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Introduction®

In one of their classic papers [21] von Neumann and Murray consider
a class of factors 4 in which the union of an ascending sequence of full
matrix algebras containing the identity is ultraweakly dense; they call
these factors approximately finite. Subsequent terminology preferred the
term “hyperfinite”. The main concern in [21] was the construction of
type II, factors, i.e. infinite-dimensional factors with an everywhere
wltrawealkly continuous trace. Von Neumann and Murray showed that
there was only one such hyperfinite factor A which has the following
simple description: Let P be the set of all bijections of a countably infi-
nite seb N whose fixed point set has-finite complement. For p € P let U,
the unitary operator on 12(N) given by U,(f) =fop™' The 4 is iso-
morphic to the ultraweak closure of the linear span of the U,, p e P.
One notes in passing that there are other infinite-dimensional hyperfinite
factors such as L(H) for an infinite-dimensional Hilbert space; this exam-
ple, of course, has no faithful trace.

A considerably greater variety of O*-algebras arise if, instead of
considering ultraweak closures of unions of matrix algebras one considers
norm closures. The firgt systematic investigation of this set-up appears
to be Gimm’s work [16]. He calls a O*-algebra A with identity wniformly
hyperfinite (or shortly UHF) provided 4 = (| A,)”, where {4,} is an as-
cending sequence of full matrix algebras containing the identity of 4. The
closure is now taken in the operator norm. Glimm shows that UHF-
algebras are simple and gives a complete classification. Several authors
observed that a suitable pro-cyclic group is the most appropriate invariant
for this classification. Dixmier in [12] removes the requirements on the
identity. His extended class of co-called mairoid O*-algebras included the
algebra of compact operators on separable Hilbert space. All matroid
C*-algebras are simple; their clagsification, however, is more involved
than that of UHF-algebras. We mention that one of the interesting appli-
cations of UHT-algebras was Powers’ construction in [22] of a continuum
of non-isomorphic hyperfinite type III factors, thereby settling a long
outstanding question about these factors.

*Research supported by NSTF Grant MCS 7605947.



(G} Introduction

The final gencralization of the idea of approximating C*-algebras
from within by finite-dimensional subalgebras was developed by Bratteli
in a series of papers [7], [8], [9], [10]. Fle defines an almost finite-dimen-
sional C*-algebra A by requiring 4 = ((J4,)”, where {4,} is a sequence
of finite dimensional O*-algebras (and no longer necessarily full matrix
algebras). In the earlier cases the inclusion maps 4, — 4,,,, were compa-
ratively simple due to the simplicity of 4,; now these maps are relatively
complicated. Bratteli successfully overcomes the difficulty by associating
with the sequence of the 4, a combinatorial object which carries virtually
all the necessary information. For the ideal theory of Bratteli’s algebrag
he deduces from his combinatorial invariants a partially ordered set which
iy simpler and which still carries all the information necessary to de-
scribe the ideal theory of the algebra. This aspect of the theory was dis-
cussed. in greater detail by Dooley [13].

One must also refer the reader in this context to a scries of studies
by Behncke and Leptin (and collaborators) on the structure theory of
O*-algebras with finite duals [3], [4], [6], [6]. Beginning with two clement
duals they finally succeed in giving a full characterization of separable
C"-algebras with finite dual space (i.e. space of unitary equivalence classes
of irreducible representations). Their classification also heavily uses devices
from the theory of partially ordered sets. A common super-theory for the
Behncke-Leptin theory and the Bratteli-theory is not yet available;
such a theory would have to concern itself with colimits of (*-algebras
with finite duals, and one i8 entitled to the speculation that combinatorial
and order theoretical devices would have to play a significant role in such
a theory. Oertain generalizations of their original methods are indicated
by Behncke and Leptin in [6].

The purpose of the present exposition is to give a coherent; essentially
self-contained account of the fundamentals of the theory of almost finite-
dimensional O*-algebras, their ideal theory and their spectral theory.
Not everything we present is merely expository. Our definition of an
AFC*-algebra is phrased without separability assumption, and large
portion of the theory, although by no means its entirety is carried through
on this basis. In particular, we are unable to show that in the absence
of separability the almost finite dimensionality property is equivalent
to the hypothesis that every finite subset of the algebra is within e-dis-
tance from gome finite-dimensional subalgebra for arbitrarily small & > 0.
We reprove by different methods, using bundle theovetical techniques,
Bratteli’s key lemma which answers the separable case in the affirma-
tive. We deseribe the ideal theory of the algebra in terms of that of a suit-
ably constructed partially ordered set more systomatically than it was done
in carlier approaches. In particular, we utilize relatively recent lattice
theoretical techniques to setitle in the affirmative a question which remained
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open in this generality: Is every quasicompact T, space with a countable
basis of quasicompact open sets in which all irreducible closed sets are
singleton closures the primitive spectrum of a separable almost-finite
dimensional C*-algebra? Such spaces are called spectral. It was proved
by Bratteli and Dooley that indeed every separable AFC*-algebra had
a quasicompact spectral space as primitive ideal spectrum. Our approach
renders unnecessary certain technical eomplications arising in earlier
discussions (Bratteli’s constructions in [8], [9], [10]; Dooley’s aeyeclic
covers).

We proceed as follows: In Section 1 we give a systematic account
of finite-dimensional C*-algebras and their morphisms; in other words,
we analyse the category of finite-dimensional C*-algebras and show that
it is essentially equivalent to a slightly beefed-up category of rectangular
matrices of non-negative integers. The matrices are the key for the combi-
natorial invariants used in the later characterization of AFRC*-algebras.

In Section 2 we introduce AFO*-algebras, i.e. almost finite dimension-
al C*-algebras, and diseuss basic aspects of equivalent forms of their
definition and some examples, We then introduce the Bratteli-diagram
and show how it carries all the essential information on an AF(0*-algebra.

In Section 3 we establish the important bijection between closed two-
sided ideals and an AFC*-algebra and certain substructures of the asso-
ciated Bratteli diagram.

Section 4 proceeds by introducing what we call an augmented poset
(partially ordered set); every Bratteli diagram (and hence every AFC*-
algebra) gives rise to one of these; conversely, at least every countable
augmented poset of a particular type arises in this fashion (which is enough
to study separable AT'C*-algebras); we do not know whether this converse
holds generally. It is shown that the ideal theory of AFC*-algebras is
that of its augmented poset, where ideals are appropriately introduced
for posets. We prove that the lattice of closed two-sided ideals of an
ATC*-algebra is a complete algebraic Brouwerian lattice.

In Section 5 we turn to the spectral theory of AFC*-algebras. We
identify the prime ideals in an augmented poset and introduce the hull
kernel topology in the spectrum of an augmented poset. From the results
of Section 4 we derive that the space of closed two-sided prime ideals
of an AT'C*-algebra is homeomorphic to the spectrum of its poset; in
the separable case one knows closed prime ideals to be primitive; nothing
tangible appears to be known in this direction in the absence of separa-
bility. Finally we recall some general facts on Brouwecrian algebraic lat-
tices, their duality and their spectral theory. We then show that for every
Brouwerian algebraic latticé L there is an augmented poset whose ideal
lattice is isomorphic to L. This is precisely what is needed to prove that
every speetral quasicompact space occurs as the spectrum of an ATQ*-
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algebra if it is second countable. Given some known facts in the speetral
theory of lattices and the Dauns—Hofmann theorem for C*-algebras,
it is then easy to derive directly Bratteli’s theorem saying that every
commutative separable 0*-algebra is the center of some separable ATC"-
algebra.

We test our methods by answering a quostion posed Dy Leptin to
everyone who has worked in the area to probe the strength of available
methods. Suppose that two separable ATFC*-algebras have equivalent
spectra consisting of an ascending sequence of primitive ideals and & uni-
que maximal ideal; do these algebras have to be isomorphic? On the
basis of a result of Bratteli’s it is in fact possible to answor this question
in the nogative on the level of the associated augmented posets. Uncount-
ably many non-isomorphic AFC*-algebras allow such a speetrum and
a full classification of them is nowhere in sight even after our obscrvations
in this direction.

After our manuscript was completed a paper by G. A. Elliot appear-
ed in print [26] in which a new invariant is introduced for an inductive
limit of a sequence of semisimple finite-dimensional algebras over any
algebraically closed field of scalars, the invariant being a partial algebra
with a partially defined commutative and associative operation. We
might point out in this context that the invariant “augmented poset” which
we treat in the present disenssion also applies to thoe situation of inductive
limits of finite-dimensional separable algebras over an algebraically closed
field.

Our notes developed from & seminar on C*-algebras at Tulane Uni-
versity during 1974-1975. We gratefully acknowledge the participation
of M. Dupré and J. R. Liukkonen.

1. Finite-dimensional C*-algebras

The objects

1.1. NoTATIioN. We denote by F'Cj the category of finite-dimensional
O*-algebras and *-preserving morphisms, and by FC* the subecategory
of finite-dimensional *-algebras (which automatically have an identity!)
and identity preserving morphisms. Finite-dimensional (*-algebras will
also be called FC*-algebras.

We regard some standard facts which essontially are due to the
semisimplicity of all 0*-algebras as applied to the finific-dimensional case.

1.2. PROPOSITION. (i) Let A be an FC*-algebra. Then for every (lwo-
sided) ideal I there is a unigue annihilator ideal I+ such that 4 = I@®It
(with the C*-product written as an internal direct sum; specifically: the func-
tion IxI+ — A given by (z,y)— o+y is a C*-isomorphism).
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(ii) Let Id(A) be the lattice of two-sided ideals of A, further Min A and
Max A the subsets of manimal, respectively mazimal elements in Id(A).
Then the function X — @X: 2" . Td 4 is an isomorphism of Boolean
algebras. In particular, I+ I': Min A —~ Max A is a bijection. Since every
primitive ideal is mawimal for an FO*-algebra, we have PrimAd = Max A.
Moreover, any irreducible representation is determined by its kernel; lience
SpecA = Prim 4.

(iii) An ddeal I eId A is simple iff I e MinA. A FO*-algebra A is
simple iff it is isomorphic to a C*-algebra M, of all complez n X n matrices.
It is, therefore, uniquely determined up to isomorphy by n = deg A such
that dim A = n®. As a consequence, any FO"-algebra A is, up to isomorphy,
uniquely determined by the function deg: MinAd - N = {1,2,...}. m

Tor an arbitrary F(*-algebra we write degAd = ) {degI: I e MinA}.
The morphisms

We now have to discuss background information on the morphisms
of FO* Since in the process we have to allow for zero morphisms, we are
foreced to leave the category FC* and to disecuss FO;-morphisms in general.

1.3. DerFINTTION. Let 4 € obFC*. For each ideal 7 of 4 we write
pry: A —1TI for the unique projection onto I with kernel I+. Then
pr; e morph FO*. For the embedding I — A write copr;; note that copry
is always in FC;, but is in FC* if and only if I = 4. m

1.4. REMARK. Ifp: A - Bisan FOZ’-morphz’sm, then ¢ = 2 {copr; prye:
I eMinB} in the sense that p(a)= D {pr;p(a): I e MinB} for all ac A.

If we let e, = @(ex), where ex is the identity of K e Min A, then eger,
= (0gz)er, ond imp = @{exp(d)ey: K e MinAd} and ¢ = D {pCOPT Pk :
K eMinA} in the sense that p(a) is the orthogonal sum of the p(prga),
KeMnd. m

Note that normally a sum of FO;-morphisms will at best be an involu-
tion preserving linear operator, but not in general an algebra map.

1.5. DEFINITION. If : A — B is in FC}, we associate with ¢ & matrix
8(9) = (Pr) iz, M xmina 0F FOP-morphisms gz K —J between sim-
ple FC*-objects given by

(1) ®Prx = DIypcoprgy, XK eMind, IeMinbB.

This matrix S(p) will be called the matriz associated with ¢. m
The following remark is then immediate from 1.4:

1.6. REMARK. (1) (ime;y)(ime,.) = {0} for K # L in MinA4.
(2) p = Y {copr;pprr: (I, K) e MinB x Min 4},
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Thus @ S(p) is a bijective correspondence between FCG(A, B) and
the set of Min B X Min A-matrices of morphisms ¢rp: K — I satisfying (1). m

We now express various properties of morphisms in terms of their
associated matrices.

1.7. ProposITION. Let p: A — B be a FO*-morphism.

(i) @isinjective iff for each K € Min A there is @ J € Min B with ¢z 7 0
(1.e. if the associated matriz has no zero -colwmns).

(il) ime 28 not contained in a proper ideal of B iff for each J € MinB
there is ¢ K e Min 4 with @y # 0 (i.e. iff the associated matrizc has no
zero rows). If @ is a FO*-morphism, this is always the case.

Proof. (i) ¢ is injective iff kerp = 0 iff ker(pcoprg) =0 for
all X e Min4 iff for each I e Mind there iy a J e MinB with ¢;, =
pr;@ coprgy # 0.

(ii) ime is contained in a proper ideal I of B iff there i3 some J € Min B
with pryimp =0, i.e. with pryp = 0 iff there is a J € MinB such that
for all K e MinA4 one has g = prypcopry = 0.

We have seen that morphisms can be completely described in terms
of morphisms between simple FO*-algebras. It remains to characterize
these.

Recall that any simple FO*-algebra A is of the form I (H) with. a finite-
dimensional Hilbert space H with dim H = degd. If e € 4 is a projection,
then eAe is identified with L(eH), hence is simple.

1.8. PROPOSITION. Let p: A — B be an FOy-morphism between simple
objects. Let ¢ € B be the projection ¢(1). Then ¢ decomposes into the compo-
sition

A5 eBe 5B with the indlusion Jee

The map ¢ is 0 iff e = 0 4ff @ s not injective. We have p € morphFC* iff
e = 1. Suppose ¢ #= 0. Then §: A — eBe is an FOQ"-isomelry onto the image
o (4). If eBe is identified with L(H), then H decomposes into a uniguely
determined Hilbert space sum H,@® ... @ H,, such that each I, is p(A) invar-
tant and p(A)|H,= L(H,) = A;in particular, Aim H, = dog A for all k. One
deduces that the commutant p(A) in eBe is simple and isomorphic to L(O™)
so that p(4A) @w(4)’ is isomorphic to eBe under the map sending @y to xy,
and that every minimal projection in p(A) has rank m. The unique natural
number m is called the “multiplicity” of @, and is written multp. We set
multey =0 if ¢ = 0. One has

(1) degeBe = multpdeg A < degB.
In particular, if ¢ € morphFC*, then

(1) degB = multpdegd. m
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If g, ¢': A— B are FCj-morphisms between simple objects and ¢, ¢’
have the same multiplicity, then there ig an automorphism S of B such that

4—2 B
| !
A—L—>_§

commutes, i.e. fp = ¢’ holds. Recall that an automorphism 4 of a simple
FC*-algebra is an inner automorphism effected by some unitary element
% € B according to f(b) = wbu* for b € B. For any unital (*-algebra B
the funetion > (b wbw*) is a homomorphism from the unitary group
of B into the automorphism group of B whose kernel ig the center of the
unitary group (i.e. the scalar multiplications by &7, € R). In place of fp
we write %-p. Thus (u'p)(a) = up(a)u'. We say that two morphisms
@, p: A— B are equivalent and write ¢ ~ y iff there is a unitary v € B
with y = u-p. Evidently, ~ is an equivalence relation. If g: B—C
iy a morphism, then g(u: @) = o(u) . It follows that ~ is a congruence
relation on the categories F'C] and FC*; this means that y: B— 4,
@,w: A—-B, g: B—(C and ¢ ~yp implies ¢y ~ wy and gp ~ gy. We
denote by FO* and FC* the quotient categories (whose objects are
those of FJ} and FC}, respectively, and whose morphismg are the equi-
valence classes of morphisms with the obvious law of composition).

The multiplicity of a morphism between two simple objects uniquely
determines the equivalence class of this morphism.

1.9. ProrosITION. Let A 5 B 5 C be FO}-morphisms with A and C
simple. Then

(1) multpy = ) {multpy;mulby,,: J e MinB}.

Prooi. Step (i). We may assume w.l.g. that ¢ is injective: Indeed,
let P = kerp. Let v' = prpy and ¢’ = pcoprp. Then pp =o'y’ with ¢
injective, and @g; = pcopr; = 0 for J € MinP. It therefore suffices to
prove the formula for ¢" and ¢’ in place of ¢ and ».

Step (ii). We may assume w.l.g. that  is injective: If not then y is 0
since A is simple and so the formula is correct in this case.

Step (iii). We may assume that ¢, p e morph FC*: replace B by B,
= p(1)By(1), further ¢ by O, = pp(1)0pyp(1), and finally, v and ¢ by
the restrictions and corestrictions ¢, = ¢: A - B and v, = y|B,: B; - C,.

From now on we may assume 1ed < B = C with ¢ and » being
inclusions. For each J € Min B let ¢; be the identity of J and C; = ¢,C¢;;
then J = €, and 0 is simple (since pL(H)p = L(pH) for a projection p
on the Hilbert space H). Notice that ¢y S is the corestriction of pcopr; = @gy
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to C,, whence multes,; = multey,. Now we use 1.8.(1') and observe

(a) degJ = multy;, degAd for all J € MinB.

(b) degC; = multpy;degJ for all J € MinC.

(¢) >'{degC;: J eMinB} = degC = multpypdeg 4.

If we substitule (a) in (b) and sum over J € Min B, and divide the
resulting equation by deg 4, we obtain

(¢') 3 {degCy;: J eMinB} = } {multpy,multy,,: J e MinB}.

Comparison of (¢) and (¢’) yields the desired result (1). m

1.10. COROLLARY. Let A > B = C be two FCl-morphisms. Then for
each (I, K) e Min0 x Min A we have

(8) mult(pyp)y, = 3 {multe,,multy,,: J e MinB},

Proof. 1.5 and 1.9. m

Before we proceed we establish the following lemmas which we will
use in Section 3, but which belong to the present context.

1.11. ImvmA. Let 1e A = B in FO" with the inclusion morphism
p: A— B. If I is a two-sided ideal in B, and if IC € MIN B, then we have
the following two Sstatements:

(V) If K =I and mulbp,p # 0 for X' e MinB, then K' < 1.

(2) If K’ = I for all ' € Min B with multey # 0, then K < I.

Proof. First we note that we have I =) {K'eMinB: K’ < I}.
In particular, if prge. is the projection of B onto K', then INnIK’ 7 {0}
iff ' I iff prI # {0}. Now we prove (1): If multpg, # 0, then
{0} # @rg(K) = prg, K, and if K < I, then pr.I # {0}, whence K’ = I
after the preceding remark.

Proof of (2). We have multpy.r # 0 precisely when prg K 3 {0}.
If &' c I for all of these K' € Min B, then prp. K < I for all K’ € MinB,
which implies X = 1. =

1.12. LEMMA. Let 1€ 4 = B in FC* wilth the inclusion morphism
p: A—-B. Let Y(A) = MinAd and Y(B) = MinB be¢ subsets such that

(1) If KeY(A) and mulbpg, # 0, then K’ e Y(B).

(2) If K" e Y(B) for all K’ € Min B with multe,.,. # 0, then K € ¥ (4).

Set I = J{K'eY(B)); then N{K: I eY(4A) =1Ind.

Proof. By (1) and (2) we know that I € Y (4) iff for all ' e MinB
with multprg., # 0 one has K' e Y (B). But multpg,. = 0 is equivalent
to pri. K # {0}. Similarly to the proof of (2) in 1.11 we conclude that
for these K’ one has pr,. X = K' < I, and for all other K’ one concludes
pre. K = {0} = I, thus I = I. Conversely, if K < I, then prg. K s {0}
precisely for the K’ e Y (B). Thus we have K e ¥ (4) itf K < I which
is equivalent to the assertion. m



The matrix caleunlus 13

The matrix calculus

At this point we depart momentarily from O*-algebras and survey
the algebra of matrix calculus. We recall that the set of all m X n matrices
over any semiring I form a category. Spocifically:

1.13. DEFINITION. Let I be a semiring (i.e. an algebra with an abelian
addition which is a monoid with identity 0 and a multiplication relative
to which is a monoid with identity 1, and in which both distributive laws
hold). Then the following definitions yield a small category M,(R):

(i) obMy(R) = {R, R R?, ...},

(i) morphM,(R) = {(Vila)zr;:lf...,fg: myn =1,2,...,7; R}

The elements of My(R)(E", R™) are precisely the m xn matrices,
and compogition of morphismeg is matrix multiplication. We call M (R)
the special matriz category over B, m

It is more convenient for our purposes to replace it by an equivalent
category M (R) which is no longer small (and of which I (R) is a skeleton):

1.14. Lemma, Let R De a semiring; then the following definition yields
a category:

(i) obM(R) = R*: X a finite set,

(ii) morph M (BR) = {(*)myexxr: X, X finile sels, 7, e R}.

The elements of M(R)(RT,RX) are precisely the X x X-matrices,
and composition of morphisms is matriov multiplication. m

The category M (R) will be called the matriz category over E. m

‘We note that the emphasis in these matrix categories rests on the
morphisms, i.e. the matrices, whereas the objects play a subordinate role
as the more or loss natural domains and codomains of matrices when
these are considered as morphisms. This emphasis becomes particularly
apparent if one considers functors from a given ocategory into a matrix
category; practically all information is carried by the assignment of matri-
ces to morphismg of the domain category. The ancillary role of the objects
in such situations is well illustrated in the main application of matrix
categories in our present context which we now proceed to present. Later
(1.14) we will discuss a modification of the concept of a maftrix category
which is a bit more technical, but has actual advantages for our present
application.

Recall that a functor is called representative if every object in its
codomain category is isomorphic to an image object. The following theorem
will be crucial in all that follows.

1.15. TErorREM. Let Z* be the semiring of non-negative inlegers. We
define a function M: FC; — M(Z*) by

M(A) = (Z*)M=24  for A eobFC;
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and by
M (p) = (mulbp; x)s, k)eMinB«Mina for  @: A—B

in morphFC]. Then we have the following conclusions:
(I) M is a representative functor.
(II) For A cobFC* let A denote the column matriv (degI)an, 4.
Then for each ¢: A — B in FC* we have
(1) B = M(p)A.

(IIX) If A, B € obTC* and if D is a matriz in M(Z*)(M(A), M(B))
with A = DB, then there is a p: A — B in FC* with M(p) = D.

(IV) If @,y: A—~B are FCy-morphisms with M(p) = M(vp), then
P~y

(V) If ¢ is an TC*-morphism, then M (p) has no zero row. An FC;-
morphism ¢ is injective iff M (p) has no zero column.

Proof. (I) The fact that M is a functor follows form 1.10. The func-
tor M is representative: Indeed, let (Z*)* be an object in M (Z*); find any
object A of F(O* so that X and Mind have the same cardinality. Then
M(A) =~ (Z+)%,

(II) We have to show that degJ = D {multg;r degK: K € Min A}
for all J eMinB, provided that ¢ preserves identities: For K € MinA
let e be the identity of K and set é¢x = pryp(ex) = prypcopry(ex)
=g r(6g); define Jy= exJer. If K + I in Min 4, then e;e, = 0, hence
ez ey, = Pry(eger) =0, and 1 = D{ex: K eMind} implies > {ex: K e
MinAd} = pryp(1) =1 since ¢ and pr, are in FC* It follows that

(a) degd = )'{degdx: K e Min4}.
But
(b) degd z = multp;rdegK  for all K € Min 4

by 1.8 (1'), for if p;z % 0, then its corestriction p;z: K — J is in FC*
and if gy = 0, then both multp,;z = 0 and J,, = 0. The assertion follows
from (a) and (b).

(III) Suppose that D = (dsx)y,x)emimpxmms 18 & matrix  such
that

(1) degd = D' {d;r degK: K eMinA} for all J e MinB.

By 1.3, we have to find a matrix (p;x)umemmsxmmmg With
(imerg)(imepyz) =0 for K # L in Min(4) and with multe,z = d;x.

Now fix J e MinB. Since degd = D {d;deg): I e MinA4} wo may
decompose the identity f of J as f = }'{eg: K eMinA} with orthogonal
projections ex of rank d;, degX. Then we may define @,x: K — egdey
to be 0 if d;z, hence eg is zero, and to be injective of multiplicity d,
otherwise, since X and ezJer are both simple hence K = L(C¥*X) and
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exJex = L(O®WJEY*¥X). Let gt K—J De the coextonsion of @,z The
matrix (‘PJK)(J,K)eMianMinA is the TOquil‘Gd one.

(IV) Suppose M(p) = M (y) for two FOj-morphisms ¢,y: 4 > B.
This means that

(a) wulte,r = mulby;e, @,y K—>dJ
for all J eMinB, K eMinA.

Suppose momentarily that we find a unitary element u; of J such
that w; prye = pryy,; then we are finished, sincep = >'pr,;p, v = Spr,¢
and we may define the unitary element % componentwise by %, on J.
We thus may assume that B is simple and M (p) and M (p) consist of a single
row. For cach K e Min A let ey, respectively, fr be the image in B of the
identity of K under ¢, respectively y. Then ¢ = ) ez, resp. f = Yz is
the image of the identity 1 of 4 under ¢ and v, respectively. We then
have rankez = degeg Beg = multpprdeg A = multypyx degd = degfzBfx
= rankfy. By the remarks following 1.8 we find an isometry fz: exBeg
— fg Bfg With Bropr = wpg. Since the ¢x as well as the f are orthogonal
there is a unitary element u of B such that b~ ubu* induces on ez Beg
the isomorphism Bz onto fxBfx. (The most concrete way to verify these
assertions is to identify B with L (H) for some Hilbert space H of dimension
deg B.) Now ey (resp. fx) is an orthogonal projection onto a rank ez = rank fi
dimensional subspace Hy (resp. Hy), and f, is given by conjugation with
an isometry wz: Hy— Hz. Since the Hy (resp. the Ky) are orthogonal,
there is a unitary operator # on H which induces u;, on Hyx. Now

v = D {wprPrr: K e Mind} = D' {ug ppgpre: K € Min B}
= Z{u.quKer: K EMiIlB} = U .

(V) follows from 1.7. m

‘We observe that property (III) describes to which extent the functor M
is surjective on morphisms and (IV) says that M induces a faithful functor
on Fﬁ{,“ and Fé*, i.e. the matrix associated with a morphism character-
izes it up to equivalence. We finally note that (II) and (III) have an FC;
counterpart. Each (Z*)" has a natural partial order which is given by p < ¢
iff there is a w with ¢ = p +w. With this partial order we have

(IX,) For each ¢: A — B in T0; we have
(1) M(p)A < B.
(IIT,) If D s a matrio in M(Z*) (M (A), M(B)) with DB < 4, then
there is a p: A ~ B in FOy with M (p) = D.
The proof of (IT,) uses 1.8. (1) in place of 1.8 (1’), and the proof given

for (III) works for (IIL,). Note that the relation B = M (p)4 for an FCj-
morphism ¢: A~ B implies ¢ e morphFC*.



16 1. PMinite-dimensional O*-algebrus

For the purposes of describing FC* and its morphisms, Theorem 1.15
is perfectly adequate. From the functorial point of view a slight variation
of the same theme is a bit more satisfactory. Let us make the following
general observation:

If M(R) is the matrix category over a Semiring, we may produce
a new category I (R) as follows:

(i) The objects of M (R) are thoe elements of RX with non-zero compo-
nents (considered as column matriecs), where X is any finite set; the mor-
phisms of M (R) are triples (¢, D, y) with objects #}y and a matrix D
over I such that y = Dx; the domain of (»,D,y) is ¥, the codomain
is #. Two morphisms (z, D, y) and (z', D', y") compose iff y = &', and
then (2, D, 4)(y, D', y') = (@, DD’, y). We call M (R) the localized matris
category over R. There is a functor P = Pp: M(R)— M(R) given by
P(z) = R%, where € R* and P(», D, y) = D; then P is a faithful and
representative functor which. is clearly not full. We apply this, in partic-
ular, to the case R = Z™* and factor the functor 27 of 1.10 through P = P, ;:

1.16. PROPOSITION. Define a function M: FC*— M (Z*) by M (4)
=Adec(Z*™M (the column matriz (degK)gammy) and I (classe)
= (B, M(p), A) for a morphism p: A — B. Then

(i) the functor M establishes an equivalence from FG* onto the localized
maitriz category over ZT,

(ii) the following diagram commutes

T O* quotient fnunator - T O.,.

AM =|M

M(Z+) < o M(ZY).

Proof. The proof is clear from Theorem 1.15 and the preceding
remarks. m

The graphic representation

We have seen that the localized matrix category over Z* completely
describes the category of finite-dimensional (*-algebras with identity (up
to equivalence of morphisms). What remains to be done is to introduce

a convenient graphical way to represent morphisms in FC* (ie. in I (Z1)).

A morphism
o, Y1 .
’ (djlc)j=1,...,nn : in M(Z+)
,, k=1,...,n yn
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is represented by a weighted graph with m 4-# vertices preferably depicted
in two layers, one layer containing m and the other n vertices. The verti-
ces are indexed by j =1,...,mand k =1,...,n and carry weights =,
resp. ¥,. The vertex j is connected with a vertex ¥ by an edge of multi-
plicity d;, (and multiplicity 0 means the absence of an edge).

N A

By 1.156 (V), every one of the lower (j-vertices) is connected with at
least one of the upper (k-vertices), and if the matrix D = (d;;) represents
an injective morphism of F(¥ then every one of the upper (k-indices)
is connected with at least one of the lower ( g-md_wes)

Furthermore, the weight o; is equal to 2 /AT Olemly, every

morphism of ¥ (Z*) and hence every morphism of FO"' is descnbed in an
essentially unigque fashion by precisely one of the weighted graphs with
the properties described above.

Matrix units

We return to 0*-algebras and conclude the seetion with an appendix
in which we record the definition of a set of matrix units of a (finite-dimen-
sional) C*-algebra.

Wo consider first a finite-dimensional C*-algebra A. Then 4
= @Min 4. Each I € Min 4 is isomorphic to a matrix algebra M, over C.
Let uy, € I be the clement corresponding to the matrix with a 1 in the
first column and %th row and zeros elsewhere. Then the family

{wp: IeMind, 0<k<»(I)}

is a set of matrix units for A. We can generalize this situation to apply
to arbitrary C*-algebras with identity:

1.17. DEriniTION. Let A Dbe a C*-algebra with identity, and leb
r: {1,...,m}—> N be a function. Then a set of mairiw uniis (of type r)
is a family {u,ed: 1<i<n, 1<k<r(i)} such that the following
conditions arc satisfied:

(1) Rach wu,, is a partial isometry (i.e.a, %y, is a projection).

2 — Dissertationes Mathematicae 174
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Z{ui,cu}“,,' i< 1K<k<r()} =1.
(3) Whtty = Oy Oy for a,ll Ty, Ky L.
Note that in particular u,; is a projection for all 4 =1,...,% m
The subalgebra generated by such a set of matrix units in 4 is iso-
morphic to M iy, @...®M,,,. One should remark that often the family
of elements {ujug: 1<i<n, 1<J, k< r(4)} are also called matriw units;
these evidently can be recovered from the family we introduced in 1.13.

2. Almeost finite-dimensional ¢*-algehras

The definitions

Let C; be the category of O™-algebras and C* the subeategory of
C*-algebras with identity and identity preserving morphisms.

2.1, PrOPOSITION. Let A be a C*-algebra. Then the following statements
(1) and (2) are equivaleni:

(1) There is a direct sysiem {A;; fir ,J, b ed} fy: Ay — A; of finite-
dimensional 0*-algebras and A is (isomorphic to) the colimit of this system
in the category of O*-algebras.

(2) A contains an upwards direcled family {A;: j e J} of finite dimen-
sional subalgebras such that \_) {4;: j € J} is dense in A.

These statements imply

(3) For every finite subset F of A and every £ > 0 there is an injective
Junction 1: F'— A and a finite dimensional subalgebra B = B(F, ¢) such
that 1(F) < B and [t(a)—al < & for all aeD.

Proof. (1)=(2): If a dircet system {d;: f,j, kb eJ} is given for
& dnccted set J and ﬁ A = colim 4; with colimit maps f;: 4; - 4, then
{fi(4,): jedJ} is an upward dn'ected family of finite-dimensional sub-
algebra,s Let B be the closure of the union of this family. If fj: 4;—+ B
denotes the corestriction of f, then by the colimit property there is & unique
morphism ¢: A — B with f; = ¢f;forall j e J. If y: B — 4 is the inclusion,
then the following infinite diagram commutes:

/

5 _

TT——

By the uniqueness property of the colimit it follows that yp = id,4. Thus ¢
i3 surjective, i.e. B = 4.

g

A

P

-
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(2) =(3) is trivial.

(2) =(1) will be proved by the following slightly more general lemma:

2.2. LovmMA. If A is a C*-algebra and {A;: j e I} an up-directed family
of C*-subalgebras such that \_J A, is dense in A, then A = colim 4, (relative
to the system of imclusion maps).

Proof. Let f,: A)— A;be the inclusion if & < j. We definef;: 4, + A4
to be the inclusion and show that 4 = colim4;. Let B be a O*-algebra
and g;: A;—~ B a family of ¢*-morphisms such that g;f;, = g, for &k <j,
i.e. g;l4; = g,- We then have a unique involutive linear map g: (J {4;:
j € J} — B such that g|d; = g;. Since all g, are contractions as C*-mor-
phisms, ¢ is a contraction. Hence it extends uniquely to a O*-morphism
g: A— B with ¢gf; =gl4; =g;.

2.3. DEFINITION. A C*-algebra A is called almost finite-dimensional
or an AT'C;-algebra iff it satisfies the equivalent conditions of (1) and (2)
of 2.1. It is called an AFC*-algebra if in addition it has an identity. The full
subcategory in C; of AFC;-algebras is called ATC). The subecategory
of AFC;-objects with identity preserving morphisms is called AFC"
A C*-algebra is weakly almost finite-dimensional iff it satisfies (3) of 2.1 and
a weak AFC*-algebra if, in addition, it has an identity.

2.4. PROPOSITION. Let A be an AFC*-algebra. Then the following
statements are equivalent:

(1) A isseparable.

(2) There is a sequence of finite-dimensional subalgebras A, = A, =
with 4 =J{4,: neN}".

Proof. (2)=(1) is trivial.

(1)=(2): Let D = {a,, a,, ...} be a countable dense subset of 4 and
{4;: j e J} an up-directed family of finite-dimensional subalgebras with
dense union. We define a sequence j(n) e J as follows: Pick j(1) so that
dist (@, , 4;q)) < 1/2. Suppose that j(1),...,j(n) is an increasing set of
indices such that dist(ay, 4;,))<1/m, for k =1,...,n Now pick an
index j'edJ such that dist(a,, 4;) <1/n+1 for ¥ =1,...,2+1 and
pick j(n+1) arbitrarily above j(n) and j'. In this fashion we obtain an
ascending sequence B, = Ay, of subalgebras such that () {B,: n e N}~
contains D, hence 4. m

In the separable case, the situation was further clarified by Bratteli [7].

2.5. PROPOSITION. Let A be a separable C*-algebra. Then A is an
ATRC;-algebra iff it satisfies condition (3) of 2.1.

The proof we are now going to present is different from that of Bratt-
eli. We use the concept of a Banach space bundle with variable fibers
and a simple bundle theoretical lemma due to Fell. A Banach space bundle
is a continuous open surjective function p: F— B such that all fibers
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B, = p~'(x) are Banach spaces in the induced topology and that the
following conditions are satisfied: (1) Addition is a continuous function
Ex 3B — H (where BX 3B = {(z,y) e I X B: p() = p(y)} is the pull-
back over B); (2) sealar multiplication C x B — H i3 a continuous func-
tion; (3) the zero section w— O(x): B~ T is continuous; (4) the norm
z+> |w||: B— R* is continuous; (5) through each point » € / there is a
local section s: U >, s (p(z)) = w, U open in B containing p(x), and »
has arbitrarily small neighborhoods of the form {yeB: p(y) eV,
lly—s(p@))|| < &}, ¥ open in T containing @, 0 < e. The definition of a 0"
algebra bundle is now clear.

We recall the definition of matrix units in a (™-algebra given in 1.17
and are ready for the formulation of

Terr’s LeMMA. Let p: B — B be a O%-algebra bundle and let {uy,:
1<i<n 1<k<r()} be a set of matrim units of type v in the fiber I,
= p~ (). Then there is a neighborhood U of p(w) in B and there are bounded
continuous sections Py: U—H, L<i<n, 1 <k<<r(t) such that

(i) Bul@) = uy, for all i and .
p 1) {Bp@): 1<<i<n, 1<k r(E)} is a set of matriz units in I,
Jor ye U.

Moreover, if {Bi: L<i<n, 1< k< (i)} is another such set of local
sections defined on an open netghborhood U’ of ®, then there is an open neigh-
borhood W of w in UNU’ and a local seolion y: W — I such that

(1) y{2) =1,

(i) v(y) 48 unitary for all y € W,

(i) ¥ ()" B9 (¥) = Bu(v).

Proof. The first assertion is just a restatement of Fell’s lemina.
To show the second assertion, let {eij(y): 1<<ign; 1<j<<r(4)} be the
final projection of B;(y) for y € UL U’. The e, are of course a set of local
sections defined on the neighborhood UnU’ of ». Similarly let e;(y)
be the final projoction of f,(y). By Fell’s lemma there is a set of local
sections {u;: 1< %< n} on some neighborhood V = UNU’ of » with the
properties

() u;(2) = u;(®);

(b) u;(y) is a partial isometry in 7, with initial projection e, (¥)
and final projection e;(y).

Now »u(y) = Bu(¥) w:(y) B (y) is a partial isometry with initial
projection e, (y) and final projection e, (y). As the sum of partial iso-
metries with orthogonal initial and orthogonal final projections is itself a
partial isometry, it follows that y (y) = D)y, (¥) is a partial isometry. Con-

ik

dition (ii) of Definition 1.13 assures that p(y) is in fact unitary.



The definitions 21

Now

y(@) = Zﬂék(m)m(m)ﬂ:“k(w) Z Ui Uiy Ui

Tl
2 u’iku:la =1
by (ii) of 1.13.
Also if yeV,

B () ¥ (@) = B va®) = yu(¥) B @)y (¥) P (3),

so that »(y)" Bu(¥)y(¥) = By (y). m

We will use Fell’'s Lemma in the proof of the following result:

2.6. PROPOSITION. Let A be a weak AFC*-algebra with identity. Let B
be a finite-dimensional subalgebra, ¢ > 0 and t € A. Then there is a fimite-
dimensional subalgebra C containing B such that |t—C| < s.

Proof. For each 7, let T™ be the trivial bundle p,: 4"x 4 — A and
let B™ be the subbundle of T™ consisting of (£, #) such that z is in the O*-
algebra gencrated by & and 1. It is straightforward to verify that B"
is a O*-bundle.

Now let {uy: 1<i<n; 1<k<r(¢)} be a system of matrix units
which generates the (*-algebra B. Let 2, = ({ug: 1 <i<n; 1< k< r(3),
1) € A", where ¢ is the degree of B. By Fell’s lemma there is a neigh-
borhood U of z, in A%"! and a family {8} of local cross sections of B!
on U such that () = uy. Let {f;} be global cross sections of the
bundle 77! which are identically u,,. By the second part of Fell’s lemma
there is a neighborhood V of x, in 79*' and a local cross section on V
consisting of unitary elements such that

YWY gy (y) = )" B (@) y(¥) = Buly).

Now approximate finiteness of A implies that for each ¢, {y € 49: Bf
is finite dimensional} is denge in A% On the other hand, by continuity
of y thereis a y € ¥ such that (i) [ly —ll < €/2, (i) lly () — 1]l < 3e (X + [lel+
+¢), (ili) B&*! is finite dimensional.

(i) implies [lf—BL*!) < £/2. As

Uy = ¥ (¥) B ()Y (¥)s
ti follows that B < y(y) BL'y*(y) and clearly
lE—y @) BFF i <e. m

The following now streng thens Proposition 2.4 and proves Propo-
ssition. 2.5:

2.7. CoroLLARY. Let A be a separable OF-algebra. Then the following
tatements are equivalent:

(1) A 8 a weak ATC*-algebra;
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(2) There is a sequence of finite-dimensional subalgebras A, = A,
with A = {d,: n=1,2,...}7;
(3) A is an AFC"-algebra.
Proof. (2)=(3) is trivial and by 1.2 we have (3)=(1).
In order to prove (1) = (2) we let {x;} be dense in 4. By Proposition 2.6
applied inductively, there is an increasing sequence of finite-dimensional
(*-subalgebras of A such that |z, —A4,[|<1/n. =
We do not understand the situation in the absence of separability.
9.8. REMARK. Let A be an Oi-algebra and A the algebra obtained by
adjoining an identity, Then A is an ATC™-algebra if A is an AT'C}-algebra.
Proof. Straightforward. =
After this remark it is no great loss to assume that we operate in AFQ*,

In

Examples

In order to become familiar with the concept of almost finite-dimen-
sional O*-algebras we consider the abelian casc. We first note a simple
lemma whose proof we leave to the reader (as an easy application of Gel-
fand-Naimark duality):

2.9. LEMMA. Let X be a compact Hausdorff space. Then a subalgebra A
of 0(X) is finite dimensional if and only if there is a finite cover of X by
compact open sets Uy, ..., U, such that the functions of A are constant on
eaoh U,. m

Since the collection of all finite compact open covers of X is directed
w.r.t. the relation of refinement of covers, we have the following remark
ag an immediate consequence, using the theorem of Gelfand and Naimark
on commutative C”-algebras:

2.10. PROPOSITION. In any commuiative C"-algebra A with identity
the family F(4) of finite-dimensional subalgebras is up-directed w.r.t.
inclusion. m

For the next step recall that a function on a topological space is
locally constant iff the inverse image of each range point is open.

2.11. CorOLLARY. If X is a compact Hausdorff space and L = O(X)
the subalgebra of all locally constant functions, then L is the smallest closed
subalgebra containing all finite-dimensional subalgebras.

Proof. By Lemma 2.9 and Proposition 2.10, L is the union of all
finite-dimensional subalgebras, whence the assertion. m

The following result then is a parallel to 2.5:

2.12. PROPOSITION. Let A be a commutative O*-algebra with identily.
Then the three conditions of 2.1 are equivalent.

Proof. We may assume 4 = 0(X). We have to show that 2.1 (3)
implies 2.1 (2). Now if condition 2.1 (3) is satisfied, then every function
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of C(X) can be uniformly approximated by locally constant functions in
view of Lemma 2.9. Hence A = L (with I as in 2.11). Hence 2.1 (2) follows
and 2.11. m

This allows the following characterization of commutative AFC*-
algebras:

2.13. PROPOSITION. The category ARCY, of commutative almost finite
dimensional C*-algebras with identity and identity preserving maps is dubl
to the category of Boolean spaces (compact zero-dimensional spaces).

The fumctors implementing the duality are Spec: ATCE, — Boole,
Specd = 0*(4,C) (with the wealk*-topology) and C: Boole — ARC,,,
C(X) = Top(X, O) (with the pointwise operation and sup-norm.)

Proof. By the theorem of Gelfand and Naimark on commutative
C*-algebras the functors Spec: Cy, — Oomp and Comp — CF, implement
a duality. By 2.10, the full subeategory of Comp which under this dnality
corresponds to the full subeategory ATC), in C%, is that of all compact
spaces X which are profinite, i.c. are projective limits of an inverse system
of finite discrete spaces and (surjective) continuous maps. These spaces
are precisely the Boolean spaces. m

Note that the separable algebras among C},-algebras are character-
ized by the fact that their spectrum is a separable Boolean space.

Let us also consider a typical non-abelian example:

2.14. ExAvPLE. Let H be a Hilbert space and A = LCO(H) the
C*-algebra of compact operators. Then 4 is an AFC;-algebra.

Proof. Ifor each orthogonal projection e of H of finite rank we obtain
a finite-dimensional subalgebra ede whose degree is the rank of e. Con-
versely, every finite-dimensional subalgebra B of A is of the form eAe with
the identity e of B. The finite rank orthogonal projections form a (modular)
lattice isomorphic to the lattice of finite-dimensional subspaces. If e < f,
then ede < fAf. Thus the family of all {ede: ¢ a finite rank projection
of H} is the collection % (A) of all finite-dimensional subalgebras and is
upwards directed. Moreover, overy hermitian compact operator can be
approximated by a finite rank hermitian operator. It follows that ( U&F(4))”
is denso in 4. Thusy A is an AFCj-algebra. m

By an carlier remark, C-1+ 4 is an AT'0*-algebra.

In the abelian case and the case LO(H), the collection of finite sub-
algebras in 4 is (upwards) directed wnder inclusion. We do not know
whoether this is the case for all AFC*-algebras.

Bratteli’s scheme

We now utilize the results of Section 1 to give a description of an
ATC*-algebra together in terms of a system of FC*-algebras whose colimit
it is. Our presentation is an claboration of Bratteli’s ideas.
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To each system {4; 4;,jeJ} of an AFC*-algebra A together with
an up-directed family of FO*-algebras A; with 4 = ({U 4,)” we associate
firstly the inclusion maps p,,: 4;— A, for j < k. From Section 1 we obtain
a diagram {7 (4,) = 4;, M(gy), j, % €J} in the localized matrix cate-
gory over Z%,

We would like to discard some inessential complications in the posgible
index sets J. First, we note that it is no loss in generality o assumeo that
the following finite predecessor condition holds
(FPD) {ked: & <j} is finite for all j.

Indeed, we may assume that the family {4;: jeJ} is self-indexed, i.c.
that J is a set of finite-dimensional subalgebras in A which is up-directod
relative to = and whose union is dense in 4, so that j = 4, and j < &

means j < k.
Secondly, it turns out to be somewhat inconvenient at a later point

to deal with finite index sets which may occur if 4 is finite dimensional
and in the self-indexed situation occurs precisely then. If J ig finite, then
it hag a maximal element j. We then replace J by J' = JU{j;, fa2y ...}
with ¢ <j; <jo < ... for all i e J and set 4;, = 4, = 4, defining

Pt = La for m<n  and ¢ ; =y for ied.

Note that {4;A4,,j' eJ'} now gives rise to an infinite diagram such
that J’ still satisfies (FPD) if J docs.

Finally we may assume that J has a minimal element 1 such that
A, =C1.

In order to have a convenient way of talking about such diagrams
we introduce the following notation:

2.16. DEFINITION. Let J be an infinite directed set with minimal
element 1 satisfying the finite predecessor condition. A family

{(zi)xexu)i (dff/)(m.y)exmxxuc): Jyked}
8 called a Bratteli diagram if it satisties the following conditions:
(1) All X(4) are finite sets, and X (1) is a singleton.
(2) 2L eZ2™\{0} for all jeJ, v e X(j); and 2. = 1.
(3) dl e Z* for all j, ked with k < §,

(@, y) e X(j) x X (%),

such that for each j, &k e J with k< j the following condition holds:
(i) for each « & X(j) there is a y e X (k) with @ - 0.
(4) d¥ = %(; a2, ai% for all 4,4, ked with % < J <4
yeX(4)

(6) #f = Y akekfor all j, ke dJ with & < j.
veX(k)
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We note that, as a consequence of (4) (upon considering & = 1)
we know that for each j, & € J with k < § also the following condition holds

(ii) for each y € X (%) there is an & e X (j) with a7 = 0. m

We can visualize a Bratteli diagram as a weighted graph whose
vertices are the points of X = | J{X(j): j e J} (where we congider the
sets X (j) to be disjoint) such that to the vertex g e X () one agsociates
the weight 27, and in which each vertex » e X (k) is connected with a vertex
y e X(j) with j > T with an edge of weight d/t (where &% = 0 i under-
stood to signify the absence of an edge).

The following proposition expresses the fact that Bratteli diagram
carries much of the information needed to reconstruct an ATC*-algebra
from approximating FO"‘-sub&Igcbms; only in the separable case, how-
ever, will we be able to show that every Bratteli diagram arises in this way.

2.16. PROPOSITION. For cach AFQ*-algebra A together with an infinite
up-direcled system {4;: Jjed} of finite-dimensional sub-algebras with
A, = C1 the family {d;5 M(py): j, % € J} with ;2 A, —~ A; the inclusion
for § = &, is a Bratteli diagram.

Proof. This follows from the results of Section 1. m

Let us look for a moment at the obstructions we encounter if we
seek to construct an ATFC*-algebra from a given Bratteli diagram
{(zfc)mex(j)i (dgt,;/)(m,il)EX(j)xX(lc): Jyked}. We find a family {4;: jed} of
FO*-algebras 4; with 4; = (#)),exy for all jeJ, By 1.15 there are
morphisms @: A; > 4; such that M(gy) = (8)mpexuyxzp, a0d @y
is unique up to unitary equivalence. By 1.15. (V), ¢,; is injeetive. The
difficulty, however, is that {g,: j, & eJ} need not be a direct system
of maps, since we have no guarantee that with the random selection of g,
within its unitary equivalence class we have g @, =g, for i<j<%
in J. For very complicated index sets J we see no way how this difficulty
may be overcome so that colim {4,; ¢, j, & € J} becomes a direct limit.

The separable case

The situation is more fortunate in the separable case. Here we may
assume that J = N, and if wo start as in 2.16, the system {d4;; M (¢py,):
jy b ed} is uniquely determined by the sequence of matrices M (g, 1)
e N with M(p,) being a row matrix. Conversely, if a sequence
B = (biy)(m.y)ai\"(j-{ul)x.l'f(ﬂ7 j=1,2,.., of matrices (b::{w)(m.y)EX(j+1)xX(j),
j =1,2,..., with no zero rows and columns is given for a disjoint sequence
X (j) of finite sets, then we may use condition (4) in 2.15 to construct
inductively a Bratteli diagram

. Ik __ / R
{(zg:)meX(j)’ DI = (d.i;,)(m. yeX(j)xX()]i jy k e N},
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where D% = B/Bi~1.,. B*'B*. Using 1.16 (III), we may, at the same
time, construct a sequence of inclusion morphisms ¢: A;—4,,, of
TFO*-algebras such that 4; = (el)exy) and Mlg) = (bg'.y)(m.y)eX(j-H)xX(j).
The family of maps ¢ = @pr—1.-- P, J < b is an inverse system with
a colimit A, and the colimit maps 4, are isometries onto their image in 4.
If we identify the 4; with their images in 4 we have an AFC"-algebra
and an approximating system of finite-dimensional subalgebras which
together lead to the given Bratteli diagram in the canonical faghion.
Thus we have:

9.17. COROLLARY. Tvery separable ATC*-algebra A together with
a infinite sequence A, € A, = ... of subalgebras with & dense union and
A, = C-1 determines a sequence of matrices with no zero rows and columns

(*) B = (b)) wmexisnxxay J =150y

with X (1) singleton such that M (¢;) = B, for the inclusion @;: A;— 4;,,,
j=1,2,... Every sequence of malrices (x) is oblained in this fashion.
There 18 a bijection between sequenoces of matrices () with no zero rows and
columns and Bratteli diagroms

(%) {(z;jn):ceX(:i); (dg;’:/)(x.y)ex(j)xX(lc): jy &k e N}
(see2.14). m

More examples

As an illustration we draw the weighted graphs of some of the examples
of AFQ*-algebras which we discugssed earlier.

2.18. ExAmprrES. (1) The graph of the Bratteli diagram associated
with ¢'(X), where X is the Cantor set in [0, 1]: Set 4 = 0(X), 4, = all
constant functions, 4, all locally constant funetions which are constant
on the set of numbers # € X whose normalized triadic expansion agrees
on the first » digits.

The associated Bratteli diagram has the following graph
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(2) Consider 4 = LO(I)4-C-1 for a separable Hilbert space H.
Let &,, » =1,2,..., be an orthonormal basis of H and e, e LO(H) the
orthogonal projection of H onto the span of £, ..., £,. We define 4, = C-1
and 4,, = ¢, 4e,+C-1. Then A, decomposes into the direct sum ¢, Ae, DI,
of minimal ideals with e,4e¢, =~ M,(C), I, = C(1—¢,) = C. Thus
X ’:"b) = {671A0n7 n}

The matrix elements of the mclusmn p: A, A, ., are a3 follows:

(L) Popy1dey i rienden is the natural mclusmn, multiplicity 1;

(2) Popy1dopyrat,, is the natural map of C(l—e,) to C(e,.,—é,),
multiplicity 1;

(3) PLyppende, iy zero;

(4) o1, +ln is the isomorphism from C(l—e,) to C(l1—e,,,),
multiplicity 1.

The associated multiplicity matrix therefore is

11
0 1|
‘We obtain the following graph for the associated Bratteli diagram:

1
1

1

|
4
™

(3) Let By, Bs,... be a sequence of full matrix algebras of rank
14 73y ..., rogpectively, and set 4, =C-1, 4,,, = A4,®B,,, and let
@ A, A,,, be given by ar a®1. Define A = colim4, in C*. Then
each A, is simple, and g, has multiplicity ,,,,. If we set 4, = r -+ ... +7,
we have the associated Bratteli diagram.
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1

r

{/1

d;

A is a UHF algebra (see Glimm [16]).

3. Ideals in AFC*-algebras

3.1. PROPOSITION, Let A be a C*-algebra with an up-directed family
{A;: j e} of O*-subalgebras with \ JA; = A. Let IA(A) denote the lattice
of all closed two-sided ideals of A and 1d A the collection of all families
{I;: jeJ} such thai

(@) I; e Id(4;),

(b) 1<% in J tmplies I; = I,,nA,.

Define

p: 1Id(4)—=1d;(4) by @I) ={Ind;: jed},

p: Id,;(A)—=Td(4) by p({I;:jed)) =(U{I;: jed))”
Then @ and p are inverses of each other.

Proof. First we note that ¢ and » are well defined; in the case of y
this follows from the fact that the family of the I, is up-directed by (b)
and that | ) I; is an ideal in () 4; by (a). We now show that ¢ and y are
inverses of each other.

Step (i). To prove that yp =1, we must show that I = ({J{In4,;:

j €JY~. The inclusion = is clear. To check the converse, wo consider the
infinite diagram

TOd; > A;— A (I0Ay) o (A;+I)/T
l l@w l(m,‘,j +I)T
IAdy—> Ay A JINAL) o (Ay41)/1
(see Dixmier [11], p. 18). By 2.2. we have colimInA, = ((J(INA4,)",

colimd, = (U 4y)” =4 and colim(d;+I)/I = A[I. Sinco the ecolimit
functor preserves colimits (see e.g. Mitchell [20], p. 67, 12.2), and since
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quotients are co-equalizers, hence colimits, the sequence
(U (InA,‘))‘ A > Al

iy exact. Hence ((_(In4,))” =1I.

Step (ii). In order to prove that ¢y =1, we have to show that
(UL)" 04y =1, for all j. If j< T, then the map o+I,a+I,: A4,/I
— A /I, is injective by (b), hence is an isometry onto its image (Dixmier
[11], p. 18). Henco lla+ I = [a--I,| for all %> j and for all a €4;.
It follows that la-+I,ll = [[a+(U L)~ ||, for ae4;, whence (U I,)~ N4’
= IJ‘- .

Wo now describe the ideals of an AFC*-algebra in terms of an asso-
ciated Bratteli diagram. Here wo refer to Lemmas 1.11 and 1.12. Suppose
that 4 is an ATC*-algebra and {4,: j € J} an up-directed family of finite-
dimensional subalgebras such that ()4, is dense. We denote MinA,
by X(j). Let us now assume that I is a closed two-sided ideal of 4 and
let I, =InA;. Then wo set Y(j) ={KeX(j): K I} Then I,
= J{K: K e ¥(j)}. The essential properties of the sequence of sets ¥ (4)
are described in the following lemma, which is an immediate consequence
of Lemma 1.12.

3.2. LEMMA. Swuppose that j <k in J. Then the following statements
hold:

(1) If EeY(j) and K' e X(k) such that mult(p™) g #0, then
K’ e Y (k).

(2) If K e X(j) and K' € Y (k) for all K' € X (k) for which mult (p")z.x
#0,then K e XY (j). m

We also have a converse of this lemma:

3.3. LeMMA. If A is an AFC*-algebra with up-dirvected family {4;; j e J}
of finite-dimensional swbalgcbras such that () A; is dense in A. Suppose
that Y (j) = X(j) = MinA; denotes o family of subsets which satisfies (1)
and (2) of 111, We set I; = Y {K: Ke¥Y(j)} and define I = (U{I,:
jed})~. Then I is a closcd lwo-sided ideal of A, and INnA; = 1I,.

Proof. It suffices to observe that the family {I,: j eI} satisties
conditions (a) and (b) of 3.1. But () is trivial and Lemma 1.11 secures j(b). |

We may now reformulate these results as follows:

3.4. ProprosreroN. Lot A be an AT0"-algebra with an up-directed family
{A;: jed} of finite-dimensional subalgebras with A = (U 4,)~. Then
theve is a bijection between the sct TA(A) of closed two-sided ideals of A and
the set of families {Y (j): jcdJ} of subsets ¥ (j) € X(j) = Mind; satis-
Sying the following conditions for all pairs of indices j, k with j < I:

(1) For all (K', K)e X (k)x X(j) with mult(¢")x # 0 the relation
L e Y(j) implics K' e Y(k).
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(2) For all K e X(j) the relution K'e Y (k) for all L' e X (k) with
mult(¢™) .. # 0implies K € Y (j).
The bijection is given by I~ {(Min(INd,): jeJ}. u

4. Bratteli diagrams and partially ordered sets

The information carried along in the Bratteli diagrams i3 too complex
for most applications. It is fortuitous that for the ideal theory of ATQ*-
algebras the essential information is carried by the order structure of these
diagrams. The weights can be neglected for this purpose. We carry out
the details in the following section.

Augmented poscts

A partially ordered set or poset is a set P together with a partial order <
(i.e. a reflexive, transitive, antisymmetric binary relation). The opposite
poset PP of a poset P is the same underlying set with the relation <’
given by o <’y iff y < 2. A function f: P — @ between posets is a poset
morphism iff ¥ <y in P implies f(2) < f(¥). Wo use the notation t{x
={yeP:r<y} and |v ={yeP: y<w}, and if X <P, then tX
=J{te: zeXLIX = {le: ze X}

4.1. DEFINITION. An augmented poset is a {riple (P, d,J) congisting
of two posets .P and J and a surjective poset morphism §: P — J°7 such
that the following conditions are satisfied:

(i) P has a largest and J has a smallest, but no largest element,
and 6 preserves maximal elements (i.c. é(maxP) = mindJ).

(if) J is directed.

(iif) J satisfies the finite predecessor condition (i.e. overy subset
Vi, €d is finite.

(iv) All sets P/ = 671(j), j € J, are finite.

(v) I j <k in J and if # € P/, then there is an @' e P* with o' < o.

(vi) f i<j<k in J and z e’ with ze|znP* then there is a
yelenlonPl,

Trequently we will just speak of an augmented posct P. The poset J
is called the degree set, and d is called an augmentation or o degree function.
The set 07'(j) is called  layer (of degree j). m

The order reversing property of d is a matter of convenience: We
will see that for our applications P should have o largest element, whereas
a frequent degree sef is the set V = {1, 2, ...} of natural numbers with its
natural order. Conditions (v) and notable (vi) turn out to be quite useful.
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4.2. PROPOSITION. Let {(2])rexyyi () mpexiyxxq® J» b€} be a Brattels
diagram (see 2.18). We may assume that the X (j) are disjoini. Set
P=U{X():jed} and define 6: P—J by 6(=) =] iff ©eX(j).
If @,y eP define <y iff 6(y) < 8(w) and @XP°W) 0. Then (P, 8,J)
is an augmented poset.

The proof is straightforward from the data. m

Geometrically we visualize (P, d,J) in the same fashion as was
described following 2.15 but we now omit all weight data. Thus, the
augmented poset carries the geometric or combinatorial information
contained in the Bratteli diagram.

4.3. DurinitioN. We will say that (P, §,J) is the augmented poset
associated with the Brattele diagram in 4.2. If this Bratteli diagram ig in
particular of the form {4,; M(py): j,ked} for an AFC*-algebra A
with a system {4;: jeJ} of finite-dimensional subalgebras with 4
={U,4;)", then we say that (P, §, J) is the augmented poset associated
with {A; A;: jed}.

It would be very desirable to know whether in fact any augmented
poset (P, 8, J) is associated with some Bratteli diagram, or better still,
with a system {4, 4;,j e J} of C*-algebras with 4 = (U ;4;)”, 4; ¢ FO".
This appears to be difficult to decide; one is inclined to believe that the
answer is negative in general.

However, if J = N, a simple inductive process provides an affir-
mative answer.

4.4, PROPOSITION. Tvery augmented poset (P, 8, N) is associated with
some ATQ*-algebra A and some sequence A, = C-1 = A, = 4, c
of finite-dimensional subalgebras with dense union.

Proof. By Corollary 2.17 it will suffice to construct a sequence
of matrices

(%) B! = (bg;y)(m,y)sxml)xxm, j=1,2,...,

where X (1) is singleton, X(j) = 67!(j) such that b, > 0iff z <<y,
zeX(j+1), y e X(j). By 4.1 (v) and (vi) this will imply that B’ has no
zero column, respectively, row.

There are many ways to construct the B, For example, we can take

p 1 if a<y,
W T 10  otherwise. m

Note that we do not obtain any uniqueness in the existence proof
for 4.4. We want to point out further that at this point we have made
no claim that every countable augmented poset (P, d,J) is associated
with an ATC*-algebra or a Bratteli diagram even though in this case J
contains a cofinal copy of V.
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Ideals of augmented posets

We now proceed to the definition of an ideal in an augmented poset:

4,5. DEFINITION. Let (P, 8, J) be an augmented poset. Then I < P
is an ideal iff the following two conditions are satisfied:

(i) { I = 1.
(i) If 2eP, 6(») <j and {#nP, c I, then v el

4.6, ProroSITION. The set IA(P) of all ideals of an augmented poset
18 o complete lattice with respect to intersection as the inf operation.

Proof. The empty set is an ideal, and P is an ideal. If {I,: s € 8}
is a family of ideals, then (}{I,: s € 8} is an ideal sinec it satisfies (i)
and (ii).

4,7, LemmA. Let X < P in an augmenied poset. Define [X] = {mw e P:
there is a j > () such that lanP’ < | X}; then [X] is an ideal, in fact
the smallest ideal containing X.

Proof. Sinco [X] = [|X], we may assume that | X = X. In order
to verify 4.4 (i), let # e [X] and y < #. We must show that y € [X]. By
definition of [X] there is a j e J with &(2) <j such that jenP’ < X.
We pick a & eJ with 8(y), § < k. Now take any 2z € |y "P*. By 4.1 (vi),
since d(x) <j< %, thereis a w e P with e <u < w. Thenw e |lonP’ ¢ X,
and thus ze|X < X.

Next we show 4.4 (ii): Suppose zeP, d(v) <j and |wnP < [X].
We must show that o e[X]. Now |(onP! = {&,,...,&,} by 4.1 (iv).
By the definition of [X], for each & & {1, ..., n} there is a j, € J such that
Vo, NPk = X. Now we pick an index j 3 j,, ..., j, and take an arbitrary
y € JenP’; if we can show that y € X we are done, for then |zNP! c X,
whence @ € [X]. But by 4.1(vi) there is an o’ € j# NP’ with y < 2’. Hence
there i3 a ke {l,...,n} with 2’ = »,. By 4.1 (vi) once more there is an
#" elw,NnP* = X with y<o”. But then y = |X < X as had to be
shown.

4.8. LoMmA. If {I;: s € 8} is a family of ideals of P, then \/ {I,: s € S}
= [U{Isj: seS}Y ={xeP: There is a j> d(w) such that JonP
sl u... VI for some suilable s,, ..., s, e 8}

Proof. The first equality is clear from 4.6 and the second follows
from the fact that |z NP7 ig finite by 4.1 (iv). m

4.9, LEMMA. Id(P) is a complete Browwerian lattice, i.e. for any family
{I, :S.; € 8} of ideals and any ideal J we have TN\ {I,: s € 8} = V {Jnl,:
se S}

Proof. The inclusion 2 is trivial; wo have to show tho converse.
Let sednVyI, =JIn[Ugl] (4.8); then (a) wed, and (b) there is
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a j>d(@) with {2nP’ < | JgI,. By (a), 41 and 4.5 (i) we also
have |@nP’ c @ = J. Thus |anP! < JnlJgl, = Ug(JNI,), whence
we|Usg(WnI)] = V{INI: sef} by 4.8. This finishes the proof. m

The lattice of ideals of an augmented poset

We recall at this point the lattice theoretical concepts of a compact
clement and a prime element in a lattice.

4.10. DuriNirioN. Let L Dbe a lattice.

(i) An element & e L is called compact iff for each subset § = I with
k<< sup®f there is a finite subset I' = § with & < sup 8. We write K (L)
= {k e L: & is compaet}.

(ii) An element p € L is called prime iff for each finite set I' < L
with inf I < p there is an @ e F with @ < . 'We write Prime(L) = {p e L: p
is prime}. One says that p e L is meet irreducible if for every finite set I
with inf # = p there is an # with # = p. u

Evidently, each prime element is meet irreducible, but not necessarily
conversely. We remark that in a distributive lattice L an clement is prime
exactly if it is meet irreduncible. For the purposes of the lattices Id(P),
by 4.9 onc thereforc need not distinguish between the two concepts.
We know now what we mean by compact or prime ideals of an angmented
poset.

We next identify the compact elements in Id (P). The result we encount-
er is typical for situations similar to ours.

4.11. LEMMA. An ideal I of IA(P) (for an augmented poset) is compact
iff it is finitely generated, i.e. iff I =[x, ..., z,] for suitable elements ©,, € P.

Proof. (i) Suppose I = [2y,...,%,], and assume that I < V/{I,:
s € 8} for a family of ideals I,. For each finite subset I' = § we set I, =
= V{l:se8 =[J{I,: s8}] (4.8). Then V{I;: se8} = J{Im:T
finite in S} and the latter union is upwards directed. Thus, in particular,
{#y,...,2,} € U {Ip: I finite in §}. Hence there is a finite ' = § with
z, € Ipforallm =1, ..., n, whence I < Ij,.Thisprovesthat I is a compact
element of Id (P).

(ii) Now suppose that I is a compact element of Id(P). Then
I< V{[z]: « e J}. Hence, by compactness, there are elements @, ..., , € P
suclt that

Ic V{r,:m=1,...,0} =[2,...,2,]. m

It is now clear that every ideal of Id(P) is the least upper bound of
the compact (i.e. finitely gencrated) ideals it contains. Lattices with this
property are well known in lattice theory:

3 — Dissertatliones Mathematicae 174
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4.12. DrrFINITION. Let L be a lattice. Then L is called algebraio if (i)
it is complete, (ii) every o € L satisfies # = sup (| NI (L)). w

We note that completeness is not always included in the definition
but the relevant concept arises from the conjunction of (i) and (ii). In
view of 4.9 we now have

4.13. THEOREM. For every augmented poset (P 6, J), the lattice Id (1)
is an algebraic Brouwwerian latlice. m

As we will see later (5.24), every algebraic Brouwerian lattico arises
in this fashion. The following lemma illustrates why Theorem 4.13 ig
relevant:

4.14. LeMMA. An algebraic latéice L is Brouwerian if and only if
every o € L salisfies @ = inf({w NPrime(L)) (i.e. every element is the inf
of primes). m

Tor references see e.g. [18], notably p. 39, Corollary 3.6, p. 41, Theorem
3.10, and p. 71, Theorem 1.37. The second property in 4.14 is expressed in
this source by saying that L is primally generated. Other sources call L
semiprime under these circumstances. In any case wo have the following
result:

4.15. TurorEM. Let (P, §,J) be an augmented poset, and I an ideal
of P. Then for any » ¢ I there i3 a prime ideol I' containing I with = ¢ I'.

Proof. The assertion is evidently equivalent to the claim that I
is the intersection of prime ideals; it then follows from 4.13 and 4.14. =

AF(*-algebras and augmented posets have equivalent ideal theories

The significance of the angmented posets in the context of ATC*-
algebras is that they fully reflect the ideal theory of the algebras. Speci-
fically, we have the following result:

4.16. TumoreM. Let A be an AFC*-algebra and {4;: j € J} an infinite
up-directed family of finite-dimensional subalgebras such that A = ([J 4,)".
Let (P, 6, J) be the augmented poset associated with {A; A;: jed}. For
each member I in the lattice I (A) of closed two-sided ideals of A we oblain
a unique family {Y(j): j e J} of subsets of P’ (according to 3.6) and ¢(I)
= {Js Y (J) 15 an ideal of p. The function

p: IA(A) - Id(P)
18 @ lattice isomorphism.

Proof. By 3.6 tho assignment I — {¥ (j): j € J} is a bijection fron the
set of closed two-sided ideals of A to the set of families satisfying condi-
tions (1) and (2) of 3.4. In view of Definition 4.5 of an ideal in P these
conditions say precisely that |_) ;Y (j) is an ideal in P. This shows that ¢
is a bijection. Since it is evidently isotone, it is an isomorphism of partially
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ordered sets with respect to <, which, then implies that ¢ is in fact a lattice
isomorphism. m

This theorem allows us to investigate the spectral theory of AFC*-
algebras by studying the spectral theory of augmented posets. Since in
the lattice X1 4 of a C*-algebra we have IJ = Ind, the closed prime
ideals of A are precisely the primoe elements of the lattice Id(4) and these
are precisely the meet irreduciblo elements since Id(4) is distributive
by 4.9. The only shortcoming iy that the primitive ideals in Id(A4) are
not intrinsically characterized in the lattice. The spectrum which we will
characterize therefore is tho prime ideal spectrum of 4. We note that
for separable C™-algebras the concepts of prime and primitive agree:

4.17. PROPOSITION. A closed two-sided ideal in a separable C*-algebra
is prime if and only if it 18 primitive.

Proof. See [11], p. 79: 3.9.1. w

It seems to be unknown whether this situation prevails in the non-
separable case. A more recent study by Archbold [1] which characterizes
prime C*-algebras in terms of the order does not shed more light on. this
question.

5. The spectral theory of augmented posets

Filters and prime ideals

We now embark into a more detailed study of the complete Brouwerian
lattice IAP.

b.1. LEMMA. Let (P, 8, J) be an augmented poset and take x,y € P.
Then [z]n[y] = [Janly]l.

Proof. The inclusion 2 is clear. Thus assume that 2z € [#]N[y].
Then by the definition of [#], [¥] (see 4.6) there are indices j, k eJ with
y2nP c o and |2nP* < |y. Let m e€J be such that j, &< m. Then
yznP"c | (|znP)yul(lznP¥) by 4.1 (vi). It follows that |z nP™ = |z nly,
whence z e [|zNn)y]. =

5.2. DEFINITION. A filter I on a poset P is any subset satisfying the
following two conditions:

(i) I" is downwards directed, i.e. for all @, ¥ € F' there is a # € I with
2 @, .

(ii) 47 < B, ie. if weF and 2 <y, then y e I

A filter I on an augmented poset P is cofinal, if 6(F) is cofinal in J.

5.3. ProrosITioN. Let P be an augmenied poset and I an ideal. Then
the following statements are equivalent:

(1) I is a prime ideal.
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(2) For all »,yeP the relation [z]N[y] = I implies x eI or yel.
(3) P\I1s a filter.
(4) PN\I is a cofinal filter.

Proof. (1)=(2)is trivial. (2)=(1): Suppose that K, § I and K, ¢ I
for two ideals K., K,. Then there are olements » € I, \I and y e I,\I,
whence [2] N[y] & I by (2). But since [#] = K, and [y] IC, this implies
K, nK, & 1.

(3)=(2): If »,y ¢ I, then by (3) there is a z ¢ I with z <@, y. But
then ¢ € [#]N[y], whence [z]N[y] & L.

(2) =~ (3): Let #, y ¢ I; then, by Lemma 5.1 and (2), we have &N iy]
= [#]N[y] & I. Thus there is a 2’ ¢ I with

(%) ¢’ 0Pl lenly for some j

Dby definition of [X]in 4.6. Since I is an ideal and 2’ ¢ I we have | 2’ NP ¢ I
Thus there is a # e ({2’ "P)\I. But then also 2 < @,y by (*). The fact
that $(P\I) C P\I is trivial from 4.5 (i).

(4) =(8) is trivial. We finish the proof by showing that £’\.I is cofinal
for any ideal I. Assume not; then there is a j € J such that 6~ (1) N(P\I)
=@, i.e. that 67'(}j) < I. Take an » € P\I. Since J is directed, there
is & & in J with 8(2), j < k. Then o NP* s @ by 4.1 (v), hence 6(}# NP¥)
= {k} = 14, thus |znP* = §7'(44) = I. But then, by 4.5 (ii), wo find
2 € I which is a contradiction. m

5.4, LmMMA. For a filter in (P, 8, J) the following statements are equi-
valent:

(1) I has a minimal element.
(2) I" has a minimum.

(38) I =tz for some ®.

(4) B is finite.

If these conditions hold, ' cannot be cofinal. But there may be infinite
Jilters which are not cofinal.

Proof. (1) =(2) since I is downwards directed; (2) =-(3) by 5.2 (ii);
(3) =(4) follows from 4.1. (iii) and (iv), (4) = (1) is trivial. Since J hag no
smallest element, cofinal filters must be infinito. If (£, J, J) is such that
J = P the same set with the opposite order, with & = 1,, then P is
the only cofinal filter. It is easy to find examples with proper infinito
filters. m

We recall that for various reasons the casc J = N iy particularly
relevant: In this case, 5.3 is complemented by the following:
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5.5. ReMARK. If (P, 8, N) is an augmented poset, then the following
statements are equivalent for any filter I:

(1) I 4s oofinal.

(2) I' is infinite.

(3) ' # 1w for any x €P. u

We now prove a converse of 5.3.

5.6. ProrosiTION. Let (P, 8, J) be an augmented poset. If I is a cofinal
filter, then the complement P\ 1" is a prime ideal.

Proof. T'rom 5.2 (ii) it is cvident that |(P\F) =P\F. Let z € P
and suppose that for some j e J we have |znP/NF = @. We will show
that z ¢ I7. By way of contradiction, assume that » € F. Since I is cofinal,
there is a 2z € {2 NI with j < §(z). From d(z) < j < §(2) and 4.1 (vi) there
is a yelenP Ntz But z < y and 2 € I implies ¥ e I, 80 y € |wnP/ nie,
a contradiction. m

5.7. COROLLARY. For any augmented poset P, the function I P\I
induces @ bijection from the set Prime (Id(P)) of prime ideals of P onto the
set of cofinal filters of P. m

For brevity, we will write Pr(P) in place of Prime (Id(P)) and denote
the set of cofinal filters on P by SpecP.

With 5.7, Theorem 4.15 translates as follows:

B.8. COROLLARY. If I is an ideal in an augmented poset and x ¢ I,
then there is a cofinal filier I with x e I and INF' =@, m

Hull-kernel topologies

We now turn to the introduction of the hull-kernel topology on Pr(P)
and SpecP. Since this is a general process applicable to all algebraic Brou-
werian lattices, wo record a few general facts. (For a general reference
we refer e.g. to [2], [17], and [18].)

Let I be an algebraic Brouwerian lattice. For z € L we write S(w)
= (L\}2)"PrimeL = {p € PrimeL: # < p}. Then {8(»): # € L} is a top-
ology O (PrimeL) on Prime L, called the hull-kernel topology, and the map
x> 8(x): L— O(Primel) is a lattice isomorphism whose inverse is
given by U inf((PrimeL)\U). An element % € L is compact iff S(x)
is quasicompact (i.e. satisfies the Ieine-Borel property). In particular,
PrimeL = S(1) is quasicompact iff 1eI((L). Note that {S(k): &
e I[(8)}, tho set of quasicompact open subsets of O (Prime L) is a basis for the
topology.

5.9. DETINITION. A subset I of a topological space X is called ¢rre-
ducible iff it is closed and is not the union of two proper closed subsets.

Note that every singleton closure {w—} ig irreducible. If X is an illfil.lite
space with the cofinite topology, then X is irreducible but has no dense point.
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5.10. DEFINITION. A topological space X is called a speciral space ilf,
(i) X is a Ty-space.

(ii) Bvery irreducible set has a dense point.

(iii) The topology has a basis of quasicompact sets.

We quote the following result (see e.g. [17]).

5.11. ProrosrtioN. The assignment Lw— Primel establishes a bijec-
tion (up to isomorphism) between the class of algebraic Browwerian laitices
and speciral spaces; the inverse operation is given up to natural equivalence
by X O(X), where O(X) is the lattice of open sels of the space X. The
isomorphism L~ O(PrimeL) is given by x> S(z), and the isomorphism
X —» Prime 0 (X) by z+— X\ {a"_} The bijection induces a bijection between
the class of algebraic Brouwerian lattices with compact (== isolated) identity
and quasicompact spectral spaces. m

We now translate this general set-up into owr concrete situation of
augmented posets. Let (P, 6,J) be an augmented poset, L = Id(P) its
Brouwerian algebraic lattice of ideals. For X =P we write S(X)
= {I ePr(P): X & I}. Then clearly S(X) = §([X]) which makes the
notation compatible with the one used in the general situation. Wo will
also write s(X) = {F € SpeeP: XI\F = @}, Then PNS(X) = ¢(X), and
the bijection I +— P\I: Pr(P)— SpecP maps S(X) onto s(X). We re-
cord the following formulae:

512, Lemma. (1) §(UX;) = U S(X)) and s{{J X)) = M #(X,).

(2) S(LXIN[Y]) = SEX)nS(Y), and s([XINn[Y]) =s(X)u s(Y).

Proof. This follows immediately from S(X) = §([X]) and the fact
that I §(I): Id(P)— O (Pr(P)) is a lattice isomorphism. m

Since the maximal element P of Id (P) is the finitely generated ideal [1],
it i3 a compact element of Id(P) by 4.11. Hence Pr(P) is quasicompact.
By 512 (1) we have S(X) = |J{S(x): # e X}, so that {S(x): @ e P}
is a basis of the hull-kerncl topology consisting of quasicompact sets.

We summarize:

5.13. Provosrrion. Let (P, 8,J) be an augmented poset. Then the set
of all 8(X), X = P is a topology on Pr(P) making Pr(P) into a quasicompaot
spectral space. A similar statement is true for the set of all s(X), X < I’ and
SpeeP. The collections {8(x): @ e P}, respectively, {s(w): @ c I’} are bases
of the respective topologics consisting of quasicompact open sels. m

enceforth we will always assumae that I'r(1?) and Spee I’ are equipped
with these topologics.

It should be pointed out that in a Browwerian algebraic lattico L
the subset I (L) is a sup-semilattice hut not in general a sublatitice (even
if it is a lattice in its own right). The following example of an augmented
poset is duc to Dooley and illustrates this situation:

5.14. ExamrL (Dooley). Define (£, 8, V) as follows:



Hull-kernel topologies 39

{

- o

r4
;/:. -------- 0
z3 w—m~-=— 0

I 1
: {

1
I 1
] |
| ]
! ]
} r
o] o

Then 8(z)NS(y) = S(2,)UB(2:) U8 (24) U and no finite wunion
of the 8(z,) equals 8 (@) NS(y). m

While I s(I): Id(P)— O{SpecP) is a lattice isomorphism, the
reader should be warned that the function z— s(z): P — O(SpecP) neced
not even be injective. This remark is illustrated in the following example:

5.16. BxAmrLE, Define (P, 8, N) as follows:

X yé? Ui
z1> uz
Z20 U,

Then [z] = [y] = [#2,], » =1,2,..., and the poset {s(z): 2z € P} relative

to < is given by

The example shows that points in the same layer such as z, y may generate
the same ideal. w
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AFC*-algebras and augmented poscts
have equivalent spectral theories

We will now observe that the natural lattice isomorphism from the
lattice of ideals of an AFC*-algebra to the lattice of ideals of the associuted
angmented posct P induces a homeomorphism from the primne spectrum
of A to PrP (and thus to SpecP). This will allow us to discuss all topolo-
gical questions of the prime speetrum of 4 in terms of the spectral theory
of augmented posets.

5.16. TumoREM. Let A be an ATFC*-algebra and {4;: jed} an up-
directed family of finite-dimensional subalgebras such that A = (U4,
Let (P, 8,J) be the augmented poset associated with {A; 4;: jed}. Then
the lattice isomorphism

@: Id(4)—~ Id(P)
(given in 4.9) induces homeomorphisms
Prime A 2244, prp N, SheeP,

where Prime A is the space of closed two-sided prime ideals of A with the hull-
kernel topology. In particular, Prime A is a quasicompact speciral space.

Proof. Since ¢ is a lattice isomorphism, it follows that it induces
a bijection between the respective sets of prime clements in the latitices
Id(4) and Id(P). In order to prove that the restriction and corestriction
of ¢ is a homeomorphism we have to observe that the hull-kernel topology
has precisely the open sets S8(G¢) = {I e Primed: G &£ I}, @ eldA; and
indeed §(G) = PrimeAN\A(G), h(G) = {I e Primed: & < I}. The remain-
der is clear from 5.7 and 5.13. =

It is not hard to verify that the spectrum of Dooley’s poset 5.9 is
a sequence of isolated points p,, n = 1, 2, ..., converging to two distinct
points p, p’. Specifically, SpecP is homeomorphie to NuU{p, p’'} with a basis
of open sets consisting of all {n}, n eN, tnu{p}, n =1,2,... This is
also the spectrum of the AFC*-algebra of sequences (a,), .p..,... 0f 2 by 2
complex matrices a, converging to a diagonal matrix.

Example 5.14 shows that # need not be closed under intersections,
where # is the set of quasicompact sets.

The following example will illustrate that # nced not satisfy the
finite predecessor condition. m

5.17. ExAmMPLE. We consider the augmented poset (P, §, N) given
in the following diagram:
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Thoe poset IAP is given in the following diagram

(1] = [2] = [z3)

[y2]

(1]

All ideals are principal and prime. The basis # = {s(x): @ € P} consists
of an ascending sequence of sets and their union. The poset is associated
with an AFC*-algebra (4.4). m

At this point we summarize what has been achieved: With each
ATC*-algebra 4 we were able to associate an augmented poset (P, 6, J)
stch that the lattice Id (4) of closed two-sided ideals of A was isomorphic
to the lattice Id (P) of ideals of P; the latter was recognized as an algebraic
Brouwerian lattice. Since the speetral theory of prime elements of Brou-
werian algebraic lattices is known, we know the spectral theory of closed
two-sided prime ideals of 4. (Recall that, unfortunately, we know only
in the separable case that each closed two-sided prime ideal of 4 is primi-
tive.) The algebraic Brouwerian lattices correspond bijectively to the
spectral spaces (5.11). Thus wo know by Theorem 5.16 that cach AFC*-
algebra has a quasicompact spectral space as prime spectram Prilne4.

Now the following question poses itself naturally: Does every quasi-
compacth spectral space arise as the prime spectrum of some AFO*-algebm
of at the least of some augmented poset? We now address ourselves to
this question.
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We deal with thigs question by developing a theory for semilattices
which parallels in some features that which we discussed for AFC*-algebrag
in Sections 2 and 3.

5.18. DEFINITION. A sup-semilattice K is called distributive if for all
@v,Y,% el the relation 2 < yv# implies the existence of two clements
¥y’ < 9 and 2’ < 2z such that # = ¢’'v 2’. In the Appendix, we prove a result
of Gaskill’s saying that this condition is equivalent to the following:
Every finite get X < K is contained in some finite distributive subsemi-
lattice.

Notice that every finite semilattice with identity is a lattice. For
any lattice, the usual concept of distributivity is equivalent to that intro-
duced in 5.18. Hence Gagkill’s condition says that I iy the union of finito
sup-subsemilattices each of which is a distributive lattico in ity own right.

We now assume that I is an infinito distributive sup-semilattice
with identity 0 and maximum 1. If J is the colleetion of all finite distri-
butive subsemilattices containing 0, 1, then

(1) J is up-directed with respect to <,
(i) £ = (JJ,
(iii) J has the smallest element {0, 1},
(iv) o satisfies the finite predecessor condition.

We will now assume that we are given a directed set J with minimal
element 0 which satisfies the finite predecessor condition and an up-directed
family {K;: j e J} of finite distributive subsemilattices containing 0 such
that K, = {0,1}, and that K = () {K,: j eJ).

An element p in a sup-semilattice S ig co-prime iff the relation
p<zvy implies p< 2 or p <y. In a finite distributive sup-semilattice
every element is a sup of co-primes (and this property is characteristic for
distributivity in finite lattices, see 4.13).

For jeJ we set P; = {p e K;: p co-prime in K;, p # 0}. Now we
define P = {(p,j) e KxJ: peP;} and let 6: P—J bo the projection
onto J. We partially order P as follows:

(P, 7)< (p,J) iff either p" =p and §' =4 or p° p and j' = 7.

Evidently, 6: P~ J° is an order morphism, and P has the smallost
element (1, {0, 1}). Clearly, P! = §72(j) = P, x {j} henco is Tinite.

5.19. LEMMA. (P, 8, J) i an augmenied poset.

Proof. If remains to verify conditions (v), (vi)of .1 (v): Lot (p, ) e P!
and suppose that j' > j. Since K; = Kp, woe have pe K., hence p =
sup({p NP;) (since K, is a distributive Inttice). In particular, theve is a
q & I; with ¢ < p. Then (g, j') € P and (g, j') < (p, §)-

(Vi) Suppose j,<j,<j, and assume (pg,js) (py,4,) in P. Then
K; < K;, implies p, = s11p(¢plmP,2), since K, is distributive. But p,
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is coprime in K; and the finite sup p, dominates p,, hence there is at least
one P, €|, NPy, with py<p,. Then (pa, Js) < (P2, Jo) < (91, 4y), and
(P2 Je) cP: m

A co-filter (or ideal) in K is a (sup-) subsemilattice F with |F = F.
The set of ideals of K is written Id(K). For F eId(K) we set. p(F)
= {(p,j)eP: p ek}

5.20. LueMMA. ¢(F) € IA(P) (sce 4.5, 4.6).

Proof. (i) Let (p',7') < (p,J) e o(I). Then p’ < p € F = | I, whence
p'el, thus (p’,j') ep(l).

(ii) Let (p, j) € P be such that {(p,j) NP’ < ¢(F) for some j > 7.
This means preecisely that |pNP, = F. But once again we have p =
sup (| p NPy since I, is distributive. Then p € F by the definition of an
ideal. Hence (p,j) e p(F). m

For I eId(P) we set y(I) = sup-subsemilattice generated in K by
all p e X with (p, j) e L.

0.21. LeMMA. Let & € w(I) and j, € J. Then there is a j = j, and there
are Pyy ...y 0, € Pysuchthat bt = p,v V Dy, ond (p;,j)elfori=1,...,n.

Proof. By the definition of ¢(I) we have & = supX for a finite
subset X € X with (2, j,) €I for cach » € X with a suitable j, eJ. We
pick any j>jo,j,#eX. Thon X c K; and for each wzecX we
have # = sup({@nP;). Thus & =supX =sup J{{xnP;: v e X}. We
enumerate the elements of { ) {\#NP;: v € X}asp,, ..., p,; then (p, j) e P,
Since each p, is below some =; and (py, j) < (#;, j,,) € I, we conclude that
(Piyj)el. m

5.22. LemmA, p(I) e IA(K).

Proof. By definition, »(I) is a sup-semilattice. We have to show
that ¥’ < & e (I) implies &' e 9(I). By 6.21, k =p, Vv v p, with (p;, j)
e I for suitable p; and j € J: Let j' > j and such that %' € K;.. Since K
is distributive, we have &' = (M'Ap,)v  A(k'vp,) (with A in K;).
For each ie{l,...,n} we have %'Ap; =supX,, X, = | (FAp)NP;.
Sinee » e X, implies » < p;, henco (z,j') < (p,,j) €I, whence (#,j') € L.
Thus ¥’ = sup ¥ with ¥ = X,u... UX, suchthat (¥, j') € I. Then k' € p(I)
by definition. =

5.23. Lmmma. Lfor each I € IA(P) we have pp(I) = I.

Proof. Trivially, I = ey(I). Let (p,j) epyp(I). This means that
P ep(l), ic. that p =p,v  vp, for suitable p; with (p,,j) eI, and
we may assume that j' > j. Let §' > j and suppose (¢, j"') e {(p,]) NP,
Then ¢<p =p,v  vp,, and since g is co-prime, ¢ < p; for some 1,
whence (q, )<< (p;,j) € I. Thus |(P,j)nP" = I. Hence (p,j)el
since I is an ideal in P, =



44 5. The gpectral theory of augmented posots

5.24. LEMMA. For each F e Id(XK) we have pp(l') = F.

Proof. Trivially, F < wo(I'). Let & € pp(F). Then &k = p,v VD,
for some (p;,j)eeF), ¢ =1,...,n This means that p;eF, and so
E=pv vp,eF. u

Since the maps ¢ and v are clearly monotone, we have shown:

5.26. LEMMA. @: Id(K)—Id(P) s an isomorphism of lattices with
nverse p. M

We recall from [18] that there is a complete duality between sup-
semilattices K and complete algebraic lattices L; tho duality may be de-
seribed by associating with a sup-semilattice IC the lattice Id(IC) and with
an algebraic lattice L the sup-semilattice K (L) of compact elements.

Now we have the following theorem.

5.26. THEOREM. Let K be a sup-semilattice with a mdivimal element 1,
and L its dual algebraio lattice. Then the following statements are equivalent.

(1) K s distributive (5.18).
(2) L s Brouwerian.
(3) There is an augmented poset (P, 6, J) such that L ~ IdP.

(4) There is a quasicompact spectral space (5.10) such that I ~ O(X)
and X o~ PrimelL.

If these conditions are satisfied, then PrP and SpeeP are homeomorphio
to X, and K is isomorphic to the U-semilattice of quasicompact open sets of X.

Proof. By the preceding remarks, (1)<(2).

We have proved in 5.25 that (1)=(3); and (3)=(2) was observed
in 4.13. The equivalence (2)=(4) was noted in 5.11. m

For the record we remark how P arises concretely when a quasicom-
pact spectral space is given. From a space X we obtain a complete Brou-
werian lattice O (X) and if X is spectral, then O (X) is algebraic. Thoe U-
semilattice KO(X) of quasicompact open subsets is a distributive semi-
lattice in the sense of 5.18. From KO (X) we obtain the up directed set J
of finite distributive subsemilattices containing @ and X This allows the
formation of an augmented poset (P, d,J) according to 5.19 and O(X)
~ IdP; thus Prim0O(X) ~ PrimecIdP = PrP =~ Speel’. But PrimO(X)
~ X since X is spectral. Since we may work with any up directod family
{I{;: jed} of finite distributive subsemilattices covering KO (X)), the
angmented poset (P, §,J) is not uniquely determined by the condition
that L =~ IdP. In fact, this degree of freecdom comes in very handy for
the conclusive result on the speetra of separable ATC*-algebras which
we discuss now. Indeed, as a consequence of the construction carried out
in 5.18-5.256 we have the following
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5.27. COROLLARY. Let I be a couniable sup-semilattice with 0 and 1.
Then there is an augmented poset (P, 8, N) with 1d(K) =~ Id(P).

Proof. The collection  of all finite distributive subsemilattices
containing 0, 1 is countable and directed with respect to <. By induc-

tion we find & cofinal subfamily {K,: neN} with m < n implying
K, = K,. The construction then shows IdK ~ IdP. m

Prim A characterized for separable ATC*-algebras

As a consequence we derive the following theorem on AFC*-alge-
bras which was sought aftcr for some time:

5.28. Tunormm. Hvery quasicompact spectral space with a countable
basis is the primitive ideal spectrum of a separable AFC*-algebra.

Proof. Let X be a quasicompact 2nd countable spectral space. Let
L =0(X), X =KO(X), Then by 5.26 therc is an augmented poset
(P, 6, N) with Id(J)) =Id(l). By b5.25, X =~ PrimZL ~ PrimId(K)
~ PrP. By 4.4 there is a scparable AF(*-algebra A and a sequence
A, € A, ¢ of FC-algebras with 4 = ((_4,)” and (P, 8, N) being
associated with 4 and the sequence 4, = 4, < ... By 5.16, Prime 4 =~ PrP.
By 4.17, PrimoAd = Prim4 is the primitive ideal spectrum. m

This complements 5.16 and shows

5.29. CoroLLARY. The quasicompact spectral spaces (5.10) with a count-
able basis are precisely (up to homeomorphism) the primitive spectra of
separable ATC*-algebras. m

Under the additional hypothesis that the collection of quasicompact
sels is closed under intersection, 5.28 was proved directly by Bratteli [5];
Example 5.14 shows that this need not be the case.

On the center of AT'(*-algebras

Wo illustrate the viability of the lattice theoretical approach by the
derivation of Bratteli’s result that every commutative separable C*-
algebra ocenrs as tlo contor of & suitable separable AFC*-algebra.

Tirst we recovd a lattico theoretical fact which is utilizod:

5.30. TmMMA. Let L be a complete Brouwerian laltice with a compast
maximal ideal spectrum. Then there is a continuous retraction m: PrimeId L
— MaxIA L from the prime ideal spectrum to the maximal ideal spectrum of L
with I = m(I) for all I e PrimeIdL. Moreover, m is in fact the universal
Housdorffisation map (or Cech compactification map). Finally, PrimeldL
i8 a quasicompact spectral space.
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Proof. For these facts we refer to the literature. IFFor example,
the first two assertions are described in [17], 6.17 on pp. 70, 71 (in the
language of characters rather than ideals). The remark that PrimZ is
a spectral space is given in [17], 5.11, p. 54. m

For X =L we write S(X) = {IeIdLl: X & I} and abbreviate
S({w}) by S(x). We set 8,/(X)=MaxIdLnNS(X). We note S(X) =
m~YS (X)), forall X < L.

5.31. REMARK. Let L be a complele Brouwerian lattice with 1 e K (IL).
Then for every subset X = L we have

Sy (supX) = J {8y (w): z e X}.

Proof. Trivially, S(z) = S(sup X) for all # € X. Now let I e S, (sup X).
Since L is distributive and supl # 1 (as 1 e K(L)), there is a prime
element p € I, p # 1 with supl <p, whence I < |p. But |p is a prime
ideal and I a maximal ideal, whence I = |p,i.e.p = maxI. From supX ¢ I
we now deduce supX < p; so there is some 2 € X with 2  p, i.c. @ ¢ I.
Hence I € S(z). m

Thus, if L contains a countable subset ¢ with # = sup ({2 NC) for all #,
then {S,/(c): ¢ € C} is a countable basis for MaxId L. There is no reason
to Dbelieve, however, that {S(c): ceC} is a basis for the topology of
PrimeId L. To get around this difficulty we note a simple point set top-
ological fact:

5.32. LeMMA. Let m: P~ X be the Hausdorffization map of the quasi-
compact space P. Then we have the following conclusions:

(a) If
Pl
18 a factorization with a surjective g, then f is o Housdorffization map.
(b) Let % be any family of open sets in P containing all m~ V), Ver
Jor some basis ¥ of the topology of X. Let the relation R be given by xR’

iff for all U e one has v e U<’ € U. Then R is an equivalence relation
such that there is a factorization

p —2  » x

NS

P/R
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and P|R is Ty relative to the topology generated by q(%). If % consists

of quasicompact sets, then so does q(%). If every irreducible set of P has
a dense point, the same is true for P[R.

Proof. (a) Let g: P’ Z be a continuous function into a compact
space. Then by hypothesis on m there is a unique continuous funection
h: X —7 such that hfg = hm = gq. Since ¢ is surjective, hf = g, and h
is uniquely determined by this condition.

(b) Let 7 be the topology generated by %. Then m: (P, )~ X
is continuous since m~(V) e 7 for a collection of basis open sets Vey”
of X. The quotient map ¢: (£, 7)— PR is the left reflection of the space
(P, 7°) into the subcategory of T,-spaces, and since Y is Hausdorff, the
factorization m = fq follows. If all U € % are quasicompact in P, then
all ¢(U) are quasicompact ay continuous images. If J < P/R is an irredue-
ible sot, then I = ¢~'(J) is irreducible in (P, 77), since all open and closed
gets § in (P, 7) arc g-saturated (i.e. satisfy 8 = ¢~ '¢(8)). Since 7 is
coarser than the given topology, then I is irreducible in P. Hence if some
is a dense point in I for the given topology on P, then # is dense in I with
respect to 7. m

All of this only served the purpose to prove the following fact of
general topology.

5.33. ProrositioN. Let X be a compact Hausdorff space. Then there
18 a quasicompact spectral space @ and a continuous map f: @ — X which
is the universal Hausdorffization map (or Cech compactification map). If X
has a countable basis one may choose Q so as to have a countable basis, too.

Proof. First we apply 5.30 with L = O (X), the lattice of open sub-
sets of X. We may identify X with MaxIdO(X) under x> {U € O(X):
¢ ¢ U} (see [17], notably p. 71), and we obtain a Hausdorffization map
m: P— X of a quasicompact spectral space P.

Now suppose that the topology O(X) has a countable basis (. Then
define a collection % of open subsets of P = PrimeIdO(X) by # = {S(c):
¢ € 0}, Then ¥ = {S,,(¢): ¢ € C}is a basis for the topology of MaxId O (X)
= X. Since m™*(8,,(c)) = S(c) for all ¢ we may apply Lemma 5.32 and
define @ by P/R. Then @ is a Ty-space with a countable basis ¢(#) of
quasicompact sets. By 5.32, since P is spectral, so is ¢. Also, 5.32 (a)
shows that f: @ — X in the factorization m = fg is the Oech compacti-
fication map of Q. m

A$ this point wo recall a known fact on unital C*-algebras.

5.34. LEMMA (Tho Dauns—Hofmann Theorem.) Let A be a C*-algebra
with identity, Z s center. Then Z ~ C(PrimA., C) under a map which
associates with zeZ a well-defined function f: Primd — C such that
f(I)-1 = 2modI. The fumction I— InZ: Primd —~MaxZ 4s the Cech
compactification map. W
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Now we have the following result which was proved by Bratteli by
frontal assault:

5.35. TumoREM (Bratteli). Bvery commutative separable C*-algebra
oceurs as the center of some AFC*-algebra.

Proof. Let Z be a commutative separable C*-algebra and X = MaxZ.
By Proposition 5.33 there is a speetral space P with a countable basis for
its topology and a continuous function f: P— X which is in fact the
separable Cech compactification map. By Theorem 5.29 there is a soparable
AFC*-algebra with Prim 4 = P. Then, by the Dauns-Ilofmann Theorem
5.34, the center of A is isomorphic to Z. m

The isomorphy of separable AF(*-algebras reflected
in their augmented posets

In order to be able to associate with a given ATC*-algebra A, firstly
a Bratteli diagram and then an augmented poset, we actually nceded
to specify a given system {4,: j eJ} of finite-dimensional subalgebras
whose union was densc in A. Even in the separable case, onc and the
same AFC*-algebra may be approximated by different systems of finite-
dimensional subalgebras and may in this fashion give rise to different
Bratteli diagrams and even augmented posects; only after one has finally
passed to the spectrum, the ambiguity vanishes. IHow such different
approximating systems are related was carefully analyzed by Bratteli
in his key paper [7]. This analysis was needed before he could give necessary
and sufficient conditions for two separable AFC*-algebras 4 and B to
be isomorphic. These condifions were expressed in terms of arbitrary
approximating systems of finite dimensional subalgebras {4;: j e N}
and {B;: j € N}, respectivcly. Specifically, he established the following
result ([7], 2.7, p. 208):

5.36. THmOREM (Bratteli). For two separable AFC*-algebras A and B
and two ascending sequences {A;: i e N} and {B;: j € N} of finite-dimensional
subalgebras with A = (| JyA4;)” and B = (UnB))~ the following stalements
are equivalent:

(1) A =~ B.

(2) There is an ascending sequence §(n) of natural numbers and a C*
subalgebra B, = Ay, for all n = 0,1, ... containing 1 € A such that the
Jollowing two conditions are satisfied:

(i) B, = B, for all m and there is an isomorphism of *-algebras
fi UnB,— UnB, with {(B,) = B!, for all n.

(ii) For each m there is a &k such that A, < B,. m

We will now use this theorem to find out in what way two different
augmented posets of two isomorphic separable AT'C*-algebras have to
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be related. In the converse direction, we will then sometimes be in the
position to conclude that two AFC*-algebras with given posets cannot
be isomorphic on the basis of given properties of the posets.

It is elear that in 5.36 (2), in view of (i), condition (if) i equivalent to

(ii") There is an ascending sequence k(n) of natural numbers such that
A, = Byp-

Wo form the following new family of finite dimensional subalgebras:

7 7
Ay S By S Ay S By sy =

Thus there is an ascending sequence p (n) of natural numbers with p(1) = 1
such that

.A.]_ ; .[{;'“) c 'A']?(S) = B,(q_) E
and that the *-algebra isomorphism

f Ul\r p2n) = UN'B7L-_> UNBn = UN p(2n)
induces isomorphisms B, — m,,) for all n.

Conversely, if these data are given, the isomorphism f extends to
an isomorphism 4 — B of 0*-algebras. We therefore note a slight reformu-
lation of Bratteli’s result which is convenient for our purposes.

5.37. REMARK. Under the circumstances of Theorem 5.35, (1) and (2)
are also equivalent to the following condition:

(8) There is an ascending sequence p (n) of natural numbers and a sequence
of algebras

A; € By S Ay = By € -y

where one has a *-isomorphism of algebras f: UNBP(M - UwxB (2n) induc-
ing isomorphisms B, — Bp(m)

In order to translate this condition into the language of the associated
augmented posets it is convenient to introduce a few simple concepts.

5.38. DEFINITION. If (P, §,dJ) is an augmented poset we say that
an augmented poset (@, e, K) is cofinal in (P, §, J) iff X = J is a cofinal
subset, @ = 6"(K) and & = 5|Q. =

The proof of the following casy observation is left to the rcader;
it shows that passage to a cofinal sub-poset leaves the ideal and spectral
theory intact:

5.39. REMARK. Let (Q, &, I{) be cofinal in (P, d,J). Then for each
ideal I of P in the intersection I NQ is an ideal of @ and the function I — INQ:
IQ(P) — Id(Q) is an wsomorphism with inverse I — [I], where [I] is the
ideal generated in P by I eIdqQ. In partioular, Pr(P) [resp., SpecP] is
homeomorphio to Pr(Q) [resp. Spec@].

k& 5.40. DErFiNrrioN. Let (P, 6,J) and (@, e, K) be augmented posets.
We say that P and @ can be spliced if P resp., @ has a cofinal sub-poset

4 — Dissertationes Mathematicae 174
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(P', &, J'), resp., (@', ¢, I') and if P’ and @’ are cofinal in some augmented
poset (R, @, L) (up to isomorphism. of augmented posets).

After Remark 5.39 it is clear that for two posets P and ¢ which can
be spliced we have Id(P) =~ Id(Q) and Pr(P) =~ Pr(Q).

5.41, LeMMA. Let (P, 5, N) and (@, &, N) be two augmenied posets
over N. Then the following statements are equivalent:

(1) P and Q can be spliced.

(2) There is am increasing sequence p(n) of matural numbers with
p(n) =1 and an augmented poset (I, o, N) such that

sz—l — PP(QJ"‘J) a,%d sz = szj), j = 1, e

such that the partial orders induced on B, = | B¥~" [resp., on By = U R¥]
by P and R [resp. by € and R] agree.

Proof. (2)=(1): R, is cofinal both in R and in P and R, is cofinal
both in R and in @.

(1) = (2): (Indication only; the details may be safely left to the reader.)
Let (P', &', J') be cofinal in P and (0’, &', K') cofinal in @, and suppose
that we have an augmented poset (M, u, A) and a commutative diagram
of order preserving functions with 7, f, @ and g injective with cofinal
images:

P’ F > M < ¢ Q'

P

J——+ A 4 K

Let p(l) =1, p(2) = minK'\{1}, p(3)ed’ with 1< p(3) and f(p(3))
> g(p(2)), p(4) e XK' with p(2) < p(4) and g(p(4)) > f(r(3)) and so on.
Let 4' = {fp(2j~1), g(p(@): § =1,...}), M' =p~'(4"), ' = pldl"
Then (M’, u’', A’) is a cofinal augmented poget in M. If we let R*!
= Pr@i-1)] p¥ — @709 we have isomorphisms R¥~!— M/(®@-1) induced
by F and RY —» M) induced by @. If we set B = | JyR¥'URY
we can piece together a bijection R — M’. If we equip R with the struc-
ture of an augmented poset by pulling back the one we have on M’ under
this bijection we obtain precisely the required augmentod poset R. =

Now we have the following proposition:

5.42. PROPOSITION. Let A and B be two isomorphic AFC*-algebras.
If (P, 48, N)and (Q, &, N) are two augmented posels associated with A [resp. B]
(and some ascending chain of finite-dimensional subalgebras in A [resp. B)
with dense union), then P and Q can be spliced.

Froof. We go back to 5.37 and the method of associating with an
ATC"-algebra A together with an ascending system of approximating
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finite-dimensional subalgebras an augmented poset (4.2, 4.3). Let (P, §, N)
be associated with A and {4;: j e N} and (@, ¢, N) with B and {B;: j € N}.
Let (E, ¢, N) be the augmented poset associated with 4 and- the system
{Oy: jeN}y with O =4, €0, =By, = C; =4y, =C, =Byy < ...
Then R¥~! = PP*~1 and there is an order injection | ) {Q*®: j e N} - R
mapping Q¥*) bijectively onto the layer R¥ which is induced by the
isomorphism f: UnBpej— UnByejy- Thus condition (2) of B.41 is
satisfied and so (by the easy implication in 5.41) P and @ can be spliced. m

Proposition 5.41 can be useful in deciding on the non-isomorphy
of given AFC*-algebras A and B. We illustrate this by an example. The
following problem was raised by Leptin:

ProsrEM (Leptin). Suppose that A and B are separable AFC*-algebras
whose spectrum in both cases is of the form

Py y

with a sequence Py, < P, < ... of primitive ideals ascending to a mawimal
ideal P,,. Are A and B mnecessarily isomorphic?

We make a few observations. Since for every augmented poset (P, 4, N)
the poset Id(P) is a Brouwerian algebraic lattice (4.12), every I e Id(P)
is the intersection of primes (4.13). Thus if Pr(P) = X, where X is as in
Leptin’s problem, then Id(P) = Pr(P), i.e. every ideal is prime. Thus for
each I e Pr(P), P\I is directed (a filter) (5.3). If we write Pr(P) = Id(P)
={l,cl,c... €1} with I, # I,,,, we conclude that

(1) for all » =2, 3, and all # € P one has |&nI, # 0.

For if we had |#nI, =@ with »>1, then also [z]NI, =@ (as
follows easily from 4.7 and 4.5 (ii)). Since I, is prime, [#]1nI, =@ < I,
implied [#] € I or I, c I,; since n>1 and [#]nI, € [slnI, =0,
this is & contradiction.

We now construct an augmented poset (P, d, N) which has the
required ideal structure. We consider the set of points in which the fol-
lowing relations hold once and for all: 1>2>3>...;1> 01> 02> 03
>...;mp>ap for all m>nand p =1,2,3,...

In order to satisfy condition (1) above we have to impose further
relations.
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41 42 43 44 05

For each n =2,3,... wo fix an arbitrary subset C, of {n,n--1,
n+2,...} which is cofinal for » = 2,3, ... and include all the rola-
tions (n4+1,c¢—1)< (n,¢), n =2,3,..., ¢eC,, and all those which
follow by transitivity. Then we set I,= [(n,n)]={(p,q): ¢=1,...,
n,and p =¢q,q+1,q+2,...} and verify that all I, are ideals. The only
other non-empty proper ideal is I, = [(0,1)] = |(0,1). We note that
condition (1) is satisfied as it should be. The angmented poset P depends
on the family C,; we therefore denote it by P({C,: n =2,3,...}).

The construction we suggest does not give a classification of all splice
classes of angmented posets with spectrum {I, < I,, ... < I.}. But a modi-
fication (and slight complication) of the construction above will yield
an uncountable number of augmented posets with the same ideal struec-
ture such that no two of them can be spliced: For m =1, 2,3, ... let
(Ppy Gy {m, m~+1,...}) be a simple augmented poset (i.e. one with no
proper ideals except @ and P,,); then construct in place of () a new aug-
mented poset (P, 6, N) as follows:

with the obvious layering given for welP, by d&(w) = d, (x). Ior
m =2,3,...,welet 0, =P, be a cofinal totally ordered subset (which
exists sinee P, is simple, thus @ is prime, and since P,, is countable);
for each ¢ € P,, we pick arbitrarily an element ¢’ € P,,_, with 6(¢’) = d(¢)+1
and introduce the relation ¢’ < ¢, and then add all relations following from
transitivity. The sets I,, = P;u ... UP, and tho set | (01) are the only
non-empty proper ideals. If an augmented poset @ is constructod fromn



Isomorphy of AFC*.algebras and augmented posets 53

a sequence of simple augmented posets @,, in the same manner as P was
constructed from the posets P,,, then we observe that whenever P and Q
can be spliced, then P,, and @, can be spliced for all m = 1,2, ...; conver-
sely, it P,, and @,, cannot be spliced for some m, then P and @ cannot be
spliced and any pair of AFC*-algebras A and B associated with P, respec-
tively @ cannot be isomorphic by 5.42. Since there exist simple posets P’
and @' which cannot be spliced (e.g. take two simple non-isomorphic
AF(*-algebras § and T and choose any associated augmented poset P’,
respectively, ¢’) wo have in fact uncountably many non-isomorphic
separable AFO*-algebras whose spectrum consigts of an ascending sequence
of ideals and a maximal ideal.

Added in proof, Goeorge A. Elliol pointed out to us (letter 8. 7. 77) that a post-
liminary separable O*-algebrn with spectrum N is unique.

6.” Problems

In this very short section we list some problems we ran into in the
course of our discussion and which we were unable to settle.

6.1. PROBLEM (See 2.1 ff.). Is every weakly almost finite-dimensional
O*-algebra with identity an AFC*-algebra?

This was shown in the separable and the abelian case. We were unable
to settle this question in general. In a related vein one observes, that
in general in a C*-algebra two finite-dimensional subalgebras may not
be contained in finite-dimensional subalgebra; consider e.g. the case of an
infinite-dimensional O*-algebra generated by two non-commuting projec-
tions. However, can this happen in an AFC*-algebra?

6.2. ProBLEM. Let A be an AT("-algebra. Is the collection Jof finite-
dimensional subalgebras up-directed with respect to = ?

We verified this for abelian AFC*-algebras and LO(H)+C-1. We
do not appear to know the situation even in the separable case.

6.3. PROBLEM (See 2.16). Is every Bratteli diagram associated with
an ATC*-algebra?

6.4. ProBLEM (Seo 4.4). Is every augmented poset associated with
a Bratteli diagram, hence (by 2.16) with an AT'C*-algebra?

Weo do not know the answer even for countable augmented posets
in gencral. We do know the affirmative answer in the case that the index
poset J is the set of natural numbers. This suffices to cover the spectral
theory of separable ATC*-algebras, but it would be desirable to under-
stand the general gituation.

6.5. PROBLEM (See 4.10). What is known on closed two-sided
prime ideals in non-separable unital (*-algebras? Are they primitive?

e
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In view of the semisimplicity of O*-algebras this is tantamount to asking
whether all irreducible (closed) subsets of the primifive ideal spectrum
Prim A of a unital 0*-algebra A have a dense point. Or, to put it once
again in an equivalent fashion: If A4 is a prime O*-algebra (i.e. if {0} is
a prime ideal) is A primitive?

Oan these questions be decided for (non-separable) AFC*-algebras?

6.6. ProBLEM. Is there a common super-theory which subsumes the
theory of AF(*-algebras as it was developed here and Behncke’s and
Leoptin’s (-algebras with finite dual?

Appendix

Some remarks on the distributivity of semilattices

The concept of distributivity, very familiar for lattices, is somowhat
elusive for semilattices. There are several definitions (see e.g. [18], [23],
[24] and the references given there). The most natural concept for many
purposes is the following: An (inf-) semilattice is distributive iff ab < o
implies a'b’ = » for suitable elements &’ > a, b’ > b. Thig concept entails
that a semilattice is distributive if and only if its filter lattice is a dis-
tributive lattice. All concepts of distributivity for semilattices, evidently
have to share the property that for lattices the concept reduces to the
ordinary one.

It was first shown by Gaskill in [15] that there is more evidence that
the concept of distributivity described above is “the right one”. e shows,
in fact, that a semi-lattice with identity is distributive if and only every
finite subset thereof is contained in a finite distributive subsemilattice
with identity (which by finiteness, of course, is a distributive lattice in
its own right). In order to be fairly self-contained we offer an independent
(although. related) proof.

The word “semilattice” means semilattice with identity. The cate-
gory Z is the category of compact zero dimensional semilattices or, equiv-
alently, complete algebraic lattices; for these matters see [18].

If TeZ, then K(T) dcnotes the sup-semilattico of local minima
(resp. compact elements).

A.l. LemMA. Let T €Z ond 8 o finite subsemilaltice of T. Then there
is o function f: T — K (T') with the following propertics:
(1) f is monotone (i.e. t<<t' implies f(2) < F(t')).
@) fn <t
(3) SIS is injective; more accurately,
[f(s), s1N[f(s"),8']1 =@ for s s in S.
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(4) f(k) =T for all k € SNEK(T).
Moreover, f may be constructed with arbitrarily small displacement, i.e.:

(5) If U is a given entourage of the uniform structure of T, then (f(2), 1)
eU for all teT.

Proof. Let £ bo the collection of all open closed congruences R< 7' x 7.
Then every point ¢ € T' has a neighborhood basis of the form {R(t): R €%}
Numalkura’s theorem, see e.g. [19], p. b2. It follows that we find an R e #
such that

(a) sRs’ and s,s' €S implies § = g,

(b) ke SNK(T) implies ¥ = minR(%),

(e) B = U;
indeed for any & € K(T) the set {% is a neighborhood of . Now we define
f() =minR(¢). Then f(¢) e K(T) and f: § — K(T) is well-defined. Con-
dition (a) implies (3) and (b) implies (4). Condition (2) is obvious. If ¢ << ¢’
in T, then ¥’ =1, thus f(2)f(¥') e R(¢)R(¥') = R(#t'), whence f(t) = f(it')
< f@Of) < f@), Le f(O)f(2) = f(), whenee f() < f(#’). Thus (1) is satisfied.

We note that for any neighborhood U of the diagonal in T x 7T we
can find f so that (¢, f(¢)) e U forall te 7. m

A.2. LoMMA. Let T € Z and let 8 be o finite-distributive sublattice of T.
Suppose that F: 8 — K (T') is a function satisfying the following conditions:

(i) F 1s monotone.

(i) Ir'(s) < s.

Then there 18 a sup-morphism G: 8§ — K (8) with I'(s) < G(s) < s.

Proof. We denote with @ the set of co-primes in 8. Since § is distri-
butive, every element s is a sup of co-primes. For each p € @ we pick
a p e K(T)n |p in such a fashion that F(p,v Vo)< (pv  vor)
for all n-tuples (Pyy...,p,) Q" n» =1,...,card@; this is possible
since the sup-operation is continuous from below.

Next we define p”’ = sup{g’: €@ n|p}. Thenp" e K(T)with p’ < p”
<p, and p,<p, in @ implies QN}p, = @n{p, hence p) <p,. Now
suppose that se8 and assumo that s =p;v VPp =@V vV,
for suitable clements p;, ¢, €@, 7 =1,...,m, bk =1,...,n. Since each
p; i3 coprime and satisfies p;<gq,<...<g,, there is at least one
Qugny W) € {L, ...y} With p; < gy, This implies that py'v ... Vo,
SV V< a'v Vg, By symmetry we also have gi'v

v q,v VD, Hence

PV VPp =@V Vg, forp;, g, €@ implies
pivV VEp=d'vV V.
Now for s € 8 we write s =p,v  vp, and define G(s) =pi'v
v p!, Then G(s) € K(T) is defined independently of the representation
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of s a8 a sup of co-primes. If s =p,v vy, and t =qVv Vg,
we have G(s)v@() =p'v  vopveg'v vV =GPV V DV 41V
vyg,) =G(svi). u
Thus G is & sup-morphism. If s = p,V ... VP, then F(s) = F(p,v
VPSPV VPRSPV VP =G(8)<p1v VPpy =8 N

A3. LumMA. Let T € Z and let S be a finite distributive sub-semilaitice
of T. Then there is an injective sup-morphism @: 8—X(T) such that
Gk) =k for ke SNE(T). In particular, G(s) 8 a sup-subsemilatiice
of K (T) isomorphic to S as a sup-semilailice.

Proof. Construct f: T— K (T) according to Lemma 1, let I
=f|8: 8 = E(T), and determine G: 8 — I{(T) according to Lomma 2.
Then (4) of Lemma 1 implies f(k) < G(k) <% for &k e §NIC(T). Finally,
since G(s) € [f(s), s] for all s € 8, condition (3) of Lemma 1 implics that @
is injective. m

We recall that every sup-semilattice £ can be represented as I (T)
for a Z-object T (which is, in fact the ideal semilattice of /X or, alterna-
tively the character semilattice of I). The definition of distributivity
was given in 5.18.

A4, IevvAa. Let T € Z. Then the following statemenis are equivalent:

(a) The sup-semilattice K(T) 4s distributive.

(b) The underlying lattice of T is distributive.

(c) The underlying lattice is a complete algebraio Browwerian laitice.

Proof. See [18], notably 1.37 on p. 71. =

A.B. MamNy LnmmA. Let K be a distributive (sup-) semilatiioe. Then
every finite subsel is contained in a finite distributive subsemilallice (which
then 18 a distributive lattice in its own right).

Proof. Every finite subset of K is clearly contained in a (sup-) sub-
semilattice L of » elements, say. (Every finitely-generated semilattice
ig finite!) We consider K as the sup-subsemilattico K (7') of the unique
dual Z object 7' of K. Then we let § = L" be the (inf-) subsemilattice of T
generated by Lc K = T. If a;,b; e L for 4,j =1, ...,n, then by the
distributivity of T' (see Lemma 5) we caleulate » = a, ... a,vb;... 0,
=inf{a,v b;: ¢,5 =1, ..., n}. Since a,v b, € I since L is a sup-semilatiice,
we conclude that € §. Thus § is a sup-semilattico and thus a sublattice
of T, hence it is a distributive sublattice. Lot ¢: S — I (T) bo as in Liemma 3.
Then & € L implies &k € 8N K, hence @ (%) = k. Thus &(8) is a sup-gubsemi-
lattice of I containing I and, being isomorphic to S, is a distributive
lattice in its own right. m

We have in fact shown the following result:

A.6. TuEoREM. Let K be an arbitrary semilatlice with identity and T
its dual. Then the following statements are equivalent:
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(1) K 18 distributive.

(2) K is a union of an up-directed family of finite subsemilaitices of K
each of which is a distributive laitice in its own right.

(3) K s an injective limit of finite-distributive laitices in the category
of semilattices with identity and identity preserving semilaitice morphisms.

(4) T vs distributive.

(B) The underlying lattice of T is a Brouwerian algebraic lattice.

(6) T' has enough finite distributive semilattice quotients to separate the
points.

(7) T is the projective limit of finite distributive lattices in the category Z
of compact 0-dimensional semilatlioes and identity preserving continuous
semilaltioc morphisms.

Proof. (1)< (4)<(b) by Lemma 4. Trivially, (2) and (3) are equiv-
alent, as are (6) and (7). By duality, (8)< (7) (see [18], 4.2, p. 21).

(2)=>(1): I o< a vb in K, find a finite distributive subsemilattice
D c K with @, a, b € D. Then set a’ = aA p@ and b’ = bApx and observe
a’'vb' = (an pw)A(bApe) = (aVvD)A po = .

(1) = (2) is an immediate consequence of Main Lemma 5. m

One way of expressing the Theorem is the following: The category of
finite distributive semilattices is prodense in the full category of distri-
butive Z objects and co-pro-dense in the category of discrete distributive
gemilattices with identity. A consequence of Theorem is that the direct
limit functor in the category of semilattices preserves distributivity.
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