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Dedicated to Prof. K. Kuratowsks
at the fourly years anniversary of His soientifio work

On invariants of certain proper
isomorphism classes of (4, 4, y)-systems

§ 1. Let X be a topological space. By =,(X) we mean a homotopy
group of X. If » > 2, then #,(X) is a direct sum of cyclic groups of prime
power order. We write n.(X) = ) Z,. x,, where Z,, x, denotes a cyclic

a(r,X)

group of order ¢(r, X). Evidently’r {g(r, X)} is a set of integers, among
which some may be duplicated. If a,, ..., a, (» may be finite or infinite)
are distinct integers among the set {g(r, X)}, and if «; occurs ¢; times
in {q(r, X))}, then both a; and ¢; must be invariants of the homotopy type
of X. This claims general measure to produce numerical homotopy inva-
riants besides Betti numbers and torsions (!). In [3] and [4], we have
introduced relative block invariants, characteristic coefficients and cha-
racteristic polynomials. The first two kinds are integer invariants but
the third kind are irreducible polynomials with coefficients in the group
of integers reduced mod2. They have been proved [5] to be intimately
related with homotopy groups of polyhedra.

By a (u, 4, y)-system we mean an algebraic structure introduced
in [7] and [2] which is an abstract description of relations between
cohomology groups produced by Steenrod homomorphisms. Here we take
two Steenrod homomorphisms:

v H™(2) — H™Y(2),  yr:H™(2) > H"™*(2),

their related cohomology groups H" (r = m,m+1, m+j, m+j-+1,
n,n+1,n+k,n+k+1), H*(2) (8 = m,m+j,n,n+k) and their rela-
ted homomorphisms (2)

pw:H® > H*(2),

AH@) > ot m+j,n, ntk,

(*) Most primitive invariant of this type is the seccondary torsion in [7]. After-
wards we have extended it to block invariants in [2].

(?) The homomorphism g is natural. Let gH®+! be the subgroup of H®+! consi-
sting of those elements @ satisfying 22 = 0. Aooording to J. H. G. Whitehead we have
defined H™(2) to be uH"+ A;H"+1. Now 4 is such a homomorphism that 4-1(0)
= yH™ and 44° = 1.
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to construct special (u, 4, y)-systems. In [2] it is remarked that block
invariants together with Betti numbers and torsions are not enough to cha-
racterize isomorphism classes of these special (u, 4, y)-systems, if among
the sets of groups (H™, H™*!, ™+ H™++!) and (H", H*!, H™**, H™%+1)
there are common groups. In the simplest case there is one common group
between the sets (H™, H™+', H™* H™*/*') and (H", H**', H*** gr+*+1),
but in the most complicated case there exist three common groups. The
isomorphism class of (u, 4, y)-systems of the first case has been studied
in [3]. But in the latter case we have j = k =2 and m = n+1, which
system plays an important role in the homotopy type of A2-polyhedron
(n = 3)(®) and is called A3-system. In [5] we have proved the following

THEOREM. The complete set of invariants of proper isomorphism class
oj Al-systems are Betli numbers, torsions, block invariants, relative block
invariants, characteristic coefficients and characteristic polynomials.

This Theorem was first announced in [3]. But the proof in [4] needs
to be cl.rified as it has been hastened by the application of this Theorem
to cl ssify homotopy types of A3-polyhedra (*). The purpose of this paper
is to produce new definitions of relative block invariants, characteristic
coefficients and characteristic polynomials, and consequently to give a new
proof of the above Theorem.

§2. Let s(r,0) = 0 and let s(r,%) (¢ =1,...,7,+1) be an increa-
sing sequence of integers. Let H't™ be an abelian group with generators
w'(1),...,u"(s(r,n,+1)),... such that () u’(s(r,d)+j), j=1,...,
8(r,i+1)—s(r, i), are of order 2™"**" where m(r, i) < m(r,i+1) and
m(r, n,+1) = co. We often write 2¢5,;,; as the order of u"(s(r, i)+ j).

An automorphism of H'*" may be given by

8(r,ny)
.(lr+nur(7:) = 12; a;ju'(j)y i = 1,...,8(ry n,),
s(r,np+1)
(1) gepn¥(@) = D Bopul(b)+
b=s(r,ng.+1)
8(r,ng)
+Z a;jur(j)+°~-, a = s(r, "r)+]’---[s(ry ne+1),

=1

(®) See [8]. But the main theorem in [8] needs to be corrected, see S. C. Chang,
On a theorem of Shiratwa, not published.

() For example see 8. C. Cnang, Normul forms and homotopy groups of poly-
hedra (Chinese), to appear in Acta Math. Sinica.
(*) Generators of odd prime power orders are not mentioned here.
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where a/ and g are integers, the square matrix [f;,] being unimodular,
the determinant |af;| odd, and
(2) 0:a;; = 0(mod g}).

By ,H"*'*" we mean the subgroup of H**!*" such that an element z
of H"*'*" belongs to ,H"*'*" if, and only if, 22z = 0. The generators of

LH"*T are evidently o1t u'*"(1),..., on'} % 1+’(.s'(l—[—r, Mye)). We put
1
(3) 0'.:-“ = 98(_{:-" n) 4ypt+1)—8+1
(4) vt = wt(s(14r, nyp) —k+1).
Substituting 1+ for r in (1) and (2) we see that .

s(1+7,7y 4 y) Loy
- GkT
(D) _],+1+u0';c+"vl+r = 2 al"" aalr(Jf-';rnH,.)-kHs(1+rn1+,.)—s+1( 1+"vla* ')

8§=1
k=1,...,8(147r,n,.,),
where
U}t+r altr

A+r a(Hrnl_H.) ~k+1,8(1+97) 4 p)—8+1
8

are integers and the determinant
14¢
Ok 14r
O‘H-' Q147,04 ) k+1,8(147,0) L) —5+1

is odd.
Denote the generators of H“*'( ) by

o, = pu (1), 1= =1, ..., 8(r, n,+1),
y; = A*GTTHG), G =1, ., 8(L4T, neyy).

Then g¢,,, and ¢,,,,, induce an automorphism &":H"*"(2) > H"*" (2)
as follows: '

S(r,7y)
2 aj @y, t=1,...,8(7,n);
a(r,n,.) 5(",%,--’- 1)

"o, = Z dg 5 %5+ 2 Paptyy @ =s(r,n)+1,...,8(r,n+1);
(6) =1 bmsg(r,ng)+1

s(r,np+1) o)
(br?/'l:: = E 6/:75”; + Z l+f aa(l+rnl+,.) —k+1, 817, 4g)— a+lys)
=1 8=1

k=1,...,8147,n4);
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in which 8, ; are arbitrary integers, and each of the integers, o , 5’ , 4,
and
147
Ok 14r
F aa(l +r,7 +") —k+1, 8(1+'! ny +f) —s+1)
8

actually means the reduced mod2 class determined by the integer. Evi-
dently "y = ug" and 40" = ¢"*' A. The automorphism @" may be re-
presented by a matrix [@"] in which we first arrange the rows (or columns)
corresponding to ai, ..., Z%sn 1) according to their subscript indices
and then arrange those rows (or columns) corresponding t0 ¥, ..., Y5usrny,p)
also according to their subscript indices. Thus we actually obtain an or-
dering of the generators of H"*"(2) and call it as R-ordering. Now [&"]
has s(r, n,+1)+8(1+7, n,,,) Tows and columns. We divide [®"] into
ny+1-+4n,,, Tow strips and column strips such that the i-th row strip
(or column strip) contains s(r, i) — s(r, 4—1) rows (or columns) if ¢ < n, 41
and s(1+4r,n ., —t+n+2)—8(14+7r,n,,—i+n+1) rows (or co-
lumns) if #,4-1 < ¢ < 1+ n,+ n,,,.. The intersection of the ¢-th row strip
and the j-th column strip is a matrix Mj,. Then we may write

[97) = [Mi4].

By (2) and the definition of o}*" we see that M}; = 0(mod 2), if ¢ > j

If all the elements of a matrix lying above the principal diagona
are trivial, we call it a lower matriz. And we call it upper matr iz, if al
the elements lying below the principal diagonal are trivial. The matrix
[M3,] is a lower matrix.

Let us arrange the rows and columns of the matrix [®"] in another
way as follows: Allow the rows (columns) corresponding to %;’s to be arran-
ged before those rows (columns) corresponding to 23’s and the row (column)
corresponding to y7’s before that to ; if ¢ > j and the row (column) corres-
ponding to 2] before that to «} if 1 > 4. This actually gives a new ordering
of the generators. We call it C-ordering. We divide the matrix so arranged
also to n,,,+ n,+1 row strips and column strips such that the 4-th strip
contains §(1-+r,4)—s8(1+r,¢—1) rows or columns if ¢ < =,,, and con-
tains s(r, n,+2 — ¢ +n, 1) —s(r, n,+1—%t+n,,,) rows or columnsifz > n,,.
Let L;; denote the matrix which is the intersection of the i-th row strip
and the j-th column strip. Then the matrix [L;,] is now an upper matrix.

We have chosen definite ordering of the basis of H"*"(2) so that @°
and ®* are represented by lower matrices [M?;] and [M;;] while &
and @°, by upper matrices [L;,] and [Lj ,] respectively.

The automorphism &” is induced by g,,, and g,,;,». But (2) and (6)
tell us that among the coefficients of;, only those will produce influence
upon 9", for which o] < of; furthermore, the last equation of (6) shows that



Isomorphism olasses T
a; " will produce influence upon &" if, and only if, o}*" < ¢;*". We remark
that ¢,,, (r =1, 2, 3) produces effects upon &' and &".

Let 6 be a square matrix of » rows whose element 6, ; is 1 if, and only
if, i+j = n+1 and 0;; is zero if i+-j % n+1. In case A is a square mat-
rix of n rows, then we denote 046 by A.

Automorphisms & of H"t"(2) are called (u, 4)-automorphisms if,
and only if, A®" =g¢,,,.,4 and ug,,, = .

LEMMA 1. The automorphisms @ :H"1"(2) - H**"(2) (r = 0,1, 2, 3)
are (u, A)-automorphisms if, and only if, the following conditions are sa-
tisfied:

(i) The matrices [ M3;] and [M}.;] are lower matrices if the rows and
columns of these matrices are arranged according to R-ordering of their
corresponding generators. The matrices [Lj ] and [Li x] are upper matri-
ces if the rows and columns of these matrices are arranged according to C-or-
dering of their corresponding genmerators.

(ii) We have

rl 0 .
(7) Mi,i = 1Wﬂ°+2+nl_i‘no+2+nl_i, 1 = 1, ooy N5
1 2 .
(8) Mf,f = Lnpgyj-nyny—m+sy 1 = M+2ycey M+ n+1;
r3 2 .
(9) Li.i = L'n3+z-i+n4,n3+n4+2—1'.y 1T = n4+2, cesy n4+n3+1.

This lemma is proved in [4]. Here we give an outline of the proof.
Since [M3;] is influenced by o' if of*' < oit!, while [ M} ;] by afi’ if
ot > ort', o' will produce effect upon both [ M{;] and [M},_,,]l-" only if
ert! = gi*'. Those particular of{' determining M} ; and My, 1o n, i ng+24m—t
(¢t=1,...,n,). Due to orderings of the rows and columns previously
given to the matrices representing @° and @! we reach (7). Similar argu-
ments give (8) and (9). The sufficiency is a construction of automorph-
isms g, (r = 0,1, 2,3,4) of H**" so that they induce &' (i = 0,..., 3)
as (u, 4)-automorphisms. This is an extensive argument of that used
in [3] and follows as natural consequence of some Lemmas in [6].

Our purpose is to determine the complete and independent system
of invariants of proper isomorphism class of AJ-systems. By Lemma 1
in [4] what we need is to determine the system of invariants of proper
automorphism class of A3-systems. The procedure has been devised by
Lemma 2 in [4]. We write down the basis of H"(2) according to R-ordering
as 2; (i=1,...,8(0,n41)+s(1, »,)) and that of H"**(2) according to
C-ordering as 9, (I=1,...,8(2,n,+1)+8(3, n;)). The homomorphism
y2 becomes

Vi = Zci‘,y;, i=1,...,8(0,n+1)+8(1,n),
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which is represented by a matrix [ey]. If [¢;;] ~ [ci;,], i.e. there exist
(4, A)-automorphisms [M7,;] and [Li,;] such that

[ M3,10e50] = [ei 1 (L],

the normal form of the homomorphism »2 is determined by block inva-
riants, 7;; (¢ =1, ..., ng+n+1;1=1,...,n+n;+1). We define

ng-+ng4-1
$(0,9)—8(0,i—1)— DY my (i =1,...,nm+1),
T; = = rg M3+l
fong bng+2 T 8(l, 7?’1_}_,',,('_*_2_.-,:)_8(1, 4 g+ 1 — 1) — Z iy
=1
(6= mg+2, ..., %+n+1)
no+ny+1
83,7)—8(3,j—1)— X mp (I=1,...,m),
T _ =t ng+ny+1
ﬂo() l-nl'l-l.l - 8(2’ ”"2+’”’3+2_> l)_s(z, v-nz_‘,_ 7n3+l_l)_ 2 Ti’[
i=1
(0 = ng+1,..., ng+ n,--1).

The normal form of y% may be constructed as follows: We take a mat-
rix [M,z] of (ng+n,+1)(ny+n;+4-2) rows and (ny+ 0,4 2)(n.+ ny+1)
columns. By 7;; we also mean a unit square matrix of 7;; rows. [ M, ,]
is a normal form if: (i) M, , denotes matrices, (ii) M,, and M, , are matri-
ces of the same number of rows, (iii) M,, and M, ; are matrices of the
same number of columns, (iv) Ming+ng 42,5 CODSISES of 7, +ng42 TOWS, (V)
M jng+ny-2 consists of 7, 4. 42; columns and (vi) all the matrices M,
are zero matrices except

M(i---l)(fb3+1»3 F2) Hi 0 1) (g Fngr2yri = Tiy
t=1,..., 4 n+1; =1, .,n+n+1.

Let M be a matrix of » rows and s columns. Finite sequences of pos-
itive integers [a;} (¢ =1, ..., »)and {b;} (j = 1, ..., m) satisfying g‘a,— =,
Z":b, = ¢ are utilized to divide M into » row strips M; (: =1,..., n)
afnd m column strips M’ (j = 1, ..., m) such that M, contains the

-1
(D atp)th =1, ),

=1
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rows of M and M* contains the

k-1
(3 b+g)fth  (g=1,..., 0
i1

columns. The intersection between M, and M* is a matrix My . Then
the matrix [M;,] is called the subdivision of M according to (a;} and
{bsj}. If M is a square matrix and if {a;} = {b;} then [M;,] is called the
subdivision of M according to {a;}.

We arrange 7;; (i =1,...,m+n+1;j=1,...,ng+n3+2) a8
a sequence g such that 7;; < 7y ; if ¢ < ¢’ and 7; < 7y, if § <j’. The
subdivision of (@°)(= [M};]) according to ¢ actually subdivide f;
into a matrix (®) {M3).u,], %, v =1, ..., Nyt ny+ 2. We also may arrange
Tig (=1, .. n+n+1, i =1,...,n+n,+2) a8 2 sequence y such
that 7;; < g5, if j <j" and 7; < 7y if ¢ < 4. By v the subdivision of
[#*] (= [Lix])) induces a subdivision of ILj, into a matrix [Lfy..,]
(rye=1,...,m+n,+2).

If M is a normal form of y) mentioned above, then we have

LEmma 2. If (M?;1M = M[Lj;,] then

(i) [M;-'_i_.,,.,,] (e =1,..., %+n,+1) are unimodular upper wmatrices,

(ii) [Lil‘.,..,] (t=1,...,ny+n3+1) are wunimodular lower malrices,

(i) Mg,i;u,u = Li,u;i,h t=1,...,ntmnm+1,u=1,...,n+ny+1.

Conversely, if the matrices [M3;.,,1 (3 = 1, ..., ng+n,+1) and [Li; . ,]
(=1, ...,n,+n3+1), satisfying (i), (ii) and (iii) are given, then there are
lower matriz [M3;] and upper watriz [L} ;] such that M3; and Lj; coin-
cide with the givem malrices [M;-’,I-,.u',,] and [Lf_,,.,‘,] respectively and that
(M%) M = ML}

Lemma 2 is implied in Lemmus 4 and 5 in [4].

Here I mention again the Lemma 2 in [3], which tells us that what
we need is to find the complete system of invariants of y,,; under those
(u, 4)-automorphisms (of the A2-system) which keep the normal form,
M, of y; invariant. In other words, we need to find the complete and
independent set of common properties of y;,, and y,,, if

(10) [Map] (Y] = Dy ) [ Likd,

where the lower matrix [M,,] and the upper matrix [Lj ] must be re-
stricted by (7), (8), (9) and (i), (ii), (iii), of Lemma 2. Now (7) and (i)
tell us that the subdivision of M;; (i = 1,2,...,7,) according to the
SeqUENCe Tyy, Tigy .-« Timging+2 18 @ Unimodular upper matrix, i.e. the

(®) Note that in the matrix [ng-uv] the indices i and j are fixed while « and

o indicate the number of rows ov columns respectively. It is similar in L3, ).
A )
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subdivision of M;; according to the sequence 7,,, ., :; Tingingi1y -++1 Tiy
is a2 unimodular lower matrix. Similarly (8) and (ii) reveal that the subdi-
vision of Mj; (j =m+2,...,m+n,+1) according to the sequence
Ting—ny+i s Tamg—ny473+ -+ Tngany+2,ns—n 47 DECOMeES & unimodular lower matrix.
Meanwhile (9) and (ii) give us that Li; (¢ = ng+2,..., 0,4+ n5+1) is
subdivided to be a unimodular upper matrix according to the sequence
Tng+ny+2,n3+n4+2—89 Tngtny+1,ng4+ng42—12 oy Tingyng+2-i- In short, the subdivision
of the matrix [M;,] is a lower matrix written as [M;;] (4,7 =1, ...,
0y (Ng+ Mg+ 2)+ 1+ ny(ny+ n,+2)) according to the sequence of inte-
gers
Tno+nl+l,nz+n3 +2 rn0+nl+l,‘n2+n3+la LA ] rno+'nl+l,'n3+2, T1Lo+')Ll+l_1l.3+l ’
tno+nl+1,n3 LA 7n°+nl+1,2) tno+nl+l,1; ) ered

tn0+z,n2+n3v,’-2s 7750 +2,09+Ng4+1) * 9 Tn0+2,n3+2’ 7‘n0+2,na+l 9 Tﬂ-0+2_'n37 ceey

Tng+2,29 Tng+2,13

(11) 8(1, m+1)—s(1, ny);
Ting+29 Tang429 o009 Tngsimg429 Tnge2mg+2y » ooy Tngin41,my429
Tng+ny+2,n3+29 ***)

TLng+ng+19 T2,ng4ng419 =« 9 Tngq-ing+ng+19 Tng2,ngtng+ly == *9

Tng+ny+L,n3+ng+13 Tng+ny42,n3-+ng41"

Similarly the subdivision of [Li’k] is an upper matrix, written as [£; 4]
(hy k =1,..., n,+1+4ng(n,+ n,+2)), aceording to the sequence of inte-
gers
8(4,1),8(4,2)—s8(4,1), ..., 8(4, ny) —8(4, n,—1);

8(3, ny+1)— (3, n3);

12 Tng+np+2,7n30 Tng+ng+Lngs »o o9 Tng+a,nys Tng+1,ng9 <oy Ting?
o+ 37 "R+ 3 0 3 0+1,73 3

Tng+ni+2,19 Tng+ng+1,19 <9 Tng42,19 Tnge1,19 <oy T1 1
Besides these, writing for brevity M., and Ly, for M.y, and Las,x,
respectively, we have the following relations:
o ) ]
M;, = Mgz+n1+2—i;n2+n3+3—u1 t=1, MU =1,.., 04 n+2;
(by (7))
2 ; . .
= an+n3+3—u,~n,+nl+2—i’ 1 =1, ey My U = 27 ey n3+'n2+27
(by (iii))
=L$¢4—752—l+u;ia t=1,...,n;u=n+3,...,m+n,+2; (by (9))

M’};u = lezg+ﬂ1+3—u;n,+u,+2-1'y U=2,...,m+1;i=1;...,m. (by (8))
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In new notations they are

(13) m(i—l)(n2+n3+2)+u,‘ = Q(u—uz—a)(1|0+7e1+2) 41y F14+E,%)
P = 1,...,n5u = 'n2+3, seey ﬂ3+1t2+2;
(14)

CJﬁ(i ~1)(hg+ Rg+-2)+u e — 932(742 +A1+2—U)(Ro+ng+2) - (Ng+n) +2—1),*)
T=1,..,n;u=2,...,n+1,
where M,. (or L,.) means M, (or L,,).
Our algebraic problem is to classify those matrices such that [y,;,,]
~ [y2,1] if, and only if, there exist unimodular matrices M and L

satisfying
AM[}):_H] = [7;3+1]L’

and having the following properties: The subdivision {OR;;] of M accor-
ding to the sequence (11) is a lower matrix, the subdivision [Lj,] of L
according to the sequence (12) is an upper matrix; and, furthemore, (13)
and (14) must hold. Before going on to prove the theorem stated in § 1 we

need to introduce several useful lemmas.
m4-1 n :

§ 3. Let [y] be 2 matrix of )’ s;rows and )’ r; columns. Hereafter ele
i=1 J=1

ments of matrices are always integers reduced mod2. Let A be a unimod-
m+1

ular square matrix of )’ s; rows, of which the subdivision, [4;;], with
i=1
respect to the sequence s, ..., sy, i8 a lower matrix. By B we mean
n

@ unimodular square matrix of )'r; rows, whose subdivision [By] with
i=1
respect to the sequence »,,...,7, i8 an upper matrix.
Sometimes there exist suitable 4 and B so that the matrix 4 [y]B™}
becomes

7, 00 0 0 00 O -0 00 O
0 00 0 5,00 0 -0 00 O
00 0 0 00 0 Tiw 00 0 "
0 00 0 0 00 O -0 00 O
1 I=ly 00 0 00 0 -0 00 o
0 00 0 0 07,0 -0 00 0
0 00 0 0 00 0 -0 O0zm,0 |["
0 00 0 0 00 0 -0 00 0
(0 00 ¢, 0 00 ¢ -0 00 e [l8my
n, Ny ——_g’;:;
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where 7;; means a unit matrix of 7;; rows. I remark that once “1”
appears in certain column or row of 7;; in ('], then “1” would never appear
in the same column or row in [y']. For convenience the matrix [y'] is

m
written as [JCV]’ where N denotes the first }'s; rows. By @ we mean the
1

set of integers

j—1 m

Ser ekt Sl

1=1 I=1

In B we delete those columns and rows whose indices of columng
and rows belong to @ ; finally a square upper matrix B’ remains. In the
matrix ¢ we remove those trivial columns whose indices of columns be-
long to Q and finally we obtain a matrix C. Then we have

Lemma 3. If

w A= B

then B’ is unimodular and Ay, ,, »,,,.C = C'B'. Conversely, if A,y mi1 18 @ uni-
modular matriz and if B’ is a unimodular matrix whose subdivision with
respect to

n e

T — 2 Tity «oo9 P — § Tim

i1 iz
18 an upper matric, and if Apiymi C= C'B’, then we may extend A, LMt
and B' to A and B such that (16) holds.

Proof. Let the matrix 4 be written as

[ e
y P Am+1,m+1 ’

where A4, is a unimodular lower matrix. By (16) we have 4, N = NB.
By Lemma 2 the subdivision of B, according to the sequences

m

m
:71,1», ey Tpy Th— ZTUL} and {Tl,ka ceey Tmky rk’“ZTi,k}
i=1

i=1

becomes a lower matrix [Bj ] (k, k are fixed). Hence B’ must be uni-
modular since B is unimodular too. By simple calculation we may have
AppimaaC = C'B’. Conversely, if B’ is the given unimodular matrix,
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then we may take Bj. a8 Bhyumiimy: and take
Bppwo =0 it hFk,utv<2m+2,
0 if u#o,

Biphuy = { .
it Tuh it u=v<m+1.

Take A4, as the unit matrix. We have 4,¥ = N = NB. To deter-
mine 4,, ., it requires to inspect

(17) Am‘+1N+Am+1,‘m+1C - C,B.

If we examine both sides of (17) about those columns whose indices
of columns are not belonging to @, we obtain Ay, m aC = C’'B’ which
has been given to be true. Since N is normal, in each column of N whose
index of column belongs to @ we find a unique 1, and in each row of N
there is, at most, one 1 only; we may therefore easily find 4,, ., to satisfy
(17) by comparing those columns of both sides of (17) when their indices

of columns belong to . This concludes the Lemma.
m41

Suppose [y] and [y'] are matrices of )'s; rows and fo columns, If
i= l i=1
their subdivisions with respect to s8,,...,8,,, and »,...,r, are [y“]

and [J"«:f] and if rank of [y,,,..., ] = rank of [7’111 . ;?11:]1
k=1,...,m" <n, then the block invariants e (k=1,...,m') of
[v] and [¥'] are the same. Now [y] may be reduced to the fol]owmg
subnormal form ():

n, 00 0 0 0 0 0
0 0 7, 0 0 0 0 ...0

(13) [)-,] S T T T $,
0 0 Tam ¢ 0

0 0 0 ... 0 0 Ymoy1oe+ Yn | m4

¢ 0 ¢y ... 0 Cme Cmeyye.. Oy 7_22' i
— -
Ty 7y Tm/ Tme 41

while [»’] may be reduced to a similar subnormal form [7'], obtained from
(18) by replacing ym-i1, -, ¥m and ey, ¢y, ..., 6n With Vmos1y +ovy Vi and
€1y ..., C TeBpectively.

Lemma 4. If A(3] = [p']1B, then the subdivision [A,,,,] of A,

with respect 1o the SEQUENCE Ty 1, ... Tymsy $1— D T1j, 18 an upper matriz,
7=1

(7) There exist 4 and B such that .L(y] = [y]B.
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and
Ay im0 O 0 0
* A, 0 0 090 0 »
22 * w0 yn‘( 1 * e y
(19) . o . * *
G G ... Oy ("m’+1 oen Oy
| * A')n.|.1,2 Am.+1,m+l‘_
00 ...0 iy oo Y|
- . ’ . , B’
0 Cy o Oy Oy oo O

where B’ is the unimodular square matriz obtained from B by striking out
those colummns and rows whose indices of columns or rows belong to the set

i-1
Q{Znﬁ—v’,i =1,.., 1] = ].,...,m'}.

v=1

Conversely, if (19) is true, where the matrices

Al,l;m'+1,m'+1 0

* Az,2

»

A7n+l'2 see Am+l'7n+1_‘

and B’ are unimodular matrices, the subdivision of B’, accordingly to the se-
qUENCE 11— Ty1y eey Pme—Tymry Pmigry ---y Tn DEIMG an upper malriz, then
we may extend (19) to A[y] = [¥']B.

Proof. Since the subdivision of 4 with respect to the sequence
81y ...y 8my1 18 a unimodular lower matrix [44;] (4,5 =1,...,m+1)
and since the subdivision of B with respect to »,, ..., r, is a unimodular
upper matrix [B,,] (r,8 =1,...,7n), the elements of the first s, rows

m’

and first )'r; columns of both sides of A[$] = [§']B, after comparison,
give the ;c-)ll]owing equality :

(20)

(6,00 0.0 0] [n,00 0.0 o][B),

0 07,0.0 0 0 07,0.0 O0f]O0 By,s *

0 00 0. 7,0 0 00 0. 7,0
00 00 0.0 0 0 00 0.0 of|o B |

— e —
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which tells us that the subdivision of A;, with respect to the sequence
m

Tyyy ooy Timey 81 — DO, 71 18 a unimodular upper matrix [A4,;; 4, v] (u,v
» ’ 1-1 ’ ’

=1,...,m'+1), and the subdivision of B;; (i,j =1,...,m’) with re-
spect to the sequences |z,;,7;—7,;} and {z,;, 7, —7,;} is a lower matrix (*)
[Bi,:i;h,k] (hy k = 1,2). Now in the matrix

B, , *

0 B

strike out rows and columns whose indices of rows or columns belong
to Q and reach a new matrix which is unimodular since Bij. =0
(¢, =1,...,m'). Consequently B’ is unimodular. We subdivide the
matrix Bpm,; (h=1,...,m"; i=1,...,n—m) by the sequences
{tin, rn—71a} and {rn. .}, the last sequence consisting of one term only,
into the matrix

[Bh,m’+i;l ]
_Bh,m'+i;z
m’ ‘n
Comparing the elements of the first )'r,; rows and the last }' 7, co-
=1 U=m’41

lumns in the both sides of A[y] = ($']B, we have

(21) Al,l;r,m'+1"}’m'+i = fx,r'Br,m'H;u (t=1,..,n—m'; r=1,...,m).

m+1 m’ .
Comparing the elements of the last )'s;— }'7,; rows we have two
i=l =1

cases. In the first case we consider only those elements whose indices of

columns do not belong to @. Then we obtain (19). Denote the matrix [4:,]

(i=2,...,m+1) by A.,and subdivide 4., into {4.,4},7=1,...,m +1,
ml

m’+1 m'+1

by the sequences { ' s;} and {7;3,..., T ms, — D 714}, the sequence { ;‘ 8)
) e

Tm2

congisting of one term only. Then we consider the contrary case when
the indices of columns belong to @ and obtain

i
(22) Aoy my = 201'31,1;2,1 (j=1,...,m).

I=1

The converse may be proved by constructing A and B so that A[y]
= [p']1B if (19) is given to be true. It is easy to extend 4, ., .1,m+1 t0 & uni-

(8) Further relations actually exist hetween Arup and Biggy. See Lemma 2
above,
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modular upper matrix [4,,;;], ¢, =1,...,m'+1. Put B;;,, =0,
Bijaa = Aiyisy 6,4 =1,...,m', then (20) evidently holds. '

We determine B, .,y (k= 1,...,n—m’;57 = 1,...,m’) by(21) and
Ay, by (22). Besides these B; ;.1 ,(5,j=1,...,m), By 1ps (k=1,...,n—m’),
B,y (wyv =m'+1,...,0), A; ym1my a0d Ay (B, 1 =2,..., m41) are
given in (19) except Bjijs,, (i,j = 1,...,m’) which may be arbitrary.
Hence we have determined the upper matrix [B,] (k,k=1,...,n)
and the lower matrix [4,,] (a,b =1,...,m+1) where 4,, is subdi-
vided in order to be an upper matrix [4,,,,](%,v =1,...,m'41). Itis
evident that A and B are unimodular. Since (19), (20), (21) and (22) all
hold, therefore A[7] = [$#']B. This concludes the lemmn.

§ 4. Let y,y’, A and B be matrices as in §3. If 4,, = B;; and if

T, =Tp=... =7, =0, then in the equation A[y] =[7|B we
first pay attention to
(23) Ay = 7;,iBi,i = ‘}’;,a'.A1,1

and wish to reduce the matrix y, ; and y;‘i to their normal form. Now 4,,
is a unimodular matrix. It is known that the normal form of the square
maftrix, y,;, nnder symmetric transformations is a diagonal mafrix (see
(8], p. 84).

(24) [Py, Psyocoy P, 0, ..., 0]

where P; (¢ = 1,..., n) are square matrices determined by characteristic
coefficients and characteristic polynomials. In detail, if

AL — 30 = 1A fR2(A).. . fRE(2),

fi(A) being irreducible polynomials with integers reduced mod2 as coeffi-
cients, then f;(1) are called characteristic polynomials of [y,;}. Among the
invariant factors of [AI—y, ;] if f¥(4) (j =1, ..., ny) happen as factors,
”‘i
then Zpi,- =p;. If fr(A) =4, we arrange p;; in descending order (°)
f=1
that
Pry = +o- = Prj, > Prjy+1 = -0 = P jy ™ > Pri,tl = oo = Pipy = 1,

where n;—j, may be trivial.
Let the degree of f;(A) be {;, then

k-1
hene 3
T=1

(*) prg may all be trivial,

g

Pigtit D s +e—lo-
1 7

=1

Tw

i=
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We give an ordering of p;; (1 =1,...,k~1;7=1,...,n and ¢ = k;
j =1,...,Jy) such that p;; 3 p;,,; and p;; 3 p;;,, and write the order-
ed sequence {p;;} as {Py}. If p;; = P;, then construct the matrix

[0 100 ... 0
0 010 ... O
(25) P, = 0 |,
0
| Em@ Em@y—1 o+ Oy |
where m (1) denotes p; ;-1; and ailt =1, ..., m(l)) are coefficients in f}*7(4)

= ™0 L g, A" 4 t-apg. Finally, we completely determine the dia-
k-1 .
gonal matrix (24), since N = > Mg+ -

1=]

Suppose we have actually reduced [y] to semi-normal form such that
y1,; has the normal form (24). If A is a unimodular matrix, what follows
is to characterize those A such that

A[P,,...,Py,0,...,014"" = [P,,...,Pn,0, ..., 0]

Let
k-1

'Z"ia Q:[PM-Ha-'-;PN]

i=1

\

P =[P, ....,Pyl, M

and the subdivision of A with respect to the sequence

e "k k-1 T ™k

Rl ol
2, ko D e i D Ypite D
i=1 7=1 7=1 t=1 7=1 7=1

be
Ay Ay Agy
Agy Agy Agsf-
Aa,l A?..z As,a

Since A{P,¢,0] =[P,Q,0] A, we have
PAyy = A3, P = A,,Q = QA4,; =0,
A,,Q = PA,,, AP =0QA,,, QA,, = A4,,Q.
Now P is unimodular, hence A,; = 4;, =0. From @4,; =0
we know that all the elements of 4, , are trivial except those of the z?’k s
+1-th (I =1,...,j,) rows. Similarly from A4;,Q = 0 all the elements

Rosprawy matematycene XX U 2
)
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1
of A,, are trivial except those of the > 'p;th (I =1,...,j,) columns.
i=1

We know that A4,, = 0, by comparing elements column by column of
both sides of 4,,Q = PA4,,. Similarly 4,, = 0.

Furthermore we peed to investigate the properties of the matrix
A;,. By I; we mean the unit square matrix of (pz;—1) (1 =1, ..., j,)
rows. Then the square matrix ¢ may be written as

[0 I,
00
01, 0
00
0 011,0
| 00

Tw
Let A,, = [ai], 9,7 =1,..., D prs. Through the relation QA4,,
=

= A,, Q we have

Q15 = Aigoyy
(26) r—1 r 8—1 8
1= 2 Pra+1, ""Zpk,l'—la j = Z Pry+2, -"12pk,l;
1=1 i=1 =1 i=1
ai', = 0,
(27) 5 3 ‘
1= Zpk,l’ ) = Zpk,l+1a ) Zpk,l—li
=1 i=1 =1
a;; =0,
(28)

r—1 r 8—1
i=zpk,l+2’---7 Zpk,ly j=2pk,l+15 ry8=1,...fu.
-] =1 i=1
Under these circumstances the matrix A,, has its particular strue-
ture. Let us subdivide 4,, according to the sequence pgy,..., Prw 80
that A,, becomes [A;;,s] (r,8=1,...,%k). The elements of A4,,,,
are equ.l by (24) if they lie on one and the same line parallel to
the princip.l diagonal. Those elements of the matrix A4,,,, must be
zero, if they are of the last row but not of the lust column by (25).
At the same time (26) tells that all the elements of the first
column of 4,,.,, are zero except the element of the first row (which is
also possible to be zero). If p., = pi, then 4,,., is a square upper
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r—1

matrix. When py, > pi,, then writing > py; = u, we have
I=1

a a a

e+ Lug+)l Qg Lug 42 oo Dty g1 up+1,0841
0 a“'+l’”‘+l-on S a""+1,#s+l_l
. . pk"
Azgire = 0 T, :
B +1,g 41
3 0 0 | } pk,"—pk,a
pk,l
If Py < Piy then
Prs—Piy
P————
0..0 Bpip s rig i1 " Pupt 211 Bupt g 41
Asgrs = B ot 2,ug 4y Prsr
0 .
- G p 141 -

Let Q° be the set of integers consisting of .., (r = 0,1, ..., j,—1)
and mp—p (0 =0,1,...,5,—1). In the matrix

(29) [Az,z As,s]
Aa,z Aa,a

deleting all the columns and rows whose indices of columns or rows do not
belong to @° we obtain a unimodular matrix, @, whose subdivision, [6,,4)s
a,f,=1,...,0+1 with respect to {jl’ Ja—T1y ++ ey Jw— Jw-1y 'nk_jw} is
an upper matrix. Let @'* be the set of integers consisting of u, (r =1, ...,
jw) and mg—jp+1,..., 7. In the matrix (29), deleting all the columns
and rows whose indices of columns or rows do not belong to Q'*, we obtain
» unimodular matrix ©’, whose subdivision [6,,], with espect to
{f1)55—711- -y Jw—fuw_1) %e— Ju}, i8 & lower matrix. Applying (26) to square
matrices 4,,.,, we know

(30) Opo = 0aay a=1,...,w.

If 6 and ¢ are given satisfying (30), than we may determine the
matrix (29) by virtue of (26), (27) and (28). :

To summarize the above results we have

LemmA 5. Let [P,,...,PxN,0,...,0] be the diagonal matriz (24),
where Py, ..., P; (jw < N) are proper while P; .., ..., Py are degenerate.
If A i3 a unimodular square matriz such that
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(31) A[PH ooy PNy 0,...,0] =[Py, ..., PN, 0,...,0]4,

then A must be of the following form:

32 A—A"O
(32) =lo Bl

k-1 ™

where A,, is a square matriz of > 3 p.t rows and B is a square matriz
=159

satisfying (26), (27) and (28). After deleting from B those columns and rows
whose indices of columns and rows do mot belong to the set Q* (Q'°), the
remaining part is a unimodular upper (lower) matriz @ (0') if @ (O)
18 subdivided with respect to the sequence {j,, ja—71s -y fw—fw—1s Me— Jw}-
Between O and O' the condition (30) holds. Conversely, if @ and @' are given
unimodular, upper and lower mailrices satisfying (30), then @ and @' may
be extended to B and hence to A such that (31) holds.

We return to the beginning of this section to study common invariants
of the matrices [0, ..., 0, (1, %), ..., (1, n)] and 4,,[0,...,0,y(1, u),
eay@,n)IB? =(0,...,0,%'(1, %), ..., (1, n)] which are of s; rows
n
and )'7; columns. Since B(u,u) = A(1,1) we may without loss of gene-
1=l
rality assume that (1, #) and y’(1, ) have been reduced to the same nor-
mal form (24) which is written as N(1, u). Let

u—1
(33) 4(1,1)[0,...,0, N(1, %), (1, u+1),..., (1, n)]

u-1

={0,...,0, N1, u), y'(1, u+1), ..., ¥'(1, n)]B.

Let H denote the set of row-indices of those rows where 1 happens
in the normal form of N (1, u).

Since 4,,N(1,u) = N(1,u)B(u,u) = N(1,u)4,, the matrix 4,,
has its particular property according to Lemmx 5. In 4,, we delete
those rows and columns whose indices of rows and columns belong
to H and obtain a unimodular lower matrix 6* which is subdivided accor-
ding to the sequence {j,, jo—71y -y Jw— w1y " —Jjw}. This sequence,
I repeat, is determined by the normal form, N(1,wu). By #(1,%) and
¥(1,4) (¢ =u-+1,...,n) we mean matrices obtained from y(1, %) and
y’'(1, i) by deleting rows whose indices of rows belong to H. The equation
(33) is equivalent to

u

u
P— —

————

6'[0,...,0,7(1,u+1),...,7(1,n)] =[0,...,0,7% (1, u+1),...,7'(1,n)]B,
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or
(34) (71, u41),...,7(1, n)]

Bu+1,u+1 o -Bu+l,'u
= [7'(11 u+1)1“'7}-”(11’”’)] :
0 B”'n

Classical argument gives us a complete set of invariants which should
have the matrices [7(1, #+1),...7(1,#n)] and [ (1, u+1),...,7 (1, n)]
so that 4’ and B;; (4,7 = u+1,...,n) may exist to satisfy (34). These
invariants are relative block invariants, o;; (¢ =1,...,w+1; j = u+
1,...,n). Both [7(1,u+1),...,7(1,n)] and [(1,u+1),...,7 (1, n)]
may be reduced to the same normal form as follows:

Tu+1 Tu+2
[014420... 0 0 ... 0 ...0... 0 0]
0 0 0 Q'l,u+2--- 0 0... 0
........................... . jl
0 ..0'1,1,, 0
(35) 0 0 0 o ... 0 ...0...0
0 0...0ppinp1 O 0 0 0 0
........................... i
0 L op1n0
0 0 . 0. 0 0

where ¢;; means a unit matrix of o;; rows.

We start from A[y] = [y’']1B again. If y(1,4) =0,1=1,...,u4—1,
and if A;, = B(u, ), then y(1,u) and y’(1, ) are assumed to have
been reduced to the same normal form (23). Meantime we assume that
elements of y(1,¢) and »'(1,4%) (¢ = u+1,...,n) are trivial if these ele-
ments lie in those rows whose row-indices belong to H. Furthermore,
we assume that [(1, »+1),...,5(1,»)]and [$'(1, u+1),...,7" (1, n)] are
reduced to the same normal form (35)(*¢). Our purpose at this moment
i8 to study the properties of A, B if they satisfy A[y] = [y']B where [y]
and [p'] have the assumed properties. Afterwards, we are to determine

(1) Ifp(l,4) =0 (i =1, ....,u—1) and A3, = Byy then the assumptions made
bhere will not lose generality.
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the complete set of invariants existing between those particular matrices,
[y]and [y'], if there exist 4 and B such that A[y] = [¢']1B. Since 4,, [y, «]
= [nu]B(u,u) (i.e. A,, N(1,u)=DN(1,u)4,,) the matrix 4,,
has the properties of B in Lemma 5. Hence we have the matrices 0
and 6'. Applying Lemma 2 to (34)(*') we have the following result: If
we subdivide 6’ according to the sequence of integers

n
Tusly »+ oy T mgp— 2 O1i) O2u41y +++3 Ozny
L ETINS §
n n
—h— 2; G243 +--9 Omylutly ««+ 9 Omyrny Mk — Jic— 2; Om,i
t=u+1 imts 4]

then the subdivision of 0,, (a,#=1,..., %) is an upper matrix [, ;]
(¢,j =1,...,n41—u). Due to (30) the matrice [0,,4;] (a =1,...,k;
i, =1,...,n+1—u) becomes upper matrice. Furthermore, we subdi-
vide [By;] (I =u+1,...,n) accordingly to the sequence

Orutl, O2u+1y ++1 Omiprusdy Tugr —
mi-l m+1
— Z‘ Otaup1s - 3 O1my O2my ooy Tmgrny T — 2 Oiny
{m=] i=1
then the induced subdivision {B;z,p]1(a, b = 1, ..., m+2) of By, is a low-

er matrix. Besides these we have certain relations corresponding to (iii)
of Lemma 2, which we omit here. If 1 occurs in the first normalized s,

rows of [y] and [y'], we denote the set of numbers of columns where 1
m+1

occurs by H. In the next 12'3,— rows of [y] and [y’] we may assume that 1
-2

will not oceur again in those columns whose column indices belong to H.
After striking out all the columns and rows from B, if the indices of those
columns and rows belong to H, we have a matrix B’ whose subdivision
with respect to

m4l’ m41 m4l
Fryeeey Tuny Mgy Ty — 2, Oiuviy  Tupo— E, Giuyzy +oy F'n— 2, Tin
{=1 i=l tml

is an upper matrix, whose diagonal elements are B,,, ..., By_u_1, 0,
Buyiustmizmizy »+oy Bnamizmsesz. Due to (30) the subdivisions of 6 and 6’
have the same diagonal elements, if they are subdivided with respect to
Frs Ja— 1y oory Jo—Jw—1s M— j- But from (34) and Lemma 2 the subdivi-

(*) It is assumed that [(p(1l,u+1), ...,p(1l,n)] and (P’(1,n+1), ..., p/(1,n)]
have been reduced to (35).
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sion of 0., (a =1, ..., k) with respect t0 0,1, ..., Gn_us Tgn_us1, 18 an
upper matrix because we have assumed that [,y ---, 7(1,7)] and
[Faut1)s «+ 1 Pam)] have been reduced to the same normal form. Finally

the subdivision of B’ with respect to 7y, ..., 74 15 011y -2y Oy pn_u) OLa_uirs
m41 m4-1

O21y+2+3) O2n_utl) +-+3 Twilly -~y Owiln—wi1r Tus1— 2,: Ciutly =9 "n _‘2 Oin
i= =1 .

is an upper matrix.

In both sides of A[y] = [y']B, the first 8 rows have been
m+1

now naturally equal. Comparing the next )'s; rows we obtain relations
1=2

similar to (17). These relations split into two sets, one of them obtained

by comparing elements of those columns with indices of columns in H.

This actually tells how to determine A;,(¢ = 2,...,m+1). The other

set is obtained by comparing elements of those columns whose indices

of columns do not belong to H. This is

.A.z.z 0

(36) Ass 5] = (71B',

* Am+l,m+l

where [y] and [7'] are matrices obtained from [y] and [y'] respectively
by removing first s, rows and all the columns whose indices of columns
belong to H. If (36) holds then we may extend [4;;] (i, =2,...,m+1)
and B' to A and B so that A[y] = [y’]B. Hence we have

my1

LEMMA 6. If A is a unimodular square matriz of > s; rows, the sub-
i=1

division [A¢y] (4,7 =1,..., m+1) of A with respect to 8;, ..., 8y, 18 a low-
n

er matriz. If B is a unimodular square matriz of D'r; rows, the subdivi-

f=1
sion [Byi] (h,k =1,...,m) of B with respect to 7;,...,7, 8 an upper
m41 n

?
and [y,f.,,] we mean the subdivisions of [y] and [y’] respectively according

0 8y o8mpy ond 1y oyt If yu=y=0 (I =1,...,u—1) and if
Ay, = By, then the mecessary and sufficient conditions that there exist
such matrices A and B salisfying A[y] = [y']1B are as follows:

(i) The matrices y, , and y;'u possess the same characteristic polynomials
and characteristic coefficients.

(ii) The matrices [§1usry - y Pral ONQ [Frusry.-.y F1n] POSSEss the same
relative block tnvariants o;; (1 =1, ...,w+1;j = u+1,...,n).

(iii) (36) must be true. :

matriz. Let [y] and [y’'] be matrices of D)s; rows and ) r; columns. By [yial
1 =1
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Lemm:a 6 reduces Ay = y'B to (36) and the invariants mentioned
in (i) and (ii) of the Lemma.

8 5. Before dealing with the most general case we treat a particular
one to clarify our method. Suppose ny =0, n, = n, = ny =1,n, =0,
Toe = Tap = 8(1, 2)—8(1,1) =13, = 1y, = 75, = 8(3,2)— (3, 1) = 0. Then
the sequence (11) becomes 7,3, 72,1, 723 While the sequence (12) becomes
2(3,2)—s8(3,1), 15,, 71,. The automorphisms 4 and B are now given by

Ta3 T21 Ta3

5|4, 0 0
(37) ' o |* 4, 0
T23 * oo Al_
and
8(3,2)—8(3,1) 75y T,
8(3,2)—s8(3,1) B, *
(38) T2 0 A, *
T 0 0 B,

respectively. If [y] and [y'] are matrices of 7,3+ 7,;+ 7,5 rows and
$(3,2)—8(3,1)4 15,1 7, columns, and if A[y]= [y']B, then we define
[yJ~[y']. Our purpose here is to determine the complete and indepen-
dent set of invariants of this sort of equivalence class.

For clearness we write

Y10 Y12 V13 7’;,1 7;,2 )’;,3
}’2 = | V21 V2,2 V23] '}"2 = '}’;,1 ?;,2 }’;,3 .
V31 V32 Vsgs ‘)’;,1 '}’;,2 }’;,3

The first 7,; rows of A[y] = [y']B give us

B, * *
(39) Al[?l,l?’l,ﬂ’l,s] == ['}’;,1 ?;,2}’;,3] 0 4, *
0 0 B,

By meuns of the method used in defining block invariants we know
that [y, y11 71.2] and [y, 71, ¥15] must have common relative block
invariants 6, ,, 0;,, 6;;. The matrix [y] may be reduced to the following
semi-normal form:
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6, 0 0 0 0 o

0 0 6, 0O 0 0
] 0o 0 0 Bs 0 I s

(40) (1= 0 0 0 0
0 AL 0 L 0 W) |
0 AL 0 ML 0 s

5(3,2)—s(3, 1) 73,1 Ty,

Similarly {y'] is reduced to a matrix [y '], like (40) with yf} (i = 2, 3;
j =1,2,3) in place of y). By Lemma 1 we know that the subdivision
of A, with respect to 6,,,0,,, 0,3, 7o3—0,,—6,,— 0,3 is an upper
matrix [4,4,] (¥,v=1,...,4) if A[y] = [y']B. Meanwhile the subdi-
vision of the matrix B according to the sequence 6,,,8(3,2)—s8(3,1)—
— 011, 012y T2ou—012y 014, 71,—0,3 Induces subdivisions of B,, 4,4, By, ...
which become lower matrices. Especially A4, is subdivided to [A4,.y]
(¢, y = 1,2), which is a lower matrix. By Lemma 3 we know 4y = y’B
if. and only if (2),

RO R N YUY
(41,) Az;z,l Az;z,-_- 0 I (;) (1,) (l')l
To1 01| * * 4, RN

~1) =) ~Q By,o *

?’2,2 }'2} Yz,g *

“lsasasal | e
31 Va2 Vs, 0 0 Bysa

Al being now a lower matrix. By (iii) of Lemma 2 we know that
(42,) Al;z,z = A2;1,1~

To (41) we repeat the above argument u times and find the inva-
riants 0;; (i =1,...,u;j=1,2,3). Suppose 0,, #0 if » < pu but
f,2 = 0. The matrix {y] is reduced to the following semi-normal form

(1*) The number of rows of y() (or 9./ ) is equal to that of
) tor 7y q

[Az;l,l 0 J
‘12;2ol Aa;z,ﬂ '
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61, 0 0O 0 0 0 .0 00 0 .00
0 0 L0 0 B 0 L0 00 0 .00 ‘n,a
) .0 0 0 0 0 063 0 .00
0 0 L0 0 0 0 L0 00 0 0 0
0 63, ...0 0 0 0 .0 00 0 0 0
0 0 .0 0 0 62’2 . 0 00 0 0 0 61’2
0 0 L0 0 0 0 .0 00 Og4 0 0

“43) lo o ..0 o 0o o .0 00 0 0 0
------------------------------------ rz'l
0 0 20,0 0 0 .0 00 0 .0 0
0 0 .00 0 0 .0 00 0 . 0,_,_3 0 ‘0,,_1,2
0 0 0 0 0 0 .0 00 0O ...0 0
0 0 0 yg: 0 0 y#@oo o 0 A
0 0 0 o o ygfg 00 0 0 ygig 31

whlle [7'] is reduced to the same semi-normal form but replacing y§
by 7A% (h =2,3;k =1,2,3). Then (41) is replaced by

(u—1) % *

. B,
Al=D o v P 4 7 54 3¢ 12,
(41p) [* 2;2,2 V22 V23 V22 V23 0 A%‘;‘{,z‘) *

(u) (») (u) S(e) ()
A Y31 Va2 J’sa Y3z V33 0 0 Bg’;‘{;)

where 4,, by induction, becomes an upper matrix if it is subdivided to
[4y:4] (2,7 =1, 3,u) according to the sequence of mtegers 6115 021,

)op,nop,u u—12" Z‘Bpia u—1,39 p—22 Zey—lu--- 231 Zaznou,

3
T13 —tZI 6, Y
The equation (41x) is the necessary and sufficient condition for
[_7] ~ [yl] i.f Gy,z = 0 b'l.lt- 0,_2 # 0 a8 ¥ < u.
The equation (41w) gives
A“‘“’y&"l’ _ '5") B(n—l)

together with further relations which we mention afterwards. Let 6,,,,
be the rank of y{) or y{). Without loss of generality we assume that

6 0
43 () — S | Terid
(43) Yii = Y31 0 ol’

that the elements of 9§}, ¥, y¥}, ¥4 are trivial if they lie in the first
8,411 Tows, and that elements of y{) and »{) are trivial if they lie in the
first 8,,,, columns. Since A¥; P and BY) satisfy A¥ Dy = 3¢ BYY,
where y“‘) and y{] take the same normal form (43), therefore the subdi-

M .
vision of A{;™ according to 6,,,,, T3 — D 03— 0,41, i8 an upper matrix.
{=l
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Now applying Lemma 5 to (41p) we write down the necessary and
sufficient condition so that (41p) is true as

(44 [Agf:; 0 ][0 PED D ) ]
A LyEY D ) et

B [0 ).’%2“) ‘;’g‘,‘;l) %‘,‘4“)] B, * *
SR T Y At | (U Uy B

% yea ¥
! B,

where the sum of the numbers of columns of ¥ and 4" is the number
of columns of »{). In this case we consider A{}y{*" = y{4*"B, and find
an invariant 6, ,,,. Repeat » times and find the invariants 6,,,,, 0,422y ---
veey 04ppp12, Where 0, is the first trivial invariant. The matrix [y] may
be reduced to the semi-normal form (45), p. 26, where &; = 0,.y,:
(t=1,...,v—1). The semi-normal form of [y’] may be obtained from
(45) with {5~V (i=2,8;j=1,...,v +3) replacing »{5*"~" in (45). In
order that A[y] = [¢']1B, [y] and [y’] taking the semi-normal forms (45),
the necessary and sufficient condition is the existence of unimodular

matrices
B§p2+v— ) o
5l

_B:(lﬁH-v—l) * —‘|

and

B
0 .Bg‘:‘;'— 1)

+o-1
BYE Y |

such that

(46) [Bé':,*"" 0][0 Y A, y%‘,‘.‘;'%]
* ALLyE i Yt i

B B{n+v—1)
. [0 . 0 J;gf‘:.’z) 'J;éﬁ":-;)] ’ B(l_;:i'-l)
T swen e o) (a4 "
e ] —
3,1 Y 0 B&‘;’ 1)

cor Vg4l Yipt2 Vips3
(u+vr—1]
B'-l-z )_‘
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gtr=r

289

AL Rl
at+r
ﬂlll-s ‘
-3y g TR
1

——

1'% W«lﬁ.ﬁ??ﬁg

R;.He N.—Is.*.:.o —+l0 1+
+.A\ [ . !
(it O Preovet R I I T I N Ao [ T
(1o 0 |qyad 0 o]0 .o0f0] 0 | 0 0
0 ) o o Tal™% 1 olol o I 0
0 0o Te: o ° 0
0 00 0 o 0 I.A\.L.:. o't 90 0
0 00 0 0 0 0! 0 0 00 0
0 90 0 0 0 0 0 o 00 ol
0 00 0 0 0 o0 0 0™ 0 0
|-|. -1-‘._-. o‘\. “ . . - . . - e " e . . . . - - . » - . . . . . -_;M ‘ H 4 [ . . . . . . . . . - .
0 “to0 0 0 0o o/ ) 0 00 O
0 0 g 0 0 0] 0 0 00 0
0 00 0 0 8Ty | 0 0 0770 0
0 00 0 0 0! 0 0 0o Ul

(a¥)



Tsomorphism classes 29

which is obtained by successive application of Lemma 5. Obviously (46)
is reduced to (44) if » =1 and 6,,,, = 0. To (46) Lemma2 6 is used. Both
yistn) and y¥47) are easily reduced to one and the same normal form, (24),
dependent upon characteristic coefficients and characteristic polynomials.
The matrix [11 -—;g‘,‘,t’}] has invariant factors, of which powers of 2 may

occur. Arrange these powers in descending way as follows:
hy =... = hjl > hfl+1 = ... = hj’ > 00> hiw*'l = ... = hjw+1 =1,

then by Lemma 5 a square matrix 6’ is introduced, of which the subdi-
vision according tO ji, ja—J1y -y Jwy1—Jw 18 @ lower matrix.

Let p¥%) and »%}7 be the matrices obtained from y{:) and 777 by
removing those rows where 1 has occurred in the normal form of yé{‘,ﬂ
(or y¥£7). By (45) we have
(46) 0P = P BYY Y,
where 6’ and B“%"~D are unimodular square matrices. By the method
used to define block invariants we may have the invariants 6,,,,;,

(j =2,...,w+2), which determine the common normal form of 7%’

2,043
and 7473
Finally we write down the equation (36) for this case. It is
(47) A AR YN
| B(Iu+-——1)
: *
~(u+s S(u+v) S (ute) D (uty Blut+v—1)
= [Pt A ey i B4
0 /
ol

where y#12, 3k are obtained from y%7), y¥t?) respectively, by striking

out those columns where 1 happens in the normal form of {471 (or y,% 1Y)

and p&fd), 7,4 are obtained from y¥t7, y5) respectively, by striking
out those columns where 1 occurs in the normal form of 7{417 (or 7,%12)
and 6, B;%}*~" are obtained from B{;"~", B4~ by the method described
in Lemma 6. In (46) we have assumed that %7 and 7,%{) have been re-
duced to the same normal form (35) with n = w41, 0;,,, = 0,101
(¢ =1,...,w+1). Hence 0, is an upper matrix if it is subdivided accor-
ding t0 6,,,40113 18— fae1—Butrraszs (o = 0). By (30) we know that 6 is
an upper matrix, if it is subdivided according to 6,,,.23 51— 0,1ps23)

9u+v+s,sr Jo—h— 0[4+'+3,3; cen) ap+-+w+2,3’ Jwsr— fw— 0p+.+w+2,37 since 4 has
been subdivided to a lower matrix according to a sequence of 3u terms.
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The complete set of invariants, which exist between the matrices

(s+2—1) (u+v—1) H(ut+v—1) ’(u+v—l)]
3,1 b)

[¥ oo Vil sV 3e+2 9 Va4

and [;/g‘.‘l'*' Lt %‘,‘.Ji'f” y '}’;Sfrz' 0, }:'z(ll,‘.tvs_ ]
may be determined easily. They are 0,y 04245 (t =1,...,3u;5=1,...,
v+ 2w-4). The normal form of [y{"™Y, ..., ys%& ™, »:¢137V] may also
be found easily. Consequently we reach the normal form of [y]. We
call all the invariants 6,, as relative block invariants. In this particular

cage our theorem has actually been proved.

§ 6. Return to consider the most general case where A is a unimo-
dular lower matrix [4;,], if 4 is subdivided according to (11), B is a uni-
modular upper matrix [B;,], if B is subdivided according to (12) and
relations (13), (14) must hold. For convenience we write the se-
quence (11) a8 {a;}(¢ =1,..., M) and (12) a8 {y}{(j =1, ..., N). Let
€1y+229€3f1yeeeyfas Gry-.-y g, be three increasing sequences of integers,
any two sequences of them having no common integer, such that
q > Max(e,, f,) and g, < M. The conditions (13) and (14) are writ-
ten as (1?)

(48) A,, =4, , (r=1,..,0)
and
(49) Ay =By, (8=1,...,0)

respectively. Our problem is to find the complete set of invariants of equi-
valence classes of matrices [y] where [y]~[y'] means existence of 4 and
B with the prescribed properties such that A[y] = [p’]B. In case g = 0.

g1

The first }' a; rows of both sides of A[y] = {y']B give us

1e=1

(50) A,[y] = [n])B,

* n-1
where {y,] and [y;] denote the first Y'a; rows of [y]and [y'] respectively,

r=1

M

A, being the lower matrix obtained from 4 by removing last Y 'a; rows
‘nﬂl

and columns. No doubt we may reduce[ y,]and [ y;] to the same normal form,

N, determined by relative block invariants. By Lemma 2 we know what

A, and B should be if 4,N = NB. If 4, ., are subdivided to be upper

matrices, then 4, , (r =1,...,0) are subdivided to be lower matrices

(') ¢ = myny, 0 == njng.
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-1
by (48). Assume that the first ) a; rows of [y] and ['] have been reduced
i1

to the same normal form N. Let us denote [y] and [y'] by [lg] and [g.] Te-
spectively. By Lemma 3 A [y] = [¢']1B is reduced to 4, =C'B’, A* and B’
being the matrices obtained from A and B according to Lemma 3.
Obviously A, is a lower matrix while B’ an upper one within the conside-
ration of Lemma 2 and (48). Now o = ¢ = 0. Therefore we may find a
complete set of common invariants of C and ¢’ and reduce them to one
and the same normal form determined by their common invariants.
In case o> 0 we have succeded in § 5 to reduce ¢ from 1 to zero in
the special example. If we may reduce ¢ by 1, then the induction will as-

sure us the required proof. Suppose eé,..., €, < f, < ¢,,,. We compare
fl—l

the first ) a; rows of both sides of 4y = »’'B and have

{=1

Al,l Y11 cee VLN
(61) 0
* All—l,ll—l Yh-11 -+ VH-LN
r’l’,l e MIN ][Bl,l Bl'N:l
‘}’;,—1,1 cee YN 0 BN,N

if [y:4] and [y; 7] denote the subdivisions of [y] and [y'] according to the
sequences {a;} and {}}. It is obvious that the matrices [y;;] and [yi,]
(t=1,...,f,—1;j =1,...,,N) have common relative block invariants
6) (i=1,...,f,—1;§'=1,..., N), which completely decide the com-
mon normal form, ﬁ, of them. If

Al,l Bl Jq e BI,N
. . 0 _N N B . ’
* Afl—l,fl—l 0 BN'N

by Lemma 2 the subdivision [4;;,,] (%,7? =1,..., N41) of A j
(i, =1, ..., /;—1) with respect to the sequences {6}, 0&},, a;— 2 6f)

and {6f}, ..., 6%, aj— 2 6f%} is an upper matrix, while the subdivision,
[Bhygsl (ry8 =1, ,fl) of Bpy (b, % =1,...,N) with respect tso the

fl—l

gequences {69);” ;l_l %y bh_ 2 6?;,] and [6?),,, $_1 k9 br— 2 61“
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is a lower matrix. Particularly

Ai,i;u,u = Bu,u;i,i, =1 g ooy f1~—]., H = 1, seny N.

If the matrices [y] and [y'] have been reduced to [1(\77] and [(I}VJ respec-
tively, Lemma 3 tells us that A[y] =[y']B if, and only if,

Ay, O .. 0 R R 7
LA ot WLt
(52) A’1_1'11+1 O [C_’] _ [6”] ]1,’1'1 1 : 1,71
* -
) 0 . . 0 BNlN:fl,fl
— AM’M-—

where A, , (s =1,...,0) should be replaced by the lower matrix
Big.i5 (i, =1, ..., f) according to (49) and 4, , (r =1, ..., ¢') should
be replaced by the lower matrix 4, . because of (48) and e, < f, < €.
Consequently the matrix

V‘Ajl.fl 0 J

* Ay u

i8 a lower matrix if 4, , (8=1,...,0)and 4, , (r =1,..., ") are suitably
subdivided. Suppose it has becn done and write the subdivided matrix
as [4%}]. Then due to (48) there are o elements in the principal diagonal
of [A{}] which will also appear in the principal diagonal of [Bjyy, /]
(hyk =1,...,N). The problem to classify matrices {[¥]] under (52)
is the same thing as to classify the matrices {[¢]} under the relation A[y]
= {»']1B where A and B should satisfy (48), (49) etc. given in the begin-
ing of this section. But in (52) the matrix 4; , is subdivided according
to the sequence

h-1

"3}]}13 ceey B(lll)—l,lly bll - Z ﬁﬂl .

t=1
Hence what we are to overcome is the problem mentioned at the begin-
ning of the section with a further restriction that

(63) number of rows of A¢; =6} ,i=1,...,f;—1.

Repeat this process T times, reach invariants, 6 (¢t =1,...,7)
and hence get semi-normalized form of equivalence classes of [$]'s. Since
6 4 are positive integers and

T n-i

by— 3 Y o) >0

i=1 i1
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A7) would be zero for all ¢ if T is sufficiently large. Therefore we may
assume besides (48), (49) and (53) that f, =1. If it is so, we know that

Bl,l Bl,ll—l

(54) Al,l [71,1,7 crey yl,l;—l] = [Vi,n seey 71',11-1] T )
0 By 11

where [y;;] (or {y;;]) denotes the subdivision of [y] (or [y']) according
to the sequences {a;} and {};}. By the classical argument we determine
invariants 95 (j=1,...,,,—1) and reduce both [y, ..., Y13-1]
and [y11y..., 7 u-1] to thelr normal form. After this reduction, Lemma 2
shows that A, becomes an upper matrix if 4,, is subdivided according

to
ll—l

05, ooy 05, o — 3 05D
j=1
Lemma 4 tells that Ay = y'B is equivalent to

Ay1e 0 ... 0

(55) Ay, 0 [0 e 00 g e «/I.N]
: e 01 P Cll—l Cll. s ON

* Ay, Ay u

[ Pigg - ?i,N] ,

= ’ 1 ’ B 4

01 cee Cll—l Cll sen CN

where B’ is obtained from B by removing certain columns and rows. As-
sume that (54) remains to be true if [y,,,..., Y11} and [y;,l, ceey }’;h—l]
are both reduced to common normal form. Since 4,, = B; ; and since

4,, is required to be an upper matrix if it is subdivided according to
ll—l

oy, .. 0{1;:’_}1, a — ZG(T“’, therefore the subdivision of B’ according

to the sequence

-1
T

{b =00y ey by =00, 05, L 6T, e — > 00 by, .. ba}
j-l

is an upper matrix. If we subdivide [Z‘l ll] and [?‘ '1] according to the two

, 1
sequences ™

4-1 -1
{Z’a‘ :Z ﬁ(T+l)} and {ﬁgﬂ)’ N lx—l’ a,— 2‘ 'r+1)}
=1 J=1

(%) The first sequence contains one term only.

Rozprawy matematyczne XX 3
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into
- - -~ . -~ -~ -~
Yoy Yonie - Yot Ve Ve -o- Vbt
1 1 1% and , 1 1 , 1°1
oll;l cl,;z] v cll;ll cll;l cll;z s cll; 4

respectively, then (55) may be written as

A[O"'O ;’l,ll:l ”.;l-ll;,l ;l,ll-!-l "';I,N-]

c,...c;l_, cl‘;l'-' cllill cll+l ..o CN

/
= , B’

0 0 -y -~ ~7 -y .

[ oo Yoy - Yoy Y41 VLN
’ 4 ’

_01...0;l_l 0‘11;1 . -.Cltl;ll 011+1...0N

where A is a unimodular lower matrix, B’ a unimodular upper matrix.
Moreover, the diagonal elements (matrices) satisfy relations like (48),
(49) with f, = 1. The number ¢ in (48) is not increased at all. We repeat
the argument to obtain invariants {3 (j = 1,...,1,—1) and normalize
ity -oor gy 1] and (i1, oo ;;.11:11—1]' If the repetition goes on
T' times and we have found the invariants 6{3*9 (j =1,...,1,—1,
g=1,2,...,T). If T' is sufficiently large, 6;*"™ may be trivial for all j
since 6{5*? are non-negative and
T -1
a,— 22 60+ > 0.
h—1 F==1
Repeated application of Lemma 4 will reduce the problem to that
mentioned in the beginning of this section with additional conditions
that f, =1 and y,; = ... = y,;,; = 0. Then Lemma 6 is applicable.
We reduce A[y] = [¢']1B to

Az,z
(36*) . 0 | F)l =018,
* Amm
where B’ is obtained from B by removing certain columns and rows. No
doubt B’ is an upper matrix. Without loss of generality we assume that

the first @, rows of [y] and [y’] have been reduced to the same normal
form and

Al,l[o:v N\ B 14 % ERERY) ')’l,N] = [0, ..., 0, 14 REREER) }’l,N]B~

Consequently through the proof of Lemma 6 we know that B,
(s =2,...,0) become lower matrices if they are suitably subdivided.
By means of (48) we know that 4, ; (s = 2, ..., o) become lower matri-
ces. Therefore the matrix [4:,;] (¢,j = 2, ..., M) is still a lower matrix
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it 4, (s =2,...,0) are replaced by their subdivision. After this repla-
cement the matrix [4;;] (4,7 = 2,..., M) becomes a lower matrix.
The number of common diagonal elements of A’ and B is now o—1.
This completes the proof.
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