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Introduction

Many categories encountered in various branches of mathematics
have the following common feature: each object 4 has an underlying set
of points, and each morphism f: A— B is determined by a function from
the underlying set of 4 to the underlying set of B. Such categories are
called concrete. In the pioneer papers by 8. Eilenberg and S. MacLane
[1942], [1945] much attention was paid to categories of this type. It is
a rather curious phenomenon that as yet there is no general theory of
concrete categories. Investigating concrete categories, we are often con-
fronted with strange or pathological facts (cf., e.g., Isbell [1963], Calenko
[1969], Freyd [1970]). Even the precise definition of a concrete category
offers some problems and there are some non-equivalent definitions
accepted by various authors.

Nevertheless, the notion of a concrete category seems to be es-
pecially useful if we wish to use categorical language, e.g., in general topology
or functional analysis. Concrete categories constitute a bridge between
general category theory and its non-homological applications. There
are many useful constructions which cannot be carried out in arbitrary
categories but can be conveniently defined in concrete categories (cf.,
e.g., Semadeni [1971], pp. 201202, and this paper, Section 10.9).

The present paper is devoted to the discussion of some general prob-
lems concerning concrete categories (Chapters IT and III). Additionally,
a detailed description of the category of logical kits is given in Chapter IV.

Chapter I contains preliminaries. We recall well-known definitions
and introduce some notions which are needed in the sequel. Set-theor-
etical lemmas stated in-Section 3 are needed in Chapter II, the category
of equivalence relations described in Section 4 is used in Chapter IV,
and the notion of a pseudo-reflection introduced in Section 5 is applied
in Chapter III. '

In Chapter IT two main topics are discussed. In Section 7 the notion
of a concrete duality is examined. In Section 9 generalized images, co- -
images, embeddings and quotients are defined and investigated. These
notions are defined in an arbitrary category (not necessarily concrete)
with the aid of some preorders (called D-preorders and C-preorders) in the
class of all morphisms of the category. General properties and examples
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of D-preorders and C-preorders are considered in Section 8. It is shown
in Section 9 that every (-preorder determines a class of generalized embed-
dings and every D-preorder determines a class of generalized quotient
morphisms. In every category there are two extremal C-preorders; the
generalized embeddings determined by the greatest C-preorder are ident-
ical with isomorphisms, and the generalized embeddings determined
by the least C-preorder are identical with monomorphisms. Similarly,
the generalized quotient morphisms determined by the greatest .D-pre-
order are isomorphisms, and the generalized quotient morphisms deter-
mined by the least D-preorder are epimorphisms. Other intermediate
D-preorders [C-preorders] give classes of generalized quotient morphisms
[generalized embeddings] contained in the class of all epimorphisms [mono-
morphisms] and containing the class of all isomorphisms. Most import-
ant is the case when the category is concrete. The duality properties
of generalized quotient morphisms and generalized embeddmg% in con-
crete categories are discussed.

The notions of an embedding and of a quotient morphism were
considered by many authors from different points of view. J. R. Isbell
[1964], H. Herrlich [1968], H. Herrlich and G. E. Strecker [1973] employ,
following the idea of A. Grothendieck [19567], the notion of an ewxtremal
monomorphism as a categorical analogue of the topological notion of
an embedding. Another categorical notion of an embedding was applied
by H.-B. Brinkmann and D. Puppe [1966] (under the name Einbetiung)
and by M. Barr, P. A. Grillet and D. H. Osdol [1971] (under the name
subregular monomorphism). Yet another notion of an embedding in a con-
crete category was introduced by Z. Semadeni [1971]. Embeddings and
quotient morphisms can also be introduced axiomatically. This leads
to the notion of a bicategory in the sense of S. MacLane [1950] and J. R.
Isbell [1957], [1958], cf. also Z. Semadeni [1963]. It is shown in the pres-
ent paper that embeddings in the sense of Z. Semadeni [1971], as well
as subregular monomorphisms, are particular cases of generalized embed-
dings for suitably chosen C-preorders.

In Chapter III the conditions of unicity and of transfer are inves-
tigated. A concrete category U is said to satisfy the condition of unicity
iff there are no two different objects A, B in U having the same under-
lying set and such that the identity function ¢¢ an isomorphism from A4
to B. E.g., the category of Banach spaces and linear contractions satis-
fies this condition, while the category of Banach spaces and bounded
linear operators — does not. A concrete category U is said to satisfy the
condition of transfer iff every set equipollent with the underlying set
of an object A is the underlying set of some object B such that the bijec-
tion from the underlying set of A to the underlying set of B is an iso-
morphism from 4 to B. It is shown that the conditions of transfer and
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of unicity determine some functors on the category of all concrete cat-
egories and covariant functors commuting with the forgetful functors.
It will be shown in Section 13 that for every concrete category U there
exists a concrete category U, which satisfies the conditions of transfer
and of unicity and best approximates A. In Section 14 the connexion with
the structures in the sense of C. Ehresmann [1957] is discussed.

Some problems discussed in Chapters IT and III are partially known
in special cases or in different, though somewhat related, context (cf.,
e.g., V. 8. Garvackii and B. M. Sain [1970], L. Kudera and A. Pultr [1972]).

Chapter IV has a different character. It is devoted to the study of
the category of logical kits. The notion of a logical kit was introduced
by Z. Semadeni {1974] and is closely related to the notion of an automaton.
The reader interested in applications of categories to computer science
can read Chapter IV independently from Chapters IT and ITI. Only the
knowledge of Sections 1, 2 and 4 from Chapter I is required.

The author is greatly indebted to Professors Z. Semadeni and
8. Balcerzyk for reading the manuscript and many helpful suggestions.



Chapter 1

Preliminaries

1. Notation. Categories and functors

The following logical symbols will be used: implication =, equiv-
alence <>, existential quantifier 3, and universal quentifier V. The symbol
{#: ®(x)} will denote the class of all # such that @ (x). The symbol card 4
will denote the cardinal number of a set A. The empty set is denoted by 9.

The symbols 0,1,2,... will denote natural numbers in the sense
of von Neumann, i.e.

0 =9, 1:{0}1 2:{071}‘:{@5{@}’7“

The question-mark designates a variable, e.g., % +a is the symbol
of a function of the form f(x) = # + a; using the barred arrow we shall
also denote this function by x>z +a.

If (A4,).r is an indexed family of sets, then P A, will denote the
teT

Cartesian product, pr, will denote the canonical projection P 4,->A4,,
and S A, will denote the disjoint sum, i.e. the set teT

e
U4, x {t}).
teT

Instead of S A4, we shall also write A,+ A4,.

te2
If A is a set, then #(A4) will denote the power set of 4, i.e. the set
of all subsets of A. '
By a relation we mean a binary relation, i.e. a set of ordered pairs.
If R is a relation, then the condition (a, b)e R is also written in the form
ultb. The sets

DomR = {a: JaRb} and ImR = {b: JaRb}
b a

are called the domain and the image of R, respectively. If X is a set, then
the sets

{6: 3 2Rb} and {a: 3 aRz}

ze X zeX
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will be denoted by R~ (X) and R~ (X), respectively. R~' will denote the
inverse relation R~' = {(a, b): bRa}. If R and 8 are relations, then SOR
will denote the composition of B and &, i.e.

SoR = {(a, ¢): I(aRb and bRc)}.
b

If A is a set, then id,, will denote the identity relation on A4, ie. id,
= {(a, a): acAd}. ‘

A relation R is symmetric iff aRb implies bRa; R is transitive iff aRb
and bRe imply aRc; R is reflexive iff ae Dom R implies aRa.

An equivalence relation on a set A is a reflexive, symmetric and tran-
sitive relation R such that DomR = ImR = A. A preorder on a set A
is a reflexive and transitive relation R such that DomR = ImR = A.

We shall distinguish between a function f: A—B and a map f: A—B.
If A and B are sets, then by a function from A to B we shall mean a re-
lation f = {(a, f(@)): acA} such that Imf < B. By a map f: A—~B we
shall mean a triple (f, A, B), where f is a function from A to B. We may
also use a single letter f for a map f: A—B if this is not confusing.

If C < 4 and fis a function from 4 to B, then f|C denotes the re-
striction of f to C, i.e., the function fn (C x B).

A function f will be called injective iff it is one-to-one. If f is an injec-
tive function, then the inverse relation f~' is a function defined on Imf.
A map f: A—B is called an injection iff f is an injective function; it is
called a surjection iff B = Imf; and it is called a bijection iff it is both
an injection and a surjection.

If A is a set and aec A, then
a: 1-4

will denote the map defined by a(0) = a.

The arguments will be based on the Tarski-Grothendieck—Sonner
system of set theory with universes (for the definition of a universe cf.,
e.g., Schubert [1972], MacLane [1972]).

By the Tarski—-Grothendieck—Sonner system of set theory we shall

mean the Zermelo-Fraenkel system of set theory with the following
additional axiom:

For every set A there is a universe U such that 4¢U.

In particular, for every universe U there is a universe V such that
UeV. We shall say that the universe V is larger than U.

In the sequel U will denote a fixed universe, and V will denote a fixed

universe larger than U. We shall assume that U contains as an element
the set N of all positive integers.
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All considerations carried out within U can be easily interpreted
in the Gddel-Bernays system of set theory if we agree that “a set” means
“an element of U” and “a class” means “a subset of U”.

We shall assume that for every universe U we are given a fixed func-
tion ¢y 2(U)— U such that ¢py(A4)ed for all A « U, A # . The func-
tion ¢y, is called the choice function for U.

The reader is supposed to be familiar with basic notions of cat-
egory theory. However, we recall some definitions for the purpose of fixing
terminology and notation.

By a category we shall mean a 6-tuple

(1) A = (A°, A", Dom, Cod, ¢, v),

where %° is the set of objects, A™ is the set of morphisms, Dom and Cod
are the functions from A™ to A° assigning to each morphism a its.domain
Doma and codomain Coda, ¢ is the function from A° to U™ assigning to
each object A the identity morphism :,: A-—>A, and v is the function
from the set

A° = {(a, B)eA" xA™: Domp = Coda}

to A™ assigning to each pair (a, B) in A° the composition fa.
These data are supposed to satisfy the following axioms:

Dom:, =Codty = 4,
Dom(fa) = Doma, Cod(fa) = Codf,
y(Ba) = (vh)e,

aLDoma == a,_ Lcoaaa = a

for A in A° and a, B, y in A", (a, B) in A, (B, ) in A,

The set {eeWA™: Doma = A and Coda = B} of all morphisms from A
to B will be denoted by (4, B>y or (A, B>.

The dual category of category (1) is the category UA* = (A°, A=,
Cod, Dom, ¢, v*), where o* is defined by v*(a, ) = v(8, a).

By mono(), epi(A), iso(A) we shall denote the subcategories of A
such that mono(A)° = epi(A)° = iso(A)° = A° and mono (W)™, epi(A)™,
iso(A™ are the classes of all monomorphisms, epimorphisms, and iso-
morphisms in U respectively.

By U-Ens we shall denote the category whose objects are those
sets which are elements of U, and morphisms from 4 to B are maps
f: A—B. The functions Dom, Cod, ¢, v are defined in an obvious way.
In particular, ¢, = (id,, 4, 4). '

By U-Binr we shall denote the category whose objects are elements
of U and morphisms are triples (R, A, B), where A, BeU and R < A x B.
The functions Dom, Cod, :,v are defined by Dom(R,A,B) =A
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Cod(R,4,B) =B, 1, = (id4, 4, 4),v((R, 4, B),(8,B,C)) = (S°R, 4, ().
It should be noted that, in general, Dom(R, A, B) = A # DomZR.
The category U-Ens is a subcategory of the category U-Binr.

A category U is said to be a U-category iff W° <« U and {4, B)yeU
for all A, B in A° (these conditions imply A™ < U). A category U is said
to be U-small iff it is a U-category and A% U (this implies A™e U). The
categories U-Ens and U-Binr are U-categories, but they are not U-small.
Every U-category is V-small for a larger universe V. -

If A and B are categories, then by a covariant [contravarlant] func~
tor @: A—->B we shall mean a pair (°, &™), where

D°: A°—-NB°, o8 Y™ P2
are functions satisfying the conditions

¢°(Doma) = Dom®P™(a) [P°(Doma) = Cod D™ (a)],
&°(Cod a) = Cod 9™ (a) [@°(Coda) = DomP™(a)],
O™ (pa) = D" (B) D" (a) [@™(Ba) = D™ (a) P™(B)],
¢m(¢A) = t¢°(A)
for all ¢ in A™, 4 in A°, and (e, B) in A°.

@° and @™ are called the object transformation and the morphism
transformation of @ respectively.

In the sequel we shall denote both functions @° and &™ by the single
letter &. '

By a functor we shall mean a covariant functor if not explicitly
stated otherwise. If B is a subcategory of %, then the inclusion functor
B will be denoted by I35. Instead of I we shall write I.

We shall say that categories U and B are quasi-isomorphic (equiv-
alent in the terminology of Freyd [1964]) iff there are functors @: A—>B
and ¥: B> such that ¥® and @Y are naturally equivalent to Iy and I
respectively.

If N is a category and A «A°, then the category A/A of objects above A
(denoted also by Morph“%) is defined as follows: objects of A/A are
morphisms of % with codomain A; morphisms of W/A from g: B> A4
to y: O—A are triples (¢, 8, ¥), where ¢: B—C is a morphism in % such
that yp = f. The composition rule is

(v, (e, 8,7) =(¢'9p, 8,6

Let @: A—>B and ¥: B—->UA be functors. D is a left adjoint of ¥ and ¥
is a right adjoint of @ iff the following equivalent conditions are satis-
fied :
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(i) there exists a natural eqﬁivalence
wq,p: (P(4), B)g—><{4, ¥(B))y
(A eN°, BeBO),
(ii) there exists a natural transformation
n: Iy—>¥YO

such that for every morphism &: 4 —¥(B) in A™ there is a unique mor-
phism 9: &#(A4)—B in B™ such that ¥ (4)n, = &,

(iii) there exists a natural transformation
v: OV >1Ig4

such that for every morphism &: @(A)—B in B™ there is a unique mor-
phism #: A—¥(B)in A" such that vz@(#) = &,
(iv) there exist natural transformations

n: Iu-—)'.{,qs, Y. ¢T—>IB
satisfying the identities

voa)P(M4) = toyy TR Nwm = tyg (44U, BeBO).

Each of conditions (i)—(iv) may be assumed to be an equivalent
definition of adjointness. The natural transformations » and » will be
called canonical mnatural transformations. _

By U-Cat we shall denote the category whose objects are U-cat-
egories and morphisms are functors. More precisely, U-Cat® is the set of
all U-categories, U-Cat™ is the set of all triples (@, U, B), where A, B
are U-categories and @: U—B is a functor; the functions Dom, Cod, ¢, v
are defined in an obvious way.

The category U-Cat is not a U-category, but is a V-category for
a larger universe V. '

It is convenient to say that the elements of U-Cat™ are functors.
Therefore in this paper we shall mean by a “functor @: W—B” either
the pair (®°, &™) or the triple ((9°, &™), A, B). The actual meaning will
be clear in each case from the context.

A covariant [contravariant] functor @: A—>B meant as the triple
(D, A, B) is called an injector [surjector, bijector] iff both maps &°, ™
are injections [surjections, bijections, respectively].

2. Concrete categories

There are various definitions of a concrete category. The definition
“g concrete category is a subcategory of the category of sets” is obviously
inadequate, because such categories as the category of groups, the cat-
egory of topological spaces, the category of vector spaces ete. are not
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concrete in this sense. According to Kuro§, Livsic, and Sulgeifer [1960]
a category U is called concrete iff

(A) U is isomorphic to a subcategory of the category of sets.

It is well known (as well as easily provable) that condition (A) is
equivalent to the following one:

(B) There exists a faithful functor from U to the category of sets.

However, this definition does not express in a satisfactory manner
the intuitive concept of a “concrete” category whose objects are sets
equipped with some structures and whose morphisms are some maps.
In fact, Eilenberg and MacLane [1945] have shown that every small
category U satisfies conditions (A), (B), even if the morphisms of U have
nothing to do with usual maps.

Therefore it seems reasonable to call a category satisfying con-
ditions (A), (B) a concretizable category. To be more specific, we shall say
that A is a U-concretizable category iff A is a U-category and there exists
a faithful functor Y— U-Ens. Every U-category is V-concretizable for
a larger universe V.

J. R. Isbell [1963] and P. Freyd [1964] have given examples of
categories which are not concretizable (within a fixed universe). P. Freyd
[1970] proved that the catégory of topological spaces and homotopy
classes of continuous maps is not concretizable.

A concrete category is defined by many authors (cf., e. g., Kuéera
and Pultr [1972], Wyler [1965]) as a pair (W, []) consisting of a category A
and a faithful functor O from U to the category of sets. This definition
has also some disadvantages: a concrete category is not a category but
a pair consisting of a category and a functor; hence the category of all
small concrete categories is not a subcategory of the category of all small
categories.

We shall accept a different definition of a concrete category (cf. Mac-
Lane and Birkhoff [1967], Herrlich and Strecker [1973]).

2.1. DEFINITION. A category A will be called U-concrete iff U is
a U-category and the following conditions are satisfied:

(i) every morphism a in Y™ is a triple (f, Doma, Coda), where f
is a function and fe U; the function f will be denoted by |al,

(ii) if a« is an identity, i.e. @ = 1, for some 4¢%U° then |a| = idg
for some SeU; the set 8 (determined uniquely by A) will be denoted
by 4],

(iii) for every a<qA™ the set |Doma| is the domain of |a|, and the set
|Coda| eontains the image of |al,

(iv) for all morphisms a, feA™ the condition Code = Domf implies

|Bal = |Blo]al.



14 I. Preliminaries

The set |4]| is called the underlying set of A and the function |a| is
called the underlying function of a.
If A is a U-concrete category, then the formulae

Du(4) = [4],
Oula) = (lal, [Domaj, |Codal)
(A eQIO, aeﬂrm),

define a faithful functor (Jy: A— U-Ens called the forgetful functor. |

2.2, Suppose that we are given: 1° the set U° = U, 2° “the under-
lying set function” A+>14| defined on A° with values in U, 3° the set A
whose elements are triples of the form (f, A, B), where A, Be%° and f
is a function from |A4| into |B|. These data determine a U-concrete cat-
egory iff the following two conditions are satisfied:

(c,) (id 4, 4, A)eUA™ for every A<%°, &
() if (f, A, B)eW™ and (g, B, C)eA™, then (gof, 4, C)eA™.

2.3. By U-Concat we shall denote the full subcategory of U-Cat
whose objects are U-concrete categories. We shall show that the collec-
tion of all functors [J4 may be regarded as a single functor defined on
a suitably chosen subcategory of U-Concat.

We apply the following more general schema. Let % be a subcat-
egory of U-Cat and let € be a fixed U-category. Suppose that for every
e M° there is a functor @y from A to €. A functor ¥: A->B, where
e M° and Be M, will be called D-commuting iff Py¥V = Dy. Let My
be the subcategory of M defined in the following way: M3 = IM° and

% is the class of all @-commuting functors in IN™. Then the family
(Py)geqmo induces the functor @: M,—>M/C.

In particular, if M = U-Concat, Py = Oy, and € = U-Ens, we

obtain the functor

O: U-Concat,— U-Concat/U-Ens.

The category U-Concat is a subcategory of U-Concat; the objects
of U-Concat are U-concrete categories and the morphisms are [J-commut-
ing functors, i.e. functors @: A—B such that Ox@ = Oy.

Let us note that @: A—-PB is [J-commuting iff

|2(4)] =14| and |P(a)| = |a
for all AeA° aeWA™. In other words, @: A—->B is J-commuting if

¢(fs A4, A’) = (f’ D(4), ¢(-A-'))
for all (f, A, A")eUA™.



1. Notation. Categories and functors 15

Every [(0-commuting functor is determined uniquely by its ob]ect
transformation. Every map @°: U°—>B° such that

(f, 4, A') W™ = (f, D°(4), D°(A')) eB™

is the object transformation of the [J-commuting functor @: A—-B de-
fined by

®(a) = (lal, 9°(Doma), ¢°(Cod.a)).

Let A and B be U-concrete categories. We shall say that U is [J-4so-
morphic with B iff % and B are isomorphic as objects of the category
U-Concat—, i.e. iff there exists a [J-commuting bijector J: A—B.

2.4. ExampLEs. (A) Let Top be the category of topological spaces
and continuous maps. For every topological space A let @g(A4) [DP(4)]
be the same space with the discrete [antidiscrete] topology. The maps
?9: Top®—~Top® and D): Top®—~>Top® are object transformations of the
O-commuting functors @;: Top—Top and @,: Top—Top.

(B) Various “forgetful” functors such as the forgetful functor from
the category of Banach spaces and bounded linear operations to the cat-
egory of topological spaces and continuous maps are [J-commuting.

(C) The functors F,: Lchs—Lchs and F,,: Lchs—Lchs considered
by Wiweger [1966] are [J-commuting. The functor ! defined by Porta
[1972] is [J-commuting.

Definition 2.1 is in many cases too restrictive and can be general-
-ized as follows.

2.5. DEFINITION. Let # be a positive integer. A category U will be
called n-U-concrete iff A is a U-category and the following conditions
are satisfied:

(i) every morphism a in Y™ is a triple (f, Doma, Coda), where
f=(fo,-..sfn_1) and f,, ..., f,_, are functions belonging to U; we shall
denote |a| =f, lal; =f; for i =0,...,n—1,

(i) if @ is an identity, i.e. a = ¢, for some A U° then [a|; = idg,
for some 8;eU, ¢+ =0,...,n—1; we shall denote |A| = (8, ..., S,_1),
|A|i:Si7":=07---7n_17 .

(iii) for every aeA™ and ¢ =0, ..., n—1 the set |Doma|; is the do-
main of |a|;, and the set |Cod a|; contains the image of |a|;,

(iv) for all morphisms a, BeA™ the condition Code = Dom g implies
\Bal; = |Bl;0lal; for 4 =0,...,n—1.

2.6. EXAMPLES. (A) The category U-Cat is 2-V-concrete for a larger
universe V. If AeU-Cat’® and DeU-Cat™, then [Aj, = A°, A, —‘llm,
D]y = @° D], = D™
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(B) The category of deterministic Mealy automata (cf. Ehrig and
Pfender [1972]) within a fixed universe U is 3-U-concrete.

Another example of a 3-U-concrete category is the category U-Kt
discussed in Chapter IV.

2.7. Remarks. It is easy to verify that every U-category isomorphic
to an n- U-concrete category is a U-concretizable category. Definition 2.1
has an unpleasant feature that a U-category isomorphic to a U-concrete
category need not be U-concrete, the dual of & U-concrete category is
not a U-concrete category, and the product of U-concrete categories
is not a U-concrete category. However, the product of n U-concrete
categories can be identified in a natural way with a =»-U-concrete cat-
egory, and the notion of the dual category of a U-concrete category can
be modified (cf. Section 7) in such a way that-the “concrete dual” is still
a U-concrete category.

3. Power functors. Set-theoretical lemmas

3.1. Let f be a function with Domf = 4 and Imf < B. It is obvious
that for all X, X' in #(A4) and Y, Y’ in #(B)
X < X' implies f7(X) < f~(X"),
Y < Y’ implies f<(Y) < f=(¥'),
ff(X) = {aed: I f(a) =f(2)} = X,

zeX
) =Ynf>(4)< ¥,
X)) =(X), @) =(J).
3.2. Assigning to any map f: 4—B the maps
2.(f): 2(A)»2(B), Z_(f): Z(B)>P(4)
defined by
2, (NX) =f(X), 2Z_(HX)=F(X),
we obtain the covariant power functor
#.: U-Ens— U-Ens,
and the contravariant power functor
“?_: U-Ens— U-Ens.

The functors £, and #_ are injectors.

It is well known that if the object map of a (covariant or contra-
variant) functor @: A—-B is an injection, then P determines a subcat-
egory of B with {@(4): AA°} as the class of objects and {P(a): aeWA™}
as the class of morphisms. This ﬂlbcategory is denoted by @ ().
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In particular, the functors £, : U-Ens— U-Ens and #_: U-Ens
— U-Ens determine the subcategories #Z (U-Ens) and Z_(U-Ens) of U-Ens.
These subcategories can be characterized in the following way:

3.3. ProPoSTION. A map f: A—B is a morphism in 2, (U-Ens)
if and only if the following conditions are satisfied:
(i) A and B are power sets, i.e. there exist sets M and N such that A
= P (M) and B = 2(N),

(ii) f 28 union-preserving, i.e. for every indexed famdy (Xy)er of el-
ements of A

FUX) = Hf(xt)i

teT

(iii) for every X in A the condition card X = 1 implies cardf(X) = 1.

Proof. If there exists a map g: M—N such that f = #_(g), then
conditions (i)—(iil) are obviously satisfied.

If f satisfies (i)—(iii), then f = £ (g), where
g ={(m,n)e M xN: {n} = f({m})}.

3.4. PROPOSITION. A map f: A—B 48 a morphism in P_(U-Ens)
if and only if the following conditions are satisfied:

(i). A and B are power sels,

(i) f is union-preserving, ¥

(iii) f is disjoininess-preserving, i.e. for all X, Y belonging to A the
condition X NY =@ implies f(X)nf(Y) =9,

W AUxX)=UY.

Xed YeB

Proof. If there exists amap g: N—>M suchthat 4 = (M), B = #(N)
and f = #_(g), then conditions (i)—(iv) are obviously satisfied.
Conversely, suppose that f: A—B is a map satisfying (i)-(iv). Let
M={UX, N=UY, and let
Xed YeB
= {(n, m)eN X M: nef({m})}.

It follows from (ii) and (iv) that
mUMf({m})=f(M) =N

i.e. for every n in N there is m in M such that (n, m)eg. If (n, m)eg and
(n,m)eg, then nef({m}) and nef({m’}), i.e. f({m})nf({m’'}) # @. Con-
sequently, by (iii), {m}n{m’} = @, i.e. m = m'. Hence ¢ is a function
from N to M. It remains to show that Z_(g) = f. For every X in A

g (X) = y‘“(mL‘JX{m}) =7Hc9“({m}) = U f({m}) =f(7'px{m}) = f(X).

2 — Dissertationes Mathematicae CXXXV
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.The following two lemmas can be easily derived from properties 3.1
and will be needed in the sequel (cf. Propositions 8.12 and 8.13).

3.5. LemMA. Let f: A—>B and g: A>C be two maps. The following
conditions are equivalent:

(1) f(a) = f( a) implies g(a) = g(a’) for all a,a’ A,
(ii) f‘“f" “(Z) = g™ (Z) for every Z im Z(C),
(i) g*f“f"(X) = g~ (X) for every X in P(4A),
(iv) 2, ()(X) =2, (f)(X’) implies P, (g)(X) = P, (g)(X) for all
X, X' e?(A),
(V) Z_(9)7(2(C)) = 2_(f)”(#(B)):
3.6. LEMMA. Let f: B—>A and g: C—~A be two maps. The following
conditions are equivalent:
(i) 9~(C) =« f7(B
(il) g~f7f (X)) = g7 (X) for every X in P#(A),
(iii) f~f~97(Z) = g~ (Z) for every Z in Z(0),
(iv) 2..(9)"(2(0) < 2.()”(#(B)),
P_()(X) = P_(f)(X') implies P_(g)(X) = P_(g)(X') for all
X, X' eP(A). |
For g =
laries:

id ; we obtain from Lemmas 3.5 and 3.6 the following corol-

3.7. CoroLLARY. Let f: A—B be a map. The following conditions
are equivalent:
(i) f: A—B is an injection,
(i) 2,(f): #(A)—>P(B) is an injection,
(iii) Z_(f): #(B)—>P(A) i3 a surjection.

3.8. CoroLLARY. Let f: B—>A be a map. The following conditions

are equivalent:
(i) f: B—A is a surjection,
(ii) 2, (f): #(B)—>P(A) is a surjection,

(ili) Z_(f): #(A)>ZP(B) is an injection.

-3.9. LEMMA. Let M, N be sets, and let f: #(M)—>P(N) be a union-
preserving map. If f is a bijection, then f is a morphism in P, (U-Ens)
and in 2_(U-Ens).

Proof. It is easy to verify that f satisfies conditions 3.3 (i)—(iil) and
3.4 (i)—(iv).

3.10. Remarks. The power functors defined in 6.2 are restnctlons
to U-Ens of the power functors
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#,: U-Binr—»>U-Ens, £’ : U-Binr-> U-Ens

defined in a similar way. The functors &, and . are injectors and it
is well known that the morphisms of the category &£ (U-Binr) are pre-
cisely those maps of the form f: Z(M)—-2(N) which satisfy condition
3.3 (ii). The functor &, : U-Binr— U-Ens is a right adjoint of the in-
clusion functor I5 g, Moreover, #_ = &, &, where «: U-Binr—U-Binr
is a contravariant bijector defined by </(R, A4, B) = (R7', B, 4).

4. The category of equivalence relations

The category U-Eq of equivalence relations within U is a U-concrete
category defined as follows: the objects are equivalence relations R satis-
fying the condition Re U; the underlying set of an equivalence relation B
is defined as

‘ IR = {a: (a, a)eR};

the set of morphisms from an equivalence relation R to an equivalence
relation R’ is the set of all triples (f, B, R’), where f is a function from |R|
to |R’| such that (a, b) e R implies (f(a),f(b))eR’. It is clear that conditions
(€y)y (¢) from Section 2.2 are satisfied.
The forgetful functor
0: U-Eq— U-Ens

.

with the object transformation (J(R) = |R| and the morphism transform-
ation O(f, R, R') = (f,0(R), O(R')} has a left adjoint and a right
adjoint. It can easily be verified that the functor

9: U-Ens—~U-Eq
defined by

2(4) = {(a, a): acd}, 2(f, A, A") = (f,@(A), Q(A’))

for every morphism (f, A, A’) in U-Ens, is a left adjoint of [J, while the
functor
. 1?: U-Ens— U-Eq
defined by
: A* =AxA, (f,4,4) =(f, A% A"
is a right adjoint of .
The functor 2 has also a left adjoint. Let

¢: U-Eq— U-Ens

be the functor defined in the following way: if R is an equivalence relation,
then

Q(R) = O(R)/R;
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if (f, R, R') is a morphism in U-Eq, then
Q(f, R, R')(a/R) = f(a)[R’, where ac[J(R).

(It follows from the definition of morphisms in U-Eq that f(a)/R’ does
not depend on the choice of a in the equivalence class a/R.)

It is easy to verify that @ is a left adjoint of 2.

Let us note that the functors 2 and %2 are [J-commuting, but @ is
not [J-commuting.

5. Pseudo-reflections and reflecticns

Let %A be a category, and let R be an equivalence relation on U™
such that

aRp implies Doma = Dompg and Coda = Codp.

In other words, R is an equivalence relation defined on each of the sets
(4, B)y4 separately.

5.1. DEFINITIONS. Let B be a subcategory of U. A morphism z: 4A—B
in Y™ is called an R-pseudo-reflection from U into B iff B «B° and the follow-
ing two conditions are satisfied:

(i) for every X eB° and every £: A—>X in U™ there is ¢: B—>X
in B™ such that & = dr,

(ii) for all 4: B—X, #': B—~X in B™ the equality 4 = ¥'r implies
IR .

If R is the identity relation, then an R-pseudo-reflection is called
a reflection (cf. Freyd [1964]).

If v: A—Bis a reflection from 9 into B then we say that B is a reflec-
tion of A in B. If every object in A° has a reflection in B we say that B
is a reflective subcategory of . In this case the inclusion functor I3 has
a left adjoint @: A—->B; the functor @ assigns to each object in A° its
reflection in B and is called a reflector.

A morphism a: A—>A’ in A is called an R-pseudo-isomorphism
in YU iff there exists o' «UA™ such that (a’a)Ri, and (aa’)Ri, . It may be
shown by the well-known argument that if r: A—B and ©': A—B’
are R-pseudo-reflections from % into B, then r = 7', where 8 is an B-pseudo-
isomorphism in B.

‘5.2, ExaMPLES. (A) Let %A be a subcategory of U-Cat and let aRf
mean that the functors ¢ and g are naturally equivalent. If a functor
a: A—>B is an R-pseudo-isomorphism in A, then a is a quasi-isomor-
phism of categories A and B;the converse is true if U is a full subcategory
of U-Cat. An example of an R-pseudo-reflection in this case will be given
in Section 11.
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(B) Let A be an arbitrary category. For all a, (A4, B)y let aR,p
mean that there exists an isomorphism »: B-—>B such that a = 8. It is
easy to verify that every R,-pseudo-isomorphism is an isomorphism.
If B is a reflective subcategory of U, then every R,-pseudo-reflection from %
into B is a reflection.

(C) Let A = mono{U-Ens). Let B be the full subcategory of A such
that B° is the class of all infinite sets in U-Ens®. For every A ¢ U the canoni-
cal injection of 4 into A+ N (where N is the set of all positive integers
and - denotes the disjoint sum, i.e. the coproduct in U-Ens) is an R,-
pseudo-reflection from A to B (where R, is the relation defined in (B)).
Because B is not a reflective subcategory of U, this example shows that
there are R,-pseudo-reflections which are not reflections.

6. Universal points. Generators and cogenerators

Let % be a U-category and let 4: A— U-Ens be a covariant [contra-
variant] functor. A wuniversal [couniversal] point of A is a pair (4, a)
such that

(i) AeN° and aeA(A4),

(ii) for every X in UA° and every z in A(X) there exists a unique #
in (4, X) [in (X, A)] such that the diagram ‘

A(X)
is commutative.
It is well known that many categorical notions (e.g., limits of diagrams

and reflections) can be defined as universal points of some functors.

A generator in U is an object G such that the principal covariant
functor

(G, $y: A—> U-Ens

is faithful, i.e. the conditions ¢, pe(A, Bdq and & = y& for all £e(@, ADy
imply ¢ = y.

A cogenerator in U is an object C such that the principal contra-
variant functor

(%, C>q: A—U-Ens

is faithful, i.e. the conditions ¢, ye{(4, B)y and &p = &y for all £e(B, (Dy
imply ¢ = y.
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Let A be a U-concrete category, and let m be a cardinal number in
the sense of von Neumann such that me U. An m-free object in U is an
object F together with a map o: m— [F| satisfying the following con-
dition: for any object X and any map &: m—|X| there exists a unique #
in (I, X>y4 such that ((O0%)e = £&. We say that F is freely m-generated
by ¢. An m-cofree object in % is an object H together with a map =: (H|—>m
satisfying the following condition: for any object X and any map
£: | X|->m there exists a unique ¥ in (X, H)y such that =x(OJ#) = &.
We shall say that H is freely m-cogenerated by =.

Note that F is an m-free object freely m-generated by ¢ if and only
if (¥, o) is & universal point of the covariant functor

<M, Oa( 1) pga: U— U-Ens.

Similarly, H is an m-cofree object freely m-cogenerated by = if and only
if (H,n) is a couniversal point of the contravariant functor

<Dﬂ( ?)l m>U-Em: QI—> U-Ens.

6.1. ProrosITION. If U is a concrete category, them every 1-free object
an W i8 a generator in W, and every 2-cofree object in W is a cogenerator in A.

Proof. Let H be a 2-cofree object in 9. Suppose that ¢, ye(4, B)
and fp = &y for all {e(B, H). If »: |[H|]—->2 is a map 2-cogenerating H,
then for every map {: |B|—2 there exists a unique £e¢({(B, H) such that
(&) =, and hence ((Oy) = =0O(fy) = =0(ép) = {(O¢). Since 2
is a cogenerator in U-Ens and the forgetful functor (]: A— U-Ens is
faithful, it follows that Ny = D¢ and v = ¢.

The proof of the first part of the proposition is similar.



Chapter II

Duality. Generalized embeddings and quotients

7. Dual notions in concrete categories

It is well known that the dual of a U-concretizable category is a U-con-
cretizable category. J. R. Isbell {1964 ] has shown that under some assump-
tions the dual of a category of algebras is isomerphic with a category
of algebras. On the other hand, the dual of a U-concrete category need
not be a U-concrete category. For that reason we shall introduce the
notion of a “concrete-dunal” category A° of a given U-concrete category U.
This notion seems to be helpful in investigating dual notions in concrete
categories.

7.1. DEFINITION. Let % be a U-concrete category. The concrete-
dual category of U is the U-concrete category N° defined as follows. The
objects of A° are the same as the objects of U, i.e. (A*)° = A°; if 4 is
an object of U and [4] is the underlymg set of A in QI then the underlying
set of A in U is the set

|41° =5’(|Al); L
the morphisms of A° are all triples of the form
(9_()‘)’ Aa B))
‘where (f, B, A) is a morphism in A%, i.e.
(W)™ = {(P_(f), 4, B): (f, B, 4)<%™}.

" It follows immediately from the definition that UA° is isomorphic
with the (ordinary) dual category A* and that the functor

(1) ' 7% A->A°

defined as
A® = A for AeN°,

= (#_(lal), Coda, Doma} for aeA™,

is a contravariant bijector.
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Moreover, the diagram
A

10 U-Ens
0

90 ue
is commutative.

Let us note that A®* = A for every U-concrete category .

It is easy to see that the category U-Ens® is [J-isomorphic with the
category Z_(U-Ens).

7.2. If A and B are U-concrete categories, and
o: A->B

is a covariant [contravariant] functor, then there exists a unique co-
variant [contravariant] functor

o°: N°>\W°
such that the diagram
A—2 9B
1 1124
5 M
UW——3

is commutative. If @ is (J-commuting, then & is also [J-commuting.
If @ is an injector [a surjector, a bijector], then @° is also an injector
[a surjector, a bijector, respectively].

Let us write #(A) = A° for every U-concrete category A, and &(P) = A°

for every covariant functor @ between U-concrete categories. This yields
the covariant funectors

&: U-Concat— U-Concat
and

&: U-Concat— U-Concat.

7.3. DEFINITIONS. Let ¢ and j be non-negative integers. A o-predi-
cate [cc-predicate] of type (i, j) is a function

p: U-Ct°->U [p: U-Concat’— U]

such that for every [U-concrete] U-category A the set p (W) is a subset
of the set

A X oo XA™ XA°X ... xA°

7 times j times
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and for every [D-comniuting] covariant bijector @: A—-B the condition

(@ryevey @y Ayyonny 4j)ep(A)
implies ‘

(¢(al)’ ey Dlay), P(4y), ..., ¢(Aj))€p(%)~

A c-predicate [cc-predicate] g will be called dual [c-dual] to the ¢-predi-
cate [cc-predicate] p if ¢ is of the same type as p and for every [ U-concrete]
U-category W and all a,, ..., ¢;eW?, 4,, ..., 4;eU° the condition

(ayy ..vy ay, A4 ..., AJ)GQ(QI)
is equivalent to the condition

(af,---, a?,Af, ---7A;)€P(Q[*), [(aln’ ceey af,Af’, °"7A$)5p(9‘[°)]'

It is obvious that if a c-predicate ¢ is dual to a c-predicate p, then p
is dual to q (cf., however, Example 7.5(B)). The following proposition
is also obvious.

7.4. PROPOSITION. Let p be a c-predicate [cc-predicate]. Then there
exists a dual [c-dual] c-predicale [cc-predicate] q defined by

g(A) = {(ayy ...y Aygy...): (af, ..., Af, ) ep(A°)}.

7.5. EXAMPLES. (A) A morphism a in a U-concrete category is called
an injection [a surjection, a bijection] if (Ja is an 1n]ect10n [a surjection,
a bijection, respectively]. '

For every U-concrete category U let in(%A), sur(A), and bij(A) be
subcategories of A such that

in(A)° = sur(A)° = bij (A)° = A,

and in(AY™ is the class of all injections in A, sur (W)™ is the class of all
surjections in U, and bij(A)™ is the class of all bijections in U.
Let

() =in(W)", py(A) =sur(W=,  p,(A) = bij(A™.

The functions p;, p,, and p, are cc-predicates of the type (1, 0). By Corol-
lary 3.7 p; is c¢-dual to p,, and by Corollary 3.8 p, is ¢-dual to p;. The
cc-predicate p, is e-dual to itself. (Another form of a duality theorem for
the notions of an injection and a surjection was proved by Garvackil
and Sain [1970].)

(B) Let m be a cardinal number, and let
Cn(A) = {4 A°: card|4A| =m]}.

The function c,, is a cc-predicate of the type (0, 1). It is easy to see that ¢y
is ¢-dual to ¢,y . This example shows that, contrary to the previous example,
it may happen that p is ¢-dual to g, but ¢ is not ¢-dual to p.
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Other examples of ¢-duality will be considered in Section 8.

7.6. REMARK, Let us note that c-predicates and cc-predicates of
type (n, 0), where n is a positive integer, can be described in the following
alternative form:

Let U-Rel, be a U-concrete category defined in the following way:
the objects are pairs (4, R), where A« U and R is an n-ary relation on A;
the morphisms from (4, R) to (4’, R’) are triples (f, (4, R), (4, R')),
where f: A— A’ is a function such that for all a,, ..., a,eA the condition
(@4, ..., a,)eR implies (f(a1)’ .. ‘1f(an))€R"

It is obvious that c-predicates of type (n, 0) can be identified with
covariant [J-commuting functors

p: bij(U-Cat)— U-Rel,,
and cc-predicates of type (n, 0) can be identified with covariant [J-com-
muting functors
g: bij(U-Concat,) > U-Rel,. _

7.7. The dualization functor (1) does not preserve underlying sets
of objects, i.e. |A®| # |A|: Another dualization functor {4 preserving
underlying sets can be constructed in the following way:

Let % be a U-concrete category. By A+ ‘we denote the U-concrete
category defined as follows: (UX)° = A°; the underlying set of A in AX,
denoted by |A|#, is #(|A|), where |A| is the underlying set of A in U;
the class of morphisms is

(m%)m = {(gp+(f)7 A4, B)’ (f, 4, B)Eﬂm}-
It is easy to see that A4 is isomorphic with % and the isomorphism
¥, YA
is defined by
A¥ = A4 for AN°,
a¥ = (#?,(lal), Doma, Coda) for ae¥™.

Moreover, there exists a unique contravariant bijector ¢g4: UK %Y
such that the diagram

/
A - Qa
\ .
Q[O

is commutative. We have |OqA| = |A| for every A in (U#)°, i.e. the func-
tor Qg preserves underlying sets.

D Gl
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It is easy to see that the category U-Ens# is D-lsomorphlc with the
category 2 (U-Ens).

7.8. DEFINITION. A cc-predicate p will be called #-invariant if for
every U-concrete category U and for all a,,...,a;eUA™, 4,,..., 4;eU°
the condition

(@yy ooy Gy Ay oney Aj)ep(A)
is equivalent to the condition
(af, ..., off, 4%, .., 4K)ep(W¥).
It follows from Corollaries 3.7 and 3.8 that the cc-predicates p;, p,,
and p, defined in Example 7.5(A) are J¢-invariant.

7.9. According to Proposition 7.4 every “concrete-categorical”
notion has a dual. For example, the e-dual to the notion of a 1-free object
can be described as an object F together with a subset 8 of |F| satisfying
the following condition:

For every object X in U° and every subset T of |X| there is a umque
morphism ¢: X—F such that

[#(8) =

On the other hand, the notion of a 1-free object is “almost” c-dual
to the notion of a 2-cofree object in the following sense:
A pair (F, o) is a universal point of the functor

<1? Dﬂ( ?)>U-Ens: QI_)' U'EDS
iff (F, #_ (o)) is a couniversal point of the functor
{Ouo () 2)s_w-kw: A°—>U-Ens.

In fact, the condition ce{l, Oy(F)DyxE. 18 equivalent to the
condition #_(o)e{Oys (F), 2)5_(p-5w)- For every X in A° there is a one-
to-one correspondence between elements £e{1, (g(X))p.g., and elements
P_(0)e{0uo(X), 2)s_(rxay)- Moreover, for every ¢ in (F,X)y the
conditions

Ou(d)o =&, and 2_(0)Ouo(d) =P_(§)
are equivalent.

8. D-preorders and C-preorders

If R and R’ are preorders on a set A such that
aRb implies aR'b for all a, bed,
then we shall say that R’ is greater than R and R is smaller than R'.
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8.1. DEFINITIONS. Let U be a category. A D-preorder on U is any
preorder R on ™ satisfying the following two conditions:

(Dy) aRf implies Domeae = Dom g,

(D,) aRf and Coda = Domy imply (ya)RS.

A C-preorder on U is a D-preorder on the dual category UA*; in other
words, a C-preorder § is a preorder on U™ satisfying the following two
conditions:

(C,) aSf implies Coda = Cod g,

(C,) a8p and Doma = Cody imply (ay)SB.

The D-preorders considered in examples below will satisfy in most
cases the following additional condition:

(D,) aRB and Codé = Doma imply (ad)R(B3).

The dual condition for C-preorders is:

(C,;) a8 and Dom é = Coda imply (da)S(dB).

Let 9 be a subset of A™. A D-preorder R will be called regular with
respect to M if the conditions 1e M and (el) B(BA) imply aRf. A C-preorder

S will be called regular with respect to 9t if the conditions Ae¢ M and
(Aa)S(AB) imply aS8.

8.2. ExAMPLES. (A) Let

RBo(A) = {(a, B)eUA™ x A™: Dom;z = Dom g},
8o (A) = {(a, B)eA” X A™": Coda = Codp}.

Instead of R,(A) and S,(A) we shall also write shortly R, and §,. It is
obvious that R, is a .D-preorder on U satisfying (D,), and 8, is a C-pre-
order on U satisfying (C,). Moreover, R, is the greatest D-preorder on U,
and 8, is the greatest C-preorder on . R, and 8, are regular with respect
to the set of all morphisms in .

(B) Let

R,(A) = Ry, = {(a, )eA™ xA™: a = ¢p for some ¢ in A},
Sy(A) = 8; = {(e, B)eA™ xA™: a = fg for some ¢ in A"}.

It is easy to see that R, is a D-preorder on U satisfying (D,), and §; is
a C-preorder on U satisfying (C,;). Moreover, R, is the least D-preorder
on A and 8, is the least C-preorder on . In fact, if «R,f and R is a D-pre-
order on %, then a = ¢f for some ¢ in A™, and it follows from (D,) that
(pB)RB, i.e. aRB; similarly, aS,B implies aSp for any C-preorder S. E,
is regular with respect to the set of all epimorphisms in %, and §, is reg-
ular with respect to the set of all monomorphisms in 2. In fact, if 1 is an
epimorphism and (ad)R,(BA), then there exists ¢ such that ai = ¢fi;
since A is right-cancellable, it follows that a = ¢f, i.e. aR,p.



8. D-preorders and C-preorders 29

(C) Let A be a fixed object in U°, and let
Ro4(N) =R,y 4
= {(a, B) eA™ x A™: Bp = Py implies ap =ayp for all ¢,ye(4,Dom§p)},
85,4(A) = 8,4
= {(a, B)eUA™ xA™: ¢f = pf implies ga = pa for all ¢, ye{(Cod}f, 4)}.

Tt is easy to verify that R, 4 is a D-preorder on ¥ satisfying (D,), and 8, ,

is a C-preorder satisfying (C,). R, 4 is regular with respect to the set of

all retractions in A. In faet, if A2’ = igpq2, (al) R, 4(BA), and P = By,

then it follows from pil'¢ = fil'y that all’ep = all’y, ie. ap = ap.

Dually, 8, 4 is regular with respect to the set of all coretractions in 2.
(D) Let

RyA).=R, = Rouy Sal®W=28,=N 84
AeNO AeA°

It is easy to verify that R, is a D-preorder satisfying (D;), and 8, is a C-pre-
order satisfying (C,). For all a, 8™ we have

aR,p < (Bp = Py implies ap = ay for all ¢, pA™),
aS,8 < (pf = yp implies pa = ya for all ¢, peA™).

R, is regular with respect to the set of all retractions, and 8, is regular
with respect to the set all coretractions.

(E) Let R, be the set of all pairs (a, §)eA™ x A™ satisfying the follow-
ing condition:

For every factorization § = '8’ such that g’ is an epimorphism
there exists a factorization a = a’’a’ such that e’ is an epimorphism and
a'R,f'.

Dually, let' S, be the set of all pairs (a, 8)eU™ x Y™ satisfying the
following condition:

For every factorization f§ = f'’f’ such that g’ is a monomorphism
there exists a factorization ¢ = a’’a’ such that «'’ is a monomorphism
and a''8,8". .

It is easy to see that R, is a D-preorder, and S, is a C-preorder.

(F) Let A be a U-concrete category, and let R (A) = R, be the
set of all pairs (a, 8)eRy(%) satisfying the following condition:

If a,be|Doma| and [Bl(a) = |8|(b), then |a|(a) = |al(b).

Let S,(A) = 8, be the set of all pairs (a, §)eS,(A) satisfying the
following condition:

la|”([Dome]) = |8{~(|Dom§g|).

It is easy to verify that R, is a D-preorder, and S, is a C-preorder.
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R, is regular with respect to the set of all surjections in U. In fact,
let A be a surjection, and let (al) B (fA). If a, be|Doma| and |B|(a) = |B](b),
then there exist x, ¥ in |Dom 4| such that a = |i|(2), b = |1|(y). We have

1BAl(@) = |Bl(a) = IBI(b) = IBAI(¥),

lal(a) = |ed|(%) = |aAl(y) = [a|(]),
which proves that aRg.

S, is regular with respeet to the set of all m]ectlons in A. In fact,
if 2 is an injection, (Aa)S.(48), and ael|a|”(|Domaeal), then we have
|A|(a)e|da]™ x (|Domal]) < [48]”(|Domp|), i.e. [i|(a) = |AB|(b) for some b
in |Domg|. Hence a = |B|(b), 1.e. ae|f”(|{Dom§g|).

We shall now examine the relationship between the preorders de-
fined in this section.

It is obvious that for every A ih A°

(2) By(N) = By 4(A)  and  8(A) = 8, 4(A).

8.3. PROPOSITION. If A is a gemerator in U, then R, 4(A) = RI(N).
If A is a cogenerator in W, then 8, 4(A) = 8,(A).

Proof. Let A be a generator in 2. Suppose that aR, . and fp = fy.
If 9 # v, then it follows from the definition of a generator that (4, Domeg)
# 0. The conditions R, ,f and fp = By imply apy = ayy for all y in
{4, Domgeg). Since A is a generator, it follows that ap = ay, i.e. aR,B.
Thus R, 4(A) = R,(A), and, by (2), R, 4(A) = R,(A). The second part
of the proposition follows by duality.

and consequently

~

8.4. PrOPOSITION. If U is a concrete category, then R () < R (A)
and S, (A) = 8,(A).

Proof. Let aR,f and fp = Py for some ¢, y in A™. For every z¢|Domg)|
we have 16|(lpl(z)) = 16I(Iy|(x)), hence |a|(ipl(2)) = lal(Ip|(x)),i . ap = ay.
Thus aR,B.

Let 8,8 and ¢f = yf for some ¢, v in A™. Then for every a in [Doma|
there exists a b in |[Domf| such that |a|(a) = |8|(d). Consequently,

lpl(lal (@) = |l (1B1(B)) = |v|(181(D)) = Iv|(lal(a)),
and this means that ¢a = ¢f. Thus aS,8.

8.5. EXAMPLE. Let Z be a set such that cardZ > 2, and let A be
the subcategory of Ens defined as follows: UA° = U-Ens®, (4, B)y
={A,Bpygn if B #Z, {Z,Z)y = {15}, {4, 2>y =B if A #Z.

It is easy to see that aR,f for all a, # in A™ such that Doma = Domj
= Z.On the other hand, there exist ¢ and §in A" with Doma = Domg = Z
such that aR,§ is not true.

This example shows that B (U) # R (A), in general.
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8.6. PROPOSITION. Let U be a U-concrete category. If there exists a 1-free
object F in W, then
Rc(%) = Ra(‘}I) = Ra,F(QI)'

If there exists a 2-cofree object H in U, then
8. (A) = 8,(A) = 8, x(A).

Proof. By (2) and Proposition 8.4 it suffices to prove that R, (%)
< R.(W) and 8, z(A) <= S.(A). Let ak, »p and let [§|(a) = [B](b) for some
a,b in Domp|. If ¢: 1 |F| is a map freely 1l-generating F, then there
are (uniquely determined) morphisms ¢,y in (¥, Domf) such that
(O¢)o — @ and (Ow)o = b. There is also a unique ¢ in (¥, CodB) such

that (08)c = Bl(a) = IBI(b). Since (I(fp)jo = (0P = IBl(a) and
(O (By))e = IBI(b), it follows from the uniqueness of # that fp = fy.
Hence ap = ay, and O(ag)o = O(ap)o, i.e.

lal(a) = (O(ap))o = (O(ay))o = lal(b).
Thus aR,pB.
Let oS, ;8 and let 5, {: |[Codf|—>2 be the maps defined as follows:

n{(z) = 0 for every x in |Codpf|,

for every z in |f|”(/Dom§g|),

t(@) = , e .
1 for every x in [Codf|\|B|”(Domp§g|).

It is easy to see that nof = {op and for every map «
(3) nx = {x implies x~(Domx) < |7 (|Dom§g|).

If n: |[H|—2 is a map freely 2-cogenerating H,-then there are (uniquely
determined) morphisms ¢,y in (Codf, H> such that =»([(J¢) = and
#((Jy) = {. Moreover, there exists a unique morphism ¢ in (Dom§g, H)
such that #((09) = nof = (op. We have = ([1(¢p)) = =(De)(OP) = nop,
and #{0J(yp)) = ¢{op, hence & = ¢f = yp. Consequently, ga = ya, and
{0a =a0(ypa) = n0(pa) = noa. By (3) we obtain |a[”(|Doma|)
< |87 ({Domp|). Thus a8B.

8.7. CoroLLARY. R (U-Ens) = R,(U-Ens) = R, ,(U-Ens) and S,( U-Ens)
= 8,(U-Ens) = §,,(U-Ens).
In fact, 1 is a 1-free object in U-Ens, and 2 is a 2-cofree object in
U-Ens. '

8.8. CoroLLARY. If U is a concrete category, then for all a, § in A™
aR,(W)B < (Da)E,(U-Ens)(0B), |
aSc(QI)ﬁ <~ (DG)SG(U-EDS)(Dﬂ).
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The D-preorders and C-preorders considered in 8.2(A), (B), (D), (E)
are defined for all U-categories simultaneously. The D-preorder R, and
the C-preorder 8, are defined for all U-concrete categories simultaneously.

8.9. DEFINITIONS. A D-c-predicate [C-c-predicate] is a c-predicate p
of the type (2,0) such that p(A) is a D-preorder [C-preorder] on A for
every U-category U. A D-cc-predicate [C-cc-predicate] is a cc-predicate ¢
of the type (2,0) such that ¢(W) is a D-preorder [C-preorder] on A for
every U-concrete category ‘U.

8.10. ProOPOSITION. The functions
Ro(?), B, (1), Ro(?), By(?)
(from U-Cat® to U) are D-c-predicates, and the functions
) 8o (1), 81(%), 8,(?), 8p(?)
(from U-Cat® to U) are C-c-predicates. The function
R,(?): U-Concat’—~U
18 a D-cc-predicate, and the function
8.(?): U-Concat’—U
28 a C-cc-predicate.
Proof. It is easy to see that if &: A—->B is a covariant bijector,

and x denotes one of the symbols 0, 1, a, b, then

aR,(A)f = P(a) R, (B) P(p),

and
a8 (M) B =P (a)S(B)P(p).

Ii, in addition, the categories U, B are U-concrete, and the functor @
is d-commuting, then these conditions are satisfied also for z = c.

8.11. PrOPOSITION. The D-c-predicates Ry(?), R,(?), B, (%), and R,(?)
are dual to the C-c-predicates S,(?), S;(?), 8,(%), and 8,(?), respectively.

Proof. Proposition follows immediately from definitions.

The following two propositions are easy consequences of Lemmas 3.5
and 3.6.

8.12. ProPOSITION. The D-cc-predicate R,(?) is c-dual to the C-cc-
predicate S,(?), and conversely, S,(?) is ¢-dual to R,(?), i.e., the condition
aR, ()P is equivalent to the condition a® 8,(U°)B°, and the condition oS (U)p
is equivalent to the condition a® R, (A°)B°.

8.13. PrROPOSITION. The cc-predicates R.(?) and S,(?) are jf-invariant,
i.e., the condition aR,(N)B is equivalent to the condition a# R, (UK K| and
the condition aS,(N)B is equivalent to the condition o S, (UA)pA.



9. Generalized-images, coimages, embeddings, quotients 33

9, Generalized images, coimages, eml)eddi.ﬁgs, and quotients

9.1. Let A be a U-category, and let a be a fixed morphism in A™. With
every D-preorder R on U we can associate a covariant functor

AR,a: A U-EDS

defined in the following way:
If X% then

Ap o(X) = {£eW™: ERa and Cod ¢ = X}.
If U™, then
Ag,a(9): Ap.(Dome)—Adg ,(Cody)
is the map
Ap o (9)(£) = &, Eedp,(Domg).
In virtue of condition 8.1(D,),
Ag (X)) = (Doma, X}y for every X in U°.

Condition 8.1(D,) implies that the map Ap,.(¢) is well defined for
every ¢ in UA™. In fact, if fedp ,(Domg), then {Ra and Cod ¢ = Domg;
consequently, (¢f)Ra and Cod(¢f) = Codg, ie., pfedy,(Codg). The
functor 4y , is a subfunctor of the principal covariant functor

{Doma, ?)y: A—- U-Ens
(i.e. 4, is a covariant ideal in the sense of Isbell [1964]).

Similarly, with every C-preorder 8 on % we can associate a contra-
variant functor

sta: QI_> U-EDS

defined in the following way:
If XU% then

I's (X) = {£eA™: £Sa and Dom¢é = X}.
If U™, then

i Is,a(@): I's,o(Codg)—>Is ,(Domg)
is the map

5,a(@)(&) = &p, Eelg ,(Codg).
We have

I's .(X) « (X,Coda)dy for every X in UA°,
and the functor I'g , is a subfunctor of the principal contravariant functor
| %, Codady: A U-Ens. |
(For a special case § = §, see Brinkmann and Puppe [1966], p. 52.)

9.2. DEFINITIONS. An R-coimage of a morphism e is a morphism x
such that (Codw, ) is a universal point of the functor Ap ,.

3 - Dissertgtiones Mathematicae CXXXV
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An .8-image of a is a morphism ¢ such that (Domo, o) is a couniversal
point of the functor I'g,.

An S-image of a will be denoted by S-ima, and an R-coimage of a
will be denoted by R-coima.

In other words, an R-coimage of a is a morphism = satisfying the
following conditions:

(¢,) mRa,
(cy) for every morphism £ such that £Ra there is a unique morphism
#: Codn—Cod & such that the diagram

u

Doma » Cod a

Cod = » Cod &

]
is commutative. _
An S-image of a is a morphism ¢ satisfying the following conditions:
(i) oSa,
(i) for every morphism & such that £Sa there is a unique morphism
#: Domé—-Domoe such that the diagram

a

Doma ~» Coda

Dom ¢ »Dom ¢

is commutative.

S-ima and R-coima are determined by a uniquely up to an isomor-
phism. More precisely:

9.3. PROPOSITION. If ¢ = S-ima and ¢ = S-ima, then there exists
an isomorphism (: Domo—>Domoe’ such that o = ¢’'{. If = = R-coima
and 7' = R-coima, then there ewxists an isomorphism #: Codzn'—>Codx
such that n = nx'. '

Proof. The proposition follows from the uniqueness of an universal
[couniversal] point of a functor.

Let a =5 § denote that a R and fRa. The symbol a =g f is defined
similarly.

9.4. PrROPOSITION. If R-coima exists, then a = R-coima. If S-ima
exisis, then a =gz S-ima.
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Proof. If = R-coima, then ®Re by condition 9.2(c,). It follows
from condition 9.2(¢,) (for £ = a) that a = 9= for some &, i.e. aRx by
8.1(D,). The second part of the proposition follows by duality.

9.5. PROPOSITION. Every R-coimage is an epimorphism. Every S-image
18 a monomorphism.

Proof. Let # = R-coima, and let ¢, ¥ be morphisms such that
pr = yn. Since nRe, it follows from 8.1(D,) that (¢zn)Re. By 9.2(c,)
there is a unique ¢ such that ¥z = ¢n = ypz. Hence 4 = ¢ = y. The second
part of the proposition follows by duality.

9.6. DEFINITIONS. An R-quotient morphism is a morphism = such
that # = R-coim=. An S-embedding is a morphism o such that ¢ = S-imo.

Note that R-coima is an R-quotient morphism, and S-ime is an
S-embedding for. every a.

We shall now consider some particular cases of S-images, R-cmmages,
R:quotient morphisms, and S-embeddings.

9.7. PROPOSITION. A morphism B is an Ry -coimage [8,-image] of
a morphism a if and only zf Domp = Dome [Codf = Codea] and g is an
180morphism.

Proof. It is obvious that ‘Doma = Ry-coima. If n = R,-coimay
then by Proposition 9.3 there exists an isomorphism 7 such that # = %¢pom «
= 7. The second part follows by duality.

9.8. CorOLLARY. A morphism B is an R,-quotient morphism [an S,-
embedding] if and only if B is an isomorphism.

9.9. PROPOSITION. A morphism = is an R,-coimage of a morphzsm a
if and only if the following conditions are satisfied:

(i) = is an epimorphism dnd Domna = Doma,

(ii) there exist morphisms n' and n'’ such that ¢ = n'w and x® = n''a.

A morphism = is an R,-quotient morphism if and only if = is an epi-
morphism,

Proof. If » = R,-coima, then conditions (i) and (ii) are satisfied
in virtue of Propositions 9.5 and 9.4. '

Suppose that = satisfies conditions (i) and (ii). Then 0bv1ously nR,a.
Let £ be a morphism such that ¢R,a, i.e. £ = &'’a for some morphism &',
We have &{''#'w = &''a = &, 1.6. £ = O for & = &''n. Since ~» is an epi-
morphism, ¥ is determined uniquely by the condition & = dx. Hence
7 = R,-coima.

The dual result is:

9.10. PrOPOSITION. A morphism o is an S,-image of a morphism a
if and only if the following conditions are satisfied:
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(i) o i8 a monomorphism and Codo = Coda,
(ii) there exist morphisms o' and o'’ such that a = oo’ and ¢ = ad’’,.

A morphism o is an Si-embedding if and only if o is a monomorphism.

9.11. We shall now show that the notions of an S-image and an
R-coimage are generalizations of the notions of an image and a coimage
of a morphism.

Recall (cf. Mitchell [1965]) that an image of a morphism a is a mono-
morphism ¢, denoted by ima, satisfying the following conditions:

(im,) a8,0, '

(im,) if # is a monomorphism such that aS,z, then o8, 4.

A coimage of a morphism « is an epimorphism =, denoted by coima,
satisfying the following conditions:

(coim,) eR,=,

(coim,) if A is an epimorphism such that e R,A, then = R,A.

9.12. PROPOSITION. A morphism = i3 a coimage of a if and only if =
18 an Ry-coimage of a. A morphism o i8 an image of a if and only if o is an
8Sy-image of a. ' '

Proof. Suppose that # = coima. Let a = a’’a’ be a factorization
such that <’ is an epimorphism. Then aR,e’, and = R,a’. Since = is an
epimorphism, it follows that zR,a. Let £ R a. By (coim,) we have a fac-
torization a = n'xw for some morphism x’. Hence there exists a factor-
ization ¢ = £"'¢’' such that &' is an epimorphism and ¢'R;n. In other
words, there exists a morphism { such that & = {mz. Let & = £§"'{. We
have ¥n = §''{x = £''¢’ = &. Since =z is an epimorphism, the morphism 3
is determined by the condition #x = ¢ uniquely. Thus n = R,-coima.

Conversely, suppose that n = E,-coima. By Proposition 9.5 the
morphism =z is an epimorphism. By condition 9.2(c,) (with £ = a) there
exists a factorization a = n'w, i.e. aR,n. Let 1 be an epimorphism such
that aR,2, i.e. a = 1’41 for some A’. Since = R,a, there exists a factoriz-
ation = = m,w; such that =, is an epimorphism and x,R,A. We have
(7ym,) B, A. Thus conditions (coim,) and (coim,) are satisfied.

The second part of the proposition follows by duality.

9.13. The notion of an R,-quotient morphism coincides with the
notion of a subregular epimorphism in the terminology of Barr, Grillet
and Osdol [1971] (“Identifizierung” in the terminology of Brinkmann-—
Puppe [1966]). The notion of an §,-embedding coincides with the notion
of a subregular monomorphism (“Einbettung”).

Let A be a U-concrete category. It follows from Proposition 8.6
that if there exists a 1-free object in 2, then the notion of an R,-quotient
morphism in % coincides with the notion of an E,-quotient morphism
in A, and if there exists a 2-cofree object in A, then the notion of an 8,-em-
bedding in U coincides with the notion of an § -embedding in 1.
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Surjective R,-quotient morphisms and injective S -embeddings can
be characterized in the following way: ‘ -

9.14. PROPOSITION. A surjection m in a U-concrete category W i3 an
R, -quotient morphism if and only if the following condition is satisfied:

(q) for every object X in UA° and every map f: |Cod=|—|X| it follows
from (fo|z|, Dom=zn, X)eA™ that (f, Codz, X)eA™.

Proof. Let m be a surjection in %. Suppose that # = E,-coimaz.
If XeN°and f: |Codn|—|X|is a map such that & = (fo|n|, Domx, X)UA™,
then obviously ¢{R.n». Consequently, by condition 9.2(c,), there exists
a unique morphism ¢#: Codzn— X such that ¥z = £. For every b in [Dom x|
we have f(|z|(b)) = |£1(b) = |®|(|=|(D)). Since = is a surjection, we obtain
|# = f, i.e. (f,Codn, X) = @& is a morphism in UA. Thus condition (q)
is satisfied.

Conversely, suppose that (q) is satisfied and that &: Doma—X
is a morphism such that éR,zx. Let be|Codz|. Since = is a surjection,
there exists an a4 in |Dom=| such that |x|(a) = b. Let f(b) = |£[(a). The
element f(b) does not depend on the choice of a; if a’ is such that |z|(a’) = b,
then it follows from £ R,x that |£((a’) = |£|(a). Hence there is a function f
from |Cod=z| to |X| such that fo|=| = |¢|. By condition (q) the triple
# = (f, Cod=, X) is a morphism in U; obviously & = d» and ¢ is deter-
mined uniquely by this condition. Thus z = R, -coimz.

9.15. PROPOSITION. An tnjection o in a U-concrete caiegory %A is an
S -embedding if and only if the following condition is satisfied:

(e) for every object X in A° and every map f: |X|—|Doma| it follows
from (lolof, X, Codo)eUA™ that (f, X, Domo)eA™.

Proof. Let ¢ be an injection. Suppose that ¢ = §,-img. If X %°
and f: |X|->|Domg| is a map such that & = (|o|of, X, Codo) <A™, then
obviously &8,0. Consequently, by condition 9.2(i,), there exists a unique
morphism #: X—Domo such that o# = §. Since [o|o|#| = |o|of and ¢
is injective, it follows that |} = f, i.e. (f, X, Dome¢) = 4 is a morphism
in A. Thus condition (e) is satisfied.

Conversely, suppose that (e) is satisfied. Let &: X-—>Codo be a mor-
phism such that £8,0, and let z¢|X|. Since |¢|(x)e|oc/™(|Domes|) and o
is injective, there exists a unique y = f(«#) in [Domg| such that |o|(y)
= |&|(x). The function f: |X|—|Dom o] satisfies the condition |s|of = |&|.
By condition (e) the triple 4 = (f, X Domo) is a (unique) morphism
satisfying o9 = & Thus ¢ = 8,imo.

Proposition 9.14 shows that the notion of a surjective R,-quotient
morphism coincides with the notion of a quotient map in the terminology
of Semadeni [1971].

Some additional properties of injective S.-embeddings and surjec-
tive R,quotient morphisms will be discussed in Section 10 (cf. Prop-
ogitions 10.7 and 10.8).



Chapter III

The conditions of transfer and of unicity

10. Definitions, examples, and basic properties

Let X be a topological space regarded as a pair X = (|X|, ®), where
|X| is the underlying set of X and ® is the set of all open sets in X. For
every set § such that card8 = card |X| and every bijection f: |X|—>8
there is a topological space Y such that |¥Y| = S and f: X— Y is a homeo-
morphism, i.e. an isomorphism in the category Top of topological spaces
and continuous maps. In other words, the structure of the space X can
be transferred from |X| onto S. Therefore we say that the category Top
has the property of transfer.

Let X, = (|X,|,®,) and X, = (|X,|, ®,) be topological spaces.
If | X,| = |X,| and the identical map X, X, is an isomorphism in Top,
then necessarily &, = &,, and consequently X, = X,. We express this
fact by saying that the category Top has the property of unicity.

In this chapter we shall deal with U-concrete categories which have
the property of transfer and/or the property of unicity. We shall show
that these properties determine some functors on the category U-Concat
defined in Section 2.

10.1. DEFINITIONS. Let U be a U-concrete category. We say that A
has the property of U-transfer (cf., e.g., Pultr [1968]) iff for every BU°
and every bijection f: |B|—S onto an arbitrary set SeU there exists
CeWN° such that |C] =8, (f, B, C)eA™, and (f 2, C, B)eA™ (ie. (f, B, C)
is an isomorphism in 9A).

If A has the property of U-transfer, then we say that U is a U-t-con-
orete category. In other words, U is U-t-concrete iff the forgetful functor
Oy: A— U-Ens reduced to iso(A) is a full surjector onto the full sub-
category B of iso(U-Ens) with the object class

B° ={XeU: 3 card|4| = card X}.
Ae0

We say that ¥ has the property of unicity (or that U is U-u-concrete)
iff every isomorphism # in ¥ such that [Ig(%) is an identity in U-Ens,
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is an identity in . In other words, A is U-u-concrete iff the conditions
(f, A, B)eiso (W™, (f, 4, C)eiso (W™ imply B = C.

We say that U is U-regular (or that U is U-r-concrete) iff for every
set § the set

Ob(S) = {BeA°: |B] = B}
is a member of U.

A category which is both U-i-concrete and U-u-concrete will be
called U-tu-concrete. Similarly we define U-rt-concrete, U-ru-concrete,
and U-rtu-concrete categories.

Let us note that a category U is U-tu-concrete iff for every BeU°
and every bijection f: |B|—>8 onto an arbitrary set SeU there exists
‘a unique CeA° such that |C] =8, (f, B,)eA™®, and (f 1, C, B)eW™
We shall call this condition the property of unique transfer.

It is easy to verify that every category []-isomorphic with a U-t-con-
crete [ U-u-concrete, U-r-concrete] category is U-t-concrete [ U-u-concrete,
U-r-concrete, respectively].

By U-t-Concat, we shall denote the full subcategory of the category
U-Concat, whose objects are all U-t-concrete categories. The categories
U-r-Concat;, U-u-Concat , U-rt-Concat,, U-ru-Coneat,, U-tu-Concat,
and U-rtu-Concat, are defined similarly.

10.2. ExampLES. (A) Let U-Ban be the category of Banach spaces
belonging to U and bounded linear transformations. The category U-Ban
is U-rt-concrete. .

On the other hand, it is easy to see that the category U-Ban is not
U-u-concrete. In fact, if ||- || and |- || are two different equivalent Banach
norms on a vector space X, then idy: (X, ||-|}—=(X, ||]') is a non-ident-
ical isomorphism in U-Ban. However, the category U-Ban, of Banach
spaces belonging to U and linear contraetions (i.e., linear operators a
such that |la]l < 1) is U-rtu-concrete.

(B) Let id (U-Ens) be the subcategory of U-Ens such that the objects

are any sets and morphisms are identities. The category id(U-Ens) is
U-ru-concrete, but not U-i-concrete.

(C) Let A be the concrete category defined as follows. The objects
are pairs (4, M)eU x U, and |(4A, M)| = A. For (A, M)¥A°, (B, N)eA°
let (4, M),(B,N))y =@ if M % N, and let {(A, M), (B, M))>y be
the set of all triples (f, (A, M), (B, N)), where f is a function from 4 to B.
The category U is U-tu-concrete, but not U-r-concrete.

If % is a U-t-concrete category, then neither A nor AA satisfies the
condition of transfer. In fact, the underlying set of an object in A or YA

is a power set, but a set equipollent with a power set need not be a power
set. This motivates the following definition:
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10.3. DEFINITION. A category W will be called U-pt-concrete iff A
is U-concrete and for every B in U° such that |B| is a power set, every
set N in U, and every union-preserving bijection f: |B|—>%(N), there
exists a C in %° such that (0] = Z(N), (f, B, 0)eW™, and (f*, C, B) <A™,

10.4. ProPOSITION. Let A be a concrete category. The following con-
ditions are equivalent:

(i) A 48 U-t-concrete,

(il) A® 48 U-pt-concrete,

(iii) AAX is U-pi-concrete. B

Proof. (i)=(ii). Let Be(UA®)% |B|® =P#(M), NeU, and let f: be
a union-preserving bijection from (M) to #Z(N). By Lemma 3.9 there exists
a map g: N—M such that f = #_(g). By Corollaries 3.7 and 3.8 the map ¢
is a bijection. Since |B| = M and % is U-i-concrete, there exists a C in
A° such that |{C| = N and (g, C, B) is an isomorphism in 9. Consequently,
(#-(9), B, 0) is an isomorphism in A° such that |C|* = P(N).

(ii) = (iii). Suppose that Be(UX)°, |B|¥ = P (M), NeU, and f: is
a union-preserving bijection from Z(M)to #(N). By Lemma 3.9 there exists
a map g: M—N such that f = 2 (g). By Corollaries 3.7 and 3.8 the maps
g: M—N and Z_(g): #(N)—>P(M) are bijections. Since A° is U-pi-
concrete, there exists a ¢ in (%°)° such that (#_(g), C, B} is an isomorphism
in %°. Hence (#, (g), B, C) is an isomorphism in AX.

(iii) = (i). Let BeA° and let f: |B|—>N be a bijection with NeU.
Since Z.(f): |B|¥ >#(N) is union-preserving and AX is U-pt-concrete,
there exists a C in (UA#)° such that |C|# = #(N) and (Z, (f), B, C}is an
isomorphism in A#. Then |C] = N and ( f, B, C) is an isomorphism in U.

10.5. ProPoSITION. Let A be a concrete category. The following con-
ditions are equivalent:

(i) A 28 U-u-concrete,

(ii) A* 48 U-u-concrete,

(iii) AX i8 U-u-concrete.

Proof. (i) =(ii). If (Z_(f), 4, B)is an isomorphism in A° such that
|4|% = |B|® and Z_(f) =id 40, then f—=id, and (id.,B,4) is
an isomorphism in U, i.e. B = A. The proofs of implications (ii) = (iii)
and (iii) = (i) are similar.

10.6. ProPOSITION. Let A be a concrete category. The following con-
ditions are equivalent:

(i) A 48 U-r-concrete,
(ii) A 28 U-r-concrete,
(iii) X is U-r-concrete.
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Proof. The condition
Obg(8) = {BeWN°: |B| = 8}eU for every set §
is equiva;lent to the condition
Obygo (T) = Oby(T)eU  for every set T.

In fact, Obya(T) = 0 if T is not a power set, and Obyo (T) = Oby(S)
it T = 2(8). )

The following two propositions deal with injective S -embeddings
and surjective R -quotient morphisms (cf. Section 9) in U-i-concrete
categories.

10.7. ProPOSITION. Let W be a U-t-concrete category. If o is an injec-

tive S,-embedding in W, then there exist morphisms o, and n in A such that
(1) 6 = gy,

(i) n 28 an isomorphism, ‘

(iii) a4 is an S -embedding such that |Doma,| = [Coday| and |gp|(a) = a
for every a in |Doma). .

Proof. The map |o{: [Domeg|—|o|”(|]Domoe|) is a bijection. By the
condition of transfer there exists an object 4 in A° such that |4] =
le|” (|Domo|) and # = (|o], Doma, A) is an isomorphism in %. Let o, = on~".
It suffices to show that o, is an S,-embedding. Let f: |X|—|Domag,|
be a map such that (|o,jof, X, Coda,)eA™. Since |oylof = |a]oly|of
and Cod g, = Cod g, it follows from Proposition 9.15 that (|»|of, X, Domo)
eA™. Consequently, (f, X, Doma,) = 57 !(|njof, X, Domo)eA™, i.e. o, sat-
isfies condition 9.15(e).

10.8. ProroSITION. Let W be a U-i-concrete category. If m is a sur-
jective R -quotient morphism in U, then there exist morphisms n, and { in A
such that

(1) = = {my,
(ii) £ is an isomorphism,
(iii) m, 78 an R, -quotient morphism such that
[Cod my| = (|Domm,l)/~,
where ~ is an equivalence relation on |Domm,| and |x,| is the canonical
surjection.
The proof is similar to the proof of Proposition 10.7.

10.9. An §,-embedding o, satisfying condition 10.7 (iii) could be
called an ordinary embedding in W. Similarly, an R,-quotient morphism =,
satisfying condition 10.8 (iii) could be called an ordinary gquotient mor-
phism in U.
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For example, it is easy to see that ordinary embeddings [ordinary
quotient morphisms] in the category Top of topological spaces and con-
tinuous maps are embeddings [canonical quotient maps] in the usual
topological sense (cf., e.g., Engelking [1968]).

11. The ‘‘transfer’’ functor

With every U-concrete category U we can associate a U-concrete
category U, defined as follows. The objects of U, are all pairs (4, f), where
A N° and f is a function defined on |A| such that Imfe U and the map
f: |A|=Imf is a bijection. The underlying set of (4, f) is Imf. The mor-
phisms from (A, f) to (B, g) are all triples of the form

1) t(a, f,9) =. (golalof_ly(A7f)1(B;g))7

where ae(4, B)>y. In other words, (k,(4,f), (B, B, g)) is a morphism in

A" iff 2 is a function from Imf to Img such that (g“o hof, A, B) is a mor-
phism in A™.

It is obvious that these data: satisfy conditions (c;) and (e,) in 2.2.
Let us note that for every morphism a: 4 —B of A we have the follow-

ing decomposition in 9;:
(2) tla,t,9) =t(ip, idip, 9)t(a,id 4, id5) (e, fHid 4).

11.1. ProOPOSITION. For every U-concrete category A the category A,
18 U-t-concrete.

Proof. Let (4,f)eA?, SeU, and let j: Imf—S be a bijection. It is
obvious that (4, jof)eA; and |(4, jof)] = 8. Moreover,

(ja (A7f)’ (A,jOf)) = t(LA,f,jOf)GQPf‘,
and
(i7% (A, 50f), (4, 1)) = tluy, jof, f)eW?.

Hence U, has the property of transfer.

11.2. Let us note that if the category U is not skeletal, i.e. if A has
at least two different isomorphic objects, then ¥, has too many objects
to satisfy the condition of unicity. In fact, if A, BeA°, A # B,and n: A—>B
is an isomorphism in A, then (4,id 4 ) and (B |77"|) are two different
objects of %, such that (id ,, (4,1d ), (B, 177‘1[) is an isomorphism
in UA,.

11.3. Let Ty: A—-UA, be the functor defined as follows
Ty(A) = (A,id,,) for all A&A°,
Ty(a) = (lal, (Doma, id,poma)s (Cod a, idiceaq))  for all aeA™.
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It is easy to see that Ty is a (J-commuting full injector. Hence U is [J-iso-
morphic with the full subcategory 7'y () of the category ¥;.

11.4. Let A and A’ be U-concrete categories and let @: A—->A" be
a [J-commuting functor. For every (4, f)e¥, let

D (A, f) = (DP(4),]).

It follows from |P(4)| = |A| that (D(A4),f)e(A);. For every triple
(h; (Arf)) (B,g))e% let :

¢t(h’ (4, 1), (B, g)) = (h’ (¢(A)7f)1 (¢(B)’ g))
Since (g 'ohof, A, B)eA™ and @ is [J-commuting, it follows that
(g 'ohof, D(A), B(B))e(A)™ Hence P, transforms U, into A;. It is easy

to verify that @,: %A,—~U, is a J-commuting functor.
It follows from Proposition 11.1. that the functions

A—~A, PP,

define the “transfer” functor
%,: U-Concaty— U-t-Concat.

It is easy to see that the family (T'y) defined in 11.3 is a natural
transformation of the identical functor I U-Concaty into the functor

%¢: U-Concaty— U-Concat defined as the composition
U-Concatp —— U-t-Concat g —ger—> U-Coneaty.

11.5. ProOPOSITION. For every U-concrete category W the functor
Ty: N>, is an R-pseudo-reflection from U-Conecaty into U-i-Concaty,
where R is the relation defined in 5.2(A).

In other words, for every U-t-concrete category X and for every [1-com-
muting functor Z: A—X there exists a (1-commuting functor Z: W,—X such
that £ = OTy; if, moreover, O@': W,—~X is another [J-commuting functor
such that £ = @'Ty, then @ and O are naturally equivalent.

Proof. Suppose that X is a U-t-concrete category and Z: U—~>X
is a [J-commuting functor. Let (A4, f)e2A;. Because X has the property
of transfer and |5(A4)| = |A|, there exists XeX° such that (f, £(4), X)
is an isomorphism in X. Let

O(4,f) = cy|XeX°: (f, E(4), X)eiso(X)™},
and for t(a,f, g)eW", ae(4d, B)y, let
O(t(a, f, 9) = (9, E(B), O(B, 9))E(a)(f™, O(4,[), E(4)).

It is easy to verify that @: %A,—X is a [J-commuting functor satisfying
E =0T,. :
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Let @' : A,— X be another [J-commuting functor such that £ — O'Ty. Let

g =[Oy, f,id,4)]17 O ey, f,id)4)
= O't(1y,1d 4, f)Ot(1y, f,id,4).

Since #(ty, id, 4, f) is an isomorphism in U;, it follows that A, , is an
isomorphism from @ (A4, f) to @' (4, f) in X. We shall show that the family
(A4,n), where (4, f)eUf, is a natural equivalence of functors & and 6.
In other words, we shall show that for every morphism

ta,f,9): (4,f)—(B,9)
in A" the following diagram
a
04, f)—L>0'(4,f)

et(d’f!g) Ot(a,f, g)

Y
@(B,Q)W@'(B, q)

commutes. In fact, using (2) we have

O't(a, [y A,y ’
= @'t(ep, id,pj, 9) E(a)O't(1y, [, 1d,4)O"t(ey, id 4, N) Ot (e, [, 1d,4))
= 0't(i5, 14,5, 9) E(a)Ot (14, f, 14, 4))
= O't(ip, 14,5, 9)Ot(tp, 9, 1d,5) Ot(ep, id,p, 9) E(a) Ot (14, f, id,4)
= l(B,n)@t(arfv g).

12, The ‘“umicity’’ functor

Let % be a U-concrete category. Write 4 & B (or simply 4 ~ B)
iff A, Bel°, |4| = |B|, and (id,4, 4, B) is an isomorphism in A. It is
easy to see that =~ is an equivalence relation on 2UA°. For every A ¢%° let
A=~ denote the equivalence class containing 4. Let %, be the full sub-
category of % with the object class

A = fo (A ~): AT},

It might appear to be more natural to define %, without the use of
the choice function ¢;; as a category whose objects are equivalence classes
A/~. But A/~ need not be a member of U. If A is U-r-concrete, then
(A]/~)eU for all AA°.

12.1. PROPOSITION. For every U-concrete category W the category U,
i8¢ U-u-concrete.



12. Unicity funetor 45
Proof. If (id 4, 4, B) is an isomorphism in %,, then A 7% B, i.e.
A =cy(A]|~) = cy(B[~) = B. It means that %, has he property of unicity.

12.2. Remarks. 1) A U-concrete category W has the property
of unicity iff A ~ B implies A = B for all A, Be%°. '

2) Ay B=>9(4) 5 D(B) for every (O-commuting functor @: A — B.
12.3. For every U-concrete categbry U let

be the functor defined as follows
Wa(d) = cy(d]~) for all AeA°,

Wa(f, A, B) = (f, Wy(4), Wg(B)) for all (f, 4, B)<A™.
It is easy to see that Wy is a (J-commuting surjector.

12.4. Let % and B be U-concrete categories and let @: A—>B be
a [J-commuting functor. Let

P, (4) = ey(P(4)] ) for all A2,
®,(f, A, B) = (f, P,(4), D,(B)) for all (f, A, B)eUy.

Let us note that (f, 4, B)<AD implies (f, ®(A4), ®(B))<B™. Since
D(4) 5 Pu(4) and B(B) 3 P,(B), it follows that (f, Pu(A), D (B)) B}
Hence formulae (3) define a [J-commuting functor @,: UA,—B,.

The functions
WA— A, DD,

define the “unicity” functor
(4) ?.: U-Concaty— U-u-Concaty.

The family (W) defined in 12.3 is a natural transformation of the
identical funector Iy.coneat, into the functor ?2,: U-Concat— U-Concat

(defined as the composition of functor (4) with the inclusion functor).

12.5. PROPOSITION. For every U-concrete category W the functor
Wo: AU, is a reflection from U-Concaty into U-u-Concat,. In other
words, U-u-Concat is a reflective subcategory of U-Concat, and functor (4)
18 a reflector.

Proof. We shall show that for every U-u-concrete category X and
every [J-commuting functor Z: U—X there exists a unique [J-commuting
functor ©: A,—~X such that & = OWy,.

Let

0 = &Iy .
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We shall show that O@Wgy = =. Since £ is (J-commuting, it suffices to
prove that Z(4) = OWy(A) = EWy(A) for all 4eU°. In other words,
it suffices to prove that

(5) E(4) = E(ey(4]~))

for all 4¢UA°. We have

hence
E(4) ¥ E‘(cU(‘A/m)).

Since X has the property of unicity, this implies (5). To prove the unique-
ness of @ obsgrve that

(6) Wuly, = Iy, .

Hence, if O': A,—~X%X is a J-commuting functor such that @' Wy = 5,
then by (6) .
0 =0'Wylg, = Elg, = 0.

12.6. It is easy to see that if A is U-u-concrete, then A, = Y and Wy is
an identity. For every U-concrete category U the category U, is quasi-
isomorphic with W and Wy is a quasi-isomorphism; in fact, WQIIE{u is an
identity and Iy s, Wy is naturally equivalent to Iy. The family (4,)scuo,
where 1, = (id,,, 4 , eu(A/ a)), is a natural equivalence of the functors Iy
and Iﬂu_Wﬂl

12.7. PROPOSITION. If U is U-r-concrete, then Wy is U-ru-concrete.
If W is U-t-concrete, then N is U-tu-concrete.

Proof. The first part of the proposition is obvious. Suppose that A
has the property of U-transfer. Let A ¢, and let f: |A|—8 be a bijection
with SeU. There exists XeW° such that | X| =8, (f, 4, X)eA™, and
(FFLZX,A)eWA™ Let ¥ = ¢y(X/~). Wehave Y3, | Y| = 8,(f, 4, Y)Wy,
and (f', ¥, A)eWp. Hence A, has the property of U-transfer.

12.8. ExaMPLE. The category U-Ban, is [J-isomorphic with the
category of locally bounded locally convex Hausdorff spaces and linear
continuous transformations.

13. The ‘“unique transfer’’ functor

By Proposition 12.7 the functor ?, transforms U-t-Concat_ into
U-tu-Concat . The “unique transfer” functor

(7) ?,.: U-Concat— U-tu-Concat,
is defined as the composition

U-Concatg—,‘; U-t-ConcatD—?—; U-tu-Concat .
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The category U, = (W), is a full subcategory of U,. The objects
of U, are elements
OU((Aaf)/%)r

where (4, f)e%; and 3 is an equivalence relation on UA; defined by the
condition

(4,f) ~ (B, g)<(Imf = Img) and (g~ 'of, A, B)eqA™ and (f~'og; B, A)eA™.

The morphisms of A, from M = cy((4,f)/ m) to N =cU((B,g)/m)
are triples
(a,f,9) = (golalof™', M, N),
where ae{4, B)y.
For every morphism a: A—B in U™ we have the following decom-
position similar to (2):

s(a, f, 9) = s(tg,idip, 9)s(a, id 4, id5)8(ey, [, id)4))-
Let Sy: A—->NA,, be the functor defined as the composition
‘H—*Qlt QItu ‘

It is easy to see that the family (Sg,;) is a natural transformation from

Ty.concar; into the fumetor Ig f"“c“:w (%)

13.1. ProPOSITION. For every U-concrete category U the fumctor
Sq: A->Wg is a reflection from U-Concaty into U-tu-Concaty. In other
words, U-tu-Concaty 8 a reflective subcategory of U-Concaty, and functor (7)
18 a reflector.

Proof. We shall show that for every U-tu-concrete category X and
for every [J-commuting functor =5: A->X there exists a unique [J-com-
muting functor ©: %, —~X such that & = @8y. First we shall prove the
existence of @. By Proposition 11.5. there exists a [J-commuting functor
I': W,—X such that £ = I'T'y. By Proposition 12.5 there exists a [J-com-
muting functor & = A, —X such that I' = OW,,. Hence

E = FTQI =@Wg‘TQ1 = @qu

Suppose now that @': A,—~X is a [J-commuting functor such that
E = 0'Sy. For every (A4,f)eN; consider the following isomorphisms
in X: ‘
p = 0s(ty,id, 4, f)
= @(f7 "'U((A, id, 4)/ N), (’U((A’f)/ N))
= (£, Oco((4,id,4)/ ~), Ocr((4, )] ~))
= (£, @84(4), Ocy((4, f)| ~}),
v = 0's(eq,id gy, f) = (f, ©'8u(4), Ocy((4, )] ~))-
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Since @'Sy = F = O8yg, the composition

vt Oey((4, f)] ~)=>0'cy((4, ) ~)
is defined and is an isomorphism in X. Moreover,

u~!| = idlcu((A,f)/~)| = idy,.
The category X has the property of unicity, hence

O'cy((4, f) ~) = Ocy((4, f)] ~)-
Since @' and @ are []-commuting, it follows that @ = 6.

13.2. CoroLLARY. If U 48 U-tu-concrete, then W, i8 [1-isomorphic
with A.

13.3. ExaMpLES. (A) Let U = id(U-Ens) (cf. 10.2.(B)). The objects
of U, are pairs (A4, f), where A¢ U, fe U, and f is an injective function on A.
The morphisms of U, are triples (k, (4, f), (4, g)), where % is a function
from Imf to Img such that hof =g. If 4, BeU and A # B, then
(4,1), (B, 9)>q, =9. Obviously

_ (4,1 ﬁ(Byg)Q(A’f) = (B, 9),

and consequently %= %,. This example shows that if % is U-regular,
then %A, need not be U-regular.

(B) Let F be the field of real or complex numbers. For any set T
let F'T) be the vector space of all functions « from T to F such that
{t: (t) + 0} is finite, with the usual operations of addition and multi-
plication by scalars. '

Let U-Vect be the category of vector spaces over F belonging to U
and F-linear transformations. Let U be the full subcategory of U-Vect
whose objects are spaces FI7! with TeU.

It may be shown that A, is (J-isomorphic with U-Vect.

14. Structures and concrete categories

The following notions are due to Ehresmann [1957] (cf. Bucur and
Deleanu [1968], p. 84, Kucera and Pultr [1972]).

By a species of structure in U we mean a covariant functor
@: iso(U-Ens)— U-Ens.

If MeU and s<® (M), then s is said to be a structure of species © on the
set M.

Let @ be a species of structure in U and let A be a category. We
shall say that U is a category of species O iff the following conditions are



14. Structures and concrete categories 49

satisfied:

(i) A is a U-concrete category,
(ii) A° = {(8, 8): SeU and 3¢O(8)},
(iii) the underlying set of (S, s) is S,

(iv) if f: §—»48' is a bijection in U-Ens and seG(S), then the triple
(£, (8, 9), (¥, 6()())) belongs to U™

Note that a category of species @ is not determined uniquely by 6.

14.1. ProPOSITION. Every category U of species @ in U 18 U-rt-concrete.
Proof. For every SeU we have

Ob(8) = {(8, s): se@(8)}eU,
i.e. A is U-regular. :
Let B = (8, 8)€%U° and let f: §—8' be a bijection. By (iv) the triple
(fy B, C), where C = (8, O(f)(s)), is a morphism in ™. Since O(f )

= (©(f))}, it follows from (iv) that (f~%, C, B)eW™. Hence %A has the
property of U-transfer. .

- 14.2. Let us note that a category of some species @ in U need not be
U-u-concrete, as the example of the category U-Ban shows.
Tt is easy to see that a category U of species @ in U is an U-u-category
iff for every set Se U the following condition is satisfied:

(idSa (8, s), (8, 3’))5"2[[“ =8 =4

14.3. ProPOSITION. For every U-riu-concrete category W there exists

a species of structure Oy in U such that A is [J-isomorphic with a” category
of species Og.

Proof. For every MeU let
Oy(M) = Ob(M).

It follows from the regularity of A that Oy(M)eU. Let M, NeU and
let f: M—>N be a bijection. Since A has the property of unique transfer,
for every A4 e%° such that |4| = M there is a unique A,eA° such that
A =N and (f, A, A;) is an isomorphism in A. Let

Oy(f): Qu‘(M)—>@u(-N)

be the transformation defined by the assignment A+> A,. It is easy to
see that fi> @y(f) defines a functor from iso(U-Ens) into U-Ens. In fact,
if f = 1y, then A, = A for all AeOy(M), and Oy(f) = toyn)- If M, N,

S8e¢U, and f: M—N, g: N—>8 are bijections, then for every 4 eBOy(M)
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the triples (f, 4, 4;) and (g, 4;, (A;),) are isomorphisms in UA. Hence
(gofy A, (4)),) = (g9, 4s, (4)),)(f, 4, 4))

is an isomorphism in U. Since (gof, 4, A,55) is also an isomorphism
in A, and {(4/),| = [Aop)l, it follows from the property of unicity that

(Ay), = Aoy Consequently, Oy(gof) = Og(g)Oy(f), which means that Oy
is a covariant functor, i.e. a species of structure in U.

“Let B be a U-concrete category defined as follows: The class B°
is the class of all pairs (|A[, 4), where A <%°. The underlying set of (|4, A4)
is |A|. The class B™ is the class of all triples (f, (|4[, 4), (IB[, B)) such
that (f, A, B)eA™. It is easy to see that B is a category of species Oy
and that the functor @: A—->B defined by

dj(A) = (|A|y A)r
®((f, 4, B)) = (f, (141, 4), (|Bl, B))
is an [J-isomorphism.

14.4. We shall show that not every U-ri-concrete ca,tegory is [J-iso-
morphie with a category of some species @. If a category U is (J-isomorphic
with a category of some species &, then obviously

(8) card M = card N =card Ob (M) = card Ob(N)

for all M, NeU.
Let W be a concrete category defined as follows:

A = {(M,0): McU and cardM = 1}u{({8}, {B})};
the underlying set of (M, §) is M. The morphisms are all triples
(fy (M, 8), (N, T)),

where (M, S),(N,T)eW® and f: M—->N is the (unique) transform-
ation from M to N. The category U is U-rt-concrete, but does not satisfy
condition (8). In fact, for M = {@}, N = {{@}} we have 2 = cardOb(M)
# cardOb(N) = 1. -



Chapter IV

The category of logical kits

15. Definiticns and basic properties

The notion of a logical kit introduced by Z. Semadeni [1974] is motiv-
ated by some problems of classifying things according to their features
and, in particular, by kits used in teaching logic and set theory at a primary
school level. Logical kits are closely related to automata and to some
mathematical models of classical linguistic structures.

The arguments applied in this chapter do not require changing
a universe. For that reason we assume once for all that all considered
sets are members of a fixed universe U. Accordingly, the categories U-Ens
and U-Eq (cf. Section 4) will be denoted shortly by Ens and Eq respect-
ively. The category of logical kits in U will be denoted by Kt (instead
of U-Kt).

Z. Semadeni [1974] has shown that the eanonical forgetful functor
from Kt into Ens x Ens x Ens has a left adjoint. In Section 16 we shall
construct adjoints of canonical forgetful functors from Kt into Ens x Eq
and into Ens x Ens. In Sections 17 and 18 the constructions of coproducts
and coequalizers in the category Kt are described.

15.1. DEFINITION. The category Kt is defined as follows. The objects
are logical kits, called shortly kits, i.e. quintuples

(1) | K = (K,, Ky, K;, fx, Px)»

where K, (¢ = 0, 1, 2) are sets and _
_ <

(2) fx: Bgyx K,—~K,, pg: K,—~K,

are functions such that

(3) Prfx(x,a) =a for all xeK,, acK,,
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i.e. such that the diagram

I
I‘,QXKI R ”Kg

pry PR

K,

is commutative (pr, denotes the canonical projection on the second axis).
The morphisms from (1) to a kit

L = (Lyy Ly, Ly, fr, P1)
are triples

(a,KyL)y

where a = (a,, @, a,) is a triple consisting of three functions a;: K - L;
(¢ = 0,1, 2) such that

(4) as(fx (@, a)) = fi(a(), a:(a))
and
(6) al(l’x(’v)) =PL(“2(”))
for all zeK,, aeK,,veK,, i.e. such that the diagram
Kox K, L > K,
ay e Pr2 Px a,
K,
Y Y
LoXL, 7 > L,
Pry P
Y
L,

is commutative. The composition of morphisms is defined in an obvious
way.

15.2. Let us note that there is an empty kit K with K, = K, = K,
=fx =P =9.

If K is a kit such that Ky x K, # @, then the map py: K,~K,
i8 a surjection. In fact, if ae K,, then there exists an « in K, and we have
@ = pg(v), where v = fg(x, a).
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If K is a kit such that K, X K, = @, then either K, =@ or K, = @.
If K, =0, then py = K, =0 and the map pg: K,— K, is still a sur-
jection. If K, =@ and K, # @, then the map pg: K,—K, need not
be a surjection.

If (¢, K, L) is a morphism in Kt and K, # @, then condition (5)
shows that a, is completely determined by a,; if, in addition, the map
fr: Koy x K,—~K, is a surjection, then condition (4) shows that a, is
completely determined by a, and a,. )

15.3. In the definition of a kit K, the set K, and the function py
are of secondary interest; what we really need is the fact that K, and py -
determine an equivalence relation on K,. This relation is defined by

(6) By = {(v,v)eH, x Ky: pg(v) = pg(v')}.
- By a regular kit we shall mean a kit K satisfying the conditions
K, = K,/Rg and pg(v) = v/Rg for veK,.
It is easy to see that every kit K such that K, # @ is Kt-isomorphic
with a regular kit K defined in the following way:

K—o = K, El = -Kz/ny Ka = K,,

fr(z, v/Rg) =fx(m’ PK(”))! Pe(v) =v/Rx (veK,, vekK,).

The isomorphism 7: K—K is defined by (cf. Section 4)
N = idxo’ m = Q(ny Ry, 9(K1)); Ne = idxz-

15.4. Let K and L be arbitrary kits and let (e, K, L) be an arbi-
trary morphism in Kt. Then (a;, Rg, B;) is a morphism in Eq; in fact,
by (6) and () we have: ' '

(v, w)eRg = Pr(v) = Pr(w) = pras(v) = prax(w)
=>.(ag('v), GQ(W))GRL.

Hence we have the forgetful functor
(7) Ope**®: Kt—>Ens x Eq
defined as follows: if K is a kit, then

DE’XM(K) = (K, Rg),
if (e, K, L) is a n}orphism of kits, then
Di:sx}:q(a; K,L)= ((ao, Ky, Ly), (a3, Bg, RL))°

The full subcategory of regular kits can be described in the following
alternative form:

A regular kit K can be identified with a triple (K,, Ex, fx), where K,
is a set, Rx is an equivalence relation, and

fx: Ky xQ(Rg)->0O(Bg)
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is a function such that f(z, a)<a for all ve K, a<Q(Rk) (then K, = Q(Rg),
K, = (O(Rg), and pg is the canonical surjection).

If K =(K,,Rg,fx) and L = (L, R, f;) are regular kits, then
a morphism from K to L can be identified with a triple

((ao, a,), K, L)a
where

< ap: Kog—>Ly, and a,: O(Rg)—>0O(RL)

are functions such that (a,, Rx, B;) is a morphism in Eq and the diagram

K, x Q(Rg) —=—>O(Rg)

ap X Qag) ag

LoxQ(R,) —-—> O(Ey)

is commutative (then a, = Q(a,)).
A regular kit (K,, Ry, fx) may be visualized by the following scheme:

o JOR i

/_‘.\\

S LN

&l G O O k¢
R B} O O o

The elements of the sets K, and [](Rg) are represented by circles
in the upper and the lower rectangle, respectively. The relation Ry is rep-
resented by the partition of the set (O(Rg). If veK,, ae¢[J(Rg)/Rk, and
vea, then there is an arrow from the circle representing « to the circle
representing » if and only if v = f¢ (2, a). .

An arbitrary kit K may be visualized by the scheme:

Kol .

g ol - O |o
o)

---{lo
O
O

of
Ot
Q"\
3
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If ge(0(Rx)/Rx and a = pg(v) for veg, then there is a dashed arrow
from the rectangle representing ¢ to the circle representing a.

16. Adjoints of some forgetful functors
We shall now construct a left adjoint

(8) : FEnstq Ens x Eq—)Ktr

of the functor (7). !
Let § be a set and let R be an equlvalence relation. By F(8, R)
we shall denote the kit defined as follows:

F(S,R)_0=S, E(‘ngh:Q(R);
F(8, R), = O(R)+[8 x Q(R)1.

(Recall that by + we denote the disjoint sum; to avoid cumbersome
notation we shall identify considered sets with their images in a disjoint
sum.)

The function fggr: S XQ(R) —>D( +[S xQ( )] is the canonical
injection into the second component, i. 8.

(9) fF(SR)(S,Q) (s,q) for s IS S and ¢ in Q( ).

The function .pF(S,R),: (R) + [S X Q (.R ]—)Q (R) is defined by the
conditions: ppg p/O(R) is the canonical surjection, ppg g8 XQ(R).
= pr,; in other words,

/R for v in O(R),
q for v = (s, q) in §xXQ(R).
Let Ty = 1ds and let iz be the canonlcal m]ectlon of O(R)into F (S, R)z

. (10) Prs,p(?v) =

16 1. PROPOSITION The kit F(S R) together with the maps
(11) 70t S—>F(8, R)y, = 75: O(R)—>F(8, R),

has the following property:
For every kit K, every map &,: S—K,, and every morphism £,: R—Rg
in Eq, there exists a unique morphism 9: F(8, R)—>K in Kt such that

(12) 1901:'0 - 50 and 79272 == &2..

In other words, F(8, R) can be regarded as a free kit generated by the
set S and the equivalence relation R.

Proof. Let ¥;: F(S, R),—>K; (¢ =0,1,2) be functions defined in
the following way: :
(13) 19o = 503

(14) " 9,(q) = pfs(v) for g in Q(R) and v in gq.
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(If v, eg, then (£3(v), &,(v'))eRx and prés(v) = pgé,(v'), hence 94(q)
does not depend on the choice of an element » in g¢.)

(15) %I0(R) = &,

(16) Ba(8, @) = fx(éo(8), a(g))  for (s,q) in S ><Q(R)

We shall show that the triple (3, F(8, R), K|, where 8 = (&, 8, %),
is a morphism in K%, i.e. that conditions (4) and (5) are satisfied with K
replaced by F(S8, R), L replaced by K, and a replaced by ¥. Since (4),
follows from (9), (13), and (16), it suffices to show thab

(A7) P rs.r) (V) = Pr ()

for every v in F(8, R),. If ve[1(R), then by (10), (14), and (15) we have
hPrs r)(0) = 01(0/R) = préa(v) = prPa(v).

If ve8 xXQ(R), i.e. v = (s, q), then by (3), (10), and (16)

'91PF(S,R)(31 q) = 9.(q) = Pxfx("o(s)v "91(9)) = px9.(3, q).

Hence (17) is satisfied for every » in F(8, R),.
We shall now show that # is determined by conditions (12) uniquely.
Suppose that ¢{: F(8, R)—> K is another morphism in Kt such that

Cofo == Eo aIld Cgfﬁ = Ez.
Then obviously

(18) o = &o = Py,
and :
(19) LIO(R) = &IO(R) = &IO(R).

Let geQ(R), i.e. ¢ = v/R for some » in [J(R). By (5), (10), (14), and (19)
we have-

£1(9) = LiPres,p)(?) = Prla(V) = PrP:(v) = 9,(Q),
i.e.
Cl = "91-
Let (s, g)eS X Q(R). By (4), (9), (18) we have

ta(8) @) = Lafrs.my (8, @) = fl(lo(8), C1())
=fK(Eo(3)7 01@)) = 3:(8, q).
This completes the proof.
The construction of the kit #(S, R) and the proof of Proposition 16.1
may be illustrated by the scheme on the next page.
By Proposition 16.1 functor (8) with the object transformation
Fgtx(S,R) = F(8,R) can be defined in a standard way. This
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%o

Slooo0o0 —_— RR{R F(S,R),

F(S,R),
(o] T2
F(S,R),
\\
"0
)
AN A Ko
?y
|93
(o) o) K,
A e S
R
' 5 & 3 4k

functor is a left adjoint of functor (7). The maps (11) yield a natural
canonical transformation

A IEnstq“>E]§IthEqFlégstq-
Z. Semadeni [(1974] has shown that the forgetful functor
(20) 5% *s; Kt—>Ens x Ens

with the object transformation O5°*®(K) = (K,, K,) has the left
adjoint FEY, g..: Ens X Ens—>Kt with the object transformation

FeesxEns(So; 81) = (8, 81, 8y X 8y, ids x5, s PT2)-

16.2. PrOPOSITION. Functor (20) has a right adjoint

(21) Gt kns: Ens x Ens Kt
with the object transformation
(22) _ GEtoxns(80y 81) = (8o, 8y, 84, Pry, ids ).

Proof. The quintuple (22) is obviously a kit; we shall denote it
by G(8,, 8,). It is easy to verify that for every kit K and every pair of
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maps
Eo: Ko—8,, &0 Ki—8,;

the triple ((Eo, &1, 1K), K, G(S,, 8,)) is the unique morphism & from K
to G(8,, 8,) in Kt satisfying the conditions ¥, = &, and &, = £,. Hence
transformation (22) gives rise to the right adjoint of functor (20).

17. Coproducts of logical kits

17.1. Let (K*),.; be an indexed family of kits. It is easy to see that
the kit B defined as follows: '

Bi=PKi‘ (’i=0,1,2),
teT

fB((mt)leTr (a'!)teT) = (fKt(wty a!))teT for x; in Kf,, a, in K‘,,
PB((’Ut)u:r') = (PKt("’t))teT for v, in K3,

together with obvious projections B—K', is a product of the family
(Kt )teT in Kt

17.2. The construction of a coproduct is more complicated and is
somewhat similar to the construction of coproducts in categories of auto-
mata (cf. Wiweger [1973]). From Proposition 16.2 it follows that “0-coor-
dinates” and “l-coordinates” of coproducts in Kt are constructed in
the same way as coproducts in the category Ens.

Let C be a kit defined as follows:

¢ C, =S K¢, 01=SK‘1,_
: teT teT
C, =SK.+ S (KixKY),
. {eT t,ueT
(£33
for (SELx(SKY)>SKL+ S (K, xKY)
teT teT teT “t::f

is defined by
Fol(HG x K1) = [ty

(23) u .
- fol(E X KY) = dgtx®  for ¢ # u,

po: SKL4+ S (KyxK¥)—>S K
leT t.ti:uT teT

is defined by

’ 1
(24) | polK, = Pgt>
Pol(Ki xK*) =pr, for t # u.

It is easy to see that C is a kit; in fact, if <K} and acK}, then
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pofo(®, @) = paf (@, @) = a; if <K, acKY, and ¢ # u, then pofe(x, a)

= pclz, a) = pry(z, a) = a.
Let

(25) ot: Ki>C, (teT;i =0,1,2)
be the canonical injections. We shall show that the triple
(¢, K', 0), where ¢’ = (ay, of, df),
is ‘a morphism in Kt. In fact, for all x in K, a in K¢, and v in K. we have
O'tsz‘(w5 a) =fKt(m7 a) = fo(, a) =f0(af)(m)a O'tl(a'))’
A0 1(V) = Pt(9) = Pc(®) = Pooz(v).
17.3. ProPOSITION. The kit C together with the morphisms
o': K'>C (teT)

i8 a coproduct of the family (K'),.r in Kt.
Proof. Let K be a kit and let

g K'>K  (teT)

be a family of morphisms in Kt. We shall show that there e:nsts a unique
morphism &#: C—K such that

(26) #ct = & for every t in T.
Let 9;: C;—~K,; (i = 0,1,2) be defined as follows:
(27) 9 K. =& fortin T and ¢+ =0, 1, 2,

(28) B4(v) = fx(&o(m), £X(a,)) for v = (a, a,) in KX KY (t # u).
We shall show that the triple
(8,0, K), where # = (8, 9, 93),

is a morphism in Kt.
Let xeC, and a¢C,, i.e. ze K, and aeK} for some t,u in T. If t = u,
then by (4) (with a replaced by &%), (23), and (27) we get

Bofo(@y @) = Oof (@, @) = Eif (@, a) = f(E(2), &4(a))
=fK(’9o(ﬂ")r ‘9’1(‘1‘))-
If ¢t ~ u, then by (23), (27), and (28)
Safo(@, @) = 3,(w, a) = fr'& (@), £'(a)) = fe(d(®), $1(a)).

Hence (¥, C, K) satisfies condition (4).
Let veC,. If ve K} for some ¢ in T, then by (5) (with a replaced by &),
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(24), and (27) we get
B:100(v) = $1P4(v) = E1p (V) = PRE(V) = PrBs(v).
HveK! x K¥(t,ueT,t # u),i.e. v = (v, a), then by (3), (24), (27), and (28)

D¢ (v) = 81(a) = £(a) = pxfx(£e(@), £1(a)) = Pxds(v).

Hence (#, C, K) satisfies condition (5).

It follows from (27) that the morphism (¥, C, K) satisfies conditions
(26). Let (¢, C, K) be another morphism in Kt satlsfymg the conditions
te' = & for t in T. Then

LIE: =& =9, K, fortin T and ¢ =0,1,2.
It remains to show that {; and ¥, agree on the sets
KixK* (t,ueT,t # u).
Let (2, a,)eK, x K. By (4) (with K replaced by C, L replaced by K,

- | o0 r Kg
"g o ./ 2
< leo] X2
T
<i- ‘ ‘ K?
¥ |92 9
N |~
& &
J n
&

¢
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and a replaced by £), and (23) we have

Co(@sy 8,) = Lofol(@yy ay) = Fre(Co(@y), L1(an))
=fz(ff)($t); 5;‘(%)) = By(@, ay).

Hence { = &, and this completes the proof.

The construction of the coproduct and the proof of Proposition
17.3 are visualized by the scheme on the page 60 in the particular case
T ={1,2}. !

18. Coequalizers in the category of logical kits
18.1. Let

(29) | a: K+L, B: E—>L

be morphisms in Kt. It is easy to see that the kit K’ defined as follows:
K;= {keK;: a,(k) = B,(k)} for i =0,1,2,
fr- = fal(Eqy x K)),
px = pxlK;,

together with the obvious morphism ¢: K'—K, is an equalizer of the

morphisms (29) in the category Kt.

18.2. We shall now describe the construction of a coequalizer of
the morphisms (29). It follows from Proposition 16.2 that “0-coordinates”
and “l-coordinates” of coequalizers in Kt are constructed in the same
way as coequalizers in the category Ens.

Let

H; = {(a;(k), i(k)): keK,} for i =0,1,2,

and let E; (¢ = 0,1) be the smallest equivalence relation containing
the set 2(L;)VH;. Let

H, = {(fely,b), f(y', b): (¥, 9" ) B, and (b, b')eE,},
and let E, be the smallest equivalence relation containing the set 2(L,)u
VH,VH,.
Thus, D(Ez) = L‘l' fOI' 'i = O, 1’ 2-

18.3. LEMMA. If (w,w')eE,, then (pr(w), pr(w')) eB;.

Proof. It suffices to show that the condition (w, w’')e H,U H, implies
(pL(w), pL(w") e B;.

Xf (w, w') e H,, then there exists v in K, such that w = a,(v), w’ = 8,(v);
hence, by (B), a;px(v) =pra,(v) =pr(w), and B,pg(v) = pLph.(v)
= py(w'); this means that (pp(w),pr(w'))eH, < E,.
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If (w, w')eH,, then there exist (y,y’) in E, and (b, b') in L, such
thatw = f;(y,b),w = fr(y’, b); consequently, (PL('W), PL.(’I»U')) = (b, b')eF,.

18.4. Let .
M‘i = Li/Ei fOI‘ 7: = O’ 1, 2’

and let f;: My x M,—~M, be the function defined by
(30)  fm(y/Ey, b/E,) = fr{y,b)/E, for y in L, and b in L,.

It follows from the construction that the value of the function f,,
does not depend on the choice of ¥ and b in the equivalence classes y/E,
and b/E, respectively.

Let py: M,—>M, be the function defined by

(31) Pu(w/E,) = pr(w)/E;, for w in L,.

It follows from Lemma 18.3 that the value of the function p, does not
depend on the choice of an element w in the equivalence class w/E,.

The quintuple M = (M,, M,, My, far, P2s) 15 a kit. In fact, if yeL,
and belL,, then by (30) and (31)

Pufu(y/Ey, b/E,) = PM(fL("J: b)/Ez) = (poL(y) b))/El = b[E,.

Let ¢;: L;—>M; (i = 0,1, 2) be canonical surjections. It is easy to
verify that the triple (¢, L, M), where g = (g,, 01 02), IS a morphism
in Kt. In fact, for all ¥ in L, and b in L, we have

02f.(y, b) = fr(y, b)/Ey = fy(y/E,, b/E,) =f1lz(90(3/), Ql(b))a

i.e. condition (4) (with letters changed) is satisfied ; moreover, for every w
in L,

epr(w) = pr(w)/Ey = py(w/B,) = pao.(w),
i.e. condition (5) is also satisfied.

18.5. ProPoOSITION. The kit M together with the morphism o: L—-M
18 a coequalizer of the morphisms (29) in Kt.

"Proof. It is obvious that ga = gf. Suppose that X is a kit and
§: L>X is a morphism in Kt such that fa = £8. Let 9;: M;—> X,
(¢ =0,1,2) be functions defined by

(32) 8,(2/B;) = £,(2) for z1in L, and i = 0,1,2.

The functions &, are well defined, i.e. £;(2) does not depend on the
choice of z in the equivalence class 2/E;. We shall prove this fact for 1 = 2
(the proof for ¢+ = 0, 1 is straightforward). It suffices to show that each
of the conditions (w, w')e H,, (w, w’) e H, implies &,(w) = &,(w’). If (w’, w)e
eH,, then w = a,(v), w = B(v) for some v in K,, and &,(w) = &, a,()
= £,fs(v) = &(w'). I (w, w')eH,, then w = fr(y,d), w' =f (y',d") for



18. Coequalizers in category of logical kits 63

(y,y') in E, and (b, d’) in E,. The conditions (y, y’')eE, and (b, b')eE,
imply &,(y) = & (y') and &,(b) = &,(b’). Consequently, &,(w) = &,f.,(y, b)
=fL(‘§o(y), 51(b)) =fL(§o('!/I)y E1(0")) = &fr(y', b') = Ey(w').

We shall now show that the triple (¢, M, X), where 9 = (&,, ¢4,, ¥,),
is @ morphism in Kt. By (30) and (32), :

Oof51(y/Boy b]By) = B(fr(y, b)/Bs) = &:fr(y, b)
=fx(§o(3/)y 51(1’)) =fx(79o(?/|Eq), 9.(bIE ))7
ie. (®, M, X) satisfies condition (4). By (31) and (32),

81pa(w/Ey) = & (pr(w)[E)) = £pL(w) = pxks(w) = pxO(w/Ey),
i.e. (%, M, X) satisfies condition (5).
It follows from (32) that
do = §.

Since p;: L,—~M, are surjections, the morphism (¢, M, X) is deter-
mined by this condition uniquely. This completes the proof.

Two examples of coequalizers given on schemes below show that
the relation £, is not, in general, the smallest equivalence relation con-
taining the set 2(L,)UH, and only one of the sets [(fL(y, b), fr(¥'y b)):
(y,y)eBy and beL}, {(fu(y,b), fr(y,b)): yeL, and (b, b')eE,}.

a9

B X
KO 4! ° Lo A - ) ‘L‘ R_MO
)
[
(Sl 7 L|eB || == |d|d |,
Kl e Ll i‘* 5 Ml
1
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20
30 2o
Ky Lo —= |9 9 [M
@)
B, == z
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