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1. Introduction

This paper presents some statistical problems and solutions in the
field of strictly stationary discrete-parameter processes called Ilinear
processes. It is assumed that the only source of information we have is
the knowledge of a realization of a linear process with a superimposed
trend, i. e. a determinate real function defined on the set of arguments
of this process.

The paper concerns essentially trend estimation problems. In most
general and intuitive terms, I suggest considering estimators of trend
such that the residuals which arise after the elimination of the estimated
values from the observed ones behave in some sense like a linear process.
Somewhat more precisely, if in the case of a trend in a considered class
a certain test ¥ rejects with probability equal asymptotically to one the
hypothesis H,, which states the absence of trend, then we take into
account estimators producing residuals with the following property:
the test # applied to residuals rejects H, asymptotically as rarely as it
occurs when this rest is applied to the pure linear process.

The definition of those trend estimators, which we propose to call
F-estimators, is given in Section 2. In Section 3.1 the J*- and T™- estimators,
based on the tests J* and T" introduced by S. K. Zaremba in [38] and
[36], are discussed, while in Section 3.2 these estimators are used to
construct an interval estimator of a polynomial trend of an unknown
degree.

In Section 4.1 a test is suggested which at first sight has nothing
to do with the trend estimation problems. Its main role is to test the
hypothesis that two linear processes have the same spectral density
functions. However, as explained in Section 4.2, there exists a distinct
link connecting this test with the trend estimation problems, according
to the ideas given in Section 2, and with the model verification problems
present in any statistical enterprise.

In Section 5 the suggested statistical algorithms are discussed on
the ground of the existing results and the conjectural practical needs
in the time series analysis.
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2, F-estimators

To start with, we describe our model formally. The notations {a,}
and {a}y will be used to describe sequences {..., a_;, a;, @4, ...} and
{ay, @y, ..., ay}, respectively. We consider a stochastic process {z;}
= {z,+v,}, where {y,} is a sequence of real numbers and {z;} is a linear
process, i.e.

-] .
&y = 2 hy_qgeq (=0, %1, ...),

g=—00
the coefficients {&,} being real, equal to zero for %k < 0, and satisfying

DIy < oo and 2khi< oo, and {g} being a sequence of mutually
fe=0 k=1
independent identically distributed random variables with zero means,

positive variances and finite moments up to the order 2.L (L > 1). Adopting
the notation used in [36] and [24], we shall denote the above assump-

tions about {#} by H,,. In some cases it will be also required that
ZlJle < oo, where RJ = E(wtmt_w).

-]

j We assume that we can observe the realization {z}, for any sample
size N, and we want to estimate the trend {,} using the observed sequence
{#;}- More precisely, let # be a class of sequences {y,} which does not
contain the sequence {0} consisting of zeros only. This class represents
all admissible trends. Let G be a subset of .#. It will be convenient to
adopt here the following definition: a sequence of N-dimensional random
variables {§{™}, N > N,, will be called a trend estimator in G, if for any
N>N,and t =0, +1,..., there exists a function 2™: RY — R such
that B™M({z}y) = 9™ and that {A’V(a)}c G for any N > N, and any
ae RY. It is clear that in some problems of trend estimation this definition
may be too restrictive, the last condition being likely to be replaced
by one postulating that the value of {#{*} is in some sense “close” to
an element of G. However, in the problems considered in this work the
above definition is sufficiently general. N, denotes the smallest admissible
gample size.

Now we ask which trend estimator in class @ is “the best” or at
least “pufficiently good”. Many such problems were investigated for
some classes @& with additional restrictions imposed on {=}, espec-
ially when {#} is a sequence of independent identically distributed
random variables, and different properties of a “good” tremd esti-
mator were formulated; among them, the best known are consistency,
unbiasedness and effectiveness of the estimator when y, is. constant for
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every t, that is when @ is a set of sequences with equal real terms(?).
In more general cases of @ there are no generally adopted properties to
be required; in some cases a distance d,(e;, b;) between any two sequence's
{a,}y and {b;}y is defined for any N and it is postulated that {8y (%™, v,)}
tends to zero in probability or in the mean with ¥ — co or that
hmEdN(y y Y1) = 0, ete.

Below we define a new requirement which, as will be explained
later, is relevant to the problems of constructing an estimator in some
classes G.

Let F = {Fy} be a sequence of functions Fy: R¥ - R for N> N,
such that for every a (0 < a < %) there exists a set w, = R satisfying
the conditions:

(2.1) llj_mimP (Fy({@}y) e 0,) < a
and
(2.2) lim P(Fy(fely)e oo =1 i {ye

for any process {z;} described above.

In other words, we can speak of a test F (with a rejection set consist-
ing of all {7}y such that Fy({2}y)e€ w,) for testing the absence of a trend,
and a is the chosen upper bound of the limiting probability of rejecting
this hypothesis when it is true. The power of F satisfies (2.1) and (2.2), i. e
for small a and large N we can discriminate very well between the situa-
tions with no trend and with a trend from class ..

A trend estimator in @, {7/} (N = N,), will be called an F-estimaior
of trends in @ if

(2.3) MP(FN({zt-?;t(M}N)E w)<a for {y}e6.
N—-o0 .

It means that — with reference to F — subtracting {y{™} is asymptotic-
ally equivalent to a no-trend situation, that is, the residua behave like
a linear process, because after replacing {z,— 9™}y with {z}y formula
(2.3) is identical with (2.1).

A trend estimator which does not satisfy (2.3) for given & and ¥ and
for a suitably chosen o usually cannot be recommended in practice. How-
ever, it is obvious that postulating (2.3) as the only requirement can lead
to quite unsatisfactory solutions, which is illustrated by the following
example. Let us choose for any a a sequence of real numbers {,;} such

(*) This set of assumptions corresponds, in our terminology, to a standard
situation of estimating a mean value of a random variable on the basis of repeated
independent observations of this random variable. It is the simplest case of ‘‘trend”
estimation.
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that, for every N, Fy({u;}n)¢ @, Of course such a sequence always
exists and can be easily constructed. Then putting 7Y = 2,—w, for
t=1,..., N and for every N we can immediately check that {¥{"}
(N = 1 2 ..) i3 an F-estimator of trend in .# for any « > 0; obviously
enough, it is useless in practice.

The realization of the event Fy({z;— ¥M}y)e @,y {#§"} being an
F-estimator of trend in @, should be considered as a cause of doubts
about the assumed model. By (2.3), the probability of such an event when
the doubts the model are groundless, i. e. when {y;} e @, is asymptotically
not greater than a.

It is hoped that F-estimators can be helpful particularly in those
cases when we have a sequential process of trend estimation and an
appropriate stopping rule is needed. Then such a stopping rule can be
introduced with the help of the asymptotic rejection set of a test F:
the sequential process of estimation is to be stopped when for the first
time the value of F, for the residuals does not belong to w, or when
a preassigned maximal number of steps is reached. Roughly speaking,
we think that an estimation procedure with such a stoppmg rule is usually
an F-estimator.

The case of a polynomial trend of an unknown degree provides an
example of this point of view. Let § be tho set of all polynomials of degrees
not exceeding a fixed integer .D and having a root-mean-square norm
bigger than a fixed positive number & for any N bigger than some fixed

integer N*". Then, for any {y,}¢8, v, = 2 Pan (), Where {pgn (1)} is
a family of orthogonal polynomials such that for any N Z [@g.( | )P =N
(the exact formula for g, (t) is given by (3.1.16)) so that ZA’ g2,

q=0

For any given D and &, let 8’ be a subset of § such that {y;}e 8’ if, for
gome m (0 <m< D) and for any N> N*, |4,|> 5 and 4,,, =...
= A =0 when m < D.

A trend estimator in 8’ would be easy to find: we would take {7, 5},
1. e. the least square estimator of polynomials of degree D, where

[
Yoi = Zﬁqrpq,N(t) for anyi> 0
(2.4) g=0

N
4, = N‘IZz“pq’N(t).
i=1

However, assuming an upper bound for the true degree m without
testing this assumption could lead to entirely wrong conclusions if in
tact the degree of the trend were higher than the preassigned bound,
while estimating terms of a degree higher than that of the true trend
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would introduce unnecessary stochastic and computational errors and
increase the bias in the estimators, for instance, of the covariances of the
regidua (see [23]).

On the other hand, it is clear that we cannot properly estimate poly-
nomial trends of degrees which are too high in relation to the sample
size. Hence we have to assume in advance an upper bound of the degree
of polynomials which we hope to estimate. It should be stressed that
this is not an assumption about the true degree of the trend, but merely
an expression of the limitations of the possibilities of stochastic inference.
As opposed to the case when an upper bound is assumed for the true
degree of the polynomial trend, this approach will not lead (except for
events with small asymptotic probability) to erreneous conclusions about
the trend when its degree exceeds D), but merely to the admission that
we are not able to fit the appropriate polynomial.

The above considerations lead us to the following: given a test F
satisfying (2.1) and (2.2) for some class 4 > §’, we want to construct
a trend estimator in S such that (i) it would be an F-estimator in &',
and (ii) it would be a polynomial of degree m, where m is a function of
{#;}x satisfying the condition LmP(m = m)>1—a for {y;}¢ S and for

N

any chosen D and a. Then, if {y,} ¢ &', i. e. when the true degree is smaller
than the chosen D, the inequality m < D holds with probability which
is asymptotically sufficiently big. On the other hand, (ii) is true for any
given D and, therefore, if the true trend is a polynomial of a degree higher
than the chosen D, then the asymptotic probability of fitting a polynomial
with 7 < D is smaller than a.

Let us introduce the following F-rule of defining  for any chosen
test F, ¢ and D:

0 if Fy({2,—¥10}n) does not belong to w,;

if FN({zt-—@“}N) belongs to W, for 7:<j < D

2.5) M = {7 L
and does not belong to w, for i = j;

D+1  if Fy({z— ¥, :}n) belongs do w, for 0 <i< D.

Then {§; »}, 1. e. the least-square estimator of degree m, is a trend estimator
proposed here. Its asymptotic properties depend on those of the involved
test F, as stated in the following theorem:

THEOREM 2.1. Let F = {Fy} be a test satisfying (2.1) and (2.2) for
some M > 8 and for a suitably chosen ae (0, %), and such that for any

{yi}e 8

(2.8) ImP[Fy({2,— Y jx)ewa] =1 for 0<i<m

N—oo
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and
(2.7 plerim‘ [Fy({— Ve i3w) —Fy({m}y)] =0 for m<i<D.

Moreover, assume that: either the limiting distribution of Fy({x}y) ewists
and is continous or p im Fy({z}y) = oo. Then for any {y}e S the trend
N—oo

estimator {§, +} based on the F-rule of defining m is an F-estimator in &',

and
lim P(0 < m < D, m # m) = 0;
N—w

(2.8) ImP(m =m)>1—a;

N—-o
lim P(m = D+1)< a.
N—x
Proof. The notation A; will be used, in this proof only, to denote
the event Fy({#— ¥;}n)< w,; moreover, we shall write FY instead of
Fy({z—9,:}y) and Fy instead of Fy({z}y). Let § denote the left-hand
side of (2.1); thus f < a. We have limP(4;) =1 for ¢+ =0,...,m—1

N—-»00

in view of (2.6), and lim P(4;) =8 for ¢ =m, ..., D in view of (2.7)
N—00

and of the assumptions about the asymptotic behaviour of I',,. Then,
by (2.5) '

m—1
mP(h < m) = imP (4, U... Ud,_,)< 2 lim P(4,) = 0.
N- N—00 i=p N—co

Hence lim P(4; n...N 4, ;) = 0; but by (2.5)
e Pim=m)=PA;,Nn...N4, nA,
>1—-P4,n...nA4,_,)—P(4,).
Consequently, }\irm P(m =m)>1—f and lim P(m > m) < f. If the asymp-

N—>oo
totic distribution exists and is continous, by (2.7) and the convergence
theorem given for instance in [5], Section 20.6, the joint asymptotic
distribution of (F{, F{®) for m < ¢ < D is the same as that of (Fy, Fy).
Hence lim P(4,/4,) =1 for ¢ =m+1,...,D. Consequently, for any

N—oo

such i,
P =i) =P(An...Nn4;_, n4,)<P(4,]4,)P(4,)—~0
when N — oo, and
A]'TimP(ﬁz =D+1) = 1—J\lrimP(ﬁz< D)< B,
80 that (2.8) is satisfied since g < a.
If plim Fy = 400, then w, must be bounded from above since

N—oo

# cannot be equal to 1 in view of (2.1); therefore f is equal to 0 in this
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case 80 that lim P(m = m) = 1 and (2.8) is satisfied. The game argument

N—00

can be applied when p hm Fy = —o0,

To prove the first psnrt of the theorem, we notice that by (2.5) the
events A; and m < D are disjoint and hence for any {y,}¢ S and any
0 < a< }, in view of (2.8),

imP(4;) = im P(dznm = D+1)< IimP(m = D+1)< a3

N—ro0 N—-o0 N—00
then (2.3) is satisfied and {¢,;} is an F-estimator in §".

Théorem 2.1 ensures that if {y,} ¢ §', then the asymptotic probability
of an unjustified rejection of this assumption when {7, ;} is investigated
is not greater than a, and 7 is equal to m with a high asymptotic proba-
bility ; on the other hand, if {y;} is a polynomial of a degree higher than D,
fitting a polynomial of a degree not greater than D is asymptotically
very improbable.

Trend estimators {37,,),;1} have some interesting asymptotic properties
under the condition that a < .D. The investigation of {¥,;} under this
condition seems reasonable in view of the fact that {¥,;} is being used
as an estimator of {y,} only when m < D, since 7 = D+1 is a signal
for doubts about the assumed model. The following theorem describes
{#,»} as an asymtotically good estimator in the maximum absolute
error sense.

THEOREM 2.2, If for some given test F' and any chosen a (2.8) 48 satisfied
and if {y;}e &', then under H,, for any & > 0,

Lim P(max |§, 5 — % < | m< D) =1.
N—ea I<ISN

Proof. It follows immediately from Lemma 4.11 in [24] (after easy
alterations caused by the definition of ¢, y(f) adopted here according
to (3.1.16) which differs from formula (4.1) in [24] defining the orthogonal
polynomials used there) that for any 6 > 0 and any {y}e S’

(2.9) lim P( max L/z m—Y > 0) =0.

N—oo 1<V

‘We have
(2‘10) ([ max I”t m ’yti + 1]1‘13 IJt m ?}t,m[] > 0 lﬁ?‘ < -D)
. 1<t<N 1<t<
) . R é .
<P (max Gem— Yl > — I < D) +P ( Max Y5 — Yrml > 5 IM < D)
1<t<N 2 1<I<N 2
é
P(max 1?/, m— Yl > —)
L<l<N 2 n
= P (1 < D)

-~ -~ a -~ A -~ -~
+p(mx e D] > 2 (v = m | < D)+P(m £ minh < D).
lgth (] > 2
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The first term of the right-hand side of (2.10) tends to zero in view of
(2.8) and (2.9), and the third term also tends to zero by (2.8). In the second
term there is a conjuction of two events which are disjoint so that this
term is equal to zero. But of course

(2.11) P (max |¥y ,— ¥l + MAX |14~ Yy | < 8|7 < D)
1<IEN ISISN

< P(max |y;—§, 5l < 8 < D) < 1.
1IN

Thus, since the left-hand sides of (2.11) and (2.10) sum up to 1 and since
the latter has been proved to be zero in the limit, the theorem follows
from (2.11). '

The conditional distribution of N*(y,s—y,) under the condition
m < D will be derived in Section 3.2 and asymptotic confidence intervals
of y, for any ¢ and any {y,}e S will be constructed on the basis of the
studentisized version of this distribution. In the next section two tests
F are considered which satisfy the conditions of Theorem 2.1 so that
the corresponding estimators {J, s} are F-estimators in §" and (2.8) holds.

3. The role of the tests J* and T* in polynomial
trend estimation problems

3.1. J*- and 7" estimator in §’. Tests satisfying (2.1) and (2.2)
for suitable sets . are nearly non-existing unless {;} is supposed to be
white noige or unless other restricting assumptions are made, as discussed
in Section 5. The tests J* and T introduced by S. K. Zaremba in [38]
and [36] form very useful exception. In this section we shall prove that
these tests provide J* and T*- estimators in 8’ and that (2.8) is satisfied
when 7 is based on these tests.

It will be convenient to introduce here the following rule concerning
any quantity, say @y, which depends on N and is to be defined in what
follows throughout this paper. Let 4" denote the subset of sample sizes
for which there exists at least one pair of integers (p, ¢) such that ¥ = p-q
and N* < p < N*. Then we define Qy for any N e 4" while for any N which
does not belong to 4 we assume that @, = @y, where N’ is the biggest
integer less than N and belonging to .#. It means in practice that we
reduce the sample to the greatest sample which is suitably factorizable.
Since this reduction is possible only for N > 6, 6 being the smallest integer
in &, we always agsume that N > 6.

According to this rule, we define x4 and » for any N e 4 so that we
chooge the pair of (p, ¢) with the smallest p and put v = p and u = ¢;
then p, » and u»~¥ tend to 4+ oo when N — oc.
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The test function of the test J* was denoted in [38] by J* vy WO
shall use here the notations Jy for J,,({z}y) and Jy for J%,({z}y);

according to [38],
2( ")’

(3.1.1) Iy = pt st -1,
WZ M:r-l-l -ZM:‘,:»‘—I)2

where !

(3.1.2) My, =97 D 2y

I=1

and obviously Jy is given by a formula identical to (3.1.1) with M,
replaced by

(3.1.3) M,, = v-lz' By

r=]
The set w, in the test J* was defined in [38] as {a#e R: a> {;_.},
where, for any 0 < u < 1, £, satisfies

(3.1.4) P(Ly) = u,
® being the standarized normal distribution function.
According to Proposition 8.1 in [38], under fL and when D' [jRl
f=1

< + o0, Jy has an asymptotic distribution which is normal with a zero
mean and a unit variance; hence lim P(Jy > {,_,) = a. Moreover, by

N—»oo

Theorem 11.1 in [38], under the same assumptions, the power of the
test J* tends to 1 uniformly with respect to trends in S. Now we shall
check the remaining assumptions of Theorem 2.1. This implies that we
need to consider J; ({2 — §,:}n) for ¢ =0, ..., D, where by (2.4)

D 1
— o1 = Tt D) Ao () — D) Aygg n (1)

g=0 g=0
Let

ag=A4,~ 4, = N- ‘2 ~9)Pen(t) = N~ Zw.qu, ®);
(3.1.5) ‘ i=1 b=1

Vi = — 2 GqPq,n (1)

g=0
Thus for any {y,}¢ S8 and any 1<i< N
m

(316) gy, = | TP D Aganlt)  fori=0,...,m—1;

g=t+1
Ty + Vii for i =m,..., D.
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In view of the last formula some properties of the test J* which we
ghall prove now entail conditions (2.6) and (2.7) for this test. More pre-
cigely, we shall consider Jy ; = J,,({#;+ ¥, ;+¥}y) and we shall prove
that for any ¢ =0, ..., Dpl\]fim Jy,s = oo, uniformly with respect to

-0

{y,} belonging to §, and, moreover, that {y,} = 0 implies that p lim (Jy ,~
‘ N—o0

—dJy) = 0. In other words, we shall prove that the stochastic component
{74} does not affect the asymptotic behaviour of Jy and Jy, i.e. that
theorems similar to Proposition 8.1 and Theorem 11.1 in [38] hold when
‘this component is introduced. From this, we  deduce easily (2.6) and
(2.7).
Let

¥
-1
Y,,=v 2?/t+m

{=al

y
-1
'-Pv,r.i =9 Z Vidrs, 1)

=1
p—1

2
aN,¢=_ §; v.+ vr1 v,r)?

(3.1.7) 3
' bN.‘ = 2(# 2) 2 [ w4+l v r—1 )+ (-rv,r+1,i _I:J.r—l,i) +

re=1

+ (Yu,r+1 - Yv.r—l)]z,

u-1
Yy
: 2
- E : Mﬂ,r!
B r=0
B=2

vy
b, = ———— E —M L
N 2 (‘u, _2) (M',T+l V,T—l)

r=1

[

Gy

Consequently, according to the definitions of Jy; and Jy,

(3.1.8) Twi =t (“N' —1)
bN i
and
(3.1.9) Ty = u (:— —1)
N

LeMua 3.1. Under H,, if ZU'R,; < + oo and {y;} = {0}

pllm(Jm—JN) =0 fori=0,...,D.

N-oo
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Proof. We shall show first that if {y;} = {0}, then under H, and
for any 4 =0,...,D

(3.1.10) » hm m ( ay,1—ay) =0
and
(3.1.11) P }}im .”'i(bN,‘I'_bN) = 0.

In view of (3.1.7), {y,} = {0} implies. that

. s—1 p—-1
(3112)  phays—ay) =t Y Tho 20 Y M, T, o
r=0 r=(

Dealing with the first term of the right-hand side of (3.1.12), we
shall make use of the fact that {y,;} is a polynomial -of degree i with
stochastic coefficients. Hence some results concerning {y,} which were
obtained in [38] can be easily obtained for {y,;}. In particular, proceeding
exactly like in the proof of Theorem 11.1 in [38], where an upper bound

u—1 .
of vy ) ¥, . was found, we see that
r=0

%

v,u_*z vur,d (2“3) (1 lel),

r=0 a=0
1
where £ — 0 uniformly when N — oo. Of course, 2 a; is arandom variable.

But it is known that asymptotic dlstnbutmn of Nt a, i8 normal with

a zero mean and a variance equal to 2 R,;, and that ¥Ncov(a,, a,) tends

j=—o0
to zero for p # q when N — oo; this was proved in Lemmas 4.3 and 4.4
in [24], where, however, ag it was explained before, the notations differ
from those introduced here. Consequently,

for ¢ =0,..., D, the limiting distribution of

(3.1.13) ©
( > R,) N D'a%is y® with (i+1) degrees of freedom,
f=—00 q=0

and hence for any ¢ =0, ..., D

(3.1.14) lim & (m*z a2) =

N—=r00 g=0
It follows that

H-1

(3.1.15) lim E(v,u‘* 2 2, ) =o.

N—00
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Turning to the second term of the right-hand side of (3.1.12), we
observe that the polynomial

(31.16)  @on() |

_ 2¢+1 ]* T e (@ FUN —s =)l (t—1)®
_[(N‘—lz)-----(Nz—qﬂ) 2( b (s (g—8) (N —g—1)1 °

a=0

where %® = w(u—1)-...-(4u—s+1), is bounded over ¢ =1,..., N for
any N > ¢ (this follows for instance from Proposition 10.1 in [38], because
the polynomial P, introduced there is bounded over [0, 1]). Let

(3.1.17) Qp = max max |p, y(t)].
0<g<D 1<t<N

Thus for any ¢ = 0, ..., D, by (3.1.3), (3.1.7) and (3.1.5),

(8.118) B (™ ”21 M,. T,
=0 D v v

=¥ 2 Z Z 2 {E(m81$82mt1+pvw!2+rv) X
@1,92=0 D,r=0 {y,..., ly=1 8),8p=1
X (pQ],N(sl)(qu,N(32)¢q1,N(t5 +PW)<PQ2,N(T;4 +v)}

p—-1 v N

SEHLQHETNT X 31 D 1B (00 By By o Ty i)
D,r=0 tl,tz':l 31,82—1
N

= ([(+1PQbu' N2 Y |B(2,3,,0,3,)|.
B1yeep84=1
But the right-hand side of (3.1.18) tends to zero when N — co in view
of the following formula:
Under H,,, for any s = 1, 2, ... and any set of integers i(1), ..., i(2s),
Ny Nog

(3.119) Do D 1By - Tis)]
i)=1  i(28)=1

- 28
< Lo 3 1) Moy Fogy -+~ Nugzory»
k=0

where I, is the number of possible groupings of the set {i(1),...,%(r)},
#) = max (||, ..., %), %; is the é-th cumulant of ¢, and Ny, ..., Ny
is a permutation of Ny, ..., Ny such that N, <...< Nyyy.
This formula is a slightly stronger form of (4.11) in [24]: the only
difference is that in (4.11) the left-hand side of (3.1.19) above is replaced by
Ny Nas

‘ 2 Z B () - - - Tiggg))| -
f)=1  i(2g)=1



3. Role of the tests J* aﬁd T+ 17

It is easy to show that (3.1.19) is true. To start with, let

(3.1.20) V,[i(1), oy 68)] = D) Tugygree-Bigeg (8 =2,3,...).

g=—0o0
Thus
Ny .
(381.21) ) oo D [Vi(d(1); -.p JO)| < main(y, ..., W) 2 )
M=1 =1 ke—oco

Indeed, given any sequence 4., ..., %, 0f indices of the A’s in the summand of
(3.1.20), the value of any argument of V determines the value of the internal
summation variable ¢ and hence the values of the remaining arguments;
therefore min(N,,..., N;) is an upper bound of the number of repe-
titions of any sequence %, ..., 4, when ¢(k) belongs to (1, ¥, Jfork =1, ...

., I, and (3.1.21) holds. Now, [24] contained a weaker form of (3.1.21),
in which the left-hand side of (3.1.21) was replaced by

N

2 V(i (1), -y 5 D))

1(1)=1 =1

and it was incorrectly stated there in the proof of (4.11) that this weaker
formula was used instead of (3.1.21). If, however, this mistake is corrected,
it is easily seen that the proof given in [24] yields (3.1.19) (which yalidates
(4.11) in [24), too).

Thus, by (3.1.19) and (3.1.18) for ¢ =0, ..., D

(3.1.22) Lim E(w *Z M, ,1’,,;) =0,

r=0

and (3.1.10) follows, by the Schwarz inequality, from (3.1.12), (3.1.16)
and (3.1.22).
Let r; and r, take 1ndependently the value »+1 or r—1. Since

u—2 u—1
| “ ; I-I"lfllir”-rm l ; ; V,r,
=1 r=0

by (3.1.15) for ¢ =0, ..., D
(3.1.23) leiiE(m — V Tyl = 0.

Moreover, the proof of

(3.1.24) lim E(m “+ Ny, T
N—»ra0

2 — Digsertationes Mathematicae CIV
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is entirely similar to that of (3.1.22). Hence, since {y;} = {0} implies
t“*(bN,i—bN)
ey

v
= 2 (‘L:,L__z) Z [2(M1’.1'+1 "Mv.r—l) (-rv,r+1,i _Fv,r—l,i) + (Fv.r+1,i_ P,',._l.‘-)z],

r=1

(8.1.11) follows, by the Schwarz inequality, from (3.1.23) and (3.1.24).
But (3.1.11) entails '

(3.1.25) P lim by, = D B, for {y} = {0},
—300 1‘—-00

since by Lemma 4.4 in [38]

(3.1.26) p lim by, = Z R, for {y} = {0}.

. - N—o0 Jea—00

Finally, by Theorem 8.1 in [38],
plimu~¥Jy =0
N—»0 ,
and consequently, by (3.1.8) through (3.1.11), (3.1.26) and (3.1.25),
{y;} = {0} implies that for i =0,..., D
Pllim (Jxi—Jdn)
{ﬂ'i(.a'N_bN) n #(ay—ay)— (byi—by)] _ .“*(a’N_bN)}

bN,i bN.‘i bN

'
i i L‘(”_N—_blu] o
pﬁﬂ [(# J ) o 0;

=p lim

thus Lemma 3.1 i proved.

Levma 3.2. Under ﬁ,, and D' |jR;| < + oo, for any i = 0;...,D,
i=1 '

D _ . p=—-1 9
(3.1.27) lim E[(Z Ag) i (a'N.i_ .1"_2 173,,)] —0,
N—rco 2
g=0 T=0
uniformly with respect to {y,} belonging to S.

Proof. According to (3.1.7), the expression in square brackets in
(3.1.27) is the sum of

D u—1
(3.1.28) ( E ,42) Z N e,
g=0 ‘ lu r=0 i

D p—1
-1 925
(3.1.29) ( E ' Ag) 7” §' u,,7,,
=0

g=0
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(3.1.30) (ZA’) g 21‘3,,”

gm=0 re=0
(3.1.31) ( A”) Y gy
and
11!
(3.1.32) ( Az) P,,,,

By the Schwarz inequality, it suffices, therefore, to show that (3.1.28)
through (3.1.32) tend to zero in the mean uniformly in {y,} ¢ S§. Moreover,
since 2A2 is uniformly bounded from below, the corresponding factor
in (3.1.28), (3.1.30), and (3.1.31) can be negleoted.

But by (4.1) m [38] E(tu™ ZME,) = O (v~ 1), while by Lemma 4.2

in [38] var (v Z‘ 2) = 0(,u‘1) thus
Te=(

(3.1.33) lim E( ¢ —12 4 =0.

r=0

Furthermore, according to an argument serving to prove Theorem
9.1 in [38], we can write

25t & T 12 o y
E(—Z Yr.er.r) S 2 [l (_Z Y'z")’
Ll BY o= =

while an argument in the proof of Theorem 11.1 in the same paper shows

that
2 Sin,< 3o,

=0 a=0
where & — 0 uniformly. Hence, taking into account the cancellation of
D
>, Ay, we find that (3.1.29) also tends to O in the mean uniformly.

g=0
By (3.1.15) and (3.1.22), (3.1.30) and (3.1.31) tend to zero uniformly
in the mean. Turning to (3.1.32), we need the following inequalities obtained

from (3.1.5), (3.1.7) and (3.1.17):

D
(3.1.34) max |Y,,| < maxly|<@)p 'I/(D +1) ) A7 for {y}e8
o<r<u—1 1<t<N g=0
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and

- D
(3.1.35) max [T, < ma,x sl <@/ (P+1) Y a
br<i—1 <IN g=0
for 4 =0,...,D.

These inequalities imply

(3.1.36) [(ZAz)'”’ 2 " ]

a=0
D
\(ZAZ) QDD+1)2E(vZa;) fori=0,...,D.
q=0 g=0

D
By (3.1.13), B(» > o) and, therefore, the right-hand side of (3.1.36),
d=0

tend to0 zero uniformly in {y,}e §. This completes the proof of Lemma 3.2.
LrvMmA. 3.3. Under ﬁ4, forany ¢ =0,...,D,

D
lim [(%Ag)“w-*bm *=0

uniformly in {y,}e 8.
D
Proof. By (3.L.7), ( 3 42 '» by, is & sum of

a=0
D u=2
esn (D45 50 2[( it =Yy )+ (Tyria— T )
q-o r-=1
D pn=2
(3.1.38) (ZAQ) ZE(M""“ M, L rie— D) +
=0 Pal
+ 3Ty pyni= T eon],
and
D u—2
(3.1.39) (ZA:) 2[ eani—=Dor ) (Zyrir— Topn)].
gq=0 r=l

3 p—2

d 5 D) (M, — M, )" tends to 0 in the

By Lemma 4.4 in [38],
“ Fe=l
mean. Furthermore, according to an argument in the proof of Theorem

11.1 in the same paper,

(ZAz) 2(u—2) Z(Y’ r1— X, 1) <2~—-(3“(D+3)[31+g)

g=0 r=1
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where ¢ — 0 uniformly when ¥ — co. Therefore, by the Schwarz inequal-
ity, (3.1.37) tends to 0 in the mean uniformly in {y;} ¢ 8. The same result
is also immediately obtained for (3.1.38) in view of (3.1.23) and (3.1.24).
Finally, expanding the s and ¥’s in (3.1.39), we find that

(542 S ]

g=0 r=]1

is not g'rea.fer than the right-hand side of (3.1.36) which was shown to
tend to zero uniformly. Hence this is also true for (3.1.39) and Lemmsa 3.3
follows by the Schwarz Inequality.

COROLLARY 3.4. Under H,, if D|jRj< + oo and i =0,...,D,
J=1

‘plimdy; = + oo uniformly in {y;}eS.
N=>eo
Proof. By an argument in the proof of Theorem 9.1 in [38], for any

{yt} e 8,

(Z 432 2 > H(1.—el),
g=0 r=0

where ¢ — 0 uniformly when N — oo. Thercfore, by Lemma 3.2,
D

plim (ZA“) Yoy = + oo,

N»ooqo

uniformly in {y;}¢ S, and hence by Lemma 3.8 ay /by tends in prob-
ability to 4 oo, still uniformly in S§. Thus Corollary 3.4 follows by
(3.1.8).
COROLLARY 3.5. Under H,, if 3 |jR;l < + oo and if 7 is defined by
Feml
the J*-rule, then {i, .} is a J*-estimator in §' and (2.8) holds.

m
Proof. By the definition of &, if { 3, ¢,1%} is any element of §’, then,
a=0
m-—1

for any constants Bg, ..., fm_1y {ant™ +2 B,1%} € 8, since the coefficient

of ¢, x(t) is the same in both polynommls On the other hand, if A,
m

(j =0, ..., m) denote the coefficients of ¢; 5(t) in the polynomial { } a 1%},
g=0

then, for any given N and ¢ < m, there exist constants g, ..., f,,_; such
that

m m—1
D Apun(t) = apt™+ Y Bt

g=i+1 g=0

Cgqpsequently, by (3.1.6) and Corollary 3.4, for ¢ < m and for any ¢ > 0
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and any positive number M there exists an N' such that for any {y,} e 8’ = §
and N > N’

P(T5lte—dydw) > M) = P{5({oi+ 714+ f Agpqn (D)) > 21}

g=1+1
>1—ce.

Hence by the definition of w, for the test J* condition (2.6) is satisfied.
Moreover, (3.1.6) and Lemma 3.1 imply (2.7). Hence Corollary 3.5 follows
from Theorem 2.1, since the remaining assumptions of the latter theorem
in the case of the test J* are satisfied in view of Theorem 11.1 and Propo-
sition 8.1 in [38].
The same result will now be obtained for the test T%. Let
N-1}

Ciw = (N—1iD7" D) @y (il =0,1,..., N—1),
=1
N[, iy
2
=1 Y (-4 o
(3.1.40) j=1-N
¥* -1 .

ovp — 7 z?+pv (p =0,1,...,u—1),

. A1
Uy = »(u—1)" D' (05— O, w)
=0
The test function of the test T* with arguments {2,}y will be denoted
by T3 (k), k being a real number from the interval [ —2, %,%; *]; according
to [36],

3 * *2
(3.1.41) T (k) = (ﬁ) [1~ 28y +*k00,N].
: 5 o=

Let C) ny 8y Coypy Uy and Ty(k) denote the expressions which
are formed with {z;}y, in the same way as the corresponding starred
expressions are formed with {z}y, and let Cfly, Sy, Of),, Uy, and
Ty (k) denote the corresponding expressions formed with {z,+y,,+
+Yilw-

The set w, is defined here as {#e R: a < (.}, where 0 < a < 4 and
.18 given by (3.1.4). Of course, the left-hand side of (2.1) (i. e. the asymp-
totic probability of claiming the existence of trend when it is absent),
which was denoted before by f, depends on k. By Proposition 7.1 in [36],
Ty(#y2; ") is normally distributed with a zero mean and a unit variance
and hence in this case § = a. For k< x,%;2 f = 0, since by (2.1) in [24]
for any & < sgx;? pN]imTN(k) = + co. Thus condition (2.1) is satisfied

=0
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for —2 < k< #%; % In practice, the value of x,x;? is usually unknown,
-850 that we choose k = — 2 since it is known that #y%5 > > — 2. This choice
does not affect condition (2.1); of course, it will reduce the power of the
test for finite values of N. However, by Theorem 3.2 in [24], the power
of the test T*(%) tends to 1 with N — oo for any constant k¥ and any trend
which belongs to a class . composed of all trends {y,;} such that

N-)il
lim N3 (max]l =

where @ is a positive constant. Thus the test 7% (%) and this class of trends
satisfies (2.2).

By Lemma 3.1 in [24], all real polynomials restricted to integral
values of the argument belongs to .#. Moreover, the second part of Theo-
rem 4.7 in [24] is a counterpart of condition (2.6) in case of the test T
with 8’ replaced by all polynomials However, the proof of Theorem 4.7

overlooked the fact that 2 A p, n(t) depends on N, so that a uniform
g=i+1
stochastic convergence with respect to some class of polynomials was

required, exactly like in the case of the test J*.

There is no difficulty with the counterpart of Lemma 3.1 for the
test T™, since the question of uniformity of convergence does not arise
when in fact there is no trend. Hence, by the first part of Theorem 4.7
in [24], we have '

Leynma 3.6. Under Hy, if {y,} = {0}, phm[TNi(k)—TN(k)]

Jor any constant k and for any 1.

Lemmas 3.8 and 3.9 jointly form the counterpart of Lemma 3.2,
and Lemma 3.10 is the counterpart of Lemma 3.3. The following lemma,
ensures that, if !

(3.1.42) I =[N%+1, 3}<a<l1,

then the non-stochastic part of H"I(Z'A 2 7*8y,: is uniformly bounded

from below by a positive number for suiﬁclently large values of N.
LemmA 3.7. There exist an N' and a 4 > 0 such that for N > N' and
for any {y}e8

D N-[]|
1 (3447 5 5 (3 v > 4.
q=0 1J|<N i=1
Proof. By (3.1.42),
N-—1]| I N-j

2> veru) > (zy,) +2 33 vass)"

171<N ¢=1 j=1 i=l
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The last sum can be represented as

Z N-f o N-—j N—j .
DY v+ v —w) =12(t2 y3+2ya(ys+j—ya))
i=1 t=1 =1 {=1 8=
o N-f I N-i N-—j
2(2 @/?) +222 ny Yo(Ys+s —Ya) -
f=1 =1 ]l (=1 8=l

The first sum in the last expressmn can be further transformed, namely

(Z af = > (2 vi- Y uf

" w ’,i“.N ¥
YIRS ED
J=1 i=1 i=1 =1 g N—j+1

N D
Comsequently, since, for {y}eS, N7' Yyi = D 4],
<1

g=0
D N=lj|
3.143) T N4YF2 (Y g)
q=0 <N  i=l
D I N
> 074240 ( DAYTN Y 3 i+
g=0 je=1 tmN—=F41

T N—-j N-j

D
4117 (Z AN 98 D) e Wori—Ya)-

Apart from I7-! 42, the right-hand side of (3.1.43) is a sum of two terms; .
we shall show that these terms tend to zero uniformly in {y,}e S.
For the first term, by (3.1.34),

D 4 N I
(47w 3 3 < NTIHD+105 ),
q=0 J=1 i=N-j+1 j=1

which tends to zero uniformly in {y,}e¢ S, since. by (3.1.42) II-N~'— 0
when N — oo,
Dealing with the second term, we use

q+r) r
R g—n1 "

(3.1.44) Py(u) = (2¢+1) 2( D Vet

r=0

The derivatives of P ¢(%) are bounded and it is known (e. q. [38], Proposition

O<u<l).

d
10.2) that for any 0 <¢< D and any 1< <N ‘NFt(p“’N(t) < Cp+e

where (; = max max qu( )| and & tends to zero uniformly in .
Q=0,-.-.D OSKI
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Hence for 1 < s < N —j there exist such &), ..., &5 in (s, s-+5) that

D
(3:148)  [Yays — ¥l < D) 14l Ipg, (8 +5) — 0w (8)]

2=0

= Z |44 59, 3(E) < N7 Z Ml 13(Cp+e).

g=0 g=0

Oonsequently, the second term in (3.1.43) tends uniformly to zero, since
by (3.1.45) and (3.1.17)

T N—j N-j

11-1(2112) N33 98D aars— )

Jm=l ==l 8=1

I N-{ D
<o (2 AN NS N 14,4, 10y, 4 (8)| N (Cpt-e)
q=90 j=1 8=1 1,q,=0
T .
< IO'N72 Y (N —4)j (D+1)(0p+e)Qp < IN"HD+1)Qp(0p +¢).
Jeal

Hence for any &> 0 there exists an N’ such that for ¥ > N' and any
{vi}e 8

D , N—ifl ,
(a3 (5 s > 2
a=0 <N =1

which completes the proof of Lemma 3.7.

LeMmA 3.8. Under H~B, for any ¢ =0,..., D,
N—|dl

D
(8.1.46) (ZA?,).‘”H“I [2SN,1_N—2 (2 ?/t?/:+m)]

<N =1

tends to zero im the mean, uniformly in {y;}e S.
Proof. By the definition of Sy ,, (3.1.46) is equal to a sum of

D N-1j]
(3.1.47) (Z‘AZ)_QH’IN_Z 2 {Z [ (@ 1) F Yoy + Vegrns) +

g=0 <N i=1

SR GRS B URC VS S VS SR 3

and of
D i N—[j N--13]|
(3.1.48) 2(2’_4;) "INt 2 2 YeYe+ii 2 (@ (Tsy 15+ Yorij +
g=0 <N =1 a=1

+ Yapig,0) + ?/e(ms+|j| + 7’3+|j],i) + '}'s,i(meHJl + Yayin 7’s+(f|,t)] .

To prove Lemma 3.9, it suffices to show that (3.1.47) and (3.1.48)
tend to zero in the mean, uniformly in {y,}¢ 8. But (3.1.47) is & sum of
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eight terms corresponding to the squares of eight expressions in square
brackets in (3.1.47), namely

D N-i)
(3.1.49) (.%‘Ag)‘zﬂ-llv-z WZN(‘ZI‘ RN
= = .
D N~|]|
(ZAE)_le'lN‘” ”é;r(g 7!,i7’t+|.’f1.t’)27
g=0 = !

and of all the terms corresponding to particular mixed products of these
expressions, and it is easy to see that, by the Schwarz inequality repeatedly
used, the uniform convergence in the mean to 0 follows for (3.1.47) from

D
that for each term in (3.1.49); of course, the coefficient ( ) A3)~* can be
q={.

omitted for those terms of (3.1.49) which do not depend on y’s. Similarly,
the uniform convergence in the mean to zero follows for (3.1.48) from
that for each of the following terms which add up to one-half of (3.1.48):

' D N=-1j|
(3.1.50) (Z;AQ)"ZII‘IN*I_;V t21 YY1 BsTer s s
a= J 8,l=
Do, N—|4]
(ZAZ) Iy 2 2 YeY1415 Ve, s Va0
=0 A< 6,81 :

The first term of (3.1.49) is equal to

o $ a5

g=0
and it tends uniformly to zero in the mean since ([22])

lim B8}, = ( ) B
) N—oo = — 00
By an argument in the proof of Theorem 2.1 in [24], the expectation
of the square of the second and the fourth term in (3.1.49) and of the
first, the second and the fourth term in (3.1.50) (i. e. of an yterm construct-
ed with 2's and ¥’s only) is bounded by

D
¢ ( ZAZ)_4II'2N(max )%,

qe=0 1IN

where ( is a constant which depends on the parameters of the process
{z;} only. But II~* N tends to zero in view of (3.1.42). Therefore, by (3.1.34),
these terms tend to zero in the mean, uniformly in {y,}e 8.

The third, the sixth and the eighth term in (3.1.49) (i. e. terms con-
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structed with @’s and y’s only), apart from the normalizing coefficient,
were considered in the proof of Lemma 4.5 in [24] and shown to tend
to zero in the mean. There remain the fifth and the seventh term of (3.1.49)
and the third, the fifth, the sixth, the seventh and the eighth term of
(3.1.50).

By (3.1.13), the fifth term of (3.1.49) converges to zero in the mean
uniformly, since, by (3.1.34) and (3.1.35), for ¢ = 0,..., D

N=17]

D
H"I(ZAZ)_Z N2 Z (2 i‘/s?lt?’s+l:'l,i7¢+m-i)
g=0

17| <N 3,im=l

D D
-1 v - _
<( 2 4)7@+1reh Y - lIP NI Y
g=0 <N g=0

and a similar argument leads to the same result for the seventh term of
(3.1.49).

The third term of (3.1.50) converges to 0 in the mean uniformly in
view of formula (3.1.19) which implies

N
leﬂﬂ-w-z Y 1B, -...om,,)| =0,

81se00s8g=1

and in view .of the following inequality obtained from (3.1.5) and (3.1.34):

D Ny
E{H—I(ZA?)%N_Z 2 Z @lt?!¢+1a'|99s7s+m.i}2
a=0 1F|<N s,i=1
L N-lfl N-pl
=2 AN 3 3 3 Ul Yeluin X
g=0 ) 1HL1lI<N 8t=1 u,w=1
xE(msa;u Z a,paq} @, v (8 151) @g,n (w -+ 1)
_ 2,9=0
. D o
<m( Y 4y F@eD+12 3 (-]
g=0 17|<N
N i

X 2 2 IE("v’l"‘ "m84)¢p.AT(ss)‘Pa,N(34)|

81y060084=1 2,@=0

< (f,‘Az).‘zQ%(DH)‘ (= 3 @ —141?] %

l71<N
N
| x[m2y-r Y 1B (@, 05,
81y.-.184=1

The reagoning for the sixth term of (3.1.50) is the same as that for
the third one; moreover, the fifth term converges uniformly to zero in
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the mean since by (3.1.42) and (3.1.13)

N I-E( Y a)

=0

tends to zero and since by (3.1.34) and (3.1.35), for ¢ =0, ..., D,

D . N—|1) .
B H“(ZAZ)"zN‘z mZ;V Z ytyi+|i|ysye+ljl,i}
ge=0 <N g,i=1
D
<(Say @eavafr| 3 o] prers( S o)
Z=0 < g=0

Obviously, the same reasoning can be applied also to the seventh term.
Finnally, the proof for the eighth term of (3.1.50) follows from (3.1.13)
and from the following inequality based on (3.1.34) and (3.1.35):

D N-{]]
|(2 Az)_zﬂ—lN - 2 2 ytyl+ljl7’e,i73+ljl,i|
g=0 1<V g,0=1

<( D4y rrrgs[v 3 ar— ] [mw Y el

a=0 fI<N a=0

Levmwma 3.9. Under ﬁu, for any ¢ =0,...,D,

:

tends to zero im the mean, uniformly in {y}e 8.

Proof. It should be noticed that Sy ; reduces to C{V% if the summation
with respect to j is omitted and j is replaced by 0. Hence the reasoning
in the proof of Lemma 3.8 with obvious simplifications can be applied

to show that ’ .
imB {1 ( 3 4 [0 — 3= 3 -0

N a=0

uniformly in {y,}e 8. But

(3.1.51) - (i‘Ag)‘2N-2 (ZNI‘ yi) =
q=0 {ml

and hence Lemma 3.9 is proved by the Schwarz inequality.
Levyva 38.10. Under H"a, for any i =0, ..., D,
b
. ~1 2} —2 2 .
lim® [772( 3] 427" U] =0

a=0

uniformly in {y,}e 8.
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Proof. By definition,
-1 v

Y
(3.1.52) U.N,i == 1 {”—1 (wl-l-pv + yt+pp + 7{+pv,i)2 -
@ p=0 t=1

N

- -N-I 2 (w¢+_‘pv + yt+1.w + yt+pv,i)2}

f=1

2

a . N .
B Hi 1 Z {[,—1 2 (Trprt Y1) ~ N7 Z (@100 + 3/:+1»)2] +
p=0 t=1 i=1

A

N
+ [,‘,—1 2 (2841 py Vit pws + Vigwns) — N7 2 R es2r Virpnit Vies ”i)] +

t=1 t=1

v N
+2 [v_l 2 yt+pvy£+pv_,i_-N_1 Zyt+pv'yt+pv,i]}-'
. t=1 f=1
The term corresponding to the square of the expresgion in the first
square bracket in the right-hand side of (3.1.52) is equal to Uj. By an
argument in the proof of Theorem 2.1 in [24],

BUy < Oy (max |y)*
and ISt<N

var Uy < C'ou™" (max |gl)
1SSV
where C and ¢ are constants which depend on the parameters of the process
{x;} only. Since by (3.1.42) »/I"' tends to zero when N — oo, we have
by (3.1.34)

(3.1.53) Ilv.lmE[ —l(f_,‘Ag)‘” U",{,]z =0 uniformly in {g,}e 8
—»00 q=0

Moreover, using one of the results in the proof of Lemma 4.1 in [24],
we find

P u=-1 v
3.1.54 ImE{ ——- -1 2%, , 2 ) —
( ) Noreo {”_1£[a’ t-21( vy Vidoni T Verm,1)

N
— N 2 (28,4 oy Vigppr, s+ 7§+pv,i)]2} = 0;

t=1

since this expression does not depend on y’s; the question of the uniformity
of convergence does not arise.
Finally, by (3.1.34) and (3.1.35), for ¢ =0, ..., D,

D v p—1 v
—1 2\ —2 -2
IH (Z‘Aq) 2 v YirprYstpv,iVeron,iVs+pr,i
g=0 1

au—l Dwb t,a=

D

< (fAz)“%(DHV [1- 3 &)
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and the same bound obviously applies to

ﬂ—

’H—l ( 2 Az) = 1 _N—2 Z YiyrovYsipy Vitow,i¥Vator,i|s

t,8=21

so that by (3.1.13) and by the Schwarz inequality

v
[ 2 Yt 100 Vitpy, i~

p=0 tm1

p—1

(3.1.55) lim E[H-l ( i‘ A;)

N—o0 M= —1

g=0

N

2)2
_N_IZ yt+pv7’t+pv,i]} =0,

uniformly in {y,}e S. Thus Lemma 38.10 follows from (3.1.52) through
(3.1.B5) by a repeated use of the Schwarz inequality.

CoroLLARY 3.11. Under ﬁa, for any i = 0,..., D and any constant

ky, pim Ty ,(k) = — oo uniformly in {y}e 8.
N-oo
Proof. By Lemmas 3.8, 3.9 and 3.10,
D L N=—l1] )
-’T“(ZA?,) [SN,i'l‘ng?zzv_%N—z 2 (Z .%?!Hla‘l)]
g=0 [7l<N =1

and R
o S
g=0

tend to 0 uniformly in the mean and hence in probability. Hence, by

Lemma 3.7,
(2

N—oo UN,'Z

uniformly in {y,}e S and Oorolla.ly 3.11 follows by the definition of TN i
CororLARY 3.12. Under HB, for any constant k, ;phmTN(k) = — o0

uniformly in {y,}e S.

Proof. The counterparts of Lemmas 3.8, and 3.9 and 3.10 with
Sy.iy O and Uy, replaced by Sy, C;n and Uy are obviously true,
the proofs being only simplified. Consequently, by Lemma 3.7, the corollary
follows by an argument similar to that used in the preceding proof.

‘COROLLARY 3.13. Under H,, if m is defined by the T*-rule for amy
ke [—2, ugu7*], then {§, 7} is a T*-estimator in 8" and (2.8) holds.
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Proof. Corollary 3.11 is the counterpart of Corollary 3.4 with the
test J* replaced by the test T*. Therefore, proceeding exactly like in the
proof of Corollary 3.5, we state that by (3.1.6), Corollary 3.11 and the
definition of w, for the test T, condition (2.6) is satisfied by the latter
test. Moreover, (3.1.6) and Lemma 3.6 imply (2.7). Hence Corollary 3.13
follows from Theorem 2.1, since the remaining assumptions of the latter
theorem in the case of the test 7% are satisfied in view of Proposition
7.1 in [36], formula (2.2) in [24] and Lemma 3.1 in [24].

3.2 Interval estimation in S§’. In the preceding section we proved
that condition (2.8) was satisfied for any chosen D when m was defined
by the J*- or T*-rule. Now we shall show that (2.8) leads to an interval

_estimation of trend based on {f,;}. We start with the following lemma
which depends on the polynomials P,(a) defined by (3.1.44).

LevymA 3.14. Under H,, for any {y,}« 8 and any real a,be [0, 1]

(3.2.1) m  NcoV(Ye—Yoms Ys—Vim) = Z R, Zf’q(a)lsq(b)-
N—ooji|N-a; k=—o0 g=0

8/ N—b

N .
Proof. By (3.1.5), Eapaq=N‘“‘%—,‘IR{_,‘gap,N(d)%,N(j). Therefore,

by (3.1.5) and (3.1.6), for any 1< s, t < N and any {y;}e S,

m m
(3.2.2)  NeoV(¥y—Tam» Ye—Tum) = Neov( D a,ppn(8); Y ePun(t))

17=0 g=0
m
=N 2 E(a,a)pp n(8)pg,n (1)
2,94=0
m N
=¥ N 3 R n () 0w 00x(8) pon )
p,q=0 7::1."1
m N-—Ik|
= SR[F Y S ool i)ounli+ ) an () pan(t)]
k<N P,q=0 j=1

= Z Ry, v say.

=—00
Obviously, for [k|> N, v,y =0 and for k| < N, by (3.1.17), |wynl

< Q% (m+1)% Moreover, for any given k&

m
(3.2.3) Hm gy = ) Pyla)Py(d).
N a=0

Indeed, for |k < N
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N-Ik| N—\k|

¥ opn(ieani+E) =F7 3 opn(i)oen(i)+
I=1 J=1
N—-Ik| N
TN o () [9an G+ o) —@au ()] = N7 D) 0pn (i) @e.n () —
I=1 J=1
N N-— |k .
—N7 D ppn(iean (AT @ (d) Kipgu (£
J=N—|kl+1 J=1

where j < £, <j+|k|. The first term in the last expression is equal to
1 when p = g and to 0 when p # q. The absolute value of the second
, Il '
oW
with ¥ — oco. Moreover (see e. q. Proposition 10.2 in [38]), for any ¢&,,
@,.n(£;) tends to zero and hence the absolute value of the last term tends
to zero for any given k. Finally, it is known (see e. . Proposition 10.1
in [38]) that

term for any given k is not greater than ¢ and thus tends to zero

Hm g, x () = P,a).
N—oojl/N—a

Therefore (3.2.3) holds and Lemma 3.14 follows from Lemma 18.1 in [22].
It should be noted (see e.q. [26], part VII, No. 23) that for any
0<a<1land forq=0,1,...
Py(a)l < Veg+1

and hence for 0 < a,0< 1,

m
(3.2.4) D 1Pg(a)Py(b)| < (m+1)%

g=0

LevmMa 3.15. Under H"4 , for any given {y,}e 8,

v p—1 1 v 3 oo
phm — [T 2 (zt+rv ‘i’t+rv,m) = 2 Rk'
Nesoo fb £ t=1 - k= —oo

a—1 1 L d 2
_Proof. Consider first — Y’ [—- >'a,,|. I view of (3.13), the

'ur=0 4

i=1 o

p#—1

last expression is equal to i 2 M?2,; by Lemma 4.2 in [38] its variance
T=(

tends to zero, and by (4.1) in the same paper its expectation tends to

2 R, Hence
g=—o0
u—1 00
. v '
(3.2.5) plim — 3 M2, = Z’ R,.
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By (3.1.6), 2 —¥ym = @+ ¥, and hence by (3.1.7)

_*Z [ 2 (#rm— yt+rvm):| ——2( o T

r=0
But by (3.1.15) and (3.1.22)

B—1

plim — N [(M,,+T,,.)2—M2,] = 0.

N——roo. —0

Thus, in view of (3.2.5), Lemma 3.15 is proved.
Let

+
(3.2.6) N (y,— yi,j)

i = 3!
(+ 1) ]/ [ (Rt — ?7!+n.1)]
r=0

fe=]

or, after easy transformations,

Nlvs—i
(3.2.7) Mg = (Ye—Y45)

2=1 ¥

(.7 'l"l) 2 [y zt+rv ?}t+w,i)]2

r=0 i=1

THEOREM 3.16. Under H wforany r =1,2,..., and any real numbers
by, ..., b, in [0,1], if limt,y =b; (¢ =1, ...,7), the joint distribution of
N—>ow

Neyms +++1 Ni,;m tends, with N — oo, To the normal distribution specified by
zero means and the covariance matrizv

[t Sh,002,0)].

Proof. By (3.1.5) and (3.1.6), for 1 <t< N and for any given
{y:}e 8,

(3.2.8) N¥(y,—Ym) = — V¥ 2 ayPon(t) = — Zw |- Zw.,,N<s pon()];

g=0 q=0

i. e. this expression is a linear combination of #’s. The absolute value
of any coefficient of #, (s =1,..., N') is bounded by N~'(m +1)Q% and,
therefore, tends to 0 with N — oo; hence any linear combination of

(3.2.9) N Wy —Guumds -y N U, — Ve, )

is also a linear combination of @y, ..., 2, with coefficients of », tending
to0fors =1,..., N, and by Lemma 3.14 its variance tends to a constant.
Therefore, by Lemma 2.2 in [36], the limiting distribution of any linear

3 — Dissertationes Mathematicae CIV
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combination of the elements of (3.2.9) is normal with a zero mean since
Ea, = 0. Hence, by Theorem 7.1 in [21], the limiting joint distribution
of (3.2.9) is normal with zero means and with the covariance matrix

=] m
| X B X B002att)|.
ke=—o0 ag=0
Thus, by the convergence theorem ([5], Section 20.6), by (3.2.6) and by

Lemma 3.16, Theorem 3.16 is proved.
If £, is defined by (3.1.4), then, by (3.2.4) and Theorem 3.16,

for 1K<I< N
(3.2.10) HM P ([0l > C1oya) < 9

N—ro0

COROLLARY 3.17. Under H,, if {y} is amy given element of 8 and if
(2.8) 18 satisfied for some chosen a, them, for t =1,..., N and 0 < y < },

BmP(|n, 4] > Liy < D) <——.

N-—>oo 1—!1

Proof. For any positive a, P([n; ;| > a| m < D) =P(|n, 5| > a, m
= m| M < D)+ P(ln,z = a, m #* m| m < D). The second term of the
last expression is not greater than P(m % m|m < D) which tends to 0
with ¥ — oo in view of (2.8). Since |5, 7| > ¢ and m = m imply |5, .| >
the first term of this expression is not greater than

P(I"?t,ml = a)
P(m < D)

Thus Corollary 3.16 follows by (2.8) and (3.2.10).
Consequently, by (3.2.7), if the confidence limits are

-1 y
Yomt N (i + 1)1/”2 [ Cn—Fema)]

r=0 I=1

P(l’?!,ml > a’l'ﬁ"g-D) <

and the assumptions of Corollary 3.17 are satisfied, the asymptotic

confidence level is not smaller than 1 — a 4 ) .
—a

4. Testing the equivalence of two linear processes

4.1, The proposed test and its properties. We assume that we have

two observable linear processes, {x;} and {&}, & = > h_,&, and &,

gm=—0oo
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00 ~
= D My,8q t =0, £1,... Let us denote by H,z ,;, the assertion

g=—c
that {@;} satisfies HzL], {z,} satisfies HZL2 and that {g} and {e,} (and,
consequently, {z;} and {#;}) are mutually independent. Let f and f, {RB}

and {R,} denote the spectral demnsity and autocorrelation function of
{z;} and {#,}, respectively.

-The parameter 6 = f [f(t)— f(t ]*dt is proposed as a measure
of the difference between the two processes Thus 6 = 0 if and only if
f=7 (or {By} = {R,} in view of 0 = Z (B,— Ry)?). In this section we

Fomm—00

present a test based on {2}, and {Z;}, of the null hypothesis Hy: 6 = 0
against Hy,: 6 > 0. The power of this test tends to 1 with N — oo for
every 6> 0.

The definition of the test function is based on O, , and 8y defined
in Section 3.1, on their counterparts for the process {#,}, namely

N N—|k|
Cry = (N—Fk)~* 2 B %y
s
and
k]
G-t 3 -,
Ke1oN
and on
oL
(41.1) ‘MN —_ 2 (1——L—T) Ck,NOk,N‘
kwl—-N
Let
(4.1.2) Ay = N8, +8y—2My).

N2 4 can be considered as an estimator of 6; this is justified by
Theorem 4.2 below which states that the distribution of 4,—N"6 is
asymptotically normal with a zero mean and a constant positive variance.
It follows that the test function defined as A, divided by a consistent
estimator of its standard deviation is asymptotically normally distrib-
uted with a zero mean and a unit variance for § = 0 and tends in prob-
ability to + oo for 6§ > 0, which implies the definition of the rejection
gset of our test.

The following parameters:

H .
(4.1.3) Omn = [ FOTIfO)T@ (myn =0,1,...)
—t
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play an important part in what follows. They form a generalized version of
H
on = [LFOT"dt
~¥

introduced in [22], p. 146. In view of Lemma 18.2 in [22]

o0

~ ~

(4.14) Omn= D  ByBp Ry By .
Pl Bmpn==
p1+u . +pm+n=0

-~

TEROREM 4.1. Under Hy,, the random variable
(4.1.5) {2 N}(Sy—B8y), 2848y — BSy), N (My— BMy)}

28 asymptotically normally distribuied with a zero mean and a covariance
matriz

_ 112 -
18x4%; 203 g +-3-04,0 0 drgny 201,109,0 +803,1
0 185 203 , 412 digiir? 8
4%y " 00,5 T5700,4 "oy “01,100,2 + 8013
—_ ~ o~ . — ~ o~ 16
4#4%2 20’1I162,0+80'3’1 49‘49‘2 20'1‘10’0.2 +80’1'3 (”4”2 2+M4M2 2)0%'1 'Jrgdz'z

Moreover, under ﬁ4L1_4L2 (Lyy Ly = 2) all the univariate and mized
moments up to the order I, or L,, respectively, tend to the respective moments
of the limiting distribution.

Proof. The general scheme of the proof follows the pattern intro-
duced in [21] and [22] and then frequently used by the authors. Assuming
the existence of all moments of ¢ and &, it is only needed to check that
the limits of all univariate and mixed moments:

(4.1.6)  N"2B{(28y—2B8y)" (28 — 2B8 )™ (M y— BM, )"},
2= 2, Mg+ N+ Ny = Ny Ny Ny, N 2 0,

form the respective moments of the normal distribution specified by
Theorem 4.1. The further proof is based on a multivariate version of
the Second Limit Theorem for a normal distribution and a suitable trun-
ca:ting device, which allows to replace the assumption about moments
by Hgg ([21], [36]). The standard way of computing the limits of (4.1.6)
proposed in [21] involves a snitable factorization of sums which leads to
an assertion that these limits are constructed from the limits of the elements
of the covariance matrix of (4.1.5) only.

We consider first this term of the expansion of (4.1.6) which contains

none of the expectations ES,, E@N, EM,. We obtain a multiple sum
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with summation variables k;, ¢ = 1, ..., n (corresponding to the summation
variables % in Sy, Sy and My) and a;, B, i =1,...,n (corresponding
to the variables # appearing in the first and second factors of Gt s C"“ki, N
and O, nC,n» respectively). The o’s and B’s can be divided into two
groups,

Ay »eey Opgy Biyeeey ﬂnoa Opgtny+19 <+ 3 Ay
on the one hand, and

Crgt-19 ¢y Angtnys ﬂno+11 ceey .Bno+n11 Ign0+n1+u ooy Bn
on the other, the variables of the first group referring to the process {w;}
and those of the second referring to {z,}.

Let y; = a; or ;. An expression @, @, OF @, @,y can be
assigned to each of the a’s and A’s, the former in the case of a variable
in the first group and the latter in the case of a variable of the second
group. All these expressions connected with the first group can be arranged
in any order into a sequence of 27n,-- %, elements which are denoted by
u; (j =1, ..., 2n+n,). Proceeding in the same way with the remaining
elements, we obtain a sequence {¥;}sn,+n, - Then the considered term of
(4.1.6) may be written as

8 2ng+ny an) +ng
wrn  2F 3 3 3a([4) 36 [[5)
{Fegsene it <N} j=1 §=1
where two last sums are extended to all the variables from the first and

from the second group, respectively. _

A further expansion of (4.1.7) is based on Proposition 2.1 in [36],
reproduced below for the convenience of the reader:

If the functions ¥V, are defined by (3.1.20), then, under lfm (M=1),
for every r (1 <r < 22M) and for every set of integers i(1), ..., ¢(7)

(4‘.-1.8) E(mi(l) ‘eas 'a/‘“,.))
= Z %ry Vrl (T’(ll): RS 'i(lrl)) e '”rkvrk(": (Z’r—rk+1)) crey ":(Zr))’

where the sum is extended over all different groupings of the set I
= {¢(1),...,4(r}), i. e. over all sets of disjoint subsets of I whose
union is I, two groupings being regarded as distinct if, for some m and
n(mn =1,...,7), ¢(m) and <(n) belong to the same subset in one
grouping, and to two different ones in another. Here { I, ..., [,.) denotes
any permutations of the numbers (1,...,#) corresponding to a given
grouping, i. e. such that the sets

CIUAPRRETR (%) PRSPRCI( S PRRSRE 1 ()

form this particular grouping. In view of the symmetry of the V’s with
respect to their argnments, any two permutations corresponding to the
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sgame grouping would yield the same term, so that, for any grouping,
the choice of the permutation representing it does not matter, and, there-
fore, the sum is well defined. The variables ¢(1), ..., ¢() must be regarded
ag distinet although in the end any values, not necessarily distinct ones,
can be substituted for them. It should be noted that in the right-hand
gide of (4.1.8) we can confine ourselves to groupings in which each set
is composed of more than one element, since »; = 0.

Of course, (4.1.8) can be applied to B (& -... %) if Vs are replaced
by 17”5, where

(41.9) V,(E(1), oy i(®) = D) by hugpg (2 =2,3,..).
g=—c0
Now we assume the existence of all the moments of & and & and
according to (4.1.8) we transform (4.1.7) into a finite sum of terms; each
of these terms is similar to (4.1.7), with the expectation of the product
of 4’ replaced by a product of »’s and V’s, and the expectation of the

product of #’s replaced by a product of #’s and V’s. The set of arguments
of the V’s consists of all indices of #’s, i. e. of all the a’s and f’s from the
first group and of all the related a+|%k|’s and §+ |k|’s, while the set of

arguments of ¥’s consists of all the indices of @’s. .
We divide the set of arguments of all the V’s and V’s in each term
into disjoint subsets in such a way that

(a) all the arguments of one V or 14 appear in the same subset,

(b) for any 1<i<n qa a;+ %, Byy Bs+|%;| appear in the same
subset, and

(e¢) any subset cannot be further divided into disjoint subsets satis-
fying the above conditions.

Oonsequently, each term can be rewritten so that the summation
signs with respect to a’s, f’s and %’s in one subset can be put just before

the products of those V’s and Vs whose arguments belong to this subset.
A multiple sum of & product of V’s and V’s related to one subset, multi-

3
plied by a product of the respective »’s and #'s and by N * (where 4o
stands for the number of arguments in the subset), will be regarded as
a factor of the whole sum. Thus any term of the expansion of (4.1.7) is
a product of factors.

Apart from the grouping which has been just described, we shall
consider another one which we obtain by a slight modification of the
rule (b). Namely, four arguments associated with any given 4 should not
necessarily appear in the same subset; instead, o, and a;+ |k,] must be
in the same subset for any ¢ and the same is required for §; and 8;+ |k;/-
The resulting grouping gives rise to subfactors, i.e. to products of x’s
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or %5 and of V’s or V’s with arguments associated with one subset. It
is clear that apart from the normalizing coefficient the summand of each
factor is a product of one or more subfactors.

‘We shall say that a subfactor or a factor is of degree ¢ if the number
of arguments of the V’s and V’s appearing in it is equal to ¢. If follows
that the degree of a subfactor is always even while that of a factor is
a multiple of four. It should be noted that a quadratic subfactor (i. e.
a subfactor of degree 2) is either x, Vs(yi, yo+ Ikl) or % Vo(ve, vet+l1Hl)s
where y; = a; or §;, and hence by (4.1.8) it is R, or Ry,.

Returning to the comsideration of all the terms of the expansion of
(4.1.6), it will be seen that taking into account — ESy, — ESy and — BM
results in the cancellation of all the terms of the expansion of (4.1.7)
containing quartic factors.

It is clear that the expansion of (4.1.6) i8 & sum of & finite number
of terms similar to those of (4.1.7), the only difference being that now
in certain terms some of the sums with respect to triplets (k,, ay B;)
disappear and are replaced by powers of —2N% ESN, — 2N} ESN, and
— Nt*EM,.. Bach of the expressions

N—-1 N-Ix

Z L (2, % 111 B Pp 1) 5
k=1-N a,f=1

o)

ONYESy = N

. 3 N-1 N-—I|k] .. -
(4.1.10) MBSy = N2 Y D B(@80y 0 BpFpam)s
' k=1—-N a,f=1
_3 N-1 N—%’ﬂ
.N*EMN = N 2 2 2’ E(wama+1klmﬂ$p+|kl),

km1=N a,f=1

can be related to one of the missing triplets of summation variables. We
can, then, replace, in (4.1.10), the summation variables by the appropriate
triplet (%;, a;, §;) and substitute, in the expansion of (4.1.6), the right-hand
sides of these equalities for their left-hand sides; of course, we choose
ie [1, 0] in the case of (—2NYESy), ie [n,+1, n,+n,] in the case of
(—"N*EéN) and e [n,+n;+1, 7] in the casec of (—N'EIL,). Then we
proceed as before, applying (4.1.8) to every expectation of #'s and #'s
and factorizing the sums. Hence, finally, the expansion of (4.1.6) is, as
before, a finite sum of terms which are products of factors, where the
factors arising from the expansion of the left-hand terms in (4.1.10) are
quartic and multiplied by (—1).

Clearly, given an arbitrary grouping of all the summation variables
k; with the corresponding o; and 8; (¢ = 1, ..., n), the factors which can
be formed with any particular subset of the grouping do not depend on
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the patterns of the factors formed with the other subsets thereof. The
sum of all the factors formed with a given subset of the grouping will
be described as a grand factor. The sum of all the terms corresponding
to a given grouping of the summation variables can, therefore, be con-
veniently represented as a single product of grand factors. Clearly, such
a product vanishes whenever at least one grand factor is equal to zero.
But each quartic grand factor is composed of two factors which are easily
geen to cancel out. Hence every product containing at least one quartic
grand factor is equal to zero. Consequently in the sequel only products
of factors free from quartic factors will be considered.

Let o denote any factor of degree 4¢ (2 < o < n) which can appear
in any term of the expansion of (4.1.6). In view of (3.1.17) and (4.1.9),
w can be considered as a multiple sum with respect to ao’s, f’s, k’s and

to the inner summation variables in the 7’s and ﬁ’s, §o that the sumymand,
] :

apart from the cumulants and the normalizing coefficient N ?, is a product
of h’s and #’s. The indices of the s and 7's in w depend on the summation
variables. Let p(w) denote an upper bound of the number of repetitions
of any sequence of indices for all the admissible combinations of the

summation variables. Since )’ h,and D F; are absolutely convergent,
k=—w k=—00

-8
the order of magnitude of w is at most p(w)N ¥, But for any given
sequence of index values, the differences of arguments inside any of the

corresponding V’s and V’s are determined and hence the knowledge of

one argument only in each V and V is sufficient to determine the rema-
ining arguments and the values of the internal summation variables of

each V and V.
Now suppose that we are given the values of all the ¥’s and of one
a or f arbitrarily chosen in each subfactor in . Since any pair of Vs

or of Vs in the same subfactor is linked by at least one %;, i. e. y; (y; = o
or §;) appears as an argument in one of them and y,+ |%;| in another one,

all the arguments of ¥’s and V’s in w, with all the remaining o’s and A’s
among them, are determined under the above assumptions. Let u(w)
denote the total number of subfactors in w. In view of the ranges of the
a’s, f's and %’s, the number of different sequences of values of k's is
(24 —1)% and that of the values of one a or # in the u(w) subfactors is
NHe), g0 that p(w) << N4 (2N —1)°.

However, the knowledge of the values.of all k¥’s is not necessary in
each . Let A(w) denote the smallest number of %’s in o such that their
absolute values together with the values of one a or § arbitrarily chosen
in each subfactor and with the differences of arguments within any V

or V in o allow to determine the values of all the remaining ao’s, A’s and
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|&|’s in @. Then |
P (o) < N#®) (21\7'_1)4(0)29-4(.,,),

where 2°~4(*) is due to the fact that two values of %k (one positive and one
negative) correspond to every determined non-zero value of k. Conse-
quently, for any o there exists a positive constant g, such that

(4.1.11) o] < g, NH@+4 e,
Let
(4.1.12) A(w) = p(o)+A(0)—}o.

By (4.1.11) o i8 bounded if A(w)< 0 while factors with A(w) < 0
tend to zero. We shall show that A(w)< 0 for any o and that all w’s
such that 4 (w) = 0 are to be found among octic factors (i. e. of degree 8).

_To start with, we note that each quadratic subfactor in o (i.e. B
or R) corresponds to one and only one non-quadratic subfactor in « such.
that the same summation variable & appears in both subfactors. This
follows from the fact that the same % cannot appear in two quadratic
subfactors, since the two would form a quartic factor and these have
been eliminated. A set consisting of a non-quadratic subfactor and of
all the corresponding quadratic subfactors will be called an ewstended
subfactor. Of course, the subfactors in w can be grouped into extended
subfactors in exactly one way.

It will be convenient to distinguish the summation variables ¥ appear-
ing in quadratic subfactors from the remaining ones. The former %’s
will be called bound, the latter free. We shall first consider factors with
only one extended subfactor. The extended subfactors forming any factor
of the considered type can be described as those in which all free %’s appear
twice, because otherwise the factor would be composed of more than one
extended subfactor. If w is of degree 4p and the number of quadratic
subfactors in o is ¢, then the number of free %’s in w is equal to p—gq.
It is easy to see that this implies A(w) < ¢ — ¢. Indeed, the absolute value
of each bound % is determined by the difference of arguments of the V,
or 172 forming the corresponding quadratic subfactor and hence by defi-
nition A(w) cannot exceed the total number of free %’s in w. Moreover,
in the considered factors u(w) = 1+ ¢ and hence by (4.1.12)

Alw)<1+g9+e—q— ¢ =1—p/2.

Since o> 2, 4(w) < 0, with equality holding if and only if ¢ =2 and
A(w) = 2 —¢. Then three possibilities corresponding to ¢ = 0,1 or 2 are
to be considered:

(1) w is composed of one octic subfactor, A(w) = 2; such a factor
will be referred to as an “8” factor;
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(2) o is compoged of one quadratic subfactor and one sextic sub-
factor, A(w) = 1; sueh a factor will be referred to as an “2—6” factor:

(3) w is composed of two quadratic subfactors and one quartic sub-
factor (and A(w) is necessarily equal to zero); such a factor will be referred
to as an “2 —2 —4” factor,

Thus we have shown that:

The only factors composed of one extended subfactor which
(4.1.13) may not tend to zero are of the types “8”, “2—6” and “2 —2 —
- 4 bH} .

Now we turn to factors with at least two extended subfactors; each
of the latter depends necessarily on at least one solitary free & (i.e. a &
which appears in two different monquadratic subfactors in w). Let E
be the set (with at least two elements) of all extended subfactors in « and
let ¢ be any element of E consisting of a non-quadratic subfactor of degree
47 (so that r is a multiple of }) and of g quadratic subfactors. Then 1 <7 < ¢
and 0 < g < 2r (the cage ¢ = 2r is excluded since in this case all %’s in
e arc bound). For any e we define 4 as the sum of the number of free &’s
appearing twice in ¢ and of one-half of the number of the solitary %'s in
e, i.e. A = r—4%q. Obviously, 3 1 is equal to the total number of free

eslf
k’s in » and in view of the previous argument concerning 4 (w), this entails

(4.1.14) A(w) < D)2
¢ ee
Hence A (o)< u(w)+ ) A—31p. Given e, let

eelH

(4.1.15) ¢ =1+g+i—3r—3qg =1—1g—13}r.

Of course, the sum of (1.4 ¢) over all e in % is equal to u(w) and that of
(r+¢/2) is equal to g. Consequently,

Qo =plo)+ D i—le

ecld el
and hence
(4.1.16) Alw)< D a.
eck
By (4.1.15), a is negative if and only if ¢ =0 and > 2 or ¢ =1
and r>30r ¢ =2 and r>>1or ¢> 2 and r > }. Let F, denote the set
consisting of all those elements of  for which ¢ is negative, and let E,
= I —I,. Since q < 2r, for any element of H, either ¢ = 0 and 1 < r < 2
or g =1and 1<r<i By (41.16) A(w)< 0 if B =F,. If B # B,,
we must replace (4.1.14) by a stronger inequality. More precisely, let u,
denote the number of elements in E;; we shall prove that for any factor



4. Testing ihe equivalence of two linear processes 43

w with at least two extended subfactors
(4.1.17) A(@)< D A—p,f2.
ceE

To prove (4.1.17), we need to analyse more closely the relationships
among k’s appearing in any ee E,. It is clear that this reduces to consid-
ering. only the non-quadratic subfactor, say s, of such an extended sub-
factor. Necessarily, s depends on at least one solitary free k; moreover,
it follows from the discussion concerning the s and ¢’s in any element
of K, that s is quartic or sextic with at most onc bound % (i.e. ¢ = 0 or 1
and r = 1 or 3) or octic with no bound % (i. e. ¢ = 0 and r = 2).

A set of &’'s appearing in the same subfactor in « will be called redun-
dant in this subfactor if

(1) it contains at least one free variable;

(2) the absolute valuc of any element of this set is determined by
those of the remaining elements and by the differences of arguments

in the V’s or V’s forming this subfactor. If this set consists of only one
(necessarily free) %, this % itself will be called redundant in this subfactor.

It will be shown that s depends on at least one redundant set of

k's. Since no subfactor can contain both V’s and Vs, it is clear by symmetry
that we can assume that s is formed with V’s. -

Let ¥* denote an arbitrarily chosen golitary free % appearing in s and
let * denote this variable a or f which corresponds to %* and appears
in s, If p* and y* + |k*| are arguments of the same V in s, then %* is redund-
ant in s. Otherwise, y* and p* - |k*| are arguments of two different V’s, so
that %* forms a link between them. Two cases have to be considered.

To start with, assume that there is another k, say &’, which also
forms a link betwéen these V'’s. Let ¢’ denote an a or g such that y' is
an argument of one of the ¥’s linked by %* and y + [k’| is an argument
of the other one. Then among the differences or arguments of these V’s
we find some

dy =y + %KY —y — o' K]
and
dy =y + (1 =8 K| —y"— (1 — ") [E",
where 6* and & are each equal to 0 or 1. Thus
(4.1.18) dy+dy = (1—26) %' —(1—26%) |K*|

and hence the set {£*, &'} is redundant in s.

Now let &* be the only link between two V’s in s. Then it cannot
be a link between two V,’s forming a subfactor. Hence s must be of a degree
higher than 4, i. e. it is necessarily sextie or octic. In a sextic s k’s appear
in three arguments of V's; they will be denoted by %%, k' and k”. Since
at most one of them can be bound, %* and %' can be assumed to be free;
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since k* is golitary, it is necessarily different from %' and %". The variable
%" is either bound or free, and in the latter case it is distinet or identical
with &' (i. e. &' can appear twice in s). In an octic s, %’s appear in four
arguments of V’s and will be denoted by %*, %', ¥” and %', where k*, %’
and k" are assumed to be free and distinct, while & is also free but can
be distinct from, or identical with, %'’. Obviously, under the assumption
that k* is the only link between two V’s in s, s cannot consist of V¥, or
of (V,, V,) or of Vg or of (V,, V3) or of (V,, V,) (in the two last cases,
either ¥ would contain an odd number of %’s other than k* and at least
one of these would form a second link). Hence the only possible combina-
tions of indices of Vs are (3,3), (2,2,2), (5,3), (4,2,2), (3,3,2) and (2,2,2,2).

Considering the case (3,3), we see that |&’| and |k'’| are respectively
equal to the differences of the appropriate arguments inside both V,’s;
therefore %' is redundant in s (and so is &'/, which, however, is not necessari-
ly different from k’). A similar argument leads to the conclusion that
in the cases (B,3) and (4,2,2) at least one of %', &'/ and %’’’ is redundant
in s,

In the case (2,2,2) the differences of arguments inside the three V,’,
denoted by d,, d; and d,, are

dy = y"+ "B | —y — & W[
dy =y'+(1—=06) K |—y"— 8" k"],
dy = y" +(1—8") k"] —y"—(1—8) &7,
where 6%, 6’ and &’ are each equal to 0 or 1. Hence
(4.1.19) Ayt dytdy = (L—2 8| (L —26") k"] — (1 —26%) |K¥].

Consequently, the set {k*, k', k"’}, which reduces to a pair if k' = k",
is redundant in s, since in any event the coefficient of |%*| in (4.1.19) is
different from 0.

Similar considerations in the case (2,2,2,2) lead to the conclusion
that the set {&*, k', ¥/, ¥'"’} contains a set (composed of two, three, or
four elements) which is redundant in s.

There remains to investigate the case (3,3,2). If &* is the only link
between the two V,’s, then necessarily ¥V, has two links with one V4 and
no links with the other one. Hence one of the »’s corresponding in s to
E, &' or k""" appears in the latter V, twice and this % is redundant in s.

If k* is the only link between one of the V,’s and V,, then there
must also be exactly, one link between V, and the other V,, and two or
no links between both V,’s. If the Vy’s are not linked, then in each of
them the difference of those arguments in which y* does not appear is
equal to |&'| or |k"'| or |&'’|; and one of them is redundant in s. If theVy’s
are linked by two distinct %’s, then these k’s form a redundant set. Finally,
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if the Vy’s are doubly linked by ¥ = k', then the arguments of V,'s
and V, are respectively:

(?*‘f' 5*“6*[, all+ aulkul’ ﬂ”—i—é"’ Ikrul),
('Y"I‘ & |k'|, au+(1_ an) Iknli ﬂ”"}-(l— alu) Ikn/l)’
(v + (@ — &) '], y*+(1— 6% |k*)),

where y’ denotes a or # corresponding in s to &', (¢’’, ') is a pair of summa-
tion variables corresponding to %'/, and &%, &', 8’ and 4"’ are each equal
to 0 or 1. Denote the differences of the two first arguments in both V,’s
and V, by d,, d,, and d,, respectively. Then

(4.1.20) dy—dy+dy = (L—28) k'] +(1—28") k"] — (1—26") |%*|.

Bence the set {¥*, %', %"} is redundant in s.

Since all the possible subfactors s have been considered, each s depends
on at least one redundant set. These redundancies obviously reduce
further the number of %’s the absolute values of which determine those
of the other #’s in @ when the differences of arguments of the V’s com-
posing w are known. Let K, denote the set of %’s appearing in . Given any
subget B of K,, let K (B) denote the set of all those elements of K,— B
the abmolute values of which are determined by those of the clements
of B and by the differences of arguments of the ¥’s in w. It will be seen
that we can construct by a recurrent procedure a set ¢ =« K, such that
each subfactor s in w depends on at least one element of K (@) and that
K, =G v X(G).

We begin by putting G, =9@. We assume now that a set Gy
composed of free k’s is determined for a particular value of j.
Equations like (4.1.18), (4.1.19), and (4.1.20) allow us to find the corres-
ponding set K (@;) which obviously contains all the bound and redundant
E’s belonging to K,. If G; U K(@,) = K,, we stop the construction of
the sequence {G;}. Otherwise, at least one (free) variable k in one of the
subfactors does not belong to @; U K(G;). We form, then, G,,, by adjoining
one of those variables to ;. If this variable belongs to a redundant set
in any non-quadratic subfactor in w, this set contained another free F,
for otherwise, by the definition of redundant sets, the chosen wvariable
would already belong to K(&;). Hence if each subfactor s contained at
least one free element of K,—GY, this holds also for &¢,,,, and since this
was obviously true for @,, this property holds for all the sequence {G,}.
However, since LU, is finite, a finite number of steps will lead to the for-
mation of a set & satisfying @; U K (G;) = K, and this will be the required
set @.

Since each subfactor s in w depends on one free element of K (G),
since the number of such subfactors in w is equal to u, and since the same
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k can appear in at most two different subfactors, the number of free ele-
ments in K (@) is not smaller than y,/2, so that (4.1.17) follows.
But (4.1.17) can be rewritten in the form

(4.1.21) A@)< DA+ D (A—13)

ceEI eckiy
and hence in the considered factors

(4.1.22) A(@)< Da+t D) (a—1}).
ecky ecHy

By (4.1.15), a—% =%—1g—3r and hence a—% <0 for r >1 and
¢> 0, i e. for any ec E. Hence, since a < 0 for e¢c By, (4.1.22) implies
that 4 (w) <0 for any w composed of at least two extended subfactors;
moreover, if A(w) = 0, then, for each extended subfactor in w, ¢ =0
and r = 1. Consequently, all ’s of this type are bounded and they tend
to zero except possibly those which are composed exclusively of (at least
two) quartic subfactors.

It is easy to see that in the latter factors

(4.1.23) A(w) < 1.

Indeed, the quartic subfactors which form o can be given a cyclic ordering
in such a way that any two neighbouring subfactors are linked by a %
appearing in both. This is best seen if we interpret the subfactors as
points, and each ¥ as a segment connecting the two subfactors in which
it appears, and -which are necessarily distinct. We have, then, a graph
in which every vertex belongs exactly to two segments. Moreover, the
graph i3 connected, since otherwise the subfactors would form more
than one factor. Such a graph is necessarily a cycle, and either of the
two cyclic orderings of its vertices has the required property. But any
quartic subfactor with two different free L’s is either formed by one ¥,
or 1;4, and then each % in this subfactor is redundant, or it is formed by
two V,’s or ﬁz’s, and then the two corresponding %’s form a redundant
set. Therefore, owing to the cyclic ordering of the subfactors, (4.1.23)
holds.

Moreover, in w’s composed of quartic subfactors, u(w) = ¢ and
hence, by (4.1.12) and (4.1.23),

(4.1.24) A(w) < o+1—2p =1—pf2.

Consequently, for factors of this kind A(w) =0 if and only if ¢ = 2
and A(w) = 1. An octic factor composed of two quartic subfactors and
such that 4(w) = 1 will be referred to as a “4 —4” factor.

Thus by (4.1.13) all factors tend to zero except possibly the octic
factors “8”, “2-—-6”, “2—2—4” and “4—4”, which are bounded. It
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will be convenient to accept a general term “I-factor” for any of the
latter factors. The limit of any octic grand factor is necessarily equal
to the sum of the limits of the appropriate I-factors. Obviously, each
octic grand factor is an element of the covariance matriz of (4.1.5) (for
instance octic grand factors which depend on two k’s belonging to {k,, ...
cony kno} form the variance of 2N%!S,). We proceed now to the compu-
tation of the limits of these grand factors.

The limit of var N*S, is given in [22] and the same formula with

obvious substitutions yields limvar ¥* 8 ~. Furthermore, owing to the
’ N

mutual independence of the random variables generating {z;} and {7},
c0v(Sy, Sy) = 0. There remain the limits of var N*My and cov(2N*S,,
NtMy); the expression for the latter will also yield, with the appropriate
substitntions, Lim cov(2N*§y, N¥ IMy).

N—co

Let W be the set of all the systems of integral values of the variables
(@19 By K1y @zy Pay ks) satistying
(4.1.25) ”ﬂ{l S N‘—'l, 1 < a;, nBi &: N-— lkil) 5 = 1, 2.

We start with the I-factors which form N var 2, (i. e. we consider
(4.1.6) with n, = n, = 0 and n, = 2). Since they are necessarily quartic
in each of {h;} and {A;}, they can only be of the types “4—4” and “4—
—2—2”, In the former factors 4(w) = 1 and therefore factors containing

any subfactor formed with one V, or ¥V, obviously cannot be of the type
“4 —47”; hence we have only to consider quartic subfactors arising out
of the process {z;} which are of the form

-Ral—az'Ral—a2+lk1|—|k21 or Ra,-u2—1k2| Ral_a2+|k1| !
and their counterparts arising out of {#,}. However, for factors like

N 2 R“1—°2Rﬂ1-02+!k11—|k21 Rﬂl—ﬂz-lkzl Rﬂ1~ﬂ2+|k1|

War )
or

3 O 5 =
' N-* 24 R“l""z‘l’leR°1"°2+l’~'1lRﬂ1—ﬁzRﬂl—ﬂz+lkll—lk21

Wi
we find A(w) = 0, because here the indices of the R’s and R’s determine
both |k,] — |k, and |k,| 4 |k, and, therefore, |k, and |k,|. Consequently,
in the considered case the only “4—4” factors are of the form:

-3 T od
(&) N Z R"l"“2'Ral‘“2+|k1|—lk2|Rﬁl‘ﬂzRﬁl—ﬂz'i'lkﬂ-lkzl
Py
and
-3 . > ot
(b) N 2 Rdl—ﬂz—lkglRdj—az+lk1lRﬁ1—ﬁ2—l’Czl Rﬂl—ﬁzﬂkfll ’

W
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while the “2 —2—4” factors are of the form

(e) NS 2 #y Va(ay— agy 0y —as+ |k, O, Ikzl)R"lﬁkz’
W
(d) v 2 Bay e Boayag iy~ 1hgt By By 5
LgY
(e) N—S Z Ral—ﬂz—lkleﬂ]_"“’Z'l‘lkll-RkleZ’
N

or the “mirror reflections” of these three in which the parts of the two
processes are permuted.
Factors forming Ncov(28y, My) are sextic in the A’s and quadratic

in the 7»’5, which excludes the “8” and “4-—4” factors. Thus we have
only “2—6” and “2—2—4” factors. The former are easily seen to be

() N 2 Rar-ﬁiR“l—ﬂz'lHkﬂ—lkzl Rﬂl“'z"'I"’l"Rkﬂ’
WN
(8) N7 Z By —py Bay—py 4 ) ooy oy Bty s
s
@ F D Va(Bi—art ol ay— gt ey 0, al) Boy_p, By
N

(i) N-? 2“474(01—027’ 51—%;.0: lkz‘)Rﬁl—glﬁkzﬁ
WN

and those which arise out of (f) and (g) by permuting e, and f,. The latter
are

(j) N—S 2 M4V4(a1_ Uy, Oy — Uy -l" |k1|7 01 |k2|)'Rk11~ak27
WN
(k) N3 2 Ral—azRa1—ag+lk1I—lkglRklez’
N
) L WZ: Rcu—“z—lkzlRa1*°2+|"l|Rk1Rk2’
N

and those which arise out of them by permuting e, and 8,.

The limits of (a) through (1) can be found according to the general
idea introduced in [22]. The whole procedure is based on Lemma 18.1
in [22] which states that
(4.1.26)

o0 (=}

lim cgﬁ?...,u Gy = (im ng,)...,u )aul,...,fus
G e s

N—oo Uy, Ug=—00 UYgee-yUg=—00 N—oo
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provided that Py Gy,,..,u, 18 absolutely convergent, that there
Ugy.aeyp=—00
V)

exists a positive constant 4 such that |l . | < A for any N and any
Uyy ooy U, and that the limits of ¢f)? , exist.

.....

All (a) through (1) factors can De presented in the form

=]

(4.1.27) D o ayg,

2,¢,8=—00
where

[(ay—asy fy—Bay el + [Kaf)  in (a),

(ay—ay— [koly By —Ba— kal, ksl —|Ry]) .in (D),
(ay— @y, kyy k5)  in (c), (d), (e), (j), (k), (1),

(41.28)  (p,4,8) = (&y— P, fr—aa+ ksl ko) in (D),

(Br—ayy ay—a,y k) In (g),

(Br—ax+1k1ly @y —fyy ko) in (h),

(@ — ay, ﬂ1_— ay, ko) in (i),

N3¢ ¥ for any given p, g, s is the number of elements of W, satistying
(4.1.28), and

rR,,1i’A,,+£,1~24,1§‘q,.,4, in (a) and (b},

# Vi(py2p+4,0, |3|)1‘éqés in (c),
R,R,,,..RR, in (d),

(4.1.29) Ap g8 = Rp_stMIéqR; in (e),

R,Ry,,.sR,R, in (f),(g) and (k),

% Vi(D,2+4,0, s) BB, in (h), (i), (3),
R,_,R,..R.E, in ().

p—8-"p+aTg 8

The final form of a,, , , given in (4.1.29) is due to the fact that for any «
(4.1.30) R,=R_, = Ry.

In order to apply the lemma about the limits of multiple series we
must find the limits of ¢ %), and verify that ¢ }); are collectively bounded
in each of the cases (a) through (1).

Cases (a) and (b) with a slightly changed set W, were considered
in [22]. By nearly identical considerations we see that |c{%),| < 4 in both
cases and that

0 in (a),
: Ny _
Lim ¢y 0

Noroo “14/3  in (b).

4 — Dissertationes Mathematicae CIV
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Taking (c) into account, we see that the number of elements of Wy
satisfying (4.1.28) for any given p,q,s and N > max(lgl, s])+ |p| is
contained between (N —max(ig], Is|)—|pl)(¥—Ig)(¥—|s|) and (N—
—max(lgl, Is]) (¥ —Ilg) (¥ —Is]); multiplied by N-% Dboth expressions
are equal to 1 in the limit. Hence lim¢®), =1 and | e <1 for any

Dy 0,8 e
For (f) and (g),
N-1
NEN—s) D (N—Ipl—lsl—lgl— k)
ky=1-N
N-1
<L <N N—s5) D (N—Ik)
A1=1—.V

(N

so that lime™), =1 and || < 2. The same conclusion can be drawn

D,q,8
N-ooo

for (h) and (i), because these cases differ from (f) and (g) only in having
p and ¢ permuted. »
Since in all the cases the limit of ¢, does not depend upon D, q,8

and since ¢/, are collectively bounded, it remains to compute Z‘ Cpas

D,g,8=—c0
But by (41.4) and (41.30) Y RyR,, B Rysy Y RyRp,,.sB,R
0,9,6=—o00 »P,9,8=-x0
© - 0
and Y R, R, R.R, are equal to o,,, while Y R,R,. ... B.R
2,9,8==—00 p,q,8==—00

and ) R, R, R, R, are equal to 0,,,- Furthermore,
D,q,8=—0

0

¥y Z Vilp,p+4, 0, I.S'I)fB,_,Iés

2,4,86=—0c0
o L. )
= 2 B, E, Z ~iPs -5 2 hp—iTiptq—g
7,8=—00 7'=_w

P=—0c0
[= 2] o0
= mn;? Y RyR R R, = uguy2o?
= My, g 4lq sdly = Hg¥p " 07,1,
g=—00 §=—o

and proceeding in the same way we find that S a in (h),

plqls
»,q,3=—0c0

(i) and (j) is equal to %% 0, 00, ;.

Consequently, limNvar My is a sum of io,, (from (b), the sum

N—oo

of (a) tending to 0), of (x,%; " +%,%5 %) 0}, (from (c) and its “mirror
reflection”) and of 4c,, (from (d), (¢) and their “mirror reflections”);
lim Neov (285, My) is a sum of 8031 (from (f), (g), (k), (1) and their

N—=



4, Testing the equivalence of two linear processes 51

counterparts having a, permuted with f,) and of 4x,% %0, , 0, , (from (h)
(i), (j) and the counterpart of (j) with 8, instead of a,).

Thus we have proved that the limit of the covariance of the i-th and
j-th coordinate of (4.1.5), say u;; (¢, =1,2,3), is as stated in this
theorem. As to the hlgher moments, the limit of (4.1.6) for any odd =
is obviously equal to zero since none of the terms of the expansion of
(4.1.6) forms a product of octic factors. For an even n, the limit of (4.1.6)
is a sum of products of limits of octic grand factors, the sum being extended
over all the groupings of the set K = {k,, ..., k,} into pairs. In other
words, the limit of (4.1.6) is the sum of products of the appropriate elements
of |u; ;|. We shall now find its exact value.

Let J be the set of all sequences j(1),...,j(n) such that », elements
of the sequence are equal to 1, #, elements are equal to 2 and n, elements
are equal to 3. Then to each permutation of %,, ..., %, there corresponds
exactly one element of J if we map K into {1, 2, 3} so that 1 is assigned
to each k belonging to K, = {k,, ..., &, }, 2 is assigned to each  belonging to
Ky = {kny41s -1 Bugrn }y a0nd 3 18 assigned to each %k belonging to
Ky = {kny+n 410 -+ K} The same eclement of J corresponds to those
and only those permutations of %, ..., k, in which only elements belonging
to the same K; (¢ =1, 2,3) are permuted; thus there are n,! 5! n,!
permutations corresponding to the same clement of J. Consequently the
sum of  p; 49) - ,uj(,, ~1.im over all the permutations of Z%,..., %,
is equal to m,! fnl' Ny ! 2 Hiy.@) - Bim—1)jm+ BUub in view of u;; = w4,

the value of the summaud of the last expression is the same for all the
permutations Ky, ..., Kymy of %y, ..., k, such that the same grouping
of K is obtained by forming the pairs

('ku(l) 3 ku(z)) PR (ku(n—l) ) ku(n)) ’

and the number of those permutations is (n/2)! 2™, Hence the limit
of (4.1.6) for an even » is equal to

ng! 1, ! ny!

TN Hiy,i@) "o+ " Bitn—1),5(n) -
1gni2 7

[5)

Consequently by the multivariate version of the Second Limit Theorem
([21], Corollary 7.2) the asymptotic distribution of (4.1.5) is normal with
zero means and with a covariance matrix ||, ;. Using a truncation device
similar to that introduced in [21], we can replace the assumption about
the existence of all the moments of ¢ and g, by Hg . It follows that under

H,p 4z (L1, Ly >2) all the moments of (4.1.5) up to the order L,
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or L, respectively, tend to the respective moments of the limiting distri-
bution.

TurorEM 4.2. Under ﬁ,,',,, the distribution of Ayx— N'0 is asympto-
tically normal with a zero mean and o variance equal to

oY = 239_ (40t Oo,4) —16(0'3,1 +0y3) + 6?4 02,2+”4";2(40§,0 +4°'?,1 -

= o242 2
— 80y,,05,) T 4%, (400,2'}'40’1,1"80’1,19‘0,2)-

Moreover, under ﬁllL,d,L the central moments of Ay—N¥ 6 up to the
order L tend to the respective moments of the limiting disiribution.

Proof. 4,—FA, is a linear combination of the coordinates of
(4.1.5) and hence by Theorem 4.1 its limiting distribution is normal with
the variance equal to ¢% and the statement concerning the central moments
is true. In view of the convergence theorem [6] it remains to prove that
EAy— N6 tends to zero with N — oo.

It is known ([22]) that ESy = 3 R+ O(N~'). Consequently,

k=—c0
(4.1.31) Edy—N'0 = N [ESy+BSy—2BMy— ' (R,— Ry
k=—oa

= zN*( D, BuBy—BMy)+0(N7),
k=-c
Now, changing shghtly the proof of Lemma 2.3 in [36], we can prove

that under H“ 2 I|RyR,| < oo. Indeed,

ZlhrlZ lh'sl Zk hlc+hlc = % ’hr}.’)’al ikmf‘l’ﬁi)

re=0 8=0 7, u=0 k=1

o0

%2 gl { 3 (T4 7) B+ Z (l+8)h )
r,6=0 k=1

>1 2 I, i) kaﬁ,ch“,g 2 gl X Te Ry hs sl
r,6=0 k=1 =0 k=1

_ Z’“ 2 Bhghy gyl = Zl’czmrhﬁ,tl 1hsﬁ5+k| > D kIR R,
k=]l  r,8=0 s-o k=1
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and the three sums in the first line are convergent. Hence, owing to the
independence of C; , and 0,r N3

‘N*( 2 R Ry — EMN)l

~ lkl [/ .
lkl=N |el<N |kl <N
<FH D NIBRI+2 D bR+ Y o lknz?kR,.l}
k=N kl<N Ikl <N
<HH D WIRRI+S D) k1B E,]
k=N \kl<N

< 6N Y kR K, = O(N-Y)
k=1

and in view of (4.1.31) lim (B4, — ¥'6) = 0, which was to be proved.
N-00

Now A, must be suitably normed and, therefore, a sequence of
statistics is needed which converges in probability to o .

Put

Eaogr = 37 2 B @ik B <wyr =0,..., u—1,
and let 0’,\ vy DE clefmed as C,,, with o’s 1eplaced by 2's. Furthemwre,

we replace Oy y, ck ~ and N appearing in Sy, Sy and My by Cy, ,, G,y,,, "
and », 1espect1vely, and denote the three thus transformed expressions

by 8§, ., S,,,. and M, .. Then let

1 r—1 1 rn—~=1 9
'A'v,'r = v*(Su,r_j‘_Su,r—g"]fu,r)! B,u,v = —Z (A;,r__;ZAv,t) .
Iu r=0 M t=0
Lemma 4.3. Under ﬁu
plimB, , = o%.
N—oo

Proof. Obviously, the expectation and variance of A, . for any r
arve respectively cqual to K4, and var 4,, where 4, is given by (4£.1.2)

with N replaced by ». Let
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=1 .
Hence EB,, = y‘lyz"vaerA,,.,. = var4, and therefore by Theorem 4.2
=0
(4.1.32) lim BB, = o%,
N-—oo

because v — oo when N — oo.
It can be checked that after ecasy transformations

B—1 4
(4138)  B(B,,—B, ) =u" > B[[](4,,—B4)|.
779,73, 74=0 tmal

The summand of the right-hand side of (4.1.33) is one of the fourth
mixed central moments of (4,,,...,4,,) and it differs only slightly
from the fourth central moment of 4,; but the latter is a linear combination
of fourth moments (mixed and univariate) of v»*(28,, 2 S, M,) which can be
expanded in the manner described in the proof of Theorem 4.1. Conse-
quently, the summand in (4.1.33) can be presented as a linear combination
with constant cocfficients and a finite number of terms consisting either
-of two octic factors or of one factor of degree 16, the factors being formed
according to the rules (a), (b) and (c) given in the proof of Theorem 4.1,

with & replaced by » and with ; and §; in the arguments of V’s and Vs
replaced by a;+7;» and f;4+rv (¢ =1,...,4). Hence the right-hand
side of (4.1.33) is a linear combination, with constant coefficients multiplied
by p~% of terms consisting of a fourfold sum with respect to 7y, ..., %,
and of & product of one or two factors described above. Proceeding as
before in the proof of Theorem 4.1 we can easily show that all these terms
are bounded and that they are zero in the limit except possibly those
which contain two factors identical to some I-factors subject to the pre-
viously described modifications concerning a’s, f's and N. But obviously
in each of the latter terms the sums with respect to 7’s can be factorized
and x~* can be apportioned among both factors. Consequently, the
terms under consideration are produets of two octic factors, each of them
being a modified I-factor with an associated double sum with respect
to s and with the coefficient x~*. Any such factor tends to zero; the
proof of this statement will be now outlined for a factor corresponding
to the I-factor described in case (¢) in the proof of Theorem 4.1. Under
this assumption we can present the considered factor in the form

2 A sty 04y Where a4y, is given by the third line of (4.1.29) and

.p,2,8=—-00 '

#2*dP), . is the number of all the systems of integral values of the
variables (ry, a;, By, &y, 74, as, B2, k,) satisfying

(4.‘.1.34) p = al—a2+(7‘1—-’)'2) ’V, q = kl, 8§ = 762

and such that 0 < 7 < ‘M—'l, 1< O;y ﬁ,‘g 1’—1701', lk‘il < 7, 1= 1, ...,_4.

We can easily see that p?»%d8) , = O(us®) and 0<d¥),,<2 for any
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given p, ¢, s and ». Hence by (4.1.26) the investigated factor tends to
Zero.

For the other factors corresponding to the remaining I-factors the
proofs are almost identical because in each case the formulac expressing
P, ¢ and s in terms of a’s, A’s and 7’s contain a condition similar to the
first one in (4.1.34) and therefore the corresponding d,‘,’,’q_s is O(u»?). This
is easily seen for any I-factor considered in the proof of Theorem 4.1
and can be also checked for any I-factor arising in NvarS, or N var§N
in view of the fact that the involved “8” and “4 — 4” factors were consid-
ered in the proofs of Propositions 18.4 and 19.1 in [22], and slightly
changed “2—-2-—4" and “2—6” factors were considered in the same
paper in the proofs of Propositions 20.1 and 21.1, respectively.

Consequently limE(B, ,—B,,)? = 0 and hence

N-ooo
.(4.1.35) p lim (B,,— B,,) = 0.
N-»o0
It remains to prove that p lim B, , = o%.
Consider the limit of Nooo
(4.1.36) EB;i, — (EB;_,, )2
u—1
= w7 D {B(4,,—BA)A,,~ BA) - B(4,,— BA)B(4,,— BA).
r,t=0

For any # and ¢, the summand of the right-hand side of (4.1.36)
consists of two expressions: F[(4,,—FA4,)*(4,,—E4,)*] and —F(4, ,—
_EAv)zE('AV,t - E'A‘v) % .

The first expression is one of fourth central moments of (4, ,, 4, ).
Proceeding as before in the case of the summand of (4.1.33) we can present
this expression a8 a linear combination with constant coefficients and
a finite number of terms consisting either of two octic factors or of one
factor of degree 16; these factors are formed according to the rules (a),
(b) and (e¢) given in the proof of Theorem 4.1, with the following diffe-

rences: (1) a; and B; in the arguments of 7’s and Vs are replaced by
a;+7v and B, for i = 1,2 and by a;+1% and §;+tv for i =3,4; (29 ¥
is replaced by ».

The second expression is a product of — var 4, , and var 4, ;. Obviously,
var4,, is a linear combination with constant coefficients of octic factors
which are identical with the octic factors in the expansion of (4.1.6) in
Theorem 4.1 if only N is replaced by » and o; and f; in the arguments
of V’s and V’s are replaced by a;+#v and §;+» (i = 1,2); var4,, can
be expanded in a similar way, but it is convenient to use summation
variables (%k;, a;, f;) with ¢ = 3, 4.

It is easily seen that those terms in the first expression which do
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not contain any factor with r and ¢ appearing both in the arguments of

7's and Vs forming this factor cancel out with the appropriate terms
in the second expression appearing with the opposite sign. It follows that
all the terms in the second expression are cancelled for any r and ?. Con-
sequently, after the cancellations, the right-hand side of (4.1.36) is a linear
combination, with constant coefficients multiplied by x~?, of terms con-
gisting of a double sum with respect to » and ¢ and of a product of one
or two factors such that + and ¢ appear both in each factor. Proceeding
as before in the proof of Theorem 4.1 we show that all these terms with
their coefficients are bounded and they are zero in the limit except possibly
terms containing two modified I-factors (i. e. I-factors subject to modifi-
cations concerning a’s, #’s and N which were previously described). A pro-
duct of any two modified I-factors with the corresponding summation
signs with respect to r and ¢ and with the coefficient »~* can be presented
in the form ZGS’?“H; where I = (p1, 1, S15 P2y oy 8o) With 9, ¢;, 8, (6 =1, 2)
assuming any integral values in (— oo, co), the sum being extended to
all the possible combinations of arguments of II. The exact form of ey
and a; depends on the precise nature of the two involved modified I-
factors. It is clear that all the possible pairs of modified Z-factors have
to be taken into account. For example, let us investigate the situation
when both modified I-factors correspond to case (c) described in the
proof of Theorem 4.1. Moreover, assume that ay, By, &y, ag, Ba, k3 are
the summation variables of one factor and a,, f,, ks, a4, fs, k, are those
of the other one; in this way both » and ¢ will appear in each factor since
o; and g, eorrespond to r for ¢ = 1, 2 and to ¢ for 4 = 3, 4. Then, proceeding
as in the proof of Theorem 4.1, we find

Pr=a—aygt(r—1t)y, ¢ =k, 8 =k,
Pr=—a+(r—1t)y, G ==k, 8 =1I

(and this is the counterpart of the third line of (4.1.28)), and

(4.1.37)

an = % Ve(D1; D1t 1y 0y [81]) Va(P2y D245y O, ]%D'RUqIR‘qgéissz

(and this is the counterpart of the second line of (4.1.29)), while u*»%ely
is the number of different values of I7 satisfying (4.1.37) and such that

o<, I<<pu~—1, 1< o ;< v— Ky, kil <» (1 =1,...,4)

Now, in view of the first equation of (4.1.37), for » > max(|p,, [p.l) +
+max (|gyl, |gsl, 1811, I82]) and for any given value of I, at most 2u pairs
of (r,¢) must be considered so that u®+*e®) < 2u°. Hence in this case
lim ¢f) = 0 and 0 < ef) <2 for any /T and »; therefore by (4.1.26) the

N—oo
involved term tends to zero when N -> oo.
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The same conclusion holds for any other pair of modified I-factors;
the reasoning is quite similar to that deseribed above. This follows from
the fact that in each case the formula replacing (4.1,37) contains at least
one expression similar to the first expression of (4.1.37), the only altera-
tions being that p, can be replaced by p, or g, or ¢, and a;—a,
can be replaced by a;—f, or §,—fs or a,—f, or f,—f,. Because of this
at most 2y pairs of (r, ) must be taken into account, and since the number
of admissible sequences of values of (e, §;, k;; ¢ = 1,2) for any pair

(r,t) is smaller than »%, l}ylm e} = 0 for any I7 and €% are collectively
—~c0

bounded. Therefore the limit of the left-hand side of (4.1.36) is zero and
hence by (4.1.32)

(4.1.38) lim EB?, = .

N-00

It follows that by (4.1.32) and (4.1.38)

lim E(B,,—d%)* = lim EB?,—2 lim EB, ,c% +d% = 0
N-o N—oo

N—o0

and therefore p limB,, = ¢% which completes the proof in view of
(4.1.35). N=oo

Now we can define the test A which rejects H,: 6 = 0 when 4 (B,,)™
> {i_ay (1_q being determined by (3.1.4).

THEOREM 4.4. Under ﬁm, the power of the test A is asympiotically
equal to 1 when 6 > 0, and to a when 6 = 0.

Proof. By Theorem 4.2, Lemma 4.3 and the convergence theorem

([6]) (Ay—2N0)(B,,)~* is asymptotically normally distributed with
a zero mean and a unit variance. Hence for 6 = 0

].imP(AN(B",,)_* > C]—a) = da
N—ooo

and the second part of the theorem is proved. Furthermore, by Theorem
4.2 plim N4, = 6 so that in view of Lemma 4.3 it is easy to check
N—oo

that for 6 > 0 {4y (B,,)"*} tends in probability to + oo and consequently
lim P(Ax(B,,) > &) = 1.

N—c0

4.2. Connections with trend estimation problems. Although the test A
is directly applicable in practice in the cases considered in Section 4.1
only, it is hoped to be also useful in trend estimation and post trend
elimination analysis.

Let {2} = {z,+v,} and {r} be any processes such that {z} and
{%,)} satisty H 5,5 20d {y,} is & determinate trend. We assume that we can
independently observe {2}y and {#}y. For instance, {z} is an output
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of a technical device when an experiment of some kind is performed and
{#,} is an output of the same device in a control situation; more generally,
{,} is the noise which is expected to exist in the investigated process
{#;} and which can be separately examined.

"~ One question which arises belongs to post trend elimination problems.
We ask whether {%,} and {%,} are identical, i. e. whether {%;} is really the
only stochastic component of {z}. It is natural to solve this problem elim-
inating trend from {z}y and testing the equivalence of {w,} and {&;}
on the basis of the residuals {¢,— %"} and {%,},. It would be interesting
to know whether, for a chosen class of trends and a chosen trend esti-
mator {#{¥}, the power of the test A applied to {%,—¥M}y and {Z}y
preserves its agymptotic properties. If we confine ourselves to {y;}¢ 8’ and
to the trend estimator {f, 5} when 7 satisfies (2.8), we only have to prove
that the replacement of {z,} by {2+ v m}x does not affect the asympto-
tic power of the test A. It is believed that this is true although the proof
has not been carried out.

Alternatively, suppose that {2} = {#}-+{y,} and that we want to
estimate {y,} on the bagis of independent realizations of {z;} and of {#,}.
Let {F'y} be a sequence of test functions which depend on {,}, and {z;}y.
The idea of F-estimators introduced in Section 2 can be extended to cover
this case; it seems that the test A might be useful in this context too.

5. Comments

Mathematical models in which the investigated process {z} is a sum
of a systematic “trend” component {z;} and a random “noise” component
{m} have been frequently considered in statistical literature from its
early beginnings until the most recent times. These “error” models differ
in assumptions concerning {z,}, {,} and the set T of values of parameter
i. T is usually specified as {0, +1,...} or €0, 1) or as 2 multidimensional
counterpart of any of these sets. The noise component {z,} is a stationary
process of some kind, one — or multi-dimensional: “white noise” with
a known variance in the simplest case, and a linear process with unknown
spectrum in very general cases. The trend component {y,} was usually
assumed to be linear with respect to some real parameters ay, ..., a,, (the
number m being assumed to be known) and the properties of o, i. e. of
the estimators of «; ({ = 0,..., m) based on the sample Ri(1ys « o9 2 4(N)9
t(j)eT for j =1,...,N, were extenswely investigated (see e.q. [1],
[7], [13], [17], [31]), especla]ly when a; was a least-square or maximum
hkehhood estimate of a,. Moreover, in these models the properties of
a, implied in an obvious way some properties of trend estimator {yiM}
derived from {y,} when a; were replaced by &;.
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-Other trends in error models attracted much less attention; the most
frequently investigated case was that of trends of the form of

m

(5.1) Yom(Gos ooy @) = D aifi(t), @y #0,

1=0

where the infinite sequence of functions {f;} was given and the number
m was unknown. Polynomial trends of unknown degrees are a special
case of the latter trends. The only serious attempts at estimating such
trends seem to be those described in {1] and [15]. Anderson in [1] agsumes
that the upper bound of m is known and defines an estimator # of m by
a multiple decision procedure which has some optimal properties for any
finite N when T ={0,+1,...} and {=,} is a sequence of independent normal
variables with zero means and a common variance which is known; this
procedure, slightly modified, still possesses asymptotically some optimal
properties under somewhat less restrictive assumptions about {z;}. Also
Hoel’s model [15] assumes normality and independence of #’s, 7 being
equal to ¢0,1>. For more general assumptions about {z,} the problem
is open; moreover, it seems that the multiple decision approach according
to [19] is not quite satisfactory here until the properties of {y,,;n(&o,
..vy @)} are considered instead of those of ay, ..., a, and 7. The last
remark concerns not only models with linear trend given by (5.1): for
any error models the decision theory approach will be desirable but at
the stage of estimating {y,} and not only at the stage of estimating the
parameters of trend. It is also well known that any attempt of this kind
implies the introduction of many additional parameters characterizing
our desires and the choice of these parameters is difficult. Finally, it
should be noted that various concepts derived from the estimation theory
of the parameters of the distributions of random variables: unbiasedness,
effectiveness, confidence regions ete. are often useless as applied to trend
parameters. For instance, unbiasedness of the number m in (5.1) is meanin-
gless, since the repercussions of overestimating and underestimating m
are quite different.

One gets the impression that, once out of the beaten track of models
with linear trends when m is given, there is no general satisfactory approach
towards trend estimation problems. On the other hand, there is an arca
of statistical inference which often interlaces with these problems: it is
the analysis of residuals, which belongs to the oldest statistical traditions
and is even more attractive nowadays because of the development of
computer techniques.

The word “interlaces” was used here not by an accident, because
it is difficult to qualify more precisely what kind of relationship exists.
Residuals are traditionally applied in practice to verify error models,
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but the theoretical background is lacking. Most often various tests for
detecting trends (“no trend” tests) are used which verify the hypothesis
H, that {#} consists of {#,} only; if H, is rejected, then we are authorized
to claim the presence of a trend. It is not correct, however, to verify the
model by replacing groundlessly the observations of {z;} by those of the
residual process {z— 7™} for a given trend estimator {#{*’}, and consid-
ering the model ag verified if H, was not rejected. There exist also tests
constructed to verify some detailed assumptions about noise, the test
functions of which depend on the residuals {z,— %™}y only. Among them
the best known are the tests of Durbin and Watson [6] and of Anscombe
[2]. However, these tests are also of the “significance” type so that they
cannot protect against an erroneous positive verification of the model.
Moreover, these tests apply only to very simple models.

F-estimators introduced in this paper present an attempt to express
more closely the relationship between the model verification and trend
estimation problems. They are obviously related to the tests discussed
above ([2] and [6]). The need of appropriate concepts of that kind is also
evident for instance in the history of trigonometric trend estimation.
Many authors ([8], [12], [14], [34]) considered a “no trend” hypothesis
for gradually more general assumptions about {z;} and constructed tests
which were consistent against the hypothesis that a trigonometric trend
is added. In one of these papers ([14], 1949) a sequential estimator
of trigonometric trend based on residunals appears, presumably for the
firgt time in the statistical literature, although this paper does not mention
estimation problems: the estimator is only numerically calculated as
an example which aims at demonstrating in an unprecised way the capa-
bilities of the proposed test. And this is not a separate case that an author
has difficulties in saying explicitly what he expects from the suggested
test of the “no trend” type. It seems that the history of the trigonometric
trend estimation (including [26] and [27]) might be to a large extent
summarized in the form of a sequence of various F-estimators.

Of course, F-estimators do not solve the problem of model verifi-
cation by means of residuals but it seems that they constitute some progress
in this direction. In any case, they throw some light on the requirements
whieh should be imposed on “no trend” tests.

It should be noted that the latter tests based on residuals are needed
not only in error models. First of all, Cox and Snell in [4] introduced an
interesting definition of a “residual” in models more general than error
models, although they did not discuss further inference. The model con-
gsidered by Box and Jenkins in [3] is another example. The process {z;}
in [3] is supposed to be such that the m-th difference of its variables is
@ special case of a linear process. The authors of [3] suggest that the
parameter m should be “identified”, i.ec. estimated in some informal
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and subjective way. But it seems that the situation here is parallel to
that in the case of estimating the number of terms in the polynomial
trend and that a sequential estimator of m based on an appropriate “no
trend” test is possible. The power of such a test applied to the subsequent
differences of {#;} should have required properties parallel to those posses-
sed by the powers of the tests T* and J* in the case of a polynomial trend.

Generally, interesting although controversial ideas given in [3]
concerning “model diagnostic checking” and “model identification”
illustrate the need of appropriate “no trend” tests in this kind of models.
A fruitful application of such tests in the latter models seems possible.
On the other-hand, this is rather dubious in the case of a model described
in [33]. In this model {2,} is an autoregressive process with time-dependent
parameters, i. e. for any ¢ =0, +1, ... 2, satisfies

(5.2) B—a (), — ... —a(0)z_p =&,

where p is known and {g} is a white noise, The author of [33] considers
the estimation of a;(t) for a prescribed value of ¢. As the starting point
he takes a test for non-stationarity described in [28]. This test is a kind
of two-way analysis of variance on logarithmically transformed estimators
of the so-called evolutionary (i. e. time dependent) spectral density fune-
tions of {7} for a number of arbitrarily chosen values of the parameter ¢
and of the frequencies w. However, the well-known and only partly solved
difficulties with the estimation of the ordinary speetral density function
(sée the discussion in [37]) are increased in the case of time-dependent
speetra. It seems that it is extremely difficult to treat (5.2) properly by
statistical methods.

In view of their applications in error and related models, “no trend”
tests should be constructed for possibly general null hypotheses about
the noise component. The number of tests for independent normally
distributed 2’s i3 enormous, and there still exist various tests referring
to the case when normality is not assumed, but the situation changes
when the assumption of independence is to be dropped. Hence the tests
J* and 1™ proposed by 8. K. Zaremba in [36] and [38] are so valuable
suggestions.

Except for the simplest cases of white noise, the properties established
for various tests are only asymptotic. That this is not satisfactory, is well
illustrated by the results of Section 3 in this paper: the same results are
obtained there for the test T* and the test J* with respect to polynomial
trend estimation. On the other hand, numerical examples which were
worked out on both tests and the general investigation of the powers
of both tests under a special alternative hypothesis ([38]) suggest that
the test J* is more suitable for polynomial trends than the test 7% The
latter wag designed to deal mainly with a trigonometric trend, We believe
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that a superposition of these two tests will unable us to deal with more
complicated trends as well. It is only doubtful whether a confidence
interval for such a trend will be obtainable. The one described in Section
3.2 provides an important contribution to polynomial trend estimation.
Tt should be noted that when the estimated value of m is smaller than
the true one, the confidence interval ig usually excessively wide, which
diminishes the risk of wrong conclusions. On the other hand, the confid-
ence interval does not protect us against an erroneous assumption that
the 2’s are independent: such an assumption leads, as a rule, to a drastic
underestimating of the confidence interval.

The estimation of ) R, easily deducible from Section 3.2 is an example
of post trend elimination problems. Many other problems of this kind might
be investigated for F-estimators in 8’ when the assumptions of Theorem
9.1 are satisfied. For ingtance, the autocorrelation coefficients based on
the regiduals in question have the same joint asymptotic distribution
a8 those based on {z;}y. A similar result can be established for a truncated
periodogram (formula (2.6) in {20]) when the truncation point is chosen
a priori. If, however, the truncation point is estimated from the observa-
tions as proposed in [20], any proof that the asymptotic distribution
i§ not affected by the replacement of {#}y by {2 —¥,s}n is still not
available.

As mentioned in Section 4.2, the test 4 is also not yet included into
post trend elimination inference. This test seems to be va;lua:ble, mainly

because it is based on efficient estimators of DR} and ERm i.e. on Sy

and Sy; Sy, introduced by 8. K. Zaremba in [22], seems to be a key
statistic in time series amnalysis. The possibility of testing the equivalence
of two noise components is obviously desirable, and tests similar to the
test A under so general assumptions about {z,} are nearly non-existent.
The only one we have found is that deseribed in [11], p. 107, which, how-
ever, has a test function so complicated that it is difficult to caleculate
its value and it would be not easy to investigate its properties. Actually,
the asymptotic distribution of the test function under the null hypothesis
wag found, but only when x, and x, are equal to zero; otherwise a know-
ledge a priori of the spectra densities of {®,} and {Z,} is required.

The last remark concerns a matter which must be regarded as one
of the most important in methodological approach to statistical analysis
of time series: namely, that it is useless to consider methods assuming
the existence of an a priori information which cannot be available or
verified in practical applications. In trend estimation problems, we are
often confronted with a situation in which the estimation of some unknown
noise parameters is possible only after the elimination of the trend while
the estimation of trend is impossible without tho estimation of these
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parameters; and in any case the influence of the replacement of the true
values by estimated ones is very difficult to invegtigate.

We believe that the methods proposed in this paper are free of draw-
backs of this kind, the considered model with a linear process as a noise
component being thought to be sufficiently general to have an useful
application in practice.

I am greatly indebted to Professor S. K. Zaremba, Université de Mon-
tréal, for his guidance in the field of the time series analysis and for his most
valuable criticisms and continuing interest in my research. His results,
in particular those concerning Sy, the tests 7% and J* and the method
of proving asymptotic normality when linear processes are concerned,
have been the starting point of my present work. He also helped me to
clarify and. simplify some proofs, specially that of Theorem 4.1.
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