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Introduction

In this work we derive inequalities among various weighted Sobolev
norms for holomorphic functions on the unit ball B in C". To be precise, we
introduce a family dv,, g > 0, of probability measures on B by letting dv,(2)
=(F(n+q)/n"T'(@)(1—|Iz|*)*~*dv(z) for ¢ >0 and letting dv, be the nor-
malized surface measure on 9B which is the weak* limit of dv, as g — *0*. We
define | f|,qs to be the supremum of the If(dv,), 0 < p < o, norms of
derivatives of f up to order s. (In Section 5 we extend this definition to allow
s to be an arbitrary real number when f is holomorphic.) We will show
(Theorems 5.3 and 6.13) that, roughly speaking, to estimate the norm || f,,,,, it
suffices to consider derivatives of f in the radial direction. (See also Boas [7] for
an I?-version of this result.) This observation leads to a number of interesting
inequalities involving the norms |[‘|,.s. Thus, for example, we obtain
a Lipschitz estimate for holomorphic functions f with || f|,s < 0 which is
sharper than the classical Sobolev estimate in the continuous category
(Corollary 5.5). We also obtain BMO (bounded mean oscillation) and Har-
dy-Littlewood type estimates for such functions, which extend those given by
Graham [15] and Krantz [17] (Theorem 5.14 and Proposition 5.15). In
addition, we obtain sharp inequalities between the norms ||||,, s, U = 1, 2)
on holomorphic functions which imply, in particular, that ||-||,,4,.s, 1S equiva-
lent to |*[ 4,5, Whenever both g are positive and q, —q, = p(s, —s,) (Theo-
rem 5.12(i)). Except in the trivial case q, = g, = 0, this result fails if p # 2 and
4,'9, = 0, in which case sharp inclusions are given (Theorems 5.12(ii), 5.12(iii)
and 5.13).

We also prove a sequence of results concerning the fractional powers of the
Bergman and the Poisson—Szegd kernels which are of interest on their own
right, and useful in establishing the above mentioned estimates (Theorems 1.10,
3.3, 3.4 and their corollaries). In addition, we will prove projection theorems, of
the type considered by Forelli and Rudin [14] for the norms ||, The
estimates are a rather straightforward extension of the Forelli-Rudin result in

1980 Mathematics Subject Classification: Primary 32A35, 42B30, 32A10, 32H10, 46E35;
Secondary 30DS55, 26A16.
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6 Holomorphic Sobolev spaces

the case s = 0, but are more delicate in the case s < 0 (Theorems 3.9, 6.14 and
Corollary 6.3).

All of the above results are based on reproducing formulas for holomor-
phic functions which are derived in Section 1 from functional Hilbert space
considerations. Since the kernels in these formulas are produced by rather
abstract methods, it is necessary to analyze their singularities asymptotically in
order to obtain the IP-estimates discussed above (Theorem 2.1, 2.2, and
Corollaries 2.3 and 2.4).

The paper is organized as follows: In Section 0, we give the preliminaries
and notation of this work. It also contains some integral representations for
certain special functions which are relevant to our reproducing kernels. Section
1 deals with functional Hilbert spaces of holomorphic functions and the
equivalence of various, rather abstract, Sobolev spaces. In Section 2 we
describe the asymptotic behavior of the relevant reproducing kernels near dB.
The spaces If, = I¥(dv,) and their holomorphic subspaces A} are introduced
and studied in Section 3. In Section 4, we prepare some norm estimates for
certain integral operators on Sobolev spaces. The above mentioned results
concerning Sobolev norms are in Section 5. Finally, in Section 6 we give
various projection theorems, especially for Sobolev spaces with a negative
number of derivatives.

It is a pleasure to acknowledge with thanks many discussions we had with
our colleagues R. Askey and D. Leucking

0. Preliminaries and notation
Throughout this work, we use the following notation:

0.1. The vector space C". We fix a positive integer n, and denote by C" the
vector space of ordered n-tuples z = (z,, ..., z,) of complex numbers, with
inner product and norm, given by

2O =20+ +50, lzl =<z, )",

For r >0, B(r) = B,(r)={zeC": |z| <r} denotes the ball of radius r,
centered at the origin, in C". The unit ball B = B, in C" is then B = B,(1). In

the one-dimensional case, we let 4(r) denote B, (r) and we let 4 denote the unit
disk B,(1) in C.

0.2. Multinomials. For o = (2,,...,a,)eZ"% and z = (24, ..., 2,)eC",
we use
al=at-at, Jo=o,+ " +a,

a _ 21 .., a
2t =z zZ,".
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We also use the partial differential operators 0;=20/0z; =1,...,n) and
0 = 0%' -+~ 0%". The radial derivative operator is then

R=) 2,0,
j=1
and we set
D,=2+1 (le(),

For a domain Q in C", #(Q) denotes the class of all holomorphic functions
on Q. Thus, any fe O(B) can be represented as

f@@=Yaz (z€B),

and hence
{Dif}@) =L (ul+)a,2* (€0,

where a, = a,(f)eC, e Z% and s Z, . We may, by virtue of the last formula,
define Dj ffor any s € R and any | > 0. In particular, D fis in O(B) for any se R
and any fe O(B).

0.3. Measures. The letter v stands for the Lebesgue measure on C" while
o is the surface measure on the boundary B of B, normalized so that
a(0B) = 1. For q > 0, dv, is the probability measure on B, defined by dv, = do
when g =0 and by

_ 1 I'in+gq)
=" TI'(q)
when g > 0. It should be noted that as a measure on B, dv, —dv, in the weak™*

sense as g— 0%, This can be verified easily by a calculation based on polar
coordinates. In particular, if f is a continuous function on B, then

[fdvy = | fdo = lim | fdv,.
oB

q—+0* B

dv,(2) (1 =Nz[?y" " dv(2)

On the other hand,
[fdv, = [fdv, (g>0),
B

if f is integrable with respect to dv,.

0.4. Combinatorial notation. For m, r, se C, we use

_T(r+m) n rer+1)
T’ 0= Fs+HIr—s+1)

(")
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and the familiar beta-function B(r,s) = I'(r)I'(s)/T(r+s). In particular,
(N =rr+1) - (r+m—1)ifmeZ, . FormeZ, and r, se C, we also define

C"'(r, S) F(r+1) Z (1)—(—"

and thus
Co(r, s) = 1/is),, C'(r,s) = {r’ +(s—Dr+1}/(s),.

In particular, C"(r, s) = C™(m, s) for m, re Z, with r <m, and seC.

0.5. Special functions. For a, b, ceR and ze A, we consider the
hypergeometric function

F(a, b, C:z) ZO (:In)|((cl;)m "

and hence F(a, b; b:z) = (1—2z)7% We note the identity
F(a,b;c:z2) =(1—=2¢"""PF(c—a, c—b; c:2),

and the integral representation, for ¢ > b > 0,

F(a, b; c:2) = _f(l—tz) epbm (1 —gFmb 14y,

B(b, c-b),
We also consider the related function

> 1
Ga.b(z) Zo m’( (‘2 l)b

" (zed),

and thus

Gaolz) = (1—2)7",
G, -1(z) = F(a, 2; 1:2) = (1 —=2)"* " [1+(a—1)z],

G,1(2) = F(a, 1;2:2) = %ﬁ{(l—zr““—l} @#1),

G11(2) = Ga.a0) = F(l, 1; 2:2) = ——log(1—2),
Gs.2(2) = $1—5)™* {1~(1~ ). log(1 ~2)},

Ga2(2) = §(1-2)"2{1+3(1—2)-2(1 —z)zélog(l —2)}.
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Also
1 —t ~ahb-1,-t
Gap(2) = T®) ’.[ (I—e7'z)7% " e™Mdt (b >0),

(z;;iz+ 1>SG,,,,,(z) = G,p-s(2) (a, b, seR).

In particular, for z, {e B and any a, b, seR,

(0.1) D*|,Gop({z, D) = Gop-5({2, O)).
Another special function that we consider is
Ha) =3 ~=L m (zed
e 2o m! C¥(m, a)z zed)
where seZ, and aeR. In view of 04, H,o(z) = (1—2z)"° and
H,,(2) = | (1—e"‘z)"’e“i"'”'/2———Smh(ﬂa)t)dt
) y(a)

where
(@) = 3{(a+1)(@a—3)}'"2

and a > 1. Thus
Hy ()= [(1—e"'2)"3te™"d

° .

and hence

Haa(9) = Gaa@) = 41-2"{1-0-91og1 -},

Moreover,
a m

H 1) = Y —m_zz+—1 =1+z [ (1—e™"z)" e 'sintdr.
0

m=0

0.6. Smoothness of functions. Let @ be a domain or a closure of a
domain in C", and consider the classes C™(Q), meZ_, and C*(8). Thus
feC™(Q) if and only if for any aeZ” with |« < m, 0% exists and belongs
to C(2) = C°(Q). For 0 < £ < 1, we define two Lipschitz classes of order &,
Lip,(Q) and A4,(2), as follows: feC(Q) is said to belong to Lip,()
or to A,(Q) if there exists a constant 4 > 0 such that |f(z+{)—f(2)|
S AL or | fz+0)+f(z—0)—2f (2)] < A|||)%, respectively, for all ze 2 and
all {eC" such that z+({ef. Evidently, for every 0 <& <1, Lip,(2)
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< 4,(Q) « A4,(Q) = Lip,(2). We now define 4,(€2) for every a > 0 as follows:
If a=m+¢ with meZ, and O0<e< 1, then feA,(Q) if and only if
e C™(Q) and 9*f e A,(Q) for every o€ Z% with |o] = m. For future reference
we recall two classical results due to Hardy-Littlewood and Zygmund
(see [11, pp. 74-76]): Let fe O(4). Then fe A,(4), 0 <& < 1, if and only if
sup{(1 —|z))' ~°|f"(2)|: ze 4} < oo and f € A,(4) if and only if sup{(1 — |z])| ' (2)|:
zed} < .

We also recall the result of Tricomi and Erdelyi [22] concerning the
asymptotic expansion of a ratio of two gamma functions. Let a and b be any
complex numbers. Then in the sector {ze C\{0}: |argz| < n}, we have

rz+a .., o m
Ta+d) "~ ° "m;o Ym(@, b)z

as z— oo within the sector, where
Ym(@, b) = (b—0a)nq.(a, D)

and where the coefficients ¢,,(a, b) (m =0, 1, ...) are determined from the
expansion

e *(l—e”P =Y g, (g, b)em*PT" (0 < |t] < 27).

m=0

Here the symbol ~ in the above asymptotic expansion means that for any
keZ,,
_Jz+a & _
k) b—a _ b m b
as |z|—» oo within the sector. The first three coefficients of y,(a, b) are easily
shown to be

}’o(a, b) = 1,
.(a, b) = 3(a—b)(a+b—1),
y3(a, b) = F(a—b)a—b—1){3(a+b—1—(a—b+1).

Given two-complex-valued functions f/ and g on a non-void set X,
we write f<g on X if there exists a positive constant A4 such that
|f (x)] < Alg(x)| for every xeX. We also write f~g on X if f < g and
g<f onX,

As an example, we record the following simple consequence of Stirling’s
formula, namely that for fixed a, b & R such that —a and —b are not in Z 4y We
have

(@)p/(b)y = (m+ 1" (meZ,).
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In a similar fashion for aeR with —a¢ Z, and seZ,, we have

C(m, a) ~ é—(m+1)zs (meZ.,).

1. Hilbert spaces of holomorphic functions

A Hilbert space o of complex-valued functions on a non-void set X under
pointwise operations is called a functional Hilbert space on X, if for every
x € X, the point evaluation functional f+— f(x) from s to C is continuous. In
this case, there is for each xeX a unique function k, e such that
f(x) = {f, k,» for every f € 5. The function K(x, y) = k,(x) on X x X is then
the reproducing kernel for . One verifies easily that K is positive-definite, in
short K » 0, on X, in the sense that for any finite sequence x,, ..., xy € X, the
matrix [K(x;, x))] is positive-definite. Moreover, if X is a complex manifold
Q and if /# < O(Q), then the reproducing kernel K of 3¢ is sesqui-holomorphic
on , ie. for any zeQ, K(-, z) and K(z, -) are in O(Q).

The following result is classical (see [2], [3], [8]):

THEOREM 1.1. Assume that K » 0 on X. Then there is a unique functional
Hilbert space 2 on X with K as its reproducing kernel. Moreover, if X is
a complex manifold and K is sesqui-holomorphic on X, then # < O(X).

Thus it follows that there is a one-to-one correspondence between
positive-definite kernels K on X and functional Hilbert spaces # = 5 (K:X)
on X. One easily verifies the following assertion:

PROPOSITION 1.2. Let ¢, >0 and let K;» 0 (j=1, 2) on X. Then:

@) ¢;K;+¢c,K; » 0 on X;

(i) K;"K;>» 0 on X;

(iii) ¢(K;) > 0 on X whenever ¢ is an entire function on C with
non-negative Taylor coefficients. In particular, e¥' > 0 on X.

For kernels K, and K, on X, we write K; » K, on X if K, —-K, » 0
on X. We have:

PROPOSITION 1.3. Let K; > 0 on X and let #; = (K ;: X) be its associated
functional Hilbert space on X (j=1, 2). Let ¢ > 0. Then the following
statements are equivalent..

() ¢*K, » K, on X;
(i) #, s, and ||fll; < clfll, for every fet,;
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In particular, #, ~H, (ie. #,c H, and H, s ) if and only if
(c;e))’ K, » 3K, » K, on X for some ¢;>0 (j=1, 2).

Many interesfing examples of sesqui-holomorphic kernels on the ball B of
C" are of the form

K(z,0) =} c,2** (z,{eB)

where ¢, = ¢,(K)e C, o€ Z".. The family of such kernels is denoted by ¢ (B).
For any K e A (B) we associate the index set

I'K) = {aeZ": c,(K) # 0}.

By 2", (B) we denote the positive cone in J¢(B) which consists of all K € )" (B)
such that K > 0 on B. We then have:

THEOREM 1.4. For K e X (B), the following statements are equivalent:

(i) Ke X, (B);
(i) ¢,(K) > O for every aeI'(K).
Moreover, in both cases the associated functional Hilbert space
H = H(K:B) consists of all functions f in O(B) of the form
f@= ) a,2* (zeB)
wxel'(K)
such that

Iflk= ), ci'la? < 0.
ael'(K)

In particular, {\/c_az‘: a e I'(K)} forms an orthonormal basis for H#.

CoroLLARY L5. Let K et ,(B) with #;= #(K;:B) and ¢ = c,(K)
(i=1,2) for aeZ’, and let a > 0. Then the following are equivalent:
(@) a’K,~K,e A, (B);
(i) #, c H, and ||flg, < alfllx, for every fe o#,;
(iii) ¢ < a?cV for every aeZ", and thus I'K,) = I'(K,).
In particular, #, ~ 5, if and only if " ~c? on Z". (and hence
F(Kl) = F(Kz))-
As an application we consider a holomorphic function ¢ on the unit dfsk
4 of the form
> 1
p() =Y —b, A" (Aed)
m=0 m:

with b, >0 for m = 0, 1,... It follows that

Kye, 0 = $(G, 09) = ¥ bl
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is a kernel in 4, (B) with ¢, (K,) = b/a! for acZ? = I'(K,). Moreover,
# = #(K,:B) possesses the characteristic property of invariance of the norm
Il = |-lx, under unitary compositions, ie. |foU| = | f| for every fe#
and every unitary transformation U of C".

As our first example, we introduce a family of unitarily invariant kernels
K,, q€R,in K, (B) by setting K, (z, {) = h,(<z, {>) where h € O(4), is defined by

B (l—l)—q, q > 0,
h,(4) = {(1 —q)"'F(1, 1;2~q::2), ¢g<0O.

We let #°, = #°(K,: B) be the associated functional Hilbert space on B with the
induced norm |||, = ||-|x,. We also let c,(g) = c,(K,), and note that

_ J@h/al, q>0,
(0 {(M !)2/((1_‘1)|a|+1°‘!)’ qg <0,

for ae 2" = I'(K}). Note also that for 4 < 0 we have (see 0.5)
1
h () = (A=) [t7(1—tAf " 1dt (Aed).
2 .
In particular,

ho(2) = —llog(l —2).

The norm |[|*|,4, in 3#,., for g > 0 admits a concrete realization in the
form (see 0.3) of

"f”3+q = _“flzdl) (fe'}fn+q: q ? 0)-

Here, for ¢ = 0 f in the above integral is replaccd by its boundary function
f,€?(@B), i
Ilfllf = sup | |fldo, = I |fu[2dvy  (fest,),
0<r<1 B

where f, denotes the dilation of f, defined by f,(z) = f(rz). It follows that 5, is
the Hardy-space H> = H?*(B), while #,., for g > 0 is the weighted Bergman
space A} = A2(B), and thus, by continuity, A3 = H> = s ,. The reproducing
kernel for A2 = o#,,,,q > 0, is, of course, K, 4,(z, {) = (1—<z, {>)” "2 with
K, and K, being the ordinary Szegé and Bergman kernels, 1espectively, on
B (see also [14]).

We shall show below that for g < 0, the space 5#,,, can be viewed as
a Sobolev space of holomorphic functions on B. To this end, for g, se R and
fe€@(B), we define (see 0.2)

I las = WD g
and thus, for g = 0

”f”i%+q.s = _“Dsflzdvq (q = 0)
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We denote by J#,, the functional Hilbert space of all functions f in O(B)
satisfying || f]l,.s < 0. It then follows by a straightforward calculation that the
reproducing kernel K, of 3, is a unitarily invariant kernel in ¢, (B) with

c(a, ) = c(@e] +1)7%  (2eZ% = I'(K,y).
In particular (see 0.5), for ¢ > 0 and seR,

(1.1) K,s(z, 0) = Gp2slz, £)) (2, (€ B).
When seZ, and geR, we also define (see 0.2)

Jor!

NMGs = 2 ‘Ila“fllq (fe0(B),

|¢I =S8

and hence, for q = 0,

| .
IMe0s= 3 BP0 20, (020, 562,)

The weight |«|!/a! is included to make the norm invariant under unitary

coordinate changes. We let J?;,s denote the functional Hilbert space of all

functions f in 0(B) satlsfymg AN, < co. It follows, again, that the re-

producing kernel K,,_v of #,,is a unltanly invariant kernel in o, (B) with

rk,,) =2 and with &g, s) = c,(K,) given by

s 0 9.2 [V Q. g0,
@ =4l @ty >0,

where C*(jaf, q) is as in 0.4 and where

(1 Q)m —-j+1
{m=—p1p*

In particular (see 0.5), for ¢ > 0 and seZ,,

Rou(z, ) = H, (2, D) (2, LeB).

Evidently, K, o = K, = K, for any geR and, moreover, by using
some of the identities found m 0.5 we find that K3, = K3, and that
K;i1 =K, = K. This indicates that the spaces 2, and #,_,, (for
q, seR), and .#j,s and ¢, (for geR, se€Z,) are 1nt1mately connected
Indeed, our next result asserts that the spaces Jf,,, 5, and Hy_ s are

equivalent. In Section 5 we will give an I”-version of this result (see Theorem
5.3 and 5.12).

THEOREM 1.6. For any qeR, #,,~ #,_,, for every seR, and #,,
2-2s for every seZ,.

A(m, q) = m! Z
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Proof. From the definitions of c,(q), c,(q, s) and &,(q, s), and by using
Stirling’s formula (see 0.6) we deduce that

co(@) = o1l + 1) Y/a!  (geR, e Z7),
2., 8) = c(@)(el+1)"%* (geR,se€Z,,aeZ’),
c.(q, ) = (@) +1)"% (g, seR, xeZ").

It follows that c,(g, s) >~ c,(g—2s) =~ ¢,(q, s) for e Z". . The proof now follows
immediately from Corollary 1.5. w

As an immediate corollary we obtain a concrete realization of the norm
”'”n+q in ﬁ#"-pq for q< 0.

COROLLARY 1.7. Let qeR and fe O(B). Then g~ Hpi1,u-qp2. In
particular, fe 3, ., if and only if
12 10 -gy2 = IDM 921 2dv, < 0.

We will need an elementary “integration by parts” formula for the
operator D*. In this direction we remark that by virtue of Theorem 1.6, we
have, for q, se R, that #, " # ; ~ #  H,_,,, and the latter is # if s <0
and is H#,_, if 5> 0.

Lemma 1.8. Let q, seR and assume that f, ge #,n #,,. Then
DY, g2y = <[ D’g),.
Proof. Using the previous notation, we have, for

f=zaazq’ g=zbaza:
that

Df, g3, = Y. {c.@} (el + 1) a,b, = {f, D*g),,

and the proof is complete. =
We also record for future reference the following elementary consequence
of the reproducing formula for ,,, ¢ > 0, (1.1), and (0.1) of 0.5.

THEOREM 1.9. Let se R and ze B. Then for any fe #,,, q> 0,
@) = (D, Gps($, D))y (fE€Hys, a > 0).
In particular, for any fe #1405, 420,

f@) = [ {DF}O)Gps g5z, D)0, () (fE€Hrtysr g2 0).

The space # 4 > 0, admits some remarkable geometrical properties due
to the fact that its reproducing kernel

Kz )=0-<z0)" (@>0,2z{eB)
is a power of the Bergman kernel K,,,(z,{) = (1—<z, D)"Y, Let
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¢ € Aut(B), ie. ¢ is a biholomorphic mapping of B onto itself with (non-
vanishing) Jacobian J,. Evidently, for any z, {€B,

(1= (2, O)7 0D = (1-(8(2), ()" DI ()4 (0),

and thus

(12) K,z ) = K (6@, pQO) @} {T, 01D (g >0).

THEOREM 1.10. Let ¢ € Aut(B). Then the mapping T, f = (f o ¢)-[J, 14" * 1,
fei#, q>0, is a unitary transformation of #, onto K. In particular,

Vol @ [T, 17+ D ae 2%} is an orthonormal basis for A, q > 0.

Proof. Let f e (g > 0). We have to show that T, f e #,. To this end we
may assume that ¢, = | f|, > 0. It follows (see, for example, [3]) that

(13) 2K, (6(2), $(0)—f ($()/[$() >0 on B.
On the other hand, by (1.2)
c}K (e, O—{T, F}(T, F}©)
= {J,@P DT O D {c3K (6 (), (0)—f (6(2) f (O}

and this kernel is positive-definite on B by (1.3). It follows, once again, from [3]
that T, fe #, and | T, f|, < c; = || f]l,- The above argument may be repeated
with the automorphism = ¢ e Aut(B). Then T,fe s, with
1T, flly < ISl for every f e o#,. 1t follows that f = Ty(T, f) and f = T, (T, f)
and |T, fll, = IIT, fll, = I fll, for any f in 5, q > 0. This concludes the
proof. =

When g = n, an alternative proof, which is simpler and more concrete, of
the above theorem is available. This proof is based on the invariance property
of the measure dv,_, under Aut(B), and may be extended to an I’-setting
(see Theorem 3.3).

2. Some estimates

From Theorem 1.6 we deduce that the kernels K,, and K,_,, (g, s€ R)
and the kernel K, (g€ R, se Z ) are all equivalent in the positive-definiteness
sense. In fact, by the considerations of 0.5 we find that these kernels are closely
related to one another and in many instances they are even identical to one
another. The leading term of these kernels is found to be (1 —(z, {))~@~29 for
q>2s and [1—q+2s]71F(1, 1; 2—q+2s:(z, D) for g < 2s. A more precise
formulation of this statement, for the generic functions G,; and H,, (see 0.5)
with a, beR and se Z_, is given in Theorems 2.1, 2.2 and their corollaries
below.
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We begin by estimating the coefficients C*(m, a) (see 0.4-0.6) for m,se Z ,
and aeR. By definition and by the Tricomi-Erdelyi asymptotic expansion
(see 0.6) we have, for m— oo,

I'm+1) I'im+a)
I'im+1 —]) I'm+a—j)

C*(m, a) = Zs:

mJ

_i (41 3 3, ()m+ 17

k=0

~—

a)m J
&(m+l)zskz S (m+1)7*
where y,(j) = y.(j; a), 0, = y(s; @) and y,(j) =, =1 (0 <j < 5). 1t follows
that
L | @ 3
Ci(m,a) (m+1*,5,
From this, and using the special functions and smoothness notation of 0.5 and‘v

0.6, we obtain, by employing the above mentioned results of Hardy-Littlewood
and Zygmund, the following theorem:

nm+)™* (o =1, m-> o).

THEOREM 2.1. Let aeR and seZ,. Then for any NeZ, such that
N = max(0, [a—2s]), where [b] denotes the integer-value of be R, we have

N

Ha,s(z) = Z rkGa,25+k(z)+fN(z) (ZEA’ rO = 1)1

k=0

where fN € 0(A) N AN+25—a+ I(Z)
We now establish an asymptotic expansion for the function G,
THEOREM 2.2. For a, b e R, the function G, admits the following properties:

(i) When —a=keZ,, G,y is a polynomial of degree k = —a of the form
G_yplz) = Z (=1)"(m+1)~°(%)z";

(ii) When —b=keZ,, G,, is of the form
Ga,-1(2) = (1=2)"“*PP,(2)

with Py(z) = 1, P,(2) = 1 +(a—1)z and where for a # 1, P, is a polynomial of
degree k with P(0) =1 and P{(0) = k!(a—1)*. For a —1 k=1, P, is
a polynomial of degree k—1 with P,(0) = 1 and P{¥~1(0) = (k—1)!;

(i) When —a¢Z, and a—be¢Z, G,, is of the form

I'(a-b)
'

Gap(2) = (1~z)7@® Z N(l=2f+fy(2) (zed,yo=1)
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with fy € O(4) "\ Ay +p—-qa+1(A) for any N e Z . such that N > max(0, [a—b]);
(iv) When —a¢Z, and b—aeZ, G, is of the form

( l)b—n+1

I'(a):(b—a)!

with fy € 0(4) 0 Ay+p-a+1(4) for any NeZ ,;
(v) When —a¢ Z, and a—beZ \{0}, G,, is of the form

I'(a—b) gy o L 1o
W(I_Z)( )k;o (1 —2)

N
Gunld) = (1-9°-log1—2) T w1~ +h() (e, 7= 1)
k=0

Ga.b (Z) =

N
+§10g(1—z) Y te-vll=2t () (edip0=1)
k=

with fy € 0(4) n Ay+1(4) for every NeZ .

Proof Item (i) is straightforward while item (ii) follows directly from

d k
G, (2 = (z—+l> 1-27°" (*k=0,1,...).
dz

We now prove the remaining items. For —a¢ Z, and b—a ¢ Z, we have, by
virtue of the Tricomi-Erdelyi asymptotic expansion,

I'(m+a)

I'm+a)(m+1)"t= F(nz+a—b)m

(m+1)"

~T(m+a=b) 3 nm+1)7* (= 1.
k=0

In particular, if also a—b¢Z ., we obtain (see 0.6),

I'(a—Db)

@D Gul) =

Z V% Ca- bk(z) +gn(z) (zed,y,=1)
with gy € O(4) N Ay 4p—4+1(4) for any N e Z, such that N > max(0, [a—b]).
Since G,_,0(2z) = (1—2)@™Y, item (iii) follows by iteration.

In a similar manner, for —a¢Z, and b—aeZ,, .

v @, 1
Gop(2) = mszj_aW(er I’ +Py_o_i(2)

11 2 I'(m—-1+a bz
r(a)zmba+1 F()

+Pb a-— 1()

with
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b—a— l(a) 1
P, zm,
Proas@ = 2 s
It follows that
11X ® TI(m+a-b)

G,(2) m— Y % Y *2Mgnz) (o =1)

k=0 m=b—a+1 T(m+1)

with gy € O(4) N Ay +p—-a+1(d) for every Ne Z . By iteration we also obtain

1 1 X © I'm+a—b—k) .
Ol F@ B e B Tonr A (0=

with fye0(4) N Ay 4p—p+1(4) for every NeZ, . Ttem (iv) now follows by
observing that

o Im—j) ,_(=1y* _
,,.Z+1Fm+]1) j?j (1—zYlog(1—2)+4,(z) (i=0,1,...)

where g, is a polynomial of degree j.
We now assume —a¢Z, and a—be Z \{0}. In this case we may use
(2.1), and thus, by iteration

_ a-b—-1
Goalt) = T 1= % 12
I'a—b) X
T nleastan® o= D

with gy € 0(4) N Ay 4p—q+1(4) for every Ne Z, such that N = a—b. We now
use item (iv) and replace the above N by N +a—b. This gives (v) and the proof
is complete. =

As an immediaty corollary of this theorem we obtain, with the aid of
Theorem 2.1, the following result:

COROLLARY 2.3. Let se Z . and a€ R such that —a ¢ Z . Then the function
H, . admits the following properties:
(i) When a—2s¢Z, H, 5, is of the form

I'(a—2s)

Hold) =~

(1—z)762 i n—2+fy@) (zed,yo=1)
k=0

with fy€ 0(4) N An420-a+1(4) for any Ne Z . such that N = max(0, [a—2s]);
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(i) When 2s—aeZ,, H,, is of the form

H,.(2) —ﬂl——(l~—z)z‘_“llo (1-2) i 21—z +14(2)
- Hasl® = T 2s—a)! g OBUTE L N

(ZEA: ‘))0 = 1)

with fye O(4) N Ay 25-a+1(4) for any NeZ,;
(i) When a—2seZ \{0}, H, is of the form

-2 a~2s—1
Hoa) = =gy Y 0o

N
+2108(1-2) X tooaensli =24l edy70= 1)

k=0
with fy€ O(4) N Ay 1(4) for every Ne Z .

The function H,, was also studied by Boas [6]* for the special case of
a = n+1. In this special case Boas, by using different methods, has obtained
a result similar to, but somewhat less precise than, the above corollary. He also
obtained in [6] the integral representation, appearing in 0.5, of H,, when
a=n+1l.

Another corollary of Theorem 2.2 is the following result:

COROLLARY 2.4. For a, beR, the function G,, admits the following
properties:
(i) When a> b, G, is of the form

Gop(2) = (1=2)"“"PF(2) (ze4)

where F € 0(4) N Ay 4(4). If, in addition, —b = ke Z _ then F is a polynomial of
degree k if a# 1 or k=0, and of degree k—1 otherwise;
(ii) When a=>5b and —a¢Z, then G,, is of the form

G,p(2) = —%a)%log(l —2z)+F(z) (zed)

where Fe0(4) n A,(A). If, in addition, a = 1 then F = 0;
(iii) When a=b = -k, keZ,, G,, is the polynomial

k
Gap(2) = 3, (=1)"(m+1)()z";

m=0

* Note that the weight |x|!/a! should be included in the scalar product appearing
in p. 275 of [6].



2. Some estimates 21

(iv) When a < b, G, is in O(4) N Ay_4(4). If, in addition, —a =keZ,
then G, is the polynomial

k
Gup(2) = X (= 1"(m+1)7°()z".

m=0

Proof. Items (ii) and (iii), and the additional parts of items (i) and (iv) can
be read off directly from Theorem 2.2. We therefore prove only the main parts
of (i) and (iv), and thus we may assume that —a¢ Z,.

Assume first that b > a. By letting N =0 in items (iii) and (iv) of
Theorem 2.2, we obtain, using the classical results of Hardy-Littlewood and
Zygmund (see 0.6), that G,, e O(4) N A,-,(4) and the present (iv) follows.
We now assume that a > b. In this case we choose the N in items (iii) and
(v) of Theorem 2.2 to be very large so that fy € 0(4) N Ay (4) where M > a—b.
By the above mentioned results of Hardy-Littlewood and Zygmund,
(1—=2""tfye O(4) N A,—(d), and (1—z)* "z log(l —2) € O(4) N A,—4(4) for
a—beZ \{0}. This gives the present (i), and the proof is complete. =

We will also need some well-known estimates for the growth at the
boundary of the integral

Ly(z) = [I1 =<2, DI7dv, () (zeB),

with seR and g > 0 (see 0.3). This integral may be evaluated by means of
hypergeometric functions (see 0.5), resulting in

I,4(2) = F(s/2, 5/2; n+q:]z|1?)
or
L (z) = (1= |z|?Y* 1 F(n+q—s/2, n+q—5/2; n+q:|z]?).
We also note that in the notation of Section 1,
Lg(2) = I(1=<, 2)) 7224
and that
L+ 9)a(2) = Kypaqlz, 2) = (1= ]12]%) 772,
By using Stirling’s formula and the notation of 0.6 we obtain:

THEOREM 2.5. For any seR, ¢ >0 and z€B,

(1= [z, s> n+q,
L@ = 4 lzI™2log(1=z»)7", s=n+gq,
1, s < n+q.
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One also verifies easily the following identities:
I @) =1, I52(2) = |z~ *log(1— 211%™,
Iyn+gq(z) = (1— ||z”2)_("+q),

Is.q(z) = (1 - "Z”2)"+q_sI2(n+q)—s.q(Z)'

3. The space L%,

For 0 < p < oo we denote by Lf, the IP-space with respect to the measure
dv, (see 0.3), ¢ = 0, and we let |-||,, denote the associated norm. (Note that
this is at odds with the notation for the Sobolev norm of the Hilbert space
H o, in Section 1.) Thus

1S lpq = {f1f1Pdv} /0.

Of course, we are using the term “norm” rather loosely since |-[|,, does not

satisfy the triangle inequality for 0 < p < 1, but in this case ¢(f, g) = | f[—gl%.,

defines a metric on I, which turns If, into a complete topological vector space.
The next result is essentially due to Forelli and Rudin [14].

THEOREM 3.1. Let r > 0 and let K be a measurable kernel on B x B satisfying
FIK(z, Odvy0) S Tnarsl?),  JIK(, 2d0,(0) S Tysrs(2)
for any s >0 and zeB, and let
{P}@) = [f(DK(z, O)dv,(() (zeB).
For 1 <p< o0 and 0 < q <rp, the operator P is continuous on I%,.

Proof. We first consider the case p = 1. By Fubini’s theorem and
Theorem 2.5 we have for 0 < g < r

1Bf 11,0 < J1FQ{[ 1K (2, Oldv,(2)}dv, (0)
< Cq I |f({)|1n+r.q(0dvr(0 < c“f”l.qa

where ¢ and ¢, are positive constants.
For 1 < p< o and 0 < g < rp we choose d with

max((g—r)/(p—1), 0) < d < min(g/(p—1), )

and we let 1(z) = 1—||z||* (z € B). Then by assumption and Hélder’s inequality,
with p’ = p/(p—1), we have

{Ef} ()

< {[17QPFIK (@, OICAQT Vv (O} {[ IK (2, QILAQ)] ~*do, ()}
{es 1,.+rr AL OPIK 2, OITAQIP ™ Vo, ()} P

< P LART™{f1f OPIK 2, DILAGI®~ Vv, (O},

Y/

AN
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where Theorem 2.5, with the observation that 0 < d < r, has been used. It
follows from Fubini’s theorem and the assumption, as g—d(p—1) > 0, that

I1Pf 5. < & SIS @QPLAQT™ D {[ 1K (z, DI[AE)I" ~Pdvy(z)} do,(0)
< A J1f QP LAQI ™ Vs g-ap- ()0, ).

Since also r > g—d(p—1), a second application of Theorem 2.5 gives

IPf 15,0 < B LA QP LA™ do ()

where ¢; (=1, 2, 3, 4, 5) are positive constants. It follows that || Pf||,,
< c||fll5q where ¢ >0 is a constant, and the proof is complete. m

The next result is similar to Theorem 3.1, but more delicate. To prove it we
use an argument of Flett [12] suitably adopted to the present setting. For
a continuous function f on B, the means of f are defined by

M,(f:0) = {aj If (@2)Pdvo(z)}'? (0 <g<1,0<p< ).

TueoreMm 3.2. Let ¢ > 0 and let K be a measurable kernel on BxB
satisfying |K(z, O S 11—<z, 179, Define

{Pf}(2) = [ f(DK(z, Ddvy(0).

Then:
(i) For 1 £ p<r< o and felf, we have
M,(Pf:q) S (1~ r o= f],, (0 <g <1);
(ii) For 1 < p<r < oo, np < (n+q)r and f €L, we have

L
M,(Bf:0) = o{(1—Q) "7 ~")  as g—+17;

(i) For l <p<r< o, p<k<o and felkf, we have

{} M (Pf:)(1— @M Ve=ri=t dohth < ¢ || f .05
0

with a constant ¢ = c(k, p, q, 1) > 0.
Proof. For 0 < ¢ < 1, set K,(z, {) = K(gz, {) (z, { € B), and define an
operator P, by
{P, f}(2) = [ F(OK,(z, Ddvdl) = {Ff}(e2).
It follows from Theorem 2.5 that for any [ > 0 and any p > (n+0)/(n+q),

B Kz, Mo 1K (s Dllpa S (1 =) Wr¥ =@+ (z€B,0 < @ < 1).

To prove (i), we choose s > 1 such that 1—s™! = p~!—r~" and define q,

b,c>0witha '+b 1+c ! =1bylettinga™t =r~*, b~ =p~'—r ! and
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-1

= s~ !—r~!. By Holder’s inequality
1{P, /(@) = |[ K, (2, {).f (©)dv ()
< [IK, (2, I f ©)ldv,(0)
= [ (K, (2, QI f QP(K, (2, OIS )IP")do, ()
< IS IER K, (2, e {§ 1K, (2, OFLf 1P do (O},
so by Fubini’s theorem and (3.1)
M,(Pf:0) = [|Pyfllr0 S (L—g)~TF P £]|

and (i) follows. To prove (ii), we assume that ¢ > 0 is given. Then we can write
f =f1+f, where f, is a bounded function with compact support on B, and
I f2ll5.a < & Moreover, since (n+¢)r > np, we have for all 0 < ¢ < 1 sufficiently
close to 1, (1—g)"* 97" < g/(]| fill o.q+1). It follows that

M, (Pf:0) < [ fillog < £(1—g) "o+ ap=nin
and, thus, by (i)
M,(Pf:0) < M,(Pfy:0)+M,(Pf:0)
< M(Pfy:@)+c(1—g) ntair=nirly £
< g(1+c)(1—g) Wn*aip=nir]

where ¢ > 0 is a constant independent of ¢ and &. This proves (ii).
To prove (iii), we fix r with 1 <r < co and define, for each fe Lf, with
1<p<r

c

{TfH@ =(1—-g) """ M,(Pf:0) (O<eg<1)
By (i), Tf is a well-defined function from (0, 1) to R, with
{Tf}@) < c;(1—g)™"* 2| f],, O<g<1)

where ¢, = ¢,(p, g, r) > 0is a constant. Moreover, T is sublinear on L%, that is
forfi, e Ly, T(f1+f,) € Tf, + Tf, on (0,1). It also follows that T is of strong
type (o0, o). When, on the other hand, p < co we have

{e€®, D): {TfHo) > s} = {0, 1): ¢,(1=0)" " 7| Sl > 5}
=1{e€(0, 1): (1~ < (c;57 I f 5.0}
Let v, be the measure dv (o) = —d(1— )"*“ on (0, 1). Tt follows that
v {e€@©, 1): {Tf}(@) > s} < (57 1/ lpd)"

ie. as a mapping from the measure space (E dv,) to the measure space
(0, 1), dv,), T is of weak type (p, p)for L < p < r (1 r € o), and its weak
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(p, p)norm is ¢,. Thus, by the Marcinkiewicz interpolation theorem, T is of
strong type (p, p) for 1 <p <r, ie.

{I[{Tf}(e)]”dv @ < cy¢101flpa

where ¢, = c,(p, ) =2{(1—p/)" +(p—1)"}"* (and thus c,(p, o)
=2(p/(p—1))*'?. 1t follows that

1
(3.2) JME(Pf:0)(1—o)* 2™ P~V dg < [(n+9)™Pe, .17 15,
0
which is the desired result for k = p. For p < k < oo, we have by (i)

1
| ME(Pf:g)(1—g)tntanp=nil=14,
0

1
£ ME(Pf:9)(1— )n+q pnfr— 1{ (1-g (n+q)/P nir M r(Pf:Q)}k_de

1
< (¢ ”f”p,q)k—p_fM,‘.’(Pf:Q)(l_Q)n+q-pn/r—1dg,
0

and the desired estimate follows from (3.2). =

For 0 <p < oo and ¢ > 0, we let A7 = A2(B) denote the subspace of
L% consisting of holomorphic functions on B. In particular, when ¢ = 0 we
obtain the Hardy-class H? = A, which we identify in the usual way as
a subspace of L = LP(dB) (see [21]). Moreover, using the notation of Section 1,
we see that A2 is the functional Hilbert space 5,., (9 > 0) with the
reproducing kernel

(3.3) ky(z, ) = Kpaglz, ) = (1=42, 3)""*9 (2, {eB).
Let ¢ e Aut(B). Then, by (1.2), for any z, {€B

(3.4) ky(z, ) = k(¢(2), PO) {42 T,(D}" 2+ D (g > 0).

In particular, for any ze B
(3.5) dv,(2) = |J4(2)| 20+ Vdy (b(2) (g > 0).

By H and SH we denote the classes of all (real-valued) harmonic and
subharmonic, respectively, functions on B. Thus ue H if and only if +u<SH.
For q > 0, we define (SH)} = SH n L}, while for ¢ = 0 we let (SH)5 denote the
class of all ue SH such that supg<,<; [ss4,/dvy < co. In this case we note that
ue(SH)s if and only if there exists a finite Borel measure 4 on dB such that its
Poisson integral is the least harmonic majorant of u on B (see, for example,
Stein [21, p. 8]).
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We also consider the usual classes PH and PSH of pluri-harmonic and
pluri-subharmonic, respectively functions on B. Evidently, H = SH, PSH
< SH and PH = PSH  H. Finally, parallel to the class (SH); (g > 0), we let
H! = Hn(SH)}, (PSH)} = PSH ~.(SH)} and (PH); = PH n (SH);.

We now prove a sequence of results which are of interest ifi their own
right. The first result below is the L"-version of Theorem 1.10.

THEOREM 3.3. Let 0 <p < o0 and q = 0 and let ¢ € Aut(B). Then the
mapping T,, given by T,f = (fo §)-[J,1*" PP+ 1) is a linear isometry of
Lf, onto Lf, and of A} onto Af.

Proof. The theorem is trivial for p = c0. For 0 < p < o0, we use (3.5)
with w = ¢(z), ze B. Thus

1Ty f 12,0 = §|S (S@)P-1T @2 F 9+ Dy, (2)
= [If WIPdo,(w) = I 15,
concluding the proof. =
THEOREM 3.4. Let q > 0 and let ue (PSH);. Then for any ze B,
|Ky(z, C)I
ky(z,2)

Equality, at some point z € B, holds if and only if u e (PH);. Here, for ¢ = 0, udv,
in the above integral has to be replaced by the finite Borel measure dii on 0B.

(3.6) < Jud3!

dv,(0).

Proof. By the submean-value property of subharmonic functions we have
O < [ ylimdoym) O <r<l)
oB

for any Y eSH. In particular, if also y e(SH);, ¢ > 0, then

(1~ llm %)= dv(n)

V(O [ (1 —rp-tdr < T
> 2
or
(0) < [ ¥ (mdv,(n)

This inequality is also true for g = 0, provided that ydv, is replaced by di. Tt is
also clear that we have equality in (3.7) if and only if e H}.

Let ¢ € Aut(B) with ¢(0) = z. By assumption, u o ¢ € (SH)} and hence by
(3.7), using the g = O convention,
(3.8) u(z) = uo ¢(0) < fuo P(mdy,(n).
On the other hand, by (3.5)

§u(@(m)dog(n) = Ju(@m)J ()] =20+ D+ 1 d(¢h (1)),
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Let { = ¢(n). Then by (3.3) and (3.4),
ko(2,0) = ko($(0), d(m) = {J, (0] ()}~ + v+ 1),

In particular,

=2{(n+q)/(n+1) . kq ) 2
ppterores < BOSL
and hence
69) ) = S 2 .

Note that by passing to the limit as g—07%, (3.9) remains valid for g = 0
provided udv, is replaced by dii. Combining (3.8) and (3.9) yields (3.6).

If ue (PH)}, then (3.6) must also hold with u replaced by —u, so in fact we
have equality in (3.6). Conversely, if equality holds for some point z € B, then it
follows from (3.8) that for some ¢ e Aut(B) with ¢(0) = z,

u($(0)) = [ u(d(n)do, (),

and hence uo¢eH}. This implies, since ue PSH, that uo¢eH n PSH
= PH, and thus uo ¢ e(PH),. It follows that u = (uo @)o ¢ ' e(PH)}, and
the proof is complete. =

As a corollary of this theorem, we have:

COROLLARY 3.5. Let 0 <p <0, g0 and let feA}. Then:
() For any (eB

, e 22
lf@l<IU@%j@ird()

with equality at some point { € B if and only if f is constant on B. Here for q = 0,
f in the above integral is understood as the boundary value function f, of
feAf = H;

(ii) For any [eB

LF O < (kGO P 1S N pa

with equality at some point { € B if and only if f(z) = A(1—~(z, (D)~ 2+9/e for
some constant A€ C and every z€B.

Proof. Since |f|?e(PSH);, the inequality in (i) follows directly from
Theorem 3.4. Moreover, by the same theorem, equality in (i) holds for some
point { € B if and only if | f|7 is also pluri-harmonic on B. This, since f € O(B), is
equivalent to f being a constant on B, and (i) follows.
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To prove item (ii), we fix a point { € B and define a function g in 4% by
letting g(z) = f(2): (1 —{z, {)*"* WP (z € B). Item (ii) now follows by using item
(i) with g in place of /. m

Item (ii) of the above corollary admits a pluri-subharmonic version which
is not as sharp:

COROLLARY 3.6. Let q > 0 and let ue (PSH)} be non-negative on B, Then
for any (€ B, '

u(g) < 220490k (L, ) [ udo,,
where for ¢ = 0, udv, is replaced by dil.

Proof. This follows from Theorem 3.4 and by observing that for z € B and
{€B, [k(z, Ol S 2""9k,((, (). =

For ¢ = 0 and p > 1, we consider the class (SH) consisting of all ue SH
such that ju|” e (SH). Evidently, (SH)? is a subclass of (SH);, and for g = 0,
ue(SH) if and only if there exists a boundary function u, in L% such that its
Poisson integral is the least harmonic majorant of u on B (see Stein [21], p. 8),
ie dii =u,dv, on OB with u, eIf. For ue(SH)f we identify [ul,o with
luyllpo0 = SUPo<r<t It llp0 < c0. We also let (PSH); = PSH n (SH)f.

For z, {€ B and q > 0, we consider the kernel

_ lgle, O _ (1=l
(3.10) Az, () = /fq(z, P) '<|1—<z, C>I2>

and the operator

(3.11) {2,120 = [fQH,(z, Do, (©).

Note that 2, is the familiar Poisson-Szegé kernel and that 2, reduces to the
identity operator on L} (see Rudin [19, p. 40]). In our case, A, is measurable
on Bx B with '

|5z, OI < 27491 =<z, [H70F9.
It follows from Theorem 3.2, that the operator 2, shares with the operator

P there the properties (i)—(iii) listed in the theorem. These properties when
combined with Theorem 3.4 yield the following result:

THEOREM 3.7. Let q 2 0. Then:
(i) For Ll <p<r< o, p<k<oo and ue(PSH); we have

1
{J ME@u:)(t — @)+ @/P=m= 1 do} 1 < cllull,p,q
0

with a constant ¢ = c(k, p, r) > 0;
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(i) For 0<p<r<oo, psk<ocoand feAE, we have

1
{ng(f:Q)(l — VP L god e o) g

with a constant ¢ = c(k, p, q, r) > 0.

Proof. As |ule(PSH);, we may assume in (i) that >0 on B, and
since (PSH); < (PSH);, we have by Theorem 34 and (3.10)-(3.11), that
u < Zu. Since also u and the kernel #, are non-negative, we deduce that
M, (u:0) € M (Pu:0) for any 0 < ¢ < 1. Here for g = 0, Z,u is understood as
Py, (u, €Lh). Item (i) for g > 0 now follows immediately from Theotem 3.2
(iii) with Z, in place of P. If, on the other hand, g = 0 then since u e (PSH)E,
there exists a sequence u,, of dilations by r; (0 <r; < 1) of u such that

u, €lB \PSH (j =1, 2,...) and

jlim I, llp0 = Ity llp0 = lullp.0-
We now apply again Theorem 3.2 (iii) with u, ,in place of f and %, in place of P,
and note that M,(u,:0) < M,(Zyu, ) for any 0 < ¢ < 1. Letting j— co gives
item (i) for g = 0, and hence (i) follows. _
Item (ii) follows by applying (i) to the pluri-subharmonic function |/}*'2,
and replacing p, r, k by 2, 2r/p, 2k/p, respectively. This concludes the
proof. =

CoroLLARY 3.8 Let g,, g,€[0, c0) and p,, p,€(0, 0] be related by
(n+q,)/p, = (n+4q,)/p,. Then:

(1) If also 1< Py < Py < o0, then Il'%)f“pz.qz < ¢y ”f”m.ql fOT every
S in LY .
(i) If also 1 < p, < p, < 0, then |ullp,4, < c3llully, ., for every u in
(PHS)Z;
(iii) Ifalso 0 < p; < py < 00, then || fl,.0: < 31 f N p,.q, fOT every fin AE!.
Here c; = c/(py, 4y, Py, 4;) > 0 is a constant for j =1, 2, 3.

Proof. To prove item (i), we consider first the case p; = p,. In this case
g, = q,. If g, = 0 there is nothing to prove, for %, is the identity operator on
L. If g, > 0, then (i) is a special case of Theorem 3.1 with g, in place of ¥ = ¢,
p; in place of p and £, in place of K. We now consider the case p; < p, (and
hence ¢, < g,). In this case, (i) is a special case of Theorem 3.2 (iii) with p, in
place of p, q, in place of g, p, in place of r = k, g, in place of k(n+q)/p—n and
A,, in place of K.

We now prove item (ii). If p, = oo then p; = 00, and since ue SH we have
that |[u]l 5,0, = ltllw.q for any g¢,, g, = 0. Thus (i) is valid when p, = co.
When p, = p, < oo we find that g, = gq,, and thus (i1) holds trivially. We may
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therefore assume that 1 < p; < p, < co. In this case, (ii) is a special case of
Theorem 3.7 (i) with p, in place of p, g, in place of g, p, in place of r = k and g,
in place of k(n+q)/p—n.

Item (iii) follows by applying (ii) to the pluri-subharmonic function | f|?*/2,
and replacing p,, p, by 2, 2p,/p, tespectively. Alternatively, (iii) also follows
from Theorem 3.7 (ii), as in the above proof of (iii). This concludes the
proof. =

We conclude this section with the following well-known projection
theorem. It is due to Koranyi and Vagi [16] when ¢ = 0 and to Forelli and
Rudin [14] when g > 0.

THEOREM 3.9. Let ¢ > 0 and 1 < p < oo. Then the operator
{P@) = [f Dk (2, Ddv,(0)

is a continuous projection of Lf onto A% with norm m,(p) satisfying m (2) = 1 and
m,(p) = ') where p’ = p/(p—1). Moreover, P is the orthogonal projection of
L2 onto Ag In particular, the dual space of A% is isomporphic to AL, with the
duahty given by the Li-pairing.

Proof. The continuity of P_ is a special case of Theorem 3.1 in the case
g > 0. The case g = 0 is contained in [16]. The remaining properties follow
from the reproducing property of k,. =

4. Norm estimates

In Section 5 we will need estimates for operators of the form

{P S} = [fQLfz, O)dv, () (>0,teR)

where L, is a measurable kernel on B x B satisfying

Lz, Ol $11-<z, D7,

For seR, we let {M,f}(z) = (1—|z|®)f(z). It follows that if r >0 and
r—s >0, then P,_, = cP,_;,_ M, where ¢ = ¢(r, s) > 0 is a constant.

LEMMA 4.1. Let 0 < p < o0, ¢ 2 0 and se R such that q+ps > 0. Then:

() If also 1 < p <o and q > 0, then, for r > (q+ps)/p, P.—,, maps
L%+ ps continuously into Lf;

(i) If also 0<p<1 and q>0, then, for r> {n(1—p)+q+ps}/p,
P,_;. maps A%, continuously into L

Proof. To prove (i), we observe that, since 0 < q < (r—s)p, Theorem 3.1
applies with r—s in place of r and P,_;,_, in place of P. Thus, for fe I2

||Pr—s.rf”p,q =C ”Pr—s.r—sMsf”p.q < C,y “Msf”'p.q = c3”f”p,q+ps

q+ ps»
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where ¢; =c,(g, p, r, 5) > 0 is a constant for j =1, 2, 3, and (i) follows.
To prove (ii), we use Corollary 3.8 (iii) to deduce that, for f in O(B),

{Pr-cr YN < €y JIFQOA~LL, 20)" 049 dn,(0)
< {[If Q< DY NP dvys y-ul O}

where ¢; = ¢;(p, 7, 5) > 01is a constant (j = 1, 2). Thus by Fubini’s theorem and
Theorem 2.5, since p(n+r—s) > n+4q, we have

1Py 2.0 < €3 FLF O Lptotr .00 0 pnim-n(D)
AR

where ¢;=¢;(q, p, r, 5) >0 is a constant (j =3, 4), and the proof is
complete. =

Unfortunately, the preceding result fails when ¢ = 0 and p > 1. However,
we do have:

LEMMA 42. Let 1 S p< o0,r>0and s > 0. Then P,_,, is a continuous
operator on L.

Proof We consider first the case r > 0. In this case we may assume
without loss of generality that 0 < s < r. Indeed, if 0 <r<s we choose
t with 0 < ¢t < r < s and thus, since |1 —{z, {DIF ™" < 2577, P,_,, is a fortiori of
type P,_,,. Now let feL and consider its Poisson integral f. Thus
fis a (complex-valued) harmonic function on B whose restriction to 4B is f.
In particular, for any 0 < ¢ < 1 we have M ( 0 <11 .0, and thus for any
qg>0

Indeed, (4.1) is trivial for p = oo, and to prove it for p < co we observe that
I'n+
17l = FEEL f pag 7)1 -0 de
I'(n+ -1 on-
< P15 (1 gt greidg = £ 15

rmrq)s,
We assume now that 0 < s <r. We have

{Pr-sr FHRN < o fIT QUL =L, D700 dn, ()

where c, >0 is a constant. For the case p = 1, we obtain from Fubini’s
theorem, Theorem 2.5, and (4.1)

1Py—sr S0 = [ {Presr FH@) dvo (@) < €6 [ 1T QN Tnsr—s0()dr ()
2B
< COCIV(C)MUS(C) = CoC"f“l,s < cocll fll1,0
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where ¢ = c(r, s) > 0 is a constant. Similarly, for the case p = o©

”Pr—.w,rf“uo.o < Co ”]'”oor (SUP In+r—s,r(z))

zedB
< cod"f"w.r < Cod"f"uo,o,

where d = d(r, s) > 0 is a constant. Thus it follows from the Riesz-Thorin
interpolation theorem that P,_,, is continuous on Lf for 1 < p < oo (with
norm < cycl?d'?" where 1/p+1/p' = 1).

This proves the lemma for the case r > 0. The case r = 0 is similar but
simpler since harmonic extensions to B of functions in [f are not needed here
in the proof. The lemma is now complete. =

The case ¢ = 0 of the following result can be found in a slightly different
form in Folland and Stein [13].

PROPOSITION 4.3. Let ¢ > 0,1 <p, <p, < ©, and s = (n+4q)/p, —n/p,.
Then P,_, maps LE' continuously into LR}.

The proof of this proposition will be facilitated by a few preliminary
lemmas. For ze B, § > 0, let

Qs(2) = {{eB: [1-(z, ) < 8},  0y(2) = B\Q,(2).

Note that U(Q;(2)) = Q,(Uz) for any unitary transformation U of C", and thus
v,(Q5(2)) is a non-negative radially symmetric function on B, for ¢ > 0. Note
also that Q,(z) = B for 6 > 2 and tat v,(Q,(z)) =0 for § < 1—|z|.

We shall need the elementary estimate vy(Q;(2)) < c(0)8", ¢(0) =
= I'(n+1){4r*(n/2+1)) (see Rudin [19, p. 67]). From this is follows easily
that

(4.2) 0,(Q4(2)) < c(g)d" ™

where
c(q) = 2" *n(n+)(F(g+ I (n/2+1)) (g > 0).

LeEvMA 4.4. Let q 20 and 6 2 0} and ze B. Then for 0 < e < n+gq

[ 1=z, OIT0r 94y () <

Qs(z)
and for ¢ >0

n+q—e
Z c(q) 8%,

J 1=, DI+ 9du,(0) <

n+q+e
Qalz) €

d@é“-
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Proof. By (4.2), we have

aD

[ =Lz, 17y ()= [ 0,(Qf-1unva-n(2))de

Qa(z) d-intg-o)

@

< ¢(g) I t-Otinta— 44

§-(ntq-sg)

n+q—e .
= c(q)0".

Similarly

s (n+g+e)

I |1—<Z C)I ‘"”“’dv (C) I Uq(Q,-l/(n+q+x)(Z))dt

Q4(z) 0

d—(h+a+e)

< c(q) I Tt a)ntate g
o

n+q+s

clg)o™,

and the lemma follows. =

We denote by x, the characteristic function of a set 4. For § > 0 and
z, (e B it is clear that

(4.3) Xea»() = xos0(2)

LEMMA 4.5. Let 1€p< oo, g20, and g/p<s<n+q. For § 20,
consider the integral operator

{TLf}Y@) = | fOI—=<z, DT 9dv (0).

Qs(z)
Then

1T/ g0 < &N fllpg  (feLR)
where ¢ = ¢(q, p, s) > 0 is a constant.

Proof. For the case p = oo, we have by Lemma 44

+q—s .
1T/ w0 < HDO' NS o g

Similarly, for the case p =1 we have by virtue of (4.2) and Lemma 4.4

n+q s

1Tsf 1.0 € c@ | Sl 1.q-

3 — Dissertationes Mathemalicac 276



34 Holomorphic Sobolev spaces

For 1 < p < o0 we choose a number ¢ with
“max(q/p, s—(n+4g)/p’) < t <min(s, (n+q)/p) (/p+1/p' = 1),
and use Hdélder’s inequality. This, together with Lemma 4.4, gives

£ (©IPdv, (§) 1“’< dv,(0) )w
e < (QQL)““(Z, C>|"+q_‘") de(z) 1=z, HPFa-Pe=n

g (LD Y
<{ea T o T= e D7)

Using Fubini’s theorem, (4.3), and a second application of Lemma 4.4 gives

n+q—p'(s—1)"” ntq—pt|'? ..
175/ Np0 < {C(Q)W} C(O)——pt—q A AP

which is the desired result. wm

LEMMA 4.6. Let 1< p< o, q=0, and s >0 with 0 < ps < n+q. For
6 > 0, consider the integral operator
{Ti/}z) = QI FOIN =z, 7017 2dy, ().
&(2)
Then

{T5/} () < dos= o | £,
where d = d(q, p, s) > 0 is a constant, given by

—s)) e
1= {e@ N iy =y

Proof. The case p = 1 follows from the definition of the set J,(z). For
1 < p < we have by Holder’s inequality

T /) < Hfllp,q{af 1=z, D77 0* =0y, (O}
5(z)

and the result follows from the second part of Lemma 4.4 with ¢ =

[(n+q—ps]/(p—1). This concludes the proof. =

We can now easily complete the proof of Proposition 4.3, using an
argument from [13, Lemma 153]. We may assume that the operator
T =P, is of the form

{Tf}@) = [ £ O —Cz, OI7 "+ 9dw ()

with ¢ > 0,5 = (n+qg)/p,—n/p,,and 1 < p, < p, < 0. To prove that T maps
L continuously into L7, it is sufficient to show, by the Marcinkiewicz
theorem, that T, as an operator from the measure space (B, v,) to (0B, vy), is of
weak type (p;, p,) whenever s = (n+q)/p, —n/p,.
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For § > 0, we write, in the notation of Lemmas 4.5 and 4.6, T= T,+ T,.
Fix t > 0 and f e L} and let d = d(g, p,, s) be the constant of Lemma 4.6. We
set & = (24 fl,,,4¢™ ). Thus, by Lemma 4.6 we have |{T, f}(z)] < t/2 for
all z, and so

(4.4) vo{z€0B: {Tf}(2)| > t} < vo{zedB: |{T,f}(2)| > 1/2).
But it follows from Lemma 4.5 with ¢ = ¢(q, p,, s) that
vo{z€0B: {T;f} (@) > t/2} < (2e8° 2| £, ot ™),

so by our choice of &, we have
'd P
vo{z€dB: |{T, f}2)| > 1/2} < (E) | S, 4271

Thus by (4.4), Tis of weak type (p,, p,) and the proof is complete. m

5. Sobolev norms

ForseZ,,q >0, and 0 < p < oo, the (weighted) Sobolev space W/ is
the completion of C*(B) with respect to the “norm”

! e
”lfl“p.q;s = { Z —T"aaaﬂf”g.q} .
lal +1pi<s =

The space W¢, can be defined in a similar manner except that the derivatives
are taken with respect to local coordinates in 9B. It follows that WJ is
contained in Lf, = W/, with a continuous inclusion, and when 1 < p < o0,
W], is a Banach space normed by [||||[p.qs- As in L, ||I*]|l5,q:s is DOt @ proper
norm for 0 < p < 1, but in this case o(f, g) = || f—gll|5.¢;s defines a metric on
W/, rendering it into a complete topological vector space.

We let w7, = %7 (B) denote the subspace of W/ consisting of holomor-
phic functions on B. Here, when g = 0, we adopt the usual convention of
identifying Hardy classes with subspaces of L% = L% (dB) (see also 0.3). It
follows that #7} ; is a subspace of A} = #7 5, and, moreover, by Corollary 3.5
(ii) we also deduce that point evaluations on %7 ; are bounded and that #7%  is
a closed subspace of W}. Note also that for fe #%;,

1/p
1 lpge = { 5 '““na“fng.q} .

!
la| €5 o

When p =2, W2 and %732, are both Hilbert spaces, and the latter
coincides with the functional Hilbert space 4., discussed in Section 1. It
follows that

Kotgs(z, 0) = Hys sz, £3) (2, {€B)
is the reproducing kernel of #}; (see also 0.5 and Corollary 2.3).
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We next introduce a different weighted Sobolev norm on holomorphic
functions as follows: For g = 0, 0 < p < o0, and se R we set

1S N pss = I1D°f Nl p.q

whenever fe O(B) (see also 0.2), and we let A2, = {feO(B): || fpqs < 0}
Thus it follows that A2, = A} and that A, coincides with the functional

Hilbert space ., of Section 1. In particular,

n+qs( C) n+q.23(<zi C)) .(Zi CEB)

is the reproducing kernel of Aq:s (see also 0.5, Theorem 1.9, and Theorem 2.2),
We shall need the following lemma:

LemMA 5.1. Let q =0, seR and acZ".. For z, {€B:
D) 0%, Gn+q,s(<2, ) = 4+ Fh(n+q+al; 53 1+1af:<z, 1),

where for a, beR and ¢ > 0,

hia; b; c: 4) = m;;%%;l’" (Ae d);

(i) If; in addition, s < n+q+|x|, then
hn+q+1l; 55 1+al:z, ) = (1~ (z, ()" lI=9F (2, D),
where F e 0(4) N Ay gt pa)-5(4).

Proof. The first part follows by a direct computation. As for the second
part, we note that for a, beR and ¢ > 0, the two holomorphic functions
h(a; b; c:*) and h(a; b; 1:') = G, , exhibit the same behavior on the unit disk 4.
Thus, the second part follows from the first part and Corollary 2.4 (i) =

We shall also need the following elementary lemma:
LEMMA 5.2. Let ¢ > 0,0 < p < co, and se€R. Then O(B) is dense in AZ,.

Proof. For fe Aj,, and 0 < ¢ <1 the dilation f, defined by f,(z) = f (¢2)
is holomorphic on the ball B(1/g) and moreover D’f )e = D°(f,). Thus, it
follows that D*(f,) converges pointwise (almost cverywhere in the case g = 0)
to DY Moreover, by subharmonicity of |D*f|’, the norms || Jolpais
= [[(D*f),ll p.q increase to || f| .45 = ID*f llps @8 0~ 1". From this it follows
that D°(f,) = (D°f), converges to D*f in the norm of I%, as ¢ — 17, and the
lemma is proved. =

A part of the I”-version of Theorem 1.6 is contained in the next theorem.
When g =1 and p =2 this result was also obtained by Boas [7] with
B replaced by a domain with a smooth boundary.

THEOREM 5.3. Let 4 2 0,0 <p < o0, and seZ,. Then A2, = #?, and
their norms are equivalent.
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Proof. Since D is a differential operator of order s, it is clear that

1 g <l Mpas  (fe#E)

for some constant ¢ = ¢(p, 5) > 0. For the reverse inequality, we may in view
of Lemma 5.2, assume that f € @(B). In this case, we have by Theorem 1.9, that
for any r 20

= [{DFHOGrsrs(<2, £)dv, (0).

It follows from Lemma 5.1 that for any multi-index a with Ial s<n+r+|o,

(5.1) {8°f}@) = [{DS HOK(z, {)dv,(0)
where

(5.2) K(z, §) = ("1 =z, ) rr*hi=9F, ({2, )
with

Fa,r,s € 0(4) N An+r+|¢|—s(A_)'
In particular,

Kz, Ol S11=<z, OI7"* (o] <5 <ntr+laf,r>0).

Choosing r such that r > max(g/p, (g +n(1—p))/p, s—|#|—n), we obtain the

desired result, for ¢ > 0 and 0 < p < o0, from Lemma 4.1 (with s = 0).
The case g = 0 and the case p = oo are more delicate, and so a modifica-

tion of the above proof is required. From (5.2) we obtain, for & = s—|a,

(5.3 K(z, 0 = N(z O(1—<z, )~ ttr-o

with NeA,,,—,(BxB) (see 0.6 for motation) where 0 <eg<n+r, r=0
(e = s—|al).

In particular, |N| is bounded by, say, ¢, on B x B. We assume first that
¢ > 0 (ie. |of < s). Then, it follows from Theorem 2.5, that for p = co and
q=0,

”aaf”m,q CO ”Dsf”uo g SUP 1n+r xr( ) Coc1 ”Dsf”ao.q
zeB
where ¢, = ¢,(r, &) > 0 is a constant, and the desired result follows. For g = 0
and 1 < p € o0, the desired result follows from Lemma 4.2 (with s = £ > 0).
Moreover, since the inclusion A§ < 4%, is continuous, the desired result for
g =0 and 0 < p < 1 follows from Lemma 4.1 (ii) (with g =0, s = ¢ > 0) by
choosing r > max([n(1 —p)+ pel/p, n—e). The proof of the theorem is now
complete except for the case e =0,and p=00,g=>00r0<p< w,g=0.

In the case ¢ = 0 (i.e. || = s), the function N is in A, ,.(Bx B) with r > 0.
Thus, it follows from (5.1), (5.3) and (3.3), and from the reproducing property of
the kernel k,(z, {) = (1—<z, {d)""*" that °

{0°f}(2) = N(z, 2)g(2)+{ Ty} (2)
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where
{Tg}(2) = [ g(O[N(z, )= Nz, 2)]k,(z, {)dv, (),

with g = D*f. Letting {Sg}(z) = N(z, z)g(2), it is clear, since N is bounded,
that ||Sgl,., < ¢ollgll,q. To estimate |Tg|,,, we choose r>0, and so
NeA,.,(Bx B) « C*"(Bx B). In particular,

IN(z, ) =N(z, 2)| < ¢, lz—Ll| < +/2¢,01 =<2, DM,

where ¢, > 0 is a constant. Thus

IN(z, {)—N(z, 2)|'lk,(z, 0| < \/Eczu —(z, |,

and hence, in the notation of Section 4, the operator T is of the form
T=P,_y2, r>0.For p=oc0, and g > 0, we have from Theorem 2.5 that
[TYlleo.g < ¢3119]lw,q Where ¢y = c4(r) > 0 is a constant. For 1 € p < o0, we
have by Lemma 42 (with s=1/2) that |Tgl,.0 < c4llgllp0 Where
€4 = C4(r, p) > 0 is a constant. Similarly, since the inclusion A5, > Af is
continuous, we have by Lemma 4.1 (i) (with ¢ = 0,5 = 1/2) thatfor0 < p < 1,
1Tl p0 < csllgllpe with the choice of r> {n(1—p)+p/2}/p, where
¢s = ¢5(r, p) > 0 is a constant. The proof is now complete. m

In view of this theorem we may regard Af; a subspace of W when g > 0,
0 < p < 0, and se Z . Although not relevant to our work here, we note that
for g > 0 we could define the space W/ for any se R, by using the complex
method to interpolate between integer values of s. In particular, W}, is the
restriction to B of the Bessel potential space #ZF(C") when 1 < p < oo (see, for
example, Adams [1, pp. 219-221]). With this definition, we also find that
AP = W2 n O(B) provided 0 < p < co. We will omit the proof, and only
mention that the coincidence of these spaces can be deduced from the fact that
the spaces AZ; interpolate properly, between values of s, with the complex
method.

LEMMA 5.4. Let fe A with 0 < p < o0, g >0, and seR. Then for any
aeZ’ and any ze B

£l pagis(1 = 2| 2) W FVPTI=35 < (n+q)fp+ o,
HofY ol < 9§ 1flpaslizll~2log(t—lIzI®) 7Y, s = (n+q)/p+al,
”f”p,q;s: 5> (n+q)/p+|a| '

Proof. By Lemma 5.2, we may assume that f € @(B). To prove the lemma,
we consider first the case 1 < p < c0. In this case we have, by (5.1) and (5.2).

{8°F}@) = [{D’T}OK(z, Ddv, ()  (r 2 0),

where

IK(z, O € coll =z, [Y|~@+rtlal=9),
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for some constant ¢, > 0, if also ¥ > s—n~{a|. For g > 0, we choose r >
max (¢/p, s—n— |¢f) and apply Hélder’s inequality with 1/p+1/p’ = 1. This gives

{o"f} @) < eqey ID°f N p.a{Tpn st r+ a1 =50t - arpr + (2}
where ¢, = ¢,(r, g, p) is given (see 0.4) by

1
e, (r, %P)=m{ n, @)} 7 {B(n, (r—q)p' +q)} "7,

and the desired result follows from Theorem 2.5. When g = 0, we choose
r > max(0, s—|«|—n/p) and express the above integral in polar coordinates.
Apply now Hélder’s inequality on the boundary integral of this expression,
and use Theorem 2.5. This, using the notation of 0.5, and with || f|,.0,s = 1,
gives

1
{O}E) < G ™ =0y I st -apaln/2 2o
< CoC2 _f n— 1 )r—l(l_ ||z”2)—[n/p+r+|¢l—sld
SBm,n) e —Q Q Q

= coCy F(n/p+r+lal—s, n; n+r:|jz]?)
= ¢oCy(L—z||2) "Wt =S F(n/p’ +s—[af, ; n47:]2]|?),

where ¢, = ¢, (||, 7, p, 5) > 01is a constant. The desired result now follows from
Stirling’s formula and the very definition of hypergeometric functions (see 0.5
and 0.6). This proves the lemma for the case 1 < p < co. The proof for the case
p = oo is very similar, and it could have also been obtained by letting p— co in
each step of the above proof for 1 < p < c0.

For 0 < p <1, we use Corollary 3.8 (iii) to obtain

1 Vpzss = 1D g = €IDf N2 = el fll2iis

where t = 2(n+¢q)/p—n and ¢ = c(p, q) > 0 is a constant. The desired estimate
now follows from the case p = 2, and the proof is complete. =

From the well-known characterization of Lipschitz functions in terms of
the growth of their derivatives (see [19] and [20], and 0.6), we obtain the
following smoothness result for the space A2, which for g =0, s =1 and
n<p<oo is due to Graham (15] and Krantz [17].

COROLLARY 55. Let 0 <p< oo and q=0. Then, for s> (n+q)/p,
Al < Ay (nsqyp(B), and the inclusion is continuous.

Roughly speaking, the corollary asserts that the number of derivatives lost
in the transition from the IP-category to the continuous-category is (n+¢)/p. In
the case g =1 and 1 < p < oo, this should be compared with the classical
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Sobolev imbedding theorem for Wf, which gives a loss of 2n/p derivatives (sce,
for example, [1, p.98]). It should also be noted that holomorphic functions in
Ag—n+gy,(B) are actually smoother than advertised in “complex tangential”
directions. We refer to Rudin [19, pp. 101-109] for more details.

The next lemma is similar to Lemma 5.4.

LEMMA 5.6. Let fe AZ  with0 < p < o, q > 0 and s€ R. Then for any teR
and any z€B

1S | pgss(L— [[z]| 2~ Wr*@IEHE=S) s < (n4-q)/p+t,
KDY} @) S 4 1S Npaslizl ~2log(I—l2(%) 7",  s=@m+g)/p+t,
s> (n+qg)/p+t.

”f"p.q;s’

Proof. Again, by Lemma 5.2, we may assume that f e O(B). It follows
from (0.1) and Theorem 1.9 that for r > 0

{Df}2) = [{D YD) Gprrs—el{2z, D)0, ()  (r = 0).
Moreover, by Corollary 2.4 (i) we find that

Gyars—i(C2, DN S 11 =Lz, HI7OFH79,

if also r > s—n—t. The proof now proceeds exactly as in the proof of Lemma
5.4 with t in place of |¢|. This concludes the proof. =

We list some additional clementary properties of the spaces A% ;.

PrROPOSITION 5.7. Let 0 < p < 00, ¢ 20 and seR. Then:
(i) For any a€ Z" and any z € B, the functional f+ {0°f}(z) is continuous
on Al;
(i) For any te R and any z € B, the functional f — {D*f}(z) is continuous on

(iii) Af is a complete topological vector space, and is a Banach space for
1 <p<oo; *

(iv) For 1 <p<oco and 1/p+1/p’ =1, the Banach spaces Al and
AL _ are isomorphically dual to each other with respect to the L2-pairing.

Proof. Items (i) and (ii) follow from Lemmas 54 and 5.6, respecti-
vely. Item (iii) follows from either (i) or (i) by a standard normal family
argument. Item (iv) follows from Theorem 3.9 and Lemma 1.8. Note that
in the notation of Lemma 1.8, the holomorphic I2-pairing is the
A} = Hpyg-paiting (,>,., Thus, by Lemma 18, for fe A2, and ge A% _,
we have (f, gdn+q = (D°f, D™°g),+,, and hence, by Holder’s inequality,
I<fs @On+al € IS pass|gllpr.qi—s- This concludes the proof.

At this stage it is perhaps proper to remark that the norm of 42, was
based on the differential operator D = D, = #+1. It is easily seen however
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that it could as well be based on D, = £+ for any ! > 0 (see 0.1), i.e. for any
f€O(B) one has

(54 1Difllpg = 1Dfllpg (O <p<o0,q20,s€R).

For se Z _, this result follows directly from Theorem 5.3 while, in general, for
any s € R the result follows by employing the same arguments as in the proof of
Theorem 5.3, and by using the identity

{Dif}(@) = [{Df}(Oh(z, D)dv,(2)
where

(n+q), (m+Iy
hw:,,.;o ml (m+1y

Am (reR, Aed).

With this remark we prove the following lemma:

LEMMA 58. Let q >0, and k, | > 0 such that k+1 = q+2. Then:
i) If f, ge AL, then D,..f and D,y,41g are in Al,,, and

(n+q)(n+q+1) [fgdv, = [(Dpsg /) Dnsg+19)d044 53
(ii) If fe AL and ge A} with 1 <p < oo and 1/p+1/p' =1, then

”fg_dv | S ”f"p,kp;l ”g"p’.lp’;l-

Proof. Since A} = #,.+4 (g 2 0), the first part of item (i) follows from
Theorem 1.6 and (5.4). As for the identity of item (i), we let

f@) =Y az", g2 =Y bz, (zeB).

Then

(n+q)(n+q+1)fgdv, = (n+q)(n+q+l)z(n:_‘;1)l Iaab_a

=Y ———(la|+n+qg)a, (ol +n+4g+1)b,

P n+q+2)

= _‘-(Dn+qf)(Dn+q+lg)qu+2:

and the identity follows. To prove item (ii), we assume first that f, ge O(B)
and use (i). The result then follows from Hoélder’s inequality and (5.4), and
Lemma 52. = '

Before prdceedihg with the next theorem, we shall prepare some basic
facts. For g > 0, the measure dv, when n = 1 is denoted by d4,. Thus, dA, is
the normalized area Lebesgue measure while d4, is the normalized arc-length
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measure on the boundary 84 of the unit disk 4. Starting with the “slice
integration formula” (see, for example, [19, p. 15])

I F(Q)dvo(0) = [ (| F(ADdA,(D)dv,(0)

8B 04

one shows easily that, for ¢ > 0,

I'n+q)
— 2L ([ FOLAA D) doy(0)
F(n)r(1+4)a£(£ (D),
When g —+ 0%, this formula reduces to the previous formula, and hence it is also
correct for ¢ = 0 (see also 0.3).

A well-known result of Littlewood—Paley [18] states that for any p > 2
there exists a constant ¢ = ¢(p) > 0 such that for ¢ e A§(4)

(5.6) [1¢'1PdA, < c _[1|¢|pdA0-

(3.5) [FQdv,()) =
B

This leads to the following “Littlewood—Paley inequality in the ball”. Recall
that &# (see 0.2) is the radial derivative operator.

PROPOSITION 5.9. Let fe A with p > 2. Then

I'n+p)

“Tora+n b/ F e

[1fPdv, <

In particular,

IDf N5 < dllf 50
where d = d(p) = 1+ {c(p)/(pB(n, p))}'/*.

Proof. For { € B, we consider the slice function Jo(A) =f(A), Ae A. Thus
M{(A) = {Z&f }(A0). Tt follows from (5.5) and (5.6) that

__L+p) Pl (AP
Irn)I'(1+p) a{s £ AP ()[Pd A, (L) dvo(£)

I'(n+p) i
S ey b | P40

= o P | P

and the result follows. m

flg?fl”d

Another fact that we need concerns the space of holomorphic functions of
bounded mean oscillation in the ball which is denoted by BMOA = BMOA(B)
(see [10]). This space consists of all fe A3 such that

1/ N ssoa = sup{|{ fgdvo|: g€ 43, lighio =1} < 0
oB
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Evidently, BMOA is a Banach space with the norm ||*|zmo4 and it serves as
a dual of Aj. Moreover, the orthogonal projector P, (se¢ Theorem 3.9) of
I3 onto A3 maps L§ continuously onto BMOA. We also have A < BMOA
c A, 0 < p < oo, and the injections are continuous.

LEMMA 5.10. Let u be the measure du({) = (1—||{|?)~1dv,({) on B, and let
T be the operator {Tf}(z) = (1—||z||){Df}(z) on O(B). Then T maps A} and
BMOA continuously into L*(du) and L*(dy), respectively.

Proof For any fe @(B) we have, by Theorem 1.6"

1Tf N2 = 571 2,20 = 1S 12,05

(n +1)'

and the first part of the lemma follows. In addition, for ze B and f€e BMOA, we
have by Theorem 1.9, Corollary 2.4 (i) and Theorem 2.5,

TS} = (= 212)1{D S} @)
= (1= 1213} £ Q) G- 1 (2, D)o (0|
< n(L=1Z12)11f laston SUP Ins 1,02)

zedB
< nell fllpmoas

where ¢ > 0 is a (universal) constant. It follows that || Tf || Loy < ne |l fllamoas
and the proof is complete. =

This lemma provides an alternative proof of Proposition 5.9, in the form of
the next corollary, which does not rely on the Littlewood-Paley inequality in
the disk.

COROLLARY 5.11. Let fe Af with p = 2. Then [Dfllpp S I f g0 In
particular, |&f |5, S I fllp.0-

Proof. We consider the measure pu and the operator T of the lemma. In
addition, we also consider the orthogonal projector P, of I3 onto A3. It
follows from the lemma that the operator TP, maps L% and L§ continuously
into L*(dy) and 1™ (dy), respectively. Thus the map TP,, as a mapping from the
measure space (0B, dv,) to the measure space (B, dp) is of types (2, 2) and
(00, c0). It follows from the Riesz—Thorin interpolation theorem that TP, is of
type (p, p) for 2 £ p < o0. Since P, is the identity operator, it also follows that
T maps A} continuously into I[P(dy) for 2 € p < oo, which is a reformulation
of the corollary. This concludes the proof. =

The next theorem together with Theorem 5.3 gives the LP-version of
Theorem 1.6.
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THEOREM 5.12. Let 0 <p< 0, q; 20 and s;eR (j=1, 2) such that
(@1—q)/p = 8, —5,.

@ IfO<p<coand ;>0 (=1, 2), then Af s, ~ A}, s,;

(i) If 2<p< o and q, =0, then Af,, = A} ;, and the inclusion is
continuous;

(i) If 0<p<2and q,=0, then A} ; < A, and the inclusion is
continuous.

Proof. The case p = 2 of this theorem is contained in Theorem 1.6, while
the case p = oo is completely trivial. In the latter case s, = s,, and thus
Ag s, = AT s, and the norms are identical. For item (i) it suffices by symmetry
to show that for f'e @(B) we have ||[D**f||,,, < ID*fll,.q,. By replacing f with
D**f and s, with s; —s, we may assume without Joss of generality that s, = 0.

By Theorem 1.9 we have, for r > 0

(5.7 1@ = [{D*f}(O)Gpsrs, (K2, D)V, ()  (r = 0),
where by Corollary 2.4 (i), if also r > 5, —n
(5.8) |Gars, (C2, DN S [T=L2,001 7007,

We choose » > max(s, —n, q,/p, q,/p+n(1— p)/p) and apply Lemma 4.1 to
obtain

"f”p,qz = "Pr—sl,rDSlf"p,qz b "an”p,q;+ps = ”th"p.qls

and the desired estimate follows.

To prove (ii), we have to show that, for f€ O(B), |D*'f |4, < 1D |l;0
with 2 < p < o0. As before, it is sufficient to consider the case s, =0.
Moreover, since in this case s; = ql/p we have by (i) that |D*'f |54, = IDf ||,
1e. we may also assume that 5, = 1. Hence we only have to show that ||Df,,
S S llp0. But this is exactly Proposition 5.9 or Corollary 5.11.

For item (iii), it suffices once again to only consider the case s, = 0 and
5, = 1. Thus, for f € O(B) we have to show that | fll,0 < IDf o = If lppi-
For this purpose we must consider separatly the case 0 <p <1 and
l<p<g2

The case 1 < p < 2 can be deduced from item (i) by a duality argument.
Indeed, by Theorem 3.9

1 Ip0 S sup{|{fgdvg|: ge 4B, llglyo =1}  (/p+1/p' = 1).
Thus, it follows from Lemma 5.8 (i) (with ¢ =0 and k = [ = 1) that

1A p0 S WS Mlp.p:t-sup{llgly.pri1: g€ AF, lglly0 = 1}.

But since p > 2, it follows from (ii) that, with g as above, ||gll ;1 = | Dgllp.p
S lgllp0 = 1, and thus (iii) is proved in the case 1 < p < 2.
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For the case 0 < p < 1 we choose r > n(1—p)/p+1 and apply (5.7)—(5.8)
(with 5, = 1) and Corollary 3.8 (iii) (with p;, = p, g, = p(n+r}—n, p, = 1 and
g, = r) to obtain

1/ @I S D HOPIL =z, DI~ Vg4 -a(0)-
Thus, by Fubini’s theorem and Theorem 2.5

1£ 150 < § KD HOP Tons v~ 1,0 (D d0p0 10y a0
= [{Df}(OIPdv,—1(0) = IDf 15, = IS 1B mis
and the theorem is proved. =

We also obtain inclusion relations amongst the spaces A2, for different
values of p. Special cases of the following result have been also obtained by
Coifman and Rochberg [9], Graham [15] and Krantz [17].

THEOREM 5.13. Let 0 < p, <p, < 00, ¢; 20 and s;e R (j =1, 2) such
that (n+q,)/py —(n+4,)/p, = $,—5,. Then A%} < A2, and the inclusion is
continuous.

Proof. The conditions of the theorem entail the condition s, —s,
> max((¢, —q,)/P1. (4, —4,)/p,). Moreover, it is sufficient to show. that for
f e @(B) we have

“Dszf”pz,qz s ”Dsl.f”pl.lh'

For the case g, > 0 we have by Theorem 5.12 (i), since p,(s, —s,)+4,
> g, =2 0, that

”Dszf”pz.qz = ||D51f”pz.pz(:1—u)+qz'

Since (n+4q,)/p, = (n+p,(s,—5,)+4,]/p,, it follows from Corollary 3.8 (iii)
that

"DSlf“p;.pz(s.-sz)+qz S “Ds‘f”pl.ql

and the desired estimate follows.
In the case g, = 0, we have s, ~s, =(n+4,)/p, —n/p, > q,/p, > 0, and
we distinguish two subcases. If also p, < 2, then by Theorem 5.12 (iii)

”Dszf”}lz.o S ”th”pz,pz(.n—sz)

and again, by Corollary 3.8 (iii), the desired estimate follows.

In the remaining subcase we have g, = 0 and p, > p where p = max(p,, 2).
Let r be defined by (n+r)/p = (n+4,)/p,, and thus r = g, > 0. It follows from
Theorem 1.9 and Corollary 2.4 (i) that

{D2f}(@) = [{D*fHO) Grtrosy-52(<25 D)ddv,(0)
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with
|Gt —2(<2, D) S (1 =Lz, 7 Fr7517%22),
and hence
D% f = P,_(5, s D%f.
Since s, —s, = (n+r)/p—n/p,, it follows from Proposition 4.3 that

||D“f||pz.o = ”Pr-(sl—sz).rth”pz.O pS |IDS1f”p,r-
Once again, by Corollary 3.8 (iii),
ID*flpr S IDf 5.0,

and the theorem is proved. =

The next theorem provides additional information to that given by
Corollary 5.5 and Theorem 5.13. Before stating the theorem, however, we recall
some definitions. The space of holomorphic functions of vanishing mean
oscilation in the ball, denoted by VMOA = VMOA(B), is a subspace of BMOA
consisting of all f€ BMOA so that f = P,g for some g € C(0B). Alternatively,
VMOA can be characterized as the closure in BMOA of O(B) (see [10]).

THEOREM 5.14. Let 0 < p < o0, g =0 and s = 0.
(l) If 5> (n+q)/p then Ag.s S As—(n+q)/p(B);

(i) If 0 < s < (n+q)/p then Al , g AR+ al+a=ps,

(iii) If s = (n+q)/p then A5, 5 VMOA.

Proof. Assertion (i) is Corollary 5.5. Assertion (ii) is trivial for the case
s = 0, and it is an immediate consequence of Theorem 5.13 for 0 < s < (n+¢)/p
and 0 <p < .

To prove assertion (iii), we first show that A7 g BMOA. To this end we
choose p, with max(p, 1) < p, < o and use Theorem 5.13 to conclude that
Al o ABl,p,. Since 1 < p; < o0, we deduce from Proposition 5.7 (v) that

Ay = (Aglj_,,,m)* where 1/p, +1/p; = 1, and the duality is with respect to

the I%-pairing. However, once again, by Theorem 5.13, 4§ & A‘o’lf_,,,pl and so

A2, & (AB .0, )* G (43)* = BMOA. Now, since by Lemma 5.2, 0(B) is dense
in Af; and since VMOA is a closed subspace of BMOA which contains @(B) we
also conclude that 42, g VMOA, and the proof is complete. =

For g = 0 and s = 1, assertion (i) and (ii) of the above theorem are due to
Graham [15] and Krantz [17]. Krantz has also proved the inclusion
A}y 6 BMOA which is part of assertion (iii) of the theorem.*)

* This assertion has been recently refined and extended in several interesting directions. For
details, we refer to Beatrous (Proc. Math. Soc. 97 (1986), 23-29), Burbea (Pacific J. Math. 127
(1987), 1-17), and Ahern and Bruna (Duke Math. J., 56 (1988), 129-142).



6. Projections in Sobolev spaces 47

6. Projections in Sobolev spaces

It will be convenient to extend the norm |-|,,s of A%, to non-
holomorphic functions. We introduce a differential operator 2 in C" by
9 =D—2, and thus @ = Z—ZR+1 where (see 0.2) & is the radial derivative
operator. Of course, & agrees with D on @(B). For. seZ,, q> 0 and
0 <p< oo we define

”f”mms= m@vwmr

This is meaningful even when g = 0 because the operator Z—Z is tangent
to 0B. It is also clear that for any fe W}, we have || f| ;s < . On the other
hand, ||l ,.4;s is not a norm on W/, for se Z ,\{0}, even when 1 < p < oo, since
the equation 2f = 0 has non-trivial solutions (for example, f(z) = Z, is such
a solution),

The fact that # —Z is tangential along 8B allows us to integrate by parts
without introducing boundary terms. In fact, we have:

LemMMA 6.1. Let s€Z, and q > 0, and assume that f, 29*f e L. and that
ge C5(B). Then

[ D*fgdv, = [ f D*gdv,.

Proof. Assume first that g > 0. If f has compact support and s = 1, then
the result follows from a straightforward computation, and the case s > 1 then
follows by iteration. For the general case, note that since Z— 4 is tangent to
any sphere centered at the origin, 2 commutes with multiplication by any
radially symmetric function. Thus, letting y, be the characteristic function of
the ball B(r) = {ze C": |z|| < r}, we have

[ Z*fgdv, = lim {y,2°fGdv, = lim [ D*(x, f)gdo,

r—1° r—-1-
= lim {3/ gdv, = | [P gdv,,
r—1-

and the result follows for ¢ > 0. The proof for the case g = 0 is similar, and
could have been also obtained by letting ¢ 0% in the previous proof. =

Our next result concerns the orthogonal projection P, of L% onto AZ,
q 2 0, as given in Theorem 3.9.

THEOREM 6.2. For q = 0, 9 commutes with P,. More precisely, for any
seZ, and any feLl such that 2*feLl, we have D*P f = P .9f.

Proof For any he 0(4) such that h(l h(7) for all Aed, we have

D|,h(<z, {3) = DIth({(, 23) = {z, [HDH((z, D))
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for every z, { € B with |(z, {)| < 1. In particular, since k,(z, {) = hy,+,({z, (D)
with h,(3) = (1—-24)7", r > 0, we obtain from Lemma 6.1,

{D°P,f}(2) = [ £ D) k2, Do, Q) = [ F QD" hy+4(<2, D)), (0)
=[1© mdu ©) = [ {2 }Ohnso(<L, 2D)dvg0)
= [{2°F}(Ok,(z, Ddv, () = {P, 2/} (@)

and the theorem is proved. =

As an immediate corollary, we obtain the following generalization to
Sobolev spaces of the projection theorem for Lf, onto A7 (1 < p < 00, 4 2> 0)
which appears in Theorem 3.9.

CoROLLARY 6.3. Let seZ,, q=0 and 1 <p < 00. Then:

(i) For 1 <p<oo and q >0, we have |P [y qs S I f|lpgs for every
feW,. In particular, P, projects Wi, continuously into its holomorphic
subspace A3 ;

(i) For1<p< o0,q>0andany0 <r < pq we have |P, f||p,, SIS g
for every fe W and thus P, projects WY continuously onto A?,

Proof. To prove (i), we use Theorems 3.9 and 6.2. Then

"qu"p.q;s = "Dquf"p.q = "Pq@sf”p.q < ”@sf”p,q = "f”P-q:s-

The second assertion of (i) follows from Theorem 5.3. To prove (ii), we use
Theorems 3.1 and 6.2. Then

1Py Sl pris = WD Py fllpr = WP 2 M pr S W DS Wpir = N Npuriss

and again, the second assertion of (ii) follows from Theorem 5.3. Note also that
we have used the fact that ||, ..s S [lI']ll5.4: in the proofs of (i) and (ii). The
proof is now complete. =

In order to extend the preceding result to Sobolev norms |||, with
negative integer s we will need to develop some ideas of Bell [4]. For t € R we
consider the differential operator D, = Z+t (see 0.2), and for each keZ,
we let

1
(6.1) P = = Iz1)*DusrDys (2€C)

with @° = 1, Then for any seZ, we have the identity

6.2) & = 1+D,{(1—|z]? Z Ilcask N (zeCw

k=1

which can be readily established by induction on s.
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LEMMA 6.4. Let f € C1(B) with f|,5 = 0 and let he A}. Then {hD,fdv = 0.

Proof. Since he A} can be approximated by dilations, we may assume
that ‘h e O(B). Integration by parts yields

_[hl_)ydv = nf'hfdv+§h97fdv= n_fhfdv—(‘i 0,Z;h) fdv = 0,

and the result follows. =

COROLLARY 6.5. Let seZ, and consider the orthogonal projection
P,: I+ A%}. Then P,o & = P,.

Proof. There is nothing to prove if s = 0, so we let se Z_\{0}. In this
case, we hiave to show that P,(®*g) = P, g for any g € C°(B). (Note that C*(B) is
dense in L}.) Using identity (6.2), we may write #°g = g+ D, f where f € C*(B)
with f|,; = 0. Thus, by Lemma 64, P,(D, f) = 0, and the result follows. =

Lemma 6.6. Let 0 <p<o0,g>0,seRandteZ,. Ift—s<gqfporif
seZ,, then for any fe (O(B) we have

WA Mpat S 1S Npgst-ss
where A(z) = 1—|z||?> (z€ B).
Proof. By definition
(6.3) 1AW S ° % NP

lal +18] <t

We will show that each term in the sum on the right is dominated by || f | .4 —s-
For ze B, we have

N PN S Y {o* @A) H{Of} )

y+é=a
and thus '
(6.4) e PN} @)l 5 ' 'Z [A(z)1*0-{&°f }(2)]
5 st
where
_ {max(0,10|~t+s), seZ,,
(6:5) k() = {Iél—t+s, SER\Z,, -

We consider first the case p = 0. In this case, by assumption, sisin Z, or
s > t. It follows from (6.5) that k(6) = 0. If k(8) = O, then, by Theorem 5.3,

18°F llcoe S 11 Mo gsta) = 11 S Ml o st

4 — Dissertationes Mathematicac 276
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If, on the other hand, k(6) > 0 then by Lemma 5.4, for any ze B we have
{2 S 1S Nl o rgtal -y (AT .
It follows that for all § in 2",
1APPf N og < 1S o, -xcer-

Since, by (6.5), |6] —k(8) < t—s, we also have | 1*P3f| 5 4 SN flco.q;e-s and the
result for p = oo follows from (6.3) and (6.4). =

For the case 0 < p < oo we have, by assumption and (6.5), - that
q+pk(d) > 0 and that |8|—k(8) < t—s, deZ%. Thus, by Theorems 5.3
and 5.12 (1), ’

@ of ) = {B(H, q +Pk(5))

B(n, 9)

S I”fl”p,q+pk(6);|6| =~ ”f”p,q+pk(d);|6| =~ ”f”p.q;ldl—k(&) s “f”p.q',t—s

i/p ,
”a f”p.q+1.1k(d)

and the result follows from (6.3) andi(6.4). This concludes the proof. =

COROLLARY 6.7. Let 0 < p < o0,q > 0and s, te Z . Then the operator ¥
maps A}, continuously into W,.

Proof. For feA?, and A(z) = 1—|z?| (zeB) we have by (6.1) and
Lemma 6.6,

“I‘psfmp.q;t = (S!)—l “MsDn+1 e Dn+sf“|p.q;l
pY ”Dn+1 ' ;'Dn+sf]lp.q;t—s = ”Dl_sDn+1 ' "Dn+sf”p.q'

Since, however, the above differential operators commute, we conclude from
(5.4) that

ID**Dpsy Dossflipg = ||D-'f||p'q = || fllp.qs05

and the result follows.

It is convenient here to denote by (, ), the inner-product of 1%, 4 2 0.
We note, however, that this notation is at odds with that used in Lemma 1.8.
When g > 0,1 < p < oo and se Z,,, we also let W, stand for the WZ,-closure
of C§(B), which consists of all those functions in C®(B) which have compact
support in B. Evidently, Pf/q‘_'s is a closed subspace of W], with Wq{’o = Wk
= L. We also recall that the Sobolev space W/ _; is defined as the space of all
distributions f on B with 1/p+1/p' =1 and

(6.6) IS Wlpg:—s = sup{{fs @Dl $ e CE(B) N SE,} < o0,

where

Sg's = {ge VV,}’,S: “Iglllp,q:s < 1}
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Thus W} _, is isometrically 1somorph1c to the dual (W )%, with respect to the
Lz-pamng, of Wq”s, and thus it is itself a separable and a reflexive Banach space
with the norm [||[il,.;;—s- By analogy with the notation of Section 5, we let
W'h - be the subspace of W} _ consisting of holomorphic functions on B. We
also let ¥°} _; be the space of all fe @(B) such that

LA Wpq:-s = sup{<f;, $Dg: 0 <7 <1, pe C*(B) n S} < 0.

We shall need the following refinement of Proposition 5.7 (iv). Here, for
>0 and 1 < p < o0, my(p) is the norm of the projection P,, as given in
Theorem 3.9, of If onto Af, and thus m(p) = m,(p') = 1 w1th my(2) = 1.

LEMMA 6.8. Let g > 0, 1 <p < oo and seR. Then, for fe AJn A} _, we
have '

[mq(p)]—l "f"p,q;—s S SuP{Kfs g>q|: g E(Q(B)! "g”p',q;s < 1} s "f"?-q;"s'
Proof. By Theorem 3.9 and Proposition 5.7 (iv) we have
[mq(p)]_1 "f"P-‘I;"S SUP{KD_sf Dsg>q| geAq 32 ”g”p'.q;s s- 1} S "f"p.q;—s-
The result now follows from Lemma 1.8 and Lemma 52. =

LEMMA 69. Let ]l <p<o0,seZ, and 0 <r, <r < 1. For fe O(B) we
have

I”fl”p 1;-5 cp s(rD)Hlf”lp 1;-s
where ¢, (ro) = rg 22+,

Proof. For ¢ e C§(B), the function ¢" =r~2"¢,, is in CF(B(r)). In
particular, ¢’ e C¥(B) and {f,, $>, = {/f, ¢">,, and thus, by definition,

I<f;-’ ¢>1| = |<fa ¢r>1| \<~ ”lfmp.l;—s”ld)rl”p,l;s'

But,
4! s =y a1 AL
|I|¢.’”|p,'1:s — Z _'r n(1 —p)y=p’'(ja| |ﬂ)”aaa‘ﬂ¢”g"1
la +[p <5 &
< r @ PENB 155 < 10 PPN B, 1565
and thus

I<fos @211 < sl S Mlp,;-sllllp1is (@€ CF(B)).

Taking the supremum over all ¢ e CJ(B) gives the desired result. =

JEMMA 6.10. Let 1 < p < oo and s€ Z,.. For fe O(B) we have |||fll5.1;-s
< ”lf”llp.l;—s'
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Proof. Fix a ¢ € CP(B) and choose 0 < r < 1 sufficiently near 1 so that
¢,€ Cg(B). Then

o @0y =S &0y
and thus, by definition,

IS 0ol < P2, 15 s Pl s

But
lod! 20 5l + ) g A
Mlllpris =13, D —r 2" 1228° |5,
la| +]pl 55 %

< r—znlpllllcplllp'.l;s
and hence

Kf’ ¢>1| S rznlp“lfl“;),l:—s“ld’l“p’.l;s-
Thus

IS, 834 < WMo, 15-llpnss  (f € CE(BY).

The result now follows by taking the supremum over all C§(B). =

LemMA 6,11, Let 1 < p < oo and seZ,. For feO(B) we have | f|p.1;-s
S "Ifmp.l;—s-

Proof Forany 0 < r < 1, we have by Lemma 6.8, Theorems 3.9 and 5.3,
and Corollary 6.5

15155 = sup ISy, gul: g€ OB), lglhpsis < 1)
sup {[<fs, Prghl: g€ O(B) n SE.:)
sup{I<f,, Py®*6>41: g€ O(B) n S1.}
sup{|<f,, P*gd4|: g O(B) N ST}

Now, by (6.1), the function ¥°g, for g e @(B) n % ,, vanishes to order s on 8B,
and, therefore, is a limit in W¢; of functions in C§(B). It follows from (6.6) and
Corollary 6.7 that

”j;“p.lz—s S ”lfrl”p.l;—s.Sup{|”¢l‘g“|p’.1;—s: ge Q(B) N Sg’,s}
5 "j;-"p.l;—s-
In particular, taking 1/2 <r <.1, we deduce from Lemma 6.9 that

1felp,15-5 S Mg =5 < 222520 £l o1 - s

The desired result follows now by observing that || f|,.1.—s = sup{ll /.l5.1;—s:
12<r<1}. =

14
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We now prove:

THEOREM 6.12. Let ¢ >0, 1 <p < o and seZ,. Then VE s Al s
= Af+sp, i-e. on O(B) the norms ||'lll5.q;-ss I lp.gi=s and [l .g; +5p are equivalent
to one another. In particular ¥V} _ ~¥Et, . _ for any meZ with
—q/p<m<s.

Proof. The equivalence of the norms |-||,4,-s and ||*||,4+sp is a special
case of Theorem 5.12 (i). Now, let f € O(B) and 0 < » < 1. Then, by Lemma 6.8
and Theorem 5.3,

”fr”p.q;—s =~ sup{](f,, g)ql: gE@(B): "g"p’.q;s S 1}
=~ sup{|{f,, g>,l: g€ O(B) N Sk}

< sup{|<f, #>,l: $eC=(B) N SE},
and thus
”f”P.Q;—s = Sllp ”f;-”p.q;—s S ”lf”l;l.a;-s-

0<r<1

Conversely, by Theorem 3.9, Lemma 6.8 and Corollary 6.3 (i),

Sup{[< ;s 3l: € C=(B)  Spu} & sup{(IC £, Podhdyl: € C(B)n 3i)
= | fllpgi-sSUP{I Pyl g5 9 € C*(B) N SE}
S Sl pg-s-

It follows that

”lf”l;:.q;—s s SUP ”./:-”p.q;—s = ”f“p.q:—s,

0<r<i

proving the first part of the theorem. The second part follows from the first part
and Theorem 5.12 (i) w

For p = 2, the equivalence of % _; and ¥’} _, in the next theorem was
also obtained by Bell and Boas [5] when B is replaced by a smooth
pseudoconvex domain,

THEOREM 6.13. Let 1 < p< wand seZ ;. Then W} _, =¥V _; = A} _,
=~ A} qp, ie. on O(B) the norms |||*|llp, ;-5 1Ilp.1:=55 11 llp,1;-5 and ||| p,1 455 are
equivalent to the another.

Proof. The equivalence of the norms |||*[l|5.1;—s, [*llp,1;—s and |||l 5,1 +s, i8
a special case of the previous theorem. Let fe @(B). Then by Lemma 6.10,
S Mp.1;-s < M fNllp,1;-s- On the other hand, by the previous equivalence and
Lemma 6.11,

I Mo.ri=s = M Mpors=s S MSMpo1i-s5

and the desired result follows. =
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We can now formulate a projection theorem for the negative Sobolev
spaces Wf _; onto their holomorphic subspaces #'§ _; >~ 4% _; (1 < p < w0,
s€Z,). As before, P, denotes the orthogonal projection of L, onto 45 (g > 0).

THEOREM 6.14. Let 1 < p < oo and let s€Z,. Then for q = s+1, the
projection P, extends to a continuous projection of Wﬂ - onto its holomorphic
subspace A’{.—s

Proof. Let P} denotes the adjoint of P, with respect to the L3-pairing. We
have to show that P_ is a continuous operator from Wf_; into itself. This,
since WP, = (Wf_o* in the L?-pairing, is equivalent in showing that P} is
a continuous operator from W{’s into itself. From the definition of P,
follows that

P¥=1710, (M) =1-]z|»,

where

{0,116 =— 4@ Odv, () (feLh).

with

ko(z, §) = (1-<z, C)) @*0 (z,{eB).

Let fe WP, and thus f, 2°fe L. It follows from Lemma 6.1 that
nB(n, ){D*Q, f}(z) = [ f (()D’|,k,(z, {)dv,({)
= [ £ (OD*Ik,(C, 2)dv, (0)
= [{2*F} Ok, (z, O)dv, (0),
and hence
(6.7) DO, f =02 (feWf).
By Lemma 6.6, as g > s+1 > s+1/p, and by Theorem 5.12 (i) we have
|”P17f|”p’.l;s—q+1 = ”qu“p‘.l;s p ”qu“p‘.l;s—q+1
=~ ||qu||p'.1+p'(q—1);s = "DSqu"p’.1+p’(q—'1)'
It follows from (6.7) that
”IP;‘fI”p'.l;s S “Qq@sf”p’,l +p'(g—-1)
= {nB(n, 1+p'(q—1)} " 2271Q, D |l .1
On the other hand, for g > 1 the operator A*~'Q, is of the form

{28710,9}(2) = [ 9K (2, D)dv, (0)
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where
IK(z, I < 2971 =Lz, D7D,
and thus, by Theorem 3.1,

”'q'q_Iqusf“p‘.l b "@sf"p’.l = "f"p’,l;s s “V”Ip’.l;s'
Consequently,

I”P:f“lp’.l:s = “lfl“p'.l;sa

and hence P¥ is a continuous operator from W, into itself. Since W7, is the
W¢~-closure of Cg (B), the proof will be completed if we can show that P} maps
Cg (B) into WF. Butif ¢ € C§ (B) then Q, ¢ € C*(B) and P# ¢ vanishes to order
g—1 on 0B. Thus, as r—1 > s, P¥¢ € WF,, and the theorem is proved. =
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