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Abstract

The paper deals with function-valued and numerical measures of absolute and directed
divergence of one probability measure from another. In case of absolute divergence, some new
results are added to the known ones to form a unified structure. In case of directed divergence,
new concepts are introduced and investigated. It is shown that the notions of absolute and
directed divergences complement each other and provide a good insight into the extent and the
type of discrepancy between two distributions. Consequently, these measures applied together
to suitably chosen pairs of distributions prove useful to express such statistical concepts as
inequality, dependence, and departures from proportionality.



Introduction

The central notion of the paper is the concentration curve which has been in-
troduced by Cifarelli and Regazzini (1987). Some concepts particularly important
for the definition of the divergence curve were proposed by Ali and Silvey (1965,
1966).

The concentration curve is a function-valued measure of the divergence of one
probability measure from another. It is defined for arbitrary pairs of probability
measures and reflects any kind of discrepancy between them. Thus, it measures
absolute divergence.

The concentration curve of the probability measure () with respect to the
probability measure P refers to the most powerful test of the null hypothesis
Hy : P against the alternative hypothesis H : (). Roughly speaking, the curve
is isometric to a plot of the distribution functions of the most powerful test
generated by P and @, respectively. This is the plot 1 — « versus 3, where «
and [ are respectively the probabilities of the errors of the first and second kind.
The plot of « versus 1 — 3 appears in many textbooks on hypothesis testing (see
e.g. Lehmann (1959), Grove (1980)). These plots induced some orderings useful
in the testing theory. On the other hand, the plot of a versus 3 as a measure of
divergence of P from () was proposed by Bromek and Kowalczyk in a paper which
appeared in 1990 in the proceedings of a conference held in 1988 in Pittsburgh.
In that paper, written parallelly to Cifarelli and Regazzini (1987), stress was laid
on properties of the ordering based on the a — 3 plot.

The notion of concentration curve can be used to define other statistical
concepts when the curve is applied to suitably chosen pairs of probability me-
asures. One objective of the present paper is to describe such applications in
the case of inequality, dependence, and departures from proportionality. In the
case of inequality the concentration curve becomes the Lorenz curve, which is
a well-known function-valued measure of inequality. It has been frequently used
in socio-economic investigations of income and other distributions. The interest
in this parameter and its applications is still vivid. Recent contributions to the
subject were given e.g. in the works by Arnold (1987) and Foster (1985). The
counterparts of the Lorenz curve are used in various fields of applied stochastic
science. This is exemplified by the curve related to the so called total-time-on-test-
transformation which has an important place in reliability theory (cf. Chandra
and Singpurwalla (1981), Klefsjo (1984)).
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Links between divergence and inequality are of two kinds. First, the diver-
gence of any two mutually absolutely continuous probability measures is equal
to the inequality of the distribution of their likelihood ratio generated by the
first measure. This was mentioned in Cifarelli and Regazzini (1987), while Ga-
frikova and Kowalczyk (1994) used it to study duality of orderings of inequality
and divergence. Second, the inequality of a nonnegative variable X with finite
expectation may be represented as the divergence between the distribution Px
of X and the distribution Ap, which assigns to any B € B(R™) the probability
fB xdPx (z)/E(X).

It is worth noting that Fogelson (1933) introduced a curve measuring inequ-
ality for any nonnegative random variable X with finite expectation as a plot of
the distribution function of Px and Ap,. Thus, he invented the concentration
curve for this particular case.

A Lorenz-type approach to dependence relates to the fact that dependence can
be considered as divergence between the joint distribution and the product of the
marginal distributions. The related dependence curve was introduced during the
conference on dependence in Pittsburgh independently by Bromek and Kowalczyk
and by Scarsini (cf. the proceedings edited by Block, Sampson and Savits (1990)).
But links between dependence and divergence had been studied before by many
authors. Ali and Silvey (1965, 1966) studied measures of dependence based on
the likelihood ratio of the joint and product distributions. This subject was also
considered by Joe (1985, 1987).

Chapters 1-3 present these topics. Chapter 1 deals with measures of diver-
gence which are used in Chapters 2 and 3 to measure inequality and dependence,
respectively. These three chapters contain only few new results but collect ma-
terial from many papers, some of them by this author, into a systematic and
unified structure. An effort has been made to unify the terminology. New results
of Chapters 1-3 are given in Sections 2.5 and 3.3.

Chapter 4 deals with evaluating absolute departures from proportional repre-
sentation. In this case there are two vectors with positive integer components.
The first vector represents a partition of a finite population, the second vector
represents a related partition of a representation of prescribed size.

Representation can be formed in a number of ways. It can be a sample drawn
from the population according to a chosen rule, deterministic or probabilistic. In
the paper we are concerned with representations as near as possible to propor-
tional. Thus, we are interested in the minimal elements for the ordering based on
divergence curves.

The idea to use the divergence curve for the population and representation
to measure departures from proportionality appeared first in Bondarczuk et al.
(1994), and will be reminded in Sec. 4.1 of the present paper. The remaining two
sections of Chapter 4 provide new results concerning the minimal and maximal
elements for the ordering based on divergence curves, applied to departures from
proportional representation.
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Chapter 5 introduces the directed divergence. The difference between absolute
and directed divergence is best explained in the case of univariate distributions.
Then, the directed departure of P from () tells how much to the “left” of ) is P.
A function-valued measure of this tendency of P is the plot of the distribution
function of @) with respect to P. This plot is a special case of the directed con-
centration curve. If the likelihood ratio of () with respect to P is increasing then
the plot becomes the divergence curve of () from P.

The general definition and properties of the directed concentration curve are
given in Sec. 5.1. This curve coincides with the concentration curve of Q) w.r.t.
P, introduced in Chapter 1 when P and () are univariate and the direction is
indicated by increasing real values. In Sec. 5.2 any two probability measures on
the real line are mapped onto a pair (P’,Q’) on [0, 1] such that P’ is uniform
and the distribution function of @’ lies on the directed concentration curve of
Q@ w.r.t. P. It is shown that @ is then mapped onto @)’ by the same transition
probability function which maps P onto the uniform distribution. It follows that
(P, Q') represents the class of pairs (P, Q) with the same directed concentration
curve.

The concentration curve measuring absolute departures of () from P can be
used jointly with a suitably chosen directed concentration curve to describe not
only the extent but also the type of departures. The two curves coincide when
directed departures are the only ones present. In the case of bivariate dependence
between random variables X and Y, the two curves can be used to measure
both the absolute and the monotone (positive or negative) dependence. Positive
dependence is the tendency of larger (smaller) values of X to coappear with larger
(smaller) values of Y'; negative dependence is described analogously.

The dependence of Y on X is often described by means of the regression
r(x) = E(Y | X = ). Taguchi (1987) in his study on the so-called concentration
surface considered the plot of E(r(X); X < x)/E(Y) versus P(X < x), which
he called the correlation curve. If Y is nonnegative and E(Y) is finite then this
curve is the directed concentration curve for the two distributions. Taguchi also
introduced the plot of E(r(X); X < x)/E(Y) versus E(X; X < z)/E(X) as the
ratio curve. This plot is a directed concentration curve if both X and Y are
nonnegative with finite expectations.

Some new properties of the two curves, obtained under restrictions which turn
each of them into a directed concentration curve, are presented in Theorems 5.3.1
and 5.3.2. Some properties of the correlation curve follow from its links with the
monotone dependence function for (X,Y") (cf. Kowalczyk (1977)). Each curve
can be used to study monotone dependence of Y on X as compared with suitably
measured absolute dependence.

Monotone (directed) departures from proportionality are considered in Sec-
tion 5.4. A comparison of monotone departure with absolute departure leads to
conclusions concerning the extent and direction of overrepresentation. The results
obtained in this paper throw some new light on the classical divisor methods con-
sidered in Baliriski and Young (1982).
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The last chapter deals with numerical measures which are consistent with the
respective function-valued measures of divergence. Section 6.1 deals with the
numerical inequality measures which are simultaneously absolute and monotone.
Sections 6.2 and 6.3 deal with absolute and directed divergence, respectively. The
numerical measures introduced in Section 6.3 are generalized versions of the in-
dices considered in Section 6.2. In particular, formula (6.3.1) defines the directed
Pietra index which has not appeared previously in the statistical literature. Nume-
rical measures of dependence and proportional representation are also introduced
and investigated.

Summing up, we propose here tools to measure jointly absolute and direc-
ted (monotone) divergence, and we use them to generate measures of absolute
and directed departures from a prescribed pattern in several areas of statistical
modelling.

Further applications are now under investigation. One of them concerns effects
of aggregation. An appropriate continuity index (Ciok et al. (1994)) could be used
to describe and analyze mixed data, resampling techniques etc.

Another direction of further study concerns stratified populations. The idea
is to compare each of the strata distributions with the common distribution in
the population, using the proposed measures of absolute and directed divergence.
This would give an insight into the extent and type of stratification. A preliminary
study along these lines was done by Kowalczyk (1990).

Our considerations here are limited to theoretical distributions which corre-
spond to infinite populations. Finite populations are mentioned only with respect
to fair representation, while inference based on samples is not tackled at all. We
believe, however, that the results obtained so far for general distributions pro-
vide a good starting point for developments in these directions. It seems that
the measures used here could be easily generalized to finite populations. More-
over, a unified approach to different fields of applications mentioned above should
generate estimators equally applicable to all of them.

1. Divergence of probability measures

1.1. Divergence of probability measures connected with two-class
classification problems. Let P and @) denote probability measures on the same
measurable space (£2,.A). There is a general feeling (cf. Ali and Silvey (1966)) that
some probability distributions are “closer together” than others and consequently
that it may be “easier to distinguish” between the distributions of one pair than
between those of another. The respective intuitions have been formalized in many
ways. Among them, a suggestive formalization refers to the two-class classification
problem. In such a problem we deal with a population of objects divided into
two classes. Each object in any class has its own description w € 2 (e.g., it is
described by a vector of real-valued features). The descriptions are chosen so that
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there exists a suitable o-field A of subsets of {2 such that the two classes can be
presented as some probability measures, say P and @, on ({2, A). The investigator
can observe the description(s) w of an object(s) but its (their) class-membership
is not observable. His goal is to recognize for each object where it comes from.

Let a classification rule be a Borel measurable function ¢ : £2 — [0, 1], where
d(w) is the probability of taking the decision that the observed w is from the first
class. Let a12(0), a21(d) be the probabilities of misclassification:

a(0) = [ (1-6(w)dP(w), an(d) = [ d(w)dQw).
2

)

The probabilities a12(d), a21(d) describe the quality of the classification rule 6.
Basing on them, we introduce the following natural ordering in the set A of all
classification rules on 2:

DEFINITION 1.1.1. We say that a rule ¢’ is not worse than a rule § (§ < ¢') if
(111) a12(5’) < (112(5), CLQl((S/) < (121(5).

We will restrict ourselves to the set of rules admissible with respect to the
ordering (1.1.1). In order to characterize this set, we introduce the generalized
Radon-Nikodym derivative of @) with respect to P: let Q) = Qaps + Qsing be the
Lebesgue decomposition of @) relative to P, where Qs is absolutely continuous
with respect to P (Qaps < P) and Qing is singular with respect to P (Qsing L P),
and let N, N¢ C A be a partition of {2 such that P(N) = 0, Qsing (V) = Qsing (£2).
The generalized Radon—Nikodym derivative of () with respect to P, denoted by

%, is
dQ, | dQubs (w) for w e N°€,
00 for w € N.

It follows from the Neyman—Pearson Lemma that the set of rules admissible
with respect to the ordering (1.1.1) consists of all rules ¢, s of the form

dQ

1 if d—P(OJ) < R,

Ons(w) =19 s if %(u)):n,
. dQ

0 if E(OJ) > R,

for k € (0,00) and s € [0,1]. These rules are called threshold rules with respect

dQ
to .

dpP

It is convenient to extend the set of admissible rules adding the threshold rules

for Kk = 0 and Kk = co. We denote the extended set by A?P Q)

(1.1.2) A(()P,Q) = {0, :k €[0,00], s€[0,1]}.
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The set A((]P Q) determines the lower boundary of the so-called risk set, i.e. the

closed convex set consisting of points (a12(d), a2 (9)) for all classification rules
0 € A. This boundary, which is a continuous, convex and nonincreasing curve
joining the points (0,1) and (1,0), will be denoted by K(p o) and called the
divergence curve of Q from P (see Bromek and Kowalczyk (1990)) or the Neyman—
Pearson curve of @ with respect to P (see Kowalczyk and Mielniczuk (1990)):

(113) K(PvQ) = {(alg((s,{,s), agl(éms)) K E [0,00], S € [O, 1]}
Obviously,

)
Q{we 2: %(w) <k} +sQ{we 2: %(w) =r}) k€ 0,00],5 € [0,1]}.
In particular, for any pair of k-valued distributions

P:(plu"'apk)a Q:(qlu"'7Qk)7

the curve K(p ) is piecewise linear with vertices

(ipir,l—iqir) forl =0,...,k,
r=1 r=1

where 2(1) =0 and (i,...,7) is a permutation of (1,...,k) such that

CER

pi1 plk
If @ < P then K(p ) is the graph of a nonincreasing function K(pg)(-) defined
on [0,1]. Otherwise, this function is not defined at 0 and the curve contains an
interval of the y-axis (from (0, Qans(£2)) to (0,1)).

Apart from convexity and monotonicity, K(p ) has the following properties

(for proofs see Gafrikova and Kowalczyk (1994)):

1. K(p,) and K (g p) are related as follows:

K.py = {(uw,v) : (v,u) € Kpg)}

2. P=Qiff Kipg)=1{(u,v) :v=1—-u, uec[01]} (ie. P=Q iff Kpg) is
the segment joining (0, 1) and (1,0)).

3. PLQif Kipgy ={(u,v) : (u=0,0<v<1)V(0<u<1,v=0)} (ie
P and @ are singular (in particular, have disjoint supports) iff K(p ) consists of
the two edges of the unit square emanating from (0,0)).

Properties 1, 2, 3 indicate why K(p ) is called here the divergence curve of
Q from P.

1.2. Concentration curve and its link with the Neyman—Pearson
curve. Cifarelli and Regazzini (1987) approach problems of divergence of prob-
ability measures on (f2,.A) as problems of their relative concentration on sets
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belonging to .A. To this end, they choose the generalized Radon—Nikodym deriva-
tive % (w) for a pointwise index of concentration of @) with respect to P. Loosely
speaking, the value of %(u)) increases when so does the concentration in w of )
with respect to P, and %(w) = 1 when P = (). Cifarelli and Regazzini compare
the masses of P and @ on subsets of {2 consisting of w’s with sufficiently small

concentration (not exceeding a given level). They introduce the set

(1.2.1) {(P{w: %(a)) <z},Q{w: %(w) <z}):z€[0,00}.
This set, completed if necessary by linear interpolation, is called the concentration
curve of @ with respect to P. It will be denoted here by L(pq), or L[P,Q)]
whenever the notation for P or @) is so complicated that the subscript (P, Q) is
not convenient (this happens e.g. in Sec. 5.3).

The curve L(p ) contains the graph of (L(pq)(t),t € [0,1]), where

0 for t =0,
Lipg)(t) = Quw: W) <} +aft—H(e—)} forte(01),
abs( ) fOI’t:L

H(z) =P{we R2: F(w) <z},
¢ =inf{z e R: H(z) > t},
H(z—)=H(z—0).

The curve Lp q) is convex and nondecreasing in [0,1]2. If P and Q are non-
atomic measures, then any set {w € N : Q(w) < ct} has P-measure ¢ and
Q-measure L(P,Q)( ).

If P and @ are atomic then the curve L(p ) consists of segments and the
remark above is valid for ¢ corresponding to the vertices of the curve.

Obviously, the concentration curve is linked with the Neyman—Pearson curve
by

K(P,Q)(t) = L(P,Q)(l - t) for t € (0, 1],

Kpg)(07) = Lipg)(1).

1.3. Divergence ordering <np. Let P be the set of all probability measures
defined on the same measurable space ({2, A). We introduce an ordering <np in

P x P with respect to divergence of measures from one another (cf. Bromek and
Kowalczyk (1990)).

DEFINITION 1.3.1. We say that
(P, Q) =np (P, Q'),

i.e. the divergence of Q" from P’ is not smaller than that of Q) from P, if for every

classification rule § for (P, Q) there exists a classification rule ¢’ for (P, Q’) such
that

ajo(0') < a12(9),  ay(6') < an(9).
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The rules ¢ and ¢’ in this definition belong to the whole set A but, obviously,
this set can be restricted to the set A?P,Q) of admissible rules in the case of § and

to the set A?P,Q,) of admissible rules in the case of §’, where A(()P,Q) and A?P,Q,)

are given by (1.1.2). Therefore, in view of definition (1.1.3), <xp coincides with
the ordering based on divergence curves:

(P,Q) =xp (P',Q) it Kpq)(t) > Kprg)(t) forte (0,1].

This ordering has the following properties (see Bromek and Kowalczyk (1990)
and Gafrikova and Kowalczyk (1994)):

PRrROPERTY 1. (P,Q) =<np (P, Q) iff (Q,P) =np (Q', P').
PROPERTY 2. (P, Q) is a smallest element for <np iff P = Q.
PROPERTY 3. (P, Q) is a largest element for <xp iff P L Q.

PROPERTY 4. Suppose that y = f(w) is a measurable transformation from
(2, A) onto a measurable space (Y,G). Let Pf~1, Qf~! denote the measures
induced by f on Y from P,(Q respectively. Then

(Pf=1Qf ) =xp (P,Q).
(P,Q) and (Pf~%,Qf~!) are equivalent with respect to <yp iff

dQ, . dQf)
ﬁ(w) = m(f(w))

for all w.
As a special case of Property 4 we have:

PROPERTY 4'. Let P = (p1,...,pk), @ = (q1, - .., qx) be k-valued distributions
and let (P',Q’") be (k — 1)-valued distributions obtained from (P, Q) by pooling
any two values of (P,@). Then

(P, Q") 2np (P,Q).
PROPERTY 5. Suppose that a, 8 € [0,1], @ < 3. Then
(BP + (1= P)Q,aP + (1 - a)Q) =xp (PaP + (1 —a)Q) =xp (P, Q).
PROPERTY 6. Suppose that a € [0, 1]. Then
(P,Q) =xp (P, Q) it (PoaP + (1 -a)Q) Zne (P,aP + (1 - 2)Q).
PROPERTY 7. Let P, @, Q¢ be k-valued distributions,

P:(p17"'>pk)7 Q:(Qh---a(]k), Qez(qiaqi))

such that q1/p1 < ... < qr/pr, and ¢§ = ¢ + ¢, ¢; = ¢; — €,45 = g5 for some
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1<j,s#1i,j,s=1,...,k, where € is a nonnegative number such that
qi+1Pi — 4iPi+1 for j—i-+1,
Pi + Dit+1

e <
min <pi<q’+1 + &>, D <q—] + q1_1>> for j > i+ 1.
Piv1  Di p;j  Pj-1

(P, Q) =xp (P, Q).
Three other important properties of <np, based on the notion of generalized
expectation, will be presented in Sec. 2.4.

Then

2. Link between divergence and inequality

2.1. Initial inequality axioms. The notion of inequality of a random va-
riable appears in statistical literature in many contexts; most contributions (inc-
luding the oldest ones) refer to various economical situations such as welfare or
income inequality in a human population. Generally, we deal in practice with two
populations of objects of the same kind, described by a variable X, which is addi-
tive, nonnegative and has finite mean. It will be convenient to assume for a while
that both populations are finite and each of them has n elements. Thus, we deal
with two vectors of values of the feature under consideration in each population,
say = (x1,...,2,) and 2’ = (2],...,2),). We ask which vector is less “equal”
than the other, i.e. for which of them the components are more distant from one
another.

An axiomatic approach to comparing inequality of vectors with n nonnegative
components is due to Fields and Fey (1978). They formulate three axioms for an
ordering < according to inequality in the set of such vectors, where z < z’ means
that z is less equal than a’. (Fields and Fey used > instead of =<; we changed
this notation to ensure consistency with the rest of this paper). The axioms are
as follows:

AXIOM 1 (Scale Irrelevance). If x = ax’, i.e. x; = az) fori=1,...,n, a > 0,
then x = 2’ (which means that * < 2’ and 2’ < z, i.e. x and 2’ are equally
unequal).

This axiom allows us to normalize all vectors, so that Y., x; = 1. The set of
all normalized vectors will be denoted by Dy:

n
Dg:{x:(xl,...,xn):xizo, 1 < ... < 2y, Z$i:1}.
i=1

Axiom 2 (Symmetry). If (i1,...,i,) is any permutation of (1,...,n) then

(Tiyyevoy i) Z (1,00, Tn).
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AXI0M 3 (Rank-Preserving Equalization). If z, 2’ € Dy and if for some i < j
and € > 0,

xp =1 fork#i,j, k=1,...,n,

! —_—

T = +e, x5 =1 —e,
where
E<{%(x;—x;) fOI"j::Z:—Fl,
= | Smin(zj,, — 2,2 —ai ;) forj>i+1,
then z < 2'.

Fields and Fey proved that if x,2' € Dy and if x is obtained from z’ by a
finite sequence of transformations described in the third axiom, then

Ty txy >+ a2, fori=1,...,n—1,

(2.1.1) , , .
r1+...+tz;>x1+...+w; forsome j <n,

and vice versa: the inequalities (2.1.1) imply that x € Dy is obtainable from z’
by a finite sequence of such transformations.

J. Foster (1985) extended the axioms by the following one aimed at comparing
vectors which describe populations of different sizes. Let

o0 n
D= D, Dn:{xeR":Zm>0, miZO,izl,...,n}.
n=1 =1

Ax1oM 4 (Population Principle). If 2’ is a replication of x (i.e. x € D and for
some m > 2 we have ' = (z(;),...,%(,,)), where each z{;) = x) then z = 2.

2.2. The Lorenz curve for nonnegative random variables. Inequalities
(2.1.1) can be interpreted graphically by means of the so-called Lorenz curves for
x and 2.

The Lorenz curve was introduced in 1905 for the population {z1,...,z,} of
n individual incomes by setting

, i
Lo _Ej:133rj for i = 0
x|—-|==—— fori=0,...,n,

where z,, < ... < z, are the ordered individual incomes in the population.
The points (i/n, Lx(i/n)) for i = 0,...,n are then linearly interpolated to get
the corresponding Lorenz curve. Thus, we have defined the Lorenz curve for a
random variable X taking values x1,...,x, with probabilities P(X = ;) = 1/n
fori =1,...,n (if z;>s are not all distinct then the probabilities are changed in
an obvious way).

Generally, let £ be the set of all nonnegative random variables with finite
nonzero expectations. For any X € £ with distribution function Fx, the Lorenz
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curve Lx is

Jo Fx'(y) dy
2.2.1 Lx(u)=*"%—— """~
( ) x () folF)?l(y)dy

where Fy ' (y) = inf{t : Fx(t) >y} for 0 <y < 1.
Sometimes it is convenient to use the parametric representation of the Lorenz
curve (Arnold (1987)) as the set of points

(2.2.2) {(Fx(t), F{ (1) : t € 0,00},

in the unit square, completed if necessary by linear interpolation, where

for u € [0, 1],

t
(2.2.3) FO @) f wdFx(u), t€0,00].
0

Formula (2.2.2) follows directly from (2.2.1).
Another form of the Lorenz curve, obviously equivalent to (2.2.2), is

0 for u = 0,
E(X; X u w(u — P(X u

Lx(u) = (XX <z )—’_E?X()u (X < @) for u € (0,1),
1 for u =1,

where z,, is any quantile of X of order u for u € (0,1), i.e

P(X <z,)<u<P(X <uz,).

The function F )((1 ) is called the first moment distribution function. Suppose

that X is the length of life in some population. Then F )({1 )(t) denotes the mean
life length of an element which dies till ¢, divided by the mean life time. Now,
another partition of the mean life time is also in use. It refers to the total time

on test (TTT) transform. The related distribution function F )(f ) is defined by
(2) L
F = —— 1-F

where F )((2 ) (t) denotes the mean length of life truncated at the moment ¢, divi-
ded by the mean life time. The curve TTT(p) = F)(f) (Fx*(p)) for p € [0,1] is

a counterpart of the Lorenz curve L(p) = F )((1 )(F )({_1)(19)). The two curves are
interrelated in the following way (see e.g. Klefsjo (1984)):

L(p) = TTT(p) — (1-p)Fx'(p), pelo1].

E(X)

2.3. Inequality ordering =<;. The ordering =<y, according to inequality in
the set £ (Arnold (1987)) is based on comparing the Lorenz curves.
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DEFINITION 2.3.1. For any X, X’ € L, we say that X does not exhibit more
inequality in the Lorenz sense than X' does, and write X <y, X', if
Lx(u) > Lx:/(u) foru € [0,1].
It is easy to check that for the empirical distributions considered in Sec. 2.2
the ordering =<y, satisfies Axioms 1-4. Moreover, <r, has the following properties:

PROPERTY 1°. A random variable X is a minimal element for <y, iff X is
concentrated at one point > 0 (i.e. X is degenerate). The Lorenz curve for a
degenerate random variable coincides with the 45° line in the square [0, 1]2.

PROPERTY 2°. Let X € L be a discrete k-valued random variable with P(X =
x;) =m fori =1,... k, Zle m; = 1. Let X’ be the random variable obtained
from X by aggregating any two values, say z;,z;, ¢, € {1,...,k}, to the value

T 7Tj
xr; + Zj.
T + 7, T+ Ty
Then X' <1, X.

PROPERTY 3°. Let X € £ and o, 8 € [0,1], < 3. Then
a+(1-a)X
— < (1-a)X +a = X.
Fra-px LT

PROPERTY 4°. Suppose that X, X’ € £ and « € [0,1]. Then
X=X ff l-a)X+a=p(1-a)X +a.
PROPERTY 5°. Let X € L be a discrete k-valued random variable with P(X =
Xi) = T4, Zle m=1,21 <...<x Let X’ be a random variable with & values
such that P(X' = z}) = m;, i = 1,...,k, where 2, = z, for s # i, j, for some
i<j,s=1,....k and 2} = x; + ¢/m;, ¥, = x; — e/m; with
(!Ei+1 — JEi)WﬁiH
e< T + Tig1
min(m(aziﬂ — xi),ﬂj(l'j — .Ij,l)) for j>1+1.

for j =i+1,

Then X' <1, X.

One of the most important properties of =<, is its characterization by means
of convex functions:

PROPERTY 6°. Let X, X' € L, EX = EX’. Then
(2.3.1) X <L X' iff E(@(X)) <E@X")
for every convex continuous function .
PROPERTY 7°. I. Let g : Rt — R™. The following conditions are equivalent:

(i) 9(X) =1, X for every X € L,
(i) g(x) > 0 for every x > 0, g(z) is nondecreasing on [0,00) and g(x)/x is
nonincreasing on (0, 00).
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II. Let g : RT — R*. The following conditions are equivalent:
(i) X =1 g(X) for every X € L,

(i) g(x) > 0 for every x > 0, g(z) is nondecreasing on [0,00) and g(x)/x is
nondecreasing on (0, c0).

PROPERTY 8°. Suppose that X, X’ € £, EX = EX’ and X and X' are
absolutely continuous with densities fx(z) and fx/(x). A sufficient condition for
X =1 X' is that fx(x) — fx/(x) changes sign twice on (0,00) and the sequence
of signs of fx — fx/is — 4+ —.

Properties 1°, 6°, 8° are proved e.g. in Arnold (1987), and properties 2°-5°,
7° in Gafrikova and Kowalczyk (1994).

Orderings stronger than =i, have been investigated in statistical literature.
In particular, reliability theory introduces the star-ordering such that F' is star-
ordered w.r.t. G (written F' <, G) if G~1(F(x))/x is increasing on 0 < z <
F~1(1). Chandra and Singpurwalla (1981) proved that F' <, G implies Lp(p) >
Lea(p) for 0 <p < 1if F and G have the same mean.

2.4. Inequality versus divergence. Let h(w) be the generalized Radon—
Nikodym derivative of @) with respect to P:h(w) = %(w). Let F'(i = 1,2) be
the distribution functions of the transformed measures P" = Ph~!, Q" = Qh~ 1,
respectively, i.e.

F{'(t) = P([0,1]) = P(w : h(w) < 1),

FL(t) = Q"([0,4]) = Q(w : h(w) < 1)
Note that P"([0,00)) = 1 but Q"([0,0)) =1 - Q(h = o) = 1 — Q(N). From
(1.2.1) we see that the concentration curve L(p ) is the subset
(2.4.1)  {(FR(t), Fr () t € [0,00]} = {(Flh(t), i delh(s)) teo, oo]}
0

of the unit square, completed if necessary by linear interpolation. Let Z be a
random variable defined on (£2,.4) and let Z ~ P (i.e. Z is distributed according
to P). Comparing the sets (2.4.1) and (2.2.2) we obtain an important statement
which will be formulated first for @ < P. Under this assumption h(Z) € L since
Ep(h(Z)) = 1. Then the concentration curve L(p ) is the Lorenz curve for the
random variable h(Z):

(2.4.2) Lp,g)(u) = Lpzy(u) for u € [0,1].

When the assumption @ < P is omitted, let h(w) = (dQaps/dP)(w) for
w € N¢ and Z be the random variable defined on £2 \ N such that Z~P (note
that for Q < P we have Q(N) = 0 and h(Z) = h(Z)). Then h(Z) € L since
E(h(Z)) =1—Q(N). The equality (2.4.2) is now generalized to

(2.4.3) Lipg)(w) = (1 = Q(N)) L5 5 (u)  for ue [0,1).
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We see from (2.4.2) that for < P, measuring divergence by means of L(p, )
is equivalent to measuring inequality for h(Z) by means of Ljzy. Also, there
exists an obvious correspondence between the orderings <nxp and =<r: if Q < P,
Q' < P’ then

(2.4.4) (P,Q) =xp (P, Q) it Nh(Z) =1 W(Z'),

where h = %, h = Z%:, Z, 7' are random variables defined on {2, and Z ~ P,
Z' ~ P

The equivalence (2.4.4) is an important link between divergence and inequality.
It is obvious that under the condition ) < P any property of the divergence of
Q from P can be reworded as some property of the inequality in the class £1 C L
of all nonnegative random variables with expectation 1 (since E(h(Z)) = 1). For
example, the counterparts of properties 2, 4’, 5, 6, 7 of <np are properties 1°, 2°,
3°, 4°, 5°, respectively, of the ordering <p, in the class £;.

Further, the equivalence (2.4.4) implies the characterization (2.3.1) for X =
hZ), X' = h'(Z') where h, h', Z, Z' have the same meaning as in (2.4.4). In
the general case (without the assumption @ < P) we have to use the so-called
generalized expectation E* of ®(h(Z)). This notion was introduced by Ali and
Silvey (1966):

EX@(h(Z) = [ ®(h(2))dP(z) + Q(N) lim ()

t
h(z)<oo

provided that the right-hand side is meaningful (i.e. lim;_,o, @(t)/t exists and the
stated expression does not take the indeterminate form oo — 0o). Ali and Silvey
show that for any continuous convex function @, E*(®(h(Z))) is either a finite
number or co. Let us note that E*(h(Z)) = 1. Now, the following characterization
of the ordering <np may be added to the seven properties stated in Sec. 1.3:

PROPERTY 8. For every convex continuous function @ for which E*(®(h(Z)))
and E*(®(R'(Z'))) are finite,
(2.45) (P.Q) <xe (P,Q) i E*(@(h(2)) < B*(@(H(Z'))).
Moreover, making use of (2.4.3) and Property 7° in Sec. 2.3, we obtain the

following:

PROPERTY 9. Let (P,Q),(P',Q’) € P x P and let h, h' be the respective
generalized Radon—Nikodym derivatives. Let h' = g(h) where g : Rt Uoo —
R* U oo is nondecreasing on RT. Then

(i) (P,Q) =np (P, Q") if g(z)/x is nondecreasing on (0,00) and Q(h = c0)
< Q'(h = o0),

(i) (P, Q") =np (P,Q) if g(z)/z is nonincreasing on (0,00) and Q(h = o0)
> Q'(K = o0).

Finally, Property 8° of Sec. 2.3 can be used to prove the following property of
=NP:
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PROPERTY 10. Let v be a real parameter and let {P, : v € (a,b)} be a family of
mutually absolutely continuous distributions on the real line such that the family
of densities p, (x) with respect to a fixed measure v has monotone likelihood ratio
in z (see Lehmann (1959)). Let a < 11 < vy < vz < b. Then

(PV17PV2) =NP (PVl’PVs)'

To end this section, we use the above considerations to indicate the most
important link between divergence and inequality. To this end, for any random
variable X € L defined on ({2, A, P), we compare P with some other distribution
on (£2,A). Tts distribution function A% (-) is given by

_ fA X (w) P(dw)
[o X (w) P(dw)

The notation A% will be simplified to A\p whenever X (w) = w. The distribution
)\1)5 plays an important role in the present paper.

Note that A% < P. The density function of A¥ w.r.t. P is X (w)/E(X), which
is equal to the ratio of the densities (w.r.t. P) of Ax and P. It follows that the
Lorenz curve of X/E(X), or equivalently of X, coincides with the concentration
curve of A% w.r.t. P.

By Property 4 of <xp (Sec. 1.3) the concentration curve of A¥ w.r.t. P is
the same as the concentration curve of these distributions transformed by X. We
have PX 1 = Px and AZ X' = Ap, (we write Ap, instead of N} ). Indeed,

E(X; X € B)
E(X)
Thus, the concentration curve of Ap, w.r.t. Px coincides with the Lorenz curve

Lx. It is worth noting that the definition (2.4.1) of the concentration curve,
applied to (Px,Apy ), leads to formula (2.2.2) for the Lorenz curve Lx.

(2.4.6) A3 (A) for A € A.

Ap(XTH(B)) = Apy (B) =

2.5. Ratio variables. At the beginning of this chapter it was indicated that
in practice the notion of inequality is introduced for variables which are addi-
tive, nonnegative and have finite mean in the considered population of objects.
Additivity, nonnegativity and finite mean are necessary to form the distribution
A%, which is constructed from means corresponding to particular fractions of the
population. On the other hand, two variables X and Y are =<, equivalent (i.e.
have identical inequalities) if X ~ aY for some a > 0. We shall consider all this
in more detail, referring to a measurement scale called ratio.

In measurement theory, a relational structure Ry on a population {2 is con-
sidered together with a relational structure R on a certain subset 2 C RF. A
measurement scale is a homomorphism of R into R. An admissible function is
a mapping ¥ : 2 — {2 which transforms one scale into another. The set ¥ of all
admissible mappings defines the type of measurement scale. In particular, when
2 =R, the most common types of scales are nominal, ordinal and interval scales,
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for which ¥ is the set of all injections, increasing and linear increasing mappings,
respectively. When 2 = R™, we deal with the ratio scale for which ¥ is the set
of the mappings y = azx, a > 0.

A parameter v defined on a set J of random variables will be called an indi-
cator of the measurement scale type ¥ in J if:

1°. J is closed under ¥, i.e. for each X € J and each ¢ € ¥, ¢(X) € J.
2°. For each X € J and each ¢ € ¥, v(X) = vy(¢(X)).
3°. Let g : R — R and y(g9(X)) = v(X) for every X € J. Then g € V.

Notice that if v is an indicator of the scale type ¥ in 7, then a transformation
of v, say f o, is also an indicator of ¥ in J only if f is a bijection. Moreover, if
a scale ¥’ is weaker than ¥, i.e. ¥ C W', W # ¥’ and + is an indicator of ¥ in 7,
then ~ is not an indicator of ¥ in J.

These remarks justify the following one concerning the relations between sta-
tistical theory and practice: if + is an indicator of a scale type ¥ in a set J of
random variables, then it should not be used in a practical statistical study unless
the variables appearing in the study are all measured on a scale not weaker than
¥. In the practical context it is also worth noting that if v is an indicator of the
scale type ¥ in J, and if v(X) = y(Y) for X,Y € J, then either Y ~ ¢(X) for
some 1 € ¥, or X and Y are not both measured on the scale ¥.

The type of measurement scale may be linked with an ordering relating to
the considered parameter: if v is an indicator of a scale ¥ in a set J and if v is
strictly monotone with respect to some ordering < in J, then

X <Y iff ¢(X)<¢Y) foriew,

where X <Y means that X <Y and not X £Y.

Now, let us use the above considerations putting J = £ (where L is the set
of nonnegative random variables with finite nonzero expectations). It is easy to
check that the Lorenz curve is an indicator of the ratio scale in £. Moreover, the
Lorenz order satisfies conditions 1°—3° when ¥ is the set of the mappings y = az,
a> 0.

Random variables from £ will be called “ratio variables” in the sequel. It
is well known that in practice inequality is evaluated for variables measured on
the ratio scale (income, welfare, length of life, various “size” and some “shape”
variables, and so on).

3. Link between divergence and dependence

3.1. Preliminary remarks. In this chapter we deal with bivariate distri-
butions only. Therefore we assume that 2 = R?, B? is the o-field of Borel sets
on the plane, and consider pairs (X,Y’) of random variables on (R? B?). Let P
denote the joint distribution of (X,Y).
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We start with some remarks concerning dependence when at least one random
variable in the pair (X,Y) is a ratio variable.

According to the definition (2.4.6) we introduce A% if X is a ratio variable,
and AY if Y is a ratio variable, where for any A, A’ € B(R™T),

JafozdP(z,y)  E(X;X €A YeA)

)\1)5(14 x A') = fR+ fR+de(a:,y) = E(X) ,
o SafyydP(zy)  E(Y;X €A YeA)
A = Py T B

Note that

AS(A x RY) = Apy (A) = E(Xéé)e A _ Ja g;fggg)y(dx)7

AL(A < RY) = 9 (4) = ZET |E§§X €d) _ fﬂ(@}?(c}(;;) v(ds)

where r(z) = E(Y | X = x) and fx is the density of X with respect to the given
measure v on B(R™T).

Following the schemes appearing in the previous chapter, one could investigate
dependence as divergence between two distributions on (2, B), in particular

(P,2\¥) when X is a ratio random variable,
(P,\Y) when Y is a ratio variable,
(A%, AY) when both variables are ratio variables.

In Taguchi (1987) the triple (P, A%, %) was considered in order to introduce
a concentration surface.

Among other pairs of distributions which are worth attention when Y is a
ratio variable, let us mention here the pair (Px, )\71;(;()). The curve L[Px, )\71;(3)]

coincides with L, x) since the likelihood ratio of )\g}i{) w.r.t. Px is equal to
r(x)/E(Y) for x such that fx(z) > 0 and X ~ Px. Moreover,

(3.1.1) Ly (u) < Lyx)y(u)  for u € [0,1]

(see Arnold (1987), p. 39).

We will use A% and A} in Sec. 5.3 in the context of the so-called directed
concentration curve to be introduced in Sec. 5.1. There we will consider some
aspects of monotone stochastic dependence. In this chapter we deal with absolute
stochastic dependence between X and Y in the case when no restrictions are
made on the measurement scales of the variables. In Sec. 3.2 we introduce an
ordering of stochastic dependence and investigate its properties. In Sec. 3.3 we
compare this ordering with other orderings concerning dependence, including the
so-called quadrant dependence ordering which is used only when the variables X,
Y are measured at least on the ordinal scale.
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3.2. Dependence ordering =<p. Denote by Py the product measure on
(2, B) corresponding to the marginal distributions Py, Py of Pxy: Py=Px X Py.

Absolute dependence between X and Y can be treated as divergence of Pxy
from Fy. This approach based on the Neyman—Pearson curve was proposed by
Bromek and Kowalczyk (1990). The authors dealt with a vector (Xi,..., X}) for
k > 2 and proposed the ordering <p defined in the bivariate case by

(X,Y) =D (X’7Y’) if L(P07PXY) > L(P(INPX’Y’)'

The same idea of measuring absolute dependence was simultaneously proposed
by Scarsini (1990) (both papers were presented at the same conference). The main
properties of the ordering are:

THEOREM 3.2.1. (i) For any random vectors (X,Y) and (X', Y") defined re-
spectively on 2, 2,

1°if f: 2 — R? and g : 2 — R? are Borel measurable functions such that
f(z,y) = (fi(@), f2(y)), 9(z,y) = (91(2), 92(y)) and fi, g; are injections then

(X7Y) jD (X/7Y,) Zﬁ f(X,Y) jD g(X,7Y,);
2° we have
(X,Y) =p (X",)Y") iff (V,X)=p (Y, X).

(ii) (X,Y) is a minimal element for <p iff Pxy = Py.

(iii) For (X,Y) with continuous marginal distributions, (X,Y’) is a mazimal
element for <p iff Pxy is singular w.r.t. Py.

(iv) Let

(X,Y) ~ No(vx,vy,0x,0v,0), (X,Y')~ No(vxi,vyr,0x/,0v7,0)
where Ny is the bivariate normal distribution with respective parameters. Then
(X7Y) =D (leyl) Z.ﬁ ‘Q‘ < ’Q/"

(v) Let (X,Y), (X", Y') have densities fxy, fxry' (with respect to some mea-
sure v) with marginal densities fx, fy, fx, fy' respectively. Then

Py I fxryr
(X,Y) =p (X",Y") iff fW<f)f};>fxfydu§fw(}c;f]i;)fxfy,du

for all continuous convex functions V.

It is evident that the above properties pertain to absolute dependence between
X and Y. Properties (i)—(iv) were proved in Bromek and Kowalczyk (1990).
Property (v) follows from the characterization (2.4.5).

3.3. Orderings related to <p. Joe (1987) defined a preorder for measurable
functions on a measure space which is a generalization of vector majorization. An
equivalent form of this definition is the following: let (£2,.4,v) be a measure
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space, and let f and g be nonnegative integrable functions on ({2, A, v) such that
[ fdv = [ gdv. We say that f is majorized by g (written f < g) if

[ et < [ og)dv
for all convex, continuous real-valued functions @ with domain including the ran-
ges of f and g such that ¢(0) = 0 and the integrals exist.

Let 2 = 2x x 2y, v =vx X vy, let fx, fy be densities on 2x, {2y with
respect to vx, vy, and II(fx, fy) be the class of densities ¢ on ({2, .4, v) such that
[edvx = fx, [ @dvy = fy. Then the ordering <, restricted to IT = II(fx, fy),
can be interpreted as an ordering according to dependence, with g representing
stronger dependence than f if f < g for f,g € II(fx, fy).

A special case is the matrix majorization due to Joe (1985), where 2x =
{1,...,7}, 2y ={1,..., ¢}, r and ¢ are positive integers, and vx, vy are counting
measures.

The orderings < and <p are equivalent if the marginal densities are uniform
(see property (v) in Sec. 3.2).

If we fix a probability measure Py on (£2,.4) and consider divergence of pro-
bability measures ) from Py for () < Fy then

dQ  dQ’

< ! 3 - .
(Fo, Q) =np (Fo, Q") iff dP, = APy

This is another form of the equivalence (2.4.4) restricted to the case P = P’ = F,.

Now we will investigate relations between =<p and the quadrant ordering
=qp which is one of the weakest orderings connected with monotone depen-
dence (cf. Lehmann (1966)). We remind that for X ~ X’ Y ~ Y’ and for all
x,y € (—00,00),

(X,Y) =qp (X,Y") iff Pr(X <z Y <y) <Pr(X'<azY <y).

In general, neither of the two orderings <p and =<qp implies the other, as
shown by the following examples.

Let (X,Y), (X",Y'), (X”,Y") be pairs of random vectors with values in
{1,2,3} x {1,2,3} and distributed as

6 1 6 1 7
33 33 U 33 33 U z 0 0
_| o s r_ |1 5 n_ |7 s
P - 33 33 0 ) P - 33 33 0 ’ P - 33 33 0
2 2 7 103 1 3 01 7
33 33 33 33 33 33 33 33 33

Evidently, P, P’ and P” have the same pairs of marginal distributions. Let P,
be the product independent distribution corresponding to any of P, P’, P”. It is
easy to check that in each pair (X,Y), (X', Y”’), (X", Y"), the components of the
pair are quadrant dependent. Moreover,

P =<qp P’ (i.e. for any i, jo € {1, 2,3}, Z Z pij < Z Z p;j>.

1<io j<Jo 1<io j<Jo
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However, neither P <qp P” nor P” <qp P since
P11 < Plys P+ P21 > Pl A+ P

On the other hand, the curves L(p, py and L(p, pr) intersect each other and

Lipy,pry < L(py. Py,
so that

(X7Y) ﬁD (Xlayl)v (XI7Y,) ﬁD (X7Y)7 (X7Y) jD (XH7YN)'

These examples supplement the evidence given by many contributors that stocha-
stic dependence is a complicated notion which can be approached on many ways.
We still have to look for a consistent set of orderings and families of distributions
connected with absolute and monotone dependence. An ordering of absolute de-
pendence should satisfy the condition that, restricted to an appropriately chosen
family of monotone dependent pairs (X,Y), it should be equivalent to (or at least
weaker or stronger than) an ordering particularly suited to this family of pairs.

Now we will show that in a narrow but important family of quadrant depen-
dent distributions, naturally ordered, this natural ordering is equivalent both to
=p and to =qp.

Let P = Uyepo,1) Pa U Pq » Where

Pr={Pf :Pr=aPt+(1-a)R}, P, ={P,:P, =aP +(1-a)P},

and PT, P~ are the upper and lower Fréchet distributions for given continuous
marginal distributions, and Py is the product of the marginal distributions. We
have

Lp, p+)(t) = Lip, p-y(t) = (1 —a)t  forte[0,1].
The family P is naturally ordered according to a.

Our next example involves the set Payo consisting of pairs of binary random
variables. It is known that any two binary random variables X, Y are quadrant
dependent. A natural ordering =,,, in Pyyxo which is connected with dependence
of X and Y is

P = P it py <plypig 2 pij, 0,5 =1,2,0F# j, for piipaz > prapa
OF  Pii > Py Dij < Dy 6,J = 1,2,i # j, for pripas < prapar.

It was shown in Bromek and Kowalczyk (1990) that this ordering implies <p.
This fact is a nice property of <p.

4. Link between divergence and proportional representation

4.1. Formulation of the problem and definition of the ordering =,.
Let {2 be any set, finite or infinite, and let v be any measure defined on a o-algebra
A of subsets of 2, such that v(2) is positive and finite. Let X : 2 — [0, 00),
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Y : 2 —[0,00) be (£2, A)-measurable functions such that

0< f X(w)rv(dw) < oo, 0< f Y (w) v(dw) < oo
2 2

and let P(-) = v(-)/v(£2). According to (2.4.6), we introduce

LX) ) RO
o X (@) o{d) [V @) v(de)’

We shall compare A% with AL by means of the concentration curve L]AX, A}].

Divergence of A} from A% measures the degree of departure from propor-
tionality of Y to X. Typically, this problem concerns variables X and Y with
nonnegative integer values. An important example concerns proportionality of
a representation (obtained as a result of an election) to the size of electorate.
The population consists of s units wy,...,ws with electorates z; = X(w;) for
i=1,...,8, 1+ ...+ xs = n. Suppose that the size of the representation, say
m, is selected a priori and let y; = Y (w;) be the size of the representation of the
ith unit. We want to measure the departure from proportionality of the vector
(y1,-.-,Ys) to (z1,...,x5). Ideal proportionality (yZ = T, for i = 1,...,8) is
rarely possible.

Let v be the counting measure on {2 = {wy,...,ws}. Then

f X(w)v(dw) = le =n, f Y(w)v(dw) = ZyZ =m,
Q i=1 17 i=1

and A%, A\Y are defined by

AX:<__> Ay:@,...,%).
n n m m

Ideal proportionality occurs when A\x = Ay. A departure from proportionality of
y’s to x’s corresponds to divergence of Ay from Ax. In this problem divergence
is never maximal since it is not possible to have Ax L Ay.

Let

A (4) Ap(A)

Y(z,m) = {y: (W1, 0s) 1y ENULO}, g < iy Y ws :m}.
=1

For any fixed vector z = (z1,...,xs) with positive integer components and for
a positive integer m < n we have an ordering =<, concerning proportionality of
y € Y(x,m) to x.

DEFINITION 4.1.1. We say that y is more proportional to x than ', written
y =2 ¢, if (Ax, Ay) 2np (Ax, Ayr).

We recall that
(Ax,/\y) =NP (Ax,/\y/) iff L[Ax,/\y] > L[Ax,/\y/].
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The ordering =<, in Y (x,m) is the restriction to this set of the relative majo-
rization ordering, considered by Joe (1990) in the set of all vectors with real
components and fixed sum. According to Joe, for any vector z with positive com-
ponents and any y = (y1,...,Ys), ¥ = (Yi,...,y,) with real components such

that > vy = > v,
S y S y/
r ./ . 1 i
y =Ly if Z;xw<x—> < Z;”(;)

for all continuous convex functions i) with domain including y; /z; and y;/z; for
1=1,...,s.
The equivalence of this ordering with <, follows from (2.3.1) and (2.4.4).

4.2. Minimal elements for <,. As mentioned before, the vector

(4.2.1) (E:El,...,ExS)
n n

is the smallest element in Y (x,m) if all its components are positive integers.
However, this element exists only for suitably chosen pairs (z,m). Therefore it
is important to look for minimal elements for <, in Y (z,m). Intuitively, it is
natural to consider as a candidate a vector obtained from (4.2.1) by a suitable
rounding up or down of its components.

LEMMA 4.2.1. Let u; = Za; — [Zay] fori=1,....s, l=m =Y | [Zx;] =
S u; and let T be the set of all permutations (iy, ..., is) of (1,...,s) such that
Uiy > ... zuis.

Then any vector y° = (y9,...,y°) such that for some (i1,...,is) € I,

_fRm oy = [Ra]+1 forj =iy,
LTy —uy = [%az]] for i =i, 1,
is a minimal element for <, in Y (z,m).

Proof. If I = 0 then (4.2.1) belongs to Y (z, m) and is the smallest element for
=z in Y (z,m). Suppose that [ > 0. Let 1 < k < s be the number of components
of (4.2.1) with nonzero wu;’s:

Uiy = Uiy = oo 2 Uy, 2uil+1 > 2 Uy, > Ujy oy == U, = 0.

Let S be an arbitrary subset of {iy,...,ix} consisting of | numbers, and let S°=
{i1,...,ix} \ S. Denote by y° = (y7,...,y?) the vector obtained from (4.2.1) by
rounding up the components indexed by elements of S, and rounding down the
components indexed by elements of S¢. The sum of components of y° is m for
any S. This follows from the following equivalent equalities:

Z:Zuj—FZuj, Z(l—Uj): ZUj.

jES jeSe jeS jeSe
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We show that y° minimizes the function assigning to any (x,%) the expression

(4.2.3) -

which is the maximal departure of the curve L[Ax, A\y]| from the line y = x in
(0,1)2. Indeed,

S - R
N IR AP CR)
1= jJeES JES®
l k
jes jese r=1 r=Ii+1

The last inequality is sharp iff S # {i1,...,4;} for every permutation (iy,...,is) €
7. The vector y° corresponding to such a set is not earlier than the vector y'
corresponding to S" = {iy,...,4;} for any (iy,...,is) € Z.

To show that y° for S = {iy,...,i;} is a minimal element in Y (z,m), it suffices
to prove that for two different permutations belonging to Z either the vectors are
the same or they induce curves L[Ax, A\ys| which are identical or intersect each
other.

If u;, > u;,,, for any (i1,...,4s) € Z, then the vectors y° for S = {iy,...,i}
and any permutation (iy,...,4s) are all equal. Assume now that wu; = u,,, for
any (i1,...,1s) € Z, and let §" = {i{,...,7} differ from S in one element only.
Since the general reasoning is the same, we will only consider this case. There
exist j and j' such that j # 7' and j € S, j' € 5¢, j € §’°, 5/ € §’. Tt follows that
y® and ySl differ at most in components j and j:

s_m s_m
y; = —zj+1—-u, Yy =i s

s _m
y; = —T; —u, (I :Exj/—i—l—u,

here u = u;, = u;,,,. Let x; < xj. The inequalities

U U l—u _1—-u
—_ Z ) 2
T X € Z g
imply that
m m m m
nTi U T U W:Ej/+1—u<7:nj—|—1—u
— M —_ )
Z;j Ty Ty Z;j
which is equivalent to
s’ s s’ s
yA yA/ m yA/ y
(4.2.4) <L <<
T X n X €

Since the slopes of the piecewise linear curve L[Ax, Ay ] are equal to the respective
quotients (y;/m)/(x;/n), the inequalities (4.2.4) imply that
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(i) the curves L{Ax, Ays] and L[Ax, Ay s/| coincide if ; = xj/,
(ii) if z; < xj then all inequalities in (4.2.4) are sharp, so that the two curves
L intersect.

The vectors 3° defined by (4.2.2) were considered in Balinski and Young
(1982). They are called there Hamilton’s rules as they were used by Hamilton
in apportioning seats among the states in the United States election. Balinski
and Young mentioned the fact that these rules minimize the function (4.2.3).
Note that (4.2.3) is of the form ), ;4 (h;) for h; = y;/x; where 9 is a convex
continuous function. In view of (2.4.5), this suffices to prove that the Hamilton
rule is a minimal element for <, in the case when this rule is unique. Lemma 4.2.1
extends this assertion to the general case.

The vectors obtained by the Hamilton rule may also be interpreted as those
vectors from Y (z,m) which give a distribution Ay such that the transfer of pro-
bability mass from Ay to obtain Ax is minimal.

Obviously, the Hamilton vectors are not the only minimal elements for =<,.
This property is also shared by vectors obtained by some other rules of proportio-
nal apportioning mentioned in Baliriski and Young (1982). These rules have been
invented as intuitively “most closest” to ideal proportional representation since
they minimize some measure of departure from proportionality. In particular, we
have the rules proposed by Adams, Jefferson, Hill and Webster. We shall not
describe each rule in detail, restricting ourselves to the following:

.Y
Ad = arg [ max min =
y ams g < " ISiSS IE,L' )

. Yi
Jeff = ar min max —
Hae g(y 1<i<s ;)

s 2
_ i (L_r
yH111—aYg<m;HZyz<yi m) >7

i=1

s 2
YWeb = arg <mmZ:pz<& — @) >
Yy i1 xZ; n

All these vectors are minimal elements for <, in the case when they are unique.
For the first two methods the proof follows directly from their interpretation
involving the curve L[Ax, Ay]: the Adams rule maximizes the slope of the first
segment of L while the Jefferson rule minimizes the slope of the last segment of the
curve. For the next methods, the proof follows from the fact that the minimized
functions are of the form ) z;4(h;) for h; = y;/z; and some convex function ).

At the moment, we have neither a proof nor even an intuitive view whether
the vectors obtained by the rules proposed by Adams, Jefferson, Hill and Webster
are minimal elements for <, when they are not unique. It was not possible to find
a non-unique solution of any of these rules which would not also be a non-unique
Hamilton vector so that they were minimal elements due to Lemma 4.2.1.

The rules considered in this section will be discussed once more in Sec. 5.4.
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4.3. Maximal elements for =<,. Intuitively it is clear that the departure
from proportionality will be maximal when some electorates get the maximal
possible number of representatives, and some other electorates get the minimal
possible numbers. We now provide a proof of this statement.

Let Z be a random variable taking values 1,...,s with probabilities Ax (i) =
x;/n for i = 1,...,s. For any vector y = (y1,...,ys) € Y(x,m) let hy, be the
function on {1,...,s} defined by

hy (i) = e, fori=1,...,s.
We have 0 < hy (i) <n/mfori=1,...,s, and y € Y(z,m). Let
Yi(z,m)={y € Y(z,m):y; =0 or y; = x; and, for at most one
index ip € {1,...,s}, 0 < yi, < x4}
If y € Yi(x,m), then h,(Z) takes on at most three values: 0, n/m, and h €
(0,n/m). Thus we have Y1 (z,m) C Ys(z, m) where
Ys(z,m) ={y € Y(z,m) : h, takes on at most
three values: 0,n/m and h € (0,n/m)}.

Ax(hy(Z) =0) )\‘\'(hy(Z) = %)
Fig. 1. The curve L[Ax, Ay ] for y € Y3(z,m)

LEMMA 4.3.1. Ify,y € Ys(xz,m) then the inequalities
A (y(2) = 0) < sy (2) =0 e (1y(2) = 2 ) < o (1 (2) = 2)
imply that y <, v'.
The proof follows immediately from Fig. 1.

THEOREM 4.3.1. The set of mazimal elements for =<, in Y (z,m) is a subset
Of Yl (x,m)
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Proof. In view of Lemma 4.3.1 it is enough to show that the set of maximal
elements is a subset of Ys(x,m). We shall show that a vector which does not
belong to Ys(x,m) is not a maximal element for <,.

Let {i1,...,ix} be the largest subset of {1,..., s} such that

0< it < <P g
Z’il xik
Since y & Y3(x, m) we have
Lg T

Let ¥ = (y},...,v.) be defined by
y;=y; forj#iy,i, and
ygl =0, y;k =Y t Y, i v, Ty, <y,
y§1 = Yiy t Yi, — Ty, y;k =z, if i, +vi, > .
Since L[Ax,Ay] > L[Ax,Ays] and L[Ax,Ay] # L[Ax, A\y/], obviously y is not a
maximal element.

1 k

If y € Yi(x,m) is such that for every ¢ = 1,...,s either y; = 0 or y; = z;
then y is the largest element for <, in Y (z,m). For such a vector we have

Ax(hy(Z) =0)=1— % Ax (hy(Z) = %) = %

There may exist more than one largest element but all of them lead to the
same curve L[Ax, Ay]. If no largest element exists, there may exist more than
one maximal element and the corresponding curves may intersect.

ExaMPLES. 1. If ig € {1,...,s} is such that m < min{x;,...,zs} = z;,, then
the maximal (and largest) vector y = (y1,...,ys) for <, has components

Yip =m, y; =0 fori#ip.
2. If ig,4; € {1,..., s} are such that
Tiy = min{z, ..., 2z} <m < min{{xy,...,xs} \ {zi,}} = i,
then there exist two maximal vectors y, 1y’ with components
Yie = Tig,  Yiy =M — Ty, y; =0 for j#ig,iq,

yi, =m, y;=0 forj#i.

5. Directed concentration of probability measures

5.1. Directed concentration curve. For any measurable space (2, .A4),
let P, @ be probability measures defined on it, and let <, be an ordering in {2
introduced by means of a given function ¢ : 2 — [—o0, o0]:

wr Rpwa if p(wr) < p(ws).
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We will also consider the equivalence

w1 E,we if wy 2y we and wy X, wy,
and strict ordering:
w1 <pwe if wi X, we and not wy = ws.
Obviously, wy =, wo iff p(w1) = p(ws), and wy <, w iff Y(w1) < p(ws).
If 2 C R, the ordering <, is often identified with inequality < in R.
We will consider concentration of P and ) on the sets

A? ={we 2:pw) <z} forze[—o0,0].

To this end, we introduce a curve C’(“D P.Q) called the p-directed concentration curve
of @ with respect to P, which is defined to be the set
{(P(A?), Q(AY)) : z € o0, o0]}

contained in [0,1]?, completed if necessary by the points (0,0), (1,1), and by
linear interpolation. The curve CEO P.Q) is nondecreasing (i.e. it is the graph of a
nondecreasing relation), but not necessarily convex. It lies above or below the line
y =z in [0, 1]

It is convenient to assign to this curve a function CED P Q)(') on [0, 1] such that
(t,C?, () lies on the curve for any ¢ € [0, 1] and

(P,Q)
Clpo)(t) = Clp o (t+) forte[0,1),

Cle.y () = Clpg)(17)-

The superscript ¢ will be omitted for ¢(x) = z, which can happen only when
the distributions P and @ are concentrated on R. In this case we use the term
directed (instead of p-directed) concentration curve. Moreover, we will also use the
notation C[P, Q] instead of Cp gy whenever P and @ are written in a complicated

way (e.g., P = /\;(j{) or P=Apy).
There exists a counterpart of C'Ep P.Q) which has an important interpretation in
discriminant analysis. It is the set

{(:Evy) : (1 - :Evy) € CEDP,Q)}
i.e. this curve is related to C7, in the same way as the Neyman—Pearson curve
(P.Q)

is related to the concentration curve). Each point on the counterpart of C’(“D P.Q) I8
formed by the probabilities of wrong decisions,

(6112 (&f,s)v az1 (&f,s))v

corresponding to the decision rule based on ¢:

1 if p(w) < K,
o s=4qs |if o(w) = K,
0 if p(w) > K,

for k € [—00,00] and s € [0, 1].
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It is evident that for suitably chosen ¢, the ¢-directed concentration curve

coincides with the corresponding concentration curve (cf. property (iii) below).

The curve C’ED p,g) Mmay be used to describe the stochastic ordering <y of Pp~!,

Qe
Po ' <4 Qp 't & CEPP,Q)(t) <t for t €10,1],
which is equivalent to
Py [-00,2] = Pl plw) < 2} 2 Qfw : plw) < 2} = Qp~ o0, 7]

for all z € [—o0, 0].

The measures Pp~!, Qp~! are equivalent iff C’EOP Q)(t) =t for t € [0,1]. If
there exists z € (—o0,00) such that P(A?) = 1,Q(A?Y) = 0, we say that Q is
completely right of P with respect to =<,; the curve CEPP Q) consists then (and

only then) of the two edges of the unit square emanating from (1,0). Similarly,
if there exists z € (—o0,00) such that P(A?) =0, Q(A?) = 1, we say that Q is
completely left of P with respect to =<; CEOP Q) consists then (and only then) of

the two edges emanating from (0, 1).
If P, QQ are measures on R and ¢(z) = x then

P <, Q iff Céop,Q)(t) <t forte]|0,1].

The following properties of C(“D p,g) A€ immediately implied by its definition:
THEOREM 5.1.1. (i) If 2 C R and ¢ is strictly increasing, then
CEDP,Q) = Cé(}p’Q) where id(x) = .
(i) If 2 C R" and ¢ is strictly decreasing, then
Chrgy = {zy): (1 —2,1—y) € Cip g }-
(iii) The likelihood ratio dQ/dP is nondecreasing with respect to the ordering
=y iff
CEPP,Q) = L(p,q)-
(iv) The likelihood ratio dQ/dP is nonincreasing with respect to =, iff
Clpo)(t) = Lipo)(t) fortel01],
where
L(P,Q)(t) =1—Lpg(l—t).

(v) Let P, Q be measures on R with distribution functions F', H, respectively,
such that Q < P and let p(z) = x. Then

Crrgy(uw) = [ %(F’l(v))dv,
0
where F~1(v) = inf{t : F(t) > v}.

THEOREM 5.1.2. Let P, Q be measures on R and let p(x) = x. Then
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(i) Cpg) = Lipq) iff C(p,q) is conver,
(i) Cpg) = Lipq) if Cipq) is concave.

COROLLARY 5.1.1. Under the assumptions of Theorem 5.1.1(v) we have

u

Lipgy(u) = [ (F") 7' (t)dt,
0

where h = %, Fh = Fh=1,

Proof. By Theorem 5.1.1(iii) and (v),

[ dH" _
Lipg)(u) = Clp gy = CIP", Q"] = W((Fh) L(t)) dt,
0

where P" = Ph=!, Q" = Qh~', H" = Hh~'. The proof is complete since
dHh
m(t) =t,

which follows from the equality

S
H"(t) = [ tdF"(¢).

0
In Cifarelli and Regazzini (1987), the curve L(*P’ @) Appearing in (iv) was called
the upper concentration function of () with respect to P. Moreover, they showed
that if P and ) are nonatomic probability measures on ({2,.4) then the range of
the vector probability measure (P, Q) is a closed, convex subset S of R?; if A € A

and P(A) =t, then

Lipg)(t) =min{Q(A) : A c A, P(A) =t},
Lipot) = sup{Q(A) : A € A, P(A) =t}.

It follows that the range of (P, Q) coincides with the closed subset of R? boun-
ded by the graphs of the concentration function and of the upper concentration
function of @) with respect to P. Thus, for any ¢ : {2 — [—00, 00| we have

(5.1.1) Lipg)(t) < CE”RQ)(t) < Lipg)(t) fortelo1].

To illustrate, consider CEOP,Q) when (P,Q) = (Px,\y) for a ratio random
variable X defined on R*. Tt is then natural to put ¢(z) = z. It follows that for
this pair (P,Q) and for ¢ = id, CEPP,Q) = L(p,g) = Lx, which means that the
directed concentration curve appearing naturally in inequality analysis coincides
with the concentration curve for (Px, A%).

The curves C’(“DRQ) are used to introduce an ordering <¢ analogous to <np.
Let P and Q be two families of distributions defined on ({2,.A) and let <, be a
fixed ordering in {2 for a given function ¢. In P x Q we introduce an ordering
=< according to the degree of the directed concentration of ) with respect to P.
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The ordering is based on the comparison of the directed concentration curves
corresponding to the two pairs being compared: for P,P' € P, Q,Q’ € Q,

(P,Q) ¢ (P,Q") iff Cf,

)
(P = Clpraon:

If P is equal to Q and consists of all probability measures on (£2,.4) then
every pair (P, Q) with @ completely left to P is a smallest element for <¢, and
every pair (P,Q) with @ completely right to P is a largest element for <¢. If
@ =1id and {2 = R then = is equal to <y for pairs of measures:

(P,Q) <& (P',Q") if @ is more left to P than Q' to P’.

5.2. Grade transformation of a random variable. Let X and Y be
continuous random variables on (R, B) with distribution functions F' and H, re-
spectively, such that H <« F. Then the graph of the distribution function of
the random variable F'(Y") coincides with the directed concentration curve for the
pair (X,Y) (we use the notation C(x yy instead of C(p gy when X ~ P, Y ~ Q):

Cixyy(u)=H(F (u)) forue(0,1),

where F~1(u) = inf{t : F(t) > u}. The random variable F(Y) will be called
the grade transformation of Y with respect to X, and C(x y) will be called the
grade distribution function of Y with respect to X. These two notions will now
be generalized to arbitrary pairs of real-valued variables X and Y.

DEFINITION 5.2.1 (cf. Szczesny (1991)). For any random variables X, Y on
(R, B) we say that Yx is a grade transformation of Y with respect to X if it is a
random variable on [0, 1] with distribution function

H*(u):fF*(m,u)dH(a:),

where
1 if F(z+) <w,
F*(z,u) =< (u— F(z=))/(F(z+) — F(z—)) if F(z—) <u < F(z+),
0 if F(z—) > u.

Obviously, a grade transformation of X with respect to X is uniform on [0, 1].
The function F* is the restriction to the set R x {(0,u) : u € (0,1)} of a suitable
transition probability function defined on the cartesian product of R and the Borel
field of subsets of [0,1]. This random transformation of Y onto Yx by means of
F* is in the continuous case realized by F’; in this case

F* (2, ) = {1 if u> F(x),

0 otherwise,
H*(u) = HF~ ' (u)), Yx=F().



Lorenz-type approach to divergence and dependence 35

If X and Y are discrete random variables with distributions (p1,...,px), (q1,. ..
.., Q) then

(1/p)v([0,ul N[350 s 351 i)

for i € {1,...,k} such that p; > 0 and u € (0, 1),
0 forie{l,...,k} such that p; =0 and u < z;;llpj,
1 forie{l,...,k} such that p;, =0 and u > E;;llpj,

F*(i,u) =

where v is the Lebesgue measure. It follows that if p; > 0 for ¢ = 1,...,k then
k
) = Y e
i=1

(QL/]il)u foru <pi, X
S /ol S )
for Z;;llpj <u< i pjandi=2,... .k

It follows from Szczesny (1991) that for any random variables X, Y with
distributions F', H on (R, B) the graph of the distribution function H* of the
grade transformation of Y with respect to X lies on the directed concentration
curve C(p,m)-

Moreover, for any random variable X with distribution F' the Lorenz curve
Ly is the distribution function of the grade transformation of X with respect
to X, where X is the random variable with distribution F(!) given by (2.2.3).

5.3. Correlation and ratio curves. We mentioned in Sec. 3.1 that depen-
dence can be investigated as divergence between two distributions on (§2,5); in
particular: (P,A\%) when X is a ratio random variable; (P, \Y) when Y is a ratio
random variable; (A%, AY) when both variables are ratio variables. Now, we are
interested in directed divergence of Y from X: we want to know whether there
exists a tendency that smaller values of Y coappear with smaller values of X
(or that smaller values of Y coappear with greater values of X). Therefore, we
should consider the measurable space ((R*)2, B2) and the function p(x,y) = z.
It follows that

(r1,91) 2 (w2,92) if 21 <22
and A? = {(z,y) : © < z} for z € [0, 0]
We now consider the following curves concerning directed divergence:

(1) CEOP,Q) for P = Pxy, @ = A}, given by

{(Pxy (A2), APy, (A9)) : 2 € [0,00]},

Pxy

(2) CEDP,Q) for P=X35 _, Q= X5, given by
{(NByy (A2), Apy, (AD)) + 2 € [0, 00]},

Pxy Pxy

each curve completed if necessary by linear interpolation.
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These two curves were mentioned by Taguchi (1987) in his study on the con-
centration surface as some projection curves corresponding to this surface. The
first curve was called the correlation curve and the second the ratio curve.

It is easy to see that the correlation and ratio curves are the sets

{<PX(X <2, %E(Y;X < z)) e, oo]}

1

“{(Petx <2 59

E(EY | X)X < z)> 2z e, oo]}

and

{<ﬁE(X;X < 2), ﬁE(Y;X < 2)> 12 € [0700]}
_ {(LE(X;X <2), ﬁE(E(Y | X)X < z)) .z € [O,m]},

E(X)
respectively. Consequently, the correlation curve coincides with the directed di-
vergence curve CEPPQ) for p(z) = z, P = Px and Q = )\7;)‘;(), where r(z) =

E(Y|X = z). Similarly, the ratio curve is the directed divergence curve C'( P.0)
for p(z) =z, P = Ap,, Q = )\;(X ). We simplify the notation for the correlation
and ratio curves, putting
_ (X) _ (X)
OCOT[(X7 Y)] - C[PX7 )\7“ ]7 Cratio[(Xv Y)] - C[)‘PX ’ )‘;X ]
We have

Ceor[(X,Y)]
{(jfx vx (dx) (— szr x)fx(z )VX(dx)> :26[0,00]},

Cgratio [(X, Y)]
1 1 -
= {<m 6[ xfx(x)vx(dz), ) 6[ r(z)fx(x) VX(dx)> :z €0, oo]},
completed if necessary by linear interpolation.
The density ratios for the univariate distributions compared by means of the
correlation and ratio curves are, respectively,

r(z)
d
EY) ™ ZEQX)
for any z such that fx(x) > 0.
The properties of the two curves are presented in Theorems 5.3.1 and 5.3.2.

Some of the properties of the correlation curve follow from its connections with
the monotone dependence function introduced for pairs (X,Y") of nondegenerate
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random variables, in the continuous case in Kowalczyk and Pleszczyniska (1977)
and in the general case in Kowalczyk (1977), as

uE(Y)—-E(Y;X <z,)—r(x,)(u—P(X <))

M;X(u) - uE(Y)=EY;Y <y.) —yu(u—PY <)) ’
= () = uE(Y)—-EY;X <z,)—r(z,)(u— P(X <))
M T BWY S ) —wBY) (i PY > g1 )]
and
oy = ) ) > 0
VX by (u) i iy (u) <0,
for u € (0,1).

By straightforward transformations,

(5.3.1)  Ceor[(X,Y)](u) = EY; X <) + EY LEify): zu)(u— P(X < z,))

_Ju =y x (W) + iy x (u)Ly () if py  (u) >0,
u(l+ py x(u) = py x () Ly (u) i py (u) <0

)

for u € (0,1).

THEOREM 5.3.1. (i) Ceor[(X,Y)](u) < u for all w € [0,1] (i.e. the correlation
curve lies under the 45° line) iff

EY | X <z)<EY) foraluz,
and Ceor[(X, Y)](w) > u for all u € [0, 1] iff
EY | X <z)>EY) foralluz.

(ii) Ly < Ly(x) < Cea[(X,Y)] < L ) < Ly, where for any nonnegative
random variable Z,

Ly(u)=1—Lz(1—-u) forue]l0,1].
(iii) We have

p , , .
L.xy uff r is nondecreasing,
Lr(x) iff v is nonincreasing,

L iff there exists a nmondecreasing function g
CCOI' X7 Y = ¥
i ) such that' Y = g(X),
Ly iff there exists a monincreasing function g

such that Y = g(X).

(iv) Assume that there exists an increasing function g* such that g™ (X) ~Y;
then for each o € [0,1] the necessary and sufficient condition for

Coor[(X, Y)](u) = u(l = o) + oLy (u)
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is that the regression function m™ of Y on gt (X) is of the form
m'(z) = oz + (1 — 0) E(Y).

Analogously, if there exists an increasing function g~ such that g~ (X) ~ (=Y,
then for each o € [—1,0] the necessary and sufficient condition for

Coonl(X,Y)](w) = u(1 + 0) — oLy (1)
is that regression function m~ of Y on g—(X) is of the form
m™(x) = pox + (1 + 0)E(Y).
(v) Let (X,Y), (X', Y") satisfy X' ~ X, Y’ ~Y. Then the inequality
(5.3.2) Conl(X,Y)] > Cond[ (X', V)]
holds if and only if
EY | X<z)>EY'|X' <z) foralzecR".
Moreover, equality holds in (5.3.2) if and only if
EY | X=2)=EY'|X' =2) foralzcR".
(vi) For any u € (0,1), the equality
Ceor[(X,Y)](u) = Ly (u)
holds if and only if either
PX>z,,Y <y,) =PX <z,,Y >y,) =0
and P(X < x,) <u< P(X <uz,), or
P(X >x4,Y <yy) =P(X <2y,Y >9,) =0
and P(X < xz,) =u, or
PX>z,,Y <y,) =PX <z,,Y >y,) =0

and P(X < z,) =u< P(X <a,).
A similar condition can be formulated for

Ceor (X, Y)](u) = Ly (u).

(vil) If the sequence (P,, n = 1,2,...) of distributions of points (X,,Yy,) is
weakly convergent to the distribution P of a pair (X,Y) such that for some a €
R, P(Y <a) =1, then

hm Ceor[(Xn, Yn)](u) = Coor[(X, Y)](w)  for every u € (0,1).

Proof. (i) Ceor[(X,Y)](u) < u for all u € (0,1) & py x(u) > 0 for all
ue (0,1) & BY|X < :17) E(Y) for all z.

Similarly, Ceo,[(X,Y)](u) > u for all u € (0,1) & py x(u) < 0 for all u €
(0,1) © E(Y|X <=x) >E( ) for all z.

(ii) See 3.1.1 and (5.1.1).
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(iii) The first two equalities follow from Theorem 5.1.1(iii)—(iv). Further, in
view of (5.3.1), Ceer[(X,Y)] = Ly & ,u;S’X = 1 & there exists a nondecreasing
function ¢ such that Y = g(X).

Similarly, Ceo:[(X,Y)] = Ly ¢ py x = —1 & there exists a nonincreasing
function g such that y = g(X).

(iv)—(vi) These follow immediately from (5.3.1) and from the respective pro-
perties of the monotone dependence function (Kowalczyk (1977), p. 354).

COROLLARY 5.3.1. (i) If P(Y <y | X =z1) > (resp. <) P(Y <y | X = z2)
for all x1 < 2, then

Coor (X, V)] = L[Px, AT (resp. = L [Py, Ap2)).

(i) Let (X, Y ™) (resp. (X—,Y 7)) be the pair distributed according to the
upper (lower) Fréchet bound of (X,Y), and let r™ (resp. v~) be the regression
function of Y (resp. Y~) on Xt (resp. X~). Then

Ly+ < Lr+(X+) = Ccor[(X+7y+)] < Ocor[(Xa Y)]
S CCOF[(X_7Y_)] = L;—(X—) S L;/_
r(X) — — 7 r(X) — a7
(iif) L[Px; Apg J(1) = Ceor (X, Y)](u) = L7 [Px, Apy|(u) = w iff
EY|X=2)=EY) foralluz.
Proof. (i) The first (resp. second) inequality implies that r is nondecreasing
(resp. nonincreasing); then the equality of C' and L (resp. L™) follows from The-

orem 5.3.1.
(ii) follows from the inequalities

(5.3.3) EYT|XT<2)<EY|X<2)<EY |X <)
and from the fact that r* is nondecreasing while r~ is nonincreasing.
THEOREM 5.3.2. For the ratio curve Crasio[(X,Y)] we have:

(1) Oratio (U) = Ocor(L_;{l (U))
(i) If r(x)/x is nondecreasing, then

r(X
Cratio[(Xa Y)] = L[)‘)ng ’ )‘P(X )]
(iii) If r(z)/x is nonincreasing, then
Crario (X, V)] = L™ A8 AL )

(iv) In the set of pairs of positive random variables (X,Y') with fized margi-
nals, the ordering based on ratio curves is equivalent to the ordering of monotone
dependence:

Cratio[(Xa Y)] é Oratio[(leyl)] Zﬁ E(Y | X S $) S E(Y/ | X, § 33‘)
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So,if (XT,Y ™), (X~,Y ™) are random variables distributed according to upper
and lower Fréchet distributions, respectively, then

Cratio[(X+a Y+)] S Cratio[(Xa Y)] S Cratio[(Xia Yﬁ)]

(V) Cratio(t) = t iff E(Y|X = z) = az for some a > 0. In particular, for
Y = aX the ratio curve lies on the 45° line.

(vi) If E(Y|X = z) = E(Y) then the respective ratio curve is isometric to the
Lorenz curve Lx:

Chratio(u) = L;(l (u) forue (0,1).

Proof. (i) follows immediately from the definitions of these curves.
(ii)—(iii) follow from Theorem 5.1.1(iii)—(iv) and from the equality
e

Y

(z) =

for = such that fx(x) > 0.

(iv) The first part of (iv) follows immediately from the comparison of
Chratio[(X, Y)](u) with Chatio[(X’,Y")](u). The second part follows from the in-
equalities (5.3.3).

(v) Chratio(u) = wiff fOt(E(X)r(x)—E(Y)x)fX (x)vx(dz) = 0 forevery t € Rt
iff r(z) =2zE(Y)/E(X).

(vi) follows from Corollary 5.3.1(iii) and the property (i) of the theorem.

5.4. Directed departure from proportionality. In Chapter 4 we inve-
stigated the problem of proportionality of elected representation. The measures
introduced there referred to absolute departure from proportionality, with no
regard to the trend of over- or under-representation according to the size of the
electorate. More precisely, our procedures were invariant with respect to any orde-
ring of electorates. Now, we will measure directed departure from proportionality,
involving electorate sizes. This approach was investigated in Ciok et al. (1992)
and in Bondarczuk et al. (1994). We retain the notation of Sec. 4.1.

Let 2 ={w1,...,ws} where w; < ... < w,. For a given vector indicating the
sizes of electorates,

z=(x1,...,25) = (X(w1),...,X(w,s)), Zx =n,

and given the representative size m < n, we introduce in Y (z,m) an ordering <&
which corresponds to “left departure” from proportionality with respect to x.

DEFINITION 5.4.1. For y,y’ € Y (z,m) we say that y exhibits more left depar-
ture from proportionality to = than y' (written y <& y') if
@ @
Coxan) Z €y
for p(w;) = 1.
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The ordering =¢ is equivalent to the stochastic ordering of the measures Ay,
Ay/, where

T T

(5.4.1) Ay gt Ay iff ZylZZy; forr=1,...,s
i=1 i=1

This formalizes the intuitive notion of y being “left” to 3.

If 1 < ... < z, then “left departure” from proportionality means that y
tends to overrepresent small electorates. In Y (z,m) there exist smallest and lar-
gest vectors for the ordering =<¢, i.e. vectors whose components are maximally
transformed to the left and to the right, respectively. The smallest vector y™i®
has components

0
(5.4.2) y{“m—min( Zymm ) i=1,....5 > =0
1

and the largest vector y™#* has components

(5.4.3) Yy = min (m — Z v, xs_i), i=0,...,5s—1, Z =

j=s—i+1 s+1
The curve C’(“D)\X Moenin) is concave, and
b len
C’(“O)\X’ Ymin)( ) = L(’AX’ Ymm)( ) for t €]0,1].
On the other hand, C’( xe Ay max) is convex, and
C(@Ax,)\ymax)( ) L()\X,)\ymax)(t) fOI" t e [0, 1].

Thus, for any y € Y (z,m),
Chsxavma) ) < Clxan) () < Clg iy (B for t € [0,1],

Ideal proportionality is represented by the vector

m m
Yy=\|\—=o1,..., —Tsg
n n

whose components are positive integers; in this case we have
Clhxay ()=t forte[0,1]

Now we will investigate once more the methods of Adams, Dean, Hill, Webster
and Jefferson, mentioned previously in Sec. 4.2. They were presented in Balinski
and Young (1982) as the so-called divisor methods. Each divisor method cor-
responds to a real-valued strictly increasing function d defined on the set N of
positive integers such that for any @ € N, a < d(a) < a+ 1. The function d
describes a particular way of rounding any nonnegative number z up or down to
the neighbouring integer. This result of rounding, denoted by [z]4, is an integer a
satisfying d(a — 1) < z < d(a); it is unique unless z = d(a), in which case it takes
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on either of the values a or a + 1. We say that a vector y is obtained from x and
m by a divisor method corresponding to d if

S
Yi = [@xl] fori=1,...,s, and Zyi:m-
n d i=1

The divisor methods considered in Balinski and Young (1982) are:

Adam’s rule: d*(a) = a,
+1)
Dean’s rule: Dia) = a(ai
ean’s rule d”(a) AT 12’

Hill’s rule: d%(a) = Va(a+ 1),

1
Webster’s rule:  d" (a) = a + >

Jefferson’s rule:  d’(a) = a + 1.

Baliniski and Young introduced an ordering, say <py, according to which a me-
thod M’ is more left-biased than a method M (M’ <gy M) if for any fixed s,
x, m, and any pair (y = (y1,...,9s), ¥ = (¥},...,y%)) such that y is obtained
under M and y’ under M’, the implication

(5.4.4) i<jrr <. <ag= vy >yiory; <y
holds for any i,5 € {1,...,s}. They proved that the five methods of apportion-
ment (Adams’s through Jefferson’s) are ordered according to <py:
M <gy MP =gy M" <gy MW <y M’
This is due to the fact that (see Baliriski and Young (1982))
dA dD dH dW dJ
(0) _ () _ d'a)  dV(e) _ d'la)
dA(b) © dP(b) ~ dH(b) T dW(b) ~ dI(b)
for all integers a > b > 0.
It is worth noting that (5.4.4) is a very strong formalization of the intuitive

notion of the vector y’ being “left” to the vector y. In particular, it is stronger
than (5.4.1), since

Y <pyy=1y <ty
and the two orderings are not equivalent (cf. Ciok et al. (1992)).
6. Numerical measures relating to divergence

6.1. Numerical inequality measures. We start with a short reference to
the finite population case considered in Sec. 2.1 and, in particular, to the axioms
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concerning measures of inequality on D = (J°~_; D,,, where
n

Dn:{xeR”:xiEO, in>0}.
i=1

An index I defined on D with values in any set of comparison points ordered by
some binary relation =< (which is reflexive, transitive and antisymmetric) is said
to be consistent with these axioms if

(i) I(z) = I(ax) for every a > 0,
(ii) I(x1, ... xp) = I(xiy,y ooy 24,),

(il) z 2y, z £y = I(z) < I(y),
(1v) I(21y, - -+ 2m)) =1 (21, ..., 2y) Where zy=(21,...,2,) for i=1,... ,m.

Axioms (i)—(iv) are satisfied by the Lorenz curve, which is a function-valued
measure of inequality. Foster (1985) proved that a parameter I satisfies (i)—(iv)
if and only if I is Lorenz consistent, i.e. for all z,y € D,

(611) Lx zLy,LX#LyjI(LZ’) <I(y), and LX:Ly:>I(x):I(y),

where X and Y are discrete random variables corresponding to equally probable
outcomes for each object in the population.

Moreover, I satisfies (i)—(iii) if and only if I is Lorenz consistent on each D,,
(this refers to the case when the population size is known).

Now we turn back to the general notation, suitable both for finite and infi-
nite populations. Evidently, the Lorenz consistency property (6.1.1) can be easily
generalized. This property holds for the well-known numerical measure of inequ-
ality, called the Gini inequality index. It is defined as twice the area between the
Lorenz curve and the diagonal:

1
=2 f t— Lx(t
0
Among many possible formulas for G(X), we mention the following:
11
=2 [ [ [t—¢|dPx(t)dPx(t').
0 0

Assume that X is continuous with distribution function F, and put X’ =
F(X®M), where X is the random variable with distribution F() defined by
(2.2.3) in Sec. 2.2. Then

2
1.2 X) = X, F(X
The first equality is proved e.g. in Lerman and Yitzaki (1984) and the second is a
particular case of the first for the random variable X’ with distribution function
Lx. The random variable X’ = F(X(®)) was shown in Sec. 5.2 to be the grade
transformation of X with respect to X for a continuous random variable X,

cov(X', Lx(X")).
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and it was denoted there by Xg(l). Now, let us drop the assumption of continuity
and let X' = Xg(l). Then it is of course still true that

G(X) = E(i(’) cov(X', Lx(X")).

It follows from the first part of (6.1.2) that for ¥ < X,
2
Yx)= —— Y. Yx)).
G( X) E(YX) COV( X7C(P7Q)( X))
Another numerical measure which is widely used although it is not Lorenz consi-
stent is the Pietra inequality index:

1
[ It = EX|dPx (t).
0
This index satisfies a condition weaker than (6.1.1), namely
Lx > Ly = D(X) < D(Y).

Generally, in view of (2.3.1), inequality indices of the form I(X) = E(®(X))
for some function ¢ which is convex and continuous on [0, co) satisfy this weaker
condition:

X =LY = I(X) < I(Y).

For the Gini and Pietra indices, the functions @ are

1
Baimi(t) = 7 [ It —¥1dPx (), Ppiealt) = It 1]

6.2. Numerical measures of divergence. This section concerns divergence
considered in Chapter 1. Indices concerning directed divergence introduced in
Chapter 5 will be dealt with in the next section. To distinguish between the two
types of indices, those appearing in this section will be referred to as measures of
absolute divergence.

In the case of absolute divergence, the counterpart of the Lorenz consistency
property (6.1.1) is strict monotonicity with respect to the ordering <xp. An index
7:P x Q@ — RT is said to be strictly consistent with respect to <yp if

Lipg) = Lip gy Lipg) # Lirq) = 7(P,Q) <7(P, Q).
Similarly, the weak Lorenz consistency of 7 is equivalent to monotonicity with
respect to <np:

Lipg) > Lipr gy = 7(P,Q) < 7(P,Q").

We can exploit the links between divergence and inequality, presented in
Sec. 2.4. Let Q < P, Z ~ P, h=dQ/dP, and let E(®(U)) be an inequality
index for U = h(Z). Then the index 7 given by

7(P,Q) = E®(h(Z2))

is an index of divergence of ) from P.
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Generally (omitting the assumption @ < P), the divergence indices of the
form

(6.2.1) T(P,Q)=E*®(h(Z))
are monotone with respect to <np. The Gini divergence index
Q) =5 [ [ Iht) — btV dP(t) dP(¢) + Q(h = o)

is strictly monotone with respect to <np. The Pietra divergence index

D(P,Q) = —frh —1]dP(t) + Q(h = %)

is monotone with respect to <xp but not strictly monotone.

Divergence measures can be represented in many ways. For discrete distribu-
tions on {1,..., s} defined by the vectors p = (p1,...,ps) and ¢ = (q1, ..., qs) the
Gini divergence index (which will be denoted by G(p, q)) is given by

(622) Z |szJ sz]| =1- qu(]) (pl(j) +2 Z pz(r))

r=j+1
where (i(1),...,i(s)) is a permutatlon of (1,...,s) such that
qi(1) < < qi(s)
Di1) ~ Pi(s)

The right-hand side of (6.2.2) relates to the geometrical interpretation of the Gini
index as twice the area between the Lorenz curve and the 45° line. Many other
equivalent forms are also in use.

The Pietra divergence index is given by

1 S
5 E |pz' - Qi|-
2

i=1

Examples of other divergence indices which are monotone with respect to <xp
but are not of the form (6.2.1) are given in Ali and Silvey (1966), for example

T(P,Q)=1-a",
where a* = a12(0y,5) (see Sec. 1.1) for k, s such that a12(d,,s) = a21(0k,s)-

6.3. Numerical measures of directed divergence. In this section we
consider numerical measures of divergence of @ from P directed according to ¢,
which are connected with the (-directed concentration curve C'( P.Q) (and with the
ordering =), just as the respective numerical measures of absolute divergence
are connected with the curve Lp ) (and with the ordering <np). Let 7(P,Q)
be a numerical measure of absolute divergence (e.g., G(P,Q) or D(P,Q)) and
let 7¢(P, Q) be the corresponding numerical measure of directed divergence. It
should take values in [—1, 1] and have the following properties:



46 T. Kowalczyk

(i) 7%(P, Q) is monotone with respect to =¢, i.e.

(P7 Q) =c (Pva,) = TSO(P7 Q) < TLP(P/7Q/)7

(il) 79 (P, Q) = 7(P, Q) iff the ratio % is nondecreasing with respect to <,
(iii) 7°(P, Q) = —7(P, Q) iff the ratio % is nonincreasing with respect to <,
(iv) 79(P,Q) = +1 iff @ is completely right to P,

(v) 79(P,Q) = —1 iff @ is completely left to P,

(vi) 7?(P,Q) =01if P = Q.

Properties (i)—(vi) indicate that 7% (P, Q)) would be a valuable supplement to
7(P,Q). The pair of indices (7%(P,Q), 7(P,Q)) serves to evaluate how strongly
Q differs from P and to what extent this departure is explained by the fact that
Q is “right” (“left”) to P.

The directed Gini divergence index G¥ (P, Q) is defined as twice the difference
between the two areas: the first one between the 45° line and the part of the curve
C¥ which lies above it, and the second between the 45° line and the remaining
part of C'¥:

1
G#(PQ) =2 [ (t—Chy (1) dt
0

It satisfies postulates (i)—(vi).

It seems that the directed version of the Pietra divergence index has not been
introduced yet. We propose the following definition, formulated first under the
assumption that P and Q are defined on 2 = R, have densities p, ¢ with respect
to the Lebesgue measure, and ¢(x) = x for x € RT.

Let F', H be the distributions induced by the measures P, @, respectively.
The Pietra index D(P, Q) can be represented in this case as

D(P,Q) = =—f|p —q(t)] dt

:%( [ @ —a®ldi+ [ () — ()] dr).

{t:H(t)=F(t)} {t:H@®)<F()}

The first term of the right-hand side represents the mass of probability in the
distribution ) which should be transferred from left to right in order to transform
(@ onto P. The second term has an analogous interpretation for the transfer from
right to left. Thus, the directed Pietra index is defined to be

1 1
(631) Da(P.Q)=5 [ Ip®)—qWldt—5 [ |pt) - q(t)]dt
{t:H(t)>F(t)} {tH)<F(t)}

Since the curve C(p q) is the set

{(F(t), H(t)) : t € (0,00)},
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the sets {t : H(t) > F(t)} and {t : H(t) < F(t)} are of course determined by
the segments of C(p q) lying above the diagonal y = x and below it, respectively.
If Cp,q) lies below (resp. above) the diagonal then Dq(P,Q) = D(P,Q) (resp.
— —D(P,Q).

We now turn to the case when P and @ are atomic, defined on {1,...,s} by
p=(p1,---,ps); 4= (q1,-.-,qs). Let

A i 0
FZ)ZZP;‘, H(i):qu, fori=0,...,s, Z:
Jj=1 j=1 1

and let Dy (P, Q) and Dg(P, Q) be the (discrete) counterparts of the “left” and
“right” components of the sum (6.3.1) with the same interpretation:

1 S
Dy (P,Q) = 3 Z IPi — @il VHG—1)> F(i-1),H(i)>F ()]
=1

+ Z (i—1)—F(i— 1))¢[H(if1)>F(i71),H(i)<F(i)}
+ Z(H(Z) — P (i-1)<F(i-1),H()>F ()]
i=1

1 S
Dr(P,Q) = 3 Z |Pi — @Gl VHG—1)<F(i—1),HG)<F@)]
=1

+ Z(F(i) — H ()Y (i-1)>F(i-1),H@) <F ()]

+ Z (i —1) = H(i — 1)Y1a(i—1)<F(i-1),H(i)> F(i)]

where 1.7 is the indlcator function.

The indices Dy, and Dy are formed as follows: if H(i —1) > F(i—1), H(i) >
F(i) (i.e. the points (F(i — 1),H(i — 1)), (F(i),H(i)) lie above the diagonal
y = x), then the difference |p; — ¢;| enters Dy, (P, Q); if these points lie below
the diagonal, then |p; — ¢;| enters Dr(P,Q); if F(i —1) < H(: — 1), F(z) > H(3)
(i.e. (F(i —1),H(i — 1)) lies above the diagonal, and (F'(i), H(i)) lies below it)
then |p; —qi| = (H(i—1)—F(i—1))+ (F(i)— H(3)); (H(i—1)— F(i—1)) enters
Dy, (P,Q) while (F(i) — H(7)) enters Dg (P, Q). This justifies the definition

DLP(P7 Q) = DR(Pv Q) - DL(Pv Q)

This index has values in [—1, 1] and satisfies (i)—(v).

6.4. Numerical measures of dependence. We concentrate here on the
Gini index of monotone dependence based on the correlation curve (cf. Sec. 5.3).
According to Sec. 5.3, the correlation curve of Y with respect to X is the directed
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divergence curve for the pair of distributions (Px, )\71;(;()), where r is the regression

function of Y on X. Then the directed Gini index for this pair of distributions
is a measure of monotone dependence of Y on X. But in this case the situation
is slightly different from that described in Sec. 6.3. As said in Sec. 5.3, all cor-
relation curves of Y on X appear in the area bounded by two curves: Ly and
Ly,. This means that measures of dependence must be connected with measures
of inequality of Y.

It follows from Theorem 5.3.1(iii) that for ¢(z,y) = = we have
~G(Y) < ~G(r(X)) < G?(Px,A) < G(r(X)) < G(Y).
Therefore we define the correlation curve Gini index as
65 (P )

7(X7 Y) = G(Y)

PROPOSITION 6.4.1. The correlation curve Gini index v has the following pro-
perties:

(i) -1 <~y(X,Y) < 1.

(il) v(X,Y) = +1 iff there exists a nondecreasing function g such that Y =
9(X).

(iii) v(X,Y) = —1 iff there exists a nonincreasing function g such that' Y =
9(X).
(V)Y X, Y)=04f EY | X =z)=EY).

(v) Under the assumptions of Theorem 5.3.1(iv),

VX, Y)=0 if mT(z)=px+ (1—0)E(Y) and 0€[0,1] or

if m(z)=o0x+(1+0)EY) and pec[-1,0].

(vi) Let (X,Y), (X',Y") satisfy X' ~ X, Y' ~Y. Then
B | X <a)> BY'| X' <2) = 4(X,Y) <1(X, Y

(vii) We have

% iff v is nondecreasing,
TEITY G000 e
%) iff v is nonincreasing.

(viii) If X, Y are continuous random variables then

cov (Y, Fx (X))

&) = T )
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Proof of (viii). We compute

G (Px Ape ) =1-2 [ AE () dPx(u) = =142 [ Px(u)dAGT (u)
0 0

2 oo
14 ive) OfFX(u)r(u)fX(u) du

= E(2Y) cov(Fx (X),r(X)) = E(2Y) cov(Fx (X),Y).

We note that Schechtman and Yitzhaki (1987) considered the quantity
cov(Y, Fx (X))
cov(Y, Fy (Y))

as a measure of association between two random variables with a continuous
bivariate distribution Fx y.

I(X,Y)=

6.5. Numerical measures of departures from proportional represen-
tation. In this section we will consider once more the problem of proportional
representation using the notation introduced in Sec. 4.1. Election data are there
described by vectors = (z1,...,25) and y = (y1,...,ys) where >, x; = n,
Yo Yi =m, y; < x;, x;,y; are positive integers. Let

pi=—, ¢G=—, 1=1,...,s.
n m
According to formula (6.2.2) the Gini divergence index adjusted to proportional
representation data is

1 S S
G(r,y) =1~ o Z;yi(j) <33i(j) +2 Z xi(r))a
=

r=j+1
where (i(1),...,i(s)) is a permutation of (1,...,s) such that
Yi(1) <...< yi(s).
Li(1) Li(s)
The notation G(x,y) is used instead of G(p,q) since in this way we retain the

information on n and m.
Analogously, for the Pietra divergence index we have

Both indices take values in the interval [0,1). They are 0 if and only if the pro-
portionality is ideal: y; = T*z;. But in general x; are not integers, and therefore
G and D take values in a subset of (0, 1).

It would be interesting to find, for any given (x, m) and for a chosen numerical
divergence index, the minimal (maximal) elements for the ordering <, (defined
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in Sec. 4.2 (4.3)) for which this index attains its smallest (largest) possible value.
We are only able to do this in the case of the Pietra divergence index D(z,-).

It follows from Sec. 4.2 that the smallest value of D(z,-) is only taken on at
each vector y € Y (x,m) which is obtained by the Hamilton rule (formula 4.2.2).
On the other hand, we will show below that the largest value of D(z,-) is taken
on at some (not necessarily all) elements of Y (z,m). According to Sec. 4.3, this
set contains all maximal elements for <,. We do not exclude the possibility that
the largest value of D(x,-) is also attained at some y € Y1 (z,m).

Let y' € Yi(z,m) be the maximal element for <,. If for every j = 1,...,s,
yjl =0 or yjl = 1z, then of course y! is the largest element, and

1 m
D(z,y")=1 —
Assume that there exists ip € {1,...,s} such that the components of y! satisfy
yilozmg<a;i0, y]l:O or yjl:xj for j # 1g.

It is easy to show that in this case

Let
max ye€Y(z,m) ’ n ’
D(z,y) — D(x,y°
De(,y) = ( 1y) (z,y )0 _
D(‘Tﬂ ymax) - D(x7 Y )

The index D. has the following properties:

(i) 0 < De(z,y) <1,

(i) y 2c ¥’ = De(z,y) < De(,y),

(ii)) De(x,y) = 0iff y = 3°,

(V) ¥ = Ymax = Do, Yinax) = 1.

We have not been able to obtain similar results for G(z,-). However, it is
known (Duncan and Duncan (1955)) that

1- 1_G(x7y) SD(Z’,y) SG(QZ,y)

But the smallest value of D(z,-) is achieved for any y° obtained under the Ha-
milton rule. Thus for any v,

Gly) 2 D) = 5 (S0 —ui) + 3 w,),

where
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and (i1,...,1s) is a permutation of (1,...,s) such that

1

EXAMPLE (see Ciok et al. (1992)). Let 2 = (10,25, 35,50,65,115), m = 30.
The following vectors are obtained by the Hamilton rule:
yM = (1,3,4,5,6,11),
y® =(1,3,3,5,7,11),
y® =(1,3,3,5,6,12),
y@® = (1,2,4,5,6,12),
y®) = (1,2,4,5,7,11),
y® =(1,2,3,5,7,12).
We have
6o ={ e i S
D(z,y™)=.0333 fori=1,...,6.

It is worth noting that in the above example the vectors y(* for i = 1,...,6 are
solutions of the Webster method, y() is the solution of the Adams, Dean and Hill
methods, and y(® is the solution of the Jefferson method.

It remains to introduce the directed counterparts of the numerical measures of
departures from proportional representation, considered in Sec. 6.3. In this case
the function ¢ could be chosen according to the size of the x’s, i.e. p(w;) = z;; this
would allow us to detect overrepresentation (underrepresentation) with respect
to the size of electorates. This problem was tackled in Bondarczuk et al. (1994)
where the directed version of G(z,y) was introduced:

s s j—1
G?(z,y) =1~ %(Z‘ﬁzyz +QZZ%$J‘)’
i=1 j=2i=1

where z; < ... < xzg. Analogously we obtain D¥(z,y).

It is interesting to find the smallest and largest values of the directed numerical
measure 7%. It takes the smallest value for the vector y,;, with components given
by (5.4.2), and the largest value for ymax, with components given by (5.4.3).
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Index of symbols

distribution function of X

inf{t: Fx(t) >y}, 0<y<1

the value at the point = of the regression function of the random variable
Y (1)n the random vari%ble X

F§()(t) = (1/E(X)) fo uwdFx (u) (Sec. 2.2); called the first moment dis-
trik2>)ution function .

F)(( (t) = (1/E(X)) fo (1 - Fx(s))ds (Sec. 2.2)

X is distributed according to P

X and Y have the same distribution

generalized Radon—Nikodym derivative of Q w.r.t. P

Lorenz curve for X (Sec. 2.2)

upper Lorenz curve for X (Sec. 5.3)

divergence curve of @ from P (Sec. 1.1)

concentration curve of @ w.r.t. P (Sec. 1.2)

¢-directed concentration curve of Q) w.r.t. P (Sec. 5.1)

(or C(x,y) if X ~ P,Y ~ Q) the special case of CZPP Q) for p(w) =w

correlation curve (Sec. 5.3)

ratio curve (Sec. 5.3)

stochastic ordering

quadrant dependence ordering (Sec. 3.3)
Lorenz ordering (Sec. 2.3)

star ordering (Sec. 2.3)

dependence ordering (Sec. 3.2)

N P-ordering (Sec. 1.3)

ordering according to directed concentration curve (Sec. 5.1)
Gini inequality index (Sec. 6.1)

Pietra inequality index (Sec. 6.1)

Gini divergence index (Sec. 6.2)

Pietra divergence index (Sec. 6.2)





