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Introduction

Since 1960 it has been possible to observe great progress in the theory
of differential games. There are two basic trends in this field. The aim of the
first is the construction of general models of such games and investigations of
sufficient conditions of the existence of the value of the game, optimal
strategies etc. Typical results of such studies are contained in [10], [16],
[17], 1271, (321, [33], [38].

The second line of investigations aims at finding some constructive
methods, at least for some classes of such games. The question how to
determine the value of the game, an optimal or satisfactory strategy etc., is
typical for this trend. A number of papers have been devoted to the study of
some very special examples of differential games, see e.g. [8], [26], [29], [35],
[36], [39]. Especially a great many beautiful examples can be found in Isaacs
[14].

Quite general but in some sense constructive methods have been
established for the class of so-called pursuit or evasion games. Methods of
efficient pursuit (see e.g. [7], [9], [21], [26], [31]) or efficient evasion (see e.g.
[6], [15], [22], [23]) have been found.

The subject of the above-mentioned papers is a game governed by a
differential equation z’' = f(z, u, v), where f: R*"xU xV —> R" and U, V are
non-empty, compact subsets of R* and R' respectively. The aim of player E
(evader), who controls parameter u, is to avoid the coincidence of the
solution z with a fixed linear subspace M of R". The aim of the second player
P (pursuer) which controls parameter v is opposite.

An effective method of evasion for linear differential games has been
given by L. S. Pontrjagin under the assumption dim(M) < n—2. The essence
of this method lies, roughly speaking, in reducing the problem of avoiding M
to the problem of avoiding one point contained in the orthogonal
complement W of M. The method has also been extended to the non-linear
case (see e.g. [6], [15]).

In games with more than one pursuer the set M is the union of an
adequate number of linear subspaces. In this situation Pontrjagin’s method
fails to work directly. For this reason sufficient conditions for the existence of
an evasion strategy with many pursuers need some extra assumptions (see
e.g. [5], [6], [11], [12]). Many examples of such games have been presented
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in [4], [28], [29], [35], [36], together with some direct arguments leading
straight to the solutions of the above-mentioned examples.

In this paper we propose a constructive method of evasion for
differential games with many pursuers. The method can be applied to the
above-mentioned examples as well as to many others for which the known
theory fails to work. It is worth mentioning that we do not assume that the
evader knows at any moment t the decision of the pursuer v(r), which
assumption was crucial for the results presented in [11], [12], [15], [20],
[22], [23]. Some of our ideas have already been used in [28], [29], [30].

In the first two sections we follow our paper [30] introducing the basic
definitions and proving the main lemma. In Section 3 a certain sufficient
condition of the existence of the evasion strategy for a differential game with
many pursuers is obtained. In Section 4 we deal with the problem of evasion
along each trajectory. It is interesting to observe that, very often, if the
evader E wins along each trajectory in a separate game against one pursuer
P, i=1,2,...,n then he also wins in the game against all pursuers P,,
P,, ..., P,. Section 5 is devoted to the study of games with several evaders
and pursuers. It is assumed that all evaders have to use the same control
during the whole game. Other possibilities of using of our construction are
briefly mentioned in Section 6, where an evasion game with incomplete
information is considered. Incomplete information means that the evader is
not able to evaluate exactly the position of the pursuer.

1. Preliminaries

1.1. Notation

For ne N and a, be R" denote by {a, b) the Euclidean scalar product of
the vectors a, b and put ||q|| = ./<a, a>. Define comp(R") to be the family of
all non-empty and compact subsets of R".

For A, B< R", GeR", r =20, introduce the following notation:

24 denotes the family of all subsets of A,

conv A denotes the closed, convex hull of the set A,

Int A denotes the intertor of A,

B"(a,r) = {aeR" |la—d|| <r},

A+B ={a+b: ac A, beB).

If z is an arbitrary function, then Dz will denote the domain of that
function. For te[0, o), t*e(t, o) and for two arbitrary functions x, y
defined at least on [r,+*) and [t*, o), respectively, denote by x{t*>y a
function z, with Dz = [t, o), such that z(s) = x(s), se[t, t*) and z(s) = y(s),
se[t*. x).
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We will consider measurable functions defined only on the intervals
[t, o), where t = 0.
Finally, denote by p the Lebesgue measure on R.

1.2. Control systems. Strategies

Let us fix two natural numbers m, i and a set Wecomp(R"™). Let W,
denote the set of all measurable functions w: [t, co)—> W for t > 0.

Suppose that for any ¢t >0, ae R" and we W, the symbol Z(t, a, w)
denotes a continuous function from [r, oo) into R™ satisfying the conditions:

Z(t,a,w)(t)=a, Z(t,a, w)(t*)=Z(0,a, w)(t*—1),
where W(s) =w(t+s), s 20,

Z(t, a, w*D>w*) = Z(t, a, w) *D Z(t*, Z(t, a, w)(1*), w*)
for any t*e(t, ) and w*e W,..

DEerFINITION 1.1. The function Z is a control system over (R™, W) if for
any (¢, a)e [0, ©) x R™ and any T > 0 functions from the set Z(t, a, W)) are
equicontinuous on the interval [, t+ T].

For each ¢t > 0 define =, to be the set of all closed and well-ordered sets
A < [t, o) such that min 4 = and sup A = 0. For Ae =, and ae A define
a,=min{seA4: a <s)}.

Throughout this paper the symbol X (sometimes with indices) will stand
for a control system of the player £ and the symbol Y (also sometimes with
indices) for a control system of the player P.

Now we are going to define the evader’s and the pursuer’s strategies
(see also Definitions 1.1 and 1.2 of [29]).

Suppose X is a control system over (R, U), Uecomp(R‘), Y is a
control system over (R', V), Vecomp(R)) and (t,, aq, bo)e [0, 0) x R* x R is
a fixed situation.

DeriniTiION 1.2, A pair (e, #e) is a strategy of the player E if
e: Y(to, bo, Vi)) > U, #e: Y(to, bo, Vi) > E,, and the following condition
is satisfied:

(ES) if y,VeY(to, bo, V), Voo = My and e #e(y), then also
<€ #e() and e(}.)]['O':#e(}‘)) = e(.r)l[,o,; pe(F)"

The set of all such strategies will be denoted by E(X, Y, aq, b, to).

Remark 1.1. In many papers there are a large number of different
definitions of the strategy for the evader. The above one has some common
ideas with that from [24]. I had tried to use some other, more “constructive”
strategies before I decided to apply the above one. However, my attempts led

to various technical difficulties. Moreover, the strategies used in this paper
can also be applied by the pursuer in some special games, in which he has

0
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to avoid capture by some additional players Q,, Q,, ..., Q,, see Example 2
of [28].

Derinmion 1.3. A function p: U, -V, is a strategy of player P when
the following statement holds:

(SP) for any t>1, and u, e U, , if u(s)=i(s) almost everywhere on

[ty. 1]. then also p(u)(s) = p(@)(s) almost everywhere on [, t].

The set of all such strategies will be denoted by P(U. V, 1,).

Note that functions satisfying condition (SP) are so-called non-
anticipating functions, see [38].

Remark 1.2. Employing analogous arguments to those used in the
proof of Theorem 1 of [24], one can state that the set of all outcomes
resulting from arbitrary two strategies (e, #e)e E(X, Y, ay,, by, to) and
pe P(U, V, t,) is non-empty and consists only of a single pair of trajectories.

Now we turn to the definition of a particular case of the so-called &-
strategy, see [24].

Suppose that functions q and & are defined on [t,, o) x R* x R' and
satisfy the conditions

q(t,a,b)elU, and 6(t,a, b)e(0, x0),

for any (t, a, b)e[ty, ) x R x R".

ProposiTioN  1.1.  There exists a wunique strategy (e, #e)
€E(X, Y, aq, by, to) such that for any yeY(to, bo, Vi) and Ce #e(y)
we have

é#e(_\‘l = €+6(é’ x(é)! ,V({)),
x(0) = X (& x(&), q(&, x(©), YW@,  tel&, Epern)s

where x = X (to, ao, e(y)).

The proof of this theorem is analogous to the proof of Theorem 1
of [24].

DerinimioN 1.4. The function e from Proposition 1.1 will be denoted by
(g, J, ao, bo, ts] and we will say that the set #e(y) is determined by
[q’ 6a ao, bOa tO] and y fOI' JE Y(IOs bO, I/l )

Further, to make the notation simpler, we will write
[qi 6’ do, bO’ to]GE(X, Y, Ao, bOa tO)'

Finally, let us introduce final definitions, see also [11]. Call ¢: R* x R'
— [0, o) a payoff functional if it is uniformly continuous. Next, denote by
w, a non-decreasing modulus of continuity of this functional, that is,

lo(a, b)—@(@, b)l < wy(la~all+|lb—bl), a, deR, b,beR.
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DirintTioN 1.5, A strategy (e, #e)e E(X, Y, aq, by, to) guarantees the
result d in the game (X, Y, aq, by, to; @) on the interval [t4, 1o+ T] if

¢ (X (to, a0, eM)(1), (1) = d
for ye Y(to, bo. V,} and te[to, 1o+ T].

DeriniTion 1.6. The player E wins in the game (X, Y, ag, by, to; @) on
the interval [t,, to+ T] if there exists a strategy (e, #e)e E(X, Y, aq, by, to)
which guarantees a result d > 0 in this game on the interval [¢q, to+ T].

DerFiniTION 1.7. The player E wins locally in the game (X, Y, @) if for any
(t, a, b)e [0, o0) x R* x R' such that ¢(a, b) > 0 and any T > 0 he wins in the
game (X, Y, a, b, t; ¢) on the interval [z, t+ T].

Remark 13. It is easy to see that, if E wins locally in the game
(X, Y, @), then for any (t, a, b)e [0, ) x R* x R' such that ¢(a, b) > O there
exists a strategy (e, #e)e E(X, Y, a, b, t) satisfying the condition

@(X (¢, a, e(»)(s), ¥(s)) > 0,

for all yeY(t, b, V}) and se{t, o).

Thus, in this case, one can say that E wins in the game (X, Y, ¢).

Remark 1.4. One can say that the above strategy is a winning strategy
of the evader. Conversely, one can also say that pe P(U, V, t) is a winning
strategy of the pursuer in the situation (¢, a, b) if for any ue U, there is an
se[r, o) such that @(X (¢, a, u)(s), Y(t, b, p(w)(s)) = 0.

From Remark 1.1 we conclude that there is no situation (r, a, b) in
which both the evader and the pursuer would simultaneously have winning
strategies.

2. Main lemma

In this section we will prove an auxilliary lemma. Using this lemma in
the next sections, we will be able to reduce the investigations of very difficult
evasion games with many pursuers to the study of a separate game against
a single pursuer.

DeriniTioN 2.1, Suppose (e, #e)e E(X., Y, ap, bo. ty) and T >0.
A function M: [ty, to+T)x Y(ty, by, V,O)—>2“k"" is connected with
(e, #e) on the interval [ty, 1o+ T] if

M(t,y)=M(t, ) =M(,y)

for all y, 7e Y (to, bo, V;y), £€ #e(y) N [to, to+ T) and te[£, £ 4.y), Whenever
)4['0: 6] = ﬂ[!o,ﬂ'
For each t >ty define X [tq, ao; t] to be the set {ae R*: there is an
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xe X(to, ao, U,) such that x(t) =a} and define Y [to, bo; t] in a similar
way.

Now suppose (eq, #eg)e E(X, Y, aq, by, tg), Lo+ Te #eq(y) and

Shegn—E2¢ >0, Ce#e(V)nlto, to+Tl, yeYl(to, bo, Vi),

¢: R* xR - [0, ) is a payoff functional, M is connected with (e,, #e,) on
the interval [tq, to+ T and 5, H are positive constants.
Let us introduce the following hypotheses:

(H1) There is a (>0 satisfying the implication: if u,#eU,
and p(ltelto, to+T1: u(t)# d(N}) <, then ||X(to, ao, u)(1)—
—X{(to, ag, (N <n for tet, t,+T].

(H2) There are a ¢ > 0 and a non-decreasing function 6: [0, o) — [0, )
with the following property:

i'f ye Y(r07 b_Oa I/lo)’ ée #eO(y) N [t(b t0+ T)9 te[é? é#eO(y))v ae
X [to, aos t], beY[to, bo: 1], ”a_X(IOa ao, eo(}’))(f)” <n (a,b)

eM(t, y) and ¢(a, b) < @, then
o(X (2, a, eo(»)(s), () = G(s—1),
for all jeY(t, b, V) and set, t+ HIN[E, &pegnl-

(H3) There exists a non-decreasing function ¢*: [0, o0) - [0, o) and for
any he(0, H] one can find ¢* > 0 satisfying the following condition:

if  yeY(to, bo, Vi), Ce#eoW)Nlto, to+T),  tell, Cuegm)
ae X [to, ag; t], be Y [to, bo; 1], [la—X (1o, a0, eo(»)W)|| < 1, (a, b)
¢M(t,y) and ¢(a, b) < ¢*, then we have h*e(0, h] and u*eU,
such that

@(X(t, a, u¥)(s), §(5) = 0*(s—1),  selt, t+h*1N[&, Epeonl;

X(t, a, u*)(t+h*), 5t +h*))e M(t +h*, y), provided ¢ <&, ,, —h*
oy
for all yeY(t, b, V).

Denote by w a non-decreasing modulus of continuity such that
[lx(s) = x (N +1ly () —y Il < w(ls—1)

for xe X(to, a0, U,y), ye Y(to, bo, V) and s, te[tq, to+T].
Define
n* =min{neN: T<nc] and m*=min{meN: T < mH}.
For

h = min {c/(2m*), {/(n* m*))
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(where { is taken from (H1)) take ¢* in accordance with (H3),
@ = min |{@, ¢*) and j*e N such that w,(w(T/(* m*)) < {6,

where w, denotes a non-decreasing modulus of continuity of ¢.
For r 2 0, let
&(r) = min max {a*(s), r —w, (w(s))]
se[0,H]

o(r) = min max {(s), §(r)—w,(w(s))}.
s 0.H]

and

LemMma 2.1. Under the above assumptions, there exists a strat-
egy (e, #e)e E(X, Y, ao, bo, to) such that, if* yeY(to, bo, V;)) and
x = X(to, ag, €(y)), then

to+Te #e(y),  Lueny—CZc*m*),  Ce#e(y)nlto, to+T),

[|x(5)— X (t0, a0, o)) <n,  selto, to+T],
(p(x(s), }’(5)) = min { ((P(ao, 0)) (ﬁ} s€[to, (to) #e]s
@(x(8), y(&) = min {6 (c/(2m*)), 1 5}, $e #eo(y) N (to, Lo+ T1,
@(x(s), y(s)) > o (min {§(c/2m*), 5B}),  se[(to) seir)r Lo+ T

Proof. To prove this lemma we first find, for arbitrary ye Y(to, ho. V),
the appropriate Strategy [‘I(.V), 5(y)s do, bO’ to]GE(X, sz ao, bO’ IO)‘
For te[te, to+T), yeY(to, bo, Vi), aeX[to, ao;t], beYl[tq, bost]
satisfying the conditions:

”a_X(t07 do, eo(}’))(t)” < n, (a) b)¢M(t’ ,V) and (p(a’ b) < (»6

take (e #eo(y) such that { <t <y, ) and denote by Q(t, a, b, y) the set
of all pairs (u*, h*)e U, x(0, h] such that

(P(X(l, a’ u*)(s), .‘V.’(S)) 2 O'* (S—t), S€E [t’ t+h*] M [é’ é#eo(}')]’

(X(t, a, u*)(t+h*), F(t+h*)e M(t+h*, y), provided ¢ <&, —h* for all
yeY(t, b, V). It is clear from (H3) that the set Q(t, a, b, y) 1s non-empty.
Since M is connected with (ey, #e,) on the interval [ty, to+ 7], we have
(t, a, b, y)e DQ iff (1, a, b, P)e DQ for all y, e Y(to, by, V) such that |, ,
= Jluon- Furthermore, in that case, Q(¢, a, b, y) = Q(t, a, b, ).

It follows from the above that there exists a selector Q* = (U*, H*) of Q
with the properties:

Q*(t,a, b, y)eQ(t,a, b,y) and Q*(t, a, b,y)=0Q*(t, a,b, ),

for y, §€ Y(to, bo, Vi), t€[to, to+ T), ac R, be R, whenever (1, a, b, y)e DQ
and Ylyon = Mg
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Now, fix arbitrary ye Y(to, bo, V), (1, a, b)e[to, c) x R”* x R' and take
¢e #eo(y) such that & <t < Cyppy)-

H ¢t <ty+T aeX[to, ap;t], beY[ty, by; t],
€1, (a, b)¢M(t, y) and ¢(a, b) < @, then we put

q(y)(t7 a, b) = U*(ts a, ba Y) <S*>eO(y)9

where s* = min {t+H*(t, a, b, y), E4enn)-

In all the other cases

gL, a, b) = eo (Y)lr, wy-

The function §(y) we define in the following way:

If ¢(a, b) = @, then we put

6(y)(t7 a, b) = min {é#eo(y)—t’ (é#eo(y)_é)/(i* m*)})
if, conversely, ¢(a, b) < @, then take
5(y)(tv a, b) = min {f#eo(y)_ts (é#eo(y)_é)/m*}'

Let e(y) = [q(y), 0(¥), aq, bo, to](y) and let #e(y) be the set determined
by [q(y), 6(y), ao, b, to] and y for yeY(to, bo, V).

It is easy to see that

q(y)(s, a,b) =q()(s,a,b) and 5(y)(s, a, b) =5())(s, a, b)

for all y, FeYl(to, bo, Vi), With ylyo =g =1t and (s, a,b)
e[ty, t] xR* xR".

It follows from the definition of d(y) that #ey(y) = #e(y), for
Y€ Y(to, bo, V), so that (e, #e) satisfies condition (SE) of Definition 1.2 and,
moreover, to+ Te #e(y) for ye Y(tq, by, V,,.)-

Next, we will prove the remaining properties of (e, #e). Let
ye Y(to, bo, V) be fixed. From the definition of §(y) we conclude that

la—X (to, a0, eo(») ()|

Evan—E = /*m¥)  for Ee #e() N [to, to+T).
Note that for {e #eo(y) N [to, to+T) and ae #e(Y) N [E, Eypegyy) If
€Wz oy # €0 Wiz oy
then, by the definitions of ¢ and 4,
@(X (to, a0, ()@, y@) < §  and  yeiy—a = (Epegen— EYM*.

Inasmuch as
se e, dyenl: e(W)(s) # eo(M)()

< [, a+H* (2, X (to. a0, e()(@), y(@), )],
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for the a considered above, we have
u(isell, Epepml: e)(S) # eo(y)(s))) < m* h,
which implies, by the inequality TAE pequy—€) < T/c < n*, that

u(lselto, to+T1: e(y)(s) # eo (M) (S)}) S n*m*h < (.

Now it is clear that the third condition of Lemma 2.1 is satisfied.
We are going to estimate (p(X(to, dg, e(Y)(s), y(s)) for se(toy, to+ T1.
Suppose ¢(ag, bo) < @. Let #e(y) n[to, to+T] = {10, 1y, ..., t;}, Where
ti <tiy1, i=0,1,...,j—1, and x = X(to, ao, e()).
If (a09 b0)¢M(IO’ ,V), then e(}’)(s) = (u* <t0+h*>e0(y))(s)’ fOl' SG[Io, tl)a

where u* = U*(ty, ag, by, y) and h* = H*(t,, aq, by, ¥).
By (H3),
@(x(s), y(s)) = 0*(s—to), sefto, to+h*]
and by (H2),
@(x(s), y(8)) = 6(s—(to+h*), selto+h* 1],
because qf the inequalities
h* < h<c/2m*) <c/m* <t;—1g.
On the other hand,
@(x(s), ¥(5) = @ (a0, bo) =@ (x(s), ¥ (5) — @ (ao, bo)|
2 ¢l(ao, bo)—W.p(”x(S)—ao” +||,V(5)—bo”)
= @(ao, bo)—w, (W(s—1o)),
for se[tg, to+ T]. Therefore,

@(x(s), y(s)) = min max {o*(t1—to), @(ag, bo)—w, (W(T —10))}
tetg.tg + Hl

= &(p(ao, bo)),  selto. to+h*],
and, by the inequality t, —t, < T/m* < H,

@(x(s), y(s)) = min max {6(1—(t0+h*)), @(x(to+h*), y(to+h*)—
tetg+h%i ]

—w (w(t—(to+h¥)}

w
> Erﬂ)i?” max {G (1), &(¢ (a0, bo))—w, (w(7))} = o (@ (ao, bo)),
for se[tg+h*, 1,].
From the above considerations: ¢(x(s), y(s)) = a(p(ag, bo)) on the
entire interval [f,. 1,].
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Il @(ag, by) <@ and (aq, bg)e M (ty, y) then, taking account of the
inequality &(r) <r, r = 0, we can establish the same estimation.
Now, suppose ¢(ay, bg) = @. In view of the formula

3 (y)(to, a0, bo) = ((to)#eo(y)‘to)/(i* m¥)
we have
@ (x(3), ¥(5) = (a0, bo) =W, (W(s—to) = G —w, (w(T/(*m*)) > 4 &,

for se(ty, t,]. Finally, in all the cases:

®(x(s), y(s)) = min {o (¢ (ao, bo)), 16}, selto, t1],

and, moreover,
@(x(t,), y(t;)) = min {G(t; —(to +h*)), 3§} > min [6(c/(2m*)), ;7).

Applying the above procedure to the next intervals [¢,, t,], ..., we complete
the proof.

3. Avoidance of many pursuers

In this section we give a sufficient condition for the existence of the
evasion strategy in a differential game with several pursuers.

DerinTioN 3.1. For arbitrary payoff functionals ¢,: R"x R™ — [0, o)
and for (a, b)e R"xR™, i=1,2, ..., j, define

(@1 A... A@)(a, by, ..., b)=min{gp(a, b): i=1,2,...,j}.

DerFINITION 3.2. Suppose X is a control system over (R*, U), Y is a
control system over (R, V) and (t. a, b)e [0, ) x R* x R' is a fixed situation.

A strategy (e, #e)e E(X, Y, a, b, 1) is piecewise constant on the interval
[t, t+T] il e(y)(s) =e(y)(&) for all e #e(y)n[t, 1+ T], sel&, 4o and
yeY(t, b, V). ) .

Suppose neN, n>1, Uecomp(R¥), V/ecomp(RY), f: R*xU— R
g;: R*xV/— R* are continuous and satisfy the Lipschitz condition

1S (a, wy—f (b, wll < L*|la—bll, lig;(a, v)—g;(b, )] < L*|la— b,

for all a,beR*, uelU, veViand j=1,2,...,n

Denote by M* a linear subspace of R* with codim M* > 2 and by W a
two-dimensional subspace of (M*)!, which means that dim W =2 and
{a, by =0 whenever ac W and be M*.
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If h, h*: R*xU — R* and h* has a part derivative with respect to the
first variable, then we define (see also [25])

Oh*
(4, h*)(a, u) = E(a, u)h(a, u) for (a, e R*x U,

and we will use similar notation for functions defined on R*xV/,
j=1,2,..., n

Assume that xeN and that the functions f, g; have continuous
derivatives with respect to the first variables up to the order x for j
'=1,2,...,n and define the sequences

@ '@, wy=a, (4*"'f)(a, u)=(4,(4')))(a, u),
(471 g)b, ) =b, (471 g)(b, v) = (4,,(4'g)) . )

for a, be R, ueU, veVi, i=~-1,0,...,x—1 and j=1,...,n

Let IT denote the orthogonal projection from R* onto W and
let I1(4'f)(a, U), I1(4g;)(a, V)) consist only of single points for
i=~-1,0,...,%—1 and j=1, 2, ..., n, whereas

(3.1) 11(47 g)(b, V¥) < Int conv IT(4*f)(a, U)

for all a, be R* such that a—beM* and j=1,2,..., n.
For jell,2,...,n}, te[0, o), a, be R, ueU, and veV/ denote by
X(t, a, u) and 9;(z, b, v) the solutions of the relevant differential equations:

¥=f(,u, x()=a and v =g;(n ), y=>.

For te[0, ), aeR (a°%a',...,a)eW**!, where d'eW, i
=0,1,...,% and for ue U, denote by X(t, a, a° ..., a*, u) the trajectory
(x, x°, ..., x°), where x = X(t, a, u), X'(t) = d', (xy =x*,i=0,1,..., x—1,
x*(t) = a* and (x*) = I (4*f)(x, u).

The symbols Y;(t, b, b°, ..., b", v), veVi j=1,2,...,n we define
analogously.

For i=0,1,...,% a,beR (a°...,a)eW**!, ° ..., b¥)eW**!
define

¢'(a, a® ..., a*, b, b°, ..., b*) = max {dist(a—b, M¥), |la' -} ||},

where dist(a—b, M*) = min {|la—b—z||: ze M*}.

DEerINITION 3.3. For each ae R* and d@e W, ||d|| = 1, define U¢(a, &) to be
the set of all die U satisfying the condition

Ad1(4*f)(a, B), a) = max 1(4*f)(a, ), @).



16 3. Avoidance of many purposes

Now, let us fix arbitrary t,e[0, ), Te(0, ®), d, = (aq, a3, ..., a%)
eR xW**! by =(bjo, b, ..., bjo)e RExW*™'  such  that tah)
= A4 f)ag, U). {big} = T(4i" 1 g)(bjo, V¥), i =0, 1, ..., %, and

ao— j0¢M7 J=1,2,...,n
Note that
(s—1f

Mx(s) = a®+(s—na'+ ...+ 7

s Sx 51

+ jj...fﬁ(d"f)(:(t), u(t))deds, ...ds,

rt {

and

N —ty
Iy(s) = b +(s—1)b} + +(S ')
%

b +

s Sx 51

+ jj...jﬁ(d“gj)(n(r), v(t))drds, ...ds,

1 !

for all a= (a a®, ..., a )eX[to, ao; 11, by =(b;, b?, ..., b)e Y;[to, bjo; t1,

x=X(t,a,u), n= Q)J(t, b;, v), ueU,, veV/, selt, ) and j=1,2,...,n
Moreover, there are constants L, R > 0 such that

lIx(s)—@oll < R, ly(s)—holl <R

(3.2) Ix(s)—x(e)l < Lis—t], |lv(s)=y(ll < Lis—1,
for XEX(to, aOa Ulo)y ye Yi(to, EjOa I/I{))a S, tE[to, t0+ T+1] and .] =
1,2,...,n

Taking account of formula (3.1), one can find constants ¢e(0, oc) and
ye(0, L] such that, if aeRY, |la—aol| < R, deW, ||d| =1 and iie U%(a, ),
then
(3.3) A1) @, ay—1(a<g)b, v), ay > 2

for all e B*(a, 20), be B*(by, R), dist(@—bh, M¥*) <29 and j=1,2,...,n
Finally, for je!l,2,...,n}, 1[0, ), beRxW**! eV,
i=1,2,...,J, define

(Yyx...xY)(t. by, ..., b5, vy, ..., 0) =Y, (1, by, vy) x ... x Y(t, by, v)).

9 J’
3.1. First step

Let 6o€(0, min {1, 9/(2L+y)}] be such that T/d,e N. Suppose ¢: (R* x
x WY« (RExW**Y o5 U and 6: (RExW* ) x(R*x W**1) 5 (0, o) are
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such that for any a=(a,a’ ..., a)eR*xW**! and b=(b,1b° ..., b
eRFxW**! §(a, b) =06, there exists an deW, |ld| =1 for which
q(a, b)e U¢(a, ) and a = (a*—b*)/||a*—b*|| provided a* # b*.

Let e, (y;) =[q, d, @y, byo, tol(y1) and let #e,(y;) denote the set
determined by [q,d, @, b1o, to] and y, (see Definition 14) for
y1€ Yy (to, byo, Vig)-

It is not very difficult to show that there is a d, >0 such that
the strategy (e,, #e;) guarantees the result d; in the game
(X, Y, @y, byo, to; @) on the interval [to, to+ T].

Let je{l, 2, ..., n—1}. Assume that we have found positive constants
¢, d;, n; and, piecewise on the interval [t,, to+ T], strategies (e;, #e,)
eE(X, Y, x...xY, ay, bio, ..., bjo, to) which guarantee the results d;
in the games (X, Y, x...xY, @y, byq, ..., big, to; ®* A ... A @) (i-times),
i=1,2,...,j, and assume that the following conditions are satisfied
for all y;e Y(to, bio, Vi), i=1,2,..., ]t

(a) n; = min {3d;, $0}, M+1 =jmin{d,,,, 7}, i=1,2,...,j—1,

(b) X stey(yyoyp — % 2 Cis AE #e(yis - ¥) g, to+T), i=1,2,...,]

(C) #ei(yla AR yl) < #ei+l(yl’ MRS yi+l)’ i= 1, 27 ""j_l’

(d) ”X(to, EO’ ei+1(y1’ T yi+l))(t)_X(t0’ 60, ei(yla s yl))(t)” < Mis
tefto, to+T], i=1,2,...,j—1,

(e) if ie{l,2,...,j}, ae #&(y1, ..., ¥) N [to, to+ T) and the statement:
“there are veN, 1<v<i and fe#e,(y;,...,») such that
ae[ﬂ7 ﬂ#ev(yl,...,yv)) and ei(yl’ L] yl)(a) = ev(yl, ey yv)(rB)”
is false, then ¢ (y,, ..., y)(@)eU°(x(a), ) for some deW, |dll =1,
where 1 denotes the first component of the trajectory X (to, do,
ei(yl’ R | yl))

It is easy to see that

(E) for any (yi,..., y)e(¥y x ... xY))(to, byo, ..., bjo, Vig x ... x Vi) and
any ¢e #e;(yy, ..., ¥) 0 [to, to+ T) there are v < j, Be #e,(y;, ..., J))
and de W, |ja|| = 1, such that

(3-,4) ¢elB, ﬁ#ev(yl,...,yv))7 ej(V1s - YN = e, (y1, .o, 1)),
e, (Y15 ---» 1) (B)e U (x(B), a),
where x denotes the first component of X (to, @, €,(V1, ---» V3))-
Take H = min {1, ¢/(2L+7)}, ¢ =¢;, n=1; and
0@, by, ..., Ej+1) = ¢*(a, 5j+1)
for a, e FxW**1 i=1,2,...,j+1.
Let us fix, for a moment,
(V1s vees yjﬂ)e(Yl‘ X oo X Yo Weos Brgaoos Bjarion Vig X oo x VITY)
By
\w
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and define

Vi Vir) =€V, - Vi) #FegWi, oo Vis1) = #€;(y1, -0, Yy

For te[tq, to+T) find Le #e€;(y,, ..., ¥;) such that { <t < é#ej(!’p----)'j) and

let M(t,y,...,yj+1) be the set of all points (@, by, ..., bj.s)e(R x’
x W*tW*2 g=(a,a%...,a"), by=(b;, b2, ..., 0", i=1,2,...,j+1, for
which

diSl(a—bj.,.l, M*)an or <a"—b;+1,§>>0,

where ae W is taken for y,, ..., y; and & in accordance with (E).

LeMMma 3.1. Under the above assumptions, Hypotheses (H1), (H2) and (H3)
of Lemma 2.1 are satisfied.

Proof. Routine calculations involving the well-known Gronwall
inequality (see e.g. the proof of Theorem 9 of [19], p. 46) show that (H1)
holds true.

Verification of Hypothesis (H2). Take ¢ = 5; and 6(t) = 2yt, for
t 2 0. Let

W1s -oos Vien) €Yy x oo x Yy ) (5o, bios -, b—j+1.07 V:é X .o X V:{)H)a
ée #eo(yl’ DEREY Yj+ 1) r\[tO, IO+ T), tE[é, é#eo(yl,...,yj_,_l)):

a=(a,a’ ...,a%eX[ty, dp:t] and b, =(b;, b2, ..., b)e Y.[to. bio; t].
i=1,2,..., 41,

be such that
la— X (to, @, eo(¥1s -, ¥+ 1)) < 1,
@ by, ....bj.)eM(, yy, ..., ¥;41) and (@ by, ..., by, ) < .
Denote x = (x, x%, ..., x*) = X(t, a, eo(yy, .-, ¥j+1)) and
X =(x, X0, ..., X1) = X(to, @5, €;(¥ys --» ¥y  i=1,2,...,].

Since dist(a—b;,, M*) < @(a@, by, ..., bj+1) <@ =n;, so {a*—b},,, @)
>0, where 4, v and-f are chosen for (y;,....y;) and ¢ in accordance
with (E).

Note that

lx(s) — x; (N < Hx(s)— 2 (O —llx () — =, (O = ||z, (£) — 2, ()]
< Lis—=t+lla=—x @)+ L(s—1
< 2LH +la—x; (0 +1lx; (1) = x;- (DI + ...
sl (D=2, ()]
S2LH+n;+n-1+ ... +n, <2LH+2n, <3¢
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and
lix,(s)—x, (Bl < L(s—P) < LH <3¢ for se[t, t+H].
Let us fix (vy,....t;, eV <. xV*, (Fr, o0 Fie) = (Y x .
-'x}{i+1)(tsbla"-an+lsvls‘-~’vj+1)a Piz(ﬁhy?,---,??), l=1,2»

L+l
Clearly, dist(x(s)— %, M*) < dist(a—b;,,, M*)+2L(s—1t) < n;+2LH

< 29, selt, t+ H], which implies, by (3.4) and (3.3), that
<ﬁ(A”f)(1(s), eo(Vis-o» Yj+1)(5))_ﬁ(Axgj+1)(5j+1(5), Uj+1(s))s ﬁ) =2y
for se{t, t+ H]. Thus,
@(x(8), 71 (8)s s Fia 1 (90) = IIX*() = T 1 () = (e (8) = T4 (5), @)
= (a*—=b},y, @)+
# TGN, ol oy )=
_ﬁ(Azgj+ 1)(ﬁj+1(7), Ujsa (T)))d‘f, d>
20+2y(s—t)=6(s—t), se[r,t+H].
Verification of Hypothesis (H3). Define, for each t > 0, o* (¢} = yt
and fix an arbitrary he(0, H]. Let
@* = min {;, }h(2L+y)exp(-2r(2L+7)y)}, @ = min{§, ¢*},
n* = min {neN: T < nc;}, m* = min{meN: T < mH}

(see the notation before Lemma 2.1) and let i* j*e N be such that
LT <L@i*m*  and  (2L+y) T < i*j* m* o*.

Suppose that y; =(v;, J?, ..., y)e Yilto, big, Vi), i=1,...,j+1, &e

-4 = 1]
#eoWis - Yie1) N ltos to+ 1)y tell Covpyiiny, ) d=(a,a°, ..., %)

e X [t @g; ], by =(b;, b, ..., b¥)e Y [to, bio; t] satisfy the conditions

“5—X(fo, ag, €0y - J‘j+1))(0“ <7,
(a, 51, cery Ej+1)¢M(f, Vis ooos Viwd) and ¢, b, ..., Bj+l) < @*.
Denote

h* =(é#e0(yl ..... yj+1)_6)/(i*j* m*)

and

0 . ,
Xo = (X0, X0 -+, X§) = X (to, o, €0(¥y, ---» Vj+1))-
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For (y,, ..., ¥j+1) and £ choose v < j, B and 4 in accordance with (E). Of
course, <{(a*—bf,,,ay <0 since dist(a—b;,,, M*)<e¢(a b,,...,b;:,)
<o* <.

For se[t, oo) denote by B(s) the closed, convex hull of the set of all
point 5e W for which there exists a trajectory 7 = (§, 7°, ..., 7) with the
properties

I-)E‘I)(t, bj+1a I/!j+l)! (}7),=j}1‘+1’ F(t)=b;+17 i=0"'-ax—1a
PO =b1,  (FYedd g )@ VVTY+WnBH0,9), b=

Denote by I' the set of all points be W lying on the shorter arc of the
unit circle {we W: |lw|| =1}, between (a*—b%,,)/lla*—bj;,|| and 4, and
satisfying the inequality (a*—b7,,, by <o.

Let A stand for the set of all pairs (s, a*)e[t, o) x (W— B(s)) for which
there is an a = a(s, a*)e I’ satisfying the inequality

max (b—a*, a) = 0.
beB(s)

Define B*: A —-2% and U*: AxR— U by the formulas
(3.5)  B*(s, a*) < B(s),

(b* —a*, a(s, a*)) = max b—a*, afs, a*)>, b*eB*(s, a*),
beB(s)

U*(s, a*, a)e U(a, a(s, a*)), (s, a*, a)e A x R,
for all (s, a*)e A.

0

We are going to define an auxiliary trajectory x, =(x,, Xy, ...

L X eX(t, a, Uy.

Of course, it should be x,(f) = a. Assume that x, has been defined on
[t, 1] =1[¢t, t+1h,] for some I=0,1,...

If (t,, x%(2)))¢ A, then we extend x, onto the entire interval [¢, co) in any
admissible way.

If, conversely, (t;, X% (t))e 4, then we define x, on the interval [¢, t;,,]
by the formulas

T () = f (2, (), U*(ty, X2(t), 1, (1)),
Ay =xit, i=0,1,...,x-1,
L) (5) = T (A ) (2, (5), U* (11, X% (1), 2, (1))))-

For se[t, ) such that (s, x}(s))e 4 denote by y,(s) the element of
B*(s, x} (s)) satisfying the condition

Iyw($)—x5 Il = min_|[b*—x3(s)ll.
b* sB'(s,x’:(s))
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Finally, for se Dy, define 0(s) to be the angle (on W) between a* — b7,
and x(s)—y, (.s).
Now, let us fix an I*e N for which

n<t+h and (, X(t))ed, 1=0,1,..., I*—1,

and fix an arbitrary 7 = (5, °, ..., 7) from the definition of B(-).
Inasmuch as

”x*(s)_x#(tl)”SL(S_II)<Q’ Se[t,, tl+l]a l=0, 19"', l*_l,
and
dist (x, (5)— B (s), M*) < dist(a—b;,;, M¥)+2L(s—t) < 20, se[t, t+H],
we have, by (3.5) and (3.3),
L ()= (7Y (), oty X400, 7, (1)) = 7
for almost all se[¢, ¢;,,] and 1 =0, 1, ..., I*—1. Therefore,
0(t+1)—0(t)) = sin(0(z;4,)—0(t))
> phy /(1 = b oll + Q2L 9) (11 s — 1)
> yh,/(@* + L+ ) (I+ 1) h,)
and
x%(s)¢B(s)
for set, 1+11,1=0, 1, ..., I*—1. Using the above inequality, we can show
by induction that
*+12L4y) h
0(t)>—1—1n? +1(2L+y) 3
4L+2y  @*+(2L+y)h,
In addition, by the definition of A, we must have 8(t»_;) < n, which implies

that *h, < h. Hence, there is a smallest *e N such that [*h, < h and
(¢, X5(t))eA, 1=0, ..., I*—1, whereas (t, X ()¢ A. Define

h*=1*h, and u*el,

I=0,1,..,1*

by the formula
u*(s) = U*(t,, X5 (1), 1,(1)), selt, tysy), [1=0,...,*—1.
Then
(36) (G +h¥)—y, (t+h*),a>>0 and X ()¢ B(s), sel[t,t+h*].
The above inequality implies that
(G (t+h*)—7(t+h*),a> >0
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for 7 =(8, 7% ..., P)e Y,y (0. by (. V1), but this means that
(X (E+H), T (@ +h*), ., Fi () eM+h*, vy, ..., viyy)
for all J,eY;(t, b, Vi), i=1,2,...,j+1.
Finally, we conclude from (3.6) that
@ (x4 (8), 71 (8), .-, 41 (9)) Z X5 ()= T4 1 ()] = y(s—1) = a*(s—1)

for the above 7, ..., ;+; and se[t, t+h*]. The proof of Lemma 3.1 is
finished.

In view of Lemma 2.1, there are d;,,, c¥,; >0 and
(ej+1, #e€j )€ E(X, Yy x ... x Y41, 8o, bros .., bjs 1.0, to),
which guarantees the result d;,; in the game
(X, Yy x ... xY5y, @p, byo, ..., bjir0, to; @ Ao A @) (j+ 1-times)
on the interval [to, to+ T] and satisfies the conditions:
fgejﬂ(yl,....yjﬂ)"f Zcl, Ce#e (oo Vie) N lto, Lo+ T),
#e;j(V1, .-, V) < #€o1(Visoons Visa)s
”X(tm ag, €j+1(y1» -+, }’j+1))(t)—X(fo, ap, €;(yy, -+, yj))(t)” < 1,
telty, to,+T]
for y;e Yi(to, bio, Vi), i=1,2, ..., j+1.

For (y(, ..., ,Vj+1)€(Y1 X ... XYj+1)(fo, 510’ ceey Ej+l,07 V::,X see X V:{,H)

and  Ce #ejv1 vy, -, Yjvr)y il Celto, 1o+ 1), (x(E), y1(8), ..o, yj+1(8)
¢M(C’ Yis - yj+l) and (P(x(é), yl(é),-'-a ,Vj+1(f))<€0*, where X
= X (to, do, €j+1 (Y1, .-, ¥j+1)), take h, and I* in the same way as in the
verification of (H3) and define

S(ﬁa yl’ ey yj+l)= {é’ é+h*, ey c+l*h.}

In all the other cases take S(&, yy, ..., ¥j+1) = {&}. Let #S(yy, ..., ¥j+,) be
the union of all sets S(¢, yy, ..., yj+1) for Se #ejv1(V1, -.s Vjs1)-

It is not difficult to check that (e;,,, #S) belongs to E(X, Y; x ...
.. x Y41, @o, bio, ..., bji1,0, to) and satisfies conditions (a), ..., (e).

Thus, we have proved by induction the following resuit:

ProposiTioN 3.1. The player E wins locally in the gar'ne X, Y x...
XY, 0 A L. AQ¥) (n-times).

3.2. Continuation

Let ¥ > 1. To make the notation simpler we assume that n = 1. The
procedure in the case of n > 1 is similar.
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For iE{O, 10"', x}s te[t0| tO+T]’ —a_:(a, a07"'7ax)EX[t0> 60; t]’
b=(,»b° ..., b")e Y[ty bo; ], ueU,, veV, define

Z,-(t, a, E) u, l)) = xi_yi’

where x=(x,x° ..., x)=X(,a,u) and y=(p,»° ...,y)=Y(, b, v),
and

(S_t)x—i
(x—i)!

selt, to+ T+1].

Zi(t,a, bysy=d—b+(s—0@ ' =b*tH)+ ... +

(a*—b),

Denote by Z; the set of all functions z(t, a, b, u, v) and Z(t, @, b)
for tety, to+T), aeX[tg, ag;t], beY[ty, bo;t], ueU, veV, and
i=0,1,..., x

There is a K =L such that ||z(s)l|, ||zZ'(s)]]| 2K for all zeZ,
i=0,1,...,% and seDzn[ty, to+ T+1].

Recall that  ¢'(@, b) = max {dist(a—b, M*), ||a'=b} for a=
=(a,a%...,a), b=(b,b° ..., )eR*xW** and i=0, 1, ..., x

Now, suppose that iel{l,2,...,x}, (eo, #eo)e E(X, Y, ay, by, to)
guarantees the result d > 0 in the game (X, Y, @y, by, to; ¢) on the interval
[to, to+ T] and satisfies the conditions

to+Te #eo(y) and Ly yn—E¢2c¢>0

for ée #eo()’)m[to’ t0+ T)’ ye Y(IO’ EO’ I/lo)'
Take

i-1

¢=¢""', n=min{g, 3d}, H =min{l, n/(4K))

and
M(t, y) = {(@, B)e (R x W** ) x (R x W**1): dist(a—b, M*) >y

or (@ '—b"1 d—b>=0

for te[to, to+T) and ye Y (to, bo, V)

We are going to check Hypotheses (H1),(H2) and (H3). Hypothesis (H1) has
been verified in Section 3.1.

Verification of Hypothesis (H2). Let ¢ =5 and 6(f) = 3yt for
t>0. Suppose yeY(to, b, V:O), Ce #eg() N to, to+ 1), tell, é#eo(y))a
a=(a,a®, ..., a)eX[ty, @y;t], be(b, b°, ..., e Y[ty by; t] satisfy the
conditions

la— X (to, @0, e M)®|| <n, (@ BeM(t,y) and ¢(a,b) <é.
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Let Xo = (IO’ xgs AR x’(()) = X(tO’ EO’ eO(.V))a x = (I, xO (R xl) =
=X(t, 4 e(y) and §=(5,7°, ..., P)eY( b V).

Clearly, <@ '=b"1',ad—b'>>0 because (@, b)eM(t,y)

and
dist(a—b, M*) < ¢(a@, b) <n. Moreover, |ja'—b|| > ||b'— x5 () —lIxb (1) — al
2d—n>=n. Thus,

@(x(s), 7(8) = lIx~ (=7 9

=2 () =TT Ns), d = b (ld' b7
=[<a" ' =b"h @b+ [ ()T (1), a—bydr](lla' - b))~ !
>0+ }<ai—b‘+x‘(t)—jfi(‘r)—(a‘—b‘), a'—b>H(|a'— b)) dt

2 (lla' = b= Ls—)(s—t) = (n—LH)(s—t) = 3n(s—t) = 6(s —1)
for se[t, t+H].

Verification of Hypothesis (H3). For each t > 0 define

2+x—i

t
o* (1) = 392 (VAK> =7 +, /K =) S
and choose an arbitrary he(0, H]. Let he(0, o) be such that

n—2Kh = (n+2KR)(1 - (y/2K))*)"*.
Now, take

h* = min {h, h, n*/(24K?)}
We need a few lemmas.
LEMMA 3.2, Given

and  ¢* = min {5, n> h*/(6K)}.

tefto, to+T), a={a,a’ ..., a%e X [to, ay; t],
b=(,b° ..., b%eY[ty, bo; t], uecU,, veV, such that ||a'—b>n and
(@, b) < ¢*. Then,

{z(t+h*), 2 (t+h*)> =0,
where z denotes z;_,(t, a, b, u,v) or 7,_,(t, a, b).

Proof. Observing that z() =d'~'—b'"' and 2'(t) = &' -V, we get

s ¥ s
z(8), 2(8)) = (O +(—nz D)+ j jz”(r)dt das, 2’ (n+ jz"(t)dr)
= <z(1), 2 () + {z(1), 2" (D dr ) +(s—1) <2’ (1), 2/ ()>+

s s3
+(s—0) '), [2" () de)+L[[z" (D) ded3, 2/ (1) ) +
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+ <} }z" (1)dz ds, }z" (v)de)

> —2K@*—-2Ko*(s—t)+n*(s—t)—4K*(s—1)* -
—2K2(s—1)P = 2K2(s—1)°

> —2Ko*+(n*—2Ko*)(s—1)—8K?*(s—1t)?

> —2Ko*+3n2(s—t)—8K?2(s—1)?

> —2Ko*+(3n* - 8K (s—1))(s—1)

> —2Ko*+in*(s—1t), selt, t+h*].

Hence, (z(t+h*), 2/ (t+h*)) = —2Ko*+5n*h* > 0.

LemMa 3.3. Suppose zeZ;_,, telty, to+T+1], [t, 1o+ T+1] = Dz and
lz(Oll = 3n. Then,

1GO=20, 203> LS =20 O, seDz.

Proof. Because of the formula
s 3
z(s)—z() = (s—0)z'(t)+ [ [2"(r)dtdS, seDz,
tt

we have

[Kz(s)=z(®), 2/ = Iz’ @1*[s—t| =K (s= )|z’ (®)ll, seDz,
and

llz(s) =z @il lI2' O < 12 O Is— el + K (s—=0)*|l2'(Oll,  se Dz.

Therefore,

Ko
G620, 203 > 15O =12 01 5=+ K 5= 0711’ 0))
1 —Kl|s—
> G-zl seDz

Lemma 34. Given tefty, to+T]), a=(a,d’, ..., a)e X[ty ay;t],
b=, b° ..., b0e Y[ty bo; t], G€U, veV, and aeW, |ld|| =1, such that
dist(a—b, M*) < ¢ and iie U¢(a, a) (see Definition 3.3). Then

(z(s)—2(s), @) > %nz(s)—f(s)u, selt, t+H],

where z =z;_,(t,a, b, i,v) and Z=3,_,(t, a, b).
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Proof. It is easy to see that

z(s)—Z(s)
s S1+a—i s

=[ [ ...f(HA@N(@, d)—14*g)(n(0), v(x)]deds, ...ds; n;

[ 1
for se[t, to+ T+1]. Using (3.3) and observing that

1T (4 1) (x(s), @)— T (4% g)(n(s), v(S)|| = llze (2, @, b, u, V)(s)]| < 2K
for almost all se[t, to+ T+ 1], we obtain

_p2tx—i 2t re—i
(=0 and  |jz(s)—Z(s)]| < 2K °—7

(37)  <Lz(9)—Z(s), d) = 2ym Q4n—i)l

for se{t, t+ H], which implies the required inequality.

LEMMA 3.5. Given 4, a*, a,e W for which we have ||d| =1, a* #0,

(a*,dy =0 and (@, a,) =|la,ll-
Under these assumptions, if @, a*e W are such that

>

cllatll 1<@~ay, al > (1=(/KP) " lla—a) lial,

a*, a) >

then

la+a*ll > 3y(V4K* =y + /K> =)~ [la¥]).
Proof. We can prove this lemma by using simple trigonometric
calculations.
Now we turn to the main task. Let yeY(to, by, V), &€ #eo(y)n
N [to, to+ T), te [E, Euegin)s @ =((a, a®,....a)eX [to, @p;t], b=(b, b°, ..., b)
€ Y[to, by; t] satisfy the conditions

IIE—X(to,Eo,eo(y))(t)IISn, (@ b)¢M(t,y) and (@ b) < o*.

Of course, ||a'—b|| = =, dista—b, M*) <p*<n and (a'~'-—
b1, d-b> <.

It follows from Lemma 3.2 that there exists a t*e[t, t+h*] for which
G(t¥), T (t*)) = 0, where Z =%,_,(t, a, b).

Take ae W, |la]| = 1, such that <&, 7 (¢t*)) = 0 and (@, Z(¢*)) = |jz(¢*)|]. It
is easy to see that ||Z7(t%)| = .

Thus, by Lemma 3.3, the definition of h and the inequality h* < A, we
have

(3.8) I<E(5)—Z(t*), Z (%)) = /1= (/2K 1Z(s) = Z(e*)NZ (e¥)l]
for se[t, t*+h*]n[t, to+ TH+1].
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Let u*e U¢(a, d), veV, and seft, t+ h*] be fixed. According to Lemma
3.4 and formula (3.8), for a* =7 (t*), a, = Z(t¥), a* = z(s)—Z(s), d = Z(s),
where z(s) =z;_,(t, @, b, u*, v)(s), the assumptions of Lemma 3.5 are
satisfied. Hence, by (3.7),

izl = |IZ(s)+(z ()~ Z(s))

(5=
23,y2(\/4K2_.y2+\/K2_.y2) lm

24+x-i
L =a*(s—1).

It is clear from the above that
o(X(t, @ u*)(s), Y(t, b, v)(s)) = 0*(s—1), selr, t+h*].
Furthermore, it follows from Lemma 3.2 that

(X (¢, @, u*)(t+h*), Y(¢, b, v)(t+ h*))e M(t+h*, y).

The verification of Hypothesis (H3) is finished.

In the light of Proposition 3.1 and Lemma 2.1 we have just proved by
induction the following theorem:

TueorReM 3.1. The player E wins locally in the game (X, Y; x ...

x Y, 0% AL A @Y (n-times).

Remark 3.1. Note that ¢°%a, b)=dist(a—b, M*) for all
a=(a,d,...,a), b=(b,b° ..., P)e R x W**1.

Remark 3.2. Theorem 3 of [6] does not follow from our Theorem 3.1.
However, we have assumed dim W =2 instead of dim W; >3, j=1,...,v,
assumed there. Moreover, let us consider the following example:

ExampLE 3.1. Suppose n =2, k =4, U = B2(0, Ry), V/ = B%(0, R;), Rp
< Rg, M* ={(a,, a))e R*xR*: a, =0}, fl(ay, a5, u) =(ay, u), g;(a,, a3, v)
=(a,, v) for a,, a,eR?, ueU, veV’ j=1,2,..., n

The assumptions of Theorem 3.1 are satisfied with » =1 whereas
Condition 5 of [6] requires the inequality R, < RE/\/2.

4. Evasion along each trajectory

Let X denote a control system over (R, U) and Y denote a control
system over (R, V). The [ollowing definitions will be useful in this section:

DeriNiTioN  4.1. A strategy (e, #e)e E(X, Y, a, b, t) satisfies the
condition (u, ¢, ¢, d, ¢) on the interval [t, t+T] if ueU,, ¢ ¢, de(0, x),
¢: R*xR' - [0, o) is a payoff functional and if, for any ye Y(t, b, V),

I+T€ #e(y)a é#e(y)_ézc’ CE #e()’)ﬁ[l‘,t"‘ﬂ,
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|X(t, a, e - X (2, a, w)(s)|| <&, selt, t+T],
e(X(t, a, e(y)s), y(s)) =d, selt, t+T].

DeriNmTioN 4.2. The player E wins locally along each trajectory in the
game (X, Y, ¢) if for any ¢, r, R, T, €(0, ®) and any T,e[T;, o) there exist
¢, d >0 such that for arbitrary te[0, ), ae B*(0, R), be B'(0, R), with
¢la,b)=zr, Te[T,,T,] and uecU, one can find a strategy
(e, #e)e E(X, Y, a, b, 1) satisfying the condition (u, ¢, c, d, ¢) on the interval
(¢, t+T].

Remark 4.1. If the player E wins locally along each trajectory in the
game (X, Y, ¢), then he wins locally (see Definition 1.7) in this game.

DerFINITION 4.3. Let Z denote a control system over (R™, W). We will say
that Z is equicontinuous on bounded sets if for any R, T > 0 the trajectories
from Z(0, a, W;), ae B™(0, R), are equicontinuous in the interval [0, T].

ProposITION 4.1. Suppose that the control systems X over (R*, U) and Y,
over (R‘ i, VY) are equicontinuous on bounded sets for i=1,2,...,n. If the
player E wins locally along each trajectory in the games (X, Y, @),
i=1,2,...,n, then he also wins locally along each trajectory in the game
(X, Yix...xY,0, A... A @)

Proof. Suppose n = 2. This assumptions involves no loss of generality.
Choose arbitrary ¢, 7, R, T (0, o) and T,e[T;, ).

For X, Y;, ¢, and for these constants take c, d in accordance with
Definition 4.2. Fix Te[T;, T;], toe[0, ), ape B*(0, R), b;pe B" (0, R) such
that ¢;(ao, byo) 21, i =1, 2, and ueU,,. Let (e;, #e,)e E(X, Yy, ao, by0. to)

satisfy the condition (u, /2, c, d, ¢,) on the interval [tq, to+ T1.
There exists an R* > R such that

X[0,a;t]=B*0,R*) and Y,[0,b,;] < B'2(0, R¥

for any te[0, T;], ac B*(0, R) and b,e B'?(0, R).
For n=min{meN: T, < mc} define the sequence ¢ <¢, <...<g,
with the following properties:

e, < 84,  w, (28,) <1d,

if ie{l,2,...,n—1}, telto, to+ T2}, a, acB*(0, R* and |la—al < 2,
then || X (t, a, @)(s)— X (¢, @, i) (5)|| < g+, for TeU, and se[t, to+ T5].
- Now, let us fix arbitrary (y, y;)e(Y; x Ya)(to, bios bao, Vg x Vig)- Let
{tos tys .., tm} = #e,(y1) N [to, to+ T]. Obviously, m< n and ¢, =t,+T.
We are going to define e(y,, y,) and #e(y,, yi).
For X, Y;, @3, &, 1, R'_',_c and T, choose c,, d; in accordance with
Definition 4.2, (e?, #e?)eE(X, Y,, ao, by, to) satisfying the condition
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(e1(¥1), &15 €1, dy, @) on the interval [1,, ;] and put
e(y1, y2)(5) = ef (y2)(s), se[to, 1),
#e(y1, y2) n[to, 1] = #€3(v2) 0 [to, 1]

Assume that c¢;, d; and e(y;, y))l[t;-1, t}), #e(y1, y2) n[t;-1, t;] have been
defined for j=1, 2, ..., i, where i <m, and take

e(yy, ¥2)() = €l (7)), selti, tivy),
#e(yy, y2) Nt il = #el 1 (v [ s,
where (eZ,,, #e*,)eE(X, Yy, X(to, ao, e(y1, ¥2))(t), ¥2(t), t;) satisfies the
condition (e, (¥1)ly;x)» &i+1» Ci+1> di+1, ©2) on the interval [z, ¢;,,], and

Ci+1, d;4, are chosen for X, Y,, @,, £+, d;, R*, ¢ and T, in accordance with
Definition 4.2, We have defined e(y,,y;) on [tg, to+7T) and
#e(yl’ yZ)m [IOa lh+ T]

Now, for s =143+ T dcfine e(y,.1,)(s) =u(s) and take #e(y,, y;)n
N[to+T, ) = lto+ T, to+2T. ...}.

It is not difficult to verily that (¢. #¢)e E(X, Y, x Y, ag, byo, P20, to)-

Fix arbitrary (y,, y2)e(Y; x Y3)(to. by, b2o, Vrtl, x Vr(z, .

Clearly, to+Te #e(y,, y2) and e,y —¢ 2 min{cy, ..., ca} for

Se #e(y1, y2) N [to, o+ 7).
By the properties of the sequence &, ..., &,, it can easily be shown by
induction that

”X(to, ao, e(y1, ¥2))(t)— X (to, ao, €, (h))(t)u <2

for tefty,t;] and i=1,2,...,m. This implies, by the inequalities
2 < 2,<2,<¢2 i=1,2,...,m that

”X(to, ao, e(y1, ¥2))(t)— X (to, ao, “)(t)”
< ”X(to, ay, e(y,, .Vz))(t)—x(to, ao, €, (.Vl))(t)“‘*'
+I|X(to, ag, €, (.Vl))(t)— X (to, ao, u)(t)"
<ef2+e/2 =€, te[ty, to+T].

Furthermore,

P (X(to, ao, €(y1, ¥2))(®), »1 (t)) >3d
and

P2 (X(to’ ao, e(yy, }’2))(t), Y2 (t)) > min {dh cevs dm}

for te[ty, to+ T]. The constants ¢; and d;, i =1, 2, ..., m, could be chosen
independently of 1y, ag, b1g, b2o and T. Therefore the proof.is finished.
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4.1. Some general criteria

Let us fix Uecomp(R¥), Vecomp(R), continuous functions f: R*x U
—R?* g: R*xV—>R? and a natural number k > 1. Suppose that the
functions f and g satisfy the conditions

S (a, u)—f (b, wll < L*lla—bll, llg(a, v)—g(b,v)ll < L*|la—bl],

4.1 g(a, V) < Int conv f(a, U)
for a, be R%, ue U and veV, and define functions F and G by the formulas
F(x,u)=(x* x* .., X" f(x', w), G(x,v)=(x%x ..., x* g(x', v)),

where x =(x!, ..., xYeR®* x'eR* i=1,2,...,k ueU and veV.

For te[0, ), a=(a',...,aeR*, b=(b',..., b)Y e R* where d,
bieR%, i=1,2,...,k for ueU, and veV, denote by X(t, a, u) the solution
of the differential equation

x'=F(x,u), x(t)=a,
defined on [f, ®), and by Y(t, b, v) the solution of the equation
y=G(y,v), yl)=>,

defined also on [t, o).

DerFINITION 4.4. A. strategy (e, #e)e E(X, Y, a, b, t) is c-extremal on
the interval [t, t+ T] if for any ye Y(r, b, V)) the following conditions are
fulfilled:

t+Te #e(y), c¢=Cpen—¢ and e(y)(s) =e(y)(S)
for all {e #e(y)n[t, t+T) and se[&, &y,

for any &e #e(y)n(t, t+ T) there is an de R? ||d| = 1, such that
(0, e0)(@), 8> = max {f (x' (£). ). &),

where x =(x!, ..., x}) = X (¢, a, e(y)).

Now, let us fix arbitrary R, T,e(0, o). There are positive constants L,
R* such that

Ix(s)—aqll < R*, |ly(s)—boll < R*
and
Ix(s)—x(Oll < Lis—1|, |iy(s)—y(e)l < L|s—1|
for all xe X (to, ao, U,,), ye Y(to, bo, ¥;.), a0, boe B*(0, R), 5[0, o) and

s, te[ty, to+ T»]. Hence, according to (4.1), one can find ¢e(0, o) and
y€(0, L} such that,
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if a, e R?% ||| =1, |lal| < R*, ieU and {f(a, ©), @) = max(f(a u), ay,
then

{f(@ a)—g(b,v),ay>2y,

for all de B*(a, 20) and be B%(d, 20).
Finally, take any ne(0, ¢], H = min {1, ¢/(2L+7)} and

@(a, b) = max {|la' —b|l, [la*— b}

for a=(at, ..., d", b=(b!, ..., bYeR?* d', beR* i=1,... k

Lemma 4.1. If t,=0, a,, boeB*(0,R), Te(0, T,] and (eq, #eo)
eE(X, Y, ag, by, to) is c-extremal on the interval [1,, to+ T] with ¢ < H, then
there exists a function M such that Hypotheses (H1), (H2) and (H3) are
satisfied.

Proof. The proof is very similar to (and even easier than) the proof of
Lemma 3.1. For details see [30].

Let g: R* x R* — U satisfy the conditions

(F(a, q(a, b)), b—a) = max (F (a, u), b—a)

uclU

fora=(a', ..., d", b=(b, ..., b*)e R*, and there is an de R?, ||d|| = 1, such
that

{f(a', q(a, b)), a) = me:}x {f(a', ), @),

whenever a* = b*,
For Te(0, T,] and ieN, i > 1, define the constant function 67: R* x
x R* - (0, o0) by the formula

87 (a, b) = Ti, (a, b)e R** x R*.
Suppose to = 0, a,, boe B**(0, R) and (e, #e)e E(X, Y, aq, by, to). For
each ye Y(to, by, V) define

e?‘T(y) = [q’ 6;1‘, ag, dp, tO] (X(tO’ do, e(y)))

and #e?7(y) to be the set determined by the strategy [q, 67, ao, ao, tol
eE(X, X, ao, ap, to) and the trajectory X (to, ao, €(y)).

LemMaA 4.2. For any & > O there is an ige N such that, if Te(0, T,], then
(€27, #e?T)e E(X, Y, ag, by, to) is Tli-extremal on the interval [tg, to+ T]
and

[1X (20, a0, €T (1)) — X (to, a0, et} < &
for all (e, #e)e E(X, Y, ay, by, to), i =iy and te[ty, to+ T].
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Proof. The first part of this statement is obvious. The second one
follows from Lemmas 1 and 2 of [1].

Lemma 4.3. For any ¢, r > 0 and T,e(0, T,] there are c, d > O such that
for arbitrary ty, =0, ay,bye B**(0, R), with ¢(ay, bg)>r, Te[T,, T,] and
uc U, one can find a strategy (e, #e)cE(X, Y, ay, by, ty) satisfying the
condition (u, s, ¢, d, @) on the interval [tq, to+ T].

Proof. Choose arbitrary ¢, r>0 and T,e(0, T;]. Let t, 20, a,,
boe B*(0, R) with ¢(ay, bg) =1, Te[T,, T,] and ueU, be fixed.

Denote by (¢, #¢&) the strategy from E(X, Y, aq, by, ty) defined in the
following way:

e(y)=u, #eé(y)={to,to+T to+2T, ...} for yeY(to, bo, V)

Let ioe N be taken for R, T, and ¢/2 in accordance with Lemma 4.2. Without

loss of generality we may assume that Ty < H.

Now, take (eo, #eo) = (€%", #&:7). The strategy (eo, #eo) satisfies the
assumptions of Lemma 4.1, and so by the condition ¢(ay, bo) = r, we have
ad>0 and (e, #e)e E(X, Y, ay, by, ty) for which

X (0, @0, €(1)(©)— X (to, a0, €0 (1)) < &/2
and

(X (to, a0, e(M)(®), y(1) > d

for ye Y(to, by, V) and te[to, to + T]. Moreover, it is not difficult to check

that the constant d may be found independently of t,, ao, by, T and u. Since
Tliy is also independent of t,, ay, by and u, the proof is complete.

Remark 4.2. If k=1, then the player E wins locally along each
trajectory in the game (X, Y, ¢) and, by Proposition 4.1, he also wins in the
game (X, ¥Yx...xY, ¢ A... A @) (ntimes). This case has been partially
investigated in [37].

Further, using analogous methods to those used in Section 3.2, one can
get the following result:

THEOREM 4.1. The player E wins locally along each trajectory in the game
(X, Y, §), where

y(a, b)=|la*=bY|| for a=(a*, ..., d"), b=(b!, ..., b")e R*.

Remark 4.3. In view of Proposition 4.1, using the above theorem, we
can obtain the same result for an evasion game with many pursuers.

Remark 44. The case of k=2, U, Viecomp(R?), V' < Int conv U,
f(x,u)=u, g;(x,v)=v, xeR*> ueU, veV' i=1,2,...,n has been
investigated in [36].
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To make sure that assumption (4.1) (just as (3.1)) is essential, we will
present the following example:

ExaMpLE 4.1. Suppose k = 1, U = B2(0, Rg), V = B%(0, Rp), f(a, u) = u,
gla, v)=v, @(a, b) =|la—b| for a, be R?>, ueU and veV.

If Rp < Rg, then the player E wins locally along each trajectory in the
game (X, Y, ¢), thus he also wins in a game with many pursuers (X, Yx ...

.. xY, @ A... A @) (ntimes).

If R, = Rz and n > 3, then there are situations (0, a, b,, ..., b,) in which
the pursuer P wins, see [26].

I was told by prof. A. Bielecki that this pursuit problem was solved by
J. Perkal in 1950’s but unfortunately it was not published.

ExampLE 4.2 (Lions versus Man in the circle). Let X, Y be defined as in
the previous example and let R > 0 be fixed. A little refinement results of this
section and the method of Example 1 of [28] yield the following:

For any ne N there exist d, T > 0 such that for arbitrary ae B*(0, R)
and b,eR?’, with a#b, i=1,2,...,n there exists a strategy
(e, #e)e E(X, Yx ... xY,a,b;,...,b,, 00 such that, if y,eY(0,b;, V),
i=1,2,...,nand x=X(0, a, e(yy, ..., y,), then

x(t) # yi(t), tel0, T],
l|lx(e)— y; (Dl = d, te[T, o0),
IIx ()l < R, te[0, o)
for i=1,2,...,n
The case of n =1 has been investigated in detail in [8] and [18].

4.2. Some special examples

Suppose that X is a control system over (R¥, U), Y is a control system
over (R, V), ¢: R*xR - [0, o) is a payoff functional and M < R* x R".

Let X and Y be equicontinuous on bounded sets and, for any T, R > 0,
let there exist H, @ >0 and strictly increasing functions &, ¢*: [0, H]
— [0, oc) such that the following hypotheses are satisfied:

(H1) For any 7 > 0 there is a { > O such that, if ae B*(0, R), u, iic U, and
u({te[0, TY: u() # @@)})<{ then |IX(0, a, u)(t)—X (0, a, @)(1)|
< tel0, T].

(H2) If ae B*(0, R), be B'(0, R), (a, b)eM and ¢(a, b) < @, then
p(x(1), y() = 6(t), xeX(0,a,Ugy), yeY(0,b, V), te[0, H].
(H3) For any he(0, H] there exist h*e(0, h] and ¢* >0 such that, if

acB*(0, R), beB' (0, R), (a,b)¢ M and ¢(a, b) < ¢* then one
can find u*e U, such that
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@(X (0, a, u*)(1), (1)) = 0* (1), te[0, h*1, (X (0, a, u*)(h*), y(h*)e M
for each ye Y (0, b, V).
ProrosiTioN 4.2. If Hypotheses (H1), (H2) and (H3) hold true, then the
player E wins locally along each trajectory in the game (X, Y, ¢).
Proof. Let us fix arbitrary ¢ r, R, T, > 0 and T, 2 T,. There is an
R* = R such that
X[0,a;t]<B*0,R*) and Y[O,b; ] < B'(0, R¥

for ae B“(0, R), be B'(0, R) and te[0, T].
Choose to =0, apeB*(, R), boeB'(0,R), with ¢l(ag, bo) =r,
TelT,, T,] and ue U,. For R* T, take H, ¢ > 0, functions &, o*: [0, H]

— [0, o) and, additionally, for n = ¢ take { > 0 in accordance with (H1)
and define
(V) =u, #eoy) = ito, to+T, to+2T, ...},
M(t,y)=M for yeY(to, by, V;), telto, to+T).

To end the proof it is enaugh to observe that the assumptions of Lemma 2.1
are satisfied.

4.2.1. The homicidal Chauffeur game. Let U = {ue R*: |jul| € K} and
Vecomp(R'). Suppose that g,: R xR - R%. ¢,: R*xR' xV >R are
continuous and Lipschitzian with respect to the first two variables, g, has a
continuous derivative and

() for each R > O there exists a ye(0, o) such that y < ||g; (by, b,)|| when
b, e B%(0, R) and b,e B'(0, R).

For t >0, a, b,eR?, b,eR', ucU, and veV, denote by X(t, a, u) the
solution of the differential equation

x'=u, x(t)=a,
defined on [t, ), and by Y{(t, b,, b,) the solution (y,. y,) of the equation
Yi=610ny2)s i@ =by, y2=6¢:001,¥2, 0, v2(t) = by,
defined also on [r, o). Finally, let
@la, by, by) =lla—byl

for a, b,e R? b,eR'

We are going to prove that E wins locally along each trajectory in the
game (X, Y, ¢).

Without loss of generality we may assume that K < y.

Define M = {(a, b,, b;)e R* xR* x R': {a—b,, g,(b;, by)> < 0}.
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Hypothesis (H1) is easy to verify.

Verification of Hypothesis (H2). There exists an' R* > R such that
Y[O, by, by; t} = B**'(0, R*) for all b,eB%*0,R), b,eB'(0,R) and
te[0, T]. Let 4, R > 0 be such that

lgy (by, b2)ll S R, llg2(by, by, VI < R

g,
ob,

for b, e B2(0, R*), b, B'(0, R*) and ve V. Let
acdR, H=(3-K)(2x), &) =@—-K)r—at?, te[0, H].

Note that for b,eB*(0,R), b,eB'(0,R) and wveV, il (y,,y;)
= Y(0, b,, b,, v), then

(bl’ 2) S&

<o |

0 0
yi(s) = %(YI (8), ¥2(9)) g1 (v1 (5), yz(f))+a—zz-( (s), ¥2(8))g2 (3, (8), ¥2(s), v(s))

for almost all s > 0, which implies that ||y (s)]| < 2« for almost all se[0, T].
From the above and from the formula

y1(8) = y1 (0)+sy; (0 + | [yi(r)drdr
00
for
Yols) = | [¥{(v)drdt,
00
we have
lyo 9l < as®,  se[0, T],

and

Y1(9) =y, (0)+5y71(0)+vo(s), se[0, o0).

Now, assume that a, b,eB*(0,R), b,eB'0,R), ueU,, velV,,
(a, blabZ)eM and X=X(0, a, u)s ()’p y2)= Y(05 blabZ,v)'
Taking into account the inequality (b, —a, g,(b,, b;)> = 0, we obtain

s ()= xSl = <y ()—x(5). g1 (by, b2)YAlgy (by, b))~
= (1 (0)+5y; (0)+yo(s)—a— [u(t)dr, g, (by, b)) llg, (by, b))
0

> by —a, gy (by, b2))Nllg, (by, bIl)™ !

+5 y1{0), g1 (by, ba)X/(llgs (by, b))~ —as?~Ks
> ys—Ks—as®* =6(s), se[0, H].
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Verification of Hypothesis (H3). For an arbitrary he (0, H] take
h* = min {h, K/(22), y*/(10aR),  @* = y* h*/R — Sa(h*)?,
o*(f) = Kt—at?, te[0, H].
Assume that a, b,eB?(0, R), b,eB'(0, R), (a,b,, b2)¢‘1\7I, [la—b,|l < @*,

ueU,, ve Vp, x* = X (0, a, u*), where u*e U, ||u*|| = K, {u*, g,(b,, b3)) =0,
{a—by,u*y >0, and (y,, y;) = Y(O, by, by, v). Let y, be taken for y,, as in

the verification of (H?2),
iy, ()= x* ()| = <x*(5) =y (5), w*/K>
= {a—by, u*/K)+s u* —y1(0), u*/K})—yo(s), u*/K)
> sK—as? =0*(s), se[0, H].
Moreover, in view of the formula

1y () =1 (O)) < 2as
for almost all se[0, T], we have

()= y1(5), g1 (1108, ¥2(9)) = e*(5)=p1(8), Y1 (9))
= (a+su* —b; —sy1(0)—yo(5), ¥1(s))
=<a—by, y1(9)>+s W*—y1(0), yi(s)) — (vols), ¥1(5)>
< lla=bill R+s u* =y (0), ¥1 (0)+y ()= yi (0> +aRs?
lla—byll R+s[<u*, yi(s)= 1 (0)) —9* = {1 (0), y1(5)—y1 (0))] +aRs?
lla—b,|IR +s(2Kas —y* + 2Ras)+ aRs? < ||la—b,|| R+ s(4Ras —y2) + Ras?
= |la—b,|| R+ 5Ras*—y%s, se[0, H].

Therefore (x*(h*), v, (h*), v,(h*))e M, because of the inequality

<
<

lla—b,|| R+ SaR (h*)?> —y? h* < ¢* R+ 5aR (h*)* —y* h* < 0.

ExampLE 4.3. The homicidal Chauffeur game, see [14]. Let [=1=1,
V ={—R, R], where R >0, and

g1(by, by) = y(cos by, sin by), g,(by, by, v) =0

for b,eR* b,eR. veV.

Obviously, our initial assumptions are satisfied. Thus, the player E wins
locally along each trajectory in the homicidal Chauffeur game. By
Proposition 4.1, he also wins in a game with several pursuers.

4.2.2. The game of 1 +n cars. Suppose U = [—Rg, Rg], V =[—Rp, Rp]
and vg, vp > 0. For t 20, (a,, a;), (b,, b))eR? as, by;eR, ueU, and veV,
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denote by (x,, x5, x3) = X(t,a,,a,,a;,u) and by (¥, V2, V3)
=Y(t, by, by, by, v) the solutions of the relevant differential equations

x) =vgcos x3, Xx;()=a,, yy=vpcosy;, y;(t)=bhy,
Xy =vgsin x3, x()=a,, Yy=vpsiny;, y,(t) =by,
X3 = U, x3(t) =a3, Yi=v, y3(t) = by,
and take
@(ay, a3, as, by, by, b3y = ((a; —by)* +(a; —by)?)"%.

These formulas describe the so-called game of two cars, see [14].
Suppose vg > vp, vz Rp 2 vp Rp and define

M = {(a, b)e R’ x R*: {(a, a;)—(b,, b,), (cos a3, sin a;)) > 0},
where a =(ay, a,, a;) and b =(by, b,, b,).

Using suitable results of [29], one can easily show that Hypotheses (H1),
(_HZ) and (H3) are satisfied. Thus, the player E wins locally along each
trajectory in the above game. By Proposition 4.1, he also wins in a game
with many pursuers.

There are numerous papers concerning the game of two cars. For
instance, see [2], [3], [14], [34].

5. Differential games of many evaders and pursuers

5.1. General example

Let us fix neN, n> 1, uecomp(R?), Viecomp(R?), functions f;: R*
- R% i=1,2,...,n and natural numbers k,, k,, ..., k, = 1. Suppose that
Il fi(@)—f; (Bl < L*|la—bl| and

5.1 Vi< Int conv U

for all a, beR*> and i=1,2,...,n . “
Fori=1,2,...,nx=(x!,..., xR ", where X¥eR%, j =1, 2, ..., ki,
ueU and ve V' define '

F,-(x,', u) = (xizv xi39 ceey x:(i’. i(xil)+u)7
Gi(x;, v) = (X2, X2, ..., X1, S (x1) +0),

and define the control systems X;, Y, as in Section 4.1.

DeFINITION 5.1, Suppose that X is a control system over (R, U),
(e, #e)cE(X, Y, a,b,t) and T > 0. The strategy (e, #e) is extremal on
the interval [t,t+T] if e(y)(t) =e((OeU® for yeY(t,b, V) and
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e #e(y)n[t, t+T), where U¢ denotes the set of all extremal points of
conv U.

From this point on we follow Section 3. Let us fix arbntrary to =0,

T>0, ap=0(al, ..., a)e R™, b,y = (b, ..., bi)e R°“ such that aly # bk,
i=1,2,...,n
There are constants L, R > 0 such that
lIx(s)—aoll < R, 1y ()= bioll < R,
llx(s)=x (|l < Lls—t. Jlys)—y @il < Lis—1|

for xe Xi(to, aio, Uip)s ye Yilto, bigs V,‘é), s, te[tg, to+T), i=1,2,...,n
It is easy to see that there exist constants oe(0, ) and ye(0, L] such
that, if deR? ||la)| =1, deU and i, @) = max |[{u, d): ue U}, then
{filay+a—fib)—v, ay = 2y

for ae B%(0, R), be B*(a, 29), veV', i=1,2,....n
Take arbitrary ne(0, ¢], H = min {1, ¢/(2L+ )}, and define

k; ki
oillal, ..., a’), (bl ..., b)) = max {[la’ — bl|l, lla; — b;'ll}
for (al, ..., a7, (b, ..., b)e R*
Now, we can prove by induction, as Lemma 3.1, that E wins in

the game (X, x ... x X,, Yix ..., Y,, dy0, --+. Guo» D10 - -+ Bpos to; @) ON the
interval [, to+ T], where

1 k1 1 k 1 Ky 1 k
oag, ..., ay s ooy Ayy ooy @ by, oo by, o by, DY
o 1 ki 41 ki, o _
=min @ (a;, ....q'. b}, ....b"): i=1,2, ..., n}.

(At every step we will obtain extremal strategies on the interval [tq, to+ T].)

Continuing the procedure from Section 3.2, we can show that E wins in
the game (X, x...xX,, Yy x...xY,, dyg, ..., Qpng, bros ---» buos ) on the
interval [tq, to+ T], where

k . .
Yial, ..., b,y =min{|lal =b}||: i=1,2,...,n.

In the next section we will use a slightly different approach to a certain
special game.

5.2. A squadron of ships amidst iceberges

First, in accordance with a commonly accepted practice in game theory,
we will present a certain story:

“A squadron of ships, moving in a given formation, meets a group of
iceberges on its way. The task of the squadron is to pass through the
dangerous area without changing the formation”.
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We will treat an iceberg as a pursuer since its behaviour is dificult to
foresee, see also [34]. Thus, the above task can be put in the following way:

The evaders E,, ..., E, are moving on the plane. The task of each
evader E; is to avoid meeting the pursuers P;, j =1, 2, ..., m. However, we
also require the trajectories of all the evaders to be in line exact to a parallel
shift.

Now, we are going to give a formal description of this problem. Let U,
V and X, Y be the same as in Section 4.2.2 and let X; =X, Y/ =Y for
i=1,2,...,n j=1,2,...,m Fix d =(d}, d)), ¥ = (b}, by)e R?, dy, bicR
such that ' # b, i=1,2,...,n j=1,2,....m and d} =a3 =... = a}.

As we know, see Section 4.2.2, Remarks 4.1 and 1.3, there exists a
strategy (e, #e)e E(X,, Vi' x ... xYx ... xYg x ... x Y2, (a', a}), (b' +a' —
—a', bl), ..., (b'+a'—a" bY), ..., (b"+a'—a', bY), ..., (b"+a' ~a", bT), 0)
such that for any (yi, ..., ya)e(Y{' x ... x Y)(0, (b* +a' —a', b}), ..., (b™+
+a'—a", bY), Vox ... x V), if

X =(x1:- X2, x3) = Xl(Oa (al, aili)a e(yi’ LERE) y:'n)),

then

(x1 (1), x5 (f)) # (()’5)1 (1), (,Vj')z ()
for t20, i=1,2,...,n and j=1,2,...,m It follows from the above
that, if

xi([) = x(t)+(ai1 _—a}a aiZ—aia 0) and 5)‘_‘]([) = y_l;'(t)'}'(ail _ai’ aiZ—aé’ 0)’
then

(x4 (1), x5(0) # (7). (1), 7)2(1), =0,
and

x'e X;(0, (d', a5), Uy), FieY,(0, (¥, b}), V,)

fori=1,2,...,n j=1,2....,m
It is now easy to see that the task considered above can be realized.

6. On evasion games with incomplete information

We will consider here a game in which the evader can only approxi-
mately determine the position of the pursuer. It may be due to inaccuracy of
measurement or to delay of information. Suppose that the evader has a
strategy allowing him to avoid meeting the pursuer in a game without any
perturbations. It seems natural to ask when such a strategy would be
efficient in the case where some perturbations appear. Similar problems were
also considered in {4], [13].
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Since the accuracy of estimation of the pursuer’s position may depend
on the relative positions of the two players, the following description of this
situation seems natural.

Let X be a control system over (R*, U) and Y be a control system over
(R', V). Assume that acR*, b,beR, r>0 and that p: X(t, a, U)x
xY(t, b, V) Y(t, b,V)is a non-anticipating function. The meaning of p
is as follows. If the evader moves along a trajectory xe X(t, a, U,) and
the pursuer moves along a trajectory ve Y (¢, b, V), then the evader “gets
the impression” that the pursuer moves along the trajectory
7 = p(x, y)e Y(t, b, V). (One can additionally assume that the values of the
function p depend on a certain random parameter. However, when the
assumption as in (6.1) is maintained, this seems to be unnecessary.)

Let ¢: R* xR — [0, cv) be a payofl functional, re(0, oc) and

(6.1) IB(x, () =yl <r

for xe X(t,a, U), yeY(t, b, ¥)) and se[t, o0). The constant r estimates the
distance between the pursuer’s trajectory j observed by the evader and the
pursuer’s real trajectory y. For example, if the evader gets information on the
position of the pursuer delayed by 4 > 0 and the trajectories from Y (¢, b, V)
are equicontinuous with a modulus of the continuity w, then one can assume
that

px, M(s)=>b for se[t, t+H],
P(x, y)(s) =y(s—h) for se(t+h, ),
r =w(h).

Let us assume that there is a strategy (e, #e)e E(X, Y, a, b, t) which
satisfies the condition

o(X (¢, a, e(), (), j)'(s)) >d>0 for FeY(t, b, V), selt, t+T].

If the pursuer moves along the trajectories from Y(t, b, V), then this strategy
guarantees the evader the result d on the interval [¢, t+ T]. For small
perturbations the strategy (e, #e) may also be a “good” one for the
trajectories from Y (t, b, V). It should be explained, however, how the evader
can use this strategy when the pursuer moves in reality along the trajectories
from the set Y(¢, b, V). The way the strategy (e, #e) “works” in the
situation (t, a, b) may be formally described as follows.

First, note that for a given yeY(r, b, V) the function p(-, y):
X(t, a, U)—> Y(t, b, V) is non-anticipating; thus it may be shown that there
exists exactly one je Y(t, b, V) which is a solution of the equation

(6.2) F=p(X(t, a, e(®), y)
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Therefore we may define the functions &: Y(t,b, V)> U, and #&é:
Y(t, b, V)— =, by the formulas &(y) = e(y) and #&(y) = #e(¥), where 7 is
the solution of (6.2).

It may be shown that (¢, #8&eE(X, Y, a, b, t), and so the control &(y)
from the above formulas can be accepted as the evader’s response to the
pursuer’s trajectory y.

Now we are going to check what the strategy (&, #8&) guarantees the
evader E:

(X (1, a, 1) (5), y(5) = o(X (¢, a, e(D))(s), y(5))

> o(X(t, a, e(M)S), F(5)—w, (17 (s) =y (S)Il) = d—w, ()

for yeY(t,b, V) and se[t, t+T]. Thus, if w,(r) <d, then the strategy
(€, #8&) guarantees also a positive result in the game (X, Y, a, b, t; ¢) on the
interval [r, 14+ T].

7. Final remarks

7.1. We have only considered evasion games in which the players
can move over their “own” sets of trajectories. We have not considered
games described by differential equations of the form z' = f(z, u, vy, ..., v,).
It seems that, after suitable modifications, the application of the method
here presented to such games is possible.

7.2. The evasion game with many pursuers is a special case of the so-
called N-person game. In these games the Nash equilibrium problem, Pareto
equilibrium problem, etc. are those most frequently considered. It seems that
the following problem is also worthy of notice.

Let us consider a certain N-person game (not necessarily an evasion
game) which the player E can play with each of the players P,,..., P,
separately and gets the results d;, i =1, 2, ..., n, respectively. What result
can E obtain playing against all the players simultaneously?

Obviously, in such a general situation one can only say that the result
cannot be greater than min{d,, d,, ..., d,}. Thus, this problem should be
posed only with reference to certain particular classes of N-person games.

The above formulation of the game problem for the evasion games with
many pursuers has proved useful. Example 2 of [28] allows us to pressume
that it is not the only such possibility.
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