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Abstract

We study some problems concerning derivatives and indefinite integrals of elements of wide
classes of functions (including almost periodic, recurrent, almost automorphic and Eberlein al-
most periodic functions). We introduce a notion of a spectrum of a function with respect to
a class of functions. This notion enables us to investigate almost periodicity of the bounded
solutions of certain functional equations.



Introduction

Let Cu(J, X) (resp. Cub(J, X)) be the space of all uniformly continuous (resp.
uniformly continuous and bounded) functions defined on J ∈ {R+,R} with values
in a Banach space X. Let A ⊂ Cub(J, X) be a class of functions. We address the
following problems:

(D) Let ϕ ∈ A and let its derivative ϕ′ ∈ Cu(J, X). Characterize A for which
ϕ′ ∈ A.

(P) Let ϕ ∈ A and let Pϕ(t) =
∫ t
0
ϕ(x) dx. Find the conditions under which

Pϕ ∈ A.

(L) Let l be a linear operator defined on a dense submanifold of Cub(J, X) and
let ϕ ∈ A. Under what conditions is the solution of the operator equation
lψ = ϕ an element of A?

These problems have been addressed for various classes of functions (in par-
ticular, almost periodic (a.p.), asymptotically almost periodic (a.a.p.), almost
automorphic (a.a.) and Eberlein almost periodic (E.a.p.) functions) [1], [3]–[9],
[11]–[16], [18], [21]–[22], [24]–[26], [28]–[30], [32]–[36], [41]–[43], [45], [46], [48].

In this paper we give a unified treatment of each of these problems for all
classes which are translation invariant closed subspaces of Cub(J, X) containing
constants (TICSC). Though our approach covers wide classes of functions (includ-
ing a.p., a.a.p, a.a. and E.a.p.) our conditions are the best possible for each of
the posed problems. The result of Levitan [32] on the integral of a.p. functions,
the recent result of Ruess and Summers [42], a private communication of G. Mu-
raz and a partial result of our student Ala’a Hamza led us to extend our paper [4]
to larger classes. The conditions of Levitan [32] are weaker than the conditions of
Ruess and Summers [42], yet they are sufficient to solve problem (P) for TICSC
classes. Previous investigation of problem (L) for many classes from Cub(R, X)
([8], [5], [9], [33, Ch. 6]) has revealed the importance of a basic result of Kadets
[30]. This result on the integration of almost periodic functions and its generali-
zation to other classes [3] appears to be the key to the development of problem
(L). The notion of the spectrum of a function ϕ ∈ Cub(R, X) with respect to a
class A ⊂ Cub(R, X) has been used by Baskakov [9] and the author [5] and was
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introduced earlier in an abstract setting by Domar [17]. It is decisive in reducing
problem (L) to problem (P) (see [33, Ch. 6], [5], [9]). We define what it means for
A ⊂ Cub(J, X) to be a Λ-class or a Π-class. With these classifications we obtain
new properties of many classes (including a.p., a.a.p. and E.a.p.) of functions and
introduce recurrent (re.), asymptotically recurrent (a.re.), almost automorphic
and asymptotically almost automorphic (a.a.a.) functions on R+. Using these
new properties, we extend the functions of many classes defined on R+ to func-
tions defined on R. The notion of the spectrum of a function ϕ ∈ Cub(R, X) with
respect to a class A ⊂ Cub(J, X) is given. As in the case A ⊂ Cub(R, X), we can
reduce problem (L) to problem (P) for classes A ⊂ Cub(R+, X).

This paper consists of an introduction and five sections. In Section 1, we
give notation, preliminaries, the definitions of a Λ-class and a Π-class and solve
problem (D). Section 2 is devoted to the study of the classes of a.p., a.a.p., re.,
a.re., a.a., a.a.a., E.a.p., ergodic and totally ergodic functions. We give a new
property of a.a.p, a.re., a.a.a., E.a.p. and totally ergodic functions defined on
R+, namely, if ϕ is an element of one of these classes and if ψ ∈ Cub(R, X)
is such that ψ|R+ = ϕ, then Raψ|R+ is an element of the same class for all
a ∈ R, where Raψ(t) = ψ(t + a) for all a, t ∈ R. We solve not only problem
(P) but also the closely related difference problem: If ψ ∈ A ⊂ Cub(J, X) and
if ∆sψ = Rsψ − ψ ∈ A, s ∈ J, under what conditions does ψ ∈ A? We also
discuss problem (P) for the weak classes introduced by Ruess and Summers [42].
In Section 4 we introduce and study the notion of the spectrum of a function
ϕ ∈ Cub(R, X) with respect to a Λ-class A ⊂ Cub(J, X). Finally, in Section 5, we
solve problem (L) for integro-differential difference equations.

1. Notation, preliminaries, main definitions
and solution of problem (D)

In this section we give notation and preliminaries used in the sequel. We also
define a Λ-class and a Π-class, study their properties and solve problem (D).

1.1. Notation. Throughout this paper J∈ {R+,R}, N denotes the natural
numbers, C the complex numbers, X any Banach space, X∗ its dual Banach
space and L∞(J, X) the Banach space of essentially bounded strongly measura-
ble functions defined on J with values in X, endowed with the norm ‖ϕ‖∞ =
esssupt∈J ‖ϕ(t)‖, ϕ ∈ L∞(J, X). By Cb(J, X), Cu(J, X), Cub(J, X) and C0(J, X)
we will denote respectively the set of all continuous bounded, uniformly conti-
nuous, uniformly continuous bounded and vanishing at infinity continuous func-
tions. If {ϕn} ⊂ Cub(J, X), then we write ϕn → ϕ as n → ∞ if and only if
‖ϕn − ϕ‖∞ → 0 as n → ∞. If ϕ : J → X, then ‖ϕ‖ will denote the function
having the value ‖ϕ(t)‖ at the point t∈J and Rsϕ the translate of ϕ defined by
Rsϕ(t) = ϕ(t+ s), t, s ∈ J. If ϕ ∈ Cub(J, X), then L(J, ϕ) will denote the closed
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subspace generated by {Rsϕ : s∈J}. We put L(R, ϕ)=L(ϕ), L(R+, ϕ)=L+(ϕ).
The dual group of the reals will be denoted by R̂. If ϕ ∈ Cub(J, X) and λ̂ ∈ R̂
then λ̂ϕ will denote the function λ̂|Jϕ. The Fourier transform of f ∈ L1(R) will
be denoted by f̂(λ) =

∫∞
−∞ e−iλtf(t) dt. Finally, S(R) will denote rapidly decre-

asing (at ∞) functions (see [47, p. 146]). If ϕ ∈ L∞(R, X) or Cu(R, X) then
Tϕ(f) =

∫∞
−∞ f(t)ϕ(t) dt for f ∈ S(R) defines an X-valued distribution Tϕ. So

T̂ϕ(g) = Tϕ(ĝ) for g ∈ S(R) defines the Fourier transform T̂ϕ of Tϕ (see [47,
p. 146–152]).

1.2. Preliminaries. The following lemma is technical; the first part of it is
by no means new and proved only for reference purposes (see [35, p. 1]).

Lemma 1.2.1. Let ϕ∈L∞(R, X), f ∈L1(R). Then ϕf is a Lebesgue–Bochner
integrable function and ϕ∗f(t)=

∫∞
−∞ ϕ(t− s)f(s) ds=

∫∞
−∞ f(t− s)ϕ(s) ds, t∈R,

defines a function ϕ ∗ f ∈ Cub(R, X). If ϕ ∈ Cub(R, X), then ϕ ∗ f ∈ L(ϕ).

P r o o f. Let ‖ϕ‖∞ = M . Then ‖ϕ(t)f(t)‖ ≤ M |f(t)| almost everywhere on
R. Hence by the Lebesgue dominating theorem, ‖ϕf‖ is Lebesgue integrable.
By Bochner’s theorem [47, p. 133], fϕ is Lebesgue-Bochner integrable. Hence
R−sϕf and ϕR−sf are Lebesgue-Bochner integrable, s ∈ R. Since

∫∞
−∞ x∗(ϕ(t−

s))f(s) ds =
∫∞
−∞ f(t − s)x∗(ϕ(s)) ds, x∗ ∈ X∗, by the Hahn–Banach theorem,∫∞

−∞ ϕ(t − s)f(s) ds =
∫∞
−∞ f(t − s)ϕ(s) ds. From the inequality ‖ϕ ∗ f(t + h) −

ϕ ∗ f(t)‖ ≤ M
∫∞
−∞ |f(t + h − s) − f(t − s)| ds and ‖ϕ ∗ f‖ ≤ M

∫∞
−∞ |f(s)| ds it

follows that ϕ ∗ f ∈ Cub(R, X).
Now, let ϕ ∈ Cub(R, X). Let h(t) = 1, t ∈ [a, b], and h(t) = 0, t 6∈ [a, b]. Then

ϕ∗h =
∫ b
a
R−sϕds. Since this integral is the limit in Cub(R, X) of partial sums of

the form
∑m−1
i=0 R−siϕ∆si, where ∆si = si+1 − si, a = s0 < s1 < . . . < sm = b,

we have ϕ ∗ h ∈ L(ϕ). If H =
∑n
j=1 cjhj is a step function, where hj is the

characteristic function of the interval [aj , bj ], j = 1, . . . , n, and {c1, . . . , cn} ⊂ C,
then ϕ ∗ H =

∑n
j=1 ϕ ∗ hj ∈ L(ϕ). Since f ∈ L1(R), there exists a sequence

{Hn} of step functions such that ‖f − Hn‖L1(R) → 0 as n → ∞. This implies
ϕ ∗ f = limn→∞ ϕ ∗Hn ∈ L(ϕ) and completes the proof.

In the same way as in the above lemma, one can prove

Lemma 1.2.2. Let ϕ ∈ L∞(R+, X) and f ∈ L1(R+). Let ψ(t) =
∫∞
0
ϕ(t +

s)f(s) ds. Then ψ ∈ Cub(R+, X). Moreover , if ϕ ∈ Cub(R+, X), then ψ ∈ L+(ϕ).

Finally, we state the following lemma needed in the sequel:

Lemma 1.2.3. Let ϕ ∈ Cub(R, X) and let fn(t) = (1−cosnt)/(nπt2) for t 6= 0
and fn(0) = n/(2π). Then ϕ ∗ fn → ϕ as n → ∞. Moreover , supp f̂n ⊂ [−n, n]
and ϕ ∗ fn is an infinitely differentiable function for all n ∈ N.

For the proof see [33, Proposition 3, p. 87] or [32].
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1.3. Main definitions. We introduce Λ and Π-classes and give some of
their properties.

Definition 1.3.1. A subset A ⊂ Cub(J, X) is said to be a Λ-class if and only
if it satisfies:

(P.1) A is a closed subspace of Cub(J, X).

(P.2) λ̂ϕ ∈ A for ϕ ∈ A, λ̂ ∈ R̂.

(P.3) A contains all the constant functions.

(P.Λ) If ψ ∈ Cub(R, X) and ψ|J = ϕ ∈ A, then Raψ|J ∈ A, a ∈ R.

Next, we give

Definition 1.3.2. A subset A is said to be a Π-class if and only if it satisfies
properties (P.1)–(P.3) and the following:

(P.Π) For each ϕ ∈ A, there exists ψ ∈ Cub(R, X) such that ψ|J = ϕ and
Raψ|J ∈ A, a ∈ R.

R e m a r k 1.3.3. If J = R, then property (P.Λ) is equivalent to property
(P.Π) and says that A is a translation invariant subset of Cub(R, X). Hence
A ⊂ Cub(R, X) is a Λ-class if and only if it is a Π-class.

If J = R+, ϕ ∈ A and if ψ(t) = ϕ(t), t ≥ 0, and ψ(t) = ϕ(0), t < 0, then
ψ ∈ Cub(R, X).

Using the above remark we get

Proposition 1.3.4. Every Λ-class A ⊂ Cub(J, X) is a Π-class.

Now, we show the following property:

(P.4) If A is a Λ-class or Π-class, then Rsϕ ∈ A for ϕ ∈ A, s ∈ J.

Indeed, let ϕ ∈ A. Then by property (P.Λ) or (P.Π), there exists ψ ∈
Cub(R, X) such that ψ|J = ϕ and Rsψ|J ∈ A, s ∈ R. This implies Rsϕ ∈ A, s ∈ J.

We end this subsection by the following needed

R e m a r k 1.3.5. A subset A ⊂ Cub(J, X) is a TICSC-class if and only if it
has properties (P.1), (P.3) and (P.4). This means that every Λ-class or Π-class is
a TICSC-class.

1.4. Problem (D). We solve problem (D) and give two corollaries.

Theorem 1.4.1. Let A ⊂ Cub(J, X) satisfy properties (P.1) and (P.4). Let
ϕ ∈ A and its derivative ϕ′ ∈ Cu(J, X). Then ϕ′ ∈ A.

P r o o f. Consider the sequence n(R1/nϕ − ϕ) − ϕ′ = n
∫ 1/n

0
(Rxϕ′ − ϕ′) dx.

Since ϕ′ ∈ Cu(J, X), the difference Rxϕ′ − ϕ′ ∈ Cub(J, X), x ∈ J. Moreover, for
each ε > 0 there exists n(ε) ∈ N such that ‖Rxϕ′ − ϕ′‖∞ < ε, |x| < 1/n(ε).
Hence ‖n

∫ 1/n

0
(Rxϕ′ − ϕ′) dx‖∞ ≤ ε, n ≥ n(ε). This implies that n(R1/nϕ −
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ϕ) → ϕ′ as n → ∞. By (P.4), R1/nϕ ∈ A for all n ∈ N and by property (P.1),
{n(R1/nϕ− ϕ)} ⊂ A and its limit ϕ′ ∈ A.

In the same way, one can prove

Corollary 1.4.2. If ϕ,ϕ′ ∈ Cu(J, X), then ϕ′ ∈ Cub(J, X).

Corollary 1.4.3. Let A ⊂ Cub(J, X) be a Λ-class or Π-class. If ϕ ∈ A and
ϕ′ ∈ Cu(J, X), then ϕ′ ∈ A.

2. Examples of Λ-classes and Π-classes

In this section we study different classes of of almost periodic functions from
Cub(J, X). We prove new properties of some of these classes, namely, properties
(P.Λ) and (P.Π) and classify them into Λ-classes and Π-classes.

2.1. Almost periodic, recurrent and almost automorphic functions.
In the following we study the classes of a.p., re. and a.a. functions from Cub(J, X).
First, we give

Definition 2.1.1. A subset E ⊂ R is said to be relatively dense if and only
if there exists {t1, . . . , tn} ⊂ R such that R =

⋃n
i=1(ti + E).

We study the following three types of almost periodicity on R.

Definition 2.1.2. A function ϕ ∈ Cub(R, X) is said to have

(i) property (BRD) if and only if for each ε > 0, the set E(ε, ϕ) = {τ :
‖ϕ(t+ τ)− ϕ(t)‖ < ε, t ∈ R} is relatively dense in R;

(ii) property (FRD) if and only if for each ε > 0 and M > 0 the set
E(ε, ϕ,M) = {τ : ‖ϕ(t+ τ)− ϕ(t)‖ < ε, |t| ≤M} is relatively dense in R;

(iii) property (LRD) if and only if for each ε > 0 and M > 0, there exist δ > 0
and L > 0 such that (E(δ, ϕ, L)− E(δ, ϕ, L)) ⊂ E(ε, ϕ,M).

Now, we give the following

Definition 2.1.3. A function ϕ ∈ Cub(R, X) is said to be

(i) almost periodic if and only if it has property (BRD);
(ii) recurrent if and only if its range is relatively compact and it has property

(FRD);
(iii) almost automorphic if and only if it has properties (FRD) and (LRD).

The sets of a.p., re. and a.a. functions will be denoted respectively by
AP (R, X), r(R, X) and AA(R, X).

From Definitions 2.1.2 and 2.1.3 one can obtain:

(2.1.1) The range of ϕ ∈ AP (R, X) is relatively compact.

(2.1.2) Property (BRD) implies (FRD) and (LRD).
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(2.1.3) If ϕ ∈ AP (R, X) (resp. AA(R, X)), then ϕ̌ ∈ AP (R, X) (resp.
AA(R, X)), where ϕ̌(t) = ϕ(−t), t ∈ R.

This implies the following:

(2.1.4) AP (R, X) ⊂ r(R, X), AP (R, X) ⊂ AA(R, X).

Definitions 2.1.2 and 2.1.3 imply ([1], [2], [11], [13], [33], [39], [44])

Theorem 2.1.4. AP (R, X) and AA(R, X) are Λ-classes.

The elements of AP (R, X) are called Bohl–Bohr–Bochner almost periodic
functions (see preface of [33]). We note that if ϕ : R → X is continuous and
has property (BRD), then ϕ ∈ Cub(R, X).

Complex valued almost automorphic functions defined on R were introduced in
1937 by B. M. Levitan (see references in [33]). They are called N-almost periodic
functions and were studied on groups by B. J. Levin [31]. In [11] S. Bochner
introduced a new approach to almost periodicity which led him to introduce
the class of almost automorphic functions. The investigations of W. A. Veech
[44], A. Reich [39] and the author [2] showed the relationship between N-almost
periodic and almost automorphic functions.

It is known that the class r(R, X) is not linear ([23], [331]). Nevertheless, if ϕ∈
r(R, X), then L(ϕ) ⊂ r(R, X) and the closed linear space r(ϕ,R, X) generated
by L(ϕ) ∪AP (R, X) is a subset of r(R, X). Moreover, we have

Theorem 2.1.5. r(ϕ,R, X) is a Λ-class for each ϕ ∈ r(R, X).

The proof follows from the fact that if ϕ ∈ r(R, X) and ψ ∈ AP (R, X), then
the pair (ϕ,ψ) ∈ r(R, X ×X) (see [33, Ch. 7]).

From definitions 2.1.2 and 2.1.3, we deduce the following:

Proposition 2.1.6. If ϕ ∈ Cub(R, X) has property (FRD) and ϕ 6= 0, then
ϕ|R+ 6∈ C0(R+, X) and ϕ|R− 6∈ C0(R−, X), where R− = {t ∈ R : t ≤ 0}.

P r o o f. Assuming that ϕ|R+ ∈ C0(R+, X), for each ε > 0 there exists aε > 0
such that ‖ϕ(t)‖ < ε, t ≥ aε. Since ϕ has property (FRD), for each t ∈ R there
exists τt∈E(ε, ϕ, |t|) such that t+ τt≥aε. We have ‖ϕ(t)‖≤‖ϕ(t)− ϕ(t+ τt)‖+
‖ϕ(t + τt)‖ ≤ 2ε, and hence ‖ϕ(t)‖ ≤ 2ε. Since ε, t are arbitrary, we get ϕ = 0,
contradicting the hypothesis and proving the first part. The second part can be
proved in the same way.

Using the same argument, we get

Proposition 2.1.7. If ϕ ∈ Cub(R, X) has property (FRD), then

(2.1.5) ‖ϕ‖∞ = supt∈R ‖ϕ(t)‖ = supt∈R+ ‖Raϕ(t)‖, a ∈ R.
The above two propositions lead to the following

Definition 2.1.8. A function ϕ ∈ Cub(R+, X) is said to be

(i) almost periodic if and only if there exists ψ ∈AP (R, X) such that ψ|R+=ϕ;
(ii) recurrent if and only if there exists ψ ∈ r(R, X) such that ψ|R+ = ϕ;
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(iii) almost automorphic if and only if there exists ψ ∈ AA(R, X) such that
ψ|R+ = ϕ.

The sets of all a.p., re. and a.a. functions from Cub(R+, X) will be denoted by
AP (R+, X), r(R+, X) and AA(R+, X) respectively.

Using Theorems 2.1.4, 2.1.5, and Propositions 2.1.6, 2.1.7, we obtain

Theorem 2.1.9. Each of the following :

(i) mP : AP (R, X)→ AP (R+, X), mP (ϕ) = ϕ|R+ , ϕ ∈ AP (R, X),
(ii) mr : r(ϕ,R, X)→ r(ϕ,R+, X), mr(ψ) = ψ|R+ , ψ ∈ r(ϕ,R, X),
(iii) mA : AA(R, X)→ AA(R+, X),mA(ϕ) = ϕ|R+ , ϕ ∈ AA(R, X),

is a linear isometric operator.

As a consequence we get

Theorem 2.1.10. The spaces AP (R+, X), r(ϕ,R+, X) and AA(R+, X) are
Π-classes from Cub(R+, X).

The concept of almost periodic functions on semigroups was introduced by
W. Maak [37] for X = C and extended by Iseki [27] to the case of vector valued
functions (see also Jacobs [28], [29]). Definition 2.1.8(i) is equivalent to Defini-
tion 1 from [27, p. 16] in the case G = R+, E = X.

As a consequence of the fact that trigonometric polynomials are dense in
AP (R, X) (cf. [1, Ch. 2] or [33, Ch. 2]) and Theorem 2.1.9(i), we get

Theorem 2.1.11. AP (R, X) is the minimal Λ-class from Cub(R, X) and
AP (R+, X) is the minimal Π-class from Cub(R+, X).

Theorem 2.1.12. A function ϕ ∈ Cub(R, X) is an element of r(R, X) if
and only if there exists ψ ∈ r(R, X) such that Raϕ|R+ ∈ r(ψ,R+, X), a ∈ R. A
function ϕ ∈ Cub(R, X) is an element of AP (R, X) (resp. AA(R, X)) if and only
if Raϕ|R+ ∈ AP (R+, X) (resp. AA(R+, X)), a ∈ R.

P r o o f. If ϕ ∈ r(R, X), then Raϕ ∈ r(ϕ,R, X), a ∈ R. Hence Raϕ|R+ ∈
r(ϕ,R+, X), a ∈ R. Conversely, let ϕ ∈ Cub(R, X) and Raϕ|R+ ∈ r(ψ,R+, X),
a ∈ R, with ψ ∈ r(R, X). Let m−1

r ϕ|R+ = Φ, where m−1
r is the inverse operator

of mr defined in Theorem 2.1.9. We have

(2.1.6) Raϕ(t)−RaΦ(t) = 0, t ≥ max{0, a}, a ∈ R.

Using the definition of r(ψ,R+, X), we conclude that RaΦ|R+ ∈ r(ψ,R+, X),
a∈R. This implies that (Raϕ− RaΦ)|R+ ∈ r(ψ,R+, X). Using Proposition 2.1.6
and (2.1.6), we conclude that Raϕ = RaΦ, a ∈ R. This implies that ϕ = Φ ∈
r(ψ,R, X) ⊂ r(R, X). In the same way, one can prove the other cases of the
theorem.

Theorem 2.1.13. Each of the spaces AP (R+, X), r(ϕ,R+, X), AA(R+, X)
is not a Λ-class.
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P r o o f. Assuming the contrary, let r(ϕ,R+, X) be a Λ-class. Further, let
ψ ∈ r(ϕ,R+, X) and ψ 6= ψ(0). Let Ψ(t) = ψ(t), t ≥ 0, and Ψ(t) = ψ(0), t < 0.
By property (P.Λ), RaΨ |R+ ∈ r(ϕ,R+, X), a ∈ R. By Theorem 2.1.12, we get
Ψ ∈ r(ϕ,R, X). This implies that (Ψ−ψ(0)) ∈ r(R, X). We have Ψ(t)−ψ(0) = 0,
t ≤ 0, and this means that (Ψ −ψ(0))|R− ∈ C0(R−, X), contradicting Proposition
2.1.6 and proving that r(ϕ,R+, X) is not a Λ-class. In the same way AP (R+, X)
and AA(R+, X) are not Λ-classes.

Finally, we prove

Theorem 2.1.14. Let ϕ ∈ AP (R, X) (resp. r(ϕ,R, X), AA(R, X)) and
ϕ′|R+ ∈ Cu(R+, X). Then ϕ′ ∈ AP (R, X) (resp. r(ϕ,R, X), AA(R, X)).

P r o o f. Consider the sequence {n(R1/nϕ− ϕ)}. By Theorem 1.4.1, we have

(2.1.7) n(R1/nϕ− ϕ)|R+ → ϕ′|R+ as n→∞

and ϕ′|R+ ∈ AP (R+, X) (resp. r(ϕ,R+, X), AA(R+, X)). Using Theorem 2.1.9,
we see that {n(R1/nϕ − ϕ)} is a Cauchy sequence from AP (R, X) (resp. r(ϕ,
R, X) AA(R, X)). Since AP (R, X) (resp. r(ϕ,R, X), AA(R, X)) is closed, the
sequence {n(R1/nϕ − ϕ)} converges in Cub(R, X) and limn→∞ n(R1/nϕ − ϕ) =
ϕ′ ∈ AP (R, X) (resp. r(ϕ,R, X), AA(R, X)).

2.2. Asymptotically recurrent and almost automorphic functions.
Asymptotically almost periodic functions are introduced by Fréchet [24] and stu-
died by many authors ( [14]–[16], [25], [41]–[43], [45], [46]). Here, we introduce also
the notions of asymptotically recurrent and asymptotically almost automorphic
functions.

Definition 2.2.1. A function ψ ∈ Cub(R+, X) is said to be

(i) asymptotically almost periodic if and only if there exist ϕ ∈ AP (R+, X)
and ξ ∈ C0(R+, X) such that ψ = ϕ+ ξ.

(ii) asymptotically recurrent if and only if there exist ϕ ∈ r(R, X) and ξ ∈
C0(R+, X) such that ψ = ϕ|R+ + ξ.

(iii) asymptotically almost automorphic if and only if there exist ϕ ∈
AA(R+, X) and ξ ∈ C0(R+, X) such that ψ = ϕ+ ξ.

We adopt the following notation:

(i) AAP (R+, X) = AP (R+, X) + C0(R+, X).
(ii) Ar(ϕ,R+, X) = r(ϕ,R+, X) + C0(R+, X), ϕ ∈ r(R, X).

(iii) AAA(R+, X) = AA(R+, X) + C0(R+, X).

We prove

Proposition 2.2.2. Let ψ ∈AAP (R+, X) (resp. Ar(ϕ,R+, X), AAA(R+, X))
and let ψ = ϕ + ξ, where ϕ ∈ AP (R+, X) (resp. r(ϕ,R+, X), AA(R+, X)) and
ξ ∈ C0(R+, X). Then ‖ψ‖∞ ≥ ‖ϕ‖∞.
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P r o o f. By (2.1.5) we have ‖ψ‖∞ = supt∈R+ ‖ψ(t)‖ ≥ supt∈R+ ‖ψ(t + s)‖ =
‖Rsψ‖∞, s ∈ R+. Hence u(s) = ‖Rsψ‖∞ is a decreasing bounded function and its
limit lims→∞ u(s) exists. From ‖Rsψ‖∞ = ‖Rsϕ+Rsξ‖∞ ≥ ‖Rsϕ‖∞−‖Rsξ‖∞,
s ∈ R+, and ‖Rsξ‖∞ → 0 as s → ∞, we get ‖ψ‖∞ ≥ lims→∞ ‖Rsψ‖∞ ≥
lims→∞(‖Rsϕ‖∞ − ‖Rsξ‖∞) = ‖ϕ‖∞.

Now, we demonstrate the following

Theorem 2.2.3. The classes AAP (R+, X), Ar(ϕ,R+, X) and AAA(R+, X)
are closed subspaces of Cub(R+, X).

P r o o f. It is sufficient to consider Ar(ϕ,R+, X). By Proposition 2.1.6, we
have r(ϕ,R+, X) ∩C0(R+, X) = {0}. Hence each element Ψ ∈ Ar(ϕ,R+, X) has
a unique decomposition Ψ = Φ+Ξ, where Φ ∈ r(ϕ,R+, X) and Ξ ∈ C0(R+, X).
Let {Ψn} ⊂ Ar(ϕ,R+, X) be a convergent sequence in Cub(R+, X). Let Ψn =
Φn + Ξn, n ∈ N, where {Φn} ⊂ r(ϕ,R+, X) and {Ξn} ⊂ C0(R+, X). Using
Proposition 2.2.2, we see that {Φn} is a convergent sequence in Cub(R+, X),
and hence so is {Ξn}. Since r(ϕ,R+, X) and C0(R+, X) are closed subspaces of
Cub(R+, X), limn→∞ Φn = Φ ∈ r(ϕ,R+, X) and limn→∞Ξn = Ξ ∈ C0(R+, X).
Hence limn→∞ Ψn = Φ+Ξ ∈ Ar(ϕ,R+, X) and this proves that Ar(ϕ,R+, X) is
a closed subspace of Cub(R+, X).

Next, we prove

Theorem 2.2.4. Each of AAP (R+, X), Ar(ϕ,R+, X) and AAA(R+, X) is a
Λ-class. Moreover , AAP (R+, X) is the minimal Λ-class from Cub(R+, X).

P r o o f. Since the proof of the first part is the same for each of AAP (R+, X),
Ar(ϕ,R+, X) and AAA(R+, X), we restrict ourselves to the case AAP (R+, X).
First, we show that it has property (P.Λ). Let ψ ∈ AAP (R+, X) and let Ψ be any
element of Cub(R, X) such that ψ = Ψ |R+ . We show that RaΨ |R+ ∈ AAP (R+, X),
a ∈ R. Let ψ = ϕ+ ξ, where ϕ ∈ AP (R+, X), ξ ∈ C0(R+, X). By Theorem 2.1.9,
Φ = m−1

P ϕ ∈ AP (R, X). Put Ξ = Ψ − Φ. We have (Ψ − Φ)|R+ = Ξ|R+ = ξ ∈
C0(R+, X), and hence RaΞ|R+ ∈ C0(R+, X), a ∈ R. This proves that RaΨ |R+ =
RaΦ|R+ +RaΞ|R+ ∈ AAP (R, X), a ∈ R. Hence AAP (R+, X) satisfies (P.Λ). The
rest of the properties of Λ-classes follow easily from the definition of AAP (R, X).
Now, we prove that AAP (R+, X) is the minimal Λ-class. Let A be a Λ-class
from Cub(R+, X). By Proposition 1.3.4, A is also a Π-class. Hence by Theorem
2.1.11, AP (R+, X) is a subset of A. We also prove that C0(R+, X) ⊂ A. First,
let ϕ ∈ C0(R+, X) and suppϕ ⊂ [0, a], for some a > 0. We show that ϕ ∈ A.
Indeed, consider the function ψ ∈ Cub(R, X) defined by ψ(t) = 0, t ≥ 0, and
ψ(t) = ϕ(t+ a), −a ≤ t ≤ 0, and ψ(t) = 0, t ≤ −a. Since ψ|R+ = 0 ∈ C0(R+, X),
by property (P.Λ) of A we get Raψ|R+ = ϕ ∈ A. Since the set of all elements of
C0(R+, X) with compact support is dense in it and A is closed, C0(R+, X) ⊂ A.
Since A is linear, C0(R+, X)+AP (R+, X) = AAP (R+, X) ⊂ A. This proves that
AAP (R+, X) is the minimal Λ-class from Cub(R+, X).
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2.3. Eberlein almost periodic functions. We prove that the class of all
Eberlein almost periodic functions from Cub(J, X) is a Λ-class. First, we give

Definition 2.3.1. A function ϕ ∈ Cub(J, X) is said to be Eberlein almost
periodic (E.a.p.) if and only if the set H(ϕ) = {Rsϕ : s ∈ J} is weakly relatively
compact in Cub(J, X). The set of all E.a.p. functions from Cub(J, X) will be
denoted by W (J, X) (cf. [25], [38], [41]–[43]).

It is well known that a Bohl–Bohr–Bochner function ϕ ∈ AP (J, X) has the
property that H(ϕ) = {Rsϕ : s ∈ J} is relatively compact in Cub(J, X) ([1, Ch. 2],
[33, Ch. 2]). Hence we have the following:

(2.3.1) AP (J, X) ⊂W (J, X).

Since the range of each element ϕ ∈ C0(J, X) is relatively compact, from [20,
Theorem 1.3] and [38] it follows that C0(J, X) ⊂W (J, X). Hence we have

(2.3.2) AAP (J, X) = C0(J, X) +AP (J, X) ⊂W (J, X).

Now, we prove

Theorem 2.3.2. W (J, X) is a Λ-class.

P r o o f. From [25] one can conclude that W (J, X) is a TICSC-class and has
property (P.2). It remains to show that if J = R+, then W (R+, X) has property
(P.Λ). Let ψ ∈ W (R+, X) and let Ψ ∈ Cub(R, X) be any function such that
Ψ |R+ = ψ. We prove that RaΨ |R+ ∈W (R+, X), a∈R. Let ξ = RaΨ |R+ . We show
that the set H(ξ) = {Rsξ : s ∈ R+} is w.r.c. in Cub(R+, X). Let {s′n} ⊂ R+.
If {s′n} is bounded, then by the Ascoli–Arzelà theorem {Rs′nξ} has a convergent
subsequence in Cub(R+, X). If {s′n} is unbounded, then it has a subsequence, say
{sn}, such that sn → ∞ as n → ∞. There exists n0 ∈ N such that a + sn0 ≥ 0.
This implies Rsn

ξ(t) = ξ(t+sn) = Ψ(a+ t+sn)|R+ = ψ(t+a+sn), n ≥ n0. Since
ψ ∈W (R+, X), the sequence {Ra+sn

ψ} has a weakly convergent subsequence in
Cub(R+, X), and this implies that H(RaΨ |R+) is w.r.c. in Cub(R+, X) and proves
that W (R+, X) has property (P.Λ).

Now, we give the following

Example 2.3.3. The function ϕ(t) = 1/t, t ≥ 1, t = 1, t < 1 has the following
properties:

(a) ϕ ∈ Cub(R, C),
(b) Raϕ|R+ ∈ C0(R+, C), a ∈ R,
(c) ϕ 6∈W (R, C).

This implies that Theorem 2.1.12 is not true for W (R+, X).

We conclude this subsection by showing that uniform continuity in Defini-
tion 2.3.1 is superfluous (see [20, Theorem 13.1], [25, Theorem 1.16], [43, Propo-
sition 2.1]).
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Theorem 2.3.4. Let ϕ ∈ Cb(J, X) and let H(ϕ) be weakly relatively compact
in Cb(J, X). Then ϕ is uniformly continuous.

P r o o f. It is sufficient to prove the case J = R+. Set Saϕ(t) =
∫ a
0
ϕ(t +

x) dx. By Lemma 1.2.2, we have S1ϕ ∈ Cub(R+, X). It is easy to verify that
the sequence {(1/n)

∑n−1
j=0 Rj/nϕ(t)} converges to S1ϕ(t) for all t ∈ R+. Since

ϕn = (1/n)
∑n−1
j=0 Rj/nϕ ∈ coH(ϕ) for all n∈N, by the Krein–Šmul’yan theorem,

{ϕn} is weakly relatively compact and hence ϕn → S1ϕ as n → ∞ weakly and
S1ϕ ∈ coH(ϕ). In the same way, one can show that {nS1/nϕ} ⊂ coH(ϕ) and
nS1/nϕ → ϕ as n → ∞ weakly in Cb(R+, X). By Lemma 1.2.2, we have ψn =
nS1/nϕ ∈ Cub(R+, X) for all n ∈ N. Using Mazur’s theorem ([47, p. 120]), there
exists a sequence {ξm} of finite convex combinations from {ψn} which converges
to ϕ in Cb(R+, X). Since ξm is a finite sum of elements from {ψn}, we get {ξm}⊂
Cub(R+, X) and hence its limit ϕ is uniformly continuous.

2.4. Ergodic and totally ergodic functions. In this part we note an im-
portant property of the classes of a.p., a.a.p., and E.a.p. functions, namely, the
ergodicity property. We give

Definition 2.4.1. A function ϕ ∈ Cub(J, X) is said to be ergodic if and only if
limT→∞(1/T )

∫ T
0
ϕ(t+ s) ds (for J = R+) (resp. limT→∞(1/(2T ))

∫ T
−T ϕ(t+ s) ds

(for J = R)) uniformly converges to a constant function aϕ(t) = aϕ ∈ X. We
denote by E(J, X) the set of all ergodic functions from Cub(J, X).

From Definition 2.4.1, one can easily show

Theorem 2.4.2. E(J, X) is a TICSC class of Cub(J, X).

We prove

Theorem 2.4.3. E(J, X) has property (P.Λ).

P r o o f. If J = R, then property (P.Λ) follows directly from Definition 2.4.1.
Let J = R+, ψ ∈ E(R+, X) and let Ψ ∈ Cub(R, X) be such that Ψ |R+ = ψ. We
show that RaΨ |R+ ∈ E(R+, X) for all a ∈ R. Indeed, from the identity

T∫
0

Ψ(t+ x) dt =
T∫

0

Ψ(t+ x+ a) dt+
a∫

0

Ψ(t+ x) dt+
T∫

a+T

Ψ(t+ x) dt

we get limT→∞(1/T )
∫ T
0
RaΨ(t + x) dt = limT→∞(1/T )

∫ T
0
Ψ(t + x) dt for all

a ∈ R. Hence RaΨ |R+ ∈ E(R+, X) for all a ∈ R.

We pause to give the following

R e m a r k 2.4.4. If ϕ ∈ Cub(J, X), then Rsϕ− ϕ ∈ E(J, X), s ∈ J.

P r o o f. It is sufficient to prove the case J = R+. It follows from the identity
T∫

0

(ϕ(t+ x)− ϕs(t+ x)) dt =
s∫

0

ϕ(t+ x) dt+
T∫

T+s

ϕ(t+ x) dt
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that

lim
T→∞

(1/T )
T∫

0

(ϕ(t+ x)− ϕs(t+ x)) dt

converges to 0 as T →∞, uniformly with respect to x ∈ R+.

Definition 2.4.5. A function ϕ ∈ Cub(J, X) is said to be totally ergodic if
and only if λ̂ϕ ∈ E(J, X), λ̂ ∈ R̂. The set of all totally ergodic functions will be
denoted by TE (J, X).

Theorems 2.4.2 and 2.4.3 and Definition 2.4.5 yield

Theorem 2.4.6. TE (J, X) is a Λ-class from Cub(J, X).

We conclude this subsection by

Theorem 2.4.7. AAP (J, X) ⊂W (J, X) ⊂ TE (J, X) ⊂ E(J, X).

P r o o f. From (2.3.2) we have AAP (J, X) ⊂ W (J, X), and from Definition
2.4.5 we get TE (J, X) ⊂ E(J, X). It is sufficient to consider the case J = R+. We
only need to prove that W (J, X) ⊂ E(J, X), for W (J, X) is a Λ-class. We follow
the method of W. F. Eberlein [20]. The Bohr means

1
T

T∫
0

ϕ(t+ s) dt, ϕ ∈ Cub(R+, X), T > 0,

is a system of almost invariant integrals (see [20]) for the semigroup R+. If ϕ∈
W (J, X) then by the Krein–Shmul’yan theorem ([19, p. 434]) the closure coH(ϕ)
of the convex hull of the set of translates H(ϕ) is weakly compact in Cub(J, X).
Since the Bohr means is a subset of coH(ϕ), by [20, Theorem 3.1], we conclude
that ϕ ∈ E(J, X) (see also [43]).

3. Problems concerning indefinite integral of TICSC-classes

We solve problem (P) for TICSC-classes from Cub(J, X) and the related dif-
ference problem. We discuss sufficient conditions for ergodicity of functions from
Cub(J, X). We apply our results to study the indefinite integral of the weak classes
introduced by Ruess and Summers [42].

3.1. Two theorems on indefinite integral and difference problem.
The following theorem extends several results on the indefinite integral of many
classes (see [4], [32], [42]).

Theorem 3.1.1. Let A ⊂ Cub(J, X) be a TICSC-class. Let ϕ ∈ A and let
ψ(t) =

∫ t
0
ϕ(x) dx. If ψ ∈ E(J, X), then ψ ∈ A. Moreover , if the range of ϕ is

relatively compact (weakly relatively compact), then the range of ψ is r.c. (w.r.c.).
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P r o o f. It is sufficient to prove the case J = R+. Consider the difference
∆sψ(t) = Rsψ(t) − ψ(t) =

∫ s
0
ϕ(t + x) dx, s ∈ J. By Lemma 1.2.2, we have

∆sψ ∈ L+(ϕ), s ∈ R+. Using properties (P.1) and (P.4) of A, L+(ϕ) ⊂ A for all
ϕ ∈ A. This implies ∆sψ ∈ A for all s ∈ R+. Again, applying Lemma 1.2.2, we
get

(3.1.1)
1
T

T∫
0

∆sψ ds ∈ L+(ϕ) ⊂ A for all T > 0.

Since ψ ∈ E(R+, X), limT→∞(1/T )
∫ T
0
Rsψ ds exists and converges to a constant

function aψ(t) = aψ ∈ X. Hence limT→∞(1/T )
∫ T
0
∆sψ ds = aψ − ψ. Using

(3.1.1) and property (P.1) of A, we get aψ − ψ ∈ L+(ϕ) ⊂ A. By property (P.3),
A contains all the constant functions, hence ψ = aψ − (aψ − ψ) ∈ A.

Now, if ϕ has r.c. (w.r.c.) range, then each element of L+(ϕ) has r.c. (w.r.c.)
range. This implies that aψ −ψ has r.c. (w.r.c.) range. Hence ψ has r.c. (w.r.c.)
range.

In fact, we established the following (difference problem).

Theorem 3.1.2. Let A ⊂ Cub(J, X) be a TICSC-class. Let ψ ∈ E(J, X) and
∆sψ = Rsψ − ψ ∈ A, s ∈ J. Then ψ ∈ A. Moreover , if ∆sψ has r.c. (w.r.c.)
range for each s ∈ J, then ψ has r.c. (w.r.c.) range.

R e m a r k 3.1.3. Theorem 3.1.1 was proved by B. M. Levitan for the class
AP (R, X) [32]. We extended Levitan’s result to the classes of recurrent and almost
automorphic functions [4]. In a private communication G. Muraz obtained this
result for the class W (R, X).

We give the following consequences.

Corollary 3.1.4. Let ϕ ∈ AP (R, X) (resp. r(ϕ,R, X), AA(R, X)) and
ψ(t) =

∫ t
0
ϕ(x) dx. Let ψ|R+ ∈ E(R+, X). Then ψ ∈ AP (R, X) (resp. r(ϕ,R,X),

AA(R, X)).

P r o o f. Since the proof is the same for the three cases, we carry it out
for AP (R, X). Since AP (R+, X) is a TICSC-class, by Theorem 3.1.1, ψ|R+ ∈
AP (R+, X). Let Ψ = m−1

P ψ|R+ , where m−1
P is the inverse of the operator mP

defined in Theorem 2.1.9. By Theorem 2.1.14, we have n(R1/nψ|R+ − ψ|R+) →
ϕ|R+ as n → ∞. Hence by Theorem 2.1.9, n(R1/nΨ − Ψ) → ϕ as n → ∞. This
means that ϕ = Ψ ′ ∈ AP (R, X).

Corollary 3.1.5. Let ϕ ∈ AAP (R+, X) and ψ(t) =
∫ t
0
ϕ(x) dx. If ψ ∈

W (R+, X), then ψ ∈ AAP (R+, X) (see [42]).
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P r o o f. By Theorem 2.4.7, W (R+, X) is a subset of E(R+, X). Hence from
Theorem 3.1.1 it follows that ψ ∈ AAP (R+, X).

Corollary 3.1.6. Let ψ ∈ AAP (R+, X) and let ψ = ϕ + ξ where ϕ ∈
AP (R+, X) and ξ ∈ C0(R+, X). Let Ψ(t) =

∫ t
0
ψ(x) dx. Assume that

(i) Ψ is bounded and X does not contain a subspace isomorphic to the Banach
space c0 (of complex sequences converging to zero) or the range of Ψ is weakly
relatively compact.

(ii)
∫∞
0
ξ(x) dx exists as an improper Riemann integral.

Then Ψ ∈ AAP (R+, X) (see [42]).

P r o o f. Let Ξ(t) =
∫ t
0
ξ(x) dx. Since limN→∞

∫∞
N
ξ(x) dx = 0, we get Ξ ∈

E(R+, X). Hence by Theorem 3.1.1, we obtain Ξ ∈ AAP (R+, X) and therefore
its range is relatively compact. This implies that Φ(t) =

∫ t
0
ϕ(x) dx satisfies

(K) Φ is bounded and X does not contain a copy of c0 or the range of Φ is
weakly relatively compact.

Hence by [3] or [30], we get Φ ∈ AP (R+, X) and therefore Ψ = Φ + Ξ ∈
AAP (R+, X).

We recall that condition (ii) was used by Fréchet [24] in the case of functions
from C0(R+, C) and by Ruess and Summers [42] in the case of functions from
C0(R+, X). Condition (K) is due to Kadets [30].

We end this subsection by the following

Corollary 3.1.7. Let ϕ be an element of one of the classes {AAP (R+, X),
Ar(R+, X), AAA(R+, X),W (R+, X),TE (R+, X)}. Let ψ(t)=

∫ t
0
ϕ(x) dx. If ψ∈

E(J, X), then ψ belongs to the same class as ϕ.

The proof follows directly from Theorem 3.1.1 and the fact that all these
spaces are TICSC-classes.

3.2. Weak classes. In the following we apply our results to the case of weakly
asymptotic and weakly Eberlein almost periodic functions introduced by Ruess
and Summers [42]. We denote by Cwub(J, X) the set of all weakly uniformly
continuous bounded functions defined on J with values in X. If ϕ ∈ Cwub(J, X)
and x∗ ∈ X∗, then x∗(ϕ) will denote the function having the value x∗(ϕ(t)), t ∈ J.

Definition 3.2.1. A function ϕ ∈ Cwub(J, X) is said to be weakly asymptoti-
cally almost periodic (w.a.a.p.) if and only if x∗(ϕ) is a.a.p., x∗ ∈ X∗. Similarly,
one can define weakly Eberlein almost periodic (w.E.a.p.) and weakly ergodic
functions.

As a consequence of Theorem 3.1.1, we get

Theorem 3.2.2. Let ϕ ∈ Cwub(J, X) be w.a.a.p. (w.E.a.p.). If ψ(t) =∫ t
0
ϕ(x) dx is weakly ergodic, then it is w.a.a.p. (w.E.a.p.).
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Since w.E.a.p. functions are weakly ergodic [20, Theorem 5.2], we get

Corollary 3.2.3. Let ϕ ∈ Cwub(J, X) be a w.a.a.p. function. If ψ(t) =∫ t
0
ϕ(x) dx is w.E.a.p, then it is w.a.a.p (see [42]).

In the following we show that weak ergodicity is not sufficient to solve problem
(P) even for almost periodic functions with values in the Banach space c0. (See
also [32].)

Example 3.2.4. The function ϕ : R→ c0 defined by ϕ(t) = {(1/n) cos(t/n)}
is almost periodic. Its indefinite integral ψ(t) = {sin(t/n)} is bounded and hence
by the Bohl–Bohr theorem ([22, p. 79]), it is weakly almost periodic. This implies
that ψ is weakly ergodic. Since the range of ψ is not relatively compact, ψ is not
almost periodic. Hence weak ergodicity of the integral is not sufficient to solve
problem (P) for almost periodic functions.

3.3. Some conditions for ergodicity. In the following we discuss some
conditions sufficient for ergodicity.

Proposition 3.3.1. Let ϕ ∈ Cub(J, X) and its derivative ϕ′ ∈ Cu(J, X).
Then ϕ′ ∈ E(J, X).

P r o o f. It is sufficient to prove the case J = R+. By Theorem 1.4.1, we get
ϕ′∈Cub(R+, X). From the equality (1/T )

∫ T
0
ϕ′(x+t) dt = (ϕ(x+ T )− ϕ(x))/T ,

T > 0, we get ϕ′ ∈ E(R+, X).

As a consequence, we obtain

Proposition 3.3.2. Let ϕ ∈ Cub(J, X) and ψ(t) =
∫ t
0
ϕ(x) dx. If ψ ∈

Cb(J, X), then ϕ ∈ E(J, X).

P r o o f. Since ϕ is bounded, its indefinite integral ψ is uniformly continuous.
Hence ψ ∈ Cub(J, X) and by Proposition 3.3.1, ϕ = ψ′ ∈ E(J, X).

We prove the following criterion:

Theorem 3.3.3. Let A ⊂ Cub(J, X) be a TICSC-class and let ϕ ∈ A. Let
ψ(t) =

∫ t
0
ϕ(x) dx and Φ(t) =

∫ t
0
ψ(x) dx. If Φ ∈ Cub(J, X), then ψ ∈ A.

P r o o f. Since ϕ is bounded, ψ is uniformly continuous. By Theorem 1.4.1, we
get ψ = Φ′ ∈ Cub(J, X). By Proposition 3.3.2, ψ ∈ E(J, X). By Theorem 3.1.1,
we get ψ ∈ A.

4. Harmonic analysis for Λ-classes

We introduce the notion of the spectrum of a function ϕ ∈ Cub(R, X) with
respect to a Λ-class A ⊂ Cub(J, X). Throughout this section A will denote a
Λ-class from Cub(J, X).
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4.1. Definition and general properties of the spectrum with respect
to a Λ-class A ⊂ Cub(J, X)

Proposition 4.1.1. Let ϕ ∈ Cub(R, X). Then the set IA(ϕ) = {f ∈ L1(R) :
ϕ ∗ f |J ∈ A} is a closed ideal of L1(R).

P r o o f. Property (P.1) of A implies that IA(ϕ) is a closed subspace of L1(R).
Using property (P.Λ), we conclude that Ra(ϕ ∗ f)|J = ϕ ∗ Raf |J ∈ A for all
a ∈ R and all f ∈ IA(ϕ). This means that IA(ϕ) is a translation invariant closed
subspace of L1(R). By [40, Theorem 7.1.2], we see that IA(ϕ) is a closed ideal of
L1(R).

Definition 4.1.2. Let ϕ ∈ Cub(R, X). Then the set

σA(ϕ) = hull IA(ϕ) = {λ : f̂(λ) = 0 for all f ∈ IA(ϕ)}
is called the spectrum of ϕ with respect to A.

It is easy to prove that σA(ϕ) is a closed subset of R.
The following notion is introduced by Loomis in the case where A is the

complex valued almost periodic functions defined on a locally compact abelian
group (see [34]).

Definition 4.1.3. Let ϕ ∈ Cub(R, X). A point λ̂ ∈ R̂ is called regular for
ϕ with respect to a Λ-class A if and only if there exists f ∈ L1(R) such that
f̂(λ) 6= 0 and ϕ ∗ f |J ∈ A. We denote by %A(ϕ) the set of all regular points of ϕ
with respect to A.

It is easy to verify that

(4.1.1) %A(ϕ) = R \ σA(ϕ) for all ϕ ∈ Cub(R, X).

Before proceeding we notice that if ϕ ∈ Cub(R, X), then the set I0(ϕ) = {f ∈
L1(R) : ϕ ∗ f = 0} is a closed ideal of L1(R). Moreover, I0(ϕ) = {f ∈ L1(R) :
ϕ ∗ Raf |J = 0 for all a ∈ R}. Indeed, we have ϕ ∗ Raf |J = 0 for all a ∈ R if and
only if ϕ ∗ f = 0. This implies I0(ϕ) ⊂ IA(ϕ), ϕ ∈ Cub(R, X). Recalling that
σ0(ϕ) = hull I0(ϕ) is the Beurling spectrum of ϕ [40, Ch. 7], we get

(4.1.2) σA(ϕ) ⊂ σ0(ϕ) for all ϕ ∈ Cub(R, X).

If ϕ ∈ Cu(R, X), then Tϕ defined in 1.1 is a distribution. We define

(4.1.3) σ0(ϕ) = supp T̂ϕ.

It is known that if ϕ∈Cub(R, X) then (4.1.3) holds true. Using the same argu-
ment for the corresponding statements on Beurling spectrum ([19, part II, p. 988],
[40, Ch. 7]), one can prove

Theorem 4.1.4. Let ϕ,ψ ∈ Cub(R, X) and let f ∈ L1(R). Then

(4.1.4) σA(ϕ) = σA(Raϕ) for all a ∈ R.

(4.1.5) σA(ϕ ∗ f) ⊂ σA(ϕ) ∩ supp f̂ .
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(4.1.6) σA(ϕ+ ψ) ⊂ σA(ϕ) ∪ σA(ψ).

(4.1.7) σA(λ̂ϕ) = λ+ σA(ϕ), where λ̂(t) = eiλt.

4.2. Further properties of σA(ϕ). In the following, we investigate the case
when the set σA(ϕ) is finite. First, we prove the following

Theorem 4.2.1. Let ϕ ∈ Cub(R, X). Then σA(ϕ) = ∅ if and only if ϕ|J ∈ A.

P r o o f. Let ϕ|J ∈ A. Then by property (P.Λ), we get Raϕ|J ∈ A for all a ∈ R.
Since A is a closed linear subspace of Cub(J, X), we get ψ|J ∈ A for all ψ ∈ L(ϕ).
By Lemma 1.2.1, we obtain ϕ∗f ∈ L(ϕ) and hence ϕ∗f |J ∈ A for all f ∈ L1(R).
This implies IA(ϕ) = L1(R). By Wiener’s tauberian theorem [40, Corollaries
7.2.5], we get σA(ϕ) = ∅. Conversely, let σA(ϕ) = ∅. Consider the sequence {fn}
of Lemma 1.2.3. By (4.1.5) we conclude that σA(ϕ ∗ fn) = ∅ for all n ∈ N. By
the mentioned Wiener’s tauberian theorem, we get IA(ϕ ∗ fn) = L1(R). This
implies that ϕ∗fn ∗f |J ∈ A for all f ∈ L1(R). There exists hn ∈ L1(R) such that
ĥn(λ) = 1, λ ∈ [−n, n] and supp ĥn ⊂ [−(n+ 1), n+ 1]. Since supp f̂n ⊂ [−n, n],
we get ϕ∗ fn ∗hn = ϕ∗ fn for all n ∈ N. This implies (ϕ∗ fn)|J ∈ A for all n ∈ N.
By Lemma 1.2.3, ϕ ∗ fn → ϕ as n → ∞. Hence (ϕ ∗ fn)|J → ϕ|J as n → ∞. By
property (P.1) of A, we get ϕ|J ∈ A.

Next, we give an application of the spectrum to the difference problem.

Theorem 4.2.2. Let ϕ ∈ Cub(R, X). Then σA(ϕ) ⊂ {0} if and only if the
differences ∆sϕ|J ∈ A for all s ∈ J.

P r o o f. Let ∆sϕ|J ∈ A for all s ∈ J. Let λ be any element of R such that
λ 6= 0. There exists g ∈ L1(R) such that ĝ(λ) 6= 0. Choose s0 ∈ J such that
eiλs0 6= 1. Since ∆s0ϕ|J ∈ A, by Theorem 4.2.1 we get ∆s0(ϕ) ∗ g|J ∈ A. We have
∆s0ϕ ∗ g = ϕ ∗∆s0g. Since ∆̂s0g(λ) = (eiλs0 − 1)ĝ(λ), we get ∆̂s0g(λ) 6= 0. By
Definition 4.1.3, we get λ ∈ %A(ϕ) and hence by (4.1.1), σA(ϕ) ⊂ {0}. Conversely,
let σA(ϕ) ⊂ {0}. By Wiener’s tauberian theorem [40, Corollaries 7.2.5], we get
{f ∈ L1(R) : f̂(0) = 0} ⊂ IA(ϕ). Let g ∈ L1(R) be any element and s ∈ J be any
number. We have (Rsϕ−ϕ) ∗ g = ϕ ∗ (Rsg− g). Since R̂sg(0)− ĝ(0) = 0, for all
s ∈ R, we obtain ϕ ∗ (Rsg − g)|J ∈ A. This implies g ∈ IA(Rsϕ − ϕ) and hence
IA(Rsϕ− ϕ) = L1(R). By Theorem 4.2.1, we get ∆s(ϕ)|J ∈ A.

As a consequence, we obtain

Corollary 4.2.3. Let ϕ ∈ Cub(R, X) and let σA(ϕ) ⊂ {0}. If ϕ ∈ E(J, X),
then ϕ|J ∈ A.

P r o o f. By Theorem 4.2.2, we conclude that ∆sϕ|J ∈ A for all s ∈ J. By
Theorem 3.1.2, we get ϕ|J ∈ A.

In the following we extend a result of Favard [21] concerning the indefinite
integral of complex valued almost periodic functions. We prove
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Theorem 4.2.4. Let ϕ ∈ Cub(R, X) be such that its Beurling spectrum does
not contain 0. Let ϕ|J ∈ A and ψ(t) =

∫ t
0
ϕ(x) dx. Then ψ ∈ A.

P r o o f. Since ϕ∈Cub(R, X), its indefinite integral ψ ∈ Cu(R, X). There exist
δ > 0 and f ∈ S(R) such that ]−δ, δ[ ∩σ0(ϕ) = ∅, f̂(0) = 1 and supp f̂ ⊂ ]−δ, δ[ .
This implies that f ∗ϕ = 0. Since d(ψ ∗ f)/dt = 0, we conclude that ψ ∗f = x for
some x ∈ X. This implies f ∗(ψ−ψ∗f) = x−x = 0 and means that the spectrum
σ0(ψ − x) defined by (4.1.3) does not contain 0. Applying [6, Theorem 3.1], we
get ψ−x ∈ Cub(R, X). Repeating the same argument for Ξ(t) =

∫ t
0
[ψ(x)−x] dx,

we conclude that Ξ ∈ Cub(R, X). By Proposition 3.3.1, we obtain ψ ∈ E(R, X).
Since ϕ|J ∈ A and ψ ∈ E(R, X), we get ψ ∈ A, by Theorem 3.1.1.

We recall that a subset of R is called residual if and only if it is closed and
does not contain nonvoid perfect subsets. A closed subset of R is residual if and
only it is countable. A residual subset of R without isolated points is void.

The following criterion plays an important role in the study of the behaviour
of solutions of many functional equations.

Theorem 4.2.5. Let ϕ ∈ Cub(R, X) and let σA(ϕ) be residual. If ϕ|J ∈
TE (J, X), then ϕ|J ∈ A.

P r o o f. We show that σA(ϕ) does not contain isolated points. Indeed, assu-
ming that λ0 is an isolated point of σA(ϕ), there exists δ > 0 such that the open
interval ]λ0 − δ, λ0 + δ[ ∩ σA(ϕ) = {λ0}. Choose f ∈ L1(R) such that f̂(λ0) 6= 0
and supp f̂ ⊂ ]λ0−δ,λ0+δ[ . Since TE (J, X) is a TICSC-class, ϕ∗f |J ∈ TE (J, X).
By (4.1.5) and (4.1.7), σA(λ̂0

−1ϕ ∗ f) ⊂ {0}. From the assumptions, we conclude
that λ̂0

−1ϕ ∗ f |J ∈ E(J, X). By Corollary 4.2.3, we obtain λ̂0
−1(ϕ ∗ f)|J ∈ A. By

property (P.2) of A, ϕ ∗ f |J ∈ A. This means that λ0 6∈ σA(ϕ), a contradiction
which shows that σA(ϕ) does not contain isolated points and hence it is void. By
Theorem 4.2.1, we conclude that ϕ|J ∈ A.

We remark that in fact we proved

Theorem 4.2.6. Let ϕ ∈ Cub(R, X) and let σA(ϕ) be residual. Let λ̂−1ϕ|J ∈
E(J,X) for all λ ∈ σA(ϕ). Then ϕ|J ∈ A.

5. Application to integro-differential difference equations

In this section A will denote a Λ-class from Cub(R+, X). We solve problem
(L) for the following equation:

(∗) l(ω) = ω(n)(t+ tn) +
n−1∑
k=0

akω
(k)(t+ tk) +

∞∫
0

g(t+ s)ω(s) ds = ϕ(t)

where {t0, t1, . . . , tn} ⊂ R+, {a0, a1, . . . , an} ⊂ C, g ∈ L1(R+), ϕ ∈ A.
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We note that this equation is studied by many authors (e.g. [5], [12], [18]) in
the case A = AP (R, X). To our knowledge, this equation is not studied even for
A = AAP (R+, C).

5.1. Reduction of equations on R+ to equations on R. In this subsection
we reduce the study of solutions of equation (∗) to the study of solutions of
an equation defined on R. We denote by C

(n)
ub (−∞, 0) the set of all functions

f : ]−∞, 0] → C such that f, f ′, . . . , f (n) are uniformly continuous bounded
functions. We prove

Lemma 5.1.1. There exists f0, f1, . . . , fn∈C(n)
ub (−∞, 0) such that f (k)

j (0) = 1,

k = j and f
(k)
j (0) = 0, k 6= j, where k, j = 0, 1, . . . , n and f

(0)
j = fj , j =

0, 1, . . . , n.

P r o o f. The functions f0(t) = e−t
2n

, f1(t) = te−t
2n

, . . . , fn(t) = (tn/n!)e−t
2n

satisfy the needed properties.

Lemma 5.1.2. Let ω be a bounded solution of the equation (∗) and let f0, f1,
. . . , fn ∈ C(n)

ub (−∞, 0) satisfy the conditions of Lemma 5.1.1. Put

(5.1.1) Ω(t) = ω(t), t ≥ 0, and Ω(t) =
∑n
k=0 ω

(k)(0)fk(t), t ≤ 0,

(5.1.2) G(t) = g(t), t ≥ 0, and G(t) = 0, t ≤ 0,

(5.1.3) Φ(t) = ϕ(t), t ≥ 0, and Φ(t) = Ω(n)(t + tn) +
∑n−1
k=0 akΩ

(k)(t + tk) +∫∞
−∞G(t+ s)Ω(s) ds, t ≤ 0.

Then Ω is a bounded solution of the equation

(5.1.4) Ω(n)(t+ tn) +
∑n−1
k=0 akΩ

(k)(t+ tk) +
∫∞
−∞G(t+ s)Ω(s) ds = Φ(t).

The proof follows from the definitions of the extended functions Ω, Φ and G.

We end this subsection by the following

Lemma 5.1.3. If ω is a bounded solution of equation (∗), then each of the
functions ω′, . . . , ω(n) is bounded and uniformly continuous.

P r o o f. By Lemma 5.1.2, Ω is a bounded solution of equation (5.1.4). By [33,
Proposition 4, p. 95], we conclude that Ω(k) ∈ Cub(R, X), k = 1, 2, . . . , n. This
implies that ω(k) ∈ Cub(R+, X), k = 1, 2, . . . , n.

5.2. Solution of problem (L) for integro-differential difference equa-
tions. In the following we prove

Theorem 5.2.1. Let the Fourier transform Ĝ of the function G defined by
equation (5.1.2) be analytic on R. Let ω be a solution of equation (∗). If ω ∈
TE (R+, X), then ω ∈ A.

P r o o f. Define

(5.2.1) z(l) = {λ : (iλ)neiλtn +
∑n−1
k=0 ak(iλ)keiλtk + Ĝ(−λ) = 0}
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Since Ĝ is analytic, the set z(l) is residual. Let λ0 6∈ z(l). There exists h ∈ S(R)
such that ĥ(λ0) 6= 0. Since ω ∈ TE (R+, X), it is a uniformly continuous bo-
unded solution of equation (∗). Therefore by Lemma 5.1.2, Ω is a uniformly
continuous bounded solution of equation (5.1.4). By [33, Proposition 4, p. 95),
Ω(k) ∈ Cub(R, X), k = 1, . . . , n. Denoting G(−t) by Ǧ(t) and convoluting equa-
tion (5.1.4) by h, we get

(5.2.2) RtnΩ
(n) ∗ h(t) +

∑n−1
k=0 akRtkΩ

(k) ∗ h(t)− Ǧ ∗Ω ∗ h(t) = H ∗Ω = Φ ∗ h

where H(t) = Rtnh
(n)(t) +

∑n−1
0 akRtkh

(k)(t)− Ǧ ∗ h(t). The Fourier transform

(5.2.3) Ĥ(λ) = ĥ(λ)[(iλ)neiλtn +
∑n−1
k=0 ak(iλ)keiλtk + Ĝ(−λ)]

shows that Ĥ(λ0) 6= 0 if and only if λ0 6∈ z(l). Since Φ ∈ Cub(R, X) and Φ|R+ =
ϕ ∈ A, we get ψ|R+ ∈ A for ψ ∈ L(Φ). Using Lemma 1.2.1, we obtain Φ∗h ∈ L(Φ)
and hence Φ∗h|R+ ∈ A. Since Ĥ(λ0) 6= 0, by Definition 4.1.3, we get λ0 ∈ %A(Ω).
Hence by (4.1.1) we get σA(Ω) ⊂ z(l). Since z(l) is residual, by Theorem 4.2.5
we conclude that ω = Ω|R+ ∈ A.

In fact, the following is true:

Theorem 5.2.2. Let the Fourier transform Ĝ of the function G defined by
equation (5.1.2) be analytic on R. Let ω be a bounded solution of equation (∗). If
λ̂−1ω ∈ E(R+, X) for all λ ∈ z(l), then ω ∈ A.

Concluding remark. It is worth noting that the results of Sections 1, 3–5
hold true if we replace the Banach space X by a Fréchet space F . In this case
AAP (J, F ), W (J, F ) and TE (J, F ) are Λ-classes.
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