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1. Introduction

It is well known that steel is a very complicated material. At certain
critical temperatures its internal energy state changes abruptly. In this
study different internal energy states are called phases. Every phase
change process involves a latent heat which is absorbed or liberated
depending on the direction of the phase change process. One well-under-
stood example is the solidification (or melting) of steel.

At temperatures below the melting point of steel, several recrystalli-
zations which are solid-solid phase change processes occur. Such strue-
tural changes involve a latent heat, one power of ten less than the latent
heat of melting. All phase change processes of steel are very complex
in that they may be accompanied by diffusion of carbon or carbon com-
pounds.

Among the structural changes of steel the phase change process in
a temperature range U, < %< U, which involves the three phases of
pearlite, ferrite and austenite called austenitizing treatment is of great
importance. Throughout the paper steel is assumed to be ferrite con-
taining uniformly distributed grains of pearlite. In the following sections
a mathematical model is developed for the description of the local tem-
perature field in the neighbourhood of a pearlite grain during the austeni-
tizing treatment, The size of a pearlite grain is approximately of the
order of 10~° metres. For the sake of simplicity a simple concept of carbon
diffusion is used in the model.

2. Assumptions of the model

In the model the structural change into austenite is considered in a grain
of pearlite and its surroundings of ferrite. Let the steel be preheated
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in such a way that its initial temperature is a constant U,, U, < U,
throughout. As a consequence of internal heat sources the temperature
rises with time during heat treatment. The structural change into austenite
absorbs latent heat (recrystallization heat} in two steps. In the firgt
step the grain of pearlite changes into austenite at temperature U,.
The corresponding latent heat A, is a constant. The second is the phase
chango of ferrite into austenite at the moving boundary of the growing
grain of austenite in a temperature range of U, <u< UZ The structural
change stops if all ferrite is replaced by austenite.

The mathematical model assumes that pearlite, ferrite and austenite
are homogeneous materials with constant density g,q, 6, 04y, With
constant heat conductivity Fk,., ks, k,,, and constant heat capacity
Cpoy Cto) Can TeSPectively. The density differences between the three phases
are ignored and a common density ¢ = }(ope+ 0te+ 0pn) 1S used.

The considered austenitizing treatment is accompanied by carbon
diffusion. The assumptions stated here are that the carbon concentration
of pearlite is constant and equals C; while the carbon content of ferrite
is neglected. In the following the shapes of the grains and its surroundings
are supposed to be concentric spherical domains of radius R, and R,
with a2 temperature field of spherical symmetry.

In the second step, the phase change temperature of ferrite into
austenite depends on the carbon concentration in austenite. The latter
is assumed to be only time dependent. Conservation of mass applied to
the carbon content of the growing austenite ball of radius s(t) gives

C. R} = c(l)s3(t) = O,RS.

Now the iron-carbon diagram shows that the phase change temperature
decreases from U, for pure iron to U, for steel of a carbon concentration
of 0, (see Tig. 1). The linear function

Us—U,
Cy

is a good approximation for this type of temperature-concentration
dependence. From the above relations, the variable phase change tem-

U= U;— C

Uk
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perature is obtained by

U,-U
U= Ua—:—a(t)lR:]!, ngs(i)“‘;‘RZ‘

This phage change involves the constant latent heat A,.

3. Mathematical model
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The mathematical model consists of two one-dimensional boundary

value problems.

ProBLEM 1. Find two functions u(r,t) and %(r,t) so that the follow-

ing equations hold:

ou 1 9 o
plefu)+ A 8(u—0) 3t = ek 3 1w,
0<r< R, 0<t<T,
on 1 ¢ ou
cho_at— =2 o (’%re 7) + ftes

R <r< R, 0<igT,

(r, 0) = U,, 0<r< Ry,
u(r,0) =U,, R, <r<R,,

an
- =0,
or |pmo
w(Ry, t) = %(By,t), 0<t<<Ty,
0 o
w)— = Jo4. ——
( ) ar r=R—0 fe or r=-R1+0’
0%
el =0,
cr re=1Rty
where
 Jepey < Uy,
o(n) = \Cany %> Uy,
o ey < Uy,
kE(u) = {knui w> U,.

The heat source terms are expressed by

_ Nfeer w< Uy,
f(’u’) - {faw u° > Ul)

By é(u) the Dirac delta function is devoted.

and  fi,.
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At the time level { = T, defined by

T, = min{t: min «(r,?) > U}
>0 0<1"€R1

the pearlite has changed into austenite. The initial distribution of the
gecond step is then defined by

p(r) =ulr,T), 0<Lr< By,
p(r) =u(r,T,), RB,<r<R,.

PROBLEM 2. Find functions w(r,t), s(t), @(r,t) satisfying the equa-
tions

ou 1 o

on
Qcanﬁ‘ = F'aT (7‘2 kau F) +fa.u’

O<r<s(t), Ty<tLT,,
ou 19 0%
M=% e, 22
% 35 T 7 o ( fo or
s <r < By, T, <1< Ty,
uw(r, T)) = o(r), 0<r< R,
u(r, T)) = g(r), R, <r<R,,

) + o

d

il =0, I <t Ty,

Or |preg

— US—UT 3
u(s(t),t) = B(s(t), 1) = Uy— —s—S(t)—R“ T, <t T,,
, ou ou
0Ay8" (1) =kte_,‘ Foy — , T<iti< Ty,
T |r=s+0 O |pms—o

ow

—_— = 0, T1<t<T2’

ar T—R2

(T, = R,.

At the time level T, defined by s(7,) = B, the ball of radius E,
has changed into austenite.

Generally ¢(R,) =U, cannot be expected. To guarantee the conti-
nuity of the solution at the time level t = T, the temperature U, is re-
placed by Ui = ¢(R,). Problem 2 is & two-phase Stefan problem with
variable temperature at the moving boundary,

Three situations of the mathematical model at different time levels
of the structural change into austenite are illustrated in Figure 2.
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pe-pearlite, fe-ferrite, au-custenite

TFig. 2

4. Numerical solution by finite difference methods

Let @;, be a mesh defined by the mesh points (r;,1,):
Wpe = {(""i) ta)y 13 =th, { = 0y.eey Nayeony Ny Ny =Ry, Nk = Ry,

tn=')’b'ﬂ‘, ’}’b——‘O,...,Ml,
t’)l=tM1+ Z Tj_Ml, n=ﬂf1+1,...,M1+.N2—N1},
-Ml+1<i<n

where AL, is a priori unknown.

The numerical solution of Problem 1 is hased on implicite difference
methods. For numerical reasons, the Dirac delta function d(u—-U,) is
approximated by a function §,(%)> 0 with

O4(u) =0 for |Ju—U, > 4,
Up+d
[ s(uyan =1.

U-4
There are several ways of choosing L, or C* (k> 0) approximations for
the delta function. Such an approximation can be interpreted as a dis-
tribution of the latent heat in the first step over the interval U,—4 < %
<< U,+4. Thus the phase-change region consists of all mesh points #; for
which the approximate values y,, of the temperature w(r;,?,) satisfy
U,—4< Yin < U+ 4. The ecrucial point of the method is the choice
of the parameter 4. It must be great enough to ensure that sufficiently
many mesh points are in the phase change region and, on the other hand,
d4(u) must be a good approximation of the delta function. Similar ques-
tions oceur using C* (k> 0) approximations for ¢(u) and k().

The approximation of Problem 1 by a system of finite difference

equations is given in Problem 1’.

10 — Banach Center t. XIII
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ProBrEM 1.

1 yi— R + yri,
Y (0 (yi,n) -} ;"1 azl (yi,n))‘yf,i,n = _‘_2‘ (7'12"—1/2 iz (——12_—”) y;,i) . —}_f('yi,n) »

,l: =1’..-,N1_1, n = 1, seay 'Ml’
_ 1
00 Yiin = 3

r;

’l: == Nl_]_]" ...’Nz—l’ n = 1, RN 'A/[I,

("'z?— 1/2 ke ?F,i)r.i,n + ftos

Yo = Upy & =0,..., Ny,
yi,oz U07 ile“'l:'-wNz;
Yeom =0,

k ( le—l,u + le.n

p ) y;,NI,n = 7Cfeyr,N1.n7 n = 17 ceey M17

le,n = le.ni
y;,Nz,ﬂ = 0'
Using through-count finite difference schemes ([1], [2]), the nonlinear
systemn of difference equations in Problem 1’ is solved by iterative methods
for quasilinear parabolic equations, see [1]. Then the integer M, is de-
fined by
M, = min(n: min y,,> U,+4)

% 1<i<N,y

and t =t may be regarded as an approximation of T,. The discrete
initial distribution for the numerical solution of Problem 2 is given by

’Pi=yz‘,Ml’ t =0,..., Ny,
¢i=yi,ﬂlli i =Nyy...y Ny
The finite difference method for Problem 2 ig based on a well-known
front tracking approach studied in many previous papers. The time
steps 7,_ps, have to be determined so that the free boundary moves from

the mesh point Yy+n-3r,-1 10 Iy pn_py, during the time v,_p =1, —1,-1y
n=2M+1,...,M,+N,—N,.

ProBrEM 2’

1

'yi',n - yi,n -1
el LA L 5
1

.2 . -
(7 t—1/2 Il‘ml yr.i)r,f,n +fau H
Tn-M, T3

QBJ.]

§=1,..., N, 4+n—M,—1,
9% == M]+1’ LR ] M1+NZ_N1’
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Yin— yi,n—l 1 a —
@ty — ————— =— ("1'-—1/2 Fge Tridran+Jtes
n~M, i

t=N,+n—-M,+1,..., N,—1,
=DM +1..., M\+N,—N,—2,
Yorr, =@ 0 =0,..., N,
Yir, =y t=DNy,.., N,
Yoo =0, n=M41,.., M,+N,—N,,

3
.
_ = _ * 1
Ynyin-Mpn = UNjtn-dyn = Ua—(Ua_UI)(_———“) ]
TN1+71'—M1

04, = kg, YrNitn—Mpn— k&uy;,Nﬁn—Ml.nr

T

n = .ﬂ[1+1, reoy M1+-N2'_N1_1)
Yrgn =0, n=M;+1,..., M,+N,—N,—1,
TM+Ny—N; = TM 4+ Ny—Nj—1°

The algorithm proposed in Problem 2’ has been investigated for a more
general Stefan problem, characterized by variable temperature at the
moving boundary and inhomogeneous heat equations formulated by
cartesian coordinates in [3]. The system of nonlinear difference equations
may be solved by well-known iterative techniques, used in [3], or by
the application of Newton's method [4].

5. Results

The proposed mathematical model for a local temperature field of a struc-
tural change into austenite in a small spherical grain has been used to
compute the time-delay of temperature growth. Because the diameters
of the considered balls arc small, the computed approximate values y, , and
Y;, for the temperature differ only in the last decimal places, i.e. the
temperature over one such spherical grain is at any time level virtually
constant. If a constant growth of the temperature is assumed, then, as
a consequence of the phase change in the first step, the temperature
growth stops temporarily at the temperature U,. After the first step
the slope of the temperature growth is smaller than the original one
because part of the supplied heat is absorbed at the moving boundary.
At time level LM s Ny =N which may be considered as an approximation
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of T,, all ferrite is replaced by austenite and subsequently the growth
of the temperature is the same as before (sec Tig. 3).

uit) 4

U2
U

TFig. 3

From measurements of the interior of the samples during the aus-

tenitizing treatment, it is known that the temperatures «(I) alter in
the above manner,
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