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I. INTRODUCTION

The problem of correspondence between classical and quantum
physics has fascinated physicists since the very creation of quantum
mechanics, and even before, as in building quantum mechanics Schré-
dinger was guided by the analogy of interrelations between ¢‘‘classical”
geometric optics and physical optics. The procedure of passing from a clas-
sical to a quantum theory was promptly formalized to produce a px’ocedure
of the so-called canonical quantization; but we waited until 1948, when
the idea of a path integral was given by Feynman, to obtain a deeper
insight into connections between the classical and quantum descriptions
and the optical analogy.

In recent years the canonical quantization procedure has been widely
. developed, mostly in the papers of B. Kostant, to embrace general
mechanical systems. The Kostant procedure, called geometrio quantization,
traced back the classical system — quantum system correspondence
to obtain it, for example, for any elementary Poincaré particle. This
theory allows us to assign to any classical mechanical system, defined
in terms of symplectic geometry, a Hilbert space of states of the corres-
ponding quantum system given as a space of sections of a complex line
bundle over the phase space of the classical sytem. To introduce the
uncertainty principle, an additional geometric structure of the classical
Phase space, called a polarization, is needed. Some class of classical physical
quantities is represented by symmetric operators in the Hilbert space
of states. The main drawback of this procedure, at the present stage of
development, is that this class is too small. There have been some attempts,
not altogether satisfactory (see [4], [7]), to extend this procedure. They
were closely related to the problem of independence of Kostant’s construc-
tion from the choice of the polarization. This independence is believed
to be assured by a geheralized Fourier transform intertwining the Hilbert
spaces of states obtained for different polarizations. If the existence of
this transform is a very difficult problem, in many cases one can often
find & kernel pretending to represent it. The present paper is devoted
to the study of such kernels and of kernels arising in a slightly more gen-
eral context. Basing ourselves on this notion, we also give an altern-
ative proposition on how to extend the Kostant quantization procedure
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to a broader class of functions, based in fact on the idea of bringing the
Kostant and Feynman procedures of quantization closer.

It is worth noting that generalized Fourier transforms appear also
in studies of asymptotic oscillatory solutions of quantum equations,
i.e. in a context somewhat inverse to that of quantization, namely, when
we examine the classical limit behaviour of the quantum theories (see
e.g. [6]).

Chapter II contains some basic geometric notions. In Chapter III
we give a short account of the Kostant procedure in its full generality.
Ohapter IV is devoted to the study of quantization kernels and of kernel
representation of geometrically quantized operators.

The author is very much indebted to Professor K. Maurin for his
lively interest in the paper, and to Dr. J. Kijowski for his cooperation
in the work. Special thanks are due to Professor D. J. Simms for inform-
ative talks.



II. PRELIMINARY NOTIONS

Throughout this paper the standard language of differential geom-
etry will be used. All manifolds appearing are assumed to be Hausdorff,
finite dimensional, countable at infinity, and their mappings, unless other-
wise stated, to be (C™-) smooth. All proofs of smoothness of appearing
constructions, if they follow by straightforward local considerations, will
be omitted.

If x: P—Q is a morphism of manifolds P, @, we shall denote by x,
the tangent mapping or the induced mapping of vector fields, and by x"
the induced mapping of forms.

Let M be a manifold and W = (W, =z, M) 2 complex vector bundle
over M (W being the bundle space, and n the bundle projection).

I'(W) will denote the space of all (smooth) global sections of W,

I,.(W) — of local sections defined on open subsets of M, and

FU(W) — of sections defined on open U < M.

Let X be a generally complex vector field on M.

I1.1. DEFINITION. A mapping Dx: I .(W)—>1.(W) is called an
X-derivation of I, (W) if:

1. For open U « M, Dy: I'y,(W)—>Ty(W) is linear;

2. Dy commutes with restrictions, i.e. the following diagram

Ty(W) —% > I'y(W)

Pvzywj X, PVV(W)

is commutative (the vertical arrows denote the operation of restriction

of a section defined on U to a smaller open domain V);
3.

(1) Dx(fs) = X(f)s+fDxs
for sel'y(W) and feC>(U).
I1.2. EXAMPLE. An operation Vy of covariant derivation in the

direction X of local sections of a bundle with a linear connection is. an
X-derivation.
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11.3. ExamMpLE. If W is a tensor bundle, then the Lie derivation
Zx i3 an X-derivation. _

I1.4. PROPOSITION. Let W' = (W', n!, M) and W? = (W3, nt, M)
be two complex vector bundles over M. D% be an X-derivation of I'y (W),
i =1, 2. Then there exists a unique X-derivation D ® D% of I',, (W@ W?)
such that for sel'y (W) and tel'y(W?2)

(2) (D5 ®D%)(8®1t) = (Dy8)Qt+s® (D%t).

Proof. Uniqueness follows immediately from the fact that locally
each section from I (W'®@W?) is of the form Z's,@t,, with 8;el),.(W?)
and t;el,.(W?).

Eaxistence. Let (U,),‘ s be an open locally-finite covering of M such
that W{U is trivial, i = 1, 2. Let (8]),. 4 be a set of sections from I'y, (W)
whose 1ma.ges form at each point weU; a basis for the fibre W.:

= (a*)"'({z}), and let (#), 5z be a subset of I'y,(W?) with a similar
property. Let (f;);., be a partition of unity subordmated to the covering
(U))jeq- Lot vely (W@ W2).
We have

fivi®) Z'A}“’(ar () ®t(2), @cUNT,,

where A; are smooth functions vanishing on U\ Uj, uniquely determined
by v
Let us put

(3) (D%x® Do = D {X(A]) 5 @8 + A" (Dis)) @1 + A3°8] ® (D)}
j,a,B

(formula (3) makes sense since Aj’ and X (4;*) vanish if sf and #/ are not
defined).

It can be easily seen that the right-hand side of (3) is 2 smoth section
from I'y(W*®W?) and that so defined D} ® D% is an X-derivation.
(2) is also straightforward. m

Now let W be one-dimensional. We shall consider a situation in some
sense inverse to that just examined.

I1.5. DEFINITION. (WY 1) is called a square root of the one-dimen-
stonal bundle W if W'* is a one-dimensional bundle over M and ¢ is an
isomorphism of the bundles W*2@W? and W (which projected to the
base space of the bundles is the identity). If y,, y,¢ W5* (i.e. to the fibre
of W' gver z¢ M), y,®y, will denote the image by ¢ of ¥, @y, in W,.
If s;e 'y (W'?), i = 1, 2, then s, ® s, will denote & section of W such that
(81 ®8,)(®) = 8,(9) @8,(z), meU. This convention will be extensively
used throughout the paper.
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11.6. ProposITION. Let (W' 1) be a square root of W and let Dy
be an X-derivation of I,.(W). Thcn there exisis a unique X-derivation
D of Iyoo(W?) such that if 8eI'y(W'?), then

(4) 2(D3?a)@g = Dx(s®3).

Proof. Uniqueness. Let D' and D' be two X-derivations of I, (W)
‘patistying (4). Let sel'y(W'), #¢U, and V be an open subset
of U containing # and such that there exists a non- vamshmg section ¢
of W' over V.

Then
Dl/2
(5) (DY) ®t = (t®1)
(t is non-vanishing). Hence
) Dllzt
(6) (D)@t = Xt ®1.
But by (4),
1 1 D (t®1)
”2 = —— = — x—- .
(7) (DEY @t = - Dx(t®) = ‘e 11
Comparing (6) and (7), we get
1 Dy(t®1)
Dl/2 =____i__;_ .
(8) xt=7 (t®1) ‘
Thus we have
(9) (D¥%3s)ly = D¥(sly) = DE(ft) = X(f)t+fDi¢t
_ 1 Dx(t@t TN
—X(f)t+2f (t®7) = (Dx 8y,

which shows that DY = DY,

Egistence. Let now (U,),.; be an open, locally-finite covering of M
‘such that W, is trivial, and choose for each j a non-vanishing section
t, of W"2 deflned over U;. Let (f;);.; be a partition of unity subordinated

to (U))jes-
For sel'y(W'), let us put
, 1 Dy(t,®1)
10 DVeg 1= Z(x )= ._LL—4_)t
( ) X ) - (gj)+ 9 g) (tj@tj) ¢

where g;e0™(U) satisfy

(11) . :
;=0 on U\U,.
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It can be easily seen that the right-hand side of (10) defines a (smooth)
section of W2 over U, and that D'} so defined possesses the required
properties. =

I1.7. REMARK. Definition IT.5 makes sense and an analogue of Prop-
osition II.6 holds also for vector bundles of higher dimensions. This,
however, will not be used in this paper.

Let W be again one-dimensional. Let
(12) W) := (W xC)/~,

where W denotes W without the image of the zero section, and

(13) (y,a) ~ (ly, Ill) for 0 # Ae C.
Let
(14) I=|([y, a]) : = #(y),

where [y, a] is the ~-class detined by (y, a). For teI'y(W) non-vanish-
ing, let

(15) Tt([t(‘”)’ a]) :=(v,a), =xeU,

7, i8 & bijection of |z|~'(U) onto U x C.

There exists a unique structure of a manifold on |W)| such that 7,
for non-vanishing tel},(W) are diffeomorphisms.

For we M, |z '({w}) possesses a natural structuresof a one-dimen-
gsional complex vector space. '

Thus

[W}:= (ley (=], M)

is a one-dimensional complex vector bundle over M. If 0 +# ye¢ W, then
by |ly| we shall denote an element [y, 1]¢|W|. Let {eI'y;(W) be non-vanish-
ing. Let

(16) (@) : = [t(x)|, zeU;

then |t|el'y(|W)).

I1.8. Remark. |W| is always trivial as a hermitian structure on W,
which always exists, defines a global non-vanishing section of |W)|.

Let J be an anti-linear involutive automorphism of W (which pro-

jected to the base space is the identity). We shall denote Jy by 7, ye W,
and Jot by ¢ for tel,.(W).
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I1.9. PROPOSITION. Let Dy be an X-derivation of Iy (W). Then there
exists o unique X-derivation |Dx| of I, (|W|) such that

Dxt
(1) DIt = =1t

Jor each non-vanishing tel,,(W), t = 1.

Proof. Uniqueness follows immediately from the fact that each
section of |W| is locally of the form f|t|, where f is a (complex) function
defined locally on M and tel', (W) is non-venishing, ¢ = #, and for such
sections 8, (1) and (17) determine |Dy|8 completely.

Ewistence. Let (U,);,; be an open, locally finite covering of M and
{Y);c; » family of non-vanishing sections, t;el'y (W), t; =1;. Let (f));ey
be a partition of unity subordinated to (Uj);.s- ]i!‘or sel'y(|W)), let

2] Dyt
{18) |Dxl8: = Z {X(gjﬂ Ity + g, zj |t1|}1
]

‘where g,eC*(U) are such that

g9;, =0 on UN\U;,.

It is straightforward that the right-hand side of (18) defines a (smooth)
section from I'y;(|W]), and that |Dx| obtained in this way possesses the
required properties. m _

I1.10. EXaMPLE. Let W = APT*(M)C be the bundle of complex
p-covectors tangent to M, p = dim M. Then |W| is the bundle of absol-
ute densities on M. If Dy = Z; (see Example II. 3), and J is the complex
conjugation of complex p-covectors, then |Dx| is the operation of the
Lie derivation of fields of densities in the direction of X.

(19)



III. GEOMETRIC QUANTIZATION

B. Kostant [6], [2] (see also [11]) worked out a geometric procedure
which allows representation of a certain class of functions on a symplec-
tic manifold by self-adjoint operators acting in a Hilbert space of sec-
tions of a vector bundle over this manifold.

In the present chapter we shall give a short exposition of his results,
modified according to our needs. Sections III. A, B, C will contain some
basi¢ notions and facts, mostly without proofs, and can hardly be con-
sidered as self-contained. One can find a more detailed exposition of this
material in [1], [2], [6], [11], [13].

A. Elements of symplectic geometry

II1.1. DEFINITION. (M, w) i8 called a symplestic manifold if M is
a manifold and w is a real, closed (dw = 0) non-degenerate 2-form on M.

w defines a bundle isomorphism

T(M)® X,—»> XbeT*(M)°,
where
(20) X=X, _|o(x).
Let
(21) T*(M)C> 7, e T(M)°

be the inverse isomorphism.
For 7., nieT%(M)C, we shall put

(22) o(nky n2) 1= ¥, 12 w(2)).

Diffeomorphisms of M which preserve w will be called canonical.
Vector fields X preserving o (i.e. such that £yw = 0) will also be called
canonical.

A
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If heC™(M), then there exists a unique vector field X, on M such
that '

(23) X, (z) = (dh(@))¥, @e M.

X, is called a canonical vector field generated by h. Vector fields of this
form are called hamiltonian.
For two functions h, keC™(M), their Poisson bracket is defined by

(24) {h, Kk} := X, (h).

C*(M) with the Poisson bracket operation constitutes a Lie algebra.

IT1.2. EXAMPLE (cotangent bundle). Let & be a manifold. Let
M = T*(Z). Let ¢ be the only 1-form on M such that if seI'(T*(%)),
then

(25) $'c = 3.

Then (M, —do) is a symplectic manifold.
_ 11.3. ExampLE. Let M = §* = {(z,y,2)eR: 2*+-y? +2* = 1}. Let
w,, where s is a non-negative constant, be a 2-form invariant under rota-
tions given by

(26) W, = ($ +3)dzA d(arc.tan %) :

n points where the right-hand side makes sense. (M, w,) i8 a symplectioci
manifold. .

II1.4. Remark. The symplectic manifolds (M, w) are a mathemat-
ical tool for description of the classical mechanical systems. M corre-
sponds to the phase space of the system and & in Example III.2 to the
configuration space. (M, w,) in Example IIL.3 describes an elementary
classical spin system. Functions on the symplectic manifolds are, from
the physical point of view, classical physical quantities of the mechanical
systems.

B. Quantum bundles
Let L = (L, n, M) be a one-dimensional bundle over M. The mapping
Lay—szyeL

is for 0 # z¢ C an automorphism of L, which will be denoted by m,.
The mapping

ésszyeL"
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defines for yeL a hnear 1somorphlsm of C onto the fibre 1},,(,,), which
will be denoted by y, (C =C\{0}, L,:=L \{0,}, L= UL

ITL.5. DEFINITION. A complex 1-form a on L is called a connection
on L if

(27) (m,lz)*a =a for each 0 #z2¢C,

dz -
(28) pya = - for each yeL.

Given a connection form a, an operation Vy of covariant derivation
of sections of L in the direction of a vector field X can be defined as follows:

(29) Vys:=1i(X|s"a)s for sel,(L).

It can easily be shown there exists a closed complex 2-form y on M
such that da = =*y. y is called a curvature form.
Let (-, ) be a hermitian structure on L. It is called a-invariant if

(30) X((ay t)) = (Vx8,1?)+ (8, Vx?)

for real X and s, tel\(L).

I11.6. DEFINITION. A one-dimensional complex bundle over M with
a connection a and an a-invariant hermitian structure is called a quan-
tum bundle over the symplectic manifold (M, w) if the curvature form for a
i8 equal to w.

II1.7. EXAMPLE -(cotangent bundle). Let (M, ) be as in Example
IOI.2, Let L:= M x C, n: M xC—>M be the projection onto the first
factor. Let

az .

a.=———T C©.
12

Let the hermitian structure be defined by
[(m, 2)|* : = |2]*.

These determine a quantum bundle over (M, w) (which, up to iso-
morphism, is the only one if & is simply connected — see [6] for a condi-
tion for the existence and classification of quantum bundles over a given
symplectic manifold).

III.8. EXAMPLE (complex projective plane). Let (M, w,) be as in
Example II1.3. Let P*(C) be the one-dimensional projective plane: P!(C)
= (C*\ {0})/ ~, where (2,, 2,) ~(A2,, 42;), 0 # A¢ C. One can use a two-
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chart atlas {w, v} for P*(C): .
w: 0,-C, v: 0,—>C,
(31) 0, := {[21,22]: 2 # 0}, 0; : = {[2,, 22]: 22 # 0},
‘ z Z
w(lzyy z]) i=—,  v([z1, %)) 1= —.

Let x: P1(C)— R,

(32) (o, 2] = CPEAL (:)

2112 + |2,|2 2

where o; are Pauli matrices, ¢ = 1, 2, 3.
One can check that x is a diffeomorphism of P!(C) onto §2. By means

of », we can transport the symplectic form @, from 82 to P(C). Calcula-
tions yield

-~ . d’u)/\ dl_v
x Wl o = (28+1)%m;
(33) _
*oulo. = (28 4+1)i AT
® W, 0y (1 + |,Dl2)2 *

We shall denote »*®, by w,. Let L, be defined by
-io = C*\ {0}, ﬂofz°= Ly—>PY(C), (21, 2y) 1= [21, 22].

Ly := (Lo, %, P*(C)) is a one-dimensional complex vector bundle
over P1(C). Let

1 2,dz, +%,dz,
i

34 1= _
(34) % P

(21, 25)[3: = |21]% + |25/

It can easily be checked that L, with the connection a, and the hermi-
tian structure defined by |:|, is @ quantum bundle for (Pl(C), wo)-

Orne can show that a quantum bundle for (P!(C), w,) exists if and
only if s =m/2, m =0, 1,2, ..., and for this case it is unique (up to an
isomorphism) — see [13]. The quantum bundle for the case s = m/2 > 0
can be obtained as follows:

Lm/2 = Lo® coe ®L°o
N, e
(m+1) times
The connection a,,, is a connection whose covariant derivative V,,,
is obtained from V, by the prescription given in Proposition IL.3.
As a hermitian structure for L,, we take that one naturally induced
by the hermitian structure of L,.
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We shall also give an explicit description of L,,,
Ly = ({1} X 0, X C)U ({2} x 0, X C) [77,

where the relation ;;7; is defined as follows:
1
1, [1,w],2) mm (2, [V,1],2') < 7= and 2 =™z,

The bundle prc;jection M, can be defined on representing elements
as the projection onto the 2-nd factor. On =}, (0;), ¢ = 1, 2, one can define
diffeomorphic maps F7%, F: 7.} (0,)—>C,

F?/z([]-! 1, w], z]m/z) i=(w, 2),
-F;ulz([z! [v, 1], z]m/a) 1= (v, 2),

where [ -],,, denotes a class of the element in between, taken according
to the relation ;7. a,, can be given by

((-F:n/z)_l)‘am/z — _d;z_ + (m+1) wdw

iz. i 1+|wp’

dz (m+1) vadv
Fmizy-1)* —_ . .
(FP) ) amp = — +— g

For the hermitian structure,
|(-F;n/2)_l(wy z)ﬁn/z = j2[*(1+ |W|z)m+1)
(FT2) (V) 2)ie = [2P (1 + [V)™H!

is obtained.

C. Polarizations

Let (M, w) be a symplectic space. M must be of even dimension.
Let n := $dim M.

ITI1.8. DEFINITION. A smooth, complex distribution F on M (i.e.
a complex sub-bundle of the complex tangent bundle T(M)°) is called
a polarization of (M, w) if:

1. for each z¢ M, dim(F,) =n, and ¥, is an isotropic subspace
of T,(M)S, i.e. for X,, Y,eF,

(X Y |0(2)) = 0;

2. F is involutive, i.e. if X and Y. are vector fields on M taking values
in F, then [X, Y] also takes values in F;
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3. FNF is a complex distribution of constant dimension equal to k;
4. F+F is an involutive complex distribution.
We note that

(35) D:=J F,nF,nT, (M)
ze M

and

(36) B:= | (F,+F,)nT, (M)
ze M '

are real involutive smooth distributions of dimensions ¥ and (2n—k),
respectively. 7

By 1, D and E are w-ortogonal, i.e. {X_,, Y, |lw(2)) =0, if X_eD"
and Y_eE.

F is called positive if

(37) i<X,, X,Jo@)>>0 for X, F.

F is called real if F = F. If F is real, then £ = D = FNnT(M).

F is called kdhklerian if F,NnF, = {0,} for xe M. Then D, = {0,}
and B = T (M).

Let K be an involutive real smooth distribution on the manifold N.
. K is said to be regular if on the quotient space N /K (with the quotient
topology) of the maximal connected integral submanifolds of K there
exists a structure of a manifold such that the canonical projection

is & submersion (if such a structure exists, then it is unique — see [9])

1I1.10. DEFINITION. We say that a polarization F is strongly admis-

sible if distributions D and FE are regular. Then the following submersions
exist: ’

ep: M—-M|D,
og: M—M|E,
epe: M/D—->M|E,
and
epE°9p = CE-

In the present paper we shall consider only strongly admissible polar-
izalions.

II1.11. EXAMPLE (cotangent bundle). Let (M, ) be as in Example

IL2. Then F = UJ{X,eT,(M)®: x X, =0}, where x: T*(&)>Z is
zeM

the natural projection, is a real polarization. In this case M [D=M|E
is diffeomorphic to 4, with g, = py corresponding to x.

2 — Dissertationes Mathematicae 128 BU
V7 )
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III.12. EXAMPLE (complex projective plane). Let M = P(C) and o,
be as in Example III.8. P'(C) is a complex manifold. ¥ : = the sub-bundle
of holomorphic vectors is a positive polarization.

For a polarization F, let

Cr(M):= {feC*(M): X(fy =0 for X taking values in F}.

'III.13. PrROPOSITION. Let F be a real polarization. Then CR (M) is
a maximal commutative Lie subalgebra of C*(M). It is also an associative
subalgebra of C®(M) (i.e. a subalgebra of C®(M) trealed as an associative
algebra under funotion multiplication).

Proof. For feC7(M) and X being a vector field taking values in F,
we have

(38) 0 =X(f) = X|df) = X|X; o) = (X, X|w).

Thus X, takes values in F, since for every z¢ M, F, is an n-dimen-
sional, hence maximal, isotropic subspace of T,(M)C. For f, geCR(M),
this yields |

(39) {f,9} = Xy(f) =0,
which proves that Cg (M) is commutative.
Suppose that for heCH (M) and for all feCR(M) we have

(40) {fy b} =0.
Now g}: C®°(M/D)—»C®(M), o} f = foep, maps onto CF(M). Let

@« M and f, (™ (M D) be such that (dfy) (ep(x)) form a basis in Ty o) (M | D).
Then, since o is non-degenerate, X, , () form a basis of F.. By (40),

Xy op(@) (k) = 0.

Thus keC%(M), which proves the maximality of C3(M). The remain-
ing statement of the proposition is trivial. m

IT1.14. Remark. If ¥ is not real, then, in general, the statement
of Proposition III.13 fails to hold and it only holds locally (see the case
of Example IT1.12 for which C%(M) consists of constant functions only).

In general, not all of the maximal commutative Lie subalgebras
of C* (M) (which are automatically also associative subalgebras of C™(M))
are of the form described in Proposition II1.13 (take for example functions
on 82 constant on parallels — see Example II1.3).

D. Hilbert space conmected with' a polarized symplectic manifold

Let F be a polarization of (M, w). Let Dp:= AT*(M)C/F be the
bundle of complex n-covectors tangent to M, vanishing after contract-
ing with any vector from F.
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I11.15. DEFINITION. A square root (DY, i) of the bundle D, (see
Definition IL.5) will be called a square root slructure for F. Two square
root structures (D}’ ¢) and (DY, ') for F will be considered equivalent
if there exists a bundle isomorphism % of D¥ and D} such that
¢t =1Jo(k®k).

IT1.16. Remark. The bundle AT (M)°/F defines an element
pe H (M, %’) (where € denotes the sheaf of germs of local non-vanishing
complex (smooth) functions on M) in a standard way. One has a short
exact sequence of sheaf homomorphisms

(41) 1->Z,>€—>€>1,

where &, is the sheaf of germs of constant functions taking values in the
multiplicative group Z, = {+1, —1}, and the 3rd arrow from the left
denoted the sheaf homomorphism induced by taking square of local

C-valued functions.
From the corresponding cohomological exact sequence

(42) ~H'(M, €)~H' (M, €)5 H\(M, Z,)—

the following condition is obtained:

A square root structure for F ewists if and only if 6* (&) = 0.

One can also easily show that the non-equivalent square root struc-
tures are in one-to-one correspondence with the elements of H'(M, Z,).

For the rest of Chapter III we shall fiw a positive polarization F with
a square root structure (D}, ).

Let us consider the bundle A**~*T*(M)¢/(F N F) of complex (2n — k)-
covectors vanishing after contracting with vectors from FANF.
A *T*(M)C|(FnF) is isomorphic to (A**~*T*(M)/D)C in ‘an evident
way.

yWe shall define a 14-linear pairing of C*(M)-modules

¢, Spi T(DYY) x T(DY) > T(14**T* (M)°(F ~ F)).

This will be done as follows:

Let ye M and 7y, ..., Mgy Ngy1y --+1 T DO @ basis of Ty (M)C/F such
that #,, ..., 7, vanish on (¥ + F)-directions. Then 7y, ..y ks Met1s -+ Mns
Nkt1y «- ,7;; constitute a basis for T"(M)O/(FnF) and ;A ... ADA
ATip1A oo ATATli1A oo A7, i3 & nDon-zero element of A’""‘T'(M)c/
(F NF).

Let (nyA ... A7,)" be an element of (D¥’), such that

(43) (771/\ e Ann)ln@_(’h/\ e Aﬂn)llz =MA oo A
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For ¢, yeI'(D¥), we shall put

(44) <o, vOr()

o ( ?(¥) ( v(y) poary
T _(ﬂ,A .. (1A .. 1/2 Nke+1y <o ¢

- A . AT
cees Ty Tany -+ )l " mA A Y ATgr A oo ATyl
e [T (M)C[(F AF),

where

(45) &’"-k("?lcﬂ’ cooy Ny M1 =00y -7-7;)

= <’71f+17 seey 7]#) "71?+11 caey ﬂf]w(y) A no(y)).
(n—k)-times

We check that the definition of {¢, y)r is correct.

1. {p, v>p(y) evidently does not depend upon the choice of the
“gquare root” (mA ... An,)" of (7A ... A7,), a8 two possible choices
differ by sign.

2. We check that (g, y>p(y) does not depend upon the choice of
the basis 7, ..., 7, of T}(M)®/F. Let ,,...,n, be another basis. Then

n
(46) o =’Z:A,-,77,, i=1,...,m,
where
kxk
(47) (dy)"*" = (c:;—k)xk|'b(n—k)ox(n—k))’
(48) MA «.. A7, = (deta)(detd)n, A ... A7,
(49) (MA oo A2 = 4 (deta)?(detd) P (A ... An)2,

(50) &’n—k('];ﬂy ceny "7:" Mgy oo ’7_:.)
= ldetbl’&’”_k(ﬂkﬂy oy Nasllk+1y <=0y ’;u):

a8 cB(n‘Lq,)=cB(q,,7,)=O for 1<iKk and k+1<j<n because
n¥eFNF and nf, ;¥ <F+F.
Further,

(B1) A «oo AMpATEA oo AT

= |deta||detd|d[nsA .. AGAR 1A oo AT

Combining (49), (50) and (51), we get
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4¥)) v(¥) ) kg

cee AT A

‘= =\ =12, N =
ooy Mps Migry + oo M)l f [MA <o A N ANy A ooo ATy

@(¥) v(¥y) .
= o ) s

ey Ty Tagns v or T VLA oo A M ATIETIA <oe AT,
which has been searched for.

3. M>y—{p, v)r(y) is smooth, since we can locally choose the basis
N1y -y Ny i 3 sSmooth way (¥, FN F, and F + F are smooth distributions).

Let L with a connection a and a hermitian structure (-, -) be a quan-
tum bundle (see Definition III.6) over (M, w). We shall consider the
bundle L ® D). One can define a 1}-pairing of C*(M)-modules

¢ Y5 T(L® DY) x NL® DP)—>TI'(|A™*T*(M)C|(F nF)|),

such that
(63) @9, 1@ vdr = (8, )<{p, ¥Or
if 8, tel'(L) and ¢, yeI'(D}).

The mapping ¢p: M—M/D induces an injective mapping of forms

0D: Tioa (4™ *T* (M D)%) I (A *T* (M) (F N F))

and, according to a similar rule, an injective mapping

lebl: Do (14*"*T* (M D)) > I'q (| A" *T* (M) /(F N F)))
such that for non-vanishing section 7ell,,(4* *T*(M /D)%),
(54) lebl Il = lebnl-

For X being a vector field on M, one can obtain an X-derivation
Vx® LE of I, (L ® DY), according to the prescription given in Chapter II.

IIT.17. PROPOSITION. Let o, oeI'(L® DY) be D-horizontal, i.e. let
(85) (Px®L¥)o = (Px@Z¥)e =0

for X taking values in D.
Then there emists & unique section

o, o) eI'(| A *T* (M /D))
suoh that

(56) lebl€a, &) = o, o)r-
Proof. We shall start with the following:
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LEMMA. Let x; P—>Q be a surjective submersion of manifolds P and Q.
Let x7'(q) be connected for all geQ. Let G be a smooth real (comples) dis-
tribution comprising the x-vertical sub-bundle kerx, of T(P)©, i.. the
subbundle of veotors annihilated by x,. Suppose that G satisfies

(«) if X, Y are vecltor fields on P, X being x-vertical and Y taking
values in G, then [X, Y] also takes values in G.

Then @ projects by.x, to a smooth real (complex) distribution x (@)
on Q of dimension less then the dimension of G by dAimP —dim@Q. If G 8
involutive, then so is x,(G).

Proof of lemma. First we shall show that if X is a x-vertical
vector field and @, is its (local) flow, then &, preserves G.

Let peP. Let us choose a scalar product in T (P)“’) Let E, be an
orthogonal projection onto (P,),(Gs d,,,) E, smoothly depends on t.
Let Z be a vector field taking values in @, and let

Zy:= (), 2)(p).
We ha.ve.

az,

— = (#),2x2)(2)<E(T,(P)7)
a8 in virtue of (), ¥xZ = [X, Z] takes values in G. Now

dz, 4(EZ) dE, = _ a2z, dE, . 4z,
- =—t7,1E -tz .
dt dt @ g @ 1t

Thus

dE,
~tz —0.
dt

Since for different Z, Z, span the range of E,;, we get

dE,
“tg, —o.
a ¢

But from E, = E; and E; = F, one obtains

dE,\* dE, dE, dE, dE,
=) ==t — B+ B —Lt =—t,
( dt Rl R R dt
Hence
dE, dE, [dE, _\*
a  dt —( dt’E‘) =9

Consequently, E, = E,, and &, preserves G.
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Remark. In fact, we have proved the following: if X is a vector
field on a manifold N, and H is a smooth distribution on N preserved
by X (i.e. such that for Y taking values in H, [X, Y] also takes values
in H), then the local flow of X preserves H.

Now let geQ and x eT(@)°. Let py, pyex (), and Yy, T, (P)9
be such that x, (¥;) = Xy i =1, 2. Then

(57) | (Y5, €@ )< (y;zeapz).

Indeed, if we can join p, and p, by an integral curve of a x»-vertical
vector field X, that is, if &,(p,) = p, for some ¢ (P, being the local flow
of X), then (@), Y}, ¢@,,, but it differs from Y7, by a x-vertical (and
hence belonging to sz) vector: But each . pair of points in x~'(g) can be
joined by a piece-wise smooth continuous curve, whose each smooth
Ppiece is an integral curve of a x-vertical vector field (in fact there always
exists such a curve composed of one piece).

From (57) it follows that

%,(G) = (X <T(Q)): there exists Y@ c T(P)such that »,¥ = X}

is a distribution on P of constant dimension equal to the dimension of &
minus (dim@ —dimP). The moment we have (57), smoothness of x, (@)
follows trivially. Also, involutiveness of x,(G) follows easily from that
of @, by taking local lifts to P of vector fields on  taking values in %, (G). [J

COROLLARY. There exists on M|D a real (complex) smooth involutive
distribution E[D:= gp.(E) (F/DC:= gpe(F)) of real (complew) dimen-
sion 2(n—k) ((n—k)).

Proof of corollary The proof follows immediately from lemma
In virtue of

(88) [D, F] < F and [D,E] c E,
where [D, F] ([D E)])isa dlstnbutlon spanned by commutators of fields
taking values in D and F (1n D and E).

Let e M/D and g,,..., Xn be 1-forms defined in a neighbourhood
U « M/D of & such that y,, ..., x; vanish on vectors from E/D, ks e+
.+3 Xn VaDish on vectors from F/D® and values of y,,..., x, are lm-
early independent at each point.

Let B
(59) ’7.-=9'an i=1,...,n.

By (54),

(60)  IpA o  AGRATE A —os ATl = 10DIUT1IA - A Xn AXR1A oor AXnl)-
We shall show that on pp'(U)

(61) €0, 05 = FIEDIaA oo A ZaATERIA +or AZnl);
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where f is constant on fibres of gp, which will end the proof of Proposi-
“tion IIL.17.

First we notice that |0 (i, 1y .-vs Ty sty -++» T)l~Y I8 constant
along pp-fibres. This follows from the relations

(62) X(o(m, np)) = X(@(me, n5)) = X0, 7)) = 0,

where X is a vector field taking values in D. We shall prove (62). Taking
the Lie derivative of both sides of the relation

(63) ¥ o =,

we obtain

(64) (X, nf] Jo+9f |Zx0 =0,
(65) [X, 9¥] Jo +nf _1d(X _Jw) =0.

Let Y be a vector field taking values in ¥+ F. From (65) we obtain
(66) <Y, [X,7fllo) = &f, Y|d(X _Jo)) '
= ﬂ?((xy Yjw)) - Y(KX, ﬂ?'iw»'—(xa ["7?7 Y]lw) =0,

since D and F+ F are w-orthogonal, X takes values in D, Y in F+ F,
n¥ also in F+ F, and F+ F is involutive. Thus [X, 9¥] takes values
in FN F, since F N F is just the distribution w-orthogonal to F + F. Hence,
we have

(67) 0 = (X, ¥, nff(do) = X(f, nff |0)) —nf (KX, nfflw)) +
+ﬂ}t(<xf ﬂfl“’))‘([xv ﬂ?]v ﬂf‘w>+<fxv '3}#]’ ﬂ?la’)—
— <0 0], Xlw) = X(nf, nff lo)).
The other relations comprised in (62) are proved analogously. ;A ...A 1,
is & local non-vanishing section of A™T*(M)C/F defined on gp'(U). Let

ye M, 05(¥)eU. One can choose, in a simply connected neighbourhood
V of y, a (smooth) section (A ...A 75,)2 'y (DY) such that

(68) (MmA oo AR (A oo AT = (A oo ATL)lp-
From (4), for a vector field X taking values in D, we have
(69) (LEMmA ... A BB (A ... Ag)? = 0.
Thus
(70) LLE(mA ... A2 =0.
Further,
(71) oly =8@(mA .. Ay,

(72) ely =tQ®(mA ... ’\ﬂn)”zv
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where 8, tel'y(L). (2), (55) and (70) yield

(Px8)®(mA ... "ﬂn)l/2 =0, (Fxt)®@(maA ... A’?n)m =0,
and, consequently,
(73) Vis = Vxt =0.
Thus

(74) X((8,1) = (Vxs,t)+(8, Vxt) =0.
By (83), (73), (74) and (44), we get
(78) Koy edp(®) = (8, (W) 10" * Mpsas vy s Mgy - -
oM T IMA o AN ATE A el ATI(Y)

for yeV, and (8, t)|0™ % (Ney1y ««os Mns Mgty -++» Na) > is & function con-
stant along fibres of g5, . This completes the proof of Proposition IIT.17. m

For D-horizontal sections o, geI'(L® D}?) (o, 0) is an absolute
volume element on M /D (not necessarily non-vanishing). If ¢ = g, then
this volume element defines a positive measure.

ITI.18. DEFINITION. We say that a D-horizontal section o I'(L ® D)
. 18 of finite norm if the measure defined on M /D by (o, o) is finite.

One easily checks that if o and p are of finite norm, then the measure
defined by (o, o) is of finite absolute variation.

Now we shall consider a subspace of I'(L® D}¥?) composed of F-

horizontal sections of finite norm. We can define a scalar product on
this subspace by

(76) (0,0)p:= [ <o, 0).
Mjp

The completion of this unitary space will be denoted by Hy. It is
just the Hilbert space assigned to the polarized symplectic manifold
with & quantum bundle by the procedure of geometric quantization.
From the point of view of physics, it should be interpreted as the space
of states of the quantized system.

II1.19. EXAMPLE (cotangent bundle). Let (M, w), a quantum bundle
over (M, w) and a polarization for (M, w) be a8 in Examples II1.2, 7 and
11. The bundle A™T*(M)®/F is isomorphic to the pull back x»*(A™T*(%)°)
of the bundle A™™(Z)C by &: M~ If i.eH'(M, €) is an element
defined in the usual way by A™™(M)C/F (see Remark III.16), then
&p = %"C, where [e¢H'(Z,¥) is defined by A™™(Z)C. Now from (42)
and an analogous exact sequence for %, 8*(&p) = 6"(x*) = »*(6*%) =0
if and only if 6*¢ = 0, as »*: H*(¥, 2Z,)->H*(M, Z,) is an isomorphism.
But 6" is the Chern class of AT (¥)€ reduced to Z,. Thus a square root
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structure for F exists if and only if the Chern class of A™T™*(Z)° reduced
to Z, is zero. If it is zero, then the non-equivalent square root structures
for F are in one-to-one correspondence with the elements of H (%, Z,).
Moreover, if (D}, 1) is a square root structure for ¥, then we can assume,
at most passing to an equivalent square root structure, that D¥* = »*(DY?),
and ¢ = x*», where (DY, ») is a square root of A"T*(%)C. Since in our
case L = M xC, L® D)} is isomorphic to D). Using this isomorphism,
we can assign to an element oeI'(L® DY) an element of I'(DY). One
easily checks that by this identification, F-horizontal sections are in
one-to-one correspondence with F-horizontal sections of DY* and the
latter are in one-to-one correspondence with sections of DY:. For an
F-horizontal section o of L® D?, let o denote the corresponding section
of D§. Wé shall denote -

= (o, o)

due to the way in which one can produce o, o) directly from ¢ and ¢
Thus, in the case being described, we can identify Hj with the comple-
tion Hg4 of the unitary space of 1_9€F(Dl/2), such that

(77) 1Bl := [ 88 < oo.
x

IT1.20. EXAMPLE (complex projective plane). Let (M, ,), 8 quan-
tum bundle over (M, »,) and & polarization F be as in Examples IIT.8
and 12. We shall use the notation introduced there. For F, there exists
& square root structure which is, up to the equivalence, unique — since
H'(PY(C), Z,) = 0. We shall describe it explicitly.

Let

(78) D= ({1} x 0, x C)U({2} x 0, x C)[ ~ D,

where the relation ~ DY? is defined as follows:

(79 (1,[1,wl,2) ~D¥ (2, [v,1],7), =w and ¢ =iwz.
F

4|

The bundle projection z will be defined on representing elements as
the projection onto the second factor. On n~*(0;), ¢ = 1, 2, one can define
diffeomorphic maps G;:= n'(0;,)—>C?

(80) G (|1, [1, W], 2]) : = (w, 2),
(81) (2, [v, 1], 2]} := (v, 2).
Let us put
(82) (G (W, 2) ®GTH(W, 7)) 1= 22,400 ([1, W]),

(83) G (v, 2) @G (v, 2)) : = 2, 2,d0([v, 1)).
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We assertain that ¢ is a bundle isomorphism of D}*® DY onto
AT*(M)¢/F = Dg, and thus, (D3, «) is a square root structure for F.
Now let us note that

w)1i2
(84) 0,51, w1227, @y (w, 1) e DY,
0,2[v, 119, g7 (v, 1) D2

are non-vanishing horizontal sections of D) defined on 0, and 0,, re-
spectively, and

(85) (dw) @ (dw)* = dw, (do)*® (dv)'* = dv.
_Similarly,
" 1
(86) 0,>[1, w] *(Fin/z)—l(wy W) €Ly,
g™ _ | 1
(87) 0,3[v, 1] 2 > (F%) 1( (1 T ) €Ly,

are non-vanishing F-horizontal sections of L,,, over 0, and 0., respect-
ively.
If o is an P- horizontal section of L, ,® D}, then
olo, = ,,,,ow ST@(dw)®  and  of,, = ¥,00 8§ ®(dv)'?,

where y, and y, are holomorphic functions on C. Conditions of compati-
bility yield

1)

. (? P W (W) tor w2CN{0

(45 ) = @ e
Thus,

8 1\ i

(88) nls) = s,

This means that function y,, holomorphic on C, has in co a& pole
of degree less or equal to m. The only solutions of (88) are of the form

m
aw, oy (v) = iZam_,v“ :
j=0
Thus, H; in our case is (m-+1) = (28 +1)-dimensional. Let {a;}
denote an element ¢ of Hy such that

(89) (W) =

s

olo, = p,ow sP®(dw)”* and (W) = 2 aw’.
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Simple calculations yield

_ 12 w
(a5}, {8 —; g—o (m+1) ajbki*—(1+lwl’)m+z |dw A dw)
400 2r
— pIHe+1 gy
j= g 147 +2J
m +oco m —
— ri+1dy 2r ab
= 4 1)"2a,b = 4194
2yt e = e X
J

in virtue of the following:

LEMMA.
+e0
o ds 1
(90) = .
;f (142%™ (m—}-l)(?)
Proof of lemma. We evaluate
+00 m
(91) J:=f-(;ff;i-:—3‘—ﬁdm for 0<it< 1.

0

s t
Substituting » = -&-, we get

z+1
f umdu 1 ol 1 O
(92) 7= ~- = .
; 1—u m+1 (-1 m+1 ~

Comparing coefficients at ¢/ in the right-hand sides of (91) and (92),
we get (80). m .

E. Kostant quantization of physical quantities
We have put
CF (M) ={feC*(M): X(f) =0 if X takes values in F}.
Let
Crp(M) : = {feC*(M): X, = (df)¥* preserves F, i.e. for any Y

taking values in F, [X,, Y] also takes values in F}.

We shall introduce in this section a mapping which assigns self-
adjoint operators in Hj to some real functions from CFy(M).
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Let feCyp(M). Then (Vx,+if) is an X,-derivation of I, (L), and
is an X -derivation of I, (A™T*(M)/F).

II1.21. LEMMA. Let feCEp(M), and oeI‘lm(L®D1’2) be an F-hori-
zontal section. Then

ZLx,

[(Vx,+1f) ®$1/’](o) i8 also F-horizontal.
Proof: We must show that if X takes values in F, then
(93) A:=(Vz@LD)|((Vx,+i) ®ZK)(0)] = 0.

It suﬁices to verify (93) locally. Let o0 = s®¢, where sel,(L)
(94) = (Vx®_?1/a)[(Vx,s)®¢p+ifs®¢+s®( ”’tp)]
= (VxVst)®‘P+(Vx!8)®(.'f¥2(p)+@_I(f)3®¢+zf(l7xs)®¢+
+ifs @ (LEg) +(Vx8) ® (L) +5 B (LLLLy).

But
{(95) [Vx, Vx )8 —Vix,xys = iX, Xyjw)s = —iX(f)s,
which can be easily proved by using (29) (see also (135) below). Also,
(96) -?xgx,—gx,yx = -?[x,x,p

where both sides are [X, X,] -derivations of I..(Dy) ([X, X,] takes
values in F). But [#, 1/’] is a [X, X,]-derlvatlon of I, (DY), which
is connected with [.‘Z’x, 3’ X, ] by the prescription given in Proposition II.6.
Because such a [I X,]- denvatlon 18 unique, we have

(97) [£¥, £E) = Flix,-
Using (95) and (97), we obtain from (94)

(98) = (Vx,Vx8)®9+(Vix,x,8) @9+ (Vx,8) ®(L¥9) +
+if(Vx8) @9 +ifs ®(LL'9) +(Vx8) ®(LH9) +
+8@ (LA LT 9) +8®(LIK, x19)

= (Vg,® ”’)[(sz)®¢+s®(f§’¢)]+(l7[x,x,ls)®¢+
+8®(L1%,x,)9) +if[(Vx8) @9+ 80 (£g)].

But s®g¢ is F-horizontal. Hence

(99) (Vxs)®@9+2@ L W) =0,
and

(100) (Vix,x)8) @9 +88 (-g’[lg.x,w’) = 0.
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Substituting (99) and (100) into (98),
A=0

is obtained which completes the proof of Lemma III.21.

For real feCyp(M), let @, be an unbounded operator in H, defined
on the domain

(101) Dg,:={seHpNT(LR®DY): [(Vx,+if)® 1”](a)eHF}
by the formula

(102) Qo= = (Vx4 N®LEI0).

The mapping f—@, is just the Kostant quantization prescription
for assigning operators in Hy to real functions from CFp(M).
Now we shall suppose that real feCyp (M) is such that X, is a complete

vector field. Let X, denote the horizontal llft of X,, i.e. such a (smooth)

vector field on L that = X, = X,, and (X,I‘Lla> = 0. Let m, denote
an automorphism of L,

my(8;) := g(x)s, for s.eL,, geC*(M).
Let

= ad
(103) Y,(sz) s = E o me“f (82)'
f is a m-vertical vector field on L. Let
(104) X,:=X,— Y,
X 7 is a complete vector field since if {—z(?) is an integral curve of X,,
and t-’w(t) its horizontal lift, then t»exp(—-ztf (w(t)))m(t) is an integral

curve of X, (f(w(t)) const). Let (®,);.g be the one-parameter group
of diffeomorphisms of L generated by X,. @, preserve a as X, does:

.Q’i-fa = X",_Jn‘w—{-d(j,_l a) =X, | w-l—d(f,_l a) = n'df—d(i'f_l a) =

as in virtue of (28) i’,_J a = n'f. 5), preserve also the hermitian structure,
since m,, for ¢ taking values in §* = C, and the parallel transport do so.

Thus (5,),, g 18 3 one-parameter group of automorphisms of L.

L ! >L

(105) » "

*
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&, preserve F as feCypp(M) — see remark on p. 23. Thus, there exist
bundle automorphisms of Dy

by

DF__;_ _)_DF

(106)

¥ ?,

v
M >M

such that for yeI'(Dg), (D) loyo®, = B}y (D) g I8 3 smooth one-

parameter group of diffeomorphisms of Dy. Let X, be its generator.
Since D}’sp—~¢@peDy is a covering mapping, there exists a unique
vector field X¥* on DY? related to X, by this mapping. X}* is complete,

as lifts of integral curves of X, are integral for X;? The one-parameter
| J— '

group of diffeomorphisms of D}?, defined by X}?, determines a one-

parameter group of automorphisms (®}?),.p of DY

1/2

DY? L S >Di
(107)
A4 [ A4
M >M

p—
Thus, (®,® P}*) is a smooth one-parameter group of automorphisms
of Le D! -

F00;”

L®D¥———— LDV
(108)

Y

M b >j2

Let us note that for 8el' (L) and X being a vector field on M,

(109) V2(®@_080 B, = i (D080 By), X ()| &) (P_so 80 B) (m)
= i ,((P,, X)(@,(m) aYB_o s(,(m)

= ¢_‘° ( Vgt‘xs)o ¢‘rm-
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If yello(Dp) and X preserves F, then
(110) 3x(d_5:§° 1o ®y) = Lx(Py) = d’:(-?o,.xl) == 2-_-¢°(-9’o,_xx)° ;.
If pel\, (DY), then
(111) O o[ LY (Pliogo D)0 B, = L3 xo,
a8 qz—>¢”’o [3"’((15" fogo@)lo®P_, is a (P, X)-derivation  of I, (D},
which is rela.ted by (4) to the (P, X)-derivation of I',,(Dy)
Z‘*Etf [(Lx(P_ox0D)oP_, = -?o,_xx'

From (109) and (111) we obtain (for X preserving F and ¢ eI, (L ® D}?))
(12)  (Fx@LH(P ® Dh)o 0o @]
= (¢—l ® d)l-lf) [(Vo, x®ZLo, x)0]o Py

Thus, if ¢ is F- horlzontal then so is (d—"_,@ (D‘_’,)o oo &;. For sele(L),

dat = 4 fom) (w(t))
(dt L-o P_s080 ¢¢) (m) = % Lo( el 8(m ))

z (1)

where t—a(t) is an integral curve of X,, #(0) = m, and t>2(t) is its a-
horizontal lift passing, at ¢ = 0, through s(m). Thus,

d

(113) —[ (6_,080@,)[ -
t=0

at . (Vx,""l:f)S[ .

m

at ;o —
lated by (4) to the X,-derivation of I"loo(DF)

d
Now I, (D}? atpr—»——[ (P30 o B)) is an X,-derivation of Too (DY), Te-
¢

d d
Pm(np)ax»—[ (@_oo®) =] Oy =21
{

dt - — at {=0

Hence

4 L1 (@Fogody) = 2.
(114) i |, (@Thorn @) = 4y
Combining (113) and (114), for gel (L ® D) we obtain

d —
(116) mr (B ® %o 0o ) = [(7x,+i) @ LL]
{=0

Since ¥, te R, preserves F, it also preserves D. Let (&,)p be a diffeo-
morphism of M /D, such that (®,)poep = 0po ;. (P)p defines a bundle
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automorphism |(P;)p]

p——

(P8 p

| A3 *T* (M | D)C| ———|A>*T* (M | D)®|

(116)

t
Y

M|D @ .M/D

such that if yeI'(A**~*T*(M /D)) is non-vanishing, then .
(P_e)ple Ivle (B)p = (B)pyl-

The following relation is straightforward:
(117) <<(¢—¢® ¢l/2)° oo D, (q) ® ¢”2)° go 4):)) = |(¢-¢)D|°(<U; oo &,

‘for o, peI'(L® D}?) being D-horizontal.
From (117) it follows that if oel"(L® D}¥*)NHp, then (qb_,@qs‘_’,)o
ooo P NL®D)NnHy and

(118) I _f®¢”’)ooo¢.uu [

Thus, for ¢« R the exists a unitary operator
such that for ce 'L ® D¥’) nHp,

(119) Ul := (0_,® )0 g0 &,.

(U))seg forms a unitary one-parameter group.
We also have, in virtue of (115),

d

[120) i (Ufa)(m) = i(Qy0)(m)
=0

for me M and oeDq,.

IT1.22. THEOREM. 1. (U{).m i8 a strongly continuous one-parameter
unitary group in Hy.

2. Let U} = exp (it@,), where (:2, i8 the self-adjoint generator of this
group. Then Q;, > Q.

3 — Dissertationes Mathematicae 128
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3. Qf = Q’-.
Proof. 1. Let pry: RxM—-M be the projection onto the second
factor. Let

T := pr; (L@ D)

be a pull-back of L® D}’ by pr,. By shifts of the first variable, R acts
on Rx M as a group of diffeomorphisms ¥, and these diffeomorphisms

can be lifted to automorphisms ?F’: of T, as T is trivial along pr,-fibres.
For oeI'(L® DY) and kheCy(R), let K,oeI'(T),

(121) Eyo(z, m) := h(v)[(2_, ® B*)(o(, (m)))].
We have

(122)  Vi(Eu0) [(s,my 2 = (F_0 Ky0 ¥) (7, m)
= h(t+0)[(P_r @ PLL_,) 0( Py (m)]
= h(t+7)[(P_,® PL2)(((2_,® D)o 0o B,)(, (m)]

= Ep,((@_s® P1)o 00 By)|i.my

where (t):= h(t+7).

Let #eI'(T). #(z, ) is a section of L® D"2 Let ¢ be such that for
reR, &(t, ) is D-horizontal. Suppose also that for each reR, ¥(7, -) is
of finite norm (see Definition III.18), and that

(8, P : —fdr( [ €8, ), ¥z, )Y < +o0.

MID
For two such sections & and neI’'(T), we shall put

(123) () m)p i = f dr( [ «d(x, ), iz, )

MiD

= [ ([d¢a(x, ), n(x, ).

M/ID B

(The last equality can be easily proved by means of the Fubini-Tonelli
Theorem.)

In virtue of (117), for o, pe'(L® DY) N Hp,

(124) (K0, Epolr = lh(rm( [ (®_)pieCa, eyo B)dr

M|D J—

=( [ h(m)12dr) (o, o))
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Choosing h such that [|h(7)[3dr = 1, for oeI'(L® D}*) N Hy we obtain
B

126) (o, Ufo)r = (Kxo, Ky Ulo)r = (Epo, Vi(K,_, o))r
= (Eyo0, Vt(Kh_,U—KhU))T‘f'(KhU, Vi(EK,a)r

= fd’( [ «Epo(z, ), By_jo(t+7,)—
R Mip

—Kpo(t+, -)>>)+fdr( [ By (z, ), Bpo(t+7,)))

M|D

= [ach@) (h(z) —h(t+7) f<<U’cr Uf,.09) +
R

+ f (f(Kha(T’ ')y Kpa(t+v, ')»d't)'

M/ID R
But

(126) Udrh(r ) (h(x) —h(t+7) f((U,a, U0 |)
< [ dzih(2)|h(v) — h(t+ )l ol —5—> O.
R

Now for #eI'(T) such that for each me M, 3(-, m) is square integrable
on R, let 9(E,m) denote ,{ ¢'B9 (s, m)ds. In virtue of the Bounded Con-

vergence Theorem, we have

(127) f( f((Kha(r, ), Kpo(t+t, -)))dr)

M/ID R

=Lﬂ f( fe-‘E'<(K/;a(E, ), K, (B, -)))dE)
MID R

e [ ([ Ko, ), Kyo(m, ) an)

MD'R
= (K0, Ky0)pr = (0, 6)p.

From (125), (126) and (127), we get

(128) (o, Ujo)g—=—> (0, 0)p for ce(LR®D¥)NnHp,

which proves the weak continuity on a dense subset of H, and, conse-
quently, strong continuity of R>t— UJ (U} are unitary).
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2. It can be seen that, when proving 1, we have in fact reduced the
case to a much simpler one; when we have a Hilbert space of maps on R
taking values in another Hilbert space, and our one-parameter unitary
group is the group of shifts of the R-variable. We shall now avail ourselves
of this reduction. '

Let o, ¢el'(L®Dy')nHy, ¢<Dg,. From (115) and (122), we get

d

EL oVa(KhQ) = K, ([(Vx,+if) ® £X) o) + Epe = Kp(1Qr0) + Eyo.

Now, choosing % again so that J |h(r)|2dr = 1, we have
1 ) 1 .
129) (o, 5 (Tle— o)~ 0ye)uay = (Kao, - (Eu(Tie) — Kol — Entidye))
. T

1 d
= (KhU:T(Vc(Kh_gQ)—KhQ)——dt L Vi(Kso)+ Ky Q)T
=0

1
= (Kho'a ry (Ve(En_,oe—EKno)+Ve(Ey_, 9))T+(Kh0’ Euyo—V(Ey_,0)r+

1 d
+ (KAU’T‘(Vt (Kno)—EKpe)— & { Vs (K;.e))
=0 T

- J drh(r) [% (h(r)—h(t+r))+h'(r>] ( [«Tlo, Tl o)+

M/D

+( [ #ew ) (0, 0~ Vlede+ fae( [ (Hiolr, ) -{Bretite, )
R R M/D

d
— Kjo(z, )) —E [

t=0

Epe(t+T, ).

Now

(130) |Jdrm)[%(h(z)_h(t+r))+h'(z)]( f«q{a, U{_,_‘.g))l

M|D

% (h(r) = Rh(t+T)) + A (7)

lolzliolly —=5— ©

< J dz |h(2)]

uniformly for o, such that |oF<1;

(181)  |( AW (1)dr) (o, 0— Ulo)r|
R

<|[pE)W ()| le— Uleliploly ——> O
R
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uniformly for ¢, such that |oflz <1

(132) Ifd-r( f((K,,a('r, ),—(K,,g t+1,)—Kyol(r, ) —

M|D
d
_EL-.,K"Q““’ »)|
1 1 A~
<E, (f(t ( “E‘—l)+zE) (Ka(E, "), K,o(E )»dE)l
M/ID'R
—1—( ~E_ 1)+ iE : _
1 t BTN i 12
<g( I — CGEEyo(E, ->,zEK,.e(E,-)>>aE)) x

( f(f«x,,a B, ), Ko, )Y aE))”2

M/D R

1
ety yim|

A N 12
XEKyo(E, ), i EK,o(E, -)) dE’)) lolly —=5— 0

uniformly for o, such that |||z <1, in virtue of the Bounded Conver-
gence Theorem.

(129), (130), (131) and (132) yield
(0,— (Ufe— 9)"'/9!9) =0
uniformly for ¢, such that |lo|ly < 1, whicl) proves 2.

3. First we show that Q, is densely defined. Indeed, let g« I'(L® DY) N
NHp. Then — f Ulodrel'(LQ D¥*)nHy. But

148
1
vl (t of U’dr) ——f Ul,.0dv _—f Ul gdr.

Hence

d

¢
1 .
—_ {1 — 4 = —
o J Uleds) = 1 (Tle— o)<y,
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where the derivation is performed point-wise. Thus, in w;'irtue,of (115),
(119) and (101),

4 y ¢
1 1 )
0 0
But .

R 37— U{ g€ HF
is continuous, and so

¢
1
—t-fU{gdr ——> ¢ in Hp.

We also note that if geDg, then UfpeD, and Q,Ufe = UjQse
(see (120)). Now 3 follows 1mmedlately from the followmg

LEMMA (Renouard — see [11]). Let A be a densely defined operator
in' a Hilbert space, and A its self-adjoint extension. If D, is gt
for teR, then A = A.

Proof of lemma. Let K, be deficiency subspaces of 4, K, =
= {0eD: (A*+i)o = 0}. K, are closed and ¢““ invariant, as for
oeK, and peD ,

(4 x£i)e, **a) = (¢4 (4 Li)e, o
= (A4 £i)e, o) = (4 £i)e "4, o)
= (e‘““.g, (A* Fi)a) =0,
and hence ¢“dgeD ., and (4*+i)e*o = 0. Now Arxi is an infinites-

imal generator of (e “l‘x +hem, and therefore DinK, is dense in K,.
But if oeD3NK_, then

(A +i)o = (A* +i)o =0,

invariant

as A* is an extension of 4. But A is gelf-adjoint, hence ¢ = 0 and, conse-
quently, K, = {0}, which proves our lemma. [ =

II1.23. CorOLLARY. Let feCxp(M) be real, such that X, is complete.
Then Q, 18 a densely defined essentially self-adjoint operator.

II1.24. ProOPOSITION. Let f, geCrp(M) and oeI'(L® DY*). Then
(133) [(Vx,+i)® %;:(Vx ‘Hg)@gm] = —((Vyq+i{f,9)) @ LY ).

Proof. We shall prove (133) locally. Let, locally, 0 = 8 ® ¢, where
8el (L) and ¢ el (D). Thus, locally,

(134)  [(Vx,+if)®LYE, (Vx, +i9) ®LYE 10 = ([Vx, +if, Vx, +ig)8) @ +
+3Q (LY, X le = ([Fx, Vx,18)®9—2i{f, g}s®p+8®[ ié;,z’}éf,]e.
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But by (29),
(135) [fo, Vx,,]s = i X,((8: X,|a))s —iX,((s'I,la))s
= 1{X;, X,|d(s*a))>s +i([X,, Xq]ls* ays

= i{Xy, Xylo)8 +Vix, x5 =i{f, g} +Vix,x,8-

(2%, £%,) is & [X;, X,]-derivation of I, (Dyf') related to [Lx, Zx,]
- -?[x,.x,,] by (4). Thus,

(136) (€%, £X,) = [%x, £x,]" = 2{%.x,-
Substitution of (136) and (135) to (134) yields
[( Vx,"*‘if) ®-?¥i’ (Vx,+i9) ®-?yr:,]0’

= ((Vixyxp—ilh 9)8) @9 +4@ iz, x10 = — [(Vxyy, +9{f,9) ® L )0

X{1,0}
as [X;, X,] = — X, which proves (134). =
II1.25. CorOLLARY. If f, g are real elements of Cxp(M), then
(137) [ Qule = Q50

Jor such oeHy that both sides of (137) make sense.

Thus the Kostant quantigation procedure realizes, partly, the
Dirac program of representing classical physical values by self-adjoint
operators in a Hilbert space of states, so that the Poisson bracket should
pass into the commutator (up to the constant ¢).

II1.26. EXAMPLE (cotangent bundle). Let (M, ), a quantum bundle
and a polarization with a square root structure be as in Examples III.2,
7, 11 and 19. CFr (M) is composed of functions f whose canonical fields X,
project by x. to a vector field X, on 2. For ge(C”(M) constant along
x-fibres, let g denote such a function on 2 that g = gox. Simple calcula-
tions yield (i‘ﬁ the notation of Example 11I1.19) )

(138) Qo = (f— <X l0))e—iLie
for real feCrp(M) and geDQf.
For feCR (M),
(139) Q0 = fo.
II1.27. EXAMPLE (complex projective plane). Let (M, w), 2 quantum
bundle and a polarization with a square root structure be as in Examples

II1.8, 12 and 20. We shall follow here the notation adopted in these exam-
ples.
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Cyr(M) is spanned by functions @, ¥, z and a constant function

c . m+1 2,2,+ 2,2,

(e ] 2 el
y _ t(m+1) zlzl_zl;:
i
o p]t oy ML Il gl
19 #2

2 124]2 4 |24)%

(x, y, = are proportional to x;, i =1, 2, 3, in the notation of (32)). Func-
tions z, y, 2 generate a Lie subalgebra of Cyp(M), which is isomorphic
to su(2). Straightforward calculations yield:

. Qz({aj}) = {bj}’
where
(140) by = %ay; b, = (i +1)e +H(m+1—j)a;,],
1<j<sm-1;
bm = ‘}am—u

Qy({a}) = {0},

where
i i . . .

Co =§al; ¢; =?[(g+1)aj+1—(m+1_})aj_l]’ 1<]<m—1;

(141)
7
Cn = _Ea’m—ly
ffm

(142) Q.({ay)) = {(7 - J)a,}.

This gives the standard Wigner representation of su(2) for spin
equal to m/2.
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Throughout Chapter IV we shall assume that M is connected and
simply connected.

A. Geometric quantization of canonical diffeomorphisms

Let F be a polarization for (M, w) and (D}’?, t) @ square root struc-
ture for . We shall repeat some considerations from Chapter III Sec-
tion F in a slightly different context.

Let V: M—>M be a canonical diffeomorphism, i.e. let

(143) 7o = o.

Since M is connected and simply connected, there exists an auto-
morphism V of the bundle L

L—Y 1

w ]

M_V—->M
such that 7*a — a, V preserves the hermitian structure on L, and V
is unique up to the multiplication of Z by a constant factor from
St (see [6]).
If V additionally preserves the polarization F, then it also defines
a bundle automorphism V of Dy

| 4

Dy———> Dy
(145) [ l
' ¥—r >y
such that if yel),(Dy), then
(146) V3%egoV = V*y.
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IV.1. LEMMA. There emists & bundle automorphism V*

pr_ | pu
(147) J

J]j[ — Y M
such that
(148) (V22)® (V*a) = V(2Q )

for zeDf. V' is unique up to the sign.

Proof. Let (0,),.s be an open covering of M by simply connected
sets, and for each ac A, let ¢, be a non-vamshmg section of D} over 0,.
Suppose, additionally, that for each aeA, DY [7-10, is trivial. Then
for each a there exists a section y, of D}’ over V~*(0,) such that

(149) va®v. = V' (9, Q¢.),

which is easily verified as the problem can be reduced to the taking of
a smooth square root of a (smooth) non-vanishing function defined on
a simply connected set. For (a, f)eA X A such that 0,n0; = @, let

Ps = 9paPa on Oa noﬁ‘

In virtue of (149), we have

'p; = aﬂa(gﬂao V)'p;!

where o, is locally constant on V~'(0,) NV ~'(0,) and takes values in
Z, = {—1,1}. It is easily verified that (ap,) is a Cech 1-cocycle for the
covering (V~'(0,)).c4. Since HY(M, Z,) = 0 (in virtue of the Cohomolo-
gical Theorem on Universal Coefficients), we have (passing if necessary
to a finer covering)

-1
Gga = VaVe »

where y, is a locally constant Z,-valued function on V~'(0,).
Let
Yai= Vs Yo
Then we can define V' by
(150) V”’o Yo = @0 V.

It is easily verified that (150) uniquely defines V2. Since the family
(va) can be chosen up to the simultaneous change of sign, V"’ i8 unique
up to the sign. =
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Now let ¥V, be a diffeomorphism induced on M/D by V. We have
% bundle automorphism |V pl

. 7 pi '
lAZn—kT*(M/D)CI ILD_)_ |A2n—th(M/D)CI
(151)

M/D D, M/D
such that if oel'(A**~*T*(M /D)) is non-vanishing, then
|Vpi~teloje Vp = |Vpal.

The automorphisms in (144) and (147) define a bundle automorphism
e Ve :

Peyie
LD} ———LQDy}

(162) l \
14

M— —M

Verification of the following facts is straightforward.
1v.2. PROPOSITh)N.

1. If oeI'(L® DY) is F-horizontal, then (V®V')ogoV is also
F-horizontal.

2. {(V®V) oooV,(VO®V¥) 000 VY = |Vpl ko, ey o Vp for
g, oeI'(L® DY) being D-horizontal (compare (117)).

3. If 0e (LD} nHy, then (FVR®V)ogoVel(LRDY)NHy and
I(VRV*) e g0 V| = lioli (compare (118)).

Thus, there exists a unitary operator Upgpiz: Hp—>Hp, such that
for ce'(L® D)nHy, -

(153) Upgpine = (FRVY)logo V.

B. Distinguished kernels

Let F', and F, be two polarizations for (M, w).

IV.3. DEFINITION. F; and F, are called transversal if for each m« M,
(Fl)mn(Fa)m = {Om}'

Let (D’,ﬁf, ¢;) and (Dy.:, ty) be square root structures for ¥, and F,,
respectively. Suppose that ¥, and F, are transversal. One can easily see
that Dy, ® Dy, is isomorphic to A*T*(M)C, the isomorphism‘being defined
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by external multiplication on fibres. We have bundle isomorphisms
(154) (DY ® DY) ® (DY ® DY) ~ (D} ® DY) ® (DY:® DY)
"22 Dy ® Dy, ~ A"T* ().

Let us denote the composed isomorphism by y. Thus, (D} ® D}?), 1)
is a square root of AT*(M)C.

IV.4. DEFINITION. We say that a section ()" <I'(D}2® DY?) is an

adjustment of square root structures (D}, ) and (DY¥;, 1), or that ()2
adjusts (DY, «,) and (DY, ) if

(1565) (w)”’@(c':))m = g0 ((3))1’2®(31)l’=)\= OA ... AD =! O,
: n times

Let us note that if Z: {hD"’@D"’ 2(A®A)ed(M)}, then Z
together with a mapping Z A — x(l@).)ccn( M) is a covering space of the

connected simply connected space o(M) c A**T*(M)C (M is connected
and simply connected). Thus connected components of Z determine two
adjustments of (D¥:, ¢,) and (D}, ¢,), ditfering by sign.

We shall assume for the rest of the paper that (F,, F,) is a pair of irans-
versal polarizations for (M, w) with square root siructures (D"’ t) and

(D.ll!':’ ta), adjusted by (w)llzfp(Dy':@Dy':)-

Let L* be the dual bundle of L. One can provide L* with a dual
connection, i.e. such one that

(156) (8|P%8*> = X(8]8")) — (Vx8[s")

if seI'(L) and 8*«I'(L*), and X is a vector field on M (V* is a covariant
derivative defined by the dual connection).

Let pr;: M x M—>M, i = 1, 2, be the projection onto the i-th factor.
Let

(157) P:=pr}(L®DY)@prs(L'® D"’)

P is a one-dimensional complex bundle over M x M. Let 4 := {(m, m)e
e M x M}.
Let KeI'(P).

——
By K(m,, ) we shall denote a section of L*® D}, obtained from
Kl myxx by & natural identification of Pl ;. and L‘ ®D"’ (determ-
ined up to a constant).

—

By K(-,ms) we shall denote a section of L® D obtamed from
K| pxim, by @ natural identification of P, m, and L® (determ-
ined up to a constant).
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By X, |, we shall denote a section of D”’@D”: obtained from KT,
by the natural identification of P|, and D""@D”2

IV.5. DEFINITION. A non-zero section K eI'(P) will be called a dis-
tinguished kernel for the pair of polarizations (¥, F,) with square root
structures (D, ) and (DY¥;, 1), adjusted by (@)"2, or (with a slight
abuse of language) a distinguished kernel for (F,, F,) if:

—— ——t

1. for each m,e M, K(m,, -) is F,-horizontal (i.e. (V'yx ® %) (K (m,, -))

= 0 for X taking values in F,);

~ . ) »
2. for each mye M, K(-, m,) is F,-horizontal;

3. K[, is proportional to (&)
Let
= {pel'( L®D"’)nHF‘- ex,(suppt o) is & compact subset of M/E,}.
¥, is dense in Hy, ¢ =1, 2, since, if g I'"(L® D) N Hp, and feOF(M/H),
then erH'o :
Let g,eP(L@D”’)nHF For mqe M, lot K (-, m,) = K(-, my) ® 0,
where cr,,,ze(L‘®1)1"’),,,2 We shall put ‘

(158) €e1(1); K-y ma)} 1= €ea (), K(+) Ma)) ® o,

Suppose that on M/D,, €o,(*), K(-, m,)) defines a measure with
bounded absolute variation. Then we shall put

(169)  (ea() K, m)r,: =( [ €ea(), E(+y m))) ® 0,

MID,

Now
my > (01(1), K(, ma))F1

is & not necessarily smooth section of L*® Dif2. Let g,eI'(L® D3f) NHp,.
“'We shall identify

Mg >0y (My) ® (01(*), K (-, mz))Fl

with a not necessarily smooth section of DF1®D1” in an obvious way,
and we shall put

92(m2)®(91(')7K('7m2))F1
n\l/2 '
(8)*(m.)

IV.6. DEFINITION. Let K be a distinguished kernel for (F,, F,).
We say that K is regular if:

1. for o, Hy, and mye M, €oy(*), H(-, m,)) defines on M /D, a meas-
ure with bounded absolute variation;

(160) {01y 0o}k (my) 1 =
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2. mg>(01(*)y E(-y mg))y, is a smooth section of L’@D"2 which
is F,-horizontal;

3. for szﬂzoi',! {o1, Qz}x‘gl(‘?’); '

4, u {€1, ea}x®| < llosllw, lleallr,* const, and the left-hand side is not

identically zero.

Let K be a regular distinguished kernel for (¥,, F,). By (-, ),,,«1 we
shall denote the }-linear continuous form on H Fyy defined for g,, 0sc HY Fy
by

(161) (e1) 2% : = [{e1) es)xb.
M

IV.7. DEFINITION. Let K be a distinguished kernel for (F,, F,).
We say that K is reproducing if:

1. it is regular;
2' (-’ .)51 = (.’ -)Fl'

We shall be interested in situations in which a distinguished kernel
exists and is unique up to a constant factor. One such situation will be

described in the proposition below, and another (involving kihlerian
Dolarizations) will be given later.

IV.8. PROPOSITION. Suppose that F, and F, are real, and that
ep,p,: M—~M[Dy X M[D,, twhere ep,p, (M) := (QDI(’”), 9D2(m))7

(162)

i8 a& diffeomorphism. Then there exists a distinguished kernel for (¥,, F,),
which i3 unique up to a conmsiant factor. ‘
Proof. One can easily see that, in virtue of our assumptions about M,
F, and F,, maximal integral submanifolds of D;, i =1, 2, are simply
connected. Thus the connection in L defines a parallelism in L over in-
tegral submanifolds of D,;, and one can define a bundle L/D; possessing
M|D; as the base space (see [11]). We have a canonical isomorphism

(163) L ~ ¢} (L/D,).
Analogously, for L* we define L*/D; and
(164) L* ~ o5, (L*/D;)

Dy, is also parallel over integral submanifolds of D;, where the pa-
rallelism is defined by an isomorphism

(165) Dy, =~ ¢p,(A"T*(M|D,)°).

Let #e¢ M/D,;, U be its open connected simply connected neighbour-
hood, and o a non-vanishing n-form on U. Then

{AeD¥:: 2®1 is in the range of ¢}, 0}
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is a covermg space for the simply connected range of o D‘a in A"T*(M)°/

/(F‘nF,) and, hence, is composed of two disconnected components. Thus,

there exists a (smooth) section gel’ -1(U)(D”2) such that ¢®¢ = ¢3,0.

Such sections define a parallelism in DY’ over integral submanifolds of D;,
and enable us to define a vector bundle Dj?/D’. We also have a canonic-
al isomorphism

(166) op,(D¥;/D;) =~ D,
Let us consider a bundle
(167) S : = pr} (L/D,® D¥/D,) ® pr; (L*/D, ® Dy, /D,)
over M/D, x M/D,, where pr, and pr, are projections of M /D, x M /D,
onto M/D, and M/D,, respectively. Let ¢op X ¢p,: M X M—>M[D, x M [ Dy

be the product of ep, and gp,. The 1somorphlsms (163), (164) and (166)
produce 1somorphlsms

(168) P =~ (gop, ¥ 0p,)*(8)
and
(169) DY ® D}éj ~ L® Dy, ®L* ® D, ~ ¢p,p,(S).

The isomorphisms (168) and (196) allow us in turn to compose a bundle
morphism

»

P e >L® D1/2 ® * ® _D1/z Dl/z ® Duz
(170)
v el p.oep xep.) M 1a
Mxy PPy i N3

Now (cu)‘/2 is a section of D}?® Dy. Let K be the unique section
of P, which makes the following dla.gram commutative:

P * 1/2 @ Dl/z
(171) K (3)1/2
-1
TR O e e S
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It follows immediately from this construction that K is a distinguish-
ed kernel. Its uniqueness (up to a constant factor) is also straight-
forward. = '

We shall examine more closely the situation considered in Proposi-
tion IV.8: F,, F, are real and ¢pp, s a diffeomorphism of M onto
M|/D, x M|D,. Let » be the bundle ‘anti- isomorphism of L and L*, de-
fined by the hermitian structure of L

4

> L*

|

MM—M>M

I
(172)

The complex conjugation defines a bundle anti-isomorphism &
Of DF" i = 1’ 2,
9%

Dy,

14

’DF{

(173)
Y
Y SN/,

As in Lemma IV.1, we can show that there exists a bundle anti-
isomorphism & of DY}
‘,1/2

(174) l

Y id
M—2 M
such that for ¢, pe(Dif)., (8i°9)® (8;"y) = 8;(p®y), determined up
to the sign.

v ® 6{* is a bundle anti-isomorphism of L® D} and L*® D}, which
transforms F -horizontal sections to F -horizontal omes, ¢ = 1, 2.

IV.9. DEFINITION, We say that F, is isometrically related to F,
if for geH}l'and oeH%-z,

e®[(® 5:/%)° o] . 3;1({5)’
(@)

and if there exists an isometric operator Vy p,: Hp —~Hp, such that

f LI LR
(@)

(175) n) = (o) VF]FZ e)r, const
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(as usually we consider o ®[(»®0dY%)oa] as a section of Dy ® Dy)).
If Vg p, is unitary, then we say that F, is wnitarily related to .l?’2
(see [4]).
Vr,r, i8 often called a generalized Fourier transform relating ¥, to F,.

The following proposition shows a close connection between repro-
ducing distinguished kernels and isometric operators relating two pol-
arizations.

IV.10. PrOPOSITION. Let F,, F,; be real and op 1, be a diffeomorphism
of M onto M|/D, x M|D,. Let K be a distinguished kernel for (F,, F,), and
suppose that K is reproducing for (F,, F,). Then F, i3 isometrically re-
lated to ¥,, and for oeHy we can put

(176)  (Vemo)imy) = ('@ 8% [(e("), K (-, my))p,]-const.

If there exvists a reproducing distinguished kernel also for (F,, F,),
then F, is unitarily related to F,.

Proof. We shall start by proving the following:

LevMA. For eeHy and ocHy,,

77)
i »® 83/%)o
[eBleBRD gy — 4 [ (ot W @8 (1), Kl )pD

( w)ll? M|D,

where A does not depend on p nor on o.

Proof of lemma. Throughout the proof of lemma, we shall iden-
tify the points of M, with their images by ep,p, in M [D, X M[D,. Let
=(m',m'')e M. In a contractible neighbourhood U’ of m' in M/D,,
there exist real 1-forms y;, ..., ., linearly independent at each point,
and in a contractible neighbourhood U’ of m' in M /Dz, real 1- forms
Hisonny lm also linearly independent at each point. Let 9, : = o3, z; and #;:
= gpzx,,, 1 <j, k < n. In a neighbourhood U := U’ x U"’ of m, there exist
(smooth) sections of Dy and Dj;, respectively, (n,A ... A7n,)"* and
(7 A .. Aq)"%, such that

)llz ’ ’

(A oo AR (MA oo A=A A,

and
(MA oo AP A o Ay = A oo ATy

and non-vanishing sections s, teI'(L), F;-and F,-horizontal, respectively.
Suppose that '

suppt ¢ < ¢5,(U’) and  suppt ¢ < o5, (U").

4 — Dissertationes Mathematicae 128
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Then
olv = (foep)8®@(mA ... A",
oly = (goep,)t®(m A ... A7),
where feCy’(U’) and geCy(U”).
We can suppose that
(178) @ = QA oo AGRATIA oo AN
with a being a positive function,
(179) (@) =a(mA ... A9 @ (0 A oo A
We chetk that for m, = (m;, m;) and m, = (m,;, m;), m,, meeU,

a(ms)
(t(my), 8(my))

X8(my) ® (A - A n,) " () @(E(mg)) ® () A ... A )2 (my),

K('mumz) =B

where m; = (m;, m,), and B does not depend on m, nor on m,. By (44),
(53), (b6) and (158), we have

(180)  Ke(*), K(:, my)) (m;) =

(f(mi)a(ma) |# (m)|* 7
(t(’ma)g g(m;)) '

By (159),

Ao A x;um;))@v(t(mz))@(n;' e ALY (my).

_f_('_)a'(’y'm;’)[s('ym;’)jz '

22 A

181 ° ,K ) 2 == B 77 7
(181) (o), Ky ma))r, (M/L; (i, my), 8¢, mo))

A x;l(-)) ¥(t(me)) ® (n A ... Amy) P (ms).
Further,

(182)  Ko(-), [ ® &) (e (), K (-, - )m ) (mr)

=:|:Bg(m;')( ff()a(’mzns(rmz)l A

(o, mp), 1, mp) P

M|D

A x:.t(->) b 7, A .. A 21 (m),
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where the sign “—” appears if 6&o(m A ... A = —(n/A ...
.. Aq)"%. Hence, :

183) [ <o), [0 @8 (o), EC, - )m]>
M/D,
g(my) f(my)a(my, my) [3(my, my)I* 8(my, my )

= :l:B 7 7 ] 77
(8(my, my), t(my, m, )

’ ! ‘e 143 ’ 124
X |MA oo AfIRAMA oo Afg[(My, my)
=B [ glm)fem)aim;, m)(tmi, m), sim, m)) x
MIDxMIDy _
X A coe ATRANL A oo AT (my, my),

a8 8 and ¢ are proportional at each point.
On the other hand,

3 ° n I ’ 4 ’
sy [COU®AN g [ G simiraim;, mox
74 (w)' M

X {t(myy my )y 8(myy M) (1A o ATAA DA L ATy (my, my),

where the sign “—” appears if 8% (g A ... A9 )2 = < (A ... A7)
Thus
®[(’V®6U2)00'] 7, , ’ ’
ss) [EEEEEEEE -4 [ gm)fm)a(m], m) X
74 (w)¥ M/D,’% M/D,

X(t(mlrmz)73(m11ms))l7h’\ cos ANGALA o AN l(my, my),

Comparing (183) and (185), we get (177) with A = 1/B for our
special case.

The general case when ¢<Hy , creH‘}-3 are arbitrary can be reduced
to the considered case by means of partitions of unity on M/D, and
M/D,. O

For geHy,, let

(186) (Vime)(ms) := A" (> @ &%) ((e(-), E (-, ma))5,)-

We note that VFIFBQQ'I'(L®D¥-:) and depends linearly on geH%l.
For oeHy,, (177) and (186) yield

12y
e®L®%)ool n _ g [ €@ Vrme>.

(187) =
i (w)" M/D,
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-Now let ¢,eCP(M/D,), 0 < g, <1 and g(r) 1 for each re ¥/D,,
and let y,:= ¢00p,- ¥e(VF,r, g)eH}z, and from (187) we get

(M) ®(E’(')v K(, ms))F1 ‘?’('m'a)
(@) (my)

(188) A f i ()

e®[(»®@ 8 ) Vi e]
f‘l’k " 2 = 4" f V’k(VF,F,Qr Vple o).
(@) MID,
But K is regular. Therefore,
o(my) ® (9(')’ K(, mz))i‘l

(@)% (my)

mgl—b

belongs to £ (). Hence,
o(m,) ®(9(')’ K(, mz))HFl

("6)112 (m )

& (M)

lim f wa(ms)

e(my) ® (o), K (-, ma))r, , .
f s,)Fl“’( z)—f{e,e}xw=(e,e)§,=(e, )r,-

M (w)ua (m,)
Thus,
| : AP
(189) fim i Ve Vrn® o lel,-
So A™ = AY and
(190) [ «Vemer Vi, ) = llely,.

M|/Dy
Hence
VFszQGHF’ and VFle maps ng into HF

isometrically and thus can be defined a8 an isometric operatlon from Hy,
into Hp,.

If a.lso for (F,, F,) there exists a reproducing distinguished kernel,
we can show similarly that F, is 1sometncally related to F,, where the
relating isometry Vg W) a8 can easily be seen from (187), is equal to
AV r,- Thus, if oeHp, is orthogonal to the range of Vg r,, then

(07 VFIFz Q)Fz = (V;-lpzﬂ', Q)Fg = —(VF3F10'7 Q)Fs

and, consequently, o = 0. Thus, Vp,r, is unitary and, changing at most
the phase of VFzFl.’ we can write Vg p = V',,-l,-2 (]
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Coming back to the general case of not necessarily real polariza-
tions, let V: M —M be a canonical diffeomorphism preserving F, and F,.
Let V, V12, yla

- 12 I
1 1
-~ l71 ‘ 72

vV —r 1/2 1 et 1/2
L1—7 L D¥ —— D D¥——"— DY

- 1]

M—Yr M M—Y M ¥r—r .M

be automorphisms as those given in (144) and (147). For L*, we also
have a bundle automorphism (V~1)*

7—1ye
L‘ (V ) >

L
(192) l
¥

M L4 » M
which preserves the connection of L*.
The bundle automorphisms from (191) and (192) allow us to define,
in an evident way, a bundle automorphism V x V

Fx¥V
P » P

-

MxM-—TXY_ MxM

IV.11. PrROPOSITION. Let K be a distinguished kernel for (F,, F,).
Then

VXVeEKo(V xV)?

18 also a distinguished Kernel.

Proof. Our proposition follows at once from the fact that the bundle
aatomorphisms V® V}? and (V-)*@ Vi1
— —

Pevi (P-lporl
L ®D},’-: _— »L® D%: L @D}’-: —»I'® .D}p’:

v
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transform  F,- and F,-horizontal sections of L®D"’ and L"‘®D“’2 to

F, and F,-horizontal sections, respectively, and from the fact that the
bundle automorphism V2@ V1?2
— —‘

viReyl
Do DY —== . DY@ D
(194) y
v
M 4 > M

transforms (@)*2 into + (®)"? in virtue of (143), (148) and (155). =
Let Qg r, denote the group of canonical diffeomorphisms of M pre-

serving F, and F,. Let QF r, denote the group of all bundle automorph-
isms V @ Vi obtained for VeQp,r,- We have a short exact sequence of
groups —~

(195) 1—>S‘->QF1F2»—>QFIF2—>1.
Unitary operators U 5 1[29 defined as in (153), provide a ‘unitary

- ,—f
representatlon U of Qp,s, in Hg,

Qrr? VO VL UggpizeAut(Hy,).

IV.12. PROPOSITION. Suppose that K i3 the unique (up to a constant
Sfactor) distinguished kernel, and that K is reqular. Suppose also that the
representation

y

U: Qpr,~>Aut(Hy)

18 irreducible. Then K, after a suitable normalization, is reproducing.

Proof. Let VxV and V x ¥V be as in (193). By Proposition IV.11,
V x V-KE-(V x V)™ is proportional to K and a closer examination of
the restrictions of both sections of P to A shows that

(196,) VxV-E(VxV)'=+K,

the sign depending on whether the bundle automorphlsm V”z ® V”’
in (194) preserves (»)"* or changes its sign. So for o,, o, HY Fyr Ve have
(see (160))

(196,) {Usg vize1 Use i ea}x = {01, Qs}fr?;;x.(yx 7)-1°V ={e1 Qz}x" 4

— —
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as the sign “—” in the middle term of (196,) appears if and only if it
appears in (196,). Hence,

(197) (Tpgriroy Upgpinei = (ers e2)F,-
ft —
Let Ae¢B(Hp, ) be defined by (see (76) and (161), and 4. in Defini-
tion IV.6)

G, )51 = (A" ')Fl'

(197) shows that 4 commutes with U,—;e,,ll/z, and the thesis of our
) —

proposition follows immediately from the irreducibility of U and the
Schur Lemma. =

We shall describe another situation in which a distinguished kernel
exists.

IV.13. PROPOSITION. Suppose that F, is kihlerian, Hp + {0}, and

F, = F,. Suppose that the group Qr,r, 80ls transitively on M (i.e. M is
" a Klein manifold). Then there exvists a reproducing distinguished kernel,
whioch is the unique (up to a constant factor) distinguished kernel for (F,, F,).

Proof. We shall first show that L and D},i’i carry, in our case, & na-
. tural structure of holomorphic bundles (see [12]).

_ d
Locally, L ~ (M xC, pr,, M) and the connection form a zfz- +pr; 0,
: ' 2

where 6 is a 1-form on M. Since F, is involutive, it defines a complex
structure on M, for which F, is the sub-bundle of anti-holomorphic
vectors. We have 0 = 0,,+0,,, where 6,, is of (1, 0)-type and 6,, of
(0, 1)-type.

w = a0 = 00,9+ 00,y + 08y, + 00, .

Since F, is w-isotropic, 5601 = 0. Thus, by the Grothendic-Dolbeault
Lemma, there exists locally a function f, such that

3_f = 0.

It is easily verified that ¢ defines a local F,-horizontal section of L.
Thus, locally, there exist F,-horizontal non-vanishing sections of L.
Since two such sections differ by a holomorphic factor, we can treat L
as a holomorphic bundle over M. Similarly, there exist local non-vanish-
ing F,-horizontal sections ¢ of D},’.f (such that ¢ ® ¢ is a local holomorphic
n-form on M), and also here two such sections differ by a holomorphie
factor. Thus we can provide D}’,f with a structure of a holomorphic bundle
over M. Therefore L®D},’{ possesses 3 natural structure of a holomorphic
bundle. The holomorphic and the F,-horizontal sections of L®D},i§ coin-
cide. '
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LEMMA 1 (see [2], Proposition 1.5.11). Hp nI’(L@D"’) = Hy,.
Thus, no completion procedure i8 needed to define H Fy-

Proof of Lemma 1. We must show that any Cauchy sequence
(¢s) of holomorphic sections of L® Dy: converges in Hy, to a holomorphic
section. Let aeFU(L®D”’) be holomorphlc, non- va.mshmg, and U an
open subset of M. Then

(198) elv = foo
and

€0n—Cmr €n — Qm»Fl = |fa—fmlo, U»Fl on U.

o, oDg, is a non-vanishing smooth absolute volume element on U.
But for any differential operator 2 on U with smooth coefficients, any
compact subset ¥ <= U, and any positive measure z on U with smooth
non-vanishing density, there exists Cy, g , such that

(199) sup 911 < Cux, 0, ( [ 111 dp)"
x v

for any holomorphic function f on U — see [14]. Thus,

S]-]'rp Ig(fﬂ _fm)l n,M*O

— (fm) i8 a Cauchy sequence in the topology of compact convergence
of all derivatives. Hence, (f,,) converge in this topology to a holomorphic
function f on U. It can easily be checked that local sections fo (taken
for different o) define a holomorphic sectlon o of L@Dml For C being
a measurable subset of U, we have

[€e—onr 0—endr, <UD [om—ons om—endry)
c m>N ¢

a8 fo—~f in IA(U, o, 0)y,), and, consequently,

f<e_eN’ ¢—exdr, < SUD I(QM—E’N’ em— OOF, Fs>0-
M m>N

Thus, geHp, and oy—5-5o>0 in He,. =

Let us bear in mind that the hermitian structure in L defines a bundle
anti-isomorphism » of L and L*,

L z »IL*

(172)
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The complex conjugation defines a bundle anti-isomorphism 4
Dy—> D,

1l

(200)

Y

_M idps }M

Analogously, as in Lemma IV.1, we can show that there exists a bundle
anti-isomorphism &'

12 12 12
Dg, »DF, 2
(201)
|
J;[ idpr oM

determined up to the sigm.
Thus, we have a bundle anti-isomorphism »@® &'

reD-—2" .1*eDy

(202)

M 1y >M
LeMMA 2. Let gy, 0aeI'(L® D¥)). The followi@g relation holds:
0:®[(»® 61/2)'91] —4 €01, 0D7
(@) @]

where, as usual, we identify the sections of L®D},’{®L"®D},’.§ and of
Di®DY;. A in (203) is a comples number and does mot depend on the
point nor on o, and p,, |A| = n!.

Proof of Lemma 2. We shall check (203) locally. Let 7y, ..., 7,

be local 1-forms on M, linearly independent at each point and vanishing
on F,-directions. Let (n;A ... A 7,)"* be a local section of D¥} such that

(MmA oo AR ®(mA oo AT = A o A,
We have, locally,

(204) 0 = 8®(mA ... An,)"",  where 8elo(L), ¢ = 1,2,
(205) © = ) BYnamy,
1,7

n

(208) @ = (—1)""D2y1det(BY)(nA ... ANRA (A .0 ATL),
(207) (@) = La,(n!)?(det(BY)(nyA ... A )P ® 8 (mA ... Ana)],

(203)

’
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where

G, =

1 ifn=4k or n =4k+1,
7 if n =4k+2 or n = 4k + 3.

Now, locally,

s ®[(*® 6llz)° 0:] _ (814 82)

(208) oy = ) (et (BOE

By (44) and (53),

(81, 82)
|™(7yy «y Ny M1y = eny ﬂn)|l/
Thus, locally,

€01 0dF, = = 1A AT, AN A oo AT

o1 Qs))z«"l _ (81, 82)
@] 211t (B 10" (May -y Tny May - ey TV

(209)

We must still compute

- — —_ —% — %
0™ (Nay «vvs My My oeey M) = K’ﬁ#’ '"7"7:*7771 y ooy Up |‘,‘.-’>'

+ _H# —%# — —
= nlldet(B)[<nf, ooy nFym 5oy T 1WA o Ay AT A o AT

Let
Cij:= i yme o) =<y |95 = Tl
We have

— % - : — —
m=n Jo =1y _J(ZB*’% A ﬂlé) = ZCHBiknk7
ik ik

_#

as {ny Iy =0. .
Thus, the matrix (Cy) is inverse to (BY).
Now

- _# — -
[ty e ¥ ey T 1A e AT A Tyl AT

1

= det(BY)p”
Hence

“p _ — n!

(210) 0™ (M1 eeey Mpy My ooy M)l = idet (B
(209) and (210) yield |

€e1) 02Dr, . (81, 82)
(211) lg,l - (n!)alz Idet(BiJ')lllﬂ .
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From (205) we conclude that det(BY) is non-vanishing, real or purely
imaginary (e is real). Thus, comparing (208) and (211), we get the thesis
of Lemma 2. O

If o is an F;-horizontal section of L® DY, then (v® 8'%)op iz F,-
horizontal.

Let oel'y(L®Dy:) be a non-vanishing F,-horizontal section. Let
meeU = M. For geHp , let ¢° be a holomorphic function defined by

(212) ely =
Then, in virtue of (199),

o

c.

[[~}]

HF13 e—>0°(my)e C
is a linear continuous form on Hp, . Thus, there exists 9, ¢Hy such that

(213) 0" (mg) = (On,5 O)rF,-

Let rePW(L®D.‘,"~i) be another non-vanishing F,-horizontal section.

Let

(214) Ol w = Dint.
LEMMA 3.
(215) W x U3 (my, my) 852 (my) e C

8 smooth, holomorphic in m,-variables and anti-holomorphic in m,-var-
iables.

Proof of Lemma 3. Without loss of generality, we can assume
that U and W are open balls in R*™ = C".
Let

. g'el _
(216) 9% = ) @i=(G1y .0y Q) la] 1= a1+ ... Fag,.

0z ... Oxyin

We note that if 2 is a (complex) linear combination of 27 then
Hy,>¢ — 2¢°(my)e C

is also a continuous linear form on H r, (see (199)). Let 93, <Hy be
such that

(217) D0°(my) = ("9'79.1712’ Q)Fl'v
and let
(218) gl = DG, T-

First we note that for each m,e M, '

Wam, > D5 (my)  is holomorphic.
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Now we shall show that
(219) 25,057 (my) = 853 (m,) for la| =1

(the index m, at 2° shows that the latter acts on ms-variables).
We have

1 a (] g
(220) llT (Hmg+te — Fmg) — By imy

.

1 a g (g
= ,“‘;P (_t_ (Fing-+te — Omg) =y pmy 9)
¢ ! Y Fy
lll g, <1
1 ~a ~“a ~ag
= sup T(Q (my +te) — @° (my)) — V0" (my)
QIHFI
lieli <2

< O sup sup |2%°(m)|llel2it| < Ch (¢l
eely, Ivi=2
llelzr <1 ™

for sufficiently small ¢ (X" being a compact neighbourhood of m, in U)
(we have again used (199)).
Thus,

1 a a 3

and so, in virtue of (199),
1. N . -
(222) T (Piag-+te) (1) —Bx (1)) — > 8777 ()

which proves (219).
Now if 2 is a first order donvatlon in the direction of F',, then, by
(222),

Do, Oy () = DG (my)

(0"' depends aniti-linearly on 2).
Bnt for any oeHp,,

(0%_,,,21 0)3,-1 = Pp’(m,) =

Hence 95 =0, and consequently, 9, B =o0.

Thus, (215) is holomorphic in ml-varmbles and anti-holomorphic
in mg-variables, and also (by Hartog’s Theorem) smooth, which is what
we were to show. m
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Let us put
(223) K(m,, m,) := 97, (m,)®[(»® 6"’)(a(ms))]e(L@D"’)m,®(L‘@ Fadmye

It is easily verified that K (m,, m,) does not depend on the choice
of the section ¢, and thus, is well defined for all (m,, m;)e M x M. We
can interprete K (-, -) as a section of the bundle P (see (157)). Lemms 2

S —

I ———
implies that K is smooth, K (-, m,) is F,-horizontal, and K (ml, -) is F,-

horizontal. We shall show that K fa= C(w)”’ C #0, provmg that K
s a dlstmg-mshed kernel.

— .
Let V, (V-1)*, V¥, V2, V x V be bundle automorphisms as in
(191), (192) and (193). We note that

(224) . V*y = v VL

Moreover,

(225) (Zg)“'ts = 8-(Vy)~".

Hence,

(226) (V316 = £ 6" (V1Y)
— ——

For the section KeI'(P), we have
pr— -1
V x VH{E(V (my), V(m,))

=Vx V“[ﬁ‘,’;(mz)(V(ml)) ®f(» ®6”’)(a'(V('m,)))]],
where by o' we denote the transformed section o:

o' := (VO V)ogo V='eIyp)(L® DIE).
Thus, -

(227) 7 x V{E(V (my), V(my)))
= [(ﬁ® Qz)-l(ﬂ;‘(m)(v(mz)))]®
®[(V*®( Vi) (v ® 8o’ (V ()

= (T, F7my) (M) [(» @ 8%)o (V@ Vi)™ (" (V(m,)))]

LT gy 0m) (1@ 5t

B'Ilt fOl‘ QGHF17

(228) (Vfgyilz'&;;(mz)r Q)F, = (79:;(%)7 U;,-;,,ll/z Q)F'l U-m,uze (V(m,)).

J—
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Moreover, we have

(2.29)._ "(U;OV}” 9)(7("":)) = (I;@ Tﬁ{z)(e(m,)) = é"(m,)(ﬁ@ E’)(U(mn'))

= 5"(m,)a'(V(m,)).
Hence (py (228) and (229)),
- (Uﬁ@?i’zﬂ‘l’;(m,)? Q)Fl = g°(my) = ('9;:,a Q)Fly

—

and
a’ ___ 90
Usgpin®vimy = Oy
p—

Thus, (227) reads
(230) 7 x VHE(V(my), V(my)) = + 05 (my) ® [(»® 6/ (s(my))]
= + K(m,, m,),
where the sign in the right-hand side does not depend on the point (m,, m,).
(230) implies
(231) (Vi@ Vi) (ELL (V(m))) = +ET,(m).
We also have

(232) (V2@ V3") (@) (¥ (m)) = £ (@) (m).

Since, according to our assumptions, @y r, acts transitively on M,
from (231) and (232) we obtain

(233) K, (m) = +£C(&)"(m).

As both sides of (233) are smooth and (@)¥* is non-vanishing, the
sign in (233) does not depend on the point, and can be absorbed into C.
Therefore,

(234) Er, = O(B)*,
and, since K is not identically zero (H r, # {0}), C # 0, which implies
that KT, is not identically zero in virtue of the following:

LeEMMA 4. Let (0,0)e W x U, where W and U are open connecled sub-
sets of C", Let

W x Us (vt ..., 0% wy ..., w")'n—> D0, ..., 0" wy ..., w")eC
be a (smooth) fundtion, holomorphic in the v-variables and anti-holomorphio
in the w-variables. Suppose that f(z;2) =0 if (z;2)e WX U (2¢ C"). Then
d =0
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Proof of Lemma 4. Let 2/:=o+w’, and 2" := (o' —w),
1<j<n Let

D(2A, ..., 2 ) = D01, ..., 0" W', ..., w").

D is a holomorphic function on a connected neighbourhood 0 of
zero in €™, and @ =0 on {(z%, ..., 2"): Im2! =0, ..., Imz*" = 0}.
Hence, by the “Edge of the Wedge” Theorem and the Analitical Con-
tinuation Theorem, =0 m

Thus, K is a distinguished kernel. Lemma 4 implies also that K
is the unique distinguished kernel (up to a constant factor). We must
show that K is reproducing.

Let ¢,¢Hp = Hp . For each mye M, K(-, m,)eHp and

(235)  (es(?), E(, ma))p, = (01, ¥ )r, (v® &%) ((my))

= 07 (ms) (v ® &) (0(ms)) = (v @ 8%) (01 (m.))
— see (159). Now by (203) for g,eHp,

22(m2) ® (01, K (-, m,)) 5, 0a(ms) ® [(»® 6) (01 (ms))]
n\# . - n
(8)" (ma) (8)" (may

<oy 9:)).?1(””'2) .

l‘?’l (m,)

. (236)

=A

Thus (see (160)),
€01, 92))1«'1

(237) {ey g =4 T ial !
4

and (see (161))

(238) (o1, 9:)51 = A(e1, Qz)Fl-

1
Hence (see Definitions IV.6 and 7), IK is reproducing. =

IV.14. Remark. The construction of the reproducing distinguished
kernel given in the proof of Proposition IV.13 shows a close connection
between the reproducing kernels considered here and the Bergman—Aron-
szajn kernels (see [8]).

IV.15. EXxaMPLE (cotangent bundle). Let (M, ») and 2 quantum
bundle be as in Examples II1.2 and 7. We shall assume, additionally, that
Z = R". Let (2, ..., 2") be the canonical coordinate chart for R", (z!, ...
«ery @5 Dyy...,p,) be the induced chart for T*(%), and (a?,...,2";
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P1y +-+3 Pn; %) that for L. Using these coordinates we can write

(239) o = D pdd,
i=1 )

(240) w = —j_z:dp,/\ o,
dz i

(241) a=— —j-lp,dw’.

Let ¥, be spanned by vector fields d/dp; and F, by fields 3/da,,
1<j, k<. Let (D, 1) and (Dy}, is) be square root structures for ¥,
and F,, respectively. Let (d"»)"* and (d"p)"* be sections of D} and D,
respectively, such that

(242) (@) @ (") = do'A ... Ada" =: d"z,
and
(243) (@ p)AQ(d"p)? = dp,A ... Adp, =:d"p.

These sections define trivializations of Dy; and DJf}.
Thus, P is also trivial, and to an element K «I'(P) we shall assign

a function K on M x M, in an evident manner. Let

(244) (&) = (128, (@2 @ (a"p)™",

where 8, =1ifn =4korn =4k+1,and S, =iifn =4k+20rn =4k 3.
It is easily verified that

' - S,, . N m m
(245)  E(y,¢;9,p) =(—2“—),,W,-exp(o;pm(y ~a™),

where

zi= (..., 7"), P:i=(P1y.eryPp)s
Y:=(¥Y.., ¥ qi=(q1y:-+yqa))

corresponds to a reproducing distinguished kernel K for (F,, F;). The
situation presented here is an example of the general one described in
Propositions IV.10 and 12.

Now let us take F, _to be spanned by 9/dw,;, where w; = @ +14p,,
j=1,...,n, and ¥, =F, (F, is positive). Let (d"®)* and (d*w)"

be sections of Dy, and DY;, respectively, such that

(246) (@) @ (@) = dwyA ... A dB, =: d"W,
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and
(247) (@) @ (W) = dwsA ... Adw,:= d"w.

As before, these sections define trivializations of D} and Dy} . Assign-
ing a function ¢ on M to a section ¢eI'(L® DY) in an obvious way,
we can obtain

Hy, = {o«(L@DY): 5(w) = exp } SN 2} 7. (w),

i=1
where f, i3 holomorphic on M},
and

(248) lolly, = f 15(0) 21T A @] <+ oo.

(2n |)1/2

We shall also, as before, represent K ¢I'(P) by a function K eC® (M x M)
in an obvious way. Let

1\1/2
(249) (8" = (35) Rawor @@,
where
(250) R,:=11—14

(T)l/—z lf n = 2k+1

Then we can check that

1
(2" n) (2m)®

Eqexp ( D (4 (6 —0))" + (10, 10y~

J=1

(251) K(w';w):=

- i(E—'wj)z))'v

where w’ : = (w}, ..., w,) and w : = (w,, ..., w,), corresponds to a reproduc-
ing distinguished kernel K for (F,, F,). The situation described above
is an example of the general one presented in Proposition IV.13. The
kernel (251) has, in fact, become well known in the Segal-Bargmann
representation theory (see [3]).

In the 3-rd case we shall take F, to be spanned by d/dp, and F,
to be spanned by @/dw,, 1 <j, k < n. Let, as before, (d"x)"* and (d"w)"
be sections of Dy and D}, respectively, such that (242) and (246) hold.
As in the prevmusly considered cagses, for the polarizations under con-

sideration we shall assign to a section K of the bundle P, a function K
on M XM, in an obvious way. Let

(2562) (m n!)l/zR (dn )ll2®(dn—-)1/2

§ — Dissertationes Mathematicae 128
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We can check that

R, O, — —
= Gy 2 (2 (40—~ 4 —ey?)
j=1

corresponds to a reproducing distinguished kernel K for (F,, F,).
If, conversely, we take ¥, to be spanned by d/dw, and F, by d/dp,,
1<j, k < n, then, proceeding as in the previous cases, we get

(253)  K(y,q;w):=

n
(254) K(w'; 3, p):= Cexp (Y (k(r0;— w))* — } (20— 2,)?))
=1
as the function corresponding to a distinguished kernel K for (F,, F,).
In this case, however, K is not regular.

IV.16. ExAMPLE (complex projective plane). Let (M, w,) and a quan-
tum bundle over (M, w,) be as in Example II1.8 (for 8 = m/2). Let Fy:= F
and F,:= F, where F has been defined in Example III.12. We shall
also make use of the notation introduced in Example ITL.20. Let us set
(D, ) : = (D, 1), where (Dj’, 1) is as in Example IIL.20. (D3, i)
will be similarly defined. Namely, we shall put

(255) Df: = ({1} x 0, x C)U({2} x 0, X C)[~ DY,
where
(256) (1, [1,w],2) ~D¥: (2, [v, 1],z)¢—:7 = and 2 =iwz.

The bundle projection = will be defined on representing elements
as the projection onto the second factor.
On n~(0,) < D”2 one can define diffeomorphic maps H;: n~'(0,)—C?:
Hl([l’ (1, wl, z]) 1= (W, 2), Ha([zy [Vy 1], z]) 1= (v, 2).
Let us put
‘a(Hl_l(W’ z)@H (W, zz)) 1= 22,dw([1, w]),
o (H: (v, 2) @ H; (v, 2,)) 1= 212,40 ([ v, 1]).

We easily check that ¢, is a bundle isomorphism of Dy;®D3¥; onto

AT*(M )C|F, = DF , and thus, (D}, ¢,) is a square root structure for F,.
Now

/2 \
0,5[1, w]¥25, B (w, 1) e DY2

0,2 [v, 119, B (v, 1) DI

are non-vanishing horizontal sections of D},l;, defined on 0, and 0,, respec-
tively, and

(dw)"*® (dw)'? = dw, (dv)'*Q (dv)'* = dv.
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We shall choose an adjustment of (DY, ) and (DY, ), ('c"c'))me
«I'(DY: ® D) so that

(&)1/2 !-01 1—12 1)112 (dw)llz ® (dw)llz

2y 1—1 e (49) @ (dv)*?
(259) (8"l = G w1 =

Let s7'ely (L) be an Fy-horizontal section defined by (86), and let
(s7)* eIy, (Lp,;) be defined by

(260) <™ o (875 1)
1

(s™* is non-va.mshmg and F,-horizontal.
We note that sT', (s7")*, (d%)"® and (dw)* define trivializations of
LpsTo,s Lmjslogs DY 219, 2nd D21, , respectively, and thus, also a trivialization

of Ply o, Hence, if K «I'(P), then we can represent K[, ,,, by  function K
on 0, x0,, and K uniquely determines K. We can check that

1—i (m+1)7
(2)~ 2w

. (261) K([1,w];[1, W)= (1 +w'w)"
defines a reproducing .distinguished kernel K for (F,, F,). The situation

presented. above provides an example of the general case described in.
Proposition IV.13.

C. Kernel representation of quantized operators
We shall start with the following:

IV.17. LEMMA. Let geP(L@Dlﬁ’.ﬁ) be F',-horizontal and oeI'(L* ®D},’.:)
be F,-horizontal. Suppose that X and Y are vector fields on M, preserving F',
and F,, respectively. '

Let X = X, +X,and ¥ = Y, 4+ Y,, where X,, Y, take values in F,,
and X,, Y, in F,. Then

0®0 4
n Zx, 172 “’)
[(Vx L0l ®c 1Lz, 0®0 (&)
(262) (,.)1/2 Y (”)1/2 n ’
w w w
®@o
. . n .g’yl(g 172 w)
0 ® (VoY ®L %) 0] 1 %35 0®0 \(&)
(263) w12 = T 9 T a ()P + " ’
(&) & (@) &
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where, as- usual, we identify the sections of (L® Dy)® (L°® DY) and of
Dlli ® D1I2

Proof We shall prove (262) only, as the proof of (263) proceeds
in full analogy.

First, note that X, preserves both ¥, and F,. In the following, we
shall denote by 3"2 some different operations:

1. operation on I, (Di);

2. operation on F,oo(D”’

3. operation on I‘R,‘,(D”z Dy;) — a tensor product of the preceding
ones (see Proposition II.4).

Since Dj® D} together with a bundle isomorphism y, given by
(154), is a square root of A*T*(M)°, we can also define an operation
22 on I’M(D”’ Djf}) by using the procedure described in Proposition
]I.5 It is easﬂy verlﬁed that this operation coincides with 3 above. This
remark becomes useful when proving (262).

' It sufficies to prove (262) locally. Thus, we can put
9 =8®¢! U=t‘®1p’
where seI'(L), peI'(DY)), t*eI'(L*), pel(D¥;). We have

(264) [(Vx®L¥)el®c=[(Vx8)®9+3@(L¥9)]B (' ®y)

= (Pxs[tho®@y+ 8|t (L ¥ o) Ry

= Fx# 1D e@y+ (1) (LXHp) Oy +
+ Vg, 8 1t5p @y + 31 (L L9 @y

= [(Fx,®2%,) e]1® 0+ X, (<8]t"))g @y —
— BVt e @y + 1N FE (9@ y) —
— <8t @ (L y) = LL(GIHe@y) —
—e®U(Vy,®%%)0] = ”’ Z(e®oa).

From (4) and (1565), however, we get

1/2 : (e®0) 9®0)+ o®0c .S’%’z(&',)l/z

(265) = xz(
()" (@ (@)

()"

n

(('5)1/2 (('5)1/2 c’:) 2 c?) (&‘,)llz

@ (9@0'615)
X .
2 (B2 1 £ x,® g®o.

o 2 2 (@)
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Comparing (264) and (265), we get (262). m

Let feC®(M) and X, be the canonical vector field defined by f. Let
X, = (X;),+(X,)s, where (X,); takes values in F,, ¢ =1, 2.

Now we prove the following theorem giving a kernel representation
for operators @,.

IV.18. THEOREM. Suppose that K is a reproducing distinguished kernel
for (Fy, Fy). Let feCF, g (M) be real. Let o,eHy and oyeDo NHy,. Then

- @ n n
(266) e @eds; = [ (15 T2 ) e, eed
(/]

M

if (f+ - (x:)z ){91’ QS}K“"?I(‘&S)! and

w

(267) J Loy, ({01, 0a}xd) = 0.

Proof. (160) yields
[Q/Qa('ma)] ® (e.(), K (- ’mz))rv'l
(@)% (my)

_1 [(Vx,® £%)) es1(ms) ® ({01(*), K (-, my))p, +
'&

. (268) {01, Qros}rlm,y) =

(@) (1my)

+f(ms){e:1, es}x(my).
From (268) and (262),

(269) {01y Qs090}x = (f+ i ._(ﬂ_) {01, 0s}x—1 g(xﬂz({el’ E’n}x“’) i

n
w

Thus, by (161) and (162),

;L
(270)  (e1; Qrenr, = f(f +-§- (x”’ ){Qu 2}z ® —
M

—1 f-‘z’(x,),({en 03} ®)
A

(f 2 ‘XT’)’) {01 a}x
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/

i Loxy® -
(f+_2" %) {e1 Qz}xfgl(w)v
w

f-"(xm({eu 0}g®) =0. =
b

IV.19. DEFINITION. We shall say that f is F,Fy-proper if (X,), has
a support whose intersection with any maximal connected integral sub-
manifold of E,; is compact. ‘

IV.20. CorROLLARY. Let K be a reproducing distinguished kernel for
(Fy, Fy). Let feCF g (M) be real and F,Fy-proper. Let o,eHy and gye
eDQ!r\H}I. Then (266) holds if

'i, g(x’)zg) . n
f+? e {01, 0s}xe L ().

Proof. We must only show that J:= [F g, ({o1) 0s}x®) = 0.
~ M
Let g,eCy¥(M/E,), 0<g,<1, and g,(r)71 for each re M/E,, and let

by : = gxo o, By (269) and 3 of Definition IV.6,

-?(x,)z ({er, Qz}x‘?’)

n
w

e L1(B)

when our assumptions hold. Hence,
J = lim fhkg(Xf)g({QIQ ea}gw) = lim f-?(x,),[hk{eu g,}xa'S]
k—c0 31 k~+c0 a1
= lim [d[h{er, ea}x((Xp)2 1&) =0
e '}

a5 h,{01, 0s}x((X;): _I®) has a compact support.

IV.21. PeoposiTioN. Let F,, F; be real and suppose that op p, i8
a diffeomorphism of M onto M /D, x M|D,. Let K be a reproduocing disting-
uished kernel for (F,, F,). Then for real feCF p (M), o,eHy and o,¢
cHY. NDq, (266) holds if

Ly @

(x

:)z ){Qnea}x‘gx(a’)-
I

(266) (f+ ?’

~
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Proof. Similarly, as in the proof of Corollary 1V.20, let g, ¢Cy’(M/D,),
0< g, <1, gu(r) 7 1 for each re M/D,, and let h;, := g,0p0p,. Then

[ Zamlor etxd) =lim [ L, (hefor, 0bxd) =0,
M —>00 M
as, firstly,

& (Xp) ({91 ’ Qz}xf?’)

n
" e (w)
)

and, secondly, h,{o,, 02}x is of compact support. m

IV.22. ProposITION. Let F,y, F, be real, and suppose that op, p, i a dif-
feomorphism of M onto M|D, x M|D,. Let K be a reproducing distinguished
kernel for (Fy, F,). Let Vg p,: Hp —Hp, be an isometric operator relating F,
and F, (see Definition IV.9 and Proposition IV.10). Then for real f  CF, (M),
0 eH}l and gzeH}l, such that Vg p,e:eDg,,

Lo & "

(271) (VFle 01, (Ve r, 92))17‘2 = f(f-i-—;- %) {01y 02}x®
M w

if

;L xp,®
(.f+ % L:)z_) {01y 0} e L (®).
w

(Qy denotes here an operator in Hy, oblained by Konstant quantization of f).

Proof. Throughout this proof we shall use the notation of Propos-
ition IV.10 and its proof. We have (with h, = g,0¢p, 85 in the proof
of Proposition IV.21)

(272) (M Ve, 00 @(Vrr,0)r, = (@1 Vrr,01)s Vir,00)r,
in virtue of the following:
LEMMA. Let o, oye Do, = Hp,. Let feCp,p,(M) be real. Then

(273) ((Qfo'u ay = oy, Q/02»+’:[$xf|<(0'u T2,
where X, is a vector field on M |D, obtained by projection of X, by means

Indeed, by the lemma, (272) holds if
[ 1%,k Vi, 00 Viryiy2,))
MiD, -~

= f L x [ (9:V r,y015 ViEr,0:0) = 0,

MI.Dz pm—
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which does as g, is of compact support. Now, by (187), from (272) we get

(274) ((hk VFle €1), QJ(VFIF,Qz))Fz
02 ® [(»® 61/2)°Qj(thF1F2 91)] »
- Al’z f

(@)

1
1 0:® [(” ® 8% ( ; (Fx,®% %ﬁ) (he Vi, 91))] .
= (7))
A2 j[ (Byv2 '

1 e ®[(r® &%) (Vp,me0)] ,
A f ) @.
M (w)

+

Thus, by (263),

(275) ((hk VF,F2 01)s Qx( VF,F2 Qz))F,
f es® (73, ®LE) (*® ") b Vw00l
()"
0:®[(v® ailz)" (VF1F2 91)]
Allz f hk )uz

= Al/z

1 i .Y(Xf)lw 92@[(”@61’2)°(VF1F291)]
J

A2 o 2 3’ (w)uz
i 0:®[(»® 4 /2)(VF1F, el ,
+ ij! (xf)l( (w)l/z )

From (275), (186) and (190) we get
(276) (7 Vr,r,005 Q(Vr,r,0))r,

. @ (), K(+, my .
- fhk(m’)(f_%__(x;'f)l_w)(mz) es(ma) ®(ei (), E(, ma))r,

@ (m,)
» (@)""% (mg)

P Ly O
1 (Xp)
= fhk(f_' o - ){Qu 0s}r @
M < o

Passing with & to infinity on both sides of (276) and noting that & x f)]c?)

= '—.?(xf)zc'f), as Qx!c'b — 0, we obtain the required result.
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Proof of the lemma. A little more generally, we shall show that if
feCF r,(M) is real, and if o, azeF(L®D”’) and are F,-horizontal, then

ngfl(<ol’ 0'2>>)
~ = (((( Vx,'l‘if)@ 1/2)(61), a3) + oy, ((fo+zf)® 112) (a9).
Let x39...y xn be local real 1-forms on M/D,, linearly independent

at each point. Let 5= 0p, X J =1, ..., Let (mA ... A9,)"" be a local
section of D} such that

(MA oo AN R (A o AR =A s ATy,
Locally, we have
6, =8@(MA oo AN)E, 0y =@ (mA ... An,)E,
with 8, tel,(L). Thus, locally (see (53) and (56)),
(277)  lob,IK((Vx,+4f) ®Yl/2)(01)1 o) + lep,| Koy, ((Vx,+
+if) @ LX) (02)) = ((Vx, +i)8) ® (mA ... Ana)'" +
+8®(LL,(mA oo A0t @ (A oo An)Yp, +
+L8@ (MmA ... A 72", (( Vx,+'if)t)®(7h/\ e A
+E® (LY (A .. A )",
=(Vx,39 mA o» AR, (A oA nn)”z)Fz +
+ (s, )<Z ”’(m/\ o AP (A o A p +
+(8 Vx ) (A oo An)" (ma oo An)™Hp,+
+(8, ) mA oo A LE A o A D,
= X (8, )(mA oo A2, (A oo AR +
+(8, OLLE (mA o A9, (A o Ao p, +
+LmA oo AN LR A - AR,
But in the same meighbourhood

(278) |9‘D=| |-?_xf|(°'n o) = I-?xﬂ((o'u 03D
= 1258 O<mA <o AT, (1A oo A7) B05,]
= X((s, ) (mA oo A (A oo AP0+
(8 )ILx)NmA oo AR (A oo A1) g,
Thus, it suffices to show that

(279)  <LE(mA oo AT)E (A o AT Dp, +
+<mA ..o A ﬂn)m £y (711’\ see A ,]n)ll2>F
= L (mA oo AN)"Ey (1A oo A) P,
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But by (4),

1/2 =}_-?x,(’71/\ s A’Tn)
2 MA -0 ATy,

Thus, the left-hand side of (279) is equal to (see (44))

(mA oo A ).

LA (mA .. Any)

Lx(mA - ATa)

MA oo AT,

1/2

AmA oo AN (A oo A

_ Lx(mA Ay

= Tn e AT [72A coo ARyl

This is the same expression as we have on the right-hand side of
(279), as by (44) and (17),

1L x| {(MmnA -.. /\"]n)m, (A -.. ’\ﬂn)m>F = |Lx||ImA ... Al
4 2 !

gx,g’h" s Ann)

= (A oo ANl
A oo AT, ! "Tn

Thus, the lemma, and, consequently, Proposition IV.22, are
proved. =

Theorem IV.18, Corollary IV.20 and Propositions IV.21 and 22
suggest that we can treat (266) as a generalized prescription for guanti-
zation of real functions feCF gz (M)+ OF,r,(M) =: Cx 5, (M). Namely,
to real feCR x, (M), we shall assign a 1}-linear form QF(-, -) defined by

n
,?(x 2

n
@

i n
(280) Qfx(Qn 02) 1= f(f+ 5 ){911 2}

M

for g,y o2 H}, , such that the 2n-form under the integral sign on the right-
hand side of (280) defines a measure with finite absolute variation. This
formal quantization prescription makes sense only if we are given a re-
producing distinguished kernel K for (¥, , F',). PropositionsIV.21 and 22 show
that under the special assumptions made there when we deal with two
real polarizations isometrically related by an isometry Vg p,, our pre-
scription can be, roughly speaking, formulated as follows:

of f=/fitf.,, where f,eCF p (M) and f,¢CF 5, (M), we take Q, +
+ Vi@, Vr,r, 08 the quantized operator.

The problem arises whether the 14-linear form Qf, given by (280),
defines an operator, and if it does — whether the operator is symmetric.
or self adjoint. These are very deep problems both in their geometry and,
as examples with trivial geometry show (see Example IV.23 below),

also ana.'lytically. They will not be considered here (see [5]).
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Using reproducing distinguished kernels, one can define other formal
prescriptions for quantization of real feC®(M). For example, take the
one given by

a—-n

(281) Qlen, e := [flons es}xd,
M

which we shall eall an anti-normal ordering prescription. (266) and (280)
show its connections to Kostant’s and our extended quantization proced-
ures.

Now we shall show what (280) and (281) look like for the most simple
and instructive cases.

IV.23. ExampLE (cotangent bundle). Let (M, w) and a quantum
bundle be as in Example IV.15. Let F, be spanned by vector fields 9/dp;
and F, by fields 8/0a%, 1 < j, k < n. Let (d")"* and (d"p)"* also be as in

Example IV.15. Since L = M xC and (d"¢)"?* determines a trivial-
ization of D}, we shall represent geI'(L® Dj) by a function 5 on M,
in an obvmus way. We note that ¢ is F honzontal if and only if g is of the
form o = gogD , where geC""(M/D,) We also have

oeHY <0 O (M/D,).

Now
1 RPN . . =
{01y e2}x(2, D) = @nyal J e,(y)exp (2g Pj(?lj—“”)) ‘0,(x)|d"y|.

Thus, if feCF (M), then
(211r)" j[(! El(y)exp (i;::?;(y’—m’) X

i v Pf .
(1 p1=5 X gy @) o

If, for example, n = 1 and f is a polynomial, i.e. if f(z, p) = A2+
+ Ba’p -+ Caop®+ Dp®, then for g, geHy,,

(282)  QF(eyos) =

QF (o1, &) = (@1, (48" +3Bi*p +} Bpa® +3Cdp° +}Cp°d + Dp%) o),
~ - s = 1 d
where Zo(2)= 2o (%), and po(x) = 5

- E;(w) for geH}l. Thus we have
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obtained in particular a standard quantization preseription for funetions
‘being sums of a part dependent on @ and a part dependent on p only.
For anti-normal ordering procedure we get

O (00 02) = (211:),. J ( J mexp(iip,(y’—ﬂ))x

=1

< § (@) D)aa (@) ld"yl) @) @,

and in the case n =1, for f(z,p) = 3 4,,2"p™ and o, ,eHy we get
n,m

6{?91’ ) = (91, ZAumf’md’n Qz)Fl-
n,m

Let us now take F, to be spanned by d/dw, (w; = 2’ +ip,), and
F,=F,. If fe(*(M) and o,, 0,eHy = Hp, then (in the notation of
(248))

a—-n

o) = G J ( J oxp (1 (@ -+

Jm1
+ (10— 10,)* — (3] —0)") (") f (0) f2 (10) 1" A d"w'l) @B d ).

I n=1and f= )Y A,,w"w™, then
n,m

a—n
. n m
Qf("u 0,) = 2, (a’+ UI’Aan+ o':)F,’
n,m

p—t

where a* o(w) = Wwa(w) (in the notation of (248)).

This shows why we have called aQ? an anti-normal ordering quanti-
zation.

IV.24. EXAMPLE (complex projective plane). Let (M, w,), & quantum
bundle, a pair of polarizations (F,, F,) with adjusted square root struc-
tures, and a reproducing distinguished kernel be as in Example IV.18
(for 8 = m/2). We shall also use the notation introduced in Examples
ITII.8, 12 and 20.

- m__
Let 94‘311’?, = Hp, odo, = 0w 87 ® (dw)'#, where v,(w) =12.‘: “1’0‘_ y

; =1, 2. Then if f is a (real) linear combination of @, ¥, # (see Example



C. Kernel representation of quantized operators 77

II1.27), (280) reads

3 [ (142w’ w)™ ]
(14w )™ 2 (1 + jwi*)™*?

3/2
(283) Qe e =2 [y
T oMiyM

m+2
d

o f(w)) 2 () |dw’ A @) |dw A @35}

(283) yields a kernel representation of operators of the Wigner repre-
sentation of su(2) for spin m/2 (compare [15]).
In the considered case, the anti-normal ordering quantizations of

2
z, y, z differ only by the factor :il from those given by (280) and (283).
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