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INTRODUCTION

Let 2., 2, and 2, be three sets of any kind. They may be sets of
numbers, sets of vectors, they may also be sets of another kind. We
assume only that they are not empty sets. Let £ be the Cartesian product
0, X Q,x 802, (1).

Let F(x,y,z), where veQ;, ye£,, 2z¢£,, be a function defined on
the set 2, the values of F(x, y,z) being real numbers.

In the present paper I shall give a method of determining whether
the function F(z, y, 2) can be written in the form

X, X, X,
(1) Fz,y,z)=|Y, Y, ¥4

where

(2) X;=Xi(»), Y,=Y(y), Z;=2(z) (i=1,2,3)

(the values of the functions X;(z), Y;(v), Z;(z) being real numbers)
and == is the symbol of identity.

The determinant (1) is called a Massau determinant.

An equivalence of two Massau determinants will be defined. Then
I shall solve the problem of the number of non-equivalent Massau deter-
minants of a funection F(z, ¥, 2) and I shall show how all these determi-
nants can be constructed.

The problem whether the function F(z, v, 2) could be written in the
form (1) is connected with the question when fcr an equation

(3) F(x,y,2) =0

a straight-line nomogram or an alignment chait could be designed. For,
if any three straight lines of the nomogram for the equation (3), corres-
ponding to three fixed values of the variables z, y, 2z respectively, have

(1) The Cartesian product 2y x QsX...X Oy of the sets &y, g, ..., 25 is the set
of all systems (zy, g, ..., Zp), where z;602; ({ = 1, 2, ..., n). The symbol z;¢Q; means
that x; is an clement of the set £;.
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in the Cartesian co-ordinate system §&,# the equations
X+ Xon+ X, =0,
(4) Y, 6+ Yon+ Y, =0,
4, +2Zym +2Zy, =0,
then they have a common point if and only if
X, X, X,
(5) Y, Y, Y;| =0.
Z, Zy Z,

On the other hand, if the scale equations of an alignment chart for
the equation (3), corresponding to the variables x, y, z respectively, are

4___ Xl o X2
=~ 7x,’ n = x,’
Y Y
(6) E=3 1=3 XTZ#0,
7, 2.
£ Z’ Ui Z,’'

then any three points, corresponding to three fixed values of the variables
x, Yy, 2z respectively, are co-linear if and only if

X, X,
X, X,

(7) I Ly
Y, Y,
Z, Z,
Z, Z,

The equality (7) with the condition X3Y,Z, # 0 is equivalent to (5).
The problem whether the function F(z,wy,2) could be written in

the form (1) is also connected with the problem when for an equation
(8) Ftytyy.cist) =0
a nomogram consisting of three binary fields could be designed (fig. 1).
For, if the binary-field equations in the Cartesian co-ordinate system
£, 7 are

§=T,(t, ), 7 =Tyt 1),
(9) & = T4(ts, 1), n = Ty(ts, t4),

& = T5(ts, te), n = Telts, L),
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and if

(10) T == (l, 1), Y = (l5, 1y), 7 = (U5, lg)

and

To(tyy te) = —X_’
3
Y,

Ty(tsy ty) = 'Y_y
3

XaY3Z, #0,

Ifa Z2
Tg(tsy tg) = ’Z‘v

then any three points corresponding to three fixed values of the variables
x, Yy, 2 Tespectively are co-linear if and only if the equality (7), equivalent
to (5), holds.

The problem whether & function F(x, y, 2} can be written in the form
(1) is & narrowing of the broader problem of determining when the
dependence of z upon z and y given by the equation g(x, ¥, 2) = 0 may
be expressed by the vanishing of a function (1). Both problems are well
known as the fundamental problems of nomography and they are nearly
as old as nomography itself. As far as I know, only T. H. Gronwall has
given a solution of the broader one [2]. He finds a necessary and suffi-
cient condition in the existence of a common solution of two partial
differential equations of the second order. Several solutions of the
narrower problem have also been found. The oldest one of those which
I know was given by E. Duporcq [1]. He finds & necessary and sufficient
condition in the existence of 9 numbers for which a system of functional
equations is solvable. In the literature on nomography there is a common
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opinion that both above-mentioned solutions are generally of no use for
the effective construction of Massau determinants.

In the year 1915 there appeared a paper by O.D. Kellogg [3] in
which for the first time the idea of linear independence of functions was
used and necessary and sufficient conditions of the existence of a form

F(z,y,2) = Fi(y,2) X,(@) +F,(y, 2) Xo(@) + F3(y, 2)X;3(w)

for a function F(x, y,#) were given. But Kellogg’s criteria for the exi-
stence of a form (1) for a function F(x, y, 2) were unnecessarily compli-
cated and led to computations too long and troublesome for practical
use.

In recent years several papers by I. A. Vilner [5], [6] have appeared.
Unfortunately, as far as I know, the proofs of the theorems given in
those papers are not yet published. As far as it can be deduced from those
papers, the author has solved the problem of the existence of a form (1)
for a function F(x, vy, #) in another way and more generally than it will
be presented in this paper. His solution is effective. But it is incomplete,
because the author has investigated only the regular cases. And yet it is
the irregular cases that are of greatest use in nomography. Moreover,
I. A. Vilner has not used the idea of equivalence of Massau determinants
and has not solved the problem of the uniqueness of the representation (1).
Furthermore, I believe that my method will be simpler in practice.

In the present paper written before I read those by Vilner T have
chosen a less general way, which makes it possible to analyse all the
possible cases and to solve in this way the problem of uniqueness.

Although the proofs of the two fundamental theorems which will
be presented here are rather long, owing to the great number of cases
congidered, the theorems themselves will be convenient for practical use.

The paper is written in such a way that practising engineers will
find no difficulty in understanding the material if they are familiar with
the algebra of matrices and determinants.

In the whole paper, without further mention, numbers are to be
regarded as real numbers.



I. LINEAR DEPENDENCE AND INDEPENDENCE OF FUNCTIONS

Let
(12) T, =T,(1) (=1,2,...,7)
be functions defined on a set 6 and taking numerical values. Their values
for t =t; will be denoted as follows:
(13) Th=Ti) (i=1,2,...,7;§=1,2,...,8).

DErFINITION 1. The functions 7', T,, ..., T, are to be called linearly
dependent if and only if there exist numbers ¢, ¢., ..., g, at least one
of them differing from zero, such that

(14) T+ ¢Ts+...+ ¢, T, =0,
that is,
(15) L () + T () +... + ¢ Tn(t) = 0

for every tef.
If the functions T,, T,, ..., T, are not linearly dependent, we shall

call them linearly independent. Thus, if the functions 7., T,, ..., T, are
linearly independent, then the identity (14) holds if and only if
G =¢ =...=¢,=0.

LemmaA 1. If the functions Ty, Ty, ..., T, are linearly dependent then
the functions T,,T,,..., T, where k> n, are also linearly depen-
dent. If the functions T,,T,,..., T, are linearly independent, then the
functions T\, T,, ..., Ty, where k < n, are also linearly independent.

LeMMmA 2. If the funections T,,T,,...,T, are linearly independent,
none of them ts identically zero.

The proofs of lemmas 1 and 2 follow immediately from the defini-
tion of linearly dependent functions.

THEOREM 1. The functions Ty, T,, ..., T, are linearly independent

if and only if there exist such elements t;e0 (j =1,2,...,n) that
11 T ... T}L
2 m2 2 |
(16) T ... T, 20
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Proof. Necessity. We carry out the proof by induction. The
definition of linearly independent functions 7,,7T,,..., T, in the case
n = 1 enables us to call a single function 7', linearly independent whenever
T, s= 0. Therefore, if 7, is linearly independent, there exists an element
t,¢0 such that T) # 0 and the necessity of our condition is for n =1
obvious. Let us now assume that for » = k the linear independence of
the functions T,,T,, ..., T, implies the existence of such elements ¢ <6
that the condition (16) holds, but for » = k+1 such elements do not
exist, i.e.

1 1 1 1 |
LT LT T
2
1

(17) e =0,

where
‘ T Ty ... Ty
2 T2 . T2
(18) AR Al
T¢ TF ... T%

and the functions T,, T,, ..., T}, are linearly independent. Then, by
(18), it would follow from the expansion of the determinant (17) by the
elements of the last row that the functions T,, T,, ..., T}, are linearly
dependent, which is a contradiction.

Thus the necessity of our condition is established.

Sufficiency. Substituting in (15) ¢t =1¢ (j = 1,2, ..., n) successi-
vely, we obtain a system of equations

T+ Tige+...+Tngn = 0,
(19) T%QI+T§Q2++T31Q7L = 0’

T;Lq1+HQZ+-'-+T::Qn =0,
whence by (16)
G =¢ =...=¢=0.
Hence, if (16) holds, the functions T, T, ..., T, are linearly independent.
Thus the theorem is proved.

THEOREM 2. Let Ty, T,,..., T, be linearly independent functions.
Then there exist by Theorem 3 elements tjel (j =1,2,..., k) such that
the condition (18) is satisfied. Then the condition (17) is necessary and
sufficient for the linear dependence of functions Ty, Ty, ..., Ty, Thy,.
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Proof. Necessity. If the functions T, T, ..., Ty, Ti,, are linearly
dependent, then the identity (14), where » = k-1, must be satisfied for
q1y qsy - -5 Gn, at least one of them differing from zero. Hence the system
of equations (19) must have a non-zero solution for every 7., ,e 6, which
implies the condition (17).

Sufficiency. If the identity (17) holds, then it follows by (18)
from the expansion of the determinant (17) by the elements of the last
row that the functions T,,T,,..., Ty, Ty, are linearly dependent.

Thus the theorem is proved.

Owing to Theorem 2 we may construct a method of determining
whether given functions 7,,7,,..., T, are linearly dependent or not.

If T, =0, the functions 7,,7,,..., T, are, by Lemma 2, linearly
dependent.

If T,5-0, we find an element ,¢6 such that T} # 0. If

T, T;
(20) ‘ e [z 0.

1T
then the funetions T',,T, are linearly dependent by Theorem 2 and
consequently the funections 7,,T,,...,T, are also linearly dependent
by Lemma 1.

If the condition (20) is not satisfied, then the functions 7,, T, are
linearly independent. If moreover » > 2, we find such an element ¢,e6
that

|1} 1)

s

If
T

(21) T T =0,

T, T, T, |
then the functions T, T'y, T4 are linearly dependent by Theorem 2 and
consequently the functions 7,,T,,..., T, are also linearly dependent
by Lemma 1.

On the other hand, if the condition (21) is not satisfied, then the
funections 7'y, T,, T'y are linearly independent. If, moreover, n > 3, we
find such an element ¢,¢60 that

T 13
T
nnn
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Prolonging this procedure, we answer step-by-step whether the
functions T, T,, Ty, T4, the functions 7, Ty, Ty, T,, T'5 ete. are linearly
dependent, until we obtain the answer for the functions 7., T,, ..., T,.

ExAMPLE 1. We shall show that the functions of a numerical
variable z:

F(x) ==, Fy(z) = ¢, Fy(x) =77, 0<z<1,

are linearly independent.
Since F,(x)=s=0, we find that F;(1) =1 #£ 0.

Since
F,.(1) F,(1 le
(1) Fa()| _ o,
F\(z) Fy(x) x 6
we find that
F, (1) Fy(1 1
1(1) Fa(1)] ‘217&0
F.(0) Fy(0) 0
Since
1

| F,(1) Fy(1) Fa(1) 1e L 1
1F1(0) Fy(0) Fo0)| =101 1 1;(3_;)90_61”_1%0’
|F1(x) Fy(w) Fy(x) ‘x & e %!

the functions F (), Fs(x), Fa(z) are linearly independent.

The procedure applied in Example 1 may sometimes be simplified
by using Theorem 1 immediately.

ExampLE 2. We shall show that the functions of a pair of numerical
variables (z, y):

I(z,y) =1, Fy(z,y) =a, cens Fo(z,y) = ™,
1‘”7n+2($ay) =Y, Fm+3(w,y) =xy, ..., F2m+2($,y) Ewmy’
an+n+1(m,y) = 'ﬂ’ an+n+2(a7,y) = xy‘", ceny F(m+1)(n+1)(w,y) — wmyn,

0<z<e, O0<y<d

are linearly independent (¢ and d being arbitrary positive numbers).
Let a,, a,, ..., a,, where r = (m+1)(n+1), be arbitrary but diffe-

rent numbers from the interval [0, min(e, m+i/ E)]. Then
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Fy(ay, a) Fylag, a) ... Fyay, o) 1 a af ... ¢

+1 m41 mi1 , 2 -1

Fi(ay, a7""") Fy(ay, ay™) ... Fr(azya;n-‘h), i1l a,a ...a li
_ i

F(a,, a,7-n+1) Fy(a,, a:_n+l) oo Fela,, a:n H) 1 a, 0,3. a':_li

is & Vandermonde determinant (see e. g. [4], p. 130) and therefore differs
from zero.

Hence, the functions F,(x,y), Fy(x,y),..., F(z,y) are linearly
independent by Theorem 1, where 0 is the rectangle 0 <<z <<e¢, 0 <y
< d, its elements are points (z, y), elements ¢; are the points (a;, aj'™?),
and T; = Fy(z,y) (4,§ =1,2,...,7).

Now let T = 7'(t) be a function with numerical values, defined on
the same set 6 as the functions 7', 7, ..., T,. The values of that function
fort =1t (j =1,2,...,s) will be denoted as follows:

T = T(1).

TeEOREM 3. If the functions T,,T,, ..., T, are linearly independent
and the functions T,T,,T,,..., T, are already linearly dependent, then
there exists exactly one system of numbers py, Pa, ..., Pn Such that
(22) T =p,T,+pTo+...+p,Th.

Proof. If the functions 7,7,,7,,...,7T, are linearly dependent,
there exist, from the definition, numbers ¢, q,, ¢, ..., ¢n, at least one of
them differing from zero, such that

(23) '+ T+ ¢ Te+... + ¢ Ty = 0.

If ¢ = 0, then the functions T, T, ..., T, would be linearly dependent,
contrary to the assumption made. Therefore ¢ 0 and (23) implies the
identity (22), where p; = —¢qi/q (¢ = 1,2, ..., n). If another system of
numbers P,, Ps, ..., P, eXxisted, such that

(24) T=9,T,+pP:To4...+0, Ty,
then the identities (22) and (24) would imply
P —P)T1+ (Pe—P2) Lo+ -+ (Pn—Pn) T = 0.

Since the funetions T,,7,,..., T, are linearly independent, we
should have p;—p; =0, i.e., p; =p; (¢ =1,2,...,n). This completes
the proof.

If the functions 7', Ty, T, ..., T, are given, a method of evaluating
the numbers p,, P, ..., P May easily be constructed. Namely, there
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exist then elements #;¢0 (j =1,2,...,2) such that the condition (16)
is satisfied. Substituting those elements successively into the identity
(22), we obtain the system of equations

1':P1+T;Pz+.. °+T:Lpn - Tla

T%P1+T§Pz+- . ‘Jf"Tszn = T27

T’1’P1+1TP2+---+1mnPn = Imy

(25)

from which — owing to (16) — we find the unique solution for p,, p,, ...

ciry Dne
In practice the numbers p,, p,, ..., p» may sometimes be guessed

and the solving of (25) may then be omitted.
ExampLE 3. Let the functions
I =T,)=¥+1t—3,

T=T@t =0r+7—35
2 T T, =Ty(t) =2 —2t—2,

be defined for all numerical values of the variable ¢. Putting ¢, = 0 and
t, = 1 we obtain

T T; -3 —2 _
Vils :|_1 =T
and
T T T"i L =3 —2 -5
T =] -1 —3 3 =0
‘T, T, T 24t—3 12—20—2 24Tt—5 |

Hence, the functions 7', T, are linearly independent and the functions
T,T,,T, linearly dependent. Then there exists by Theorem 3 exactly
one pair of numbers p,, p, such that

T(t) =p,T:(1)+p2To(1).

Substituting here successively ¢ = 0 and ¢ = 1, we obtain the system (25)
in the form

—3p1—2p, = =5, —pi—3p: =3,
whenee p, =3 and p, = —2. Hence, 7 = 3T,—2T,, which may be
verified immediately.
Now let S;= 8;(1) (¢ =1,2,...,m) be functions with numerical
values, defined on the same set 6 as the funections 7, T,,..., T,.
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THEOREM 4. If the functions T, T,, ..., T, are linearly independent
and

(26) SiEpi1T1+p'i2T2+---+pinTn (i=1727~-7m)7

where pi; (j =1,2,...,n) are numerical coefficients, then necessary and
sufficient conditions of the identity

(27) a181+a/282+-..+amsm EO,
where a,, ay, ..., an are numerical coefficients, are the equalities
(28) Pyt Pyt .+ APy = 0 (j=1,2,...,%).

Proof. Necessity. If the identity (27) holds, we substitute (26)
in it and after a rearrangement we have

(@1P11+ @ Por -+ CmPm1) T1+ (01D15+ G Poat- - - + QG Pmz) To ... 4
+ {1 Pin+ 2Pon+...+ @ Poun) T,=0.
Hence we obtain — by the linear independence of the functions T,
T,,..., T, — the conditions (28).
Sufficiency. If the equalities (28) hold, we multiply the first o!
them by 7,, the second one by 7', etc. and then we sum them up. In this

way, after substituting (26), we obtain the identity (27).
Thus the theorem is proved.

THEOREM b. If the functions Ty, T,, ..., T, are linearly independent
and the identities (26) hold for i = 1,2, ..., n, then a necessary and suffi-
cient condition of the linear dependence of the functions 8,, 85, ..., 8, is

P11 P12 -+ Pmn

(29) ]P21 P22 --. Pon —o.

Py Puz +-- Prn
Proof. Necessity. If the functions §,, 8,,..., S, are linearly de-
pendent, there exist numbers ¢,, ¢, ..., g, at least one of them differing
from zero, such that

0:8:+q:8:+...+ ¢S, = 0.
Hence by Theorem 4 we have

PuditPuget-..+Pn1gn =0,

P12q1+Peefat -+ Pn2fn = 0,

(30)
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Since the system (30) must have a non-zero solution in ¢, qs, ..., ¢n,
the condition (29) must be satisfied.

Sufficiency. If the equality (29) holds, the rows of its determinant

are linearly dependent, i.e., there exist numbers r,, r,, ..., r,, at least
one of which differs from zero, such that
(31) FPrit PaPait oo d TP =0 (i =1,2,...,n).

From (26) and (31) we obtain
S+ reSet...+ 7,8, = 0.

Therefore the funections 8,, 8,, ..., S, are then linearly dependent.
Thus Theorem 5 is proved.



II. RANK OF A FUNCTION
Let & be the Cartesian product of two arbitrary non-empty sets
@, and @,. Let
U= Ui(w), Vi=Viv), U;=Us(w), i = Vi(o)
12y 0y

(i =

[y

)

be functions defined on the sets @, and &, respectively and taking nu-
merical values. Their values for # = u; and » = v; will be denoted as
follows:

UL = Us(w), Vi=7Vilw), Ul =TUilw), Vi=7Tuv)

(t=1,2,...,7j=1,2,...,8).

Y

Let
G =Gu,v), ued,, ved,,

be a function defined on the set @ and taking numerical values. We shall
denote its values for v = u; and v = v, by

G* = GQu,v) (G, k=1,2,...,5).
We introduce moreover the functions
G =G, v), G =Gu,v) (G,k=1,2,...,8).

DEFINITION 2. The funetion @ is said to be of rank »n (»n > 1) if and

only if there exist functions U,, U,, ..., Un; Vi, Vi, ..., V, such that
(32) GE U1V1+U2V2+...+ UnVn

and there are no functions U,, Uy, ..., U,_y; Vi, Vs, ..., Vu_1 such
that

G = [—]1 171‘}‘ Uz 72+°--+U7L—1 Vn—l'

The function & is said to be of rank zero if and only if it equals zero
identically. It is said to be of rank 1 if and only if there exist functions
U,=0 and V, == 0 such that ¢ = U, V,.

The funetion @ is said to be of rank greater than n if and only if there
are no functions U,, Uy, ..., Uy; V,, V,, ..., V, satisfying the identity
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(32). 1. c., the function @ is said to be of rank greater than n if it is either
of rank m > » or of no finite rank.

THEOREM 6. The function G is of rank greater than n if and only if
there exist in D, elements Uy, Uy, ..., Un,; and in D, elements vy, vy, ..., Vyy,
such that

Gll GIZ . Gl,n+1
21 29 2,n 41
(33) G G ... G £0.
1 G'Ib+l,l Gn+1,2 . Gn+1,'n+1 ?

Proof. Necessity. We carry out the proof by induction. If the
function @ is of rank greater than zero, then G == 0 and there exist elements
u, €D, and v, e P, such that G +# 0. Thus the necessity of our condition
is obvious for » = 0. Let us now assume that for n = k, if the function ¢
is of rank greater than n, there exist elements u,, %y, ..., Uny 15 U1y Vay - .-
..+y U,y such that the condition (33) holds, but for n = k41 such
elements do not exist, i.e.,

| Gll GIZ . Gl_k+l Gl,
GZI GZZ . G2,k+1 G2,
(34) | =0
4 Gk+l,l Gk+l'2 . Gk+l'k+1 Gk+l,, ’
e A
where
i Gll Gl2 . Gl'k+l
(e ¢
(35) o= #0
i Gk+l,1 Gk+l,2 Gk+l k1

and the function G is of rank greater than k1.

Expanding the determinant (34) by the elements of the last row
we should then obtain by the condition (35)
(36) 6= g gt g Af"ﬂ,

a a a

where 4; (i =1,2,...,k+1) are the cofactors of G*. Thus, the function
G would be of rank not exceeding k-1, contrary to the assumption made.
It follows that if our condition is necessary for n = k it is also necessary
for n = k-+1.
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Thus the necessity of our condition is established.

Sufficiency. If there exist in @, and P, respectively elements u,,
Uy ooey Unyy @0d 9y, ¥y, ...,V such that the condition (33) is satisfied,
then the function @ is not of rank zero. If we had

G=U,V+U,Vo+...4+ U, Vg,
where &k < n, then we should have

G7 = UiVi+ U Vi4.. .+ ULV
and after the substitution in (33)

U4 4+ UV U\Vig.. .+ ULV: LIV L UL
OiVi+4...+ ULV} UiVigq.. .+ ULVE L OAVER U

U3 Vit DR VL UTP Vi UEPVE.L PPV DRV

. Vi vio..oope
n+1—~ columns 1 2 +!
O e Y A R 41
- A PR
:IU]_ L2 .o Uk 0 oo O . V;c V]zc . V.;:.'_l :0’
n 0 0 ...0
‘U?+l U,_,+1 et g or: npl—k
f rows
10 0 0

contrary to the condition (33). It follows that the function @ must be of
rank greater than n whenever the condition (33) is satisfied.

This completes the proof.

THEOREM 7. Let u;e D, and v;e®P, (1,7 = 1,2, ..., k) be such elements
that the condition (35) with k+1 replaced by k is satisfied. Then the function G
18 of rank n (n = k) if and only if the function

|Gll Gl2 . le Gl'f
G ... ¢ G
(37) 7

ts of rank n—k.
Proof. Necessity. If the function @G is of rank =, there exist

functions U,, Uy, ..., Un; Vi, V..., V,, such that the identity (32)

Rozprawy Matematyczine XVI. ; j 2

K , "?5‘,‘”
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holds. The identity (37) may then be rewritten in the form
H =

1772 k k
UlVi4...+ULVL UIVI4+...+ULVE ... U\VE4...+ULVE ULV, +...+OLV,
2771 1 2172 -2 172 217k 2k 172 2
U1V1+---+U3,Vn WBVi+. . +ULVE ... U3Vi+...+URVE UV +.. 4 UV,
k1 k1 k172 k2 Kk kvk Tk %
UVIL . URVE URMPE4 L UEVE L UMVELL 1 UEVE URY 44 TRT,
1 1 T 2 2 k 13
UV o U VL U VI AU VE . UVEL 40 VE UV +...4+U,V,
1 171 1 2 1 k 1
Uillil Uiz Viz UikVik Uik+1Vik+1
2 1 2 2 2 k 2
Ui] Vil Uiz Viz Uik Vik U":Ic+l iet1
Iy ignse | UE VY UEVE L UEVE U Ve
1 2 k
U"l Vil Uiz Viz Uik Vik U’:k+lVik+l
1 1 1 1 \
U"’l Uiz Uik 1|
2 2 2 2 |
Uy Ui, Vi Uiga |
= N o VY VvE L VE Y,
1t Yo Y1t
1<ty s | UE LY UE UE
U‘l Uiz i U"k+1|

Hence we have

1 g7l 1 1 7l 1l
1 Ulz U‘k Uik+1 4 V‘z e V"k V‘k+1
2 72 2 2 ) 2 12
9 U"l iy -+ Ui ipt+1 Vi Vig oo Vi, Vik+1
(38) H= N deoL o .
i ; kK 77k k rk kK vk k yrk
Iy <lg<.. < g <1 U”:l l7,,;2 Uik U’:k+1 Vil Viz e Vik Vik+l
Uy Us, ... Uy, Uik+1 Vi, Vi, .. Vik V"k+1

If all the determinants

1 1 1
vl UL, ... U,

)
3 U ... UL ) ) .
(39) 1<ty <ty < oo < B < M)

k k
vk Uk ... UE

2
equalled zero, there would then be H = 0, by (38). Moreover, by (37),
the function @ would be of rank not exceeding %, which could be verified
by expanding the determinant (37) by the elements of the last row. But
the function @ is of rank » > &k by assumption. Thus » = k and the func-
tion H = 0 would obviously be of rank n—%k as desired.
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If at least one of the determinants (39) differs from zero, we assume
that the indices in (32) are arranged in such a manner that

ot Uk ... UL

2 2 2
(40) ¢ — 1 U2 oo Uk #O_

Then we introduce the following notations:

Ui, Ui, ... Ui, U3,
Ui, Ui, ... Ui, Ui,
Uiy =
Ui vt ... UL UE,,
Ui, Uiy ... Us, Uy,
(41)
Vi Vi, .. Vi Vi
Vi Vi, ... VE Vi,

.............

Vi Vi, ... Vi VE

Vil.iz. et

e Vg4 |
Now we are in a position to rewrite the identity (38) in the form
(42) = 2 Uil.iz.---,ilcﬂVil.fz ----- k+1°

Iii<ig<... <l <P

We next introduce the functions

0y 0; ... Uy Un

(43) Ppn=Ppu)=1+ -+« -« ... (m=1,2,...,n).

Then we have by (40)

(44) P, = cUm+Lm7
where
(45) Lm = Pm U1+sz U2+-u+pmk Uk

and p,; (j =1,2,..., k) are the cofactors of U; in the determinant (43).
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We introduce also the notations
Ph = Pn(w), DLh=Law) (G=1,2,..k).
By (43) we have
P =0
and therefore by (44) and (40)
1 . .
(46) U’mz—-c--L;,, G=1,2,...,k).

It follows from (41), (44) and (46) that

1 1 1 1
L; L L, L, ,
(_1)k+l L"2:l sz L%k I”gkﬂ
(47) U‘il,iz ..... k41 = —ck_'*T- ............ +
¥ L b7 1
1 19 L4 1’k+l
I’h Liz : Lik Lik+1
L"!l Lt!z : Lék L’%k+1l
2 2 2 2
(1) L L, ... L, L,
e .
ot Ik Ik Ik Ik
i Mg i ik
Pil Piz : Pik Pik+1
But by (45)
lLil Liz s L11fk Lékﬁl-l‘ } U; e Ullw O‘ pill pi21 .. pik+ll
1 1 I
|L§, 22 le_k L?;,H_li 1 0: ... Uk O] Piz Pig2 -+ Pip 2
............. :‘:l.........i-.......... EO
| T |
| Li, Li, - 25870 jU’l‘ U; ... Uk 0& | Pk Pk - Paiak
| Ly, Ly ... Ly, Likﬂ{ (U Up ... Uy 0 10 0 ...0
Henece the identity (47) may be rewritten in the form
(48) U‘il.iz,...,ik+l == ’rf:},iz ..... ik+1P’l:1+/’.::i,iz,....’ik+1pi2+' : '+r::{‘-‘_l!;---rik-+—1Pik+l’
where
. 1)1,
r;’;iz eyl — ( ) Ul i iesr?
2,0t 1 ck+l 1:%20 . 0¥+ 1

lf{,z’,,..,,ek 41 being the cofactor of P; in the second determinant of (47).
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It follows from (42) and (48) that
(49) — VN P.R.,,

where R, are functions of the variable v» only. Since by (43)
Pp=0 Tfor m=1,2,..,k,
the identity (49) becomes

H Y PuRn.
e
m=k+1
Hence the function H is of rank not exceeding »—%. Now, let us prove
that it is exactly of rank »—¥% by showing that its rank is not less than
n—k.
By (35) and (37) we have

1 | A A
(50) G= H-Ggr7L et gk Tk

a a @ a
where A; (¢t =1,2,..., k) are the cofactors of G** in the determinant

(37) and therefore functions of the variable » only. If the function H
were of rank less than n—#k, then, by (50), the function & would be of
rank less then n, contrary to the assumption made. Hence the function H
is exactly of rank n—Fk as desired.

Thus the necessity is established.

Sufficiency. If the function H is of rank n—#k, then, by (50), the
function @ is of rank not exceeding n. If the function @ was of rank
m << m, then, by the proof already given, the function H would be of rank
m—k < n—k, contrary to the assumption made. Therefore the function @
is exactly of rank » as desired.

—

Thus Theorem 7 is proved.

-

It follows from Theorem 7 in particular that for « = k in (37) we
have H = 0. It also follows from the same theorem that if the function @
is of rank » (n» > 0), the function

Gll Gl.
G ¢

1
(51) G, == Gl(u’ V) = ——

Gu (Gll # 0)

is of rank n—1. From (51) we obtain

B G.IGI.

(52) G == T‘ +G1.
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Furthermore we introduce the functions

1 G,":i—l Gii—l ” .
¢ (GF, #0,i=2,3,...,n),

where
Gl = Gy (ug, v;), 1 =Gy (u, ), Gyl =G (u,v),

uw; and v; being arbitrary elements of the sets @, and @, respectively,
such that G¥*, + 0. In order to make (53) valid for ¢ = 1 too, we set
G, =0Gq.

By Theorem 7 the function @; is of rank n—<i. Therefore, for
1=1,2,...,n it is G;_; == 0 and there always exist such elements
u;e®, and v;e®, that Gi*, = 0. But we have

(54) G, = 0.

Since it follows from (53) that

(55) Gi—l = = —f-Gt (’i:l,Z,...,'n‘),

then, under the condition that the function G is of rank », we have by
(562) and (55)

'@ | GG GG
56 G == 5 S kit
(56) gt et T

Thus we have o simple method of finding the rank of a given function
G and the functions U,, U,,..., U,; V., V,, ..., V, suitable for the
identity (32). Namely, we construct first the sequence of the functions
@, Gy, ... by evaluating them successively according to (53). If in this
sequence we meet a function G, = 0, it is the last term of the sequence
and the function G is of rank n. Then we can choose

A
(57) Ui= 7 Vi=Gi,
i—1
where G;',,Gi ,,G¥, being already evaluated when the sequence
has been constructed. By (56) the functions (57) satisfy the identity (32).
If in the sequence we meet a function @, == 0, then the function G
is of rank greater than » and we can find the next term of the sequence.

If this sequence is infinite, the function G is of no finite rank.

ExamrPLE 4. We shall determine whether the function of a pair of
numerical variables (x, %)
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(58) F=F(z,y)

= 2%yt —20%° +-*y — 20 2Py 2Py -yt oty oy 29 oy 4Ry —1,
defined for # > 0, y > 0, is of rank 3.

We set u =z, v = vy, F' = @ and find sueccessively the functions (53)
as follows.
Since F=£0 we find that #(0,0) = —1 == 0. Then

—1 v +2y°+y' +y—1
G, =0, (z,y) = 7| —22'—1 2a*y*—20%° +2’y* — 22" + oy + o’y +
+y* +aty oy’ + 29 +ay +y' 4y -1
= —da'y® —2a%y* 2% — 22y 2Py’ oy Lty Py oyt oy £ 0.

Since @,(1,1) = —4 # 0, we have by (53)
G, =Gz, y)
—4 —6y° +y* +y
= | —8a* +20° +2x —daty’ —2a%' —22%° 22y -ty +
+a'y -’y +a'y +ay’ oy

+ iyt Sy £ 0.
Since G4(2,2) = 470 5% 0, we have by (53)

Gy = Gy(2, y)
! 470 94y® —47y* — 47y
407* —102° — 1507 — 152 8aty® —4aaty® —22°y* — 42ty -
= Lty =3ty Py -ty — =0
=3y’ +qaty oyt gy |
Hence the function (58) is of rank 3. We have by (56)
F = (20 +1)(5* + 2"+ 9" +y—1)+ (20" — &' — 3o) (—69" + 4" +-9) +

+ (4t — 2 — 20" — $2) (20" — ¥ —¥),

which could be verified directly.
THEOREM 8. Let the function G be given in the form

(59) G =U V4 U, Vot . +U,V,.
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Then it is of rank n if and only if the funetions U,, U,, ..., U, and the
functions V., Vy, ..., V, — separately treated — are linearly independent.

Proof. Necessity. If the function ¢ is of rank =, there exist by
Theorem 6 elements u;e®, and v;¢®, (¢ =1,2,...,n) such that —
retaining the previous notations — we have

AL e

! 21 22 2n
(60) FEEL I £ 0.

But we have now by (59)

(61) GY = USVI4UIVI+.. L ULYVE (6, =1,2,...,n)

and after substituting in (60)
UsVit.. .+ ULV, UiVit .+ ULVE .0 Ut V... +ULVE
UVig.. .+ ULVL U3Vig .. J-ULVE ... UiVY4...+ULV?

162) d =

UrVie . LURVYL UPVI4 .+ URVE ... UVI+... 4 U2V
U Uy . U], VYV V?i

l 2 2 ¥2 |1 yr1 2
1 2 . L]'"/ l’z I”g .o ;”

= #0
G UL U VLV
It follows that
Uy Uy ... Uyl VLV,
) UL TA L, (VT
Ur U3 ... Uy, VI Vy ... Va

and by Theorem 1 the functions U,, U,,..., U, and the functions
Vi, Vyy ..., Vo, — separately treated — are linearly independent.

Sufficiency. If the functions U,, U,,..., U, and the functions
Vi, Vgy ..., Vo, — separately treated — are linearly independent, then there
exist by Theorem 1 elements w#;e®, and v;¢®, (¢ =1,2,...,n) such
that the conditions (63) are satisfied. Furthermore, by (61) and (62)
the condition (60) is then also satisfied. It follows by Theorem 6 that
the function ¢ is of rank greater than »—1. But by (59) it is of rank not
exceeding n. Therefore it is exactly of rank n.

Thus Theorem 8 is proved.
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Theorem 8 enables us sometimes to simplify the procedure of de-
termining the rank of a given function G.

ExaMPLE 5. Let us determine whether the function of a pair of nu-
merical variables (z, ¥)

F(z,y) =2y + 2y — o'y — o — ay— 22,

defined for all # and y, is of rank 3.
In order to do it we group the terms according to the powers of =
and thus we obtain

Fz,y) =2 —y)+2 (¢ —1)—a(y+2).

By Example 2 the functions &3 x2, z are linearly indepcendent. Now
we shall show that the functions

H\(y) =9y*—y, Hyly) =y*-1, Hy(y):= —-y-2,

are also linearly independent. Indeed, substituting successively y —= 0,
1 and —1 we obtain

H,(0) Hy(0) Hy(0) 0 —1 —2
H (1) Ho(1) H,1) —|0 0 —3|—6=0
Hy(—1) Hy(—1) Hy(—1)| |2 0 —1

and therefore by Theorem 1 the functions H,(y), H.(y), H;(y) are linearly
independent. Hence by Theorem 8 the function F(x,y) is of rank 3.

THEOREM 9. A necessary and sufficient condition for the identity
(64) U Vi+UVoto. 4 Up Ve = O,V + T,V ...+ T, Vs,

where the functions U,, U,,..., U, and the functions V,, Vay, ..., V,
— separately treated — are linearly independent, is the existence of such
a matrixz of numerical coefficients

Ay Gy .. am—--
(65) o — Qa1 A3y -.. Ay
Ay gz O |
with the determinant
(66) o = U #0
that
(67) Ui=ay Ui+ a,Up+...+a, U,

_ (t=1,2,...,n),
(68) Vi = bil V1+biz V2+---+binvn
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where
L ]
Gy

(69) bi?‘: (i’j:1’27---,n),

a

ay; being the cofactor of a;.

Proof. Necessity. Since by Theorem 8 we have on the left side

of (64) a function of rank =, then, by the same theorem, the functions

U,,U,,...,U,and the functions ¥,, V,,..., V,— separately treated — are

linearly independent. There exist then in @, elements v., v,, ..., v, such

that

VIV L

V... Vi

(70) b — 1 Ve n

If the identity (64) holds, then substituting in it successively
V = Vg, Vg, ..., U, We obtain the system of identities

U Vi+ U Vi+...+U, Vs = U, Vi+ U, Vy+... 4T, V),
U Vit U, Vid...+U V2= U, V24U, V:4... 40,72,

...............................

U ViU V4. .+ U Ve = U,V + UV +...+U0,Vh,

whence, by (70), the identities (67) result in

(V;bf1+Vfb;z++V?bZz) (iyj:]’?’v--'r'n)a

(11 1
a;y; =
) ey =,

by (k,4=1,2,...,n) being the cofactors of V¥ in the determinant (70).
Now we introduce the notations

U T,
U1 [—]1 , o2 J [Vl Vz Vn]s
2 2
(12) U=| o] U=
U S B T

Then we are in a position to rewrite the identity (64) in the form

(73) QB! == Bl
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and the identities (67) in the form

(74) U =A.
Substituting (74) in (73) we obtain
(75) BAYL = Bl
Since the functions U,, U,, ..., U, are by our assumption linearly in-
dependent, the identity (75) implies
(76) TA=].
Since the funections U,, U,, ..., U, are linearly independent, it follows

from (74) by Theorem 5 that the matrix (65) with a; defined by (71)
is non-singular. Then we obtian from (76)

(17) B =BAT,

2A~! being the inverse of the matrix 2, and (77) implies the identities (63).
Thus the necessity is established.

Sufficiency. If there exists such a matrix (65) with the determinant
(66) that the identities (67) and (68), i. e., (74) and (77) hold, then multi-
plying both sides of (77) on the right by 2l we obtain the identity (76).
Multiplying both sides of (76) on the right by ¢ we obtain the identity (75).

Finally, replacing 2 by & we obtain the identity (73), i. e. (64), as de-
sired.
This completes the proof of Theorem 9.

Theorem 9 enables us to find all the possible forms of the type
G=U,V+U,Vo+...+ UV,

for a function G of rank » if one of them is already given. Thus, Theo-
rem 9 is a complement of Theorem 7, which has enabled us to compute
one of such forms.

COROLLARY 9.1. The function G = U, V, of rank 1 can be written in

the form G = U,V, if and only if there exvists such a number a # 0 that
— = 1
U,=alU,, VIEEVI.

CorROLLARY 9.2. The function
G=U,V,+U,V,
of rank 2 can be written in the form

G = [_]1:[71+ﬁ2V2
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if and only if there exist numbers a@,y, @5, Gsy, @y, Satisfying the condition

ayy Gy
a = 0
| Ggy Qg
such that
= = (4073 A
UyanUi+a,: Uy, Viz= —=V,— -V,
a a
— . = a1z ayn
U, a,U,+ayU., Vo= ——V,+—V,.
a a

Corollaries 9.1 and 9.2 are particular cases of Theorem 9.

JOROLLARY 9.3. A necessary and sufficient condition for the identity (64),
where the functions Uy, U,, ..., U, and the functions V,, Vo, ..., V, —
separately treated — are linearly independent, is the existence of a matrix (65)
with the determinant (66).such that
Ui == Ay U1+ ap Upt.oo 0, Uy

(78) } _ _ -
Vi=auVitayuVo+...+ay,; Ve,

(t=1,2,...,n).

This corollary follows from the identities (74) and (76).

ExAmpLE 6. In Example 4 we have obtained for the function (58)
the form

F = 22+ 1) (' +- 292 +y2 +y — 1) + (20 — J2* — J2) (— 69+ +y) +
+ (4ot —a® — Jo? — ) (20° — Y2 —y).
Since
234y -1 = (' -1+ 2.8+ 1- (P + o),
—6y+y*ty  =0-(y—1)—6-¥*+1-(y*+y),
2 —yr—y =0 (1429 —1-(y*+y),
we have by Corollary 9.3
F = [1-(22*+1)+0- (20— }2* — J2) +0- (42* —2®— a2 —20)]- (y* — 1)+
+[2- (20 +1) — 6 (22* — Ja? — }o) +-2- (4a* —a® — S a2 — ) ] -3+
+[1- (204 1) +1- (20* — Ja? — Jo) —1- (4ot —2* — J02 —22)]- (¥ + )

and after reduction

F = @2+ 1) (y —1) + (= 20+ 2)5°+ (2* + 2* -+ 5+ 1) (¥ + 9)-

We see that Corollary 9.3 enables us sometimes to simplify the form of
a given funetion.
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ToEOREM 10. A mnecessary and sufficient condition for the identity
(79) U1 V1+ er I'Ytz+- . -+ Uﬂ, ';fn = l—Jl I71+ ﬁz V2+. ..+ [—]n Vn+ [—]n+] 71’&-!-17

where the functions U,, U,, ..., U, and the functions V, V,, ..., V, —
separately treated — are linearly independent, is the existence of such an index k
and such a malriz of numerical coefficients

thyy Gy ces G 0 ay vee @y
gy Aoy R 0 ay cee Qg
v Ag_11 Ak 12 -+« Op_16-1 0 Qg oo Bp_
(80) oA — k—1,1 Ak_12 k—1k—1 k—-1,k k—1,n
@y (177 cee Qpg 1 ay eie Qpp
Api11 Fpoag oo Qg k- 0 Ayl -+ Cpin
_a'n+1,1 a’n+1:2 BRI iy 0 Appr e o+ a‘n+1,n_

with the determinant
(81) a = U +#0,
that

82) U;=ayU,+apUs+...+a;, U0, (t=1,2,...,n+1),
(83) Vi=buVi+buVot. .4 b1 Vi i+ bVt bikp Vit bina Va

(t =1,2,...,k—1,k+1,...,n+1),
or, conversely,

Vot agVid Vot ooid-amVy (i —=1,2, ..., n+1),
(85) Uy =byUs+bpUpt.cct b Upy+ b U+ bijopy U+ .+

b Un  (i=1,2, .., k—1,k+1,...,n+1),
where

ay ..
(86) by =-  (5,§=1,2,...,n+1),

a

aj; being the cofactor of the element lying in the i-th row and the j-th column
of the determinant (81), and Vy, in (83) or Uy in (85) is an arbitrary function.

Proof. Necessity. By Theorem 8 the function U,V,+U,V,+
+...+U,V,is of rank n. Then by the same theorem and (79) the fune-

tions U,, U,, ..., Uy, or the functions V,, V,, ..., V,,, are linearly de-
pendent. Owing to the symmetry of those two cases it is sufficient to prove

the theorem when the functions U,, U,, ..., U,,, are linearly dependent.
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In this case there exist such an index k4 (1 << % < n+1) and such numbers
€y, Cgy ...y € that

(87) Uy =¢,0,4t¢U0s+...+ e U+ erUp iy +.. .+ ¢, Up sy

If the identity (79) holds, we substitute (87) in it and after a rearran-
gement we have

(88) U,V ,+U,Vot+... U Vo=U(Vi+c,Vi)+TUa(VotcaVi)+...+
F+ Uk a Vit e Vi) Uit (Vi Vi) oo+ U d (Vg 6, Vi)

It follows by Theorem 9 that there exists a matrix of numerical coeffi-
cients

a1 Qo A1n
Q1 Ay2 Aon
(89) Ay = Ar_11 Ap_12 - Bp_1n
Ary1y Orgy2 Ari1n
a"n+l 1 a’n+l,2 a’n+1 n

with the determinant
(90) Ay = |2[0| # 0

such that the identities (82) hold for ¢ =1,2,...,k—1,k+1,..., n+1.
Substituting them in (87) we obtain moreover the identity (82) for i = £,
where
A = A5C1+ AojCoteeo Wy jCh 1+ Apy1jChT oo+ Bryy 6y
j=1,2,...,n).
Introducing the notations

— [71
U, _
U U, B=[V,V,...V,1,
U= .2 ’ U=|: ’ Q3‘——‘[71 I72 -Vn I7n+1];
[’] Un %IE[Vl V2"'Vk—l I_jk Vk--- Vn],
" | Unsa
(91) _ _
an a12 Q15
A9y Qo2 Agp,
. PR
(2% Ay ces Qup
| Oni11 @nyr2 oo Gnppn |




IT. Rank of a function 31

we are now in a position to rewrite the identity (79) in the form

(92) ' BY = B
and the identities (82) in the form
(93) 8= 9208,
Substituting (93) in (92) we obtain
(94) B, = Bl
Since the functions U,, U,, ..., U, are — by our assumption — linearly
independent, then (94) implies
(95) VYA, = .
Hence
(96) BA =B,

where 2 is the matrix (80) obtained by augmenting 2, with the column
consisting of zeros except the k-th clement, which is 1. Then by (90)
follows (81) and we obtain from (96)

(97) B =B, A,
2~! being the inverse of the matrix 2. The identity (97) implies the
identities (83).

Thus the necessity of our condition is established.

Sufficiency. If there exist an index %k and a matrix (80) with the
determinant (81) such that the identities (82) and (83) hold, we com-
plete them with the identity

Vi =b Vitbpe Vot bicje—1 V14 bie Viet+ brjors Vit oo+ bip1n Vo
where by, = 0 for & # m and by, = 1. Now we are in a position to write
them in the forms (93) and (97) respectively. The identity (97) implies
(96), next (95), and (94). Substituting (93) in (94) we obtain the identity
(92), i. e. the identity (79).

This completes the proof of our theorem.

CoroLLARY 10.1. The function G = U, V,; of rank 1 can be writlen
in the form
(98) G=0U,V,+U,7,

if and only if there exist such two numbers a,, a,, at least one of them
differing from zero, that

(99) [_]1 =0 Ul’ ﬁz = Ay U]_, a, V1+ azvz = Vl,
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or

(100) Vi=a,V,, Vyi=a,V,, a,U,+a,U0,=T0,.

This follows from (93) and (95) by Theorem 10 in the case » = 1.
We shall write the condition that at least one of the numbers a,, a,
differs from zero in the form

ai+a3 > 0.
COoROLLARY 10.2. The function
(101) G=U0,v,+U,V,
of rank 2 can be written in the form
(102) G=U,V,+U0,V,+U,V,,

if and only if there exist such numbers @, , @yay Gg15 Aoy Bgy, Gey SALISfYINg
the condition

. iau a'lz’

l A9y A3z

(103) # 0

that one of the six following cases occurs:

[71) =ay,;,U,+a,,U,, Uq = a5, U+ a4y, Uy, ﬁr = a3 U,+ a5, U,,

72 G2 an Qo) — Gy Ao —
(104) 7, =ty _fuy  tnfulalup
a a a
= Ay an Gy1203) — A1y G32 =
Vq = — a[ Vl + a] V2+*' Vf

(the function V, being arbitrary), or

Vep=auVi+a,V,, I_/q =ay Vitanl,, I7'- =ay V,+a3: V.,

= A2g Qg Qo 31— (g Q32 —
(105) Up = 17— UZ_ Ur)
a a a
= Ay o, ay Qyp03,— Q11032 —
U, = — U,+—U0,+————=U,
a a a

(the function U, being arbitrary), where

p=1,9q=2,r=3, or p=2,q=3,r=1,
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This follows from Theorem 10, because in the case of » = 2 and
k = 3 the matrix (80) has the form

@y Ay 0
A = ay a3 0 ’ a:|’2«[\#_’-0,
a3 a3y 1
and hence by (86)
LT Ay Q31 Q3g— oy
by, =—, bip = ——, byy = —-————,
a a a
Az an Q13031 — (1103
b21:_ y b22:—, bzaz_———‘.
a a a

Rozprawy Matematyczne XVI. 3
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Let 2 be the Cartesian product of three arbitrary non-empty
sets 0., 2, and 2,. Let F(x, y, 2), where ze2,, ye£2,, 2¢£2,, be a function
defined on the set £ and taking numerical values.

DerFiniTION 3. The function F(z, y, 2) is said to be of rank n with
respect to z if and only if, when considered as a function of two variables
and (y, 2), it is of rank n. Similarly, the function #(z, v, 2) is said to be
of rank n with respect to y (or z) if and only if, when congsidered as a function
of two variables y and (z,2) (or z and (z, y)), it is of rank x.

We define analogously the function of rank greater than » with
respect to =, y or =z.

DEFINITION 4. The function F = F(z,y,?2) is to be called nomo-
graphic if and only if

1° there exist such functions

X, =Xx), Yi=Yy), Z;=2Z3)
(2 =1,2,3;2eQ;,ye82y,2e2,)

with numerical values that
i 'Xl Xz X3

(106) F=%Y%Y, 7Y,
'\ Z, 7, Zy

2° the function F is of rank greater than 1 with respeet to each of
the variables x, ¥, 2.

In order to explain the second of those conditions let us suppose that
the function F is of rank 1 with respect to x. There exist then such funec-
tions X(x) and K(y,2) that F = X(x)K (y,2). But then the equation
F = 0, for which a nomogram would be required, might be spiit into two
trivial equations

X(x)=0 and K((y,2) =20

for which there is no need of nomograms (*).

(1) For the completeness of our considerations some remarks concerning the
case when condition 20 fails will be given in Chapter VII.
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Every determinant of the type (106) will be called & Massau form
of the function F.

DEFINITION 5. Two Massau forms of a function F

I Xl .Xg .Xa ' Xl X2 Xa
F=|% Y, 7Y, | =Y, 7, ¥,
Zl Z2 Za } Zl Z? 23

will be called equivalent if and only if there exists a matrix of numbers
a1 B @,
A =1 @y Gy s
(31 gy Gz

with the determinant

a= 12 #0
and two numbers d,, d, satisfying the condition
ad,dy = 1
such that
Xl XZ X3 Xl X2 Xa 1
Y, Y, Y5 |= d1Y1 d1Y2 dlya -,
Zy Zy Zy dZZl dzzz dzza |
that is,
| X, X, X,
X, X, X, 1. 1. 1
- = = Y, Y, =Y
Y, Y, Y, |=|d ' 4 * 4 °[ U
Z, 7, Z, 1, 1, 1,
dy ' dy " ody "

where 2A~! is the inverse of the matrix 2.

If each of two Massau forms of a given function F is equivalent
to a third, then they are equivalent one to another. We see that the
cquivalence of Massau forms is a true equivalence relation.

If all the Massau forms of a nomographic function are equivalent
in pairs, we shall call it a uniquely nomographic function. If a nomographic
function has exactly two non-equivalent Massau forms, we shall call
it doubly nomographic. If a nomographic function has exactly & > 2
non-equivalent Massau forms, we shall call it k-nomographic.
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The equivalence of two Massau forms of a funetion F(z, v, 2) has
a simple geometrical interpretation. It means, namely, that each of the
two nomograms for the equation F(z,y,2z) = 0 which correspond to
those Massau forms of F(w,y,2) can be obtained from the other by
a projective transformation. It does not ocecur if the corresponding Massan
forms are non-equivalent.

LeMMA 3. If in the form (106) two colummns are interchanged and the
signs in one of the rows are replaced by the opposite ones, then the resulting
Massau form is equivalent to the form (106).

Proof. Let us interchange, for example, the second and the third co-
lumn in (106) and let us change the signs in the second row. Then

X, X. X, X, X, X, 100
—Y, Y, - Y, |=| -1¥v, -1.7, —1-7, |00 1].
Z, Z, Z, Z, Z, z, 010

We see that the resulting Massau form is equivalent to the former one.
There are ninc possible cases and for each of them the proof is analogous.

LEMMA 4. If to one of the columns of the form (106) a linear combina-
tion of the remaining ones is added, then the resulting Massaw form is equi-
valent to the form (1086).

Proof. Let us add to the first column of the form (106) the second
one multiplied by a and the third one multiplied by . We then obtain

Xi+aX,+bX, X, X, A, X, X, 100
Y, 4+aY,+bY, Y, Y3|=| Y, Y, Ys|-|al10}.
Z,+aZ,+bZy Z, Z, Z, Z, Zy bo1

We see that the resulting Massau form is equivalent to the former one.

There are three possible cases and in each of them the proof is analogous.

LEMMA 5. If one of the rows in the form (108) is multiplied by a + 0
wna vne of the columns multiplied by 1/a, then the resulting Massau form
i8 equivalent to the form (106).

Pror.. Let us multiply the first row of the determinant (106) by
a # 0 r.ad the second column by 1/a. We then obtain

| aX, X, oX,| | X, X, X, a 0 0]
1 1 1 1
Yl - Y2 Ya I Yl - Yg - Yg O 1 0
a =| a a a . .
1 1 1 1
ZI —"Zg Z3 _Z1 —ZZ 4"Z3 0 0 a
| a |1 Le a a 11 |
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We see that the resulting Massau form is equivalent to the former one.
There are nine possible cases and in each of them the proof is analogous.
LeEMMA 6. If one of the rows (or columns) in the form (106) is multiplied

by a #% 0 and another by 1/a, then the resulting Massaw form is equivalent
to the form (106).

Proof. Let us multiply the first row of the determinant (106) by
o # 0 and the second by 1/a. We then obtain

[ aX, aX, aX, | | X, X, X, |la 0 0]
1 1 1 1 1 1
71,- Yl ;12 (;Y:; — — L a,2_12 El’s ) 0 a0
1 1 1
Zl Z2 Z3 _Zl *Zz ——Z3 O 0 o
| B *a, a a 1l

We see that the resulting Massau form is equivalent to the former one.
There are six possible cases and in each of them the proof is analogous.

THEOREM 11. If the function of rank 2 with respect to x
(107) F =X 6G,+X,0,,
where the functions
X;=X(w), G=0G;(y,2) (1=1,2; vef2y, e, 2c2)

take numerical values, is nomographic, then there exists for each of its
Massaw forms an equivalent form

(108) F=|Y.7, Y,

in which the functions X, and X, are the same as in (107) and the functions
Y.=Y.y), Zi=Zz) (i=1,2,3; yefy, 2¢2,),

taking numerical values, satisfy the identities

(109) Gy = ToZy—TiZs, Gy = TVy7,—Y.Z,.

Proof. If the function ¥ is nomographic, then there exist such
functions

Xi—z—f«:(w); ?iE 17i(?/)a ZiE i(2)
(1: = 1,2,3; a:e.Qx, ’ye.Qy, ZGQZ),
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taking numerical values, that

!Z X, X,
(110) F E‘i;l Y, Y,
7, Z, 7,
and
(111) F = X,6,+X,0,+ XG4,
where

(112) 5 Y E 1_7 Zz, Gg S ?321—?123, Ga = ?122—7221.
by

It follows Corollary 10.2 that there exists such a non-singular
matrix
a;; Gy 0
A =|ay ay, 0], a = |AU #0,
a3 O3y 1
that
f,, 1 X,
(113) X [=%] x|
EA R K
or
Gp &
(114) G, |=%1a|,
@] Lol
where

p=1,¢q=2,r=3, or p=2,¢q=3,r=1,
or p=3,q=1,7r=2.
If the identity (113) holds, we introduce the matrix

X, X, 0 X, X, X.
(115) Y, Y, Y| =|aY, a¥, a¥,[(&")",
Z, 2, Z, zZ, Z, Z,

(AY)* being the transpose of the inverse of the matrix 2. Its determinant
is the desired Massau form equivalent to (110), since by Lemma 3 the
Massau forms
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I X, X [ X, X, X,

Y, Y, Y,| and |Y, 7,7

% 7 7 | 7, Z, Z |
are equivalent and by (115) the forms

X, X, 0| X, X, X,

Y, Y, Y, and Y, Y, Y,

Z, , z, Z, Z, Z,

are also equivalent. Furthermore, by (107) and Theorem 8 the functions
X, and X, are linearly independent and, therefore, the identities (107)
and (108) imply the identities (109).

If the identity (114) held we should introduce the matrix

jl jz ja /] q r
~ o~ = 1—- 1= 1-
(116) Y, ¥, ¥,|=|-Y,-Y, Y [¥
a a a
and, therefore, by (110) we should have
X, X, X,
(117) F=|7v, ¥, Y,

the functions
X,=X;(@), Yi=Yily), Z;=2Z)
(’i = 1, 2, 3; :De.Qx, yeQ,,, zeQz)

taking numerical values. Furthermore, we should obtain from (116)

Y, Zy— YoZ, G,
YoZ,—¥.Z, | = A| G,
Y Z,—Y,Z, G,
and then by (114)
}?ZZ.:%— :i’3Z~2 | Gl
1‘-’321 — 1‘;1Z~3 = G2
Y,Z,—Y,Z, 0
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Thus we should have
(118) Y,Z,—Y,Z, = 0.

If 171 = 0, then we should have 1;2 =0 or Z”1 =0. If fl = ifz =0,
then by (117) the function # would be of rank 0 or 1 with respect to ¥,
which would contradict the assumption that ¥ is a nomographic function.
Analogously, we could not have Y1 = Z1 =0, Therefore, we should

have Yl == 0 and, snmlarl}, Y §é 0, Z1 = 0, and Z ;é 0. It would follow

by (118) that the functions Y,, Y and the functions Zl, Z2 — separately
treated — are lmearly dependent and there would exist such a number m

that Y2 mYl, Z2 = mZ But then we should have
~ Yl Y3l

F=mX,-X,| -* ~°|
' Zy Zy |

and the function # would be of rank 0 or 1 with respect to x, which would
contradict the assumption that F is a nomographie function.

Thus, if # is a nomographic function, the identity (114) cannot
occur. This completes the proof of Theorem 11.

THEOREM 12. If the function of rank 3 with respect to x
(119) F =X ,6G,+-X,G,4X;G,,
where the functions
X, = X;(z), G;=0;y,=) (1 =1,2,3; ve;,yecl2,,2e82,)

take numerical values, is nomographic, then there exists for each of its Massau
forms an equivalent form

X, X, X,
(120) F=1Y,7, 7,
{Z Z, Z,
wn which the functions Xl, X,, and X4 are the same as in (119) and the

functions

Yo=Yy, Zi=2Z;r) (i=1,2,3;yeQy, ze),
taking numerical values, satisfy the identities
(121) @, =Y, Z2,—Y,Z,, Gy=7Y,Z,—Y,Zy, G3=7YZ,—Y,Z.

Proof. If the function F is nomographic and an identity (110) holds
then we have (111) with (112). It follows by Theorem 9 that there exists
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such a non-singular matrix 2 with the determinant

a= %A #£0
that

x, X,

X, |=- )?2

X, X,

We then introduce the matrix

X, X, X,

- = = 1= 1= 1-= .
Y, Y. Y,|l=|-Y, -V, =Y, |-Y,
Z, 7, Z “@ e

1 2 3 Zl Zz Z—s

”* being the transpose of the matrix 2. Its determinant is the desired
Massau form equivalent to (110). By (119) and Theorem 8 the functions
X,, X,, X, are linearly independent and, therefore, the identities (119)
and (120) imply the identities (121).

Thus, our theorem is proved.

THEOREM 13. If the function F is nomographic, it is of rank 2 or 3
with respect to each of the variables x,vy,z. Furthermore, if

(122) F=X,6,+X,G,
when ¢t is of rank 2 with respect to r, and
(123) l‘ﬂ = ‘Y] G1+1Y2G2+4Y3G3

when it 18 of rank 3 with respect to z, (the functions X; = X;(x), ¢; = G;(y,?)
(1 =1,2,3; 2, yef,, 2e2,) taking numerical values), then each of
the functions G, G4, G5 is of rank 1 or 2.

Proof. If the function F is nomographie, it has a Massau form (106)
and, therefore, it can be written in the form

F =X (Y22, — Y3 Z,) + X (Y32, — Y Zy) + Xo (Y, Z, — Yo Z)y)-

Thus, F is a function of rank not greater than 3 with respect to x.
Since by definition it is of rank greater than 1 with respect to z, it can
be only of rank 2 or 3 with respect to x. We prove analogously that F
is a function of rank 2 or 3 with respect to each of the variables y and =.

If the function F is given in the form (122), there exist by Theorem 11
such functions
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(124) I_’i B Yi(?/)v Zi == Z,(z) (2=1,2,3; ye&y, ZE'QV)

with numerical values, that the identities (109) hold. Similarly, if the
function F is given in the form (123), there exist by Theorem 12 such
functions (124) that the identities (121) hold. It follows from (109) and
(121) that the funetions G,, G,, G, are of rank not greater than 2. Since
they cannot equal zero identically (because in the case (122) the function F
is of rank 2 and in the case (123) of rank 3 with respect to x), they can
only be of rank 1 or 2.
Thus our theorem is proved.

In order to reduce considerably the number of ull cases which are
to be considered, we now make the following three preliminary assump-
tions.

The first preliminary assumption. The rank r, of the function
F = Fl(x,y,=z) with respect to 2 is not greater than the rank r, with

respect to ¥ and the rank 7, is not greater than the rank r, with respect
to z, i.e.,

(125) Ty <1y <o

The first preliminary assumption will not restrict the generality
of our congiderations, because for every function F(wz,y,z) we shall
be able to change the variables in such a way that the inequality (125)
will be satisfied.

The second preliminary assumption. If the function F is given
in the form (122) or (123), the rank r, of the function G, is not less than
the rank 7, of the function &, and r, is not less than the rank r, of the
function @, i.e.,

(126) Ty STy K1y

Also the second preliminary assumption will not restrict the gene-
rality, since a suitable rearrangement of the indices in the identities (122)
or (123) will always be possible. (See Lemma 3.)

By Theorem 13 and the first preliminary assumption, for a nomo-
graphic function F only 4 cases, excluding one another, are possible:

I. The function F is of rank 2 with respect to each of the

variables x,y, and =z.

II. The function F is of rank 2 with respect to each of the
variables # and y, but of rank 3 with respect to =z.

III. The function ¥ is of rank 2 with respect to « and of rank 3
with respect to each of the variables ¥ and =z.

IV. The function F is of rank 3 with respect to each of the
variables z,y and z.

(127)



III. Nomographic functions 43

By Theorem 13 and the second preliminary assumption, for a nomo-
graphic function # only 7 cases, excluding one another, are possible:

(128)

1. F = X,6,+X,G,, G, = Y.,Z,, G, = Y,Z,,

2. . G, = Y,7,+Y,Z,, .

3. , . G = Y, Z,+Y,Z,,

4 F = X,G,+X,6,+X,Gy. ¢, = Y, Z,, G, = Y,Z,, Gy = Y Z,.
5. . G, =Y,Z,+Y,Z,. . .
6. . , O, = Y, Z,+ Y. Z,,

»s - a 1y == Y Z .+ Y 7.
where the functions

(129) Y, = Yi(y)*0, 2Z;=2Z;(>)*0
(’I: = 1,2, cey 6; ye.Qy,ZG.Q,)

-
i

take numerical values and, by Theorem &, the funetions Y,, Y,, the
functions Y,, Y,, the functions Y,, Y., the functions Z,, Z,, the funec-
tions Z,, Z, and the functions Z;, Z; — separately treated — are linearly
independent; moreover, in the first three cases (128) the functions X,, X,
and the functions G,, ¢,, and in the last four cases (128) the functions
X,, X,, X; and the functions G,, G,, G — separately treated — are line-
arly independent.

The third preliminary assumption.

In the second case (128):

The functions Y;, ¥; may be linearly dependent only if the functions
Y., Y, are also linearly dependent.

In the third case (128):

1° The functions Y., Y,, ¥, may be linearly independent only if
the functions Y,, Y,, Y, are also linearly independent.

2° If the functions Y,, ¥,, ¥, are linearly independent, then the
functions Y,, Y;, ¥, may be linearly dependent only if the functions
Y,, Y3, Y, are also linearly dependent.

3° If the functions Y,, Y,, ¥; and the functions Y,, Y,, ¥, —
separately treated — are linearly dependent, then the functions Z,, Z,, Z,
may be linearly independent only if the functions Z,,Z,,Z, are also
linearly independent.

4° If the functions Y,, Y,, ¥, and the functions Y,, Y,, ¥, —
separately treated — are linearly dependent and the functions Z,, Z,, Z,
linearly independent, then the functions Z,,Z,,Z, may be linearly
dependent only if the functions Z,,Z,, Z, are also linearly dependent.



44 Nomographic functions

In the seventh case (128):

1° The functions Y,, ¥,, Y,.(m = 4, 5, or 6) may be linearly inde-
pendent only if the functions Y,, ¥,, Y, are also linearly independent.

2° If the functions Y,, Y,, ¥, are linearly independent, then the
funetions Y,, Y5, ¥, may be linearly dependent only if the functions
Y,, Y,, Y, are also linearly dependent.

3° If the functions Y,, Y,, ¥, are linearly independent, then the
functions Y,, Y,, ¥, may be linearly dependent only if the functions
Y,, Y,, Y, are also linearly dependent.

The third preliminary assumption, like the first two preliminary
assumptions will not restrict the generality of our considerations, because
a suitable rearrangement of indices in the identities (128) will always
be possible.
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We shall retain the notations used in Theorem 11, Theorem 12,
and the three preliminary assumptions, and we shall prove two theorems
which will be called fundamental.

We shall first distinguish the following seven cases, excluding one
another, which will be called principal:

Principal cases.

I. The function F is of rank 2 with respect to each of the variables
z,y and z.

F=X,6,+X,G,.

The functions G, and G, are both of rank 1.
II. The function F' is of rank 2 with respect to each of the variables
z,y and z.
F=X,G,+X,G,.

The function G, is of rank 2 and the function G, of rank 1.
III. The function F is of rank 2 with respect to each of the variables
z,y and z.
F = .XIG1+.X2G2.
The functions G, and G, are both of rank 2.
G, = Y,2,+Y.2,, G, = Y32,+ Y, 2Z,.
(130) Yy=mp Yi+mes Yoy, Zy =npZy+ n322,,
Y, =mu Y4+ me Yoy  Zy =i+ na2Z,(Y).
(131) (Mg Mgy — Mag Mgyt Mgy Mgy — My Nys)®+
+ 4 (M3 Mgy + Mas Mgy ) (Mgy Mgy + Mg Ngs) = 0.

IV. The function £ is of rank 2 with respect to each of the varia-
bles © and y, but of rank 3 with respect to z. *

F=X,60,+X,G,.
The function @, is of rank 2 and the function G, is of rank 1.

(') Here and further on the coefficients m;; and ny (¢ = 1,2,...,6;7 =1, 2, 3, 4)
are numbers.
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V. The function F is of rank 2 with respect to each of the variables x
and y, but of rank 3 with respect to z.

F=X0G+X,G,.
The functions G, and @, are both of rank 2.
G, = Y,Z2,+Y,Z,, Gy = Y,2,+ Y, Z,.

The funetions Z,, Z,, Z, are linearly independent.

Yy, =my Y, +mgy Y
(132) i wr e Zy = ng1Zy+ NyaZis+ Ny Zy,
Yy =my Y+ my Yo,

Mgy Ny -+ Mys
Mgy Mgy -+ My,

VI. The function # is of rank 2 with respect to x and of rank 3 with
respect to each of the variables y and z.

_F = X1G1+X2G2o
The functions ¢, and G, are both of rank 2.
Gl = Y]_Zl_l_ YzZz’ G2 = Y3Z3+ Y4Z4.

The functions Y,, ¥,, ¥, and the functions Z,,Z,,Z, — separately
treated — are linearly independent.

(133) Mgy = — N3z (M1 Mg+ My # 0).

(134) Y, =myu Y, +mypY,+myy Yy, Zy =g 2y Mgy Lo+ Ny 2y

My2

N3y = _W‘naz (mgy # 0),
(135) a1
Ngg = —My3.

VII. The function F' is of rank 3 with respect to each of the variables
z,y and z.
F = X,G,4+X,6,+ X,G,.

Each of the functions G,, G,, @; is of rank 2.
G, = Y,Z,+Y,Z,, Gy = Y3Zy+Y,Z,, Gy = Y7y - Yol

The functions Y,, Y,, Y; and the functions Z,, Z,, Z, — separately trea-
ted — are linearly independent.

Yo =mag Yot me Yot Yo, Zy = g2y + Wye o+ Nay iy,

(136) Y5 . =mg Yt mpu Yot ms Yy,  Zs = ngZo+ 0502y 1 1502y,

N

Yo =mg Y +-mg Yyt mgy Y, 6 7= Ng1Z1-1- N Zy4-1esZy.



IV. Two fundamental theorems 47

Myg
Ngy = T Nys (Mg # 0),
41
Nag = —Myy,
Nga sy
Ny, = 82 (mgy + 0),
Myg1Mes3
N N3 Mpa m
52 —— el)
(137) Mgy Mgy
, N3pMpq
ey = — = = Mys,
Ny M3
] N3N
Rgy = My,
My Mgy
M3
Mgy = — e Mpa-
63

We shall also distinguish the following Massau forms, which we shall
call principal:

Principal Massau forms:

For the first principal case:

X, X, 0 X, X, 0 |
(138) 0 ¥, ¥, ud |¥Y, 0 ¥l
Z, 0 Z, 0 —Z, —Z,|

i

For the second principal case (¥, =my Y, + My Yy, Z; = 03,2, +-23575) :

a) If mgyng + Maangy # 0, Mgy # 0:

| X, X, 0 i
! !
Mgy ., .
0 Y, ' 1+, l
M3y |
My, ’
Mgy oy Zy+ MygNyeZy  —Zy 2y — m—Z2 ‘
32
(139) and
X, X, 0
Ma1
Moy gy ¥y + Mgy ¥y — ¥, Y — Tyz (mgy # 0)
32 32 7 M.
0 —2Z _'/'Zlil'zl —Z,
32
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b) If mgyngy+ MaaNgy # 0, Nge = 0:

X, X, 0
Mgy
0 Y, ——Y,+Y,
M3s
M3y
MypNg1 Zy+ MyyNgpZy —Zy Zy— Zy
(140) Mo
and
X, X, 0
My Mgy Y1+ Myeg ¥y —Y, —¥, (Mg, # 0).
0 Z, —Z;
¢) If my Ny + Maangy = 0:
{ X, X, 0 ;
| |
i m
| 0 Y, Y LY,
(141) | o (s # 0)
! Mmay
| MaoNag1 Zy+ My NaZiy —Zy Zy— Zy
f Mas i
For the third principal case:
a) If (rg; —740)%2+ 475574, 7%~ 0, where
(142) Tay = Mgy Mgy Mgy Mgy, P32 = MgpNgy+ MeaNyy s

Ty1 = Mgy Nga+ My Ny, Py = MapNgp+ MyeaNys,

and if rz, #~ 0:

\ -Xl Xg 0 ]
P1— 72 %
T Y1 +7.Y, — Y, ~——— Y, + Y,
AT i
P14 —Z 'plj"izzz_zl f
a2 !
(143) and
X, X, 0
P2 Ty
Tey Y1475 Y, —Y, , Y, +Y,
32 ’
—7
Dz, —Zs pg‘ 42Z2—Z1
732
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where p, and p, are the two different solutions of the equation in p:
(144) P2— (131t Ta2) P+ (P31 Ta2— raatar) = 0.

b) If (rgy— rag)?+ 4rgery # 0 and ry, = 0:

ra XY, +re Y, -1, Fa Yy
1
Z, — -4, —-Z,
Far
(145) and
X, X, \]

T . :
raY, —Y — Y, +Y,!
anol ' 1t Ye (ra1(rga—rqy) # 0).

Tao— V3

Taa .
Taedy —Zy ~Zy—17,

Yaz— Ty

e) If (rg;—749)2+ 4rgery, = 0 and 74, # 0:

! A‘I 1"2 ()
i . v s Vs
Pa Yo+ 1Y, — YV, - "YV.4+Y
(146) \‘ s X1+ 7 Xy 1 Ora 1+ ¥, )
‘ 7.31_;_7'42, Z, —Z, ,"j%tl“izgizl
, <3y

d) If (ry, —742)%+4rgr,, = 0 and 75, = 0:

I X, X, 0 }
raY "2 Y —-Y, raY,)!
(147) a1 Y1+ 72 ¥ l 2 31 L1 (ra1 # 0).
1 Z, -z, -z,
| P31 ?

X, X, 0
oy, Myy
(148) . Yomg, T (g £ 0).
!
MyeZy —2Z, Zl*malzz
! M3y

Rozprawy Matematyczne XVI.
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For the fifth principal case:
X, X, 0

. MyyNgg+ Myp i
My Mgy ¥+ Mapitg, ¥y — Y, V" ¥,
(149) Mgy Ngg+ My, :

Mgathgy + Myp 7 _7
— 14
ma, 71/34+ My !

(MgyT3q+ My # 0).

(mgy gyt Mmyy) 7, —7Z

For the sixth principal case:

X, X, 0
My
N ¥y — VY, Y,+ Y,
(150) Mgy (my #= 0).
My
maZ, —74, —2Z,—Z,
My,
For the seventh principal case:
. . Nga?
X+ (mgyme,— X+ (mg Mgz — e X, ‘
My M3 |
|
NgoNgy .. Mg '
— MgaMgy) A, — Ms3Mgy) . & :
My Mg Mgy Mgy !
(151)
Mye |
Hap ¥y ~-Y, Y, + Yz!
41 ‘
i . Nye '
7”/4114 _Al —ZI_ZZ i
Mgy ‘
(myymes # 0),
where
(152) = (Mg Mgs— MypMgy) Mgg— (Mg Mgy — My Mgy ) Mgy

We are now in a position to formulate both fundamental theorems.

FIRST FUNDAMENTAL THEOREM. The function F is nomographic if
and only if — under the three preliminary assumptions — one of the prin-
cipal cases occurs.

SECOND FUNDAMENTAL THEOREM. If the function F is nomographic —
under the three preliminary assumptions — then:

a) it is doubly nomographic whenever there occurs the first principal
case, or the second principal case with My Ny + Masngy 7~ 0, or the third
principal case with (ry; —7,,)2+ 479,74 # 0; then every Massau form of the
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function F is equivalent to one of the two corresponding principal Massau
forms, each of them being non-equivalent to the other,

b) it is uniquely nomographic in the remaining cases (also in the second
principal case with Mgy Mg, + MgyNgy = 0 and in the third principal case
with (Y3, —749)2+ 473,74, = 0); then every Massau form of the function F
is equivalent to the corresponding principal Massan form.

Proof of the First Fundamental Theorem
Necessity. If the function F is nomographic, then by Theorem 13 and
the three preliminary assumptions one of the cases (127) and one of the cases
(128) must occur. Moreover, the first three cases (127) can ocecur only
together with the first three cases (128) and the last case (127), together
with the last four cases (128). Therefore, we have only the following cases:

L1, i. e, the first case (127) and the first case (128),

I'27 bAl 22 b4 ?” » 2 1 Second ” bod
1'37 12 ” b2l 1 b4 ” b3 thlrd bRl b2l
I1.1, i. e., the second case (127) and the first case (128),
II‘2’ " 1 bal 2 1 b3 bil SeCOnd b2 b3

II'37 b2 b2 b3l ” ” bas 2 t'hlrd 2” 2?
ITL.1, i. e., the third case (127) and the first case (128),

III‘2’ ” b33 ” 1 b2} b2 ” Second 1 b}
III‘37 12 1 13 ” b2 b 2 thlrd 12 2
IV.4, i. e., the fourth case (127) and the fourth case (128),
IV'5, b2l b4 » kA ’” bl 2 flft'h " ”
Iv.6, ,, ” 9 I T ” s Sixth ” 7
IV'7’ ?” b2 b2l bh b4 ” ” Seventh 1 2

Since the cases 1.1, 1.2, and I1.2 are obviously identical with the
first, the second, and the fourth principal case respectively, we must
consider only the remaining cases.

Case I1.3. In this case we have

(133) F = X\(Y\Z,+Y22Z,)+Xo( Y325+ Y, Z,),
i. e.,
F=Y X,Z,+Y,X,Z,+ Y3 X, Z3+ Y, X, Z,.

If the functions Y,, Y,, ¥,, ¥, were linearly independent, then the
functions X,Z7,, X,Z,, X,Z,, X,Z, would by Theoremm 8 be linearly
dependent, since the function F is in the present case of rank 2 with
respect to y. Then, there would exist numbers ¢, ¢,, ¢, ¢;, at least one
of them differing from zero, such that

X2 Zy+ 6 Xy Zyt+ 3 XoZy+ ¢4 X2y = Xy(612,+ 2 Z,) +
+Xs(€aZy+ ¢y Z,) = 0.
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It would follow by the linear independence of the funections X,, X, that
6 Zy+¢6,Z, =0, c¢Zy+eZ,=0,

and next, by the linear independence of the functions Z,, Z, and of the
functions Z,, Z, — separately treated —

¢ =¢=0 and ¢ =¢ =0,

which is a contradiction. Therefore the functions Y,, Y,, ¥,, ¥, must
be linearly dependent.

If the functions Y,, Y,, ¥, were linearly independent, there would
exist by Theorem 3 such numbers p,, p,, p; that

Yo=p Y +p Yot ps Y.
Then we should have by (153)
F =(X\Z,+ 0, X Z) Y+ (X1 Zo+ 0. X0Z,) Yo - (X Zay +p3 X Z,) V.

Since the function F is of rank 2 with respect to y, there would exist
numbers ¢,, ¢z, ¢;, at least one of them differing from zero, such that

(X1 Z1+ 01X Z)+ (X1 Zo+ 02 X2 Z,) 4 3 ( X2 Zy+- 93 X, Zy)
= Xi(1Z1 4 422,) + X (D1 a Za+ D242+ Q@373+ P33 Zy) =

il
e

It would follow by the linear independence of the functions X;, X, that
07+ 422, == 0,
P1Q1ZaT P29224+ @323+ PsqsZy = G325+ (D11 + Paga Pagqs) s = 0,

and next, by the linear independence of the functions Z,, Z, and of the
functions Z,, Z,

G =q:=¢q; = 0,

which is a contradiction. Therefore the functions Y,, V,, Y, are linearly
dependent and, by symmetry, the functions Y,, Y,, ¥, are also lineaily
dependent. Since the functions Y, and Y, are linearly independent, there
exist by Theorem 3 such numbers gy, #y,, My, My, that the two iden-
tities in the first column (130) hold.

We similarly prove that the remaining identities (130) also hold.

Since the functions Y,, Y,, the functions Y,, ¥,, the functions
Z,,Z,, and the functions Z,, Z, — separately treated — are linearly inde-
pendent, we have by Thecorem 5

(154) My Mga— MaaMyy F 0, g Rgo— Ngengy 7= 0.
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If the function #' is nomographic, then, by Theorem 11, there exists
for each of its Massau forms an equivalent form (108) such that the
identities (109) hold. Then we have

(155) Yzz:r‘Yazz = Y1244 Y o2y, Y:IZ]—?IZ:! = Y3Z;+ Y Z,.
Let us introduce the functions
(156) 1}3 = gy Yty Yy, Yt‘; = Ngy Y3+ N4, Y.
We have then by (130)
(157) YoZs+ Y24 <= Yy(ng Zy+ ngeZs)+ Ya(nayZy+ 14 25)
= 1;3Z1+ 174Z,
and we can replace (155) by
(138) Y, 23— Y2y = V\Z,+ Yoy, YVofy—TV\Zy= Y2, + Y,Z,.

Now, there exist by Corollary 9.2 such numbers a;, b;(i,§ =1, 2)
satisfying the conditions

lay, ap,! by, b
(159) a=" """ =0, b= """ 20,
Ty Gy bay by
that
_ L 2% a5

Vomray YibanY,, Zy= —=Z,— =2y,
a a

Yyezsapy Y+ a0y Zy- ——Z— — Zy,
a a

(160) ) b
Yooz by Yotbp iu 7, e ;2 Z1—%Zzy
o ~ - _ by b
ViwibyYairby Yy, Zy == ”[;2 Zh— ';17 Zs.

From (160) we obtain

_ U Y-+ Gy Yy 2= by Yot b1, ¥y
(161)
Gy Gug o bug bu,
a a 1/ b

But it follows from (156) and (130) that

(162) Yo 2y Yyt Yy, Y, =raY,+7r,Y,,
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where

(163) Tgp = Mgy Mgy + My Ny, Y39 = Migptlgy+ Mgz ityy,

T4y = Mgy Pge+ My Ny, Typ = Mg Nyt MaaNys,
and by (154)

31 Taz Mgay Myg| | Ngy Tlge

(164)

Y41 Ta2 My Myg| [Ngy Mye

Therefore, by Theorem 4, we obtain from (161) and (L62)

(165) @y = T3 b1+ 70 b1,y Usy = Tapbyy+ 743b1s,
az2b = bysa, Og1b = by a.

Substituting the first two equalities (165) in the remaining two
ones we obtain after a rearrangement

T32b b+ (ryeb—a) by, = 0,

(166)
(rs30—a) by, + 75,0, = 0.
Since by (159) at least one of the numbers b,,, b,, differs from zero,
it follows that
320 Tb—a

Y

rgeb—a  ryb

i. e,

(167) Pi — (o 7a2) P+ (131742 — TazTa1) = O,
where

168 ¢

(168) p=7-

Since the equation (167) must have a solution in p, then
(169) (rs; + "42)2—4(7'317'42—7'327"41) = (Pg1—Tq2)? +4ras7yy = 0,

i. e.,, by (163) the condition (131).
We see that for a nomographic funection F case 1.3 implies the third
principal case.

Case I1.1. In this case we should have
F=X,YZ,+X,Y;Z,.

Then the rank of the function F with respect to 2z would not exceed 2,
which is a contradiction. We see that the case II.1 cannot occur.
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Case I1.3. In this case we also have the identity (153). Therefore we
prove, in the same way as in Case 1.3, that there exist numbers
Mgy Mazy Mayy My, Satisfying the identities in the first column (132) and
that the functions Z,,Z,,Z,, Z, are linearly dependent.

If the functions Z,,Z,,Z, and the functions Z,, Z,, Z, — separately
treated — were linearly dependent, then we should prove — as in case
I.3 — the existence of such numbers ng,, 135, N4y, #,, that the identities
in the second column (130) would hold. Substituting them in (153) we
should obtain

F=(X, Y, +n5 X Yat+ 0y Xo Y)Z,4- (X, Yot n30 X Yot 0y, X, Y,)Z,,

which would contradict the assumption that the function F is of rank 3
with respect to z. It follows that either the functions Z,, Z,, Z, or the
functions Z,, Z,, Z, are linearly independent. Then by the third preli-
minary assumption the funections Z,,Z,,Z, are linearly independent
and by Theorem 3 there exist such numbers 74, 7245, 75, that the last
identity (132) holds.

If ny, = 0, then the functions Z,, Z;, Z, would be linearly dependent
and by the third preliminary assumption the funections Z,, Z;, Z, would
also be linearly dependent. Since by Theorem 3 the numbers ng,, #,4,, 74,
are unique, we should also have ny, = 0 and Z; = n4,Z,, which contra-
dicts the linear independence of the functions Z,, Z,. Therefore

(170) ngy # 0.

If the function # is nomographic, then by Theorem 11 there exists
for each of its Massau forms an equivalent form (108) such that the iden-
tities (109) hold. Then we have the identities (155) and — by Corollary
9.2 — there exist such numbers a;, b; (¢, = 1, 2) satisfying the condi-
tions (159) that
@y

— — a,
Yo =0, Yi+a,,Y,, Zai—ﬁzl~ Zy,
a a

v : 7 ays an

Ys=an Y, +axY,, Z, = a Z, -~ T Z,,
(171)

= . 5  ba by

Y:l == bula‘*‘blzyu Zl et T é:,*fTZ“

v 5 __ b by

Y= by Y3+0,5 Yy, Z, = b Zs— 7"44-
From (171) we obtain

a sy b b

(172) @y Y+ @y Yy o2 by Yy 01, ¥y, %Zl— »a% 2 *;’2 Zy— -il—Zd.
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Hence by (132) and Theorem 4

@gy = Mgy by + Mgy bya,y Aoy = Myaby + Myybys,
(173)
L2Y n bis A2y " bis bon b
T = Mgty = T Ngg o 1234 = .
a b a b’ u

It follows from (159) and the last equation (173) that
(174) by, # 0.

Substituting the last equation (173) in the first two we obtain after
a rearrangement

(175) Wyr = (Mg Wgg+ May)byoy  Qpy = (Mgyligg+ Myp) by,

and substituting (175) in the third and the fourth equation (173) we obtain
(after a rearrangement)
. 131 @— (Mg + Myg)b = 0,
(176)
Ngo @+ (Mg gy + My )b = 0.
Since by (159) the system of equations (176) must have a non-zero
solution in e and b, we obtain

(177) (Mgy gq+ Myy) gy -+ (MgyNgg =+ Mygg) gy = 0.

If migyitgy+ 0y, = 0, then by (170) we should obtain mgeng,+ myy, = 0
and hence g n,,— myymy; = 0. Then by (132) and Theorem 5 the
functions Y,, ¥, would be linearly dependent and by Theorem 8 the
function G, would not be of rank 2, which is a contradiction. It follows
that mg, 04,4+ m, 7 0 and we obtain from (177) the condition (133).

We see that for a nomographic function F case 11.3 implies the fifth
principal case.

Case III.1. We show, as in case II.1, that case III.1 cannot occur.

Case IIL1.2. If this case occurred we should have

B == X(Y1 20+ YoZo) + X YaZy = Y X1 Z,+ Yy X1 Z,+ Vi XoZ,y
=7 X\ Y\+7Z, X,Y,+Z,-X,Y,.

Hence by Theorem 8 the functions Y,, Y,, ¥; and the functions Z,,
Z,, Zy — separately treated — would be linearly independent.

If the function F werc nomographic, then by Theorem 11 there would
exist for each of its Massan forms an equivalent form (108) such that the
identities (109) would hold. Then we should have

Y2Z3—Yazz = Y72+ Y, 2Z,, Yﬁzl—ylza o= Yoy,
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and by Corollaries 9.2 and 10.1 there would exist such numbers a,,, a,,,
@1y Bos, by, by satisfying the conditions

|
| @ a
(178) a= " 20, BB >0,
P Qg Qg ]
that
— — a a
Yo =an Y +anY,, Z;= 22Z1__2LZZ’
a a
— . = a a
Yy vanY,40,Y,, Z, = EZI_J_ZZ’
a a
and
Yoo Yy, Y,=0,Ys, bZ —b,7Z,=127,,
or

Zy = b Zy, ZybyZy, b Ya—by¥V, Y,
It would follow that

221
2 .
a

. 27}
bi Yy ayYi4+ayY, or b7, = Z—Zl—»
Since — as we have shown — the functions Y,, V,, ¥, and the functions
Z,,Z,,Z, — scparately treated — would be linearly independent, each
of the last two identities would imply a,, = a,, = 0, which is a contra-
diction of (178).

It follows that case 111.2 cannot occur.

Case IIL3. In this case we have once more the identity (153) and
we show, in the same way as in case 1.3, that the functions Y,, ¥,, Y¥,, ¥,
and the functions Z,, Z,, Z;, Z, — separately treated — are linearly de-
pendent.

If the functions Y,, ¥,, ¥, and also the functions Y,, ¥,, ¥, —
separately treated — were linearly dependent, then — by linear indepen-
dence of the funetions Y,, ¥, and by Theorem 3 — there would exist
such numbers nigy, Mgy, My, My, that

Yo=ms Y, +m, Y,, Yyz=mg Y, +mg, Y,
Substituting these identities in (153) we should have after a rearrangement
F =Y (X\Z,+mg XoZs+ My XoZy)+ Yo (X 1 Zot My X o Z5+my, X, Z,),

i. e., a contradiction of the assumption that the function F is of rank 3
with respect to y. Therefore, either the functions Y,, Y,, Y, or the
functions Y,, Y,, ¥, are linearly independent. By the third preliminary
assumption the funetions Y,, Y,, Y, are linearly independent. Then
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there exist by Theorem 3 such numbers m,,, m,,, 1,5 that the first iden-
tity (134) holds. We prove in a similar way that either the funetions
Z,,Z,,Zy or the functions Z,,Z,, Z, are linearly independent.

Let us suppose that the functions Z,, Z,, Z, are linearly independent.
There exist then by Theorem 3 such numbers 1y, 1., 11,5 that

(179) Zy = Ny Lyt s Zo+ NysZy.

If the funection ¥/ is nomographic, then — by Theorem 11 — there exists
for each of its Massau forms an equivalent form (108) such that the iden-
tities (109) hold. Then we have the identities (155) and — by Corollary 9.2
— there exist such numbers ay, b;; (4,5 = 1, 2) satisfying the conditions
(159) that the identities (171) hold. From (171) we obtain (172) and then —
by Theorem 4, the first identity (134) and (179)

(180) Ay, = Mgy by, A3y = Myob,ys, by = —Myabys,
Aoz b1y a2 by, b
= —Ny——, T = Ny ’ bis = Nyabyy.
a b o b

1t follows by (159) from the third and the last equation (180) that n,; # 0.
Therefore, we obtain from (179)

n n 1
(181) Zy = — I — Sl b,

Nyy Ny3 Nq3

If the functions Z,, Z,, Z, were linearly dependent, then — by the linear
independence of the functions Z,, Z, — there would exist such numbers
P1, P, that
Zy = pr 2+ paZs
and, next, by (181)
n ) n
Zy = (_ i +—7—L-)Z1+(—£+—P2—)Zz,

Ngg  Nyg Mgy MNys

which would contradict the assumption that the functions Z,, Z,, Z,
arc linearly independent. Therefore, if the functions Z,,Z,,Z, are li-
nearly independent, then the functions Z,, Z,, Z, are also linearly inde-
pendent.

Thus we have shown that the functions Z,, Z,, Z, are linearly inde-
pendent. There exist then by Theorem 3 such numbers ng,, fj,, #g, that
the second identity (134) holds.

We have already shown that there exist in the present case such
numbers a;;, b; (7,7 = 1, 2) satisfying the conditions (159) that the
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identities (172) hold. By Theorem 4 the identities (172) and (134) imply

Az = My bys, Ggy = Mysbys, by = —Mmy3d,,,
(182)
(1293 o blg A9y b12 )
L n31_7 _— = _’"/32“_ y N;34b12 - b”.
a b a b

From the third of those equations we obtain by (159)
(183) by # 0.

Substituting the first two equations (182) in the fourth and the fifth one
we obtain by (183)

(184) Ny @— NMgpb = 0, ngpa+mgyb = 0.

If my, = 0, then by (134) the functions Y,, ¥,, ¥, would be linearly
dependent and by the third preliminary assumption the functions
Y,, Y3, Y, would also be linecarly dependent. Then by (134) we should
have m,, = 0 and, next, ¥, = m,;Y,. Thus the functions V,, Y, would
be linearly dependent, which is a contradiction. It follows that m,, # 0
and from the second equation (184) we obtain

My
b=—--"a
My

Substituting this in the first equation (184) we obtain by (159) the first
condition (135). The third and the last equation (182) imply by (183)
the second condition (1353).

We see that for a nomographic function F Case 111.3 implies the sixth
principal ease.

Casce IV.4, In this case we should have
(185) ¥ =X, Y Z,+X, Y, Z, - X, Y 7.

By Theorem 8 the functions Y,, Y,, ¥, and the functions #%,, 7, Z;
— separately treated — would be linearly independent.

If the function ¥ were nomographic, then by Theorem 12 there
would cxist for each of its Massau forms an equivalent form (120) such
that the identities (121) would hold. Then we should have

I_’ZZ:,—Y:,Z2 = Y.Z, Yszl‘les == YyZy,
(186)
7122*7221 e Yz,

and — by Corollary 10.1 — there would exist such numbers a,, a,, b, b,,
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¢y, ¢, satisfying the conditions

(187) a+ai>0, bVB4+b>0, d+c>0,
that

(188) Y, =a,Y,, Vi Yy, aZy—al, =27,
or

(189) Zy = a2y, Z, = a,Z,, o Yy,—a, Y, = Y,
(190) Yy==b Yy, Y,b,Y,, bZ,—bZ, =2,
or

(191) Z, = b,Z,, Zy o= byZy, b Yy—b,Y, =7,
(192) Y,=e¢Y,, Y.i-e¢,V,s, eZ,—cZ, =2,
or

(193) Z, == ¢, Zs, Z, = e, Zs, .Y, —c, ¥, =Y.

If the identities (188) and (190) held, then we should have a,Y,
=), ¥y and — by the linear independence of the functions Y,, ¥, — a,
=b, = 0. Then a,Z, = Z,, —b,Z; = Z,. Since by (187) we should have
a, ~0, by, =0, we should obtain Z, = —a,Z,/b,, which contradicts
the linear independence of the functions Z,, Z;, Z,. Thus the identities
(188) and (190) cannot be simultaneous.

In a similar way we show that the identities (188) and (192) cannot
be simultaneous and — analogously — the identities (191) and (193).
It follows that the identities (188) cannot occur at all.

We show in a similar way that also the identities (189) cannot oceur.
1t follows that the whole case IV.4 cannot occur.

Case TV.5. In this case we should have
(194) F=X\(Y,Z,+Y,Z,)+X,Y Z;+X,Y,Z.

If the funection F' were nomographic, then by Theorem 12 there would
exist for each of its Massau forms an equivalent form (120) such that the
identities (121) would hold. Then we should have

Yzza_Yazz = Y,Z,+Y,2,, ?3ZI_TIZ:! = YyZ,,
Y Z,—Y,Z, = Y Z,,

and — by Corollaries 9.2 and 10.1 — there would exist such numbers
Gypy Gygy Qyyy Bog,y by, by, ¢4, ¢, satisfying the conditions

Ay, Qys

(195) a = #0, B+b=0, E+E>0,

@y G
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that a
- _ 2 a,
Yy=an Y1 +a,Y,, Zy=- 5 Z T Jl’sz
a a
(196)
53 . . = a a
Ys =an Y +ay,Y,, Z,:- —12“Z1 — Zy,
a a
(197) Yy =0, Yy, Fi==h,Y,, bZ,—bZy = Zy,
or
(198) Z, = b7y, Zy = byZ,, b¥Vs—b, ¥, =¥,
(199) Y, =e¢ Y5, Yy e, Y, ly—Z, =Xy,
or
(200) Z, = ¢, 7, Z, = ¢, 7%, Y, —e Y, = Y.

If the identities (196), (197), and (199) held, then we should have
hiYs=ay Y +0a5Y, Y, =a,V+a,7Y,.

Since by (195) at least one of the numbers a,,, a,, and at least one of
the numbers a,,, a,, would differ from zero, then the functions ¥,, ¥,, Y,
and the functions Y,, Y,, Y; would be linearly dependent. Since the
functions Y,, Y, are linearly independent, we should have

by £ 0, ¢, #0,
and hence
aZl au)-z (le)

Y. = Y, 2y Y. = all Yoo 2y
3 = b, 1 by 29 5 ¢ e, 4 PR

Substituting these identities in (194) we should have after a rearrange-
ment

F=v.lx.z Aoy . an . | -y, @y o, T2 ..,
=Y, |\ X2+ XyZy— XaZs |- Y. | XV 2,0+ XoZy+ - ~X3Zg),
b, ¢y b, ¢y

which would contradict the assumption that the function F is of rank 3
with respect to y.
Thus the identities (196), (197), and (199) cannot be simultancous.
If the identities (196), (197), and (200) held, then we should have

b Ys =as Y+ axY,, bye, Yy— a0, Y — a6, Y,y 70 Yy,
where — as before — b, 4 0. It would then follow that

a a bse byc
Y, = - Y, + iyza Y;-= (in‘_:‘l—— 0y (’2) Yl_’_(_‘fz_z_ﬁ_zf}_ - am(’z) Y,.
b, b, b by
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Substituting these identities in (194) we should obtain once more a con-
tradiction of the assumption that the funection F is of rank 3 with respect
to v.

Thus, neither the identities (196), (197), and (199) nor the identities
(196), (197), and (200) can be simultaneous. It follows that the identities
(197) cannot occur at all. We show analogously that the identities (198)
cannot occur. It follows that the whole case IV.53 cannot occur.

Case IV.6. In this casc we should have
(201) Fo= X (Y 2,4+ VY, Z,)+ X (Y Zat Y, Z,)+ X, Y Z,.
1f the function F were nomographic, then by Theorem 12 there

would exist for each of its Massau forms an equivalent form (120) such
that the identities (121) would hold. Then we should have

)'223—?322 = Y2y + Yo Zy, TSZI'T1ZS = Y3Z3+ Y, Z,,
Y\ Z,— Y2y = YZs,

and — by Corollaries 9.2 and 10.1 — there would exist suech numbers
Ay by, ¢; (3,9 =1, 2) satisfying the conditions

@1 Gy bii byl
(202) w=|" " 7 0, h = ’ "o # 0, (i‘}”cé > 0,
@o1 G ‘ 21 Doz
that
v = a a,
Y, =a, Y +a,Y,, Zy = —--EZI——--ZLZM
@ a
v & V12 a
Y3 = Qg Yl’ll_ 2T Yz’ Zz = Qe ’11—" !I'Zzy
a a
(203) I ,
v . = ) ,
Y3 = by Yatb, Yy, Z, = -;—%'//3_—;LZ47

- v = b b
Yy 5 by Ya+ by Yy, Zy = ﬁza_ "'b}'l’ Za,

and, morcover,

(204) Y, =¢ Y, Vo=, Ys, Zy—0Zy s,
or
(205) Z, =%, Z,=cZy, ¥, —¢ Y, =Y,

If the identities (203) and (204) held. we should have

Y5 = by Yyt 05 Yy, Y, =06,Y,4a,Y,,
(206) »
Ao Y1+ a5, Yy =0y Yy+b, Yy,
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whence by (202)

@b Qg2 bysc

Y, = —211‘)_2.% Y, + _Eb_,,?fyz__ 1; 1 Y,
— @y b oo b b..c

Y, = %Y1~ jzblyﬁ_ _1_;;‘1_1/5.

But — by (202), (206), and the linear independence of the functions
Y,, Y, — ¢, # 0 and from the second identity (206) we should have
a
Yo = 0¥, Y,
¢ c

2 2
Hence we should obtain

Yy=ma ¥+ m; Vs, Yy =my Yi+mg, Y,

(207)
Yy =ms5 Yi+mg, Yy,
where
N @g1bse Ay bige Men Bgabye  Bi1pbysey
31 = - ) 32 = -
b be, h be,
S @1 boy | Gy1b1i0y " Baobsy | A1pby, 0,
41 = ' 42 = — Ty T
b be, ’ b be,
, @1 @1y
Mgy = —, Mgy = .
02 (/‘9

Substituting (207) in (201) we should obtain after a rearrangement
F = Y (X 70+ Moy Xy Zg+ Mgy XoZg+ M5y X3 Z5) +
F Yo (X1 Zy+ ey Xy Zg+ Myy XoZy+ M0 Xy Zs5),

which would contradict the assumption that the function F is of rank 3
with respect to y.

Thus the identities (203) and (204) cannot be simultanecous.

We show analogously that the identities (203) and (205) also cannot
be simultaneous. It follows that Case IV.6 cannot occur at all.

Casge IV.7. In this case we have
(208) F = X,(Y,Zy+ ¥, 2;) + Xo( Vo Zyt YaZo)+ Xo( Y Zo+ Yo Zo).

If the funetion F is nomographic, there exists — by Theorem 12 — for
each of its Massau forms an equivalent form (120) such that the identities
{121) hold. Then we have

Y Z,—YyZ, = Y,2,+Y,2,, 7321”7123 = Y, Z,+ Y, Z,,
7122—‘)7221 = Y;Z5+ YoZs,
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and there exist by Corollary 9.2 such numbers ay;, by, ¢y (1,7 =1, 2)
satisfying the conditions

a, a b, b ¢ C
(209)0,:‘ 1 12‘:’&0, p o | 1 e 20, = 11 12‘¢0,
‘ A21 g l bar by Ca; 022[
that
8% 7 Ay 31
Y., =an Y +apY,, Z;= a Z1—"TZ2’
— — [24 a
s=an Y1 +a5,Y,, Z,= ‘;2Z1—"01%Z27
- _ b b
Yo=b,Y3+b,7Y,, Z, = —;—ZZ::——Z'I‘ZU
(210)
v ; 7 bys by,
Yi=baYytbYy, Zy= —1;"7’3_ b Zs,
- N = Cas Cs
Y, =e,Y;4+¢,Ys, Z, = ; Zs——-(‘iZs,
— — C 4
Yy = YitenYs, Zy = -:;2-Z5—%Ze.
Hence we have
; b b ¢ c
by Yo+ by Yy =, Y5+ Y, %Za—— -;I-Z4 = —c‘—zzs—-%ze,
. , , , Q12 any Caz Ca1
(211) @ Y+ ap Yy = ¢y Y4055 Y, wimliy———Zy = — Ly ——Z,
a a [ ¢
. a, a b b
0 Y+ a5 Y, =b,Y4+0,,Y,, ‘_(;/-Z-Zl_%zz = b—lzza——ll?lzm

If the functions Y,, Y,, ¥, were linearly dependent, then by the
third preliminary assumption the functions Y,, Y,, ¥,, (m = 4,5, 6)
would also be linearly dependent. Since the functions Y,, Y, are linearly
independent, there would exist by Theorem 3 such numbers wmy,, m;,
(¢t =3,4,5,6) that

Yi=myVi+mpY, (1 =3,4,0,6).
Substituting these identities in (208) we should obtain
F =Y (X\Z+my XoZg4-my XoZ+ingy XoyZy+ gy X3 Zg) +
+ Y (X Zgt Mg Xy Zg+ Myp XoZy+ Mg XoZ g+ Mg XoZs),
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which would contradict the assumption that the function F is of rank 3
with respeet to v.

Thus, the functions Y,, ¥V,, ¥, are linearly independent. Since by
(209) at least one of the numbers a,,, a,, differs from zero, then by the
last identity in the first column (211) the functions Y,, Y,, Y,, Y, are
linearly dependent. There exist then by Theorem 3 such numbers
Nigr, Moy Mgy that the first identity (136) holds.

Since — by the first two identities in the first column (211) and by
the third condition (209) — there exist such numbers p;; (¢ =5 6;
j=1,2,3,4) that

Y5 = pa Yit+pse Yot P53 Yatpea Yo,y
Ye=pa Y1+t P2 Yo+ Pos Yat pea Yo,

then there exist, by the first identity (136), such numbers m;; (1 = 5, 6;
j =1,2,3) that the last two identities in the first column (136) hold.

If the functions Z,,Z,,Z, were lincarly dependent, there would
exist — by the lincar independence of the functions Z,,Z, and The-
orem 3 — such numbers 4, 7114, that

(212) Zy = Ny L+ 1y,
Substituting this identity in the last identity (211) we should obtain

b b b
2. = (%2 g )Zl—i-(— fat +’n42i)Z2,

b a b o b
Siuce by the third identity in the first column (211)
(213) big # 0,

(the functions Y,, Y,, ¥; being linearly independent and by (209) at
least one of the numbers a,,, a,, differing from zero), we should obtain

(214) Zy = Ny Zy+ Nya s,
where
Az b1 @y b by,
Ny = =+ Ny Hgp = —3—— 1 Moy —.
bisa by bi.a bys

Moreover, by the first two identities in the second column (211) there
exist such numbers v; (1 =5H,6; § =1,2,3,4) that
(215) Zy s= rouZy+v50Zostv5aliy+050hay Zg = Va1 Zy+ readiat Tealy+ Feala
Then by (212) and (214) there would exist such numbers ng,, %55, 96, 742
that

Zy o Mgy Ly Ngo ey, Lo 7= g A+ NgoZs.

Rozprawy Matematyczne XVI, 5
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Substituting these identities together with (212) and (214) in (208), we
should obtain

F=(X Y +1u Xy Yo+ 1, XY+ 05 Xy Y+ ng Xy Ye)Z, +

F (X Yo 30 Xy Yy F 1o X Y+ 15 X3 Y+ 14, X3 Y) Z,,

which would contradict the assumption that the function F is of rank 3
with respect to z. It follows that the functions Z,,Z,, Z, are linearly
independent. Then, by the last identity (211) and by (213) there exist
such numbers n,,, 735, 73, that the first identity in the second column
(136) holds and, next, by (215) there exist such numbers n; (¢ = 3, 6;
j =1,2,4) that the remaining identities (136) hold.

Now, we obtain from (211) by (136) and Theorem 4

Mgy Doy = Mgy Cyy+ Mgy Cra,y Myabyy = Mgy + Mgy €,y
boy+ Masbay = MsaCy+ MgyCyy,y
@y = M5y Cay -+ Mgy Cony @1y = My55Cy + Mgy Cag,
Mig3Car+ MeaCae = 0,
Gy = Mgy byay A3y = Mysbyy, by +myaby, =0,
22 12 ‘11 by 612 C11
Ngy—— = Npr—— — Ngr——»  Nga- = = Npe — Ngy )
. b c ¢ b ? :
(216)
" by by 0 Cyz " Cn
34 T T N5y o Ngy
b b ¢ ¢’
a1z Ce2 Oy an Caz Ca1
— =Ny — g = = gy Ny )
a 4 c a C ¢
N5qCap— Nga €y = 0,
Agg bio L291 bz
= My , o = Nge Nagbys— by = 0.
a b b

1t follows by (209) from the last of these equations that
(217) bis # 0.

If m,; = 0, then by (136) the functions Y,, Y,, ¥, would be linearly
dependent and by the third preliminary assumption the functions
Y,, Y;, Y, would also be linearly dependent. It would follow by (136)
that also m,, — 0 and, therefore, Y, := m,3Y;. Thus the functions
Y,, ¥, would be linearly dependent, whence by Theorem 8 the function
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G, = Y,Z,4+ Y,Z, would not be of rank 2, which is a contradiction. Thus
we have

(218) May # 0.

If mgy = 0, then by (136) the functions Y,, ¥,, Y, would be linearly
dependent and by the third preliminary assumption the functions
Y,, Y,, Y, would also be linearly dependent. It would follow by (136)
that also mg = 0 and by the third equation (216)

byy+ Myabyy = 0.

But this equation and the ninth equation (216) would then imply
by1byy— bypby, = 0, which is a contradiction of (209). Therefore, we have

(219) Mgz 7= 0.
By (219) we obtain from the sixth equation (216)

Mg

(220) Cop = — C21)

M3

where by (209)

(221) g1 # 0.

Substituting (220) in the fifteenth equation (216) we obtain by (221)
m

(222) Mgy = — —= Mgy
Mg

The ninth and the last equation (216) imply by (217)
(223) N3q = — Myy-

Substituting (222) and (223) in the twelfth equation (216) we obtain

1 Npa
- 7“’21"’ Myabgs) = (M3 €11+ Me3Cra),
63
1. e.,, by the third equation (216)
. 1 N
(224) - 3-("”53011’{‘ MegCra) = — (M3 011+ Mgy Cr2)-
Mgg €

It mgyey+ Mg = 0, then we could write the third equation (216)
in the form
bay+ Myzbyy = 0.

This equation and the ninth equation (216) would imply b,, by, — b1205, = 0,
which is a contradiction of. (209). It follows that

(225) Mis3Cry -+ MeaCyrz 7 O
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and we obtain from (224)

(226) ¢ — — sty

Mgy

Substituting the seventh equation (216) in the seventeenth one
we obtain by (217) and (218)

(227) b= — 4

The equations (226) and (227) imply

(228) PR L

Mgy Mgy
The ninth equation (216) can be written in the form
(229) biy = —Myaby,.
Therefore, by the third equation (216)
(230) b = by bos—b1obyy = — (Do + My3bee)bis = — (Migz€y 4 MeaCia) bea-

On the other hand, we have by (220)

(4
(231) € = €11Cpp— C13Cy; = — (M353Cy+ Me3Cy2) _2—1
Mgy
Substituting (230) and (231) in (226) we obtain
Ca1 N5y
— (M3t MezCra) — - = —— (M55 -+ Mg3€12) by,
Mes Mes3
whence by (225)
(232) Coy = —Mgqbys.
The equations (220) and (232) imply
My N
(233) G2 = ﬂblz-
M3

Substituting (232) and (233) in the fourth and the fifth equation (216),
we obtain

Mgy

Ay = — (Mg Mgy — MsyMg;) e by,
63
(234)
Ny
B1p = — (Mg Mg3— MyyNtg) —— Dy
Mgy



1V. Two fundamental theorems

The seventh and the eighth equation (216) are
(235) Qg1 = Maybyay  @yy = Myybys.
The equations (234) and (235) imply

a4 = (1A — Q1203

n n
= [— (M5y Mgy — M55 Mgy ) = Mas+ (Mgz Mgg— M53Mes,) — My, | bl
M3 Mes
i. e.,
\ Ngqg
(236) & = —— rby,,
Mgy
where by (209)
(237) r= ("f’bumsz—mumsl)mss* (Mg Mgy — Mgy Mgy ) Mgy 7= 0.
The equations (227) and (236) imply
Ngpil
(238) b= — 222
Mgy My
the equations (228) and (236) imply
NgaNiy 4
(239) c = ———1b}.
gy Mgy
Substituting (232) and (239) in (231) we obtain
NgaNeg . » n
(240) Ls;'rbfz = (Ms3¢11+ m’saclz)”ﬂbm-
Mgy M3 M3
Since (209) and (238) imply
(241) Nay 70,  Nsy F 0,
we obtain from (240) by (217)
m Hag T
(242) €12 = — —jcu‘lf Ls’;_ Thys.
63 Mgy My

On the other hand, the first two equations (216) imply

(Mg1 611+ Mg Cra) Myy = (M53C11+ MigpCra) My,
i. e.,

(243) (Mg Mgy — Mg Mg1) €1yt (Mgy Mgy — Mgy M) Crp = 0.
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Substituting (242) in (243) we obtain after a rearrangement

) 1
[(my1Mge— Myo M) Mgy — (Mg) Mgy — Mgy Mgy ) Mgg] -

+
63
Nga M
- (Mg Mgy — MaaMyg;) ‘32—6; rby, = 0,
41 M3
whence by (237)
Taa M
(244) O = — (M43 Mgy — MysMygy) 224 bys,.
Mgy Mes
The equations (242) and (244) imply
TNga N
€1z = [( Mgy Mgy — MyyMe) Mgy 7] 32_'5;’1’12;
41 Me3
ie., by (237)
Haqo
(245) Cra = (MyyMz9— My, m“) ez e 12
Mgy M3

Substituting (244) and (245) in the first equation (216) we obtain by (218)

N3aMpq
boe = [ — (Mg Mgy — Mgy Mg1) M5y + (Mgy Mgy — My Mgy) Mgy ] _2‘m— by,
41 Mgy

i.e., after u rearrangement,
NgoNsq
= bys.

41 M3

Substituting (244), (245), and (246) in the third equation (216), we obtain

(246) bys = — (Mg Mgy — MgaMgy)

bay = [(My1 M55 — MypMsy) Mgy — Mgy Migo— Mgy Mgy) My +

, N3z Ms5q
+ (Mgy Mgy — Mgy Mgy ) Myy) byay
Mgy Mgy
i. e.,, by (237)
) Nga N5y
(247) by = [7 4 (Mg Mga— Mya Mgy ) Mgs] - by,
Mgy M3

Substituting (235) and (227) in the sixteenth equtaion (216) we
obtain by (209) and (217) the first condition (137).

The second condition (137) is identical to (223).

In order to prove the third condition (137) let us subtract the tenth
equation (216) multiplied by ¢,, from the thirteenth one multiplied by
¢;;- Thus we obtain

A12C11 by2Cay

Ngy = : 317y
a b
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Substituting here (234), (244), (236), (246), (232)', (238), and the first
equation (137), we have

Ny b ) N3aMNs5e b
(Mga Mgy — MggMgg) — 1o (Mg Mgz — MygMgy) - ~ - Oy
Mgy Mgy Mg
Ny = +
Nga 5
—— 7rbi,
M3
, 2
N3z Mgy B
(Mgy Mgy — MeyMgy) ——— by,
Myo My Mes
T S
41 32M54
_ el
Mgy M3

= [(mggMgg— Mgy Mga) (Mg Mgz — My Ma1) — Mgy Mgy (Mg Mgz — M3 Mgy)] X

32 Mpq
X S
Mgy Mgy?
, N3z M5
= [(M 4y Mga— MyaMs5,) Mga— (Mg Mgy — MysMg ) Msz] ———— M3,
Mgy Meg”

i.e., by (237) the third condition (137). _

Subtracting the eleventh equation (216) multiplied by ¢,, from the
fourteenth one multiplied by ¢,,, we obtain analogously the fourth con-
dition (137).

Subtracting the tenth equation (216) multiplied by ¢,, from the
thirteenth one multiplied by ¢,,, we obtain analogously the fifth condi-
tion (137).

Subtracting the eleventh equation (216) multiplied by ¢,, from the
fourteenth one multiplied by ¢,,, we obtain analogously the sixth con-
dition (137). '

The last condition (137) is identical to (222).

Thus, we see that for a nomographic function ¥ Case IV.7 implies
the seventh principal case.

This completes the proof of necessity of the conditions formulated
in the First Fundamental Theorem.

Sufficiency. We now have to show that in cach of the seven prin-
cipal cases the function F is nomographic.

Principal case I. Since the functions ¢, and &, ave both of rank 1,
there exist such functions Y, = Y,(y), Z; = Z;(?) (i = 1, 3), that

G, Y, Z,, G,= Y3Z,.
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Hence we have

X, X, 0|
P=XY2Z2,+X,YZ,=|0 Y, Y;,i
Z, 0 Z,

and the function F is obviously nomographic.
Prinecipal case II. Now there exist funetions Y, == Y,;(y)=£0,
Z; =27,(2)==0 ({ =1,2,3), such that

G, = Y11Z+Y2Z2, G, = Y;2Z,,

the functions Y,, ¥, and the functions Z,, Z, being by Theorem 8§ linearly
independent. Hence we have

(248) F = X(Y1Z,+ Yo Z)+ X, YsZy = Y, X, Z,+ Yy X1 Zs+ Yy X Zs

Suppose the functions Y,, Y,, ¥; were linearly independent. Since
the function F is of rank 2 with respect to y, then by Theorem 8 the
functions X,Z,, X,Z,, X,Z, would be linearly dependent, i.e., there
exist such numbers ¢,, q,, 43, at least onc of them differing from zero,
that

X7, + X0 2y 3 X Zy = Xy (02, + 42 Z,) + Xo @325 = 0.
Since the functions X, X, are linearly independent, it would follow that
17+ Qo 2y =0, qsZy = 0.

Moreover, since the functions Z,, Z, are linearly independent and Z, == 0
it follows that ¢; = ¢, = q¢; = 0, which is a contradiction. Therefore, the
functions Y,, ¥,, Y, are linearly dependent. We show analogously that
the functions Z,, Z,, Z, are also linearly dependent. Since the functions
Y,, Y, and the functions Z,, Z, — separately treated — are linearly inde-
pendent, there exist by Theorem 3 such numbers mg,, mg,, %3, 73, that

(249) Yo=mg Yi+meuY,, Zy=nsZ,+nu,.

If my, = 0, then the funections Y,, ¥, would be linearly dependent
and by the third preliminary assumption the functions Y,, ¥, would
also be linearly dependent. It would follow that also m,, = 0 and ¥, = 0,
which is a contradiction. Therefore,

(250) Mgy # 0.

By (249) and (250) we are now in a position to write the function ¥
in the form
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X, X, 0
0 Y Y
(251) F = ! ?
1
Z, — 7, 4,— g,
‘ Mgy Mgy

Indeed, the identity (251) is equivalent to

Mgy

1
Y\ Z,+—
?

Ngo

F= XI(YIZI— : 1’,,22) 1 X,Y,Z,

32
and, by (249), equivalent to (248) as desired.

Thus the function F is nomographic.

Principal case III. Let p = p, be a solution of the equation (144).
It exists by the condition (131). If »3;, = 0, we can write

X, X, 0 '
pyi—r |
> - 17 7Ta2 -
(252) = ra Y +7re ¥y — Y, TY1+ Yz!,
P12, —Z . Zy—7, l
Fao '

because the identity (252) is cquivalent to

2y
F o= XYV, 2+ yzzz)+xz(”‘ P Y Bty Vo Z—
32
Pr— " ’ . ;
—7'311_— Y\ Z,—(pr—rp) YoZotra Y\ Z) 473 Y2Z1)7
32

i. e., by (144), to

F =X (Y Z,+ Y Z))+ Xo(rgy Y\ Z 130 Yo Z iy 40y Y1 Zy 174, Yo Zo)
and next, by (130} and (142), to
(253) F=X\(Y\Z,+Y,Z,)+ X, (Y3Z:+ Y, Z,),

as desired.
If ry, = 0, then it follows from (164) that r,; = 0 and we can write

X, X, 0
_ raYi+reY, —Y, rnY
(204) F . 41 1 42 2 ] 2 31 1 ,
Z ——Z, —Z,
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because the identity (254) is equivalent to
F = X\(YZ2,+Y,2)+ Xy (13, Y1 21+ 70,. Y Zy 471, Y, Z,),

i. e.,, by (130) and (142), to the identity (253), as desired.

Either by (252) or by (254) the function F is nomographic.

Principal case IV. Since the function @, is of rank 2 and the
function G, of rank 1, there exist funections Y, = Y;(y), Z; = Z,;(?)
(¢ =1, 2, 3) such that the identity (248) holds and the functions Y,, Y,
and the functions Z,,Z, — separately treated — are, by Theorem 8, linearly
independent. We show, as in the second principal case, that the functions
Y,, Y., Y, are linearly dependent, i. e., there exist by Theorem 3 such
numbers m,, and mg, that

(255) Y, =my Y+ my Y.

We show, as in the second principal case, that (250) holds. Thus, we can
write

X, X, 0 |
0 Y, Y,
(256) F = ,
1 m
Zy ———-Z, Z,——22,
M3z M3z
since the identity (256) is equivalent to
M3y
F= Xl(ylzl— Y,Z,+ Y3Z2)+X2 Y37,
Mgy M3y

i. e., by (255) equivalent to the identity (248), as desired.
By (256) the function F is nomographic.

Principal case V. The proof of (170) is also valid here.
In the present case we have

F=X,(Y,Z,4Y,Z,)+X,(Y;Z,+ Y,2,),

i. e., by (132), (133) and (170)
Ny gy
F :XI(YIZI+Y2Z2+ Tyzzl——yzz1)+

32 N3e

+ X (Y. Zytmy Y Z - myp Yo Z -y, Yo Z,—n3,Y32,)

1 n
=X, [— —— Y, (—na 4y —ny.Z,)+ (Y1‘_ iy2)zl] +

ey 32

+ X (YaZy+ Mgy Y Zyt My Yo Z g+ My Mgy Y, Zy+Migs Ny Y3 Zy— 13, Y3 Z,)
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-1
=0

1 ., Ngy
x[--L yz(n:,,,zd_zs)+(1’l— ‘ YZ)ZI]+

N3y a2

ll

F X [Yi(myynag+ My ) Zy+ Y 5 (Mypgy+ Myp) Zy— Yy (03,2, —2Z,)]
X

1 n
1 L_ —— Yo (N34 Z,—2Z4)+ (Y;" iYz)Zl:I +

N3e Mgy

. n 7
+X, [(I 1— — Yz) (MgyNgg+ Myy) 24— Y:,('Il34Z4—A:,)]

N3y
| X, X, 0 |
. 1 Ny . .
= Y, — —¥, ¥,— Y, 1.
Nay Nyg |
(Mgy Ngq+ Myy) Z, —Z, NayZig—Zy

Thus the function ¥# is nomographic.
Principal case VI. In the present case we have
(257) My 7 0
and F =X, (Y, Z,+Y,Z,)+X,(Y;Z,+Y,Z,), i e, by (134), (135)
and (257)

Myy Myo

Y,Z,— YZZ,) 4

11 41

F = Xl(Y1711+Y2Z2+

FXo(ngy YaZi+ 030 Yy Zo+ gy YoZiy+ Mgy Y1 Zyt+myy YoZoy+mMyy Y3 Z,)

=x,|-v, 22z 7 "
= A T e AT e +{Y,:+ Y,)Z, ] +

42
41 my,

m
+4X, (— e Nas Y3Ziy+ Ny YaZint Mgy Y174+ iy, Y2Z4)

mqg,

= X, [— Y, (-_4’7’-‘-”- lez) + (Y1+ L Yz) zl] +

41 Y41

+ X, [( Y, + e Yz) My1Zy— N33 ¥y (‘m“g‘ Z, —‘Zz)]
X

Myy My
P XA, 0
| Mya ‘
_ jnazya =Y, ¥, +—Y,
= a1 .
' M4y ;
lm'41Z4 —Z, m Z,—7Z,
; 41

Thus the function F is nomographic.
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Prinecipal case VII. In the present case we have
(258) My #0, g #£0.

We shall prove that the function F ean be written in the form (151),
i. e., in the form

- Mgy My
w1 e[ (M g (v 2w

May 41

m m
+X, [(y1+_,.ﬁ Yz)m41Z4~ Hys y3< 2“ Zl—Zz)] +

My, Ny

Ngo N (2
+X3{(7"'51'msz_ Mo Mgr) Mozl [_ Y, (77 * AR ) +

Mgy Mgy a1

m42 > ) 11’54
+ (Y1+ —X 2) Z1] + (5, Mg — M5y Tig;)
Myy Mgy My
m My
[( 1+ 1 Yz)m41Z4_7132Y3( - Z,—7 )] +
Mgy May
N ¥ l
+ [—nae YsZy -+ my, Y,o2,]
m41m63 l

m
= X\(Y.Z,+ Yo Z0) + X, [Ya ( LR mnz4) +

a1
T (Mg Yy mge XY o4 Mg Ys)Z4] -+

g Msq
Mgy Mgy

+ X, l(m‘sl Mgy — Mg2Mg) (Y, Z,+Y,Z,) +

Ngy .
+ (M5 Mgy — M5y Mg;) m Y.z, +

63
MyaMNsy 7y
+ [(mslmsa’ MsaMgy) - T Y, Z,+
Mgy Mgy Mgy Mgy
Mgy Ngg Mgy T3z Msy -
+ [_(mslmea_msamsl) s — ———— | Y3 2, +
7”/41 77L63 ')n41 7”’63

Mg 54
+ (Mg Mgy — MyzMy,) ——Y3Z,;.
Mgy Mgy
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But in the present case we have
F =X (Y, Z,+Y,Z,)+ X, (Y3 Z34- Y, Z,)+ X(Y;Z;+YeZ),
i. e, by (136)
(260) F == X (Y, Z,+Y,Z,)+
FXo(ng Y3 Z F 0y YaZot g, Yo Zy+my Y Z,+
d gy YoZy+ Mg Yo Zy) + X[ (Mg Ny - Mg M) Y1 Z, +
A (Mg Mgy -+ MgaNgy) YoZy - (Mggtgy—— Meattgy) Y3 Z,+
- (Mg Ngat Mgy Ngs) Y1 Zo+ (MgaNge+ Megage) Yo Zy+
+ (MgaMgy—+ Moy Ngs) Yaliag—t (Mg Ngq+ Mgy Ngq) Y1244+
A (Mgagg+ Meyge) YoZy+ (Maafgy+ MigaNes) YaZ,].

Thus it is sufficient to show that the identities (259) and (260) are equi-
valent, i. e.,

Mgy

Mg — — ey
o

Hyg = —Myy,

Tga sy
Mgy Ny Mg Ngr = (Mg Mrga— MgaMgy) ——— —,
Mgy Mgy

MgaNgy-F Mgy ttg = 0,

Myy N3z Ny 32 Mgy

MgyMsy+ Mg lgy = — (Msy Mgz — MgMgy) ——5——— — —5 T,
My M3 My Mgy
. Mg Ngg—+ gy Mgy = 0,
(261)
, NgaMsq
Migo gy MggNgy == (Mg Nigg— Mgeig) -y
My Mgy
Ngalisg
Mgy Ngot MggNgs = (Mg Mgy — MygMg) ———,
Mgy Mga
' M54
Mgy Ngq+ Mg Ngq == (Mg Mgy — '"53"%1);" )
63

Mgy Isy Mgy
Mgy 5y Megathgy = (Mg Mgg— Myyhgy) — ——— < -

I
My Mgy My Mey

Mggtgy+ Mgyhgy = 0.

The first two equations (261) are identical to the first two conditions
(137) and hence they are satisfied.
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By the third and the fifth condition (137) we have

Ny M
Mgy Mgyt M1 Mg = mmmszﬁ — MgaMg *’7‘1{?’2‘?—%54*'-
Mgy Mg Mgy Megs
It follows that the third equation (261) is also satisfied.
The third and the fifth condition (137) imply also the fourth equa-
tion (261). Moreover, we have

962 ‘ B ’ NgaMg,
( ) Mg+ MgaNgr = (MgaMgy — MpMgy) ————.
Mgy Mgy
On the other hand, we have by (152)
e My Nga Mgy NgpMgy
(263) — (M5 Mgy — Mgz Mg, ) 5 — gy F
My Mgy Ny Mgy
= [— (Mg Mgy — Mgz Mgy) Mgy — (May Mgp— M5 Mg ) Mgy -
Mgy Mgy

+ (Mg Mgy — My M) Mgy ]

N3als5y
= - - (M3 Mgy — Mgz Mgy).
My Mgy )
The equations (262) and (263) imply the fifth cquation (261).
The fourth and the sixth condition (137) imply the sixth, the seventh,
and the eighth equation (261).
The seventh condition (137) implies the ninth equation (261) and
. Msa
(264) Mgy Ngq+ MgyNgy == (MgaMgz— Mg Mgy) — =
Mes

On the other hand, we have by (152)

: M54 Nsq
(265) (Mg Me3— MsgMyy) ———— - ==
Myy Mey M4y Mgy
"1/54
= T em - [(Mgy Mgy — Mga Mgy ) Mge b (Mgy Mgy — Mgy Mbgy) Mgy —
Ny Mgy

— (Mg Mgp — M g3 Mgy ) Mgy )

M54
= (M5aMey— MggMygy).
Mgy

The equations (264) and (265) imply the tenth equation (261).
The last equation (261) is equivalent to the seventh condition (137).
Since all the equations (261) are satisfied, the function F can be
written in the form (151). Thus it is nomographic.
This completes the proof of the First Fundamental Theorem.
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Proof of the Second Fundamental Theorem

We shall prove our theorem for each principal case separately.
Prineipal case I. In this case we have

(266) F=X,YZ,+X,Y,Z,,

where

V=Y, ()#0, Y=Y, )50, Z;=2,()%0, Zy=Zz)#0
(yeQ,,, Ze.Qz).

If the function £ is nomographic then for each of its Massau forms
there exists — by Theorem 11 — an equivalent form (108) such that the
identities (109) hold. Thus we have

Y,Z2,—Y,Z, = Y,Z,, Y. Z,—Y,Z, .= Y,Z,,

and there exist by Corollary 10.1 such numbers a,, a,, b, b, satisfying
the conditions

(267) Grai>0, b4 >0,

that

(268) Yy, =a, Yy, Yy2a,Yy, aZ,—aZ, =2,
or

(269) Zy =2y, Ly = a,Zy, a;,Y,—a, Y, =7Y,,
and

(270) Y,=b,Y,, Y,==b,Yy, 0 Z,—b,Z,=2,,

or

(271) Z, = b1Zs, Zy = byZy, b1 Y3—b,7, = ¥,.

We shall first show that the identities (268) and (270) cannot be

simultaneous. Indeed, if a, # 0, we should have from (268) ¥, = Y,/a,
and then

(272) 7,= U7

If Y, == 0, then we should also have Y, == 0, but this, by (109), would
imply @, = 0, which contradicts the assumption that ¥ is a function
of rank 2 with respect to z. Therefore, Y, =% 0 and by (270) b, # 0. Next
we should have Y, = Y,/b, and

- by o
(273) Y, =-27,.

1—‘71

It would follow from (108), (272) and (273) that the function F is of rank 0
or 1 with respeet to y, which is a contradiction.
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On the other hand, if a, = 0, then by (268) ¥, =0 and by (108)
the function F would be of rank 0 or 1 with respeet to 2, which is also «
contradiction. It follows that the identities (268) and (270) ecannot be
simultaneous.

We show analogously that the identities (269) and (271) cannot
be simultaneous. Hence we have to consider only the following two cases:

Case A: the identities (268) and (271) oceur simultaneously.

Case B: ” (269) ,, (270) -
We shall now show that in Case A
(274) 4y #0, b, £

If a, = 0, then by (268) Y, = 0 and by (108) the function F would
be of rank 0 or 1 with respeet to z, which is a contradiction. Hence a, # 0.
We show analogously that also b, 3= 0. Then we obtain from (268), (271):

= ab, 1 7 .
Y, = Y, —— 7Yy, Z,=0b7,,
by be
- _ 1 a b,
Y, =a,Y,, Zy = —— 7+ A "Zy,
ay a,
Y:l RN/ 2 Yl) Za = bzza.
Thus we can rewrite (108) in the form
X, X, 0
I ayb, v 1 v v v
— ¥, — Y a
(275) P="0, ' b ° 1 et
1 a, b,
b.Z, — Tz 2z, 0,7,
@y a,
Since
| X, X, 0
ayb 1 _ ,
2y, — - Y, a, Y, a, Y,
b, b,
1 ay by |
b, Z, — 7+ - Zy bolZsg
| 2 2 i
X, X, 0o 1 0 0
1 1
———Y, 0 Y, 0 1 0
b, b, .
1 1
0 —(—Z) -~ (—Z)H —ashy —a b, —shy
| a, tt, _
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then the Massau form (275) is equivalent to the second form (138). Thus
in Case A each of the Massau forms of the function F is equivalent to the
second form (138).

We analogously show that in Case B each of the Massau forms of the
function F is equivalent to the first form (138).

Both forms (138) are possible, since their expansions give X, Y,Z,+
+X,Y,Z;, as desired. If they were equivalent, there would exist such
numbers ¢; (¢,7 =1, 2,3) and d,, d, that

X, X, 0 X, X, 0 C11 €12 Cra
0 Y, Y| =14.Y; 0 a,Y, Ca1 Css Cog
Zy, 0 Z; 0 —dyZ, —dyZy || s Cyz Ca
and
€17 €12 C1s
(276) di1dsy| €y Caoy Cpy| = 1.

€31 Csz Csa
But it would then follow that
CaX1+ ¢ X, =0,
€138, Yyt epd, Y = Y,,
—Cy3loZiy— CaxdoZy = Z,.

Since the functions X,;, X, are linearly independent, then ¢;4 == ¢y3 = 0
and we should have

1

Y, =c¢g5d,Y,, Zy= — 7 Z, (by (276) there is e¢3d, 7 0).
Cyally
It would follow that
d
F=X,Y,Z,4+X,Y,Z, = (xl— ?1X2) Y.Z,,
2

which contradicts the assumption that the function F is of rank 2 with
respect to each of the variables x,y and z.

Therefore, the Massau forms (138) are not equivalent, the function #
is in the first principal case doubly nomographic and each of its Massau
forms is equivalent to one of the forms (138).

Principal case II. In this case we have (248) with (249) and (250).

If the function F is nomographic, then for each of its Massau forms
there exists — by Theorem 11 — an equivalent form (108) such that

Rozprawy Matematyczne XVI. 6
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the identities (109) hold. Thus we have
Yzza—yazz = Y,Z,+ Y.2Z,, Yazl—lea = Y,Z,,

and there exist, by Corollaries 9.2 and 10.1, such numbers a,,, @,,, a,,,
@y, by, by satisfying the conditions

a a
(277) a=| " " £0, b+b>0,
A2y Gap
that
— — a
Y,=a,Y,4a,,Y,, Z;,E%Z,_— 'fzz,
(278)
v 7 Ay @,
Yo=0anY,40a5Y,, Zy=—2Z,——17Z,,
a a
and
(279) Ya = b, Yy, Yl = b, Y, blzl_b2za = Zs,
or
(280) Zo=b7s  Fy=bFs, 5Ty bT, = ¥,

Thus we have to consider the following two cases:
Case A: the identities (278) and (279) occur simultaneously.
Case B: ” (278) » (280) ” b
In Case A we have

b)Yy =0y, Y, +a5Y,.

Since the functions Y,, Y, are linearly independent and by (277) at
least one of the numbers a,,, a,, differs from zero, we must have b, # 0
and

@31 Qae

281 Y= =Y, +——
(281) v = 1 b

The identities (249) and (281) imply

sz

(282) @y = bymy,, Ayy = byMy,.

We then have by (278), (279), and (282)

— _ b,m b,m 1

Y]_ Eb2ya, Zl = Za 32Zl~ 2a 31Z2—+—b—Za’
1

= 7 (5T ay;

Y,=a, Y, +ay,Y,, szTzl—’;‘Zzy

— _ bym b
Y,=b,Y,, Z, =210 ‘Z”’”zz.
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Therefore, we can rewrite (108) in the form

(283)
| X, X, 0
P o ] by Y, anY,+a,Y, b Y
& o= |
thym bym 1 a a bym b
DMy  Mmg g, Brg g Mwg  Wla,
foa a b, a a a a

Since by (249) and (250)

X, X, 0
by Y, an Y, +a,,Y, b, Y,
bzm*’zzl_ bymas Z,+ 142;_' fﬁzl_ 4 Z, 9‘&??Z1_ é‘m‘“ Z,
a a b, a a a a
1 X, X, 0 ]
a a m
0 — Y ( Y, 4+Y )
= bimyy ' by Mas \ Myy i X

1 i 1 1 Mgy
— (Mo Mgy Ziy+MagMgsZsy) (—Z,) (Z1—‘ Z,
| by, bymg, bimay

2 2 2
blbzmsz___ ay3by Mgy bymy,

a a a

where by (282)

4 = Gy By — Gy8y = (Mgplyy— My Ay15) by,

then the Massau form (283) is equivalent to the first form (139), i.e.,
the first form (140), i. e., the form (141). It follows that in Case A each
of the Massau forms of the funection F is equivalent to the first form
(139), i. e., the first form (140), i. e., the form (141).

Analogously, we show that in Case B each of the Massau forms of the
function ¥ is equivalent to the second form (139) if ny, £ 0, and to the
second form (140) if ny, = 0.

The two forms (139) are equivalent if and only if there exist such
numbers ¢; (¢, =1,2,3) and d,, d, that
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X, X, 0
m
0 Y, 2Y,+7,
Myg
My,
MagNay Zy+ MagNaeZiy —Z, Zl_m—zz
32
i X, X, 0 | 4011 Cye 013_

n
ady(MgyNge Y+ Mgeny Ys) —d, Y, d, (Yl - ﬂYz) Ca; Caz Ca3

N3
0 —dyZ, —dz(—Z1+Z2) C31 C3z Caa
a2
and
€11 C12 Ci3
(284) didy|Cyy Cap Cpa| =1,

C31 Caz Cas
i.e., if and only if the following simultaneous identities are satisfied:

Xyt X =Xy, ¢ X i+60Xs =X, 3 X1+63X, =0,

. 7
CL1 8y Nga(May Y1+ Mgs ¥) — 01y Yp-+-¢5,d, ( Y,— n_"l Yz) :

32

f
=)

n >
Crady Ngp (May X1+ Mgy Yo) — Caady Y- 050y (Yl_ — Yz) = Y,.

32

-

with the equation (284).
Since the funections X,, X,, the functions Y,, Y, and the functions
Z,,Z, — separately treated — are linearly independent, this system of
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identities is by (250) equivalent to

ey=1, ¢, =0,

€114y My Ny C3dy; = 0,

190 M3 Mgzt Capdy = 1,

M3,
Crally My Ngp+ Cyady =-—,
M3s
—Co A= Cay1dy — = Myyily,
32
Mgy
—Cyaly— Cypd, =0,
'"/32
N3
—Cy3dy— Cgady— =1,
3z

with the equation (284), i.ec.
to the system of equations:

Cyy = €y = 1,

dy Mg Nay+€51dy = 0,

G2 = 07

€y =1, ¢3=0, 0,=0,
Nay
G110y Mgp Mgy — Cg1 8y — €31 d; — = 0,
32
Ny
C1ady My Mgy — Copdly — Cgody — = 0,
32
(T
Crady Mys Mgy — Coglly — Caady — =1,
32
—C31dy = MgyMNgy,
—Cgedy = —1,
M3y
—Cyly = — —,
Mgz

(d;, and d, differing from zero by (284)),

0,

Ciz = C13 = Cy1 = Cg3

(T3
Ay MygyNgy— €318, — = 0,

MNgg
Mgy
C32dy = 1, —d;—¢yd,— =0,
a3
| M3 Ny
Casdy = ’ —Cy3d; —— =1,

Mae Nge

Mgy
— €y —— = Mgy, —C31dy = MyyNgy,
32
Tigq
—dy—cgd,— =0, —Cypdy = —1,
32
Hgy Mgy
—Cpdy,— = 1, —C33dy = — —,
XY Mgg
didycyy = 1
This system has a unique solution:
Cyy = Cyp = 1, Ciz = Cyy = Cy3 = Cy3 = 0,
2
Mgy my - Mgy . Ngy
C33 = —Myy N3, Caa = — Ca3 = —3» dy = ——, dy = — —,
M3s 32 N3g T3z
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if and only if

(285) My gy + Mapfgy = 0.

Thus, the two forms (139) are equivalent if and only if the condition (285)
is satisfied. Both forms (139) are possible, since their expansions give
by (249) the identity (248), as desired.

We show in a similar way that the Massau forms (140) are equi-
valent if and only if the condition (285) is satisfied and that both those
forms are possible.

Therefore: If mg;ng, + Myyng, 7~ 0, the function F is doubly nomo-
graphic and each of its Massau forms is equivalent to one of the two
non-equivalent forms (139) when nj;, £ 0, and to one of the two non-
-equivalent forms (140) when ng, = 0. If mg, 74, + M3,m9, = 0 the function
F is uniquely nomographic and each of its Massau forms is equivalent
to the form (141). This exactly was to be proved in the second principal
case.

Principal case III. In this case we have the identity (153) and
the conditions (154). If the function F is nomographic, then — by Theo-
rem 11 — for each of its Massau forms there exists an equivalent form
(108) such that the identities (155) hold. We introduce the functions (156)
and we have the identities (1567) and (158). Now, there exist such num-
bers a;, by (4,7 = 1, 2) satisfying the conditions (159) that the iden-
tities (160) hold. From (160) we obtain (161). We also have the identities
(162) with (163) and the condition (164). It follows next the system of
equations (165), which implies (166) and (167) with (168) and (169).

By (168) the system of equations (166) is equivalent to

(286) Faghy (42— P)byz = 0, (ray— )by +74by, = 0.

We shall consider the following two cases: case A: ry # 0, case B:
7'32 — 0.

Case A. We obtain from (286)

—7T
(287) by, = = x bya
LY
and making use of (165)
p—r
(288) gy = T Epbyy, Gy = phy,.
LET

It follows from (287) by (159) that
(289) by #0.
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By (160), (287) and (288) we have

Yl = by Ya+ b2 Yy, Zy = 7Z1—TZ2’
— — a a
Yo, =0, Y40, 7, ZZE;: l_p—;)l 29

_ — ~ ~ _ —7 b
Y, = (‘Z? 7"4'2 Y3I+Y4)b12’ Zy = (Z1_ Lizz)i2

T T3

and the Massau form (108) can be rewritten as follows:
X, X, 0

ad = P—T42 5 of
boy ¥3+b5.Y, an¥Yita,,Y, (—1'—_ Y,+ Y4)b12

32

(290) F =

b_z?Zl_ .bﬂzz a_lzzl_ @Z2 (Z1— p—r‘”zz)..b}_?
b b pb pb Taq

Now we shall show that

X, X, 0
by Vot boa Ve @y Yot a1 ¥ (p—_Eiwrif)b
(291) 21 L3 22 X4 141 12 X2 Yo 3 4] 012
bas by 1z @11 ( P Ty ) b,z
—Z——2Z, ——Z,—-——7 Z,— = Z,|—
| p p 22 pb 1 b 2 1 e 2| |
i X, X, 0 )
b b — P40
—— (Y, +r3Yy) ——(—Y,) — “‘(p e Y,+ Yz)
= b2 . b2 byo 732 X
1 1 1
PZ, (—2Z,) (p 42Z2—Z1)
B Pbys pbys Pbis Tss |
1 0 0 |
0 1 0
X
_ Phubnawbn  ply
b b b

Multiplying the matrices on the right side of (291) we obtain the following
identities:
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X =X, X=X, 0=0,
> s> b P—7s2
by Yot 00 Yy = — b (rar Yy + 732 Y,) + pbyy Y, +7Y,),
12 32
p
a11Y1+a'12Y255 Y1+a1z('_"‘* Y1+Yz),
12 732
P—Ta2 7 P—7y2
Y = pb Y, +Y
(292) ( 7.32 3+ ) 12 p 12( "'32 l+ 2)7
by bu, 1, —%( “Te g, zl),
b b bis b T39
a2 ayy 1 Ay (p — 72 )
—Zy— 2y = —— Z,——\"—-2Z,—Z
pb ' pb ? pbys ? pb Va2 : A
(Zl—-p_rﬂzz)ﬁ _ __bﬁ(p—‘ﬂ;z Zz_"Zl)-
LEY b b L1

The first three identities (292) and the last one are obviously true. The
remaining identities — by Theorem 4 — hold if and only if

b p—r
barPay+ baatyy = — —rg+ physy - 1 y
bys LED
b b p—7
by Tag+ bog?ye = — ——Tas-+ Pbag, Gy = — F Gy =
bs bis 52
(293) , P
P = Ta+ra =P — 427 P—Taet T =P,
32 T3
b 1 b Pt G 1 G0 P Tw
b bya b 732 ’ pb pbi.  pb LEY
The first equation (293) can be rewritten in the form
b b b,b — PTys
bo1731+ baoTay = — - nE nn, 731+ Doy —p—“
298 T3z

and it is equivalent to

by (102_277‘4217‘327‘41 by ) —0,

- = T,
732 by2

i. e., by (287)

bog(P* — PTag—Taa¥ay— Prar+Ta17s) = 0
and this equation is satisfied by (167). Thus the first equation (293) is
true.
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We show analogously that the second equation (293) is also true.
In order to prove the third equation (293) we notice that by (168)
and (288)

P—Tae b b
A = 01 Qpp— Q1pQyy) = \ Ay — Q12) PO12 = PO,
Va2
whence
P—Tq N b
Ay — — Gy = b
T3o 12

i. e., the third equality (293).

The fourth equation (293) is true, since it is cquivalent to (167).
The fifth one is trivial. The sixth equation (293) is equivalent to the second
one and the seventh equation (293) is equivalent to the third one. The-
refore, all the equations (293) are true. It follows by (291) that the Massau
form (290) is equivalent to

Xy X, 0
| r p—r . i
(294) P = iral Y4+ Y, — 7, ):3;43 Y 4+,
_r
PZ, gz, Pley g
Taz |

and we show, as for the identity (252), that the identity (294) is true.
Hence in Case A each of the Massau forms of the function # is equivalent
to (294), where, however, p must be a solution of the equation (144).
Thus in Case A each of the Massau forms of the function F is equivalent
to one of the forms (143).

The Massau forms (143) are equivalent if and only if there exist such
numbers ¢; (¢,7 =1,2,3) and d,, d, that

| X, X, 0 "
p —7r
(295) T ¥ +73 Y, —Y, %Yl-’_ Y,
—r
P1Z; —Z, b &ZZ—ZI
i X, X, 0 | _011 C1o (713_

di(rsy Y1 +73,Y,) —d, Y, d, (p—_u‘ Y, + Yz) Ca1 Caz Ca3

ll

—
d2paZy —dyZ, d2(_Pz_42_Z2_Zl) €31 Caz Cag
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and
C11 C12 Cr13:
(296) dydy| gy Cgs c”l =1.
' !
|Ca1 Can 033!

Multiplying on the right side of (295) the first row of the first
matrix by the third column of the second one, we obtain

€13 X+ Xy =0,
whence — by the linear independence of the functions X,, X, —
C1g = Cp3 = 0.

Now multiplying the second row of the first matrix by the third column
of the second one, we obtain

Pr—Tq2 Y, 4+Y, = (pz_"'u

Y+ Yz) d;cyg,

732 T3z

whenee — by the linear independence of the functions Y,, ¥, —

P1— 742 Po— 742 .
i = —— d 0y, 1 = d,¢3,
T3z 732
and next
Pr = P2

Thus the two forms (143) are equivalent if and only if the equation
(144) has a unique solution, i. e., if and only if

(7'31‘*‘7'42)2‘ (P Tee—"7T3etq) = (7'31_7'42)2‘1‘47'327'41 = 0.

Then p = (r3;-+74.)/2 and each of the forms (143) can be rewritten in
the form (146). Thus we have obtained the following result for Case A:

If (ry;—714)2+4ry,r,, # 0, the function F is doubly nomeographic
and each of its Massau forms is equivalent to one of the non-equivalent
forms (143). If (ry; —r,p)2+ 473,74, = 0, the function ¥ is uniquely nomo-
graphic and each of its Massau forms is equivalent to the form (146).

Case B. Now we have r;, = 0 and by (164)
(297) Ty #F0, 71 #F0.
It follows from (167) that

p=7Tn or P = 7ys.
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Therefore, we shall consider the following three sub-cases:

B-1: p=ry #7,
B-2: p =174 Fry,
B-3: p =13 =74

Case B-1. Now we have by (286)

(298) by, = 0
and then by (159)
(299) b, #0.

Morcover, it follows from (159), (165) and (298) that

(300) @y = Tarbyy, gy = 0,
and

4 = Q)1 83— Q1305 = — 8138y = — Iy @by # 0,
(301)

b = b11b22_b12b21 = bubzz Ea Oa

and from (168)
(302)

a = 7y, b.

The equalities (301) and (302) imply by (297) and (299)

(303)

(12 = —byy,

a = 7505104,

It follows from (160), (298), (300), (301), and (303) that

1 ba,
Y i=by Y+ b5 Y, Zy=—-—Z;— ;- Zs,
by b11bss
Y Y, b Y, Z Yy g
=a — & = — - iy — = la
2 1L 22 X2, 2 Fibo, 1 Foibysbag ’
— - _ 1
'oE b]_] Ya, Z()l—-. —_ 7“Z2.
22
Therefore, we can rewrite (108) in the form
| X, X, 0
(304) F = by Yot b5 Y, ay Yi—by Yy by, j’ra
1 b 1 1
|——Z1_#2‘1’" 2 1 "a“"' Zy —i—7,
i b biibas Tarby Par b1y bas bss
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We simply verify by (162) that

X, X, 0
bay Y3+ bgs Y:; a1, Y, — b3 Y, by Ya
1 b 1 a 1
= Ty Zy——— Ty — T
2% bi1b2s 731011 Tarbi1bos bso |
| X, X, o |1 o o
- boo(ra1 Yi+74:Y5) bas(—Y,) bos?3 Yy 0 1 0
1 1 1 1 b a b
) (— —Zl) (2|5 e
29} b1y 731 b1 ] bae Taibay  ban

Thus the Massau form (304) and also the form (108) are equivalent in
Case B-1 to the first form (145).

Case B-2. Now we have by (286) and (159)

(305) by # 0

and

(308) by = =1 by,
Taz— T3

Ty 7
(307) a9 = _“742 bisy  @as = Tybys,
Taa— Ty
and
Ta
A = Gy Qgg— Ay309) = (0111— 0/12) T4sb1e,
Tio—Ta
(308) |
Ta
b = by byy—by5byy = ( N X bzz—bm) bys.
Fao— T
Since by (168)
(309) a = tyb,

we obtain from (308) by (297) and (305)
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Hence we have

T
(310) a1y = —————(Ga+ D) — by
Taa—Ta1
and
a1
(311) a = (_— b22—b21) Tasbys.
T4 — T3

93

It follows from (160), (306), (307), (308), (309), and (310) that

Yl = b21Y3+ b22Y4a

- 7
Y, = [%‘a12+b22)_b21]yl+ @12 Y,
Taa— T3
— Ta?
Yy=- = 4.2 bis Y1+ 74501, Y,
Tao— T
_ b b
= a r 1
Zy = — =7, — [—L“(a)2+ bzz)”‘bzl]—zzv
742b T42— 731 r!2b
= ' b
Z,= (ZI_LZZ) 12
Tae— T b
Therefore, we can rewrite (108) in the form
(312) F ==
X, ] X, 0
% = T4y T417a2
bay Yyt+-00,Y, [_ (@12+ ban)— - bio Y11+ 742012 Y,
T4o— V31 Taa— T3
— bZI] Y +a,,Y,
bse b2 12 [ LFe ( 743 ) bys
—Z,——Z Z,—|——— (e Z,——————Z,)—
b ! b 7° T42b ' Tag— 31( nt ' Tapa— T )
1
Fbe)—boy | — 2,
740D
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We simply verify by (162) and (308) that

X, X, 0 N
=~ = T4y Ya1%42
by Y, 4052 Y, [“* (@124 bas) — by, Y 14205, ¥,
Tao— 7Ty T4e— 731
- b21] Y, +a,,Y,

bje ba Ay, Ta1 ( T ) b2
———Z. -7 Z,— |- Z,— 2y —
b ' b ? T42b ' [7'42_‘ ey (@it ! Ty — 73 /' b

1
+bya) — b21] —— 7,

T42b
X, X, 0 ]
b b b a1
—rn ¥, ——(—Y,) —— Yi+7Y,
= bia b, bys \T4a— Ty X
1 1 1 a1
[P PR Y A
Tagbig e Tazbye ¥ ragbis T4 —Tm ’ 1_
1 0 0]
0 1 0
X

Ta2b1205s alzblE f"f;zb";z
—b —b —b

Thus, the Massau form (312) and also the form (108) are equivalent in
Case B-2 to the second form (145).

Case B-3. Now we have by (286)
(313) Ta1012 = 0.
If r,, = 0, then we should have by (162)
Yo=ryY, Y,=r,Y,=r,Y,,
and by (157)
G =Y,Z,+Y,Z, =Y, 2,4+ Y,Z, =03 (Y,Z,+Y,Z,) = ry,G,.

Thus the funections G,, G, would be linearly dependent and by Theorem 8
the function F would not be of rank 2 with respect to x, which is a contra-
diction. It follows that

(314) ray £ 0



IV. Two fundamental theorems 95

and by (313)
(315) by = 0.

Then we have by (159) the condition (299) and the equations (300), (301),
(302), (303). It follows that in Case B-3 we can also rewrite (108) in the
form (304) equivalent to the first form (145), i.e., to the form (147).

I (ry,—7a)2+4rg,ry <0 and ry, = 0, then r, —r,, # 0, both
cases B-1 and B-2 are possible and each of the Massau forms of the
function F is equivalent to one of the forms (145). Both forms (145) are
possible, since by expanding them we obtain after simple computations

F = X,(Y12,+Y:2,)+ X,(Y32,+ ¥,2,) = X,(Y,2,4 Y. 2,)+
+Xo(YaZy+ Y,2y)
as desired.
If the forms (145) were equivalent, there would exist such numbers
Cii (?;,j = 1, 2, 3) and dl? d2 that

X, X, 0
(316) T Yit+7rY, —Y, ryY,
Z, — —-Z, —Z,
T31
| X, X, 0 —_011 Cy2 013_
. ¥ .
. diyry, Y, —d, Y, (11(;114'1’2) Ca1 Caz Cag
= Tea— T,
T
Ayr4Z, —doZ, dz(—Zz"Zl) C31 C32 Ca3
~ Tio— Ty aln i
and
C11 C12 €13
(317) didy |y Cap Cay|= 1.

C31 C32 Cag

Multiplying on the right side of (316) the first row of the first matrix
by the third column of the second one, we should obtain by (316)

o3 X1+ 05X, =0,

whence by the linear independence of the functions X,, X,

(318) €13 = €3 = 0.



96 Nomographic functions

Multiplying the second row of the first matrix by the third column
of the second one we should obtain by (316) and (318)

r
731 Y, = d;Cyy ("L Y, + Yz),

Te2— Ta1
whence by the linear independence of the functions Y,, ¥,
dyc33 = 0,

which is a contradiction of (317). It follows that the forms (145) are not
equivalent.

Thus, if (ry;— 743)2+ 473,75, #* 0 and ry, = 0, then the function F
is doubly nomographic and each of its Massau forms is equivalent to one
of the non-equivalent forms (145).

If (74, — 742)24 4737y, = 0 and 7,;, = 0, then r»;, = r,, and we have
the case B-3. Then the function F is uniquely nomographic and each
of its Massau forms is equivalent to the form (147).

This completes the proof in the third principal case.

Principal case IV. Now we have

F = X,6G,+X,0G,,
where
G, =Y, 7Z2,+Y,Z,, G,= Y;Z,,

the functions Y, = Y,(y), Y, = Y,(y) and the functions Z, = Z,(2),
Z, = Z,(2) — separately treated — being linearly independent. Moreover,
we have the identity (255).

If the function ¥ is nomographie, then for each of its Massau forms
there exists — by Theorem 11 — an equivalent form (108) such that
the identities (109) hold. Thus we have

17223—7322 =YZ+ Yzzzy ?321_7123 = Y3Z3,

and there exist by Corollaries 9.2 and 10.1 such numbers a,,, @,s, @5,
@55, by, b, satisfying the conditions (277) that the identities (278) and
(279) or (280) hold.

If the identities (278) and (280) were simultaneous, we should
have

Since the functions Z,, Z, are linearly independent and by (277) at least
one of the numbers a,,, a,, differs from zero, we should have b, = 0 and

A2z a2y
Ly=-—7Z,———

ab, ab, %
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It would follow that
F=X(Y\2,+Y,2,)+X,Y,Z,

. ST A2
%LL+7thﬁﬁmw—anw
ab, ab,
which contradicts the assumption that the function F is of rank 3 with
respect to z. It follows that in the fourth principal case the identities
(280) cannot occur and the functions Z,,Z,, Zy must be linearly inde-
pendent.
The identities (278) and (279) imply (281), whence we have (282)
and we can write (108) in the form (283) (by (277) and (282) it is b, % 0).
Since the proof of (250) is valid also in the present case and by (255)

X, X, 0
b, Y, an Y, +a,Y, b, Y,
b,m bom 1 a a b, m b,m
2y 2Ny g, 2z, --Mg, 2 Rg L Pg
a a b, a a a a
B X, X, 0 ]
a a m

N T I L

= hymag, bymgy, \ mg, X
1 1 m
masZy ;= | m>—w—@r7“%)
bymy, 1My bymg, 32
1 0 0
0 1 -0
X

a a a
where by (282)
O = Q1) Ggp— Q1363 = (M3aByy— Mg Gy5) by,

the Massau form (283) and thus the form (108) are equivalent to the form
(148). It follows by Theorem 11 that the function F' is uniquely nomogra-
phic and each of its Massau forms is equivalent to the form (148).

Principal case V. The proof of (170) is valid also here.

If the function F is nomographic, then for each of its Massau forms
there exists by Theorem 11 an equivalent form (108) such that the iden-
tities (109) hold. Then we have the identities (155) and — by Corollary
9.2 — there exist such numbers a;;, b;; (¢, = 1, 2) satisfying the condi-

Rozprawy Matematyczne XVI. 7
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tions (159) that the identities (171) and (172) hold. Hence we obtain (173),
(174), (175), (176), and from (176) by (170)

gyt
N3y

(319) a= — b.

By (171), (175), (319), and the last equation (173) we have

- _ b b

Y, =buYy+bnY,, 2Z,= "SZ’ZS_ %ZU

— = n

Y, =a,, Y+ a, Y, Z,=— ® (81221 — ayy Z,),

(M1 34+ m4;)b
Yy = [(mgNgg+Myy) ¥y + (Map gy + Myg) Y1045,
Zy = — (MgpMyg+ Mys) Ngabyy 7, + iy ?Lz Z.,
(M 31934+ Mygy) b b
and by (132) with (133) we can rewrite (108) in the form

i

X, Xy 0 i
(ma1 bgy + mgy bey) ¥y + an Y1+ a2 1 [(meay nag + mar) Y1+
+ (mazbor+ Ma2 baz) ¥ + (m3anag+ Mag) Y3 lb1z
M3z N3q+ Mgz by | - naz(a1eZy — a1 Zy) (Mmag 3+ Mgz) ’
— —————— a3y Z1+ B et T T
M3 N3y + Ma) b (m31N3g+ 1) b {m31n3g + ma1)
o2 | bz b2y ngzbyz | bya
+"32—12+(7'34—— ——|Z, XSy Ngg —— Zg
b b b h b

where by the last equation (173)
(321) b = b11b22—b12b21 = ('naabzz_bzl)blz-

Subtracting in (320) the third column multiplied by b,,/b,, from the
first one, we obtain by (321)

(322)  F=
I X, X, 0
! — (ma Y1+ an i+ ap Iy [(m31mag+ mgy) T1+
b
+ maz ¥Ya) B +(mag nag+ nige) Y21byo
12
1 Nay , . (m3gngq +mgz) N3zbrz |
— 7 _— = ~ (M2 —anss) — - Z1+ |
b1z {me31n34+ ma1) b (m317m34+ma1) b |
nas b ’
I L |

By Lemma 4 the forms (108) and (322) are equivalent.
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Multiplying in (322) the third row by mg, %44+ m,, and the third co-

1 .
lumn by————, we obtain
Mgy Nga+ Myy
(323) F =
X, Xq 0
— (mu1 Y an Y1+ ap Y Mag N .
(m3y 1+b m Y1+ apl, (Yl_i_m_az"ui:nn Yz) b
& g Ta) 31734 41
’)12
. Mg b b
(mr3y nag + i ey oty — (g2 naq+ Myz) M3z brs 7+ Lt Z
1 b (m31n3g+ ma1)d b
+ m41) ) Zs
12

By Lemma 5 the forms (322) and (323) and hence the forms (108) and
(323) are equivalent.

Subtracting in (323) the third column multiplied by a,,/b,, from the
second one, we obtain

(324)
| R§ X 0
— (my1 Y1+ 3y Ngg+ Mg M3z Nag + M4z
b g — ———————an ] ¥, Y1+ ——— Y2 b1,
+ingg ¥g) - 31 N34+ My M31Ngs + M4
= b1z
— (s mrgon_ (maract
T (mayngs+ ma1) b (mg) nag + Mmygy)
IO ngajz , naz iz n3gbig
+ my1) ; Zy —’T‘*) 4 X~ Z1+ b Zy
12

Since by (175) and (319)

O = Q13 Ggp— Gya@yy = [(MaaTgg 1 Mys) Gy — (Mgy g+ My ) 012]01, =
M3y g+ Myy b
= —-——— >
Nga

the identity (324) can be rewritten in the form

(325)
[ Xl X, 4]
b b Mg N m
— (m3y Y1+ m32 ¥p) -— Y, (1'1 -+——§M Yz) b1z
F = b2 N3z b2 M3y Nag -+ M4y
1 1 Mag N Mgg) Ngg b ngs b
[ (g g+ May) - 7 b (m3g nas + Mmaz) na2 bye P 32012 7
b1z byg (m3y nag + Mgy )b b

By Lemma 4 the forms (323) and (325) and hence the forms (108) and
(325) are equivalent.
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Multiplying in (325) the second row by —ng,b,,/b and the third
column by —b/ny,b,,, and then the third 10w by b,, and the third column
by 1/b,,, we obtain the form (149). By Lemma 5 the forms (325) and (149)
and hence the forms (108) and (149) are equivalent. Thus the function F
is uniquely nomographic and cach of its Massau forms is equivalent to
the form (149).

Principal case VI. If the function # is nomographic, then — by
Theorem 11 — for cach of its Massau forms there exists an equivalent
form (108) such that the identitics (109) hold. Then we have the identi-
ties {155) and — by Corollary 9.2 — there exist such numbers a;;, b;;
(¢,7 = 1, 2) satisfying the conditions (159) that the identitics (171)
and (172) hold. Then — by Theorem 4 and (134) — we obtain (132),
(183), (184). By (182) we have

(326) A= Ay Qoy— Uy @y = (Mgs By — Mgy B2)byay
then by (184)

Hag

(327) b = by boy—biobyy = —(Mygabypt b51)0y = —

and hence by (183)
(328) Hay (Mg Gy — Mgy @yp) = Mgy (My3bpy-0sy).
By (171), (182), (134) and (135) we have

Yl = My bae Y1+ Myabos Yyt (Mysbse+by,) Yy,

_ Myatgy b b 1
Z, = ‘—‘M' 22 Z1+"'az*zizz_(mubzz‘f'bzl)"b"zu

Mgy b

Oy2 a1

Y,=a,Y,+a,Y,, Z,= "z _ 7.
a a

b12

Ys = (Mg Y+ mye Yp)bys, Za = (M2 — My Z,) 2’

i.e., by (327)

Nga @
V) = Murbag ¥yt Mygbos Yot — - ¥y,

My1bys
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- - 7 a2 @y
Yy =a,,Y,+a,Y,, Zy = —a’Z_ Zy,

1

p— b 9
Yy = (Mg Yyt mae Yo)byoy, Zg == (MyeZy— My Zy) ;_

and we can rewrite (108) in the form

(329) F =
X, X, 0
. N a . , 7

Maybos Yyt Mgghsy Vot —— Yy apYitanY, (mg Y+ mg,Yy)by, '
| Ma1 by, P

My b Mg b 1 a a bys |
| g Mg Z, -2z, - i7 (mgeZy—mgZ,) - 1 I
'1 a a 12 @ a i

Subtracting in (329) the third column mulsiplied by by,/b,, from the
first one, we obtain
X, X, 0

g2

l
(330) ¥ ’ m b Yy ay YitanY, (mgVi-4-m,, Ye)by,
. 5| My 0y .
|

it a4y b2
""_‘Z4 7 —*1 (;n42Z1‘_ "'41Z2)'—
bis a

By Lemma 4 the forms (108) and (330) are equivalent.
Subtracting in (330) the third eolnmn multiplied by a,,/m, b,, from
the second one, we obtain by (326)

X X, 0
oty C Y, (e Vit g V)b
. Ty — . m My Y byy!
(331) F o= imgby, M1 b1y Mot o
L 1 7 bl‘Z J
-—Z, ———— Zy (Mg Zy—my L) —
b]Z '”/4]b12 a

By Lemma 4 the forms (330) and (331), and hence the forms (108) and
(331) are equivalent.

Multiplying in (331) the seeond row by m,, b,,/a and the third column
by a/mg4 b,, and then the third row by m,, b,, and the third column by
1/m,, b5, we obtain the form (150). By Lemma 5 the forms (331) and
(150), and henee the forms (108) and (150), are equivalent.
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It follows by Theorem 11 that the function # is uniquely nomographic
and each of its Massau forms is equivalent to the form (150).

Principal case VIL. If the function F is nomographic, then for
each of its Massau forms there exists — by Theorem 12 — an equivalent
form (120) such that the identities (121) hold. Then we have

?zza—yszz = Y,Z,+Y,2,, 7321_?123 = Y, Z,+ Y,Z,,
?122_7221 = Y;Z;+ Yest

and there exist by Corollary 9.2 such numbers ay, by, c; (4,7 =1, 2)
satisfying the conditions (209) that the identities (210) and (211) hold.
By (136) and Theorem 4 we obtain from (211) the equations (216) and
then (217), (229), (232), (233), (234), (235), (236), (237), (238), (239),

(241), (244), (245), (246), and (247). Thus we have by (136), (137) and
(210):

Y} =bo Yo+ 02 Yy = My by Yy +Mysbos Yot (Do + myybye) Yy

Naasy
= [ — (M5 Mez— MsoMg1) (Mg Y+ Mgy Yp) 7Y, ] —
Mgy Mgy

by
2 =0y Y1+ a,,Y,
o Mg,
= —[(Mg Meg— M53Mg) Y1+ (MsaMigy— MyaMgy) ¥,] P byz,
63

Y=y Y, + a5 Y, = (my Y+ my Y,)b,,,

= b b b b Nggbos— b
Z, Efza—%z4z'nM%Z1+nM$Z2+———M ZZ 2z,
b b, b
= (fm“ZZ_.muZl)Lazﬂ_ 21 —,}__77}43712,24
My b b
; —n 1
= (’In41Z2— Wuzzl) (m51 Moz _lsz,mel)n” +-—Z4,
My 7by, by,
7 _ %12 a5 -
Ly =—Z1———7Z, = [(Mg Moz — M5y Me;) Zy— (M5 Mgy — My3Mgy) Zy]——,
a a ’rblz
@21 Mey

- a
Z, = ﬁzl_—z2 = (muZl—'muZz)—_:
a a N5aThyp

I
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and we can rewrite (120) in the form

( 332) F=
X X, X
[ — (mg1mea — ‘”7/52/'"61) (mgy Yl -+ — [(’IIL51)7163 —1n537n61) Yl -+ (m41 Yl +
732N 54 N34 +mgp Y2)b12
+mgg ¥a) +1Y3] biz  +(mszmes— msamez) Yo] — bys
m41Mes3 Mmeg3
(m41Zg—mgaZy) X [(mgymee3 —mszme1) 2 — (mgaZy—
(msymep—msamg))nzz | 1
X - +-—2Z4 — (mgame3z —msamez)Z1] —— —mgZy)
Mm47b12 b2 rbi2 Nserbrz

Adding in (332) the third column multiplied by (mg;mgee— MyaMig) X
X NgpMge /M4y Mgy to the first one and then the third column multiplied by
(Mg Meg— MggMgy) Nya /My Mgg 0 the second one, we obtain

(333) F=

Tsge
X) +(msymeg— Xo+(msymey—msame1) ——— X3 X;
. mM41MG3
32754
— MgaMe) = X3
N g1 M6y
s [(ms1mes — msamer)maz— « (mar :7_ 1+ -
——Tohi2 3 n . Maz2 X 2)012 | -
Ma1163 — (mgzmes —msamegImgr) ——b1a ¥ )
man
1 2 [(ms1me3 — ms3me))mas — (mgeZ1—
T 44
b o, me3
12 — (msgmeg— msymgz)mar] —— 41 —myg Zs)
marbig ns54Tb12
Since by (237)
(1gy Mgy — Mgy Mgy) Mgy — (Mg Mgy — Mgy Migy) My,
= —[(Me1Msa— MyaM51) Mgz — (Mg Mg — MysMgy) Mys] = — T,
the identity (333) can be rewritten in the form
(334) F =
X+ (mgymga— X+ (Mg Mgz — Xy
Naa Mgy Nogyq .
— MgaMg;) ———X, — MggMgy) ———— - X,y
Mgy Mgy Mgy Mgy
Nge Mgy Mgy .
rh1y ¥y ————71b, Y, (Mgy Y1+ Mgy Y5)by,
Mg Mgy Mgy Mgy
1 1 Mgy
— 7, -7 (Mo Zy— My Zy)- b
bio Mgy by M5a7012

By Lemma 4 the forms (120) and (334) are equivalent.
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Multiplying the second row of the determinant (334) by gy mga/M547b1
and the third column by ua;,7b ,/m, me, and then the third row by
My b, and the third column by 1/m,, b,,, we obtain the form (151).
By Lemma 5 the forms (334) and (151), and hence the forms (120) and
(151), are equivalent.

It follows by Theorem 12 that in the seventh principal case the
function # is uniquely nomographic and each of its Massau forms is
equivalent to the form (151).

This completes the proof of the Second Fundamental Theorem.



V. SCHEME OF COMPUTATIONS

We are now in a position to construct a scheme of computations
which will enable us to determine whether a given funetion is nomo-
graphic and, moreover, to find all possible Massau forms of a nomographie
function. We retain the previous notations.

Scheme 1

1. If F = F(x,y,2) =0, the function # is not nomographic. Tf
F == 0, we find such elements z,e02,, y,e2,, 2,2, that

(335) F('I'l’yl’zl) 7 0,
2. If
1 | F(zy, y1,21) Pz, 4,2
(336) o = B, (0,7, %) = - (@1, Y1, 21) (#1, Yy 2) — 0
11(1"1"/17"1) F(x’.’/nz]) F(z,y,?)
or
1 F(xy, y1,2) Flr,y,,z2)
(337) Py == Fyle y,8) = —— (@1 Y1, 21) F (2, Y1, ): —0
Flry, y62) Fe,y,2) Fla,y,?)
or
1 | F(xy, Y1, 2) Fle,y,z
(338) Fo = Fy(w,y,3) = — ’ (L1y Yoy ) Fle,y,2) — o,

F(ry, 9y, 21) F(x,,y,,2) F(x,y,2)

the function F is not nomographic. If none of the identities (336), (337),
(338) is satisfied, we find such elements .t; € 2,, y,¢Q,, z:¢2, (i = 2,3, 4)
that

(339) Fypy (@ Yoy 2,) # 0, B\ (2yy Yay 23) # 0, Fo(®yy Ya,24) 0.
3. If

0

(340) F, = Fo(x,y, 2) =

- i (%2 Y2y 2s) F.m(-”zy.’/’z);
l’rl(’za'lzaz)|

Fia(xy Yo, 25) Frulr,y,z)
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we introduce the functions
Xl = Xl(x) = F(.’D, Y1y zl)’ X2 = Xz(m) = ﬁlml(*’”, Yo, z2)7

(341) F(z,y, Q

P (%, y,2
G, =0,(y,2) = Gy = Gy(y,2) = 1(®2, Y5 2)

F(zy, 41, 21) Fo1 (@2 Yay 25)
We shall call this case X2, since the function F is then of rank 2 with
respect to z.

If F,, =0, we find such elements x;¢£2,, y;¢2,, 2;¢£2, that

(342) Foy(@s,y Y5, 25) # 0.
Then, if

F.(x zs) Fo(xw 2
(343) w2 (@sy Ysy %) Foa(Ts, ¥, 2) =0,

Foo(®y Ysy 25) Fa(@yy,2)

we have a case which will be called X3, since the function F is then of
rank 3 with respect to z.

If the identity (343) fails, the funection F' is not nomographiec.
4. If
1

Fm(él?:,, Y3, 23)

By (23, Y3y 25) Fyp(@, Y3, 2) —0
Fp(2y, 9, 25) Fpp(z, 9, 2) ’

we have a case which will be called Y2, since the function F is then of
rank 2 with respect to y.
If F,, =0, we find such elements ¥ge £, yse 2y, %€, that

(345) Fys (@6, Yoy 26) 7 0.
Then, if

(344) Fyy = Fp(x, y, 2) =

Fys (T, Yoy 26) Fyo(®s Ygy 2) ]
(346)

?

Fyz(wsa Y, ze) FW(‘Z‘, Y, z)

we have a case which will be called Y3, since the function F is then of
rank 3 with respect to y.
If the condition (346) fails, the function F is not nomographic.

5. If

B, (@4y Yay2a) For(@,Y,24) —0
=0,

Fo, (x4, y4,'z) F(z,y, 2) |

we have a case which will be called Z2, since the function F is then of rank
2 with respect to 2.
If F,, =0, we find such elements x,e02,, y;¢£,, 2,¢8, that

(348) Fo3 (@2 Yy 27) 7 0.

1

Lyy Yay Re)

(347) K= F(w,y,2) = F’zl(
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Then, if
F oo (w7, Y1,y 21) FEZ(xiy)zﬂ’
(349) =0
Foo(®ry Y7, 2) Fo(m,y,2) |

’

we have a case which will be called Z3, since the function F is then of
rank 3 with respect to =z.
If the condition (349) fails, the function F is not nomographic.

6. If the cases X2, Y2, Z2 or Z3 occur simultaneously, we pass to
scheme II.

If the cases X2, Y3, Z2 occur simultaneously, we replace the function
F by the function

(350) F*(a77y7z)EF(w7z7?/)7 Beldy, yeld,, 282y,

which we obtain from the function F by interchanging the symbols y
and 2. Then we keep the functions X,;, X, from (341) unaltered, but we
replace the functions ¢, and G, from (341) by

F(x,,2,y) ’ G, = Goly, 2) Fo(may 2, 9)
Foy (®a) Yoy 22)

(851) G, = Gy(y,2)
rToR F (2,9, %)
(yeQz,ze.Qy)

[l
I

(i. e., we interchange in G; and G, the symbols ¥ and z). Thus we have
for the function F” the cases X2, Y2, Z3 and we pass to scheme II.
If the cases X2, Y3, Z3 occur simultaneously, we pass to scheme II.
If the cases X3, Y2, Z2 occur simultaneously, we replace the func-
tion F by the function

(352) F"EF“(mr'y’z)EF(z;yym)’ meszf’/e-nyzf-Qa:v

which we obtain from the function F by interchanging the symbols »
and z. Then we introduce the functions

X, =X, (z) = Flay, y1, 2), X, = X,(x) = F, (24, Y4y ),
(353)
F(z;_?ly 21) F,i1(2,9, %)

& =Gy, 2)
F(wy, Yy, 21) ’ * 2 le(w4;?/4az4),
rxeld,, yey, 22z,

G, =G, (y,z2) =

where the functions F(wy,Y,,2), Fou(®ay Ya, @), F(2,¥,21), Fu(2, ¥, 24)
may be obtained by interchanging the symbols x and 2z in the functions
F (@1, Y1, 2)y For(T4y Yay 2)y F (0, Y, 21), Fou(2,y,2,) calculated already in
(338) and (347). Thus we obtain for the function F** the cases X2, Y2, Z3.
Then we pass to scheme II.
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If the ecases X3, Y2, 73 occur simultaneously, we replace the function
F by the funetion

(354) F™ = 1'1“*(177 Yy 2) = F(y,r,2), .l‘eQ”, Yyeldy,2eQ,,

which we obtain from the function F by interchanging the symbols «
and y. Then we introduce the funections

X, = Xi(z) = F(w,, Zy2), Xp == Xo(r) = Fyl(‘raa Ly 23),

Fy, Y1y ~) G, == Gy, 2) = Fu (y, ¥i, 2)
T 1y 7= all, ) = -

G, =G(y,z) == : St IALSAL)
' v F("lr ’/13~1) Fyl(-vaa.l/ayza)’

where the functions F(x,,®,2y), F(y, y1,2), Fyu(s5, 2, 2), Fyi(y, ¥sy 2)
may be obtained by interchanging the symbols z and y in the functions
F(-TU ¥y 21), F(.I), Y1y ®), Fyl(w:)’ Yy 23, Fyl () Y3y ),y calculated alrea-dy
n (337) and (344). Thus we obtain for the function F™*" the cases
X2, Y3, Z3. Then we pass to scheme II.

If the cases X3, Y3, Z2 oceur simultaneously, we replace the funec-
tion F by the function (352) and we introduce the functions (353). Thus
we obtain for the function F** the cases X2, Y3, Z3. Then we pass to
- scheme II.

Finally if the cases X3, Y3, Z3 occur simultaneously, we introduce
the functions

= X () = F(2, Y1, 21), X, == Xy(@) = Fp (o, Yo, 25),
X3 = Xy3(x) = Frp(x, ys5, 25),

F(x z Fo(es, y,2
Gy =Gy, 2) = '( b Y53 K Gy 72 Gy, 2) = ‘M,—)’
Fey, 41, 21) Fry (22, Y2, 25)

(356)

- Fip(s, 9, 2).
-
Frs(®5, s,y 25)

and we pass to scheme II.

Remark. Scheme I may be simplified if we are able to write the
funection F immediately
1° in the form

(357) F o= X, 006, 2) 4 Xa(@)Ga(y, 2)
or
(358) F = X,(2)G,(y,2)+X:(0)G:(y, 2) + Xs(2)G5(y, 2),

the functions X,, X, and the functions ¢,, G, in the case (357), the funec-
tions X,, X,, X; and the functions G,,G,,G, in the case (358) — separately
treated — being linearly independent;
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2? in the form

(359) P = Yi(y) Hy(2, 2) - Yo(y) Halr, 2)
or
(360)  F = Y,()H,(@,2)+ Y,(y) Ha(@, 2) + YVy(n) Hyle, 2),

the functions Y,(y), Y.(y) and the functions H,(r, 2}, Hy(x, ?) in the
case (359), the functions Y,(y), Y,(¥), Y,(y) and the functions H,(x, 2),
H,(x,2), Hy(x,2) in the case(360) — separately treated — being linearly
independent, and

3° in the form

(361) F =Z,(:) K (2, y)+Z,(2) Ky (2, )
or
(362) ¥ =27Z,()K,(5,y)+2Z,(2) Ko, y)+Z3(2) Ky (2, ),

the functions Z,(z), Z,(2) and the functions K,(z,y), K.(x,y) in the
case (361), the functions Z,(z), Z,(z), Z,(¢) and the functions K, (z, y),
K.(x,y), K;(x,y) in the case (362) — separately treated — being linearly
independent. Then (357) gives the case X2, (358) the case X3, (359) the
case Y2, (360) the case Y3, (361) the case Z2, and (362) the case Z3.

Scheme 1I

1. We find such elements y, and z; that

(363) G\ (Yay %) # 0.
If
1 G (Ys, 28) G1(Yay?)
(364) Gy =Gy, ?) :G—‘— =0,
1(Ys s 2) Gy, %) Gi(y,2)
we introduce the functions
”Gl(?/a »2)

(365) Y, =Y y) =(y,2), 24,=2,02) = F——-
G (Ys) 2)

This case will be called G,1.

If G4, =% 0, we find such elements y,, z, that
(366) G (Y, 25) # 0.
Then, if
G11(Yoy 29) G11(Ys, 2) !
Gulys2) Guly,?) |

(367) = 0,
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we introduce the functions
Y, =Y, (y) =Gy, ), Y, = Yay) = Gy, %),
G1(Ya) 2) Gy (Yo, 2)
=1 Zy =2 Zy(2) = ———.
G (Vs zs), : * G11(Yy, %)

This case will be called G,2.
If the condition (367) fails, the function # is unot nomographic.
2. We find such elements y,, 2, that

(368)
Z, = Z,()

(369) G2 (Y109 210) # 0.
If

. 1 G2(Y105 210) Ga(Y1o) 2) i
(370) Go =Gn(y,2) = —F— =0,

G2 (Yo, SE ‘ G2(yy 210) Ga(y, 2)
we introduce the functions
g G2(Y10, 2)
(371) Yy = Y(y) = Gs(y,200), Zs=273(2) = '2“_ AR
G2 (1105 210)
This case will be called G,1.
If ¢, == 0, we find such elements y,,, 2,, that

(372) Go1(Yu1y211) # 0.
Then, if

Gy (¥1y2n1) Goalyn, 2) i
(373) P20,

G Yy 211)  Guly,2) ‘
we introduce the functions _
Y3 =2 Ya(y) = Gu(y, 210), Y, =Y (y) =Guly,21),
Zy = Zy(2) = Gy (Y0 2) ’ 7 2) = Gy (Y11y 2) )
G5(Y105 %10)
This case will be called G,2.
If the condition (373) fails, the function F is not nomographic.

3. If we have obtained in scheme I the cases X3, Y3, Z3, we find,
moreover, such elements y,,, 2,, that

(374)

(375) G3(Y12, 212) # 0.
If
1 G3(Yy2,2 G3(Yy2, 2
(376) Gay = Gor(,2) & e 3(Y12%12) 3(¥12y 2) — 0,

G3(Y12, 212) Ga(y, 212)  (@3(y, 2)
we introduce the functions
G 2
BTT) Yy = Yoly) = Galy, 21a)y By = Fale) = 22022 ?)

i Gs(Y12, 23)
This case will be called G,1.
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If G4, = 0, we find such elements ¥4, 2,; that

(378) G31(Y13y 213) # 0.
Then, if
_G31(.’/131 213) G31(Yray z):

(379)
G (¥, 213)  Galy,?)

i

0,

we introduce the functions

Y5 = Y5(y) = Gs(y, 21), Yoz Ye(y) = Gy (Y, 213)
G z G
By = Ayle) = W B gy = Gulhn®)
Gs(Y12y 212) G31 (Y13 213)
This case will be called G,2.
If the condition (379) fails, the function F is not nomographic.

Remark. The above-mentioned calculations in scheme II may be
omitted if we are able to write immediately the following identities:

(380)

(381) G, =%Y,7,
or
(382) G, = Y2, +Y,7Z,,

the funetions Y,, Y, and the functions Z,, Z, - separately treated — being
linearly independent,

(383) G, = Y,Z,
or
(384) G, = Y,Z,+Y,Z,,

the functions Y3, ¥, and the functions Z,,Z, — separately treated — being
linearly independent,

(385) G, =Y, Z,
or
(386) Gy = YZ;+ Y42,

the funections Y, Y, and the functions Z;,Z, — separately treated — being
linearly independent.

Then, (381) gives the case G;1, (382) the case G,2, (383) the case
G,1, (384) the case .2, (385) the case G31, and (386) the case G;2.

Moreover, the forms (357), (358) in scheme I and the forms (382),
(384), (386) in scheme IT may sometimes be simplified by use of Corollary
9.3, as has becn shown in Example 6.
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+. Owing to the introduction of the functions F*, F**, F*** we
obtain from scheme I only the cases X2, Y2, Z2, or the cases X2, Y2, Z3,
or the cases X2, Y3, Z3, or the cases X3, Y3, Z3.

If we have the cases X2,Y2 722, G1, G,1, we now pass directly
to scheme LII.

If we have the cases X2, Y2,7Z2,G,2, G,1, we now pass directly
to scheme TV

If we have the cases X2, Y2,7Z2,G,1, G,2, we interchange the
indices as follows:

before the change | X, X, ¢, GZ|Y1‘ Y:,i Y, Z11Z3|Z4‘
after the change |X,|X,| G| | Y, Y,|Y.2,12, 2,.

(387)

Thus we obtain the cases X2, Y2, 72, G,2, G,1 and we now pass directly
to scheme TV.

If we have the cases X2,Y2,7Z2, G,2, G,2, we now pass directly
to scheme V.

If we have the cases X2,Y2,Z3, G,1, G,1, the function F is not
nomographic.

If we have the cases X2, Y2, Z3, G2, G,1, we now pass dircetly
to the scheme VI.

If we have the cases X2,Y2,Z3, G,1, G,2, we interchange the
indices as in (387). Thus we obtain the cases X2, Y2, Z3, G2, G,1 and
we now pass directly to scheme VI.

If we have the cases X2, Y2,Z3, G,2, G,2, we now pass directly
to scheme VII.

If we have the cases X2, Y3, Z3 and the case G,1 or G,l, the func-
tion F is not nomographic.

If we have the cases X2, Y3, Z3, G,2, G,2, we now pass directly
to scheme VIII.

If we have the cases X3, Y3, Z3 and the case G,1 or G,1 or G,l,
the function # is not nomographic.

If we have the cases X3, Y3, Z3, G2, G,2, G432, we now pass
directly to scheme IX,

Scheme il

The function ¥ is here doubly nomographic and each of its Massau
forms is cquivalent to one of the following two non-equivalent forms:

X, X, 0 |X, X, 0 |
0 Y, Y, =|¥Y, 0 Y, '
\Z, 0 Z, 0 —Zz, —ZJ

(388) F
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Scheme IV

We find such elements ¥,,, ¥15, 214, 215 that

Y, (414) Yo(y1o)! Z,(214) Z3(214)
"% 0 and

Y (y15) Ya(91s) . 1Z,(215) Z5(245)

and we solve in mg,, my,, ng,, 7y, the simultaneous equations

(389)

Y (410 M+ Yo (yra) Mmse = Y3(Y14),

(390)

Y, (%15)mar+ Yo (Y15)Mas = Y3(y1s),
and

Z(zy4)m Z5(214) Mgy = Zg(2
(391) 1(214) g1 +Z5(214) Ngs 3(?14)

Z\(215) Mgy +2Z2(215) N3y = Z3(25)-
It is worth while to verify that
(392) Ys=mg Y+ me, Yy, Zy=mngZ,+ng57Z,(%).
If my, = 0, we interchange the indices as follows:

before the change | Y 1[ Y, Z, l Z, . My | M | n,ll Ngs
(393) ~ ~

after the change | Yz! Yl| Z, ’ Z, ’ m32| Mgy | n”! Ny .
Thus we always obtain
(394) Mgy 7 0.

Now if mg, ng, + Mgangs #= 0 and ny, # 0, the function F is doubly
nomographic and each of its Massau forms is equivalent to one of the
following two non-equivalent forms

X, X, 0 X, X, 0
, 1 Ngy
0 Y Y DY, —— Y, ¥, ——2Y
(395) F = ! = ! ST g TN mg  °
1 o
Zy —— 7, Z,— Lz o -7, —Z,
ms, Mg, !

If mgy g, + mgeng, # 0 and ny, = 0, the function F is doubly nomo-
graphic and each of its Massau forms is equivalent to one of the following

(*) The computations of (389), (390), and (391) may be omitted if we are able
to write the identities (392) immediately. These identities must be satisfied, since
they are identical to the identities (249).

Rozprawy Matematyczne XVI. 8
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two non-equivalent forms

r

X, X, 0 i X, X, ;0 ’
(396) F = 0 Yl :Ys = 'n/s]_ Y3 - Yl - Yz’
1
Zy, ———12, 7,— % g, 0o 2z, -z
My M3z i

If mgyngy + Mmgyng, = 0, the function F is uniquely nomographic and
each of its Massau forms is equivalent to the form

le X, 0
0 Y Y
(397) F = ! oe
! 1
Zy ——Z, Z,— 27,
! Mgy M3y,
Scheme V

We find such elements ¥,4, ¥15, 214, 215 that
Y, (¥14) Yz(?/u)' Z(214) Z5(214)

Y. (915) Yats)] Z(215) Zal2as)

and we solve in my, ny; (¢ = 3, 4; j = 1, 2) the simultaneous equations

(398) and

(399) Y, (Y1) mir+ Yo (Y1) mie = Yi(y14) (6 =3, 4),
Y, (Y1s) i+ Yo (Yrs) Mis = Y;(Y15)
and

Z1(21) N1 +Z 5 (214) Mo = Z; (2
(400) 1 14) 11 2( 14) 12 ‘L( 14) (1: — 3’4).
Zy (215) Wiy +2Z 5 (215) N2 = Zi(245)
It is worth while to verify that
(401) Ys=mg Y+ mg Yy, Zy=ny32Z,+ n3:2,,
Y =mu Y +mpY,, Zy=n4uZ,+N42,,()
We now compute the numbers
T3y = Mgy Mg+ My N Tgo = MgaNgy+ MyaN
(402) 3] 317¢81 417%41 32 327¢31 427941
T3y = Mgy Ngg+ Mgy Nya,y Tga = MyaNga+ My Nys.
If (rg,—745)2+ 4737y < 0, the function F is not nomographic.

(1) The computations of (398), (399), and (400) may be omitted if we are able
to write the identities (401) immediately. They must be satisfied by the proof given
for the identity (153).
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If (rgy—742)%+ 473,74 > 0 and 75, # 0, we find the solutions p = p,
and p = p, of the equation
(403) P2— (31 +742) P+ (Y31 7a2a—T32741) = 0.

The function F is then doubly nomographic and each of its Massau forms
is equivalent to one of the following two non-equivalent forms

X, X, 0
Pi— T4
Y, 4+r, Y, —Y Y, +Y
(404) P = Tay LT T3 KXo 1 Ton 1+ 2i (i=1,2)
|
piZy —Z, Zﬁ_gzzz—z1 |
732

If (rg,—740)%+ 473,74 > 0 and rg, = 0, the function ¥ is also doubly
nomographic and each of its Massau forms is equivalent to one of the
following two non-equivalent forms

(405)
X, X, U X, X, 0
i " 'l
F= raY,+re Y, —Y, ryY, ! _ra Y, =Y, - = Y, +7Y,]
= | = Fao— "1 A
1 r ‘
Z, —-——2Z, —2Z, TarZs —Zy Lz2_zl i
T31 i T42— 131

If (rgy—1742)2+ 47357 = 0 and 7y, # 0, the function F is uniquely
nomographic and each of its Massau forms is equivalent to the form

T Y1 +73, Y, —Y, i Y, +Y,
(406) F = 273, .
r r V3 —7 !
31+ Taz Z, _z, Ta1—7Tq2 Z,—2Z,
2 27‘32 '

If (r3,—74)2+ 473,74 = 0 and 74, = 0, the function F is uniquely
nomographic and each of its Massau forms is_equivalent to the form

‘ X, X, 0

(407) F Ta Y1+ 71:Y, -Y, ruY,

i

1
1 z, — =%, —%,

731
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Scheme VI

We find such elements y,4, ¥15, 2145 215 that

Y, (y1a) Ya(¥14) Z1(214) Z5(214)
Y1 (¥15) Y2(¥1s) Zy(215) Zz(215)

and we solve in mg,, ms,, 15, N3, the simultaneous equations

(408) £0,

Y, (1) M1+ Yo (Y1a) Mae = Y3(¥14),

(409) |
Y, (W15)ma1+ Yo (Y15) May = Y3(¥15),
and
Z\(214) g1 +Z5(254) Nag = Zg(244),
(410)

Z,(215) a1 +Z5(215)Ngs = Z3(245).
It is worth while to verify that
(411) Ys=mg Y+ mg Yy, Zy=EngZ,+ ngZ,(Y).
If mg, = 0, we interchange the indices as follows:
before the change { Yl’ Yzi Z, iZ2 |m31!m32]
after the change ' Y2| Yl‘ Z, | Z, [mui m,,ll.

(412)

Thus, we always have
(413) Mgy # 0.

Then the function F is uniquely nomographiec.
If in scheme I we have immediately obtained the cases X2, Y2, Z3
for the function F', then each of its Massau forms is equivalent to the form

‘—X1(w) X,(x) 0
s a0 T Yo)

— L 720 Zyo— Tz,
M3p

Z,(2)

M3
If in scheme I we have obtained the cases X2, Y2, Z3 for the func-

tion F*, then each of the Massau forms of the function F is equivalent
to the form

(*) The computations of (408), (409), and (410) may be omitted if we are able
to write the first condition (411) and to prove the linear independence of the functions
Z1, Zy, Z3 immediately. The conditions (411) must be satisfied, since the first one of
them is identical to (255) and it is easy to show that Z3 = n3; Z; +n32Z; implies the
case Z2 instead of Z3.
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X, (x) X, () 0

Mgy

|

! 1

| —Zy(y) —Z,y(y) Zy(Y)—2Z.(y)|.
‘ M3q M3g

Y,(2) Y,4(2)

(415) F=

If in scheme I we have obtained the cases X2, Y2, Z3 for the func-
tion F**, then each of the Massau forms of the function F is equivalent
to the form

v 1
—Zy(@) — Zy(3) —2 7y (@) —Zy ()
j gy Mgy
416 F = . '
(419 0 n Y.
I X, (2) Xaf#) 0 ’
Scheme VII

We find such elements y,4, ¥15, 214y 215 that

£0 and ?1(%4) Zz(zu); £0,
Z(215) Za(215) !

Y, (1) Ya(y14)
| Y1(Y15) Y2(Y1s)

and we solve in my, ¢; (¢ = 3,4; j = 1,2) the simultaneous equations

(417)

Y, (1) Mo+ Yo(Y1a) mie = Yi(y1a) . )
(418) i (¢t =3,4),
Y (Y1) Mo+ Yo (Yis)mis = Yi(Yss5)
and

(419) Z,(214) @ir +2Z5(%14) Qi = Z;(214) (i =3, 4).
Z,y(215) Qin+Z3(215) Qi = Zi(215)

It is worth while to verify that
(420) Yi=my Y, +myY,, Yy==my Yi+m, Y,
and at least one of the identities
(421) Zy == @2+ Q324sy Ly = i+ 422,
fails(*). If the second identity (421) holds, we interchange the indices
as follows:

(*) The computations of (417), (418), and (419) may be omitted if we are able
to write the identities (420) and to prove the linear independence of the functions
Zy, 23, Z3 or Zy, Z2, Z4 immediately.
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(422) befo.re>the change | Y3| Yf’,' Z, [ Z, im,,,-'m,,i

éf_mér the change l Y, |§3| Z, | Zy lm4i|m3i

(1 =1,2).

Thus the second condition (421) always fails, i. e., the functions Z,, Z,, Z,

are linearly independent.
Now we find such an element z,, that

|Z1(zm) Z5(214) Z4(%14)
(423) Z,(#15) Z3(215) Z4(215)| # O
Z,(216) Z3(%16) Z4(216)
and we solve in ng,, 73,5, ny, the simultaneous equations
Z,(214) Mgy 2o (214) Nag+Z 4 (214) M3y = Z(244),
(424) Z, (215) a1 +Z5(215) Naa 124 (215) N3g = Z3(215),
Z1(216) N3y +Z2(216) N3z +2Z4(216) N3s = Zg(24)-
It is worth while to verify that
(425) Zy =Ny Zy+ NyaZip+ Nye Zy(1).

If ng, = 0, we interchange the indices as follows:

before the éhange | Y‘I Y2| Z, | Z, |mﬂlmﬂ| nﬂl n"l

(426)
after the change l Yz| Y1| Z, | Z, lmizlmal nﬁ! n,-1|

Thus we always have
(427) Ngy # 0.

Now if the condition

MaoN. m
(428) ngy = — et s gt Mgy 0)
Mgy N3g+ Mgy

fails, the function F is not nomographie.

(i = 3, 4).

If the condition (428) holds, the function F is uniquely nomographiec.
Then, if in scheme I we have immediately obtained the cases X2, Y2, Z3
for the function F, each of its Massau forms is equivalent to the form

(*) The computations of (423) and (424) may be omitted if we are able to write
the identity (425) immediately. The identities (420) and (425) must be satisfied by

the proof given for the case II.3 on the page 55.
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X, (x) X, () 0

nay Yo (y) —Y,() Yi(y)— :— Y, ()

32

(429) F =

(Mg gy +my1)Z,y(2) —2Z,(2) —%Zl(z) —Z,(?)

32

If we have obtained in scheme I the cases X2, Y2, Z3 for the fune-
tion F*, then each of the Massau forms of the function F is equivalent to
the form
X 1 (ﬁ) X 2(.’”) 0

{
|
i

(430) = _(’)77/31?1«34‘{" m41)Z4(y) Zl(y) %Zl(y)+zz(y) '

|

n
| gz Yo(2) ~Ya6) Yal)— 2T,
! T3z !
If we have obtained in scheme I the cases X2, Y2, Z3 for the funec-
tion F**, then each of the Massau forms of the function F' is equivalent
to the form

—(manat M) Zu(@)  Zy(@) 2 Z,(@)+Za(0)
431 F = 1 .
“sn) nge Y3(y) —Y,(y) Yi(y)— ;:3—Y2(y)

32

X.(2) X, (2) 0

Scheme VIII
We find such elements y,,, y,5 that

Y, (%10) Y2(y14)
Y1(%15) Ya(¥15)
and we solve in s, Pss, Pars Pse the simultaneous equations

Y, (yu)pa+Y i2 = Yi(Y1a
(433) (Y14) Pir + Yo (¥14) P2 (¥14) (i =3, 4).

Y1 (Y15) Pir + Yo (Y16) P2 = Yi(Y15)
We verify that at least one of the conditions
(434) Ys =pu Y14 ps Y, Y, =puY i +pa:l,
fails (1). ’

(432)

(*) The computations (432) and (433) may be omitted if we are able to deter-
mine immediately whether the functions ¥, Ya, ¥ (i = 3, 4) are linearly dependent.
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If the first identity (434) holds, we interchange the indices as follows:

_ before the change | Y| Y, ’ Zy | Zy | Dy | P .
(430) R o - - (] = 1, 2)
after the change I Y, Y, i Z, Z, ’ Dy Py
Thus the first identity (434) always fails, i. e., the functions Y,, ¥,, ¥,
are linearly independent.
We now find such elements z,,, 2z,; that

(436) Z,(214) Zz(zu)!
Z(215) Za(215)!
If |
!Z1(214) Z,(214) Z4(z14)'l
(437) 1 Zy(215) Zx(215) Za(215)| =0,

Zu(2) Za(z) Za(2)
the function F is not nomographic. If the condition (437) fails, we find
such an element 2,4 that
| Z1(214) Za(210) ‘Z4(zl4)
(438) Z1(215) Zy(215) Z4(215) | # 0
{Z1(216) Z2(216) Z4(216)
and we solve in mng,, h3,, N3y the simultaneous equations
Z(214) M3y +Z 2 (210) N3z +Z4(214) N3g = Zi3(214),
(439) Z(215) a1 +Z5(215) Naa+Z 4 (%15) as = Z3(%45),
Zy(216) 31 +Z 3 (216) Nazt+Z4(R16) N3g = Z3(246)-
We also find such an element y,; that
| Y1(¥10) Y2(¥1a) Y¥s(y1a)
(440) Y, (415) Ya(y15) Ys(y1s)| #0
Y, (¥16) Y2(Y16) Y3(Y16)
and we solve in m,,, m,,, M3 the simultaneous equations
Y1 (Y1) Mar+ Yo (Y10) Mag+ Y (Y1a) Mas = Ya(Y14),
(441) Y, (y15) mar+ Yo (Y15) Maa+ Y3 (Y15) Mas = Y4(¥15),
Y1 (%16) Mar+ Yo (Y16) Maz+ Y5 (Y16) Mas = Y4 (Y16)-
It is worth while to verify that
(442) Y, =my Y +myp Yot mys Yy,  Zy = 0y 21+ N30 25+ 1342, ().

(1) The computations (432)-(441) may be omitted if we are able to write imme-
diately the identities (442).
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If my,, = 0, we interchange the indices as follows:

before the change ' Y1| Y, Z, | Z, im“imn} Mgy Mgy
(443) - ,

| ! H *
after the change | ¥, ¥,|Z,! 2, 'myy my|ngs! ns,|

Thus we always have
(444) My # 0.
If at least one of the conditions

(445) Ny = — 42

Nggy  Ngg = — My
Mgy
fails, the function F' is not nomographic.

If both conditions (445) are satisfied, the function F is uniquely
nomographic. Then, if we have immediately obtained from scheme I the
cases X2, Y3, Z3 for the function F, each of its Massau forms is equi-
valent to the form

X, (») Xa(x) 0
. Myo |
(446) o= nge Y3(y) — Yaly) Yl(?/)‘f"j"—):Yz(.l/);.
7 Myp r ”
My Zy(2) —2Z,(2) -——2Z,(2)—Zy(2) :
Ny,

If the cases X2, Y3, Z3 have been obtained for the function F**,
then each of the Massau forms of the function F is equivalent to the form

—mg Zy(x) Zi(x) Zy(x)— ';‘L'_‘Z1(J?)
: 41
(447 F=! | |
) nae Ya(y) —Yo(y) Yi(y)+ ::‘” Y. (y)
’ 41 .
L Xe) X,(2) 0

Finally, if the cases X2, Y3,Z3 have been obtained for the function

F***, then each of the Massau forms of the function F is equivalent
to the form

Vi@ —Ta@) Vi@ Y

|

|
(448) F=| —X,(y) —Xs(y) 0 I

|

|

' MaZs(2) — Z,(?)
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Scheme IX

We find such elements y.4, ¥,5; that

Y (414) Y2(Y14)
Yi(%15) Ya2(y1s)

and we solve in p;, p;, (¢ = 3, 4, 5, 6) the simultaneous equations

Y, (%14 Pir+ Yo (¥14) Piz = Yi(Y14) X
(450) (¢ =3,4,5,6).

Y, (415) Pir+ Yo (Y15) Pie = Yi(¥15)

(449)

We verify that at least one of the identities
(451) Yi=puY+ppY. (i=3,4,5,6)

fails.
If the identities (451) hold for ¢ = 3 and ¢+ = 4, we interchange the
indices as follows:

before the change |X2|X31G2'G3| Y3|Y4}Y5| Y6|Z31Z4|Zslzsi
after the change | Xs| X,|Gy|6y| ¥,| ¥y! ¥o| ¥.|2,2,] 2,1 2,

(452)
before the change |p3jlp4,|p5,-ip8i 1.2,
after the change ,p5i|p3,-|p3j|p4,-l ! ’
Thus at least one of the identities
(453) Yis=p3, Y, +03:Ys, Yi=puY+0:Y>

fails. If the first identity (453) holds, we interchange the indices as
follows: -

before the change iY,,! Y4fZ3|Z4|p3,~ip4j|
after the change |Y4| Y3|Z4|Zalp4j|p3;!

(454) (G =1,2).

Thus the first identity (453) always fails, i. e., the functions Y,, ¥,, ¥,
are linearly independent.
Now we find such an element y,, that

IYl(’yu) Yo (y14) Y3(Y1a)
(455) |Y1(3/15) Y. (y15) Ya(yss) | #0

'Y (Y16) Yo(Y16) Ya(¥1e) !
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and we solve in my,, m;,, m;; the simultaneous equations
Y, (410 Mo+ Yo (Y1) mya+ Ya(Yra) mis = Y (Y14)
(456) Y1 (¥15) My + Yo (Yis) Moo+ Y3(Y1s)mes = Yi(y15) (2 = 4,5, 6).
Y (416)Mmir+ Yo (Y1) Mia+ Y3(Y16) Mis = Y (Y1)
It is worth while to verify that
(457) i=my Y+ mpYet+mp Yy (0=4,5,6).
If m,; = 0, we interchange the indices as follows:
before the change |Y1| Y2,Z1'Zz|mﬁ|mi2§
I - - _

458) - o 1T | (i=4,5,6).
(458) after the change |Y,|Y,!Z,|Z,|ms|my | ¥ 2:9)

Thus we always have

(459) Mgy 7 0.
If my, = mg = 0, the function F' is not nomographic. If

(460) me+mgs > 0

and mg = 0, we interchange the indices as follows:

Y, Y6|Z5:Z6;m5,-|m,j

after the change I ‘Ys| Y5|Z6|Z5§me,-|m5,~

before the change
(461) :

l (G =1,2,3).

Thus we always have
(462) mes 7 0.

Now we find such elements z,,,2,; that

(463) Z,(214) Z3(%14)

Z,(215) Zs(245)
If

Z,(214) Z3(21a) Z4(214)
(464) Z%(2) = |Z,(215) Za(215) Zal2s5) |= 0,

Z1(2)  Zy(2) Z4(2)
the function F is not nomographic. If Z*(z) == 0, we find such an element
2,6 that

Z,(210) Z3(214) Za(214) ]
(465) Z% (21) = Zy(215) Zy(215) Z4(215)!:7é 0

7Z1(218) Zs(216) Za(246)



124 Nomographic functions

and we solve in ng, n;,, 1, the simulﬁaneous equations
Z1(210) Ny +Z 5 (210) Nia+Z 4 (R14) Wiy = Z5(214)
(466)  Z1(215) N1 +Z 5 (215) Mo+ Z 4 (205) Nyy = Z;(245) (¢ =3,5,6).
Zy(216)Nix + 75 (216) Moz 24 (216) Nis = Zi(216)
It is worth while to verify that
(467) Z; = Wy Zy+WinZot+nyyZ, (i =3,5,6).

Now if at least one of the conditions

_ Mys N32Npq
Ngy = — —— Ngy, Mgy = — —~ M5z
"1/41 r”/4l 'm03
o Mgl
N3qg = —Mys, N2 = e Mgy,
. 41Me3
(468)
NgaMNsy , Ms3
Ny = —————— Mgy, Ngg = — —— Ny
Mgy Mgy M3
N3aMse
Ngg = — - — = Mgy,

Mgq Mgy

fails, the function F is not nomographiec.
If all the conditions (468) hold, the function F is uniquely nomogra-
phic and each of its Massau forms is equivalent to the form

X+ (mgymgy— X+ (Mg meg— Ngy¥ x
— 43
NgaMsy g4 mam
— MgaMgy) ———— X3 — MygMyg) ———X 41763
My Mes Mgy Mes
(469) F = My ’
'nraz Ya i Y2 Y1+ _—- Yz
My,
Mye
77&41Z4 ) —Zl _Z1_22
where
(470) 7 = (Mg Mgy — Mgy M) Mgz — (Mgy Mgy — Nga Mgy ) Migg.

Remark. The computations of (449)-(466) may be omitted if we
are able to write immediately the identities (457) and (467) with the con-
ditions (459) and (462).
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We retain the previous notations.

I. Let us determine whether the function
(471) F=Flx y,2) = X+YV+2Z,

where
X =X(®)s=const, Y = Y(y)==const, Z ==Z(z)== const,

and the variabl® z, y, z take numerical values, is nomographic.
We have

(472) F=X-141-(Y+Z).

We find sueh numbers 2, and x, that
X(xy) # X (x,).

(It is always possible, since X == const.) We see that then
| X () 1
X(2y) 1]

It follows that the functions

(473) X, =X (x) =X, X,:=:X,x =1,

are linearly independent. Analogously, the functions

(474) G, =G,(y,2) =1, G,=G,(y,2)=Y+Z,

are also linearly independent.
Since by (473), (474) and (472) it is

F = X,G,+X,0G,,

the function F is of rank 2 with respect to z, i. e., we have the case X2
from scheme 1.

By the symmetry of the equation (471) the function F is of rank 2
also with respect to each of the variables y and z. Thus we have the cases
X2,Y2, 72 from scheme I.
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Moreover, we have

G,=Y,Z, and G,=Y,Z,+%Y,Z,,
where
Y, =1, Z,=1, Y, =Y, Z,=1, Y,=1, Z,=12.

Since the functions Y,, Y, and the functions Z,,Z, — separately
treated — are linearly independent like the functions (473), we have
the cases G,;1 and G,2 from scheme II. Therefore, we interchange the
indices according to (387) and thus we have

X, =1, X,=X, Y, =7, Y, =1, Y, =1,
G, =Y+Z, G, =1, Z, =1, Z, =272, Z;=1,
G =Y,2,+Y,7Z,, G, = Y,Zy,

and we pass to scheme IV.
We see that the identities (392) may be written immediately. We
have, namely,

Y, =0Y,41-Y, and Z,=1-Z,10-Z,.
Thus we have

mgy =0, mgp=1, mngyg =1, ng5p =20,
and the condition (394) is satisfied.

Since mg, Mg+ MgeMg, = 0, the function (471) is uniquely nomo-
graphic and, by (397), each of its Massau forms is equivalent to the form

1 X o0
F=1|0 Y 1}.
1 —Z 1
II. Let us consider the function
(475) F=F@x,y,2)=XY—Z,

where
X = X(x)s=const, Y = Y(y)==const, Z = Z(z)* const,

the values of the variables x, ¥, 2 being numbers.
We have

FP=XY-1Z2=Y"X-12Z=1-XY-Z-1,
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where the functions:

X and 1 as functions of one variable z,

Y yw —Z 4 ” ,, two variables y and z,
Y w 1 ’ ,, one variable y,
X sy —Z ’ ,, two variables x and z,
1 vy —Z ’ ,y oOne variable z,
Xy ,, 1 ” ,» two variables x and y,

are obviously linearly independent. Thus we have the cases X2,Y2, Z2
from scheme I and we may set

X, =X,(2) =X, X, =X,(2) =1,

G, =G0,y,2)=Y,Z,, G,=0G,y,2 = Y,Z,,
where
Y, =Y.(@y=7Y, Y, =Y,(y) =1,

Z,=127,(2) =1, Zy =273(2) = —Z.

Thus we have the cases G;1 and G,1 from scheme IT and, therefore, we
now pass to scheme III. We see thaf the function (475) is doubly nomo-
graphic and each of its Massau forms is — by (388) — equivalent to one
of the following two non-equivalent forms

fX 10 |X 1 0

F=|0 Y1/ =1 0 Y|
—z0 1] lo -1z
III. Let us consider the function

(476) F=F(x,y,2) =XZ'+YZ"+1,
where

X = X(x)s= const, Y = Y (y)=~= const,
Z' =17'(2)s=const, Z'"' =Z'"(z)== const
the values of the variables x, v,z being numbers.
Since
FP=XZ4+1(YZ"+1)=Y-Z"+1-(XZ'+1)
and the functions

X and 1 as functions of one variable w,
z' ,, YZ"+1,, ’ ,, two variables y and z,
Y , 1 ’ ’ ,, one variable y,
z" ., XZ'+1 ,, ’ ,, two variables x and z,
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are obviously, linearly independent, then the function F is of rank 2
with respect to each of the variables # and v, i. e., we have the cases X2
and Y2 from scheme I. The rank of the function ¥ with respect to z depends
upon the linear dependence or independence of the funections Z’, Z’* and
Z'"" =2Z'""(z) = 1. The following three cases are possible:

A. The functions Z’, Z’’, Z’"’ are linearly independent.

B. The functions Z’, Z’’ are linearly independent but the functions
Z',Z",Z'"" are linearly dependent.

C. The functions Z’,Z"’ are linearly dependent.

In the case A the function F is of rank 3 with respect to 2z, since

F=7Z-X+72"-Y+Z'""1

and the functions X, Y and 1 as functions of two variables « and y are
obviously linearly independent. Thus we have the cases X2,Y2,Z3
from scheme I and

X, = X,(x) =1, X, = X,(») = X,

G, =06(y,2) = Y,Z,+Y:Z,, G,=G(y,2) = Y;Z,,
where
Y. =Y, Y,=1, Y,=1, Z,=2", Z,=1, Z,=127.
Since the functions Y,, Y, and the functions Z,, Z, — separetely trea-
ted — are linearly independent, we have the cases G,2 and G,1 from
scheme II, and therefore we pass to scheme VI.

We already know that the functions Z,, Z,, Z; are linearly indepen-
dent. Moreover,

Y3 EO'Y1+1'Y2.
Thus we immediately have the conditions (411), where
7"/31 == 0 and m32 = 1.

The condition (413) is satisfied. The function F is uniquely nomographic
and each of its Massau forms is — by (414) — equivalent to the form

|1 X 0‘}
FEIO Y ll.
(Z' -1 z"

In the case B there exist such numbers p,, p, that

(477) 1=p,Z2"+p,2",
and hence
F=(X+p)Z'+(Y+p)Z".
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Since the functions X+ p, and Y-+ p,, as functions of two variables
x, ¥, are obviously linearly independent, the function F is of rank 2 with
respect to z. We have the cases X2, Y2, Z2 from scheme I and

(478) F = X,G,+X,G,,
where

X, =X,(v) =1, Xzfxz(w)Exy!
(479)

G, =G (y,2)=Y,2,+Y,2,, G, = Gq(y,2) = Yi2,,
and

(480) Y, =%, Y, =1, Y,=1, Z,=2", Z,=1, Z,=2Z.

The functions Y,, ¥, and the functions Z,, Z, — separately treated —
are linearly independent. Hence we have the cases G,2, G,1 from scheme II
and we pass to scheme IV.

We see that the identities (392) may be written immediately. We
have, namely,

1
Y,=0-Y,+1-Y, and Z,=—= ——&ZI-]-p—Zz
1

1
(the identity (477) with the condition Z'* == const implies p, # 0), and
hence
1
My =0, My =1, Ny = _&, Ngp = —.
Y41 P,

The condition (394) is satisfied. Since mg 74+ Mgay, = 1/p, # 0 and
nyy # 0, the function ¥ is then doubly nomographic and each of its
Massau forms is equivalent to one of the following two non-equivalent
forms:

1 X 0 | 1 X 0 '
F=|0 Y 1 =1 —p, Y-I--pz!.
z' -1 z” 0 —-7z" -7 |

In the case C there exists such a number p that Z' = pZ" and the-
refore,
F=Z"(pX+Y)+1-1.

Since the funetions Z' and 1 as funetions of one variable z and the fune-
tions pX+ Y and 1 as functions of two variables z and y are obviously
linearly independent, then the function ¥ is of rank 2 with respect to z.
Thus we have the cases X2, Y2, Z2 from scheme I. Since the identities
(478), (479), and (480) hold also in the present case, we have the cases

Rozprawy Matematyczne XVI. g
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G,2, G,;1 from scheme II and we pass to scheme IV. We see that the
identities (392) may be written immediately. We have, namely,

Y, =0-Y,+1-Y, and Z,=pZ,+0 Z,.
Hence
My =0, myp=1, ngy =p, Ng=0.

The condition (394) is satisfied.
Since Mg ng; + Mysng, = 0, the function F is uniquely nomographic
and each of its Massau forms is equivalent to the form

1 X 0
F=|0 Y 1
z -1 7

IV. Let us consider the function
(481) F=F(,y,2) =xy+yz—axz+1,
where the variables x, ¥,z take numerical values. Since
F=z(y—2)+1-(y2+1) = y(@+2)+1-(1—22) =2(y—2)+1-(zy+1)
and the functions

# and 1 as the functions of one variable z,

y—2z ,, yz+1 ,, ’ ,, two variables y and z,
vy oo» 1, 5 » ,, one variable v,

x4z ,, l—az,, , ” ,, two variables 2 and 2,
2 t}) 1 » oo» ) 5y ONE variable z,

y—r ,, xy+1, ” ,, two variables # and y

are obviously linearly independent, then we have the cases X2, Y2, Z2
from scheme I and

F = X,6G,+X,0,,
where
X, =X, (») =z, X, = X,y(2) =1,
G, =G(y,?) =y—=, G, = Gy(y,2) =yz+1.
We see that
G, =Y,Z,+Y,Z,, G, =Y Z,+ Y, Z,,
where

fl

Y, =y, Y, =1, Y, =y, Y,
Z,

Z,. =1, Z,= —z, Z,=z, 1.
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Since the functions Y,, Y,, the funetions Z,, Z,, the functions Y,,Y,
and the funections Z,, Z, — separately treated — are linearly independent,
we have the cases G,2, G,2 from scheme II and, therefore, we pass to
scheme V.
We see that the identities (401) may be written immediately. We
have, namely,
Y;=1-Y,4+0-Y,, Z,=0-Z,—1-Z,,

Y, =0-Y,+1'Y,, Z,=1'Z,10-Z,.
Thus we have obtained

my, =1, my, =0, My =0, my =1,
Ny = 0, Nge = —1, ngy =1, Ngp = 0.
Hence by (402)
oy =0, rpp=1, 71y =—1, 71,=0,
(P91 —Ta2)2+ 47357, = —4 < 0.

It follows that the function (481) is not nomographic.

V. Let us consider the function

(482) F=F@,y,2=—-11,
y+z
where the variables z,y,z take numerical values with the condition
y+z #0.
In order to determine whether the function (482) is nomographic
we use scheme I. We see that for o, == 0, y, = 0, 2, = 1 the condition
(335) is satisfied. Moreover, by (336), (337) and (338)

1 . | 1
F, = z z) = - = —x==0
Tl 21 (2, Y, 2) 1lz+1 Z +1 Ytz ’
y+=
x
1 —+1
1 z x T
Fyleul(wy.'/vz)'E—:'I . z Ey+z _;$07
Ytz
' x ‘1
_ 1 y+1 T z
Fo=Pole,y,2) = =2 T
1 » x e y+z  y+1
y+z
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We see that for
w2=1, y2=1, 22=1,

23 =1, Y =1, z; =1,
=1, ys=1, 2,=0,
the conditions (339) are satisfied. Moreover, we have by (340)

1 1
Y
By = Fpo(2,9,2) = —2 =0
x x
- — -
2 y+4+z
and by (341)
x
X, =X,(2) =2+1, X,=JdX,(n)= — 5
G =6(y,2) =1, Gzzaz(y,z)zﬁfrz
We next have by (344)
1 1 x x
‘ 2 z+1 z:
FWEFyz(w’f‘hz)E—zl ‘
L, 2 e
| y+1 yt+z =z
.z T 2y 2xy 0

y+z 2 (y+l)(z+1)+(y+1)z

We see that for 4 = 1, ¥ = 2, 2 = 2 the condition (345) is satisfied.
Moreover, we have by (346)

1 T T 4x 4z
36 +2 7 36+l 3
11w W e @ 2ay 2wy
y+2 2 3@+l 2(+1) y+z =z (y+DE+1) Y+l
b 4z x xy

L

(+2)(2+2) ' 3(y+2)(z+1) 3(y+2)z 3@y+1)(e+2)

Yy xy x n @ 2z
(y+1)(24+1) 6(y+1)z  36(y+2) 2(+2) 3(z+1)

+

+ 2
SRR
362
Thus the function (482) is not nomographic.
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Let us notice that by Example I the function

F'=a2+y+z

is nomographic. We see that although the equations F = 0 and F* =0
with the condition y 42z # 0 are equivalent, one of the functions F, F*
is nomographie, but not the other one. Let us suppose that the equation
P =F(x,y,2) =0 is called nomographic if and only if the function #
is nomographic. Then we might sometimes obtain by transformations
of a non-nomographic equation a nomographic one and vice versa.

V1. Let us consider the function
(483) F=F(z,y,2) = —2—a*—y+2+2*y+2—yl2e—a*Ve+
4V 2(y+2),
where the variables x,y,z take numerical values with the condition
2 > 0. In order to determine whether the function (483) is nomographic

we use the scheme.

Since
F(0,0,0) = —2 %0,

the condition (335) is satisfied with z; = 0, y, = 0, 2, = 0. Moreover,
by (336), (337) and (338) we have

R —2—y+ 22—y ztyVat2Ve
F, = —‘H —2—22 —2—2'—y+zt+Y+er—e"yta—
i —a*Va+ EyVat 265V
= — Y — Py + 22— 20— 2 2+ 2072 — PPyt e+ 4* Ve + 4V +
+29Vz + B yVz — 2672+ 26y 2 — 46V z — 2e"yVz) £ 0,
9 —2— Pt et e—a*Vz 4 2687V2
F, = —gi —2—y —2—&—y+tetaty’+Ce—Eyta—atVz +
| +*yVe +2¢%Vz
= — Hyz— 2Py — 2%y — BPyVz + yz+ 29%2) = 0,
—2 —2— 2 —y+ oty
F,, = —}| —2+2:+2Vz2 —2—B—ytz+ Y+ 22—yt —
— Ve + FyVe + 28V

—2—yr— e+ By 2— 2V —yVz — 20*Vz + 2Py Vz + "2 — Tyt +
+2¢°Vz + *yVz £ 0.

I
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Since
le(ly 1, 1) = l(63_9) # 07

Fu(1,1,1) = —2(e~1) #£0, F,(1,1,1) = 3e—6 # 0,
we have the conditions (339) with
Ty =By =%y = Yo = Y3 = Ya =2 = 2 =2, = L.

Now we have by (340)

1(6e—9) — Y —y+ 42— 2e2— 29" — 3y* 2+ 2ey* 2+
+8l/z_—4el/;+3yl/;—2eyl/;)
F,, = 2 —3(6+32°—66") —}(—2Py+2e—20"y" — 202+ 2002 —
6e—9 X yo/— o — . -
— e+ 4 Ve +4V2 +2yVa 4 2P yVe—
2%+ 26"y e — 46" V2 — 26y V2 )
1 _
=23 (y—2— By + e’y + 2y + 02 — ex’z — 202 y* + e’ y* —2V2 +
e_
1+ 20V 7 — 2ea*Vz — 6y + %2 — 265+ 26"Vz ) £ 0.
Since :
Fo(—1,1,0) — @D
2 » ’ ) - 6(26—3) H
we have the condition (342) with z, = —1, y; = 1, 2; = 0. Then we
have by (343)
3(e2—1) 1 ( , 11
_— N 2ey* — 2eVz — - z—
e(2¢—3) b3 \V T TRV
2 ., 2 -\
)
e e o
3 —32*+3ex* —3¢” 1 . sy ot 2P o
—2— " Y - 2 re—
%_3 Ge_3 WTEFTTYTery+ 2yt |
—ext2—20% 4 + 2etyt —2V2 + 20"V — |
— 22’V — €y + €2 — 26" + 26°V 2 ) 1

Thus we have the case X3.
Furthermore, we have by (344)

—1 3¢—3 2— 30t —2*Vz 1 3%z
V2" 6e—6

—y+ey—2y+2ey yor—aty 20ty —2ty Ve + Cyzt- 2e’y2z§

X _ .
= —gy—yre—atyVz +atyVe) £ 0.
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Since
Fﬂ (-1, —1,4) =% #0,
we have the condition (345) with 4, = y, = —1, 2z; = 4. Then we have
by (346)

5 — 3 —22+20%Vz)
—H2y—20%) —Myz— 9P e—PyVe 427y V2)

Thus we have the case Y3.
Moreover, we have by (347)

! 3e—6 —3—2y— 32+ 207 y* 4+ 36"+ "y — 7y’
P, = 1 | —2—4Vz2+3eVz —z~yz—:izz+w2y2z—2]/z_—yl/;_
3e—6 _2mzl/z+w2y2‘/;+e:z_ezyzz+
+26°Vz 4 ey Ve
1 - .
=i (—3ez- 2yz —3eye —3ex’ s — 22y’ 2 +-3ext y’ 2+ 3eVz — 2y Ve +
e_
+3eyVz + 3ex*Vz + 202 y*Vz — 3ed® y*Vz + 3¢5 2+ 4"y 2+
+26%y2 —36* Ytz — 3" Wr — 2%y V2 — 4659 V2 +
+ 3¢y V2 ) £ 0.
Since
1 4
Fzz(—]-7 _1’ 1) = 3¢—6 ; —8 :/:O,
we have the condition (348) with 2, = y;, = —1, 2, = 4. Then we have
by (349)
1(48) 1(6+4662422
3e—6 \e 3e—6 ¢ y—bey—bew — 4wy +
+ 6er*y* +-66" T+ 8%yt 4+ 467y —
_661+ly2)
1(4+2 1(30—|~2 3 3ex’z — 207 yP e+
o - - ———(—3ez — — — 2
306 1 ez+ 306 Yz eyz ex’z Yz o
¢ 2,2 " . .
+4'/;_i'/;) + 3ex yf—|—3el/z —_2yl/z —|—3ey.l/z+
e +3ex*Vz + 207 y*V 2 — Bery*Vz +
+ 36" e -4y 2+ 26 yz —3e" o —
— 36" Wz — 2%y Ve —46° V2 +
+ 3¢5t 19%V2)
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Thus we have the cases X3, Y3, Z3 and by (356)

1 3—32%+ 3ex* — 3€°
X, =—-2-42, X,= —§(6+3m2—663), X, = o3 )
1 — :
G, = —5(—2—y+2z—y2z—l—yl/z+2l/z),
—1 — — —
G, = fo—9 (—y+4z—2ez—2y2—3yzz+2ey2z+81/z —4eVz +3yl/z—
—2eyV72),
€ - 1 1 2 2 ~
= — ey — ez+ 2y — Ty ey o
G, 3(02—1)( y— ez+ 2ey* — 2V z p y+ . z p y:+ . l/z)

Now we pass to scheme II. Since

G¢4(0,0) =1 #0,

we have the condition (363) with y, = 23 = 0. Then we have by (364)

1] 1 1—2—Vz ‘
G =+ — —
L1443y 14+3y—2+3y2e—dyVe—V2

= }yz+3yz == 0.

Since
G11(17 ]) =1+ 0’

we have the condition (366) with y, — 2, = 1. Then we have by (367)
1 2
i1y dyta+ye

and we introduce by (368) the functions

i

0,

Y, =1+1y, Y, = {y*+1y,
lel—z—l/z_, Z, =z.

We have the case G,2.

Since 1

- 6e—9

G(—1,0) £0,
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we have the condition (369) with %,, = —1, 2,0, = 0. We then have by
(370)
1 —
Be—0 Py 1+z+5l/z—2el/;)
y— Y+29°) — 5.9 (—y+4z—2e2—2y*—3y*2+ {
|

+ 2ey?z+ 8Vz——4el/z_+ 3yl/;— 2ey l/;)

= 5— (—4z+ 2¢z—8V7z +4el/z + y2+ bytz— 2ey?z+ 2yl/z +
+1Oy21/z —4ey21/z)$ 0.
Since

6e —
G2 (0,1) = T;‘g #*0

we have the condition (372) with y,, = 0, 2;;, = 1. Then we have by (373)

| 6e—12 - —
! — — 4
| 60—9 66—9( 4z + 2ez SI/z—I— el/z)
|

1 (6e—12+ 1 (—4z+ 2ez 81/z+4el/z+ z—|—|=

6e—9 6e—9 ¥
+ 3y +15y%— 6ey?) +5y2z—2ey?z+2y V2 —|—10y2l/z —_
—4ey21/_z‘
and we introduce by (374) the functions
1 1
Y, =—— 2y =_—— (6e—12+ 3y +15y* — ey’
3= g,_o W2y, Yy = 5 g (6e—12+3y+15y"—bey),

— — 1 — —
Zy=1—2—5Vz2+2eVz, Z,= 66—1—2(—4z+262—81/z+4el/z)

We have the case G,2.
Since
Gy(—1,0) = §#0,
we have the condition (375) with y,, = —1, 2;, = 0. Then we have by
(376)
3 y(1—2z—2Ve)
Yy+29) dly—2+2y’—2V2)

= }(—2—2Vztyet 2%+ 2y Vet dy* V)£ 0

Gy =3
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Since
G4:(0,1) = —1 #0,

we have the condition (378) with y,3 = 0, 2,3, = 1. Then we have by
(379)
~1 H(—2—2V72)

— — =0
—14+y+2y° (—2—2Ve+ye 202+ 2yVe+ 447V 2)

and we introduce by (380) the functions

Y, = $w+2¢), Yy = —1+y+24,
Zy=1—2—2Vz, Zg=1+2V2).

Thus we have the cases G,2, G,2, G2 from scheme II and we pass to
scheme IX.
Since
0]
,=1+#0,
1!

i
==
1

9w

we have the condition (449) with y,, = 0, y¥,; = 1. Now we may write
the equations (450) for ¢ = 3:

3 1
Pay = 0, Z’P:n“‘?-'szzm,
whence
1
Py =0, Paz = % _3"
We verify that
1
Y= pu Y+ pY,= 2e_3 2

Thus the functions Y,, ¥,, ¥, are linearly independent and we may
pass directly to the condition (455). We see that for y,, = —1 this
condition may be written in the form

1 0 0

3 1 1

- 1 = —— - £ 0
2 2e—3 6e—9

1 1

— 0

2 6e—9
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and the equations (456) in the form
my = ¥Y;(0)
3 1 .
5 Mk My oo My = Y;(1) (i =4,5,6).
1 1
o m; + bo_9 s = Y (1)
Hence we have

my = Y;(0), my, = Yi(1)—3Y,(—1),

(¢t =14,5,6)
miz = (6e—9)[Y;(—1)—1Y,;(0)]
and we find that
6e—12 2e— 4 2

M= g T ey M T gy Me = T3¢t
mg = 0, My = 0, Msy = 2¢—3,

6e—9
Mg = —1, Mgy = 2, ’mea=—2_-

We verify that the identities (457) hold. The conditions (459) and (462)
are satisfied.
Since

=1#0
11 #0,

'10

we have the condition (463) with 2,, = 0, 2,; = 1. Then we have by (464)

1 0 0
2t =| —1 1 1 =iVe—lz£0
1—2—Vz = %(z+2V;)
and
Z'(4) = —5 #0.
Thus we have the condition (465) with 2,;, = 4. Now we write the equa-
tions (466):
nyy = Z;(0)
— N+ Ny Ngg = Z;(1) (¢t =3,5,6),
—5n; + 40+ ; Ny = Z;(4)
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whence

Ny = Z;(0),

Hence we compute

Nomographic functions

gy = 1, Nyy = —e+ 2,
1

Ny = 17 Nga = 5

Nne = 0, Ngy = 0,

N5y = —

Ny = v Miat+ 5 Zi(4)—2Z;(1), gy = ngy—ngy+Z;(1)

(i = 3,5, 6).

Nyy = 36— 6,

3
2

ngg = 1,

and we verify that the identities (467) and the conditions (468) are sa-
tisfied. It follows that the function (483) is uniquely nomographic and
each of its Massau forms is by (469) equivalent to the form

—2—z

e— 2
6e— 9
2¢e— 4
6e—9

(484) F

i

(y+ 2y%)

(x4 2Vz)

3
20—4

- 2ex? — 3eT4 26THY)

1
2

—1fz4Vz

(—2e+43+32°—

.1
Y Y

6(2¢ —3)
(2e— 4)¢

(1—a-+-ex? —e%)

1+ Lt L
2 2e—4 7

(1l—z— }/;),;

e— %

The form (484) may be replaced by a simpler one. For example, we
add the third column of the determinant (484) multiplied by ¢— 2 to the

second one. Thus we obtain
—2—g?

'(485) F = —
(485) o

2e—4
6e—9

(¢+2V72)

> (2e—3)a’
—(2e—3)x
2

2 1
~ 6ol t2y% (6—2)(1+%) 1+%+—(y+y“)

—(e—2)z

6(26—_3_)

—(2—6:4)2 (1—.’1/‘2+ emz—ez)

2e—14

By Lemma 4 the forms (484) and (485) are equivalent.
Now we multiply the first row of (485) by (2¢—4)/(6e—9) and the
first column by (6e—9)/(2¢—4). Thus we obtain

—-2—7

i

(486) F 9

(e—2)a*

1 ;
-y (6—2)(1+;)

—(e—2)z

e—2

(?12(1—z— Ve)—z |

(1— a4 ex® — €)

Y
2 2e—4

1 2y
1+ +—W+y)
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By Lemma 5 the forms (485) and (486), and hence also the forms (484)
and (486), are equivalent.

We next multiply the second column in (486) by 1/(e—2) and the
third one by ¢—2. We obtain

; —2—a x* 1—af+ex*—e*

‘ N

‘ Y
(487) F=|—%y-9 1+ 3—2+%ey—§y+-2-i.

By Lemma 6 the forms (486) and (487), and hence the forms (484) and
(487), are equivalent.

Now we add the second column of (487) to the first one, and then
to the third one, and we obtain

—2 x? 1+ e — €
(488) F=|1-y" 143y e—1l+iey+3y".
% 21/2_ —2 1—ez—l/g

By Lemma 4 the forms (487) and (488), and hence the forms (484) and
(488), are equivalent.

We next add the first column of (488) multiplied by 1 and the second
column multiplied by —e to the third one and we obtain

-2 x* —e” |
(489) F=|1-% 1+dy —}% ..
21/; —2 1

By Lemma 4 the forms (488) and (489), and hence the forms (484) and
(489), are equivalent.
Finally we multiply the second row of (489) by 2 and the first column

by %, and then the third row by —1 and the third column by —1. Thus
we obtain

-1 2 €
(490) F=|1—y 24y 1].

—Vz 2 1

By Lemma 5 the forms (489) and (490), and hence the forms (484) and
(490), are equivalent. It follows that each of the Massau forms of the
function (483) is equivalent to the form (490).
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Remark. We might obtain the form (490) in a considerably simpler
way by grouping the terms in the identity (483), as in the previous
example. Here we have used the general method described in the pre-
vious chapter, for we wanted to illustrate it. It is however, a well-known
fact that general methods are not the simplest ones.

VII. We shall consider the function
(491)  T(tyy by, tyy gy B5) = t3— 13— b8ty — Eitals+ by tyls— tatals 4

 totyts+ ttotsls
as a function of the following three variables:

(492) r=(l,1), y=(,t), 2=,
where the variables t,,¢,, 15, ¢,, {; take numerical values.
We set
F = F(z,y,2) = T, s, ts, 4, t5).
Since

T{0,0,1,0,0) =10,
we have the condition (335), where
z, = (0, 0), ¥, = (1, 0), 2, =0,
and by (336), (337) and (338)
ty—1,4

P
XL T
1ty = bty — bty +lilals — balals + balyls Uity bals

0 =lytgly— tylgls+ blats — tatals+ Lo by ls + U talals =0,

. 11 L— bt — byttt tyts i

Ty1r = T

Tl =ty by ty— hilata— byt bitats— tatyls+ tatats+ titalsls)
= — ittt titat,t, 5= 0,

P 1|1 ta—ta— 11 lat, !

Y A e A A AR AR RS AR S A RN

= —dy gty -ttty — talgts - Lalats+ 1y tatals 5= 0.
We see that for
Xy =3 = (1, 1), Yy, =19y3=1(0,1), 2,=23=0,
xy = (0, 1), Y, = (0, 1), 2g =1,
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the conditions (339) are satisfied. Then we have by (340)

1 —1 —ty— byt + 21,8
1| ity —tytata— bytats b by tyts— Latyts - tatatst- titalyts
= —Ulgtst b tats— Lalats+ tatats + 28, Lalats — 28, 1,88 == 0.

Since for

Fy, =

£; = (0,1), ys=1(0,1), 2;,=1
the condition (342) is satisfied, we obtain by (343)

1 — byl + 1t |

v =0.
it 2ty ity ity — bty ly tytyts - 2t Lyt by — 2yttt |

Thus we have the case X3.
Now we have by (344)

1 | -1 A RAN
ﬁ’zﬂ - = 1v2 1Y2v5 = 0
—1 | —t, —t ittt 10,1,
and by (347)
P 11 —hilgFtila— bl F ttaH sty B
ity —titstsFtitats— tatsts+ tatyts+ 1y tatyts

Thus we have the cases X3, Y2, Z2 and, according to (352), we replace
the identities (492) by

T =15, Y={(lst), 2= (,1,),

and we introduce by (353) the functions

X, =X,(x)=1, X,=X,(z)=1;,

G, =G (y,2) = ty—t,— 1, 1,1,

Gy = Qy(y, 2) = —tyitg+tytg— lgla+ Loty i tst,.
Now we pass to scheme II. We see that for

Yo = (1,0), 2 =1(0,0)
the condition (363) is satisfied. We have by (364)
1 1 1 '

= ittty £ 0

Gll
1lty—t, ty—t,—ttst,]

il

and for
y9:(071)9 29:(1,1),
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the condition (366) is satisfied. Then we have by (367)

'—1 —t,t,
—t4 —t1t2t4

Thus we have the case G,2 and we introduce by (368) the functions
Y i=t—t, Y,=-—t, Z,=1, Z,=1t,.
Now we see that for
'!/10:(071)’ zm:(l,O),
the condition (369) is satisfied and we have by (370)
1 1 t,+1
Gy = = e =ttt £ 0.
1| —tytty —titg+tity—toly+ttoty+ b, tols’
The condition (372) is satisfied for
Yn = (1, 0), 2, = (1, 1).
Then we have by (373)
1 tt,
ty tilty

and we introduce by (374) the functions
Y, = —t+ 1y, Y,=1t, Zy=t+t, Z,=14t,.

Thus we have the cases X2, Y2, Z3, G,2, G,2, and therefore we pass
to scheme VII.

We see that the conditions (417) are satisfied for
Y =(1,0), ys=(—1,-1), 2,=(0,0), 2z,;=10(1,1).
Therefore the equations (418) may be written in the form
Mgy = —1, Mgy =0, My =1, My = —1,
and the equations (419) in the form
gay = 0, Q32 =2, (¢uq =0, (g4 =1.

We verify that the identities (420) hold, but the first identity (421)
fails. Sinee the second identity (421) holds, we interchange the indices
according to (422) and obtain

Yyesty, Y= —lytty, Zy-=tty, Z4=1t+1,,

Mgy =1, Mg = —1, g = —1, 1y, =0.
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We see that the identity (425) may be written immediately. We have,
namely,

Zy,=0-Z,+1-Z,+0-Z,.
Hence

Mgy = Ngqg =0, Ny =1,

and the conditions (427) and (428) are satisfied.

It follows that the funetion (491) as a function of the variables (492)
is uniquely nomographic and ecach of its Massau forms is — by (431) —
equivalent to the form

L, 1 1,
Tty tay g, gy ts) = Iy ly ta—1,y !,
S | is 0

VIII. We shall show that the same function (491) as a function of
the following three variables:

(493) x =, Y = (L Uy, 2 7= (lay &),

is not nomographic.
We see that for

z, =0, ¥y, = (0, 1), 2, = (0,0),

the condition (335) is satisfied and the identity (338) may be written in
the form

1 1 [
Li1—ty ta—ta—tilala— titsty+ btlo— tatals+ tatato+ by tatals

le

= lyty— ty— tytaly— b tats by tyts— batats+ tatyts 4 Uitalats 5= 0.

Furthermore, we see that for
z, =0, y,=1(0,0), 2z,=1(1,0),

the last of the conditions (339) is satisfied and the identity (347) may
be written in the form
1 | —1 tg—1-—1;1,
1|ty gty — by tals— titgts by tats — tatats - tatats t tytatats
sty byt by tals — tatats 4 talats - bilalals 7= 0.

Finally we see that for

11 7z'?.

.’I,‘7=0, y’Z:(laO); 57‘_‘(]71)a

Rozprawy Matematyczne XVI. 10
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the condition (348) is satisfied and we have by (349)

1 —tytgt b —tyly b ot Ty taty
taly i tyls b titals— Lotgts b tatyts bty tytyts

F —litgls— oty + G lalats + Glatals 1 tatst b — Litatalyts = 0.

Since the condition (349) is not satisfied, the function (491) as a funection
of the three variables (493) is not nomographic.

We see from the examples VII and VIII that the same function
(491) is nomographic when regarded as a function of the three variables

(492), and is not nomographic when regarded as a function of the three
variables (493).
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I. A function F = F(xz,y,2) is called nomographic if and only if

1° it has at least ome Massau form,
(494)
2° it is of rank greater than 1 with respect to each of the va-

riables z,y and z.

We may ask when a function which does not satisfy the second of
these conditions has a Massau form and, moreover, how many non-
-equivalent forms it may then have.

A function that satisfies the first condition (494) but not the second
one is to be called quasi-nomographic. If all its Massau forms arc equi-
valent in pairs, it will be called wniquely quasi-nomographic. If it has
exactly two non-equivalent Massau forms, it will be called doubly quasi-
-nomographic. If it has exactly &k > 2 non-cquivalent Massau forms, it
will be called k-quasi-nomographic.

The following two theorems may be proved(!):

THEOREM A. A function I' == F(x,y,2) with numerical values and
Lefdy, yef2,, 2e82, is quasi-nomographic if and only if it identically equals
zero or is of rank 1 with respect to one of the variables x, v, z and of rank 2
or 1 with respect to the remaining ones.

THEOREM B. If a function F is quasi-nomographic, then:

1° 4t is 15-quasi-nomographic if F - 0 and each of the sets 2., 2,, 2,
consists of a single element,

2° it is 4-quasi-nomographic if the function F is of rank 1 with respect
to each of the variables x,y,z and one of the sets 2., 2,, 2, consists of
evactly two elements, while each of the remaining two consists of a single
element,

3° it is uniquely quasi-nomographic if the function F is of rank 1
with respect to each of the variables x,y, z and cach of the sets 2., 82,, £,
consists of a single element,

4° it is oo-quasi-nomographic in each of the remaining cases.

() We omit their proofs, because quasi-nomographic functions are of no use
in nowmography.
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II. Owing to the three preliminary assumptions we have introduced
only seven principal cases. If we got rid of some of those assumptions,
then the number of principal cases would increase.

The second and the third preliminary assumption are not trouble-
some, because a suitable rearrangement of indices is easily performable.
The first preliminary assumption is the most troublesome, because we must
compute the rank of the given function with respect to each of the va-
riables in order to know whether this assumption is satisfied or not.

We may get rid of the first preliminary assumption by the
introduction of six new principal cases symmetrical in x, y, 2 with respect
to the fourth, the fifth, and the sixth principal cases. There would then
be 13 preliminary cases. The author has chosen the scheme with the
first preliminary assumption and with only 7 principal cases, because it
seems to be simpler.

HI. In nomography some forms of equations are well known and
called canonical. Our theory enables us to construct all possible canonical
forms for nomographic functions. For example, the first principal case
yields

F = Xl Y1Z1+X2 YaZs,

where the functions X,, X,, the functions Y,, ¥, and the functions
Z,, Z, — separately trcated — are linearly independent. If

Z,=1, X,=1, Y,=—1,
we obtain
F=XY —Z7,,
where

X, const, Y,=£const, Z,=~ const.
Similarly, the fourth principal case yields
P =X (Y, Z,4+Y,Z,)+Xy(mg; Y, + my, Y ) Zg,
where the functions X,, X,, the functions Y,, ¥, and the functions

Z,,Z,,Z, — separately treated — are linearly independent and mgs, # 0.
Setting

M3y

mep X, = X, =k,

My
we obtain

F=X(YZ,+Y,Z,)+ X (kY ,+ Y,)Z;.
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If

we have the form

F=kX+2Z,+Y,(X+2Zy),
where

X == const, Y,==const, Z,s=const, Z,=~ const,

and % is an arbitrary numerical coefficient.

In a similar way we may construct many other canonical forms for
nomographic functions. But canonical forms are useful only in the sim-
plest cases. In the more difficult cases they are of no use, because it is
too difficult to perceive that a given function may be written in a given
canonical form. Supplementary difficulties arise from the fact that the
number of all canonical forms may be very great.

The general method presented in this paper is always applicable.

IV. There are several methods of constructing Massaun forms for
a given function in nomography. They require, however, much skill and
experience on the part of the computer and, thercfore, they are useless
in many cases. Moreover, they do not permit us to determine whether
a given function is uniquely or doubly nomographic. Nevertheless, such
methods may often require less computation than the general method
presented in this paper. On the other hand, a trained computer will simplify
the general mecthod in particular cases.
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