POLSKA AKADEMIA NAUK, INSTYTUT MATEMATYCZNY

DISSERTATIONES
MATHEMATICAE

(ROZPRAWY MATEMATYCZNE)

EOMITET REDAEKCYJNY

KAROL! BORSUK redaktor
ANDRZE] BIALYNICKI-BIRJULA,BOGDAN BOJARSK],
ZBIGNIEW CIESIELSKI JERZY £OS, ANDRZE] MOSTO WSKI,
ZBIGNIEW SEMADENIL MARCELI STARK, WANDA SZMIELEW

CVIII

DON JENSEN

On local proof restrictions for strong theories

WARSZAWA 1973
PANSTWOWE WYDAWNICTWO NAUKOWE



8.7133

PRINTED IN POLAND

WROCELEAWSK A DRUKARNIA N AUK O W A

JI GJ }!.([sg_.



CONTENTS

Introduction

Chapter 1. Preliminaries

Chapter 2. Formal arithmetization

Chapter 3. Proof restriction functions

Chapter 4. Reflexive thcories and proof restriction functions
Chapter 5. Truth definitions and formalized consistency proofs
Chapter 6. Pair proof restriction funetions

Conclusions

Bibliography

12
18
24
30
37
45
46



INTRODUCTION*

Congider classical axiomatic theories, such as Peano arithmetic or
Zermelo—Fraenkel set theory, which naturally formalize domains of
mathematical reasoning. Frequently, these theories require very complex
axiom gets (e.g. infinite, etc.). We consider whether it is possible to
obtain a local improvement on this global axiomatization problem for
such a theory T': A mapping a+— F, from gentences « of T to recursively
enumerable subtheories of T will be called a proof restriction funciion
(for T) provided, for each a, F,} a in case T I o. Furthermore, we
should impose appropriate demands on the correspondence (and the F,)
to insure that it is a genuine (and informative) improvement on the
global axiom problem for T'. For example: at least some of the F, should
be proper subtheories of T'; and producing each F, should not depend
upon finding a proof of a.

Chapters 1 and 2 review standard results. Some readers will omit
these except for reference concerning our use of notation.

A first observation is that a mapping ars F, should be realized by
a function f where each fTa” is a natural desoription of the subtheory F,.
(Asking for a matural description avoids the intensional problem that
the same axiom set will have many non-equivalent descriptions.)

In Chapters 3 and 4 we consider the simplest situation where we
ask each F, to be more restricted than T in some explicitly described way.
For example, in Chapter 3 we consider the situation where we ask each
F_ to be explicitly finitely axiomatized while T' cannot be. Fot this to
be significant, we note that T should be undecidable, f should be recursive,
and have a domain which includes undecided sentences. Under these
conditions we also note simple examples of positive and negative solu-
tions concerning the possibility of proof restriction functions. The pos-
itive solution realizes our intuition that simple sentences should require
only simple axioms in their proofs (if they can be proved).

* Many of the results reported here were obtained while the author was a stu
dent of Professor Andrzej Ehrenfeucht at the University of Southern California;
these appear in the author’s thesis [8].

The preparation of this paper was supported under grants A-5267 and A-5549,
National Research Coyucil, Canada,



6 Introduection

However, our main theorem (4.4) of Chapter 4 prevents this intuition
from being realized in stronger theories. Roughly stated, if T interprets
Peano arithmetic then there is no recursive proof restriction function f
for T such that T |~ Consis(F,) for each a(?). (This extends both Godel’s
second theorem (on consistency proofs) and also the global axiomatiza-
tion. solution for many theories.) We note some applications and illus-
trations of this theorem. In many applications (e.g. Peano arithmetic,
Zermelo—~Fraenkel set theory), it prevents the I, from being finite, of
bounded-depth, ete.

In Chapter b we recall classical results concerning truth definitions
and formalized consistency proofs. These are essential for the applications
of Chapters 4 and 6.

Instead of asking each F, to be more restricted than T, a less demand-
ing possibility for an informative proof restriction function iz based
on the following intuition: in attempted proofs of a and “la we would
tend to use different axioms. In Chapter 6 we consider whether we can
ask that F, and F-, be explicitly distinet for each a. Examples suggest
how this should be formalized: we should ask for one sentence ¢, which
is provable in exactly one of F, and F-,. Our main theorem (6.6) says
that this in not possible where f is recursive, the J, are given by a recursive
function d, and T has a truth definition for all the §,. Examples show
the necessity of each of these hypotheses. Theorem 6.6 generalizes 4.4
in several directions and has numerous applications of which we note
only a few. We conclude that it is difficult to imagine informative proof
restriction functions which would not be subject to Theorem 6.6.

() The author has noticed that a result similar to our Theorem 4.4 ‘was also

reported in [10]. Also, another technique of that paper was useful in one of our appli-
cations (6.7).



Chapter 1
PRELIMINARIES

In this chapter and the next we summarize classical notions and
results basic to our subsequent discussion. These chapters concentrate
on logical syntax and its formnal arithmetization. We take Shoenfield’s
text [18] as a standard reference, but use other conventions when con-
venient.

A. First-order theories. The formal languages and theories which
we discuss are classical, finitary, first-order with equality. Furthermore,
in our applications, the languages will be countable, and the theories
will have recursively enumerable theorem sets. The logical symbols are
1, v,3, =, and the individual variables v,, v, ¥s,... (denumerably
many). Besides these, each particular language L will be determined by
a fixed (usually finite) set of non-logical comstant symbols: predicate
symbol(s), and funetion symbol(s), each with a fixed number # (% > 0)
of argument places. For each language L, we formy cxpressions, terms,
and formulas as in [18], pp. 14-18. For each L to obtain the logical theory
for L we specify logical axioms and logical rules of inference, again as in [18],
p. 21. We denote the logical theory (for any L) by Log. Besides these,
a particular theory T with language L will be determined Dy its set of
axioms. From these, the proofs and theorems of T are defined inductively
a3 usual. (Because we are often concerned with particular axiom sets,
we find it convenient to distinguish theories by their axiom sets and
not only theiir theorem sets. Of course, some of our results will apply
for the more liberal identification of theories.)

B. Abbreviating conventions. The discussion of a formal language is
facilitated by the use of abbreviations. We will follow the usual con-
ventions (e.g. [18], pp. 14-18) for the use of parentheses, &, —, <, #,
and V as abbreviations. Small greek letters (e, 8, ...) will be used as
syntactical variables for formulas (also terms, etc., when indicated).
Similarly, we use the letters g, v, #, to denote arbitrary fixed indi-
vidual variables (except where noted). A convenient usage is the intro-
duction of informal wbbreviating operators which, when applied to a partic-
ular object (inside or outside the language), denote a particular under-
stood expression of the formal language.
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Thus we use “[ ]” as an abbreviating operator for substitution:
if @ ig a formula and 7 is a term, both of language L, then a[7z] is the for-
mula obtained by replacing in a all free occurremces of an understood
variable # by v (changing bound variables if necessary). The particular
variable ¢ being replaced will usually be clear from the context, especially
if we have proviously written a[w].

We also use a “vector” notation quite liberally as an abbreviating

—

operator for finite sequences of variables, terms, ete. Thus a[7;] indicates
gimultaneous substitution. What is intended by .other usages should be
clear from the context. We make some use of A (e;) to indicate finite
indexed conjunction. ¢

C. Structures and models. We make little use of model theoretic
notions. By a structure for L we mean a rélational set &/ = (4, ... R,...,
... Fy...> in the usual sense of [18], pp. 18-20. For a a formula of L
we take the usual definition of &/ satisfies a (or a “is valid in” ). If
theory T has language L, we say that a structure o (for L) is a model
for T in cage « satisfies each of the axioms of T'. The theory of a structure o
is the set of formulas of L satisfied by .

D. Recursive functions and arithmetization of syntax. The notions we
use from recursion theory are standard (e.g. recursive, recursively enumer-
able, IT?, partial fundiion, etc.). One of the main facts we utilize is that
there are recursive functions which code (as a single number) sequences
of natural numbers of arbitrary finite length; and also unambiguous
decoding functions.

We generally present formal languages and theories in the format
of expressions in a familiar alphabet of symbols. However we could just
a8 well regard the symbols as fixed natural numbers (our languages are
countable). And noting the recursive coding functions we may then
regard an expression as a single natural number, For a fixed language L
we will assume that this is done as in [18], pp. 122-126. If a is an expression
of L, then "a" will denote the code number of o and ¢, will denote the
expression (if any) with code number #n. Both formal symbols and effective
abbreviating operators may consequently be coded as recursive functions
(e.g. a function meg so that always neg o™ = "Tla”). The correspondence
between the language and the codes is, of course, in the metatheory.
For the definitions of the next section we need only that it is effective.
In the next chapter we will develop thisx somewhat further.

E. Standard notions for theories. We write T - a for “a is & theorem
of T”. SUT will denote the theory whose axioms are the union of those
of § and those of T (language union also). If both the language and the
theorems of theory 7" include those of theory T then T' extends T and T
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is a subtheory of T'. An extension is conservative if it does not add new
theorems in the smallei language. We say that a theory T' is reoursively
enumerable if the set of code numbers of its theorems is recursively enu-
merable. A theory T is (can be)... axiomatized if the set of code number
of its axioms (of a set of theorems which imply all the others) is... (e.g.
finite, recursive, ete.). Noting Craig [2], a recursively enumerable theory
can always be given a recursive set of axioms. We will frequently adapt
this device. As usual, a theory T is consistent provided there are formulas
of its language which are not theorems of T' (see also Chapter 1-J). By
the Completeness Theorem, T is consistent iff T has a model &. T ig
deoidable if the set of code numbers of its theorems is recursive. T is essen-
tially undecidable provided every consistent extension of 7' is undecidable
(see also Chapter 2-G). Note that the theory of a finite structure is always
decidable.

F. Definitional extensions. We follow [18], pp. 57-61. Let a be aformu-

la (all of whose free variables are in—:;) of the language L of T, and suppose p
is a (predicate) symbol which is not in L. Then we may give p the defining

aviom pm_:—ra[ﬁ. Here o is called the definiens. (Function symbols are
treated similarly, except that they require defining conditions:

T - Ely(a[a_:: y]&Vw(a[:;: w]—w = y)).) Thus we extend both L and T.
If each new symbol of 7" is obtained by a given finite sequence of exten-
sions of this sort starting with T, then T" is called a definitional extension
of T'. In this situation, let Def denote the theory (in the language of T")
whose axioms are all of the defining axioms. Then we may give an effective
abbreviating operator DEF (i.e. definitional translation) from formulas a
of the language of 7" to formulas of the language of T such that Def -
a+DET (a). Thus, a definitional extension is a conservative extension,
but moreover, the expressive power of the theory is not increased. The
new symbols serve mainly to emphasize the latent expressive power of
the original theory. Note that a scheme of inductive definition is mot
apparently allowed. However, in certain situations this limitation may
be overcome (cf. Chapter 2-C).

G. Arithmetic theories. K will hereafter designate the formal language
of simple arithmetic determined by the symbols 0,8, 4+, For languages
which include K we use the abbreviating operator » which operates on
natural numbers and denotes the (n-+1)st numeral constant term: S...
(n-times)...S0. Where o, v are terms we write o < v as an abbreviation
for 3z(x+ 0 = t) with « suitably designated; we use < similarly. The
theories P, Q, and R will refer to the classical theories with language K
as presented in the Tarski, Mostowski, Robinson monograph [21].
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Theory R consists of five schemata (infinitely many axiomns) of
numerical equalities and inequalities. Where m and » are arbitrary natural
numbers, these schemata are: m+7% = m+n; Mm% =m'n; m £ 7 for
m#£En; e<B—>@=0ve =1v v =7); and 2<BVAL 2.

Theory Q is an extension of R with the following seven axioms:
Se=8y—s=y; 0#£8y; w#£0->yz=="y); «+0=2s; z4Sy
=8(z+y); £:0 = 0; and 2 By = (¢ y)t+w.

By P we will mean Peano arithmetic which has the axioms of Q
and also each nduction awiom in the language I: a[0]&Vz(a[z]—
a{Sz])—>alo].

H. Theories interpreting arithmetic. Our main discussion will consider

a theory T with fixed language L and its subtheories. L will interpret K

which means that L includes the symbols of K and also a unary predicate

symbol N (see [18], pp. 61-65). We denote the familiar interpretation

of a formula a of K by INT (a): fitst form oy by relativizing a to N (replace

each part 3z of a by 2 (Nz&fy)); then INT(a) is A (Nz;)—ay where
!

E,- includes the variables free in a. INT is an effective abbreviating oper-
ator and it preserves propositional connectives. We also allow L = K
where N is absent (and in which case INT(a) = a). Let Int' denote the
theory with language L and the axioms: dzNz, and a closure axiom
for each symbol of K (e.g. Ne—>NSz, etc.). If S is a theory with lan-
guage K, let S) denote the theory with language I, the axioimns of Int,
and an axiom INT(aq) for each « which is an axiom of 8.

TEEOREM 1.1, 8 s a theory with language K. Then S\ aiff Sy = INT (a).

This is the familiar Interpretation Theorem of [18], p. 62. We say
that T interprets S it T extends Sy (so the interpretation is always N).
For an extension of the operator INT, see Chapter 2-D.

N will denote the class of all formulas of L which are INT (a) for o
a formula of K. If @ is a class of formulas of K (cf. below) we say that
INT () is a @ formula of N exactly as a is a @ formula of K. Other syn-
tactic notions are carried over similarly.

I. Classes of formulas. We take the usual notions for formulas:
atomic (it has a single predicate symbol or =); open (no quantifiers);
sentence or. closed (no free variables). An occurrence of a.symbol in a for-
mula ig called positive exactly when it lies in the scope of an even number
of 7] symbols (when abbreviations are removed). A formula o is called
existentiol if every 3 is positive in o (abbreviations removed); and umni-
versel if no 3 is positive in «. We denote those two clagses respectively
by 3 and V.

If ais a formula of K, then an oceurrence of 3 in « is ealled bounded
if it appears in the form: ... dz(z < v&...), where 7 is a tetm in which »
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does not occur. We say that a is exisiential unbounded provided every
unbounded 3 is positive in a; and universal unbounded if no unbounded 3
is positive in a. We denote these two classes respectively by 3* and V*.
These classes contain the 3, and respectively, V classes of formulas of K.
‘We denote the class of 3*-sentences and V*-gentences by I'.

We give a subclass of the 3*-formulas which is useful for comparing
our results with other references. The RE-formulas of K are given by
the two inductive conditions:

(i) the formulas v, =74, %+ 7y =74, 7;°7s = 73, and their negations
are RE-formulas exactly when each 7; is a variable or a numeral;

(ii) the RE-formulas are closed under v, &, Ve (z <y —...) where &
and y are distinct, and Jx(...).

This class corresponds closely to “R-formula” in [18], p. 209 and
“BPF” in Feferman’s paper [6], p. 54. We denote the class of RE-sen-
tences and their negations by I'™".

J. Weak o-consistency. An RE-formuly a will be designated a
P-recursive formula when there is an RE-formula 8 such that P — a+>75.
(This is not exactly the same class-as the “PR-formulas” of [6], but the
réle is similar. Our class is effectively enumerable and so cannot include
a formula “corresponding” to each recursive predicate. See Chapter 2-D
for a more intuitive description of this class.) We say that a theory S
‘with langunage K is weally w-consistent provided: if ¢ is a P-recursive
formuld with z ag its only free-variable and S  Jzaf[z], then we do
not also have S  TJa[r] for every m.

THEOREM 1.2 (cf. Godel [7]). If ais an I*-sentence of K, then Q — a
iff a is true. The same holds with R instead of Q. (true: a is satistied by
the standard model .#° whose universe is the natural numbers.)

Remarks. The proof is fivst given for RE-sentences and then extended
to 3*-sentences (cf. [18], pp. 209-210, Lemmas 1, 2; Lemma 3 gives
the <~ direction for RE-sentences). The — direction i3 given by the weak
-e-consistency of Q which follows from the usual finitary consistency
‘proofs. for Q (cf. [18], p. 51).

TamoREM 1.3 (Matijasevié [13], Robinson, Davis, Putnam [3], [4],
[17]). If a is an RE-formula of K, then we can effectively find an existenital
formule DIOPH(a) of K such that P I a—DIOPH (a).

Remarks. We will take DIOPH (a) (the Diophantine tranmslation)
to be a fixed translation, where the essential step is provided as follows:
If o is a formula of the form Vz(z < y—p) where § is existential, then
we may explicitly construct an existential formula p which is equivalent
to a: using [4], Lemma 3 (etc.); [17] (5.3) and (5.4); and [3]. The equiva-
Ience of a and y may be translated into P by a translation of certain
of these arguments into recursive analysis.



Chapter 2

FORMAL ARITHMETIZATION

In the last chapter (D) we noted that formal syntax could be coded
by natural numbers, and that effective syntactic operations could thereby
be coded by recursive functions. In this chapter we review how these
recursive functions, ete. may in turn be formally imbedded in arithmetic
theories. We will need two aspecta of this imbedding. First, we will repre-
sent the external notions (function and predicates) in a local or “exten-
sional” way by formulas or defined symbols. Second, we will demand
that these definitions be natural or “intensional” in that we be able to
prove abstract things about them in sufficiently strong theories. Refer
to the excellent discussion in Feferman’s paper [6], pp. 36-39 to contrast
these two concepts.

A. Theory M. M will designate # definitional extension of P in
which we have present formal symbols for a convenient discussion of
some arithmetized metamathematics involving ¢he languages K and L.
For a given application we will need only finitely many symbols in M,
and most of these will be given in the next few sections. Typically, we
will define ‘a given number theoretic function f (external: in italics) by
a formal symbol £ (internal: in Roman type). Furthermore, we will ask
that £ naturally defines f in the sense of the next section.

B. Representation and natural definition. Let S be a theory in a
language which contains K and ¢ a formula in that language. We say
that a weakly represents in S a set of natural numbers A provided S — a[%]
iff ned. We say that o represemts A (in S) if in addition, Tla weakly
represents |4 (the complement of A). These notions for functions and
predicates on natural numbers are similar. Representation is entirely
adequate for some demonstrations such as showing the essential unde-
cidability of R (e.g. [1] and [16]).

We will say that f is a natural definition for f if we can prove in M
every proposition involving £ which we can prove informally about f
using only number theoretic methods. Although this cannot be made
precise without naming all these properties of f, there is no difficulty
in practice, because in defining £ we need only duplicate as closely a$
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possible the way in which f is defined informally. For example, we may
give a formula which naturally defines a finite set, simply by listing it:

DEFINITION. Let A = {a,,..., a,} be a finite set of natural numbers.
A listing formula for A denoted by A, is a formula v, = @,v...v9, = @,
(A, may be fixed; Ay is v, # ;).

On the other hand, in the following chapters we will sometimes
have formulas which represent (locally) the empty set, but which are
not provably equivalent to 4, even in very strong theories.

- Although we will always ask that a defined symbol £ of M should
naturally define f, we cannot always ask that f locally represent what
is intended by f (cf. Chapter 5-0). However, both will usually apply.
In contrast, the notion of natural definition is not important in R or Q
because we can give very few abstract proofs in those theories anyway.

C. Inductive definitions in M. Because it is 4 definitional extension,
M has (as theorems) all of the induction axioms involving defined symbols.
Giving definitions in M can be simplified by a number of devices. Where

7 1§ a term with only # free and « is a formula of M with only ;, y free,
then r = uya[w,y] will be an abbreviation for r = yeralw, y] & Va(z
< y—>_|a[a_9: 2]). Then we can introduce f by the defining axiom f(;)

= uya [a_c: y] provided we can give the existence condition M — Jya [Tv’, y]
(» and induction take care of uniqueness).

No induction is required to introduce in. M the sequence coding
and decoding symbols (cf. [18], pp. 115-117 and 208). We use (with
informal meanings): <@g, ..., @,_,) (“the sequence code number of x,, ...
cery @y 1”3 here { ) = 0); Seq(y) (“y is a sequence code number®); (y),
(“the (2-+1)st member of the sequence with code ¥”); Ih(y) (“the length
of the sequence with code %”); seg(v, 2) (“the sequence code number of
the initial segment (of length z < 1h(y)) of the sequence with code num-
ber y?).

Many number theoretic functions are defined by induection, which
is not directly allowed by Chapter 1-F. We may overcome this difficulty
when the induction is on finitely many previous values. Suppose that g
has already been defined and we want to define £ by f(») = g(w, £* (@)
where £* will naturally define a function such that

fH(m) = F0), fF@), ..y Fln 1)),

In this case we give f* the defining axiom

*(2) = pw(Seq(w) &1h(w) = 2&Vz(s < 2 —(w), = gz, seg(w, 2)))).
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This gives £* the desired intensional properties, and so we may define f
as above, preserving naturaliby. We may define predicates in an anal-
ogous way, and also may use parameters. (However, see Chapter 5-C
for the limitations.) We can give successor inductive definitions, etc.,
simply by letting g (above) involve a suitable decoding of f*.

D. Recursive- and re-symbols in M. The above technique of imbedding
inductively defined functions in M does not apply only to recursive
functions, But this is ‘a major application. Certain symbols and formulas
in M will be distingnished:

DEFINITION. The symbols of K will be called recursive-symbols as
will any defined symbol for which the defining axiom has a définiens

a[-:Z] or uya [a_;, 9] where a is an opeh formula having only previously
defined recursive-symbols.

DEFINITION. A formula a of M is called an ewistentinl reoursive for-
mula if « satisfies the conditions' of being I* (existential unbounded:
Chapter 1-I) except that o« may have recursive-symbols and positive
re-symbols of M. An re-symbol of M has a defining axiom for which the
definiens is an existential recursive formula.

Our recursive-symbols are the “symbols introduced in a recursive
extension” in [18], pp. 206-208. These notions for symbols permit very
natural introductions of recursive and recursively enumerable functions
and predicates in M. Any provably total recursive function or predicate
may be naturally defined by a recursive-symbol. Any recursively enumer-
able predicate may be natutrally: defined by an re-syinbol.

It f is a partial (or not provably total) recursive function we may

define f in M by f(?r;) ~vy where f and ~~ together congtitute an Te-
symbol for the graph of f.

TEEOREM 2.1. We may fiz a definitional translatton DEF from
formulas of M to K such that:

(i) If « is an ewistential reoursive formula of M, then DEF (a) 4§ an
RE-formula of K (and Def - a«—+DEF(a); see Chapter 1-F).

(ii) If £ is @ recursive symbol of M which naturally defitvies the Fecursive

function f, then DEF (f(?z?) = y) represents f in R (predicates amalogous).

(1) If £, ~ oonstitute an re-symbol of M which naturally defines
a partial recursive function. f, then DEF (.f(a_;) o= y) wealily represents f in
R; and represents, if f is total (recursively emumerable predicates are anal-
0gous).

3.0]11&‘1‘1;8 on proof. The definitional translation DEF on exis-
tential recursive -formulas is previded by minor modifications of [18],
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pp. 209-210 (Lemmas 1 and 2). Then for any formula g, this translation
is used on maximal existential recursive subformulas of g (and in some
reasonable way on other symbols). Parts (ii) and (iiil) may be obtained
using (i) and Theorem 1.2, m

The representation of (ii) also holds for P because representation
is already “frozen” by R. Wealk representation in (iii) also holds for P
but only because P is weakly w-consistent. (Otherwise the weakly repre-
sented predicate would be larger than intended.) The definitional transla-
tions of recursive predicate symbols correspond very closely to the P-re-
curgive formulas of Chapter 1-J.

With DEF fixed as in Theorem 2.1, we extend the abbreviating
operator INT (Chapter 1-II) to formulas a of M by INT (a) = INT (DEF(a)).
However to simplify notation we sometimes write symbols of M directly
in L, but the translation INT is intended.

E. Symbols for arithmetized syntax. We next list some formal symbols
of M for the arithmetized analogs of syntactic notions (along with their
informal meanings). These are all recursive-symbols, and we assume
that they have been given in some fixed natural way. For a given expres-
gion ¢ (of K or L) we will write g instead of "p" (the numeral for the ex-
pression code number of ¢). Here we will also let ¢, denote the expression
(of K or L) with code number =.

Predicate symbols (a subscript K or L will be understood and oft-
en omitted): Termyg(xz) (p, i8 a term of K); Atomic(®) (¢, is an atomic
formula); Formula(z) (p, is a formula); Sentence(x) (¢, is a sentence);
REformula(#) (¢, is an RE-formula of K).

Function symbols: neg(s) (code of Tg,); disj(w, ¥) (code of @,ve,);
imp (2, y) (code of g,—~>¢,); conj(w, y) (code of ¢, & @,); var(a) (code for
the (#-41)st variable); freevariables(w) (the sequence code for the code
numbers of variables which occur free in ¢,); exist (var(O), a:) (code for
Jv,,); univ(var(0), =) (code for Vo,p,); closure(z) (code for the closure
of ¢,); sue(s) (code for S, where g, is a term of K); num (») (code for
the (x+1)st numeral); equals(w,y) (code for ¢, = ¢, where ¢, p, are
terms); sub (v, var(0), num(%)) (code number of p[=] where ¢; i8 p[vo]);
of coutrse, we allow any arguments which make sense, and also for simul-

taneous substitution by the “vector” notation: e.g. sub (w, var (%), num(w,;))
for “substitute the (v;+1)st numeral for the (¢41) st variable”; the arrows
of course denote appropriate sequence codes.

Particularly note the analogs for special abbreviating operators:
int(x) (code for INT(p,)); dioph(#) (code for DIOPH(p,), the Diophantine
translation of the RF-formula ¢,).

F. Proof predicates. We next display how we give natural proof
definitions in M. For this purpose we assume we have the recursive
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symbols: LogicAxiom(z) (g, i8 a logical axiom); InferenceRule(z, y, 2)
(@, is 2 consequence of ¢, and ¢, by one of our given rules of logical in-
ference). A particular proof definition will be fixed upon choosing the
awiom formula afz; v,] of M and the language K or L (we show L):

Priy, . (259, ®)Beq(y) &y # 0& 2 = (Y)my)-1
&Vw(w < Ih(y)+Formulay,((y),) &(LogicAxiom ((¥),,)
valz; (4),]vIudo (v < w&v < w&InferenceRule ((y),,

(#)os (@)))))s

The “extra” parameter # will often be omitted, but it will also be
useful in Chapter 4-B (where used, it is set off by “;” for emphasis).
We give a few of the particular definitions we will use:

Prirog(y,#) as the definition Priy .(y, «)

(or gsubscript K) where we take v, 7= v, as the axiom formula a[z; v,]
(i.e. logical provability). We will take

Prig(y, @) as the definition Prig,.(y, x)

where the axiom formula « is Ag[v,] the listing formula for the finite
set @ of code numbers for the axioms of theory Q.

As usual, we will use the definitions Prv,(z; @) for IyPrf.(z;y, )
and Con,(2) for Prv,(2; 0 = 0),but as Prf, is intensionally correct, any
other natural definitions for these would be equivalent in M. Notice
that Prv, is an re-symbol whenever a is an existential recursive formula
of M.

THEOREM 2.2.

M = V2 (ig, [8]->Prvy, o (@) -Va(Prvy (o) »Prvy, , (int ()

where @y is the set of oode numbers of the axioms of Qy.
TEEOREM 2.3. Let a be a A% (ewistential unbounded) formula of K

such that all of the free variables of o are included in 70;.
Then

M |- a[v,]e+Prvg{sub (a, var (3), num (o).

Comment on proofs. Theorem 2.2 ig a formalization of Theorem 1.1.
This is an example of the typiecal syntactic proposition which can be
formalized in M. Theorem 2.3 is a formalization of Theorem 1.2. (Even
though Theorem 2.3 is a schema rather than a single theorem of M, it
is possible to produce a single finitely axiomatized subtheory of M in
which all of these equivalences can be established.) m
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THEOREM 2.4 (Gddel's Lemma of Self-Reference [7]).

(1) Let a[vy] e a formula of L with vy as its only free variable; then
there is a sentence y of L such that

Ry = ye—aly].

(i) Assume instead that a[vy] is an ewisteniial recursive formula of M
(Chapter 2-D); then y may be chosen an RE-sentence such that

R~ y—DEF(a[y]).

(iii) As in (ii), let 5 [v,] be an existential recursive formula of M; then y
may be chosen as an existential semtence of K such that

P - »y«—DEF(n[y]).

Adaptation of proofs. For (i) let A[v,] be ay(a[y]&INT(sub(v.,,
var (0), num (v,)) = y)) and let y be #[F]. For (ii) let A[v,] be DEF(EIy(a[y] &
sub (v, var(0), num(v,)) =.y)) and let y be B[F]. For (i) we use (ii)
where a[v,] is taken as Jy(y[y]&dioph(v,) = y). Applying (ii) we get
ag an RE-sentence and so take ¢ as DIOPH(y) by Theorem 1.3. And
s0 it follows from that theorem that Py« and also M} dioph(y) =y. m

G. Recursive inseparability, We conclude this chapter with a familiar
application of the Lemma of Self-Reference. Let @ be a class of sentences
of L which includes with each sentence its negation. Recall that @ is
called a recursively inseparable class for theory T if there is norecursive
set B such that B includes the code numbers of all the formulas of @ which
are also theorems of T, and 7B includes the code numbers of all the for-
mulag of @ which are also refutations of T (refutations: their negations
are theorems). This is, of course, a strong form of essential undecidability
for S.

THEOREM 2.5. The class I™E (RE-sentences and their negations) s
a recursively imseparable class for the theory R. By Theorem 1.1, the anal-
ogous statement holds for R,.

Proof. Let B be any recursive set which contains the code num-
bers of the theorems of R which are in I'F®, By Theorem 2.1 (ii) there
is an RE-formula a[v,] which represents 1B in R (because —|B is also
recursive. By 2.4 (ii) we get an RE-sentence y such that R b y—a[y].
If " were in T|B, then R F «[y] by representation, and so we would
have R |~ y. But by hypothesis, this says "y" is in B, because y is also
in I'E. S0 "y is in B and by representation R - Tle[y] and so R "y
But then ™" is in B at the same time R refutes y. m
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Chapter 3

PROOF RESTRICTION FUNCTIONS

We consider the problem of restricting the axiom set for a theory T.
However, instead of the customary “global” axiomatization problem we
will consider whether we can have certain “local” restrictions. By “local”
axiom restrictions we mean correspondences of the following sort: for
each sentence a of L (or a part of L) associate a subtheory F, of T such
that a can be proved from F, if it can be proved from T (regardless of
whether or not a can be proved). To malke the question about the possi-
bility of such correspondences significant, we should ask that the corre-
spondence be recursive, and that the F, satisfy certain conditions. In
the next two chapters we will consider the situation where we ask each
F, to be considerably more simple than T': If T cannot be axiomatized
globally by an & (e.g. finite, etc.) set of axioms, then we ask each if F,
can be in #. (Apparently, we might hope to produce such a natural cor-
respondence a—F, by studying the syntax of T.) In this chapter we note
some simple consequences of these notions.

A. Presenting the subtheories of 7. If we wish to speak precisely
about correspondences a—I, between sentences and theories, we face
the immediate problem: We need not only a code for sentences (which
we have) but also a code for theories. However, because we are interested
here only in recursively enumerable theories, there is a very obvious
way to do this:

DErFINITION. By a presentation of a recursively enumerable theory S
with language L, we mean an RE-formula o(v,] of K with v, as its only
free variable, such that o[v,] weakly represents in B the set of code num-
bers for axioms of S. Furthermore, if the axiom set of S is described and ¢
is (the definitional translation of) a natural definition for that description
(in the sense of Chapter 2-B) then we will say that o is natural for S,
a8 described. We call "o” the presentation code.

One should note that even though a theory S is distinguished only
by its axiom set, a presentation of S is further distinguished by how
that axiom set is described. If S is finitely axiomatized where the axiom
code numbers are a finite set S, then Ay is the natural presentation for S.
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B. Proof restrictions.

DrriNITION, Wo take a proaof restriction for a (in T') to be a recursively
enumerable subtheory F, of T such that if T |~ a then I, oa. Noting
the remarks above we will ask F, to be presented by an RZ-formula ¢
(and maturally presented when F, is described).

Remark. The proofs (if any) of e in F, ueed not be the same, ox
a8 short as the proofs (if any) in T.

DEFINITION. A proof resiriction fundtion (for T') for a class @ of sen-
tences of L is a function f such that for each a in @, f e is a presentation
code "¢ of a proof restriction F, for a. Furthermore, if each value f"a”
of f is some "Ag" (a listing formula, cf. Chapter 2-B) for a finite set
of axioms or theorems of 7' (dependent on a), then we call f a finite proof
restriction function.

Remarks. We emphasize strongly that we do not require the for-
malized condition “f is a proof restriction function for @” to be provable
in T, even though we could express this in T'. (This might be an unreason-
able demand because we can often give arguments about the syntax
of T which we cannot formalize in T': e.g. constructive consistency proofs
for P). We have defined a proof restriction function to be a correspondence
between certain code numbers so that it is clear what we mean when
we say f is recursive, ete. However, in practice, below, when we produce
a- proof restriction function we informally describe F, instead of com-
puting its presentation code.

C. Immediate observations, We are naturally interested in those T
with recursively enmmerable sets of axioms (a recursive proof restriction
function for all sentences of T automatically endows T with such a set
of axioms). Where the axioms of T are recursively enumerable, the con-
stant funetion which gives for each a the set of axioms of T is trivially
a proof restriction function. Thus if T is finitely axiomatized it has such
a finite proof restriction function. Usually we will not be interested in
such trivial functions nor in finitely axiomatized T. A less trivial but
equally uninformative proof restriction function is the following:

TEEOREM 3.1. If T is a recursively enumerable theory then it has a
total recursive proof resiriction function whose valies weakly represent (in R)
Jinite sets of amioms (total: for all semtemces of L).

Proof. Let T De presented by z. Then for each sentence a of L,
let fa" be the code number of the presentation formula:

DEF (3p(Prt, (p,0)&V (g < p-> TPrt, (g, ))& Iele <1 (p) & (p), = ve& 7 [2,]))).

This specifies the (finitely many) axioms used in the first proof of a.
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If there is no proof, it does not specify any axioms. Clearly, f is a proof
restriction function as sought. w

More informative proof restriction functions should have further
requirements on the values of f. It does not help to ask that f"e" should
represent a recursive set of axioms (rather than weakly represent a recur-
sively enumerable set). We may modify the presentation formula of 3.1
to satisfy these conditions using Craig-style devices: Instead of specifying
an axiom B used in the first (if any) proof » of a, we specify the theorem
p&v, = v, (actually, we can usually even produce an awiom which
“codes” p).

Having to guess which finite set of axioms, as required by a finite
proof restriction function, would be more informative. (The function of
3.1 presents finite subtheories, but they are not explicit as would be
demanded in a finite proof restriction function.) In the remainder of
this chapter we consider finite proof restriction functions. The following
simple facts are collected together:

TueoReM 3.2. (i) If T s consistent and has a recursively enumerable
set of axioms then T has & partial recursive finite proof restriction function
for the set of theorems and megations of theorems of T.

(ii) If T 4s decidable then it has a recursive finite proof restriction
Sfunction for all sentonces.

(i) If T is a definitional emtension of T', then a proof restriction
function f* for T' naturally expands to one for T.

(iv) If T interprets Q and T is weakly w-consistent, then T has a recur-
sive finite proof restriciion function for the RE-sentences of N.

Proof sketch: (i) We can list the theorems of T. If a is listed then
fa is computed as the list of axioms used in the first proof of a. At
the same time f"7Ja” iy set equal to the empty set.

(i) Apply an obvious modification of the argument for (i).

(iil) We translate a back into the language of 7" and get f'"DEF (o).
We combine this with the list of the defining axioms and defining condi-
tions upon which the new symbols of a depend.

(iv) The sought function is the constant function which gives every
RE-formula INT (a) the axioms of Q. To show that Q, is a proof restric-
tion for each INT(¢) we must make some prenex operations on a (move
all 3 quantifiers in front, contract, ete.) to get the matrix to be a P-recur-
sive formula where we can use weak w-consistency. For details, combine
techniques from [18), pp. 151-152 and 207-210. =

The utility of (iii) is that if L interprets K, it is often the case that
T iy a definitional extension of a theory T’ (e.g. set theory) in which N
and the symbols of If must be defined. Thus later when we obtain negative
results about proof restriction functions for T' we use (iii) to infer that
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they extend back to the original theory 7T". Conclusion (i} points out
that the notion of proof restriction function is intended for undecidable
theories. Conclusions (i) and (iv) suggest that we ask about proof restrie-
tion functions with (total or recursive) domains extending beyond RE-
sentences, and Dbeyond theorems and refutations. The next result also
suggests that we ask the proof restriction function to De recursive.

TaEOREM 3.3. If T has a recursively enumerable set of axioms, then T
has @& total II] finite proof restriction function (total: for all sentences of L),

Proof. I1(k) which lists the kth conjunction of axioms of T (i.e.
Taok...&a;_,") is recursive and so is its inverse !™! on the range of I.
Define a recursive function

h(n, k) = l(yjjgk(_appsjPrfms(p, imp (L(k), n); otherwise j = o)).

Thus, for n fixed, h(n, k) stabilizes upon finding a proof of ¢, with all
its succeeding values being the axioms used in that proof. If there is no
proof, then h(n, k) remains always 0. Thus we can define a total proof
restriction function f with a II7 graph as follows:

f() = m e Vel =1 (m) >hin, k) =m). n

As might be expected, some infinitely axiomatized theories will fail
to have recursive finite proof restriction functions because their finitely
axiomatized subtheories are “much more simple” than the whole theory:

LEMMA 3.4. Let @ be a recursively inseparable class of seniemces for
a consistent theory T. Furthermore, suppose that with eaoh finitely axioma-
tized subtheory S of T we can effedtively associate both a particular consistent
extension S’ of S and a decision procedure for S'. Then T fails to have a re-
cursive finite proof restriction function for .

Proof. Supposing that T had such a proof restriction function f
we could produce a recursive separation B, 1B of &:

For a and “Ja in @ we form the union of the subtheories presented
by fa® and f"Tla”, which we call S. We then obtain the decidable ex-
tension S’ of S as specified by the hypotheses. We decide a and Ta in
§’. If either is provable in S’ we put that sentence in B and the other
in T}B. Otherwise we can do anything. Thus B is recursive,

For ¢ in @, if T} a, then S « by assumption on f, so S’ a
and thus « is in B and e in 7]B. Thus B, T|1B is a recursive separation
of &. m

THEOREM 3.5. The theory R fails to have a recursive finite proof restric-
tion function for the class I'’¥ (RE sentences and their negations).

Proof. By Theorem 2.5, I'*E is a recursively inseparable class for R.
We now show that R satisfies the other hypothesis of the lemma;
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We will assume that S is composed of finitely many axioms of R
(if S were composed of theorems of R, replace 8 by axioms from which
these theorems were proven). Let # be the largest numeral which appears
in S.

Let & = (4,0, 8,, +4, o> be the structure for K which is the
initial segment of the natural numbers {0, 1, ..., n} with the other symbols
interpreted normally, except we put S,# = % and similarly let the opera-
tions +, and -, “pile-up” on n. It is easy to check that 7 satisfies the
axioms of S. Let S’ be the theory of all formulas of K satisfied by «.
S’ extends S and is decidable (complete) because it is the theory of a
finite structure. m

D. Example of a proof restriction function. In contrast to the above,
there are non-finitely axiomatized recursively inseparable theories which
have recursive finite proof restriction functions. We give a simple example
of such a theory.

Here we let U denote the theory with language L = ICU{N} (N is
a unary predicate). The axioms of U include:

(i) Oy (the axioms of Qy);

(ii) annihilation axioms for the function symbols on TN (i.e.
TNz —-zx+y =0, ete.); and

(iii) for each positive integer % an axiom #, which asserts the exi-
stence of at least % distinct elements in TIN:

Ja, ... 3%( A (TIVz)& A (w ?5"”5))~
1<tk 1<i<k
In addition we let U, denote the finitely axiomatized subtheory of U
consisting of (i), (ii), and the gingle axiom 7,.

For the purposes of this example we define: the wariable depth of a
(formula of L) is the maximum number % of distinct variables of a. If o/
is a model of Q, let »7, here denote the unique (up to isomorphism) strue-
ture for L obtained by adding a set B of % new distinct elements to the
universe A of &/ (B to be interpreted as ~|N) and then interpreting the
other symbols of L either in duplication of s/ or else the axioms of U,.

LEMMA 3.6. If a has variable depth < & and U \— o and =7 is o model
for Q, then a holds in <.

Idea. The axioms of Qy say nothing about T|¥ and the annihila-
tion axioms (ii) prohibit there fromn being any significant definable rela-
tions amongst elements of T]N or between elements of N and ~N. a is
equivalent to the disjunction of all possible relativizations of its quantifiers
to N and "IN, at worst they are all relativized to ~|N. Without giving
details, these imply that « cannot depend on any fact which requires
more than & elements in T|N. m
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TazorEM 3.7. (i) U is not finitely axiomatizable.

(ii) Let f be the function whioh associatecs with eack a of L the subtheory
U, where k is the variable depth of a. f s a finite proof restriction function
for U.

Proof. For the first assertion, if S were a finite set of axiowms for U,
they would have some maximum variable depth % and so by the lemma,
they would all hold in any /. But 1, does not hold in any «7,, so §
could not axiomatize U, considering the Completeness Theorem [18],
p. 43. Tor the second assertion, if « has variable depth % and Ul a
then « holds in any «; (with j > %) by the Lemma. But noting the Com-
pleteness Theorem, these structures characterize the theorems of U,. m

In fact, no consistent extension of U can be finitely axiomatized
without adding new symbols because the annihilation axioms (ii) prevent
us from saying anything about N with those symbols available. In
contrast to Lemma 3.3, it is worth noting that each of the finitely axio-
matized U, in this example are themselves recursively inseparable. This
simple example is not surprising because the source of the recursive
inseparability and the non-finite axiomatizability are kept separate.
However, it does indicate that for a recursively inseparable theory 7,
a negative solution concerning certain proof restriction functions will
not follow simply from the assumption that T' cannot be globally axio-
matized in a certain way. On the other hand, both of these are often con-
sequences of the same situation, as we shall see again in the next chapter,
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REFLEXIVE THEORIES AND PROOF RESTRICTION FUNCTIONS

If a theory T is quite strong in the sense that T' interprets P, then
it makes sense for T to discuss formalized syntax, because we can present
many formalized notions in T naturally and often unambignously, Thus
we can express properly the consistency of a subtheory 8§ of T' in this
formalized manner as a sentence of L. Furthermore, we can often even
prove this sentence in T. If we can prove in T these sentences for a large
number of subtheories S of T, then we refer to T as “reflexive”. In this
chapter we will see that reflexivity for T yields negative results about
recursive proof restriction functions for 7. In the next chapter we will
recall some classical results by which reflexivity is established for various
theories.

A. Reflexivity. Where S is a recursively enumerable theory with
language L, we express in M the proofs of S by Prig ,(p, ) where o is
a presentation of S. This and other symbols of M are then correctly ex-
pressed in L through the abbreviating operator INT (which is already
extended to M according to Chapter 2-D).

DEFINITIONS. The refteciion set for T is the set of all "o” such that "¢”
is the presentation code of a subtheory of 7' and also T INT(Conyg,,).
Where C is a set of presentation codes, we say T is C-reflexive if the reflec-
tion set for T includes 0. (For example, if C is the set of "Ay" for presen-
tations of all finite subtheories S of 7, then we say finitely reflewive for
C-reflexive.)

B. Proof predicate for arbitrary subtheories. We will need to discuss,
formally, the provability of arbitrary recursively enumerable subtheories
of T. In the following proof definition (definition in M) we use the free
parameter 2 to range over presentations of theories in language L:

DEFINITION. Prigg(2; p, #) is the definition Prfy ,(#; p, #) where for
the axiom formula a[z; v,] we take:

REformula(2) &freevariables(z) = (var(0)) &Prv, (sub (2, var(0), num (fv,,))) .

Notice that we may take Prf,; as an re-symbol of M because of the form
of afz;v,]. We next note that this definition is “correct”:
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LeymmA 4.1. If o[v,] 18 a presentation code then
M |- Prfyo(p, ) >Pripg(5; p, ).

Proof. Theorem 2.3 gives M O'[’Uo](—)Pl"V'Q(Sllb (o, var(0), num(fvo)))
and so the result follows directly by replacing equivalent parts in the
definitions. m

We are thinking of a function f as being 2 proposed proof restriction
function. We are going to apply the Lemma of Self-Reference to produce
a sentence which says: “I am not provable in the subtheory assigned
to me by f”. This involves a simultaneous double diagonalization: one
on the sentence, and the other on the theory (needing the second of these
motivated giving the definition Pripgz(z; p, #) with parameter z). As f
might only be partial (or not provably total) we introduce f as a natural
definition in M by f£(x) ~vy. However, we will also write a particular
value as £(y) outright.

LEMMA 4.2. Suppose that T interprets P and that f i8 a recursive
function such that for every umiversal sentence a of N, fa” is defined and
is the presentation code of a theory which interprets Q. Then there is a uni-
versal sentence v of N and o such that

T + INT(£(y) = 5)&(INT (Cong, ,)<p).

Proof. By Theorem 2.4 (iii) — the Lemma of Self-Reference — we
obtain an existential sentence f of K such that

(1) M gedy (f (neg (int (/-5))) ~ y&Prvgg (y; neg (int (,73)))) .

Let y be TJINT(B). So y is a universal sentence of N. Also let ¢ be the
presentation formula such that f™y” = "¢”. Then by representability of
INT and f by their formal definitions

(2) M - neg(int(B)) =7,
and
(3) M f(y) ~0.

Then using (2), (3), and Lemma 4.1 we convert (1) into
(4) M - B —Prvy, (y).

Now the theory presented by o interprets Q, and (because Q is finite)
this fact may be proven. So o satisfies the formal hypothesis in Theorem 2.2
and so M |- Prvy(z)—>Prvy ,(int(#)). And noting that g is an existential
sentence of K we have M f—Prvy(8) by Theorem 2.3. Combining
these last two observations we have

(5) M = p—Prvy,(int(f)).
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But then, combining (2), (4), () and noting that the definitions Prv
and Oon are natural we have

(6) M |~ —"100ong,,.
The other direction is tiivial and so we have
(7) M - OOIIL,,H —Iﬁ.

We now pass through the interpretation into L, combining (3) and (7)
and we obtain:

T - INT(2(7) = )& (INT(Cong, )y}, m

LevmmaA 4.3, Assume the conditions of Lemma 4.2 and also that T
is consistent. Let y and o be as obtained in Lemma 4.2 and suppose also
that o presents a subtheory S of T. Then y is not a theorem of S.

Proof. Suppose that § ~ y. Then M — Prvy, ,(y) because the symbol
Prfy, , represents the proof predicate for S. But then noting (4) of Lemma
4.2 (the “meaning” of f) we have M |- 8. We then pass into L through
the interpretation and this becomes

(8) T — INT(8).
But also, if S I~ y then so does its extension 7. That i,
(9) T+ TINT(8),

which is the same thing. But (8) and (9) cannot hold together if T is
consistent. m

DEFINITION. Where ¢ is a set of presentation codes (language L)
we will say that C is Q-closed provided whenever "o" belongs to O then
"'ngQN" belongs to C where @, is the set of code numbers for the axioms
of Q.

THEOREM 4.4. Assume that T is a consistent theory which interprets P,
and that C is a Q-closed set of presentation codes. Let g be a reoursive funotion
such that for every umiversal semtence a of N, g a” 4s defined and is in C.
If T is O-reflewive, then g is not a proof restriction funciion for T (2).

Proof. We define a function f with the same domain as g: If g 2™ = To"
we set f'a” = "pv iy, ”. By hypothesis, the values of f ave still in € and
if ¢ were a proof restriction function f would be also. We show that f
is not a proof restriction function.

By construction, when fa” is defined it presents a theory which
interprets Q. If we also assume that 7T is C-reflexive, then T and f satisfy
the hypotheses of both lemmas. Let y, 0, and S be as in the lemmas.

(®) The author has found that a similar result was also noted in [10], p- 133
(Theorem 19). ’
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Because f7y* = "¢” is in the reflection set for T, § is a subtheory of T
and T = INT(Cong, ,). Combining this with Lemma 4.2 we obtain T |- y.
Yot by Lemma 4.3 we must conclude that y is not a theorem of S. But
these mean that f has failed as a proof restriction funection at the patrtic-
ular universal sentence y of N. m

Remarks. Theorem 4.4 is a proper generalization of Doth Godel’s
Second Underivability Theorem (on consistency proofs) and also the
negative global axiomatization result for many theories. To see the first,
let T be naturally presented by 7, and let ¢ be the function which is con-
stantly "z7. Obviously g is a proof restriction function, and so "t is not
in the reflection set for T. To see the second, if ¢ presents some proposed
axiomatization of 7' and "p" is in the reflection set for T, then the funetion
which is constantly "o" could not be a proof restriction function, and so
the axioms presented by g would not suffice for 7.

It is also worth noting that for the ftheorem to hold, we did not
require the § presented by f"y" to be a subtheory of T, but only that
S |- o implies T  a (the reverse implication of the proof restriction
requirement), To see this check Lemma 4.3. Thus Theorem 4.4 holds
for a broader notion of proof restriction function.

C. Applications. In the remainder of this chapter we will note some
applications of Theorem 4.4 and also an exception to a stronger assertion.
We will depart from our normal linear development and present the
applications now. Then in Chapter 5 we will recall the classical results
upon which these applications depend.

DEFINITION. We will call T a Peano theory if L containg K and T
extends Q and also has as a theorem, the induction axiom «[0]& V2 (a[]
—a[Sz])—a[2] for each formula a of the language L.

This notion automatically includes every extension T' of P provided
it has the same language K as P. It also includes the definitional exten-
sions of such 7. But furthermore it can also include theories with symbols
which are not even consistently definable in P (see example Chapter 5-D).

TEEOREM 4.5. No consistent Peano theory T has a recursive finite
proof restriction function for the umiversal semtences of K.

Proof. We anticipate Theorem 5.7 which says that T is.finitely-
reflexive. The set of 1 presentations for finite subtheories of T is clearly
Q-closed. Thus the result follows from Theorem 4.4. m

We mention also a typical application to set theory. By ZF we will
mean Zermelo—Fraenlkel set theory with language L consisting only of the
binary predicate «. By L, we mean the definitional extension of L which
is the nsual interpretation of K (i.e. Nz oz ew, ete.).

TrmoreEM 4.6. If T is a consistent ewtension of ZF with language L,
then T fails to have a recursive finite proof resiriclion fundlion,
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Proof. We anticipate Theorem 5.4 which gays that T is finitely
reflexive, and conclude that the same holds for its definitional extension
T,. Given a function f on codes for sentences of L we construct g for
L, in the obvious way noting Theorem 3.1 (iii). We may then apply
Theorem 4.4. In fact g and thus f would fail at the interpretation of the
sentence y. W

D. Quantifier depth. We next obtain & negative result about the
possibility of certain proof restrictions whose values are the presentation
codes of non-finitely axiomatized subtheories — namely those of bounded
quantifier depth. This result will apply to P.

DrrINITION. By the depth of a formula o of L (or K) we mean the
measure defined inductively by:

(i) depth "a” =0 if a is atomic,

(i) depth ™ Tla” = depth"a”, depth "avp’ = max(depth o, depth"™f"),

(iii) depth dwa™ = depth"a™ +1.

(There are more liberal definitions of depth: cf. [10], p. 113; however,
this one i§ sufficient to illustrate the situation.)

By T, we will mean the subtheory of T consisting exactly of the
axioms of T' whose closures have depth < n. If T is naturally presented
by an RE-formula z of K, then T, may also be presented naturally. Let
depth(2) = v be the natural definition in M for depth.

DErINITION, Where 7 is a natural presentation of 7', let 7z, denote
the presentation formula:

z[v,] & DEF (depth (closure (v,)) < 7).

We will say that T is depth-reflexive if each 7, is in the Teflection set for 7'
We will call proof restriction function depth-bounding if its values are
presentations "6” such that T' I INT (o¢—7,) for some n (depending on o).

TrEoREM 4.7. Assume that T, presented by v, is depth reflexive. Then

T does not have o depth-bounding, recursive proof restriction funotion defined
on the universal semtences of N.

Proof. Immediate from Theorem 4.4.
DErINITION, The natural presentation of P is the formula s denoting:

29[v]vDEF(30dy (2 < v, &y < v, & Form g () &v, = imp (conj (sub (,
var(y), num (0)), univ(var(y), imp(z, sub(w, var(y), suc(var(y)))))), #))).

(This is an exact duplication of an induction axiom where z codes alv,],
the inducted formula.)

CoroLLARY 4.8. Theory P, presented by m, fails to have a proof restric-
vion function of the type indicated by Theorem 4.7,
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This will follow from Theorem 5.8. The result of Theorem 4.7 also
applies to various theories axiomatized by principles of transfinite indue-
tion or other constructive principles. It does no?, however, pass so easily
to consistent extensions as did Theorem 4.5, as we shall see next.

E. Example of a depth-hounding proof restriction function. We illu-
strate several things with the following simple example. The theory T
will have language K and be the conservative extension of P which is
recursively axiomatized, by the device of Craig [2], as follows: e is an
axiom of T if it is of the form

g &v,, =v, where Prfp(m, ")

(that is P |~ B with proof code m). T will have the depth-bounding total
recursive proof restriction given as follows: f"f" codeés o, the presentation

DEF(Ey('vo = conj (8, v, = v,) &Prf,(y, ﬁ)))

Clearly, f is a total recursive proof restriction function. It is depth-bound-
ing because M~ o —1, where 1747 = "0, depth™f" = n, and v is the
natural presentation of T'. F, ig even presented recursively. If we required
y to code the first proof of f in giving o, then F; could have at most one
axiom (none of course, if § were not a theorem of P). So even though
each F, will be finite we could not list it naturally by a 1 presentation
(we cannot guess which, if any, v).

Furthermore the situations for 7' concerning global and loeal axio-
matization are different. T' cannot be globally axiomatized by axioms
of bounded depth (e.g. apply [10], p. 108, Theorem 4). However, as
we have geen, it is locally axiomatized with bounded depth.



Chapter 5

TRUTH DEFINITIONS AND FORMALIZED CONSISTENCY PROOTS

In this chapter we digress to summarize some classical results con-
cerning truth definitions and formalized consistency proofs. These results
illuminate the range of application of our conclusions of the last chapter
and also those of the next chapter. (We have avoided the discussion of
reflection principles, e.g. [10], although in more complicated applica-
tions they would provide a convenient intermediary between the truth
definitions and the consisteney proofs.) Formalized truth definitions are
patterned after the Tarski [20] definition of truth, except that they are
formalized in the sense that they speak about the code numbers of formulas
(this auntomatically implies that they cannot hold for ell formulas of a
language). In set theory we can conveniently formalize the usual truth
definition for any structure which is a set. On the other hand, we cannot
gpeak about infinite struetures in number theory. Never-the-less, Mo-
stowski [15] discovered how to circumvent the formalization of structures
and still obtain a formal truth definition (3). Here we will use a notion
of truth definition which permits both applications. As truth definitions
provide a connection between formulas and their code numbers, they
often yield formalized consistency proofs.

A. Truth definitions. In much of the following we will often omit
the abbreviating operator INT to simplify notation. No confusion. should
result as it is obvious where it should be placed (i.e. in front of symbols
and formulas of K or M). We are concerned here with subtheories of T,
but the notions given generally do not require this.

DEFINITION. Assume L interprets K and let ¥ be a class (usually
effective) of sentences of L. We call a formula v[z] of L a truth definition
for ¥ with basis T in case for all o in ¥ we have

(i) TF aov[4]

D'EFINI’.I‘ION. Suppose that v[z] satisfies the above and also that
v[#] is a natural definition for (the code numbers of sentences of) ¥,

(®) Mostowski [15], p. 147 refers to these as “models of the third kind”.
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given in M or L. Then we will call v standard in T in case the following
three conditions are satisfied:
(i) T - plo]--(y[neg(s)1&(v[neg(a) o> o x])),
(i) T = (y[0] &ylyl)—(p[disj (2, ¥)] &(v[dis] (z, 9)1o0[@]v o [y])),
(iv) T I= (p[0] &PrvyLeg(w))—>v[a].
DErFINITION. Suppose that T and v[w] satisfy all of the above. Fur-

thermore suppose that theory S, presented by o, is such that (the closures
of) all of the axioms of S are in ¥, We say that T models ¢ with v in case:

(v) T |- o[w]—>v[closure(x)].

If (i) holds, the condition (v) automatically implies that S is a sub-
theory of T. Conversely, if § is a finite subtheory of T' presented by Ag,
then condition (i) implies (¥v).

Below we will use the natural definition in M: conj,(y) = 2 (g, is
the yth conjunction: o, &...&a, ; of axioms presented by o).

TEEOREM b.1. Assume T inlerprets P and that 8 is a subtheory of T
presented by o. If T models ¢ with v then T I~ INT(Cony,,).

Proof. By (v) and the definition of conj, we get
(1) T - v[conj,(y)].
Agsuming that 0 = 0 is in ¥ (although this is not important), we apply
(1) and (il) to get
(2) ThHO0=00[0=0] andso TH [0 0]
Using the propositional rules (ii) and (iii), we combine (1) and (2) to yield
(3) T |- “o[imp(conj,(y) ;0—%0)]
By (iv) this yields
(4) T _IPrVL;,S(imp (conj, (¥), mn
Now in M we can formalize the Deduction Theorem ([18], p. 33)

(5) M = Prvy, ()~ 3yPrvp., (imp (conj, (), m))
Thus, (4) and (6) yield

T |~ Prvg (0 #0)
as sought. m

B. Set theory. We first summarize an application to set theory as
these are the most natural. A convenient source of further applications
is Lévy [12]. We can define and formalize model theoretic notions in
set theory. Thus, for example, in a definitional extension ZI’' of Zer-
melo~Fraenkel set theory we can formalize “structure / satifiess a”
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by the definition sat(a, @) in a natural manner (here a would be the defined
constant for the set which is the structure ).

LemwmaA 5.2 (Montague [14]; Reflection Principle for Set Theory).
Let S be a finite set of sentences of the language of ZF. Then there is a defined
constant a such that ZF' |- a<sat(a, @) for every a in S.

Sketch. An analog of the Liwenheim-Skolem theorem gives us
the constant a such that ZF' - a«+REL,(a) for each ain S (where REL,
is the abbreviating operator which relativizes a to a: analogously to
our Chapter 1-H). Because sat is natural, we can easily (but tediously)
establish ZF' |~ REL, () «sat(a, §) for any £. m

Now let T be an extension of ZF with the same language. Let S
be a finite set of theorems of T. Let Ag list the codes of sentences in S,
and let a be as in Lemma B5.2. p[o] will be a natural definition of the
code numbers of the propositional closure of S. Let T' denote the defi-
nitional extension of T with the symbols sat, a, etc.

LemMmA 5.3. Let T be an extension of ZF as indicated, and S a finite
set of theorems of T. Then T’ models Ag with sat(a, ).

Sketch. We check the conditions (i)-(v) in the definition above.
The equivalences of (ii) and (iii) hold for all # (not just for @ such that
p[2]) as does the implication of (iv). This is because sat is just the natural
formalization of the model theoretic notion. (i) holds for all a in S by
Lemma 5.2, But because S is finite (i) implies condition (v). m

THEOREM 5.4 (Wang [22]; Montague [14]). If T is an extension of
ZF with the same language, then T is finitely reflemive.

Olear from Theorem 5.1 and Lemma b5.3. This of course extends
to definitional extensions.

C. Number theory. Generally, in order to give a truth definition
(satisfaction) we proceed inductively once we have defined truth for
atomic instances (variable free) in a structure «. In set theory we can
formalize this for any language and its structure & if o is a set. This
is not generally possible in number theory. However, Mostowski [16]
noticed that we could formalize a truth definition for variable-free atomic
formulas of K (the language of number theory), where the structure
(unmmentioned but available in the syntax) was that of the numerals.

A variable-free term of K, of course, represents a number. Now,
our original coding was effective. So given the code number of a term
we can compute the number that term represents. Such a decoding func-
tion is recursive and thus we introduce it in M as a recursive symbol:

decode(x) = y (y is the number denoted by the variable-free term

with code number @).
So for example decode(3+(2:7)7) = 17.
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‘We now give a family of symbols of M which are formalized truth
definitions for the sentences of K (compare [11], p. 104):

Vo (x)Sentence (z) &depth(z) = 0
&((Atomic(z) &AyI#(y < # &2 < v &Term(y) &Term (z)
&w = equals(y, 2) &decode(y) = decode(z)))
v3y(y <o &z =neg(y) &T1V,(y))
v3ydz(y < 2 &z < 0 &2 = Aigj(y, 2) &(Vo () v V4(2))))

and for each n individually

V11 (@) >Sentence (w) & ((depth(z) < 7 &V, (@) v (depth(z) = m+1
&(AyJz(y < x &2 < x & = exist(var(y), 2)
&Jw (V,,(sub (2, var(y), num (w)))))
vIy(y < o &z = neg(y) &1V, ()
viydz(y < 2 &2 < 2 &z = disj(y, 2) &V, @) v Vo (2)N).

Remarks. By Chapter 2-0, each of the V, is a proper definition
in M: it depends on only finitely many of its own previous values. On
the other hand, the subscript # may not be moved into the definition
because the definition of V, ., depends on infinitely many values of V.
Thus each of the V, is a separate definition. V, is a recursive symbol,
but none of the other V, are even re-symbols. Each of the V, naturally
defines the corresponding “truth set” in the sense that we can prove
many intensional things (4) involving the ¥,. On the other hand, for
% > 0, none of the V, represent the corresponding truth sets, because
those sets are not recursive (but rather 4;; for the standard structure 4°).

We note a technical lemma which will be useful in the next chapter.

LeywaA 5.5. Let a[;);] be a formula of K of depth < n and such that

the 7): include all of the free variables of a. Then
R |- a[5,]JDEF(V,(sub (g var (), num (o;)))-

Thus, the formula DEF(Vn(w)) of K 15 a truth definition with basis R,
for the class of sentences of depth < m.

Proof sketch. The ouly remarkable thing is that these equiva-
lences can DLe established in R. But this is not so remarkable once we
notice the following principle: In the lengthy inductive demonstration,
whenever we need to establish an implication involving variables, that

(3) The definitions ¥, and conditions (i)-(v) for truth definitions correspond
to the “uniform reflection principle”: Va(Prv,(sub(d, num(z))) —alz]) (cf. [10],
p. 104).

3 — Dissertatlones Mathematicae CVIII
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implication is already present in the natural representing formulas for
the various definitions (e.g. DEF (neg(#) = y) will actually include the
condition # < ¥, and similarly for the other cases that subexpressions
have smaller code numbers).

Induction is on », and for each % on the structure of a. For example,
when n = 0, we treat the four simple atomic cases first (e.g. a is Sy, = »,
etc.). Then we build up to more complicated terms (this is tedious as
checking the proper natural representing formula for the decoding funection,

etc.). For n = k41 consider Jv,f[v,, ;):]. By hypothesis, the equivalence
holds with S[v,, ;] and V,, so checking the definitional translation of

V3.1 We obtain the equivalence with El'vuﬂ['vo,;;i] and Vi, ®

It is sometimes overlooked, but Mostowski showed that for any
Peano theory T we can give a family of truth definitions V, analogous
to the V,. If f is a new function symbol of T then we can still define
a decoding function for terms of T', using the fact that Skolem functions
involving f are definable in T because all induction axioms involving £ are
present (the new decode’ might no longer be recursive, but we do get
T - decode’ (sub (f'uo,var(O), num('vo))) = fv,. A new predicate symbo}
W(x, y) is easily handled by adding a new case in the definition of T,
(similar to equals(y, #z)):

o = predicatew (y, 2) &W (decode’ (v), decode’ (y))

(where predicatew(y, 2) defines “code of W (g,, ¢,)” where ¢,, ¢, are terms
of T).

LEamA 5.6 (Kreisel-Wang [11]). Let T be a Peano theory. Then
DEF(V, (%)) i a standard truth definition in T for the class of senmiences
of T of depth < .

Proof. Condition (i) is easy to establish along the lines of 5.5. Condi-
tions (ii) and (iii) are immediate from the definitions V,.

To establish (iv) we must first formalize in T the analog of a con-
sequence of Herbrand’s Theorem (cf. [18], p. 54) which says: any logical
proof of a sentence of depth < # may be replaced by a proof of the same
such that every formula in the proof has depth < #. We can do this
in T because T extends P and the proof of Herbrand’s Theorem is
finitary.

We then formalize in T the proof that logical deduction for formulas
of depth < #, preserves validity (according to V). And this is condition
(iv) for a standard truth definition. This is established by a natural induc-
tion on the length of proofs. However, it is worth remarking that the
induction axioms of T used will involve DEF(V, (x)) and so will them-
selves have depth >n. m
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THEOREM 5.7 (Mostowski [15]). Every Peano theory is finitely reflemive.

Proof. For subtheory S, presented by Ay, let #» be the maximum
depth of axioms of 8. So T' - DEF(V,(a)) for each axiom o of S (using
only condition (i) of Lemma 5.6). This gives us condition (v), and we
have the other conditions by Lemma B5.6. So by Theorem 5.1,
T |~ INT(Cong,s,). ®

So far, condition (v) has been immediate from (i). But this has been
only because the subtheories in question are finite. Notice for the example
of Chapter 4-E, that (v) would not hold for ¢ presenting the axioms
of T' of depth = 0. Otherwise T' could establish its own consistency.

THEOREM b.8 (Gentzen, Ackermann; cf. [19], [11]). P, presented by m,
18 depth-reflexive (for m ete. see Chapter 4-D).

Proof. We consider the subtheory of P of bounded depth which is
presented by =,. In view of Lemima 5.6 we need only establish (v). We
argue abstractly, but to simplify notation, a will code the induction axiom
on formula with code b. We will also omit the inducted variable of b in
writing sub, and univ. As a further simplification, we will suppose that b
does not have any other free variables (so that M I Sentence(a)).

1) ME n,(a) &1V, () >V, (sub(b, num(0)))
&V, (univ (imp (b, sub (b, suc(var(0)))))) & 71V, (univ (b)),

(2) MIE V,(univ(d)) & V,(sub(d, num(0)))
-3y (V,,(sub (b, num(y))) & ]V, (sub (b, suc(num(y))))).

Here (1) follows from the structure of a and the definition of V, while
(2) follows by induction in M on the definition of V,. The definition of
V, and (1) and (2) then quickly yield condition (v). So P models =, with
DEF(V"(m)) and Theorem 5.1 yields the result. m

Remarks. The introduction of the V, obscures the constructive
nature of the original proofs. Indeed, to establish reflexivity for T' we
do not need constructive comnsistency proofs if T' embodies convenient
nonconstructive principles. Notice that combining the techniques above
we see that any extension of P by finitely many axioms is also depth-
reflexive (e.g. PuU{DEF(Con,)}). This is because the same V, are used
in Lemma 5.5 and Theorem 5.8.

D. A finite axiomatization of P. As a convenient illustration of
truth definitions we adapt an example by Kleene [9] of a finite axioma-
tization of P with a new symbol. Theory T has language K and also
a new binary predicate symbol W(y, #) and the two axioms

W (0, z) «>DEF(... right-hand side of definition of V, in last section
but with W (0, ) replacing ¥V, everywhere ...),
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W(y +1, ) - DEF(... right-hand side of schema for V,,, but with

W(y, ) and W(y-+1, ) respectively replacing V, and V,,
everywhere...).

We also give T the axioms of Q and the single axiom
DEF(Vw(n [¢]—~3yW(y, closure (m)))).

{For =, see Chapter 4-D. DEF removes only the defined symbols of M,
and has no effect on W.) Using Lemma 5.5, we see that T extends P.
In fact T is a conservative extension of P (this can be shown in various
ways). Lemma 5.6 cannot be established in T for W (y, x) with y free
because T does not have induction. on formulas involving W. As W is
a truth definition for K it cannot even be consistently defined in an exten-
sion of P with language K.

But induction axioms involving W make sense. Let T’ be the exten-
sion of T with all of these axioms. T" is a Peano theory. So Theorems 5.7
and 4.5 apply to T'. And thus T' properly extends T, even in the lan-
guage K.



Chapter 6

PAIR PROOF RESTRICTION FUNCTIONS

For strong theories, an informal interpretation of the results of
Chapter 4 is this: It is too much to ask that each value of a proof restric-
tion function presents a subtheory which is substantially (and explicitly
s0) more simple than T'. However, there might be other proof restriction
functions which are “informative”. In this chapter we consider whether
we can ask only that each pair f"e” and f™]a” present subtheories which
are predictably different.

Notation. In this chapter, when f a” is a presentation code, F, will
always denote the presented subtheory. Note that F, and S might have
identical axioms even though their presenting formulas are not provably
equivalent.

A. Related sentences and proof restrictions. Let f he a proposed
proof restriction function. If f were produced by studying syntax, it
would be reasonable to expect relationships amongst the values of f for
structurally related sentences. But we remark that such relationships
might not be simple (e.g. in a Boolean semse): Of coutse, F,gs should
be F,UF;. But often we must assign a rich set of axioms to & disjunction
where we had already confidently assigned no axioms to each of the
disjuncts (e.g. consider P presented by x and the disjunction
DEF(ICon,)v», where v, is DEF(Prv,(»,))). We will not generally
consider complex relationships amongst values of f.

Bxcept, suppose that we were attempting to prove a« and also Tla
separately, but at the same time. It would seem reasomable that in these
two attempts we would tend to use different axioms — that is, sharing
“few” axioms in common. In conversation, Ehrenfeucht had wondered
whether this could be realized as an “informative” proof restriction
function. It is rather sensitive how we make this question precise. To
see how we might do this, we fitst ask: Can we produce a recursive proof
restriction function f so that F, and F,, have an “essentially finite”
intersection? (Because the axioms of T are usually not independent, by
“esgentially finite” intersection, we mean that there is a finite subtheory
U, of T such that whenever F, -~ g and F-, = g, then U, — f.) This



38 On local proof resirictions for strong theories

question hag an affirmative answer, but by means of an uninformative
proof restriction function. We give an example:

THEOREM 6.1. Assuming P is consistent, it has a recursive proof
resiriction fumction f whose values represent recursive subtheories of P and
such that for each a, Q is identical to at least one of F, and F-,.

Proof. We need only a minor modification of Theorem 3.1. F, always
includes Q. In addition, if P I~ a where p codes the first proof, and
BL0] &Yz (4 [2]—B[Sx])—~p[x] is an axiom used in that proof, then we
give F, the axiom y»[0]&Ve(y[s]->y[Sa])->y[#] where y[w] is A[x]
&va (v, = ;). These are the only axioms given I';, and so F, is recurgive.
By the consistency of P, at most one of any pair F, and F., can have
axioms other than those of Q. m

Remark. If a is neither provable nor refutable in P, then F, and
F,, are both identical to Q. However, we could not force a proof restric-
tion function to be more informative simply by demanding that F, and
F., have different theorem sets. To see this, modify 6.1 as follows: Let ¢
and p be two axioms of P which are independent of each other with
respect to Q. Modify f by always assigning ¢ to F, and » to F,, (identi-
fying 7] 7le with ¢, ete.). Then F, and F-, will always have different
sets of theorems.

B. Explicitly distinct subtheories. The proof restriction function of
Theorem 6.1 is uninformative because it tells us nothing about veasonable
attempts to prove a short of finding a proof of a. An informative feature
of both listing and depth-bounding functions is that they would require
some definite commitiment which could not always depend on finding
a proof. Thus, we might hope to obtain an informative distinction between
F, and F., by asking for some definite, explicit way in which they differ.
Such a criterion which we will consider is the following:

(ED 1): Name one theorem 8, by which F, and F., differ: that
is, d, is provable in exactly one of them. (Contrast this with the remark
following Theorem 6.1.)

Furthermore, we will gencrally ask for two additional reasonable
conditions:

(ED 2): This distinction should be in the presence of the numerical
equalities and inequalities, R, (that is, 8, is provable in exactly one
of F,uRy or F,,uRy); and

(IED 3): The distinguishing sentence §, should be “relatively simple”.

We will now indicate why it is reasonable to demand (ED 2); in
section D of this chapter we will consider (ED 3).

EXAMPLE 6.2. Assume that T interprets R and that the theorems of T
are recursively enwmerable. Then we may give T a veoursive proof restriction
Junction f, such that 0 =1 is provable in caadtly one of each F, and F-,.
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Demonstration. Let & be a fixed one element structure for L
(so that 7 satisfies 0 = 1). If « satisfies a, let F, be assigned a &v, = 2,
where o is the kth theorem of T in the fixed listing (so it will have no
axioms if a is never listed). If 7 satisfies 7]a then to F, we assign a &v,, = v,
as before, but we also assign 0 = 1. Then each F, is recursive, since sati-
sfaction in a finite structure is effectively determined.

Now suppose that T I o and <7 satisfies a. Then F, —~ 0 # 1 by
construction, but 0 # 1 is not a theorem of F,: If it were, then Log
F @ -0 %1, but this is not so .because 0 = I fails in . The other
cases are similar. m

Similarly if we asked each F, and F-, to be distinguished in the
presence of some finite number of numerical identities (axioms of Ry),
these could all be satisfied in some finite structure s/ where some other
identity which failed in 7 could be the distinguishing semtence. Thus,
to foree a significant distinetion between F, and F., we should ask for
condition (IED 2). However, our later results will have a greater range
of applications if we ask for a somewhat weaker condition. This wealer
condition rules out a pathology of the axiomatization of the I, in the
above example: Suppose that in the example above, T interprets Q and f
is the conjunction of the axioms of Q. Let ¥ be 0 = 1§, so F, is equi-
valent to {y} because 0 51 fails in «¢. But then F, fails to extend Ry,
but it is deficient in doing this only by finitely many (one) axiom of Ry.
We wish to prevent this rather unnatural situation.

DerFINITION. Here S is a theory with language L (L interprets K).
We say that S satisfies the R-cxtension condition provided either S extends
Ry, or else Su {p} does not extend R, where g is a conjunction of axioms
of Ry.

DEFINITION. Subtheories S; and S, of T are eaplicitly distinguished
by sentence & (of L) in case d is provable in exactly one of S, or S,.

Notation. In the following f and d will always be functions of the
appropriate type: f is from sentence codes to presentation codes, and d
is from sentence codes to sentence codes. The sentence coded by d"a”
will be indicated by 4, (or simply 4 where a is understood).

DEerInNITION. We say f, d is a pair proof restriction function (for some
class @ of sentences) for T in case the following hold:

(PP 1) f is a proof restriction function (for @ and T);

(PP 2) for each a, F, and F-, arc explicitly distinguished by &, (where
d"a® =d"]a”); and

(PP 3) each F, satisfies the R-extension condition. Furthermore, we

say f, d is recursive if both f and 4 are recursive; we omit @ if & is the
class of all sentences of L.



40 On local proof restrictions for strong theories

If (ED 2) held instead of (PP 2) and (PP 3) we could clearly convert
the situation into one in which these held. The utility of using the wealker
(PP 2) and (PP 3) is that they apply to many familiar axiomatizations
of theories (e.g. each subset of the given axioms of Q or P satisfies the
R-extension condition).

It is clear from the remark following Theorem 6.1, that we should
ask that d be recursive. We consider where this demand could be met.
Consider P or any weakly w-consistent theory. Let I'* be the class of
existential unbounded sentences and (their negations) the universal
unbounded sentences. Then P has a recursive pair distinguishing proof
restriction function for I': If o is existential unbounded give F, the
axioms of R and F-, all the axioms of P and let d be constantly Ve (z # Su)
(which is not a theorem of R). Then f, d have the desired properties upon
noting Theorem 3.2 (iv). Thus, for weakly w-consistent theories, a pair
proof restriction would become interesting if it extended to more complex
sentences than those in I™. It is illuminating to consider how one might
try to assign subtheories to an unsettled pair of sentences outside I'*
(e.g. the twin prime question). Also notice that such an assignment
should induce an assignment (better than f above) for their instances
which are in I™.

Although it is not immediately obvious, if f, d is a recursive pair
proof restriction function for 7, then T must be consistent. This is because
d induces recursive divisions of the sentences of L (by division we mean
simply a decomposition into a recursive set and its complement, as opposed
to separation in the sense of Chapter 2-F).

LeywmA 6.3. Assume f and d are recursive and conditions (PP 2) and
(PP 3) hold. Let e be a recursive funotion from RE-sentences of N fo sen-
tences of L. Then e (along with f, d) induces a recursive division I, 1B
of the class IT'™E: where y is a RE-sentence and "y = "a*, put "y in B
and "Iy in T\E iff F, — 6, (and thus the reverse if F-, — &,).

Proof. The procedure is obvious. Both ¥ and TIF are recursive.
Note that f does not meed to be a proof restriction function.

COROLLARY 6.4. If f, d is a recursive pair proof restriction fumction
Jor T, then T is consistent.

Proof. Let f denote the conjunction of the axioms of Q,, and
let ¢(x) be the function conj("f", neg(w)) so that e™y™ = "B & |y".

Suppose that T were inconsistent and Ry I y where y is an RE-
sentence. Then also T |~ & |y and so Fpg, - B & Ty, because f is
a proof restriction function. So even F,e, is inconsistent and thus proves é.
Thus "y"is in B and "7)y" is in "1F as specified by the lemma. By a similar
argwment, the situation is reversed if Ry = ~y.
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But then E, 71 is a recursive separation of I'*# for the theory R,
which is impossible by Theorem 2.5. m

We will consider less trivial division of I™¥ a5 allowed. by the lemma.

LemMA 6.5. Assume T interprels Q and that f, d 18 a recursive pair
proof restriction function for T. Assume also that v[x] is a fruth definition
for the range of d with finite basis B (a subtheory of T).

Then given a sentence y of N we may effectively construot a sentence e
of L with the following property: If Ry = y then F, = §,; and if Ry = Ty
then F-, — §,.

We may code this construction by a recursive fumction e (such that
el'?"l — l"'e'l).

Proof. Let f be the conjunction of the axioms in BuQy (so T + f).
By Theorem 2.4 (i) (Lemma of Self-Reference) we obtain ¢ effectively
(given y) such that

Ry = s oy (8 &u[d(e)]).

(Precisely, by v[d(s)] we mean Jy(INT(d(e) ~v) &v[y]) where d, ~
are the re-symbol for d in M; however we will write symbols of M in L
for convenience.)

Notice that for all a, T - &, by assumption on d; and furthermore,
T + v[d(e)] because v is a truth definition which includes the range of d.

Now assume that Ry 3. Then T  y &A &v[d(e)] and s0 T F e
So by assumption on f, F, - ¢ But then F,ORy |~ f&wv[d(e)] which
means that F,u{p} — B where g is a finite conjunction of axioms of Ry
and g already implies all of R, because it includes the axioms of Q.
So F,u{p} extends Ry and so F, itself extends R, because it satisfies
the R-extension condition. So F, — g &wv[d(e)] and thus I, - &, because f
axiomatizes B, the basis for the truth definition.

If Ry I y, the argument is analogous noting that

Ry eyl &o[d(3)]). =

We now give our main theorem. The condition that T’ interpret Q
should not obscure the fact that in most applieations, T' will be very
much stronger than Q.

THEOREM 6.6. Assume that T interprets Q and that T has a finilely
based truth definition for a class of sentences W. Then T does not have any
recursive pair proof restriction function f, d where the range of d is in V.

Proof. Suppose there were such f, d and ¥. Let v be the truth defi-
nition with finite basis B. Then take ¢ as in Lemma 6.5. ¢ is a recursive
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function defined on RE-sentences of N (and more). According to Lenima
6.3, ¢ induces a recursive division of I'EE,
r.,1 3 ¥
»7 is in E, and £t - o,
T is in TH
(where e™” = "),

Now if Ry - v, then F, = é, by Lemma 6.5, and so "y is in F.
Similarly, the situation is reversed if Ry I~ Tly. But then %, T1E i3 a
recursive separation of I'™F for Ry, which is impossible by Theorem 2.5.m

Remarks. Asking in the theorem that the truth definition be finitely
based is not a significant restriction. Most of the usual truth definitions
for languages with finitely many symbols are finitely based (e.g. by
Lemma 5.5, @ is a basis for the truth definitions V, of Chapter b).

Upon examining the proofs of Theorem 2.6 and Lemmas 6.3 and 6.5
we may find a particular pair of sentences ¢, ~|¢ where f, d fails. First
obtain the RE-sentence y by the lemma of self-reference:

» &INT (Ip (Prpg (t(neg(e(v)); 25 d(e(y)))
&Vq(g < p->"TPrigg(t(e(y)); ¢ d(e(¥)).

Then ¢ is ¢oded by ¢"™y". The complexity of this e depends, of course,
on. B, v, and the complexity of d,. In some applications (below) we can
see that ¢ may Dbe fairly simple.

C. Applications. We give only an indication of some of the appli-
cations of Theorem 6.6.

Tirstly, it can be applied to fairly weak theories (unlike Theorem 4.4).
TFor example, consider Q. We cannot effectively assign all of the seven
axioms to one of each ¢, “la and some six (or fewer) of them to the other.
The proof should be clear, noting that these axiom sets satisfy the R-ex-
tension condition.

Secondly, Theorem 6.6 permits generalizations of all of the various
applications of Theorem 4.4. For those theories, we cannot decide to
which of a, TJa woe should assign all of the axioms, while restricting the
axiom set of the other (to a finite list, or a depth-bound). In these appli-
cations, the distinguishing sentence &, would be some INT (GonRE(g(E)))
where each g"a’ is in the reflection set for 7. Furthermore, we may avoid
the truth definition of Lemma 6.5 and directly nse § &INT (Congg(g(z)
in the construction of e, where g is the conjunction of the axioms of Qy.
In these applications, functions f, & would fail at a sentence which is
a propositional combination of I'EF gsentences (as simple as we could
hope for).

Thirdly, by using more complex distinguishing sentences we may
obtain results which have no analogs in Chapter 4. (Note that the dis-
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tinguishing sentences of the paragraph above are V*.) For many theories
we can produce a theorem v, of T which is not a consequence of any theo-
rems of T' of depth n (cf. [10] and Theorem 6.7 below). For such theories
we may apply Theorem 6.6 to see that we cannot decide to which of
each a, o we should. agsign all of the axioms of 7, while assigning to
the other all of the theorems of depth » (provided = is somewhat less than
the depth of a: see Theorem 6.7. However, n neced not be fixed using
a modification of 6.6.) The set of theorems of depth . is not in the reflec-
tion set for T.

In the above applications of Theorem 6.6, the F, did not have a local
character. But that merely reflects general techniques for distinguishing
theories. A more significant intuitive interpretation of Theorem 6.6 is
the following: we cannot effectively measure attempts to prove cither a
or ~la against a theorem ¢ (which is more simple than a).

D. Example with complex distinguishing sentences. Condition (ED 3)
of Section B, above, asked that the distinguishing sentences be “relatively
simple.” This condition appears in Theorem 6.6 where we ask that T has
a truth definition for ¥ which includes the range of d. It seems reasonable
that if we could make a distinction between IF, and F,, which tells us
about attempts to prove a or Ta, then the distinguishing sentence should
be simple. We now show that in some instances we may be able to get
an uninformative distinction when we relax this demand:

THEOREM 6.7. There is a theory T with exactly the same theorems of P
such that T has a recursive pair proof vesiriction fumclion.

Proof. T is the same theory as in the example of Chapter 4-E.
That is, a &v, = v, is an axiom of T exactly if % codes the first proof
of ¢ in P. Noting the truth definitions of Chapter 5-C, let », be such
that:

(1) R = %, »DEF(Va(V,(2)-> TPrvye{imp(s, 7,))))

(compare [10], Lemma 1). Now », has depth m with m > n (in some
constructions of truth definitions, m = n+1, but here it is somewhat
larger). Noting Lemma 5.6 and clauses (ii), (iii), and (iv) for a standard
truth definition, we have:

(2) M+ 30:( Vo (2) &Prvy,{imp (s, 5,1)))—>Vm (¥,) -
But, combined with (1), this gives us
(3) M p,»V,0,), andso T »,.

Next designate sentences as either positive or negative depending
on the parity of initial 7] symbols (abbreviations removed). Let a be
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a positive sentence of depth n. We give I7, and I, recursively as follows
(here § denotes the conjunction of the axioms of Q):

y is an axiom of F, iff y is »,, or y is f, or y is a &v;, = v, where %
codes the first proof of « in P; and

y is an axiom of F-, iff y is B, or y is TJa &v;, = v; where ! codes the
first proof of Tla in P.

And we define d by d"a” = "y,

To see that , explicitly distinguishes F, and F-,, we show that
it is not a theorem of F.,: If P I Ta, then I+, is logically equivalent
to {#&a}. And furthermore, since ~|a has depth n, M — V(8 & Ta).
Now suppose F, i »,. Then Log — (8 & Ja)—=»,. So M V,(8 & Ja)
& Prvyeg (imp (8 & e, #,)). But combining this with (1) we get M (or T)
= T», which confradicts (3) assuming P is consistent.

So f, d is a pair proof restriction function for T. m



CONCLUSIONS

These results extend easily to applications not developed above.
For example, measure the complexity of proofs in finitely axiomatized
Godel-Bernays set theory by the maximum number class constructions
upon which an application of the replacement axiom depends. Then
by 6.6 we could not restrict one of F, or F-, to an explicit bound in this
measure. The applications to ZF set theory were more natural because
its axioms were “finer” than those of Gidel-Bernays (“finer” with respect
to the Tarski-Lindenbaum algebra of that language). On the other hand,
examples such as that of 6.7 have axioms which are too fine for con-
venient application of our Theorems 4.4 and 6.6.

Although we have considered only classical first-order theories, our
results can be modified to extend to other finitary deductive systems.
Of course, they extend immediately to various deductive type theories
a8 these can be imbedded naturally in first-order systems.

We had accepted at the outset that producing an infofmative proof
restriction function for a strong theory T might require arguments which
could not be formalized in 7. The results above do not prohibit us from
producing proof restriction functions. However, they do suggest that
even if we did, we could probably not describe (in an explicit way ex-
pressible in T) how the F, should improve on T'. (An improvement should
relate to proving or refuting a. On the contrary, the distinguishing sen-
tences of 6.7 were chosen to avoid saying anything about this.) There are
still other possibilities for informative local proof restrictions: omne is
that a proof restriction function might hold for a large class of “well-
behaved” sentences; another ig to concentrate not on the explicit strength
of the F,, but rather their efficiency as systems for attempts to prove a.



(1]
(2]
(3]
{4]

[5] -

[6]

(71

(8]
(9]

[10]

(11]

(12]

[13]

'[14]

[15]
(18]
[17]

[18]
[10]

Bibliography

A, Chinroh, An unsolvable problem of clementary number theory, Amer, J. Math,
58 (1936), pp. 345-363.

W. Craig, On awiomatizability within a system, J. Symbolic Logic 18 (1053),
pp. 30-32

M, Davis, An explicit Diophaniine definition of the ecxponential funclion, (1971)
not yet published.

M. Davis, H. Putnam, and Julia Robinson, The deoision problem. for ex-
ponential Diophantine equations, Ann. of Math. 74 (1961), pp. 425-4386.

A. Ehrenfeucht and 8. Feferman, Representability of reouisively enumer able
sétg in Tormal theories, Arch. Math. Logik Grundlagenforsch. 5 (1960), pp. 37-41.
8. Feferman, Arithmetication of metamathematios in a general setting, Fund.
Meth. 49 (1980), pp. 35-02.

K. Godel, TTher formal unentscheidbare Sdlze der Principio Mathematica und
verwandler Systemo I, Monatsh. Math. Phys. 38 (1931), pp. 173-198.

D. Jensen, Proof restriction functions for infinitely awiomatized theories, Disser-
tation, Umverslty of Southern California, Los Angeles (1971).

S.C. Kleene, Finite amiomatizability 1y of theories in the predicate calculus using
additional predicate symbols. Two papers on the predicate ouleuwlus, Mem. Amer.
Math Sec. 10 (1952), pp. 27-68.

G. Kreisel and -A. Lévy, Eeflection primciples: and their use for establishing
the complezity of awiomatic systems, Zeitschr. Math. Logik 14 (1968), pp. 97-142.
@. Kreigel and H, Wang, Some applications of forma,hzed gonsistency proofs,
TFund. Math. 42 {1955), pp. 101-110; II (Addition to the preceeding) Fund.
Math. 45 (1958), pp. 334-335.

A. Lévy, A hierarchy of formulas in sot theory, Mem. Amer. Math. Soc. 57
(1968).

Yu. V. Matijasevid, Diophantine representation of recursively enumerable

_predicates, Proceedings of the Second Scandanavian Logic Symposium, Amater-

da.m 1971

R- Monimgu o, Two" donitributions to thie founddtions of set theory, Logic, Phi-

losophy and Methodology of Science, Proc. 1980 Int. Congross, Stanford (1962),
pp. 94-110.

pp 133-158.

J.B. Rosser, Eatensions of some theorems of Godel and Ohurch, J. Symbolic
Logic 1 (1936), pp. 87-91.

Julia Robinson, Existential definability im arithmelss, Trans. Amer. Math.
Soc. 72 (1952), pp. 437-449.

J. Shoentfield, Mathematical Logic, Reading 1967.
M. E. 8zabo, od., The Uoliected Papers of Gorhard Gentzen, Amstordam 1000



Bibliography o

[20] A. Tarski, Der Wahrhettsbegriffe in den formalisierien Sprach i :
1 (1936), pp. 261-405. [prachen, Studia Philos.
re1] A. Tarski, A. Mo stowski, and R, Robinson, Undecidable Theori .
dam 1953 and 1968. heories, Amstes-
[22] H. Wang, The non-finitizabilily of impredicative principles, Proo. Nat
Soi. U. 9. A. 36 (1950), pp. 479-484. P at. Acad.



