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Abstract

We prove existence of the solutions of the constraint equations satisfying “hyperboloidal
boundary conditions” using the Choquet-Bruhat—Lichnerowicz—York conformal method and we
analyze in detail their differentiability near the conformal boundary. We show that generic “hy-
perboloidal initial data” display asymptotic behaviour which is not compatible with Penrose’s
hypothesis of smoothness of .#. We also show that a large class of “non-generic” initial data
satisfying Penrose smoothness conditions exists. The results are established by developing a the-
ory of regularity up-to-boundary for a class of linear and semilinear elliptic systems of equations
uniformly degenerating at the boundary.



1. Introduction

A couple of years ago the first semi-global (i.e., global to the future of the initial data
hypersurface) existence theorem in general relativity was proved by Friedrich [35], for a
class of “small” initial data satisfying some asymptotic conditions (cf. [22] for a differ-
ent class of “small” data results). An important problem related to Friedrich’s theorem
remained open: it was not clear “how many” initial data satisfying the required “hy-
perboloidal” asymptotic conditions existed. The classes of metrics which were known to
satisfy the appropriate asymptotic conditions (cf. e.g. [12] for a review of previous work
on this subject), namely the boost-rotation symmetric space-times and the Robinson—
Trautman space-times (cf. also [67]) were of a rather special kind, and semi-global exis-
tence results have been proved for these space-times by different methods [13, 23]. More
recently, a new class of space-times satisfying the hyperboloidal asymptotic conditions
has been constructed by Friedrich [34], using a clever trick of “exchanging i with i*”,
it is, however, still unclear how large a class of metrics can be obtained in this way,
especially since the space-times constructed in [34] are analytic.

In [6] in collaboration with H. Friedrich we have constructed a large class of “hyper-
boloidal” initial data using the conformal Choquet-Bruhat-Lichnerowicz—York method
under the assumption of smooth background fields and of pure-trace extrinsic curvature
of the initial data hypersurface. In this work we generalize the results of [6] in two di-
rections: We construct solutions of the constraint equations with an extrinsic curvature
tensor which is not pure-trace. Moreover only a finite degree of differentiability of the
“background fields” is assumed. We analyze exhaustively the asymptotic regularity of
the fields thus constructed in the “asymptotically hyperboloidal” setting. We show that
for generic “backgrounds” the Cauchy data constructed by the conformal method start-
ing from a “conformally smoothly compact” Riemannian manifold will not possess the
asymptotic regularity compatible with Penrose’s smoothness requirements for .#. On the
other hand, we also show that there exists a large class of non-generic “backgrounds” for
which the solutions will display the required regularity.

We shall analyze the asymptotic behaviour of the solutions of the constraint equations
under various differentiability conditions on the “background” metric on the conformally
compactified manifold. We wish to stress that the issue of the differentiability hypotheses
is not an academic one, because “physical” fields are obtained by an infinite stretching
of the “unphysical” ones and thus imposing too strong differentiability conditions at the
conformal boundary may result in a set-up inadequate for describing sufficiently general
physical situations; some indications that it might be unrealistic to expect smoothness
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at the conformal boundary in generic situations may be found in [22, 21, 70, 26] (cf. e.g.
[27] for a review of previous results on this subject). To obtain a real understanding of
the behaviour of the gravitational field at null infinity it clearly is necessary to establish
what asymptotic conditions are appropriate from a physical point of view. One might
try to put forward various criteria which might be considered as physically desirable:

(i) existence of a local in time evolution of the data,

(ii) existence of a notion of total energy

(iii) and finiteness thereof,

(iv) existence of a notion of angular momentum

(v) and finiteness thereof,

(vi) existence of a development (*M,~) of the initial data set which admits a %
(incomplete, half-complete (i.e. complete in one time-direction only) or complete?) of
some differentiability class (C°(*M), C>**(* M), C3(* M), Hs(* M N3M), C=(*M)?)

(vii) existence of a development of the data up to i,

(viii) one might wish to add the requirement that the function spaces considered in-
clude those data sets which arise by evolution from generic initial data which are asymp-
totically flat at spatial infinity, and finally

(ix) one might ask for various mixtures of the above.

C8((M) @ C®(®M) differentiability of (g, K) after compactification together with the
vanishing of “shear of the conformal boundary” guarantee that most of the requirements
(i)—(vil) are satisfied [5]. Recall that Friedrich’s theorem, as applied in [5], guarantees,
loosely speaking, a) an incomplete .# for general C8(3*M) @ C%(®M) data as above, and
b) a half-complete .# for those data which are close enough to the Minkowski data in
C8(3M) @ C%(3M) norm. Of course, one has the known angular momentum ambiguities
in the BMS group. In any case, point (viii) is not known to hold. We would like to empha-
size that it is not known what degree of differentiability up to the conformal boundary is
a necessary condition (1) for any of criteria (ii)—(viii) to hold in generic situations. Let us
note that given initial data (3M, g, K) (satisfying the, say vacuum, constraint equations)
with (g, K) locally in Hy(3M) @ Hy,_1(3M), k > 5/2, there exists a vacuum development
(*M, ) regardless of any asymptotic behaviour of the fields (this follows from the re-
sults of [48] by causality arguments as presented, e.g., in [43]). Moreover requirements
of maximality and global hyperbolicity render (*M,~) unique, at least when k is large
enough (2). It follows that perhaps the most fundamental criterion (i) above imposes no
restrictions on the asymptotics at the conformal boundary. For this reason we have found
it of interest to construct Cauchy data for which there exists a conformal compactification
in some sense, under conditions which arise naturally from the mathematical analysis of
the problem. We are planning to investigate the problem of weakest possible hypotheses
on the asymptotic behaviour of (g, K) for criteria (ii)—(vi) in the future.

(*) This should be contrasted with some of the results concerning space-times asymptotically
flat at spacelike infinity, where e.g. sharp results are known for the well-posedness of the notion
of energy-momentum, etc.

(%) Cf. [17] in the smooth case, and [43] for a reasonably complete proof for k > 4; for
k > 5/2 this has been claimed essentially without proof in [20].
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It should be emphasized that we construct initial data sets which admit conformal
compactifications of various degree of differentiability, leaving aside the problem of com-
pactifiability of the Cauchy developments thereof (criterion (iv) above). Under the condi-
tion that the “background fields” used to construct the Cauchy data are in, say, C> (3 M)
we show that the resulting Cauchy data set is generically in C2**(3M), A € (0,1), but
not in C3(*M). However, we also show that there exists a “big” (infinite-dimensional)
subset of non-generic smooth background fields such that the resulting Cauchy data are
smoothly compactifiable. It follows from the Penrose’s vanishing Weyl curvature theorem
[64] that only a small subset (still infinite-dimensional) of the above smoothly compact-
ifiable Cauchy data will give rise to a space-time with a smooth .# (cf. [6] for some
results concerning this problem in the pure trace extrinsic curvature case, and [5] in the
general case). One can envisage the possibility that the existence of any kind of compact-
ification of the space-time necessarily leads one to, say, C*(*M) compactifiable hyper-
boloidal initial data sets only with some k > 3, though this seems rather unlikely to the
authors.

To deal with the problem of regularity at the conformal boundary we had to introduce
a large number of function spaces, probably more than seems reasonable at first sight: we
wish to argue that this is not the case. As usual in PDE problems the appropriate function
spaces are Holder- and Sobolev-type spaces: to capture decay of the solutions one has to
consider weighted versions of those. The motivation for considering various Sobolev-type
weighted spaces, as e.g. x®W/, is their appropriateness for studying the evolution of
the initial data, a problem which we plan to consider in the future. On the other hand
Holder-type weighted spaces x*Cj4x are intuitively more transparent, and the results
in these spaces are easier to understand for non-experts; these spaces also seem to be
somewhat better suited for proving results which can be used to draw conclusions about
the interesting case of a smooth-up-to-boundary background — this is especially apparent
in the case of the vector constraint equation. Cpy (# 2*Crya!) and W (# W)
arise as spaces on which the operators we consider are isomorphisms, for appropriate
ranges of the exponents a. It turns out that for some critical values p+ of the exponent
« the solutions of the equations we consider “pick up” log terms, even though the source
term did not have any. Since in the non-linear problem we need to iterate the results of
the linear theory, we are forced to consider equations where the log weighted terms appear
as sources: this leads us to introduce the spaces Cg‘f)\ and W' PP of functions weighted
by a factor z%|logz|®. The “conormal-type” spaces 2%Clya|m appear naturally when
investigating in more detail the behaviour of the solutions near the boundary. Finally
the spaces AP of “polyhomogeneous” functions are the spaces to which solutions of the
equations considered here belong, in the case of smooth coefficients and smooth sources.

This paper is organized as follows: in Section 2.1 we briefly introduce the “hyper-
boloidal initial data problem”; for the sake of the reader interested mainly in the C*°
case we state in detail our main existence and regularity theorems under the hypothe-
sis of a smooth background; results under various different differentiability hypotheses
are stated in detail and proved in Chapters 6 and 7. In Section 2.2 we briefly mention
some generalizations of our results from the vacuum case to the case of matter fields. In
Chapter 3 we establish our notations, describe the various function spaces, and prove or
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review some function-analytic results. Lemma 3.3.1 and Corollary 3.3.2 proved in Sec-
tion 3.3 turn out to be very useful in our applications; we believe that these results are
new.

In Chapter 4 various results concerning the regularity near the boundary are proved
for a class of “edge-type” (cf. [58]) linear operators. More precisely, we consider elliptic
systems of equations, with the ellipticity constants degenerating in a uniform way near the
boundary, cf. egs. (4.1.3)—(4.1.4). The results of that chapter generalize similar results of
Mazzeo [58] because we do not need to assume smoothness of the “background” metric;
the methods seem also to be rather simpler than those of ref. [58] (note, however, that
the theory of [58] applies to more general operators and addresses more issues than what
we do here). The main results there are Theorems 4.2.6, 4.2.9, 4.2.10 and 4.2.11. Those
theorems are stated in a somewhat abstract form, but we show that their hypotheses are
satisfied in the applications we have in mind. More precisely, Theorems 4.2.6, 4.2.9 and
4.2.10 are used in Chapter 7 to prove (a form of) classical regularity at the boundary of
solutions to a class of scalar equations, cf. Corollary 7.2.3. Theorem 4.2.11 is used in
Section 6.3 to prove (a form of) classical regularity at the boundary for the solutions of
the equation considered there, cf. Theorem 6.3.11.

In Section 5.1 we prove polyhomogeneity of solutions of some fully non-linear elliptic
equations, under a rather heavy set of hypotheses; these hypotheses are however satisfied
for our (semi-linear) problem at hand, c¢f. Theorem 7.4.1 in Chapter 7. In Chapter 6 we
construct classes of solutions of the vector constraint equation under various differentia-
bility and decay conditions. We use two different approaches to do that; these approaches
give the same space of solutions of the vector constraint equation in the polyhomogeneous
or smooth case. We do not know whether or not this is true in the finite differentiability
case, but we suspect that this is not the case. In Section 6.2 the problem is formulated in
terms of an equation which does not degenerate at the boundary. The main results there
are Theorems 6.2.7, 6.2.8 and 6.2.10. In Section 6.3 the problem is formulated in terms
of an equation uniformly degenerating at the conformal boundary, of the type considered
in Chapter 4. The main results there are Theorems 6.3.8, 6.3.9, 6.3.10 and 6.3.11.

In Chapter 7 solutions of the scalar constraint equation are constructed and their
asymptotic properties are established. More precisely, in Corollary 7.2.3 we verify that the
hypotheses made in the regularity theory developed in Chapter 4 are satisfied for Laplace-
type scalar equations uniformly degenerating at the boundary. In Proposition 7.3.1 we
prove existence of solutions to a class of semilinear equations uniformly degenerating at
the boundary. Existence of solutions of the Lichnerowicz equation, Theorem 7.3.2, is a
corollary of this result. As already mentioned above, in Theorem 7.4.1 we apply the results
of Section 5.1 to prove polyhomogeneity of solutions to a class of semi-linear equations; the
Lichnerowicz equation is again a special case of the equations considered in Theorem 7.4.1
(cf. Corollary 7.4.2). The finite differentiability counterpart of Theorem 7.4.1 is Theorem
7.4.5, which is perhaps the main result of this paper. Theorem 7.4.7 is a specialization of
Theorem 7.4.5 to the case of the Lichnerowicz equation. In Appendix A we prove that
log terms arise generically in the solutions of the constraint equations constructed by our
method. The main results there are Theorems A.2.2 and A.2.3. Finally, in Appendix B
we show how to construct coordinate systems near the boundary M of M which, for
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many purposes, are as useful as Gauss coordinates, and in which no differentiability of
the metric is lost (*). This result is a rather straightforward application of the extension
results proved in Section 3.3. Due to the large number of function spaces involved, for
the convenience of the reader we have included an index (both for terminology and for
notation) at the end of the paper.

There is a non-empty intersection between some of our results and those of refs.
[42, 57, 58, 59, 60], some similar methods have been used in [42]. Some of the argu-
ments we use are standard for this type of problems: we believe, however, that the overall
approach (%) is new. Our methods involve only elementary techniques — scaling, commu-
tation, difference quotients, and an analysis of properties of solutions of an ODE (with
parameters). A key for a relatively simple proof of boundary regularity is an extension
technique for extending finitely differentiable functions on the boundary to locally smooth
functions defined on the whole manifold, cf. Section 3.3. The method is somewhat reminis-
cent of that used by Hormander [45, Vol. III, Appendix B] in a Sobolev spaces setting. It
must however be admitted that the proofs of our main results are somewhat complicated:
the intricacies arise mainly from the finite differentiability hypotheses, and from rather
general hypotheses on «, ay, pg (cf. Chapter 4 for details). The proofs can be consider-
ably simplified if one assumes smoothness of coefficients and sources (k = oo; cf. e.g. [6]).

In the case when the conformal background metric is smooth, a special case of our
main results — the boundary regularity of solutions of the Yamabe equation — has been
independently established by R. Mazzeo [59] using quite different techniques (°). See also
[32, 62] for some related results; cf. [54] for a survey of the Yamabe problem on compact
manifolds and cf. [65] and references therein for some results about the Yamabe problem
with non-constant prescribed curvature.

Acknowledgements. P.T.C. is grateful to N. Trudinger and to the members of the
Centre for Mathematics and its Applications of the Australian National University for
their friendly hospitality during a significant part of work on this paper. Useful discussions
with J. Jezierski, G. Lysik, R. Mazzeo and B. Ziemian are acknowledged. We are grateful
to J. Lee for making some of his work [52] available to us prior to publication, and to
Jiseong Park for useful comments about previous versions of this paper.

2. The hyperboloidal initial value problem

2.1. Conformal compactifications and Cauchy data. In this section we will
recall the basic notions of the conformal framework introduced by Penrose [64] to describe
the behaviour of physical fields at null infinity.

(3) Recall that one loses two degrees of differentiability of the metric when going to Gauss
coordinates.

(*) Once most of this paper was written we have been informed that some of our arguments
are somewhat similar to those of [53]. It should, however, be stressed that most of the work in
this paper is done to handle the finite differentiability hypotheses, while in [53] smoothness of
the coefficients of the equations is assumed.

(®) Tt should be pointed out, however, that the work in [59] is done using stronger a priori
assumptions, cf. [32] for a discussion.
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By a space-time, we mean a connected C'*° 4-dimensional manifold endowed with a
Lorentzian metric. Given a “physical” space-time (./\/l 7) one associates to it a smooth

“unphysical space-time” (M, ) and a smooth function {2 on M, such that M is a subset
of M and

(2.1.1) Q|M > 0, '7u1/|/\}( = 92'/71“/ )
(2.1.2) Qo =0,
(2.1.3) dR(p) #0 for pe oM,

where OM is the topological boundary of M in M. It is common usage in general
relativity to use the symbol .# for 8./\/1 and we shall sometimes do so.

We will use the convention that geometric objects in the physical space-time M
defined w.r.t. the metric ¥ are decorated with a “77 for example R denotes the scalar
curvature defined w.r.t. the connection V and the metricj. N

For simplicity, we will only consider the case when (M,7) is vacuum, i.e. R,, = 0.
In general, this assumption may be replaced by fall-off conditions on the matter fields.
The hypothesis of smoothness of (M, ~, {2) and the assumption that (J\/l 7) is vacuum
imposes severe restrictions on the geometry of (M, ~, 2). If one defines (cf. [64])

(2.1.4) Py, = 3(Ruw — Rvuw),
with an analogous definition for the quantities defined w.r.t. (M\, 7), one has
(2.1.5) 0=Pu =P, + QV V.02 — WVO‘QVQQ Vv
where V,, is the covariant derivative of the metric 7,,. Throughout this paper the fol-
lowing conventions on curvature are used:
VaVXT —V3VoX" =R jap X", Rap=R'ays, R=R",.
Note that the signs in (2.1.5) are opposite to those of ref. [64] because of different curvature
conventions used. Equations (2.1.2) and (2.1.5) imply
(2.1.6) VeV 02|50 =0,
(2.1.7) (VuVuf2 = AV Va27u) o0 = 0.

Let M be a spacelike hypersurface with boundary M in (M, v) and assume that M C M
and OM C OM. Then we may write M = M UOM so that M is the topological closure
of M in M. Let us stress that M is a spacelike hypersurface in physical space-time, and
this is the only exception to our rule that physically relevant objects are denoted with a
hat. Alternatively, we have M= M, but we never refer to M only to M.
Let gs5, K;;, respectively gw,K”, be the induced metric and extrinsic curvature of
M in (M, ), respectively in (M\, 7). If we denote by L% and L the traceless part of
K = g*git Ky, K = Zi\ikgﬂkkb
ij _ pij 1
(2.1.8) L= K 3
LY =K" — 3

one finds o - R N
(2.1.9) LY =LY, |Ll;=0|L|,, K=0K-3n"0Q,,
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where n® is the unit normal to M for the metric 7, and | - |5, denotes the tensor norm in
a Riemannian metric h. Since n® is timelike and, by (2.1.6), V£2(p) is null for p € OM
we have
(2.1.10) Klom = —3n*Q4lon 2 0,
because the scalar product of two non-vanishing non-spacelike vectors cannot change
sign. From (2.1.2) we also have

gijlv = 2°G,
and since V{2 is null non-vanishing at M the equations (2.1.9)—(2.1.10) imply

>0,

>\ 2
(2.1.11) D'QD;Q\on = (5>
oM

3

where D; is the Riemannian connection of the metric g;;. To summarize, necessary con-
ditions for an initial data set (M,g;;, K) to arise from an “extended initial data set
(M, gij, K*) intersecting a smooth .#” are

C1. There exists a Riemannian manifold (1, g) with smooth boundary M and com-
pact closure M = M UM and a Riemannian metric g on M with g € C*(M) for some
k> 2 (cf Chapter 3 for precise definitions of function spaces). Moreover, there exists a
function 2 € C*¥(M) such that
(2.1.12) 9ij = 2%Gij,

(2.1.13) Qoar =0,  |DR|yloar > 0.

C2. The symmetric tensor field K satisfies, for some K € C* (M) and LY €
CEH(M),
(2.1.14) K9 =9+ 1Kg9, K =g,;K",
(2.1.15) K |oas is nowhere vanishing.
The above conditions are necessary but far from sufficient, cf. [5, 4] for a detailed discus-
sion. If there existed “a lot” of space-times satisfying the Penrose conformal conditions,
there should exist “a lot” of initial data satisfying C1-C2. It is therefore natural to ask

the question, can one construct such data sets? This involves constructing solutions of
the scalar constraint equation,

(2.1.16) R+ K? - K;;K" =0,
where R denotes the Ricci scalar of the metric g, and the vector constraint equation,
(2.1.17) Di(K7 — Kg”) =0,

where D is the Riemannian connection of the metric g, under appropriate asymptotic
conditions. No general method of producing solutions of (2.1.16)—(2.1.17) is known, unless
one assumes

C3. The following holds: L
(2.1.18) D,K=0

(cf., however, [18, 50, 28, 14] for some results). Under (2.1.18) the scalar and the vector
constraint equations decouple, and the well known Choquet-Bruhat—Lichnerowicz—York
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conformal procedure [20] allows one to construct solutions of (2.1.16)—(2.1.17). An initial
data set satisfying C1-C3 will be called a C* hyperboloidal initial data set (smooth if
k = 00), while conditions C1-C2 will be called Penrose’s C* conditions. Without loss of

generality we may normalize K so that
(2.1.19) K =3,
and (2.1.16)—(2.1.17) can be rewritten as

~

i
UL )

(2.1.20) R+6=

(2.1.21) D;L7 =0

To construct solutions of (2.1.20)—(2.1.21) one can proceed as follows: fix a Rieman-
nian manifold (M, g) with smooth boundary M and compact closure, and let  be any
defining function for OM (by definition,

zlom =0,  |dz|glom >0,
and z(p) =0=p € IM), set
Jij = v 2gij.
Given a smooth traceless symmetric tensor field B on M satisfying
(2.1.22) D;(BY) =0,

where D is the Riemannian connection of the metric g, it is not too difficult to check
that the fields o o
9ij = "9y, LY =¢71"BY
will satisfy (2.1.20)—(2.1.21) if
(2.1.23) 8A¢ — Rp+ Ap~ " — 6¢° =0,
where B o
A= |B|§ = §ij§k4BlkBﬂ,

and where A = 13151 is the Laplacian of the metric g;;. If ¢ and B are smooth up to
boundary and if moreover it holds that

(2.1.24) dlomr =1,
(2.1.25) Maoar =0,

then (M, gi;, K7} will satisfy C1-C3 (with k = oo).

Note that (2.1.25) forces the coordinate components of B* to vanish to third order
at OM, in coordinates regular near M. It is therefore natural to introduce a new tensor
field BY defined as B
(2.1.26) BY =g73BY |
It turns out that the condition that ¢ and B be smooth up to boundary leads to non-trivial
restrictions. One of the main results of this paper is the following (cf. Corollary 7.4.2,
Chapter 7 and Theorem A.2.3 of Appendix A; cf. also [5] for some related results):

THEOREM 2.1.1. For any smooth (M, g;j,z, B¥7) as above there ezists a unique solu-
tion of (2.1.23)—(2.1.24). Further,
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(i) For given M and x there exists an open dense set (in the C°°(M) topology)
of (gij, B)’s for which the function ¢~ can be extended to a C? function from M to
M, but not to a C® function on M (the third derivatives of any extension of ¢ will
blow up logarithmically as one approaches OM); in particular for generic (in the above
sense) triples (gij, BY) the initial data set (Z]\ij,l?ij) will display asymptotic behaviour
incompatible with Penrose’s C® conditions.

(ii) There exists a “large set” of non-generic (gij, BY) for which 2 = ¢ 2z satisfies
e C>(M).

It should be emphasized that in Theorem 2.1.1 no hypotheses on the topology of M or
OM are made, thus the resulting space-time may have a conformal boundary consisting
of several connected components of varying topology (recall that e.g. some Robinson—
Trautman space-times admit a smooth .# the “spatial” topology of which is not a sphere
[33, 24]). Let us also note that even considering only those data sets for which B = 0,
or for which B% vanishes on M to some desired order, point (i) above will still hold
in the sense that for generic g and B’s vanishing to some prescribed order (or even e.g.
identically vanishing) no C3 extensions of ¢ from M to M will exist.

To complete the construction of initial data sets one also has to produce solutions
of (2.1.22), the standard approach proceeds as follows: Let A% € C°°(M) be a smooth
trace-free symmetric tensor field and set Al = 2341 Let X' solve the equation

(2.1.27) b,(D'x) + /X' - 3DX*59) = D, AV
Then the tensor field defined by
(2.1.28) BY =AY 4 D'X7 4 DIX' — 2D, X*G"

will satisfy (2.1.22).

In Chapter 6 the existence and regularity of solutions to the equation (2.1.27) is
studied. In fact, in that chapter we present two different methods of constructing solutions
of (2.1.27). In particular, the following is established:

THEOREM 2.1.2. Let (M,g) be a smooth Riemannian manifold, with boundary OM
and with compact closure and let x be a smooth defining function of OM. Then, given
a trace-free symmetric two-tensor A € C*(M), there is a unique solution X° to the
equation (2.1.27) of the form

Xi=22X] + 2t log(x) X5, Xi,Xie C®(M).

It should be pointed out that for generic A%, the source term in (2.1.27) will be
generic and thus the corresponding solution X will have log terms, consequently B
given by (2.1.26) with B¥ given by (2.1.28) will be C! but not C? extendible from M to
M. If on the other hand A% vanishes to order two or higher at the boundary, then no log
terms occur in the solution of (2.1.27), cf. Appendix A. This condition is sufficient but
not necessary for non-existence of log terms in X, cf. e.g. [5] for details.

In order to obtain initial data which can be used in Friedrich’s stability theorem [35]
(cf. also [19] for a somewhat different approach) further restrictions on @ij,f( ) are
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needed, among others the assumption that both the tensor field
eag = Vo Vg2 — %WWVMV,,Q%@

and the Weyl tensor C“g.s vanish on 0M. Here eng and C%g,s are evaluated formally
from the Cauchy data (g , Kii ) assuming vacuum Einstein equations. The vanishing at
OM of the tensor eng corresponds to the condition that .# is “shear free”, cf. e.g. [5].
The vanishing of C%g,s on M implies some further conditions on both LY and the
metric g;;. In the case when .# is shear free and L% vanishes on OM, it turns out [5]
that the Weyl tensor vanishes on OM precisely when the restriction of 27 1L¥ to OM is
proportional to the induced metric on OM.

Point (i) of Theorem 2.1.1 thus shows that generic data constructed by the conformal
method will not be regular enough to be used in Friedrich’s existence theorems. In fact the
problem here is much more serious than just being one or two degrees of differentiability
away from a threshold, because one of the fields used in Friedrich’s “conformally regular
system” is d%g,5 = 27 1C%3,5. Whenever C%g.5(p) # 0 for p € M, the field d 5,5 blows
up at OM as 1 /z, and is thus not even in L*(M). It should be stressed that nevertheless
point (ii) of Theorem 2.1.1 establishes existence of a large class of non-trivial data with
asymptotic behaviour compatible with the Penrose-Friedrich conditions.

2.2. Some remarks on non-vacuum initial data sets. In addition to the vacuum
case discussed in Section 2.1, two matter models have been studied from the point of
view of the “conformal Einstein equations”: The Einstein—Yang-Mills system has been
analyzed in the conformal setting in [36]. The Einstein scalar field model, with a massless
scalar field “minimally coupled” to the metric, has been recently studied by P. Hiibner [46,
47]. In those last references P. Hiibner has generalized (1) Friedrich’s results concerning
existence of time-developments “with a piece of I”, or with a semi-global I, to the scalar
field case. In this section we wish to describe briefly how our results on vacuum initial
data generalize to non-vacuum models.

First, it should be noted that the construction given here for the vacuum, zero cos-
mological constant case yields immediately initial data for Einstein equations with a
non-vanishing cosmological constant with the appropriate sign. This requires only a
reinterpretation of what the physical initial data are, once the solutions of the constraint
equations, as described in Section 2.1, have been obtained. (We have, however, not ana-
lyzed in detail the question under what conditions the initial data so obtained will satisfy
all the conditions needed for the well posedness of the evolution problem in the conformal
setting; cf. [37, Section 5.1] for partial results concerning this question.)

Next, let us point out that the results of Chapter 6 clearly allow for the introduction
of sources in the vector constraint equation. Similarly, the existence Theorem 7.3.2 proved
in Chapter 7 holds for quite a large class of couplings of the gravitational field with some
matter sources (cf. e.g. [51] for a discussion of the conformal method for Einsteins equa-
tions with matter). In particular, in the Einstein—Yang—Mills case the scalar constraint

(*) P. Hiibner [46] has also numerically analyzed the evolution problem at Scri for such a
spherically symmetric model. Some related numerical results have been obtained by R. Gémez
and J. Winicour [41]; cf. also M. W. Choptuik [16, 15].
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equation takes the form

I
(2.2.1) %Agaﬁ — Ro+ ;@-W —n(n— 1)t/ =2 —,
with I =2,v =3, %2 =17,& >0, n=3. The method of proof of Theorem 7.3.2 proves
existence of solutions of equation (2.2.1) satisfying the asymptotic condition (7.3.3) when
the initial data for the Yang—Mills field are suitably behaved, cf. also Theorem 7.3.1.
Similarly, the arguments of Corollary 7.4.2, which asserts polyhomogeneity of solutions
of the Lichnerowicz equation, carry over immediately to the Einstein—Yang—Mills case, so
that if the initial data for the Yang-Mills fields are smooth or polyhomogeneous on M,
then the corresponding solution of the Lichnerowicz equation will be polyhomogeneous,
cf. Theorem 7.4.1.

As discussed in the proof of the existence Theorem 7.3.2, one can always choose a
conformal gauge in which R = —n(n — 1) = —6. Then, as made explicit in the statement
of Proposition 7.3.1, the existence argument applies to equations of the form

Agp+ F(y,¢) =0,

with a large class of functions F'. In particular the assertions of Theorem 7.3.2 hold in
the case of a scalar field ¥ minimally coupled to the gravitational field, in the following
sense: For this model, assuming for simplicity that the extrinsic curvature is pure trace,
the Lichnerowicz equation reads

(2:2.2) 8Ag0 + <6 - §|dw|§) = <6 - g(vow)Q) ¢ =0,

where Vo is the derivative of the scalar field ¢ in the direction normal to the initial
hypersurface, k is the gravitational constant and we have assumed that R = —6. Suppose
that there exists ¢ > 0 such that

(2.2.3) 6= Sl >c,  6-5(Vou) e

on M, and suppose further that there exist constants C,a > 0 such that
|4y [3 + (Voyp)® < Ca®

for = small enough. Then Proposition 7.3.1 together with the arguments of the proof of
Theorem 7.3.2 guarantees existence of a solution ¢ of (2.2.2) satisfying the asymptotic
boundary condition (7.3.3). (Here any sufficiently small constant can be used as the
constant C_ of Proposition 7.3.1, and any sufficiently large constant can be used as the
constant Cy of that Proposition.) This, together with the analysis of [63] proves existence
of solutions of the scalar constraint equation with appropriate asymptotic conditions for
a large class of couplings of the scalar field 1 to the gravitational field, in particular
for the conformally invariant coupling. The arguments which we present in Chapter 7
can be used to infer further regularity properties of ¢. More precisely, if the initial data
for the scalar field decay at OM and are smooth (or polyhomogeneous) on M, then the
corresponding solution ¢ of the Lichnerowicz equation will be polyhomogeneous. Let us
also mention that (2.2.3), which is needed in our existence proof, is not needed for the
regularity argument to go through.
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3. Definitions, preliminary results

3.1. Function spaces. Let M be a smooth, paracompact, Hausdorff, n-dimensional
manifold with compact smooth boundary dM. We will denote by M = M U OM the
closure of M. Unless otherwise indicated, M is not assumed to be compact. Note that
with these conventions M is open.

Throughout this paper x will denote a defining function for OM, i.e. a smooth (up
to boundary) function satisfying z|sar = 0, > 0, |dz|4lons > 0, and the implication
z(p) = 0 = p € OM holds. The symbol igps denotes the natural embedding of 9M in
M, ign : OM — M.

We can always choose a finite number of coordinate charts

i O =R T ={yecR":y' >0}, i=1,...,1,
covering a neighbourhood of M such that
(i) y' ==
(11) d)l(ol) = [O,Io) X U, for some U; C Rnil, 0<zo <1
(ili) The transition functions ¢, Lo ¢; are z-independent.

(iv) For every p € Ule O; such that x(p) < /2 there exists i(p) such that the
coordinate ball B(p,z(p)/2) centered at p of radius x(p)/2 is contained in O;).

The symbol 92 will always denote the topological boundary of the set £2: 952 = 2\ (2,
where 2 is the closure of 2. 2 will sometimes be used to denote the interior of £2. We
set 02 = 002\ OM. We shall write 2’ € 2 if ' C .

For 0 < o <azgweset M, = {p e M :0< z(p) <o}, CM, = M\M, = {p €
M : z(p) > o}. We thus have OM, = {p € M : z(p) = o}, M, = OM, U OM. For
0 <o < p < a we also define M, , = {p € M : 0 < z(p) < p}. Decreasing zg if
necessary we may assume that for 0 < o <z the sets 5MU are smooth manifolds.

When referring to coordinates on M, we shall implicitly assume that points (i)—(iv)
above hold; we shall use the letter v to denote the coordinates 32, ...,y";

vi=yt, A=2,...n

Thus
y = (x,v) .

Using the above coordinate system, we shall often identify functions on OM with func-
tions on M,,, or on M, similarly for tensors, etc. If useful in the context, functions f on
OM can also be extended to functions on M by assigning to f the function ¢(x/x0)f (v),
where ¢ € Coo(R) is any function satisfying ¢(z) € [0,1], ¢(x) = 1 for z € [0,1/2],
supp(¢) C [—1, 1], where here and throughout supp(f) denotes the support of f. Some-
times it is, however, useful to use better behaved extensions of f to M, cf. Lemma 3.3.1
and Corollary 3.3.2.

The standard Schwartz multi-index notation is used throughout, thus if a = (aq,. ..

., ap,), then |a| = Y7 | a; denotes the length of a and

9% =90 = 0% ... 000 = 0000 ... Ogr = 91 0L,

where = (ag,...,a,). Further, we will write (z9,)* = xla\ag.
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N denotes the set of natural numbers (N = {1,2,...}), No = NU{0}, N*° = NU{oo},
N§° = NoU{oo}. An integer, without further qualification, is taken to be a number in Ny.
However, sometimes integers are defined as numbers in N. For this reason when talking
about an integer in Ny we shall indicate this explicitly, whenever the distinction matters
and ambiguities are likely to occur.

Let Fy, F5 be two function spaces. f will be said to belong to F} + F5 if there exist
functions f; € F;, i = 1,2, such that f = f1 + fo.

3.1.1. (Non-weighted) Hélder spaces. Let {2 be an open subset of M. For k € Ny the
spaces Ci(£2), Crix(£2) are the spaces of k times differentiable functions on (2; and in
the Cr+x(£2) case the derivatives of order k satisfy a Holder continuity condition with
exponent A € (0,1]. To emphasize the local character of the spaces Ci4x(f2) we shall
sometimes write C}°¢, (£2) for Cj42(£2), whenever confusion is likely to occur. Following
standard notation, (cf. e.g. [1]), for k¥ € Ny the symbol C*(£2) denotes the space of
those functions in Cj(f2) the derivatives of which up to order k can be extended by
continuity to continuous functions on f2; we equip Ck((_Z) with the supremum norm.

The spaces Ci(2), Cr4a(£2) are the spaces of functions differentiable k-times on {2 and
equipped with the supremum norm; and in the Cyyx(f2) case the derivatives of order
k satisfy a uniform Holder continuity condition with exponent A € (0,1]. For A > 0
we have Ciy(2) = CH (), where Ck¥T*(£2) is defined in the usual way as in e.g.
[1]; however Cy(£2) # C*(£2) in general, because functions in Cy({2) do not necessarily
extend to the boundary of 2 together with all derivatives: In particular Cy(£2) # C(£2),
where C(£2) is the usual space of continuous functions on 2 (an example is given by the
function sin(1/z) which is in Co(M, ), while it is not in C(M,,)). Our notation in which
the differentiability index is put “downstairs” is mainly motivated by the fact that it is
natural to put “upstairs” those indices which correspond to fall-off properties of functions
near OM. As shown in the above discussion, this convention on the differentiability index
also helps to avoid a possible confusion between the spaces Ci (M) and C*(M). Note also
that a function in Cy(£2) or Ck4x(£2) is not necessarily bounded up to the boundary 942,
as opposed to a function in Cy,(£2) or Cry(£2). é’k(Q), Co'k+,\((2), etc., denotes the space
of Ci, Ck1x, etc., functions on {2 which vanish in a neighbourhood of 2. When A = 1 the
space Ci4x will always be denoted by “Ciyx, A = 17, to avoid possible confusions with
the space Ck11. “Clria, A = 07 will sometimes be used to denote the space C, similarly
for “C,‘j‘f)\, A =07 (the spaces Cgf)\ are defined below), etc. We set Coo (£2) = Ni.Cr(92).

From the Whitney extension theorem (cf. e.g. [40, Lemma 6.37]) any f € Ciy (M),
A € (0,1] can be City extended across OM; this is however not necessarily so if f €
Cr(M) (A =0).

3.1.2. Weighted Holder spaces. Let {2 be an open subset of M. For o, 3 € R and
k € Ny we denote by C’,‘j"ﬂ(ﬁ) the space of those functions in C(£2) for which the norm

By = = + sup 1+ |Inz|) Pzt 97 f(z, v
I llces @) = I flle @ WS (1+ [Inzl) 07 f (2, v)|
(z,v)€R2NMy,

is finite. For A € (0, 1] we denote by C,‘j‘f)\(ﬂ) the space of those functions in C?’ﬁ(!?) for
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which the norm

”f”C,‘j;g(Q) = Hf”c;‘ﬁ(_o) + HfHCmLA(Q\T%/g)

+ sup sup (14 |In w|)_6$_a+k+’\ 197 (y) - (?fo(y/)l
YEMo( N2 ' €B(y,x(y)/2)NN2 |y ) |
Ivl=k y'#y

is finite. We set O, (£2) = ngro)\ (£2). Although we shall generally avoid such a notation,
we shall occasionally write C}Y, Cf, \, Ck, Ciya, etc., for CF(M), Cp (M), Cr(M),
Cr4a (M), when confusion is unlikely to occur. Note that Cp(M) # Cp(M), Cp, (M) #
Ci+2 (M), and that for o > 0 functions in C,‘j‘f)\(MU) are, together with their derivatives

up to order k, bounded near 5Ma (i.e. that part of the boundary of M, which does not
coincide with OM).

Let F be a function space, and let p be a function. By pF we shall denote the space
of functions f such that p~!f € F. If F has a norm, we set

1fllor = 1o~ fllF -

We have e.g. 2%(1 + |logz|?)%/2C) ., = C’,‘j‘_ﬁ\ (this is easily seen by scaling a ball around
(z,v) of radius x/2 to a ball of radius 1/2).
We shall say that f € >°F if for alli € N, f € 2'F.

3.1.3. Sobolev spaces. For p € [1,00), LP(§2,du) denotes the space of u-measurable
functions defined p-almost everywhere, the p-th power of which is integrable on (2 with
the measure dpu. dpug will always denote the measure associated with a Riemannian metric
g (in local coordinates, du, = /det g;; dy' ... dy™). The symbol LP(£2) or LP will be used
to denote LP(§2, du) when du is the Lebesgue measure d"y = dx d" v in local coordinates
as described at the beginning of this chapter (or a measure equivalent to it in an L™
sense, e.g. dpug, where g is a metric uniformly elliptic in the above coordinates).

Let {2 be an open subset of M, let g;; be a metric which is uniformly elliptic in local
coordinates near M, let di be a measure on M. For o, 8 € R, p € [1,00), k € Ny we de-
fine W/ (£2, g,dp) (respectively Vf/,f(ﬂ, g,du)) as the completion of Coo (M) (respectively
of CO'OO(Q)) in the norm

1 gy = D V(D Fla)" du,

0<t<k

where D is the Riemannian connection of the metric g, and | |; denotes the norm of a ten-
sor with respect to the metric g. We shall sometimes write W} (£2) for W} (£2, g, dp) when
dp is uniformly equivalent to the Lebesgue measure in local coordinates near the bound-
ary, as described at the beginning of this chapter. We shall say that f € W'°°(£2, g, du)
if f e WP((2,g,dp) for all £/ € 2. Similarly we define W,?’ﬁ;p(ﬂ,g,du) (respectively
Vf/g'ﬂ;p((), g,dy)) as the completion of Cso(M) (respectively of Coe(£2)) in the norm

1A sy gy = 2 Y@ F (14 al) (D fly)? dp.
k 0<t<k O
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Note that if the metric g is in Cx(M), then in local coordinates we have
zo
—at[vl =B197 £\P P
0<hl<k S e O 1 e L o]

for some (f-independent) constant C. The space Wg’ﬁ;p(ﬂ,g,x_"dug) will sometimes
be denoted by W,?’ﬁ;p(.(?,g), similarly I/f/,:"ﬁ;p(.(?,g) = Vi/,?’ﬁm (02,9, "dpg), WP =
W% etc. We shall also write L*#% for WP,

The inclusion of the factor =™ in the definition of W ""P(M,g) has the unfor-
tunate consequence that we have W"7?(M,g) = x*t"/?(1 + |[Inz|)PLP(M,d"y) +
2% (1+|Inz|®)LP(M, d"y) when g is uniformly elliptic in local coordinates near the bound-

ary. Even though the latter would seem more natural, this is however more than com-
pensated by the simplicity of the Holder inclusion:

(3.1.1) WP (M, g) € Cf (M), 0<k—n/pgN

(this is easily seen by a scaling argument (cf. e.g. the proof of Lemma 4.1.1) and the
standard Holder embedding, cf. also [3]).

If gij = 27 2g;5, then dug = 2~ "du,, so that Wko"ﬁ;p(M, g) = W,S"ﬂ;p(M,g,d,ug). For
g of this form we shall also define H,‘:’B (£2,9) as the completion of Coo (M) with respect
to the norm

~, B a9
X0 a2 (2.5 = { Y V(D X gz (1 + [na])=7)" dug} /2,
0<t<k

where D is the Riemannian covariant derivative operator of the metric g; with Hy = H ,?"0,
similarly I?Ig'ﬂ((), g) is the completion of CO'OO(.Q) in this norm. It is easy to show that for
functions

H (M, g) = W 72(M, g),
this will however not be the case for general tensor fields.

3.1.4. Non-isotropic function spaces. Let {2 be an open subset of M, let k, m € Ny,

A € [0,1]. We shall say that f € Cypapm (), if f € Crya(£2) N CF,, 1 (£2) and if for all

0 <i+ |y] <m we have (20;)'0) f € Crx (2N M,). We set

ey = W lownm + 3 @00y, cmmm:
0<i+r]<m
Note that OkerJr)\(ﬁ) C C;H_)\‘m(.(_?), Ok-‘r)xIO(ﬁ) = Ck+)\(§).
Let {2 be an open subset of M. We define C,?jg\yo(ﬁ) = C’,‘j‘_ﬁ\ (2), with the appropriate

norm. For u € (0, 1] we shall say that f € C,‘j‘f)\_OJm(Q) if fe C,‘j‘f)\(ﬂ) and if moreover

there exists a constant C such that for 0 < |y| < k and for all (z,v), (z,v") € 20{[0, ) x
U, lv—2']|>0,i=1,...,1I, we have
(@0, (@, 0) — F(, 0] < Ca(1+ na))lo - v']"
We define
5 [(20y)"(f (=, v) — f(x,0))]

o=

3

IFlless . oy =Wl gy +supa=(1 -+ inz)
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where the sup is taken over (z,v), (z,v") € 2N{[0,x0) xU;}, [lv—2'| >0,i=1,...,I, and
0 < |y| < k. f will be said to belong to Ckf)\ min($2) i f € ceh (£2) and if for 0 <

kAA,041
|7] < m wehave 9] f € Cmax(O fe [ 4), 04, (£2NMz, ). Note that 1fm < k this is equivalent

to the condition that for 0 < i+ |y| < m we have (29,)'9] f € C M a0 (2N M)
We set
Y
||f||c;‘£m+“ ||f||c;‘+i0 (2) + Z ”a f”ca 0 k1A 04 (2NM,,)
0<|y|<m
and we define C, ., ,(2) = C0 |, (), with the obvious norm.

Although they will not be used any further, we would like to point out that the fol-
lowing spaces of functions arise rather naturally in the context of the problems considered
here: Let k,m € Ng and A,y € (0,1] be such that m + pu < k+ X. Then f € C}°%,(£2)

will be said to belong to Agf)\ -t (£2) if the norm defined by

[ f(z,v+2) = f(z,0)]|gas (2NMag)

E4+X—p,m

| fII gor.s () ||f||c,j’+‘§,m(f2) o sup

k42X, |z|H

is finite. Here the supremum is taken over z € R"~! such that
(.I,U),(.ZE,U—FZ)EQ/%(QQOZ), |Z| > 0.

[Strictly speaking, f(z,v + z) — f(x,v) is not a function on M, so that the expression
Il f(z,v 4 2) = f(z,0)]|gon (onm,, ) above has to be understood in the sense of co-
k z0o

ordinate patches in the obvious way. Alternatively one could use the difference-quotient

construction of the beginning of Chapter 4.] Indeed, the spaces Ak FAmp DOssess better

interpolation properties than the spaces C’kf/\ et While the use of the latter spaces
introduces some complications in some of our arguments, some other arguments get sim-

pler. Moreover, one can prove an isomorphism theorem in the A3’ spaces similar

to Theorem 7.2.1; this is not the case in the Ck+>\ et

essential overall s1mphﬁcat10ns gained in the proof by the usage of the A%

Further, the results for C’;C ameu

AzfA ety SPACES, the latter being proper subsets of the former. For those reasons we

have decided to use the C’k+/\ M

kJr)\ m-p

spaces. There are, however, no
k+)\ ety SPAces.

spaces are somewhat more general than those in the

spaces in our constructions.

PROPOSITION 3.1.1 (Taylor formula). Let f € Cpin(My,), A € (0,1]. There exist
functions f;,ri, 1 =0,...,k, such that for 0 < ¢ < k we have

¢
f= Zfizi +re,  fi € Crhigr(OM),

i=0

and ‘ . o . o

(3.1.2)  9irg € 2" Ch_pin(Myy) N2 ACop(My,),  for all 0 < i < L.
Proof. We have f;(v) = (i!)710%L f(0,v), 1o = f(x,v) — f(0,v), and for £ > 1,

Te—1

(3.1.3) re=\day \dwo ... | dae (9L f(20,0) = 0LF(0,0)).
0 0 0
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For 0 < i < ¢ the property 0irp € x*7'Cj_gy» is established by straightforward es-
timations, dir, € xl’”ACO“C_g follows from a change of variables x; — s; given by
Xy = IS1...8;
1 1
iy = 2t~ S dsy... Sdsz,i [s17 7 s 2 s i 1 (05 f (51 ... 50w, v) — DLf(0,0))]. m
0 0
Let F be a function space over a set {2, let B be a tensor bundle over (2. A tensor
field X = (Xf;‘), where A, 8 are some multi-indices, |[A] = r, |8] = s, will be said to
belong to I'r(B) if in local coordinates as described at the beginning of this chapter
the components X Ag of X are in F'. Whenever confusion is unlikely to occur we shall
write X € F rather than X € I'n(B). Let us note that for tensor fields X € C,j‘ﬁ or
X e W,ffi?;p(M, 9), k > n/p, where g is a metric uniformly elliptic in local coordinates
near OM, the decay index «, 3 always corresponds to the decay of | X|, in our notation,
cf. (3.1.1). This, in turn, corresponds to the behaviour of the components of X in the
naturally preferred coordinate systems near dM, as discussed at the beginning of this
chapter. It should be pointed out that this is not true for X € H(M,g) unless X is a
function (cf. the beginning of Section 6.3).

3.1.5. Polyhomogeneous functions. Let f; be a sequence of functions, f; € Coo (M),
such that for every N € N and for all || < N we have

10, fil < Cina™,

for some sequence s; —;_,o 00 and some constants C; y. We shall write

Fe>
1=0

if for every n, m € N there exists N € N and a constant C'(n, m) such that for 0 < z < xg

and for all |a] <m
N
oy (f - Zfi)

Let I € NJ°, let the sequence {(s;, {Vi; }J 0) i—0» i € R, Ny; € Ny, satisfy s;41 > s;.

< C(n,m)z"

f will be said to be polyhomogeneous, f € A( si:Nij) b o, if there exists a sequence of
functions fijr, € Coo(M) such that, for 0 < 2 < min(zo, 1/2)

o0 Nz]

(3.1.4) f~ ZZ wakxs EATLES

i=0 j=0 k=0

We set Alsidizo = = U, A{(S“{N”} Yo, APhs = U, A{SZ}Z o. In what follows we shall
need the following Lemma the proof of Wthh is a stralghtforward generalization of the
proof of Borel’s Lemma (cf. e.g. [45, Volume 1]):

LEMMA 3.1.2 (Borel Lemma). Let I € N§°, {(si, {Nij}520) =0, si € R, Ny € No,
with s;+1 > 8;, suppose that f;jk € Coo(OM), let fijx € Coo(M ) be any functions such
that (fijx — fijr)lo,,. =0, for some neighbourhoods Oij C |J; O; of OM. (Here the sets
O; are as defined at the beginning of this chapter, and the fi;i’s have been extended to
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the neighbourhood |J, O; of OM by setting 0 fiji./0x = 0 in some coordinate system as
considered at the beginning of this chapter.) There exists a function f € ng:ég““ N Arhe

such that (3.1.4) holds. If Njj = 0 for all 4,3, then f € Coo(M).

3.2. Some embeddings
PrROPOSITION 3.2.1. Suppose that 2 = M, or 2 = M,, 0 < 7 < =z, let f €

xO‘Ck+A|m(Q).
(i) We have
(3:2.1) 9P € 2 Ch gy paims (2)  for 0<|Bi] <m, 0<|Bs| <.

(ii) Let g € 2% Cy, 4 x,|m, (£2); then

(3.2.2 of € 27 Ch (),

where xo = min(x, 1), * = k,m, \; in particular,

(3.2.3) g € 2 Crpmir(2) = fg € 2T Crinm ().
Suppose that 2 =M, or 2 =M., 0< 7 < x0, lethC'a'ﬂ (2).

k+Am+up
(iii) We have

(3.2.4) (@0y)7f € R s mmin(ma—fapep () for 0< | < k.

(3:2.5) N f € Cpicon-plnymialsu(?) for 0 <[ <m.

(v) Let g € C,‘j‘llf)\lhmﬁm (£2); then

(3.2.6) fg € CRia i, (92).

with %o = min(x, %), * = k, m, A\, y; in particular,

(3.2.7) g€ a™ Crin(2) = fg € CrlItl s ()

Proof. All the results here are elementary, let us simply point out that egs. (3.2.1)
and (3.2.5) are a consequence of

[637 6;] = [837 (‘Taw)z} =0, [6;7 (xaI)J] = Z dijfaaic(‘raw)lv
0<£<j—1

with some constants d;;,. Equation (3.2.3) follows from the inclusion

2 Crpmar(2) C 2 Crgrpm (92).
Eq. (3.2.7) follows from (3.2.6) and the inclusion

% Cpya(£2) C Oy pya(£2). m

PROPOSITION 3.2.2. Let 2 =M, or 2 =M., 0 <7 < x9. The following inclusions
are continuous:

(i) For u, A € 10,1], « > 0,
(3.2.8) Ct 042 (82) = Coio(£2), o =min(a,y,\).
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(ii) For p,A € [0,1], « >0, k,£,m € No, k — ¢ > 0,

(329) Gl i (M) = ()27 Crpisopp—e (M), o =min(a, g, ).
i=0

(ili) For j € Ny,
(3.2.10) 2 Crajm+5 (2) = Chyjiapm (92)-
Proof. First we prove (3.2.10):
fe ijkJrMerj = )20l f € Crpn for 0<i+|y|<m+j
= O a1 9002220209 f € Clyx
f0r0§i1—|—|”yl| §m, 0§12+|"yg| S]
= (931I“8;18328;2f € Ciga
for 0<ii+|nl<m, 0<ids+ |72 <
= [ € Cryjirim-
Now we prove (3.2.8): From the inclusion
(3211) Cg+)\70+# - Cooi)\170+‘u7 0 < )\1 < )\7 aq < a,

it follows that without loss of generality we can suppose f € G A0+ with 0 < a; <1,
A1 = min(aq, A). Let 2 < y, we have

|f(a:,v)—f(y,w)| SA—I—B,

where
A:|f(:1:,v)—f(y,v)|, B:|f(yvv)_f(yaw)|

B is estimated in a straightforward way,
B < Cy*t v —wl* < Cxp™ v —w|*.
To estimate A, suppose first that = € (y/2,y), which leads to
A< Oz Nz —y|M < Cap™ Mz — gy

Let now z € [y/2"*1,y/2"), n > 1; note that

(3.2.12) %§y<1—2in> gy—xgy(l—%)
We have
A= A; + A,
where
A =@ - (&) e=|r0 - £( 0],

and from (3.2.12) it follows that

af)\l )\1
v\ y
A =c(L S
y N\ oy M\ A
<05 ~ L oL} < 2 Mg -y
— <2n) 2n+1 on <2n) — |I y|
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On the other hand,

n—1
(3.2.13) }f(y,v)—f(%,v)‘gz f(%,v)—f<2g_l,v)‘
(3.2.14) < C; (2—> 5~ i
“a
(3.2.15) = 12_ 23 (1 - 2n1m)ya1.
Recall that for a; € (0, 1] we have
(3.2.16) a>b>0=a" —b* < (a—b"

(a simple proof of (3.2.16) can be given as follows: for 0 < u < 1 and 0 < 2 < y consider

o(z,y) = (y—x)* —y* +z#, we have ¢(z,z) = 0 and for 0 < x < y, g—;ﬁ > 0, thus ¢ > 0).

The inequality (3.2.16) gives

1 1\
3.2.17 1-— <[([1——
( ) onar — ( 271) ’

which together with (3.2.12) and (3.2.15) implies

1 1 o
A2§C/<1_2na1>yalSC/|:<1_2_n>y:| < C'y — x|,

and (3.2.8) follows. (3.2.9) is a straightforward consequence of (3.2.8). m

3.3. Extensions of functions defined on dM. We shall use the following Lemma
concerning extensions of functions defined on M (cf. [45, Vol. III, Appendix B] for a
similar approach in Sobolev spaces).

LeEMMA 3.3.1 (Extension Lemma). Let k € Ng, A € [0, 1], consider ¢ € C**(OM).
For all m € Ny there ezists a function b, € CF™ ()N CZ pn(M) (= Um €
C°¢(M)) satisfying, for 0 <i < m,

o~ 0 1<m
al o — 9 = )

mw |('9M {’t/], i =
Moreover, for all multi-indices o we have
(3.3.1) (20y) W € CHTNDI) N Oy A (M),
and also
(3.3.2) (@0y) “m — (xdy) 2™ € CYFN(M),
(3.3.3) 20 € CTINM).

Proof. A simple partition of unity argument shows that it is sufficient to establish
the result for OM = R"~! and ¢ compactly supported. Let ¢ € C°(R""!) be any
compactly supported function satisfying

S d(v)d" v =1.
Rnfl
Let x € C*°(R) be any function satisfying supp x C (=0, 20), X|[—z0/2,20/2] = 1. Set
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v —w

(3.3.4) E[)(z,v) =z~ ("1 S ¢(
Rnfl
(3.3.5) D (2, 0) = %x(w)E[w](wav)-

From (3.3.4) one immediately has E[¢] € C3 ;,\(Ms,), so that (3.3.5) gives Um €
Cll A (M) C Clo¢(M). Changing the integration variable w — z = (v — w)/z in (3.3.4)
we have
(3.3.6)  OLO)E[Y)(x,v) = S ¢(2)0L00 (v —xz)d" 2z for 0 <i+ |y < k.

Rnfl

)ww) ",

T

Reverting to the integration variable w in (3.3.6) one concludes ¥, € CR (M),

and Proposition 3.2.2 gives Jm € C’k+m(]\7). To obtain the stronger statement v, €
Ck+m+X(M) some more work is needed. Assume that 0 < i + |y| < m; from what has
been said it follows that it is sufficient to consider the case k = 0. From (3.3.4)—(3.3.5)
we obtain by direct differentiation

(3.3.7) 3;831Zm(a:, v) = S xmi7|("1)xzw<
Rnfl

for some compactly supported functions x; ., € C°°(R"~!). Changing integration vari-

ables (3.3.7) becomes

v —w

. >1/)(w) d"'w, 0<x<x0/2,

(3.3.8) L0y (z,0) = 2™~ SXi,v(Z)"/J(U —zz)d" 'z

The property 9L0] lZm € C°(M) follows from Lebesgue dominated convergence theorem.

If A > 0 the further property 9:071,, € CO>(M) follows from (3.3.8) by straightforward
estimations. For 0 < z < z(/2 we also have, for all multi-indices «,

(@0 Tnl) = | wlweo {am Vo2 bt

= | i) = )+ v e {2 ) Lt

R z

= - s ea {an oo (L) bt
+ () R}l(xa )a{xm<n1>¢,(” ;w> } "

- | - s ea {an oo L) bt
+Sw<v><way>a Rg xmw{nd,(v Iw)(dn1w> }

= | ) - p@}ad,)* om0 Ve =) L
o0, I

and (3.3.2)—(3.3.3) easily follow. (3.3.1) is established by a similar simpler calculation. m
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COROLLARY 3.3.2. Let k € No, A € [0,1].

(1) For 0 <i <k let f; € C*=NOM). There exists f € CKTA(M) N CR¢(M) such
that _
O flom = fi -

Moreover, for all multi-indices o we have
(3.3.9) (20,)*f € C*X(M) .
(ii) Let g € C*(M). There exists f € C*A(M)NCY, (M) such that

(3.3.10) f=9€CiinomM)NCER(M) .

Proof. (i) We shall proceed by induction. Suppose thus that we have proved the
existence of a function f satisfying our claims for 0 < i < ¢ < k. To start the induction,
for { = —1 set f =0. For £ > —1 define

ber1 = O flons € CEFE1HA AN,
The induction step is obtained by replacing f with
F+ feer — Yo,

where ﬂ_ﬂ, '(Z[J,_l are obtained from fy;1 and of 141 using Lemma 3.3.1 with m = ¢+ 1.
(ii) Let f be obtained from part (i) of this Corollary using the functions f; = 9% glans €
Ck=HX(OM). Now (3.3.10) is equivalent to

i k—i— k—i— A .
0L0%(f — 9) € Chia M) N Cy M (M) for 0 <i+ 4] < k.

Choose some ~ satisfying 0 < |y| < k; since f — g has vanishing Taylor coefficients at
OM the result follows for A > 0 from eq. (3.1.2) with £ = k — || of Proposition 3.1.1. If
A = 0 the result follows in a similar way from (3.1.3). =

Let us recall that Whitney’s Extension Lemma is usually proved in a C***(M) con-
text, with A > 0. Corollary 3.3.2 can be used to prove the equivalent of the Whitney
Lemma for functions in C¥(M) when the boundary OM is a sufficiently differentiable
manifold (as is the case here); it also gives a rather elementary proof of that Lemma in
our context.

As an application of the results here, in Appendix B we present a construction of
“almost Gaussian” coordinates near M. The construction leads to coordinates which for
many purposes are as convenient as the “real” ones. Moreover, even (1) in the case where
finite differentiability of the metric is assumed, the construction leads to a coordinate
system in which the coefficients of the metric tensor are of the same differentiability class
as in the original coordinates.

3.4. Mapping properties of some integral operators. A significant role in our
approach to boundary regularity in Section is played by the mapping properties of the
integral operators

(*) Recall that one loses two degrees of differentiability of the coefficients of the metric tensor
when transforming the metric to the exact Gauss coordinate system.
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(34.1)  IM(f)(x,v) = :v“Ss_l_“f(s,v) ds, x€(0,z0], veIM, ac|0,x0], u€R,

= H(Lﬁ” —1y7),  po<py, pr €R,

which arise from fundamental solutions for some ordinary differential equations, cf. the
beginning of Section 4.2. We have the following results:

LEMMA 3.4.1. The following maps are continuous:
(i) Fora <p, A\, XN €]0,1],
(34.2) 12, Ol 0w (Mag) = G5 0 x (M),

with 3 =0 ifa<p 8 =06+1ifa=pand B # —1; 3 >0 arbitrary if « = p and

B=-1
(i) For > p, A\, N €10,1],

(3.43) 1, C5 P g (May) = Gl gy (V)

where Ay = X if A £« — p, and if X =« — p then Ay is arbitrary in [0, \).
(i) For a > p, A\, A €]0,1],

(3.4.4) 1Y CA 0w (M) = Coih gin (May), A =min(\, X).
(iv) For a > p, A €10,1],

(3.4.5) 1" Ce (M) — 2 Copa(0M).
(v) For p >0, A€ [0,1], pu+A>0,

(3.4.6) 1, {f € Copn(Mu,) = flom = 0} — Copn (My,),

for some XN (p, A) € [0,A], X' >0 4f A > 0.

(vi) For n <0, A€ [0,1], —pu+ A >0,
(3.4.7) I§ A{f € Cora(May) : floar = 0} — Coyn (M),
for some N (p, A) € [0,A], ' >0 4f A > 0.

Proof. For A = 0 the proof of (3.4.2)—(3.4.4) is a straightforward estimation; in that
case continuity of I}(f) in v in (3.4.4) follows from Lebesgue’s dominated convergence
theorem. To establish Holder continuity when A > 0, let us note that

(3.4.8) IM(f)(@,v) = I*(f)(@',v")= A+ B, a=0,x,
where
A =T (f) (@) = ()" v),  B=IE(f)a' v) = ()@ 0).
The estimation of B is straightforward, while A can be estimated using e.g. a scaling

argument. To prove (3.4.6), the not entirely trivial point is to estimate the term A from
(3.4.8). We have, for 0 < z < y < x¢

L, (F)(y, ) = 15, (f) (@, 0) = A1+ As
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where
o

y
(3.4.9) Ay = —(y* —zt) S sT1Ef(s,v)ds, Ay = at S sTIEf(s,v) ds.
| o

Since f vanishes at 9M, we have |f(x,v)| < || fllc,, Suppose first that 0 < p <

1, recall that
(3.4.10) Yt —at < (y — )",

(cf. (3.2.16)). For p = 0, A; = 0 and the result follows immediately from (3.4.9). If
0 < p <1, setting A’ = min(u, ) we have
[Ai] < Clay™" + ™) (y — )"
= Clay ™" + ")y — o)~ X(y - )’
<O+ Ny~ )Y
<Oy ) - o).
On the other hand, if ;x> 1 then
41| < Clay™ + v )y — o)
< Clay ™" + 9> M)y (y — o)
< pC(ay ™+ Dy — ) My — o)
<2uC(y —a)™.
If A — u > 0 the estimation [Az| < C(y — x)*~# follows from (3.4.10); if A — pu < 0
we can without loss of generality assume A — p < 0. If =1 < XA — p < 0 we have, with
N =min(u — A, N),
[Ag| < Cat (2 =y H) = CatyMH(yh — 2k
<Oty iy —a)N (y—ap N <Oty N (y— )
<Cxy Ny -a).

’

while in the case A — pp < —1 the estimation proceeds as follows:
|[Az| < Caty iyt — 2™
< Cu—Naty ™' (y — )
< Cln=Naty My —a)* < Cp =Ny —2)*.
(3.4.7) is proved by similar methods, (3.4.5) is straightforward. m

For the purposes of this paper only the information contained in the Lemma above
and in equation (3.4.14) below will be needed. For completeness, and for future reference,
we wish however to point out the following consequences of Lemma 3.4.1:

COROLLARY 3.4.2. Let i,k,m € Ng. The following maps are continuous:
(i) For a < p, A\, N €10,1],

(3411) I# : Cl?—i-ﬁ)\ m—+N (MEO) - C]?—l-ﬁ)\ m—+N (M )7

where 8/ =B ifa<u; B =06+1ifa=pand 8 # —1; 3 > 0 arbitrary if « = u and
8=-1.
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(if) For a > p, A, N €0,1],
(3.4.12) Ial:o : CI?fA,erN (My,) — C£L+A",m+N(Mwo)v

with some X' € [0, ], A >0 4f A > 0.

(ili) For a > p, A\, A € [0,1], and for any integer ko such that 0 < ko < k and
ko—m < a—p,
(3.4.13) I - O (M) = CR0 (M)
for some A1 € [0, min(A, N)]; Ay =0 if kg > m, Ay >0 if AN >0 and ko <

(iv) For a > p, A\, N € [0,1], and for any integer ko such that 0 < ko < k and
ko—m<a—pu,

(3.4.14) It Ol (Myy) = 2t Crsx (M) N 2t Ch, (OM).

(v) For a < p, A € [0,1], and for any integer £y such that p — o > £y > 0,

(3.4.15) 182 2% Crqxjm (M ay) = 2% Crmin(k,00) 43 m (M )

for some N € [0,A], N >0 if A>0.
(vi) For a > p, A€ [0,1],

(3416) I(l)t : ‘TQOIH-Mm(MﬂCO) - Iack-l-)\’\m(Mmo)a

for some X € [0,A], N >0 if A > 0.
(vii) We have

(3.4.17) IF - APPE — APhe,
(viil) For a > p,
(3.4.18) If : AP N OG (M,,) — APPE,

Proof. (3.4.11)—(3.4.14) follow by straightforward induction from (3.4.2)—(3.4.5). To
prove (3.4.15), suppose first that k < £y, choose 7, § satisfying 0 < |y] < m, 0 < |0| < k,
set 0 = 6 4+, define fE OPx=f, thus fe Cl—|5/+x|]y|- Taylor expanding fup to order
¢ =k — |6] we have, from Proposition 3.1.1,

14
f@v) =3 "' fiv) + 7o, fi € Choimjs14 (M),
1=0

(3.4.19) 8;77 € :vefiCo_k,\ Nzt 2Cy, forall0<i<¥,

so that
¢

- LIS i—uta T
Igﬂ_a(f) = Z m +:E“_O‘Z M "I‘Igo_a(?‘/g).

i T i et
(3.4.6) and (3.4.19) imply by induction

OPIE=*(7y) € Copn  for 0 <p <,

T

for some X € [0,A], N > 0 if X\ > 0, which gives 921" (f) € Coyn for 0 < p < ¢,
therefore for 0 < |y| < m we have 914 (f) € x*Cryx . From

(3.4.20) (@0:) T = pi I+ Y (20,)Ppt f

ptq=j—1
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the result follows for k < ¢y. The inclusion

Ok+>\|m(Mxo) C Cfo-l-)\\m(Mxo) for k > £y

reduces the case k > ¢y to the previous one. (3.4.16) is proved in a similar way using
(3.4.7). (3.4.17) and (3.4.18) are elementary. m

PROPOSITION 3.4.3. Let i,k € No, A € [0,1]. There exists ' € [0,\], N > 0 unless
A =0, such that the following maps are continuous:

(i) For —k < j € Z, max(p—, p— +j) < a < py,

(3.4.21) Gyt O s iin Mao) = Crl s jin(May),

where ' =B ifa<py; B =0+1ifa=pus and B # —1; 3 > 0 arbitrary if o« = py,

B=-1.
(ii) For a > pq, o> pu— +j, j € No,

(3.4.22) Ga, - Cl(:jrBjJrA,kJr)\(Mwo) - CﬁijJr)\’,kJr)\(Mio)'
(iii) For j =0,1,
(3.4.23) Go : O (M) — O3 (M)
(iv) For j =1,2,
(3.4.24) Go : C}?I;A,k-i-)\ (M) — CZIJF_JHX,;C“(Mzo)-
(V) FOT’jENO7 M++j<a7
(3.4.25) Go : Camir(Mag) = CRilh i oin(Mag)-
(vi) For p— < a < py, and for any integer £y such that py — a > £y,
(3426) Gwo : xack+)\‘m(ﬂmo) — xacmin(k,fg)+)\’|m(M;Eo)-
(vii) For a > pg,
(3427) GO : Iack-l-)\\m(Mzo) — Iack+>\/|m(Mzo).
(viii) We have
(3.4.28) Gy Alsiico 5 APhs g =0, 20,

provided that sqg > p— if a = xg, and so > py if a = 0.
Proof. The results follow from Corollary 3.4.2 and from

1 1
Gay = ———— (I — IM") = — (Il — [ — ),
0 /14+_/14—( 0 0 ) N+_M—(O 0 )
9] 1
o Ga = H(M+Iﬁf —p-Iy;).

4. Regularity at the boundary: the linear problem

4.1. Tangential regularity below the threshold. Throughout this paper the
letter C denotes a constant, the value of which may change from line to line. We use the
summation convention unless specified otherwise.
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We shall consider systems of equations which in the local coordinates as described in
Chapter 3 can be written in the form

(4.1.1) L%ub =f% a,b=1,...,N,

Here

(4.1.2) L% = > a%a(y)(@0,)*,
la|<m

where we use the notation
(20y)* = (x0,) (x0y2)*? ... (xOyn )™ for a = (a1, ..., n).

Dropping indices we can write

(4.1.3) L= )" aa(xd,)*,

la|<m

or briefly
Lu=f.

Let F be a function space. We shall say that L € OPp" if a%,, € F. We set

a=(a), lallr= " lla"allr.

a,b,a

The operator L will be called elliptic on M, if there exist constants ci,ca > 0 such that
on My,

(4.1.4) erl¢|™N < det( > aabac‘“) <el¢)™,  where [¢| = {(¢})*+... 4+ (C")H}2

|a]=m

The operator L will be called elliptic if it is elliptic on My, , and if moreover it is elliptic
in any standard sense in C'M,,; no uniformity conditions on C' M, are assumed. In some
of the results in our paper, the notion of ellipticity on M, can be weakened to a suitably
weighted (in the sense of (4.1.2)) version of the definition of Douglis—Nirenberg [30].

The main results of this chapter — Theorems 4.2.6, 4.2.9, 4.2.10 and 4.2.11 — es-
tablish some form of “boundary regularity” for solutions of (4.1.1), under the hypothesis
of the existence of a “regularity interval” for weighted Holder or for weighted Sobolev
spaces, as defined below. Thus the results of this chapter reduce the problem of boundary
behaviour to that of existence of a “regularity interval” (which may be quite difficult to
prove for specific operators). In section 6.3 we shall prove the existence of a regularity
interval for weighted Sobolev spaces for the “conformal vector Laplacian” (in fact, of
a strong regularity interval), while in Chapter 7 the existence of a (strong) regularity
interval for weighted Holder spaces will be established for the Laplace operator (the exis-
tence of a regularity interval for weighted Sobolev spaces for the Laplacian follows from
Corollary 3.13 of [3] and from Proposition 4.1.2 below).

Let FP(£2) be one of the spaces C27 | WP or H*? introduced in Chapter 3, where
* stands for a regularity index, e.g. * = k, or * = k 4+ A\, m + u, etc. We shall always
be interested in 2 = M or 2 = M,,, with zy as described at the beginning of Chapter 3;
note that if {2 = M, with 0 < o < x¢, one can always replace zy with o to reduce this
to the case 2 = M,, — our results and methods are “stable” under such replacements.
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We shall say that an interval (a_,ay) C R is a regularity interval for F2°(£2) except for
B € B C R for an operator L of order m if the following implication holds, with F°¢({2)
— space of functions which are locally in F,,

Lu=f, feFX(2), ac(a,ay), B¢B,

4.15
(4.1.5) ( we Fy- Q)N Flc(2), e >0

) =ue FMP(0).

Usually we shall consider B =, B = {—1}, or B = R\{0}; in that last case we shall say
that (c—, ) is a regularity interval for F2.

We shall say that an interval (a_, ay) is a strong regularity interval for Ff’ﬁ(ﬂ), 8 &
B, if (a—, a4 ) is a regularity interval for Fj #(£2) and if moreover there exist constants
0 < z1(a, B) < x9, C(v, B) such that the following implication holds:

Lu=f, [feFM W), ae(a_,a), ﬁsZB,)

4.1.6
( ) ( we Fy= T (02)n Fl¢(), e >0

= HUHF(?#’(MIO) < O(HfHF(?’ﬁ(MZD) + HUHFM(M))

(recall that My, 5, = CMy, "My, ={p € M : 21 < z(p) < x0}). For instance, in the
weighted Holder spaces Cp #(M,,) case the inequality (4.1.6) reads

(4.1.7) ||u||cgﬁ(Mm0) < CH(”f”cgﬁ(Mmo) + HUHCM(M))'
In the weighted Sobolev spaces LY#P(M,,, v "du,) case the inequality (4.1.6) reads

(4.1.8)  [ullLesiesago-mdug) < CsUfllLesr ity ardug) T 1Wlwe (02, cg.9.d))-

In what follows we shall use difference-quotient arguments, writing expressions of the type
“u(z,v") —u(z,v)”, by which we mean the following construction: we can always find a
covering of M by coordinate charts (U;, d;), i = 1,...,1, with U; = &;(BY*(38:)),
where Bg_l(r) is a ball of radius 7 in R"! centered at the origin, such that U; =
@,(By~1(8;)) is also a covering of M, let ¢; be a function such that goi‘@(lggfl(m)) =1,
suppp; C U;, 0 < ¢; < 1. Let A € S(1), where S(r) is a sphere of radius r in R"~!, for

(x,v) € My, (v € OM) define vector fields X, j =1,...,1, as follows

X, (2, 0) = (V)X (@) AR, (for v e U;), x(p) < o,
0 otherwise,
where x € Coo(R), x(z) =1for 0 <z < x0/2,0 < x(z) <1, x(0) =0 for & > 3x0/4. Set
!pA,h,j = exp{hXj},

where exp{hX;}, h € R, is the one parameter group of diffeomorphisms generated by X;
on My,. WA p,; can be extended to a smooth map from M to M by setting WA 5

id. Note that

»J ’CMZO

(4.1.9) Uapi(z,v)=(x,v+hA) for0<z<uz0/2, veU;, |h <.

In all further considerations we shall always assume that the fields u®, f* are geometric
objects, by which we mean that 1) one can define an action WA 5 ;*f, ¥ 5, ; u, and that
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2) the equation (4.1.1) is geometric in the sense that
(4.1.10) Wan; (Lu) = Lani¥an; vw="Yan;"f

with some operator La p ; of the form (4.1.2):

Lanj= Y aanja(@0,)".

la|<m
We shall also assume that for 0 < x < z¢/2, |h| < §; and v € U; we have
(4.1.11) Uap,itu(z,v) = ulz, v+ hA),

(4.1.12) AR Ga(T,v) =aq(z, v+ hA), Yap;*flz,v) = f(z,v+ hA),
and that there exists a constant C' such that for 0 < ¢ < k, |h| < max; J; we have
4-1-13) ||![/A,h,j*f - fHC,‘j,’f(Mxo) < CHch;:’ (Mzo)h“,

Ltp
4.1.14 ||!p4xhvj*f”0,f’£’£(Mxo) < Clfllgee (M)

(

( ) ey

(4.1.15) Wan; f— f||W,§2ﬂﬁ§(Mxo) < C||f||wg,f%P(Mzo)h=
(4.1.16) H!IIA,hJ*f”W,if‘P(MIO) < C||f||w,j,f?p(Mzo)’
(4.1.17) laahga = aalloesar,,) < Cllalloss (o )h"
(4.1.18) laanialces i, < Clalloes )

Note that (4.1.11) implies that we have
(4.1.19)  jullgos

< (a3
kin o n(Mag) = HUHC R (M)

kAL

I
+ sup KA, u —ul| qas .
; 0<h<d;, A€S(1) H J HCW (Mao)
Similarly the well known property of difference quotients in Sobolev spaces (cf. e.g. [40,
Lemma 7.24]) also gives

(4120) ||U||W§,eﬂ;p(Mm0) S HUHW,?[B,Z;(MmU)
I
-1 *
+; 0<h§§il,er)eS(1)h Wans™f f|‘W§}eB¥€(Mmo)'

If u, f are tensor fields and L is an invariant operator, (4.1.10)—(4.1.18)) are easily seen
to hold (if u is e.g. a covariant tensor field, then WA  ;* is the pull-back operation by
YA p,j; if uis e.g. a contravariant tensor field, then ¥4 5, ;* is the push-forward operation
by !I/Z},L j). In all subsequent arguments involving difference quotients the reader should
assume that we have this construction in mind. We shall say that L is a geometric
operator, or that eq. (4.1.1) is a geometric equation, whenever the above “coordinate
invariance” hypotheses hold.

The scaling technique, illustrated in the proof of the following Lemma, will be used

throughout:
LEMMA 4.1.1 (Scaling estimates). (i) Let L € OPZrp, 1o k20, be elliptic on My,
k 0o

let g € CY(M,,) be a Riemannian metric on M. There exists a constant C such that for
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all u € WP (M, dpg) O WEOS (M, , g, dpg), p € (1,00), we have

(4.1.21) ”u”W&ﬁp(Mmo/?vgvd#y) = C{”LuHW;S"B;p(Mxmgydug) + ”u”W(?’B:p(Mzmdug)}'
(ii) Let L € OPC,SH(MIO)

C' such that for all u € Cg"ﬁ(MwO) N Clec(M,,) we have

,k>0,\€(0,1), be elliptic on M,,. There exists a constant

(4.1.22) ull ga.s (May2) < C{”L“Hcgﬂ(M%) + HUHC[‘)’*B(M%)}'

k4+m—+X

Proof. Let L be an elliptic operator of order m on Bi (1), the coefficients of which
are k times continuously differentiable, where B (s) is a ball in R™ of radius s centered
at the origin. From [2, Theorem 10.3] and the argument of the proof of Theorem 9.11 in
[40] for p € (1,00) one has

(4.1.23)  |[dllwe

k+m

B (1/2).6:5.dny) < CUILUwr (51.1).6.5,dmy) + |l Lo (s7(1),dm9) }-

Inequality (4.1.21) follows from (4.1.23) applied to the functions @ = uy defined by

PN o
) = u(Fu+9)F (] + )75y B, = (3.0) € Moy

by a Whitney cube (cf. e.g. [68, Chapter 6]) decomposition argument. (4.1.22) is obtained
by applying the interior Schauder estimates [30, Theorem 1]

N8l crpmonsraszy < CllILallc, s @sray + 1Ellcomsy
to the functions uy. m
The following proposition (cf. [3, Proposition 2.6]) provides a criterion for I to be a
regularity interval for second order operators:
PROPOSITION 4.1.2. Let k € Ng, A € (0,1), and let x be a defining function for OM,
with xo as described at the beginning of Chapter 3, recall that OMs = {p € M : z(p) = s},
suppose that B C R satisfies 0 & B.

: 2
(i) Let L € OPCQH(M%)7

0 < x1 < zo (possibly depending upon « and ) such that for all b € Ck+2+,\(5Mml),
L is an isomorphism between {u € Cgfz-q-)\(Mxl) : u|5le =} and C’,?_‘_%(Mxl) Then
L has (a—,ay) as a regularity interval for C,‘j‘f)\(M), 8¢ B.
(ii) Let L € OP(%U(M ) Suppose that for all a € (w—,wy) and B & B there exists 0 <
k o

suppose that for all o € (a_,a4) and B € B there exists

21 < xo (possibly depending upon o and 3) such that for all 1 € W,?_;_g;p(Mxl,g, x"dpg),
L is an isomorphism between {u : v — ) € V‘i/la,ﬁ;p N W,?_;g;p(le,g,x’”dug)} and
W,?’ﬁ;p(Mxl,g,xfnd,ug). Then L has (w—,wy) as a regularity interval for
W,?‘ﬂ;p(M,g,xfndug), 8 & B. Moreover if the above holds with k = 0, there exists a
constant C such that for v € Wy~ P (M,,,z "du,) N Wi(M,,), € > 0 for which
Lu e Woo"ﬁ;p(Mml,x_"dug), a € (w_,wy), B & B, we have

(4.1.24) Nullyomrar,, go-rapy < CULUlwosw s, amnduy) + 1ullwe o, . gdig))

(recall that My, /2 2, = My, \ My, /2), in particular (w—,wy) is a strong regularity interval
for We* (M, g, 2= "duy), § & B.
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Remark. Let us point out that if the hypotheses of point (i) above hold with & = 0,
then we certainly have the inequality

(4.1.25) ||u||cgﬁ(Mm0) < CH(||f||cg+vi(Mw0) + ||“||cm“(mﬂ-

This does not lead to a strong regularity interval because of the Hélder continuity ex-
ponent A in the norm of f above. It should be mentioned that at the price of some
supplementary complications most of our results would go through if in the definition
of a strong regularity interval the inequality (4.1.7) were replaced by (4.1.25). Since,
however, (4.1.7) is sufficient for our purposes (cf. Chapter 7) we shall not consider that
possibility.

Proof of Proposition 4.1.2. (i) Let Lu=f, f € C’,‘:fi\(M), u=0(z*-*¢), de-
creasing ¢ if necessary we may assume y=a_+¢ < a. By Lemma 4.1.1u € C,Z“JFA (My,).
Set ¥ = ulz,, , thus ¢ € Cryo12(0M,,). For a € (a—,ay), f € B, L is surjective

L
there exists therefore y € C’,?_;%_F/\(Mml), X|5le = 9, such that Lx = f[a, . We have
uln,, X € Cligin(Mzy), v € (o, ay), by injectivity of L on C}/ ,, \(M,,) it follows
that ulas,, = X, thus u € C]?_;_ﬁz+)\(ng)-

(ii) Let ¢ € Coo(M) be any function satisfying ¢|n, ,, =1, plomg,, ., =0, set ur =
ou, uz = (1 — p)u, define Lu = f. We have u; € Wg)’jLs;p(Mxl,:zf"dug) N Wiee(M,,),
up = 0 in Mz, /a4, from @ly, , = 1 it follows that Luiln, ,, = flm, ., and an
argument as in the proof of point (i) shows that

Uy S Wél’B;p(Mwugaxindug)?

thus u € WP (M,,, g,z "du,) and (w_,w,) is a regularity interval. If k = 0 then
L: WP awgP?(M,, g, 0 "dpuy) — WP (M,,,g,2 "du,) is a bijection, and the
open mapping theorem shows that there exists a constant C' such that for all w € W77
W PP (M,,, g, 2~ "dpy) we have
||wHW;ﬁ%P(M11,g,rnd#g) < CHLwHWgﬁ%P(le,zfnd#g)'
This inequality applied to w = uy gives
HUI||W;15=P(le)g7mfnd#g) < C(Hf”wgﬁ?P(MZI_,zfndﬂg) + ”u”Wf(le/g,zl,g,dug))
(it is easily seen that for o > 0 we have W7 (M4, , 9, dg) = WEPP(My 4y, g, 2 "dpg)
with equivalent norms), and (4.1.24) immediately follows. m
The main result of this section is the following:

THEOREM 4.1.3 (Tangential regularity, o € (a—,a4)). (i) Let (a—,a4) be a strong
reqularity interval for Cg"ﬁ(M), 06 & B, for a geometric elliptic operator L &
OPZy (M) A€ (0,1), pn€]0,1,0<Ll+pu<k+X\lta <a< ap, suppose

kX, e4u

that u € CI°¢(M) satisfies
Lu=f, feC5 , (M), u=0@*"*), >0 3¢&B.

KX L+
Then for all N € (0,1), p/ € [0,u) if > 0, ' =0 otherwise, we have
(4.1.26) u € Cl(:jrimflJr)\’,EJr#(MIo) N C}?ferA,uw (Mz,).
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Moreover, for all X' € (0,1), ' € [0,u) if p > 0, w = 0 otherwise there exists a
constant C' depending only upon «, §, n = dim M, N (c¢f. eq. (4.1.1)), the ellipticity
constants c1, c2 of eq. (4.1.4), the constant Cy of (4.1.7), the constants in (4.1.13)—
(4.1.18), ||lal|co X and u' such that we have

Rt e (M)
4.1.2
( 7) ||u||cf’+€n71+w,e+u(Mwo) + ||u||c;jﬁn+uw,(Mzo)

< C(||f||c;"+i[+u(]\/[m0) + ||U||Ck+m+>\(M))u

Z1 = min(xy,20/2). If (a—,ay) is only a regularity interval for CS‘_’F@(M), then (4.1.26)
holds with ' = p = 0 provided that a— +1 < a < ay and u = O(z*- 1) £ > 0.

(ii) Let (w—,wy) be a strong regularity interval for W(;l’ﬁ;p(M,g, x"dug), B ¢ B for
a geometric elliptic operator L € OPgEE(M), 0<{l<kletw_ <a<ws,peE (1,0),

suppose that u € WPI°¢(M, g,dp,) satisfies

Lu=f, feWsP(M, g,z "dug), we W5~ P (M, g,a "dp,),
for some e >0, & B. Then
(4.1.28) u € W,?ﬂ;’je(Mmo,g,xfndug).

Moreover, there exists a constant C depending only upon «, §, n = dim M, N (cf. eq.
(4.1.1)), the ellipticity constants c1, ca of eq. (4.1.4), the constant Cs of (4.1.8), the con-
stants in (4.1.13)—(4.1.18), ||a||cg () and on the modulus of continuity of (x0y)ag, (y),

Y| = k, y € My,, such that
(4.1.29)

”u”WI‘;’ff”E(MIO L9,z dpg)

< C(”f”W]‘:’f;P(MIO,g,x*"d‘ug) + ||u||W)f+m(Mjl,z0797dﬂg))’

Ty = min(z1,20/2). If (w_,wy) is only a regularity interval for WP (M), then (4.1.28)
holds provided that w_ +1 < a < w4 and
u € WS‘)’—FHE;Z)(M,g,x*”dug), e > 0.
Remark. If L € OPZ
a > a_ + 1 can be relaxed to a > a_ by commuting the equation satisfied by u with a
pseudodifferential operator [25], we shall however not discuss this here.

and (a_,a4) is only a regularity interval, the restriction

Proof of Theorem 4.1.3. We shall prove point (i), point (ii) is proved in a similar
(and simpler) way. We shall proceed by induction on £. Since (a—, ) is a regularity
interval we have u € Cgfm 4 by the scaling estimates, thus the result holds for £+ u = 0.

Let f € Cpis yoiyo HE (01,0 < by < kyor f € Cpl 4 iyy o n=0,0<lo+1<k, and

suppose that u € C,‘:ﬁn g 1 (a—, a4 ) is a strong regularity interval, suppose moreover
that we have

(41.30)  ullges gy < CUlFlees , gy T 1oy @)

Let Y;, i« = 1,...,¢1, be any smooth vector fields of the form X(a:)YiA(v)a%‘, YA €
Coo(OM), x € C(R), x = 1 in a neighbourhood of 0, x = 0 outside of [0, z¢/2], where
0y =y + 1 when (a_,ay) is a regularity interval and ¢; = ¢y when (a_, ) is a strong
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regularity interval. We have
(4.131) Lu=&, G=f+p,
where T =Y ... Ypu, f=Y1...Ye, f €7 s oppr P =L Y1 Yy, ]u.

If (a—,ay) is a regularity interval and p = 0, by the inductive hypothesis we have
pe CI?LBZOH\ and from u € C,‘:J:;l’ZWHA, a—1>a_, it follows that u € Cg;ﬁeomeH\,
thus u € Cgfqu ¢,+1 and the inductive step is completed. On the other hand if (o, o)
is a strong regularity interval and pu € (0,1] then u € C,?’_@U+m+/\, p e Ol?ﬁo+1+>\,l C
coP therefore @ € C,‘:;BZMA’OJF# and for 0 < = < xg we have, with v/ = v +v",

k—Lo+14\,04 27 A "
for some fixed v” (cf. the beginning of this chapter for the meaning of u(z, v) — u(x,v’),

etc.),
L(:E,’U)(ﬂ(:t, 1)) - ﬂ(:t,’()/)) = 1/}(:E,’U),
where

[Y(2,v)] = |[(L(z,v") = L(z,v))u(z, 0') + &(z,v) = $(z,0)]

< C(HfHCZ{iDW(Mzo) + |lal|co (Mmo)H“HC:;fZO

£0,£0+n Mzo))

,fofl+u(
x %1+ [Inz|?)|v — /|,

and similarly, for higher derivatives,
(4.1.32) ||¢||c;:ﬁo(1\/[xo)

< O(Hf”ggﬁ)w(Mxo) + ||a||02,fo+u<Mro)||“||C§;i,zo<Mzo>)|” — v’|“’

(4133) Ml (a,,)

< Ofllogs,, oy * ollcg., an e )
(cf. (4.1.13)—(4.1.18)). The definition of the strong regularity interval and (4.1.30) imply
(4.1.34)  |u(z,v) — u(z,v")]

a Bloy o1
< C(”f”C:fA,zUW(Mwo) +lulle,,a@mmn) " (L + )| — o]

If by < k, p =1, passing to the limit v — v’ one obtains, from (4.1.34),
0vu] < C([1fll e s )z (1 + [Inz|)”?
K4\, 0
because u € C,Z‘fmfeo (Mzy) C Cfpyy(My,) C C°°(M,,), which gives d,u €

CS"B(MmO). The scaling estimates applied to the equation (4.1.31) with ¢; = ¢y + 1
give d,u € CgfmfeoilJrA(Mwo), together with the inequality

o+u(Mm0) + ||u||c’€+m+/\(Mm1w0)

||(9Uu||cg,+ﬂmie[rl+k(Mzo) < O(||f||cg’+i,@0+1(M20) + ||u||ck+m+>\(le’IO))7
therefore u € C&’_@HA)@U_H(MJEO), and
||u||cl(§jr€n+>\,lo+l(Mz0) S C(”f”C:jf)\,loJrl(Mzo) + ||u||ck+7n+>\(le’Io))7

which completes the induction step.
We have thus shown that u € C’,g‘fm iae(Msy,), and it remains to show the tangen-
tial Holder continuity of the £y = ¢th tangential derivatives of u. Set u(x,v) = u(z,v)—
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u(w,v +v"), for y = (¥,v) € M, /2 consider the functions
By(1/2) 3y — Uy(y) = w(@y + §)z~* (1 + |log &) 7,
Bi(1/2) 3y — ¥y(y) = ¥(@y +4) (1 + [log 2]) "

where B (r) is an open ball in R™ of radius r centered at the origin. From (4.1.32)—(4.1.33)
we have

(@135 Willo,_, @z < O lce . ang * lelezs - r 0P

(4.1.36) Hwy”ck [0+>\(B"(1/2))— (Hch”

Inequalities (4.1.35), (4.1.34) and the L? interior elliptic estimates (cf. (4.1.23)) give

(May) + [lull go.s Mmo))'

2,20 k+ m4A, z(,(

spa/a.ary) < Cllvgllwe, sz as2).amy + 18sllLe sy a/2).dm)

an
S C(”f”ClC:J’rﬁi\,EoJru(Mzo) + ||u||cz‘jrﬂm,£0(Mxo))|’U | )

gl , ...

so that from Sobolev’s embedding one gets, for any X' € [0, 1),

||ag||ck—£ smo1a (B (1/4) ) - (”f”Ca A 1 (May) T HUHC?ﬁn,eo(Mmo))'U”w
am
s SO0 eng .y + ol I
= H“H(Jaﬁ vy (M) <C(||f||c;:+ie (M)

+ HUHC:f;n,gO(MxO) + ||u||ck+m71+/\/(Mz0/2,zg))'

To get control of the (k — ¢y + m)th derivatives of u some more work is required. By
interpolation (cf. e.g. [44, Theorem A.5]) from (4.1.35)—(4.1.36) for any o € (0,1) one
obtains

|1 o

”wUHCk to+ox (B3 (1/2) C||¢U||Ck 2o (B"(1/2))Hwy Cr—tg+2 (B (1/2))
< Ol logs ey + Il

k+A,Lo+u

m(l—o)p
k+ +X,£0 (Mmo))|v | ’

and elliptic interior Holder estimates give

||Ay||ck £0+m+g/\(3n(1/4)) = (HwaCk e0+g/\(8"(1/2)) + ||Uy||co 8"(1/2)))
< N m(l—o)p
<O, oty + Iullozp o=,

k+ +X,£0 (Mzq)

so that w € C'k+m Lot (1—o)p

[(z0y)" (u(zx,v) — u(x,v"))]
e e L R G

and for all |y| <k +m — £y we have

k+X,Lo+n k+m
Since u € Ck+m+/\ ¢, it follows that u € Ck+m+/\ Lo With
4137) Nullges - ang SO llepys, ng) Tlullepy )

and (4.1.27) follows by (4.1.30). =

Note that the argument of the last part of the proof of Theorem 4.1.3 proves the
following lemma, which will be needed later on:
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LEMMA 4.1.4. Let L € OPg%

k+/\,£+;L(MZO

e (0,1],0< €+ p < k+ A suppose that u € CI2¢(My,) N Cgki#(Mzo) satisfies

) be a geometric elliptic operator, A € (0,1),

Lu € CP A 1o (M)

Then for all N € (0,1), u/ € [0, 1) we have

o, 3 a,B
u € Ok+m—1+)\’,€+u(M10/2) N Ok+m+/\,é+u' (Mwo/2>'

Moreover, for all X' € (0,1), p' € [0, ) there exists a constant C' depending only upon
n=dimM, N (c¢f. eq. (4.1.1)), the ellipticity constants c1, ca of eq. (4.1.4), the constant
Cy of (4.1.7), the constants in (4.1.13)—(4.1.18), ||lal|co (May)» A and pi such that

KX, 4 p
we have

Hu”Cgﬁnfuw,uu(Mmo/?) + Hu|‘cg’+€n+x,e+u’(Mwo/2)

< Clulegs o+ g o)

4.2. Boundary regularity for a class of second order systems. Theorem 4.1.3
gives some more information about the solutions than Lemma 4.1.1, however only for
exponents « € (a_,ay). To be able to cover o’s in the interval (a_,o0), or to obtain
more regularity, some other techniques are required, and we shall from now on restrict
our consideration to second order systems (1), for which L can be written in the form

(4.2.1) L=La+L,
(4.2.2) Loy = (220% + a0, + b) @ idpy,
~ o 0 o 0 d 92
_.2zAY O 2 AB_ Y9 O A9 3., 9
(4.2.3) L=z%a axavA—i—:Ea (%AavB—i—:Ea 8vA+xw8:1:2

0
+ :10290% +xx, with 2y, xz¢ and zx being o(1),

where idgn~ is the N x N identity matrix, and a and b are real constants satisfying

(1-a)?

4

Moreover a®, a?B, a?, x1), xp and xx are N x N matrices the entries of which are
bounded functions of y. Note that one can redefine L by multiplying it by an appropriate
(non-degenerate) matrix from the left (this might perhaps necessitate a decrease of ) to
obtain ¢ = 0 in M,,,. We shall often write Lgy, in the form L, = 2202 + axd, + b, hoping
that no confusion will occur. As will be seen in the following chapters, (4.2.1)—(4.2.3)
are sufficient for the applications we have in mind: the constraint equations of general
relativity. All subsequent results are based on an analysis of the ODE (?)

Lapu = f7

(1) It should, however, be noted that several of the arguments given here would apply to
higher order systems as well.

(2) In the general case the corresponding ODE is usually analyzed by Mellin transform
techniques (cf. e.g. [58]); for the special class of equations considered in this paper we have
found it simpler and more elementary to use the fundamental solution representation (4.2.5).
We are grateful to G. Lysik and B. Ziemian for pointing out the Mellin transform approach.

(4.2.4) —b>0.
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solutions of which are given by

(4.2.5) u= Az*- + BxH*t 4+ G, (f),
1 o L xT L
(4.2.6)  Gay(f)(@) = H{ — g S skt F(s) ds — - (SJS L “*f(s)ds},

assuming that the integrals in (4.2.6) converge. Here the indicial roots pu+ are given by

1—a (1—a)?
4.2.7 = + —-b
(4.2.7) pe = 1 :
and we will assume throughout that (4.2.4) holds. If u = o(z#-), f = O(z®), a > p_,
then A = 0. For o > pi4 one can replace Gy, (f) in (4.2.5) by

(4.2.8) Go(f) = P i . {x”* Ss_l_’”f(s) ds — ot~ Ss_l_“*f(s) ds},
0 0

and it will be convenient to do so.

Let us discuss briefly the relationship between uy and a weighted Holder space
regularity interval (a—,a4). When ¢ = 0, ¢ = ¢(x), x = x(x), by considering v-
independent sources and solutions it follows immediately that (a_,ay) C (—oo, py),
and that p_ ¢ (a—, a4 ). For the standard Laplacian on hyperbolic space (which is an
operator in the class considered here) it is known that (a_,a4) ¢ (—oo,u—) (in fact
(a—,aq) = (p—, ), cf. Section 7), and therefore we shall only consider the case

P S <o < iy

It will be seen that for the equations considered in Section 7 we have vy = p4, and we
expect this to always hold for operators of the form (4.2.1)—(4.2.4). In fact Theorem 4.2.1
in the next section shows that one may (in some sense, made precise there) assume that
a4 = py for sufficiently smooth sources.

Let us emphasize that the reason for considering here the possibility that a— # p_,
or a4 # p4, or both, is not because we expect this to be a real feature of some operators.
Rather, this is motivated by the fact that for some equations it might be possible to prove
the existence of a (perhaps strong) regularity interval (c_, ay) which is a proper subset
of (u—, py), while the known proofs do not allow one to obtain the full expected range
(t—, p4) (this is actually what happens in our analysis of the vector constraint equation
in weighted Sobolev spaces, Section 6.3). We shall nevertheless show that the existence
of any strong regularity interval, or of a regularity interval of length larger than one, is
sufficient to conclude some (perhaps not optimal) classical regularity of solutions at the
boundary.

4.2.1. “Tangential regularity” above the threshold. For a’s above the threshold a4
we have the following equivalent of Theorem 4.1.3:
THEOREM 4.2.1 (Tangential regularity, a > a4). Let (a_,ay) be a strong regularity
interval for ceP (M), B & B, for a geometric elliptic operator L € OP2, ,
0+ Ck+>\j+u(M)
A€ (0,1), pe(0,1],1 <L+ u<k+ A\ Suppose that L is of the form (4.2.1)—(4.2.4)
with 1/’7 (bv X € C]g_l+>\7é_1+M(M)- Supp086 that
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p-So <oy S py, o Sa

Let

Lu=f, feCy (M), u=0(""%), >0, 3¢B.

If € > £y, where £y € N is the smallest integer such that ay + €y > min(c, 4 ), then there
exist o € (0,1) and 6 > 0 such that for i’ € [0, 1) and € > 0 we have

(i) For o < py,

B oy +log—1+8
(4.2.9) w € Criayn—tosw Mao) N CLioi N it 1140 (May)-

(i) Fora=ps, B# 1,

wy,B+1 oy +log—1+0
(4.2.10) u € Cki2+>\,€—€o+u’ (My,) N Oki2+?\,é—éo+1+a(Mmo>'

(iii) For a > py,

ay+Lo—1+5
(4211) u € C£I2+)\,£flo+,u’ (Mwo) N Ck12+§\,5750+1+0(Mw0)'

(iv) If @ > py and £ > £y, where {1 € N is the smallest integer such that oy + €1 > a,
then

. +6—146
(42.12) u=o(="*)=ue Cl?ferA,efelJru/ (Mz,) N CI?IQ+;,641+1+U(M10)-

The constants o and § depend only upon oy, py, o, p, A, £ and k. Moreover, if F
denotes any of the spaces appearing in eqs. (4.2.9)—(4.2.12), then there exists a (u and f
independent) constant C' such that

(1213) lulle < Cullf gy, o + Ilz—r<(ap):

Remark. If (a—, ) is a regularity interval for Cg‘ff\(M) only, then the following
modifications are needed above: One has to make the supplementary assumptions that
a_ +1 < ay and that u = O(z®-+1+¢) for some € > 0; on the other hand one can also
allow = 0. Then eqgs. (4.2.9)—(4.2.12) hold with p/ = 0 and without the claim about the
appropriate decay of the transverse derivatives of order ¢ — ¢, + 1, £, = £y or £, = (.

Proof of Theorem 4.2.1. In what follows we shall assume that p = 0, y/ = 0,
etc., if (a_, a4 ) is not a strong regularity interval. From (4.2.1) it follows that u satisfies
the equation

(4214) Lopu = f - zuu
and by Theorem 4.1.3 for any € > 0 and p/ € [0, ) if 4 > 0, i/ = 0 otherwise we have
w€ Cpiy i thus Lu € CFYT e nCREsT, . (cf (3.24)(3.2.6)). Solving the

ODE (4.2.14) and choosing ¢ appropriately we obtain
(4.2.15) u =Pt + Qo (f — Lu) = O(27 (1 + |Inz|)?),
for some function ¥ (v), with

ar <a<ltoap, a<pyr=o0c=a, 0=_0,
a+§a<1+a+, o= [, 5#‘12}0:/1% Q:ﬁ—i_la
ar <a<l+tay, a>pp=0=pg, 0=0,
1+ar <a=o=min(py,1+a4 —¢), 0=0.
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The scaling estimates, Lemma 4.1.1, imply u € G2, . Setting z = 20/2 in (4.2.15) from
Lu € CkJFA rr We get Goo (f — Lu)|,— 20/2 € Coyp (OM) (cf. (3.4.14)), which together
with w(z0/2,-) € Chyair(OM) shows that ¢ € Cot (8M) This in turn shows that we
can v-differentiate (4.2.15): for 0 < i < ¢ —1 let X; = X;%(v) fA be vector fields with
X4 € Coo(OM). (4.2.15) gives

(4.2.16) Xy Xou= Xy .. Xt 4 Guo (X1 ... Xi(f — Lu))
=027 (14 Inz])?) for0<i<l-1,

(4.2.17) (X1 ... Xu)(z,0) — (X1... X;u)(z,0') = O (1 + [Inz|)°jv — v'|*)

this last inequality being uniform in |v — v’|. The equations

(4.2.18) LX1... Xou=X1...Xif +[L, X1... XJu

interior elliptic estimates and a scaling argument yield X; ... X;u € C’k+2 i 1< 0—1
and thus u € CZfQH\lil. If (a—,4) is a strong regularity interval, then Lemma 4.1.4
and eq. (4.2.17) show that u € C{'%, 5 14, for any p' € [0, p).

One can now repeat the whole argument £y — 1 times, where £ is the smallest integer
such that oy + o > min(a, puy) (note that at each iteration one loses one degree of tan-
gential differentiability of u) to obtain u € C% oo With 0 = min(«, 14 ), provided
¢ > {y. Finally if a > py and u = o(a#+) then eq. (4 2.15) holds with G, replaced by
G and with ¥ = 0. Repeating the argument ¢; — ¢y times more, where ¢; is the smallest
integer such that oy + ¢1 > «, one obtains u € nggﬂx-,l%ﬁu"

To obtain the claimed decay of the £ — ig + 1 transverse derivatives in the case of
a strong regularity interval, where i9 = £y or 79 = f1, note that at the last step of the
iteration above we shall have, for any € > 0 and u’ € (0, ),

min(a, B+1 oy +1 1
(4219) u e Ok+2(+>\t2+—)ioﬁ+u/ (M )ﬂ Ck-t2+& {— zj+l+u (M )

We have the following;:
LEMMA 4.2.2. Under the hypotheses of Theorem 4.2.1, suppose that

eCcny?

k424X 04p’ (M ) N OUO 5 (Mzo)v o1 < 0p, 0< /L/ < W,

k24X, 0—14p!
with

(14 |Inz))? < Cz°°(1 + |Inz))¢  for 0 <z < 0.
Then for all 0 <0 <1,0<t < {4y — 0 we have

Ooo+(1—0)o1,0
u € Ck+2+>\t (My,)-

Proof. Set uz(v) =u(x,v), and for 0 < ¢y < t; define t = Oty + (1 — 0)t;. We have
the interpolation inequality (cf. e.g. [44, Appendix A] or [69, p. 236])
”uwHCt(BM) < C”uchto OM) H wH aM)

Setting to = ¢ — 1+ ¢/, t1 = £+ i’ we obtain

Ooo+(1—60)o1,0
ueCy e+,u 0 (Mg, ),

and the result follows from Lemma 4.1.4. =m
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Returning to the proof of Theorem 4.2.1, let 6 be any number smaller than x’ and
let 20 = p/ — 6 > 0. Eq. (4.2.19) and Lemma 4.2.2 give

Ot++i()—1+6
u € Oy S o140 (M),

with
d=0a—ig+1—ay+p)—(1-0)e.
As € can be chosen arbitrarily small we have § > 0, and the result follows. m

In Proposition 4.1.2 we have proved that if L is an isomorphism in weighted Holder
spaces “close to the boundary OM” for an interval of weights (a—,ay), then (a—,a4)
is a regularity interval for weighted Holder spaces. The following result shows, that an
isomorphism property “close to the boundary 0M” in weighted Sobolev spaces for an
interval (w_,w4) implies that (max(w_,u—) + (n —1)/p,min(wy + (n — 1)/p, py)) is a
regularity interval for weighted Holder spaces with tangential regularity:

THEOREM 4.2.3. Let p € (1,00), and let L € OPC%0

kX, 04 p

operator, (n —1)/p <€ <k, A€ (0,1), pu € [0,1]. Suppose that (4.2.1)—(4.2.4) hold with
Y, ¢, X € Cg_1+/\75_1+M(M). Assume that for all w € (w_,w4) there exists 0 < 1 < o
(possibly depending upon w) such that

() be a geometric elliptic

L: W&PAWSP(M,,, g, 2 "dpug) — WP (M, ,z~ "dp,)
is an isomorphism, with p_ < w_ < min(ws, u+ — (n —1)/p).

(i) Let u € WE'°°(M) satisfy

(4.2.20) Lu=f, [ (M),
with « € (a—, a4), where
-1 -1
(4.2.21) (a—,aq) = (w_ + n—, min (u+,w+ + n—)),
p p
suppose that either
(4.2.22) u=0(x*7°), >0,
or
(4.2.23) u € Wy (My,,x "dpg), w>w_.
Then for all p' € [0, ) if u >0, p' =0 otherwise, we have
(4.2.24) w € Cply i (Ma,),

where 1 € Ny is the largest integer such that 1 < £ — (n —1)/p. Moreover, there exists
a (u and f independent) constant C' such that

(4.2.25) ull ger o

k24,07 +p

(if) For any ug € Cryx(0OM) there exists a solution of (4.2.20) satisfying (4.2.24) such
that
(4.2.26) u(z1,v) = up(v).

u is unique in the class of solutions satisfying either (4.2.22) or (4.2.23).

oo < O llegs . on + el oy@m 2y
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Remarks. (i) The results proved below are unsatisfactory in two respects: (1) it
would be more natural to assume p_ — (n —1)/p < w_ rather than p_ <w_; and (2) u
is “less tangentially regular” than f.

(ii) Let us note that under the hypotheses of Theorem 4.2.3 we must have pq —
(n—1)/p & (w—,w): suppose to the contrary that

LW 0 Wy (May, g, dpg) — Wo™ (Me,, dg)

is an isomorphism for w € (w_,w; ) and that yy—(n —1)/p € (w_,wy). Set o = L(pzh+),
where () is a C (R) function satisfying ¢ =1 for 0 < z < 21/2, ¢ = 0 for & > 32, /4.

_n—1 .
If L is of the form (4.2.1)—(4.2.4), then for any 0 < e < 1 we have g € W:z ’ +E’p,

if py — "le € (w—,w4) we can choose € so that w, = py — "le +¢e € (w_,wy), therefore

and

there exists u, € VC[J/l“”p N Wy=* such that Lu. = o|m,,. Now for any e > 0, pzt+ ¢
—n=log ° —n=l_s. —n=l_s.
WQM+ 7P therefore u. # @at+. From pzht € WllH 7N W2H+ 7 for all

° _n_1l_s. _n-1_5.
§ > 0it follows that 0 # uc—pzt+ e Wy 7 Paws ™ 7 7% but L(ue—pat+) = 0,

° —n-1l_s; —n-1l_ys; .
which contradicts injectivity of L on VVlH T pﬂWQM 777 7% when 6 is chosen small

enough so that p4 — "le —0 € (w—,w4). Similarly one can show that ife.g. L€ OPg,kH(M)

n—1

with k large enough, then u_ — cannot be larger than w_.

Proof of Theorem 4.2.3. (i) It follows from Lemma 4.1.1 that for w € (w_,wy)
the map L : Vf/{” AW, — WP is an isomorphism, and Proposition 4.1.2 shows
that (w_,wy) is a strong regularity interval. Let ¢ € Coo (M) be any function satisfying
¢lm,, ,» =1, plem,, = 0, replacing u by pu if necessary we may without loss of generality
assume u(x1,v) = 0. It is convenient to structure the proof in several steps:

Step 1: Uniqueness of solutions in weighted Holder spaces. Let
Lu=0, weCP(M,,), o1 >w_+(n—1)/p, u(z1,v)=0.

For all w < a; — (n—1)/p we have u € WP N WS, and if w_ < oy — (n — 1)/p we can
choose w so that w € (w_,w+) — u = 0 follows from injectivity of L as an operator from
WP N WP to Wi,

Step 2: Ezistence of a solution in a weighted Sobolev space with some decay expo-
nent. Since feC,ffA, forallw < a—(n—1)/pwehave f € W', thusif w_+(n—1)/p < «
we can choose w € (w_,wy). Since L as an operator from chfl“”p N W,::L’; to W7 is sur-
jective, there exists u € Vf/{“;p N W, % which solves (4.2.20).

Step 3. Let u € Vf/{‘”p AW W < w < wy, satisfy (4.2.20). By the scaling
estimates of Lemma 4.1.1 we have u € W}, and by point (ii) of Theorem 4.1.3 u is in
W% 4+ By Step 2 for any w_ < w’ < a—(n—1)/p there exists v’ € ﬁ/f/"pﬂW,:if which
satisfies (4.2.20), uniqueness of solutions in W;”* N W," 7 implies v’ = u, and therefore

for any § > 0 we can choose w such that we have a« — (n — 1)/p — § < w, and w # a.
Similarly we may assume that the exponent w in (4.2.23) satisfies w > a — (n—1)/p— 4,
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w # a. For y = (z,v) € M, /5 consider the function

_ .y x o
u(y) == U(?J‘i‘iy), y € By(1),

where B (o) is an open ball in R™ of radius o centred at the origin. From the interior
Cr+x and LP elliptic estimates combined with Sobolev’s embedding it is easily shown
that there exists a constant C' such that

(4.2.27) ||U||ck+2+x(3n(1/2)) < C{HLUHC 0(1)1dﬂ)}7

5 (1)
where Lu(@ =2 %Lu (y + y> dp(y) = /det g5 (y + g@ d"y.

From the straightforward inequality

lull ey 1),am) < Cllullwerar,, z-rdu,)
for some constant C', combined with (4.2.27), it follows that u € C} , ;.

Step 4. Let us show by induction that

(Hue OIL;}+2+A,£(M$1)-

(2) Let £, be an integer in [1,4]. If u € C} o, \(My,) and if OJu = O(“x*”), 0 <
|v] < €. (cf. Step 6), then u € Cf 5,y . (M., ). Here x is either equal to some number &
(and then “z*”"= 2% or * = a, 3 (and then “x*”= 2%(1+ |Inx|)?). We also assume that
¥ > 2%(1 4+ [Inz|)?.

Indeed, suppose that u € Cj, 4, , - In case (1) this holds for x = w and o = 0
by Step 3; in case (2) this holds by the inductive assumption. Let Xl, ..., X; be any
smooth vector fields of the form X4(v)52r, X4 (v) € Coo(OM). Let u; = X1... X;u,
fi=X1...Xif. Incase (1) for £o+ 1 < ¢ and in case (2) for £y + 1 < ¢, we have

Lu[0+1 = fg0+1 =+ [LﬁXl .. .Xg0+1]u S Cl?)—ﬁfo—l-l-)\ + O;gle,eOJr)\.
Note that in case (1) we have u € Wi’ , (cf. Step 3), so that for £y + 1 < £ we have
Uy 1 € W, 15 setting gy 1 (§) =47 w11 (y + 27 '29), § € By(1) we obtain
leo+1llze(sy1),am) < Cllweotrllwes (s, o—rduy)-
Applying now the estimate (4.2.27) to the function tg,+1 ends the induction.

Step 5. Suppose that u = O(z*-¢). By the scaling estimates of Lemma 4.1.1 we
have u € C,? +2J§- \» by existence of a solution as considered in Step 4 and by uniqueness of
solutions in weighted Holder spaces, step 1, it follows that decreasing e if necessary we
can assume w = a_ +€ > w_ > l_, W # Q.

Step 6. The functions u,; defined in Step 4 satisfy the ODE’s
Lopu; = fi — ..Xl-ZNLu,
and since u; = O(z), w > pu_, we have
(4.2.28) w; = izt + G(fi) — G(Xy ... X;Lu),
G = Gy, for some functions ¢;(v). Since u € Cpy  [(My,) C CP¢(M,, ), X1 . .. XiLu
€ CI%(My,) (cf. (3.24)(3.2.6)), G(X1...X;Lu) € CP%(M,,), (cf. (3.4.2)~(3.4.4)),
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G(f;) € CF°C(M,,), setting z = x1/2 in (4.2.28) we obtain ¢; € Cy—;(OM), in particular
1; is bounded. We thus have

%‘w”* = O(xu+)7 G(fz) = O(J:a(l + |1n$|)ﬁ),

G(X;y...X;Lu) = O(z*tY) for0<i<(—1,

which gives, for 0 <7< /{—1,

(a) the implication
(4.2.29) wH1>a=u =01+ |nz)?),

(b) the implication
(4.2.30) wHl<a=u =0,

From (4.2.27) we obtain u € Cj_ 5, y, where * =w + 1 or ¥ = a, 3.

Step 7 (final). We can go through Step 4 again to conclude either u € C’,‘j‘_;%_h\ o—1
in case (a), or u € (Z'];"JJFFQIJF)\_/Z?1 in case (b). After going through Steps 6 and 4 at most k1

times, where k; is the smallest integer larger than (n — 1)/p, one obtains u € 01?4[32+k,é—k1;
if > 0 the above considerations applied to difference quotients together with Lemma
4.1.4 giveu € Cl?jgw\,szﬁm for all i’ € [0, 1). The inequality (4.2.25) follows by noting
that every step above “comes equipped” with an appropriate inequality, the details are
left to the reader.

(ii) Existence of some solution follows from Step 2 above in a standard way; uniqueness
follows from Steps 1 and 5; regularity follows from point (i) of the theorem. m

Combining the results of Theorem 4.2.3 with the arguments of Theorem 4.2.1 we
obtain

THEOREM 4.2.4. Letp € (1,00), and let 7 be the smallest integer larger than (n—1)/p.
Let L € OPgO (M) be a geometric elliptic operator and suppose that ¢ + { < k,

kX, e+4p

A€ (0,1), p € (0,1], £ > 1. Suppose moreover that (4.2.1)—(4.2.4) hold with 1, ¢,

X € 0271+A,£+éf1+#(M)’ and that for all w € (w_,w4) there exists 0 < x1 < xg (possibly

depending upon w) such that
L: Vi/lw;pﬂWg;p(le,g,x_"dug) - W((J;;;D(Milvx_nd:u!])
is an isomorphism, with p_ < w_ < min(wy, uy — (n —1)/p). Let u € WP (M) satisfy

_ o
(4.2.31) Lu=f, €O 70,

with o > «a, where

(4.2.32) (a—,aq) = (w_ + n—_l, min (u+,w+ + n_—l))
p p

Suppose finally that either

(4.2.33) u=0(x*7), >0,

or

(4.2.34) u € Wy (My,,x "dpg), w>w_.
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If £ > ly, where Ly is the smallest integer such that ay +£y > min(q, py ), then there exist
o€ (0,1) and § > 0 such that for p' € [0, 1) egs. (4.2.9)—(4.2.12) hold. The constants
o and § depend only upon wy, pi, o, p, A, £, (n—1)/p and k. Moreover, the a priori
estimate (4.2.13) holds with a (u and f independent) constant C provided that the norm

[fllgee (apy there is replaced by || f]] ge.s (M)

kX, 4 p kX, e+ i+ p
4.2.2. Classical regularity at the boundary. In this section we shall establish boundary
regularity of solutions of the problem

(4.2.35) Lu=f, feca®CHAM).
The following lemma reduces this problem to that of regularity of solutions of
Lu=f, feCid )Ny (M), p=0org=1.

LEMMA 4.2.5. Let k € Ng, A € [0,1], and let an operator L € O‘Pg‘k+>\(1\2) satisfy
(4.2.1)—(4.2.4). Suppose that

fea*C*NM), a>p_.
(i) Suppose moreover that a+k < py orthat py —a & No. There exists a function
U € CL(M) Nien, 2 CHHHTX(DM) such that

(4.2.36) Li—fe c,’jjg,m(M) NCEETA (M),

(i) Suppose alternatively that o +k > pi and py — o € No, set ki = py —
. There exist functions U € C%(M) N N;ey, 2 'CHHHNM) and oy € Ch (M) N
Nien, T+ CFMHHXNM) such that

(4.2.37) L(@ + Tiog log z) — f € Cif g (M) N CEft M ().

Proof. We shall prove point (i) assuming A > 0; point (ii) with A = 0 and point (ii)
are proved by a similar argument. Suppose that for some ¢ satisfying —1 < /¢ < k—1 we
have found a function u, € C2 such that =%(Lu, — f) is in Cj4 (M) and has vanishing
Taylor expansion at dM up to order ¢ (cf. Proposition 3.1.1); the result is true for £ = —1
if one sets u_; = 0. Let 2= %w,; be obtained from Lemma 3.3.1 with m = ¢+ 1 as an
extension of a function 1y € Cy_s—141(9M) to be specified below. By egs. (3.3.1)—(3.3.2)

and (4.2.1)—(4.2.3) we have
Lwg — Lapywe € CSHIA (M)

(note that the second term in eq. (3.3.2) drops out when at least one of the derivatives
there is a v-derivative). By hypothesis it holds that py — ¢ —1 # « and a straightforward
calculation (cf. e.g. the proof of Theorem 6.2.8) shows that we can choose ¥, so that
the function 2= Lugy1 = 2~ *L(ug + wy) is in Ciyx (M) and vanishes to order £ + 1 at
the boundary. The remaining claims follow by properties of the extension operator E of
Lemma 3.3.1 (cf. eq. (3.3.4)), using arguments similar to those of the proof of Corollary

3.32. m
We are now ready to prove the following:
THEOREM 4.2.6 (Classical boundary regularity, « € (a—,ay)). Let (a—,a) be a

strong regularity interval for C§, (M) for a geometric elliptic operator L € OP%HA(M),
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A€ (0,1), suppose that L is of the form (4.2.1)—(4.2.4), and that
Lu=f€aCrir(M), a€(a_,a;), u=0(x*""%), >0.

Let £y € Ny be the largest integer such that o + €y < a. Then there exists o > 0 such
that

2

(4238) a+k< QL = U E ﬂ Iaii0k+i+g(Mzo),
i=0
2 . J—
(4239) k>/ly=uc ﬂ (Ea_ngOJring‘k,go (Mwo)
=0

The constant o depends only upon o, py, a, A and k. Moreover when F denotes any
of the spaces appearing in eqs. (4.2.38)—(4.2.38), then the a priori estimate (4.2.13) holds

with a (u and f independent) constant C' provided that the norm || f|| jo.s (ny there is
kX, e4u

replaced by || f|| poc, (1)

Remarks. 1. The above results are sharp when ay = py, except perhaps for the
value of the modulus of Holder continuity which we leave unspecified. N

2. For ay < py define ¢ € Ny to be the largest integer such that a + €y < py.
The reader will notice that for @ < a4 the arguments of the proof of Theorem 4.2.9
can be used to show that the right-hand side of the implication (4.2.38) holds for all
k< ZO; similarly for k& > EAQ the right-hand side of the implication (4.2.38) will hold with
£y replaced by ZO. This is again sharp except for the value of the modulus of Holder
continuity of w.

3. Under the conditions of (4.2.38) in the special case uy — o € Ny one can obtain
some more information about u. This, however, requires different techniques and will be
considered separately in Theorem 4.2.10 below.

Proof of Theorem 4.2.6. Suppose first that a« + k < ay, let u be given by
Lemma 4.2.5, by point (i) of that Lemma and by interpolation (cf. the arguments of
proof of Lemma 4.2.2) there exists 0 < 20 < A such that

L(u—1) € G372 (M),
By Theorem 4.1.3 point (i) we have

2
u—u€CH T (M) C ﬂ 2 Chpivo (M)
i=0

(this last inclusion following from Proposition 3.2.2), and (4.2.38) follows. Equation

(4.2.38) follows from the inclusions C’gj‘fjgﬁ:zg(M) C C,?‘ifg;zfeoﬂg(M) and

+o+2 2 —i v
Crialooh—toroM) CMizo 2% "Coytitolk—t,(Mz,) by the same argument. m

To obtain classical regularity at the boundary for a’s beyond the threshold o some
more work is required. The next lemma will allow us to reduce the problem to an analysis
of those solutions, the decay rate of which is faster than the one corresponding to the
larger critical exponent. The proof proceeds along the lines of the proof of Lemma 4.2.5.
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LEMMA 4.2.7. Under the hypotheses of Lemma 4.2.5 let 1» € CKTX(OM). There exists
Y € Nien, aH+—ICRTHN (M) such that

I7#+$|8M = 1/}5
- k+ iy +A
Lip € Cil o (M) N O (M),
Arguing as in the proof of Theorem 4.2.1 one obtains the following:

LEMMA 4.2.8. Let L € OPZ, ,
k+)\ k+ >\(M)

with non-empty strong regularity interval (a_,ay) for Cg, \(M). Suppose that L is of
the form (4.2.1)~(4.2.4) with ¥, ¢, x € CQ_1 s j_142(M). Let m,l € No and assume
that B> pu— and m <€ < k. If B4+ m > py assume further that u = o(z"+). If

A € (0,1), be a geometric elliptic operator

m—+A
Lu=f, feC,f:,\OJZM(M), ueck+2+>\é+>\(M)

then there exists o > 0 such that

B4+m+o
u € Ck+2+ae m+g(Mwo)-

We are now ready to prove classical regularity at the boundary above the a4 treshhold
in the presence of a regularity interval, or of a strong regularity interval. To avoid a
somewhat tedious and not very enlightening discussion of various cases we shall only give
the proofs when ay = p4. It should be clear from the proofs below how to generalize
the argument to the case ay < p4, cf. also Remark 1 below.

THEOREM 4.2.9 (Classical boundary regularity, « > «4). Let (a—,a) be a strong
regularity interval for C§ (M) for a geometric elliptic operator L € OP2 A€

(0,1), k > 1, suppose that L is of the form (4.2.1)—(4.2.4), and that

Nesk

Lu=fecx®Crr(M), a>ay=pr, u=0x*1), ¢>0.

Then there exists o > 0 such that
2

(4.2.40) we (&' T Chyivoe(May) + () 2% Chyira(Ma,).
=0 1€Np

In particular, if we denote by by € Ny the largest integer such that py + ¢y < «, then we
have:
() If upr +k < orif a—py €N (or both),
2
(4.2.41) ue (&' Chyito(Ma,).
i=0

(i) For k > £y,
2

(4242) u e ﬂ LL"U‘+7Z-CZO+Z'+U‘]€,ZO (Mwo)
i=0
If, moreover, u = o(xz"+) then also

2

(4243) u e ﬂ .’I]'U'+7i0k+i+a- ﬂ x“ Ck.;,_l_;,_)\ Mmo)u
i=—k i€Ng
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and for k > Z, where € is the smallest integer such that (>a-— L, we also have
42 ‘ o

(4.2.44) we (V27" Ch iy o (May).
i=0

The constant o depends only upon a4, ps+, a, A and k. Moreover, when F denotes
any of the spaces appearing in eqs. (4.2.41)—(4.2.42) or (4.2.44), then the a priori es-
timate (4.2.13) holds with a (u and f independent) constant C' provided that the norm
LNl e (nr) there is replaced by [ fllzocy,imy- Similarly if Fi, Fy denote any of the

kX, Ltp
summand spaces in eqs. (4.2.40) and (4.2.43), we have the a priori estimate

(4.2.45) lullrer, < CUfllc.ac, o + Iullgo—re )

Remarks. 1. If a; < p4 one can still obtain some classical regularity of the solu-
tions, the results being somewhat worse than in the case ay = py. More precisely, we
have the following: If oy < o < py and if £ > ¢1, where ¢; is the smallest integer larger
than « — a4, then the implications (4.2.38)—(4.2.38) hold when k is replaced by k — ¢;
at both sides of those implications. Similarly if & > p4 and k > ¢ 4+ 1, where ¢5 is the
smallest integer larger than or equal to p4 — a4, then egs. (4.2.40)—(4.2.44) hold with,
however, k replaced by k — f2; this substitution should be done in both members of the
implication (4.2.41). For the validity of (4.2.42), respectively of (4.2.44), the condition
k > fo, respectively k > Z should of course be replaced by k > £y + {3, respectively
k >0+ £5. In all cases discussed here one has the corresponding a priori estimates.

2. If (a—,ay) is only a regularity interval for Cf, (M) and if ay = py, then egs.
(4.2.40)—(4.2.44) hold if we moreover assume a_ + 1 < ay, u = o(z®-T1+¢) for some
e > 0 with, however, ¢ = 0 and k replaced by k — 1; in (4.2.42) the condition k > £
should of course be replaced by k > fo + 1; similarly for (4.2.44). If a4 < py then the
results discussed in Remark 1 will hold with ¢ = 0 and with a value of k further decreased
by 1 as compared to the value there.

Proof of Theorem 4.2.9. In what follows the symbol o denotes a real number
in the interval (0, ) the value of which may vary from one expression to the next. Let
u be given by Lemma 4.2.5, by point (i) of that Lemma and by interpolation (cf. the
arguments of proof of Lemma 4.2.2) there exists 0 < o < A such that

f=Llu—a)eCRiiie, (M) C Cu i, (M).

By Theorem 4.1.3(i) for all & > 0 we have u —u € C}5 7 ., (My,) so that L(u—1) €

crtee (M) N Cyt—r . (M,,); interpolation gives L(u — @) € CZI:,Z+U(M10)-

k—140,k—140 k~+o,k+o
We have B B
(4.2.46) w— 1= prht + Golf] — Go[L(u — )]

with some function ¢ (v), and it follows from this equation at = /2 and from (3.4.14)
that ¥ € Ciio(OM). Let 1) be given by Lemma 4.2.7, set & = v — U — 1; we then have

- k -
Lu e Cﬁi;oig(Mxo), u = o(xM+).

so that we can write _
(4.2.47) u = Go[Lu] — Go[Lu].
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It follows that u € CSLZIZ(Mzo) and Lemma 4.1.4 gives u € C,‘:I;fa pto (Mz,). Lemma
4.2.8 with 8 = p4, A replaced by o, and £ = m = k yields

~ = k4o
u—u—1 e CSI;FIOJFU(M%).
Eqgs. (4.2.40)—(4.2.43) follow now from Proposition 3.2.2. m

Similar arguments give the following, no details will be given (note that below we are
not assuming that ay = uq):

THEOREM 4.2.10 (Classical boundary regularity, uy — a € Ng). Let (a_,ay) be a
strong regularity interval for C§\\ (M) for a geometric elliptic operator L € OP%

A € (0,1), suppose that L is of the form (4.2.1)—(4.2.4) and that
Lu = f S {Eack+)\(M),
ar <pg, am <a<py, py —a €Ny, u=0(x*"1), &>0.

ke (M)’

For a < ay set £ = 0, otherwise let { be the smallest integer such that ay + € > «. If
a+k > py +L+1, then there exists o > 0 and uiog € ﬂﬁ;ﬂ;aﬂ x“*’iC’k_(M_a)HH\(M)

such that ,

(4.2.48) U — Ulog logz € ﬂ xo‘*iC’k,HHg(]Wzo).

i=0
If wiogloasr = 0, then wiog = 0. The constant o depends only upon oL, pi4, a, A and
k. Moreover, when Fy, F» denote any of the summand spaces in eq. (4.2.48), then the
a priori estimate (4.2.45) holds with a (u and f independent) constant C.

Remark. If (a_,ay) is only a regularity interval for C¢, , (M) and if we moreover
assume that a_ +1 < oy and u = O(z% T1¢) for some € > 0, then eq. (4.2.48) holds
with ¢ = 0 and with k replaced by k& — 1.

Theorems 4.2.6, 4.2.9 and 4.2.10 were proved assuming the existence of a (strong)
regularity interval in weighted Holder spaces. In weighted Sobolev spaces we have the
following corresponding result:

THEOREM 4.2.11. Letp € (1,00), and let 7 be the smallest integer larger than or equal
to (n—1)/p (recall that n = dim M). Let L € OP? iy A € (0,1) be a geometric
k424X

elliptic operator of the form (4.2.1)-(4.2.4). Suppose that for allw € (w_,wy) there exists
0 < 21 <z (possibly depending upon w) such that

L WEPnWg P (Mg, , g, "dpg) — WGP (Mg, 2™ "dug)

is an isomorphism, with p_ < w_ < min(w4, puy — (n —1)/p). Define

~1 ~1
(4.2.49) (aﬁyg__<w_%f;__ﬂmn<ﬂ+¢uk+ll__)>_
p p
Let w € WP'°°(M) satisfy
(4.2.50) Lu=f, [fea®Cy (M),

with a > a_. Suppose finally that either
(4.2.51) u=0(x*"1%), >0,
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or
(4.2.52) u € Wy (My,, 27 "dugy), w>w_.

Then:

(i) Consider o € (a—,a4), let £y € Ny be the largest integer such that o+ o < .
There exists o > 0 such that

244
(4.2.53) atk<py=uc()a Crpite(Ms,),
1=0
244 }
(4.2.54) k>l =€ ()2 Crypivolo—to(May).
i=0

(ii) If ax < pg consider ay < a < py. Define {1 to be the smallest integer larger
than o — ay. If k — €1 > 1, then the implications (4.2.53)—(4.2.53) hold with k — ¢;
substituted for k on both sides of those implications.

(iii) If py — o € Ny, then the conclusions of Theorem 4.2.10 hold.

(iv) Let £3 € Ny be the smallest number larger than or equal to iy —oy. If o> py and
if in Theorem 4.2.9 we replace the conditions on k by conditions on k — fo (in particular
the condition k — {3 > 1 must hold), then the conclusions of Theorem 4.2.9 will hold with
k replaced by k — 5.

Moreover, the a priori estimates of those theorems hold modified in the obvious way.

Proof. When (n —1)/p is not an integer the result follows from Theorems 4.2.3,
4.2.4 and Lemma 4.2.8 using the arguments given in the proofs of Theorems 4.2.6 and
4.2.9. Here Lemma 4.2.8 is used with £ = k or £ = k — {1, and with k there replaced by
k + (. Note, however, that for (n — 1)/p € N a verbatim application of Theorems 4.2.3
and 4.2.4 would lead to a result worse by one as far as differentiability of u is concerned.
This can be improved by noting that, in the notation (*) of Theorem 4.2.3 and under the
hypotheses there, for o < a the inclusion (4.2.24) in Theorem 4.2.3 can be replaced by

(4.2.55) u—1u€ Clj;;r)\,kfﬂ)\(Mml) for all € > 0.
In eq. (4.2.55) the constant / is as defined in the statement of Theorem 4.2.11. This is

sufficient for our purposes and leads to the result here with 7 as described in the statement
of Theorem 4.2.11. Similarly for (n — 1)/p € N the constant ¢ in Theorem 4.2.4 can be
chosen so that ay + fop — 1 + ¢ is arbitrarily close to a.. The result follows then by the
same arguments as indicated above. m

5. Non-linear equations with polyhomogeneous coefficients

5.1. Polyhomogeneity of solutions of some fully non-linear equations. In
this chapter we shall show, under appropriate hypotheses, that solutions of a class of

(®) Tt should be stressed that k in eq. (4.2.55) does not coincide with k used in the statement
of Theorem 4.2.11.
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(uniformly degenerating) fully non-linear second order systems of equations are polyho-
mogeneous near JM. Roughly speaking, to prove polyhomogeneity of solutions we shall
need

(i) existence of a polyhomogeneous “approximate solution” ¢y,
(ii) existence of a “regularity interval” for the equation linearized at ¢y,
(iii) boundedness of the solution in some weighted Holder class.

More precisely, consider a system of equations of the form
(5.1.1) FAly, o5, 20,67 ,2%0,0;0%) =0, A=1,...,N,
or, briefly,

Flg] =o.
We shall assume that both the fields ¢ and the equations (5.1.1) are geometric in the
sense of Chapter 4, we leave to the reader the easy task of formalizing this notion along
the lines of Chapter 4. We shall assume that we have an approximate solution ¢g of
equation (5.1.1) satisfying
(5.1.2) Po € APIE N Cy(M),
(5.1.3) Flpo] € AP"e N OGO (M), ag > 0.

The functions F4(y, 25, p?, qg) will be assumed to be continuous with respect to all the
variables, smooth with respect to the variables z, p, ¢, and polyhomogeneous w.r.t. z in
the following sense: for all multiindices v4, 1o, v3 we have

(5.1.4) 02105201 F]|g—g, € AP"E N Co(M),
and for all 7 and for all multiindices u, v, v2, V3,
(5.1.5) (20,)' 0181 0229 F € CO(M x RNU+n+19),

Remark. It should be clear from the proof below that it is sufficient to assume
(5.1.5) in a neighbourhood of the graph of ¢g over M, defined as

{(y, 60, 200, 320,0;0) 1 y € Moy} € My, x RNIFE0Y),
Let F'[x] be the linearization of (5.1.1) at ¢ = x:

OF* | yP L OFA 0*yP
8q5 d=x dy' oy’

(5.1.6) Fiixly=——F5 B P+

¢=x 9p ? $=X 9y’
Our hypotheses above are motivated by the harmonic map equation (under appropriate
conditions; cf. [55, 56, 31] for some related results), and by the equation for hypersurfaces
with prescribed mean curvature (cf. [49, 7]). Indeed, for metrics on the source space of
the form g;; = x72g;; as considered in Section 6.3 or in Chapter 7 the harmonic map
equation will be of the form considered here. Similarly, in a space-time with a smooth or
polyhomogeneous Scri, spacelike hypersurfaces intersecting Scri transversally will satisfy
an equation of the form (5.1.1). Our theorem below together with the remarks following it
reduce the question of boundary regularity of solutions to those equations to an a priori
estimate in C¢'(My,) spaces, together with the proof of existence of the strong regularity
interval. Note that for the prescribed mean curvature equation the existence of a strong
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regularity interval for appropriate approximate solutions required in Theorem 5.1.1 below
follows from the results in Section 7.2.
We have the following;:

THEOREM 5.1.1. Suppose that (5.1.2)—(5.1.5) hold, assume that F'[¢o] is a geometric
elliptic operator of the form (4.2.1)—(4.2.4) considered in Section 4.2 and that F'[¢o] has
a strong regularity interval (a_, o) with

(5.1.7) oy >0, ag>o_.

Let ¢ € C¢(M) be a solution of (5.1.1) satisfying

(5.1.8) ¢ —do € CL(My,y), «>max(0,a_).
Then

¢ € APPe N CO(M,,).

Remarks. (i) In the case when eq. (5.1.1) is quasi-linear, i.e., linear in second deriva~
tives, then eq. (5.1.8) can be further weakened to ¢ — ¢g € CP(My,), o > max(0,a_).
Finally, if eq. (5.1.1) is linear both in second and first derivatives of ¢, then eq. (5.1.8)
can be replaced by ¢ — ¢g € C§'(My,), a > max(0,a_); cf. Proposition 5.1.5 below.

(ii) If (a—,ay4) is a weak regularity interval, the result remains true if we add the
conditions a4 —a_ > 1,ap > a— + 1, > max(0,a_ + 1), cf. the Remark following
Lemma 5.1.3 below.

Proof of Theorem 5.1.1. We shall prove that there exists a sequence s; —i—oo
oo and a sequence of functions ¢; € AP N Cy(M) such that

(5.1.9) ¢i — ¢ € O3 oo (M) + AP 1 G5 (M)

from which the result follows. We shall proceed recursively; suppose thus that ¢; has
already been defined for some 7 > 0. Then ¢ satisfies the equation

(5.1.10) Li(¢ — ¢i) = F'[il(¢ — di) = Gi(¢ — i) + F(4),
where
(5.1.11) Gi(¥) := Flgi + 9] — F'[¢ilih — F[64]

We shall need the following two Lemmata:
LEMMA 5.1.2. Let ¢; — g € APP& N C§°(M). For k € N, A € [0,1], 6 > 0 we have
(i) For k e Ng°, A€ [0,1], ¢ € C2 ; \(My,),
Gi(y) € C2 1y (May).
(ii) For ¢ € APh8 N CF(M,,),
F(o+v) € A0 OO (M)
(iii) For ¢ € AP"¢ N C§(M,,), x € C;7k+A(M$0),
min(ag,d
(F'[go + 9] = F'lgo])x € CLRD (M, ).
Proof. Point (ii) follows from (5.1.4)—(5.1.5) using the Taylor expansion. Points (i)

and (iii) follow by a straightforward analysis of the remainder term (3.1.3) in the Taylor
expansion. m
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We can find sp > max(0, a_) satisfying so < min(«, o) and sp < ay. Decreasing g
if necessary, we may assume that so = ag. We have

LEMMA 5.1.3. ¢ — ¢o € C32  (My,).
Proof. Let u = ¢ — ¢g and consider

(5.1.12) Glu] = Flpo + u] - F'lgo]u — Flgy).

We will argue by induction. Fix an irrational 6 € (0,1) so that 2sg — 6 > sg. It follows
from our assumptions that v € C3° (o which is the starting point of the induction.
Now assume that u € CZ ;4 for some & € N. By point (i) of Lemma 5.1.2, G[u] €

ngoke' For any f € ngoke and any multiindex v we have
2 250—1
(z0,)"f € Ooj,oke N CocsnokG-i-l
Applying interpolation as in the proof of Lemma 4.2.2 gives with the above choice of 6,

(@0y)"f € C3ths 16

but v was arbitrary so we get f € C2°
that F[¢g] € C50

o0,00

(k+1)s- Applying this result to G[u] and noting

and F¢o + u] = 0 by assumption, we find

Flgolu € CF (1110

By assumption (a_, a4 ) is a strong regularity interval for F'[¢o] and sg € (a—, ay). We
can now apply Theorem 4.1.3 to conclude that v € C° (k1)0" It follows by induction
that u e C32 . =

Remark. In the case when (a_,«a4) is only a weak regularity interval, the above
argument is valid only under restrictions on sg. Instead the appropriate version of Lemma
5.1.3 is proved under the conditions outlined under point (ii) of the remark following
Theorem 5.1.1 by considering the identity

8¢ a¢ oF

Flo) 0 = [ [60] ~ Flgll s + o fbo] — o (6]~ O o]

By eq. (5.1.3) and by point (iii) of Lemma 5.1.2 each group at the right-hand side of
this equation is in C59. From ¢ € C59 we have 9¢/0v? € C52~1, and since (a_,ay) is a
regularity interval and both so and so — 1 are in (a_,ay) we find 9¢/dv? € C52, hence
o€ CS" . The result follows by an inductive repetition of this argument; cf. the proof of
Theorem 7.4.4 in Chapter 7 below for a more detailed exposition in a similar context. m

Returning to the proof of Theorem 5.1.1, Lemma 5.1.3 shows that (5.1.9) is satisfied
with ¢=0. Consider again equation (5.1.10). By Lemma 5.1.2, point (i), we have G;(¢ —
¢:i) € CZ51(M). Now point (ii) of Lemma 5.1.2 gives F[¢;] € AP"8 N C§° (M), thus

Li(¢p— ¢;) € CZi, + APPE N CFO(M).
This and point (iii) of Lemma 5.1.2 imply
Lo(¢ — ¢i) = (Lo — Li)(¢ — ¢:) + Li(¢ — ¢i) € CLE20 + C2 + APPE N CFO (M),
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A straightforward extension of Lemma 4.2.5 shows () that we can find s APBENCEO (M)
such that N
(5.1.13) Lo(¢ — ¢i — §) € C3ihe + C3i.
Similarly, for s; +ag > 4 it follows from a straightforward extension (!) of Lemma 4.2.7
that ¢ can moreover be chosen so that

¢ —¢i — ¢ = o(z"").
Here p4 is the larger indicial exponent of Ly, as defined at the beginning of Section 4.1.
Lemma 4.2.8 gives

¢ —ps € APPENCY(M) +C5H2 5 =min(s;, ag) > so > 0.

00,00

¢i+1 is now defined as ¢; plus the sum of those terms in ¢ —¢; which are polyhomogeneous
and which decay slower than s;;1 = s; + 0. This completes the induction step, and the
result follows. m

Now we specialize to consider the cases when F' is quasi- or semilinear. For such
equations we shall show that the hypothesis ¢ — ¢g € C% (My,) can be weakened.

DEFINITION 5.1.4. We will say that the system F is quasi-linear if F' is of the form
(5.1.14) Fl¢] = 2%a"0,0;¢ + c

where a¥ = a[y, ¢, xO¢] and similarly for c.
We will say that the system F' is semilinear if F' is of the form

(5.1.15) Flg] = a*a[y, $]0,0;0 + 2b'[y, ¢]io + cly. ¢]

PROPOSITION 5.1.5. Assume that F is of the form (5.1.14) with F satisfying (5.1.4)—
5.1.5). Further, let ¢g be an approzimate solution to F[¢p] = 0 satisfying (5.1.2)—(5.1.3).
Assume that F'[¢g] is an elliptic operator on M in the sense of Section 4.1, that

and that
(5.1.16) b — b € CY(M,,) NCOXE(M), a>0.
Then there exists x1 > 0 such that p—¢o € C (M, ), where sp = min(ag, ). If moreover

F is of the form (5.1.15), then (5.1.16) can be replaced by ¢ — ¢po € C§(My,) N CX(M),
a > 0.

Proof. Let Ly be the operator defined by

Lyt = x°a" (y, 6, 20k $)3;05 + xb' (y, &, 20k ) Dit

and let
u= ¢ — do.

(1) The result needed here can actually be proved in a rather simpler way as compared to the
proof of Lemma 4.2.7: Indeed, all the functions appearing in the polyhomogeneous expansions
are smooth in the v variable, so that in the proof one does not need to use the extension operators
of Lemma 3.3.1.
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From the regularity assumptions on F', a straightforward argument using Taylor’s theorem
shows the existence of some x; > 0 so that Ly, € OP, is elliptic in the sense of

Section 4.1 and

0 (May)

L¢u € CSO (Mml)
Now an application of interior estimates and scaling gives u € C79 , (M,, /2) for X € (0, 1).
From the above we have that u € C}S \(M,,/2) with k = 1 and, since by assumption
u e CP°(M), it follows that u € C}5 5 (M,,) with k = 1.
We wish to show by induction that u € C}% (M., ) for all k. We have shown this to
be true for £ = 1. Assuming that u € G}, (My,) it follows from F[¢] = 0 and (5.1.14),
using Taylor’s theorem, that

Fllgolu € C° 14\ (Ma,).

An application of the scaling estimate Lemma 4.1.1 gives u € C}5, , , (My, ). This achieves
the induction step and proves the proposition. m

6. The vector constraint equation

6.1. Introductory remarks. Let (M,g) be a compact Riemannian manifold with
boundary OM, let  be any defining function for OM, for v € M = M \ OM let

(611) :gvij = I_2gij-

As discussed in Chapter 2, to construct solutions of the vector constraint equation one
makes use of the conformal invariance of the system

D; P =0, Dy(gij P7)=0.
There are at least two ways to proceed:

METHOD 1. Let A% be a symmetric, traceless tensor field (¢g;; A% = 0), suppose that
B € R, let the vector field X? satisfy

(6.1.2) D; (DlXJ +D7X" — —(Dka)g”> = —D;(zPAY),
n
where D is the Riemannian connection of g;;. Then the tensor field
B9 = D'X7 4+ DX — Z(DpX¥) g + 2P A
n

is symmetric, traceless and transverse for the metric g;; (D;B% = 0). Moreover, the
tensor field BY = x~("*2) B is transverse for the metric g;; (D;BY = 0).

METHOD 2. Let A% be a symmetric, traceless tensor field (@J/NW = 0), suppose that
B € R, let the vector field X* satisfy

O T N ~ ~
(6.1.3) D; (DZXJ +D7X" — —(Dka)gZJ> = —D;(xP AY)
n
where D is the Riemannian connection of gij- Then the tensor field

D I U ~
BY = D'X) 4+ DIX" — Z(DpX"*) g 4 2P AY
n
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is symmetric, traceless and transverse for the metric g;; (D;B% = 0). Moreover, the
tensor field BY = x("+2) B¥ is transverse for the metric g;; (D;BY = 0).

Because of the singular character (recall that z = 0 on M) of the relationship (6.1.1)
between g;; and g;;, the methods turn out to be quite different. Since the operator on the
right-hand side of (6.1.2) is a regular elliptic operator on M (i.e., elliptic up-to-boundary in
the standard sense), the first method turns out to be more convenient for proving existence
of solutions of the vector constraint which are smoothly extendable across 0M; this is
most easily achieved using (standard) non-weighted Hélder spaces on the compactified
manifold, as shown in Section 6.2. On the other hand the evolution problem is most
directly formulated in terms of Sobolev-type spaces, in the non-compactified picture, it
is therefore natural to use the second method to do that: this analysis is carried out in
Section 6.3.

6.2. (Non-weighted) Hélder spaces on the compactified manifold. In this
section we shall prove existence of solutions of the system of equations

(6.2.1) AL X =Y,

(6.2.2) (A X)" = D;LY (X),

(6.2.3) LY(X) = %(DiXﬂ' + DIXY) — 2D Xt
n

under various hypotheses on the source term Y, where g;; is a Riemannian metric on a
compact manifold M with boundary 9M; by this we mean that (M\OM, g|yponr) is a
Riemannian manifold and in local coordinates {y*} near M as described at the beginning

of Chapter 3 the matrix g;; = g(a%i, %) is strictly positive definite up to OM, thus:

(6.2.4) CIY (X < gy X'X) <CY (X)? forall X' e R"

for some constant C. D; always denotes the Riemannian connection of g;;.
DEFINITION 6.2.1. The metric g;; will be said to be of class Mg, ,, a > 0, if (6.2.4)

holds and if for 0 < |y| < k we have )g;; € Coix "D (M) (thus g;; € €18, (M), and
in local coordinates near 9M (cf. the beginning of Chapter 3) we have
0 0

By %Qij

(6.2.5)  |gij| +1g¥ |+ (1 +22 )™t e B <C,

0
o

for some constant C, together with an appropriate weighted Holder condition if A > 0).
Note that a metric g € Cryr (M) is in M, for all a > 0.

PROPOSITION 6.2.2. Let g be a metric of class M,y on M, 2 < dim M, X € [0,1],
a>0,k>3,let X CHM)N W??;IOC(M,g,d,ug), a>0,pe|[l,0), satisfy

Lo ’
(6.2.6) L(X) = 5(D'X7 4+ DIX") = —(DyX")g" = 0.

Then X = 0.

To prove Proposition 6.2.2 we will need the following lemmata:
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LEMMA 6.2.3. Let g be of class My, k > 3, then for x < xg in local coordinates we
have

|Ih|s + 2| Rlg + 2®|DR|y < C(1 + 27 1)

for some constant C, where R = (R';is) is the Riemann tensor, DR = (DpR'jmn), | |n
stands for the Riemannian norm of a tensor with respect to the metric h.

Proof. Simple computation. =

The result that follows is well known (we use the convention Dy D; X* — D; D X" =
Ri[ijZ):

LEMMA 6.2.4. Let 6X = D; X', X; = g;;X?. Under the hypotheses of Proposition
6.2.2 we have X € C¢(M), and the following hold (n = dim M > 2):

(6.2.7)  DyDpD;iXj = Dy R'ij Xy + R%ij Din X

1
+ E{Dka((SX)gij + D Di(0X)gjx — DimnD;(6X)gix },

0X gik

n R
2. D;Dy6X = ——{ —2R;;Dpy Xt + ———
(6.2.8) kO n 2{ Re Dy X"+ n(n—1)

1
e —_— . P .
+X Dé<2(n_1)Rgm Rzk)}a

where R;; = Rkikj is the Ricci tensor of gi;, R = ginij the Ricci scalar.

Proof. It is an easy exercise in distributional differentiation to show from (6.2.6)
and X € WP'°(M,g,du,) that the equations (6.2.7)-(6.2.8) hold in a distributional
sense, which together with X € CI°¢(M) implies that X € C¢(M), and shows that
(6.2.7)—(6.2.8) hold pointwise. m

LEMMA 6.2.5. Under the hypotheses of Proposition 6.2.2 for any o > 0 there exists a
constant C(o) such that

(6.2.9) |X|, +2|DX|, + 2*|DDX|, < Ca°,

where DX = (D;X;), DDX = (D;D; X}).

Proof. Equations (6.2.7)-(6.2.8) and X € Cf show that DDDX € C§~*, which
easily (e.g., by scaled interpolation) implies X € C¢. Let

I = {o € R : there exists C such that (6.2.9) holds}.
Since X € C§, @ > 0, it follows that (—oo,a] C I, thus I # (. Let
o =limsupl,
suppose that o # oo, set 01 = ¢ — 2~ min(a, 1); by definition of & we have oy € I, thus
(6.2.10) |X|, +x|DX|, + 2} DDX|, < Cx°".

Decreasing o7 slightly if necessary we may assume —o; ¢ N. Equations (6.2.7)—(6.2.8)
imply an equation of the form

(6211) 0,DDX = “I'DDX + RDX + DRX” = O(xol-l-min(l,a)—S)'
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Suppose first that o3 + min(1, @) < 1; from

x2

(6.2.12) f(z1,v) = f(x2,v) — S %(s,v) ds
1
one has, setting f = DDX, x1 =z, x2 = xy,
(6.2.13) DDX = O(zor tmin(le)=2y
similarly from
(6.2.14) 0, DX =“I'DX + DDX”
and from (6.2.12)—(6.2.13) it follows that
(6.2.15) DX = O(gortmin(le)—1y
Passing to the limit ;1 — 0 in the equation
(6.2.16) X(z,v) = X(z1,v) + S “I'X +DX)"(s,v)ds

x1
(the integral on the right-hand side of (6.2.16) converges because o1 + min(1l, ) > & >
& > 0), making use of X (0,v) = 0, one obtains

(6.2.17) X = O(zorHmin(he)y
which together with (6.2.13) and (6.2.15) contradicts the definition of &, thus o1 +

min(1,a) > 1; suppose that o1 + min(l,a) < 2. (6.2.13) still holds so that (6.2.12)
with f = DX shows (cf. (6.2.14)) that the limit

Aij (’U) = hII%J Din(JJ,U)

)

exists, and we have

(6.2.18) D;X; — Ajj = Oz tmin(le) =1y,
while (6.2.16) gives
(6.2.19) X; = O(x).
Equations (6.2.13), (6.2.18) and (6.2.19) yield
0X =0(1
(6.2.20) (1),

00X =0(z*7Y), e =min(0,01 — 1) + min(1, @) > 0.

Let vo € OM; (6.2.12) with f = g;; together with ¢ € Mg implies that f;;
= lim, .0 g4j(x, vo) exists. Passing to the limit © — 0 in (6.2.6) one has

(6.2.21) Aij + Aji = %f“”Aemfij,

where f™=(fi;)~" (cf. (6.2.4)). The interpolation inequality (cf. e.g. [44, Appendix A])
(6.2.22) 1Fllewonny < CUEE onn I FlEtonn,

applied to f(v) = X;(z,v) together with (6.2.19) and (6.2.20) gives

(6.2.23) 0X; (v,z) < Cz*/?,
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thus Aa; = 0. Let ey = e(i)jaj be an orthonormal basis at (0,vo) for fi;, with e(4) =
E(A)BavB, 6(1)J_8M, set A(z)(]) = Aijei(i)ej(j); we have, for A=2,...,n,

e(a) = 0= Ay = elaye(nAre = 0= 7 A = Ay,

Equation (6.2.21) rewritten in the orthonormal frame e;),

2
Aoe Ao = Ao o),
with (i)(j) = (1)(1), (1)(A) gives
Aij = 0,

thus (6.2.15) and (6.2.17) hold, contradicting again the definition of &, thus
o1 + min(1,a) > 2. Going through the whole argument once again one similarly shows
that the limit

Aijk = wlli}l}) DiDij(ZE,’Uo)

exists, and A4, = 0. Algebraic manipulations with the equations
2 . 2
Apig + Agji = — [ Apmi fig = lim D, (Din +D;X; — EgMDkazgij) =0
lead to
Aijk =0.

This implies that (6.2.13), (6.2.15) and (6.2.17) hold again, contradicting the definition
of 7, thus ¢ = 0o, which had to be established. =m

Proof of Proposition 6.2.2. Let
_IvI2 2 2 4 2
f(z) = |X[; + 27| DX, + 2*|DDX]|j.

We have
0 2 2 2 4
of _ “(X,xD,X)+ =2?|DX|?> + =(2DX,2*D,DX) + —2*|DDX|? + F,
oxr =« T 9z T 9

where F' is given by
F =2(z*DDX,2*D,DDX).
Thus, using 2ab < a? + b2,
of _A+I%
ox T
From Lemmata 6.2.3 and 6.2.4 it follows that

S T x'n ,a)— _i_xmin sa)=1,
F| < C2?|DDX | (™) =1 x L) =1y DX

mein(l,a) mein(l,a)

(2*|DDX||X| + 2} DDX|z|DX]|) <

Therefore, for 0 < z < zg, we have

g<4+}6%}g+0

Ox T

<

for some constant o, so that for 0 < 2y < x < x one has
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fx)zg ]
o || <o
which implies
fa) < f(le)xg.
1

Passing to the limit ;1 — 0 one obtains, from Lemma 6.2.5,

f(z) =0,
thus X vanishes in a neighbourhood of M, which by well known results on conformal
Killing vector fields (cf. Lemma 6.2.4) implies X =0. u

PROPOSITION 6.2.6. Let g be a Copx(M) N MS metric, £ > 2, a > 0.
(i) Forp € [2,00) if k=0 and p € (1,00) if 1 < k < { — 2 there exists a constant C
such that for all X € WYNW7]_,(M,g,du,) we have

(6.2.24) [

k+2

(i) For 0 < k < €—2, X € (0,1), there exists a constant C' such that for oll X €

Crt24x(M) satisfying X (p) =0 for p € OM,

Proof. To prove (6.2.24), recall that since Ay, 4 is elliptic we have the estimate [2,

Theorem 10.5]

(6.2.26) 1Xllwz,, < CUl ALy X llwp + 1X]120):

Suppose that (6.2.24) does not hold; thus for ¢ € N there exists X; such that || X;||: =1
and

(M,g,dpg) < CHALng”W)f(M,g,dug)'

k42’

1
1Az g Xillwp < Zl1XIwp
Inequality (6.2.26) implies

C .
1Xilhw,, < <1 Xillwg,, +C = |Xillwy,, < 2C for i > 2C,
therefore
2C
1AL g Xillwe,, < —

By the Rellich—Kondrashov theorem a subsequence, still denoted by X;, can be chosen
converging strongly in W to X, € W2, and we have

(6.2.27) S (DZX({O + DX — —Dkaog”>DjYi dug =0 forall Y € WZ(M,g,dpu,).
o n
Elliptic regularity (cf. e.g. [39]) and g € Co(M) give Xo € 01+E(M) for some @ € (0, 1),

while g € M implies that Xo, € WF'°°(M, g, dp,) for all p € (1,00). Setting Y = X,
in (6.2.27) it follows that X is a conformal Killing vector. Proposition 6.2.2 implies
Xo = 0, which contradicts || Xoo||1 = 1, and proves (6.2.24).

(6.2.25) is proved in a similar (and simpler) way, using

X ey roininy < CUIAL g X ey niry T 1 X L2 (01,dpsg))
(cf. [2, Theorem 9.2]) and the Arzela—Ascoli theorem. m
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THEOREM 6.2.7. Let g be a Coix(M) N M$ metric on a compact manifold M (with
boundary), £ > 2, A € [0,1], a > 0.

(i) Suppose that A € (0,1). For 0 < k < {—2 the map
(6.2.28) Apg:{X € Cry2:a(M) : X(p) =0 for p € IM} — Ciin(M)

is an isomorphism.
(ii) Forp € [2,00), k=0, orp€e (1,00), 1 <k < ¢ — 2 the map

(6.2.29) Apg: WPOW? (M, g, dug) — WP (M, g, dpy)

is an isomorphism.
Remark. If £ > 3 then g € Cy(M) implies g € M$ for all a > 0, cf. Definition 6.2.1.
Proof of Theorem 6.2.7. (6.2.24) with p = 2, k = 0, shows that the problem

(6.2.30) Ap,X=Y, YelL? XeW?

satisfies the coerciveness condition, existence of a weak solution follows from the Lax—
Milgram theorem [40, Theorem 5.8], regularity follows from e.g. [39], uniqueness of solu-
tions follows from (6.2.24). m

THEOREM 6.2.8. Let_]\7 be a compact manifold (with boundary), suppose that g is
a metric on M = M \ OM which can be Cy extended across OM, let x be any smooth
defining function for OM . Consider the equation

(6.2.31) Ap,X =2, Y €Cx(M).

(i) For o € Ny and for any Xo € Coo(M) there exists a solution of (6.2.31) of the
form

(6.2.32) X =Xo+ X1, Xie€Cux(M), X, =0().

X is uniquely determined by Y and by OM > p — Xo(p), in the class of WE(M, g, du,)
solutions of (6.2.31).
(ii) For a € Z there exist X2, Xo € Coo(M) such that the vector field X given by

(6.2.33) X =2 Xo12+ Xo

is a solution of (6.2.31). X is determined by Y, in the class of solutions having the
described properties, up to the addition of a Cuoo (M) solution of the homogeneous equation
(¢f. point (1)).

(ili) For —a € N there exist Xqy2, Xo, Xiog € Coo(M) such that the vector field X
given by
(6.2.34) X =22 X 10 + Xo +log 2 Xi0g

is a solution of (6.2.31). If o = —1 then there exists Xiog,1 € Coo(M) such that Xiog =
2 Xiog,1. X is determined by Y, in the class of solutions having the described properties,

up to the addition of a Coo(M) solution of the homogeneous equation (cf. point (i)).

Remarks. (i) In (6.2.33) one can replace Xot2 by Xoyo + )A(aJrQ, with )A(aJrQ IS
C2 (M) without changing the form of (6.2.33), thus X2 is not unique. A similar remark
applies to (6.2.34).
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(if) For ¢ +2 > 1/2, X in (6.2.33) is unique in the class of solutions which are in
021/2+€, g > 0, as follows from Proposition 6.2.2.
Proof of Theorem 6.2.8. Point (i) follows immediately from Theorem 6.2.7. To
prove the remaining claims, let
Xa+2 = Zar2 + Voo, Zay2 L Dx, Voyo ~ Dax.
A straightforward calculation gives
(6.2.35) 247 4(2°"%X440)
o 5 2(n—1)
:(04—|—1)(O[—|—2)I |DI|g Za+2—|— TVQJFQ +Wa+2,

— 1 /
Wt =2 W,

with W/ 5 € Coo(M) if Zoio, Vaga € Coo(M). For a # —2, —1 we can choose Z, 2 and

Vat2 € Coo(M) so that

x—0

2(n — 1
(6.2.36)  (a+1)(a+2) lim { <Za+2 + %vﬁrz) |Dx|§} = lim Y,

and if we set

1 2(n — 1 _
vy = E{Y — (a+ 1)(a +2)| Dz|? (Za+2 + %VM&) } — Wy € Coo(M)

551 =X - $a+2)?a+2
then X will be a solution of (6.2.31) if X satisfies
(6.2.37) 2AL , X1 = 211V,

Suppose first that —a € Np; continuing as above we can find a sequence {)N(QJFQH}‘ZQO of

vector fields X yo1; € Coo (M) such that

N
(6.2.38) 241, ( 3 :ca+2+i)~(a+2+i) = zotNyy,
=0

for some Yy € C(M). By Borel’s Lemma 3.1.2 there exists a smooth vector field X 42
such that

Xaya ~ Z ZCiXa+2+i7
=0
and by (6.2.38) we have

2AL 4 (1°? X i) — 2°Y € CX(M) C Coo(M).

By Theorem 6.2.7 there exists a vector field X; € Coo (M), X1(p) = 0 for p € OM, such
that
ZAL,QXl =2zY — ALﬂg(Ia+2Xa+2).

Setting X = 2°t2X,, 5 + X one obtains the required solution.
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For —a € N after a finite number of steps in the procedure leading from (6.2.31) to
(6.2.37) one obtains, for some Y_5, X; € Cuo (M),

-1

(6.2.39) 2AL,Q(X— 3 a:)?) — 272V,

1=a+2
which can be solved to leading order by setting
jzlog = (Zlog + ‘/log)y Z10g7 ‘/log € COO(M); Zlog 1 DI, ‘/log ~ DI,

2(n — 1
limg g { (Zlog + ("T)Vlog) |Dx|§} = — lim Y7,

and we obtain

—1
2414 (X - Z xz)N(l — log x)?log) =27 'Y_; +log 2Yiog
i=a+2

with some Y_1, Yiog € Coo(M). For i € N consider
Xlog,i = (Zlog,i + ‘/log,i); Zlog i ‘/log i € C ( ) Zlog i L D.I ‘/log i~ Dzx.
We have

~ ) ) 2(n—1
2471 ¢(Xiog,iz' logz) = 11_2{2'(1' 1)logz + 2i — 1}|D:v| {Zlogﬂ + %Vlogﬂ}

27 (Wiog,i log z + W5),

with Wi, Wigg s € Co (M), and proceeding as before one shows that there exists Xiog €
Coo (M), with Xiog ~ >0 2" Xiog,; such that

Ap,g(Xiog logz) — Y., — log 2Yios € Coo (M)
(note that if & = —1 then Xiog = Xiog,1, for some Xioz1 € Coo(M)), and the result
follows by point (i). Uniqueness, up to a smooth solution of the homogeneous equation,
follows by construction. m

Theorem 6.2.8 shows that a natural space in which solutions of equation (6.2.31) “live”
is the space of polyhomogeneous vector fields. This leads us to introduce the following:

DEFINITION 6.2.9. A metric g on M will be said polyhomogeneous, and we shall write
g € MPh8_if g is strictly positive definite up to dM, in the sense of (6.2.4), and if in local
coordinates near M as described in Chapter 3 the components g;; of the metric tensor
are polyhomogeneous functions. We thus have (cf. Chapter 3)

0o Nmn

m k
gl] z, U Z Z Z gzymnk x® +n In €,

m=0n=0 k=0
for some functions gijmnk(v) € Coo(OM), and some sequence {(si, {Nij}320)} /=g, with
s;i ER, NijENQ,IENgO, S; > S; fOI’i>j.
It should be remarked that (6.2.4) implies that sp = 0, Zij(gijooo(v))Q > 0, and
that Ngg = 0. A metric g € Coo (M) is necessarily polyhomogeneous, and we also have

MPhe ¢ M =), MY (cf. Definition 6.2.1), for some o > 0 (we have e.g. « = s7 if
s1 < 1 and Nyp =0, etc.).
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The proof of the following result is a straightforward repetition of the proof of Theo-
rem 6.2.8, the details are left to the reader:

THEOREM 6.2.10. Let g be a polyhomogeneous metric on a compact manifold M with
boundary *, which can be Cy extended across OM, consider the equation

(6.2.40) AL X =Y, Y e Arhe

(i) For any Y = o(x~2) and Xo € Coo(M) there exists a solution of (6.2.40) of the
form
(6.2.41) X =Xo+ X., X.c A8 X, (p)=0 forpecdM.

X is uniquely determined by Y and by OM > p — Xo(p), in the class of polyhomogeneous
solutions of (6.2.40).

(ii) There erists a solution X € APP of (6.2.40). Any two polyhomogeneous solutions
of (6.2.40) differ by a solution of the homogeneous equation, as described in point (i)
above.

6.3. Weighted Sobolev spaces. In this section we shall establish existence of so-
lutions of the equation
(6.3.1) Aj ;X =Y,

with g;; = 72gi;, 9;; a Riemannian metric on a compact manifold M with boundary
OM , x a defining function for 0M, under various conditions on Y. Let us set

-1 o~ 1 ~ o
(6.3.2) L(X)Y = §(DZXJ + DIXY — ZDp XG4,

n
where D; is the Riemannian connection of the metric Gij, let L* be the formal L2 adjoint
of L, we have L - s _
(6.3.3) Ap X = D;L(X)Y = —-L*L(X)’.
The operator A igls of the form considered in Chapter 3, in fact we have

AZ_ng = 2" Di(x "L (X)) = 2*Ap , X7 — naD;x L7 (X),

with A, 4, LY defined in (6.2.1)—(6.2.3). In local coordinates as described at the begin-
ning of Chapter 3 this can be written as

(6.3.4) A; X = |Da|[(2?02 — nwd.)¢ + L),

where ¢! = (1 — 1/n)X?, ¢* = X4/2, with L of the form (4.2.3), and the theory of
Chapter 4 will apply if we can show the existence of some regularity interval, either in
weighted Holder or in weighted Sobolev spaces. Let us note that the indicial roots for

Ai,g are

(6.3.5) (—, piy) = (0,n + 1).

In this section we shall make appeal to some results of [3], let us briefly discuss the
notational correspondence between [3] and this paper. We have g here < g in [3],  here
< pin [3], g here < h in [3], thus § = 272g here while g = p~2h in [3]. Let X be an
s-covariant r-contravariant tensor field; we have

X € Oy here = X € ck2 in [3],

a+s—r
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X € H(M,§) here — X € H*(M, g) in [3]
o X € Wt (M, g) as defined in Chapter 3 .
We will also use spaces
(6.3.6) HXP(M,g) < W *T"P2(M, g) as defined in Chapter 3.
Let us start with a McKean-type inequality (cf. [61]):

PROPOSITION 6.3.1. Let g be a M7, o > 0, metric on M and suppose that f is a C}
tensor field with supp f C M., with some ¢ > 0. For 1 < p and a > —(n —1)/p there
exists €9 > 0 such that for 0 < e < g9 we have

n—1 ~
(6.3.7) {[ - }+a—a<l>}| Dl |1l o 01ty < 11D S lgllae o are )

with o(1) — 0 as e — 0.

Proof. Suppose first that f is a function. The identity

~ o1 gy
0=\ Di(|fIPz~7*~*|Da|t 2D ) dpss
M.
written out in detail gives, after some rearrangements,

n—1 —pa —117 —1,.—pa
638 (“=Fa-o) [ IDelglrra e dug < | IDaly DSlAP e dis
p M. M.
From Holder’s inequality we obtain

\ [Daly = (DIl fIP~ a7 dpg
M.
~ 1/p p—1)/p
< (§1DrEe dug) " ( § 1Dalglppar apg)
M. M.
which together with (6.3.8) gives (6.3.7).

If f is a tensor, the result follows by applying (6.3.7) to the function ¢(x)(6 +[f[2)"/2
and passing to the limit § — 0, where J is a positive constant and ¢ is any function
satisfying ¢ € CO'OO(ME), Olsuppr =1. m

We now improve this for p = 2 and for r-forms (we shall need the result for vec-
tors, which are of course naturally identified with 1-forms). The following computational
Lemma is useful:

LEMMA 6.3.2. Let g be a M3,y melric on M with 0 < o <1 and let ﬁlog(m) denote
the Hessian of log(x) with respect to the metric g, where x is the defining function of
OM as above and let s € R. Then the eigenvalues of Hiog(z) satisfy

Ai(Hiog(zey) = —s|Dz|2 + O(a).
Moreover, the Laplacian Azx®, with Az = ﬁif)i, satisfies
Azz® = —2°[s(n — 1 — S)|D$|§ + O(z7)].
Further, if we let d* denote the exterior co-derivative w.r.t. §, then

d*(Dx/|D|3) = ~Di(D'x/|Dal3) = (n — 1)| Daly + O(a”).



68 L. Andersson and P. T. Chrusciel

In regular coordinates near OM the Riemann tensor }N%ijkl of g satisfies
Rijr = 2 Y[|D=[2(gij9m — gagjn) + O(x7)],
and the Ricci tensor Eij of g satisfies
Rij = Qj*2[_(n — 1)|D$|!2]g” + O(xg)]
The following result was originally proved for manifolds close to hyperbolic space by
Donnelly and Xavier [29]. The following argument, due to Lee [52], gives the result in the
general conformally compact case, cf. also [3] for a proof based on the argument of [29].

We give the proof here for completeness; by definition the norm || - ||, (as.,5) here is the
norm in HO’O(M g), as defined in Section 3.1.3, page 18.

LEMMA 6.3.3. Let & be a C* r-form with supp [£|; C M., let g be a M7 NCYXC metric
on M, 0 >0. Then, forr < (n—1)/2 orr > (n+1)/2,

(n—1-2r)2 .
1 +o(1) |||Dl’|g§||§10(M5,§) < Hdﬂﬁlo(Ms,g) +2||d 5”%10(1\/15,.6)'

Proof. To avoid a proliferation of tilde’s, we momentarily suspend the convention
that geometric quantities refering to the metric g are decorated with tildes. Thus, until
specified otherwise, all geometric quantities refer to the g metric. Let {e;} denote any
local orthonormal frame for TM and {e’} the corresponding dual coframe. Let D denote
the covariant derivative of the metric acting on tensors, with D; = D.,. Recall the
identities

(6.3.9)

dE=Y ¢l A Dye, d*(€"€) = e"(d*€ — du v ),
d*¢=3—ed v Dj¢, d(du v €)= —duV dé + Hu& + Dpy&,
dle™"§) =e "“(d§ —duN§),  |dul*[{]* — (Anu)|§f? =—e " Au(e")[E[*.

Here V is the contraction operator (1), H, = Ddu denotes the Hessian of u and H,¢
denotes the induced operator on A",

H,& = Didu A (" V§).
In the calculation below, Ay = dd* + d*d.
| e d(e &) + e~"d" (e"¢)|?

M

|d¢ — du A EP* +|d*E — du Vv €

M
= | Idg|? - 2(dg, du n &) + [du v ¢
M
¢ = 2(dE, du v &) + |du A g
= (6, Ang) — 2(du v d&, &) + (du v (du £ €),€)

M

—2(&,d(du V&) + (du A (duV §),¢&)

(") If o is a g-form and B a (p + ¢)-form, in local coordinates we have (o V Biy..ip =
a1 7985 jgir..ip, Where the indices on «j, ..., have been raised with the appropriate metric.
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(&, AuE) + |dul’|E* — 2(¢, Hué) — 2(E, Dgradu)
(& AuE) + |dul’|E* — 2(¢, HuE) — (Apu)|

& An€) — e " An ()€ - 2(€, Hut)

B
B
B

We can state this in the form

V(€ ang) = | 67 Angle +2(6, Hiog o6) + |6d(67E)[? + 67 d" (06)

M M
> | 67" Andlel + 2(¢, Hiog 46)-
M

Let us now return to our convention, that quantities referring to the g metric are decorated
with tildes. Choosing ¢ = x® with s # 0,n—1, a straightforward computation gives (recall
that Ay = —Ag when acting on functions)

61436 = —s(n — 1 - )| Daf? + o(1)
ﬁlog¢ = ﬁiﬁj log ¢ = sx_2|Dx|§(nmj — 9ij + 0(1))
with n; = D;x/|Dz|,4. Note that if A € End(T'M) is symmetric with eigenvalues bounded
from below by A then (A¢,€) > Ar|¢|> when A is considered in End(A"). This gives the
inequality
(6310) [s(n—1—s—2r)+o()] | [€21Dal2 mug < § (de[2 +|d¢[2) m
M M

Here s is a free parameter and we maximize the left hand side of (6.3.10) w.r.t. s. This
gives s = (n — 1 — 2r)/2 which inserted into (6.3.10) gives the result. m

Remark. Note that in the case r = (n & 1)/2 the above result does not give any
information better that A, > 0 and this is in fact sharp, as can be shown for the case of
constant sectional curvature.

PROPOSITION 6.3.4. Let & be a C™ r-form with supp |€|5 C Me, let g be a M§ metric
on M with ¢ > 0. Then

o3 [E o] 1Del ) < 1D
where v’ =r if r <n/2 andr' =n—r if r >n/2.

Proof. This is immediate from the Weitzenbock formula (cf., e.g., [38]),
(6.3.12) ((dd* + d*d)¢, &)y = |5§|2 + (R.&,€)5 + pure divergence,

and the asymptotic behaviour of the Riemann tensor, cf. Lemma 6.3.2, cf. [11] or [38] for
the precise form of R,. m

PROPOSITION 6.3.5. Let g € Mg, o > 0, and suppose that

n+1 n

o <= \Vamo
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For every 0 € R there exists € > 0 and a constant C such that for every X € CO'Q (M) we
have

(6.3.13) 1 Xgllze1+maperzan aug) < CIAL 35X gllze (14 me)o L2 (02 dpug)-

Remark. We believe that the above bound on « is not sharp, and we expect the
inequality to hold for |a| < (n +1)/2.

To prove Proposition 6.3.5 we need yet another lemma:

LEMMA 6.3.6. Let ¢ € Ca(M), X € CO'Q(MzO), et Y = ¢X. Under the hypotheses of
Proposition 6.3.5 we have

(6.3.14) r=— | VA Vidy
Mo
(n—1)
n

< \ IDO2IXZdus — | ¢*XiAg X dus.
Mq, Mg,

Proof. From the Ricci identity we have
. S ) B
(6.3.15) 247,V = AgY' + RV + T==D'GY,

where Az = ﬁzﬁl is the standard Laplacian, fzij is the Ricci tensor of g;;, and Y = INDZ-Yi.
This implies

1
(6.3.16) #=5(A+B+C),
(6.3.17) A=\|DY,
(6.3.18) B=-\R;y'v/,
n—2¢,~_ .
3.1 = D;Y'H)?,
(6.3.19) ¢ =—=\(Dx)

Setting Y = ¢ X the identity
0=\ D(4*X7 D, X;)
written out in detail and inserted in A gives
(6.3.20) A=\|D2|x 2 - |2X;45X7.
Similarly the identity
0= Di(¢* X' Dy X*)
yields
(6.3.21) C = \[(X'Dig)? — ¢* X' D; D X*).
Substituting (6.3.20)—(6.3.21) in (6.3.16) one gets, using (6.3.15),

n—2

1 ~ n—2, .~ .
. = S {§|D¢|§|X|§ + W(XlDiqSF - ¢2XZ-AL,_@X1},
which implies (6.3.14). m
Proof of Proposition 6.3.5. Consider again the equation (6.3.16). We have
—R;Y'Y? = (n —1)|Daf3(1 + o(1))¢*| X3,
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so that neglecting C' in (6.3.16) and using (6.3.11) to estimate A one has

which together with (6.3.14) yields

S { (M - 0(1)) ¢*|Daf; - =) I5¢|§}IX|§ <-|¢*xiap X

8 n
Let e < 1,set ¢ = 2~ %(1 + |Inx|)~P, for a # 0 we have

- 1
1Dl = lafa(1 + na])®)| Del, (1 n O(m))

(1) § D262 X B < .

while if « =0 B
D¢l = Blnz|?~!|Day,
so that in either case _
|D¢lg = ¢|Dx[y(laf + o(1)),
thus

n 2 n —
{( —gl) _( n1)a2_0(1)}|¢|D$|9|X|§”%2

< X, A 5 X dpg < || 81X 5|2 116]Ar 5 X 52,
which implies (6.3.13). m

Proposition 6.3.5 shows that Proposition 2.6 of [3] applies, and since A 7.5 is formally
self-adjoint, Corollary 2.7 of [3] proves the following: ‘

PROPOSITION 6.3.7. Let M be a manifold with boundary with M compact. Suppose
that g € My, 5y, and k > 0. For

n+1 n
—_— R
la] < —; =) B ER,
the operator
Ap g Hh(M.g) — HYP(M,g)

s Fredholm.
Remark. The spaces H;:’ﬁ(M, g) are defined in (6.3.6).

THEOREM 6.3.8. Let M be a manifold with boundary with M compact. Let g €
M o n k>1,2€[0,1),0>0,k+X>1(cf (6.2.5)) be a Riemannian metric on M,
let g = x~2g where x is a defining function for OM. For

n+1 n
_— </ <
lor| < 5 1/2(71_1), BeER, 0< <k,

Ap o HES(M,G) — HEP(M, ),
A

g
1 HYP NVH (Myy, §) — HY (M, 3),

the maps

(6.3.22)

are isomorphisms.
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Remarks. (i) As noted at the beginning of this section, for vector fields we have
H P (M, g) = WathP2(M, g).

(ii) In the physically interesting case n = 3 we get a € (—+/3,v/3). In local coordinates
near OM this corresponds, roughly speaking, to vector fields the components of which
behave as zf, § € (2—\/_ 2—|—\/_).

Proof of Theorem 6.3.8. By Proposition 6.3.7, AL - is Fredholm, and formal
self-adjointness of Az . together with duality arguments 1mply (cf. e.g. [10, 3]) that it

is sufficient to show that the kernel of Aj 5 on Hy ’B(M, g) is zero for o’s in the desired
interval. Let thus
Ap X =0, XeH (M3

The proof of Proposition 3.10 of [3] shows that we have X € HQO/’B(M7 g) for any o' €
(—w4,wy) and B in R, where

n+1 n

YT T\ 2 1)

In particular we have X € Hg ’O(M ,g), the standard Hs Sobolev space on M equipped
with the metric g. For all Y € Hg ’O(M ,g) which are compactly supported we have the
integration by parts identity

(6.3.23) | viag ,vi= VL) dps,
M M

where L has been defined in (6.3.2), and a standard density argument shows that (6.3.23)
holds for all (not necessarily compactly supported) Y € H2O O(M, ). Tt follows that

(6.3.24) 0=\ x:i4; X" = | [L(X) 2 dus,
M M

and we conclude that

(6.3.25) DiX; + D;X; — —DkX’“gU = 0.
Elliptic regularity implies X € H ,‘:fz(M ,9), and from Proposition 3.10 of [3] it follows
that X € Céj_'g‘ , for any
n —I— 1 n
6.3.26 ! -
(6.3.26) e
and for some o > 0. If A > 0 the scaling estimates (4.1.22) imply X € C;Iglm(/\ o) while

if A = 0 then by hypothesis £ > 1 and X € C;Jrfﬁrg, thus in either case X € ClHo‘,.
Conformal invariance of (6.3.25) implies that (6.2.6) holds as well, and the vanishing of
X follows by Proposition 6.2.2. m

The two Theorems that follow can be proved by arguments similar to those used in
the proof of Theorem 6.2.8, using Theorem 6.3.8 (cf. also [6] or Section 4.2.2 here), the
details will be omitted. Let us start with an equivalent of Theorem 6.2.8:

THEOREM 6.3.9. Let_]W be a compact manifold (with boundary), suppose that g is
a metric on M = M \ OM which can be Cy extended across OM, let x be any smooth
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defining function for OM . Consider the equation
(6.3.27) Ap X =2, Y € Co(M),
(i) For any o and Y there exists a solution of (6.3.27) of the form
X = 2°X, + logzXo1 + Xo + 2" log? 2 X041 2,
Xa; X0,17 XO; Xn+1,2 € Coo (M)

(ii) If moreover —a & No or if Xo1lom = 0, then there exists a solution of (6.3.27)
of the form
X =2°X, + Xo+ 2" log Xn41,1,
Xo, X0, Xnt11 € Coo(M).
If Xny1.1lom =0, then X411 =0.

(iil) Any solution X € Wi°¢ of the homogeneous equation satisfying either (1) or (2)
vanishes, where

« ~ . n+1 n
(1) XEHO (M,g) with o > —T m,
o n+1 n
(2) X =0(z*) for some a > T<1_ m)

We also have the following equivalent of Theorem 6.2.10 (cf. Definition 6.2.9 for the
definition of a polymogeneous metric). The reader should note that the result below holds
for any polyhomogeneous metric ¢ — this should be contrasted with Theorem 6.2.10 in
which the metric ¢ is assumed to be polyhomogeneous and uniformly Co up to boundary.

THEOREM 6.3.10. Let g be a polyhomogeneous metric on a compact manifold M with
boundary, OM , consider the equation

(6.3.28) Ap X =Y, Y eAhe

There exists a solution X € APP® of (6.3.28). Any solution of the homogeneous equation
(6.3.28) satisfying either (1) or (2) vanishes, where

« ~ . n+1 n
(1) X EHO (M,g) with o > —T m,
o n+1 n
(2) X = O(JI ) for some o > T(l - m)

As far as classical regularity of solutions of eq. (6.3.1) is concerned, we have the
following corollary of Theorems 6.3.8 and 4.2.11 (here only the case dim M = 3 will be
considered, other cases can be obtained in a similar way):

THEOREM 6.3.11. Suppose that k > 2, A € (0,1], and let g € Crr142(M) be a

Riemannian metric on a three-dimensional manifold with boundary M, with M compact.
Define
(a_,aq) = (2—3,2+V3).

Consider the equation

AE@X =Y, Y e IQC];

M), a>a-, 1<k<k
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Suppose that either
u=0(x*1%), >0,
or
u € WeP(My,, 2 "du,), w>1+V3.
Then there exists o > 0 such that the following hold:
(i) Let « < 2+ V3 and let ly € Ny be the largest number such that o + £y < 4.
(@) at+k<5=X €Mz Cp 1o (M).
(b) k=lo+ko+1= X €(Voyz® " Crorirolro(M).
(ii) For o € [2++/3,4) the conclusions of point (i) hold with k there replaced by k—1.
(iii) Let « € NoN[1,4]. If k> 6 — «, then there exists

3
Xiog € m % ‘log xCy_

i=—(4—a)

1+i+>\(M)

such that

3
X — Xlog logx € ﬂ :EOtil.C}C (M)

i=0

—1+ito

If Xioglonr =0, then XlogAE 0.

(iv) Let a > 4, suppose that k > 3, and let £y € Ny be the largest integer such that
4+ éo S .
(a) If2+k < a or if a € N (or both), then X € ﬂ?:o z4=iC

~ 4 —i AT
(b) k>to+2= X € Mmog 2 'Cyp 4 it ii—asy (M)

1%72+i+cr(M)'

7. The Lichnerowicz equation

7.1. Introductory remarks. In this chapter we shall examine the boundary be-
haviour of the solutions of the scalar constraint equation, under various hypotheses on
the differentiability of the metric: this is obtained using the methods of Chapter 4 to-
gether with a fairly standard “bootstrap” procedure. We shall construct solutions of the
Lichnerowicz-type equation,

4(n—1 ~
(7.1.1) %Agd) —Ré+ (o —n(n— 1)¢(n+2)/(n72) =0, k>0,
with the boundary condition
(7.1.2) ¢— | Dz |72,

Let us point out that under suitable conditions on the metric any solution of (7.1.1)
which is uniformly bounded above and uniformly bounded away from zero has to satisfy
(7.1.2), cf. Theorem 7.3.2. Here r is a positive constant (1), ¢ is a function satisfying

(*) Most of the results of this Section 2.2 remain true when x < —1 and ¢ < 0. When & €
(—1,0] some further restrictions than non-positivity of ¢ are needed for the existence theorem,
cf. e.g. Section 2.2 for a discussion of an example with k = —1.
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¢ > 0. 4j is the Laplace operator of the metric g;; = x72g;j, Az = D;D¢, and R is the
scalar curvature of g, n = dimM > 3. If n = 3 and x = 7 the equation (7.1.1) is of
the form (2.1.23). Note also that if { = 0 then (7.1.1) is the Yamabe equation (with the
scalar curvature of the metric ¢*/ (=25, equal to —n(n — 1)).

We have the equality

(7.1.3) R = —n(n—1)|Da|? + 2(n — )zAyz + 2R,

where A, = D; D" is the Laplace operator of the metric g, and R is the Ricci scalar of g. If
we assume that ¢ = o(1), Ayx = o(z~!) and R = o(z~?) (which holds e.g. if g € Cy42(M)
orif (*) g € Mg, o,y with e >0, k € No, A € [0,1]), then from (7.1.1)-(7.1.3) it follows
that Agp —5—0 0 if and only if (7.1.2) holds, except perhaps when ¢ — 0. In that last
case one does not expect (M, $*/("=2)7) to be complete; it certainly will not if ¢ € C; (M).
This shows that the boundary condition (7.1.2) is necessary if the solution ¢ has to have
some degree of regularity at M (e.g., if we look for solutions ¢ € Ca(M)), and if we
require completeness of (M, ¢*/ ("=2)g)) .

Note that by carrying out a conformal transformation ¢ — v2g, where 1 is any
strictly positive function of the same differentiability as the metric and which coincides
with |Dz|, near OM, we get
(7.1.4) |Dz|g =1
in a neighbourhood of OM. Assuming (7.1.4), the linearization of (7.1.1) at ¢ = 1 gives
an operator which in a neighbourhood of M takes the form

(7.1.5) L=A;+¢

If we make the same hypotheses about the metric and ¢ as in the discussion following eq.
(7.1.3), we obtain

_ (n=2) 5 (n=Dn(n+2) 3
(7.L.6) &= 4(n—1) (n—2) R om0
We can now rewrite (7.1.1) in the form
(7.1.7) Lu=F(y,u)+S, F(y,0)= %y,u) =0,
u u=0

with

L as in (7.1.5) and, assuming (7.1.4),

(7.1.8) S = %(ém(n—n—o,
(7.1.9) Fly,u) = W{(l + u)(n+2)/(n—2) —1- Zt;u}
_ 4(7&__21))4{(1 +u)™" — 1+ ku}.

Let us point out that the form (7.1.7) of the Lichnerowicz equation is sufficiently gen-
eral to cover many other matter models than the vacuum case considered above, cf. the

(?) Recall that the space MF o, has been defined in Definition 6.2.1, page 58.
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discussion in Section 2.2. For this reason, and with future applications in mind, we will
in the rest of this chapter discuss equations of this general form.

7.2. The linearized equation. Before passing to the non-linear equation (7.1.1)
it will be necessary to give a detailed discussion of the properties of the linear operator
(7.1.5). In order to be able to apply the results of Chapter 4 to that equation we have to
prove existence of a regularity interval for L. It has been shown in [3] that (a_, a4 ) =
(—(n+1)/2, (n+1)/2) is a strong regularity interval for L for H§ (M, g) = W %*(M, g),
with W% (M, g) defined in Section 3.1.3. This and Theorem 4.2.3 show that (a_, o) =
(=1,n) is a regularity interval for C},  ,, with (n —1)/2 < £ < k. We shall show that a
direct analysis in the framework of weighted Hélder spaces gives (a_,a4) = (—1,n) as a
strong regularity interval for C, ;.

Let us start with the observation, that for g € Criosa(M), k € Ng, A € (0,1), we
can write

(7.2.1) zh_ﬁ<Ag—Q%}QD%&>+f_4ng«ﬁaj—mn—2yn—n)+Z}

It follows that after a trivial rescaling L can be written in the form (4.2.1)—(4.2.2), with
L of the form (4.2.3). The indicial roots for (7.2.1) are (cf. (4.2.7))

p—=-1,  py=n

To motivate the hypotheses of the theorem to follow, let us note that if g € M . ,,

k € Nog, A € (0,1) for some € > 0, then we can still formally define L using eq. (7.2.1).
Doing so and assuming (7.1.4) we obtain

(7.2.2) Lz® = O(z®*%)  for all € R.

In the result that follows, a scalar operator is defined as an operator which maps functions
on M to functions on M.

2
THEOREM 7.2.1. Let L € OPCQ+A(M

operator satisfying (4.2.1)~(4.2.2) and (4.2.4), with L satisfying (7.2.2) and with indicial
exponents p— < py (cf. eq. (4.2.7)). Consider the equation

) k € Ng, A € (0,1), be a scalar geometric elliptic

(7.2.3) Lu=f.

Then

(i) For every B € R and « € (u—, py) there exists 0 < w1 < xg such that for every

fe C',?f)\ (Mg,), ¥ € Criata(0My,), there exists a solution u € C',?_"_%_M(Mxl) of (7.2.3)

satisfying u|5Mzl =1. Moreover, L has a strong reqularity interval (a—, ay) for C&g (M)
with ax = p+, and with no restrictions on 3.

(i) Assume further that M is compact, with pu, > 0 and with L — elliptic in the
standard sense on CM,,, with coefficients in C**A(CM,,) and with ag < 0, where aq is
the 0-order coefficient of L in (4.1.3) (this condition on ag is supposed to hold throughout

M, not only near OM). Then L : C’,?_"‘_%_M(M) — C,?_&(M) is an isomorphism.
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Remarks. (i) Assume that g is a Mg, metric on a compact manifold M (with
boundary), k > 0, A € (0,1), € > 0, and g;; = v~ 2g;;, where z is a defining function for
OM . Then Theorem 7.2.1 applies to equations of the form

(7.2.4) Lu = Agu+ 27 6 g(dx, du) + Eu = f,

provided that & = p 4 ¢1, & = ¢|Dz|? + 92, with ¢, € Cf ., a = 1,2, and with

5= (”7717”)2 — g > 0. In that case the indicial exponents are py = ay = 222 £ /6.

(ii) Graham and Lee [42, Theorem 3.10] have proved the following related result (we
use here the notation of Remark (i) above): If (M,q) is the hyperbolic space (M ~ R",
with g the maximally symmetric metric of sectional curvature equal to —1) and &; = 19 =
0, then for @ € (p—,py) the operator L defined in (7.2.4) is an isomorphism between
Ciiopn(M) and Cg,\(M).

Proof of Theorem 7.2.1. For ¢ € R, let L, be the operator defined by L,u =
2°L(z~%u). Then L, is of the above form with the indicial roots iy = py + o (cf. egs.
(4.2.7)-(4.2.4)). Let @ = o+ 0 and f, = 2° f. By choosing o > —pu_ and considering the
equivalent equation L,u = f, we may without loss of generality assume that a > g > 0
in the following. Now L, can be written in the form

0? o 0
2 mm@ +$2a1Aa_xav_A +£L'2CLAB
Setting o = 0 in (7.2.2) we obtain ag = O(z°). Note moreover that the constant b of
eq. (4.2.2) for L, so defined must be negative as fi— > 0. It follows that the comparison
principle applies for L, in M,,, provided that xy is chosen small enough.
Consider (7.2.3) with f € C,‘j‘f)\(M ). A straightforward calculation shows that there
exist constants C, 0 < x1 = x1(«v, 8, L) < ¢ such that for < x; the functions

B
) 1
o+ = :I:CHfUHC&,B,Ta (1 +1In —)
0 x
are super- and sub-solutions of (7.2.3):

(La¢+ - fU)|Mz1 <0, (Lo(b— - fo)'le > 0.

Choose a decreasing sequence {z1};2, C R so that z; — 0 as k — oo. As the 0-th
order coefficient of L, is negative on M,,, there is a unique solution uy of the equa-
tion Lyup = fo in CM,, satisfying uk|5Mxk =0 and uk|5le = x; 7. By a standard
diagonalization procedure we can find a subsequence of {uy} which converges to some
Uy € Cg"ﬁ(Mml) N CX¢(M,,). The scaling estimates of Lemma 4.1.1 near the boundary
give u, € C,‘ig n L (Mg, ). This proves existence of a solution in the appropriate space,
uniqueness follows from the maximum principle. It follows that L, is an isomorphism

between {u € Cg‘fQH\(le) : u|5MI1 = ¢} and C’,f‘ff\ (My,). Consequently L is an iso-

morphism between {u € C,‘:ngr)\ (M) : u|5Mw1 =} and C,‘j‘f)\(Mwl) Now the existence
of a regularity interval with ax = py follows from point (i) of Proposition 4.1.2. The fact
that (u—, py) is a strong regularity interval follows by construction from the form of the
barriers ¢ .
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To prove point (ii) of our theorem, note that if Lu = 0 in M and u = O(z#~1¢) for
some ¢ > 0, then it follows by the definition of a regularity interval and by point (i) of
this theorem that u = O(z#+ ) for any € > 0. As u4 > 0 by hypothesis, it follows that
u goes to zero at OM, and then v = 0 by the maximum principle. Also note that there
exists a constant C such that the functions

B B8
e = Cmin (1,00 (1410 1) Yl
€T 0

are (weak) super- and sub-solutions of (7.2.3). The result follows by similar arguments
as in the proof of point (i). =

What has been said so far can be summarized in the following:

PROPOSITION 7.2.2. Let g € Ciria4x(M) and let L be as in (7.2.1). Then L is a
geometric elliptic operator in the sense of Chapter 4. Moreover, L is of the form (4.2.1)—
(4.2.4) with (p—, py) = (=1,n), and L has a strong regularity interval (o—, ay) for Cg‘_ﬁ\,
with ag = py. The same holds for g € My 4, , € > 0.

Proposition 7.2.2 shows that we can use Theorems 4.1.3 and 4.2.1 to obtain tangential
regularity of solutions u of the linearized counterpart of eq. (7.1.1) whenever the metric
and the source f are tangentially regular. Similarly it follows that Theorems 4.2.6, 4.2.9
and 4.2.10 can be applied to give information about the classical regularity of the solutions
to equation (7.2.3):

COROLLARY 7.2.3. Let M be compact and assume that the hypotheses of Theorem
7.2.1 hold. Assume further that L € OPékH(M) is elliptic in a standard sense in C My,

and that L is of the form (4.2.3). Consider the equation (7.2.3) with
fexCroan(M), a>p_, u=0("T%), ¢>0.
Then there exists o € (0,1) such that the following results hold:
(i) Let o < py and let by € Ny be the largest integer such that o+ o < fiy.
(2) a+k < iy = u € Vg @ Chispo (M).
(b) k= lo+ko = u € o_g 2 Crotitolke (M).
(i) Let o < py, py —o € No. If k > py — o+ 1, then there exists uiog €
5;070&2 x“*’iCk_(H+_a)+i+>\ (M) such that

2
U — Ulog logz € m 27 Cppiro (M).
i=0
If Ulog|aM =0, then uog = 0.
(iii) Let o > py, suppose that k > 1, and let by € Ny be the largest integer such that
pe + 4y < a.
(&) If up +k <« orif o« — py € N (or both) then

2
u e m I#+7ick+i+g(M).
=0

(b) k>/ly=uc ﬂ?zo $M+_i0g0+i+g|k,g0 (M)
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(¢c) If u=o(x"+) and if k > ¢, where U is the smallest integer such that £ > a—piy,
then

42
u€ m 'Oy (M).
i=0
The above results provide rather detailed information about the linear counterpart of
eq. (7.1.1).

7.3. Existence of solutions of the non-linear problem. In order to prove exis-
tence of solutions to equation (7.1.1) we will first consider a somewhat more general class
of equations.

PROPOSITION 7.3.1. Consider the equation for a scalar function u
(7.3.1) Azu+ X (u) + F(y,u) =0,

where § = x~2g with x a defining function for OM, g a (locally) Cy metric on M, X a
continuous vector field on M, F(y,u) a continuous function in both arguments. Suppose
that

(i) There ezists a function ug € Co(M) N CY(M) and constants o, C1,a > 0 such
that
|[Aguo + X (uo)] < Ciax®  for all 0 <z < xo.

We shall moreover require that dug € Cg‘fl(Mmo).
(ii) There exist constants C, L satisfying C— < uo|n,, < Cy such that
F(y,C-) >0, F(y,Cy)<0, for all ye M,
|F(y,21) — Fy,22)| < L|z1 — 22|  for all z1,20 € [C_,C4], y € M.
(iii) There exist constants Cy > 0, x1 > 0 and 8 satisfying 0 < 8 < « such that for
all 0 < z < 1 we have
AgxP 4+ X (2P) < —CyaP.
(iv) There exists a constant C3 > 0 such that for 0 < x < zo we have
up <u<Cyp = Fy,u) <Csz% C_<u<uy= F(y,u) > —Csz”.

Then there exists a solution u € Wi P(M) for any 1 < p < oo of equation (7.3.1)
satisfying
(7.3.2) C_<u<C, |u—uolln, < Cya”
for some constant Cy.

Remarks. 1. The solution v need not be unique.

2. Note that point (iv) above will be satisfied if |F(y,uo)| < Csx® and if F(y,u) is
monotonously decreasing in u for 0 < x < z¢g and C_ < u < C4.

Proof of Proposition 7.3.1. We shall show that there exist weak barriers uy €

W,°% (M), the result then follows by a well known method using e.g. the monotone
iteration scheme (cf. e.g. [66, Theorem 2.3.1]). Let thus

uy = min(ug + Bz®,Cy), wu_ = max(ug — Bz?,C_),
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with some constant B to be specified later. Let xy = min(x,z1). For those x < x4 for
which u, = ug + Bz® we have

Aguy + X (uy) + F(y,uy) = Aguo + X (ug) + B(Agz” + X (27)) + F(y,uy)
< (Cl + Cg)i[:a — BCQLL‘ﬁ

Let us set By = max((Cy + Cg)a:f‘fﬁ/Cg, (C+ — mingy uo)x;ﬁ); for all B > By we then
have

A§u+ + X(U+) =+ F(y, U+) <0

Define I to be that connected component of the set {ug + Bz® = C,} which intersects
{0 < * < x4}. By the definition of By, if B > By we have I' C {0 < z < z,}.
Increasing B if necessary, we can assume that D(ug + Bx®) does not vanish anywhere in
{0 <z < x4} sothat I' is a Cy submanifold of M. An integration by parts calculation
shows that uy is a weak supersolution of equation (7.3.1). Similarly one shows that
increasing B if necessary u_ will be a weak subsolution of equation (7.3.1) and the result
follows. m

Existence of bounded solutions of (7.1.1) (with ¢ = 0) has been proved under various
conditions on (M, g) in [8, 9] and [6]. As far as existence of solutions of (7.1.1) satisfying
(7.1.2) is concerned, we have the following theorem:

THEOREM 7.3.2. Let g € My, be a metric on a compact manifold M with bound-
ary, 0 < (€ Cr (M), 0<e<1,A€(0,1), k> 0. There exists a solution ¢ of (7.1.1)
such that

(7.3.3) ¢ — |DfE|£;n_2)/2 € Clgapr(M).

¢ is unique in the class of uniformly bounded, uniformly bounded away from zero, locally
Cy solutions of (7.1.1).

Remark. For ¢ = 0, it has been proved in [6, § 3] that, for g € Cu (M), the
condition z~("=2/2¢ —__ 51 0o implies uniqueness. (Although the uniqueness question
is not discussed in [62] in the same context as in [6], it should be pointed out that the
a priori estimate which is the key for the uniqueness proof of [6] has also been obtained
n [62].) It is not hard to see that this argument holds also when ¢ € 2Cw (M), ¢ > 0.
For ¢ =0 and g € Coo (M) it has been announced without proof in [59] that u is unique
provided that the manifold M equipped with the topology induced by the metric ¢*("~=2)g

is complete and is not a compact manifold with boundary.

Proof of Theorem 7.3.2. We may assume without loss of generality that |D$|§ =
1 in a neighbourhood of 9M. The argument of the proof of theorem 3.4 of [6] shows that
there exists a function ¢ € Cg_2+/\(M) satisfying 0 < Cy < ¢1 < (5 for some constants

C1,C2 > 0, and satisfying ¢1 — 1 € Cp 5, (M), such that the metric ¢411/(n72)§ has

constant scalar curvature equal to —n(n — 1). Replacing g by ¢;l/ (n_2)§ we may without
loss of generality assume that R = R(§) = —n(n — 1). Replacing ¢ by ¢é7 " one obtains
an equation of the form (7.1.1) with possibly a different ¢ > 0. One readily checks that
the hypotheses of Proposition 7.3.1 are satisfied with ug =1, a = =¢,C_ =1 and Cy
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a sufficiently large positive constant. Further regularity than that asserted by Proposition
7.3.1 follows by elliptic regularity and a scaling estimate (Lemma 4.1.1).

To prove uniqueness, let ¢o be the solution constructed above and let ¢1 be any other
solution bounded from above and bounded away from zero. Conformally rescaling the
metric we can choose a “conformal gauge” in which ¢2 = 1. In this gauge eq. (7.1.1)
reads _

R=-n(n—-1)+¢.
Here ¢ > 0 is an appropriately rescaled counterpart of the function ¢ of eq. (7.1.1). The
eq. satisfied by ¢ = ¢1 /9 is eq. (7.1.1) with R as above, so that we have
4(n—1)
-2

(7.3.4) Az +C(p7" = 1) +n(n—1)(¢ — ¢(n+2>/(n72)) —0.

Set
o= 1%1; Q.

Suppose first that « is attained at some point p € M, in that case the maximum principle
shows that « cannot be smaller than one. Suppose next that « is not attained on M,
then by [42, Theorem 3.5] there exists a sequence of points py € M, pp — p € OM, such
that (3)

d(pr) — a, lim inf Azo(pr) > 0.

Evaluating eq. (7.3.4) at py and passing to the limit & — oo one obtains
Cla™F = 1)+ n(n—1)(a —a™FD/=2)) <,
It follows again that o cannot be smaller than one, so that we must have
inf ¢ > 1.
inf ¢ >
One similarly shows that
sup¢ <1,
M

so that ¢1 = ¢ follows. m

7.4. Regularity at the boundary of the solutions

7.4.1. Polyhomogeneous or smooth backgrounds. The result that follows establishes
polyhomogeneity for a class of semilinear equations when the metric is polyhomogeneous
and when a polyhomogeneous approximate solution can be found.

THEOREM 7.4.1. Let g be a polyhomogeneous metric on M (cf. Definition 6.2.9) and
suppose that u € CX°(M) is a solution to the scalar equation

(7.4.1) Azu+ 2 X (u) + F(z,u) =0,

where X is a vector field on M satisfying X —pDzx € Arbe N Og(M) for some 8 >0 and
p € R. Let ug € AP N Co(M) and assume that there exists ¢ € R such that

oF 9 3 n—1-p\°
%(JI,UO) _Q|D$|q € CO (M),q < T ) 228 > 07

(3) Here lim inf is taken in R U {£o0}.
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where

n—1—p n—1—p 2

Further assume that for all i we have (0% F)(x,ug) € Co(M) N AP, and that for all i, j
and all multiindices p the functions (xdx)'0*0I F are continuous in a neighbourhood of

the graph of ug in M, x R. If

Agug + X (ug) + F(z,u0)eCy° (M), o > max(0,u_),
u—upeC§ (M),  a>max(0,u_),

then
u e APPe N 00(1\710).

Remarks. (i) The condition on the function F will be satisfied if e.g. F is a ratio-
nal function of u with coefficients which are polyhomogeneous, appropriately bounded
functions of x.

(ii) Let L and M satisfy the conditions of Corollary 7.2.3 and consider the equation

(7.4.3) Lu= F(y,u),

with F' as considered above. Assume further that the coefficients a, of L as defined
in eq. (4.1.3) are bounded polyhomogeneous functions. Then we can define a metric g
and a vector field X on M so that equation (7.4.3) takes the form (7.4.1), with all the
hypotheses of Theorem 7.4.1 being satisfied.

Proof of Theorem 7.4.1. Decreasing « if necessary without loss of generality we
may assume « < p4. By ascaling argument one easily shows that u—ug € Cminfeso) (M).
By Theorem 7.2.1 the linearized equation has a regularity interval (a_, ay) with ax = pg
given by (7.4.2), and the result follows from Proposition 5.1.5 and Theorem 5.1.1. =

COROLLARY 7.4.2. Let g be a polyhomogeneous metric on a compact manifold M with
boundary, let 0 < ¢ € APP8 N C§5(M), € > 0. There exists a solution ¢ of (7.1.1) such
that

¢ — | Da|(" D% € APE N CF(M).

The solution ¢ is unique in the class of uniformly bounded, uniformly bounded away from
zero, locally Co solutions of (7.1.1).

Proof. Existence and uniqueness follows from Theorem 7.3.2; regularity from The-

orem 7.4.1 — the appropriate approximate solution is ¢g = |Da:|_£,n71)/2. ]

When g € Co (M), the solution ¢ of (7.1.1) given by Corollary 7.4.2 will be poly-
homogeneous rather than smooth-up-to-boundary in general, c¢f. Appendix A and also
[5, 4].

7.4.2. Background metrics with finite differentiability at the boundary. In the re-
mainder of this chapter we shall prove various results concerning the regularity at the
boundary of the solution of the Lichnerowicz equation, when finite differentiability only
of the metric is assumed. As intermediate steps in the proof of the final results we shall
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need to prove various weighted regularity results. Our next result shows tangential reg-
ularity of the solutions of (7.1.1), under hypotheses weaker than those of Theorem 7.4.1.
It is convenient to introduce first the following space of metrics:

DEFINITION 7.4.3. We shall say that a metric g is of class Mg .., ,, where 0<e<1,
k > max(1,m), if g € M, (cf. Definition 6.2.1), gi; € C,?+/\7m+u, and if for |y| = 1 we
have 209 € Cf_1 4\ min(r—1,m)4p (cf- (3.2.4)).

It can be noted that for g € Mg,y ., we have Az € OPéo . Ifg e
’ k-+X,min(k,m)+pu

MG o243 m+, then the functions £ of eq. (7.1.5) and S of eq. (7.1.7) satisfy

2
S S CZ-{-)\,m—i-u’ §+ n|DI|q € CZ-{-)\,m—i-u'

THEOREM 7.4.4 (Tangential regularity). Let g € M o,y iy 0 < C € Chpymyps
€ (0,1], A€ (0,1), p € [0,1], 1 <m < k+2. Then the solution ¢ of (7.1.1) given by
Theorem 7.3.2 satisfies

¢ — |D$|§n_2)/2 € Cli+2+)\.,m+w (M),
with ' =0 if pw =0, while if p > 0 then p' is an arbitrary number in [0, u).

Proof. The proof is a bootstrap-commutation argument similar to that of Theorem
4.13. For 1 <i <mlet X; = X (v)52r, X € Coo(OM) be smooth vector fields on

M,,. (7.1.7) implies that X;(u) satisfies the equation

LX;(u) = {Ag + & — Z—Z]Xz(u) = Pi,

oF
B A
pi = Xi(8) = Xi(€)u + [Ag, XiJu+ X 503

From u € Cf 5. it follows that
OF

£— EM + ”|D$|§ €Cigxns  Pi€Ch_14n
By Theorem 7.2.1, (—1,n) is a regularity interval for C§,_, for L, and from X;(u) €
CZ;}H\ and from scaling estimates one obtains X;(u) € Cp ,y, thusu € C 5, ;. For
0 < p <1 the inclusion C oy C Cpioiy o, implies uw € CF o, o, Which in turn
yields

oF

§— Ev nDz|} € Ciiaorws  Pi € Cioiirorn

The claim that u € Cf 5. 14, follows by a difference quotient argument as in the proof
(lf Theorem 4.1.3, because by Proposition 7.2.2, (—1,n) is a strong regularity interval for
L. For m > 1 the result follows by induction as in Theorem 4.1.3 from the equation

EXl .. XZ(’UJ) = [Z,Xl .. Xzfl]Xl(u) —|—X1 .. -Xiflpi- ]

Our next result proves classical regularity at the boundary of solutions of semilin-
ear equations under appropriate conditions — this is the main result of this chapter or,
indeed, of this paper. To avoid a tedious but otherwise straightforward discussion of var-
ious possibilities we only consider a, uy € N, o < py and p4 = ay — these conditions
hold in our applications to the general relativistic constraint equations. Similar results
can be obtained without those restrictions using the same arguments. Let us emphasize
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that the following result holds for semilinear systems, and we are not assuming that
(7.4.4) is a scalar equation.

THEOREM 7.4.5 (Classical boundary regularity for semilinear systems). Let (a—, ay),
ay > 0, be a strong regularity interval for C§ \(M) for a geometric elliptic operator
LGOP(%’c ( A€ (0,1). Let L be of the form (4.2.1)—(4.2.4) and assume that p+ = a4 .

A (M)’ o
Suppose that u € CE (M), let S € z*Clyr(M) for some o > a_, and assume further
that

o, pr €N, ki i=pyr —a>0.

Let u € CX°(M), u = O(z*-T¢), a_ + ¢ > 0, € > 0, solve the semilinear system of
equations

(7.4.4) Lu=Flyu)+S,  F(y,0) = 0,F(y,s)lmo = 0.

Let N be the smallest integer such that Na > k. Assume that F(y,s) € Cryr(M x R)
and that for all 0 <i < N 4k +2 and for s € R satisfying |s| < K = supy, |u?| there
are constants C; such that _

(7.4.5) 105 ()l ey iy < Ci

Then there exists o > 0 such that

(i) Ifa+k < pq thenu € m?:o T Chyivo (My,).
(ii) If a + k > py then

2

u € m xaizc,u+fafl+i+a'\k7(,u+7&71) (M;EO)
=0

(If « = py, the case i = 0 should be excluded in the equation above.) Moreover, for
a+k>puy + 1 there exist functions u;, i =1, ... ,]V, such that u = Z;V:() uj log? (x), with

(746) Ug € ﬂ (Ea_iCk_HH_a- (Mwo)a
=0
and for j > 1,
k1+2 ) )
(747) u; € ﬂ IJ“+7ZCk,kl+i+)\(Mzo).
1=0

Here N is the smallest integer such that N > (k+2)/py. If, finally, ui|lopr = 0, then
u € ﬂ?:o 2 Chyito (M)

Remarks. (i) We have imposed the somewhat unnatural condition (7.4.5) on F
because it is satisfied by our problem at hand, namely the general relativistic constraint
equations. A similar but somewhat worse result as far as differentiability of the functions
u; is concerned can be established by the same methods assuming only that F(y,s) €
Ck_;,_)\ (M X R).

(ii) For N 3 o > p4 and k > 1, and assuming that the remaining hypotheses of
Theorem 7.4.5 remain unchanged, we obtain u € m?:o oM+ Chyivo (My,). Similarly, for
N Z a > py and k > 1 the regularity of the solution of the non-linear problem will be
the same as for the solution of the linear problem with the corresponding value of «;, cf.
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Theorem 4.2.9 and the remarks following that theorem. Clearly similar results can be
obtained under the hypotheses of Theorem 4.2.11.

Proof of Theorem 7.4.5. In this proof, o € (0,1) will be a constant which may
vary from line to line. Let F,,(x) = 07" F(x, s)|s=o. From Taylor’s theorem we obtain

o Fn(v)
(7.4.8) F(y,s) = 22 ";1! s™ + 3N+1FR(y, s),
with F,, € Cryr(M) and Fg € Crya(M x R). Clearly, if v € C’,f+/\7é+a(M) for { + 0 <
k+ A, then vVt Fp(z,v) € C,gﬂ\:;zfj.

Let v be a function of the form given in point (ii) of the theorem and satisfying
(7.4.6)—(7.4.7) with o0 = A. Then from (7.4.8) we get

N
F(y,v) =Y Fj(y)log’ () +&.
7=0

From (7.4.6) with i = 0 and (7.4.7) with i = ki we obtain { € CyF37 7, (M) and

Fy € 22Cy, A (M). Similarly the choice i = 0 in (7.4.7) gives F; € z3#+ Cy_p, 42 (M)
for j > 1. Expressions of the form F(y,v1 + v2) — F(y,v1) can be analyzed in a similar
way. Finally, we note that if v1 is of the form given in point (ii) and vy € le+>\,z+a with
{+ o0 <k+ )\, then
(7.4.9) F(y,v1 +v2) — F(y,v1) € Ol?—t)éé—i—a’
which is easily seen by the mean value theorem.

After those preliminary remarks, let us by induction construct an approximate solu-
tion @ of eq. (7.4.4). Set w_1 = 0 and let wo € (;cn, 27 Cly iy 2 (M) be given by Lemma

4.2.5 so that Lwy — S € C,fif\‘gj/\ N C;:igiiﬁo, Bo = 0 or By = 1. By interpolation for

B € Ng we have CyF o0 (M) N O (M) — Cpfeds (M) for some o > 0.
Suppose then that for some m < N we have found functions w;, i = —1,...,m, of
the form
N .
(7.4.10) w; = Zw” log? (),
j=0

with coefficients w; ; satisfying (7.4.6)—(7.4.7). We shall moreover require that w;—w;—1 €
C,iir;rf\. Then a function wy,+1 of the form (7.4.10) with w41 — wy, € C,gﬁ:;rf)f

constructed as a solution of the equation
L(wns1 = win) = (F(y,wm) = F(y, wn-1)) € CLoE7, (M),
by using the argument of the proof of Lemma 4.2.5. This completes the induction. Note
that for a + k < 4 we will have w; ; =0 for j > 1.
Letting 4 = wy, we have

(7.4.11) ¢:=F(y,a) + S - Lae Cy{ste, .

can be

Setting w = u — @ we obtain

(7.4.12) L(@) = F(y,u+1) — F(y,a) +&, e Cifods,.
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We have ueC~ +5, so that decreasing ¢ if necessary we obtain u€ Cy +e Equations
(7.4.9) and (7.4.12) give Lu € C§. By point (i) of Lemma 4.1.1 and the weighted Sobolev
embedding we obtain u € Cf:;g. Iterating this argument using point (ii) of Lemma 4.1.1i

and (7.4.9) gives U € C775,. We have

K42+
LEMMA 7.4.6. For 0 <{ <k and vy < min(k —{ + o + o, ) we have
U € Clioinito

Proof. The argument below is rather similar to that of Lemma 5.1.3. Some care,
however, must be taken because of the finite degree of differentiability of the functions
here. Let £ > 0, choose 3 so that 0 < S < a_ +¢e, 8 < py and 23 < a, and let o € (0,1)
satisfy £/ + 0 < k+ X. Let 6 € (0,3) and K € N be chosen so that K6 = ¢+ o. Let
e,k = 0,..., K be any increasing sequence of numbers such that eg = 0, and ¢, < 0.
Note that for 0 < ¢ < k eq. (7.4.11) implies that

k—0+a+o
e Cinito -

We will argue by induction. Assume that u € C,f +akf—e,; We have shown that this holds
with K = 0. Then (7.4.9) and (7.4.12) imply

~ 28 281
Lue Oy ome, NON w410, -

Lemma 4.2.2 gives

~ 28—(1—7)
Lu e Cil ) oior—en

for any 7 € (0,1). Choosing 7 =1 — 6 we get

-~ B
Lu € Cpyy (o1)o—en iy

and, increasing slightly x41, Theorem 4.1.3 gives

=~ B
UE Clin iy (nt1)0—enin
This completes the induction step.

We have thus shown that u € C’,f o tro With some 3 > 0. An iterative argument
based on (7.4.9), (7.4.12) and Theorem 4.1.3 completes the proof. m

Returning to the proof of Theorem 7.4.5, suppose first that a + k£ < p4. In this
case Lemma 7.4.6 with ¢ = 0 gives u € CSI;‘I;OJFU(MM), and the result follows from
Proposition 3.2.2.

In the case a4k > p4 some more work is needed. If £ = p4 —a our conclusion follows
again from Lemma 7.4.6 and Proposition 3.2.2. (Note that in this case our result is weaker
than for k > 14 —a, cf. point (ii).) For k > 0 set f = L(#) and rewrite equation (7.4.12)

in the form (4.2.46). Then arguing as in the proof of Theorem 4.2.9 we find, using

Lemma 4.2.7, a function ¢ € Nien, Tt~ “Cryip (M) with Ly e C:IgBIZ(M) and u =

u—ﬂ—{ﬂ\ = o(a*+). Now we can change wy as defined above to wo+1 and repeat the induc-
tion argument described previously to obtain a new approximate solution, still denoted
1, of the form (7.4.10) and satisfying (7.4.11). A direct analysis of the identity (4.2.47) of

the proof of Theorem 4.2.9 gives 4 = u—1u € Cgi;fa ki(Mfa)Jrg(Mmo). We wish to show
Ck+a+(7

that in fact we must have u € C; 7577, (My,). For suppose first that & < p1. In this
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case L € Cpfet? (M) by (7.4.9), and Lemma 4.2.8 with 3 = a, m = £ = k yields

u € CSI;‘I;OJFU(M%). To handle the case k > 14, suppose that u € C,f:;JrUyHU(MwO)
with some § € N satisfying 8 < k+ « and some ¢ > m := min(k+a— 3, ). Then (7.4.9)

and Lemma 4.2.8 yield u € leiﬁiijefm +o(Mz,). Applying this argument repeatedly
CkJraJrcr

leads indeed after a finite number of steps to u € Cy 1377, ,(Mz,). The proof of point
(ii) is completed by Proposition 3.2.2. m

The classical regularity up-to-boundary of solutions of the Lichnerowicz equation up
to the threshold n — 1 = dim M — 1 is a straightforward corollary of the above:

THEOREM 7.4.7 (Boundary regularity). Let M be an n-dimensional manifold with
boundary with M compact. Let g € Ciyo1x(M), suppose that { > 0 and suppose moreover
that ¢ € Crroin (M) NCF(M), or ¢ € xCryr14xr(M), or ¢ € 22Crir(M), X € (0,1),
k € Ng. There exists 0 €(0,1) such that the solution ¢ of (7.1.1) given by Theorem 7.3.2
satisfies

E+2<n—-1= ¢¢€ Criayo(M),

k+2=n+4+ky, k1 e Ng= ¢ € Cn,1+g‘kl+1(M).

Moreover, in the case k + 2 > n there exist functions ¢; € (Vi 27" " Cryo—ntitr (M),
j=1,...,N, such that

N
(b - Z ¢z 10gl T € Ok+2+a’ (M)
=1

Here N is the smallest integer such that N > (k + 2)/n. If, finally, ¢1lonm = 0, then

¢ € Cryoro(M).

Remark. The results of Theorem 7.4.7 are optimal (except perhaps for the modulus
of Holder continuity o which we leave unspecified), as the 2™ log  term generically arises
in the solution of (7.1.1), cf. Appendix A. The reader is also referred to [6, 5] for an
analysis under which conditions on the geometry it holds that ¢1|sns = 0; in these
references dim M = 3 is assumed.

Appendix A. Genericity of log-terms

In this appendix we shall show that for generic “background fields”, in a sense to
be made precise in the statements of Proposition A.1.1 and Theorems A.2.2, A.2.3, the
Cauchy data constructed by the conformal method will “pick up” log-terms, even though
the background fields are smooth up to boundary. The results of this section are somewhat
related to those of [5]. In [5] rather more geometric results can be found; on the other
hand, the proofs and the discussion here are much simpler.

To avoid a tedious differentiability-chase we have stated all the results in a Cy, setting.
However, the calculations presented here carry over immediately to the finite differentia-
bility case. Some of the equations below can be somewhat simplified if one makes use of
the “almost Gaussian coordinates” of Appendix B.
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Throughout this section M is a manifold with boundary with M compact, and with
dim M > 3. In some results we shall specialize to the physically relevant case n = 3,
but this condition is not assumed unless specified otherwise. The reader is referred to
Chapter 3 for any notation which is not defined here.

Let us start with the vector constraint equation. As explained at the beginning of
Chapter 6, there are at least two methods of constructing solutions to this equation. Here
we shall analyze in detail the method described in Section 6.2; assuming smoothness of
the background fields the method of Section 6.3 gives equivalent results. Note, however,
that the discussion of decay rates of various fields of Section 2 has been tailored to fit
the construction of Section 6.3. This explains the difference between the decay rates of
Section 2 and those of Section A.1 below.

A.1. The vector constraint equation

PROPOSITION A.1.1. Let g € Coo (M), denote by igns the embedding igns : OM — M,
and by I'c__(anr) (i3 T2 M) the space of smooth sections of the bundle i}y, T*M over OM
obtained by pull-back by isns of the bundle T?M of two-contravariant tensors over M,

suppose that « = =2 or « = —1. For A;; € Coo(M) let X be any solution of the equation

| .y 9 3 3
(A.1.1) D;LV = §DZ— (DZXJ +D'X" — ﬁDkag” + IO‘A”> =0
given by Theorem 6.2.8(iii), thus
(A.1.2) LY = 2L +logzLyl,, LI L] € Cuo(M).
(i) Let o« = —1. There eists a closed subspace A C I'c_ o) (i, TM) of finite

dimension not larger than (dim OM + 1)(dim OM + 2)/2 = n(n + 1)/2 such that for all
A" satisfying Dix(|Dx)2 A% — Dy Dad A%)(0,v) & A we have

L,(0,0) £0.

(ii) Let « = —2. For any A e Te.onn) (@5 T M) and ¢ € Coo(OM) there ex-
ists a closed subspace ‘A/i,w C I'c..om) (i3 TM), of finite dimension not larger than
(dimdM + 1)(dimdM + 2)/2, such that for A satisfying A (0,v) = AY(v),

DixDjx%‘—;](O,v) =1 and Dix(|Dx|§‘9§: — Dy Da? 8‘5‘:)(0,1}) ¢ Ag , we have

L, (0,v) #0.

Moreover, for all A;; for which a solution with Lfgg
solution of (A.1.1) satisfying

X € 2°TH O (M) + xlog xCs (M),
such that x=*LY € C_,(M).

Proof. Uniqueness up to the addition of a smooth (up to boundary) solution of the
homogeneous equation follows from Theorem 6.2.8, thus the only thing to show is the

non-vanishing of Lfgg. Let thus

(A.1.3) X = Xo + logzXiog for o = —1,

(0,v) # 0 exists, there exists no
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(A.1.4) X =2"'X_1 +logzXig, fora=-2,

X0, X_1, Xlog € Coo(M). X solves the equation

1 . .9 . )
(A.1.5) Ap X! =3 i(DZXJ +DIX" — —DkX’fgw> =221 77,
n
with _ - _ -
(A.1.6) 77 = —g7 " Dy(a* AY) = — (aA"™ + xD; A7) .

Inserting (A.1.3) in (A.1.5) one finds, with m = |Dz|; ! Dz (thus m is the inward pointing
unit normal to OM),

2
AL.,ng = - |DI|g <XJ

-2 )
222 log g(valog)mJ) + 0(51771) for a = —1,

2
AL_,ng D e | {XJ 2g(m,X1)mj}(O,v)

[Dzlg f 5 n—2 j -1
o Xlog—i-Tg(m,Xlog)m +Li(X_1)p+O0(z7") for a= -2,

where L; is a homogeneous linear first order differential operator which has the property
that L1(X_1)(0,v) does not depend upon 9, X_1(0,v). For a = —1 we thus must have
(cf. the beginning of Chapter 3 for conventions on coordinate systems)

n—2 . o i
(leog + Tg(valog)mJ) (0,v) = _(le|g A J)(Ovv)v

which can be algebraically solved for X7 (0,v) in terms of A% (0,v), and which shows

log
that Xlog(O,U) runs over I'c_(anr) (i, T M) as A (0,v) does. For a = —2 one obtains
ain (0 g X ) 0.0) = (1D, 247 0.0),
n
n—2 . L 0A™
(A.1.8) <X1Jog - g(m,X)mJ) (0,v) = — (|D:17|g 5 >(O,v) + F,
(A.1.9) F = (|Dx|;*[D; AY — 0, A™])(0,v) — L1(X_1)(0,v).

From (A.1.7) one can algebraically determine X7 (0,v) in terms of A%7(0,v) and since

(D;AY — ﬁ) (0,v) depends upon A% (0,v) and its tangential derivatives only, one finds
that F in (A.1.8) is uniquely determined by A% (0,v); (A.1.8) implies then that for any

fixed A% (0,v) the vector field Xfog((), v) runs over I'c_anr) (i%,,TM) as 25— (O v) does.

Now a simple calculation shows that

2LV = D'X/

. 2 b i
log log + DJXllog - EDkXIOggZJv

and to finish the proof we have to show that the vanishing of Lfg (0,v) implies that X/
is of rather special form. Let h;; be the induced metric on OM,

log

(A.1.10) hij = gij — mymy,
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let D; denote the covariant Riemannian derivative operator of the metric h;;, set 3; =
mI Djm;. Setting

(A.1.11) ¢ =Xigmi, Y'= X, —om’,

one finds

(A.1.12) 2mim; Ly}, = E[(n —1)(m* Drp — Y*B1) — DRY" + ¢,
(A.1.13) 2him; Ly = DY + Do+ XNy YF + ¢,

log

o 1 g
(A.1.14) Q(hzhiLﬁfg + mmkmme hm)
ivsj ivi 2 kpij ij 1 ij
=D'Y' +DY'— ——DY"hY —2¢( \Y — —— Y |,
n—1 n—1
where A;; is the extrinsic curvature of OM (A;; = —hfhﬁkag), A= hij)\ij, and
DY’ = himF DY

For dimdM > 3 eq. (A.1.14) shows that the vanishing of Lﬁfghihg leads to an overde-

termined system of equations for X, — kafggmi, and a straightforward repetition of

the argument which shows that the dimension of the space of conformal Killing vectors
cannot exceed (dimdM + 1)(dim M + 2)/2 yields the same upper bound for the di-
mension of the space of Y’s for which we have Lfgg = 0. In the physically relevant case
dim OM = 2, the operator

Vi = DY+ DIy — kaYkh”

(which maps vectors to symmetric traceless tensors) is elliptic, with (as is well known)

(i) trivial kernel if g(OM) > 1, where g(OM) is the genus of OM,;
(ii) two-dimensional kernel if OM ~ S! x S1;
(iii) six-dimensional kernel if M ~ S2.

It follows again that the condition Lﬁfg = 0 will hold for at most a (dim OM +1)(dim OM +

2)/2-dimensional space of Y’s, and the result follows. m
For the proof of Theorem A.2.2 we shall need the following proposition:
PROPOSITION A.1.2. Let m; be the unit normal to OM, define

T C I omn)(i5p T>M)

as the space of tensors A¥(v) over OM satisfying m;AY = g;;A% = 0, let P be the
projection on T : (PA)Y = highl(AF — hmm A, h* /(n — 1)). (Here h is the metric
induced by g on OM, c¢f. eq. (A.1.10).) For any /i,;l\ € T there exists a transverse
traceless tensor field L'V € 172Co (M) + In2Co0 (M) such that

(A.1.15) L (z,v) = Aw)z 2 + LY, (v)a~" + O(In z),
(A.1.16) (PL_y)" = AY.

Remarks. (i) Note that for a transverse traceless tensor of the form (A.1.15) the
condition A(v) € T is necessary.
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(ii) The question of existence of transverse traceless tensors L € 2= *Cuo (M), a =
1,2, such that x*L%|gp # 0 is considered in [5], and is shown to be related to the
vanishing of the space-time Weyl tensor at OM.

Proof of Proposition A.1.2. Let A;; € Coo(M), we have

(A1.17) Di(z 2 AY)(z,v) = =20 3 A% (0, v)
+a2[D;AY (2, v) — 227 (A% (z,v) — A™(0,v))],

where A% = D;xAY. Let AY(0,v) = fiij(v), so that A%7(0,v) = 0. Taylor expanding
there exist R/ € Coo (M), S7 € Coo (M) such that

A% (z,0) = 0, A% (0,v)x + %8%14”(0, v)o? + 23 RI,
O A% (2, v) = 0, A™(0,v) + 02 A™ (0, v)x + 2287,

Define ‘ ‘
“I'A” = D, A" — 9, A"

then (A.1.17) can be rewritten as
Di(z72AY)(x,v) = 272 [=0, A% (0,v) + (“I"A” + D4 AY)(x,v)] + S7 — 2R,
If we choose A% (z,v) so that

0, AT (0,v) = (“I'A” + DA A%7)(0,0) |
PO, A7 (0,v) = A (v)

we obtain N

Di(z72AY) € 271 C (M),
therefore by Theorem 6.2.8 there exists a solution X € Coo (M )+ In 2Co (M) of equation
(A1.1). m

A.2. The coupled system. In this section we shall restrict our considerations
ton = dimM = 3. Before analysing the presence or absence of log-terms in the so-
lutions of the Lichnerowicz equation, recall that we are mainly interested in conformal
classes of “background fields” [(g, L)], where L is a TT-tensor, in which the pair (g, L)
is identified with the pair (¥2g,¢~°L) for any positive function ¢ € Cu(M): (g, L)
and (1)%2g,1%~°L) lead to the same solution of the constraint equations. We shall assume
that L € 272C (M) + logzCo0 (M), as forced upon us by Proposition A.1.1 in generic
situations, it should be stressed that the log terms in L will not affect the conclusion of
Theorem A.2.2, because they do not affect the 2% log 2 terms in the expansion of solutions
of the Lichnerowicz equation.

LEMMA A.2.1. Let z,21 € Coo(M) be two defining functions for OM and let L' be
a transverse traceless tensor for the metric g. Suppose that (g;j, L) = (1/)4g,£j, =1L,
g € Coo(M), L € 272Co(M) + InzCo0 (M), with some bounded positive function v €
C3(M), v uniformly bounded away from zero. Set

~ _ -2~ _ 21 Tij _ 374 T4 _ .37
Gij =T "Gijs Gy =21 Gy, LY =a"LY, Ly =aiLy.
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Let ¢, ¢1 be uniformly bounded, locally Co solutions of
8456~ Ro +|L56™" — 66° =0,
84,01 — Ragh + |Laff, 677 — 667 = 0
Then ¢ has a 23 logx term in the asymptotic expansion at OM if and only if ¢1 has one.

Proof. By the uniqueness part of Theorem 2.1.1 we have

- 1/2
(A.2.1) 1= 1/1(—) o
1

Since x/x; is in Co (M), the result follows by comparing coefficients in an asymptotic
expansion of both sides of (A.2.1). m

THEOREM A.2.2. Let X be the collection of pairs (g,L), where g € Coo(M) is a

Riemannian metric and LY € 172C (M) + logxCo0 (M) is transverse traceless.

(i) The subset X of X consisting of pairs for which the log terms in the expansion of
the solutions of the Lichnerowicz equation do not vanish is open and dense in the Coo (M)
topology on X .

(i) The set X = X\)O( is an infinite-dimensional closed subspace of X .

Proof. Choose some defining function x for 9M, by Lemma A.2.1 the vanishing or
not of the log terms does not depend upon this choice. Let g,;; = |D:E|§gij, in the metric
g;; we have g9x iz =1, set gij = x’zgij. Let ¢ be the unique solution of

(A.2.2) 84506 — Ro+ |L26™" — 66° = 0

satisfying ¢|aar = 1. By the results of Chapter there exist ¢1, @2, ¢iog € Coo(OM) such
that

(A.2.3) ¢ —1— 17 — ¢poa® — hrogr’logz € C5T5, &> 0.

Let M’ = gz ;, hij = g;; — mym;, let Aj; be the extrinsic curvature (in the metric g;;)
of the sets z = const., A = h'/)\;;, define the expansion functions A, etc., by

(A.2.4) Az, v) = Xo(v) + 221 (v) + 22 Xa(v) + O(x?),
(A.2.5) |Dz| ;" LY (z,v) = A;J—gv) + A%(U) + O(lnz),
(A.2.6) R(@)(x,v) = Ro(v) + 2R1(v) + O(2?),

(A2.7) 7"z, 0) =770, v) + 27" (v) + O(=?),

where R(g) is the scalar curvature of the metric g;;. Inserting (A.2.3)-(A.2.7) in (A.2.2)
one finds with the help of a simple REDUCE code

(A.2.8) 1 = No/8,
(A29)  6a(0) = 5 (7,70 (0,0 A7 () 47 ()

+ %[Xl(v) — Ro(v) + (DizD"X0)(0,v)] — %Xg(v),
(A210)  duag(v) = — = (Fy70) (0, )AF () A7 (0) + A% (0) A (0) Ko )}

16
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- S - = — . -
(A.2.11) w(’l)) = {@[Rl —4AX2 +5AoA1 — MRy — Agho + 7 A(?A)\o]

~ 109670 " 256
It follows from (A.2.10)-(A.2.11) that the condition ¢i,g = 0 defines a closed subspace of
the set of all (g, L), thus X is an open subset.

Suppose that (g,L) € X, thus ¢10g = 0. By Proposition A.1.2, fiij(v) and BY =
hihi, (Eke — Emngmnﬁkl) can assume arbitrary values satisfying Al m; = BYm; =
hij A" = h;;Bii = 0, and one can thus find a sequence (g, L) —)—o0(g, L") such that
¢10g(v) # 0 by choosing fikij and Blij suitably, and the theorem follows. m

207 — 9+ = =i+ 3= —;
0 —AoDiIDlAO - ZDl.TEDZ(bQ}(O,’U)

In Theorem A.2.2 it was essential that the space of T'T-tensors considered included
those for which (z2L%)|gpr # 0. When 22L% |55 = 0 we have the following:

THEOREM A.2.3. Let g € Coo(M) be a Riemannian metric, and let L be a transverse
traceless tensor with respect to g. Consider the following sets:
X1 ={(g,L): L € 7 Co0 (M) +log xCys0 (M)},
X2:{(97L)L€COO( )}7
Xs = 1{(g,L): L=0}.
(i) The set )O(a, a=1,2,3, of pairs (g, L) for which the solution of the Lichnerowicz

equation has a x>logx term is open and dense in X,.
(i) In each case the sets X, = X\ X, are closed infinite-dimensional subsets of X,.

Remark. Note that for (g,L) € )?a, a = 2,3, the solution ¢ of the Lichnerowicz
equation is smooth. On the other hand for generic (g,L) € X1, ¢ is expected to be
C4(M) but not Cs(M) because of x°logx terms coming from |L|2 The blow up of

the fifth derivatives is in this case mild enough so that one gets (b € Hs(M,g,dug),
x¢~1/2 € Hg(M,g,duy).

_ Proof of Theorem A.2.3. In the notation of the proof of Theorem A.2.2, let
D; be the Riemannian connection of the metric h;; = G;j — mimy. A 241 decomposition
calculation gives (note that m'D;m’ = 0 because m;dz’ = dx)
(A.2.12) R =2m"Dp) — N9 X;; — N2 + R,
where R is the curvature scalar of 4, so that if the coordinates v
74 = 0 one finds

4 are chosen to satisfy

and (A.2.10) gives

1 _
(A.2.13) (b]og(v) = 3—2[—2)\”mka)\ij + )\omka)\](O, ’U) + w(v),

Here ¢ depends only upon g;;|an, aax]
to OM. Suppose that (g, L) is such that ¢iog = 0. If \;j|aas = 0, in an arbitrary neigh-
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bourhood of g one can find a metric g’ such that X;j|3M # 0. An appropriate small

. 62_(];- . ’ Ogé.
perturbation of —=* which does not change gij|(9M and —

am will then make ¢joq

non-zero, which shows density of X q- |

Appendix B

B.1. “Almost Gaussian” coordinates. Consider a metric g € C¥**(M); if k > 2
Gauss coordinates near M can be introduced. Namely, 1) there exists a finite cover
{U; Y-y of OM and z¢ > 0 such that Ule[O, xo) X U; is a neighbourhood of M and 2)
in local coordinates y = (z,v%), x € [0,z0),v" € U; we have

(B.1.1) 97 = g(dy’,dy’) € C*2((0,20) x Us),
(B.1.2) F*=1, g¢g*4=0.

The problem is that the coordinates (z,v) above are obtained through a solution of the
geodesic equation, which leads to the threshold k > 2, and which for & < oo leads to the
loss of differentiability of g in the new coordinate system, as emphasized in eq. (B.1.1).
This loss of differentiability is quite annoying, as then the use of exact Gauss coordinates
in various applications leads to stronger restrictions on the degree of differentiability of
the metric. On the other hand, for many applications it is sufficient for (B.1.2) to hold
only approximately near M. The aim of this appendix is to show that this can be
achieved without losing differentiability of g. More precisely, we have the following:

PROPOSITION B.1.1 (“Almost Gaussian coordinates at OM”). Let 0 < k < 0o, A€
[0,1], consider a Riemannian metric g € C*T*(M) on M, with 9M — compact. There
exists zo > 0 and a finite cover {U;}1_, of OM together with coordinates (y*) = (x,v?) €
[0, o] X U;, such that Ule[(), xo] X U; is a neighbourhood of OM, and such that

(B.1.3) g(dy',dy’) = g € C*A((0,20) x Us),
(B.1.4) g(dz,dz) — 1 = o(z"),
(B.1.5) g(dz,dv?) = o(z").

Remark. If A > 0, then (B.1.4)-(B.1.5) can be strengthened to g** — 1 = O(z**?),
ng — O($k+)\).

Proof of Proposition B.1.1. If kK = co we can use Gauss coordinates near OM ,
and the result follows. Suppose thus that k& < oo, let p € OM, let O be any conditionally
compact coordinate neighbourhood of M in which O N OM = {x = 0}, with ¢V =
g(dy’,dy’) € C*2(0O). Passing to a subset of O if necessary, without loss of generality
we may assume O = [0,z9) XU, U C OM. Coordinate systems of this form will be called
cylindrical. By Lemma 3.3.1 there exists T € C*+1T2(lf) satisfying

oT

hd — (qrT\—1/2 o =0.
8$ - (g ) ’ x|1—0

The implicit function theorem implies that there exists O; C O such that (Z,v) are
coordinates on 01, O; being cylindrical in the coordinates (Z,v). We also have §%%|;—o =
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9(dT, dT)| =0 = g“(%)2|x:0 = 1. Passing to the coordinates (T, v), dropping the “1” on
01 and dropping bars on T and on g** we thus have

(B.1.6) 9" gm = 1.

Let ¢, fA € CkT1H2(0), consider

(B.1.7) T =2+ ¢(z,v),
(B.1.8) 74 =0 4 fA(z,v),
hence
—xr __ . xT i a(b ij a(b a(b
(B.1.9) 9 =9 2" e g e
_ _ Of4 06 ;00 Of4
TA _ Ay _ zA i Ai ij
(B.1.10) g7 =gldz, dv”) = g"" + gV o+ g g+ g e
Suppose that for some ¢ > 0 we have
(B.1.11) g —1=o(z"), ¢"=o(z"1).

It follows from (B.1.6) that (B.1.11) holds with ¢ = 0. By Lemma 3.3.1 there exists
fA € CHITA(O) satisfying
aé+1fA
9l t1

6€91A
ozt

)

=0

while all the lower order z-derivatives of f4 vanish at = 0. Passing to coordinates (z,7)
on a (possibly smaller) cylindrical neighbourhood O, and dropping bars, one finds from
(B.1.9)—(B.1.10) that (B.1.10) still holds with, moreover

(B.1.12) g*4 = o(axh),

so that for ¢ = k = 0 the proof is completed. If 0 < ¢ < k by Lemma 3.3.1 there exists
¢ € C*1H2((2) such that
a€+1¢ aégmA
Ox ox

with all the lower order z-derivatives of ¢ vanishing at x = 0. Passing to the coordinates
(Z,v) and dropping the bar on T one finds that (B.1.11) holds with ¢ replaced by £+ 1,
and the induction step is complete. m

)
=0 =0
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