpi T pr Pt
— = p,+ Ao—=|p.+—p —|———1|4¢c =0,
ot [#9 o’er 7P er P (Ql Qz)

Fc 0 O ¢ T (pt p}\
(39) iy Vi § < c+~(___) Ac—
at " nea o T \e e

T 1 2
G [pc+—u1 (EI—E)JAQ =0.
e Er 01 Q2

where for convenience in notation | have dropped the superposed zeros on
the coefficients. '

Before we reduce those equations further, we shall discuss a special case
which is quite instructive. Namely, consider the case in which the coefficient

T 1 2
(3.10) w;pc+-pT(51—31)
&r 61 02

vanishes. In this case the two equations (3.9) are uncoupled. The first one is
the well-known wave equation for adiabatic sound propagation with the
velocity

Tpt
. V= | .
(3.11) o= Pty

Note that the radicand can be written as (ép/dg),. The second equation is a
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hyperbolic equation, the so-called telegruph equation, which describes the
propagation of damped waves with the velocity

T 1 2
(3.12) V= \/Q‘ ¢ (,uc+—(&—&)).
[ Er \0y @3

We may call this the velocity of “second sound”, whereby (3.11} is the
velocity of “first sound”.

In equation (3.9), without the interaction term, the second derivative is
usually neglected. This corresponds to the dropping of the acceleration in the
momentum balance (2.40). Thus one obtains

T 1 2\2
(3.13) M¢1@+[uc+~(”'——ﬂ) JAC -0,
ot Er\&1 @2

and this is the ordinary diffusion equation, which is parabolic.
We note that, while it is conceivable that the coefficient in (3.10) may
vanish for a given mixture, it does not in general vanish for a mixture of

. R R :
ideal gases. Indeed with p, =o— T and ¢, = z,— T+, we obtain

M, M,
o1 1 1/M, +0:/M,
(3.19) W = 9oR ———)(l +
¢ M, M, 2y 01/My+2;50,/M,

and this is zero if and only if M, = M, holds.

We note also that V,, the ordinary adiabatic speed of sound comes out
in an ideal gas as

‘ Ql(zl+1)(1/M1)+QZ(22+”(l/MZ)(Ql 1 02 I) P g
3.1 V. = —_—— = — RT,
G Ve = T o e UM+ orza (M) \a M, o M)V

wheares the spead of the second sound is

' — 1 1
3.16) V.= /Qlfz(.g 1 +£1 v /M, 1/M2( 3 ))\/ﬁ
v ¢ en M, o, M, Q_l_z_l_+Q_zZ_z M, M,

oM, ¢ M,

If W does not vanish we must reduce equations (3.9) further. We eliminate o
between them and obtain

6‘c_M; o &c¢
ar* 010, 0

(3.17) (v

4
VLI 7 Mol § % T I e SR P Y
e 6 e [
0102 t 04
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This is again a wave equation describing the propagation of two waves with
the velocities

(3.18)V _ /ﬁ\ﬂzV: (9192/94)W2
TN v e

Gaad \/1+ V=0 ez/0d W
V-V

As W tends to zero, V, tends to V. and V. tends to V,. Thus we may say
that V, is “primarily” the speed of propagation of disturbances in concentr-
ation, i.c., the speed of second sound, while V_ is primarily the speed of
propagation of disturbances in density, i.e., the speed of first sound.

c. Amplitudes of first and second sound. We consider longitudinal one-
dimensional sinusoidal sound waves propagating on the direction x; = x so
that

Q — QO+§ei{wl-hIi

€= co+Ce™ho

(3.19) v = Eeilwr—hx),
J = jei(wl—hx)’
T=' T(')+ Téi(w'_hx).
Insertion into (3.8) leads to the system of algebraic equations
u@ —éﬁ =O,
out —J =0,
—Pp —p.C  +oub —pr T=0,
g 1 0 1 2
8 e -2 e rul iy —)J - ‘9’(5’1-5?) T=o,
e ¢ g0 W e \& @2
T T (p} P}
—-—z-p—Tu@ ——(E—E’:)J+ uT =0,
0° Er gtr ‘e @2

where u = w/k is the phase velocity of the wave. We eliminate g, ©# and T
from these equations and obtain a homogenious systems of algebraic equa-
tions for ¢ and J, viz.

; TZ l 1 2
ol p+ s —nz)v—-—( +T”’(5’I-ﬁ))1=o,
LS e 0y 02
2 1 2 -1 2.
_gﬁz_(Qz%_e_(&_ﬁ)(po_uz,)ﬁ_(er@z (#c_&(ﬂz_&))_
02 Pr\¢y @ 22 Pr\C1 Q2

| o 1.
—u2(1+lM" —))J = Q.
Vo0 W
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For simplicity in this agreement we assume that first and second sounds are
uncoupled which means that the coefficient of interaction defined in (3.10) is
equal to zero. In that case we may rewrite the last two equations in the
{forms

Tpr
+———Uu v :0v
(p‘, o*er )
0105 P ' T
(3.21) \1--(L:__P_T)(pﬁ,__z_f’z_uz)f_
Pr ‘&1 @2 o ¢
2 2 :

| T ph Ly s
—(Q‘#(Mﬁ»(ﬁ—ﬁ) )—u2(1+iM'y' ¢ ——))J 0.
g e\ O 010 W

For this homogeneous set of two algebraic equations to have a non-trivial
solution the determinant must vanish which means either (with definitions
(3.11), (3.12))

1

(322) uZ = U

ol *]

=V or wW=U3=V? .
o |1

| +iMy ———

1o, W

U, is the phase speed of the first sound. From (3.21} we conclude that a
wave propagating with that speed has J — 0. U, is a complex phase speed,
i.e. a wave propagation with that speed is damped. From (3.21) it follows
that this wave has v = 0.

We conclude that in a first sound wave the mixture as a whole moves,
i.e., there is no relative motion of the constituents and therefore, by (3.20),,
we have ¢ = 0: also there is no damping. On the other hand, in a second
soud wave the mixture as a whole is at rest and one constituent moves
against the other such that the center of mass is at rest. Correspondingly ¢
= 0, which is to say that the wave leaves the density unaffected.

From (3.20), , ; we obtain

o
(3.23) T =—{((u*—p,) 6—p.0)
Pr

whence it follows that a temperature wave accompanies both the first and
the second sound.

4. Liquid helium 4 as a special binary mixture

a. Assumptions leading to Landau’s theory of liquid helium. Tisza and
Landau have formulated theories of liquid helium which may be fitted into
the thermodynamic theory of binary mixtures provided that the [ollowing
three assumptions are valid.

37 — Banach Center Publications 15§
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i. (Mixture character)

The first assumption states that the single liquid to which the noble gas
He 4 condenses behaves like a mixture. This strange assumption is motivated
by quantum mechanics and it may be more proper to speak of two phases
rather than two constituents of a mixture. Indeed, quantum mechanics and
quantum statistics provide for the possibility ol having a phase composed of
atoms in their ground state and another phase of atoms in energetically
elevated states. These are the supercomponent and the normal component of
Landau’s mixture theory respectively. We shall denote these by the indices 1
or s for the supercomponent and 2 or n f{or the normal component. As is
fitting for a mixture of two phases we must assume that one phase can be
converted into the other as the thermodynamic state might require. In other
words we must allow for “chemical” reactions in the theory.

ii. (No dissipation)

The supercomponent is endowed with very remarkable properties. In
particular it is assumed to be non-viscous and also its dynamical interaction
with the normal component is assumed to be zero.

While the normal component has viscosity and heat conductivity, it is
possible to ignore these features in the study of wave propagation just like
this is done in the study of the leading terms of sound propagation in an
ordinary mixture.

In fact, in the study of wave propagation in Helium we assume that
there is no dissipation at all, not even dissipation due to the conversion of
one constituent into the other. In other words the residual entropy inequality
(2.31)s is satisfied with the equality sign. Inspection of that inequality shows,
that this assumption of vanishing dissipation in a binary mixture can be
satisfied by

-

4.1 k=0, M!1'=0 and pu=0.()

(4.1); requires a comment. It would be possible to suppress chemical
dissipation by disallowing chemical reactions and in fact we have done that
in the previous section. But this assumption would contradict the obser-
vations which rather clearly imply that there is a free and easy transition from
supercomponent to the normal component and vice versa. Thus we ensure
the freedom [rom dissipation by making the other factor, viz. p in the
chemical entropy production equal to zero.

(") u is the difference of the chemical potentials of the constituents. Nonlinear terms like

1 . .
:2“3 in the entropy production are ignored here.
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This has rather severe implications, because p ist a function of g,, o,
and T and g = 0 is therefore an algebraic dependence between those fields.
This constraint ensables us to ignore one of the field equations and we shall
choose to ignore the mass balance for the superfluid. Another way of putting
this is to say that — when all the fields have been determined from the
remaining equations and p =0 — this mass balance may be used to
calculate the “chemical” production 1, of the supercomponent.

ni. (Vanishing entropy)
We assume

(4.2) n =0,

so that the supercomponent has no entropy. This assumption is motivated
by quantum statistics which suggests that the superfluid may be the phase of
helium that prevails at absolute zero and there the entropy vanishes accord-
ing to Nernst’s and Planck’s formulation of the third law of thermodynamics.

b. Landau’s linearized equations. The basic equations of Landau’s theory
of liquid helium are the equations of balance of the masses and momenta of
the constituents and the balance of internal energy of the mixture, just like in
the theories presented heretofore. The only exception is that we ignore the
balance of mass of the supercomponent, because we have the constraint (4.1),
which replaces one equation.

Also for convenience we rearrange the equations and choose

do dpv; .

Tf+—3—’ =0, balance of mass of the mixture,

&t Ox;

6Qv ¢ )

o + E (ovivj—t;) =0, balance of momentum of the mixture,

(4.3) ’

¢

ﬁgsvs+m (osvivi—1£;) = mi, balance of momentum of supercomponent,
J

doe O ov;

ges +—-—(QFUj+qJ) tijas , balance of internal energy

at ( x ox;

J

as the basic equations for the treatment of liquid helium. With one field
equation replaced by the condition u =0 this is certainly a permissiblc
choice, i.e, we have the correct number of equations for the fields g, ¢,, t
v and T

But, of course, we also need constitutive relations and for those we pick
the equations characterizing simple mixtures

l’
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2 0
n= ) E’na(@m T),

2 -

Q1 M 1 pa (‘181 (’p

=) —&l(p,, T) with dn, ==(de,——5d|—==p,—T—=
; 0 ¢ 7) 7 T( o2 )("Jga P :

(44) 1= —p(e. T)Sy;.
m-T,ui= MYV 4+ M} T, with M} =0

g =qrVI+kT;,;, with k=0,q.

In (4.4)5 the condition k = 0 is imposed, we have ignore heat conduction. In
fact, we shall assume a little changed set g7 = 0 in definition (1.26), of the
flux of internal energy. In that case g} is given by the expression listed ir
Sect. 3, as we have seen earlier, viz. on p. 568 and p. 570. In fact the set M!!
= 0, because we ignore the interaction force between the constituents and
M1 vanishes by the following argument: Since M, and M!' are zero and g’
is given by (44); we conclude from (2.34) that (note that M3 = — M})

01021 [Ta'(h/é’l —P2/03) ( ce  ce )
e T dgy @g,

M} =

cc e 1 0, 0, 1 0, Ot

with -—= ——
do, 0o,

_8 —_— e
""od0, 0 o éo,

0,011 ( , ¢y 5%) 1 ( , Oy Opz)J
Mp=S182 ) (22t p 4 T (22— p,+ T2 )|,
T 0 T[Ql & 70, P ot ) o o2 20, P2 aT

M; =0, Dbecause of (4.4),.

Insertion of these constituive equations into the equations of balance (4.3)
and linearization of these in the uswal manner leads to

@_*_ “_iaﬂ
a " %o,
aavi op
" +6x,-
a.l’.'l op,

oty O

o@_{_ul%_ (“)Ul-
o TV, T TP

=0,

(4.5)
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The equations (4.5), , are already in Landau’s form, but (4.5); 4 can still be
simplified considerably by use of our knowledge on simple mixtures.
On (4.5);: We write

ap' & dp' Gy +é’p2 aT
o, s= 8oy Ox; AT dx,
2 opt Joy ?p‘ﬂ

ZQI

or with (2.31),

deg Cx; 6T Cx;
_ f’,ul _ a.ul @-1 (/T
“@as T\arT T

Cuy _6(01 Hy *Pl)ﬂ
' ox, oT &

The Gibbs—-Duhem equation (2.31), is satisfied for each component in a

simple mixture, so that in particular we have ¢, u, =o0,¢,— To, n +p;.
Therefore we get

& _ (% _Lom a
ox; & ox; @ \ar 1o )™ ax;
The last two terms vanish, because of the Gibbs equation (4.4), and because

n, =0 holds in liquid helium. Also since u =0 holds, the Gibbs-Duhem
equation implies gy, = ¢— T+ p/o and therefore we have

a _,

ax; ¢ ax;
The Gibbs relation (2.31); can be rewritten by use of the Gibbs—Duhem
equation in the form

v—1
Tin = ds—2dg— ¥ (u,— ) de,
(45

a=1

or in our case with u;, = u,

1
d(s— T11+E) =du, = —ndT+Z)dp.
@

Thus we get
cp! aT d
&L _ —qu-—+gl——p- or with (4.5),,
4.6) ox; ox; @ 0x;
' op' Ty,
ox & "ax,. ¢ at

On (4.5),: From (4.4); we read off ov = (01 02/0) (&1 + p1/01 —(e2+ P2/02))
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and since the Gibbs-Duhem equations is satisfied for each constituent sep-
arately in a simple mixture, we have

p'=—Ty'+p'fe’,
p? = —Ty?+p*e, with n* =0, u' = u2, n? = (o/e)n,

e
2

e'+pfo—ct+pile, = —T|— |n,

sO that
(4.7) ar = —Toyn.

Also we have

+ .
oo o

Ot Oﬂ CE E’T e - p §g+ Je Oc
¢ a Caca

- _+_ -_—
a P ox,

and

which is an integratability condition for » following from the Gibbs equation

Tdn = de -fnz— ¢ —udc. Thus
Q

e ¢ mdT 1 _odpde édeéc

Ca e " ra 2 Tarat e a
1

on Taﬂﬁe Tﬁnﬁg_Q(Tan 68)@

= a e Tara a

dc o

Again from the Gibbs equation in the form d(¢— Ty) = —r1dT~£2 do+
e

+ ndc we obtain

on 1 0p o e
—=—— and T--——=—-u=0,
e otor " o a !
so that we get
de oy, an
4.8 —+p— =oT—.
(48) Ca P 0X; °Ta

We combine (4.6) through (4.8) with (4.5); 4 and obtain

L L OT_ wm_&

) ea e w0 Ew
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Equations (4.5), , and equations (4.9), , are Landau’s equations for liquid
helium. We can see now how they fit into a general theory of simple
mixtures.

¢. Landav’s wave equations. It is an easy matter to eliminate v; between
the two equations (4.5), , and V; between (4.9), ,. We get from this

R Vol 01
—=—Ap=0 and —S1-yn*=AT=0.
ar? P ar’ 1 Q2

A

(4.10)

Normally, of course, we should consider p and 5 as [unctions of g, ¢ and T,
but since u(g, ¢, T) = 0 holds, we can drop c (say) from this list of variables
and only retain ¢, T Alternatively we may consider ¢ and 5 as functions of p
and T which traditionally is the preferred choice of variables.

Thus we write

Mo T cop
ar AT fp ar®’
&Pn merT dnctp
At oT o  fp

&Pp 0 ap\ [éo\ O*T
_22__}3 Ap+ Py (e _‘_,_2_ —0,
(7! (’Q T FQ T (‘?T P ("l

(4.11) X .
AN X YT Y
cp/r Ct T ¢t 02
where ¢, = T(dn/¢T) is the specific heat.
C 1/¢ :
Note that (1} = —- (ﬂ—g holds which is an integrability condi-
p)r o\éT

tion for ¢— Th—p/e since the Gibbs equation may be written in the form
1

d(a—Tr]-{—B): —ndT+—-dp+pudc. Therefore the two equations (4.11) de-
e %

couple if the thermal expansion (dg/é7), vanishes. In that case we obtain

& % T T
4.12) —f—(i’)Ap -0 and Lﬁ(?’—lf”--)A T=0.

ar? co

These are both hyperbolic equations which describe the propagation of
waves with the speeds

é W
T 1 g2 Cp

We call these the velocities of first and second sound, respectively.
If we cannot ignore the thermal expansion, we obtain one wave equ-
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ation of fourth order instead of two equations of second order each. Indeed,
by elimination of T (say) from the two equations (4.11} we get

o (P e (f’f’ <p
(.T ((19.)r(fﬂ’f’)r F‘I’)T)ﬁ'4
6p le)aA 2@y (ap
— + +n*=—\+-] 44p =0,
((aQ)TT 1 éar? 1 0:\00 /7 P
. cpy {CO cp on I {do
th (=) (=) = —|=5) and [ ) =—( = that
or Wi (ag)r(ar)p (57‘) " (Pp,)-r eo(’T)p o
¢ (;p (E’Q G
(PT)Q (“-T),,_ T
holds

¢
+1
T o,
Fiad ¢,/ C Th? 24 Ti
(4.14) ~§=(v"(‘.—p +ig‘)‘ 2”+—"—”—1(”’ 44p =0.
at WNCO /T ¢ 02) (8 € 02

The equation predicts the propagation of waves with the two speeds

1 (?-Q +Tn o, T (Ffp +Tn291 * Tt e, (C“p
(4.15) Ve=+/ 2|\f/), o o, 4|\ /)y <, 02 Cy 02 \CQ /T
where (dp/dg), = (c,/c,)(0p/0o)r is the adiabatic compressibility. In the case
where (do/éT), = 0 holds. we have ¢, = ¢, and therefore the adiabatic com-

pressibility is equal to the isothermal compressibility and V, reduce to the
two velocities V, , of equations (4.14).

d. Amplitudes of first and second sound. Just like we have considered the
amplitudes of longitudinal one-dimensional sinusoidal sound waves in the
case of the non-reacting binary mixture, we shall do so here. Therefore we
insert

p — pO +ﬁei(ml-kx),
(4 16 U{ — vl ei(ml-kx)’
.16) )
UIZ — 52 et(wl - kx)’

T — T0+ 'Tei(wl—kx),
into the Landau linear equations (4.5); , and (4.9) and obtain

ey 7 AN 1 =2 _
(ﬂT) ul +(a—p)Tup -0, 0 —p,0° =0,

—p +ug, 7' +ug,v* =0,

(4.17) —nT ~uBp ue =,
0 0
PQ & &

LuT ik 72 =0.

where u = w/k.
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We eliminate T and p and obtain

T & 2T
()2 e
\cp02\CT/, 0 ¢ 0
T % 2To,
A ) e
¢, 0°\ €T 4] ¢, ¢
5@) 1@2(9@))2 _
— ] ——=l=] Ju"—= £+
’:((QLFP,T 0o (’T,, 21 {11
0o 1 C
+ (Qz TL +_g§(_9 u’—g, |5, = 0.
ép)r no \éT/,

Again we restrict the attention to the case where the first and second sound
are uncoupled, ie. the case (do/¢T), =0 and obtain

T
(772;_@1 — 0 uz)(ﬁl '—52) = O, and
(4.18) p

o
(((-TQ) u?—1 )(91 D1 +e,0,) =0.
op/r )

These equations have non-trivial solutions only if
ul=VE or ut=V2,

where V, , are the velocities (4.13) of the first and second sound. From (4.18)
we conclude that a wave propagating with V2 has V, = V, while a wave
propagating with V3 has ¢, ¥, +¢,7%, = 0.

We thus see that in a first sound wave the two constituents move with
the same speed, i.e, the mixture moves as a whole and there is no relative
motion. On the other hand, in a second sound wave the mixture is at rest
and the constituents are in relative motion. Also from (4.17) it is clear that p
=0 in a second sound wave and that T is zero in a first sound wave.

These considerations have given rise to the expresion that the first
sound is a pressure wave while the second sound is a temperature wave. Of
course, if there i1s some thermal expansion, both sounds are connected both
with pressure and temperature waves, even though, for small values of
(0g/dT),, one will have a much smaller amplitude than the other.

e. Liquid helium in rotation.

a. ‘Vortex lines. Of all the peculiar properties of liquid helium the most
extraordinary one is the manner in which the superfluid achieves a rigid
rotation. Indeed, Landau when he derived the equation governing liquid
helium suggested that curl v, = 0 holds always, so that the superfluid could
not possibly be put into a rigid rotation.

As far as I can determine the reason for the assumption curl v, = 0 was
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that Landau believed both in the momentum balance (4.3); with the con-
stitutive equations (4.4) and in his equation (4.5); which he writes as

- 1 2
: ot (’(Hl +§Ls) .
(4.19) i + i =0.(°)
In fact the two equations can be brought into agreement only, if curl v, = 0.

However, it is now known that the superfluid can rotate. This was found
out when a vessel with liquid helium was set into rotation, because the shape
of the free surface was clear evidence that both the normal fluid and the
superfluid were rotating rigidly.

Still, even after this was known, the idea of the superfluid always having
curl v, = 0 was not given up. It was saved by an originally unlikely hypothet-
ical construction which, however, has later been confirmed.

The idea is that the superfluid forms a great number of localized vortex
lines with a quantized vortex strength and that outside these vortex lines the
fluid is in irrotational motion. This is indeed possible, but it requires that the
velocity v*° falls off hyperbolically with the distance from the vortex line,
because curl v, = 0 rads

((?vz dv, v, v, v, au,)_o

o & & aa e

o & & PR

in cylinder coordinates where (v, v,. ;) =(F, r?¢@, 7). We assume that
around the vortex line in z-direction we have 7 =0, ¢ = ¢(r), 2 =0 and
obtain @ = C/r? so that the physical component of the velocity is v {p)
= C/r. The vortex strength ¢v (> rde is an integer multiple of h/m where h
is Planck’s constant and m is the mass of a helium atom. For certain reasons
which do not interest us here <§v {p>rdp i1s simple equal to h/m, so that we
have C = h/m with h = h/2n.

The whole rotating vessel is supposed 1o be filled densely with such
vortex lines and thus the viewer from above would see a picture like in the
figure. With all these complicated vortex flows in the superfluid of the vessel
one should think that no order can appear in the long range, and yet that is
the case, because all the superposed vortex flows imitate a rigid rotation.
This is seen as follows:

We calculate the circulation ¢vdl along the indicated path surrounding a
circular ring and this i1s obviously equal to 2nrdrnh/m,, where n is the density

2

) . . 1
of vortex lines of the dimension [-—:l:
cm

. h
¢vdl = 2nrdrn—.
: m

(®)} Note that in (4.5); dp/dx; can be replaced by g,(du'/éx) as was shown on p. 581
Landau has the term &(vZ/2)/dx? which I have neglected in (4.5), because thal equation was
linearized. Of course. | have also neglected the term v, x curl v,.
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-Q%

Hence [ollows, since v is only a function of r

h
v(r+dr)2n(r+dry—ov(r) 2nr = 2nrdrh—,
m

d h
(4.20) (d—vr+v)2n =2nn—r,

r m

v{r) = n2_n—1r’

provided that n is constant over r. This is indeed the velocity field of a rigid
rotation with the angular velocity Q = nh/2m.

We calculate the energy E associated with the rotational motion of one
vortex of length Lwhose empty core has the radius a while its exterior radius
is b.

b 1t s
E= f % (o> 2nrdrdh, E=ri' o, in’.
2 m u

a O

If there are n vortices per unit area, then we have nnb? =1 and thus

E Lh2 1 :
= — n— )
T m2 QS T[uz V/;

The energy density due to the vortex !/ is therefore

n h?
(4.21) 05, = — 53 g, In.

B. Attenuation of second sound in rotation. As we have seen in the
previous sections for the first and the second were undamped under the
assumptions here, i.e., essentially if we ignore viscosity and the inductivity.
Experiments show that these assumptions are good for quite a big range of
frequency.
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However, now we are dealing with helium in rotation and here experi-
ments show that the second sound is damped. The damping is independent
of the frequency of the wave, but it grows linearly with the angular velocity
Q2 of rotation. The figure gives the typical behaviour.

Aa:lm(k)

decreasing T

~N
E

g

1 1 L - S
4 rad g fad Q

sec sec

In view of the existence of vortex lines in rotations it is nearly imperat-
ive to assume that the damping in rotation is due to the vortex lines, and
indeed, Hall and Vinen have suggested that the damping is due to frictional
forces between the normal component of liquid helium and the vortex lines.

The idea of Hall & Vinen makes sense on two counts: Firstly, it
provides an immediate quantative understanding of the damping on the
rotational velocity, because we have seen in (4.20) that Q determines the
number of vortex lines and obviously, the more there are the bigger is the
dynamic interaction with the normal component. Secondly, in the case that
the axis of rotation is perpendicular to the relative velocity of the constitu-
ents, Hall & Vinen’s interaction force is in the direction of that relative
velocity. Thus it is a frictional force much like M)'V¥. that we have
considered in the previous chapters and that force gave rise to a damping of
sinusoidal waves that was tndependent of frequency.

y. A field theory for rotating liguid helium. (°) Despite the success of the
theory of Hall & Vinen it leaves something to be desired. Indeed, in that
theory the vortex lines are either there or not; they are “applied from
the outside™, so to speak much like a magnetic field would be applied from
the outside. But there is no governing equation for the vortex field which
would tndicate how the vortices change density and direction.

I proceed to propose such an equation. It seems that the easiest
propositions one can think is in this context is a conservation law for the
vortex flux across a material surface. Let w; be an axial vector in the

(®) This and the lollowing section give an account of research going on by W. Dreyer and
I. Miiller and the results are tentative, '



THERMODYNAMICS OF SIMPLE MIXTURES OF FLUIDS 589

direction of the vortex lines and let |w| = u be the number of vortex lines
intersecting a unit area at right angles. The integral

|| wida;
s

is then called the vortex flux accross F, and we say that the vortex flux is
conserved iIf on a material surface F it satisfies the conservation law

(4.22) % ”w,. du, + %P F.dl = 0.

F L{F)

L(F) is the line around F and F, may be called the flow of w. By this law the
vortex flux through F changes according to the flow F; across the boundary

LIF)

dl;

L(F) of F. There is no production of vortex flux inside F and that is why
(4.22) is called a conservation law.

The transport theorem for material surfaces allows us to rewrite (4.22) in

the form
Y Ow
[T
ct

F

provided there are no singular surfaces intersecting F. Since this conservation
law must hold for all F, we obtain its local form viz.

| .
(4.23) ia~'i+cur1i (w-v+F) =

Now we consider it the objective of a theory of liquid helium in rotation to
determine the fields

(4.24) 0. 0, Uy, Ui, T and w,,
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and we propose to derive the necessary field equations from the equations of
balance

— ).} = 0,
t * x; (ev;)
do, ¢ (00"
— (o v 1.,
a o éx; b *
cov; O . 5 . "
h (-‘t ) + ‘F_X'_"" (Ql’i Uj - tU) = 2Rik (vk - hk) - .R"k (.xk - bk) + Rik (xk - bk) + b".
: Ty
cov;  C s .
(4.25) A + A (Qs Ui v;—13))
j

= m— 2R, (v; — b)) — R3 (x, —b) + Ry (x, — bo) b;.

coe v

hy
— +-—(oev; +q)— t;;—,
T 7 ¢

J

-

w;
—;——{rrot,-(w xv+F)=0.

These are the equations of balance of partial masses and momenta and
of internal energy as well as the conservation law for the vortex flux. The
cquations of balance (4.25), ; are the same ones as before except that now we
are dealing with a rotating body and it is appropriate therefore to choose a
non-inertial frame of reference so that the inertial forces appear in the
equations of balance of momenta.

Of course, we need constitutive equations now in order to convert
equations (4.25) into field equations and we shall take it for granted here in
this short first presentation, that the constitutive equations do not differ in
their form from (4.4) for non-rotating helium. There is only one exception
from this which will be explained below and, of course, F; needs a constitut-
ive equation. In particular, we shall again assume that u = 0, so that we may
disregard (4.25), as a field equation.

Moreover, to simplify things we shall assume that Q,, does not depend
on time and that b; = 0, Q,, will be so small that the effect of the centrifugal
force may be neglected.

The only constitutive equation that must definitely be altered for the
rotation is the one [or ¢ because we have seen in (4.21) that the vortices
contribute to the energy. Thus

nh?

2 o
(4.26) 06 = T Catallss V=5 500/ W In(na’ /o?).

=1

Also we must formulate a constitutive equation for F; and we take the
simplest possible one, viz.

(4.27) F,=aV,
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which ensure, despite its simplicity, that the number of vortex lines in a
rotating vessel changes, if the field of relative velocity of the two constituents
is that of a shearing motion; this is expected to be the case when we increase
the rate of the vessel, because supposedly the normal component will rapidly
adjust its velocity accordingly, while the supercomponent will follow later.

8. A proposition for the description of the damping of second sound in
rotating liquid helium. Under the conditions described in the last section and
if we linearize we come back to Landau’s equations with just one addition if
we restrict the attention to processes with v =0 and p = const, that are
appropriate for the description of the second sound. That addition s due to
the dependence of ¢ on w. Remembering that o, = ¢,(p, T) and p is constant,
we get

7 2 ~
ct ¢T ah — W, W
¢~ =0 ————g(l+na’+In Jwh)—7=-—_"
o &t 2m Jw, a
ce
=b=e 5
C\'w

The first two of Landau’s equations (4.5), , and (4.9) are identically satisfied
in the case of the second sound, and the last two read

Vi ¢ oT v
, o g, fx, U8
(4.28)
eT wy ow, 05 . CV 0
C— y=——leea - =Y,
ot /W2 ar [ ("X,

and in addition we have (4.25), with ¢; =0 and with the constitutive
equation F;, = aV; from (4.26)

oW,
4.29 “+arot ¥, =0.
(4.29) o T2
We investigate small sinusoidal waves that propagate into I-direction
2 o
w,.=—1n—Q 0 |+ w, e
h
1
(4.30) V= 7, e,
T=T, S
0 Q0
Insertion into the equations (4.28), (4.29) with Q;=| —Q 0 0 | leads to

6 00
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the results V3 =0 and w; =w, =0 and for the remining amplitudes it
provides a homogeneous algebraic systems of 4 equations, viz.

Wi+, + ST 0,
h On
i _
~22QV,  +uV —0,
4.31) KT 2
R _ _
= Tr’Vl +CllT+ hu\«.\.':q = (),
0
_1V2 +uul = 0.,

where u =w/k. It is immediately obvious that the wave is no longer
longitudinal, but contains a transverse component, because of the influence
of the Coriolis force.

Setting the determinant of system (4.31) equal to zero gives us the
dispersion relation

1o Q

_7(& n? T+i2aby— | =c,
u Q" w

where a term (Q?/w) was neglected. Thus we obtain

k 1 ab
4.32 = 1+i =)
439 W \/(es/ep)(Tnz/c)( +'(9s/9n) T W)

For Q =0 this is real, i.e. there is no damping and the phase speed w/k is

equal to the speed . (0,/0,)(Th?/c) of second sound. But for Q = 0 there is an
attenuation

1 ab
(4.33 T .
| \(QS/Q,,)(TV’Z/C)(Q\/Q,,) Ty

which is proportional to Q and independent of w just as it is observed.
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