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NOTES ON DEPENDENCE WITH COMPLETE CONNECTIONS

MARIUS IOSIFESCU
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Bucharest, Romania

These notes are intended to present the fundamentals of the theory of

dependence with complete connections. This type of stochastic dependence

has been introduced and developed mainly by Romanian probabilists.
Various examples involving dependence with complete connections are

discussed at length. One of them is constituted by stochastic approximation
procedures.

1

We start with a special case that motivates the general definition we shall
give later.

Let us consider an initial urn U, containing a; balls of colour j,
1 <j<m+1, and denote by a{”, 1 < j < m+1, the structure of the urn U,
n20 a%=a;, 1<j<m+1, given by the following rule: if the structure of
the urn U,_, was a"" ", 1 <j<m+1, and on trial n (which is a drawing
from U,_,) a ball of colour i was drawn, then the structure of the urn U, is
al® = a\"~ Y +6,;d;, where d; are nonnegative integral numbers, 1 <j < m+1,
This amounts to the fact that if on trial n a ball of colour i was drawn, then
this ball is replaced while d; balls of colour i are added to the urn.

Remark. The above urn scheme was devised by the Romanian mathe-
maticians Onicescu and Mihoc in the middle thirties. The special case m = 2,

di+d, =d 1s known as the Pdlya urn (and in turn as the Markov urn for
d=1).

Define

X, = the colour of the ball drawn on trial n,
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and set
p_(in):P(Xn*-l=jIX1="'aXn)9 n213
PO =P(X, =j)=<2, 1<jsm+l,
M
m+1
where M = > a;. (Please note the assumption we make here)

j=1
We want to find the relationship between p, =(p\");<j<m+1 and
Pa-1 =(P" )1 <j<m+1 conditional on X, =i. Clearly,

i aln~ o ar D +6,d; :
Pl = M’(n—l)’ P§)=;W(n——1)_+fd_i’ Isjsm+l, W
m+1

where M D = % 4"~ D(M'® = M). Now, denoting by v{” the number of
i=1
balls of colour j that occurred on the first » drawings (v§°’ = 0), we can write

" = g, + v d,, 1<j<m+1,n20. (2)

Assuming all the d; > 0 (please discuss the general case), the first
m+1

equation of (1), equation (2) and the obvious equation Z vj-") = n yield

i=1
m+1

Z afd,+n—1

m+1

Z pi"*“/dk
k=1

M- ) _

-1 -1 1
, a}n ) = pMn ’pf’" ).

bl

hence, by means of the second equation of (1), the probability p'” is a
function f1 of p,—y = (P )i <jcme1:

PR =S, e, IS j<mt],

Therefore the evolution of the probabilistic structure of the urn scheme
we have considered can be described as follows. Starting with a probability
vector po = (P, ..., p¥% ), we select a colour X, =i according to p,, and

then construct the new probability vector

(fm U S )ISj$m+1'
Next, a colour X, =k is selected according to p,, then the new probability
vector
P2 = (f}j)(Pm ooy Pty )lSjSm+1
is constructed, and so on.

Onicescu and Mihoc (1935) say that the random variables X,, X,, ...
(the colours successively observed) are connected into a chain with complete
connections.
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2

The special case considered above motivates the following general framework
(Iosifescu (1963)): Assume that we are given two measurable spaces (W, #)
and (X, 7) and, for any n=1, 2, ..., a mapping u'” of Wx X into W which
is measurable with respect to ¥ x4 and #, and a probability kernel P”
on Wx & (ie, P™(w, ) is a probability measure on # for any we W and
P™(-, A) is a # -measurable function for any Ae ).

The collection (W, #), (X, Z), u'™, P, n=1,2,..) is called a random
system with complete connections (RSCC for short).

With any RSCC one can associate two sequences of random variables,
(o with values in W and (&,),~; with values in X, such that {, =w
(arbitrarily fixed),

Cn+1 = u(n)(‘:m én+1)a n ; Oa

P(én+le‘4|ém cm"')ZP(n)(gna A)a ?'!20,

P-a.s. whatever Ae¥.
One may imagine the following diagram representing both sequences
associated with an RSCC:

'Cb:W ,C1 —_-um('s'ov&.,) §2=U(2)(§1'52)' .-

& £

PO (w, )

The Onicescu-Mihoc case is obtained by taking

m+1

X=11,2,..,m+1},
W=1p=(p)igjcm+1: 0<p; <1, Y pj=1},
j=1

U (P <jeme1> ) =([(P1s s Pmr )1 <jgme 1>
P(")((pj)lSjSm+lsi)=Pi’ I1<i<m+1.
A formal existence theorem for the sequences associated with an RSCC

will be proved later.

3

We are now going to give a few important examples of RSCC’s. Most of
them are homogeneous, ie., they are RSCC’s for which #” and P™ do not
depend on n (to be denoted u and P).



248 M. IOSIFESCU

a) Markov chains. It is easily seen that Markovian dependence is
obtained by taking X = W, u(w, x) = x. (The nonhomogeneous case of
Markovian dependence clearly appears as a special case of a nonhomo-
geneous RSCC). You may show how multiple Markovian dependence is
also a special case of RSCC’s.

b) Learning models. By mathematical learning theory we mean the
body of research methods and results concerned with the conceptual re-
presentation of learning phenomena, the mathematical formulation of hypo-
theses about learning, and the derivation of testable theorems.

The purpose of mathematical learning theory is to provide simple
quantitative descriptions of processes which are basic to behaviour modifi-
cations. Learning models are in fact devices for providing simple description
of basic learning processes. Prior to 1950 learning models were concerned
with predicting, at most, the mean learning curves*) obtained from experi-
ments. Although a few of the earlier models involved probability measures
and processes, no properties other than the mean learning curve were
deduced. The main feature of the modern formulations initiated since 1950 by
Estes (1950) and Bush and Mosteller (1951, 1955) is that they imply random
processes, i.e., it is assumed that there is some random process to which the
behaviour in simple learning experiments conforms. Another important fea-
ture is the step-by-step nature of the learning process.

All stochastic models for learning studied up to now enter the following
general theoretical scheme. The behaviour ol the subject on trial n is
determined by his state S, (an indicator of the subject’s response tendencies)
at the beginning of the trial. S, is a random variable taking on values in a
measurable state space (S, ¥). On trial n an evenr E_, | occurs that results in
a change of state. E,,,; is a random variable taking on values in a
measurable event space (E, &) and specifies those occurrences on trial n that
affect subsequent behaviour. Typically E,,, includes a specification of the
subject’s response and its observable outcome or payoff. To represent the fact
that the occurrence of an event effects a change of state we consider a
measurable mapping v of S x E into S and postulate that S,,; = v(S,, E,+ 1),
n = 0. Finally we assume that the probability distribution of E,., given
E,., S,, ... depends only on the state S, and we denote it by Q(S,, 7).

By a general learning model we mean a collection ((S, %), (E, 8), v, Q),
i.e., (triviailly) an RSCC. (Notice we have just changed the notation!) Various
special learning models are obtained by simply particularizing S, E, v, and Q.

References for stochastic learning models: Iosifescu and Theodorescu
(1969), Lakshmivarahan (1981), Norman (1972), Rouanet (1967).

*) The notion of a mean learning curve measures the “performance” ol an individual as
a function of training time or trials. It was proposed in 1919 by L. L. Thurstone.
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¢) Continued fractions. Each irrational number y in the unit interval
has a unique infinite continued fraction expansion of the form
1
y= 1 )
a, (y+

a;(y)+ ...

where the a,(y) are natural numbers determined as f[ollows. Put Ty
= 1/y(mod 1). Then a,(y) = 1/y—Ty, and a4, (y) = a,(T¥) = a,(T"y), n 2 1.
It is obvious that, when the unit interval is endowed with the g-algebra of
Lebesgue sets, the g, are random variables defined almost everywhere with
respect to any probability measure assigning probability 0 to the set of
rational numbers (in particular with respect to Lebesgue measure A).

The metric theory of continued fractions is concerned with the study of
the random sequence (a,),>,. The first problem of this theory was raised in
1812 by Gauss, who in a letter to Laplace stated that

log(1 + x)

for each x in the unit interval, and asked for an estimate of the error

log (14 x)

E,(x)=A(r,' <x) log 2

Here r,(y) = 1/(T"y), n =1, ie,

r, = a,+

1

an+1+
an+2+ P

Kuzmin (1928) first proved (3), giving an error estimate E,(x) = O(¢"") as
n— o with 0 <q < 1. One year later Lévy (1929) gave a different proof,
allowing to improve the error estimate to E,(x) =0(g") with g <0.7.
It has been recently shown that the optimal value of g s
0.30366300289873265860... See Wirsing (1974).

It is not difficult to show that

A(ry > 1) =1/,

sp+1
/l(r"+1>t,a1,...,an)= 2 ) t?l,n?l,
S,+t

where
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This is known as the Borel-Lévy formula. (Try to prove it. You may consult
Ibragimov and Linnik (1971)). It implies at once

1
Ala; = k) = m,
s+ 1
Sat k) (s, +k+1)

AMagy =klay, ..., a,) =

=1,

for any natural integer k. Noting that

1

SRE—— nz=0,
Qp+1 +Sn

Sn+1 =
with sq = 0, we are led to consider the RSCC (W, #), (X, ), u, P) for which

W = the unit interval [0, 1], W = the c-algebra of Borel sets in [0, 1];

X=11,2,..4, 4 = the o-algebra of all subsets of X;

w+1
u(w, X) = K P(Wa x) = ’
w+Xx w+x)(w+x+1)

weW, xeX.

Clearly, starting with w = 0, the & and { sequences associated with the
above RSCC are just (a,),>; and (s,),=o under P =A. More generally,
starting with a rational

Xpt . 1
X1
the ¢ and { sequences are (@,;p),>; and (s,ip)a>o under P =4(|q
= xk’ l s k S P)
References for continued fractions: losifescu (1974, 1978).

d) Stochastic approximation. Let F,, acR (=the real line), be a
family of distribution functions on the real line. Assume that

M(a) = [ydF (y)

exists and the equation M (a) = 0 has a unique root 6. Robbins and Monro
(1951) gave a statistical method for estimating 6. They chose an arbitrary
Xoe R and defined recursively random variables X, by

c
Xn+1=Xn_ﬁ_Yn+lw nz0,c20,
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where Y,,, is a random variable the conditional distribution of which, given
Xo, ..., Xn is Fy . Under suitable conditions the convergence (either in
probability or almost sure) of X, to 6 as n— oo can be proved.

It is clear that the sequence (X,),>0 1s the {<chain associated with the
(nonhomogeneous) RSCC (W, #), (X, &), (4'™)p2 0, P) for which

(W, #) =(X, 2) = the real line with the Borel o-algebra;

C
+1

P(w, A) = [dF,,(Y).
A

U (w, x) = w—

X, nz20,weW, xe X;

e} Other examples of RSCC’s can be found in Macchi (1976) (these
pertain to the theory of stochastic approximation and the theory of adaptive
automata), Blackwell (1976) and Rieder (1975) (these pertain to gambling and
the theory of dynamic programming), Smith and Wilkinson (1969) (these
pertain to branching processes in a random environment). See also Section 1.2
in Grigorescu and losifescu (1982).

4

In what follows we shall limit ourselves to considering just homogeneous
RSCC’s.

Before proving a [ormal existence theorem for the sequences of random
variables associated with a (homogeneous) RSCC let us make a few no-
tational conventions. For any ne N* = {1, 2, ...} the n-fold product measur-
able space (X, #)x ... x(X, %) (ntimes) will be denoted by (X", Z™.
Clearly, (X!, ') = (X, Z). The element (x,, ....x,)e X" will be denoted by
x™_ If in the same formula there appear x" and x'" !, say then the
first n—1 coordinates of x'™ are precisely the coordinates of x"~ . (In fact,
x™ = (x"" 1, x.)). Remember that we defined recursively the random vari-
ables {, by {,+; =u({,, {,+1), n = 0. It 1s therefore convenient to introduce
simple notation for the composition of the mappings u(-, x), xe X, of W into
itself. Thus, we define

Uy (w, x"" D), %)) il n>1,

(npy _
u, (w, x'”) uy(w, x) =u(w, x;) if n=1,

and with no possible confusion we shall simply write wx® for u,(w, x™).
With this convention {, is nothing but w&'™ for all ne N* (£™ = (&,, ..., &)).

Now we can prove the following

Existence THeorEM. For a given RSCC (W, #). (X, &), u, P) and an
arbitrarily fixed we W there exist a probability space (2, X, P,) and a
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sequence of X-valued random variables (£,),», defined on Q such that
P, (i€ A) = P(w, A),
P (lns1€AlLL, .., &) = PWED, 4) (4)
P, -almost surely for any Ae &, ne N*.

Proof. Before proceeding further, let us notice that, since the g-algebra
generated by (™ =({,, ..., {,) is contained in the o-algebra generated by
&M =(&,, ..., &), the conditional probability occurring in (4) is equal to ()
P, (&,.,€A|L™, E™). Therefore no new element has been introduced with
respect to the (somewhat) heuristic discussion on page 247.

For the proof (in a similar manner to the proof of the existence theorem
for Markov chains) we define

Q= XV =1{(x1, X3, X3, ..): ;€ X, ic N*},
X" = the infinite product og-algebra Z'x 2 x ...
(the smallest o-algebra containing all cylindrical sets A; x ... x 4, x X" in Q,
where A, e 4, 1 <k <, le N¥),
ln(w) =x,, neN*, if ©=(Xpnene>
and using the prescribed transition probabilities we put
P,((,eA,)= (Pw(Al XXN#)) = P(w, 4,),
P,(( €Ay, ..., 5eA4)=(P, (A, x ... x4, x X™))
J' P(w, dx,) P(wx,, A,) if =2
Ay

[ [ P(w,dx)Pwx;,dx)... P(wx""2, dx;_ ) P(wx!"D A)

A Ar-y
if I>3.
Now the possibility of extending P,, to the whole of % is ensured by
the Ionescu Tulcea theorem (see, e.g.,, Neveu (1964)).

Equation (4) is clearly an immediate consequence of the very definition
of P, on cylindrical sets. .

Let us now give a formal proof of the fact that ({,),>, 15 a W-valued
Markov chain. For any bounded real valued W-measurable function f defined
on W we can write (%)

Ew(f(CrH I)IC("]) = Ew (f(Cn £u+ l)l g(n)) = ‘_E.P(Cmd-x)f(u(Cm )C)) (5)

(') On account of (4) it is also equal to P, ({,.,€A4]|{,,...,,). Please justify this
assertion.

(®) E,, denotes the mean value operator with respect to P,.
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(Here we use the remark made in footnote 1 on p. 252). It follows that ({,),> o,

{o = w, 1s a Markov chain with initial probability distribution concentrated
at w and transition probability function

P,((s+1€BIL) =Py, B(L)), n=0,
for any Be %", where
B(v) = {x: u(v, x)e B}, veW.
This is obtained by simply taking in (5) f = 85, where

1 if veB,

5"(")2{0 if v¢B,

Be#', veW. In fact (5) exhibits a more general thing, namely that the
transition operator (?) of the Markov chain ({,),»¢ is
(Uf)(w) = [ P(w, dx) f (u(w, x)).
X

It can be shown in the same manner that the sequences ({,, £,).>; and

(§n> S+ 1)nzo are also Markov chains. The transition operators of these
Markov chains are

(U'f)(w, x) = [ P(w, dx)) f (u(w, X), X') (= f"(w))
X
and
(U"f)(w, x) = [ P(uw, x), dx') [ (u(w, x), X') (= f"(u(w, X)),
X

respectively.

5

Turning to other problems, in what follows we shall first be interested in the
asymptotic behaviour as n— oo of the probabilities P, ((&,, ..., Epvim1)EA)
for Ac @', le N*. Let us write for we W, I, ne N*, Ae 2,

Pw((im R ] §n+l- I)EA) = T(Wa A)

(*) For an arbitrary Markov chain with state space (Y, %) and transition probability
function p its transition operator is defined as (Uf)(y) = {p(v, dz) f(2) for any bounded real
Y

valued % -measurable function f defined on Y.
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Clearly, Pi(w,-) is a probability measure on Z' and _
Pl(w, A) = P,(w, A) = [ P(w, dx;) P(wx;, dx;)... P(wx"" "V, dx)d ,(x")
x!

if 1>1.
Equation (4) is then easily generalized to
Py ((Ent1s -5 Car)e AIE™) = Py (W™, A) (6)
P,_-almost surely for any Ae &', I, ne N*. Further, it is obvious that
Pi(w, A) = Pip_ (W, X" x A), (7
for any ne N* with the convention X°x4 =4. Nowforn>2and 1 <r<n

Pl(w, A) = w((§,+1,...,€,,,...,f,,“_l)eX" "1 xA)
Ew(@ym-r—1,,( (T R S
w(Ew RN (ST SRR SRS IF 40 )
wPu(Ears oo s Enrim ) EX™ T X A ED))
(P

(

n—-r+i- l(wi(r) ) G 1XA))
W(PI~T(WED, A)) = [ P (w, dx") P{~"(wx, A).

w

Il
m m m m

(We used both (6) and (7). Therefore we proved the equation
Pi(w, A) = | P,(w, dx®) P}~"(wx), A), 1<r<n. (8)
xr
This is clearly an extension of the Chapman-Kolmogorov equation occurring
in Markov chains.

Remark. Equation (8) shows that P;(-, 4) (as a function on W) is the
(n—1)th iterate of P;(-, A) under the operator U defined on p. 253:

Pi(, A) = U ' (P,(, A)), n=l.
To study the asymptotic behaviour of the Pf(w, 4) we need some
prerequisites.
For a finite completely additive signed measure x on a ¢-algebra .# in a
space M its norm |\l is defined as

llull = Fvar u = 3(sup u(4)— inf p(4)).
Ac M Ae H

If u(M)=0, then
full = 3varp = u(M7),

where M* UM~ = M is the Hahn decomposition of M with respect to pu.
(This means that u(M™ n4) >0 and u(M™ " A) <0 for any Ae.#)
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LEMMA. Consider a measure space (M, .#, u), the signed measure u
being supposed finite and completely additive and such that uy(M)=0. If f is
a bounded real and .#-measurable function defined on M, then

Hf(X)# dx)| < ||l (sup f {x)— inf f(x)).

xeM xeM

Proof. Let MT" UM™ =M be the Hahn decomposition of M with
respect to u. The condition u(M) = 0 implies that u(M*) = —u(M™) = ||y
Consequently,

Jfu@x) = [ + [ <(supf)u(M™)+(inlf) (M)
M M~

M+
= il (sup f—inf f).
On the other hand, taking into account that
sup(—f) = —inff,  inf(—f) = —supf,

we have also

—hflf(x)u(dx) < [|ull (sup f—inf f). .

Next, let us define
b, = sup|P(w'x™, A)— P(w” x™, A), n>1,
the upper bound being taken over all w', w'eW, xXPe X", AcZ.

ProrosiTion. We have
n+i—1

[Py (w x™, A)— P(w"x™, A< Y b,

j=n
Jor any I neN* w', w'eW, xX'"e X" Aecd’.

Proof. We proceed by induction. For [ = 1 the inequality is true by the
very definition of b,. Assume the statement holds for / and let us prove it for
I+ 1. Putting w; = w x™, w, = w”x™ we can write

P,+1 (W’ x("), A)— Pl+ 1 (W” x("), A)
[ Pyw x™, dy®) P(w, y¥, dz) 8,y 2)—

i+
§ o Pw” x®, dy®) P(wyyY, dz) 3, (3", 2)
xitl1
= [[Py(wy, dy"")— Py(w,, dy"’)]jP (wy ¥, dz)3,(y°, 2)+
x!

+ [ P(wy, dy® ]’ [P(w;, y,dz)— P(w,y", d2)]5,,("", 2).
x!
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By making use of the above lemma twice we get

n+l-1 n+l
|P,H(w'x("), A)—P:H(W"x("), A) < Z bj+bn+t = Z bj,
j=n Ji=n
which completes the proof. =

Now we can prove the following

Ercobpic THEOREM (Ionescu Tulcea (1959)). Assume that the series ) b,

converges and there exist a probability measure p on & and a positive constant
0 <a<1 such that P(w, A) = ap(A) for any we W, Ae &. Let re N* denote

the smallest natural integer such that ) b; < 1/4. Then for any le N* there
jizr

exists a probability measure P on ' such that

r\nfs—1
o, AP < it ((1-5) +%ij)

1<s<n jzs

for any |, neN* weW, Aed’.

Proof. Put p" = px ... x p (n times) (direct product of measures), ne N*,
and define for we W, Ae &,

p'(A) if I<r,
p(w, A) = [Pdx?) [ P, wx®, dyi=")8, (<, y4=7)  if 1>,
xr xl-r
On account of the above lemma and proposition we get
(W', A)=—pi(w", A < ) b <3 9)
jzr

for any le N*, w, w’eW, Aeq".
By the very definition of p, and P, we can write

Py(w, A) = a pi(w, A) (10)
for any le N*, weW, Ae2'. Now (9) and (10) imply that
P(w, A) = a (p(w”, A)—3) (11)

for any le N* w', w’eW, Ac Z'. Keeping w” fixed in (11) it easily follows
that either
Pw,A)=%a for any weW
or
Pw,X'-A)=La for any weW.
Therefore
|Py(w', A)—Py(w", A) =|P,(w, X'=A)—Py(w", X'-A) < 1—3a (12

for any leN*, w', w'eW, AeZ'.
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Now on account of equation (8) we can write for | <s<n
Pi(w', A)— P{(w", A) =
= [ P, dx) P75 (W' XY, A)— [ P(w", dx) PY~*(w" X9, A)

XS

X
= [ (Py(w', dx')— P, (w", dx™)) P}*(w' X', 4)+
x.s

+ [ Py(w"”, dx®) [P} *(w'x¥, A)— P} (w" x"¥), 4)]

xS
=I+1I.
Putting
P}(A) = inf P}(w, 4),  Pj(A4) =sup P{(w, A),
weW weW

remark that on account of equation (8) the sequence (Pj(A)),>, is nonde-
creasing and the sequence (P}(A4)) is nonincreasing. Thus both sequences are
convergent. We shall prove that they have a common limit.

By virtue of the above lemma and inequality (12) we have

1 < (1—3a) (P} *(A)~ P *(4)),
and the above proposition and lemma yield
1 < ¥ by
izs
(Remember that P~ S(w, A) = P, ,_._,(w, X" "1 x 4))
Summing up we can write
P7(4)—PH(A) < (1—3a)(PI72(A) = P]5(A) + 2, bj;

jizs

hence

PIA)—PIA) (1 =3 (PP (A - P #(A)+ Y bi(Y (1-3a))
j h=0

izs

for any ke N* such that n > ks. It follows that the difference P}(A4)— P}(A)
approaches 0 as n — oo, that is, the sequences (P, (A4)),»; and (P7(A)),>, have
a common limit P (A). It is not difficult to deduce the domination claimed.

The fact that P is a probability measure on 2" follows from the Vitali-
Hahn-Saks theorem (see Neveu (1964)). .

We say that an RSCC is uniformly ergodic iff for any e N* there exists a
probability measure P® on 2" such that

g, = sup |P{(w, A)—P°(A) -0 as n—oo..
weW,h_;N*
A

17 — Banach Center t. 16
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Therefore the ergodic theorem we have just proved gives a set of
sufficient conditions for uniform ergodicity together with the estimates of the
coefficients ¢,, ne N*.

Remark 1. In the Markov case W =X, # = Z, u(w, x) = x the exist-
ence of a limiting probability measure P{" = P* on Z such that

lim P"(x, A) = P*(A) (13)

n—oc

uniformly with respect to xe X and 4 €7 ensures the existence of probability
measures P, le N¥, such that

lim PI(x, A) = P{*(A)

n—a

uniformly with respect to xe X, le N*, Ae#". It is a simple exercise to show
that for [ > 1

PP (A) = f P®(dx,) P(xy, dx;)... P(x;_ ., dx)d (x7).

x!

A necessary and sufficient condition for (13) to hold (in fact for the
uniform ergodicity of a Markov chain) is the existence of an noe N* such
that

sup |[P"(x', A)—P"(x", A) <1,

x',x""eX,
Aed

and the corresponding &,, ne N*¥, tend exponentially to zero as n— 0.

Remark 2. A detailed study of uniform ergodicity of an RSCC can be
found in Grigorescu and losifescu (1982) and losifescu and Theodorescu (1969).

Remark 3 (Exercise!). Show that the assumptions of the ergodic
theorem proved before are fulfilled by the RSCC associated with the con-
tinued fraction expansion. (Hint: take p as the probability measure concen-
trated at 2.

6

Now we shall prove uniform ergodicity implies some mixing property of the
sequence (&,),.v+ under any P, we W. Denote by %, , the o-algebra
generated by the random variables &, ..., £,, m < n. We have

Pw((ér+m ces ér+n+l—1)EA | 5(!)) = P?(Wf('), A)a
Pw((£!+m RS} fl+n+l—l)éA) = P!l+n(w’ A)
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for every we W, [, n, te N*, Ae 2. On account of uniform ergodicity we get

IPW((ét+m ey é,+n+l_1)€Além)—Pw((f,.,.,,, R é.+n+1—1)€A)| < £n+£u+r'

Hence, putting A4, ={{YeB}ex ', for an arbitrary BeZ", A,
={(&+m ---» Ei4ns1-1)1€ A} and integrating over the event A,, we obtain

[Py (4; N A2} =P (4) P, (4,)] < (4 + 0+ Pu(4)). (14)

Clearly, (14) is valid for any weW, A, € % 4, As€ X (niinti-1p &L 0 lEN®
If we put

(0“,(") = Suplpw(AZ | Al)— Pw(Al)la

the upper bound being taken over all A;e. ", such that P (4,) # 0,
A€ X (imi+n+i-1y L 1€N* 1t follows that

(Pw(n) S 8n+8n+1'

Therefore the sequence (& )non: IS @-mixing under P, for any weW, ie,
lim ¢,,(n) =0. [
Our next step will be to show that under uniform ergodicity there exists a
probability P, on X such that ({,),.n- IS a strictly stationary sequence on
(Q, A, P).
The proof of this assertion is as follows. For Be ¥, (which equals
' x XV —see the proof of the existence theorem), le N*, we set

P, (B) = P (BY)
if B =BY x X", Define as usual the shift operator T on Q by
T = (xp4 new
if @ =(x,),.x- By uniform ergodicity we have
P, (T "B)—P,(B) < é&ysy (15)

for all ne N*, we W, Be X, ,, le N*.
Clearly, P, is a completely additive probability measure on the algebra

o=\ Ha

IeN®
which generates the g-algebra . To show that P, extends uniquely to . it
is sufficient to prove that for any decreasing sequence B, > B, o> ... with
N B, =@, B,c o, ne N*, one has lim P_(B,) = 0 (see, e.g., Neveu (1964)).

neN* n—a

On account of (15) this is easily done. Indeed, if (| B, = @, then we have also
neN*

N T *B,= @ for any ke N*. But, P, being a completely additive prob-

neN*
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ability measure on X, we have lim P, (T~ *B,) = 0 for any we W, ke N*. By
n—a

virtue of (15) it follows that

limsup P (B,) < &1,

#— a0

regardless of the value of ke N*, but of course this means that lim P_(B,)
= 0, which completes the proof of the possibility of uniquely extending P,
to the whole of ¥

Finally, the strict stationarity of (¢,),.n» under P_ also follows from
uniform ergodicity. Indeed, we have

[P35 (X" x B®)— P (BY)] < gptEnans
whence
Py (X" x B®) = PP (BY),
for arbitrary he N*, and this means that
Po((Ehets ---s Enepe BY) = P (BY), he N*,

i.e, strict stationarity holds.

It 1s quite natural to ask whether (£,),n+ 1S @-mixing under P_. The
answer is affirmative and the proof rests on inequality (14). Let us take for
to <t

A= {Ciigers 0 E)EADY, Ay ={Giin s Eanrio)EAY)
for given AP 2'®, A®c &', Inequality (14) yields
[Py (A, M A)— P, (A4,) P, (4,)|
= [P i0hi-1 (w, A7 x X0 A®)— P 707 (w, 4% P{*"(w, A"
< (entensd) Py 0" (w, 470,
Letting ¢ — oo, we obtain
P2 prim1 (A0 x X7V 5 40) — P2(4°9) P2 (4AD)] < ¢, P (A"?)
for all I, n, toe N*, AP 2'°, A% 4", or, equivalently,
[Po(A; N A3) =Py (A1) Pr(42) € 6, Pr(4y)
for all Ay € X y,, A2€ H (g+nig+nti-1 M Lo le N*. It follows that
¢o(n) <&,  BENY,
where ¢, is defined analogously to ¢, (with P, replaced by P,.). .

There exists an extensive theory of limiting properties (central limit
theorem, law of large numbers, law of iterated logarithm) of strictly station-
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ary ¢@-mixing sequences. It is therefore important to note that there is a
close relationship between limiting properties of (£,),.x» under P_ and the
same properties under P,.

For example, it is not difficult to prove that for any tail set A (this
means that A belongs to the tail g-algebra of (£,),.y« Which is defined as
the intersection of the c-algebras %, .,(*), ne N*) we have P, (A) = P (A)
for any we W. Next, if (a,),.n» 15 a sequence of real numbers and (B,)nen- 2
sequence of positive numbers such that lim 8, = co, then by denoting

F('"'"’(a) — P (f(ém)‘*‘ +f(ém+n—1) —q < G)
w w Bn n b
F(;)(a) — P@(f(fﬂ"‘ ﬁ +f(é")—a,, < a),

where f is a real-valued Z-measurable function defined on X and a any
real number, it can be shown that for arbitrary me N* and we W the
weak convergence of one of the sequences (FU"™),.n« and (FP),.\ to a
distribution function F implies the weak convergence of the other sequence
to the same F.

References for limiting properties of ¢-mixing sequences (and
RSCC’s): Billingsley (1968), Grigorescu and losifescu (1982) Hall and Heyde
(1980), Ibragimov and Linnik (1971), Iosifescu (1980), Iosifescu and
Theodorescu (1969), Kesten and O’Brien (1976), Popescu (1977).

7

To conclude these notes we should remark that no topological assumptions
were made on the measurable space (W, #). In the case where W is a
compact metric space a powerful operator-theoretical approach (remember
the remark made on p. 254 concerning the probabilities P"(w, -)) has been
developed. The details are to be found in the already cited books by

Grigorescu and losifescu (1982), losifescu and Theodorescu (1969), and
Norman (1972).
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