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Introduction

Consider a one-parameter family of semiflows on a Banach space with
stationary point 0. Suppose 0 is a saddle point, and that there is a homoclinic
trajectory at some critical value a,, i.e. a trajectory which is defined on R, not
constant and tends to 0 as t— + 00, —co. If this connection is broken by
a small change of the parameter then periodic orbits may bifurcate off —
whether this actvally happens depends on further conditions.

In terms of return maps, defined by translation along trajectories, this
phenomenon corresponds to a family of fixed points which at the critical
parameter cross into the domain of the map. The following figure for
trajectories of vector fields in R*> may help to clarify this.

g = g, a > ag

Fig. |

Loosely speaking, sufficient conditions for fixed points at a > a, are that
contraction in the stable space of the linearization of the flow at 0 is stronger
than expansion in the unstable space, and that for a > a, the unstable manifold
intersects with the transversal “above” the stable manifold. For details in the
two-dimensional case, see e.g. [3], [6].

A similar phenomenon for parameterized vector fields on R* which are
periodic in the first component x, of x € R? with period, say, ¢,, is bifurcation
from heteroclinic to periodic solutions of the second kind, with

x(-+m) =x+(£,, 0)

for some n > 0. For an example, see e.g. Ch. VIII of [3]
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a = a,

Fig. 2

The corresponding orbits of the induced vector fields on the cylinder
(Rmod¢,) x R are closed but not contractible to a point, in contrast to induced
orbits of periodic solutions in RZ.

Results about bifurcation from saddle loops of vector fields on R" are due
to L. P. Silnikov ([18]). He introduced the idea of artificially continuing the
return map to the transversal beyond the stable manifold, by the intersection of
the unstable manifold with the transversal. For the homoclinic trajectory, one
has a fixed point which can be continued for a # a,.

Fig. 3

The difficulty involved is to show that the extended return map is indeed
smooth enough for continuation of this fixed point. Silnikov’s proof of
smoothness requires that the vector field is at least of class C2.

In a recent paper [22] we proved bifurcation from a saddle-to-saddle
connection for retarded functional differential equations of the form

(ah) %(t) = ah(x(t—1)), ae(0,1),

with periodic nonlinearity h: R— R of class C!. Let ¢, > 0 denote the minimal
period of h, assume h(0) = 0, h(¢,) = 0 for some £,€(0, &,), 0 < hin (0, &,) and
h <0 in (&, &)

Equation (ah) then describes a state variable on the circle Rmod¢, which

tries to compensate deviations from the stationary state ¢ mod¢,, after
a reaction lag a.
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The dynamics of these equations are surprisingly rich. In addition to
bifurcation from saddle connections addressed here, periodic solutions emerge
in a series of Hopf bifurcations from each equilibrium as the parameter
increases from 0 to +oo. Secondary bifurcation from branches of periodic
orbits occurs ([21]), and chaotic invariant sets exist, due to periodic solutions
with transverse homoclinic orbit ([20], [2], [12]).

Applications include models of phase-locked loops designed to control
high frequency generators, see [15], [8] and Section 5 in [22].

Let h(- +£,) also satisfy the remaining hypotheses in Theorem 2 ([22]) on
the shape of its graph. It follows that there exists a critical parameter a, with
a heteroclinic solution x“ which connects the zero solution to t— £,, and that
for a > a, periodic solutions of the second kind, with

x(+7n)=x+¢, for some n >0,

bifurcate off.

For such solutions the point x(tf)mod£, on the circle rotates periodically.
The first result on existence of periodic solutions of the second kind for
differential delay equations was proved by T. Furumochi ([8]). Numerical
computations of Y. Ueda ([19]) indicate that equation (ah) may have more
complicated periodic solutions of the second kind as well, with k = k(n) in
Z\{0, 1} for the minimal = > 0 with

X(- +7) = x+k&,.

This means that the point on the circle completes |k| full turns around during
each minimal period. '

Recall that on’the Banach space C of continuous functions ¢: [—1, 0]
— R, equation (ah) defines a parameterized semiflow

X: R} xCxRa(t, §,a)—x,eC

where x,(s)=x(t+s) for all +>0 and se[—1, 0], with the solution
x =x(¢, a): [—1, w)— R of the initial value problem

x(t) = ah(x(t—1)), xo=19.

Let &,, &, denote the functions t— &,, t— ¢, in C. In [22], each initial value for
a bifurcating solution was obtained as fixed point of a map #,—¢,, a > a,,
with

‘@a': @a_’90+5}|

a compact translation along trajectories close to the heteroclinic connection.

The advantage of this approach is that the functional on the right hand
side of the parameterized functional differential equation considered is only
required to be C'-smooth. On the other hand, it does not lead to uniqueness
and stability. Both are to be expected from the two essential properties of the
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linearizations T(, -, a) of the semiflow at the stationary points Z&,: The
unstable linear space P, of T(-, -, a) has dimension one, and contraction in the
stable space Q, is stronger than expansion in P,. More exactly, the spectrum g,
of the generator of the semigroup T(, -, a) contains only one point u(a) in the
right halfplane, u(a) > 0 is a simple eigenvalue, and there are bounds 4; <0,
U, >0 such that

0.1 Ay < —p, and u(a) < p,, Rez< 4,

for all ze ¢,\ {u(a)} and for all parameters a in a small neighborhood of
ag-

In the present paper we develop a new method for bifurcation from
a saddle connection and apply it to the equations (ah) where h(: +£,) satisfies
the conditions from [22] and is in addition of class C2.

As a result, we obtain a differentiable curve of initial values for bifurcating
periodic solutions of the second kind which are unique, stable, and attractive
with asymptotic phase. The precise statement is contained in Theorem 13.2.

With a view to the models for phase-locked loops from Section 5 in [22],
we may say that we obtain bifurcation to attractive periodic solutions of the
second kind in the presence of attractive phase-locked states. Asymptotic
stability of the solutions t — £,+j&,, je Z, follows from an inspection of the
characteristic equation z+ae *=0,0<a< 1.

The proof of Theorem 13.2 employs a map X of translation along
trajectories, close to the hyperbolic equilibrium 0 e C, and its continuation X,,
herein following Silnikov’s idea. The crucial part is to ensure smoothness
properties of Z,. The proof of these is based on elementary geometrical
considerations and on a sharpened inclination lemma. Below we give an
outline.

Incidentially it should be noted that the construction of X, and our proof
of smoothness do not exploit special properties of equation (ah). Any family of
retarded functional differential equations

x(t) = F(a, x,)
can be treated, provided that the map
F: (ag—e,a,+e)xC([(—r,0], R)—>R", r>0,neN,

ag€R and ¢ > 0, is of class C? and there is a saddle point x*e C([ —r, 0], R")
with one-dimensional unstable manifold such that (0.1) holds for the linearized
semiflow. This immediately implies a more abstract theorem on bifurcation
from, say, a saddle-loop for such functional differential equations, analogous to
Silnikov’s result where existence of a homoclinic solution is assumed, not
asserted. Details are left as an exercise.

To explain our approach, we begin with the construction of a map f
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which defines a fixed point equation

f@,a)=¢
for initial values of periodic solutions of the second kind. f will be called the
Silnikov return map.

Let us assume for simplicity that there is a neighborhood # of 0eC so
that the local stable and unstable manifolds of this stationary point are given
by

S,=Q,n#B, U,=P,nA.
(In the body of the paper we have to introduce local coordinates and
a transformed semiflow Y in order to achieve this.)

Let p, and g, denote the projections onto P, and Q,, according to the
decomposition

C=P,+0Q,.

Note P, = R, with ¢,(t) = ¢“® for all te[—1, 0]. In particular, if 0 # ¢€P,
then either ¢ <0 or ¢ > 0.

Embed a point x{°e U, into a family of initial values n,®,€V,. We shall
have #n, > 0, from properties of the heteroclinic solution. Choose transversals

H: = r'0¢n+Qa
to U, and open parallelograms

En = E(als '71: a) = {¢EC: |pa¢| < ’11) IQn¢| < 51}

with n, > 0, §; > 0, so that E, n H = @ for a in some neighborhhod of aj.
Fix 6 > 0 with

0.2) x3,eE, +¢&, for al s>8.

There are open neighborhoods # of x{° =no®,, and & of a, such that
X8, -, a)—&, maps # into E, for all ae.o.

E,, -translation
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For 1,, 6, and & sufficiently small, every trajectory 0 < t— X (t, ¢, a) which
starts in the open upper half

Ey ={¢€E,: p,0 >0}

of E, reaches the transversal H, at a first time
c=oc(p,a)>1
while trajectories starting in
S.NE,={¢€E,: p,¢ =0}
converge to 0. Set
(), a)= X(o(o, a), ¢, a) if peE}, acdd,

and continue X to a map ZX,, by

Z‘2(¢»a)=r’0¢a for ¢EEa\E:a aet'g-

iR
anut
LN

Fig. 5

The composition
(¢a a)_’z‘l(X(o, ¢» a)_gh: a)
defines a map
f: Bxd~C

with f(#x {a}) = H} for aesd and f(1,8,,, a5) = 1o P,,.
The last equation holds since (0.2) and ¢&,-periodicity imply

X(s, X(0, 19 Pay» a6)— &y ag) = x2%9—E,€E,,  fors>0

which in turn gives
X(B! ﬂ0¢ao, aO)_éhe.Sm
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hence

S0P, a0)€ 22((EHD\E;;) x {ag}) = {10 Pas}-

Moreover, fixed points g€ H} n 4% of f(-, a) — with the additional property
X0, ¢, a)e E; —&, — define initial values of periodic solutions of the second
kind.

The definition of X, shows that if DZ,(¢, a) would exist on all of its
domain, not only for g€ E; or p,¢ <0, then

D, Z,(p,a)=0 for ¢eE NS,
and in particular
D, f (1o ®qq 80) = 0.

This would allow to solve the equation f (¢, a) = ¢ with a unique differentiable
curve

a_’qb:’ ¢:u=r’0¢ao=x‘:ui
by means of an implicit function theorem.

The key to sufficient smoothness properties of the Silnikov return map is
Theorem 6.1 which asserts that there is §,€(0, d,) such that

D, X(y,a)»0 as n—0,
uniformly for all ae sufficiently close to a, and all y in open layers
E*(65,7m,a)={yeC: 0 <p,¥ <, |g,¥| < 8,}
of height # above the stable manifolds.
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]
2

Fig. 7

The proof requires a closer look at the hyperbolic behavior of the semiflow
near the stationary point 0eC.

Without too much effort, it can be reduced to an estimate of D, X (-, a) at
points in level sets

HY < E}
defined by
g(,a)=kN, keN,

where N is a suitably fixed positive integer. The sets H;; converge to the stable
space Q, as k—+4o00. On HJ, Z(-, a) coincides with the iterate (§,)* of
a restricted time-N-map §, of the semiflow X (-, ", a).

Furthermore, we can restrict the investigation to points € H;; such that
the trajectory 0 < t — X (¢, ¥, a) admits a tangent vector w = w¥* at t = 0, and
where H,, is a submanifold of codimension 1 in some neighborhood of y, with
w not contained in its tangent space at . The decomposition

C=T,H; ®Rw

now permits an estimate of |D, % (), a)l in terms of

— D,Z(, a)|Rw;

~ DyI(, )| T, Hf = D@\ T, Hi:

— the angle between the spaces Rw and T, H,.
Observe D, Z(y, a)w = 0, L being constant along trajectories. We arrive at an
estimate

0.3) ID{Z(, a)| < const+|D(g,) (W) T, H <1+:ZW:>

where the term |gw|/|pw| expresses the angle between Rw and T, wHa by means
of projections p onto P,, g onto T, Hg, which are glven by another
decomposition

C=THi@P,
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Fig. 8
The last decomposition follows from an inclination lemma for the preimages
= (d)"MHS) > Ha
In addition, we get a bound
const - |p,y| ~ 4/

for the second factor on the right hand side in (0.3) which clearly tends to
0 uniformly for weE*(d,, n, a) as n—0.
With regard to (0.3) and (0.1) it suffices to derive an inequality

w
lq | < const'——

Ipwl Ipalﬁl

The numerator |gw]| is easily seen to be bounded by a constant, so we look for
an estimate

const:|p, Y| < |pw| in case qw # 0.

Straightforward estimates of the semiflow and relations among the projections
involved only give a constant ¢, such that

|pW| C4 lpallll |qa Wl ' Aa(qw)
where

[pagwl
lg,qwl

Aa(qw) =

is the inclination of the nonzero tangent vector qwe T, Hz.
Working in a sufficiently small neighborhood of 0e C, we can bound |q,w|
by any prescribed constant.
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So what we finally need for the completion of the proof is an a-priori
estimate

(0.4) A,(x) < const-|p, ¥

for tangent vectors yeT,Ha\{0} at points Wwel, for all keN and all
parameters a in some neighborhood of a,.

Qb

T Py

Fig, 9

Such a pointwise estimate is considerably sharper than assertions on
uniform convergence in the inclination lemmas contained in [16], [17], [13],
[12], [14], compare e.g. the remark following Corollary 8.1.

All results on inclinations needed for the proof of Theorem 6.1 have been
combined into Lemma 2.1 ([23]) on maps g in a Banach space with hyperbolic
fixed point 0. These maps g may not be invertible, of course.

The derivation of estimate (t, x) in Lemma 2.1 ([23]), which corresponds
to (0.4) above, requires that they are of class C?. In addition we have to impose
a condition ((*)) which is trivially satisfied if the unstable space P of Dg(0) is
one-dimensional as in our application, but becomes a restriction on the
distribution of the spectrum of Dg(0) in the complex plane for dimP > 1.

Another particular feature of Lemma 2.1 ([23]) is that the given trans-
versal H to P and its preimages g *(H) do not have to be submanifolds.
(Tangent vectors to arbitrary sets are defined as usual, by means of differen-
tiable curves with trace in the set.) This generalization simplifies the application
to maps g = g, which are taken from a semiflow as X (-, -, a) above: Even if the
initially given set H is a submanifold, one cannot use transversal intersection of
trajectories with H in order to show that the preimages g *(H) are sub-
manifolds, too. The reason for this is that not every trajectory 0 < t— (¢, ¢, a)
has a tangent vector at t = 0. '

Organization of the paper. Chapter 1 contains preliminary material,
including a review of results from [22] on the unstable manifolds of the zero
solution to equation (ah). Section 3 examines the semigroups T(:, -, a) and
prepares a set of constants for the application of Lemma 2.1 ([23]). Section
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4 specifies some easy consequences of the saddle point property for the
nonlinear semiflows X (-, -, a) close to 0eC.

Section 5 in Chapter II begins with the standard transformation of X to
a parameterized local semiflow Y on a neighborhood of O e C so that the local
invariant manifolds become open subsets of the spaces Q, and P,. We
construct domains on which the time-N-maps g, and §, taken from the
semiflow Y (-, -, a) satisfy the hypotheses of Lemma 2.1 ([23]), and we estimate
the growth of P,- and Q,-components for trajectories of Y (-, -, a) and their
tangent vectors. Section 6 contains the definition and basic properties of the
map Z, the statement of Theorem 6.1, and a step-by-step outline of its proof.
The proof itself follows in the next 4 sections. The central part using an
estimate of type (0.4) is contained in Section 9.

Chapter III starts with the construction of the Silnikov return map.
Proposition 6.2 and Theorem 6.1 imply that it is smooth enough for the
application of an implicit function theorem, stated as Theorem 13.1. The main
result of the paper, Theorem 13.2, includes a precise description what
uniqueness, stability and attractivity with asymptotic phase mean for periodic
solutions of the second kind. The detailed proof of Theorem 13.2 in the last
sections is still rather long, but mainly for technical reasons. The major
difficulty has been overcome with the proof of smoothness for the Silnikov
return map.

Throughout all sections, proofs are given with almost every detail, This
helps to avoid vague descriptions of situations which involve both local and
global behavior of the semiflows. Sometimes properties of functional differen-
tial equations are used without further comment. In these cases the reader
should consult [10] and [9]. The general reference for calculus and a little
functional analysis is [7]. The elementary facts about transversality needed in
Section 7 are found in [1].

Parallel to the work presented here, C. M. Blazquez ([4]) and S. N. Chow
and B. Deng ([5]) used other ideas to prove similar results on bifurcation from
saddle connections in infinite-dimensional spaces (restricted to the case of
one-dimensional unstable manifolds, as in our approach). Blazquez extends
Silnikov’s method to semiflows for parabolic equations. Chow and Deng treat
such semiflows, too, describe a proof for functional differential equations and
give an application to the equations from [22]. The resulting theorem is
slightly weaker than our Theorem 13.2, assuming that h is of class C* while
differentiability of the bifurcating curve of initial values is not asserted.

1. Preliminaries. All norms are denoted by | |. L.(Z, Z’) stands for the
space of continuous linear maps Z — Z' between Banach spaces Z, Z' over the
fieldsK=RorK=C.Amap F: W—Z', W c Z open, is of class C* iff it has
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continuous derivatives DF: W—L(Z, Z'), D(DF): W—L,(Z,L(Z, Z"), ...
up to order k. For maps hi: R-R or x: J-R, y: J—-C with J = R, we set

R(@):= Dh(§)(1),  *():=Dx(t)(1), y():= Dy()(1).

In Section 8, we consider tangents to an arbitrary subset S of a Banach
space Z: A vector yeZ is called tangent to S at the point ze Z iff there is
a differentiable curve y: (=1, 1)=Z with y((—1, 1)) = S, y(0) = z, Dy(0)(1)
= y. T,S denotes the set of all tangents to S at z. As usual, the hypotheses
Sc W, F: W—Z' differentiable with F(S) = §', zeS and yeT,S altogether
imply DF(z)y € T»(2)S'. Also, if F;: W—2Z' and F,: W—Z’ are differentiable
with F, =F, on S c W, then DF (z)y = DF,(z)y for all zeS§, xeT.S.

For a C'-submanifold § = Z (see [1]), T,S as introduced above is the
usual closed subspace of Z, with a closed complement in Z.

Preimages S,, keN,, of a set S = Z with respect to a map F: W—Z are
defined by Sy:= S, Sy41:= F~1(S,) for ke N,. This implies S, = (F¥)~*(S,) for
all ke N,, with the iterates F*: W, —Z given by Wy:= Wi=W,, F(w):=w
for weW,, F*:=F, W,,,:= F '(W,) and F**':= F*oF for keN.

C and C, denote the Banach spaces of real- and complex-valued
continuous functions on the initial interval I:=[—1, 0], with supremum
norm.

We shall successively construct nonempty open balls

B,oB,> ...oB,, D°oD'sD*>...oD°
in C, centered at 0eC, and nonempty open parameter intervals
AODA1 DA2 ‘e DA24

centered at a fixed critical parameter a, > 0, such that clB,,;  B,, cl D¥*!
c D, cl 4,4+, = A, for all relevant indices: Let us adopt the convention not to
mention explicitly these properties once new B,.; < B,, D'*! = D* or
A,+1 < A, are chosen.

For real- or complex-valued functions x on an open interval J = R and for
teJ with [t—1, £] = J, the translate 35— x(t+s) of the restriction of x to
[t—1, ] is denoted by x,, as usual in functional differential equations.

R* stands for the positive reals, R3 := R* U {0}.

2. Solutions of a family of differential delay equations with periodic
nonlinearity. We study the equations

(ah) (f) = ah(x(t—1)), a > 0,

with nonlinearity h: R—>R in the set # defined as follows: There exist
a C*-function h: R—R and a*€(0, 1) with h = h/a*, and

(H.0) there are positive reals &, &, > &g, 1y, &, €, such that
o<y <<l <yt <&y
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(H.1) h is periodic with period ¢,;

(H2) k>0 in (0, &) and A< 0 in (&, &,);

(H3) lF‘] < rh/2 in ('—rh’ rh)u(fo_rhv th_rh];

(H.4) there exists ge(0, 1) with |h(¢)} < gl¢] for & < ry;

(H.5) #(0)=a* and loga* < —u(a*) for u=u(a*)>0 with u—
ate " =0

(H.6) ¢eC and 0< ¢ < &, = ¢(0) imply

Ei+[hod <&y
I

yeC and & <Y <&, =y(0) imply
ity <&+ [hoy.
I

r/2

1 1 1 \ -
= T —

>

_.ﬁv
vy

~

Fig. 10

It follows that h'(0) = 1. We fix a positive real d, < r,/2 with #’ > 0 in
[_511! 6).]

Note that the nonlinearities h(- +&,), he #, are identical with the
functions considered in [22]. For an example arising in applications, see
Section 5 in [22]. '

A solution of equation (ah) is either a differentiable function x: R—R
which satisfies equation (ah) everywhere, or a continuous function x:
[s—1, o) R, seR, which is differentiable on (s, o) and satisfies equation (ah)
for all ¢t >s.

Repeated application of the formula

t—1
(2.1) x(f) =x(n+a | hox

n—1
on the intervals [n, n+1], ne N,, shows that every initial value ¢ € C and
every parameter a > 0 define a2 unique solution x = x(¢, a) of equation (ah) on
[—1, o) with x4 = ¢.

The zeros Z&, U (E,+Z¢E,) of h yield constant solutions on R.

We have continuous dependence of solutions on (¢, a)eCx R* with
respect to the supremum-norm on compact intervals [—1, ¢], t 2 —1. The
relation

X(t, ¢, =0, a) .

2 — Dissertationes Mathematicae 291 %
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defines a parameterized continuous semiflow
X: Rf xCxR*>C
with stationary points ZE,, &,+Z¢&,,
E@):=¢, E@):=¢& onl

Note that all functions x+Z¢, are solutions whenever x is a solution of
equation (ah), due to the periodicity of h. We have

(2.2) X(t, ¢+kE, a)= X(t, , A)+kE,

for all (t, ¢, a)eR¢ xCxR", keZ.

The results of Sections 1 and 2 of [22] imply that there are a critical
parameter a, €(0, a*), an open interval 4, € (0, a*) = (0, 1) with center a, and
a family of solutions x”: R— R of equation (ah), a€ 4,, so that the map a— x§
is continuous, with

0<x”
x*(t)—»0 ast——o0

x®(t)y—~£&, as t— +o0,

for all aeA,,

llim+infx“ > ¢, for ay <aeA,.
=T ®

In terms of Section 4 below, we have a family of solutions in the unstable
manifolds of the equilibrium solution ¢ —+ 0 such that for a = a,, the solution is
heteroclinic and connects t—0 to the equilibrium solution t—¢,, while for
a > a, the solutions overshoot ¢, and do not return.

We need a few elementary properties of solutions.

PROPOSITION 2.1. Let (¢, a)e Cx Ay, x:= x(¢, a).
(i) 0< ¢ <&, implies 0 <x on (0, 1].

(1) & < ¢(0) implies ¢y — (r,/2) < x on R{.
(i) €, < ¢ < &, implies x < &, on [—1, o0).

(iv) |x(t)] < |¢|(1+max|R|) for all te[0, 1].
Proof. (i) follows from (H.2) and equation (ah).

(ii) Suppose x(t) < &;, for t > 0. Let z denote the largest zero of x—¢, in
[—1,t]. Then 0 z<1t If t €z+1, then

x(t) = fo-}-'j'fc > & +minh > &y —(r,/2),

by (H.3) and periodicity of h. If z+1 < t, then

0<éy~(r/2)<x< €&, in (z,z+1],
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as before. Using (i) we infer 0 < x on [z, t]. Hence
Eo—(ry/2) < x(t).

(iii) h < 0 on (&,, &,) implies that either £, < x and X < 0 on R*, or that
there exists a first zero z; of x—¢&, in R*, and % <0 in (0, z, +1). By (ii),
Eo—(ry/2) < x(zy+1). Now, 0 <ah <k <r,/2 on ({,—r,, &) vields — either
0 < x and {,—(r/2) < x < &, on (z,+1, o), or existence of a first zero z, of
x—¢&y in (z;+1, o) with 0 <x <r/2 on (z;+1, z,+1). In the last case,
0 <x < y+(ry/2) <&, on(z,, z,+1), and we are almost in the same situation
as at the beginning of the argument. Now it is easy to complete the proof.

(iv) follows from (2.1) and from the mean value theorem, with
h(0)=0. =

COROLLARY 2.1. For 0 < ¢ < &, either x < &, and 0 < X on R, or there
exists t=1t(x)>0 with x(t)=¢&¢,, 0<x on (0,t+1), &—(r/2)<x on
[t+1, o).

PROPOSITION 2.2. (i) For every ac[ay, supA,) there exists t(a)eR with
x*(t(a)) = &, and 0 < x* on (— o0, t(@)+1).

(i) There exists b, e(t(ay), t(ag)+1) such that x* <&, on (—o0, b,),
E,—r, <x® <&, +r, on [by, o), and every interval [t—1, t], t > b,, contains
at least one simple zero of x"—¢,.

(iii) If t = t(ag)+1 and X%(s) <0, se[t—1, ], then 0 < x°*(s") for some
se[t—1,1t].

Proof. (i) follows from Corollary 2.1. For (ii), see Section 2 in [22]. Let
t =2 t(ap)+1>b, and x°(s) <0. Suppose x*® <0 on [t—1,t]. We have
x“(R) < (0, &,+r,), by (i) and (ii) and 0 < x®, so that equation (ayh) and (H.2)
yield £, < x* < £, on [t—2, t—1]. But this contradicts (1) and (ii). =

We exclude periodic solutions (of the first kind) close to the heteroclinic
solutions x" + Z¢,. This proves already a part of assertion (vi) in the final
Theorem 13.2.

PRrOPOSITION 2.3. (i) The set cl{x: teR} = {...} u {&,} is compact.

(ii) There exist an open neighborhood Vo, of cl{...} and an open interval A,
such that for aec A, there is no non-constant periodic solution x: R—R of
equation (ah) with orbit {x,: teR} contained in Vy,+ZE,.

Proof. (i) follows from lim,_ _x%(f) = 0, lim,-, + » x*(t) = &,.

The proof of (ii) is rather long:

a) By Proposition 2.2, there are reals t_ < t, with x*(t_) =r,, x®(t,)
=¢,—r,. Then t(a,)<t, <b;,0<x™ and 0<%x* on (—oo,t,.], and
&,—r, <x* on (t,, o). Choose g, >0 so small that
(2.3) 2e, < min X%,

[t-,t4]
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2.4) £ —ry+eg < X® <& +r,—8 on [by, o),

in particular, g, <r,.

Using continuous dependence and compactness of [t_, b,], we find
g0, €(0, €,) and an interval A; such that [¢—x{°| < ey Wwith te[t_, b,] and
acA, imply x(s)> &, at some s> 0 for the solution x: [—1, )= R of
equation (ah) with x, = ¢. We define

Vor:= {¢p€C: |§| <&y or |p—E| <epy or [p—x{°| < gy, for some teR}.

Suppose y: R—R is a periodic solution, non-constant, of equation (ah),
aeA,, with {y,: teR} < Vo, +Z&,. All-translates y+k¢,, ke Z, are periodic
solutions of equation (ah) as well. We obtain a non-constant periodic solution
x: R— R of equation (ah) with —r, < minx < &, and with x,€ Vg, + Z¢&, for all
teR.

b) The case x(R) < (—r,, ). Then every interval [t—1, t] contains a zero
of x (otherwise, equation (ah) would imply |x(t)| > r, for some t € R, see the sign
condition (H.2)). Choose te R with |x(t)] = max|x| > 0 (x is non-constant). For
the largest zero ze{t—1, ],

X0 = 0+ % = [ah{x(s—D)ds = | ah(x(s)ds = . 1 o
. 2 z—1 + z—1

and (H.4) gives

Ix() < 1--—+q- max|x| < glx(s)
a,
which contradicts x(¢) # 0.

c) It follows that x(R) = (¢,—~r,, £,+1,) is impossible, too.

d) The case r, < x(t) € &, —r, for some t e R. (H.2), (H.3) and equation (ah)
give 0 < r,/2 < x on [t, t+1]. By (H.2) and equation (ah), there exists a first
zeroz>tof x—¢g, or0< % on [t+1, o) and x < £, on [t, o). In the first
case, Proposition 2.1(ii) yields x > ¢,—r, on [z, o), a contradiction to
periodicity and x(t) < {,—r,. The second case contradicts periodicity, too.

e) The case &y—r, < x(t) < &,—r, for some teR. We have x,6 V,;, + ZE,,
and r, < x(t) < {,—r,. Therefore |x,—x{°| < go; with some veR. (2.4) and
x(t) € &,—r, exclude v > b,. The definition of t_ and ¢, < r,, in particular
ry+eq < &,—r, < x(t), give t_ < v. By the choice of ¢y, and 4,, we now obtain
x(s) > &, at some s > t. Consider ve N with s < t+vp where p is the period of
x. There is a largest t*e(s, t+vp) with x(t*) = £,. On (t*, t+vp], x < £,. On
[t*, t*+ 1], x = &, —(r/2) > x(t +vp), by (H.2), (H.3) and equation (ah). Hence
t*+1 <t+vp,and {, < x < £, on (t*, t*+1]. It follows that either O > x and
¢o <x <, on [t*+1, c0), or that there exists a first zero z of x—¢, in
(t*+1, o). The first possibility contradicts periodicity. The second possibility
implies x(z) = &, and £, < x(z—1). As above, we infer |x,—x2| < ¢, with
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velt_, t,]. Using (2.3) we get
x(z) 2 x®(v)—eg > x(v—1)+2e5— 8y > x(z—1),
a contradiction.
f) The case £, —r, < x. By construction, minx < £,. Part c) above implies
x(t) = &, +r, for some teR. Consider X:= x—¢,. This is a periodic solution of

equation (ah) with X(t) =r,, and the arguments of part d) lead to a cont-
radiction. w ’

Another tiny part of the proof of Theorem 13.2 is

PROPOSITION 2.4. Equation (ah), ae A,, admits no solution x: R— R with
x(+p) = x()+k&, where p> 0 and ke —N.

Proof. For a solution as above, x(vp) > — o0 as v— + c0. On the other
hand, x(t) > £,+1¢, for some teR and le Z. With the periodicity of h, we
obtain x > &, +1&, —r, on [¢, oo), see Proposition 2.1 (ii), a contradiction. =

3. Linearization of the semiflow. The parameterized semiflow X is of class
C! on (1, ©)xCxR*, and of class C? on (2, ©)x Cx R*. The partial
derivative D, X exists and is continuous on all of the domain of X. We have

DZX(ta ¢t a)'ﬁ =W
with the solution y: [—1, c0)—R of the linear variational equation along
x = x(¢, a),
y(t) = ak'(x(t—1))y(t—1)

with y, = .

COROLLARY 3.1. For every (t,¢,a)eR3 xCx(0,1],¥eC and all’
se[0, ¢,

ID,X (s, ¢, a)| < (1 +max|h|)*?,

1X (s, ¢, A)—X(s, ¥, @)l < (.0 1g—uhl.

Proof. Let peC, yeC and ae(0, 1] be given. Consider the solution y of
the linear variational equation along x = x(¢, a), with y, =y. For neN,
te{n—1,n] and n—1< s <t, we obtain

s—1
yis) =y(n)+a | Kox-y,
-1

ly(s)l < (1+sup [H])]y,|-

By induction,
ly(s)l < (1 +sup ||}yl

whenever se[k—1,t] < [k—1, k], ke N. With D, X(s, ¢, a)y = y, for all
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s =0, we obtain the first estimate. The second inequality follows by the mean
value theorem. m .

For (t, ¢, a)e(l, c0)x Cx R*,
D X(t, ¢, a)(1) = %,(8, a).

This shows that there is no partial derivative D, X if, say, 0 <t <1 and ¢ is
not differentiable at some point in [t—1, 0]. x,(¢, a) is called the tangent vector
of the trajectory Rg as—x,(¢,a)eC at s=t.

The shifts Cad—»X(t, ¢, a)eC-with t > 1, aeR*, are compact as is
easily seen from the construction of solutions by means of (2.1).

We linearize at ¢ =0 and define

T, ¥, a):=D,X(t,0,a)y. on RfxCxR*.

Then T(t, ¥, a) = y,(¥, a) with the solution y: [—1, c0)=R of the linear
equation

(a) y(t) = ay(t—1)

with y, = . Using complex-valued solutions, we extend T to a parameterized
semigroup from Rg xC.xR* into C., with the same smoothness and
compactness properties as stated for X. For each a > 0, T(, -, a) is a strongly
continuous semigroup of bounded linear operators C.3¢ - T(t, ¢, a)
€ C., t 2 0. The spectrum g, of the infinitesimal generator of T(;, -, a), a > 0, is
given by the characteristic values, i.e. by the discrete, infinite, countable set of
zeros of the analytic function

z—»z—ae %

4,

ProposiTION 3.1. For évery a >0 there is precisely one positive zero
u=u(a) of 4,. u(a) is a simple zero. The map a— u(a) is analytic and strictly
increasing with lim,.qu(a) = 0. We have Rel < loga for every a> 0 and for

every zero A # u(a) of 4,.
Proof See Proposition 2 in [22]. =

(H.5) shows that for all ae 4,, loga < —u(a). Therefore we can choose an
interval A, and reals A, p such that

(3.1 O<u<u(@ < —-1< —Rez

for all aeA4,, and all zeros z s u(a) of 4,. In particular, ,niR = @ for
aeA,, o,n (R +iR) = {u(a)}, and u(a) is a simple eigenvalue with eigenvector
@, Iat—e"“ecR*. We obtain

C=P0®Qa



Linearization of the semiflow 23

with
Pn=R¢a=paC! Qa=qaC! qa=idC_pai
P.¢ =<¥, ¢>.9,,
(P, 9D, = P 0)¢(0)+aj'p(r+1)¢ ()dt for all peC,

¥ (t)—[1+ae‘"‘°’] lem#at  for te[0, 1].

p, and g, are projections of C onto P, and (Q,, respectively, so that
1 <|p.), 1'< |g,|- The spaces P, and Q, are invariant under the maps T(t, -, a).
On P, '

(3.2) T, ¢,a)=e""¢p foral t=0

so that we have expansions on the “unstable spaces” P, for ¢ > 0.
There exist A, <0, an interval A, < 4, and a constant k, > | such that

(3.3) u@ < —A; <—4 on 4,,
3.4 |T(t, ¢, a)| < kge**|¢p| for all acd,, ¢eQ,,t=0

or, T(t,-, a) defines a contraction on the “stable space” Q, (if t>0 is
sufficiently large) which is stronger than expansion in P,. This property is
crucial for the bifurcation result which we are going to prove.

For later use we prepare estimates of shifts T(N, -, a) with constants
which are locally uniform with respect to the parameter, and which satisfy
certain inequalities.

PROPOSITION 3.2. There exist NeN, N > 3, real numbers pq, Uy, iy, Ays A4
with 0 < o < p; < piy < —43 < —A, < —4,, a constant ¢ > 0, an interval A,
and constants 0. <1, > 1,y > B such that

(3.5) Mo <u(a) < p, -for all acA,,
» BI9| <IT(N, &, @l <3¢l  for all <P, acd,,
' IT(N, ¢, a)l <alp| for all p€Q,, acA,,
3.7 c<a<at+2e<l<f—c,
(+3c)(y+c)
3.8) Ts 1,
(B—o)—1)?
(3.9 <—————8 ,
1
(3.10) a+4dc < ﬂ
(3.11) € < ppeo,
(3.12) y+c=f+2c < el

(3.13) a+c < et
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Proof a) Choose ug, i, A3, 4, such that 0 <y, <ulag) < p, < —A4,
< —A, < —A;. Choose NeN, N > 3 and kye*'™ < e*N < 1. Set a:= ™" 50
that the second estimate in (3.6) holds true, by (3.4). Set f:= €"“". Choose
£>0 so small that é<a<a+é<1<f—¢,
(x+39) (B +8) ¢
[f._

. _(B—9-1p 5 1
<2 1 a42%< —,
8 x B+ (2
€< ppe®, B+2é<er, a4é<eth,
b) The map p—e*N is continuous, and there exists p, €(u(ay), 4,) with

eV < B4(¢/2). By continuity of 0 < a— u(a), we may choose an interval A, so
small that u, < u(a) < u, and

(3.14) e N < "N 1 (&/2) for all acA,.

c) Setc:=¢&/2, B:=e""N—c,y:=f+c=e"N. Letae 4,. For (3.5), see b).
The first line in (3.6) follows from (3.2), with (3.4) and "™ < ¢"¥ =y, The
inequalities (3.7)}+3.13) follow from

B—(6/2) = e —(g/2) < e N —(e/2) = < f

and from the inequalities in a). =

Frequently we shall use that p, is monotone:
(3.15) p,6>0 if0#¢ >0 and aed,,

that the maps A,2a—p,eL,(C, C)and A,3a—q,eL.(C, C) are analytic, and
that p, and g, are bounded on 4,. We set
Cpg = SUP [P |+ g, < co.
Aq

Note c,, > 1.

4. The saddle point property. The properties of X and its linearization
T imply that there exist open balls B, c B, = {¢eC: |@| < J,}, constants
k., x>0, an interval 4; and maps

:P.NB C,
un ,,('\ IF’QaC aeAs,
5. @,NnB;-P cC,

such that for every ae A, the following holds true:
(41)  u,(0)=0,s5,(00)=0; u, and s, are Lipschitz continuous with constant
1/2; the “graphs” {¢ +u,(¢): ¢eP,n B,} and {qb+s ): ¢€Q,N B}

are tangent to P, and Q,, respectively, at ¢ = 0, i.e. 11m¢_.0|u (@)/18]
=0 and 11m¢—~o|3 (@)l/1¢] = 0.
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(42) For every ¢ € P,n B, there is a unique solution x* = x* (¢ +u,(9), a):
R— (:2 of equation (ah) with x§ = ¢ +u,(¢) and |x¥| < k, *|x¥| for all
t <

(4.3) Ifx: R—Ris a solution to equation (ah) with x,e B, for all t < 0, then
x = x*(¢p+u,(¢), a) for some ¢eP,B,.

44) ¢eQ,nB; and ¢ >0 imply |x| < k,e”|x,| for x = x(¢ +5,(8), a).

(45 I x: [—1,00)—>R is a solution to equation (ah) with x,eB, for all
t 20, then x4 = ¢+5,(¢) for some ¢eQ,n B,.

Moreover, one can achieve that the maps B, x As3(¢, a)—~u,(p,9),
s,(q,$)e C are defined and of class C2. This will bc used in Section S.
We derive some easy consequences.

PROPOSITION 4.1. There is an open ball B, such that for every a EA5 we have
(@) u,(P,nB3)=Q,NB,, 5,(0,nB;) = P,nB,; ie the “graphs” U,
= {p+u,¢d): ¢eP,NnB;} and S,:= {s,($)+¢: d€Q,n By} are both con-
tained in the parallelogram V,3:= (P, B,)+(Q, N B,).
(i) 1] < 3, for all $eV,,
@41) U,nS,={0}; U, is tangent to P, at ¢ =0; S, is tangent to Q, at
¢=0;
4.2y for every ¢€U, there is a unique solution x* = x*(¢, a): R—=R of
equation (ah) with x§ = ¢ and |x}| < k,e*|¢p| for all t <O0;
(4.3) if x: R—> R is a solution of equation (ah) with x,€ V5 for all t < O then
x = x*(¢, a) for some peU,;
(44) ¢eS, and t =20 imply |x| < k,e|¢| for x = x(¢, a);
@4.5) if x: [—1, o)—=R is a solution of equation (ah) with x,eV,; for all
t >0 then x, = ¢ for some peS,;
4.6) if ¢peU,, x=x(¢,a),t =0 and x,eV,3 for all s€[0, t] then x, €U,

Jor all se[0, t].
\rudius 3,
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Proof Choose
1 1

. _.B,n-‘B,.
20 0B

Let aeA;. (i) follows from the Lipschitz condition in (4.1). If ¢ €V,3 then
¢ =p,¢+q,$€2B,. Hence V,3 = 2-B; = B,, which gives (ii). U,n S, = {0}
in (4.1') is also a consequence of the Lipschitz condition in (4.1). (4.2) and (4.4')
are obvious from (4.2) and (44), and from B, c B,.

Proof of (4.3). Let x:*R—R be a solution of equation (ah) with
x,€V,3 B, for all t < 0. (4.3) implies x, = ¢ +u,(¢) for some peP, N By, and
x=x*(..,a) x,€V,3 gives peB,, or x,eU,.

The proof of (4.5) is analogous.

Proof of (4.6). Let ¢ U, = V,5. Assume x € V,3 (< B,) on some interval
[0,t], for the solution x = x(¢, a): [—1, co)—>R. (4.2') shows that on
[—1, o), x and x*(¢, a) coincide. For s <0, |x¥ < k,|¢p| = k,|p,¢ + g, 9|, see
(4.2). We have k,(p,¢+q,0)ek, - V.3 2k, By < B,. Therefore x* e B, for all
s<0.

Now let ¥ = x, for some se[0, t]. Then y = x¥(s+ °), for the solution
x*(s+ :): R— R of equation (ah). All segments x¥(s+ *), v < 0, are contained in
B,,and (4.3) yields x, = ¢ = x¥(s+ ) = @ +u,($) for some e P, N B;. x,€ Vs
gives ¢p€B,. Therefore x,eU,. =

B, =

PROPOSITION 4.2, Let ac A;. There exist y, > 0 and solutions x®*: R—R,
x°": R—>R of equation (ah), and v =v(a)eR such that
() 0<y<y, implies 0 <y®,+u,(yd,); 0>y> —y, implies 0> y®,
+u,(yPa);
(ii) p,x* €0By, limy., _ o x"* (1) =0, x¢*eU, c V,5 and
a+

X

x-:a+

0< Jor all ¢t <0,

+
PaXf

+ +
pax;' _Sa(qax? )

(i) peU, and 0<p,d or 0 <p,dp—s,(q,0) imply ¢ = x** for some
t <0; )
(iv) p,xo~ €0By, lim, _,x*"()=0,x! €U, c V,3 and

X

oq—

X
Paxi
pﬁx?_ _Sa(qax‘rz_)
(v) ¢eU, and (p,¢ <0 or p,¢p—s,(q,9) <0) imply ¢ = x*~ for some
t <0
vi) x** = x°(- +v(a)).

0> Jor all t <0;
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Proof. Let aeA;.
a) U, is tangent to P, at ¢ =0, and there exists y, > 0 with

([P, +u,(yP)]—yP,| = 4, (yP,) < 27 1e™ @ |y | = 27 1@}y

for 0 < [y| < y,, yeR. —y®,(t) = ye" > ye™@ for all tel implies [...] >0
forO0<y<y,and [...] <0 for 0 >y> —y,. This proves existence of y, such
that (i) holds.

Fig. 12

b) Let r, denote the radius of B,. Choose ye(0, y,) so small that
2y <1y, ky2y <rscpt, ki-2y < y,/lp. Then y®,e P, n By. Consider the so-
lution x* = x*(y®,+u,(yP,), a). (i) shows 0 < x§. For t <0 we have

(4.2") e < Ky [x8) < ky-2y.

We prove xfe U, for all t < 0: (4.2”) implies |p,x¥| < r, on (— o0, 0], and
|g,x¥ < ryon(—oo,0]. Hence x}¥ € V,; on (— o0, 0]. Now one can use (4.3') in
order to obtain xf*e U, for all ¢t <0.

Proof of 0 < p,x}* for all t <0: Recall p,x* = (¥,, xF),P,. Suppose
(¥, x¥>,<0 for some t<0. We have 0<x¥, and consequently
0<(¥,, x§)>,. It follows that there exists s <0 with 0= (¥,, x¥),, or
p,x¥ =0. With x¥eU,, we find x¥ =0, hence x§ =0, a contradiction.

Proof of 0 < x* and 0 < x* for all t <0: (4.2"”) gives |p,xf| < y,. With
0<p,x¥=(¥, x},%, we find 0<(¥,, x¥, <y, xfeU, yields x
=, P, +u,({...>,P,) Now (i) shows 0< xF. Therefore 0 <x* on
(— o0, 0]. We have xeU, < V,; for t <0, hence |x}*| <4, for all t <0
0 < x* < 4, on (—oo, 0] and equation (ah) imply 0 < %x* on (—o0, 0].

¢) We consider x* on Rg. There exists s > 0 such that 0 < x* < §, on
(— o0, 5) and x*(s) = §,, as follows from 0 < h on (0, &,) = (0, §,). Because of
|¢| < 8, for ¢peV,a, there is a smallest §€(0, s) with xFeV,; for 1 <§, and
|p,x¥| =rsy or |g,x¥| =r,. (4.6) implies x*eU, for all t <5 The Lipschitz
condition for u, gives

lg,x¥ = |lim g, x}| = lim|...| = lim [u,(p,x¥)| < 27 'lim |p,x} <27 'r5.
P

Therefore |p,x&| =r;.
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d) We set x**:=x*( +§). Then 0 <x** and 0<x*" on (—o0,0],
xiteU, for t <0, |p,xbT|=rs lim._ox*"()=0. 0<<Y¥,, x{*>, and
0< p‘,x"+ for t <0 are also obvious.

e) Proof of 0 < p,xé* —s,(g,xt*) for t <0: Let t <0, ¢:=x{*. Then
0<g¢eU, and ¢ = Pa¢+u (.9 or 4,6 = u,(p,¢). Hence |g,¢] < 2 1ll),,f15|
With 0< ¢, 0 < p,¢. Therefore |q,¢| <|p,¢l. Comsider the points ¢,
:=p,¢+5-q,9, s€[0, 1]. None of these points is contained in S, ~ ¢,€S,
would imply 0 < p,¢ = s,(s'4,9), 0 < |p,¢| < 27 'slg,¢| < |4,¢l, a contradic-
tion t0 |g,é| < P9l

We obtain p,¢,— s,,(q,,d) )= y,®, with y, # 0 for all s in [0, 1]. Continuity
of s—y, = (¥,, p.bs—5.(d,9,)), implies y, > 0 on [0, 1], or 0 > y, on [0, 1].
We have ¢,=p,¢>0, hence g,$p=0, and yo®, = p,Po—5,(d.00)
= p,® > 0. From &, > 0, we infer y, > 0, and consequently y; > 0 on [0, 1].
For s=1, ¢, =¢ =x*, and p,x{* —s,(g,x{*) =y, P, with y, > 0.

///’ e

Fig. 13

f) Proof of (iii): Let ¢eU, 0<p,d. ry>|p,9|,rs=|p,xt"] and
lim,~ — x (t) =0 1mp1y |p,,q5| |pax +| for some t<0 0<p,¢ and
0<p,xi* give p,d=p,xi". ¢eU,a3x!" now yields ¢ = x{*.

Let ¢elU, pa¢_sn(qa¢) >0. Then ¢,¢=u,p,¢), and |[s,(q,9)
<47 '|p,¢|l. We have p,¢ =0 or p,¢6 <0 or p,¢>0. p,¢ =0 would
imply ¢ = 0, a contradiction to 0 < p,¢—s5,(g,¢). In case p,¢ < 0, we would
have

Pe®—5,(9,0) < p,d+47'(p, ),

—~|p,¢| = minp,¢ = p,¢(s) for some sel,

hence

P(s)+47p,dl <0, [p,@—5,(q,9)](s) <O

a contradiction.

Therefore p,¢ > 0, and consequently ¢ = x* with ¢t < 0.

g) Existence of x*~ with (iv) and (v) is proved in the same way as we
obtained x** with (ii) and (iii).
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h) Proof of (vi): Consider x**. We have x°*eV,; on (—oo0,0),
[x** ()] < ix{*] < 8,, see Proposition 4.1(ii). Recall Corollary 2.1: 3, <&,
—1,/2,0<%** and 0 < x** on (— 0, 0] imply x**(0) < x** on R*. We infer

4.7 ty =t, <0 whenever x**(t;) =x"*(t;) < x**(0).

lim, . _ o x*(t) = 0 implies x{ e U, for all ¢ < t*, with some ¢t*€R, see (4.3'). Note
p.xi > 0. Part (iii) gives x{ = x3* with v = v(f) < 0, for all ¢ < t*. Set v*:= v(t*)
and v(a):=t*—v* Then x = x**(- +v*—1t*) on [t*, ).

Let t<t* As above, x*=x"*(+v—1f) on [t, ®). In particular,
(2t (%) =) x*(t*) = x** (t*+v—1). We have 0 < x** (v*) < |x%| < 6, since
x4 € V5 (see (ii), v* < 0, and Proposition 4.2 (ii)). By (4.7), v* = t*+v—t, or
X)) = x""(t+v—1) = x** (t+0v*—1*).

It follows that x**(t) = x*(t+v(a)) for all teR. =

As another little part of Theorem 13.2, we can now derive

COROLLARY 4.1. For a, < a€ A, there is no heteroclinic solution x: R—R
of equation (ah) with lim,, _,x(t) =0, lim, 4+, x(t) = &,.

Proof. a) Suppose x: R—R is a solution of equation (ah), a, < ae A,
with lim,, - , x(t) = 0, lim,, 4 , x(¢) = £,. Using (4.3"), we find x,e U, for some
seR. We have x, # 0, because of x(t)— €&, as t » + c0. By (4.1), x,¢ S,. Hence
x,eU,cV,;3=P,nBy;+0Q,NnB,, x,=p,x,+q,x;, with p,x.eB,3¢q,x, and
DX, # S,(g,x,). It follows that either p,x,—s,(g,x,) <0 or p,x,—s,(g,x,;) >0
(recall p,¢ = (¥,, ¢>,9, and @, > 0). By Proposition 4.2 (iii) and (v), either
x, = x5~ with u <0, or x, = x2* with u <0.

b) In the first case, 0 > xi~ = x, > —4,, by Proposition 4.2 (iv) and
Proposition 4.1 (ii). Proposition 2.1 (iii) and the periodicity of h yield x < Q on
[s—1, o), a contradiction to x(t)— ¢, as t— + co.

c) In the second case, x, = x3* = xJ.,, by Proposition 4.2 (vi). Therefore
x(t) = x*(t+u+v—s) for all t >0, a contradiction to £, < liminf,, 4, x*(¢).

PROPOSITION 4.3. There is an open ball B, such that for all ae A,,
(i) By = Vis;
(ii) ¢eS,n B, or(q, B, and €8, imply x, (¢, a)eS,n B, forall 1 > 0.

Proof. a) Let ry denote the radius of B;, as before. Choose a radius.
rs€(0, ry) with
3 r
(1+k1)5rg < C—; <r,.
Let acA;. For |¢| <7y, p.dl S |pfre <rs and |g,¢| <713, or peVe,.
b) Let ¢p€eS,, |g, 9| <ry. Set x:= x(¢, a). By (4.4,

el < kyl@l < ky(Padl+1a,8) < ky 27 7y +r4) = ky (3r4/2)
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for all t> 0, and.
Ip.X] <73  lggx]<rs forallt>0.

By (4.5), x,e8, for all t > 0. x,eB, is obvious from Ix,| < ky(374/2) < ry.

c) Let B, denote the open ball in C with radius r,:=ry/(2c,,) <7,
centered at ¢ = 0. In case |¢| < r, and @ €S, we find |g,¢| < r4, and b) applies.
In case |q,¢| <r, and ¢€S,, observe r, <ry and use b).
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Fig. 14

PROPOSITION 4.4. Let ae As, t 2 0 and assume x,€ V;3\S, for all se[0, t],
with a solution x: [—1, c0)—~ R of equqgtion (ah). Then p,x,~s,(q,x,) = y,®,
with either y,> 0 for all s in [0,t], or 0>y, for all s€[0,t].

Proof. y,=<{¥,, x,~—(¢,%,+5,(d,%,)>, depends continuously on
se[0, t], and y, = 0 is equivalent with x,€S,. =

II

5. The transformed semiflow. We introduce local coordinates at the saddle
point ¢ = 0 so that the local stable and unstable manifolds S, and U, become
subsets of @, and P,, respectively. This will be convenient for the investigation
of trajectories close to ¢ = 0.

The application of the inclination lemma from [23] in Section 9 (proof of
Theorem 6.1) requires a local semiflow which is of class C? for t > 2. The
original semiflow X has this property. In order to obtain from X a sufficiently
smooth transformed semiflow, we make use of the fact that both maps

Byx Asa(¢, a)~u,(p,$), s.(q.4)eC
are of class C2

PROPOSITION 5.1. There exist open balls B, By, an open interval Ag and an
open ball D° with the following properties.
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(i) The C*map G: Byx Ag—C,
(@, @)= [pad—5,(9.0)]+ [9,6 —u,(p, )],
satisfies G(0, a) =0, D,G(0, a) =id; for all ae A,
ID,G($, A)—idel < 1/(2c,) < 1/2  on Byx Ag.
(ii) There exists a C*-map G™: D°x A4— B; with
G(G™(¥,a),a)=y¢ on D°x A,.

(ili) G(Bgx Ag) = D® and G~ (G(¢, a), a) = ¢ on Bgx Aq.
(iv) For every ae A4, G((U,n Bs)x {a}) = P, and G((S,n By)x {a}) =
(v) For all ac A4 and YyeP,nD° with y{2}0, we have

- xgt=xf
UG (,a) = {x"" } with some s <0, teR.

Proof. a) Consider the C*map G: B,xAsxC—C, (¢,a, )
G(¢, a)—y. Note D, G(0; aq, 0) = D, G(0, ay) = id; and G(0, a4, 0) = 0. Ap-
ply the implicit functlon theorem to the restriction of G to By x Ag., x C, with
an open ball B; and an open interval 4d¢; < A4;, aoeAs_l, so small that

ID,G(¢,a,0) — ide| < 1/(2¢,y) on Bsx Ag.,

‘and derive assertions (i)—(iv). _
b) Proof of (v): Set ¢:= G(, a)e B; = B, = V,3 (see Proposition 4.3(i)).
Then G(¢, a)=yeP,,0=q, ¥ =q,0—u,(p,$), p€U,. Furthermore,

0{;}‘/’ = p,,‘t// = pa¢_sa(Qa¢)
gives

xa+
¢ ={ Z_} with some s <0,
xs

see Proposition 4.2 (iii) and (v). In case 0 <y, apply Proposition 4.2 (vi).

In order to define the transformed parameterized semiflow Y, we choose
D' = D° and A, < A4 with

(5.1) X([0, N+1]1x G~ (D' x A;)x A;) < Bq.
In particular,

(5.2) G~ (D'x A;) < B.

We set

Q:={(t,y,a)eR3 xD' x 4;: X(s, G~ (Y, a), a)e B for all se[0, 1]},
Y(t, ¥, a):=G(X(t, G~ (Y. a), a), a)
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for all (t, ¥, a)eQR. Q is an open subset of R x D' x A,, with

(5.3) [0, N+1]xD'x A, c @,

(54) R x{0}x A4, = Q.

Note

(5.5) G=(Yt, ¥, a), a) = X(t, G~ (}, ), a) on &

For every a€A,, Y defines a local semiflow Y, with domain ,:= {(t, ¢)
eR{ xD': (¢, ¥, a)e}.
We set R:= Y—T on Q, and obtain

PROPOSITION 5.2. (i) Y(¢,0,a)=0=R(t,0,a) on R x A,.

(ii) t,y,a)eQ and we{g"}

imply
Y(t, o, a)e{IQJ"}SR(t, v, a).

(iii) The maps Yand R are of class C* on (1, 0)x D* x A, " Q, of class C?
on (2, 0)xD'x A;nQ. The partial derivatives D,Y, D,R exist and are
continuous on all of Q. We have D,Y(t,0,a)=T(t, -, a) and D,R(t,0,a)=0
on R x 4.

(iv) Let aeA,, (s, y)eQ,, 1 <t <s. Then (t, Y)eQ,, (t, Y,s—t, ¥)eQ,,
(s—t, Y,(t, ¥))eQ, and

D, Y,(s,¥) = D, Y,(s—t, Y,(t, ¥))o D, Y,(t, ¥)
(=D, Y,(t, Yo(s—t, ¥))
(v) Let ae A,. The maps
Ry Q—»P,cC, (t,Y)-p.R(t, ¥, a),

Ryt 2,20, =C, (1, )~ 4R, ¥, 0)

satisfy D,R, (t,0)=0=D,R, (t,0) on RS. The assignments (t,V, a)—
D,R, (t,¥) and (t,y,a)-D,R, (t, ) define continuous maps from Q
into L(C, C). We have D,R, (t,¥)=p,D,R(t,¥,a) and D,R,(t, V)
=q,D,R(t, ¥, a) on Q.

(vi) The assignments (Y, )= D,(D, R, ) (3, ¥) and (¥, a)> D,(D, R, )(3, ¥)
define continuous maps from D' x A, into L,(C, L(R, C)), with

" D,(D;R,)(3,0)=0=D,(D,R,)(3,0) for all acA,.

For the application of Lemma 2.1 ([23]), we pick the time-N-shifts
9. D'~C, g,0):=Y(N, §, a) for yeD! and ae4,, and write r,:=g,—
T(N, -, a), for all ae A,. Both maps g,, r, are of class C2.
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The symbol Dy, in the next proposition denotes the partial derivative in
the direction of the subspace Q,.

PROPOSITION 5.3. (i) Let acA,. We have g,(0)=0=r,0) and Dg,(0)
= T(N,", a), Dr,(0)=0, g.(D'~P)<=P,, g.0'nQ,) < Q,.
(i) The map D*x A; =R, (¥, a)=|D(Dg,(p,07,) (¥)], is continuous.

The proof is left to the reader.

We need assertion (ii) of the preceding proposition in order to satisfy the
hypotheses of Lemma 2.1 ([23]) for restrictions of'the maps g, uniformly with
respect to parameters a (close to a,); compare (5.9) below.

We begin with an interval Ag; recall cl 43 = A, and the constant ¢ from
Proposition 3.2. Proposition 5.2 (v) and compactness of [0, N] xcl 4, allow to
find an open ball D>! c D!, centered at 0eC, with

(5.6) ID,Rp (&, ) +|D, R, (1, ¥) < ¢
for all (¢, ¥, a)e[0, N]x D*! x 4;. In particular,
(5.7) ID{por) W) +ID(g,0r) (W)l < ¢

on D?!x Ag. By Proposition 5.2(vi) and A4 € 4,, there exists an open ball
D*? c D*' with center 0e C such that

(5.8) ID2(DyRg,) 3, ¥)|+1D, (D1 R,) (3, ¥)l < ¢

on D% x Ag. By Proposition 5.3 (i) — and 4 € A, — there are D*> D*2? and
a constant m > 0 with

(5.9) |D(Do.(por)) W) <m  on D*xAg.
With «, 8, y from Proposition 3.2, we set
o i=a+tc, p,:= f—c, p.i=7r+c,
B. := (B.+1)2e(1, Bo),

p—1 B.—1
p.+1" B.+1

Finally, we choose- D* = D? with
(5.10) lp,W| < &m on D*xAg
and such that
(5.11) yeD3, acdg, se[0, 1] imply p,¥+s g,y €D?
and s-p,y +q,¥ €D?,

[ﬂc—ﬂ;]} > 0.

¢ :=min {c,

ie. the straight lines from ¢ to p,¥ and to g,¥ are contained in D2, (5.11)
follows if D? < (1/c,q)- D%
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Let g, denote the radius of D>.
Lemma 2.1 ([23]) will be applied to the restrictions of g, to D* and D3, for
a sufficiently close to a,.

COROLLARY 5.1, For all (f, a)e D3 x A,

(i) Blp.¥| < Ip.0 g.(W)l < 7.Ip, ¥,
9.0 9,(¥)| < e lq.¥1,
(i  Dg,WI<IT(N, ", a)l+c¢ < cple" N +koe* N +¢) =:¢,.

Proof. Let (Y, a)e D* x A,.

(i) We have p,0g,(¥)=T(N,p,¥,a)+p,0r, (), and p,or,(q¥)=0;
lp.or.(0)—p.or.(q,¥) < clp,¥l, by (5.11), (5.7) and the mean value theorem.
Recall (3.6). The second estimate in assertion (i) follows in the same way.

(i) Use Dg, ()= T(N, -, a)+Dr,(¥), 3.2), u(@) < u,, 34), p,+4q, = id,
and (5.7), 1 €cpy. m

In the second part of this section, we obtain estimates for the semiflow Y,
and in particular an estimate which relates the P,-component of Y (3, ¢, a) to
the P,-component of the tangent vector to the trajectory t - Y (¢, ¥/, a) at t = 3.

CoROLLARY 5.2. Set g:=(logB.)/N > 0. There are constants c, and
¢, 2 1+kgy such that for every (t, Y, a)e Q withae Az and Y (s, ¥, a)e D3 for all
se[0, t],

¢ %P ¥l < Ip, 0 Y, (2, Y1)l < c e |p ¥,
900 Y, (t, W)l < c,e™q ¥l

Proof. a) Let (t, ¢, a)e [0, N]x D3 x A3 = Q be given. Then p,0 Y,(t,, V)
=" p W+ R, (t, ¥). The straight line from ¥ to g,i has length |p,¥| and is
contained in D2 (5.6) and R,,(t, ¢,%%) = 0 and the mean value theorem yield
[Rp.(t, V)| < c|p,i|. Therefore

¢ P ¥l < (1 —c)lp¥l < (€' —)lp,¥l < Ip,0 Yalt, W)

< (@' +o)lp ¥l < (1+c)e|p Y,

where ¢, :=(1—c)/e®™. Set c,:= (1+c+ky)e *¥,
b) For (t, , a)e Q2 with ae A, and Y (s, ¥, a)e D* on [0, t], there exists
jeNgy with te[jN, j+1)N]. Then

Y(t, ¥, a) = Y(t—jN, Y(N, ¢, a), a) = Y(t—jN, (3.Y (), a).

By the estimate in a),

¢ " M1p,0 (g Y (W)l < |p,0 Y, (¢, Y)| < ¢, Mp, o(g Y (Y).
Repeated application of Corollary 5.1(i) yields
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e |p ¥l = (B.YIp.¥| < I, 0 (@Y (W) < .YIp.y| < ¥ |p |

with y, =y+c = f+2c < e*?¥, by (3.12). This proves the first estimate.
c) The second estimate follows similarly, with (3.4), 4, < 4, < 1, <0 and
(3.13), and with the definition of ¢, above. =

COROLLARY 5.3. There exist positive constants c,, ¢, such that for all
(3, ¥, a)eQ with YyeD?, ae A,

C3|pal,b[ < |pa0D1 }2(31 W)Is

¢4lpa0 Y,(3, ¥)l < lp,0 D, Y,(3, Y.

Proof. Let (¥, a)eD?x Aq. Then (3, ¥, a)e[0, N]x D3 x 4 = Q.

a) As in part a) of the proof of Corollary 52, we find |p,0 Y,(3, ¥)|
< (c+1)e™2[p,yl. We have g,y eD? (3, 4,¥)€, N (RS x Q) and R, (1, ¢,V)
= p,R(t, q,¥, a) =0 on [0, N+1], see Proposition 5.2(v). Therefore

DyR,,(3, 4.¥) =0, [D;R,,(3, ¥)| =1D,R,,(3, ¥)—D1 Ry, (3, a¥).

The straight line from  to g, is contained in the ball D? so that (5.8) and the
mean value theorem give

ID1 Ry, (3, ¥)l < clpal.

From
p,0 D, Y,(3, ¥)(s) = s-u(a) e*p,yr+ D, R, (3, ) (s)

for all seR we infer
Ip,0D, Y,(3, ¥)| = (u(@)e®@—c)lp ¥l > (o€ —c)|p.¥l,
see Proposition 3.2. By (3.11), ¢;:= pye®*°—c > 0. Set c,:= c3/((c+1)e**?). »

COROLLARY 5.4. Let (y, a)e D* x Ag be given with Y(t, ¥, a)e D* for all
te[0, 3]. Then

anDl Y(3$ l/’v a)(l)l
IpaD1 Y(3, W, a) (1)|

Proof. a) We have
2.D,Y(3,¢,a)(1) = q,0, TG, ¥, (1) +4,D, R, ¥, a)(1),

D, TG, ¥, a)(1) = %,

with the solution x: [—1, co)— R of the linear equation (a) and x, = . Hence
X3 =ax, =aT(2, Y, a). It follows that

9.0, TG, ¥, a)(1)=a'¢, T2, ¥,a)=a T(2, qnlﬁ,a)-

b) By Proposition 5.2(v), R, (t, p.¥) = q, ( w =0on [0, N+1].
Hence D, R,,(3, p,¥) = 0,and D, R, (3, ¥) = D, R, (3, ) D 1Rg, (3, p.). The

(alT(2, ", @)l +0)lg.¥l,
(alT(2, ", &l +)lpayl-

N N
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straight line from  to p,¥ is contained in D? so that (5.8) and the mean value
theorem imply [D, R, (3, ¥)| < c|q,¥|. Now the first estimate in Corollary 5.4
" becomes obvious, with g,0D,R(3, ¥, a) = D; R, (3, ).

c) The second estimate is proved in the same way. =

COROLLARY 5.5. For each t > 0 there exist c(t) > 0 such that
IDZ Y(S, l/’5 a)l < C(t)

for all se[0,t+N+3] and all (y, a)eD3x Az with (t+N+3, ¢, a)eQ
Y(s, ¥, a)eD? on [0, t+ N +3].

Proof Let (¢, a)eD?x Ay and t > 0 be given with (t+N+3, ¥, a)eQ
Y(s, ¥, a)eD? on [0, t+ N +3]. Let se[0, t+ N +3]. There exists je N, with
JN <s<(j+1)N. We bave Y(s, ¥, a) = Y(s—jN, Y(jN, y, a), a), hence

D,Y(s, ¥, a)=D,Y(s—jN, Y(GN, ¥, a), a)o D, Y(iN, ¥, a).

Corollary 5.1(ii) and the chain rule, together with Y(v, ¥, a)eD* on
[0, t+N+3] and Y(jN, ¥, @) = (g, (¥), give

ID,Y(N, ¥, )] < (o).
Note jN <t+N+3, or j<(¢t+3)/N+1. Consider
D,Y(s—jN, Y(iN, ¢, a), @) = T(s—jN, -, @)+ D, R(s—jN, Y(jN, ¥, a), a).
For every yeC,
|T(S_JN, X a)l < |T(S .’N DX, a )I+IT( —]N dsX> a)l
< (M | 4 kg eh Mg Dyl
< cpyle "1N+ko)|X|~
p,+4q, =1d. yields
DyR(s—jN, Y(...), a) = D,R, (s—jN, Y(..))+ D, R, (s—jN, Y(...)).

With s—jNe[0,N], Y(..)eD*® and (56), we obtain |D,R(s—jN,
Y(N, ¥, a), a)| < c. Set

e(t): = (eo) M1 [(ehM t o)y +-c.

6. A shift along the transformed semiflow.

PROPOSITION 61 Let acAg, t 2 0. Suppose Y(s, ¥, a)e D* on [0, t] and
P¥{Z}0. Then p,Y a){z}0 on [0, t].

Proof. Recall p,,Y(s, Y,a)=<¥,, Y(s, ¥, 2,9, and &, > 0. The map
[0, t]os—(Y,, Y(s,V¥, a),>eR is continuous and has no zero since

0<c,e®lp ¥l <Ip, Y5, ¢, @)l = <. D],
by Corollary 52 and | |=1. =
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For ae A3 we shall follow flow lines 0 <t Y,(t, ) which start in open
boxes

B = E*(6,n, a)i= (W€ C: 0 < p <n, lg,91 <),
E;:=E(, N, a)= WGC: —n< pa‘I’ <0, |qa'“ < 5},

with 0 < n and 0 < 4, above and below the stable space Q, until they reach
parallels H,, H, of Q,. We fix n,>0 and §,> 0 so small that

(6.1) ;" no+¢,8, < 0.

In particular,

(6.2) fo+do < @3,

(6.3) no®@,eD33 —n,®, for all aeA,.

COROLLARY 6.1. a€ Ag, |p,¥| < 1o and |q V| < 6, imply Y (t, y, a)e D? for
all te[0, N].

Proof. (6.2) gives Yy eD?® so that Y(t, ¥, a) is defined on [0, N]. By
Corollary 5.2,

1Y@, ¢, ol <p,...[4+14,...1 < c e ng+c,6,

provided that Y (s, ¥, a)e D* on [0, t] and 0 < ¢t < N. Now one can use (6.1) in
order to complete the proof. =

We define H :=n,9,+Q, and H; := —n,®,+Q,, for all ae A,.

PROPOSITION ~6.2. Let acdy,0<n<n,0<8<8,. Then E;:=
E*(n, 8,a) = D?, and for every yeE; there are t=1(,a)>0,0 =0y, a
€(0, 7) with

Q) (z, ¥, a)e

(ii) Y(t, ¥, a)eD® on [0, 1) and Y(z, y, a)edD?;

(i) 0 <p,Y(t,¥,a) <ny®, for 0<t<o and p,Y(o,¥,a)=n,P,,
ie. Y(o,¥,aeH};

. Mo
(iv) — lo g g—— < 0;
Ha Cz'l l‘z C, 1P ¥l

A3fuz
() 19, Y(0, ¥, 0] =¥ (0, ¥, @)=no | < czé(?) oo,
2
Remark. An analogous result holds for all ye E; = E™ (4, 4, a), with
(iii'y —no®P, <p,Y(t, ¥,a)<0 for 0<t<o, —no®,=p,Y(o,¥,a),
ie. Y(o,y, a)eH,, instead of (i) above.

Proof. Let ae Aq, n€(0, no], 6€(0, 5,]. By Corollary 6.1, EF c D Let
YyeES. We have y¢H, since 0<pyy <n<rny= lp, ¥l for all JeH;.

Case 1: R x{y} x{a} ¢ Q. Then there exists §> 0 with (s W, a)¢Q,
[0, 5 x {if} x {a} = Q. Suppose ¢:= Y(t, , a)e D? for t:=5—2""min{5, 1}.
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Then [0, N+1]x{¢}x{a} <= Q, and consequently [0, N+1+41t]x{y}
x {a} = Q, a contradiction to (5, ¥, a) ¢ Q. It follows that there exists t&(0, 3)
with [0, 1] x{y}.x{a} = Q, Y(z, ¥, @)eD* on [0,7), Y(z,¥, a)edD’. We
apply Corollary 52 to each se[0,t) and find |g,Y(t, ¥, a)| < c,|g, ¥l
€c¢,60<€¢,8,. The inequality #,2|p,Y(r,¥,a) would imply g,
=|Y(z, ¥, a)l S ny+cy0, S cyMo+cy8,, a contradiction to (6.1). Hence
o < |p, Y (z, ¥, a)|. It follows that there is 0 (0, 7) with ny = Ip, Y (o, ¥, a)| and
P Y (t, ¥, @)l <1 on [0, o).

Case 2: R§ x {y} x {a} = Q. Suppose Y{(t, y, a)e D* on Rg . Then Corol-
lary 5.2 would imply |p,Y(t, ¥, a))— +co which is a contradiction to
.Y (t, ¥, a)l <oslp) on Rg. It follows that there exists >0 with
Y(t, ¥, a)eD? on [0,1), Y(z, ¥, a)edD*. We can now continue as in case
1 and find ¢ as above.

Y(t, ¥, a)e D? on [0, o], Proposition 6.1 and 0<p,Vgive0<p,Y(t, ¥, a
on [0, o]. Usmg (6.4) and p,Y(t, ¥, a) =¥, Y(t,¢¥,a),P,,0 <P, and
|®,| = 1, we infer p,Y (o, ¥, a) =n,P, and 0 < p,Y(¢, ¥, a) < 1,®, on [0, a).

With Corollary 5.2, we obtain

’10 = lpa Y(O', ':[” a)l S Cze“zalpa'/ll,

1 Mo 1 Mo . Mo (Aa/p3)
—log— < —log <0, 9,Y(o, ¥, dl<ce™6 <, — :
Ky G By Clpa Y CoM

R

ae

/

7

~ | ® "
1

Fig. 15

PROPOSITION 6.3. There exist an interval A, = Ay and positive reals
01 < 8¢, Ny < Mo such that the map o: E* — R on the open subset E* .= {(y, a)
€CxAg: WeE*(8,,n,,a)} of CxR is of class C*, with

oy,a)>1 on E*,
ﬂotpa < Da Y(ta 'p, a) on (U(W a) (w’ ))a
paDl Y(t> W’ a)(I)ER+ : ¢a on [O’(lﬁ, > T(lﬂ, )
for each (Y, a)cE*.
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Proof. The idea is, of course, to solve the equation
'10 = <lpa’ Y(OJ’ V’;’ a’)>

which is equivalent to Y(..)eH;, in a neighborhood of (s(¥, a ¥, a),
p,¥ > 0, by means of the implicit function theorem in the form ¢’ = O‘(lll a)
with a C'-map 4, and to show that ¢ and & coincide close to (Y, a).

We include the details for completeness.

L In this part we consider a =a,. We choose ne(0, 1,), 6€(0, d,) and
ye(0, n) so small that y:=y® eE*(d, n,a) and 1 <g:= oy, a). This is
possible because of the preceding proposition. Recall Y(z, ¢, a)edD?, for
t:=1(y,a)>0c>1, and Y(t, ¥, a)eD? on [0, 1). We have Y(¢, ¥, a)eP,
whenever (t, ¥, a)e Q, see Proposition 5.2. Proposition 6.1 gives Y(r, ¥, a)e
R*-&,, hence Y(r, ¥, a) = 0,9,

a) We show Y(t, ¢, a)éclD? for some t>t: Recall 1< B,. Choose
t'e(0, t) so large that g3 < B.|Y(t, ¥, a)] and 7 <t'+N. Corollary 5.1 and
Y, ¥, a)e P,nD* imply that

23 <BY(t, ¥, Al <go(Y(- ) =1Y(+N, ¥, a

b) For 1 < s < t, the derivative D, Y(s, ¥, a)e L(R, C) exists. Y(s, ¥, a)e
P, on [0, t] implies y,:= D, Y (s, ¥, a)(l)ePa on (1, 1]

We prove x, # 0 on (1, r]: Let se(l1, t]. Suppose g, = 0. By Proposition
5.2 (iv),

D, Y(s, ¥, a)=D,(s—s, Y(s, ¥, a), a)oD, Y(s,y,a) =0 for all s'e[s,1].

Hence
cD33Y(t, ¥,a) = Y(s, ¥, a)+j'D1Y(v, W, a)(1)dv=Y(s, ¥, a)

which contradicts Y (v, W, a)ecl D? on [0, ].
¢) Let ev denote the evaluation Co¢ — ¢(0)eR. Set

b(s):=ev(p,Y(s, ¥, @) =(¥,, Y(v, ¥, a)>,eR ~for se[0, t].
The restriction of b to the interval (1, t) is of class C', with
b'(s) = Db(s)(1) = (evop,0D, Y(s, ¥, a))(1) = x,(0) for all se(l, t).

We show 0 < x, on (1, t]: We know already that x; # 0 on (1, 7]. With
%€R- @, and 0 < &,, we obtain y,(0) # 0 on (1, 7]. It follows that either b’ <0
on (1, r] or b'> 0 on (1, t]. By Proposition 6.1, >0 on [0, 7). Recall
Y(z, ¥, a) = 0,®,, or b(t) =g, The relations 0<1<< and Y(I, ¢, a
P,n D? give

0<b(l)=Y(1, ¢, a)0) =Y, ¥, a) <es.
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Therefore b’ > 0 on (1, 7]. Next, x,(0) > 0 on (1, 7]. With x, = (¥,, x,>.®P, and
®,(0) =1, we arrive at (¥, ,0,> 0 on (1,7] and 0 <y, on (1, ].

d) There exists e> 0 with 1l <o—e<oc+e<t<t+e<tand 0 <y, on
[o+¢, t+¢€], since the map (1, t]3s—y, is continuous, and O < y,. The
definition of o implies Y(o—¢, ¥, @) < 1, P,.

We prove 1,8, < Y(o+¢, Y, a) and @5 <|Y(t+e, ¥, a)l: The first in-
equality is a consequence of

o+te o+e

Y(O'-I-B, W, a)= Y(O’ 'l’, a)+ j Dl Y(Ss 'ﬁ, a)(l)ds=710¢a+ _‘ x.sds

agte

= n0¢a+ I XS(O)-¢ﬂds > ’10¢a

(here we used , = p,x; = {¥, %00 Pa» P,(0) =1, x, > 0o0n (1, 7]). The second
one follows in the same way. We have

tte

Yiete, ¥,a0)=Y(, ¥, 0+ | r.ds,

xs = %, (0)®, with x,(0) >0 on [1,7+¢€], and Y(r, ¥, a) =0, 9,.

II. Choice of A,, 8,, ;. From now on, we write y,, a4, 7o, t, for i,
oc=0o(y,a), =10y, a), t from part L

a) There exist an open ball D' « D? with radius ¢ < g,, centered at 0e C,
and an open interval Ay, = Ag, ag€ Ay, With the following properties:

Yo+D' < {yeC: 0 <p,y <nyd,} for all acAy,,
(W, a)e(o+D)x Ay, implies [0, 1o+e]x{Y}x{a} =@,
P Y(oote, ¥, a)> 1,9,
p.Y(t, ¥,a) <n,®, on [0,0,—¢],
03 <|Y(zo+e, ¥, a)l,
D, Y(t, ¥, a)(1)>0 on [6,—s, 15+E].

The last inequality is obtained from p, D, Y(t, V4, ag)(1) =y >0 on
[69—¢, 1o +¢] and 1 < g,—e by continuity and compactness arguments, for D’
and A4y, sufficiently small.

b) Choose 4y < A4y with y®,eyo+27 1D for all ac A, and positive
constants &, < min {d,, 0'/(2¢,)}, 1, < y/(2¢,) < n,. We show that for every
W, a)€E™ :={(y, )eCx A4y: Y€E*(8,,1,, a)} there exists ¢ = G(, a) > 0
with
(6.5) {p., Y6, ¥, a) = yo,

P.Y(t, ¥, a) < yd, on [0, 5),
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and with Y(G, ¢, a)ey,+ D',
G+oy—e<o(f,a)<d+oy+e:
Let (, a)eE*. Take © = t(y, a) and ¢ = o(y, a) from Proposition 6.2. The

inequalities 0 < p,¥ <1, P, < (y/(2c,))P, < y®, < n,®,=p,Y(o, ¥, a) and
0<p,Y(t,¥,a) on [0, o] imply the existence of ae(O o) with (6.5) —

N

|8

7

,: a

Fig. 16

recall p,¢ = (¥,, $>,9, for all peC. By Corollary 5.2, |¢,Y (G, ¥, a)| <
< ¢,lq,¥ € c,0; < @'/2. Hence

lY(&a w’ a)_l//ol < IY(&a Ip, a)—y¢al+ly¢a—ll/0l =4, Y(&’ lﬁ: a)l+gl/2 < Q,:

or
Y(o,y,a)ey,+D'.

By a),
n0®, <p,Y(oo+e, Y@, ¢, a),a)=p,Y(@+a,+¢, ¢, a)

so that o(Y, a) < G+0,+¢ compare Proposition 6.2. For 0<t<g,
pY(t, ¥, a) S yP, <ny®, Fora<t<+o,—¢, we have 0<t—6 < ao—s
and p,Y(t, ¥, a)=p,Y(t—G, Y(G, ¥, a), a) < n,9,, as follows from Proposi-
tion 6.2 with Y(é, ¥, a)ey,+D" and with a). The minimality property of
o gives 6+o,—e < a(y, a).

¢) (¥, a)eE™ implies 1 <o(y,a) and p,D,Y(, ¢, a)(1)eR* D, on
[c(y, a), Ty, a)]. Proof: Recall 1<o,—e<G+a,—e<o(y,a) for
(W, a)eE*. Y(G, ¢, a)ey,+D and aeAd, yield (to+e+3, Y, a)eQ and
03 < |Y(to+¢e+4d, ¥, a)l, see a). By Proposition 6.2, t(y, a)<t°+s+a. Let
tefo(y, a), 1(y, a)]. Then 6q+6—c <t < ty+6G+e€,1 <op—e<t—0 < T9+E
We have p,D,Y(t, ¥, a)(1)=p,D, Y(t—G, Y(G, ¥, a), a)(1), and Y(, ¥, a)
eYo+D yields Y(G, Y, a)eR* &, see a).

I11. Application of the implicit function theorem. Let (f, a)eE™.

a) We have p,Y(o(¥, a), ¥, a)—1n,P, =0 and 0 # p,D, Y(a(¥, a), ¥, a).
The map Q5(t, ¥, &= p,Y (t, ¥, 3)—n, P& C is of class C* in a neighborhood
of (¢, a), ¥, a). Tt follows that there are open neighborhoods V = Q of
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(¢(¥, a), ¥, a) and W< E* of (§, @), and a C'-map ¢: W—R such that
(6.6) (604, a), §, 4 eV on W,

(6.7) paY(GW, a), ¥, d)—n, P =0 on W,

(6.8) 6y, a) =0y, a),

(690 t=26(f,a) for all (t, ), d)eV with p, (¢, ¥, 4)—n,®a = 0.

b) Identification of é: (6.8) yields o < ¢ on W< E*, see the minimality
property of ¢ in Proposition 6.2. Choose ¢ > 0 and a neighborhood W' <« W
of (Y, a) with

(oW, a)—¢, oy, a)+€&)x W c V.

We have 0 < p Y(t, ¥, a) < n,®, on [0, o(¥, a)—¢]. A compactness argument
shows that there is a neighborhood W" < W' of (, a) with 0 < p, Y (t, ¥, d)
<no®; on [0, a(y, a)—a’] x W". This implies o(y, a)—¢ < o(f, 4 on
W" c E*. Recall a(tﬁ lﬁ d). By continuity of 6 and by (6.8), there exists
a third neighborhood W”’ c W" of (y, a) such that 6(J, d) < o(, a)+¢ on
W"'. Altogether, o(, a)—¢' < o({, d) <a(|,1; )< oy, a)+3 on W"'. Now
(p, e W’ implies (c(f, a), ¥, d)e(c, a)—¢, oy, a)+&)x W' < V; and
(6.9) for t = o (), d) yields ¢ =6 on W"' so that a is of class C' on W'

IV. Proof of n,®, < p,Y(t, ¥, @) on (c(¥, a), t(¢, a)], for all (Y, a)eE™:
For o(¥, a) <t < t(Y, a),

P.Y(t,¥,0)=p,Y(oW,a), Y, a)+ [ pD,Y(5. ¥, a)(1)ds

o(y.e)
t
=noPt | p.D,Y(s, ¥, a)(1)ds.
a(y.a)
Consider the integrand for o(}, a) < s <t. We have
0<pDyY(s,¥,0)(1) =<¥,, D, Y(5, ¥, a) (1)), P,
see part c¢) in II. With 0 < ¢,, we obtain that the continuous function
oy, a), t]135s—>(¥,, D, Y(s, ¥, a)(1)),€R
is positive. Now o(, a) <t gives
¢ 1
§ paD Y(s, ¢, 0)(V)ds= | (¥, D, Y(s, ¢, a)(1)),ds-®,>0. u
o) o)
COROLLARY 6.2. The map Z: E* 3(y, a)~Y(o(¥, a), ¥, a)e H < Cisof

class C!.

We shall study the behavior of trajectories close to the saddle points
¢peZ&, in terms of the map Z. The central result is
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THEOREM 6.1. There exist positive constants 6, < 8,, 1, <n, and cq such
that
D, Z(W, @)l < collp |42 4 pp| "l =)

for all acAq, ne(0, n,), Y €eE*(8,, n, a). In particular,
lirrg (sup{ID, Z(Y, a)|: ae Ay, YeE*(5,, 1, a)}) = 0.
n-

The basic property for Theorem 6.1 to hold is that contraction in the
stable direction is stronger than expansion in the unstable direction, as
expressed by

Ay < —p,
for the bounds 1y> sup{Rei: l—ae™*=0,1+# u(a),acd,} and u,>
sup{u(a): aeA,}, see Proposition 3.2.

The proof proceeds as follows. The first aim is to estimate D, Z(y, a) at
points Yy € E¥(8,, 1, a) in the level sets Hj; given by o(y, a) = kN. On these
sets, 2(, a) coincides with iterates (§,)* of restrictions g, = g,|D®, cf. Corollary
7.1. The strategy of proof sketched in the introduction requires a decom-
position

(6.10) C=Rw® T,HL

with w tangent to the trajectory t — Y (¢, ¥, a) at t = 0. It is not guaranteed that
the whole set H,; is a submanifold of C (with codimension 1), and not every
trajectory admits a tangent vector at ¢t = 0. But it is possible to specify suitable
points Y e H, such that H,, is locally a submanifold with (6.10) — see
Propositions 7.1 and 7.3. The fact that Z(-, a) is constant along trajectory gives
D, 2, aw=0.

Section 8 contains the application of Lemma 2.1 ([23]) to preimages
B} o H} of HY ~ D? under the iterates (4,)*. The sets H; converge to Q, as
k— 00, and inclinations tend to zero. Here we do not have to care whether the
sets H.} are submanifolds or not. Estimate (8.2) — which is the analogue of an
estimate in the proof of Palis’ A-lemma ([16]) — yields an inequality

|D(@.) (W) x| < const-e**¥|y|

forall ye HY, e T;ﬁ;}, see Corollary 8.2. The better pointwise estimate (8.4)
of inclinations, corresponding to (0.4) in the introduction, is not yet needed.
Section 9 is the core of the proof. We begin with the choice of 4, €(0, d,),
in view of the application of (8.4) at the end of the section, and restrict the
investigation to points y € Hy; in a certain subset of those considered in Section
7, depending on §,, for k sufficiently large.
The decomposition (6.10), D, Z(}, a)w = 0, equality of (-, a) and (§,)* on
~ and results from Section 8 lead to an estimate

1
D, XY, a sconst-e"3"N(l+—>
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where p is the projection of C onto P,, parallel to T, H,y; compare Figure 8 in

the introduction.
The definition of %, a(y, @) = kN and Corollary 5.2 give

elakN < const - |pal/,|—13/llz

(part IIId) in Section 9).
Now the pointwise estimate (8.4) becomes crucial. We use it, together with

the choice of §,, for an inequality
1/lpwl < const - (1/lp,¥1)
(part IV of Section 9) — so that we get an estimate of |[D, X (¢, a)| by

lpal“—la/uz + lPa ./,I—U-s/nz)—l .

The step in Section 10 from this to the inequality in Theorem 6.1, for
arbitrary points Y eE*(J,, n, a), n > 0 sufficiently small, is somewhat tech-
nical but not hard. Finally,

A< —p,

gives the desired result on uniform convergence.

7. The level sets H}.. We define
H}:={yeE*@,, n,,a) o, a)=kN}

for (a, k)e Ay x N. Consider the iterates of the restriction §,:= g,|D3, for
aeAy. EBach (§,)%, keN, is defined on an open neighborhood D3** = D3? of
Yy =0. We have

(@) = Y(kN,-,a) on D>**
(but note that Y(t, ¥, a)¢ D? for some te(0, kN), y € D>**, ae A, is possible).

CoroLLARY 7.1. For all (a,k)eAyx N, Hf = ((G))" "(Hf nD? and
Z(, a)=(g,) on Hj

Proof. On H,,‘;, o(f,a)=kN. Hence Z(y,a)= Y(kN, y,a) and
Y(t, ¥, a)e D?® on [0, kN]. Therefore y e D*** and (4,)() = Y(kN, ¥, a)
=S, aeH D’ =

Next we single out points (e H,}) so that t— Y (¢, /, a) has a tangent at
t =0, and H,} becomes a submanifold close to . We say that (f, a)e D* x A,
has the backward continuation property if and only if

(BC) there exists yeD? with Y(r, ¥, a)e D® on [0, 3] and ¢ = Y(3, ¥, a)
For (, a)e D* x A, with (BC) we define the right tangent vector at ¢t = 0 by
W'//:a:= DI Y(3’ W: a)(l)
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Note that the right hand side is independent of the choice of -y — it is
determined by values of t— Y(t, ¢, @) with ¢ > 0 small.

PROPOSITION 7.1. Let a€ Ay, ke N and \ye H}, be given with property (BC)
for (Y, a). Then there exists a nonempty open ball DV < C, centered at 0€C,
such that (W +D¥)~H} is a C-submanifold of codimension 1. Moreover,
D,a(y, yw¥* = —1.

Proof. We show that the C'-map (-, a): E*(6,,7n,,a)—R and the
submanifold {kN} = R are transversal at y. (Then one can use the standard
argument on p. 45 ([1]) in order to construct a chart of C at v with the
submanifold property.) The tangent space of {kN} is {0} < R, and the preimage
under D, o (¥, a), i.c. the kernel of a linear continuous functional, is either C or
a hyperplane of codimcnsion L. In both cases, the preimage splits.

We have D,o({, a)w = —1, for w:= w¥*: Consider 1,17 eD? from (BC).
Then w=D,Y(3,V, a)(l), and D 10y, a)w = D(t—a(Y(, ¥, a), ) (3)(1),
with teR in a small neighborhood of 3 so that Y (¢, , a)eE (04, 1y, @). We
have o(Y(t, ¥, a), a) = a(Y (3, ¥, a), a)—(t—3) for such ¢, see Propositions 6.2
and 6.3.

It follows that

Tin{kN} ® D,0(y, a)C = {0} ® R = TixR,
and with the splitting property above, we obtain transversality. =

PROPOSITION 7.2, Let ae Ay, ke N, YyeHy,, and assume (BC) for (¢, a).
Then

(@) D, Z(y, aw"" = 0;

(i) wog T,

Proof. () We have D, Xy, a)w"* = D(t = Z(Y (¢, ¥, a), a))(3)(1), with
t in a small neighborhood of 3, and  according to (BC). The properties of o in
Proposition 6.2 imply

o(Y(t, ¥, a),a =0e(Y3,¥,0a),a)—(t-3) =@, @) —(t-3),
for t—3 > 0 sufficiently small. Hence
Z(Y(t, ¥, a), a) = Y(a(Y(t, ¥, a),a), Y(t, ¥, a), a)
=Y(o(, a)—(t—3), Y(t—3, ¥, a), a)
=Y(oy, a ) Y,a)=2(),a) for t—3>0 small

(ii) Suppose w:=w¥e T,H3. Y(kN, -, a) maps H + into H}. It follows
that D, Y(kN, ¥, a)ywe Ty(kN.wva)H = Q,. On the other hand,

D,Y(kN, y,aw=D,Y(kN, ¢, a)[D, Y(3, ¥, a)(1)]
=D,Y(kN+3,V,a)(1)=D,Y(kN, ¢, a)(1
see Proposition 5.2 (iv), and p,D,Y(kN, ¥, a)(1) # 0, by Proposition 6.3. m
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8. Inclinations of tangent vectors. We apply Lemma 2.1 ([23]) on domi-
nated convergence for inclinations to the preimages of the sets H,;” : = H} n D?
with respect to the iterates of the maps g,, for ae 4,. Set §,:= g,|D?, for ae A,.

The inclination of a vector yeC = P, ® Q, with q,x # 0, a€ A, is defined
as

A (0= p.xl/14.x]-

Set py:=p,i=1n,>0 and b:=(a, B,7,c, m, p,, p5), with the constants
a, B, y, ¢ from Proposition 3.2 and m from (5.9). (3.7) implies that the
parameter vector b is contained in the set B defined at the beginning of Section
2 in [23].

CoROLLARY 8.1. There exists a constant c, >0 with

(8.1 o) ™* < Ipa¥l < mo(Be)”

(82) g,x#0 and A,(0)< cb(ﬂc) 5
in particular

83) 1P|/ 1] < C5pa(B 7™,

(8.4) (@ax # 0 and)  A,(X) < clp, ¥l

for all aeAqy, keNy, WeHi:=((g))~ {(H), xe T,HI\{0}.

Proof. Take the constant ¢, given by Lemma 2.1 ([23]). Let ae 45. We
must show that §:=§,, U:= D? U:= D? and H:= H} have the properties
stated in the hypotheses of Lemma 2.1 ([23]), with respect to the vector b.
Note first that 0eD?, D* = C open, §,(0)=0. This is property (U). For
D§,(0)=T(N, ", a), we have C=P,® Q, with T(N, -, a) -invariant closed
subspaces P, and Q,, and (3.6), so that properties (1) and (afy) of [23] are
satisfied. Property (2) ([23]) follows from Proposition 5.3 (i). (5.11) yields (U).
(5.7) gives (c). (5.9) implies (m). (5.10) shows (¢, m)..Property (p) is a consequence
of |p,¥| = 1o on H; . From T,(H; n D> = Q, for all yeHy n D>, we infer
A,(x) =0 whenever 0 # yeT,(H; n D3). This gives property (¢). Finally,
0 < ny = p, and (3.8) guarantee property (*): We obtain (p, k), (¢, 5.} and (¢, x);
corresponding to (8.1), (8.2) and (8.4) respectively. m

Note that the pointwise estimate (8.4), together with (8.1) on convergence
of the sets H}; to Q,, implies (8.2) and, in particular, uniform convergence of
inclinations, i.e. the typical assertion of inclination lemmas.

The sharper estimate (8.4) will not be used until part IV of Section
9 — where it becomes important.

COROLLARY 8.2. There exists a constant c5 >0 such that

ID(G)* (W)xl < cse® )yl
for all aeAgy, keNy, weHp, xe T,pH,,,,.
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Proof. a) Choose je N so large that for all integers k >j, we have
q.x # 0 # ¢, % and
1+A (x.) l:N
1—A,(x )

for all ae Ay, yeHg, xe T,HIN{O}, ye B}y, 7€ Ty B -1 \{0}.

This is possible because of a+c < 1 and (8.2). Now let ae 4y, ke N with
k=, yeH and xeT, ﬁak be given. We show |Dg,()x| < €**"|x|: Suppose
7= D41 # 0. Note §:=g,(f)e Ay, and 7e Ty Hiyy. 7 0 implics
x # 0. We obtain 2.x # 0 # q,x and

(@+c+cd, () —2~=

1 1
TPt 4k
119,71 lg. 7] _‘

] i
g X
[g.xl

1DG)xl _ IPaX+dakl _ 19,71
|x| Pax+a.21  14.%

Pax+

lgqxl
With (3.6) and (5.7),

4,7 = 14.P8.(0) x| = |a.(TWN, x, @)+ Dr,()3)|
< alg xl+elyl < (e+c)lg, xl+clp.xl.
Using this and k > j, we find
IDé.,(W)xl
|l

b) There is a constant é5 > 1 with |Dg, ()| < é5 on D? x 4,. This follows
from

Dg,})=T(N, -, a)+Dr, () =
=T(N,", a)o(p,+4,)+D(p,0r,)(¥)+Dlg,0r,)(¥),
and from (3.6) and (5.7).
Let ae Ag, ke N, with 0 < k <j be given and consider Y e Hj;, and xeC:
We get [D(g,)(¥)xl < (ésFlxl since ¢, §,(¥), ..., (§)(¥)e H are all contained
in D3
For aed, and j<keN,yeHS and yxeT,Hz, consider the finite

sequences W =:V,, Vx-1,...,¥; and x=:x, Xxk-1,...,x; defined by

Ui-1:= GaWk—141)s Xx—1:= D, (Y- 1+1)Xk 1+1  for =1,...,k—j. Then
k—lzjfor 1=0,...,k—j, and ,eHak b X-1€Ty, ,ﬁak ;. Part a) im-

plies ID(éu)"_j(!//)xl < ebmhisn |x|- Hence
D@ W) xl = PGP (W) o D@\ W)} 2l < ID@Y W) {D@) " W)x}l
< (Eget iy,

Set ¢s:=(é5Fe N and note (65 < cse***N for k=0,...,j. =

<€ (e+c+edq, (x))—
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9. Estimating D, X(/, a) at BC-points  in level sets Hz,. We choose
3,€(0, 4,) with
(9.1) (alT@2, -, a)|+¢) 8, < cu/(2c,) for all aeA,.

This is possible because of (3.2) and (3.4) and boundedness of the projections
Pa> 45 o0 Ay. Fix £€(0, 1) such that

€ 1
(92) T———Elqal < '2- on Ag.

By (8.3), there exists je N with

(9.3) lpaxl/lxl <&

forallac Ay, ke Nwith k 2 j, we HY, xe T,H}\{0}. Let ac A, and ke N with
k = j be given. Consider a point y € H}, < fy + (see Corollary 7.1) with (BC) for
(¥, a), and assume in addition that

(9.4) there exists JeE*(3,, 1y, a) with Yy = Y(3, ¥, a)
and Y(t, ¥, a)eE*(8,, n,, a) for all te[0, 3].

This is stronger than (BC) since E*(8,, 1,, a) = D3, see Corollary 6.1.

]
e ——

Fig. 17

We are going to estimate |D, Z(¥, a)| as indicated at the end of Section 6.
This requires some preparation.

I. We have &,¢ T, HY since T, Hi < T,H, 0# &, |p,8,l/|®=1>¢
> |pxl/1xl for 0 # ye T,,,I?,,*,‘, by (9.3). It follows that there is a decomposition

9.5) C=TH4®RS, = T,Hy®P,

(recall that T, Hg is a closed subspace of codimension 1, by Proposition 7.1).
Let g and p denote the projections of C onto T, Hz, and P, which are defined
by (9.5). Recall Figure 8 from the Introduction.

We obtain

:{p,.x if yeP,
P Pt~ (0 12u@)) polqr)  if xEP,.

Proof Let yeC\P,. Then O+ gx¢P,. Hence g,(qx) # 0. Note p,yx
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= p,(ax)+p.(PY) = P.(qx)+px and g,x = q,(ax)+4,(px) = q.(ax)+0 # 0.
Therefore

PX = PaX —Palax) = Pax— (g 11/\a.(ax)) - P.(qX)-
II. We define a new norm on L.(C, C) by
|Bl,:=sup{|B(y®,+x): —1<y<1,xeT,Hx, |xl=1}.

Set cg:=(1/2)+cp,. We show |p—p,| < 1/2, |g—q,] < 1/2 and |B| <€ ¢4|Bl, for
all BeL,(C, O):

a) Let yeC be given with |y|=1. Then y = y®,+% with yeR and
7€ T,Ha, and (p—p,)x = y&,~p, 3P, +7) = —p, 1. Ixl =1 gives lg,| = Ig,x]
=9,(y®,+ 1) = 14,%]. Recall

lp. ] < elxl (see (9.3)
< ellp il +19,7) < e(lp. Xl +14.l)-

Hence

1
|(p—p)xl = IpJ) < lq,,l <3

by (9.2). It follows that |p—p,| < 1/2, and |g—gq,| = |id.~p~(id.—p,)| =

Ip-pa' < 1/2
b) Because of a), |p| < |p,|+1/2 and |g| € |q,|+ /2. This means that the
ball with center 0eC and radius l/cg is contained in the set

{xeC: lpxl < 1, laxl < 1}
={xeC: y=yP,+1 with —1<y<1, 7 <1, je T H}.
For BeL (C, C), we arrive at
Bl = sup {|Bl: [yl < 1} = ¢q-sup {|Bxl: Yl < 1/cg} < cglBl,

III. Consider the right tangent vector w:= w¥* at (¥, a), defined in
Section 7. By Proposition 7.2 (ii), w¢ T, H. Hence pw # 0. We prove

1
©.6) D, Z(¥, a)l < c7|p‘,w|“”“(1 +Ip_l>

where
Cq:=CCs5(Mo/c2) ™2 {1+ [5+cppl [sgp(a|T(2, S al+c)] cpros} <

a) Recall H}, « H}, and Z(-, a) = (§,) on H}. This implies D, Z(y, a)x =
= D(G,)(Y)y for all ye T, H} = T, H. “With the definition of | |, and with
Corollary 8.2, we obtain

D, Z(, a)l, < sup{|D, Z(y, a)yP,|: <y <} +cosett,
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b) Recall D, Z(y; @)w = 0, from Proposition 7.2(i). Hence D; X (Y, a)pw
= —D,Z(y, a)qw. With pw#0 (see above), we get @ c{(1/|pwl)-pw,
—(1/lpw))- pw}, and

sup {|{D; Z(y, a)yP,l: <1} <D 2 (Y, a)gwl/ipwl.
Using Corollary 8.2 as in part a), we infer

c¢) Estimate of |gw|: By part II, |gw| < (3 +|q,/)}w|. Property (BC) says that
¥ = Y(3, ¥, a) with e D3 and Y (¢, ¥, a) in D* on [0, 3]. This allows to apply
Corollary 54. We get

W] < p.wl+lg,wl < (alT(2, -, a)l+c) (1P, ¥ +I2.¥)
< (alT@, -, a)l+c)(p)+a.) o3,

with the radius g, of D3.
d) Estimate of e***¥: g(, a) = kN and Corollary 5.2 give

0 <t = no@l = P, Z(W, @) = [p, Y kN, ¥, a)| < c,e**¥|p,y,

hence

1 Mo
—lo =kN.
Hy gCz Py

With 2, <0,
e < (mo/e )22 p |~ R,

¢) The results from a) —d) and the estimate [D, Z (Y, a)| < ¢4|D, Z (¥, a)l,
from part II imply (9.6).

IV.a) Consider the term 1/|pw|. In the trivial case we P,, pw = p,w, see L.
Corollary 5.3, applied to YyeD? with Y(3, ¢, a) = and Y(t, §, a)eD? on
[0, 3], yields

9.7 calp ¥l < Ipgwl = |pwl.

In the nontrivial case w¢ P,, we fully exploit the pointwise estimate (8.4) from
Corollary 8.1. We have gw # 0 so that A (gqw) is defined, and

lpw| 2 |p,wl—1q,wl4,(qw)  (see part I)
2 Calp ¥l =g, Wl A (qw),
by Corollary 5.3, applied as in the trivial case, Corollary 5.4 gives
lg,wl = 19,0, Y(3, ¥, a)l < (e|T(2, -, a)l+c)lg, ¥l
where e E*(8,, ,, a), Y(3, ¥, a) = ¢, and in particular |g, | < &,, see (9.4).
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With (9.1), we obtain |q,w| < c,/(2c,), and (8.4) gives

(9.8) lpwl 2 colp, Wl —(ca/2¢,) ¢y * 1P| = (ca/2) [P,V
b) By (9.6), 0.7) and (9.8),
(9.9) 1Dy Z(Y, a)l < ¢yl ™ %2 +(2/cy)| p Y]~ Boiva 1),

for acAg, ke N with k > j, y e H} with (9.4).

10. End of the proof of Theorem 6.1. In order to apply (9.9), we consider
YyeE*(,,n,a) and look for an estimate of the form
|D,Z(y, a)| < const-|D, 2, a)| with a point |/ on the trajectory ¢t — Y(t, ¢, a)
so that Y€ HZ, k = k(y, a) > j, satisfies (9.4) and is not too far away from .

a) Fix

>0

PR 1 1
b= Ay 0gl+cz
so that c,e** < 1. By Corollary 5.5, there exists a constant cg = c(t) with
|D, Y (s, ¥, a)] < cg for all (f, a)eD®x Ay such that (t+N+3, ¥, a)e Q and
Y(s, ¥, a)eD? on [0, t+N+3].
b) Choose 7n,e(0, ,) so small that

1
(10.1) t+N+3 < —log—2,
Uy  CaMy
(10.2) c, et NNy <y,
111 Mo
(10.3) i < —[—10 —(t+N+3)].
! N[ u, gcz'lz

c) Let aeAy, ne(0,n,), YeE*(8,,n,a. We show t+N+3 <a({, a)
and Y(s, ¢, a)e E*(8,, n, a) on [t, t+ N +3]: Proposition 6.2 and (10.1) yield

1 1
oy, @) > —log 12 > —log—2 > ¢+ N +3.

Ky 2 Ha €N,

In particular, t+N +3 < a(y, a) < (¥, a). By Proposition 6.2, Y(s, y, a)e D>
on [0, (Y, a), and Corollary 52 gives |g,Y(s, ¥, @)l < c,e***|g, | on
[t, )" [0, T(, a)). With a) and A; < 0, we obtain |g, Y (s, ¥, @)l < |q,¥| < &,
on [z, )N [0, (¥, a)). Moreover,

~(104) Ip.Yis, ¥, a)l < c,e*|p, ¥l <#, on [0, t+N+3],

because of Corollary 5.2 and (10.2). Again by Proposition 6.2,0 < p,Y(s, ¥, a)
<1n,®, on [0, a(y, a)). Altogether,

Y(s,,)€eE*(8,,n,,a) on [t,t+N+3].
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d) There exists a uniquely determined k = k(, a)e N with a(y, a)—kN e
[t+3,t+N+3] and o(y, a)—(k+1)N < t+3. It follows that

1 11 Mo .
> —{o(y, a)— > —{—log=%—(t+N+3)p =],
k>N{a(l,I/ a)—(t+ N +3)} N{#z ogczn (t+N+ )} j

see Proposition 6.2 and (10.3) and 0 < < n,.

e) Set i:= (Y, a)—kN and := Y(f, ¥, a). We show (9.4) for \/: Set
J:=Y(@, ¢, a) withi:= o(y, a)—kN —3€[t, t+N]. Thenjy = Y(3, \/, a). For
se[0,3], Y(s, ¥, a) = Y(s+t, ¥, @) and s+te[t, t+ N+3]. Hence Y(s, ¥, a)
eE*(d,, 14, a), see c).

f) Proof of YeHj: We have YyeE*(8,,n,,a) < E*(§,,7,, a) and

< ’10 ¢a

p.,Y(s,ll7,a)=p..Y(a(¢,a)—kN+s,l//,a){>0 } on [0, kN),

pa Y(kNa 'pa a) (0(.»0 a) l[/ ) = 'IO

The minimality of ¢ in Proposition 6.2 implies o({/, a) = kN.

g) There exists an open neighborhood V¥ < E*(§,, n,, a) of i such that
on V¥, 2, a)=Z(Y(f, §, a), a): Choose an open neighborhood B c
E*(3,,n,, a) of ¥, and on open neighborhood V¥ of y in E*(8,, n,, a) such
that Y(¢, -, a) maps V¥ into D, with 0 < p, Y (s, ¥, @) < n,®, on [0, {] for all
J e V¥ (or equivalently, 0 < (¥,, Y(s, ¥, @)y, <7, on [0, {]x V¥). D and V¥
depend on ¥ and on g, of course. It follows that ¢(if/, a) > f on V¥. We have to
show that o(J/, a)= o(Y(f, ¥, a), a)+i on VV. Let Je V¥ The inequality
0 < a(f, a)—f and the properties of o(\, a) from Proposition 6.2 give 0 <
pY(s, Y(£, ¥, a),a) < no®P, on [0, o(J, )—f) and p,Y(s, Y(i, ¥, a), a)
=1n,P, for s=0o(J, a)—i Therefore Proposition 62, now applied to
Y(, ¥, a)e E* (8;, 14, a), yields a(Y(f v, a), a) = o, a)—*.

h) From c), we have t(y,a)> o(y, @) >t+N+3 and (¢t+N+3, ), a)
€Q, Y(s, ¢, a)e D? on [0, t+ N +3]. The result of part a) gives, together with
0< i< t+N+3,|D,Y(E, ¥, a) < cg. Using part g), we infer

(10.5) ID,Z(, a)| < ID,Z(Y, a)|- 5.
We have YyeHj, k> j, ae Ay, and (9.4) is satisfied, too. Now (9.9) yields

ID E('ﬁ a)|<c7<1+ >[|pa|ﬂ AJ/“‘*"P‘,‘M (A3fu2)~ 1]

With (10.4) in c), applied to s =1, and with (10.5), we arrive at

IDLZ(W, )l < collp,¥1 2 4 |pp] ~ o)
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where

2
Co-= CBC7<1 +C_> {[Cze“l(’+N+ 3)]—13/M2+ [Cz euz(z+N+3)]—()-3/u1)" 1},
4

t= > 0.

1lo
As g1+¢:2

Here we have also used A; < —pu, < 0 which finally implies the assertion on
uniform convergence since |p,y| <n for ¥ in E*(4,, 1, a).

I

11. Silnikov continuation and return map. Consider the open subset
Eyi={(y, @€ Cx Ay |p¥l < 13, 9,9 < 85}
of CxR. We have
E, = E§ U{(f, 9)eCx Ayt py =0, lg¥| < 8,} VE7,
with the open upper and lower halves,
i={(Y, a)eCx Ay: Yy€E*(d,,n,, a)},
E;:={(y, a)eCx Ay: YeE(8,, 15, a)}.

Similarly to the approach in Silnikov’s paper [18], we continue the
restriction Z|E3 to all of E, by X,(y, a):= 1,9, if (y, a)e E; and p,iy < 0.1t is
obvious that the restrictions of Z, to the sets E;, E; are of class C’.

=y
NG

CoroLLaRrY 11.1. (i) X, is continuous.
(ii) Z,(E,) = D

Proof. (i) The assertion follows by elementary arguments if we can show
2, a,)—>n,®, for every sequence of points (¥,, a,) in E5 with (y,, a,)
—(y, a)eE,, p,yy =0. Let such a sequence be given. Then 0 < p, ¥, —0,
No®Pa, — 1o P,, and by Proposition 6.2(v),

lzz(‘l/n’ an)—’10¢anl = |qa,.Y(O'(lp", an),'ll/", a")l
< 280(lo/ea) " 2lpa )50

if n is so large that 2|p, ¥,| < n,. By u, < — 25, we obtain 2, (,, a,) > 1, ®, as
n— 00.
(ii) Use Proposition 6.2 and note that n,®,eD? for ac 4y, by (6.3). =

-

We want to define a parameterized return map as follows. For a close to
a, and  close to n,®,,, we transform to the corresponding point in the
original state space which is close to a point on the trajectory of the
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heteroclinic solution x®. Then we follow the semiflow X(:, -, a) until we arrive
in a suitably small neighborhood of the equilibrium £,, come back to
a neighborhood of 0eC by the translation modulo &,, take local coordinates
by means of G(, a), and apply X, — so that n,®,, becomes a fixed point for
a=a,.

This requires some technical preparation. We set zf:= X(t, G~ (1, ®,, a), a)
for t 20 and ae 4,y, and z,:= z/° for t > 0. These trajectories continue the
branches of the local unstable manifolds at 0 e C “above the stable manifolds”:

PROPOSITION 11.1. (i) For every a€ Ay, we have z4€ U,, 0 < p,z8 —s5,(q,28),
and there exists teR with z¢ = x%,, for all s >0.

(i) There exists 0>1 with z,—EeBg, (G(zs—E,, ao), ap)eE,,
paoG(za—gh’ ao) = 0, 0# anG(Za“Em ao)-

(il There exists an interval Ao with (G(z§—&,, a), a)€E, and
0 < p,G(z5—E&,, a) for all ae A,y with a; < a.

Proof a) Let ae A5. Proposition 5.1(v) gives z5 = G~ (1, 9P,, a)e U, and
2y = x; for some teR. Note p,z§—s,(9,28) = p,G(z8, a) = p,no P, > 0.

b) Proof of (ii). The properties of x°° and (i) show z,— &, »0 as s — + co.
Choose 6 > 1 so large that z,—, e B, for all s > 6, and (G(z,—&,, a,), ao) € E,.
(2.2} implies that z,—&, = X(s—8, z,—E,, a;) on [0, ). It follows that
X(s, zp—&,, ag)eBgc Vo3 on [0, ), see Proposition 4.3. (4.5) gives
z,— &, €8,,.Therefore p§ G(z,—¢&,, a,) = 0, by Proposition 5.1 (i) and Proposi-
tion 22(ii) imply 0#z,—&,. By injectivity, G(z,—¢,, a,) #0. Hence
anG(Ze—-E,,, ao) #0.

¢) Choose an open interval A,5; — Ay, centered at a,, Wwith
25— Z,eBs\{0} and (G(z5—¢&,, a), a)eE, for all aed,o;. We have
p.G(z6—&,, a) #0 for aeA,o, with a> a,: Otherwise, the definition of
G implies z§—¢&,eS,, hence

0 = lim X (s, 24— &,, a) = lim z%,,—,
which is a contradiction to (i) and to the fact that x* does not converge to ¢, as
S— + oo. :

d) In order to complete the proof of (iii), observe first £,—&, <
G~ (—10®Pay» ap) = x5°~ < 0 with some s < 0. This follows from Proposition
5.1(v) and from G~ (—n,P,,, ag)eBs = {peC: |§| < §,}, 5, < &,—&,. Sup-
pose now that there is a sequence of parameters a(n)e A;o., N(a,, ) With
a(n)—>aq as n— o0, and with 0> p,,) G(26™ —¢,, a(n)) for all neN. Then

(11.1) Pam G(26™ - &, a("))—’PaoG(Zo—Em a)=0 as n—oo.

We have G(z5™ ~&,, a(n))e E™(6,, 11, a(n)). By the remark following Proposi-
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tion 6.2, we obtain a sequence (g,),y in R* with

DPam) Y(O’n, G(ZS(")— Eh’ a(n))’ a(n)) = —"MN Qa(n)
and with

qa(n)Y(am ( o — Eh’ a(n)) ))l

€ €304(1o/ Cz);':/“zlpa(n)G(Zg(")— {h: a(n))|—"’/“2
for all neN so_large that 2|p,uG(z6™—¢,, a(n))| < n,. With —710'@,,(,,)»
~1o®ap> (11.1) and p, < —A,—A,, we infer that ¥(a,, G(z5™—E,, a(n)), a(n))
converges to ~1,®,,. Therefore

&, < G“.(Y(a G(z6" —E&,, a(n)), a(n)), a(n)) <0

for n sufficiently large. For such n, &,—&, <259, —&, <0. Now (i) and
Proposition 2.1 (iii) imply x*® < ¢, on some unbounded interval in R* which is
a contradiction to a, < a(n)e 45, and to. the properties of x*™ stated in
Section 2. =

We are ready for the definition of the Silniko¥ return map. Smoothness of
the maps X(¢t, -, ") fort > 1, of G™ and of G, and Proposition 11.1 (ii) allow to
find an open neighborhood dom’ of (1, ®,,, a,) in C xR with

(11.2) X(0,G™ (¥, a),a)—&,eB; on dom’

and such that the assignment (y, a)—G(X(0, G~ (¥, a), a)—&,, a) defines
a C'-map fy;: dom’'—~C with

(11.3) (fo(¥, @), a)€E,,
(11.4) 4,/0(f,a)#0 on dom'.

\Wdom-slice at parameter a
‘ /1

\

\\G(‘,a) [N Ite.a)

\

h \ (@-axis perpendicular

\‘\\* //// /// to figure)




56 Bifurcation from a saddle connection

We restrict f;; to a convex open neighborhood dom = dom’ of (17 ®a,. a) SO
that fp;:= fy:|dom and its derivatives D, f;, D, fp; are bounded on dom.
Then we set f,(¥, a):=(fo: (Y, a), a) on dom, and f:= 2,0 fp. This is the
desired return map. f is continuous, see Corollary 11.1. We have

(115) ft’?o CD,,D, ao) = ’70 (pno’
because of f3; (1o Pay» do) = G(zp— &, o), Pay G(z—E&,, ao) = 0 (by Proposition
11.1(i1), Z,0), ap) = noP,, for all (¥, a)e E, with p,,¢ = 0.

12. Smoothness properties of f. We use Proposition 6.2 and Theorem 6.1 in
order to derive

ProPOSITION 12.1. f has partial derivatives D,f: dom— L. (C, C) and
D,f: dom— L (R, C). D,f is continuous. We have

(2.1 D, a)=0,
(122) D, /(, @) = 1o lim ——(@,~ )

for all (Y, ayedom with p,fe1(¥, a) < 0. In particular,

Dy f(1oPas a0) = 0.
Proof. a) The restriction of f = Z,0 f, to the open set {(y, a)edom:
P.Jo1 (Y, @) # 0} is of class C! since X, is of class C' on E; U E;. We have

S, 0)=2,(fo1 (¢, a), @) = no®, for all (}, a)edom with p,fo:(¥, a) <0
which implies (12.1) and (12.2) for such points (¥, a).

Let (Y, a)edom be given with p, fo; (¥, a) = 0.

b) Existence of D, f(¥,a) and D, f(¥,a)=0 follow by elementary
arguments if we can show

P (U B (2
! W — ¥l
for sequences of points (¢,, ajedom\{(¥, a)} with lim,.,¥,=y and
Pofoa1(¥,, a) > 0 for all ne N, and also for such sequences with lim,_,, ¥, =V
and with p,f;;(¥,, @) <0 for all neN. The second case is trivial since all
numerators are zero, by definition of X, on E,\E;:

f('nbn» a)—f(wa a) = Zz(fﬂl('abm a)a a)—“):z(fel(w: a)’ a) = n0¢a_no¢a'

Consider the first case. Note fy, (,, a)— fo1 (¥, a) # 0 for all ne N since
otherwise p, fy; (¥, a) = p,fo: (¥, a) = 0. With a bound ¢, for f, Dfyy, D, fo1,
D,fs; on the convex open set dom, we obtain

d, < clolzz(ﬁl(wﬂ’ a), a)”?odjal
|f‘01(wm a)—.fﬂl(l/j) a)l

as n— o0

for all neN.
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Observe

0 < |Pafor(Wns @) = 1Pafor(Wnr @)= Pafor (¥, )l < Pl forWrs @)~ for (¥, O

Therefore
6.2 (fo: W 9), )]
IPafor (W, a)l

(I'CCHH Pazz(fbl(lbm s ) - n0¢ ) Wlth pafal('pm a)ﬂpafel('l’ a’) 0 and-
Proposition 6.2 (v), applied to n so large that 2|p, f3; (¥,, a)| < 1,, We arrive at

d, < CpqcloCz50(ﬂo/cz)lalﬁzz—lsmlpaﬁn(Wns a)| = Gslma =1

and g, < —A; shows d,—0 as n—o0.
c} D, f(no®Pa, ap) =0 is a consequence of b) and (11.5),

d) Proof of continuity of D, f at (, a). We have (12.1), by the results of
parts a) and b). Continuity follows if in addition D, f(¥,, a,)—0 as n— co for
every sequence of points (,, a,) in dom which converges to (, a) as n— o0
and satisfies p,_ fy1(V,, a,) > 0 for all ne N. Because of a), we can compute
D, f(Y,, a,) for such points from the chain rule. This gives

1Dy (¥, )l < |Dy Z(for(¥ns ), @) 10 for all neN.

With 0 < p, for(¥n a) = Do fo1(¥, a) =0 and with Theorem 6.1, we obtain
D, f(Y,, a,)—0 as n— 0.

¢) Existence and computation of D, f({, a). Consider a sequence of
parameters a, with a,pa as n—-o,(,a)edom for all neN. If
Pa, fo1(, a,) <O for all neN, then

dn = CpgCio0

dyi= ——(f ), a)=f (), @) = (8, ~ &)

—n1011m (P, —P,) as n—oo.

a’ aﬁaCl —a

If p., fo1(¥, a,) >0 for all neN, we write

b= — (5 W 2, 3) 768 = 7o

1

(Da,— P,)+di

with
1

d¥ .=

(Ez(feu(ll’ a,), a,)—no®,) for all neN,

n

and we proceed to show d¥—0 as n—co. First, we want to replace the
denominator: Observe

0 < |Pa, for (W, @) = IPan Jor (Vs @)+ Pafor (s @)= Pafor (s @) =Pafor (¥ a)

€ |Pa, — Pal €10+ P4 C10l@, —al < c11la,—al,
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where ¢;, 1= ¢;0(61; +¢pq) With a bound &y, for the derivative of the map d— p,
on A, (see the end of Section 3). It follows that

|9, 2 (fo1 (¥, a,), a,)]
|Pan So1 (¥ a,)l
< €11¢,00(Mofc,) 22~ %I |p, £ (Y, a,)| " ka1

for n so large that 2|p, f3; (¥, a,) < 17,, because of Proposition 6.2(v) and
0 < pa, for (¥, @)= pafor (¥, a) = 0. Now p, < —A4, yields 4 —»0 as n— oo, or

dy < ¢y

(12.3) d,— 11 lim —

azad —da

(P — Py).

By elementary arguments, we finally obtain (12.3) for all sequences of points
(¥, a,)edom such that @, »a as n—o0. =

13. Bifurcation. We want to solve the equation f(Y,a)—y =0 in
a neighborhood of (1,P,,, a,) in terms of a function a—yZ. An implicit
function theorem which is suitable for our purpose (we did not show that f is
of class C') is the following

THEOREM 13.1. Let a continuous map F: W—Z, onanopenset WeZ, xZ,
be given, with Banach spaces Z,,Z,, Z,. Suppose D\F: W—L.(Z,, Z,) is
continuous and D, F(w) exists for all we W. If F(z,, z,) = 0 and if D, F(z,, z,) is
an isomorphism then there exist a differentiable map : W,—~Z, on an open
neighborhood W, of z, and an open neighborhood W, of z; with the following
properties: W, x W, c W, y(W,) « W, F(y ("), ) =0on Wy, and w, = y(w,) if
(wy, w)e W, x W, and F(w,, w,)=0.

Proof. One can modify the proof of the implicit function theorem (10.2.1)
in [7] appropriately. =

THEOREM 13.2. Let a function he #, h = hja*, be given. Then there are
a parameter ay€(0, a*), an open interval A = Ay43a,, a differentiable map
¢%: Asa—¢F¥eC and a family of solutions y°: R—R, ay; < a <supA, of
equation

(ah) x(t) = ah(x(t—1))

with the following properties.

(i) &F = y§ for ag < a<supA.

(i) y®(t)—>0ast— — oo and y*°(t) = &, as t— + oo, i.e. y™ is a heteroclinic
solution which connects the equilibrium 0€ C to the equilibrium &,eC.

(iii) For a, < a < sup A, there is no heteroclinic solution connecting the
equilibrium 0e C to &,.

(iv) For aq < a < sup A, there exists m, > 0 with y*(t+=n,) = y°(t)+ &, for
all teR, i.e. y* is a periodic solution of the second kind.
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(v) Let a5 < a < sup A.

(v.1) For every open set Vo {y®: 0<t<n,) there exists an open set
Wo {y: 0<t<n,} such that pe W+IE,, le Z, implies X(t, ¢, a)e V+IE, +
N,§&, on [0, o0);

(v.2) there is an open set W,> {y{: 0<t<m,} such that for each
peW,+ZE, there exists weR with X(t, ¢, a)—y+,—0 as t—» + .

(vi) There is an open set V, > cl{y?®: teR} so that

(vi.1) {y!: teR}eVy+2Z¢&, for ay < a < sup 4;

(vi.2) x = y°(- +1) with some teR for every ae A n(a,, o) and for every
nonconstant solution x: R— R of equation (ah) which satisfies

(Vo) {x,: teR} c Vy+ZE,,
(r, k) x(: +m) = x+kE  with some n >0, keZ;

(vi.3) there is no nonconstant solution x: R— R of equation (ayh) with (V)
and (m, k).

Proof of Theorem 13.2(i}{v), for a in an interval A4,;.

a) Consider "the map F: doma(Y,a)—f(,a)—yeC. We have
F(1y®.,, ag) = 0, see (11.5), and D, F(n,®,,, a,) = 0—id., by Proposition 12.1.
Theorem 13.1 guarantees the existence of an open neighborhood D* of 1, ®,,,
of an open interval 4,, and of a differentiable map ¥*: A,,3a—y¥eC such
that

(13.1) Ya =1oPay» Y*(A11) =D*, D*xA;; cdom,
(13.2) SJWe a=yz on Ay,
(13.3) v =yr¥ for all (Y, a)eD*x A, with f(y,a)=.
Note that (13.2) implies
(13.4) yr = 22( a1 (Y7, a), a)eHanD3,
see Corollary 11.1(ii). Set ¢¥ := G~ (¥, a), for allae A;,. The map ¢*: A,(3a
—¢¥ecC is differentiable. We have
¢¥ =z, (by the definition of z, ¢ > 0, in Section 11)
=x% for some teR (see Proposition 11.1(i)).

y*:=x"(t+') is a heteroclinic solution of equation (agh), with
lim;, - , y(s) = 0, lim,-, 4+, y*°(s) = &,, see the properties of x“° stated in
Section 2. Note ¢% = y@°.

b) Assume a, < aeAq,;. Proof of

(13.5) PoJor(¥Z, @) > 0:

Suppose p,fo1 (¥, a) <0. Then (13.2) and the definitions of f and X, in
Section 11 yield y* = f(Y¥, a) = Z,(fo1 (Y¥. a), a) =n,P,, and therefore
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0> p,for (1o Ps» @) = p,G(z5—&,, a) which is a contradiction to Proposition
11.1 ().

Recall (13.2) and write y* = f(yX, a) = X, (. a), with ¥ := f5,(y¥, a). By
the definitions of f; and %,, we have

¥ = G(X(0, G~ (Y%, @), 9)—&,, a) = G(X(8, ¢¥, A=, a),
I, a)=Y(oW,a), ¥, a) (with £, =2 on E7,yeE; by (13.5)

= G(X(o(¥, @), G~ (¥, a), a), a).
Set o:= o(y, a). Because of (11.2) and Proposition 5.1 (iii),

G~ (Y, a) = G (G(X(, 9%, a)—§,, a), a) = X(0, $¥, ),

Therefore

E = Z,4, a) = G(X (o, X (0, ¢%, )—F,, a), a).

With the definitions of Q and Y in Section S and with Proposition 5.1 (iii), we
obtain

=G (¥ a) = G‘(G(X(a, X(0, ¢*, a)—&,. a), a), a)
= X(o, X0, ¢¥, a)=&,, a)
= X(o, X(0, ¢, @), a)=&, (by 22))
= X(c+0, ¢¥, a)-&,.

It is now easy to see that there is a solution y*: R— R of equation (ah) such that
ys = ¢¥ and y*(- +x,) = y*+¢&, where n, = o+0.

c) We proved (i), (ii) and (iv), with A replaced by A,,. Assertion (iii) (with
A, instead of A) is contained in Corollary 4.1. The assertions of (v) (for an
interval A, instead of A) will follow from D, f(n,®,,, a,) = 0 which implies
that } is an attractive fixed point of f(-, a) for a close to a,.

d) LetaeA,,.Recall ¢ = G~ (y*, a) and y* € D3 (see (13.4)). By Proposi-
tion 5.1, y¥ = G(¢¥, a). Hence

¢¥ = G™(¥, a) = G~ (fU¥, a), a) = G (f(G(4%, a), a), a).

e) By continuity, we find an open ball B c C, centered at ¢*, and an
intex:_val Ay such that the assignment (¢, a) —»(f(G(qb, a), a), a) defines a map
on Bx A,, which sends B x A4, , into a neighborhood of (Y%, u,)e D x 4, on
which D, G~ is bounded by a constant c,,.

cht choose A, so small that for aeAd,s, ¢*€B and c(,|D,f (¥, a)|
%x(3/2) < 1/4 < 1. This is possible since the maps y*, ¢* and D,f are
continuous, with D, f(X, a,) = D,f (1o Pa,, a) = 0 (see Proposition 12.1). The
factor 3/2 is a bound for D, G, compare Proposition 5.1.

f) Let ae A5 with a, < a be given. Consider the map f,: B— C where
fi(#):= G~ (f(G(9, a), a), a) for p& B. Part d) says that ¢¥ is a fixed point of
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f.» and ¢) implies that there is a nonempty open ball B' < B, centered at
¢* (and depending on a), with

(13.6) |Df.($) <1/2 on B.

We look for a smaller open neighborhood of ¢¥ on which f, is given by the
semiflow X (-, -, a). Observe first that ¢} = G~ (y*, a)e G~ (D> x 4,,) < B, (see
Section 5) and X (0, ¢¥, a)— &, = X(0, G~ (¥, a), a)— &, € B, by (11.2). There-
fore we obtain a nonempty open ball B* = B, centered at ¢*, with

(13.7) B* c By,
(13.8) X0, ¢,a)—E,eB; on B*.

Recall y¥ = G(qb:‘, a), (fo1(W¥, a), a)eE, and 0 < p, fo; (Y*, a) (see b)). In other
terms, Y€ E* (8,, 1, a) for y:= f3,(Y*, a), and f(y, a) is given by the maps
o and X from Sectlon 6.

Choose a convex open neighborhood D of u,b D < E*(3,, 1,, a), such that
the C'-map o(-, a): E¥(8,, ,, @)—[1, o) and its derivative are bounded on
D by a constant c, ;. Finally, choose a nonempty open ball B = B*, centered at

¥, so that

(13.9) fo1(G(¢, a),a)e D on B,

and with the derivative of the map qb —»j;,( (¢, a), a) bounded on B. We show
(13.10) f(d) = X(c+0, ¢,a)—E, on B,

where o:= a(fo:(G(9, a), a), a)e[1, c13]:

Let peB. B = B, implies ¢ = G~ (x, a) for x:= G(¢, a), see Proposition 5.1.
Hence

(13.11)  foulx, @) = G(X(0, G~ ,a)—&,, a)=G(X(0, ¢, a)-E&,, a).
With (13.9) and D = E*(6,, 75, a) and with the definition of X,, we obtain

ZZ(fﬂl(x: a)! a) = Z(ﬁ?l(x’ a), a) = Y(Ea lpa a)

where

(13.12) V= fo(x, €D, é&:=o(f,a) =
Hence
f(G(¢,a),a)=2Z, (fm(x, a),a)=Y(G, ¥, a),
J(6) =G (f(G(¢, a),a),a)=G(Y(o,¥,a),a) (see (5.5)

= X(o, X0, ¢, 0)—2,, a) (with (13.12), (13.11); with (13.8)
applied to ¢, and with Proposition
5.1)

=X(c+0, ¢,a)—&, (with (2.2)).

g) Let an open neighborhood V of {yi: 0 <t < n,} be given, for the
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parameter a from part f). We construct an open neighborhood W of

{y*: 0<t<m,} such that for every ¢eW+I, IeZ, we have X(t, ¢, a)e

V+IE +Ny&, on [0, o), and X(t, ¢, a)—yi+o,—0 as t— + oo with some

w = w(¢) € R. This will prove (v.1) and (v.2), with 4 replaced by A,; from e),
Choose 6 > 0 such that

(13.13) dist(g, {y!: 0<t<m,})<d implies peV.

Recall Corollary 3.1: There exists a nonempty open ball B, < B, centered at

¢ = yb, with

(13.14) IX(t, ¢,a)—y <5 on [0, 0+c;s] for all ¢peB,.

For each se[0, =,] there is a nonempty open ball B’, centered at y§, with

(13.15) |X(t, ¢, a)—yisd <8 for all te[0, n,—s], ¢ B,
and with
{13.16) X(r,—s, ¢,a)eB, for all peB.

Let ¢ e W+ ZE, where W:= )01 B* Then
(13.17) ¢ =¢+IE, with leZ, peB* for some 5[0, n,].

Hence

(13.18) X, §,a)eV on [0, n,—s],
by (13.15) and (13.13), and

(13.19) ¢o:= X(n,~s, &, a)eB, c B,

by (13.16). For ¢,€B,, the iterate§ &= (f.)(¢), keN,, are defined since
1,(¢¥) = ¢¥ and |Df,(*)] < 1/2 on B, see (13.6). In particular,
(13.20) |p—oX <27%po—@¥ and ¢,eB, for all keN,.
Set g,:= 0(fs1(G(¢x-1, a), a), a), for all keN, and t,:= Y% 0,40, ty:= 0.
The choice of B and D in part f) implies that there is a Lipschitz constant
Ci14 With

loa—0(/01(G(9%, a), @), a)| < c1aldn-1—¢2| for all neN.

Therefore
lo,+0—m,| =

0,+0—(0 /01 (G(8%, a), ), a)+6)

<c¢1427 " po—oF for all neN,

(13.21)  the sequence (t,—km )y converges to t,:=
n

118

(0,+0—m,).
1

In particular, t, > +00 as k— +o0. Note also

(1322) 0<tk+1'—'tk<0'k+1+0<0+cl3 for all kENO.
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Using (13.10) and (2.2), we find .
(13.22) X(t, po, a) = ¢, +kE, for all keN,.

Proof of X(t, ¢, a)e V+IE,+N,¢&, for all t > 0: By (13.17) and (13.18),
X(t, ¢,a)=X(t, d, a)+I1&,eV+IE, on [0, n,—s]. Fort = n,—s, X(t, ¢, a) =
X(t, §,a)+1E, =X(t, ¢, a)+1&, with t':=t—(n,—5)>0. Choose keN,
with t, <t < t,+;. Then

1X (6, ¢, Q)= I8~ Vo -y 4semad = 1X (', b0 D= Vit kmal
= |X(t’—t,‘, X(t, 6o, @), &) —[yf - + kG, ]I
= |X(t'~1t,, $y+k,, A—[yh - +kE]|
= |X(t'~1,, &y, @)+ k&, — [y — +KE]
=Xt —tes s —yi—pl <9,

because of ¢, € B, (13.21) and (13.14). We have Vo i vikn, = Yo+mE, for some
ve[0, n,], meN,. With (13.13), we obtain X(t, ¢, a)—I,~m&, € V.
Proof that there exists w e R with X(t, ¢, a)—y?.,—0 as t - c0: We have

Vie—te — Yina = Vit -kna + kS — (02 +kE,]
= Yix-kno—1— P35 =0 as k— +o0,
because of (13.21). Using (13.23), we infer
X (te, bos B)— Yi—1al S1X (s b0y @)~ Vimal + |Vhna — Vi1l
= o+ k& —[dF + k11 + |Vima— Vi—1l 20 as k— 4 0.
For all keN, and t'e[t,, t,4 1< [t t,+0+c1al, |
X(t, b @)= Yi-ial = |[X(E ~te, X (0, b0, @), Q) X(F'~ 1y, -1, )
< (L+sup [W)P*e2 "1 X (8, do, @)= Vit
see Corollary 3.1. It follows that
(13.24) X(t, ¢g, 0)—yi-,,—~0 as t— +oco.
With w:= —(n,—5s)—t,+Ir,, we finally obtain, for t = n,—s = 0O:
X(t, &, A)—Yso = X(t, &, @)+ 18— [Vi-ra-91-10 + 161
= X(t—(m,—5), D05 Q)= V- (ra=s)—tws
and the last term tends to zero as t— + o0, by (13.24).
14. Proof of Theorem 13.2(vi.2) and (vi3), for a parameter interval

Ay, instead of A.
h) There exist a nonempty open ball DY, centered at 5,9, = Wk, and
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A4 with D¥ < D*,
(141)  fW.a—fW, al <47 Y-y
for all  and ¢ in Df, and all aeAy,,
(142) & < X(o(for (¥, @), @) +0, G~ (¥, a), a) < &,
if weD¥, acA,, and p,fo(, a) <0,
(14.3) f(D¥x A,) = D¥.

™ o

lig. 19

Proof. Because of D, f(noP.,, ao) =0, there are a nonempty open ball
D%, = D*, centered at n,®,,, and an open interval A;4,; < A;3 With age 4,4,
such that

(144) Do f(f, @)l <1/4 on DY XA

Next, recall G~ (—#oP,,, o) = x°~ for some t < 0 (see Proposition 5.1(v)). It
follows that —§, < x{°~ < 0, by Proposition 4.2(iv) and Proposition 4.1 (ii),
and &,—¢&, < xf°” <0 (see Section 2). We obtain an open neighborhood
DYy x Ajq., of (—1yPg,, ag) on which

(14.5) $o—¢ <G (¥,a) <0.

Proposition 6.2 and the remark following it allow to choose 7, in (0, ,) such
that aeA,4.5, — 13 < p,¥ <0 and |q,¥| <, altogether imply

4. Y (e, a), ¥, a)| = |Y (o). a), ¥, a)—(—noP,)| < gt /2

where o¥ /2 is the radius of D¥ ,. Choose an open interval A4 3 € A4, With
ag€Ay4.3 so small that |(—ny®@,)—(—n,®P,) < 0F /2 on Ay,;. For each
a€Ayas,

(14.6) Y(o(y, a), ¥, a)eDt, if —ny <p,b <0, |g,y| < 6,.

Recall (f5, (VX ag), ap)€E, and pgy, fo, (VX ap) = 0. By continuity, there
are a nonempty open ball D} = D% ,, centered at ¥, and an open interval

dao
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Aj44 © Agss With agedy, 4 such that on D¥x A,

(14.7) PaSor W, Q) = |p, for(¥, @)— Py for (¥, @)l < 7.
Finally, choose A;4 < A4, so small that
(14.8) W —ydl <4 ot on Ay

where o} denotes the radius of D¥.

Now (14.1) follows from (14.4). In order to derive (14.2), consider
(Y, a)e DY x A14 = D* x A;; < dom with p, fo; (¥, a) < 0. Because of (14.7) and
PaX =¥, 20,9, for yeC and |® | = 1, we obtain —n, < p, /i, (¥, @) < 0. By
(14.6), Y(o(fo1(¥, a), @), for(¥, a), a)eD¥ ,, and (14.5) gives

fo_éh < G_(Y(O'( 81(\": a)! a)’ fOl ('l” a)’ a), a) < 0
Therefore
fo‘fu < X("'(ﬁu(‘/’, a)» a), G—(fu(l”, a)’ a), a)-

Recall the definition of fp;: We have f;, (¥, a) = G(X(0, G* (¥, a), a)—&, a)
and X(0, G~ (¥, a), a)— &, € B, see (11.2). By Proposition 5.1 (iii),

G~ (for(¥, a), a) = X(8, G~ (¥, a), a)=&,.
It follows that
Eo—& < X(o(fos 0, 0), a), X(0, G~ (¥, a), 9)—§,, q)
= X(o(for (V. 0), a), X(0, G, a), a), @) E,
= X(o(fos (¥, @), ) +6, G~ (¥, a), a)-F,,

or

fo < X(o(for (0, ), 8)+6, G~ (¥, a), @) < &,
~Proof of (14.3): Let (Y, a)e D} x A;, be given. Then
|f (W, @) =110 Pao| = |f (W, @)=z < | (W, )—F(WZ, a)l + Y2 — Y2l
< iy —y¥+iet (by (14.1) and (14.8)
< E{ — Y&l +VE — v} +3et
< i{ef +(et/4}+(e1/4) < 3¢t/4, or f(y,a)eDt.

i) Recall y¥ =@ = G (V*, ap) = G (1o P, a0)€ G~ (D? x {a,}) = Bg,
by (6.3). Therefore G(y3°, a,) = ¥&, and there exist a nonempty open ball
Bt c B, centered at yg, and an interval 4,5 such that

(14.9) G(B} x 4,5) < D*.

j) The next aim is to construct an open neighborhood V,, = C of
cl{yf°: teR} and an interval A4 such that for every solution x: R—R of
equation (ah), ac Ao, with x(- +n) = x+ k&, for some n > 0, ke N, and with
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{x,: teR} < Vo, +ZE,, we have x,+ &, e BY for some seR, le Z. This will be
done in parts k) and 1).

Fig. 20

k) Choose a nonempty open ball D¥ = D¥, centered at n,%,,, and an
interval A,¢ with

(14.10) G~ (D% x A%e)  BY.

6 (. ,a}
—_——T T
~— -

B,' T\ 5
N

Fig. 21

Choose a ball D* and A,, with

(14.11) D*x A,; c E,
and such that
(14.12) (W, d)eD*x A;, and {% z 8} implies

{Y(o(w, a), §, a)e DY,
£o—& < G (Y (oY, a), ¥,-a), a) < 0.

b3

i

| I jj
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This is possible because of. Proposition 6.2 and the remark following it —
compare the construction in part h).
Choose B, and A5 with

(14.13) G(B,; x Ayg) = D*.
Choose an interval [t_, ¢, ] < R with
(14.14) y{"’eB.7 on (—oo,t_] and yPeB,+¢&, on [t., o).

Foreveryteft_, ], there are a nonempty open ball B, centered at yf°,
and an open interval A,5, < 4,3 with aye Ay, so that

(14.15) X(t, —t, ¢,a)eB;+E&, on B}, x A,

Fig. 23

Choose finitely many t,, ..., t,e[t_, t,] with
{yo:t_<t<e, < B,
1
and define

Aro:= (A1, Voai=Byu (UB%.) v (B, +E).
1 1

V,, is an open neighborhood of the compact set cl {yf: teR} = {0} u {yf*:
teR} U {&,}, see Proposition 2.3.

1) Let x: R— R be a solution of equation (ah), ac 4,4, with x,€ Vo2 +ZE,
for all teR, and suppose x(-+m) = x+k&, with # >0 and keN. Assume
x,€ BY, +1&, with ve{l, ..., n} and le Z. Then x,—I&,e B3, . The solution
"%: Ras—x(s+1t)—I¢,eR of equation (ah) satisfies %, = x,—[{,€ Bf, so that
(14.15) yields

X1, —tv+r"lg;. =X, —rvEB7+Eh,



68 Bifurcation from a saddle connection

and ¢:= x,+_,v+,—(l+l)f,,EB7. By (14.13), y:= G(¢, a)e D*. Recall (14.12).

Suppose p, = 0. Then, by definition of G, ¢€S,, and X(5, ¢, a)—0 as

5§ - +00 (see (4.4') which contradicts x(vz) = x(0)+vk{,—» +0c0 as Nav-

+ 0. Suppose p,¥ < 0. Then (14.12) gives &, —¢&, < G~ (Y(o(¥, @), ¥, a), a) <0,

or §o—& < X(o(¥, @), G™ (¥, a), a) < 0. Proposition 5.1 (jii), ¢ € B; = By and

¥ = G(¢, a) altogether give &,—¢&, < X(o(y, a), ¢, a) < 0. With (2.2) and.
Proposition 2.1 (i), we obtain X (s'+ (¥, a), ¢, a) < 0 on [0, co). This implies

a contradiction to x(vr)— + 00 as Nav— + .

It follows that p,y > 0. (14.12) gives Y(o(y, a), ¥/, a)e D%, therefore
X(eW, a), G (Y, a), a)e G~ (D¥ x A;6) = B}, by (14.10). With ¢eB, c By,
X(o(, a), ¢, a)e BY. Using (2.2) once more, we arrive at Xoyoa)+ts —t, 41—
—(+1)¢&,eBt.

In order to complete the proof of the assertion in part j) we still have to
consider the easier case x,eB,+I¢, with leZ. We set ¢:=x,—I€, € B, and
proceed as above.

m) We define V,:= Vpy N Vo,, with Vyy from Proposition 2.3(ii), and
begin the proof of assertions (vi2) and (vi.3), with A4,y instead of A. Let
x: R-»R be a nonconstant solution of equation (ah), acA;y, with
x(-+mn) = x+k¢&, for some n >0, keZ, and with {x,: teR} < V,+ZE,.

By Proposition 2.3 and 2.4, ke N. It follows that

(14.16) x(wvm)— 4+ oo as Zav—o>+o0, x(vr)»—o0 as Zav— —oo0.

Part j) gives x,+ 1€, B for some se R, le Z. Consider the solution %: R3t—
x(t+s)eR of equation (ah). We have %,e B, and

(14.17) X(+m) = x+kE,
(14.18) x(t)—» 4+ ast—->+o0, X({t)» -0 ast— —oo0,

because of (14.16) and |x(t) — x(vr)| = |_[“,,, Jé| < n'max |k on [vx, (v+ 1)=] for all
vel.

Define ,:= G(Xy, @)eDf. Recall (14.9). The map f,,: D¥ay—
S, a)e DY is a strict contraction (see (14.1), (14.3)) with fixed point ¥, as
follows from D¥xA;s < D*xA,, and (13.3). The sequence of points
Vo= (fxa)"(Yo), vEN,, converges to y* as v—o +co.

n) If p,fo1(¥,, @) > 0, ve N,, then

G~ (Wy+1, 0) = X(0y41+0, G~ (Y,, a), a)—&, where g,,,:= o(for(¥,, a), a).
Proof. For y, as above,
Vorr = faald) = f(Y,, a)
= Z,(fo1 4y, @), @) = Z(fu1 (¥, 9), a)
=Y(0v+1, fo1(V,, 0), a).
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With the definition of Y, G™({,+1, @) = X(0y+1, G~ (foy (¥, a), @), a). Recall
ﬁil(ww a) = G(X(B) G—('/’v’ a)a a)_Ehs a) and X(o’ G_(Wv’ a)a a)_EhEBG’ by
(11.2). Proposition 5.1(iii) gives G~ (fo1(¥,, 4), @) = X(0, G~ (¥,, a), a)—E&,,
and the assertion follows.

o) For every veN,, p,fo1 (¥,, a) > 0.

Proof. Suppose p, fo1 (,, @) < 0 for some veN,. Let voe N, denote the
smallest nonnegative integer with p,fy;(¥,, a) < 0. In case v, > 1, part n)
implies

vo—1

G_('Pw a) = X(tvot G_(Wo, a)’ a)_vo Eh Where tvo:= Z (av+1+6)'
v=0

With x,e B} < B; and Proposition 5.1 (iii), we get

(14.19) G™ (Yvg @) = X(ty,s Xgs @) — Vo &,

In case v, =0, set ¢,,:=0 — then (14.19) is satisfied, too. Suppose
0 = Pofor(¥vor @) = P.G(X (8, G~ Vo, @), 0) =, a).

With the definition of G, we obtain X (0, G~ (¥, a), a)—&,€S,, and
X(t, X(6, G~ (Yros @), a)—E,, a) >0 as t—> + oo,

see (4.4'). With (14.19) and (2.2), this results in

X(t+0+t,, %0 A)—(Vo+1)E, -0 as t— +o0

which contradicts (14.18).
If 0> p,fo1(¥s,, a) then (14.2) gives

éo < X(U( a1 (lllvo, a)> a)+6’ G_('ona (1), a) < éh'
(14.19) and (2.2) yield
60 < X(U(ﬁll(wvw a)9 a)+0+tvos io: a)—vozh < éh’

and Proposition 2.1(iii) (and (2.2)) imply X(t, %,, @)—voE, < &, for all
t > 0(fo1 (Ve @), @)+0+t,,. This contradicts (14.18).

p) Proof of ¢*e{x,: teR}+Z&;:

With n) and o) and X,eBf < By, we obtain

(14.20) G~ W,, a) = X(t,, %, a)—vE, for all veN,
where t,:=0 and t,:=Y 4 ' (6,4, +8) for all veN. By (14.17),
% — vk, = %, —vn  for all veN,.

With (14.20),

- =G (Y,, a) > G~ (Y%, a) = ¢F as v—+oo0.
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Boundedness of the set {%,,_..: vé Ny} and (14.18) imply that the sequence
(ty— V7)ven, 18 bounded, too. We choose a convergent subsequence (£, -y,u).en
with limit, say, t. It follows that

s = lim i(tv.k—v,n) = JEt'—xﬁs'i'lgh-
1> o

q) In case a, < ae 4,5, we infer from part p): y§ = ¢¥ = x,_+ &, for some
t.€R, le Z. Therefore y,, = yi—I,=x,, and y*(t—In,) = x(t+t,) for all
t = —1. In particular, x,e{y{: teR} for all t>t,. This implies

(14.21) {y?: teR} o {x,: teR}
since for t <t, and ve N with t+vr >t,, we have

X, = Xy4ve—VKE, = i —VKE, = y8_ s,  for some feR.
We show
(14.22) x = y(-+1)
where teR satisfies x, = y7: teR with x; = y{ is uniquely determined since
Vo = Xg = Yiw With t* < t** would imply y°(- + (t**—1t*)) = y* on [t*—1, )
so that y* would become (t**—t*)-periodic and bounded on [t*—1, o0), in
contradiction to y*(vm,) = y°*(0)+v¢,— +co for v— +o00. Let veR. Choose
neN with v—n < 0. By (14.21), x,_, = y§ for some teR. It follows that
Xo ='yn-v+7 Therefore n—v+t =t and x, = y2,; = ¥,,. In particular, x(v) =

Yi(v+o).
r) The case a = a,. Part p) gives y° = ¢ = x,_+ I, for some ¢, eR, le Z.
It follows that
Xp+1,H1E = X (v, x, +1&,, ag) =y~  as 0<v—> + 0.

This contradicts x(vr) = x(0)+vk&, — + 00 as v— +o0.
15. Proof of Theorem 13.2(vi.1).

s) Proposition 5.1(v) yields G~ (n®,,, ao)e{xf: teR} = {yi°: teR} for
all n€(0, nol. Clearly G (0, ao) = Oecl {yi°: teR}, and (G~)"'(V,) is an open

Fig. 24



Proof of Theorem 13.2(vi.1) 71

neighborhood of the compact set [0, 7o]° ®,, % {aq} = CxR. There exist
g, >0 and A, such that

(15.1) dist(y, [0, no]* 9,,) <&, and aeA,, imply G~ (Y, a)e V.

Corollary 5.2 allows to choose D> and 4,; with D°xA4,, < E, and
g, Y(t, ¥, a)] <&,/2 for all (¢, y,a)eQ with Y(s, ¥, a)eD?® on [0, f] and
(W, a)e D° x A,,. With Proposition 6.2, we obtain

(152) g, Y(t, ¥, a)l <&,/2
on [0, ¢(y, a)] for all (Y, a)eD’ x A, with 0<p, .

L__,_,_ €, /2 -neighborhood of
\ (0.7,) &

Fig. 25

Choose A,, with
(153) 18, ~1%agl < €,/2  for all ne[0, 1o], a€ Az,

10. 7, @,
(0.7, &,

U
Fig. 26
Recall lim,.,,, y*(t) = £, and choose s > 6 with
(15.4) G —E,, a)eD® (cf. Fig. 27).
t) Recall from part b)
(15.5) 0 < pufor(¥F, ) = P, G(s— S5 @),
(15.6) n, = 0+0(G(s—E&,, a), a),
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in particular for a, < a < sup 4,,. By continuity,
pnG(ys—Ehs a)_’paoG(ygD_Eh’ aD) = pauG(ZSD_Eh: aO) = 0

as a—a,, see part a) and Proposition 11.1 (ii).
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Fig. 27

1

Proposition 6.2 gives o(G(y;—¢&,, a), @)~ + o as a, <a—a,, and we can
choose A4,; with

(15.7) s<0+0(G(ys—&,, a),a) for-all acA,; with a > a,.
Finally, take A4,, so small that

(15.8) eV, for all te[0,s] and aeAd,, with a>a, (cf. Fig. 28),

(159) G(?—§&,, a)eD® for all ae 4, with a>a, (cf. Fig. 29).

times (o> an,y‘")

a-ao

Fig. 28

u) Let aed,, with a > a, be given. Set
¢:= G(.y?—'z-h’ a) = G(X(S‘—H, ygz a)_Eh) a) = G(X(S_B: yg_gh! a): a)

= G(X(s—8, G~ (G(¥i~3, a), a), a))
(with (11.2)). Hence

(15.10) ¥ =Ys—0, G(s—¢,, a), a).
We prove o(G(y;—¢,, a), a) = s—0+a (¥, a):
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Because of o(G(y§—¢&,, a), a) > s—6, we have
0<pY(t, Gys—E,, a),a) <ny®, on [0,s—0],

time

ag(p,.a)
¥ ¥

N

time s - 9< o6l - &, .a), a)

NG

Fig, 29
see Proposition 6.2. For ¢t = s—#0, we get
(15.11) 0<p,V,

see (15.10). With (15.9), we obtain (¢, a)e D3 x A,, = E,. We see that a(¥, a) is
defined, and 0 < p,Y(t, ¥, @) < n,®, on [0, a(y, @), p,Y(t, ¥, a) = 1P, for
t =a(y, a), by Proposition 6.2. It follows that

0 < paY(t, G(yS_Eh) a)! a) < ’70¢a

on [s—0,s—0+0(},a), and p,Y(t, G(s—E, a),a)=n,P, for
t =5—0+0(y, a). The minimality property of ¢ in Proposition 6.2 gives
o(Gs—E,, a), a) =s—0+a(y, a). ,

v) If te[0, a(y, a)] then |Y(t, ¥, a)—n®,,| <&, with some ne[0, n,]:

This follows from (Y, a)e D°>x A4, 0 < p ¥, p, Y (t, ¥, @) = n®, for some
nel0, n,] (see Proposition 6.2, (15.2), (15.3)).

w) Let te[s, n,]. Set t':=t—se[0, oy, a)]. Then

'-Eh = X(tla )’g, a)_Eh = X(tla yg—Eh’ a)'

Using
yi—& = X(s—0, ¥, a-&, =X(s-0, y;-¢,, 0
=G (Y(s—-0, Gys—E&, a), a), a) (recall (11.2))
=G (Y,a) (see (15.10)),
we obtain

_E = X(t, Y=,y ) = X(t, G~ (¥ @), @) = G~ (Y (¢, ¥, ), ).

Part v) and (15.1) give yf —&,eV,.
x) Part w) and (15.8) give y?e V,+Z¢&, on [0, =], for ae 4,4 with a > a,.
With assertion (iv) of Theorem 13.2, we finally obtain y{ e V; + Z¢, for all te R.
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